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PREFACE

This text is primarily intended for a one-semester introductory course in power elec-
tronics at the undergraduate level. However, containing a comprehensive overview of
modern tools and techniques of electric power conditioning, the book can also be used
in more advanced classes. Practicing engineers wishing to refresh their knowledge of
power electronics, or interested in branching into that area, are also envisioned as
potential readers. Students are assumed to have working knowledge of the electric
circuit analysis and basic electronics.

During the five years since the second edition of the book was published, power
electronics has enjoyed robust progress. Novel converter topologies, applications, and
control techniques have been developed. Utilizing advanced semiconductor switches,
power converters reach ratings of several kilovolts and kiloamperes. The threat of
unchecked global warming, various geopolitical and environmental issues, and the
monetary and ecological costs of fossil fuels represent serious energy challenges,
which set off intensive interest in sources of clean power. As a result, power electronic
systems become increasingly important and ubiquitous. Changes made to this third
edition reflect the dominant trends of modern power electronics. They encompass the
growing practical significance of PWM rectifiers, the Z-source dc link, matrix con-
verters, and multilevel inverters, and their application in renewable energy systems
and powertrains of electric and hybrid vehicles.

In contrast with most books, which begin with a general introduction devoid of
detailed information, Chapter 1 constitutes an important part of the teaching process.
Employing a hypothetical generic power converter, basic principles and methods of
power electronics are explained. Therefore, whatever content sequence an instructor
wants to adopt, Chapter 1 should be covered first.

Chapters 2 and 3 provide description of semiconductor power switches and supple-
mentary components and systems of power electronic converters. The reader should
be aware of the existence and function of those auxiliary but important parts although
the book is mostly focused on power circuits, operating characteristics, control, and
applications of the converters.

The four fundamental types of electrical power conversion—ac to dc, ac to ac, dc
to dc, and dc to ac—are covered in Chapters 4 through 7, respectively. Chapters 4 and
7, on rectifiers and inverters, are the longest chapters, reflecting the great importance
of those converters in modern power electronics. Chapter 8 is devoted to switching
dc power supplies, and Chapter 9 covers applications of power electronics in clean
energy systems.

xiii
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xiv PREFACE

Each chapter begins with an abstract and includes a brief summary that follows
the main body. Numerical examples, homework problems, and computer assignments
complement most chapters. Several relevant and easily available references are pro-
vided after each of them. Three appendices conclude the book.

The textbook is accompanied by a series of forty-six PSpice circuit files con-
stituting a virtual power electronics laboratory, and available at http://www.wiley
.com/go/modernpowerelectronics3e. The files contain computer models of most
power electronic converters covered in the book. The models are a valuable teach-
ing tool, giving the reader an opportunity to tinker with the converters and visu-
alize their operation. Another teaching tool, a PowerPoint presentation, which
contains all figures, tables, and most important formulas, is also available, at
http://www.wiley.com/go/modernpowerelectronics3e. It will ease the instructor from
drawing the often complex circuit diagrams and waveforms on the classroom board.

Against most of the contemporary engineering textbooks, the book is quite con-
cise. Still, covering the whole material in a single-semester course requires from the
students a substantial homework effort. The suggested teaching approach would con-
sist in presenting the basic issues in class and letting the students to broaden their
knowledge by reading assigned materials, solving problems, and performing PSpice
simulations.

I want to express my gratitude to the reviewers of the book proposal, whose valu-
able comments and suggestions have been greatly appreciated. My students at the
University of Nevada, Reno, who used the first and second editions for so many years,
provided very constructive critiques as well. Finally, my wife Dorota and children
Bart and Nicole receive apologies for my long preoccupation, and many thanks for
their unwavering support.

Andrzej M. Trzynadlowski
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ABOUT THE COMPANION
WEBSITE

This book is accompanied by a companion website:

www.wiley.com/go/modernpowerelectronics3e

The website includes:

� PSpice circuit files
� Power Point Presentation
� Solutions Manual available for instructors
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1 Principles of Electric
Power Conversion

In this introductory chapter, fundamentals of power electronics are outlined, including
the scope, tools, and applications of this area of electrical engineering. The concept of
generic power converter is introduced to illustrate the operating principles of power
electronic converters and the types of power conversion performed. Components of
voltage and current waveforms, and the related figures of merit, are defined. Two
basic methods of magnitude control, that is, phase control and pulse width modulation
(PWM), are presented. Calculation of current waveforms is explained. The single-
phase diode rectifier is described as the simplest power electronic converter.

1.1 WHAT IS POWER ELECTRONICS?

Modern society with its conveniences strongly relies on the ubiquitous availability
of electric energy. The electricity performs most of the physical labor, provides the
heating and lighting, activates electrochemical processes, and facilitates information
collecting, processing, storage, and exchange.

Power electronics can be defined as a branch of electrical engineering devoted to
conversion and control of electric power, using electronic converters based on semi-
conductor power switches. The power grid delivers an ac voltage of fixed frequency
and magnitude. Typically, homes, offices, stores, and other small facilities are sup-
plied from single-phase, low-voltage power lines, while three-phase supply systems
with various voltage levels are available in industrial plants and other large commer-
cial enterprises. The 60-Hz (50-Hz in most other parts of the world) fixed-voltage
electric power can be thought of as raw power, which for many applications must
be conditioned. The power conditioning involves conversion, from ac to dc or vice-
versa, and control of the magnitude and/or frequency of voltages and currents. Using
the electric lighting as a simple example, an incandescent bulb can directly be sup-
plied with the raw power. However, a fluorescent lamp requires electronic ballast that
starts and stabilizes the electric arc. The ballast is thus a power conditioner, neces-
sary for proper operation of the lamp. If used in a movie theater, the incandescent
bulb mentioned before is supplied from an ac voltage controller that allows dimming

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/modernpowerelectronics3e
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2 PRINCIPLES OF ELECTRIC POWER CONVERSION

of the light just before the movie begins. Again, this controller constitutes an example
of power conditioner, or power converter.

Raw dc power is usually supplied from batteries and, increasingly, from photo-
voltaic sources and fuel cells. Photovoltaic energy systems are usually connected to
the grid, and the necessary power conditioning involves dc-to-ac voltage conversion
and control of the ac voltage. If a dc source feeds an electric motor, as in a golf cart
or an electric wheelchair, a power electronic converter between the battery and the
motor performs voltage control and facilitates reverse power flow during braking or
downhill ride.

The birth of power electronics can be traced back to the dawn of twentieth cen-
tury when the first mercury arc rectifiers were invented. However, for conversion and
control of electric power, rotating electro-machine converters were mostly used in
the past. An electro-machine converter was an electric generator driven by an elec-
tric motor. If, for instance, adjustable dc voltage was to be obtained from fixed ac
voltage, an ac motor operated a dc generator with controlled output voltage. Con-
versely, if ac voltage was required and the supply energy came from a battery pack, a
speed-controlled dc motor and an ac synchronous generator were employed. Clearly,
the convenience, efficiency, and reliability of such systems were inferior in compar-
ison with today’s static power electronic converters performing motionless energy
conversion and control.

Today’s power electronics has begun with the development of the silicon con-
trolled rectifier (SCR), also called a thyristor, by the General Electric Company in
1958. The SCR is a unidirectional semiconductor power switch that can be turned
on (“closed”) by a low-power electric pulse applied to its controlling electrode, the
gate. The available voltage and current ratings of SCRs are very high, but the SCR is
inconvenient for use in dc-input power electronic converters. It is a semi-controlled
switch, which when conducting current cannot be turned off (“opened”) by a gate
signal. Within the last few decades, several kinds of fully controlled semiconductor
power switches that can be turned on and off have been introduced to the market.

Widespread introduction of power electronic converters to most areas of distribu-
tion and usage of electric energy is common for all developed countries. The con-
verters condition the electric power for a variety of applications, such as electric
motor drives, uninterruptable power supplies, heating and lighting, electrochemi-
cal and electro-thermal processes, electric arc welding, high-voltage dc transmission
lines, active power filters and reactive power compensators in power systems, and
high-quality supply sources for computers and other electronic equipment.

It is estimated that at least half of the electric power generated in the USA flows
through power electronic converters, and an increase of this share to close to 100% in
the next few decades is expected. In particular, a thorough revamping of the existing
US national power grid is envisioned. Introduction of power electronic converters to
all stages of the power generation, transmission, and distribution, coupled with exten-
sive information exchange (“smart grid”), allows a dramatic increase of the grid’s
capabilities without investing in new power plants and transmission lines. The impor-
tant role of power electronics in renewable energy systems and electric and hybrid
vehicles is also worth stressing. It is safe to say that practically every electrical engi-
neer encounters some power electronic converters in his/her professional career.
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GENERIC POWER CONVERTER 3

C
O

N
S

T
A

N
T

 M
A

G
N

IT
U

D
E

 A
N

D
 F

R
E

Q
U

E
N

C
Y

A
D

JU
S

T
A

B
LE

 M
A

G
N

IT
U

D
E

 A
N

D
/O

R
 F

R
E

Q
U

E
N

C
Y

IN
P

U
T

DCDC

AC AC

O
U

T
P

U
T

CHOPPERS

INVERTERS

 R
ECTIF

IE
RS

CYCLOCONVERTERS

AC VOLTAGE CONTROLLERS

MATRIX CONVERTERS

Figure 1.1 Types of electric power conversion and the corresponding power electronic
converters.

Types of electric power conversion and the corresponding converters are pre-
sented in Figure 1.1. For instance, the ac-to-dc conversion is accomplished using
rectifiers, which are supplied from an ac source and whose output voltage contains a
fixed or adjustable dc component. Individual kinds of power electronic converters are
described and analyzed in Chapters 4 through 8. Basic principles of power conversion
and control are explained in the following sections of this chapter.

1.2 GENERIC POWER CONVERTER

Though not a practical apparatus, the hypothetical generic power converter shown
in Figure 1.2 is a useful tool for illustration of the principles of electric power
conversion and control. It is a two-port network of five switches. Switches S1 and

SOURCE

I1 S1  O1

S3

S4

S2

I2 O2

S5

vi vo

io

LOAD

ii

Figure 1.2 Generic power converter.
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4 PRINCIPLES OF ELECTRIC POWER CONVERSION

S2 provide direct connection between the input (supply) terminals, I1 and I2, and
the output (load) terminals, O1 and O2, respectively, while switches S3 and S4 allow
cross connection between these pairs of terminals. A voltage source, either dc or ac,
supplies the electric power to a load through the converter. Practical loads often con-
tain a significant inductive component, so a resistive–inductive (RL) load is assumed
in the subsequent considerations. To ensure a closed path for the load current under
any operating conditions, a fifth switch, S5, is connected between the output termi-
nals of the converter and closed when switches S1 through S4 are open. It is assumed
that the switches open or close instantaneously.

The supply source is an ideal voltage source and as such it may not be shorted.
Also, the load current may not be interrupted. As the voltage across inductance is
proportional to the rate of change of current, a rapid drop of that current would cause
a high and potentially damaging overvoltage. Therefore, the generic converter can
only assume the following three states:

State 0: Switches S1 through S4 are open and switch S5 is closed, shorting the out-
put terminals and closing a path for the lingering load current, if any. The output
voltage is zero. The input terminals are cut off from the output terminals so that
the input current is also zero.

State 1: Switches S1 and S2 are closed, and the remaining ones are open. The output
voltage equals the input voltage and the output current equals the input current.

State 2: Switches S3 and S4 are closed, and the remaining ones are open. Now, the
output voltage and current are reversed with respect to their input counterparts.

Let us assume that the generic converter is to perform the ac-to-dc conversion. The
sinusoidal input voltage, vi, whose waveform is shown in Figure 1.3, is given by

vi = Vi,p sin(𝜔t), (1.1)

where Vi,p denotes the peak value of that voltage and 𝜔 is the input radian frequency.
The output voltage, vo, of the converter should contain a possibly large dc component.

Figure 1.3 Input ac voltage waveform.
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GENERIC POWER CONVERTER 5

Figure 1.4 Output voltage and current waveforms in the generic rectifier.

Note that the output voltage is not expected to be of ideal dc quality, since such voltage
and current waveforms are not feasible in the generic converter, as well as in practical
power electronic converters. The same applies to the ideally sinusoidal output voltage
and current in ac output converters. If within the first half-cycle of the input voltage,
the converter is in state 1, and within the second half-cycle in state 2, the output
voltage waveform will be such as depicted in Figure 1.4, that is,

vo = |vi| = Vi,p|sin(𝜔t)|. (1.2)

The dc component is the average value of the voltage. Power electronic converters
performing the ac-to-dc conversion are called rectifiers.

The output current waveform, io, can be obtained as a numerical solution of the
load equation:

L
dio
dt

+ Rio = vo. (1.3)

Techniques for analytical and numerical computation of voltage and current wave-
forms in power electronic circuits are described at the end of this chapter. Here, only
general features of the waveforms are outlined. The output current waveform of the
considered generic rectifier is also shown in Figure 1.4. It can be seen that this wave-
form is closer to an ideal dc waveform than is the output voltage waveform because
of the frequency-dependent load impedance. The kth harmonic, vo,k, of the output
voltage produces the corresponding harmonic, io,k, of the output current such that

Io,k =
Vo,k√

R2 + (k𝜔oL)2
, (1.4)
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6 PRINCIPLES OF ELECTRIC POWER CONVERSION

where Io,k and Vo,k denote root mean square (rms) values of the current and volt-
age harmonics in question, respectively. In the considered rectifier, the fundamental
radian frequency, 𝜔o, of the output voltage is twice as high as the input frequency, 𝜔.
The load impedance (represented by the denominator at the right-hand side of Eq. 1.4)
for individual current harmonics increases with the harmonic number, k. Clearly, the
dc component (k = 0) of the output current encounters the lowest impedance, equal to
the load resistance only, while the load inductance attenuates only the ac component.
In other words, the RL load acts as a low-pass filter.

Interestingly, if an ac output voltage is to be produced and the generic converter is
supplied from a dc source, so that the input voltage is vi =Vi = const., the switches are
operated in the same manner as in the previous case. Specifically, for every half period
of the desired output frequency, states 1 and 2 are interchanged. In this way, the input
terminals are alternately connected and cross-connected with the output terminals,
and the output voltage acquires the ac (although not sinusoidal) waveform shown in
Figure 1.5. The output current is composed of growth-function and decay-function
segments, typical for transient conditions of an RL circuit subjected to dc excitation.
Again, thanks to the attenuating effects of the load inductance, the current waveform
is closer to the desired sinusoid than is the voltage waveform. In practice, the dc-to-ac
power conversion is performed by power electronic inverters. In the case described,
the generic inverter is said to operate in the square-wave mode.

If the input or output voltage is to be a three-phase ac voltage, the topology of the
generic power converter portrayed here would have to be expanded, but it still would
be a network of switches. Real power electronic converters are networks of semicon-
ductor power switches, too. For various purposes, other elements, such as inductors,
capacitors, fuses, and auxiliary circuits, are employed besides the switches in power
circuits of practical power electronic converters. Yet, in most of these converters, the
fundamental operating principle is the same as in the generic converter, that is, the

Figure 1.5 Output voltage and current waveforms in the generic inverter.
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GENERIC POWER CONVERTER 7

input and output terminals are being connected, cross-connected, and disconnected in
a specific manner and sequence required for the given type of power conversion. Typ-
ically, as in the generic rectifier and inverter presented, the load inductance inhibits
the switching-related undesirable high-frequency components of the output current.

Although a voltage source has been assumed for the generic power converter,
some power electronic converters are supplied from current sources. In such con-
verters, a large inductor is connected in series with the input terminals to prevent
rapid changes of the input current. Analogously, voltage-source converters usually
have a large capacitor connected across the input terminals to stabilize the input volt-
age. Inductors or capacitors are also used at the output of some converters to smooth
the output current or voltage, respectively.

According to one of the tenets of circuit theory, two unequal ideal current sources
may not be connected in series and two unequal ideal voltage sources may not be
connected in parallel. Consequently, the load of a current-source converter may not
appear as a current source while that of a voltage-source converter as a voltage source.
As illustrated in Figure 1.6, it means that in a current-source power electronic con-
verter a capacitor should be placed in parallel with the load. In addition to smooth-
ing the output voltage, the capacitor prevents the potential hazards of connecting the
input inductance conducting certain current with a load inductance conducting differ-
ent current. In contrast, in voltage-source converters, no capacitor may be connected
across the output terminals and it is the load inductance, or an extra inductor between
the converter and the load, that is smoothing the output current.

SOURCE CONVERTER

LO
A

D

SOURCE CONVERTER

LO
A

D

(a)

(b)

Figure 1.6 Basic configurations of power electronic converters: (a) current source, (b) volt-
age source.
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8 PRINCIPLES OF ELECTRIC POWER CONVERSION

1.3 WAVEFORM COMPONENTS AND FIGURES OF MERIT

Terms such as the “dc component,” “ac component,” and “harmonics” mentioned
in the preceding section deserve closer examination. Knowledge of the basic com-
ponents of voltage and current waveforms allows evaluation of performance of a
converter. Certain relations of these components are commonly used as performance
indicators, or figures of merit.

A time function, 𝜓(t), here a waveform of voltage or current, is said to be periodic
with a period T if

𝜓(t) = 𝜓(t + T), (1.5)

that is, if the pattern (shape) of the waveform is repeated every T seconds. In the
realm of power electronics, it is often convenient to analyze voltages and currents in
the angle domain instead of the time domain. The so-called fundamental frequency,
f1, in Hz, is defined as

f1 = 1
T

, (1.6)

and the corresponding fundamental radian frequency, 𝜔, in rad/s, as

𝜔 = 2𝜋f1 = 2𝜋
T
. (1.7)

Now, a periodic function 𝜓(𝜔t) can be defined as such that

𝜓(𝜔t) = 𝜓(𝜔t + 2𝜋). (1.8)

The rms value, Ψ, of waveform 𝜓(𝜔t) is defined as

Ψ ≡

√
1

2𝜋

2𝜋
∫
0
𝜓2(𝜔t)d𝜔t, (1.9)

and the average value, or dc component, Ψdc, of the waveform as

Ψdc ≡
1

2𝜋

2𝜋
∫
0
𝜓(𝜔t)d𝜔t. (1.10)

When the dc component is subtracted from the waveform, the remaining wave-
form, 𝜓ac(𝜔t), is called the ac component, or ripple, that is,

𝜓ac(𝜔t) = 𝜓(𝜔t) − Ψdc. (1.11)
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The ac component has an average value of zero and the fundamental frequency
of f1.

The rms value, Ψac, of 𝜓ac(𝜔t) is defined as

Ψac ≡

√
1

2𝜋

2𝜋
∫
0
𝜓2

ac(𝜔t)d𝜔t, (1.12)

and it can be shown that

Ψ2 = Ψ2
dc + Ψ2

ac. (1.13)

For waveforms of the desirable ideal dc quality, such as the load current of a rectifier,
a figure of merit called a ripple factor, RF, is defined as

RF =
Ψac

Ψdc
. (1.14)

A low value of the ripple factor indicates high quality of a waveform.
Before proceeding to other waveform components and figures of merit, the terms

and formulas introduced so far will be illustrated using the waveform of output volt-
age, vo, of the generic rectifier, shown in Figure 1.4. The waveform pattern is repeat-
ing itself every 𝜋 radians and, within the 0 to 𝜋 interval, vo = vi. Therefore, the average
value, Vo,dc, of the output voltage can most conveniently be determined by calculat-
ing the area under the waveform from 𝜔t = 0 to 𝜔t = 𝜋 and dividing it by the length,
𝜋, of the considered interval. Thus,

Vo,dc =
1
𝜋

𝜋

∫
0

Vi,psin(𝜔t)d𝜔t = 2
𝜋

Vi,p = 0.64Vi,p. (1.15)

Note that the formula above differs from Eq. (1.10). Since 𝜔1 = 𝜔o = 2𝜔, the inte-
gration is performed in the 0 to 𝜋 interval of 𝜔t instead of the 0 to 2𝜋 interval of
𝜔1t.

Similarly, the rms value, Vo, of the output voltage can be calculated as

Vo =

√
1
𝜋

𝜋

∫
0

[Vi,psin(𝜔t)]2d𝜔t =
Vi,p√

2
= 0.71Vi,p. (1.16)

The result in Eq. (1.16) agrees with the well-known relation for a sine wave as
vo

2 = vi
2.
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10 PRINCIPLES OF ELECTRIC POWER CONVERSION

Based on Eqs. (1.13) and (1.14), the rms value, Vo,ac, of ac component of the
voltage in question can be calculated as

Vo,ac =
√

V2
o − V2

o,dc =

√√√√√(
Vi,p√

2

)2

−
( 2
𝜋

Vi,p

)2
= 0.31Vi,p, (1.17)

and the ripple factor, RFV, of the voltage as

RFV =
Vo,ac

Vo,dc
=

0.31Vi,p

0.64Vi,p
= 0.48. (1.18)

Decomposition of the analyzed waveform into the dc and ac components is shown in
Figure 1.7.

To analytically determine the ripple factor, RFI, of the output current, the out-
put current waveform, io(𝜔t), would have to be expressed in a closed form. Instead,
numerical computations were performed on the waveform in Figure 1.4, and RFI
was found to be 0.31. This value is 36% lower than that of the output voltage. This
is an example only, but output currents in power electronic converters routinely have
higher quality than the output voltages. It is worth mentioning that the obtained value
of RFI is poor. Practical high-quality dc current waveforms have the ripple factor in
the order of few percentage points, and below the 5% level the current is considered
as ideal. The current ripple factor depends on the type of converter, and it decreases
with an increase in the inductive component of the load. Components of the current
waveform evaluated are shown in Figure 1.8.

The ripple factor is of no use for quality evaluation of ac waveforms, such as the
output current of an inverter, which ideally should be pure sinusoids. However, as

Figure 1.7 Decomposition of the output voltage waveform in the generic rectifier.
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Figure 1.8 Decomposition of the output current waveform in the generic rectifier.

already mentioned and exemplified by the waveforms in Figure 1.5, purely sinusoidal
voltages and currents cannot be produced by switching power converters. Therefore,
an appropriate figure of merit must be defined as a measure of deviation of a practical
ac waveform from its ideal counterpart.

Following the theory of Fourier series (see Appendix B), the ac component,𝜓ac(t),
of a periodic function, 𝜓(t), can be expressed as an infinite sum of harmonics, that
is, sine waves whose frequencies are multiples of the fundamental frequency, f1, of
𝜓(t). In the angle domain,

𝜓ac(𝜔t) =
∞∑

k=1

𝜓k(k𝜔t) =
∞∑

k=1

Ψk,p cos(k𝜔t + 𝜑k), (1.19)

where k is the harmonic number, and Ψk,p and 𝜑k denote the peak value and phase
angle of the kth harmonic, respectively. The first harmonic, 𝜓1(𝜔t), is called a funda-
mental. Terms “fundamental voltage” and “fundamental current” are used throughout
the book to denote the fundamental of a given voltage or current.

The peak value, Ψ1,p, of fundamental of a periodic function, 𝜓(𝜔t), is calculated
as

Ψ1,p =
√

Ψ2
1,c + Ψ2

1,s, (1.20)

where

Ψ1,c =
1
𝜋

2𝜋
∫
0
𝜓(𝜔t) cos(𝜔t)d𝜔t, (1.21)

Ψ1,s =
1
𝜋

2𝜋
∫
0
𝜓(𝜔t) sin(𝜔t)d𝜔t, (1.22)
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12 PRINCIPLES OF ELECTRIC POWER CONVERSION

and the rms value, Ψ1, of the fundamental is

Ψ1 =
Ψ1,p√

2
. (1.23)

Since the fundamental of a function does not depend on the dc component of the
function, the ac component, 𝜓ac(𝜔t), can be used in Eqs. (1.21) and (1.22) in place
of 𝜓(𝜔t).

When the fundamental is subtracted from the ac component, the so-called har-
monic component, 𝜓h(𝜔t), is obtained as

𝜓h(𝜔t) = 𝜓ac(𝜔t) − 𝜓1(𝜔t). (1.24)

The rms value, Ψh, of 𝜓h(𝜔t), called a harmonic content of function 𝜓(𝜔t), can be
calculated as

Ψh =
√

Ψ2
ac − Ψ2

1 =
√

Ψ2 − Ψ2
dc − Ψ2

1 (1.25)

and used for calculation of the so-called total harmonic distortion, THD, defined as

THD ≡
Ψh

Ψ1
. (1.26)

The concept of total harmonic distortion is also widely employed outside power elec-
tronics as, for instance, in the characterization of quality of audio equipment. Con-
ceptually, the total harmonic distortion constitutes an ac counterpart of the ripple
factor.

In the generic inverter, whose output waveforms have been shown in Figure 1.6,
the rms value, Vo, of output voltage equals the dc input voltage, Vi. Since vo is either
Vi or –Vi, vo

2 = Vi
2. The peak value, Vo,1,p, of fundamental output voltage is

Vo,1,p = Vo,1,s, (1.27)

because the waveform in question has the odd symmetry (see Appendix B). Conse-
quently,

Vo,1,p = 2
𝜋

𝜋

∫
0

Vi sin(𝜔t)d𝜔t = 4
𝜋

Vi = 1.27Vi. (1.28)

Now, the fundamental output voltage, vo,1(𝜔t), can be expressed as

vo,1(𝜔t) = Vo,1,p sin(𝜔t) = 4
𝜋

Vi sin(𝜔t). (1.29)
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The rms value, Vo,1, of fundamental output voltage is

Vo,1 =
Vo,1,p√

2
=

2
√

2
𝜋

Vi = 0.9Vi, (1.30)

and the harmonic content, Vo,h, is

Vo,h =
√

V2
o − V2

o,1 =

√√√√√V2
i −

(
2
√

2
𝜋

Vi

)2

= 0.44Vi. (1.31)

Thus, the total harmonic distortion of the output voltage, THDV, is

THDV =
Vo,h

Vo,1
=

0.44Vi

0.9Vi
= 0.49. (1.32)

The high value of THDV is not surprising since the output voltage waveform of the
generic inverter operating in the square-wave mode significantly differs from a sine
wave. Decomposition of the waveform analyzed is illustrated in Figure 1.9.

The numerically determined total harmonic distortion, THDI, of the output cur-
rent, io, in this example is 0.216, that is, less than that of the output voltage by as much
as 55%. Indeed, as seen in Figure 1.10 that shows decomposition of the current wave-
form, the harmonic component is quite small in comparison with the fundamental.
As in the generic rectifier, it shows the attenuating influence of the load inductance
on the output current. In practical inverters, the output current is considered to be of
high quality if THDI does not exceed 0.05 (5%).

Figure 1.9 Decomposition of the output voltage waveform in the generic inverter.
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14 PRINCIPLES OF ELECTRIC POWER CONVERSION

Figure 1.10 Decomposition of the output current waveform in the generic inverter.

Other figures of merit often employed for performance evaluation of power elec-
tronic converters are

(1) Power efficiency, 𝜂, of the converter is defined as

𝜂 ≡
Po

Pi
, (1.33)

where Po and Pi denote the output and input powers of the converter, respec-
tively.

(2) Conversion efficiency, 𝜂c, of the converter is defined as

𝜂c ≡
Po,dc

Pi
(1.34)

for dc output converters, and

𝜂c ≡
Po,1

Pi
(1.35)

for ac output converters. Symbol Po,dc denotes the dc output power, that is,
the product of the dc components of the output voltage and current, while Po,1
is the ac output power carried by the fundamental components of the output
voltage and current.

www.EngineeringBooksPdf.com



WAVEFORM COMPONENTS AND FIGURES OF MERIT 15

(3) Input power factor, PF, of the converter is defined as

PF =
Pi

Si
, (1.36)

where Si is the apparent input power. The power factor can also be expressed
as

PF = KdKΘ. (1.37)

Here, Kd denotes the so-called distortion factor (not to be confused with the
total harmonic distortion, THD), defined as the ratio of the rms fundamental
input current, Ii,1, to the rms input current, Ii, and KΘ is the displacement fac-
tor, that is, cosine of the phase shift, Θ, between the fundamentals of input
voltage and current.

The power efficiency, 𝜂, of a converter simply indicates what portion of the power
supplied to the converter reaches the load. In contrast, the conversion efficiency, 𝜂c,
expresses the relative amount of useful output power and, therefore, constitutes a
more valuable figure of merit than the power efficiency. Since the input voltage to a
converter is usually constant, the power factor serves mainly as a measure of utiliza-
tion of the input current, drawn from the source that supplies the converter. With a
constant power consumed by the converter, a high power factor implies a low current
and, consequently, low power losses in the source. Most likely, the reader is familiar
with the term “power factor” as the cosine of the phase shift between the voltage and
current waveforms, as used in the theory of ac circuits. However, it must be stressed
that it is true for purely sinusoidal waveforms only, and the general definition of the
power factor is given by Eq. (1.36).

In an ideal power converter, all the three figures of merit defined above would be
in equal unity. To illustrate the relevant calculations, the generic rectifier will again
be employed. Since ideal switches have been assumed, no losses are incurred in the
generic converter, so that the input power, Pi, and output power, Po, are equal and the
power efficiency, 𝜂, of the converter is always unity.

For the RL-load assumed for the generic rectifier, it can be shown that the conver-
sion efficiency, 𝜂c, is a function of the current ripple factor, RFI. Specifically,

𝜂c =
Po,dc

Pi
=

Po,dc

Po
𝜂

= 𝜂

RI2
o,dc

RI2
o

= 𝜂

I2
o,dc

I2
o,dc + I2

o,ac

= 𝜂

1 +
(

Io,ac

Io,dc

)2
= 𝜂

1 + (RFI)2
, (1.38)
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16 PRINCIPLES OF ELECTRIC POWER CONVERSION

Figure 1.11 Decomposition of the input current waveform in the generic rectifier.

where R is the load resistance. The ripple factor for the example current in Figure 1.4
has already been found to be 0.307. Hence, with 𝜂 = 1, the conversion efficiency is
1/(1 + 0.3072) = 0.914.

The input current waveform, ii(𝜔t), of the rectifier is shown in Figure 1.11 with the
numerically found fundamental, ii,1(𝜔t). The converter either directly passes the input
voltage and current to the output or inverts them. Therefore, the rms values of input
voltage, Vi, and current, Ii, are equal to those of the output voltage, Vo, and current,
Io. The apparent input power, Si, is a product of the rms values of input voltage and
current. Hence,

PF =
Pi

Si
=

Po
𝜂

ViIi
=

RI2
o

𝜂VoIo
=

RIo

𝜂Vo
, (1.39)

and specific values of R, Io, and Vo are needed to determine the power factor. If, for
example, the peak input voltage, Vi,p, in the example rectifier described is 100 V and
the load resistance, R, is 1.3Ω, then, according to Eq. (1.16), the dc output voltage, Vo,
is 70.7 V. The numerically computed rms output current, Io, is 51.3 A. Consequently,
PF = (1.3 × 51.3)/(1 × 70.7) = 0.943 (lag), the “lag” indicating that the fundamental
input current lags the fundamental input voltage (compare Figures 1.1 and 1.11).

1.4 PHASE CONTROL AND SQUARE-WAVE MODE

Based on the idea of generic converter, whose switches connect, cross-connect, or
disconnect the input and output terminals, and short the output terminals in the last
case, the principles of the ac-to-dc and dc-to-ac power conversion were explained in
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PHASE CONTROL AND SQUARE-WAVE MODE 17

Section 1.2. The question how to control the magnitude of the output voltage and,
consequently, that of the output current has not yet been answered though.

The reader is likely familiar with electric transformers and autotransformers that
allow magnitude regulation of ac voltage and current. These are heavy and bulky
apparatus designed for a fixed frequency and impractical for wide-range magnitude
control. Moreover, their principle of operation inherently excludes transformation of
dc quantities. In the early days of electrical engineering, adjustable resistors were
predominantly employed for voltage and current control. Today, the resistive con-
trol can still be encountered in relay-based starters for electric motors and obsolete
adjustable-speed drive systems. On the other hand, small rheostats and potentiome-
ters are still widely used in low-power electric and electronic circuits, in which the
power efficiency is not of major importance.

Resistive control does not have to involve real resistors. Actually, any of the exist-
ing transistor-type power switches could serve this purpose. Between the state of
saturation, in which a transistor offers minimum resistance in the collector–emitter
path, and the blocking state resulting in practically zero collector and emitter cur-
rents, a wide range of intermediate states is available. Therefore, such a switch can
be viewed as a controlled resistor and one may wonder if, for instance, the transistor
switches used in power electronic converters could be operated in the same way as
are the transistors in low-power analog electronic circuits.

To show why the resistive control should not be used in high-power applications,
two basic schemes, depicted in Figure 1.12, will be considered. For simplicity, it is
assumed that the circuits shown are to provide control of a dc voltage supplied to a
resistive load. The dc input voltage, Vi, is constant, while the output voltage, Vo, is
to be adjustable within the zero to Vi range. Generally, for power converters with a
controlled output quantity (voltage or current), the so-called magnitude control ratio,
M, can be defined as

M ≡
Ψo,adj

Ψo,adj(max)
, (1.40)

where Ψo,adj denotes the value of the adjustable component of the output quantity,
for example, the dc component of the output voltage in a controlled rectifier, while
Ψo,adj(max) is the maximum available value of this component. Usually, it is required

RpVi Vo

Ii Io

RL

Ip

(b)

Rrh

Ii

Vi Vo

Io

(a)

RL

Figure 1.12 Resistive control schemes: (a) rheostatic control, (b) potentiometric control.
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18 PRINCIPLES OF ELECTRIC POWER CONVERSION

that M be adjustable from certain minimum value to unity. In certain converters, the
minimum value can be negative, down to –1, implying polarity reversal of the con-
trolled variable.

The magnitude control ratio should not be confused with the so-called voltage
gain, KV, which, generally, represents the ratio of the output voltage to the input
voltage. Specifically, the average value is used for dc voltages and the peak value of
the fundamental for ac voltages. Hence, for instance, the voltage gain of a rectifier
is defined as the ratio of the dc output voltage, Vo,dc, to the peak input voltage, Vi,p.
In the resistive control schemes considered, KV = Vo/Vi and, since the maximum
available value of the output voltage equals Vi, the voltage gain equals the magnitude
control ratio, M.

Figure 1.12a illustrates the rheostatic control. The active part, Rrh, of the control-
ling rheostat forms a voltage divider with the load resistance, RL. Here,

M =
Vo

Vi
=

RL

Rrh + RL
, (1.41)

and since the input current, Ii, equals the output current, Io, the efficiency, 𝜂, of the
power transfer from the source to the load is

𝜂 =
RLI2

o

(Rrh + RL)I2
i

=
RLI2

o

(Rrh + RL)I2
o

=
RL

Rrh + RL
= M. (1.42)

The identity relation between 𝜂 and M is a serious drawback of the rheostatic control
as decreasing the output voltage causes an equal reduction of the efficiency.

The potentiometric control, shown in Figure 1.12b and based on the principle of
current division, fares even worse. Note that the input current, Ii, is greater than the
output current, Io, by the amount of the potentiometer current, Ip. The power effi-
ciency, 𝜂, is

𝜂 =
VoIo

ViIi
= M

Io

Ii
, (1.43)

that is, less than M.
It can be seen that the main trouble with the resistive control is that the load current

flows through the controlling resistance. As a result, power is lost in that resistance,
and the power efficiency is reduced to a value equal to, or less than, the magnitude
control ratio. In practical power electronic systems, this is unacceptable. Imagine,
for example, a 120-kVA converter (not excessively large against today’s standards)
that at M = 0.5 loses so much power in the form of heat as do 40 typical, 1.5-kW
domestic heaters! Efficiencies of power electronic converters are seldom lower than
90% in low-power converters and exceed 95% in high-power ones. Apart from the
economic considerations, large power losses in a converter would require an extensive
cooling system. Even in the contemporary high-efficiency power conversion schemes,
the cooling is often quite a problem since the semiconductor power switches are of
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relatively small size and, consequently, of limited thermal capacity. Therefore, they
tend to overheat quickly if cooling is inadequate.

The resistive control allows adjustment of the instantaneous values of voltage and
current, which is important in many applications, for example, those requiring ampli-
fication of analog signals, such as radio, TV, and tape recorder. There, transistors and
operational amplifiers operate on the principle of resistive control, and because of
the low levels of power involved, the low efficiency is of a minor concern. In power
electronic converters, as illustrated later, it is sufficient to control the average value
of dc waveforms and rms value of ac waveforms. This can be accomplished by peri-
odic application of state 0 of the converter (see Section 1.2), in which the connection
between the input and output is broken and the output terminals are shorted. In this
way, the output voltage is made zero within specified intervals of time and, depend-
ing on the length of zero intervals, its average or rms value is more or less reduced
compared to that of the full waveform.

Clearly, the mode of operation described can be implemented by appropriate use
of switches of the converter. Note that there are no power losses in ideal switches,
because when a switch is on (closed), there is no voltage across it, while when it is
off (open), there is no current through it. For this reason, both the power conversion
and the control in power electronic converters are accomplished by means of switch-
ing. Analogously to the switches in the generic power converter, the semiconductor
devices used in practical converters are allowed to assume two states only. The device
is either fully conducting, with a minimum voltage drop between its main electrodes
(on-state), or fully blocking, with a minimum current passing between these elec-
trodes (off-state). That is why the term “semiconductor power switches” is used for
the devices employed in power electronic converters.

The only major difference between the ideal switches in the hypothetical generic
converter in Figure 1.2 and practical semiconductor switches is in the unidirection-
ality of the latter devices. In the on-state, a current in the switch can only flow in
one direction, for instance, from the anode to the cathode in an SCR. Therefore, an
idealized semiconductor power switch can be thought of as a series connection of an
ideal switch and an ideal diode.

Historically, for a major part of twentieth century, only semicontrolled power
switches, such as mercury arc rectifiers, gas tubes (thyratrons), and SCRs, had been
available for power-conditioning purposes. As mentioned in Section 1.1, a semicon-
trolled switch once turned on (“fired”) cannot be turned off (“extinguished”) as long
as the conducted current drops below certain minimum level for a sufficient amount
of time. This condition is required for extinguishing the arc in the thyratrons and
mercury arc rectifiers, or for the SCRs to recover the blocking capability. If a switch
operates in an ac circuit, the turn-off occurs naturally when the current changes polar-
ity from positive to negative. After a turn-off, a semicontrolled switch must be re-fired
in every cycle when the anode–cathode voltage becomes positive, that is, when the
switch becomes forward biased.

As the forward bias of a switch in an ac input power electronic converter lasts a
half-cycle of the input voltage, the firing can be delayed by up to a half-cycle from the
instant when the bias changes from reverse to forward. This creates an opportunity for
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Figure 1.13 Output voltage and current waveforms in the generic rectifier with the firing
angle of 90◦.

controlling the average or rms value of output voltage of the converter. To demonstrate
this method, the generic power converter will again be employed. For simplicity, the
firing delay of the converter switches, previously assumed zero, is now set to a quarter
of the period of the ac input voltage, that is, 90◦ in the angle domain.

Controlled ac-to-dc power conversion is illustrated in Figure 1.13. As explained in
Section 1.2, when switches S1 through S4 of the generic converter are open, switch S5
must close to provide a path for the load current which, because of the inductance of
the load, may not be interrupted. Thus, states 1 and 2 of the converter are separated by
state 0. It can be seen that the sinusoidal half-waves of the output voltage in Figure 1.4
have been replaced with quarter-waves. As a result, the dc component of the output
voltage has been reduced by 50%. Clearly, a longer delay in closing switches S1–S2
and S3–S4 would further reduce this component until, with the delay of 180◦, it would
drop to zero. The generic power converter operates now as the controlled rectifier.
Practical controlled rectifiers based on SCRs do not need to employ an equivalent
of switch S5. As already explained, an SCR cannot be turned off when conducting
a current. Therefore, state 1 can only be terminated by switching to state 2, and the
other way round, so that one pair of switches takes over the current from another pair.
Both these states provide for the closed path for the output current. State 0, if any,
occurs only when the output current has died out.

In the angle domain, the firing delay is referred to as a delay angle, or firing angle,
and the method of output voltage control described is called the phase control, since
the firing occurs at a specified phase of the input voltage waveform. In practice, the
phase control is limited to power electronic converters based on SCRs. Fully con-
trolled semiconductor switches allow more effective control by means of the so-called
pulse width modulation (PWM), described in the next section.

The voltage control characteristic, Vo,dc(𝛼f), of the generic controlled rectifier can
be determined as

Vo,dc(𝛼f) =
1
𝜋

𝜋

∫
0

vo(𝜔t)d𝜔t = 1
𝜋

𝜋

∫
𝛼f

Vi,p sin(𝜔t)d𝜔t =
Vi,p

𝜋
[1 + cos(𝛼f )]. (1.44)
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Figure 1.14 Control characteristic of the generic phase-controlled rectifier.

If 𝛼f = 0, Eq. (1.44) becomes identical with Eq. (1.15). The control characteristic,
which is nonlinear, is shown in Figure 1.14.

The ac-to-ac conversion performed by the generic converter for adjusting the rms
value of an ac output voltage is illustrated in Figure 1.15. Power electronic converters
used for this type of power conditioning are called ac voltage controllers. Practical
ac voltage controllers are mostly based on the so-called triacs, whose internal struc-
ture is equivalent to two SCRs connected in antiparallel. Phase-controlled ac voltage
controllers do not require a counterpart of switch S5.

Figure 1.15 Output voltage and current waveforms in the generic ac voltage controller with
the firing angle of 90◦.
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Figure 1.16 Control characteristic of the phase-controlled generic ac voltage controller.

The voltage control characteristic, Vo(𝛼f), of a generic ac voltage controller, given
by

Vo(𝛼f ) =

√
1
𝜋

𝜋

∫
0

v2
o(𝜔t)d𝜔t =

√
1
𝜋

𝜋

∫
𝛼f

[Vi,p sin(𝜔t)]2d𝜔t

= Vi,p

√
1

2𝜋

[
𝜋 − 𝛼f +

sin 2𝛼f

2

]
(1.45)

is shown in Figure 1.16. Again, the characteristic is nonlinear. The fundamental out-
put voltage, Vo,1, can be shown to depend nonlinearly on the firing angle, too.

The concept of using the zero-output state 0 to control the magnitude of output
voltage can be extended to the generic inverter. Analogously to the firing angle 𝛼f ,
the active states 1 and 2 can be delayed by the delay angle 𝛼d (the same name is also
used as an alternative to “firing angle” in ac input converters). The resultant square-
wave mode is illustrated in Figure 1.17 for the delay angle of 30◦. Using the Fourier
series, the rms value, Vo,1, of the fundamental output voltage is found to be

Vo,1 =
2
√

2
𝜋

Vi cos(𝛼d) ≈ 0.9Vi cos(𝛼d). (1.46)

1.5 PULSE WIDTH MODULATION

As explained in the preceding section, control of the output voltage of a power elec-
tronic converter by means of an adjustable firing delay has been primarily dictated
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Figure 1.17 Output voltage and current waveforms in the generic inverter with the delay
angle of 30◦.

by the operating properties of semicontrolled power switches. The phase control,
although conceptually simple, results in serious distortion of the output current of
a converter. The distortion increases with the length of delay. Clearly, the distorted
current is a consequence of the distorted voltage. However, the shape of the output
voltage waveforms in power electronic converters is of much less practical concern
than that of the output current waveforms. Precisely, it is the current that does the
job, whether it is the emission of a light bulb, torque production in an electric motor,
or electrolytic process in an electrochemical plant.

As mentioned before, most practical loads contain inductance. As such a load
constitutes a low-pass filter, high-order harmonics of the output voltage of a con-
verter have weaker impact on the output current waveform than do the low-order
ones. Therefore, the quality of the current strongly depends on the amplitudes of
low-order harmonics in the frequency spectrum of output voltage. Such spectra
for the phase-controlled generic rectifier and ac voltage controller are illustrated in
Figure 1.18. Amplitudes of the harmonics are expressed in the per-unit format, with

Figure 1.18 Harmonic spectra of output voltage with the firing angle of 90◦ in (a) phase-
controlled generic rectifier, (b) phase-controlled generic ac voltage controller.
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the peak value, Vi,p, of input voltage taken as the base voltage. Both spectra display
several high-amplitude low-order harmonics.

In ac input converters, the distortion of the input current is of equal importance.
Distorted currents drawn from the power system cause the so-called harmonic pol-
lution of the system resulting in faulty operation of system protection relays and
electromagnetic interference (EMI) with communication systems. To alleviate these
problems, utility companies require that input filters be installed, which raises the
total cost of power conversion. The lower is the frequency of harmonics to be atten-
uated, the larger and more expensive filters are needed. The already mentioned alter-
nate method of voltage and current control by pulse width modulation (PWM) results
in better spectral characteristics of converters and smaller filters. Therefore, PWM
schemes are increasingly adopted in modern power electronic converters.

The principle of PWM can best be explained considering dc-to-dc power conver-
sion performed by the generic converter supplied with a fixed dc voltage. The con-
verter controls the dc component of the output voltage. As shown in Figure 1.19, this
is accomplished by using the converter switches in such a way that the output volt-
age consists of a train of pulses (state 1 of the generic converter) interspersed with
notches (state 0). Fittingly, the respective practical power electronic converters are
called choppers. Low-power converters used in power supplies for electronic equip-
ment are usually referred to as dc voltage regulators or, simply, dc-to-dc converters.

In the case illustrated, the pulses and notches are of equal duration, that is, switches
S1 and S2 operate with the so-called duty ratio of 0.5. A duty ratio, d, of a switch is
defined as

d ≡
tON

tON + tOFF
, (1.47)

Figure 1.19 Output voltage and current waveforms in the generic chopper.
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where tON denotes the on-time, that is, the interval within which the switch is closed,
and tOFF is the off-time, that is, the interval within which the switch is open. Here,
switch S5 also operates with the duty ratio of 0.5. However, if the duty ratio of
switches S1 and S2 were, for example, 0.6, the duty ratio of switch S5 would have to
be 0.4. Switches S3 and S4 of the generic converter are not utilized (unless a reversal
of polarity of the output voltage is required), so their duty ratio is zero.

It is easy to see that the average value (dc component), Vo,dc, of the output voltage
is proportional to the fixed value, Vi, of the input voltage and to the duty ratio, d12,
of switches S1 and S2, that is,

Vo,dc = d12Vi. (1.48)

Since the possible range of a duty ratio is zero (switch open all the time) to unity
(switch closed all the time), adjusting the duty ratio of appropriate switches allows
setting Vo,dc at any level between zero and Vi. As follows from Eq. (1.48), the voltage
control characteristic, Vo,dc = f(d12), of the generic chopper is linear.

The switching frequency, fsw, defined as

fsw ≡
1

tON + tOFF
(1.49)

does not affect the dc component of the output voltage. However, the quality of out-
put current strongly depends on fsw. As illustrated in Figure 1.20, if the number of
pulses per second is doubled compared to that in Figure 1.19, the increased switch-
ing frequency results in the reduction of the current ripple by about 50%. The time

Figure 1.20 Output voltage and current waveforms in the generic chopper with the switching
frequency twice as high as that in Figure 1.19.
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between consecutive state changes of the converter is simply short enough to prevent
significant current changes between consecutive “jumps” of the output voltage.

The reduction of current ripple can also be explained by the harmonic analysis of
the output voltage. Note that the fundamental output frequency equals the switching
frequency. As a result, harmonics of the ac component of the voltage appear around
frequencies that are integer multiples of fsw. The corresponding inductive reactances
of the load are proportional to these frequencies. Therefore, if the switching frequency
is sufficiently high, the ac component of the output current is so strongly attenuated
that the current is practically of ideal dc quality.

Voltage control using PWM can be employed in all the other types of electric
power conversion described in this chapter. Instead of taking out solid chunks of the
output voltage waveforms by the firing delay as shown in Figures 1.13 and 1.15, a
number of narrow segments can be removed in the PWM operating mode illustrated
in Figure 1.21. Here, the ratio, N, of the switching to input frequency is 12. This is
also the number of pulses of output voltage per cycle. The output current waveforms
have significantly higher quality than those in Figures 1.13 and 1.15, exemplifying
the operational superiority of pulse width modulated converters over phase-controlled
ones.

Figure 1.21 Output voltage and current waveforms in (a) generic PWM rectifier, (b) generic
PWM ac voltage controller (N = 12).
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It should be mentioned that, for clarity, in most examples of PWM convert-
ers throughout the book, the switching frequencies employed in preparing the fig-
ures are lower than the practical ones. Typically, depending on the type of power
switches, switching frequencies are of the order of few kHz, seldom less than 1
kHz and, in the so-called supersonic converters, they are higher than 20 kHz. There-
fore, if, for example, a switching frequency in a 60-Hz PWM ac voltage controller
is 3.6 kHz, the output voltage is “sliced” into 60 segments per cycle, instead of the
12 segments shown in Figure 1.21b. Generally, a switching frequency should be sev-
eral times higher than the reciprocal of the dominant (the longest) time constant of
the load.

It can be shown that the linear relation (1.47) pertaining to the chopper can be
extended on other types of PWM converters operating with fixed duty ratios of
switches, such as rectifiers and ac voltage controllers. In all these converters,

Vo,adj = dVo,adj(max), (1.50)

that is, the magnitude control ratio, M, equals the duty ratio, d, of switches connecting
the input and output terminals. Depending on the type of converter, symbol Vo,adj
represents the adjustable dc component or fundamental ac component of the output
voltage, while Vo,adj(max) is the maximum available value of this component. However,
concerning the rms value, Vo, of output voltage, the dependence on the duty ratio is
radical, that is,

Vo =
√

dVo,max, (1.51)

where Vo(max) is the maximum available rms value of output voltage. Specific values
of Vo,adj(max) and Vo(max) depend on the type of converter and the magnitude of the
input voltage. Control characteristics of the generic PWM rectifier (Eq. (1.48)) and
an ac voltage controller (Eq. (1.51)) are shown in Figure 1.22 for comparison with
those of phase-controlled converters depicted in Figures 1.14 and 1.16.

Harmonic spectra of the output voltage of the generic PWM rectifier and ac voltage
controller are shown in Figure 1.23, again in the per-unit format. Here, the switching
frequency is 24 times higher than the input frequency, that is, the output voltage has 24
pulses per cycle. The duty ratio of converter switches is 0.5. Comparing these spectra
with those in Figure 1.18, essential differences can be observed. Amplitudes of the
low-order harmonics have been suppressed, especially in the spectrum for the ac volt-
age controller. Higher harmonics appear in clusters centered about integer multiples
of 12 for the rectifier and of 24 for the ac voltage controller. The reduced amplitudes
of low-order harmonics of the output voltage are translated into enhanced quality of
the output current waveforms.

It should be pointed out that the simple PWM described, with a constant duty
ratio of switches, has only been used for illustration of the basic principles of PWM
converters. In practice, constant duty ratios are typical for choppers and common for
ac voltage controllers. PWM rectifiers and inverters employ more sophisticated PWM
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Figure 1.22 Control characteristics of (a) generic PWM rectifier, (b) generic PWM ac voltage
controller.

techniques, in which the duty ratios of switches change throughout the cycle of the
output voltage. Such techniques can also be applied in PWM ac voltage controllers.

PWM techniques characterized by variable duty ratios of converter switches will
be explained in detail in Chapters 4 and 7. Example waveforms of the output volt-
age and current of a generic inverter with N = 10 voltage pulses per cycle and with
variable duty ratios are shown in Figure 1.24. The magnitude control ratio, M, per-
taining to the amplitude of the fundamental output voltage, is 1 in Figure 1.24a and
0.5 in Figure 1.24b. The varying widths of the voltage pulses and proportionality of
these widths to the magnitude control ratio can easily be observed. The output current

www.EngineeringBooksPdf.com



PULSE WIDTH MODULATION 29

Figure 1.23 Harmonic spectra of output voltage in (a) generic PWM rectifier, (b) generic
PWM ac voltage controller (N = 24).

waveforms, although rippled, are much closer to ideal sine waves than those in the
square-wave operating mode of the inverter (see Figure 1.5). The harmonic content
of the current would decrease further with an increase in the switching frequency.

All the examples of PWM converters presented in this section show that the higher
the switching frequency, the better quality of the output current is obtained. However,
the allowable switching frequency in practical power electronic converters is limited
by several factors. First, any power switch requires certain amount of time for the
transitions from the on-state to off-state and vice-versa. Therefore, the operating fre-
quency of a switch is restricted, the maximum value depending on the type and ratings
of the switch. Second, the control system of a converter has a limited operating speed.
Finally, as explained in Chapter 2, the so-called switching losses in practical switches
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Figure 1.24 Output voltage and current waveforms in the generic PWM inverter: (a) M = 1,
(b) M = 0.5 (N = 10).

increase with the switching frequency, reducing the efficiency of power conversion.
Therefore, the switching frequency employed in a PWM converter should represent
a sensible tradeoff between the quality and efficiency of operation of the converter.

1.6 COMPUTATION OF CURRENT WAVEFORMS

Sources of raw electric power, such as generators or batteries, are predominantly volt-
age sources. Since, as already demonstrated, a static power converter is a network of
switches, waveforms of output voltages are easy to determine from the converter’s
principle of operation. It is not so with output currents, which depend on both the
voltages and load.

As exemplified by the generic converter, power electronic converters operate most
of the time in the so-called quasi-steady state, which is a sequence of transient states.
The converters are variable-topology circuits, and each change of topology initiates a
new transient state. Final values of currents and voltages in one topology become
initial values in the next topology. Since linear electric circuits can be described
by ordinary linear differential equations, the task of finding a current waveform
becomes a classic initial value problem. As shown later, in place of differential equa-
tions, difference equations can conveniently be applied to converters operating in the
PWM mode.

If the load of a converter is linear and the output voltage can be expressed in a
closed form, the output current waveform corresponding to individual states of the
converter can also be expressed in a closed form. However, when a computer is used
for converter analysis, numerical algorithms can be employed to compute consecutive
points of the current waveform. Both the analytical and numerical approaches will be
illustrated in the subsequent sections.

1.6.1 Analytical Solution

To show the typical way of finding the closed-form expressions for the output
current in a power electronic converter, the generic rectifier, generic inverter, and
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Figure 1.25 Resistive–inductive (RL) load circuit.

generic PWM ac voltage controller will be considered. In all three cases, an RL-load
is assumed.

The RL-load circuit of the generic converter is shown in Figure 1.25. If the con-
verter operates as a rectifier, the input and output terminals are cross-connected when
the ac input voltage, given by Eq. (1.1), is negative. Consequently, the output voltage,
vo(t), and current, io(t), are periodic with the period of T/2, where T is the period of
the input voltage, equal to 2𝜋/𝜔. Therefore, all the subsequent considerations of the
generic rectifier are limited to the interval 0 to T/2.

The Kirchhoff Voltage Law for the circuit in Figure 1.25 can be written as

Rio(t) + L
dio(t)

dt
= Vi,p sin(𝜔t). (1.52)

Equation (1.52) can be solved for io(t) using the Laplace transformation or, less
tediously, taking advantage of the known property of linear differential equations
allowing io(t) to be expressed as

io(t) = io,F(t) + io,N(t), (1.53)

where io,F(t) and io,N(t) denote the so-called forced and natural components of io(t),
respectively. The convenience of this approach lies in the fact that the forced compo-
nent constitutes the steady-state solution of Eq. (1.52), that is, the steady-state current
excited in the circuit in Figure 1.26 by the sinusoidal voltage vi(t). As well known to
every electrical engineer,

io,F(t) =
Vi,p

Z
sin(𝜔t − 𝜑), (1.54)

where

Z =
√

R2 + (𝜔L)2 (1.55)
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Figure 1.26 Fragments of the output voltage and current waveforms in the generic PWM ac
voltage controller.

and

𝜑 = tan−1
(
𝜔L
R

)
(1.56)

are the impedance and phase angle of the RL-load, respectively. The shortcut from
Eq. (1.52) to the forced solution (1.54) saves a lot of work.

The natural component, io,N(t), represents a solution of the homogenous equation

Rio,N(t) + L
dio,N(t)

dt
= 0 (1.57)

obtained from Eq. (1.52) by equating the right-hand side (the excitation) to zero. It
can be seen that io,N(t) must be such that the linear combination of it and its derivative
is zero. Clearly, an exponential function

io,N(t) = AeBT (1.58)

is the best candidate for the solution. Substituting io,N(t) in Eq. (1.57) yields

RAeBT + LABeBT = 0 (1.59)
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from which, B = –R/L, and

io,N(t) = Ae−
R
L

t
. (1.60)

Thus, based on Eqs. (1.53) and (1.54),

io(t) =
Vi,p

Z
sin(𝜔t − 𝜑) + Ae−

R
L

t
. (1.61)

To determine the constant A, note that in the quasi-steady state of the rectifier,
io(0) = io(T/2) = io(𝜋/𝜔) (see Figure 1.4). Hence,

Vi,p

Z
sin(−𝜑) + A =

Vi,p

Z
sin(𝜋 − 𝜑) + Ae−

R
L
𝜋

𝜔 , (1.62)

where

− R𝜋
L𝜔

= − 𝜋

tan(𝜑)
. (1.63)

Equation (1.62) can now be solved for A, yielding

A =
2Vi,p sin(𝜑)

Z
[
1 − e

− 𝜋

tan(𝜑)

] (1.64)

and

io(t) =
Vi,p

Z

[
sin(𝜔t − 𝜑) + 2 sin(𝜑)

1 − e
− 𝜋

tan(𝜑)

e−
R
L

t

]
. (1.65)

The shown approach to derivation of the rather complex relation (1.65) takes much
less time and effort than those required when the Laplace transformation is employed.
The reader is encouraged to confirm this observation by his/her own computations.

When the generic power converter works as an inverter, the output voltage equals
Vi when the converter is in state 1 and –Vi in state 2. If T now denotes the period of the
output voltage, it can be assumed that the state 1 lasts from 0 to T/2 and state 2 from
T/2 to T. As it is only the polarity of output voltage that changes every half-cycle, the
output current, io(2)(t), in the second half-cycle is equal to –io(1)(t–T/2), where io(1)(t)
is the output current in the first half-cycle. Consequently, it is sufficient to determine
io(1)(t) only.

The forced component, io,F(1)(t), of current io(1)(t), excited in the RL-load by the
dc voltage vo = Vi is given by the Ohm’s Law as

io,F(1) =
Vi

R
. (1.66)
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The natural component, which depends solely on the load, is the same as that of the
output current of the generic rectifier. Thus,

io(1)(t) =
Vi

R
+ Ae−

R
L . (1.67)

Constant A can be found from the condition io(1)(0) = –io(1)(T/2) (see Figure 1.5),
that is,

Vi

R
+ A = −

[
Vi

R
+ Ae

− 𝜋

tan(𝜑)

]
, (1.68)

which yields

A = 2

1 + e
− 𝜋

tan(𝜑)

Vi

R
. (1.69)

This gives

io(t) =

⎧⎪⎪⎨⎪⎪⎩

Vi
R

[
1 − 2

1+e
− 𝜋

tan(𝜑)
e−

R
L

t
]

for 0 < t ≤ T
2

−Vi
R

[
1 − 2

1+e
− 𝜋

tan(𝜑)
e−

R
L

(t− T
2

)
]

for T
2
< t ≤ T

⎫⎪⎪⎬⎪⎪⎭
. (1.70)

In the final example, a PWM converter, specifically the PWM ac voltage controller,
is dealt with. Within a single cycle of output voltage, the converter undergoes a large
number of state changes, and within each corresponding interval of time, the wave-
form of output current is described by a different equation. Therefore, to express the
waveform in a useful format, iterative formulas are employed. The general form of
such a formula is io(t+Δt)= f[io(t),t], whereΔt is a small increment of time, meaning
that consecutive values of the output current are calculated from the previous values.

In developing the formulas, two simplifying assumptions were made: first, that the
current waveform is piecewise linear; second, that the initial value, io(0), of the output
current is equal to that of a hypothetical sinusoidal current that would be generated in
the same load by the fundamental of output voltage of the converter. Thus, if the input
voltage of the generic ac voltage controller is given by Eq. (1.1), the initial value of
the output current is

io(0) = M
Vi,p

Z
sin(𝜔t − 𝜑)|t=0 = −M

Vi,p

Z
sin(𝜑). (1.71)

The output voltage waveform of the controller, shown in Figure 1.21b, is a chopped
sinusoid. A single switching cycle of that waveform is depicted in Figure 1.26, which
also shows the coinciding fragment of the output current waveform. The time interval,
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t0 to t2, corresponding to the switching cycle is called a switching interval. From t0
to t1, the controller is in state 1 and the output voltage equals the input voltage, while
from t1 to t2, the output voltage is zero, the controller assuming state 0. Denoting the
length of the switching interval, t2 – t0, by ΔT, the on-time, tON, is MΔT, and the
off-time, tOFF, is (1 – M)ΔT.

The differential equation of the load circuit is

Rio(t) + L
dio(t)

dt
= vo(t), (1.72)

which, for the instant t = t0, can be rewritten as

Rio(t0) + L
Δio
Δt

= Vi,p sin(𝜔to), (1.73)

where Δio = io(t1) – io(t0) and Δt = t1 – t0, that is, as a difference equation. Taking
into account that Δt = MΔT, Eq. (1.73) can be solved for io(t0) to yield

io(t1) = io(t0) + M
L

[Vi,p sin(𝜔to) − Rio(t0)]ΔT . (1.74)

Similarly, at t = t1, the load circuit equation

Rio(t1) + L
Δio
Δt

= 0, (1.75)

where Δio = io(t2) − io(t1) and Δt = t2 − t1, can be rearranged to

io(t2) = io(t1)
[
1 − R

L
(1 − M)ΔT

]
. (1.76)

Formulas (1.71), (1.74), and (1.76) allow computation of consecutive segments of
the piecewise linear waveform of the output current. If, as typical in practical PWM
converters, the switching frequency, fsw = 1/ΔT, is at least one order of magnitude
higher than the input or output frequency, the accuracy of those approximate relations
is sufficient for all practical purposes.

1.6.2 Numerical Solution

When a computer program is used to simulate a converter, the output voltage is cal-
culated as a series of values, vo,0, vo,1, vo,2, …, for the consecutive instants, t0, t1,
t2, … These instants should be close apart so that tn+1 – tn ≪ 𝜏, where 𝜏 denotes
the shortest time constant of the simulated system. Then, the respective values of the
output current, io,1, io,2, io,3, …, can be computed as responses of the load circuit to
step excitations vo,0u(t – t0), vo,1u(t – t1), vo,2u(t – t2), …, where u(t – tn) denotes a
unit step function at t = tn.
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For instance, for the RL-load considered in the previous section, the differential
equation of the load circuit for t ≥ tn can be written as

Rio(t) + L
dio(t)

dt
= vo,nu(t − tn), (1.77)

where u(t – tn) = 1. The forced component, io,F (t), of the solution, io(t), of Eq. (1.77)
is given by

io,F(t) =
vo,n

R
, (1.78)

and the natural component, io,N (t), by

io,N(t) = Ae−
R
L

t
. (1.79)

Hence,

io(t) =
vo,n

R
+ Ae−

R
L

t, (1.80)

where constant A can be determined from equation

io(tn) = io,n =
vo,n

R
+ Ae−

R
L

tn (1.81)

as

A =
(

io,n −
vo,n

R

)
e−

R
L

tn . (1.82)

Substituting t = tn+1 and Eq. (1.82) in Eq. (1.80), and denoting io(tn + 1) by io,n+1
yields

io,n+1 =
vo,n

R
+
(

io,n −
vo,n

R

)
e−

R
L

(tn+1−tn), (1.83)

which is an iterative formula, io,n+1 = f(io,n, tn+1 – tn), that allows easy computation
of consecutive points of the output current waveform.

The other common loads and corresponding numerical formulas for the output
current are

Resistive load (R-load):

io,n =
vo,n

R
. (1.84)
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Inductive load (L-load):

io,n+1 = io,n +
vo,n

L
(tn+1 − tn). (1.85)

Resistive-EMF load (RE-load):

io,n =
vo,n − En

R
, (1.86)

where En denotes the value of load EMF at t = tn. The EMF, in series with resistance
R, is assumed to oppose the output current.

Inductive-EMF load (LE-load):

io,n+1 = io,n +
vo,n − En

L
(tn+1 − tn), (1.87)

where the load EMF is connected in series with inductance L.

Resistive-inductive-EMF load (RLE-load):

io,n+1 =
vo,n − En

R
+
(

io,n −
vo,n − En

R

)
e−

R
L

(tn+1−tn), (1.88)

where the load is represented by a series connection of resistance R, inductance L,
and EMF E.

The presented considerations can be adapted for analysis of the less common
current-source converters. There, those are currents that are easily determinable from
the operating principles of a converter, while voltage waveforms require analytical or
numerical solution of appropriate differential equations.

In the engineering practice, specialized computer programs are used for modeling
and analysis of power electronic converters. The free-download software package
LTspice for simulation of electronic circuits is called for in most of the computer
assignments in this book (see Appendix A). Other commercial versions of the original
UC Berkeley’s SPICE are also available on the software market. Many advanced
simulation programs, of which Saber is the best known example, have been developed
in several countries specifically for modeling of switching power converters. Program
EMTP, used primarily by utilities for the power system analysis, allows simulation
of power electronic converters, which is particularly useful for studies of impact of
the converters on the power system operation. General-purpose dynamic simulators,
such as Simulink, Simplorer, or ACSL, can successfully be used for analysis of not
only the converters themselves, but also whole systems that include converters, such
as electric motor drives.
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Figure 1.27 Single-pulse diode rectifier.

1.6.3 Practical Example: Single-Phase Diode Rectifiers

To illustrate the considerations presented in the preceding two sections and to start
introduction of practical power electronic converters, single-phase diode rectifiers
will be described. They are the simplest static converters of electrical power. The
power diodes employed in the rectifiers can be thought of as uncontrolled semicon-
ductor power switches. A diode in a closed circuit begins conducting (turns on) when
its anode voltage becomes higher than the cathode voltage, that is, when the diode
is forward biased. The diode ceases to conduct (turns off) when its current changes
polarity.

The single-pulse (single-phase half-wave) diode rectifier is shown in Figure 1.27.
Functionally, it is analogous to a reduced generic power converter having only
switches S1 and S2, which stay closed as long as they conduct the load current. If the
load is purely resistive (R-load), and the sinusoidal input voltage is given by Eq. (1.1),
the output current waveform resembles that of the output voltage, as shown in
Figure 1.28.

Comparing Figures 1.28 and 1.4 it can easily be seen that the average output volt-
age, Vo,dc, in the single-pulse rectifier is only half as large as that in the generic rec-
tifier described in Section 1.2, that is, Vo,dc = Vi,p/𝜋 ≈ 0.32 Vi,p (see Eq. 1.15). The
single “pulse” of output current per cycle of the input voltage explains the name of
the rectifier.

The voltage gain is even lower when the load contains an inductance (RL-load).
Equation (1.60) can be used to describe the output current, but only until it reaches
zero at 𝜔t = 𝛼e, where 𝛼e is called an extinction angle. Thus,

io(0) =
Vi,p

Z
sin(−𝜑) + A = 0, (1.89)

from which

A =
Vi,p

Z
sin(𝜑) (1.90)
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Figure 1.28 Output voltage and current waveforms in the single-pulse diode rectifier with an
R-load.

and

io(t) =
Vi,p

Z

[
sin(𝜔t − 𝜑) + e−

R
L

t sin(𝜑)
]

, (1.91)

when io > 0, that is, when 0 < 𝜔t ≤ 𝛼e. Substituting 𝛼e/𝜔 for t and zero for io, the
extinction angle can be found from equation

Vi,p

Z

[
sin(𝛼e − 𝜑) + e

− 𝛼e
tan(𝜑) sin(𝜑)

]
= 0. (1.92)

Clearly, no closed-form expression for 𝛼e exists, and the extinction angle, which is
a function of the load angle 𝜑, can only be found numerically. This problem will be
analyzed in greater detail in Chapter 4.

The output voltage and current waveforms of a single-pulse rectifier with an RL-
load are shown in Figure 1.29. As the extinction angle is greater than 180◦, the output
voltage is negative in the 𝜔t = 𝜋 to 𝜔t = 𝛼e interval, and its overall average value is
lower than that with the resistive load. This can be remedied by connecting the so-
called freewheeling diode, DF, across the load, as shown in Figure 1.30.

The freewheeling diode, which corresponds to switch S5 in the generic power con-
verter, shorts the output terminals when the output voltage reaches zero and provides
a path for the output current in the 𝜋 to 𝛼e interval. Until the voltage reaches zero,
the waveform of output voltage is the same as that in Figure 1.29 and that of output
current is described by Eq. (1.91). Later, the current dies out while freewheeled by
diode DF. As now vo = 0, the equation of the current is simply

io(t) = Ae−
R
L

t, (1.93)
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Figure 1.29 Output voltage and current waveforms in the single-pulse diode rectifier with an
RL-load.

where constant A can be found by equaling currents given by Eqs. (1.91) and (1.93)
at 𝜔t = 𝜋, that is,

Vi,p

Z

[
1 − e

− 𝜋

tan(𝜑)

]
sin(𝜑) = Ae

− 𝜋

tan(𝜑) . (1.94)

From Eq. (1.94),

A =
Vi,p

Z

[
e

𝜋

tan(𝜑) − 1
]

sin(𝜑) (1.95)

and

io(t) =
Vi,p

Z

[
e

𝜋

tan(𝜑) − 1
]

e−
R
L

t sin(𝜑). (1.96)
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Figure 1.30 Single-pulse diode rectifier with a freewheeling diode.
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Figure 1.31 Output voltage and current waveforms in the single-pulse diode rectifier with a
freewheeling diode and an RL-load.

Waveforms of the output voltage and current of a single-pulse rectifier with the free-
wheeling diode are shown in Figure 1.31.

More radical enhancement of the single-pulse rectifier, shown in Figure 1.32, con-
sists in connecting a capacitor across the output terminals. The capacitor charges up
when the input voltage is high and it discharges through the load when the input
voltage drops below a specific level that depends on the capacitor and load. Typical
waveforms of the output voltage, vo, and capacitor current, iC, with a resistive load are
shown in Figure 1.33. Advanced readers are encouraged to try and obtain analytical
expressions for these waveforms using the approach sketched in this chapter.

Practical single-pulse rectifiers do not belong in the realm of true power electron-
ics, as the output capacitors would have to be excessively large. The average output
voltage, Vo,dc, can be increased to 2Vi,p/𝜋 ≈ 0.64Vi,p in a two-pulse (single-phase
full-wave) diode rectifier in Figure 1.34. Diodes D1 through D4 correspond to the
respective switches in the generic converter, directly connecting and cross-connecting
the input terminals with the output terminals in dependence on polarity of the input

Vi Vo

ioiC
ii

Figure 1.32 Single-pulse diode rectifier with an output capacitor.
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42 PRINCIPLES OF ELECTRIC POWER CONVERSION

Figure 1.33 Output voltage and current waveforms in the single-pulse diode rectifier with
output capacitor and RL-load.
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Figure 1.34 Two-pulse diode rectifier.
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voltage. As a result, the output voltage and current waveforms are the same as in the
generic converter (see Figure 1.4). In low-power rectifiers, a capacitor can be placed
across the load, similarly as in the single-pulse rectifier in Figure 1.32, to smooth out
the output voltage and increase its dc component. However, the operating character-
istics of single-phase rectifiers are distinctly inferior to those of three-phase rectifiers,
to be presented in Chapter 4.

SUMMARY

Power conversion and control are performed in power electronic converters, which
are networks of semiconductor power switches. Three basic states of a voltage-source
converter can be distinguished (although in some converters only two states suffice):
the input and output terminals are directly connected, cross-connected, or separated.
In the last case, the output terminals must be shorted to maintain a closed path for the
output current. An appropriate sequence of states results in conversion of the given
input (supply) voltage to the desired output (load) voltage.

Current-source converters are also feasible although less common than the
voltage-source ones. A load of a current-source converter must appear as a voltage
source, and that of a voltage-source converter as a current source. In practice, the
current-source and voltage-source requirements imply a series-connected inductor
and a parallel-connected capacitor, respectively.

Control of the output voltage in voltage-source power electronic converters is real-
ized by periodic use of state 0 of the converter. This results in the removal of certain
portions of the output voltage waveform. Two approaches are employed: phase con-
trol and PWM. The latter technique, promoted by the availability of fast fully con-
trolled semiconductor power switches, is increasingly employed in modern power
electronics. The PWM results in higher quality of power conversion and control than
does the phase control.

The output voltage waveforms in voltage-source converters are usually easy to
determine. Current waveforms, however, require analytical or numerical solution
of differential or, especially for PWM converters, difference equations describing
the quasi-steady state operation of the converters. A dual approach is applicable to
current-source converters. Simulation software packages are extensively used in the
engineering practice.

Single-phase diode rectifiers are the simplest ac-to-dc power converters. However,
their voltage gain, especially that of the single-pulse rectifier, is low, and ripple factors
of the output voltage and current are high. An improvement can be accomplished by
installing an output capacitor, but it is feasible in low-power rectifiers only.

EXAMPLES

Example 1.1 The generic power converter is supplied from a 120-V, 50-Hz ac volt-
age source and its output voltage waveform is shown in Figure 1.35. It can be seen
that the converter performs ac-to-ac conversion resulting in the output fundamental

www.EngineeringBooksPdf.com



44 PRINCIPLES OF ELECTRIC POWER CONVERSION

Figure 1.35 Output voltage waveform in the generic cycloconverter in Example 1.1.

frequency reduced with respect to the input frequency. This kind of power conver-
sion is characteristic for cycloconverters. The generic cycloconverter in this example
operates in a simple trapezoidal mode, in which the ratio of the input frequency to
output fundamental frequency is an integer. What is the fundamental frequency of the
output voltage? Sketch the timing diagram of switches of the converter.

Solution: The output fundamental frequency in question is four times lower than
the input frequency of 50 Hz, that is, 12.5 Hz. The timing diagram of switches of
the cycloconverter is shown in Figure 1.36. Switch S5 is open all the time as either
switches S1 and S2 or S3 and S4 are closed.

Figure 1.36 Timing diagram of switches in the generic cycloconverter in Example 1.1.
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Example 1.2 For the output voltage waveform in Figure 1.35, find:

(a) rms value, Vo

(b) peak value, Vo,1,p, and rms value, Vo,1, of fundamental

(c) harmonic content, Vo,h

(d) total harmonic distortion, THDV

Solution: The peak value of input voltage is
√

2 × 120 = 170 V. Denoting the funda-
mental output radian frequency by 𝜔, the output voltage waveform can be expressed
as

vo(𝜔t) =

{|170| sin(4𝜔t) for 2n𝜋
4
≤ 𝜔t < (2n + 1)𝜋

4
−|170| sin(4𝜔t) for (2n + 1)𝜋

4
≤ 𝜔t < (2n + 2)𝜋

4

,

where n = 0, 1, 2, …, and the rms value, Vo, of the voltage is the same as that of the
input voltage, that is, 120 V. The waveform has the odd and half-wave symmetries,
so the peak value, Vo,1,p, of the fundamental is

Vo,1,p = 4
𝜋

𝜋

2

∫
0

vo(𝜔t) sin(𝜔t)d𝜔t = 4
𝜋

𝜋

4

∫
0

170 sin(4𝜔t)d𝜔t − 4
𝜋

𝜋

2

∫
𝜋

4

170 sin(4𝜔t)d𝜔t

= 4 × 170
𝜋

{[
sin(3𝜔t)

6
− sin(5𝜔t)

10

] 𝜋

4

0
−
[

sin(3𝜔t)
6

− sin(5𝜔t)
10

] 𝜋

2

𝜋

4

}
= 139 V.

The rms value of the fundamental is

Vo,1 =
Vo,1,p√

2
= 139√

2
= 98 V

and, since there is no dc component, the harmonic content is

Vo,k =
√

V2
o − V2

o,1 =
√

1202 − 982 = 69 V.

Thus, the total harmonic distortion is

THDV =
Vo,h

Vo,1
= 69

98
= 0.7.

Example 1.3 For the generic phase-controlled rectifier, find the relation between
the ripple factor of the output voltage, RFV, and the firing angle, 𝛼f.
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Solution: Eq. (1.44) gives the relation between the dc component, Vo,dc, of the output
voltage in question and the firing angle, while Eq. (1.45), concerning the rms value,
Vo, of output voltage of a generic ac voltage controller, can directly be applied to the
generic rectifier (why?). Consequently,

RFV(𝛼f) =
Vo,ac(𝛼f )

Vo,dc(𝛼f )
=

√
V2

o (𝛼f ) − V2
o,dc(𝛼f )

V2
o,dc(𝛼f)

=

√√√√ V2
o (𝛼f)

V2
o,dc(𝛼f)

− 1

=

√√√√√√ 1
2𝜋

[
𝜋 − 𝛼f +

sin(2𝛼f )
2

]
1
𝜋2 [1 + cos(𝛼f )]2

− 1 =

√√√√𝜋

2

𝜋 − 𝛼f +
sin(2𝛼f )

2

[1 + cos(𝛼f )]2
− 1.

Graphical representation of the derived relation is shown in Figure 1.37. It can
be seen that when the firing angle exceeds 150◦, the voltage ripple rapidly increases
because the dc component approaches zero.

Figure 1.37 Voltage ripple factor versus firing angle in the generic rectifier in Example 1.3.

Example 1.4 The generic converter is supplied from a 100-V dc source and oper-
ates as a chopper with the switching frequency, fsw, of 2 kHz. The average output
voltage, Vo,dc, is –60 V. Determine duty ratios of all switches of the converter and the
corresponding on- and off-times, tON and tOFF.

Solution: The negative polarity of the output voltage implies that switches S3, S4, and
S5 perform the modulation, while switches S1 and S2 are permanently open (turned
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off). Therefore, the duty ratio, d12, of the latter switches is zero. Adapting Eq. (1.48)
to switches S3 and S4, the duty ratio, d34, of these switches is

d34 =
Vo,dc

V1
= 60

100
= 0.6.

The negative sign at 60 V is omitted since the very use of switches S3 and S4
causes reversal of the output voltage (obviously, a duty ratio can only assume values
between zero and unity). Switch S5 is turned on when the other switches are off.
Hence, its duty ratio, d5, is

d5 = 1 − d34 = 1 − 0.6 = 0.4.

From Eq. (1.48),

tON + tOFF = 1
fsw

= 1
2 × 103

= 0.0005 s = 0.5 ms

and from Eq. (1.45),

tON,34 = d34(tON + tOFF) = 0.6 × 0.5 = 0.3 ms,

while

tON,5 = d5(tON + tOFF) = 0.4 × 0.5 = 0.2 ms.

Consequently,

tOFF,34 = 0.5 − 0.3 = 0.2 ms

and

tOFF,5 = 0.5 − 0.2 = 0.3 ms.

Example 1.5 The generic converter is supplied from a 120-V, 60-Hz ac voltage
source and operates as a PWM rectifier with an RL-load, where R = 2 Ω and L =
5 mH. The switching frequency is 720 Hz and the magnitude control ratio is 0.6.
Develop iterative formulas for the output current and calculate values of that current
at the switching instants for one cycle of the output voltage.

Solution: Inspecting similar formulas, (1.74) and (1.76), for the generic PWM ac
voltage controller, it can be seen that they are easy to adapt to the PWM rectifier by
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replacing the sin(𝜔t0) term in Eq. (1.74) with |sin(𝜔t0)|. Then, the output current of
the rectifier can be computed from equations

io(t1) = io(t0) + M
L

[Vi,p| sin(𝜔t0)| − Rio(t0)]ΔT

and

io(t2) = io(t1)
[
1 − R

L
(1 − M)ΔT

]
.

The input frequency, 𝜔, is 2𝜋 × 60 = 377 rad/s, and the length, ΔT, of a switching
interval is 1/720 s. Thus, the general iterative formulas above give

io(t1) = io(t0) + 0.6
5 × 10−3

[√
2 × 120| sin(377t0)| − 2io(t0)

]
× 1

720
= 0.667io(t0) + 28.3| sin(377t0)|

and

io(t2) = io(t1)

[
1 − 2

5 × 10−3
(1 − 0.6)

1
720

]
= 0.778io(t1).

As seen in Figure 1.20a, the period of the output voltage of the rectifier equals
to the half of that of the input voltage, that is, 1/120 s = 8.333 ms. Comparing it
with the switching frequency, the number of switching intervals per cycle of the out-
put voltage turns out to be six. With M = 0.6, the on-time, tON, equals t1 – t0, is
0.6/720 s = 0.833 ms, and the off-time, tOFF, equals t2 – t1, is 0.4/720 s = 0.556 ms.

To start the computations, the initial value, io(0), is required as io(t0) in the first
switching interval. It can be estimated as the dc component, Io,dc, of the output current,
given by

Io,dc =
M 2

𝜋
Vi,p

R
=

0.6 × 2
𝜋
×
√

2 × 120

2
= 32.4 A.

Now, the computations of io(t) can be performed for the consecutive switching
intervals; the t2 instant for a given interval being the t0 instant for the next interval.

First interval (t0 = 0, t1 = 0.833 ms, t2 = 1.389 ms):

io(0.833 ms) = 0.667 × 32.4 + 28.3| sin(377 × 0)| = 21.6 A

and

io(1.389 ms) = 0.778 × 21.6 = 16.8 A.
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Second interval (t0 = 1.389 ms, t1 = 2.222 ms, t2 = 2.778 ms):

io(2.222 ms) = 0.667 × 16.8 + 28.3| sin(377 × 1.389 × 10−3)| = 25.4 A

and

io(2.778 ms) = 0.778 × 25.4 = 19.8 A.

Third interval (t0 = 2.778 ms, t1 = 3.611 ms, t2 = 4.167 ms):

io(3.611 ms) = 0.667 × 19.8 + 28.3| sin(377 × 2.778 × 10−3)| = 37.7 A

and

io(4.167 ms) = 0.778 × 37.7 = 29.3 A.

Fourth interval (t0 = 4.167 ms, t1 = 5 ms, t2 = 5.556 ms):

io(4.167 ms) = 0.667 × 29.3 + 28.3| sin(377 × 4.167 × 10−3)| = 47.8 A

and

io(5.556 ms) = 0.778 × 47.8 = 37.2 A.

Fifth interval (t0 = 2.778 ms, t1 = 3.611 ms, t2 = 4.167 ms):

io(6.389 ms) = 0.667 × 37.2 + 28.3| sin(377 × 5.556 × 10−3)| = 49.3 A

and

io(6.944 ms) = 0.778 × 49.3 = 38.4 A.

Sixth interval (t0 = 6.944 ms, t1 = 7.778 ms, t2 = 8.333 ms):

io(7.778 ms) = 0.667 × 38.4 + 28.3| sin(377 × 6.944 × 10−3)| = 39.8 A

and

io(8.333 ms) = 0.778 × 39.8 = 31.0 A.

As the rectifier is assumed to operate in the quasi-steady state, the last, final value,
io(8.333 ms), should be equal to the initial value, io(0). It is not exactly so, which
implies an incorrect assumption of the initial value of 32.4 A. Note that the impact
of the initial value on the final value is minimal, since at each step of the computa-
tions the previous value of the output current is multiplied by either 0.667 or 0.778.
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Thus, after the 12 steps resulting from the 6 switching intervals, the initial value error,
Δio(0), is translated into the respective final value error, Δio(8.333 ms), of (0.667 ×
0.778)6 Δio(0) ≈ 0.02 Δio(0) only. Therefore, it is a safe guess that the obtained final
value of 31 A is only slightly greater than the actual initial value. Assuming now that
io(0) is 30.9 A, and repeating the iterative calculations, yields the following points of
the output current waveform:

0 30.9 A
0.833 ms 20.6 A
1.389 ms 16.0 A
… …
6.944 ms 38.3 A
7.778 ms 39.7 A
8.333 ms 30.9 A.

Waveforms of the output voltage and current are shown in Figure 1.38. Clearly,
the calculations presented can easily be computerized, greatly reducing the amount
of work involved.

Figure 1.38 Output voltage and current waveforms in the generic PWM rectifier in Exam-
ple 1.5.

PROBLEMS

P1.1 Refer to Figure 1.13 and sketch the waveforms of the output voltage of the
generic rectifier with the firing angle of:

(a) 36◦

(b) 72◦
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(c) 108◦

(d) 144◦

P1.2 Refer to Figure 1.15 and sketch the waveforms of the output voltage of the
generic ac voltage controller with the firing angle of:

(a) 36◦

(b) 72◦

(c) 108◦

(d) 144◦

P1.3 From the harmonic spectrum in Figure 1.18a, find:

(a) per-unit value of the dc component of output voltage of the generic rec-
tifier with the firing angle of 90◦ (use Eq. 1.44 to verify the result)

(b) peak and rms per-unit values of the fundamental output voltage with the
same firing angle as in (a)

P1.4 From the harmonic spectrum in Figure 1.18b, read the peak per-unit value
of fundamental output voltage of the generic ac voltage controller with the
firing angle of 90◦, and find:

(a) rms per-unit value of the output voltage (use Eq. 1.44)

(b) per-unit harmonic content of the output voltage

(c) total harmonic distortion of the output voltage

P1.5 For the generic inverter in the square-wave operating mode, derive an equa-
tion for the peak per-unit value of kth harmonic of the output voltage (take
the dc input voltage, Vi, as the base voltage). Calculate peak per-unit values
of the first 10 harmonics.

P1.6 A generic rectifier is supplied from a 230-V, 60-Hz ac source and operates
with the firing angle of 30◦. For the output voltage of the rectifier, find:

(a) dc component

(b) rms value of the ac component

(c) ripple factor

P1.7 For the generic rectifier in P1.6, find the fundamental frequency of the output
voltage.

P1.8 For the generic ac voltage controller, derive an equation for the peak per-
unit value of kth harmonic of the output voltage as a function of the firing
angle (take the peak value, Vi,p, of input voltage as the base voltage). Use the
spectrum in Figure 1.18b to verify the equation for the firing angle of 90◦ and
the five lowest-order harmonics.

P1.9 Review the output voltage waveforms in Figures 1.13 and 1.15 and the cor-
responding harmonic spectra in Figure 1.18. Which harmonics present in the
spectrum for the generic phase-controlled rectifier are absent in the spectrum
for the generic ac voltage controller? Why?
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P1.10 The generic converter operates as a chopper and is supplied from a 200-V dc
source. What is the magnitude control ratio of the chopper and what are the
duty ratios of individual switches if the average output voltage is 80 V?

P1.11 Repeat Problem 1.10 for the output voltage of –95 V.

P1.12 The generic converter operates as a chopper with the magnitude control ratio
of 0.4. Duration of a pulse of the output voltage is 125 μs. Find the switching
frequency.

P1.13 The generic converter operates as a chopper with 2500 pulses of output volt-
age per second and with the magnitude control ratio of 0.7. Find the durations
of a pulse and a notch of the output voltage.

P1.14 The generic PWM rectifier operates with the average output voltage reduced
by 30% with respect to the maximum available value of this voltage. Find
the magnitude control ratio and the ratio of the width of pulse of the output
voltage to the notch width.

P1.15 The generic PWM rectifier operates as in Problem 1.14 with 100 pulses of
the output voltage per period of the 60-Hz input voltage. Find the width of a
pulse and the switching frequency.

P1.16 The generic PWM ac voltage controller is supplied from a 60-Hz ac voltage
source. The fundamental output voltage is reduced by two-thirds with respect
to the supply voltage, and the switching frequency is 5 kHz. Find:

(a) number of pulses of the output voltage per cycle of this voltage

(b) duty ratios of switches S1, S2, and S5

(c) pulse width

P1.17 Refer to Figure 1.23a and determine the states (on or off) of all the switches
of the generic PWM inverter at:

(a) 𝜔t = 𝜋/2 rad

(b) 𝜔t = 𝜋 rad

(c) 𝜔t = 3𝜋/2 rad

P1.18 Waveforms in Figure 1.24 for the generic PWM inverter, with 10 pulses of
the output voltage per cycle, were obtained in the following way:

(1) The 360◦ period of the voltage was divided into 10 equal switching inter-
vals, 36◦ each

(2) Denoting by 𝛼n the central angle of nth switching interval (𝛼1 = 18◦,
𝛼2 = 54◦, etc.), the duty ratio, dn, of operating switches S1–S2 or S3–S4
for this interval was calculated as

dn = M| sin(𝛼n)|
where M denotes the magnitude control ratio.
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For eight pulses per cycle and M = 0.6, find widths (in degrees) of individ-
ual pulses of the output voltage and sketch to scale the resultant voltage wave-
form, vo(𝜔t). The voltage pulses should be located in the middle of switching
intervals.

P1.19 Refer to Figure 1.35 and sketch the output voltage waveform of a generic
phase-controlled cycloconverter with the input/output frequency ratio of 3
and firing angle of 45◦. Mark the states of the converter.

P1.20 Refer to Figure 1.35 and sketch the output voltage waveform of a generic
PWM cycloconverter with the input/output frequency ratio of 2 and the mag-
nitude control ratio of 0.5 (for convenience, assume a low number of pulses
of the output voltage).

P1.21 The generic PWM rectifier is supplied from a 460-V, 60-Hz ac line and oper-
ates with the magnitude control ratio of 0.6 and switching frequency of 840
Hz. The rectifier feeds a dc motor, which, under the given operating condi-
tions, can be represented as an RLE-load with R = 0.5 Ω, L = 10 mH, and
E = 200 V. Determine the piecewise linear waveform of the output current
for one cycle of output voltage.

P1.22 The generic PWM ac voltage controller with an RL-load is supplied from a
220-V, 50-Hz source and operates with 10 switching intervals per cycle and
the magnitude control ratio of 0.75. The resistance and inductance of the load
are 22 Ω and 55 mH, respectively. Determine the piecewise linear waveform
of the output current for one cycle of the output voltage.

COMPUTER ASSIGNMENTS

The generic power converter, which represents an idealized theoretical concept, can-
not be modeled precisely using Spice, which is designed for the simulation of prac-
tical circuits. In contrast to the ideal, infinitely fast switches assumed for the generic
converter, Spice switch models have finite time of transition from one state to another.
To avoid interruptions of the output current, the output terminals of the converter
must, therefore, be shorted by switch S5 just before the output is separated from the
input by opening switches S1–S2 or S3–S4. As a result, the supply source is temporar-
ily shorted too, albeit very briefly, producing large impulses (“spikes”) of the input
current. Such short-circuit currents are not present in practical, correctly designed
and controlled power electronic converters. However, the output voltage and current
in the generic converter can be simulated quite accurately.

To calculate the figures of merit, make use of the avg(x) (average value of x) and
rms(x) (rms value of x) functions. Also, employ the Fourier option for the X-axis to
obtain harmonic spectra of voltages and currents. Refer to Appendix A and Refer-
ence 3 for instructions on Spice simulations.

Assignments with the asterisk “∗” denote circuit files available at the Publisher’s
website listed in the Preface and Appendix A.
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CA1.1* Run Spice file Gen_Ph-Contr_Rect.cir for the generic phase-controlled
rectifier. Perform simulations for firing angles of 0◦ and 90◦ and find for
the output voltage of the converter:

(a) dc component

(b) rms value

(c) rms value of the ac component

(d) ripple factor

Observe oscillograms of the input and output voltages and currents.
Explain what causes spikes in the oscillograms of the input quantities,
and what limits the amplitude of the current spikes.

CA1.2 Develop a Spice circuit file for the generic inverter operating in the square-
wave mode with an adjustable fundamental output frequency. Perform
a simulation for the output frequency of 50 Hz and find for the output
voltage of the inverter:

(a) rms value

(b) rms value of the fundamental (from harmonic spectrum)

(c) harmonic content

(d) total harmonic distortion

Observe oscillograms of the input and output voltages and currents.

CA1.3 Develop a Spice circuit file for the generic ac voltage controller. Perform
simulations for firing angles of 0◦ and 90◦ and find for the output voltage
of the converter:

(a) rms value

(b) rms value of the fundamental (from harmonic spectrum)

(c) harmonic content

(d) total harmonic distortion

Observe oscillograms of the input and output voltages and currents.

CA1.4 Refer to Example 1.1 and Problem P1.19 and develop a Spice circuit file
for a generic phase-controlled cycloconverter with the input frequency of
50 Hz and fundamental output frequency of 25 Hz. Perform simulations
for firing angles of 0◦ and 90◦ and find for the output voltage of the con-
verter:

(a) rms value

(b) rms value of the fundamental (from harmonic spectrum)

(c) harmonic content

(d) total harmonic distortion

Observe oscillograms of the input and output voltages and currents.

CA1.5 Develop a Spice circuit file for the generic chopper. Perform simulations
for the switching frequency of 1 kHz and magnitude control ratios of 0.6
and –0.3 and find for the output voltage of the converter:
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(a) dc component

(b) rms value

(c) rms value of the ac component

(d) ripple factor

Observe oscillograms of the input and output voltages and currents.

CA1.6* Run Spice program Gen_PWM_Rect.cir for the generic PWM rectifier.
Perform simulations for 12 pulses of the output voltage per cycle of the
input voltage and magnitude control ratio of 0.5, and find for the output
voltage of the converter:

(a) dc component

(b) rms value

(c) rms value of the ac component

(d) ripple factor

Observe oscillograms of the input and output voltages and currents.
Explain what causes the spikes in the oscillograms of the input quantities,
and what limits the amplitude of the current spikes.

CA1.7 Develop a Spice circuit file for the generic PWM ac voltage controller.
Perform a simulation for 12 pulses of output voltage per cycle and the
magnitude control ratio of 0.5, and find for the output voltage of the con-
verter:

(a) rms value

(b) rms value of the fundamental (from harmonic spectrum)

(c) harmonic content

(d) total harmonic distortion

Observe oscillograms of the input and output voltages and currents.

CA1.8 Refer to Example 1.1 and Problem P1.20 and develop a Spice circuit file
for a generic PWM cycloconverter. Perform a simulation for the input
frequency of 50 Hz, fundamental output frequency of 25 Hz, magnitude
control ratio of 0.5, and 10 pulses of output voltage per cycle of the input
voltage. Find for the output voltage of the converter:

(a) rms value

(b) rms value of the fundamental (from harmonic spectrum)

(c) harmonic content

(d) total harmonic distortion

Observe oscillograms of the input and output voltages and currents.

CA1.9 Develop a computer program for calculation of harmonics of a given
periodic waveform, 𝜓(𝜔t). Data points that represent one cycle of the
waveform are stored in an ASCII file in the 𝜔t, 𝜓(𝜔t) format. Generate
and store the voltage waveform in Figure 1.13 (generic phase-controlled

www.EngineeringBooksPdf.com



56 PRINCIPLES OF ELECTRIC POWER CONVERSION

rectifier) and use your program to obtain the harmonic spectrum of the
waveform. Compare the results with those in Figure 1.18a.

CA1.10 Develop a computer program for calculation of the following parameters
of a given periodic waveform, 𝜓(𝜔t):

(a) rms value

(b) dc component

(c) rms value of the ac component

(d) rms value of the fundamental

(e) harmonic content

(f) total harmonic distortion

Data points that represent one cycle of the waveform are stored in an
ASCII file in the 𝜔t, 𝜓(𝜔t) format. Generate and store the voltage wave-
form in Figure 1.15 (generic phase-controlled ac voltage controller) and
apply the program to compute parameters (a) through (f).

CA1.11 Develop a computer program for determination of a current waveform
generated in a given load by a given voltage. The load can be of the R,
RL, RE, LE, or RLE type, and the voltage waveform, v(t), is given as
either a closed-form function of time, v = f(t), or an ASCII file of (t, v)
pairs.

CA1.12* Run Spice program Diode_Rect_1P.cir for a single-pulse diode rectifier.
Repeat the simulation for the rectifier with a freewheeling diode and
with an output capacitor (“comment out” the unused components). In
each case, determine the average output voltage and ripple factor of that
voltage.

FURTHER READING

[1] Rashid, M. H., Power Electronics Handbook, 2nd ed., Academic Press, Boston, MA, 2010,
Chapter 1.

[2] Rashid, M. H., Power Electronics: Circuits, Devices, and Applications, 4th ed., Prentice
Hall, Upper Saddle River, NJ, 2013, Chapter 1.

[3] Rashid, M. H., SPICE for Power Electronics and Electric Power, 3rd ed., CRC Press, Boca
Raton, FL, 2012.
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2 Semiconductor Power Switches

In this chapter: semiconductor power switches used in power electronic converters
are presented; behavioral classification of switches as uncontrolled, semi-controlled,
and fully controlled is introduced; parameters and characteristics of power diodes,
silicon-controlled rectifiers (SCRs), triacs, gate turn-off thyristors (GTOs), integrated
gate commutated thyristors (IGCTs), power bipolar junction transistors (BJTs), metal
oxide semiconductor field effect transistors (MOSFETs), and insulated-gate bipolar-
junction transistors (IGBTs) are described and compared; and example power mod-
ules, which integrate several semiconductor devices in a single package, are shown.

2.1 GENERAL PROPERTIES OF SEMICONDUCTOR
POWER SWITCHES

The hypothetical generic power converter in Chapter 1 was a simple two-port net-
work of five switches capable of various types of electric power conversion and
control. Practical power electronic converters are based on semiconductor power
switches, which differ from the switches of the generic converter in two aspects. The
chief difference consists in the fact that semiconductor devices can conduct substan-
tial currents in one direction only. The other difference lies in control properties of
the switches. An ideal switch is assumed to instantly react to the turn-on (close) or
turn-off (open) signals. In contrast, certain semiconductor power switches are uncon-
trolled, that is, they lack the control electrode, or semi-controlled, that is, they lack
the controlled turn-off capability. In all switches, including the fully controlled ones,
the speed of response to control signals is limited, depending on the type and size
of the switch. As a result, the maximum allowable switching frequencies of practical
power switches vary from about 1 kHz for large SCRs and GTOs to more than 1 MHz
for small power MOSFETs.

Also in contrast to the lossless switches of the generic converter, practical semi-
conductor power switches dissipate certain amount of energy when conducting and
switching. Voltage drop across a conducting semiconductor device is at least on the
order of 1 V, often higher, up to few volts. The conduction power loss, Pc, is given by

Pc =
1
T

T

∫
0

pdt, (2.1)

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/modernpowerelectronics3e
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p = vi
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Figure 2.1 Waveforms of voltage, current, and power loss in a semiconductor power switch
at turn-on, conduction, and turn-off.

where T denotes the conduction period and p is the instantaneous power loss, that is,
the product of the voltage drop across the switch and the conducted current. Power
losses increase during turn-on and turn-off of the switch, because during the transition
from one conduction state to another both the voltage and the current are temporarily
large. The resultant switching power loss, Psw, is given by

Psw =
⎛⎜⎜⎝

tON

∫
0

pdt +

tOFF

∫
0

pdt
⎞⎟⎟⎠ fsw, (2.2)

where fsw denotes the switching frequency, that is, the number of switching cycles
(on-off) per second, and tON and tOFF are the turn-on and turn-off times, whose precise
meaning is explained later. Losses in a typical semiconductor switch during the turn-
on, conduction, and turn-off are illustrated in Figure 2.1 that shows waveforms of
voltage, current, and instantaneous power loss.

An intrinsic semiconductor is defined as a material whose resistivity is too low for
an insulator and too high for a conductor. Semiconductor power switches are based
on silicon, a member of Group IV of the periodic table of elements, which has four
electrons in its outer orbit. If pure silicon is doped with a small amount of a Group V
element, such as phosphorus, arsenic, or antimony, each atom of the dopant forms a
covalent bond within the silicon lattice, leaving a loose electron. These loose electrons
greatly increase the conductivity of the material, which is referred to as n-type (for
“negative”) semiconductor.

Vice-versa, if the dopant is a Group III element, such as boron, gallium, or indium,
a vacant location called a hole is introduced into the silicon lattice. Analogously to
an electron, a hole can be considered a mobile charge carrier as it can be filled by an
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adjacent electron, which in this way leaves a hole behind. Such material, also more
conductive than pure silicon, is known as p-type (for “positive”) semiconductor. The
doping involves a single atom of the added impurity per over a million of silicon
atoms. Semiconductor power switches are based on various structures of n-type and
p-type semiconductor layers.

Because of the introductory nature of this book, no detailed solid-state physics
considerations are presented in the subsequent coverage of semiconductor power
switches. Instead, major parameters and characteristics are described to give the
reader a general idea about capabilities of individual types of those devices. It should
be pointed out that the specific parameter values provided in the coverage of individ-
ual switches, particularly the maximum voltage and current ratings, are those for the
typical, easily available devices. The fast pace of technology and a large number of
manufacturers make it difficult to keep precise track of the most recent developments
and extreme ratings.

2.2 POWER DIODES

Power diodes, which are uncontrolled semiconductor power switches, are widely
used in power electronic converters. The semiconductor structure and circuit symbol
of a diode are shown in Figure 2.2. A high current in a diode can only flow from anode
(A) to cathode (C). Voltage-current characteristic of the power diode is illustrated in
Figure 2.3. Note that different scales are used for positive and negative half-axes.
The maximum reverse leakage current, IRM, is lower by many orders of magnitude
than the current that can safely be conducted in the forward direction. Similarly, the
reverse breakdown voltage, VRB, which causes a dangerous avalanche breakdown, is
much higher than the maximum forward voltage drop, VFM, across the diode. Typi-
cally, VFM, specified for a given forward current, IFM, is on the order of 1–2 V, and it
can be neglected in most practical considerations of power converters. However, the

ANODE

CATHODE

p

n

A

C

V

I

(a) (b)

Figure 2.2 Power diode: (a) semiconductor structure, (b) circuit symbol.
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Figure 2.3 Voltage–current characteristic of the power diode.

voltage drop across a diode must be taken into account in the calculations of converter
losses and the design of a cooling system. Otherwise, a diode can be considered as an
almost ideal switch. It turns on when forward biased, that is, with a positive anode–
cathode voltage, and turns off when a forward current reaches zero, usually on its
way to negative polarity.

Main parameters of power diodes, which are listed in catalogs of semiconductor
devices and form a base for proper selection of diodes for a given application, are
described below. The symbols used are the most common ones, but they may some-
what vary with individual manufacturers. The same observation applies to the number
and choice of parameters provided in various catalogs.

(1) Maximum allowable reverse repetitive peak voltage, VRRM (V). Note the
peak value employed since it is the instantaneous voltage that, if equal to
or greater than the reverse breakdown voltage, VBR, may damage a semicon-
ductor device. High voltage across a diode can only occur when the diode is
reverse biased, and VRRM < VRB. This parameter can simply be called a rated
voltage since it appears in price lists of diodes as one of only two parame-
ters specified, the other one being the rated current. Therefore, besides VRRM,
symbol Vrat will also be used in this book.

(2) Maximum allowable full-cycle average forward current, IF(av) (A). This
parameter will subsequently be called a rated current and, alternatively,
denoted by Irat. Note that overcurrent damages a semiconductor device by
excessive heat. Therefore, the average value is more appropriate here than the
peak one. Because of the typical use of diodes as rectifiers, the average current
for standard diodes is assumed as that in a single-pulse rectifier operating with
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an R-load and frequency of 60 Hz. For fast recovery diodes, the frequency is
1 kHz. The rated current is less than the value, IFM, of forward current for
which the maximum forward voltage drop is defined.

(3) Maximum allowable full-cycle rms forward current, IF(rms) (A). This is the rms
value of current in a diode operating as a single-pulse rectifier with an R-load
and conducting an average current of IF(av). Thus, if the diode selected on the
basis of IF(av) actually works as a rectifier, then there is no danger for the rms
forward current to be excessive. Only in applications characterized by high-
ripple currents, the rms forward current in a diode must be checked against
the IF(rms) value. This, if not listed in a catalog, can easily be determined as

IF(rms) =
𝜋

2
IF(av). (2.3)

(4) Maximum allowable nonrepetitive surge current, IFSM (A). It is a maximum
one-half cycle (60 Hz) peak surge current in excess of the rated current that
the diode can survive. In practice, it pertains to possible short circuits in a
converter. Duration of the surge current must be limited to a short period of
time, specifically 8.3 ms (the 60-Hz half-period), within which the overcurrent
protection system is expected to interrupt the current.

(5) Maximum allowable junction and case temperatures,ΘJM andΘCM (◦C). They
usually vary from 150◦C to 200◦C. The range of allowable storage tempera-
tures can also be specified, e.g., from –65◦C to 175◦C.

(6) Junction-to-case and case-to-sink thermal resistances, RΘJC and RΘCS
(◦C/W). These are used in designing the cooling system, proper selection of
the heat sink (radiator) in particular. It must be stressed that current-related
parameters of semiconductor power switches pertain to the switches with heat
sinks. Because of the small size of contemporary switches, the thermal capac-
ity of a bare device is too low to safely dissipate the heat generated by internal
losses.

(7) Fuse coordination, I2t (A2s). This parameter is used for fuse selection for a
given diode. If I2t of the fuse is less than I2t of the diode, an overcurrent will
cause the fuse to burn before the diode gets damaged. The I2t value for a diode
is obtained by squaring the rms value of current that can be withstood for a
period of 8.3 ms and multiplying the result by the same 8.3 ms. Taking into
account the definition of maximum allowable nonrepetitive surge current, I2t
is given by

I2t =
I2
FSM

240
(2.4)

(in 50-Hz countries, the 240 should be replaced with 200). Vice-versa, if IFSM
is not given in a catalog, it can be calculated as

IFSM =
√

240I2t. (2.5)
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Figure 2.4 Voltage and current waveforms during reverse recovery in the power diode.

Parameters (1) through (5) can be called restrictive, since their values may not
be exceeded without endangering the diode’s integrity. In contrast, parameters (6)
and (7), as well as the previously introduced maximum leakage current, IRM, and
maximum forward voltage drop, VFM, are descriptive in nature, providing informa-
tion about certain properties of the device. Another important descriptive parameter
called a reverse recovery time, trr, requires a more detailed explanation.

When a conducting diode becomes abruptly reverse biased, the device does not
regain its reverse-blocking capability until of the so-called reverse recovery charge,
Qrr, is removed from the junction capacitance. To discharge that capacitance, for a
short time the diode passes a high current in the reverse direction. This phenomenon
is illustrated in Figure 2.4 which shows the voltage and current waveforms when a
reverse voltage, VR, is applied to a conducting diode at t = 0. It can be seen that the
reverse recovery time, trr, can loosely be defined as a duration of the period when
a diode recovers its blocking capability. Within this period, a negative current over-
shoot, IrrM, occurs, closely followed by a voltage overshoot, VRM. The latter overshoot
is proportional to the slope, dirr/dt, of the current tail, that is, the decaying portion of
the current waveform.

The value of dirr/dt, often listed in catalogs as another descriptive parameter,
affects the reverse recovery time, which for standard diodes varies from several to
over 20 μs. In comparison with standard diodes, trr is shorter by one order of magni-
tude in the already mentioned fast recovery diodes which, however, produce higher
voltage overshoots. Small so-called ultra-fast recovery diodes have the reverse recov-
ery times on the order of a hundred of nanoseconds only. Generally, for a given class
of diodes, the length of reverse recovery time depends mostly on the size of the
device.

The area of triangle outlined by the negative current represents the reverse recovery
charge, Qrr. Consequently,

Qrr ≅ 0.5trrIrrM. (2.6)
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Table 2.1 Example High-Power Diodes

Symbol: 5SDD 31H6000 R6012625 5SDF 10H6004 R6031435
Maker: ABB Powerex ABB Powerex
Type: General Purpose General Purpose Fast Recovery Fast Recovery
Case: Disc Stud Disc Stud
VRRM: 6 kV 2.6 kV 6 kV 1.4 kV
IF(av): 3.25 kA 0.25 kA 1.1 kA 0.35 kA
IF(rms): 5.1 kA 0.4 kA 1.7 kA 0.55 kA
IFSM: 42.7 kA 6 kA 18 kA 6 kA
I2t: 7.6 × 106 A2s 1.5 × 105 A2s 1.6 × 106 A2s 1.5 × 105 A2s
VFM: 1.55 V 1.5 V 3 V 1.5 V
IRRM: 120 mA 50 mA 50 mA 50 mA
trr: 25 μs 11 μs 6 μs 2 μs
Diameter: 102 mm 27 mm 95 mm 27 mm
Thickness: 27 mm 59 mma 27 mm 59 mma

aExcluding the stud and terminal wire.

Some manufacturers list only values of Qrr and IrrM in the data sheets of their
diodes. Eq. (2.6) allows then to estimate the reverse recovery time, trr.

It must be noted that the descriptive parameters are not fixed but dependent on
operating conditions of a diode. The anode current and junction temperature are par-
ticularly influential. This observation applies not only to power diodes but also to all
semiconductor devices.

Power diodes are among the largest semiconductor devices. Their voltage and cur-
rent ratings extend to 8.5 kV and 12 kA, respectively. However, the highest voltage
diodes are not the highest current ones, and vice-versa. The same is true for other
semiconductor power switches. Parameters of example high-power diodes are listed
in Table 2.1. It can be seen that the disc (“hockey puck”) case, in which the device
constitutes a flat cylinder to be sandwiched between two heat sinks (radiators), allows
for higher ratings than those of stud-type diodes, whose only one end is screwed into
the heat sink. The general purpose diodes are mostly used in uncontrolled rectifiers,
while the fast recovery ones in other converters.

Less powerful uncontrolled semiconductor switches, the Shottky diodes, based on
a metal–semiconductor junction, deserve mentioning because of their superior char-
acteristics. With a practically zero reverse recovery time, they are very fast. They are
also characterized by low forward voltage drop (down to 0.2 V for small diodes) and
capable of conducting currents of up to 0.6 kA, with the reverse repetitive peak volt-
age exceeding 1.5 kV. For example, the silicon-carbide CPW5-1700-Z050B Shottky
diode by Cree Inc. has the rated voltage and current of 1.7 kV and 50 A, respectively.

2.3 SEMI-CONTROLLED SWITCHES

Members of the thyristor family of semiconductor devices can be considered semi-
controlled power switches. They can be turned on by an appropriate gate signal, but
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Figure 2.5 SCR: (a) semiconductor structure, (b) circuit symbol.

they turn off by themselves similarly to a diode, that is, when the conducted current
decreases below the so-called holding level. Two subsequently presented prominent
thyristor-type devices are the SCR, already mentioned in Chapter 1, and the triac, an
electric equivalent of two SCRs connected in antiparallel.

2.3.1 SCRs

The SCR (termed “thyristor” in many parts of the world), a four-layer, three-electrode
semiconductor device shown in Figure 2.5, can be thought of as a controlled diode
which, when off, blocks currents of either polarity. When forward biased and turned
on (“fired”), the SCR operates as an ordinary diode as long as the conducted current
remains above the holding current, IH, level. In converters employing a number of
SCRs, such as the phase-controlled rectifiers described in Chapter 4, the so-called
commutation occurs, that is, one SCR turns off when another SCR takes over con-
duction of the current.

In power electronic converters, an SCR is turned on by a gate current, iG, supplied
by an external source connected between the gate (G) and cathode. A high forward
voltage between the anode and cathode, and even a rapid change, dv/dt, of such volt-
age can also cause turn-on, albeit unwanted one. The voltage–current characteristic of
the SCR is shown in Figure 2.6 (for clarity, the forward and reverse leakage currents
are exaggerated). With no gate current, when a forward voltage applied to the SCR
exceeds the forward breakover voltage, VBF, the forward leakage current increases to
a latching current, IL, level and the SCR starts conducting. Injecting a current through
the gate into the central p-type layer reduces the forward breakover voltage to a value
lower than that of the actually applied voltage, providing controlled turn-on.
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Figure 2.6 Voltage–current characteristic of the SCR.

Most of the diode parameters listed in the preceding section are shared by SCRs
although somewhat different symbols are usually used to account for the fact that
SCRs can block voltages of either polarity. Consequently, for the on-state, sub-
script “T” is used in place of an “F.” For instance, as seen in Figure 2.6, the max-
imum forward voltage drop is denoted by VTM instead of VFM. Quantities pertain-
ing to the forward-blocking state carry subscripts beginning with a “D.” For exam-
ple, VDRM represents the maximum allowable forward repetitive peak voltage across
the blocking SCR that will not cause turn-on without the firing signal. Typically,
VDRM = VRRM.

In addition to parameters related to the cathode–anode path, catalogs of SCRs pro-
vide information on the dc gate current and voltage (precisely, gate-cathode voltage)
required for successful firing and designated IGT and VGT, respectively. Data sheets of
SCRs, which are more detailed than general catalogs, contain diagrams of firing areas
with the instantaneous gate current and voltage as coordinates. Depending on the
application, the gate current in an SCR to be fired is produced by employing a single
pulse of the gate voltage, vG, or a multipulse, both shown in Figure 2.7. A multipulse
is obtained by rectifying and clipping a high-frequency sinusoidal voltage. Typically,
frequencies on the order of several kilohertz are used, so that a multipulse may con-
tain tens of individual half-wave sine pulses. The multipulse firing is employed in
situations when it is not certain that a single pulse would accomplish the required
turn-on. Typical gate current for large SCRs is of the order of 0.1–0.3 A, resulting in
current gains, that is, the ratio of the anode and gate currents, of several thousands.

The critical dv/dt parameter expresses the minimum rate of change of anode volt-
age that causes turn-on without a gate current. Also listed in catalogs and data sheets
is the maximum allowable repetitive di/dt value. The limit on the allowable rate of
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Figure 2.7 SCR gate voltage signals: (a) single pulse, (b) multipulse.

rise of the anode current is required, in order to spread the conduction area over the
whole cross-section of the SCR before the current reaches a high level. Otherwise,
an excessive current density in the small initial area of conduction would cause spot
overheating and permanent damage to the device.

Two time parameters are usually listed in SCR catalogs. The turn-on time, tON,
is counted from the instant of application of the gate signal to the instant when the
anode voltage drops to 10% of its initial, full value. The turn-on time period consists
of two sub-periods: the delay time, from the firing instant to the instant when the
anode voltage has decreased from 100% to 90% of the initial value, and the voltage
fall time, from 90% to 10%. Alternatively, the turn-on time can be defined in terms of
the anode current. Then, it is a sum of the delay time, counted from the firing instant
to the instant when the current has risen to 10% of its final value, and the current rise
time, during which the current increases to 90% of the final value. Typical turn-on
times are on the order of few microseconds, and the firing pulses should be an order
of magnitude longer.

The meaning of the other time parameter, the turn-off time, tOFF, is illustrated in
Figure 2.8, which shows the anode voltage and current waveforms during the so-
called forced commutation (turn-off) followed by reapplication of the forward volt-
age. The forced commutation is realized by applying a reverse-biasing voltage across
a conducting SCR to reverse the anode current and extinguish the SCR. Even when
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Figure 2.8 Anode voltage and current waveforms during forced commutation of the SCR.
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Table 2.2 Example High-Power SCRs

Symbol: 5STP 20Q8500 TDS4453302 5STF 15F2040 T7071230
Maker: ABB Powerex ABB Powerex
Type: Phase Control Phase Control Fast Switching Fast Switching
Case: Disc Disc Disc Stud
VRRM/VDRM: 8 kV 4.5 kV 2 kV/1.8 kV 1.4 kV
IT(av): 2.15 kA 3.32 kA 1.49 kA 0.3 kA
IT(rms): 3.38 kA 5.22 kA 2.34 kA 0.47 kA
ITSM: 47.5 kA 56 kA 18.2 kA 8 kA
I2t: 11.3 × 106 A2s 1.31 × 107 A2s 1.37 × 106 A2s 2.65 × 105 A2s
VTM: 2 V 1.8 V 1.6 V 1.45 V
IRRM/IDRM: 1 A 300 mA 150 mA 30 mA
tON: 3 μs 3 μs 2 μs 3 μs
tOFF: 1080 μs 600 μs 40 μs 60 μs
IGT: 400 mA 300 mA 300 mA 150 mA
VGT: 2.6 V 4 V 3 V 3 V
Diameter: 150 mm 144 mm 75 mm 38 mm
Thickness: 27 mm 27 mm 27 mm 102 mma

aExcluding the stud and terminal wire.

the reverse recovery process has been finished, a negative anode voltage must be
maintained for some time, so that the SCR recovers its forward-blocking capabil-
ity. SCRs are usually classified as either phase-control or inverter-grade ones. The
inverter-grade SCRs, to be used in power inverters, are significantly faster than the
phase-control SCRs, which are designed for 60-Hz applications such as rectifiers and
ac voltage controllers.

Besides power diodes, SCRs are the largest semiconductor power switches. Stan-
dard, phase-control SCRs are available with ratings as high as 8 kV and 6 kA. The
fast switching, inverter-grade SCRs are rated up to 2.5 kV and 3 kA. Special, light-
activated thyristors used in HVDC transmission have voltage and current ratings simi-
lar to those of regular phase-control SCRs. Table 2.2 shows the parameters of example
high-power SCRs.

2.3.2 Triacs

The triac is a semiconductor device that is electrically equivalent to two SCRs con-
nected in antiparallel, although, as seen in Figure 2.9, its internal structure is not
exactly the same as that of two SCRs. Because of the resultant capability of bidi-
rectional current conduction, the power electrodes are simply called main terminal
1 (T1) and main terminal 2 (T2), instead of anode and cathode. The gate signal is
applied between the gate and terminal 1. The triac can be turned on by a positive or
negative gate current, and the direction of conducted current depends on the polarity
of supply voltage.

In comparison with a pair of equivalent SCRs, a triac has a longer turn-off time,
lower critical dv/dt, and lower current gain. However, the compact construction is
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Figure 2.9 Triac: (a) semiconductor structure, (b) symbol.

advantageous in certain applications, such as the lighting and heating control, solid-
state relays, and control of small motors. The available voltage and current ratings
are limited to 1.4 kV and 0.1 kA, respectively.

The so-called bi-directionally controlled thyristors (BCTs) are worth mentioning
in this context, as they are functionally similar to triacs. The BCT consists of two
integrated antiparallel SCR-like devices on one silicon wafer. Unlike in the triac, the
constituent thyristors are individually triggered. BCTs are much larger devices than
triacs, with ratings of up to 6.5 kV and 2.6 kA.

2.4 FULLY CONTROLLED SWITCHES

Although SCRs initiated the era of semiconductor power electronics, several types
of fully controlled switches have gradually phased them out from many applications,
particularly the dc-input converters. The feasibility of controlled turn-on and turn-
off makes fully controlled semiconductor power switches very attractive for use in
modern power electronic converters, especially those with pulse width modulation.
Common representatives of this class of semiconductor devices are described in the
subsequent sections.

2.4.1 GTOs

The GTO is an acronym for the gate turn-off thyristor, whose structure and circuit
symbol are shown in Figure 2.10. It is a thyristor-type semiconductor switch that is
turned on similarly to an SCR by a low-positive gate current. However, in contrast
to the SCR, the GTO can also be turned off, using a large negative pulse of the gate
current, often exceeding the value of rated current. Thus, the turn-off current gain is
poor, but the turn-off gate pulse is only on the order of tens of microseconds, so that
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Figure 2.10 GTO: (a) semiconductor structure, (b) circuit symbol.

the associated energy of the gate signal is low. Ratings of GTOs are comparable with
those of SCRs, reaching 6 kV and 6 kA.

GTOs have been the first fully controlled high-power semiconductor switches,
but they are slow and their switching and conduction losses are high. They require
snubbers, which suppress (“snub”) voltage transients during turn-off.

2.4.2 IGCTs

The integrated gate commutated thyristor, IGCT, whose circuit symbol is shown in
Figure 2.11, is similar to the GTO as it can be turned on and off by the gate signal. The
gate turn-off current is greater than the anode current, which results in short turn-off
times. The gate driver, that is, the circuitry generating the gate current, is integrated

I

V

A

C

iG
G

Figure 2.11 Circuit symbol of IGCT.
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Table 2.3 Example IGCT and GTOs

Symbol: 5SHY 42L6500 5SHX 19L6020 5SHX19L6010 FG6000AU
Maker: ABB ABB ABB Mitsubishi
Type: Asymmetric IGCT Rev. Cond. IGCT GTO (disc) GTO (disc)
VDRM: 6.5 kV 5.5 kV 4.5 kV 6 kV
IT(av): 1.29 kA 0.84 kA 1 kA 2 kA
IT(rms): 2.03 kA 1.32 kA 1.57 kA 3.1 kA
ITSM: 40 kA 25.5 kA 25 kA 40 kA
I2t: 2.4 × 106 A2s 1.6 × 106 A2s 3.1 × 106 A2s 6.7 × 106 A2s
VTM: 3.7 V 2.9 V 4.4 V 6 V
IDRM: 50 mA 50 mA 100 mA 320 mA
tON: 4 μs 3.5 μs 100 μs 10 μs
tOFF: 8 μs 7 μs 100 μs 30 μs
IGQM

a: 3.8 kA 1.8 kA 1.1 kA 2.4 kA
Eoff

b: 44 J 11 J 14 J N/A
Size: 429 × 173 ×

41 mm
429 × 173 ×

41 mm
85 × 85 ×

26 mm
190 × 190 ×

36 mm

aIGQM, peak turn-off gate current.
bEoff, turn-off energy per pulse of gate current.

into the package of the device and surrounds the IGCT. As a result, IGCTs differ from
the typical stud or disc packages of other high-power switches by their boxy shape.
The impedance of the connection between the driver and the device is low, thanks
to the large contact area and short length of the connection. This is a crucial feature
considering the high- and fast-changing gate current, which precludes the use of wire
leads. No snubbers are required.

The IGCTs cannot block reverse voltages and are referred to as asymmetrical.
Asymmetrical IGCTs integrated in a single package with a freewheeling diode are
called reverse conducting IGCTs.

IGCTs can switch much faster than GTOs, so that they can operate at high switch-
ing frequencies. However, high switching losses limit the sustained switching fre-
quencies to less than 1 kHz. The voltage and current ratings reach 6.5 kV and 6 kA.
Parameters of example IGCTs and GTOs are listed in Table 2.3.

2.4.3 Power BJTs

The n-p-n bipolar junction transistor, BJT in short, is shown in Figure 2.12. The
collector (C) to emitter (E) path serves as the switch, conducting or interrupting the
main current, while the base (B) is the control electrode. In contrast to thyristors, the
collector current, IC, can be continuously controlled by the base current, IB, as

IC = 𝛽IB, (2.7)
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Figure 2.12 BJT: (a) semiconductor structure, (b) circuit symbol.

where 𝛽 denotes a dc current gain of the transistor. In high-power BJTs, the current
gain is low, on the order of 10. The emitter current, IE, is a sum of the collector and
base currents.

The voltage–current characteristics of the BJT, specifically the collector current,
IC, versus collector–emitter voltage, VCE, relations for various values of the base cur-
rent, IB, are shown in Figure 2.13. The conduction power loss, Pc, is given by

Pc = VCEIC. (2.8)

QUASI-SATURATION LINE

HARD SATURATION LINE
ON

OFF
VCE

IB

IC

Figure 2.13 Voltage–current characteristics of the BJT.
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Therefore, for the BJT to emulate an ideal, lossless switch, the base current in the
on-state must be high enough for the operating point to lie on, or close to, the hard
saturation line associated with the lowest voltage drop across the device. In the off-
state, the base current is zero, and the collector current is reduced to the leakage level
(assumed zero in Figure 2.13).

The rated current of a BJT represents the maximum allowable dc collector current,
usually denoted simply as IC. The rated voltage, denoted by VCEO, is the maximum
collector–emitter voltage that the transistor can safely block with a zero base current.
As indicated in Figure 2.13, BJTs cannot block negative collector–emitter voltages.
Thus, when used in an ac-input converter, a BJT must be protected from the reverse
breakdown with a diode connected in series with the collector. The same applies to
other types of asymmetric blocking semiconductor switches.

BJTs are susceptible to the so-called second breakdown, named so to distinguish
them from the reverse, avalanche breakdown (first breakdown). In contrast to the
reverse breakdown caused by an excessive voltage across a blocking device, the
second breakdown occurs when both the collector–emitter voltage and the collector
current are high, that is, during the turn-on or turn-off. As a result of crystal
faults or doping fluctuations and the high power loss, local hot spots appear in the
semiconductor. The positive temperature coefficient of the collector current causes
a positive feedback effect, manifested in an increased current density in the hot
spot region. Given sufficient time, this thermal runaway can cause an irreparable
damage. Limiting the power dissipation in the transistor is the best means to prevent
the second breakdown. To counterbalance the positive temperature coefficient, the
so-called emitter ballast resistance can be incorporated in the transistor structure.
However, it increases the on-state voltage drop.

To accelerate the turn-off process, it is recommended that the base current be tem-
porarily changed from positive to negative. The base current and collector current
waveforms for turn-on and turn-off are shown in Figure 2.14. The turn-off time can
further be reduced by avoiding full saturation in the on-state. Instead, by reducing the
on-state base current, the operating point of the transistor is shifted to the so-called
quasi-saturation zone in the vicinity of the hard saturation line.

Single BJTs are seldom used in power electronic converters because of their low
current gain. Instead, the Darlington connection (cascade) of two or three transis-
tors, as illustrated in Figure 2.15, is employed. The current gain of a two-transistor
Darlington connection is on the order of 100, and that of a three-transistor connection,
of 1000. Power BJTs can operate with switching frequencies on the order of 10 kHz,
and their maximum available voltage and current ratings have reached 1.5 kV and
1.2 kA.

In recent years, power BJTs, especially the high-rating ones, have been losing
their market share to other switches, particularly the IGBTs, described in Section
2.4.5. The voltage-controlled IGBTs possess all the advantages of BJTs, without the
weaknesses of the latter devices, such as the second breakdown or the current-
controlled switching. Thus, the IGBTs are perfectly suited for most of the applica-
tions where power BJTs have been employed. Several manufacturers have already
discontinued the production of BJTs.
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Figure 2.14 Waveforms of BJT base and collector currents at turn-on and turn-off.
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Figure 2.15 BJT Darlington connections: (a) two transistors, (b) three transistors.
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Figure 2.16 Power MOSFET: (a) semiconductor structure, (b) circuit symbol.

2.4.4 Power MOSFETs

The power MOSFET, whose simplified structure and circuit symbol are shown in
Figure 2.16, is a semiconductor power switch characterized by the highest switching
speed. Three electrodes of the MOSFET, the drain (D), source (S), and gate (G) corre-
spond to the collector, emitter, and base of the BJT, respectively. However, in contrast
to that transistor, the power MOSFET is voltage controlled, and the dc impedance of
the gate-source path is practically infinite (109 Ω–1011 Ω). Only during fast turn-on
and turn-off, the gate circuit does carry a short current pulse, which is associated with
the respective charging and discharging of the gate-source capacitance.

Voltage–current characteristics of the power MOSFET are illustrated in Fig-
ure 2.17. The characteristics show the drain current, ID, as a function of the

ON

OFF

ID

VGS

VDS

CONSTANT RESISTANCE LINES

Figure 2.17 Voltage–current characteristics of the power MOSFET.
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drain-source voltage, VDS, for various values of the gate-source voltage, VGS.
Although the characteristics bear certain resemblance to those of the BJT (see Fig-
ure 2.13), there is no hard saturation line. Instead, each characteristic has a constant-
resistance portion in the area of low VDS values, and the control voltage, VGS, should
be made sufficiently high for the on-state operating point to lie on that portion. The
rated voltage and current represent the maximum allowable values, VDSS and IDM,
of the drain-source voltage and drain current, respectively. Similarly to BJTs, power
MOSFETs may not be exposed to negative drain-source voltages, unless protected
by a diode connected in series with the transistor.

Technical advantages of power MOSFETs are not limited to high switching
speeds. Little power is required to control them, and the control circuitry is simpler
than that for BJTs. The typical turn-on gate-source voltage is 20 V, while 0 V is used
to turn the device off. MOSFETs have a negative temperature coefficient on drain cur-
rent, which facilitates paralleling several transistors for an increased current-handling
capability. If the temperature of one of the component MOSFETs increases, the con-
ducted current drops, restoring the thermal balance among the connected devices.
This characteristic also makes for uniform current density within the MOSFET, pre-
venting the second breakdown. On-state resistance of high-voltage power MOSFETs
used to be quite high, but the recent technological advances have resulted in sig-
nificant reduction of that parameter. The switching losses are low, even with high
switching frequencies, thanks to short turn-on and turn-off times. These, usually less
than 100 ns, are defined similarly as for the BJTs (see Figure 2.14).

The diode in parallel with the MOSFET in Figure 2.16b, called a body diode, is a
byproduct of the technological process. It can serve as a freewheeling diode, but being
relatively slow it should be bypassed in fast switching converters with an external
fast recovery diode. Switching frequencies can be as high as hundreds of kilohertz in
medium-power converters and on the order of 1 MHz in low-power switching power
supplies. Power MOSFETs are available with the voltage and current ratings of up to
1.5 kV and 1.8 kA.

2.4.5 IGBTs

IGBTs, the insulated gate bipolar transistors, are hybrid semiconductor devices,
combining advantages of MOSFETs and BJTs. They are voltage controlled, like
MOSFETs, but have lower conduction losses and higher voltage and current ratings.
The equivalent circuit and circuit symbol of the IGBT are shown in Figure 2.18. To
stress the hybrid nature of the IGBT, the control electrode is called a gate (G), while
the main current is conducted or interrupted in the collector (C) to emitter (E) path.

Voltage–current characteristics of the IGBT are shown in Figure 2.19 as relations
between the collector current, IC, and collector–emitter voltage, VCE, for various val-
ues of the gate-emitter voltage, VGE. Majority of the IGBTs available on the market
are of the asymmetric (punch-through) type. They do not have the reverse voltage-
blocking capability and, with low conduction losses, are destined for application
in dc-input converters, such as choppers and inverters. Usually, they are integrated
with an antiparallel freewheeling diode. The symmetrical (nonpunch-through) IGBTs
can block reverse voltages as high as the rated, forward-blocked voltage. It is an
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Figure 2.18 IGBT: (a) equivalent circuit, (b) circuit symbol.

additional advantage of these devices, whose conduction losses, however, are higher
than those in asymmetrical IGBTs. The symmetrical IGBTs are primarily used in
ac-input PWM converters, such as rectifiers and ac voltage controllers.

Regarding the on-state voltage drop, IGBTs are comparable to BJTs, but supe-
rior to power MOSFETs. Similarly to MOSFETs, IGBTs are turned on by the gate-
emitter voltage on the order of 20 V and turned off by 0 V. IGBTs can be switched
with “supersonic” (exceeding 20 kHz) frequencies. The maximum available voltage
and current ratings are 6.5 kV and 2.4 kA. In addition to their operational superi-
ority, IGBTs have wider ranges of the voltage and current ratings than power BJTs.
Therefore, IGBTs are now the most popular semiconductor power switches. Table 2.4
shows the parameters of example high-power power transistors.

ON

OFF

IC

VGE

VCE

Figure 2.19 Voltage–current characteristics of the IGBT.
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Table 2.4 Example High-Power Transistors

Symbol: IXFK160N30T ESM3030DV 5SNA 2000K45 CM750HG-130R
Maker: IXYS STMicroelectronics ABB Mitsubishi
Type: Power MOSFET Darlington BJT IGBT IGBT
VDSS/VCE: 0.3 kV 0.4 kV 4.5 kV 6.5 kV
ID/IC: 0.16 kA 0.1 kA 2 kA 0.75 kA
IDM/ICM: 0.44 kA 0.15 kA 4 kA 1.5 kA
VGS/VBE/VGE: 20 V 7 V 20 V 20 V
IG/IB: 0.2 μA 5 A 0.5 μA 0.5 μA
tON: 34 ns 4.1 μs 1.35 μs 2.3 μs
tOFF: 90 ns 1.2 μs 5.2 μs 10.2 μs
Size: 42a × 16 ×

5 mm
38 × 25 ×

12 mm
247 × 237 ×

32 mm
190 × 140 ×

41 mm

aIncluding leads.

2.5 COMPARISON OF SEMICONDUCTOR POWER SWITCHES

Designers of modern power electronic converters have the choice of many types of
semiconductor power switches. The variety of available devices allows optimal selec-
tion of switches for a given converter. As each switch type has its advantages and
disadvantages, it would be difficult to unequivocally judge one of them as generally
better than the others.

A hypothetical perfect switch that can be used as a reference in evaluating real
devices would have the following characteristics:

(1) High-rated voltage and current, allowing application of single switches in
high-power converters.

(2) Low, possibly zero, leakage current in off-state and voltage drop across the
switch in on-state. These would result in the minimum conduction and off-
state power losses in the switch.

(3) Short turn-on and turn-off times, allowing the device to be switched with high
frequencies and minimum switching losses.

(4) Low power requirements to turn the switch on and off. This would simplify
the design of control circuits and improve the efficiency and reliability of the
whole converter.

(5) Negative temperature coefficient of the conducted current, to result in the equal
current sharing by paralleled devices.

(6) Large allowable dv/dt and di/dt values, limiting the need for snubbers for pro-
tection of the switch from failures and structural damage.

(7) Low price—an important consideration in today’s highly competitive field of
commercial power electronics.

Finally, it is desirable for semiconductor power switches to have large safe operat-
ing areas (SOA), both the forward-bias and reverse-bias ones. The concept of SOAs,
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omitted for conciseness from the description of individual types of switches, requires
some elaboration. Notice that the voltage–current characteristics in Figures 2.13,
2.17, and 2.19 do not extend uniformly over the whole range of the voltage. The
hyperbolical envelope of these characteristics results from the fact that the amount
of heat generated in the device is proportional to the power loss, that is, the voltage–
current product. For this product to be constant and equal to the maximum allowable
value, the current must be inversely proportional to the voltage. This yields a hyper-
bolical limit on the allowable steady-state operating points in the voltage–current
coordinates. When a switch turns on or off, the instantaneous operating points can
fall far beyond that limit. Barring a significant overvoltage, this is not necessarily
dangerous for the switch since the turn-on and turn-off may be too short for an exces-
sive temperature buildup.

A typical SOA for a power MOSFET is shown in Figure 2.20. It is drawn in the
logarithmic scale to replace hyperbolical borderlines with linear ones. The sloped line
on the left-hand side results from the on-state resistance of the MOSFET, which deter-
mines the voltage drop across the device for a given drain current. The three sloped
lines on the right-hand side are the SOA limits for current pulses of the indicated
durations. A forward-bias SOA corresponds to the situation when the gate-source
voltage is positive, as during turn-on. If that voltage is negative, as for turn-off, the
respective SOA is called a reverse-bias SOA. Both of them are identical for the power
MOSFET, but it is not necessarily so for the other fully controlled switches. Similarly
to high dv/dt and di/dt ratings, a robust SOA reduces the need for external protection
circuits.

The most powerful semiconductor switches tend to be slow, while the high-
frequency switches have lower power handling capabilities. Progressing from the
slow high-power SCRs and GTOs through IGCTs, BJTs, and IGBTs, to the fast but
relatively low-power MOSFETs, the best balance between the voltage–current ratings
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ON-STATE RESISTANCE LIMIT
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t = 0.1 ms
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Figure 2.20 Safe operating area of power MOSFET.
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Table 2.5 Properties and Maximum Ratings of Semiconductor Power Switches

Switching Switching Switching Forward Rated Rated
Type Signal Characteristic Frequency Voltage Voltage Current

Diode 20 kHza 1.2–1.7 V 6.5 kV 12 kA
SCR Current Trigger 0.5 kHz 1.5–2.5 V 8.5 kV 9 kA
Triac Current Trigger 0.5 kHz 1.5–2 V 1.4 kVb 0.1 kAb

GTO Current Trigger 1 kHz 3–4 V 6 kV 6 kA
IGCT Current Trigger 5 kHz 3–4 V 6.5 kV 6 kA
BJT Current Linear 20 kHz 1.5–3 V 1.7 kV 1.2 kA
IGBT Voltage Linear 20 kHz 3–4 V 6.5 kV 3.6 kA
MOSFET Voltage Linear 1 MHz 3–4 V 1.7 kV 1.8 kA

a Fast recovery diodes. General purpose diodes operate at 50 or 60 Hz.
b BCTs, whose operating principle is similar to that of the triac, reach 6.5 kV of rated voltage and 5.5 kA
of rated current.

and high-frequency switching ability is stricken by the IGBT. The IGBT, although not
free from certain weaknesses, such as relatively high conduction losses, seems to be
closest to the perfection expressed by the presented wish list of properties.

The future of inverter-grade SCRs looks bleak, although the slower, phase-control
SCRs still constitute the best choice for phase-controlled rectifiers and ac voltage
controllers. BJTs are gradually phased out by the hybrid-technology devices. In con-
clusion, it is worth mentioning that the variety of the existing semiconductor power
switches are by no means limited to those presented in this chapter. Besides the popu-
lar switches described, there is another batch of other, less common devices, such as,
for instance, MOS-controlled thyristors (MCTs), static induction transistors (SITs),
or static induction thyristors (SITHs).

Basic properties and maximum ratings of most common semiconductor power
switches are summarized in Table 2.5. Most often, switches with the highest rated
voltage offered by the manufacturers have only a medium rated current, and vice-
versa. The values provided are typical, but is possible to find devices, usually
special-purpose ones, whose ratings are even higher. For example, ABB lists on its
website welding diodes, whose rated current exceeds 13.5 kA.

Figures 2.21 and 2.22 show an assortment of semiconductor power switches in
their typical housings. It can be seen that the switches with highest voltage and current
ratings, such as power diodes, SCRs, and GTOs use exclusively the disc case, epoxy
or ceramic, whose shape allows sandwiching the switch between two heat sinks. The
distinct form of the IGCT allows fast injection of the large turn-off current to the gate
area. Smaller switches are packaged in a variety of cases.

2.6 POWER MODULES

To facilitate the design and simplify the physical layout of power electronic con-
verters, manufacturers of semiconductor devices offer a variety of power modules.
A power module is a set of semiconductor power switches interconnected into a
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Figure 2.21 Semiconductor power switches I: (a) stud diode, (b) disc diodes, (c) disc SCRs,
(d) disc GTOs. (Courtesy of ABB)

specific topology and enclosed in a single case, as those in Figure 2.22d. Most
popular topologies are the single- and three-phase bridges, or their sub-circuits. Power
modules may also contain several switches of the same type connected in series, par-
allel, or series-parallel, to increase the overall voltage and/or current ratings.

Example configurations of the available power modules are illustrated in Fig-
ures 2.23, 2.24, 2.25, and 2.26. Six assemblies of power diodes and SCRs are shown
in Figure 2.23. The series connections of the devices in Figures 2.23a–2.23c are used
in rectifiers, while the antiparallel connection of two SCRs in Figure 2.23d, which has

Figure 2.22 Semiconductor power switches II: (a) IGCT, (b) BJT or MOSFET, (c) IGBTs,
(d) IGBTs, MOSFETs, or power modules. (Courtesy of ABB)
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(b)

(d)(c)

(a)

(e) (f)

Figure 2.23 Diode and SCR modules: (a) two power diodes, (b) power diode and SCR, (c)
two SCRs, (d) antiparallel connection of two SCRs (BCT), (e) diode rectifier, (f) controlled
rectifier for dc motor control.

already been introduced in Section 2.3.2 as the BCT, can form a part of an ac voltage
controller or a static ac switch. A six-pulse (or two-pulse) diode rectifier module is
illustrated in Figure 2.23e, and Figure 2.23f depicts a single-phase rectifier bridge for
dc motor control. The two diodes on the left-hand side form an additional rectifier,
which allow producing a dc current for the field winding of the motor.

The two-transistor Darlington cascade is used in modules in Figure 2.24, show-
ing a dual-switch module, quad-switch module, and six-switch module. Each BJT
is equipped with a parallel freewheeling diode, while the resistor-diode circuits con-
nected between the emitter and base of each composite Darlington transistor help
to reduce the leakage current and speed up the turn-off. The quad-switch bridge
topology can serve, depending on the control algorithm, as a four-quadrant chopper
or a single-phase voltage-source inverter. The six-switch bridge configuration consti-
tutes a three-phase voltage-source inverter. However, the more devices are crammed
together in a single module, the less heat per device can safely be dissipated, and
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(a) (b)

(c)

Figure 2.24 Power BJT (Darlington) modules: (a) dual switch, (b) quad switch, (c) six
switch.

the lower the current ratings are. Hence the need for the dual-switch module, which
can be used as a building block of either of the bridge topologies if the required load
current is too high for the available quad-switch or six-switch modules.

A dual power MOSFET module is illustrated in Figure 2.25a and a six-switch
module in Figure 2.25b. Figure 2.25c depicts a quad-switch circuit with a front-end
diode rectifier to be supplied from. A single-switch module in which, to increase the
overall current rating, four power MOSFETs are connected in parallel and simultane-
ously controlled using a single gate is shown in Figure 2.25d. The resistors connected
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(c) (d)

(b)(a)

Figure 2.25 Power MOSFET modules: (a) dual switch, (b) six switch, (c) quad switch with
diode rectifier, (d) four-transistor switch.

to each internal gate of the four transistors equalize the voltage signals applied to the
individual MOSFETs.

Topologies of IGBT modules analogous to those of the BJT in Figure 2.24 are
shown in Figure 2.26. Figure 2.27a depicts a part of an IGBT chopper, specifically
the “high-end” (connected to plus of the source), while the “low-end” part (connected
to minus of the source) is shown in Figure 2.27b. A single leg of a three-level diode-
clamped IGBT inverter appears in Figure 2.27c. Finally, an arrangement of 7 IGBTs
and 13 diodes constituting the power circuit of a three-phase, ac-to-dc-to-ac converter,
a frequency changer, is shown in Figure 2.28. Not shown are the required external
resistive and capacitive components, too large to incorporate into the module.

The described power modules contain power circuits only. Control of the switches
require additional external components. To facilitate the construction of power
electronic converters, the so-called intelligent power modules (IPMs) have been
introduced by several manufacturers. In IPMs, power components are accompanied
by protection circuits and gate drives. This is not an easy task, as the delicate digital
devices must co-exist with the high-voltage and high-current semiconductor power
switches.

While studying Chapters 4 through 7, the reader is encouraged to return to this sec-
tion to appreciate the practical usefulness of power modules. The example topologies
described represent only a tip of an iceberg of the great variety of modular circuits
available on the market of power electronic devices.
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(b)(a)

(c)

Figure 2.26 IGBT modules: (a) dual switch, (b) quad switch, (c) six switch.

2.7 WIDE BANDGAP DEVICES

As known from the solid-state physics, electrons in atoms occupy certain energy
bands, the energy being expressed in electron-volts, eV. Valence electrons, that is,
those in the valence band, are bound to individual atoms, while conduction electrons
can move freely among the atoms. The range of energy required to free an electron
from its bond to an atom is called a conduction band. The difference between the
highest energy of the valence band and the lowest energy of the conduction band is
called a bandgap. It is very wide in insulators, narrow in semiconductors, and nonex-
istent in metals (conductors).

In silicon (Si) and gallium arsenide (GaAs), the commonly used materials for
semiconductor power switches, the bandgaps are 1.1 eV and 1.4 eV, respectively.
Back in early 1990s research on materials with bandgaps exceeding 3 eV was initi-
ated, and since then the technology of the so-called wide bandgap (WBG) semicon-
ductor devices has significantly progressed. The common WBG materials, the silicon
carbide (SiC), zinc oxide (ZnO), and gallium nitride (GaN), have the bandgaps of
3.3–3.4 eV. As of now, the SiC technology is most advanced.
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(b)(a)

(c)

Figure 2.27 IGBT modules: (a) high end of chopper, (b) low end of chopper, (c) leg of a
three-level diode-clamped inverter.

Due to the relatively high cost, the WBG devices are still mostly encountered in
space and military applications. However, several companies, such as Cree (USA),
Fairchild (USA), Infineon (Germany), Powerex (USA/Japan), STMicroelectronics
(Switzerland), or Toshiba (Japan), are increasingly involved in the development of
the SiC market. The already manufactured SiC-based power devices include diodes,

Figure 2.28 IGBT-based modular frequency changer.
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power MOSFETs, BJTs, and various power modules. However, several challenges
must be overcome to realize the full potentials of WBG devices, to capture a signif-
icant share of the market of semiconductor power switches and, possibly, to revolu-
tionize the power electronics.

Indeed, research has shown that in comparison with silicon-based devices, WBG
switches can operate with:

(a) more than 10 times higher voltages

(b) more than 10 times higher frequencies

(c) twice as high temperatures

(d) energy losses reduced by up to 90%

It is also worth mentioning that WBG semiconductors, especially GaN, emit visi-
ble light, which makes them useful in solid-state lighting, such as very bright LEDs.
In the power area, potential applications of WBG devices include variable-speed
drives, highly efficient data centers, compact power supplies for consumer electron-
ics, energy systems integration, dc transmission lines, and electric vehicles. It is said
that 1970–1990 was a thyristor and power MOSFET era of power electronics, 1990–
2010 was an Si IGBT era, and the next period will be SiC era.

SUMMARY

Power electronic converters are based on semiconductor power switches that
operate in two states only: the on-state and the off-state. In the on-state, the voltage
drop across a switch is low, resulting in low conduction losses. In the off-state,
the current through a switch is practically zero, so almost no losses are produced.
However, during transitions from one state to another, switching losses are generated,
because for a short time both the transient voltage and current are substantial. Each
switching is thus associated with energy loss, and the more switchings per second
are executed, that is, the higher the switching frequency is, the higher the power
loss becomes.

Semiconductor power switches can be classified as uncontrolled, semi-controlled,
and fully controlled. Power diodes are uncontrolled switches, which start conduct-
ing when forward biased, and cease to conduct when the current changes its polarity.
SCRs, triacs, and BCTs are semi-controlled switches that can be triggered into con-
duction (“fired”) when forward biased. Once fired, the devices cannot be extinguished
by a control signal. Most common fully controlled switches are GTOs, IGCTs, power
BJTs, power MOSFETs, and IGBTs. The GTO and IGCT can be fired in the same
way as the SCR, but they can be extinguished by a strong negative gate current pulse.
The current in the BJT, MOSFET, and IGBT can be linearly controlled, but to mini-
mize losses they are operated, like all switches, in the on–off regime only. BJTs are
current controlled, while power MOSFETs and IGBTs are voltage controlled, thus
requiring a negligible amount of gate power.
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Except for triacs and BCTs, all semiconductor power switches can conduct current
in one direction only. However, not all switches can block voltages of both the forward
and reverse polarities. The symmetric blocking capability is typical for SCRs, triacs,
and BCTs, some GTOs and IGCTs, and nonpunch-through IGBTs. The other devices
may not be subjected to a reverse voltage unless a series-connected diode is employed
to block that voltage.

Catalogs and data sheets provide information on semiconductor power switches in
the form of restrictive and descriptive parameters, characteristics, and SOAs. Those
data, especially the rated voltage and current, help to select the most appropriate
devices for a given application. SCRs, GTOs, and IGCTs are the largest and slow-
est switches, while power MOSFETs are the smallest and fastest. Each type has its
advantages and disadvantages, but the IGBTs dominate the field of the most com-
mon, low- and medium-power converters. Power semiconductor industry also offers
a wide choice of power modules, which, in a single case, combine several switches in
a variety of circuit configurations. More advanced solutions, the IPMs, also contain
digital components for control and protection of the constituent power switches.

WBG semiconductors, such as silicon carbide, now mostly in advanced develop-
ment stages, offer significant advantages over the existing silicon-based technology
of power switches. The superior operating characteristics include very high voltages,
operating temperatures, and frequencies, as well as greatly reduced energy losses.
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3 Supplementary Components
and Systems

In this chapter: supplementary components and systems for power electronic convert-
ers are reviewed; drivers, protection circuits, snubbers, filters, cooling methods, and
control systems are described; and example solutions are presented.

3.1 WHAT ARE SUPPLEMENTARY COMPONENTS AND SYSTEMS?

A practical power electronic converter is a complex systems comprising several sub-
systems and numerous components. Many of them are not shown in the converter
circuit diagrams, which are usually limited to the power circuit and, sometimes, a
block diagram of the control system. The supplementary components and systems
for modern power electronic converters include:

(1) Drivers for individual semiconductor power switches, which provide the
switching signals, interfacing the switches with the control system.

(2) Protection circuits, which safeguard converter switches and sensitive loads
from excessive currents, voltages, and temperatures.

(3) Snubbers, which protect switches from transient overvoltages and overcur-
rents at turn-on and turn-off and reduce the switching losses.

(4) Filters, which improve quality of the power drawn from the source or that
supplied to the load. As parts of the power circuit, filters are usually shown in
circuit diagrams of converters.

(5) Cooling systems, which reduce thermal stresses on switches.

(6) Control systems, which govern the converter operation, including protection
tasks.

Because of its introductory scope, this book is focused on principles of power con-
version and control and their realization in power circuits of power electronic con-
verters. However, the reader should be aware of the basic properties of supplementary
components and systems and their impacts on operation of converters. Therefore, the

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/modernpowerelectronics3e
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subsequent sections of this chapter are devoted to a brief coverage of individual types
of that equipment. It must be stressed that the great variety of power electronic prod-
ucts offered by scores of manufacturers allows for only a sampling approach to this
vast topic.

3.2 DRIVERS

Depending on the type of switches, converter topology, and voltage levels, various
driver configurations are employed in power electronic converters. A driver, acti-
vated by a logic-level signal from the control system, must be able to provide a suffi-
ciently high voltage or current to the controlling electrode, gate or base, to cause an
immediate turn-on. The on-state of the switch must then be safely maintained until
turn-off.

The driver must ensure electrical isolation between the low-voltage control system
and high-voltage power circuit. It is realized using pulse transformers (PTRs) or opti-
cal coupling. The latter is performed by placing a light-emitting diode (LED) in the
vicinity of a light-activated semiconductor device. Alternately, instead of transferring
light signal through free space, a fiber-optic cable can be employed. Because of the
fundamentally different driving signal requirements, different solutions are used for
semi-controlled thyristors (SCRs, triacs, BCTs), current-controlled switches (GTOs,
IGCTs, power BJTs), and voltage-controlled hybrid devices (power MOSFETs and
IGBTs). As a general comment, note that practical commercial drivers are more com-
plicated than the subsequently presented examples, whose purpose is to convey only
the basic concepts.

3.2.1 Drivers for SCRs, Triacs, and BCTs

To “fire,” that is, to trigger into conduction, an SCR, triac, or BCT, the pulse of gate
current, iG, must have sufficient magnitude and duration, and a possibly short rise
time, that is, high diG/dt. The isolation between the control circuitry and the power
circuit is necessary, at least for the switches with ungrounded cathodes. The isolation
can be provided by either an optocoupler or a transformer. Both solutions have their
advantages and disadvantages. An optocoupler requires a power supply and an ampli-
fier on the thyristor side, which is not needed when a transformer is used. However,
extra circuitry must be employed to avoid saturation of the transformer core.

A driver for an SCR, based on a pulse transformer, PTR, and transistor amplifier,
TRA, is shown in Figure 3.1. Diode D1 and Zener diode DZ connected across the
primary winding provide a freewheeling path for the primary current at turn-off and
prevent saturation of the transformer core. Diode D2 in the gate circuit rectifies the
secondary current of the transformer.

A simple optically isolated driver for an SCR is shown in Figure 3.2. The optocou-
pler is composed of a light-emitting diode, LED, and a small light-activated thyristor,
LAT. The energy for the gate signal is obtained directly from the power circuit, as it is
the voltage across the SCR that produces the gate current when the LAT is activated
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(+)

D1

DZ

D2

PTR

SCR

TRA

Figure 3.1 Driver for an SCR with
transformer isolation.

OPTOCOUPLER

LED

LAT

SCR

Figure 3.2 Optically isolated driver for an
SCR.

by the LED. The LAT must withstand the same voltage as the driven SCR. This is
not a serious problem though, as LATs, also used in high-voltage transmission lines,
are among semiconductor devices with the highest voltage ratings.

Figure 3.3 shows a nonisolated driver for a triac. A TRA provides the gate cur-
rent for the triac. An optically isolated driver using a light-activated triac, LATR, is
illustrated in Figure 3.4.

3.2.2 Drivers for GTOs and IGCTs

Although GTOs and IGCTs are turned on similarly to SCRs, drivers for these switches
are more complex than those for the semi-controlled thyristors because of the required

TRA

(+)

TRIAC

Figure 3.3 Nonisolated driver for a
triac.

OPTOCOUPLER

LED

LAT

TRIAC

Figure 3.4 Optically isolated driver for a
triac.
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(+)
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DZ

SCR

RCT

C L

GTO

Figure 3.5 Driver for a GTO with transformer isolation.

very high magnitude of the gate current pulse for turn-off. An example gate drive
circuit is shown in Figure 3.5. To turn the GTO on, the PTR transmits high-frequency
current pulses generated by alternatively switched MOSFETs M1 and M2. The firing
current is supplied to the gate through the Zener diode, DZ, and inductor, L, that limits
the rate of change, diG/dt, of the current. Simultaneously, capacitor C is charged via
the four-diode rectifier, RCT. Cessation of the impulse train indicates that turn-off is
to be performed. The turn-off is initiated by the SCR, which causes a rapid discharge
of the capacitor in the gate-cathode circuit.

Drivers with optical isolation are also known. The GTO side of the driver must
have its own power supply to provide the necessary gate current, especially for turn-
off. Instead of the SCR in the driver in Figure 3.5, a BJT, a power MOSFETs, or
combination of these can be used to initiate the turn-on and turn-off gate pulses.

3.2.3 Drivers for BJTs

To generate the base current, the BJT drivers must be of the current-source type. A
high-quality driver should have the following characteristics:

(1) High current pulse at turn-on, to minimize the turn-on time.

(2) Adjustable base current in on-state, to minimize losses in the base–emitter
junction. The initial boost current should be reduced after turn-on.

(3) Prevention of hard saturation of the transistor. A saturated BJT has a signifi-
cantly longer turn-off time than a quasi-saturated one.

(4) Reverse base current for turn-off, to further minimize the turn-off time.
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(a) (b)

TR1

TR2

TR3
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(–)

C

BJT

(–)

(+)

C

BJT

TR

Figure 3.6 Nonisolated drivers for a BJT: (a) single-transistor driver, (b) driver with the class
B output stage.

(5) Possibly low impedance between the base and emitter in the on-state and
a reverse base–emitter voltage in the off-state. These measures increase the
collector–emitter voltage blocking capability of the transistor.

Two simple nonisolated drivers are shown in Figure 3.6. The single-ended driver in
Figure 3.6a requires only one transistor, TR, but its performance is inferior to more
advanced schemes. Power losses in the driver are reduced in the circuit in Figure
3.6b. Input transistor TR1 drives the so-called class B output stage consisting of an
npn transistor TR2 and a pnp transistor TR3. Capacitor C in both drivers speeds up
switching processes providing a current boost to the base.

To increase the turn-off speed, an antisaturation circuit shown in Figure 3.7 called
a Baker’s clamp can be used. The purpose of the clamp is to shunt the current from the
base through diode D0, in dependence on the collector–emitter voltage, to shift the
operating point of the transistor from the hard saturation line to the quasi-saturation
region (see Figure 2.13). Diodes D1 through D3 produce appropriate bias for the
clamping diode D0 (in practice, the number of diodes in the series can be greater
or less than three). Diode D4 provides the path for negative base current during
turn-off.

If a BJT is to be employed in a high-voltage power circuit, an isolation transformer
can be used, as shown in Figure 3.8. However, the range of available duty ratios of the
driven BJT is then limited to about 0.1–0.9. Therefore, isolated drivers for BJTs are
usually based on optocouplers. A commercial single-chip driver with optical isolation
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D1 D2 D3

D4

D0

Figure 3.7 Antisaturation Baker’s clamp for a BJT.

is shown in Figure 3.9a. Phototransistors are used in the internal optocouplers of the
driver, and the BJT is driven by a class B output stage. The waveform of the base
current generated by the driver is illustrated in Figure 3.9b. It is not to scale: in reality,
the positive and negative peak values of the current are 10–20 times higher than the
sustained on-state current.

TR-1

TR-2

PTR
BJT

(+)

(–)

Figure 3.8 Driver for a BJT with transformer isolation.
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(a)

DRIVER CHIP

(+)

Figure 3.9 Driver for a BJT with optical isolation: (a) circuit diagram, (b) waveform of base
current.

3.2.4 Drivers for Power MOSFETs and IGBTs

In the steady-state, gates of hybrid semiconductor power switches draw almost no
current. As such, they can be directly activated from logic gates. However, if high-
frequency switching is desired, an electric charge must quickly be transferred to and
from the gate capacitance. This requires high pulses of gate current at the begin-
ning of the turn-on and turn-off signals. Standard logic gates by themselves are
incapable of supplying (sourcing) or drawing (sinking) such high currents, sharply
limiting the maximum available switching frequency. Therefore, to fully utilize
the high-speed potentials of hybrid switches, the very fast power MOSFETs in
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(+)

MOSFET

C D

Figure 3.10 Gate drive for a power MOSFET with high-current TTL clock driver.

particular, provisions must be made in the drivers to source or sink transient current
pulses.

For uniformity, all the subsequent drivers are shown in application to power
MOSFETs although they can be used for IGBTs as well. A simple gate drive cir-
cuit with a high-current TTL clock driver, CD, is shown in Figure 3.10. Figure 3.11
illustrates a power MOSFET driven from a PTR. The internal parasitic diode, D,
in the auxiliary MOSFET, AM, provides the path for charging current of the main
MOSFET’s gate capacitance. When the PTR saturates, AM blocks the discharge cur-
rent from the gate until turn-off, which is initiated by a negative pulse from the trans-
former that turns AM on. The driver is particularly convenient for switches requiring
a floating (ungrounded) gate drive.

PTR

D

AM

MOSFET

Figure 3.11 Driver for a power MOSFET with transformer isolation.
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Figure 3.12 Driver for a power MOSFET with optical isolation.

A driver for power MOSFETs and IGBTs with optical isolation is shown in
Figure 3.12. In addition to turning the driven switch on and off, the driver pro-
vides an overcurrent protection for the switch. The overcurrent condition is detected
by sensing the collector–emitter voltage in the on-state. Since the hybrid devices
offer an approximately constant resistance in the main circuit, an elevated voltage
implies an overcurrent. The switch is then turned off and an indicator circuit is
activated.

3.3 OVERCURRENT PROTECTION SCHEMES

Semiconductor power switches can easily suffer a permanent damage if a short cir-
cuit occurs somewhere in the converter or the load, or if an overcurrent occurs due
to an excessive load, that is, a too low load impedance and/or counter-EMF. The fol-
lowing three basic approaches to overcurrent protection are used in power electronic
converters:

(1) Fuses

(2) An SCR “crowbar” arrangement

(3) Turning the switches off when overcurrent is detected

High-power slow-reacting semiconductor power devices, such as diodes, SCRs,
or GTOs, are protected by special, fast-melting fuses connected in series with each
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Figure 3.13 SCR “crowbar” for overcurrent protection of power electronic converter.

device. The fuses are made of thin silver bands, not thicker than a tenth of an inch,
usually with a number of rows of punched holes. One or more of such bands are
packed in sand and enclosed in a cylindrical ceramic body with tinned mounting
brackets. The fuse coordination I2t parameter of a fuse must be less than that of the
protected device, but not so low as to cause a breakdown under regular operating
conditions. A properly selected fuse should melt within a half cycle of the 60-Hz (or
50-Hz) voltage.

Low-cost power electronic converters can be protected by a single fuse between
the supply source and the input to the converter. A more sophisticated solution, illus-
trated in Figure 3.13, involves an SCR “crowbar,” connected across the input ter-
minals of a converter. The input current to the converter is monitored by sensing
the voltage drop across the low-resistance resistor R or employing a current sensor.
If overcurrent is detected, the SCR is fired shorting the supply source and causing a
meltdown of the input fuse. Alternately, a fast circuit breaker can be employed in place
of the fuse. In a similar manner, the SCR crowbar can be employed for an overvoltage
protection.

Fully controlled semiconductor power switches are best protected by turning them
off when overcurrent occurs. The turn-off process is often slowed down to avoid
an excessive rate of change, di/dt, of the switch current that could generate a haz-
ardous voltage spike across the device. As exemplified by the system in Figure
3.12, dedicated overcurrent protection circuits are often incorporated in the modern
drivers.

A special case of a potentially dangerous short circuit, called a shoot-through, is
specific for the bridge topology, typical for many power converters. In individual legs
(branches) of a bridge circuit, two (or more) switches are connected in series, in the
so-called totem pole arrangement illustrated in Figure 3.14 with two IGBTs. Nor-
mally, their states are mutually exclusive, that is, when one switch is on, the other is
off, and the current always flows through the load, R. However, if for any reason, for
example, due to a driver failure or incorrect timing of switching signals, one switch
is turned on before the other has turned off, a short circuit occurs. To reduce proba-
bility of an overshoot, the beginning of a turn-on signal for one switch is delayed
with respect to the end of a turn-off signal for the other switch by the so-called
dead time.
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(–)

(+)

R

Figure 3.14 Totem pole arrangement of two switches in a leg of the bridge topology.

3.4 SNUBBERS

Of all the possible modes of operation of semiconductor devices, switching between
two extreme states is the most trying one, subjecting switches in power electronic con-
verters to various stresses. For example, if no measures were taken, a rapid change of
the switched current at turn-off would produce potentially damaging voltages spikes
in stray inductances of the power circuit. At turn-on, a simultaneous occurrence of
high voltage and current could take the operating point of a switch well beyond the
safe operating area (SOA). Therefore, switching-aid circuits called snubbers must
often accompany semiconductor power switches. Their purpose is to prevent tran-
sient overvoltages and overcurrents, attenuate excessive rates of changes of voltage
and current, reduce switching losses, and ensure that the switch does not operate out-
side its SOA. Snubbers also help to maintain uniform distribution of voltages across
the switches that are connected in series to increase the effective voltage rating or
currents in the switches that are connected in parallel to increase the effective current
rating. Functions and configurations of snubbers depend on the type of switch and
converter topology.

Analysis of snubber circuits is tedious at best, and often quite difficult, due to the
nonlinear properties of the semiconductor devices involved and relative complexity
of certain schemes. Therefore, the subsequent treatment of this topic is mostly quali-
tative. In practice, besides specialized literature, computer simulations using PSpice
or similar software tools are usually employed for snubber development.

To illustrate the need for snubbers, a practical example is considered. A simple
BJT-based chopper is shown in Figure 3.15a. High load inductance is assumed, so
that the output current is practically constant and equal Io. Consequently, the load
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Figure 3.15 BJT-based chopper with RC snubber: (a) circuit diagram, (b) equivalent circuit
in the off-state.

can be modeled by a current source. A stray inductance, L𝜎 , of the power circuit of
the chopper is lumped between the source of input voltage, Vi, and the transistor.
The snubber circuit composed of resistance Rsn and capacitance Csn is connected in
parallel with the transistor.

The collector–emitter voltage, vCE, across the BJT is given by

vCE = Vi − vL − vo, (3.1)

where vL and vo denote the inductor and output voltages, respectively. With the tran-
sistor in the on-state, vCE ≈ 0. At t = 0, the BJT is turned off so that its collector
current, iC, decreases linearly from the initial value of Io, reaching zero at t = t0. As a
result, a transient voltage appears across the stray inductance. The voltage waveform
has the shape of a pulse with the duration of t0 and a peak value, VL,p, of

VL,p = L𝜎
dic
dt

= −L𝜎
Io

to
. (3.2)

In the meantime, the freewheeling diode, D, has taken over conduction of the
output current, thus vo = 0 and the peak value, VCE,p of the collector–emitter
voltage is

VCE,p = Vi − VL,p = Vi + L𝜎
Io

to
. (3.3)

Fast turn-offs are desirable from the point of view of reduction of switching
losses, but Eq. (3.3) shows that when t0 approaches zero, the voltage across the BJT
approaches infinity. Even with a finite but short t0, the voltage can easily be excessive,
damaging the transistor.

With the snubber in place, the equivalent circuit of the chopper at turn-off is shown
in Figure 3.15b. When switch S representing the BJT opens, a series RLC circuit is
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created. As known from the theory of such circuits, if Rsn < 2
√

L𝜎∕Csn, the current,
ii, in the circuit is given by

ii = Ipe
− Rsn

L𝜎
t
cos(𝜔dt + 𝜑), (3.4)

where

𝜔d =

√
1

L𝜎Csn
−
(

Rsn

2L𝜎

)2

. (3.5)

The values of amplitude Ip and angle 𝜑 in Eq. (3.4) can be determined from the
known initial and final conditions. Since the initial current, ii(0), equals Io and the
final, steady-state current through the capacitor is zero, Ip = Io and 𝜑 = 0, that is,

ii = Ioe
− Rsn

L𝜎
t
cos(𝜔dt). (3.6)

The collector–emitter voltage across the snubber can be obtained by differentiating
ii and substituting dii/dt in the equation

vCE = Vi − vL = Vi − L𝜎
dii
dt

, (3.7)

which, after some rearrangements, yields

vCE = Vi

[
1 − e

− Rsn
L𝜎

t
cos(𝜔dt)

]
. (3.8)

With a properly designed and tuned snubber, the collector–emitter voltage displays
only a small overshoot. Example voltage and current waveforms for the both cases
considered are shown in Figure 3.16. By combining the iC(t) and vCE(t) waveforms
into the iC = f(vCE) relation, the so-called switching trajectory is obtained, which
represents a locus of operating points of the transistor. As shown in Figure 3.17,
using the SOA of the BJT as a background, it can easily be checked whether the
snubber protects the transistor from unsafe operating conditions. A large portion of
the switching trajectory in Figure 3.17a for the snubberless transistor lies outside the
SOA. However, that in Figure 3.17b, when the snubber is installed, it lies within the
SOA with significant safety margins.

Snubbers are not inherently necessary, as it is often possible to select power
switches of such high ratings that even large transient voltages and current would not
be dangerous. However, there is always a price to pay for oversized semiconductor
devices: not only in the literal sense, but also in terms of the increased weight, bulk,
and losses. On the other hand, snubbers also contribute to the cost, weight, and size of
a power electronic converter, and they are not free of losses. Therefore, a search for
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Figure 3.16 Voltage and current waveforms in the chopper of Figure 3.15: (a) without snub-
ber, (b) with snubber.

snubbers that are optimal for a given application constitutes a true test of diligence
and expertise of a designer.

Snubbers for individual power switches are disposed of in resonant converters,
where a single resonant circuit is used to provide safe and low loss switching condi-
tions for all switches of the converter. Resonant power electronic converters belong
mostly to the family of low-power dc-to-dc converters, covered in Section 8.4. Cer-
tain concepts of resonant operation have been extended on high-power converters.
The so-called resonant dc link inverter is described in Section 7.5.

3.4.1 Snubbers for Power Diodes, SCRs, and Triacs

The rate of rise of the reverse recovery current in power diodes is high, so that an
overvoltage at turn-off is very likely, even with a small amount of stray inductance.
Therefore, simple RC snubbers, such as that in Figure 3.15, are connected in parallel
with the diode. This type of switching aid circuits are often termed turn-off snubbers,
since they alleviate the voltage stresses at turn-off.

RC snubbers are also employed in SCR- and triac-based converters, mostly for
the purpose of preventing false triggering (firing) from excessive dv/dt. In certain
applications, firing an SCR at a wrong time may prove catastrophic. SCRs and triacs
should also be protected from extreme di/dt values. This is accomplished by plac-
ing an inductor in series with the device. The required inductance of such a turn-on
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Figure 3.17 Switching trajectories of the BJT of Figure 3.15: (a) without snubber, (b) with
snubber.

snubber is low, so that just the stray inductance of wiring of the power circuit is often
sufficient. Snubbers for the power diode and SCR are illustrated in Figure 3.18.

3.4.2 Snubbers for GTOs and IGCTs

Simple turn-on and turn-off snubbers for the GTO are shown in Figure 3.19. The
turn-on snubber protects the GTO from overcurrents when it takes over conduction
of the current from another slow device, that is, a high-power freewheeling diode.
Also, the di/dt is attenuated. The diode–resistor circuit allows fast dissipation of the
energy stored in the inductor when the GTO turns off.

The RDC (resistor–diode–capacitor) snubber reduces the anode–cathode voltage
at turn-off, limiting the switching loss. Similarly to that for the SCR, the snubber
also prevents the GTO from re-firing due to supercritical values of dv/dt. At turn-off,
the input current, ii, is diverted into the snubber capacitor through the diode, while
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(a) (b)

Figure 3.18 Snubbers for: (a) power
diode, (b) SCR.

TURN-OFF
SNUBBER

TURN-ON
SNUBBER

i

v

ii

Figure 3.19 GTO with turn-on and
turn-off snubbers.

the anode current, i, in the GTO decreases. The anode is clamped to the capacitor,
whose initial voltage is zero and rising. Thus, a simultaneous occurrence of high
anode voltage, v, and current, i, at turn-off is avoided. The capacitor gets quickly
discharged in the resistor–GTO circuit at the following turn-on.

3.4.3 Snubbers for Transistors

In the figures illustrating this section, snubbers for transistors (BJTs, MOSFETs, and
IGBTs) are shown with the IGBT, but the same solutions can be applied to the other
devices. Snubbers similar to those for the GTO (see Figure 3.19) are often employed.
The inductive turn-on snubber ensures that the collector–emitter voltage, vCE, drops
to the saturation level prior to the collector current reaching its full on-state value.

Figure 3.20 shows another, related solution in the form of a combined, turn-on and
turn-off snubber. At turn-on, the series inductor slows down the rate of increase of
the collector current, iC. Simultaneously, the capacitor discharges through the resistor,
inductor, and transistor. At turn-off, the input current, ii, is diverted from the transistor
to the diode–capacitor bypass. When the capacitor is fully charged, the remaining
electromagnetic energy of the inductor is dissipated in the resistor.

It must be pointed out that when selecting a snubber, the whole converter topol-
ogy should be taken into account, since other components of the power circuit can
interfere with proper operation of snubbers. Common snubbers for popular bridge
converters based on switches with antiparallel freewheeling diodes are shown in Fig-
ure 3.21 for a single leg of the bridge.
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vCE

iC

ii

Figure 3.20 Combined on-and-off snubber for a transistor.

In recent years, there has been a tendency to design snubberless converters. The
accumulated practical experience how to minimize the stray inductance and the robust
SOAs of modern devices allow the turn-off snubbers to be disposed of. Yet, to protect
the internal freewheeling diodes and reduce the electromagnetic interference (EMI),
simple RC snubbers in parallel with the switches are still recommended. Also, in
bridge converters, a single inductor can be placed in series with the input terminals
of the bridge. If a converter is directly supplied from a transformer, the secondary
leakage inductance can play the role of the turn-on snubber, limiting the rate of change
of currents in the converter.

3.4.4 Energy Recovery from Snubbers

Snubbers presented in the previous sections modify the switching trajectory and
reduce switching losses. However, the energy temporarily stored in the inductive
and capacitive components is dissipated in resistors and irretrievably lost. In high-
frequency and high-power converters, the amount of energy lost in snubbers is sub-
stantial, straining cooling systems and reducing efficiency of the converters. There-
fore, measures have been developed to recover energy from snubbers and direct it to
the load or return to the supply source.

The energy recovery systems can be passive or active, the latter involving an aux-
iliary power converter. An example scheme of passive recovery of energy from a
capacitive snubber is shown in Figure 3.22. Transistor T operates in the PWM mode
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(a) (b)

(c) (d)

Figure 3.21 Snubbers for transistors in bridge converters: (a) RC, (b) RCD, (c) charge and
discharge RCD, (d) discharge-suppressing RCD.

to control the output voltage, vo, across a load, which is assumed to have an induc-
tive component. Hence there is a need for a freewheeling diode, Dfw, that provides a
path for the load current when the transistor turns off. The simple capacitive turn-off
snubber is composed of diode Dsn and capacitor Csn. The energy recovery circuit is
based on diodes D1 and D2, inductor L, and capacitor C. At turn-off, the snubber
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Figure 3.22 Turn-off capacitive snubber with passive energy recovery.

capacitor is charged to the input (supply) voltage, Vi. When the transistor turns on,
the charge stored in the capacitor is transferred to capacitor C by means of electric
resonance in the Csn–L–D1–C–T circuit. At the subsequent turn-off, capacitor Csn
charges again, while capacitor C discharges through diode D2 into the load. Since no
resistors are employed, most of the energy from the snubber capacitor is recovered
and consumed by the load.

In high-power, GTO-based converters, auxiliary step-up choppers, described in
Section 6.3, are used to transfer energy from snubbers to the power supply. A step-up
chopper is a PWM dc-to-dc converter whose pulsed output voltage has an adjustable
magnitude, which is higher than that of the input voltage. An example active energy
recovery system is shown in Figure 3.23. When the GTO turns on, the charge of
the snubber capacitor, Csn, is resonated into a large storage capacitor C via the GTO,
inductor L, and diode D. The storage capacitor acts as a voltage source for the step-up
chopper, which boosts the voltage and transfers the energy to the supply line.

3.5 FILTERS

Filters are indispensable circuit components of most practical power electronic con-
verters. Generally, depending on their placement, filters can be classified as input,
output, and intermediate ones. Input filters, also called line or front-end filters, screen
the supply source from the harmonic currents drawn by converters and improve the
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Figure 3.23 Turn-off capacitive snubber for a GTO with active energy recovery.

input power factor of the converters. Output, or load, filters are employed to improve
quality of the power supplied to the load. The intermediate filters, usually called links,
interface two converters forming a cascade, such as that of a rectifier and inverter in
the ac-to-dc-to-ac power conversion scheme.

A few simple filter topologies involving inductive (L) and capacitive (C) compo-
nents only serve the whole area of power electronics. Those are covered in next chap-
ters along the converters in which they are applied. Usually, filter inductors carry the
whole input or output current. Therefore, their resistance must be keep at a possibly
low level, implying a low number of turns, Nt, of a thick-wire winding. Since the coef-
ficient of inductance is proportional to Nt

2 and inversely proportional to the reluctance
of the inductor’s magnetic circuit, high-permeability cores with large cross-sectional
areas are employed. Still, the filter inductances tend to be low, typically of the order of
several to tens of millihenries. Inductor cores are made of thin laminations insulated
from each other with varnish or shellac to minimize the eddy current losses.

To make up for the usually low inductances, filter capacitors must have large
capacitances. Aluminum-foil electrolytic capacitors are therefore used, with the avail-
able coefficients of capacitance up to 500 mF. However, the high capacitances are
accompanied by low voltage ratings. For capacitors in power electronic applications,
it is desirable to have low stray inductance and low equivalent series resistance. Data
sheets of capacitors specify maximum allowable values of the working voltage, non-
repetitive surge voltage, voltage and current ripple, and temperature. The highest
capacitance-per-volume ratios are obtained in polarized electrolytic capacitors which
may not operate under a reversed voltage. Nonpolarized capacitors have capacitances
about half as high as those of polarized capacitors of the same physical size. In three-
phase systems, capacitors are connected in delta to maximize the line-to-line effective
capacitance to one-and-a-half of that of the single capacitor.
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A filter at the dc side of a power converter is employed to reduce the voltage and the
current ripple. Depending on specific requirements, the filter consists of a capacitor
connected in parallel with the converter terminals, inductor connected in series, or
both these components. If a dc current IC is drawn from a capacitor C during a time
interval Δt, the voltage across the capacitor drops by

ΔVC =
IC

C
Δt. (3.9)

It means that the higher the filter capacitance, the more stable the voltage across it.
Analogously, if a dc voltage VL is applied to an inductor L over an interval Δt, the
current in the inductor increases by

ΔIL =
VL

L
Δt, (3.10)

which implies a stabilizing impact of the inductance on the current.
Filters in ac circuits are used for blocking or shunting the ripple currents but

pass the fundamental currents. If the harmonic frequencies are much higher than the
fundamental frequency, as in PWM converters, filter inductors can be connected in
series with converter terminals, carrying the whole input or output current. Since the
impedance, ZL, of an inductor is given by

ZL = 2𝜋fL, (3.11)

then the inductor can serve as a low-pass filter for the current. In contrast, a capacitor,
whose impedance, ZC, is

ZC = 1
2𝜋fC

, (3.12)

constitutes a high-pass filter. Consequently, as in dc filters, capacitors in ac filters
are placed across converter terminals, shunting the high-frequency currents. In order
to avoid a dangerous resonance overvoltages, care should be taken for the resonance
frequency of an LC filter to be significantly higher than the supply frequency (60 Hz
or 50 Hz).

The series–parallel placement of the inductive and capacitive filter components is
not practical if the undesired ac current components have low frequencies, as those in
input currents of phase-controlled converters. In that case, since the dominant ripple
frequency is not much higher than the fundamental frequency, the fundamental cur-
rent would be suppressed by the filter, too. Therefore, as subsequently described in
Sections 4.1.2 and 4.2.1, resonant filters are placed between ac lines supplying diode-
and SCR-based rectifiers. Each filter is tuned to a specific harmonic frequency, usu-
ally the 5th, 7th, and 12th multiples of fundamental frequency, requiring a total of at
least nine inductors and nine capacitors.
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Special filters are needed to protect the power system from the conducted EMI. If
high-frequency currents, particularly those of radio-level frequencies, were allowed
to spread in the system, they would severely pollute the electromagnetic environ-
ment and disturb operation of sensitive communication systems. The EMI filters,
also called radio-frequency filters, are particularly indispensable in power convert-
ers characterized by high-switching frequencies. High-order EMI filters, involving
several resistors, inductors, and capacitors, are common.

Power electronic converters are also sources of the radiated EMI, that is, elec-
tromagnetic waves generated due to high di/dt rates resulting from the switching
mode of operation. In practice, two factors help to minimize the environmental
impact of this phenomenon. These are the snubbers, which reduce the rate of change
of switched currents and voltages, and the metal cabinets in which power elec-
tronic converters are usually enclosed and which act as effective electromagnetic
shields.

3.6 COOLING

Losses in power electronic converters produce heat that must be transferred away
and dissipated to the surroundings. The major losses occur in semiconductor power
switches, while their small size limits their thermal capacity. High temperatures of the
semiconductor structures cause degradation of electrical characteristics of switches,
such as the maximum blocked voltage or the turn-off time. Serious overheating can
lead to destruction of a semiconductor device in a short time. To maintain a safe
temperature, a power switch must be equipped with a heat sink (radiator) and be
subjected to at least the natural convection cooling. The heat generated in the switch
is transferred via the heat sink to the ambient air, which then tends to move upward
and away from the switch.

Forced air cooling, very common in practice, is more effective than the natu-
ral cooling. The cooling air is propelled by a fan, typically placed at the bottom
of the cabinet that houses the power electronic converter. Slotted openings at the
top part of the cabinet allow the heated air to escape to the surroundings. Energy
consumption of the low-power fan does not tangibly affect overall efficiency of the
converter.

If power density of a converter, that is, the rated power-to-weight ratio, is very
high, liquid cooling may be needed. Water, automotive coolant, or oil can be used as
the cooling medium. The fluid is forced through extended hollow copper or aluminum
bars to which semiconductor power switches are bolted. Thanks to the high specific
heat of water, water cooling is very effective although it poses a danger of corrosion.
On the other hand, oil, whose specific heat is less than half of that of water, has much
better insulating and protecting properties.

Thermal equivalent circuits facilitate design and analysis of cooling systems. The
concept of those circuits is based on the formal similarity between heat transfer and
electrical phenomena. Thermal quantities and their electric equivalents are listed in
Table 3.1. As an example, a power diode with a heat sink and the corresponding
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Table 3.1 Comparison of Thermal and Electrical Quantities

Thermal Quantity Electrical Quantity

Amount of heat (energy), Q (J) Electric charge, Q (C)
Heat current (power), P (W) Electric current, I (A)
Temperature, Θ (◦K) Electric voltage, V (V)
Thermal resistance, RΘ (◦K/W) Electric resistance, R (Ω)
Thermal capacity, CΘ (J/◦K) Electric capacitance, C (F)
Thermal time constant, 𝜏Θ = RΘCΘ(s) Electrical time constant, 𝜏 = RC (s)

thermal equivalent circuit are illustrated in Figure 3.24. The variables indicated on
the circuit diagram are:

Pl power loss in the diode, W
ΘJ, ΘC, ΘS, and ΘA absolute temperatures of the pn junction, case, sink,

and ambient air, respectively, K
RΘJC, RΘCS, and RΘSA junction to case, case to sink, and sink to ambient air

thermal resistances, respectively, K/W
CΘJ, CΘJ, and CΘJ junction, case, and sink thermal capacities,

respectively, J/K.

Values of thermal resistances are listed in data sheets of semiconductor power
switches and heat sinks, and the thermal capacity of a component can be determined

CABLE
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(a) (b)
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PI

COJ

ROJC

ROCS

ROSA

COC
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OS
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Figure 3.24 Power diode with a heat sink: (a) physical arrangement, (b) thermal equivalent
circuit.
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from its specific heat and mass. Thermal capacities are used for the calculation
of transient temperatures, and knowledge of thermal resistances is sufficient for
computation of steady-state temperatures. The goal of cooling system design is to
ensure that the maximum temperatures allowed for the converter switches are not
exceeded.

3.7 CONTROL

To function efficiently and safely, a power electronic converter must be properly con-
trolled, that is, the process of power conversion must be accompanied by concurrent
information processing. Various control technologies have been employed over the
several last decades, starting with the analog electronic circuits with discrete compo-
nents and progressing to the contemporary integrated microelectronic digital systems.
It is worth mentioning that simple analog control is still employed in many low-power
dc–dc converters, especially those with very high switching frequencies.

In practical applications, a power electronic converter usually constitutes a part
of a larger engineering system, such as an adjustable speed drive or active power fil-
ter. The control system of the converter is then subordinated to a master controller,
for instance, that of speed of a motor fed from the converter. The main task of the
converter control system is to generate signals for semiconductor power switches
that result in the desired fundamental output voltage or current. Other “housekeep-
ing chores” are also performed, for example, control of electromechanical circuit
breakers connecting the converter with the supply system. Often, especially in expen-
sive, high-power converters, the control system also monitors operating conditions.
When a failure is detected, the system turns off the converter and displays the
diagnosis. Generally, the system draws information from the human operator, sen-
sors, and master controllers and converts it into switching signals for the converter
switches and external circuit breakers. The control system also supplies informa-
tion about operation of the converter back to the operator, via displays, indicators, or
recorders.

Microcontrollers, digital signal processors (DSPs), and field-programmable logic
arrays (FPGAs) are now firmly established as the tools of choice for control of mod-
ern power electronic converters. The awesome and continuously increasing compu-
tational power of those devices allows a single processor to control a whole power
conversion system, which may include several converters. Prices of digital processors
are falling, so that they are economical even in low-cost applications.

Microprocessors employed as microcontrollers come from many manufacturers
and vary widely. As the name indicates, microcontrollers are designed for control
applications. A microcontroller has a central processing unit (CPU) that executes
programs stored in a read-only memory (ROM), a random-access memory (RAM)
for data storage, and input and output devices for communication with the outside
world. Typically, a microcontroller has a smaller instruction set than a comparable
microcomputer, but it may have certain additional functional blocks. The number
of data and instruction bits (8, 12, 16, 24, 32, or 64), as well as the memory size,
depends on the complexity of required tasks. Microcontrollers are low-power devices,
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often ruggedized in some way to withstand harsh operating conditions such as high
temperatures or vibration.

In power electronic systems, the so-called DSP controllers are often employed.
Similar to microcontrollers, in addition to the basic components, they have special-
ized functional blocks, such as A/D and D/A converters, embedded timers, or gen-
erators of PWM switching signals. Modern microcontrollers and DSPs can be quite
complex due to the tendency to increase their speed and functionality by placing
more memory and peripheral circuitry on a single chip. The differences between
DSPs and microcontrollers are more functional than structural, as both have the
data processing units, memories, and input/output circuitry. However, CPUs of DSPs
are capable of extremely fast execution of a small set of simple instructions. The
most advanced DSPs utilize the floating point arithmetic and can be programmed
with higher level languages instead of the cumbersome assembly language. Hard-
ware multipliers and shift registers dramatically reduce the number of steps required
to perform such algebraic operations as multiplication, division, or square root
calculation.

FPGAs are programmable digital logic chips, which contain thousands of small
logic blocks with flip-flops (memory elements) and programmable interconnects.
After defining and compiling the logic function to be implemented, it can be down-
loaded in the form of a binary file into the FPGA. If another logic function is
needed, the FPGA can easily be re-programmed. Thus, an FPGA can be considered
a virtual breadboard, which requires no component changes and re-soldering, and
which greatly facilitates fast prototyping. In general, FPGAs are somewhat inferior
to application-specific integrated circuits (ASICs), but they are less expensive and
more convenient to use.

As an example of a digital control system, a block diagram of an adjustable-speed
ac drive governed by a digital control system based on a DSP controller is illustrated
in Figure 3.25. The adjustable-frequency and -magnitude currents for the three-phase
ac motor are produced by an inverter, whose three phases are independently controlled
by current regulators, CRA through CRC. Each current regulator receives a reference
signal from the controller, compares it with the signal obtained from current sensors,
and generates appropriate switching signals for the inverter. The control system reacts
to the speed control signal from a speed sensor. Most signals are digital, so if the
inexpensive analog current sensors are employed, analog-to-digital (A/D) converters
must be used.

As an alternative, the currents could be measured by digital sensors, with the cur-
rent control incorporated in the operating algorithm of the DSP controller. In that
case, the input signals to the controller would include those from the current sensors.
If the drive system in question is a part of a larger process, the reference speed signal
can come from another, hierarchically superior controller.

Concluding this brief overview of converter control systems, the growing tendency
to integrate semiconductor power switches and control circuits in a common package
has led to the so-called integrated assemblies (IA). They represent an extension of the
intelligent power modules, already mentioned in Section 2.6. An IA, for example, can
include a three-phase high-power inverter bridge, the dc-link capacitor bank, optically
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Figure 3.25 Block diagram of an adjustable-speed ac drive: (A) = analog, (D) = digital.

isolated drivers with their power supplies, fault monitoring and protection circuits,
current sensors, and simple user interface for an external controller.

SUMMARY

A complete power electronic converter includes a number of supplementary compo-
nents and systems, most of them not shown in the typical power circuit diagrams. On
command from the control system, drivers generate switching voltages and currents
for gates/bases of converter switches. Overcurrent protection schemes, based on fast-
melting fuses or dedicated circuitry, safeguard the switches from damage caused by
short circuits in the converter or load. Snubbers relieve transient voltage and current
stresses on switches at turn-on and turn-off and reduce switching losses.

Power filters, based on inductors and capacitors, are placed at the input and output
terminals of converters to improve the quality of power drawn from the power system
or supplied to the load. Intermediate filters provide a match between two converters
in a cascade arrangement. EMI filters are placed on the supply side of fast-switching
converters to reduce the conducted electromagnetic noise. Cooling systems remove
heat from switches to protect them from excessive temperatures.

Overall operation of a power electronic converter is governed by a control system.
Today’s control systems are based on microcontrollers, DSP controllers, and FPGAs,
all of which are capable of implementing sophisticated control algorithms. Modern
power electronic converters are complex engineering systems, which combine effi-
cient energy conversion with advanced information processing. Team effort of engi-
neers of various specialties is required for successful design of those high-quality
apparatus.
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4 AC-to-DC Converters

In this chapter: three-phase ac-to-dc converters are introduced, beginning with the
uncontrolled, diode-based rectifiers and progressing to phase-controlled rectifiers,
dual converters, and pulse width modulation (PWM) rectifiers, circuit topologies,
control principles, and operating characteristics are presented; device selection for
ac-to-dc converters is explained; and typical applications of rectifiers are described.

4.1 DIODE RECTIFIERS

Single-phase diode rectifiers have already been expounded in Chapter 1. Widely
employed in low-power electronic circuits, they are not feasible for ac-to-dc con-
version at the medium- and high-power levels. The output voltage of those rectifiers
is of poor quality due to the low dc component and high ripple factor. Therefore, the
realm of medium- and high-power electronics is dominated by three-phase, six-pulse
rectifiers. For completeness, a three-pulse diode rectifier, although impractical, will
briefly be discussed first.

4.1.1 Three-Pulse Diode Rectifier

The circuit diagram of a three-pulse (three-phase, half-wave) diode rectifier is shown
in Figure 4.1. Supplied from a three-phase, four-wire ac power line, the rectifier con-
sists of three power diodes, DA through DC. The load is connected between the
common-cathode node of the diode set and the neutral, N, of the supply line.

It can be shown that at a given instant only the diode that is supplied with the
highest line-to-neutral voltage is conducting the output current, io. A situation when
the highest voltage is that of phase B is illustrated in Figure 4.2. As vBN > vAN and
vBN > vCN, then it is diode DB that is conducting, while diodes DA and DC are reverse
biased by line-to-line voltages vBA and vBC, respectively.

Each of the three line-to-neutral voltages is higher than the other two for one-third
of the cycle of input voltage. Consequently, in the continuous conduction mode, each
diode conducts the current within a 120◦-wide angle interval. Voltage and current
waveforms of the three-pulse rectifier with a resistive load (R-load) are shown in Fig-
ure 4.3. The waveform pattern of the output voltage is repeated every 120◦ (2𝜋/3 rad).

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/modernpowerelectronics3e
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LOAD

SUPPLY LINE
A

B

C

N

DA

iA iB iC io

voDB DC

Figure 4.1 Three-pulse diode rectifier.

As in all considerations concerning electronic converters, idealized, lossless semicon-
ductor devices are assumed, so that the voltage drops across conducting switches are
neglected. Since for 0 ≤ 𝜔t ≤ 2𝜋∕3,

vo = vAN = VLN,p sin
(
𝜔t + 𝜋

6

)
, (4.1)

A

B

C

N

vBA vBC vo = vBN

io = iBiB

DB

Figure 4.2 Example current path and voltage distribution in a three-pulse diode rectifier.
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υo

υCN υAN υBN

π 2π
0

–VLN, p

VLN, p

ωt

io

Figure 4.3 Waveforms of output voltage and current in a three-pulse diode rectifier (R-load).

where VLN,p is the peak value of the supply line-to-neutral voltage, then the dc com-
ponent, Vo,dc(C), of the output voltage is

Vo,dc(C) = 1
2
3
𝜋

2
3
𝜋

∫
0

VLN,p sin
(
𝜔t + 𝜋

6

)
d𝜔t = 3

2𝜋
VLN,p

[
cos
(
𝜔t + 𝜋

6

)]0

2
3
𝜋

=
3
√

3
2𝜋

VLN,p ≈ 0.827VLN,p. (4.2)

The “(C)” subscript indicates the continuous conduction mode.
The output current with a large dc component flows through the neutral wire. How-

ever, a dc component equal to one-third of the dc-output currents appears also in cur-
rents drawn from wires A, B, and C. This property disqualifies the three-pulse rectifier
from practical applications. In a power system supplying the rectifier, the dc current
would cause saturation of transformer cores, resulting in distortion of voltage wave-
forms in the system. Another potential trouble stems from the fact that all components
of the power system are designed for ac sinusoidal currents of a specific frequency
(60 Hz in the USA). The waveform of the phase-A line current, iA, is shown in Fig-
ure 4.4. Clearly, it is completely different from a sinewave. Such currents drawn by
the rectifier would disturb the operation of protection systems.

4.1.2 Six-Pulse Diode Rectifier

The six-pulse (three-phase, full-wave) diode rectifier, depicted in Figure 4.5 with an
RLE load, is the most commonly used ac-to-dc power converter producing a fixed dc
voltage. The power circuit of the rectifier consists of six power diodes in a three-phase
bridge configuration. Diodes DA, DB, and DC form the common-cathode group, and
diodes DA′, DB′, and DC′ constitute the common-anode group. At any instant, only
one pair of diodes conducts the current, one in the common-cathode group and one in
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iA

0
π π 2π

ωt
2
3

Figure 4.4 Waveform of input current in a three-pulse diode rectifier (R-load).

the common-anode group, the two diodes belonging to different phases of the bridge.
Consequently, six combinations of conducting diodes are possible, each pair being
active for one-sixth of the cycle of the supply voltage, that is, for a 60◦-wide angle
interval.

The conducting diode pair is that supplied with the highest line-to-line voltage.
This is illustrated in Figure 4.6 for voltage vAC being higher than the remaining five
line-to-line voltages, vAB, vBC, vBA, vCA, and vCB. Note that six line-to-line voltages
are distinguished here as, for instance, vAB is considered separately from vBA. Diodes
DA and DB′ form a path for the output current. The other four diodes are subjected
to voltages vAC (diode DC), vCB (diode DC′), and vAB (diodes DA′ and DB). The
phasor diagram of the ac voltages is shown in Figure 4.7 at the instant when voltage

A

B

C

L

E

R

DA′ DB′ DC′

iA iB iC

io

vo

DA DB DC

Figure 4.5 Six-pulse diode rectifier.
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vAC
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vo = vAB

vB

vAB

vAB

io

B

DB′

DA

Figure 4.6 Example current path and voltage distribution in a six-pulse diode rectifier.
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Figure 4.7 Phasor diagram of voltages in a three-phase ac line and the maximum-voltage
area.
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vAB (the real part of phasor V̂AB) is higher than the other line-to-line voltages, that is,
when phasor V̂AB is located in the shaded 60◦-wide sector of the complex plane.

It can be seen that voltages vAC, vCB, and vAB are positive (the respective phasors
have positive real parts), imposing the reverse bias on the nonconducting diodes. The
phasor diagram also allows determination of the sequence of conducting diode pairs,
which is DA and DB′, DA and DC′, DB and DC′, DB and DA′, DC and DA′, DC and
DB′, and so on. Thus, each diode conducts the current for one-third of the cycle of
supply voltage. The process of a diode taking over conduction of current from another
diode is called natural commutation.

Output Voltage and Current. Under most operating conditions, the output current
is continuous, as illustrated in Figure 4.8. The output voltage within the 0 to 𝜋/3
interval equals to the line-to-line voltage vAB is given by

vAB = VLL,p sin
(
𝜔t + 𝜋

3

)
, (4.3)

where VLL,p denotes the peak value of the supply line-to-line voltage. The output volt-
age waveform repeats itself every 𝜋/3 radians, so the average output voltage, Vo,dc(C),
can be found as

Vo,dc(C) =
1
𝜋

3

𝜋

3

∫
0

VLL,p sin
(
𝜔t + 𝜋

3

)
d𝜔t = 3

𝜋
VLL,p

[
cos
(
𝜔t + 𝜋

3

)]0

𝜋

3

= 3
𝜋

VLL,p ≈ 0.955VLL,p. (4.4)

The output voltage is not only of higher quality than that of the three-pulse rectifier,
but it also has a much bigger dc component. Since those are the line-to-line voltages
that are rectified here, a dc-output voltage is twice as high as that of a three-pulse
rectifier supplied from the line-to-neutral voltages.

υo

υBA υCA υCB υAB υAC υBC

π 2π
0

–VLL, p

VLL, p

ωt

io

Figure 4.8 Waveforms of output voltage and current in a six-pulse diode rectifier in the con-
tinuous conduction mode (RLE load).
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Figure 4.9 Twelve-pulse diode rectifier.

A general formula for a p-pulse uncontrolled (diode) rectifier in the continuous
conduction mode is

Vo,dc(unc) =
p

𝜋
Vi,p sin

(
𝜋

p

)
, p = 2, 3,… (4.5)

The integer value of p is not limited to 2, 3, or 6. Indeed, both the half-wave and
full-wave rectifier topologies described can be expanded by increasing the number of
phases of the ac supply source and the corresponding number of diode pairs. As an
example, a full-wave, twelve-pulse rectifier is shown in Figure 4.9. The six-phase sup-
ply is obtained from a three-phase line using a transformer with six secondary wind-
ings. Clearly, if p increases, the dc-output voltage approaches the peak line-to-line
input voltage and the voltage ripple factor approaches zero. Such “super rectifiers”
can mostly be found in electrochemical plants, but otherwise the field of ac-to-dc
power conversion is dominated by six-pulse bridge rectifiers because of the common
availability of the three-phase electrical power.

Equation of the output current waveform, io(C)(𝜔t), in the continuous conduction
mode for the first cycle of this current, that is, for the 0 to 𝜋/3 interval of 𝜔t, can
be derived using the method explained in Chapter 1. For generality, an RLE load is
considered. The circuit equation is

VAB = L
dio
dt

+ Rio + E, (4.6)

where L, R, and E denote the load inductance, resistance, and EMF, respectively. The
forced component, io(F)(𝜔t), generated by voltage vAB given by Eq. (4.3) is

io(F) (𝜔t) =
VLL,p

Z
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− E

R
, (4.7)
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where Z is the load impedance, equals to

Z =
√

R2 + (𝜔L)2 , (4.8)

and 𝜑 denotes the load angle, given by

𝜑 = tan−1
(
𝜔L
R

)
= cos−1

(R
Z

)
. (4.9)

Since

E
R

=
VLL,p

Z
E

VLL,p

Z
R

=
VLL,p

Z
𝜀

cos (𝜑)
, (4.10)

where 𝜀 ≡ E∕VLL,p is a load EMF coefficient, Eq. (4.7) can be rewritten as

io(F) (𝜔t) =
VLL,p

Z

[
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)

]
. (4.11)

The natural component, io(N)(𝜔t), specific for a resistive-inductive load, is

io(N) (𝜔t) = A(C)e
− R

L
t = A(C)e

− R
𝜔L
𝜔t = A(C)e

− 𝜔t
tan(𝜑) , (4.12)

where A(C) is a constant to be determined from the initial and final conditions. Con-
sequently,

io(C)(𝜔t) = io(F)(𝜔t) + io(N)(𝜔t)

=
VLL,p

Z

[
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− 𝜀

cos(𝜑)

]
+ A(C)e

− 𝜔t
tan(𝜑) . (4.13)

To find A(C), advantage can be taken from the fact that the initial value of the
current, at 𝜔t = 0, equals the final value, at 𝜋∕3. Thus,

io(C) (0) =
VLL,p

Z

[
sin
(
𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)

]
+ A(C) (4.14)

equals

io(C)

(
𝜋

3

)
=

VLL,p

Z

[
sin
(2𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)

]
+ A(C)e

− 𝜋

3 tan(𝜑) . (4.15)
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Comparing the right-hand sides of Eqs. (4.14) and (4.15) yields

A(C) =
VLL,p

Z
sin (𝜑)

1 − e
− 𝜋

3 tan(𝜑)

, (4.16)

which, when substituted in Eq. (4.13), gives

io(C) (𝜔t) =
VLL,p

Z

[
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)
+ sin (𝜑)

1 − e
− 𝜋

3 tan(𝜑)

e
− 𝜔t

tan(𝜑)

]
. (4.17)

The discontinuous conduction occurs when the load EMF, E, exceeds the low-
est instantaneous value of output voltage, vo. Diodes of the rectifier become reverse
biased and the load current cannot pass through them. Consequently, until the input
voltage increases above E and the currents starts flowing, vo = E. The lowest out-
put voltage occurs at 𝜔t = 0 (see Figure 4.8) and, according to Eq. (4.3), equals

(
√

3∕2)VLL,p. Therefore, the discontinuous conduction mode of operation of the rec-

tifier may only happen when 𝜀 >
√

3∕2.
This conclusion can be confirmed analytically. At the borderline between the con-

tinuous and discontinuous conduction modes, the minimal value of the output current,
occurring at the ends of the considered zero to 𝜋/3 interval of 𝜔t reaches zero. Con-
sequently, if the current is to be continuous, it must be greater than zero at 𝜔t = 0
which, according to Eq. (4.17), is tantamount to the condition

sin
(
𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)
+ sin (𝜑)

1 − e
− 𝜋

3 tan(𝜑)

> 0, (4.18)

that is,

𝜀 <

[
sin
(
𝜋

3
− 𝜑
)
+ sin (𝜑)

1 − e
− 𝜋

3 tan(𝜑)

]
cos (𝜑) . (4.19)

The last relation is illustrated in Figure 4.10. Indeed, the minimum value of the load

EMF coefficient, 𝜀, for the discontinuous conduction is seen to be
√

3∕2 ≈ 0.866.
Above 𝜀 = 0.955, no conduction is possible because of the permanent reverse bias of
the diodes by the load EMF.

Derivation of the expression for the discontinuous output current waveform,
io(D)(𝜔t), proceeds similarly to that for the continuous current. The current starts
flowing when the waveform of input voltage crosses over the level of load EMF,
that is, at

𝜔t = sin−1 (𝜀) − 𝜋

3
= 𝛼c. (4.20)
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Figure 4.10 Conduction mode areas of the six-pulse diode rectifier.

Angle 𝛼c will subsequently be referred to as a crossover angle. The general equa-
tion for the current waveform, similar to Eq. (4.13), is

io(D) (𝜔t) =
VLL,p

Z

[
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)

]
+ A(D)e

− 𝜔t
tan(𝜑) . (4.21)

Constant A(D) can be found from the initial condition

io(D)

(
𝛼c

)
= 0, (4.22)

which yields

A(D) = −
VLL,p

Z

[
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)

]
e
− 𝜔t

tan(𝜑) . (4.23)

This, when substituted in Eq. (4.21), gives

io(D)(𝜔t) =
VLL,p

Z

{
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− 𝜀

cos(𝜑)

−
[

sin
(
𝛼c +

𝜋

3
− 𝜑
)
− 𝜀

cos(𝜑)

]
e
−𝜔t−𝛼c

tan(𝜑)

}
. (4.24)

Output voltage and current waveforms in an example case of discontinuous con-
duction are shown in Figure 4.11. A current pulse begins at the crossover angle, 𝛼c,
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Figure 4.11 Waveforms of output voltage and current in a six-pulse diode rectifier in the
discontinuous conduction mode (RLE load).

and ends at the extinction angle, 𝛼e. The length, 𝛽, of the pulse in the angle domain,
called a conduction angle, is given by

𝛽 = 𝛼e − 𝛼c. (4.25)

The extinction angle, which depends on the load EMF coefficient, 𝜀, and load
angle, 𝜑, can best be calculated using a “brute force” approach, that is, computing
the output current according to Eq. (4.24) for sequential values of𝜔t, starting at 𝛼c and
proceeding until the current crosses zero in the negative direction. Clearly, this is only
valid when the conditions for discontinuous conduction are satisfied (see diagram in
Figure 4.10).

All the equations derived for the RLE load can easily be adapted for simpler loads
by substituting𝜑 = 0 for an RE load, 𝜀 = 0 for an RL load, and𝜑 = 0 and 𝜀 = 0 for an
R load. An RE load, for example, may represent a battery, RL load an electromagnet,
and R load an electrochemical process. The RLE load is usually employed to model
a dc motor.

The dc component, Vo,dc(D), of output voltage in the discontinuous conduction
mode of operation of the rectifier can be found by averaging the output voltage wave-
form, vo (𝜔t) . As

vo (𝜔t) =
{

vAB (𝜔t) for 𝛼c < 𝜔t < 𝛼e
E otherwise

}
, (4.26)

then

Vo,dc(D) =
1
𝜋

3

[
𝛼c

∫
0

Ed𝜔t +
𝛼e

∫
𝛼c

VLL,p sin
(
𝜔t + 𝜋

3

)
d𝜔t +

𝜋

3

∫
𝛼e

Ed𝜔t

]
= 3
𝜋

VLL,p

[
2 sin

(
𝛼c +

𝛽

2
+ 𝜋

3

)
sin

(
𝛽

2

)
+ 𝜀
(
𝜋

3
− 𝛽
)]
. (4.27)
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As seen in Figure 4.11, the complex expression for Vo,dc(D) notwithstanding, the
dc-output voltage of the rectifier is approximately equal to the peak value of the sup-
ply line-to-line voltage. In both conduction modes, the average output current, Io,dc,
is given by the simple expression

Io,dc =
Vo,dc − E

R
, (4.28)

because no dc voltage can appear across the load inductance.
The superiority of the continuous conduction mode over the discontinuous con-

duction mode is evident. The average output voltage does not depend on the load, and
the ripple factors of output voltage and current are low. Also, a continuous current
drawn by the rectifier from the ac supply system is of higher quality with respect to
both the harmonic content and the input power factor than a discontinuous one.

Input Current and Power Factor. Limiting the subsequent considerations to the
continuous conduction mode, and assuming ideal output current, io = Io,dc, the phase-
A line current, iA, is given by

iA =
⎧⎪⎨⎪⎩

Io,dc for 0 < 𝜔t < 2
3
𝜋

−Io,dc for 𝜋 < 𝜔t < 5
3
𝜋

0 otherwise

(4.29)

as depicted in Figure 4.12, which also shows the fundamental line current, iA,1. The
rms value, IA, of iA is

IA =

√√√√√ 1
2𝜋

⎡⎢⎢⎣
2
3
𝜋

∫
0

I2
o,dcd𝜔t +

5
3
𝜋

∫
𝜋

I2
o,dcd𝜔t+

⎤⎥⎥⎦ =
√

2
3

Io,dc = 0.82 Io,dc, (4.30)

π 2π
0

–Io, dc

Io, dc

iA, 1 iA

ωt

π2
3

π5
3

Figure 4.12 Waveform of input current in a six-pulse diode rectifier (assuming ideal dc-
output current).
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while the rms fundamental current, IA,1, can be calculated as

IA,1 = 1√
2

√
I2
A,1c + I2

A,1s, (4.31)

where

IA,1c =
1
𝜋

⎡⎢⎢⎣
2
3
𝜋

∫
0

Io,dc cos (𝜔t) d𝜔t +
5
3
𝜋

∫
𝜋

−Io,dc cos (𝜔t) d𝜔t
⎤⎥⎥⎦ = 3

𝜋
Io,dc (4.32)

and

IA,1s =
1
𝜋

⎡⎢⎢⎣
2
3
𝜋

∫
0

Io,dc sin (𝜔t) d𝜔t +
5
3
𝜋

∫
𝜋

−Io,dc sin (𝜔t) d𝜔t
⎤⎥⎥⎦ =

√
3

𝜋
Io,dc. (4.33)

Thus,

IA,1 = 1√
2

√√√√√( 3
𝜋

Io,dc

)2
+

(√
3
𝜋

Io,dc

)2

=
√

6
𝜋

Io,dc ≈ 0.78 Io,dc. (4.34)

The harmonic content, IA,h, of the line current is

IA,h =
√

I2
A − I2

A,1 =

√√√√√(√2
3

Io,dc

)2

−

(√
6
𝜋

Io,dc

)2

=
√

2
3
− 6
𝜋2

Io,dc ≈ 0.24 Io,dc, (4.35)

and the total harmonic distortion, THD, is

THD =
IA,h

IA,1
=

√
2
3
− 6

𝜋2 Io,dc√
6
𝜋

Io,dc

=
√
𝜋2

9
− 1 ≈ 0.31, (4.36)

which is quite high, even though the rectifier operates in the continuous conduction
mode. Recall the less-than-5% desired value of THD mentioned in Chapter 1.

Both the conversion efficiency, 𝜂c, and the input power factor, PF, of a six-pulse
diode rectifier in the continuous conduction mode are high. Here, because of the
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assumed ideal dc-output current, the conversion efficiency is 100%. The power factor,
determined as

PF =
Pi

Si
=

Po

Si
=

Vo,dcIo,dc√
3VLLIL

=
3
𝜋

VLL,pIo,dc√
3

VLL,p√
2

√
2
3
Io,dc

= 3
𝜋

≈ 0.955 (4.37)

is also close to unity. Comparing Figures 4.11 and 4.12, it can be seen that the fun-
damental input current, iA,1, lags line-to-line voltage vAB by 30◦, that is, according
to Figure 4.7, it is in phase with line-to-neutral voltage vAN. If current iA were sinu-
soidal, this zero-phase shift would result in a unity input power factor.

All the figures of merit deteriorate dramatically in the discontinuous conduction
mode due to the significant ac component in the output current. For better understand-
ing of power relationships in the rectifier, the rms value, IA,1, of fundamental line cur-
rent will now be determined from the power balance instead from the Fourier-series
expressions leading to Eq. (4.34). Assuming a balanced set of the input voltages, all
three phases of the ac supply source contribute the same amount of input real power,
equal to a third of the output power. Hence,

VANIA,1 = 1
3

Vo,dcIo,dc, (4.38)

where VAN denotes the rms value of line-to-neutral voltage vAN. As VAN =
VLL,p∕

√
6, and, according to Eq. (4.4), Vo,dc = 3VLL,p∕𝜋, then

IA,1 =
Vo,dcIo,dc

3VAN
=

3
𝜋

VLL,pIo,dc

3
VLL,p√

6

=
√

6
𝜋

Io,dc, (4.39)

which confirms the result of Eq. (4.34).
The nonsinusoidal, quasi-square wave line currents drawn from the power system

(grid) are rich in low-order harmonics, as illustrated in Figure 4.13, which shows the
spectrum of current in Figure 4.12. Harmonic amplitudes are expressed in the per-unit
format, the dc-output current, Io,dc, taken as the base current. The harmonic currents
have many adverse effects on the supply system. In particular, they produce extra
losses in electric machines, transformers, and capacitors, interfere with communica-
tion systems, and may cause metering errors, malfunctions of control systems, and
excitation of resonances with capacitor banks in the system. The increasingly strin-
gent standards of power quality in power systems enforce use of input filters (line
filters) to reduce the harmonic currents.

It must be pointed out that currents drawn by three-phase rectifiers are free from
triple harmonics, that is, those with harmonic numbers being multiples of three. This
property can, for example, be discerned in the spectrum in Figure 4.13. The sum of
line currents iA, iB, and iC is zero at all instants of time because of the lack of the

www.EngineeringBooksPdf.com



DIODE RECTIFIERS 129

10

1

0.1

0.01A
M

P
LI

T
U

D
E

 (
pu

)

0.001

0 20 40 60 80 100

HARMONIC NUMBER

Figure 4.13 Harmonic spectrum of input current in a six-pulse diode rectifier (assuming ideal
dc-output current).

fourth (neutral) wire. Since the fundamentals of these currents differ from each other
by the 120◦ phase shift, then the corresponding phase shift for any triple harmonic
would be a multiple of 360◦. It means that if these harmonic currents were present,
they would all be in phase and their sum would not be zero, which would contradict
the Kirchhoff Current Law. The currents in question are also void of even harmonics
because of the half-wave symmetry of the waveforms. Therefore, the most prominent
harmonics present are the 5th, 7th, 11th, and 13th.

A filter for preventing currents of frequency k𝜔 from propagating in the system
consists of three inductors and capacitors connected between the three wires of the
supply line. The line-to-line inductance and capacitance are denoted by Lf and Cf,
respectively. Assuming lossless filter components, if

LfCf =
1

(k𝜔)2
, (4.40)

then the impedance of the filter for the kth harmonic current is zero and the cur-
rent is shunted from the power system. A typical practical input filter, also called a
harmonic trap, is shown in Figure 4.14. It is composed of two resonant LC filters des-
ignated Filter 1 and Filter 2, for the fifth and seventh harmonics, respectively, and a
damped resonant Filter 3 that presents a low impedance over a wide frequency band,
with the minimum around 12𝜔. The reactors and capacitors of each filter are con-
nected in a way that maximizes their utilization. Specifically, in each filter the circuit
between each two wires of the three-phase line constitutes a series connection of two
inductors and one capacitor shunted by two capacitors in series. Consequently, each
inductor needs to have the inductance of only half of the required resonant induc-
tance, Lf, and each capacitor must have the capacitance of two-thirds of the resonant
capacitance Cf.
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Figure 4.14 Input filter (harmonic trap) for a three-phase rectifier.

4.2 PHASE-CONTROLLED RECTIFIERS

Phase-controlled rectifiers, which allow adjustment of the average output voltage,
Vo,dc, have the same topologies as diode rectifiers, with the diodes replaced with
SCRs. The dc component of the output voltage is adjustable, with the maximum avail-
able value equal to that of the corresponding diode rectifier and given by Eq. (4.5).

Most practical controlled rectifiers are of the three-phase, six-pulse type. As semi-
controlled switches, the SCRs are impractical for PWM, but they are perfectly suited
for phase control. If a forward-biased SCR is fired, it starts conducting a current.
Depending on the conduction mode, the SCR ceases to conduct when either the cur-
rent drops to zero or it is taken over by another SCR. The more the firing instant is
delayed with respect to the instant when the SCR became forward biased, the lower
average output voltage is obtained.

With the load EMF, E, of negative polarity, a negative dc-output voltage can be
produced. The output current cannot be negative because of the unidirectionality of
semiconductor switches. Thus, such a situation represents a negative power flow, from
the load EMF to the ac supply source. The voltage reversal property, characteristic for
controlled rectifiers only, can be augmented by a current reversal feature using two
rectifiers in the antiparallel configuration. Such dual converters, capable of producing
positive and negative dc-output voltage and current, are particularly useful in control
of dc motors.

4.2.1 Phase-Controlled Six-Pulse Rectifier

The power circuit of a phase-controlled six-pulse rectifier based on SCRs is shown
in Figure 4.15. SCRs are often called thyristors, hence the SCRs of the rectifier in
question are designated TA through TC′. The switching sequence of the SCR pairs is
the same as that in the diode rectifier described in Section 4.1.2. However, the turn-on
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Figure 4.15 Phase-controlled six-pulse rectifier.

of an SCR can be delayed with respect to the natural commutation instant, provided
that the SCR is forward biased. As already explained in Section 1.4, that delay in the
angle domain is called a firing angle and denoted by 𝛼f .

In the presented considerations, these are SCRs TA and TB′ that are turned first,
that is, when 0 ≤ 𝜔t < 𝜋∕3. Therefore, the firing angle for these SCRs is measured
from 𝜔t = 0, with the SCRs in question being fired at 𝛼f . Other SCR pairs are fired
with appropriate delays that are multiples of 60◦. Hence, for instance, SCRs TA and
TC′ are fired next, at 𝜔t = 𝛼f + 𝜋∕3.

Output Voltage and Current. The full sequence of firing pulses is shown in Fig-
ure 4.16 for 𝛼f = 45◦. The corresponding output voltage and current waveforms of

TA

TB

TC

TA'

TB'

TC'

πα f 2π
ωt

Figure 4.16 Firing pulses in a phase-controlled six-pulse rectifier.
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Figure 4.17 Waveforms of output voltage and current in a phase-controlled six-pulse rectifier
in the continuous conduction mode (𝛼f = 45◦, RLE load).

the rectifier in the continuous conduction mode are illustrated in Figure 4.17. It can
be seen that delaying the firing of SCRs has resulted in the reduction of the average
output voltage as compared with that of a diode rectifier. The dc-output voltage is
given by

Vo,dc(C) =
1
𝜋

3

𝛼f+
𝜋

3

∫
𝛼f

VLL,p sin
(
𝜔t + 𝜋

3

)
d𝜔t = 3

𝜋
VLL,p cos(𝛼f). (4.41)

Equation (4.41) constitutes a special case of a general formula for the dc-output
voltage, Vo,dc(cntr), of all multi-pulse (p > 1) controlled rectifiers in the continuous
conduction mode, which is

Vo,dc(cntr) = Vo,dc(unc) cos(𝛼f ), (4.42)

where Vo,dc(unc) is the dc-output voltage of the corresponding diode rectifier, given by
Eq. (4.5).

The voltage control characteristic expressed by Eq. (4.41) is shown in Figure 4.18.
As mentioned before, the dc-output voltage can be negative, that is, the power can
flow from the load EMF to the ac supply source. For a rectifier to operate in this so-
called inverter mode, two conditions must be met: (1) a negative load EMF and (2)
the firing angle greater than 90◦. Then, as illustrated in Figure 4.19, it is the load EMF
that delivers the power, with the load current having the same polarity as the EMF.
Example waveforms of the output voltage and current in the inverter mode, with 𝛼f =
105◦, are shown in Figure 4.20.

It must be stressed that because of the load EMF affecting the bias of the SCRs,
not all values of the firing angle are feasible. Considering, for instance, SCRs TA and
TB′, which apply voltage vAB to the output terminals of the rectifier, it is obvious
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Figure 4.18 Control characteristic of a phase-controlled six-pulse rectifier in the continuous
conduction mode.

that they cannot be fired when the load EMF, E, is equal to or greater than vAB, that
is, when 𝛼f ≤ 𝛼c or 𝛼f ≥ 𝜋∕3 − 𝛼c. Therefore, based on Eq. (4.20), feasible values of
the firing angle are those that satisfy the condition

sin−1(𝜀) − 1
3
𝜋 < 𝛼f <

2
3
𝜋 − sin−1 (𝜀) , (4.43)

which is illustrated in Figure 4.21.

A B C

R

E

LVo,dc

io

Figure 4.19 Rectifier in the inverter mode (𝛼f > 90◦).
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Figure 4.20 Waveforms of output voltage and current in a phase-controlled six-pulse rectifier
in the continuous conduction mode (𝛼f = 105◦).

An equation for the continuous output current, io(C)(𝜔t), within the 0-to-𝜋∕3 inter-
val can be derived similarly to that for the diode rectifier, the only difference being that
io(C)

(
𝛼f
)
= io(C)

(
𝛼f + 𝜋∕3

)
, instead of io(C) (0) = io(C) (𝜋∕3). The current waveform

is given by

io(C) (𝜔t) =
VLL,p

Z

[
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)
+

sin(𝜑 − 𝛼f)

1 − e
− 𝜋

3 tan(𝜑)

e
−𝜔t−𝛼f

tan(𝜑)

]
, (4.44)
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Figure 4.21 Area of feasible firing angles.
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Figure 4.22 Conduction mode areas of a phase-controlled six-pulse rectifier.

and the condition for the continuous conduction is io(C)

(
𝛼f

)
> 0. By virtue of

Eq. (4.44), this condition can be expressed as

𝜀 <

[
sin
(
𝛼f +

𝜋

3
− 𝜑
)
+

sin(𝜑 − 𝛼f )

1 − e
− 𝜋

3 tan(𝜑)

]
cos (𝜑) . (4.45)

The relation above is illustrated in Figure 4.22. Clearly, the diagram in Figure 4.10
for the diode rectifier represents the 𝛼f = 0 case. Analogously, if a zero is substituted
for 𝛼f in Eqs. (4.44) and (4.45), the corresponding formulas (4.17) and (4.19) for the
uncontrolled rectifier are obtained.

In the discontinuous conduction mode, a pulse of the output current begins at𝜔t =
𝛼f , similarly to the start of current flow at 𝜔t = 𝛼c in the diode rectifier. Therefore,
expressions for the current waveform, io(D) (𝜔t), and average output voltage, Vo,dc(D),
can be found directly from Eqs. (4.24) and (4.27) by substituting 𝛼f for 𝛼c. This yields

io(D)(𝜔t) =
VLL,p

Z

{
sin
(
𝜔t + 𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)

−
[

sin
(
𝛼f +

𝜋

3
− 𝜑
)
− 𝜀

cos (𝜑)

]
e
−𝜔t−𝛼f

tan(𝜑)

}
(4.46)

and

Vo,dc(D) =
3
𝜋

VLL,p

[
2 sin

(
𝛼f +

𝛽

2
+ 𝜋

3

)
sin

(
𝛽

2

)
+ 𝜀
(
𝜋

3
− 𝛽
)]

, (4.47)
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where the conduction angle, 𝛽, is

𝛽 = 𝛼c − 𝛼f . (4.48)

Note that in the continuous conduction mode, 𝛽 = 𝜋∕3, which when substituted in
Eq. (4.47) yields Eq. (4.41). The discontinuous conduction mode with a positive and
negative output voltage is illustrated in Figure 4.23.

Input Current and Power Factor. The waveform of the input, line current, iA, and
its fundamental, iA,1, in the continuous conduction mode of the rectifier are shown
in Figure 4.24. As before, an ideal dc-output current is assumed. The waveforms

υo
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υBA υCA υCB υAB υAC υBC

π

π

fα eα

β

2π
0

(a)

(b)

E

ωt

2π
ωt

io

υBA υCA υCB υAB υAC υBC

0

E

io

fα eα

β

Figure 4.23 Waveforms of output voltage and current in a phase-controlled six-pulse rectifier
in the discontinuous conduction mode: (a) rectifier operation (𝛼f = 45◦), (b) inverter operation
(𝛼f = 135◦).
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Figure 4.24 Waveform of input current in a phase-controlled six-pulse rectifier (ideal dc-
output current).

are similar to those in a diode rectifier (see Figure 4.12), but with one important
difference, which is a phase shift equals to the firing angle. This shift results in a
reduced input power factor. Indeed, replacing Vo,dc in Eq. (4.37) with Vo,dc cos

(
𝛼f

)
,

the power factor of the controlled rectifier is found to be

PF =
Vo,dc

VLL,p
= 3
𝜋

cos(𝛼f) ≈ 0.95 cos(𝛼f ). (4.49)

To improve the power factor and shunt the harmonic currents from the power sys-
tem, input filters such as those in Figure 4.14 are recommended.

Impact of Source Inductance. For simplicity, an ideal ac source was assumed in
the considerations presented. In reality, the power system feeding a rectifier intro-
duces certain amount of resistance and inductance on the supply side. These are
mainly resistances and inductances of the system transformers and power lines. In
fact, from the utilities point of view, the source inductance is desirable as it reduces
the high-frequency current harmonics and increases the short-circuit impedance.

For the analysis of a six-pulse phase-controlled rectifier supplied through an induc-
tance, it is convenient to employ the network shown in Figure 4.25. The actual full-
wave bridge topology of the rectifier has been replaced here with an equivalent six-
pulse half-wave configuration, with the actual line-to-line voltages appearing as phase
voltages. The total source resistance and inductance in each path of the actual supply
current are represented by lumped parameters Rs and Ls, respectively.

The input current produces a voltage drop across the source resistance, which
reduces the output voltage of the rectifier. In practice, this effect is insignificant and
comparable with the usually negligible impact of voltage drops across the conducting
power switches. Therefore, in the subsequent considerations, a zero source resistance
will be assumed. However, the source inductance, which prevents rapid changes of
the supply currents when one SCR ceases to conduct and another SCR takes over
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Figure 4.25 Equivalent circuit of a phase-controlled six-pulse rectifier supplied from a prac-
tical dc voltage source.

the conduction of the output current, strongly affects the operation of a rectifier. This
process is called line-supported commutation, which is initiated by firing an SCR and
results in a turnoff of another SCR. This type of commutation happens in the continu-
ous conduction mode only, while in the discontinuous conduction mode, SCRs cease
to conduct, without any external action, when their currents drop to zero.

As illustrated in Figure 4.24, when no source inductance exists, conduction of the
input current by an SCR begins and ends rapidly. However, rapid current changes
are impossible in inductors, and the commutation in rectifiers fed from practical ac
sources is not instantaneous. As a result, during the commutation, both the incoming
and outgoing SCRs share the current. Figure 4.25 pertains to a situation, when SCR
T1 is gradually taking over the output current, io, from SCR T2. Since T1 is connected
to the source of the line-to-line voltage vAB and T2 to the source of vCB, this case
represents the commutation between SCRs TA and TC in the actual bridge rectifier.
It can be seen in Figures 4.17 and 4.20 that this happens at 𝜔t = 𝛼f , when TA is fired
causing extinction of TC.

Assuming an ideal dc-output current, io = Io,dc, the circuit in Figure 4.25 is
described by equations

vo = vAB − Ls
di1
dt

(4.50)

vo = vCB − Ls
di2
dt

(4.51)

and

io = i1 + i2 = Io,dc (4.52)
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where i1 and i2 denote currents conducted by SCRs T1 and T2, respectively, voltage
vAB is given by Eq. (4.2), and vCB by

vCB = VLL,p sin
(
𝜔t + 2

3
𝜋

)
. (4.53)

Adding Eqs. (4.50) and (4.51) side by side gives

2vo = vAB + vCB − Ls

(
di1
dt

+
di2
dt

)
= vAB + vCB, (4.54)

because

di1
dt

+
di2
dt

= d
dt

(i1 + i2) = d
dt

Io,dc = 0. (4.55)

Consequently,

vo =
vAB + vCB

2
= 1

2

[
VLL,p sin

(
𝜔t + 1

3
𝜋

)
+ VLL,p sin

(
𝜔t + 2

3
𝜋

)]
=
√

3

2
VLL,p cos (𝜔t) . (4.56)

To derive equations for currents i1 (𝜔t) and i2 (𝜔t) during the commutation inter-
val, Eqs. (4.50) and (4.51) are subtracted side by side, yielding

di1
dt

= −
di2
dt

= 1
2Ls

(vAB − vCB)

= 1
2Ls

[
VLL,p sin

(
𝜔t + 1

3
𝜋

)
− VLL,p sin

(
𝜔t + 2

3
𝜋

)]
=

VLL,p

2Ls
sin(𝜔t). (4.57)

Now, i1 (𝜔t) can be calculated as

i1 (𝜔t) = ∫
VLL,p

2Ls
sin(𝜔t)dt + A1 =

VLL,p

2Xs
cos (𝜔t) + A1, (4.58)

where Xs is the source reactance, equals to 𝜔Ls, and A1 is an integration constant.
Since i1

(
𝛼f
)
= 0, then

A1 =
VLL,p

2Xs
cos(𝛼f ) (4.59)
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Figure 4.26 Waveforms of voltage and current in a phase-controlled six-pulse rectifier during
commutation.

and

i1 (𝜔t) =
VLL,p

2Xs
[cos(𝛼f) − cos (𝜔t)], (4.60)

while

i2 (𝜔t) = Io,dc − i1 (𝜔t) = Io,dc −
VLL,p

2Xs
[cos(𝛼f ) − cos (𝜔t)]. (4.61)

The commutation process is illustrated in Figure 4.26. Beginning at the firing
angle, 𝛼f , current i1 gradually increases and current i2 decreases, reaching Io,dc and
zero, respectively, at 𝜔t = 𝛼f + 𝜇. Angle 𝜇, called an overlap angle or commutation
angle, represents the length of the commutation interval in the angle domain. Its value
can be determined using Eq. (4.60) and taking into account that i1

(
𝛼f + 𝜇

)
= Io,dc.

Thus,

VLL,p

2Xs
[cos(𝛼f) − cos(𝛼f + 𝜇)] = Io,dc (4.62)

and

𝜇 =
|||||cos−1

[
cos(𝛼f ) − 2

XsIo,dc

VLL,p

]
− 𝛼f

||||| . (4.63)

Example waveforms of the output voltage and actual, nonideal current of a
six-pulse phase-controlled rectifier with a nonzero load inductance are shown in
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Figure 4.27 Waveforms of output voltage and current in a phase-controlled six-pulse rectifier
supplied from a source with inductance: (a) rectifier mode (𝛼f = 45◦), (b) inverter mode (𝛼f =
135◦).

Figure 4.27 for Vo,dc > 0 (rectifier mode) and for Vo,dc < 0 (inverter mode). The oper-
ating conditions of the rectifier are the same as in Figures 4.17 and 4.20. It can be seen
that the noninstantaneous commutation has significantly affected both the output volt-
age and the current.

The output voltage, which during commutation is the arithmetical mean of the
line-to-line voltages involved, has its dc component reduced. The difference, ΔVo,dc,
between the dc-output voltage with Xs = 0 and with Xs > 0 can be calculated by
spreading the area between the respective waveforms over the 𝜋∕3 interval of 𝜔t.
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Using partial results of Eqs. (4.57) and (4.62), an expression for ΔVo,dc is obtained
as

ΔVo,dc = 3
𝜋

𝛼f+𝜇
∫
𝛼f

vAB −
vAB + vCB

2
d𝜔t = 3

𝜋

𝛼f+𝜇
∫
𝛼f

vAB − vCB

2
d𝜔t

= 3
2𝜋

𝛼f+𝜇
∫
𝛼f

VLL,p sin (𝜔t) d𝜔t

= 3
2𝜋

VLL,p[cos(𝛼f) − cos(𝛼f + 𝜇)] = 3
𝜋

XsIo,dc. (4.64)

The output current has also been reduced and its lowest instantaneous value has
become closer to zero. This implies certain reduction of the areas of continuous con-
duction mode in Figure 4.20.

The output voltage of a practical rectifier is also affected, albeit to a lesser degree,
by voltage drops across the source resistance, conducting power switches, and wiring
of the rectifier including the cable connecting it to the load. Thus, the apparent internal
resistance, Rr, of a bridge rectifier is given by

Rr =
3
𝜋

Xs + Rs + 2RON + Rw, (4.65)

Where RON is the equivalent on-state resistance of power switches employed in the
rectifier (in bridge converters, two switches in series conduct the output current) and
Rw is the wiring resistance. Based on Eqs. (4.41) and (4.64), the dc-output voltage of
a practical rectifier in the continuous conduction mode can be expressed as

Vo,dc =
3
𝜋

VLL,p cos(𝛼f) − RrIo,dc, (4.66)

which, unsurprisingly, indicates that the rectifier constitutes a practical dc voltage
source whose terminal voltage decreases with the increase in the drawn current.

Another adverse effect of the source inductance is the so-called line voltage notch-
ing. Consider for instance the commutation interval in Figure 4.26. The sinusoidal
waveforms of vAB and vCB shown there are those of the source EMFs. However,
during commutation, the corresponding line-to-line voltages, vab and vcb, at the very
input to the rectifier substantially differ from the source EMFs. They both acquire the
waveform of the output voltage, that is,

vab = vbc = vo = 1
2

(vAB + vCB), (4.67)

because SCR TB′ connects supply line B to the negative output terminal of the rec-
tifier, while the simultaneously conducting SCRs TA and TC connect lines A and C
to the positive terminal. Consequently, the vab waveform, as shown in Figure 4.28,
becomes seriously distorted, the notches appearing at all the commutation intervals
involving SCRs TA, TA′, TB, and TB′. Similar distortions affect, of course, the other
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Figure 4.28 Notched waveform of input voltage in a phase-controlled six-pulse rectifier sup-
plied from a source with inductance.

input voltages as well. Although not a problem for the rectifier itself, the notched
voltages may disturb the operation of other equipment supplied in parallel with the
rectifier. The source inductance affects the operation of all multipulse rectifiers, both
controlled and uncontrolled.

4.2.2 Dual Converters

It has been shown in the preceding section that controlled rectifiers can generate a
negative dc-output voltage if the load includes an EMF of such polarity and magnitude
that the electrical power can be transferred to the ac supply source. However, under
no circumstances a negative output current can be produced, as it would have to flow
from the cathode to the anode in the SCRs. It is said that a controlled rectifier can
only operate in two quadrants of an operation plane, which is shown in Figure 4.29.
The values, Io,dc and Vo,dc, of the dc-output current and voltage of a rectifier represent
coordinates of an operating point in the plane, and all the allowable operating points

Vo,dc
INVERTER

POSITIVE VOLTAGE 
RECTIFIER

POSITIVE VOLTAGE

RECTIFIER
NEGATIVE VOLTAGE

INVERTER
NEGATIVE VOLTAGE

II I

III IV

Io,dc

Figure 4.29 Operation plane, operating area, and operating quadrants of a rectifier.
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A B C

io

vo

i′o

v′o

Figure 4.30 Controlled rectifier with an electromechanical cross-switch.

range out an operating area. Clearly, a controlled rectifier can only operate in the first
and fourth quadrants, while diode rectifiers can operate in the first quadrant only.

Extension on four quadrants of operation can be accomplished by installing an
electromechanical cross-switch at the output of a controlled rectifier, as shown in
Figure 4.30. With the cross-connection between the rectifier and the load terminals,
the load current,i′o, equals (−io) and the load voltage, v′o, equals (−vo). In this way,
the load can operate in the second or third quadrant, depending on the polarity of the
dc-output voltage, Vo,dc. However, this solution is practical only when the switching
required is infrequent, such as in dc motor driven vehicles, because of the limited life
span and low operating frequency of electromechanical switches. Therefore, in most
practical applications, the so-called dual converters are used.

A dual converter, shown in Figure 4.31, is an antiparallel combination of two
controlled rectifiers. For generality, different ac supply sources for each rectifier are

A1 B1 C1 A B C2 2 2

io2

vo2vo

io

vo1

io1

Figure 4.31 Antiparallel connection of two controlled rectifiers.
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io
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Figure 4.32 Six-pulse circulating current-free dual converter.

indicated. There are two basic types of dual converters: the circulating current-free
and circulating current-conducting ones. The meaning of the “circulating current”
will be explained later.

Circulating Current-Free Dual Converter. The power circuit of a circulating
current-free dual converter is shown in Figure 4.32. The single SCRs of the regular
rectifier are replaced here with antiparallel pairs of SCRs. If a positive output current
is needed, SCRs TA1 through TC1′ are in operation, while SCRs TA2 through TC2′

are all off (not fired). Vice-versa, to produce a negative output current, SCRs TA2
through TC2′ are fired in an appropriate sequence while SCRs TA1 through TC1′

remain unused.
The circulating current-free dual converter is simple and compact, but it has two

serious disadvantages. Clearly, only one of the antiparallel connected SCR can con-
duct the current, as the other SCR is reverse biased by the voltage drop across the con-
ducting one. However, if both SCRs are off, one of them is always forward biased,
and improper firing may cause a short circuit. For example, when SCRs TB1 and
TC1′ are conducting, the voltage, vBC, across SCRs TC1 and TC2′ produces forward
bias of the latter SCR. If fired, TC2′ would short lines B and C. This can easily be
prevented by appropriate control of the firing signals, but when a change of polarity of
the output current is required, the incoming rectifier must wait until the current in the
outgoing one dies out and the conducting SCRs turn off. This mandatory delay slows
down the response of the converter to current control commands, which in certain
application is unacceptable.

The other disadvantage, common for all phase-controlled rectifiers, consists in
the transition to the discontinuous conduction mode at large firing angles (see Fig-
ure 4.22). The continuous conduction area of operation can be expanded by adding
inductance to the load. Such inductance would also reduce the current ripple, but it
is a costly solution as the inductor carrying the whole load current would have to be
large and expensive. Another solution consists in keeping currents conducted by the
SCRs at a sufficiently high level, no matter how large the firing angle is. This idea is
ingeniously employed in the circulating current-conducting dual converters.
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Circulating Current-Conducting Dual Converter. In a circulating current-
conducting dual converter, both the constituent rectifiers operate simultaneously, one
in the rectifier mode, with the firing angle, 𝛼f1, less than 90◦, and the other in the
inverter mode, with the firing angle, 𝛼f2, equal to 180◦ − 𝛼f1. According to Eq. (4.41),
if both rectifiers operate in the continuous conduction mode, their output voltages
have the same dc component, since cos(𝛼f1) = − cos

(
𝛼f2

)
. However, the instanta-

neous values of these voltages differ from each other, and the difference, vo, produces
a current circulating between the rectifiers. If the rectifiers were directly connected
as in Figure 4.31, the circulating current, icr, limited only by the resistance of wires
and conducting SCRs, would be excessive. Therefore, inductors are placed between
the rectifiers and the load to attenuate the ac component of the circulating current.

One version of a circulating current-conducting dual converter is shown in Fig-
ure 4.33. To avoid short circuits between the ac supply lines, the converter is fed
from two secondary windings of a three-phase transformer, with the input voltages
for both rectifiers equal with respect to the amplitude and phase. Two inductors, L1
and L2, separate the rectifiers from the load. Current paths at 𝜔t = 𝜋∕3 are indicated
by thick lines. Waveforms of the load current and output voltages of both rectifiers are
shown in Figure 4.34 for 𝛼f1 = 45◦ and 𝛼f2 = 135◦. The vertical dashed line indicates
the considered instant of operation.

Waveforms of the differential output voltage, Δvo = vo1 + vo2,and circulating cur-
rent, icr, are illustrated in Figure 4.35. The average differential voltage is zero, and
the waveform of the circulating current indicates a borderline continuous conduction
mode. In practice, the sum of the firing angles of the constituent rectifiers is made
slightly less than 180◦, which results in a non-zero dc component of Δvo.

R

vo1

L L

io
vo o2v

1 2

E

L

+ icrio + icrio cri cri

cri+ icrio

RCT1 RCT2

TA1

TB1' TC2

TA2'

A B C

Figure 4.33 Six-pulse circulating current-conducting dual converter supplied from two sep-
arate ac sources.
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Figure 4.34 Waveforms of output voltages of constituent rectifiers in a circulating current-
conducting dual converter (𝛼f1 = 45◦, 𝛼f2 = 135◦).

2π
0

icr

π

Δυo

ωt

Figure 4.35 Waveforms of differential output voltage and circulating current in a circulating
current-conducting dual converter: 𝛼f1 + 𝛼f2 = 180◦.

In practical dual converters, a closed-loop control circuit maintains the average
circulating current at the desired value, typically at 10–15% of the rated load current.
The control circuit adjusts the firing angle (here 𝛼f2) of the rectifier that conducts
the circulating current only, while control of the load current is accomplished by
adjusting the firing angle (here 𝛼f1) of the other rectifier. Waveforms of the differential
output voltage and the circulating current when 𝛼f1 = 45◦ and 𝛼f2 = 134◦ are shown
in Figure 4.36.

Circulating current-conducting dual converters have excellent dynamic charac-
teristics as the transitions between operating quadrants can be made almost instan-
taneously. The absence of the discontinuous conduction mode allows wide-range
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Figure 4.36 Waveforms of differential output voltage and circulating current in a circulating
current-conducting dual converter: 𝛼f1 + 𝛼f2 = 179◦.

control of the output voltage and current. Another version of such converter is shown
in Figure 4.37. Here, both rectifiers are supplied from the same ac line, but the four
separating inductors, L1 through L4, prevent an interphase short circuit. Two circu-
lating currents, icr1 and icr2, flow in this converter.

R

L

E

o

L1 L2

L4L3

L1
vo1 vo vo2

A B C

i

RCT1

TA1

TB1′

RCT2

TC2

TA2′

io + icr1

io + icr1

io + icr2

io + icr1 icr1

icr2

icr1

icr2

Figure 4.37 Six-pulse circulating current-conducting dual converter supplied from a single
ac source.
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PWM dual converters are feasible but impractical. Instead, high-quality four-
quadrant dc power is obtained from a four-quadrant dc-to-dc converter (chopper)
covered in Chapter 6. The input dc source for the chopper can be obtained from a
controlled rectifier.

4.3 PWM RECTIFIERS

The uncontrolled and phase-controlled rectifiers are classified as line-commutated
converters, since the turn-off conditions for their switches are determined by the volt-
ages of the ac supply line. As explained in Section 4.2.1, the nonsinusoidal supply
currents and dependence of the input power factor on the firing angle are major dis-
advantages of those converters. The availability of fully controlled power switches,
such as IGBTs or power MOSFETs, allows to replace the phase control of output
voltage by PWM. In contrast to line-commutated power electronic converters, those
based on fully controlled switches are called force-commutated. It will be shown that
the adverse effects on the ac supply system can greatly be mitigated employing force-
commutated PWM rectifiers with small LC input filters.

4.3.1 Impact of Input Filter

The enhancing impact of an LC input filter on the quality of the supply current can
best be explained considering a single-phase PWM rectifier shown in Figure 4.38.
The indicated distribution of currents at the input to the rectifier represents an
ideal situation, not fully attainable in practice. The input current, ii, consists of a

Cf

Lf

ii, h

ii, 1

ii

voPWM RECTIFIER

Figure 4.38 Single-phase PWM rectifier with an LC input filter.
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fundamental current, ii,1, and a harmonic current, ii,h. Radian frequencies of the har-
monic components of ii,h are multiples of the fundamental frequency, 𝜔, that is, they
are many times higher than this frequency. As a result, higher harmonics of the input
current are much stronger attenuated by the filter inductance, Lf , than the fundamen-
tal; the inductive reactance of the filter for the kth current harmonic being k times
higher than that for the fundamental.

In contrast to Lf , the filter capacitance, Cf , offers the current harmonics an easier
passage in comparison with that for the fundamental, since the capacitive reactance
for the kth harmonic is k times lower than that for the fundamental. Therefore, the
rectifier draws most of the harmonic current from the capacitor. If all significant har-
monics of the input current had frequencies approaching infinity or, more realistically,
if the low-order harmonics were negligible, the actual distribution of currents would
be close to the ideal case illustrated in Figure 4.38.

The filter described is impractical for phase-controlled rectifiers, in which the
largest harmonics of the input current are the low-frequency ones. In contrast, fre-
quencies of harmonic currents in PWM rectifiers are high enough to be effectively
attenuated using small inductances and capacitances of the input filter. In practice,
the same source inductance that causes unwanted commutation effects in phase-
controlled rectifiers is often sufficient as the inductive part of the input filter for PWM
rectifiers. Then, only the input capacitors need to be installed as discrete elements of
the filter to provide the capacitive part.

4.3.2 Principles of PWM

The general idea of PWM has already been explained in Chapter 1. In most consid-
erations thereof, the duty ratios of switches of the generic converter were assumed
constant, while the variable duty ratios of switches in the generic PWM inverter (see
Figure 1.23) were only briefly mentioned. PWM rectifiers are the first practical PWM
power electronic converters described in this book, and, as in the mentioned inverter,
duty ratios of their switches vary throughout the cycle of input voltage. To cover
the issue of PWM in depth, certain important concepts will first be introduced and
explained.

Switching variables, whose values determine the state of a converter, can be
defined as the minimum set of binary variables that allows representation of each
allowed state. Considering as an example the generic converter in Figure 1.2, three
switching variables, x12, x34,and x5, suffice to describe all three allowed states. Specif-
ically, the switching variables can be defined as

x12 =
{

0 if S1 and S2 = OFF
1 if S1 and S2 = ON

(4.68)

x34 =
{

0 if S3 and S4 = OFF
1 if S3 and S4 = ON

(4.69)

x5 =
{

0 if S5 = OFF
1 if S5 = ON

. (4.70)
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Then, x12x34x5 = 001, 100, and 010 imply states 0, 1, and 2, respectively. Three
binary variables can, in general, describe 23 = 8 states, but in this case the remaining
five states are forbidden as resulting in either a short circuit or an open circuit (“float-
ing” output). Note also that the number of switching variables is less than that of
switches in the generic converter, which could actually produce as many as 25 = 32
possible states. Such minimal representation of converter states is even more econom-
ical in many practical power electronic systems, such as in the popular voltage-source
inverters presented in Chapter 7. However, certain control algorithms may require that
each switch of a converter must be assigned a switching variable, equals to 0 if the
switch is OFF (open) and 1 if the switch is ON (closed).

Clearly, waveforms of switching variables are trains of rectangular pulses with
the unity magnitude, and the term PWM means modulation of widths (durations) of
individual pulses. Operation of ac-input and ac-output power electronic converters
is cyclic, the length of a cycle being determined by the respective input or output
frequency. Typically, in PWM converters, the cycle of the input or output ac voltage
consists of sub-cycles, called switching intervals or switching cycles. The reciprocal,
fsw, of a switching period (length of a switching cycle), Tsw, is called a switching
frequency. Switching frequencies in PWM power electronic converters are usually
in the range of 4–20 kHz. The average switching frequency is N times higher than
the input or output frequency of the converter. It means that a cycle of the input or
output frequency contains N switching cycles, where generally N does not have to be
an integer.

Although there is only one method of phase control, the number of PWM tech-
niques is countless, and new algorithms, usually modifications of the known ones, are
still being published. In most cases, a single pulse of each switching variable occu-
pies one switching interval. Since the duty ratio, dx, of switching variable x can be
adjusted from zero to unity, it is possible that no pulse is present in the switching
interval or that a pulse of x fills the whole interval.

In modern PWM techniques, pulses of switching variables, which are closely
associated with actual switching signals of converter switches, are seldom gener-
ated directly and independently from each other. Instead, the most common PWM
algorithms produce a timed sequence of converter states, each state defined by the
corresponding values of switching variables.

As an example, consider a simple hypothetical PWM converter described by two
switching variables, x1 and x2. All possible states are allowed, and each state is des-
ignated by the decimal equivalent of the binary number (x1x2)2. Thus, the converter
in question can assume any of the following states: state 0, when x1x2 = 00; state 1,
when x1x2 = 01; state 2, when x1x2 = 10; or state 3, when x1x2 = 11. Let us say that
the PWM algorithm dictates the following sequence and timing of states within cer-
tain switching interval: 0 (50 μs)–2 (40 μs)–3 (20 μs)–2 (40 μs)–0 (50 μs). State 1 is
not used. Clearly, the switching period is 200 μs, which corresponds to the switching
frequency of 5 kHz. The switching pattern in question is shown in Figure 4.39. It can
be seen that the pulse width of x1 is 100 μs and that of x2 is 20 μs, which means that
the duty ratio of x1 is 0.5 and that of x2 is 0.1. Both pulses are centered about the
middle of the switching interval. All that information can be derived from the timed
state sequence, without analyzing the individual switching variables.
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STATE: 0 2 3 2 0

t (μs)

t (μs)
0 50 90 110 150 200

x1

x2

Figure 4.39 Example switching pattern of a hypothetical four-state PWM converter.

Other important concepts in control of PWM converters are voltage and current
space vectors. Proposed in the 1920s for dynamic analysis of electric machines, they
have been successfully adapted for use in power electronic converters in the 1980s.
Space vector PWM (SVPWM) techniques are now most popular. Space vectors super-
ficially resemble phasors, commonly used in the analysis of ac circuits. However, they
differ from phasors in several aspects, and these two types of electric quantities should
not be confused.

To explain the origin of voltage and current space vectors, a cross-section of sta-
tor of a simple three-phase electric ac machine is shown in Figure 4.40. Each of the
three-phase windings is composed of two conductors perpendicular to the page plane

A

A′

C′

B′

B

C
iB

iA

iC

iB iC

iA

d

q

Figure 4.40 Stator of a three-phase electric ac machine.
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and connected in the back of the stator. The front ends of the conductors of individ-
ual phases are connected in wye or delta (this connection is not shown). These six
conductors, marked A, B, C, A′, B′, and C′, form three coils displaced by 120◦ from
each other. Stator currents, iA, iB, and iC are considered positive when they enter the
stator winding at front ends of the corresponding conductors.

Currents in the coils generate magnetomotive forces (MMFs), ⃗A, ⃗B, and ⃗C,
which add up to the stator MMF, ⃗s. A case of balanced currents (same magnitude,
120◦ mutual displacement) is illustrated in Figure 4.41. As the phasor diagram indi-
cates, currents iA and iB are positive with their instantaneous values equal to half of
the peak value, and current iC is at its negative peak. The MMFs, each perpendicular
to the coil that produces it, are true vectors as they have specific magnitude, orien-
tation, and polarity in the physical space of the stator. It can easily be shown that
as time progresses and the currents follow the positive phase sequence, ⃗s rotates
counter-clockwise with the angular velocity, 𝜔, equals to the radian frequency of the
stator currents. Thus, stationary vectors ⃗A, ⃗B, and ⃗C yield a revolving vector ⃗s.

Each of the considered space vectors can be described by its horizontal (direct-
axis) and vertical (quadrature-axis) components. If the direct, d, axis of stator is
assumed as real and the quadrature, q, axis as imaginary, an MMF vector can be
represented by a complex number. For example, as illustrated in Figure 4.42,

⃗s = ds + jqs = se
jΘs , (4.71)

s

(b)(a)
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B′

A′

C′

C

C

A

B
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ÎA

Re

Im

jq

d

Figure 4.41 Generation of space vector of the stator MMFs in a three-phase stator: (a) phasor
diagram of stator currents, (b) vectors of MMFs.
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Figure 4.42 Space vector of stator MMFs and its components.

whereds and qs denote the direct and quadrature components of the vector of stator
MMF, respectively, and s and Θs are the magnitude and phase angle of that vector.

The space vector ⃗s is given by

⃗s = as + bse
j120◦ + bse

j240◦ , (4.72)

where as, bs, and cs are the values of the individual phase MMFs. The MMFs
in Figure 4.41 and in the per-unit system (assuming the largest possible value as the
reference) are as = bs = 0.5 p.u. and cs = −1 p.u. Substitution of these values
in Eq. (4.72) yields ⃗s = 0.75 + j1.299 = 1.5ej60◦p.u., that is, ds = 0.75 p.u., qs =
1.299 p.u., s = 1.5 p.u, and Θs = 60◦. These results clearly agree with those seen in
Figures 4.41 and 4.42.

An MMF is a product of number of turns in a coil and current in the coil. Therefore,
dividing an MMF space vector by the turn number (which carries no physical units)
gives a current space vector, i⃗. Equation (4.72) can be used to express components of
that vector, id and iq, in terms the phase currents, iA, iB, and iC:

i⃗ =
[

id
iq

]
=
⎡⎢⎢⎣

1 − 1
2

− 1
2

0
√

3
2

−
√

3
2

⎤⎥⎥⎦
⎡⎢⎢⎣

iA
iB
iC

⎤⎥⎥⎦ . (4.73)

This abc → dq conversion, called Park transformation, is only valid for three-wire
three-phase systems, in which the phase currents add up to zero, that is, only two
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currents are independent. Consequently, the three currents, iA, iB, and iC, can be con-
verted into two currents, id and iq, without any loss of information.

The concept of current space vectors is somewhat abstract, as it applies to any
three-phase currents, not necessarily those in the stator of an ac machine. The exten-
sion of that concept on the space vector of line-to-neutral voltages given by

v⃗ =
[

vd
vq

]
=
⎡⎢⎢⎣

1 − 1
2

− 1
2

0
√

3
2

−
√

3
2

⎤⎥⎥⎦
⎡⎢⎢⎣

vAN
vBN
vCN

⎤⎥⎥⎦ (4.74)

is even more abstract, as it is difficult to think about voltage “pointing out” in a specific
direction. However, the current and voltage space vectors are very convenient tools
for the analysis and control of three-phase electric machines and three-phase power
electronic converters. A space vector of line-to-line voltages can be defined similarly
to that of the line-to-neutral ones.

The presented considerations have illustrated differences between space vectors
and phasors. A phasor, used to simplify arithmetic operations on sinusoidal ac quanti-
ties, is a complex number describing a single such quantity, usually current or voltage.
Thus, the current phasor shares the magnitude and phase (but not the frequency) with
the corresponding current, and its real part represents the actual value of the current
at a given instant of time. In contrast, a current space vector captures the information
about all three currents in a three-phase three-wire system. Importantly, these cur-
rents do not have to be sinusoidal, as the current vector, an instantaneous quantity, is
determined by their instantaneous values.

As illustrated in Figure 4.42, the definition of a space vector expressed by
Eq. (4.72) yields a true vector, whose magnitude is 1.5 times larger than that of the
corresponding phasor. Therefore, an alternative definition of space vectors includes
multiplication by 2/3 of the right-hand side of the relevant equation. In such case,
the example MMF space vector ⃗s given by a modified Eq. (4.72) would have the
magnitude, s, of 1 p.u. as does the phasor of that MMF. The difference between
those two definitions of space vectors is insignificant as long as a given definition is
consistently used in all considerations.

Depending on the type of three-phase PWM converter, given currents or voltages
are controllable, which means that their space vector can be made to follow a ref-
erence vector i⃗∗. As the time progresses, the reference vector moves in the com-
plex plane dq. In particular, in the steady state, i⃗∗ rotates with a constant angular
velocity equal to the radian frequency of the represented currents. As already men-
tioned, the control is realized by imposing a specific timed sequence of states of
the converter.

For illustration, consider an unspecified converter, whose state X produces current
vector I⃗X, state Y produces vector I⃗Y, and state Z produces vector I⃗Z, whose magni-
tude is zero. These three vectors are to be employed to generate the reference vector
i⃗∗ located between I⃗X and I⃗Y, as shown in Figure 4.43.
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Figure 4.43 Synthesis of a rotating space vector i⃗∗ from stationary vectors I⃗X and I⃗Y.

As time progresses, the position of reference vector changes. Also its magnitude
can vary. However, switching intervals are practically so short that within each of
them the reference vector can be assumed stationary and unchanging. As seen in
Figure 4.43, the reference vector can be represented as

i⃗∗ = dX I⃗X + dY I⃗Y, (4.75)

where dX and dY are duty ratios of state X and state Y, respectively, that is, relative
durations of these states with respect to the length, Tsw, of the switching interval.
The maximum realizable magnitude, I∗max, of the reference vector equals the radius

of the arc inscribed in the triangle formed by the “framing” vectors I⃗X and I⃗Y. In such
case the sum of dX and dY equals 1. Otherwise, to fill up the switching interval, a
zero vector, IZ, is enforced with such a duty ratio dZ that

dX + dY + dZ = 1. (4.76)

In this way, a revolving vector i⃗∗ is generated as a time average of fractions of
stationary vectors, I⃗X, I⃗Y, and I⃗Z, that is, by maintaining state X for a total of dXTsw
seconds, state Y for a total of dYTsw seconds, and the zero state Z for a total of dZTsw
seconds. In practice, the switching cycle is usually divided into more than three sub-
cycles. Most often six sub-cycles are used, each one holding a half of the total time
allocated for a given state.

Formulas for the calculation of dX, dY, and dZ are derived from complex number
equations describing the vector diagram in Figure 4.43. In particular, if current vectors
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I⃗X and I⃗Y have the same magnitude and differ in phase by 60◦, which is a common
situation in practical three-phase converters, then

dX = m sin(60◦ − 𝛼), (4.77)

dY = m sin (𝛼) , (4.78)

where m denotes the so-called modulation index defined as

m ≡
I∗

I∗max
. (4.79)

Symbol I∗ denotes the magnitude of the reference vector i⃗∗, and I∗max is the maximum
available value of this magnitude. Duty ratio of the zero state, according to Eq. (4.76),
is given by

dZ = 1 − dX − dY. (4.80)

In certain PWM converters (but not all), the modulation index has the same mean-
ing as the previously introduced magnitude control ratio, M; (see Eq. 1.40). The term
“modulation index” has been inherited from terminology describing modulation in
communication systems.

The sequence of states is so determined as to obtain the best quality or efficiency of
operation of the converter. The former condition is satisfied when individual switches
of the converter are switched in a possibly regular manner, that is, when time inter-
vals between consecutive switchings are possibly uniform. The highest efficiency is
achieved when the number of switchings per cycle of the ac voltage is minimal.

Certain control schemes for PWM converters utilize the concept of rotating refer-
ence frame for space vectors of currents and voltages. Note that as these vectors rotate
in the stationary dq set of coordinates, their d and q components are sinusoidal func-
tions of time, that is, ac variables. They are inconvenient to use in the control schemes,
which usually employ dc quantities. If a given revolving vector is described by D and
Q coordinates of a frame rotating with an angular velocity𝜔 equals or close to that of
the vector, these coordinates become dc variables. Traditionally, the superscript “e”
is used to denote space vectors defined in a rotating reference frame, which in the
theory of electric machinery is often referred to as the excitation frame.

Consider a voltage space vector v⃗ expressed in the stationary dq reference
frame as

v⃗ = vd + jvq. (4.81)

The same vector in the rotating DQ reference frame is given by

v⃗e = v⃗e−j𝜔t = vD + jvQ, (4.82)

www.EngineeringBooksPdf.com



158 AC-TO-DC CONVERTERS

and the relation between dq and DQ components is described by a matrix equation:[
vD
vQ

]
=
[

cos (𝜔t) sin (𝜔t)
− sin (𝜔t) cos (𝜔t)

] [
vd
vq

]
. (4.83)

Equations (4.82) and (4.83) can be re-written as

v⃗ = v⃗eej𝜔t (4.84)

and [
vd
vq

]
=
[

cos (𝜔t) − sin (𝜔t)
sin (𝜔t) cos (𝜔t)

] [
vD
vQ

]
. (4.85)

The described concept of rotating reference frame is illustrated in Figure 4.44.

4.3.3 Current-Type PWM Rectifier

Circuit diagram of the current-type PWM rectifier is shown in Figure 4.45. In the
technical literature, it is sometimes referred to as a current-source rectifier, which
can be misleading because the input capacitors imply that the converter is supplied
from a voltage source (see Figure 1.6). The converter is of the buck type, which in this
case means that the output dc voltage, Vo, can only be stepped down from a specific
maximum value, Vo,max. As indicated by Eq. (4.4), the maximum value of Vo in a
three-phase diode rectifier, or an SCR rectifier with the firing angle of zero, equals

jQ

D

jv Q

jvq

vd

d

jq

vD

ω

v

ωt

Figure 4.44 Voltage space vector in the stationary and rotating reference frames.
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Figure 4.45 Current-type PWM rectifier.

to about 95% of the peak value of the supply line-to-line ac voltage. As illustrated in
Figure 1.20a, even at Vo = Vo,max, PWM rectifiers produce certain notches in the out-
put voltage waveform. As a result, the maximum available dc-output voltage reaches
some 92% of the peak line-to-line input voltage.

The reference to current in the name of the rectifier comes from the fact that,
similarly to a current source, the output current, io, cannot be reversed. Thus, as in the
phase-controlled rectifiers, a negative output voltage is required for a negative, load
to source, power flow. The inductance connected in series with the load smoothes the
output current. It does not have to be a distinct device if the internal load inductance
is deemed sufficiently large.

Two major advantages of the PWM rectifier are (1) feasibility of sinusoidal input
currents with the unity input factor and (2) continuous output current, thanks to the
narrow pulses and notches of the waveform of output voltage. With a sufficiently high
switching frequency, the input currents and the output currents are only slightly rip-
pled. The magnitude of output voltage is controlled by the value of modulation index,
equals here to the magnitude control ratio, M = m = Vo/Vo,max. For the unity input
power factor, the space vector of input currents is made to follow the reference vector
i⃗∗ revolving in synchronism with the space vector, v⃗i, of input line-to-neutral voltages.
Note that it is only the phase angle, 𝛽∗, of i⃗∗ that is of interest, as the magnitude, I∗,
depends on the load-dependent output current. In the subsequent considerations, this
current is assumed constant and equal to its average value, Io, thanks to the ripple-
attenuating load inductance.

Two and only two switches of the rectifier are allowed to conduct at any time, one
in the upper row and the other in the lower row. If, for example, Switches SA and
SB were ON, the potential of the upper bus of the rectifier would be undetermined,
as the bus would be simultaneously connected to the supply lines A and B. Also,
the split of the output current, Io, between those switches would be undefined. Thus,
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switching variables a, b, c, a′, b′, and c′ of Switches SA through SC′ must satisfy the
condition

a + b + c = a′ + b′ + c′ = 1. (4.86)

The above condition limits the number of allowable states of the rectifier to 9,
namely:

State 1: a = b′ = 1 (conducting switches: SA and SB′)
State 2: a = c′ = 1 (conducting switches: SA and SC′)
State 3: b = c′ = 1 (conducting switches: SB and SC′)
State 4: b = a′ = 1 (conducting switches: SB and SA′)
State 5: c = a′ = 1 (conducting switches: SC and SA′)
State 6: c = b′ = 1 (conducting switches: SC and SB′)
State 7: a = a′ = 1 (conducting switches: SA and SA′)
State 8: b = b′ = 1 (conducting switches: SB and SB′)
State 9: c = c′ = 1 (conducting switches: SC and SC′)

In state 1, currents iA, iB, and iC are equal to Io, –Io, and 0, respectively. Thus, accord-
ing to Eq. (4.73), the space vector of input currents in this state is

⃖⃖⃗I1 = 3
2

Io − j

√
3

2
Io. (4.87)

Current vectors associated with the remaining states can be determined similarly. The
active (nonzero) vectors for states 1 through 6 of the rectifier are shown in Figure 4.46.
States 7, 8, and 9 produce zero vectors of input currents:

I⃗7 = I⃗8 = I⃗9 = 0. (4.88)

It can be seen that the active vectors have the magnitude, I, of
√

3Io and that the
circle limiting the magnitude, I∗, of the reference current vector, i⃗∗, has a radius of
1.5Io. The vectors divide the dq plane into six sectors (sextants) designated I through
VI. The reference current vector is given by

i⃗∗ = I∗ej𝛽 (4.89)

while the in-sector angle of it is denoted by 𝛼. If the rectifier is so controlled that i⃗∗ is
in phase with v⃗i, it operates in the first quadrant with the unity power factor, while if
i⃗∗ lags v⃗ by 180◦, the unity power factor is maintained too, but the rectifier operates
in the second quadrant, that is, in the inverter mode. The voltage vector can be easily
determined using voltage sensors at the rectifier’s input.

www.EngineeringBooksPdf.com



PWM RECTIFIERS 161

d

jq

i*

α

β

I

I

3

2

I1

I6

I5

I4

I

III

IV

V VI

Ioj

I*

II

Io1.5

3

Figure 4.46 Reference current vector in the vector space of input currents of the current-type
PWM rectifier.

Based on formulas (4.77) through (4.79), durations of states X and Y framing a
sector in which the reference current vector is currently located are given by

TX = mTsw sin
(
60◦ − 𝛼

)
(4.90)

TY = mTsw sin (𝛼) (4.91)

and the duration of a zero-vector state Z by

TZ = Tsw − TX − TY. (4.92)

To minimize the number of commutations (switchings), the following state
sequences are used in individual sectors of the dq plane:

Sector I States 1 – 2 – 7 – 2 – 1 – 7 …
Sector II States 2 – 3 – 9 – 3 – 2 – 9 …
Sector III States 3 – 4 – 8 – 4 – 3 – 8 …
Sector IV States 4 – 5 – 7 – 5 – 4 – 7 …
Sector V States 5 – 6 – 9 – 6 – 5 – 9 …
Sector VI States 6 – 1 – 8 – 1 – 6 – 8 …

Thus, within a switching cycle each state appears twice, and each appearance lasts
half of the allotted time. An example switching cycle is illustrated in Figure 4.47. It
represents a situation when m = 0.65 and 𝛽 = 70◦, which implies the location of the
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Figure 4.47 Example waveforms of switching variables in one switching cycle of the current-
type PWM rectifier.

reference current vector in sector II. Thus, 𝛼 = 40◦, X= 2, Y= 3, Z= 9, and, according
to Eqs. (4.90) through (4.92), T2 = 0.22Tsw, T3 = 0.42Tsw, and T9 = 0.36Tsw.

Analysis of waveforms of the switching variables in Figure 4.47 indicates that
three switches, here SA, SB, and SC, turn on and off twice per switching cycle, while
the remaining three switches, SA′, SB′, and SC′, do not change their state. Generally,
in even sectors the commutating switches are those in the upper row of the rectifier
bridge, while in odd sectors switches that are in the lower row perform commutations.
On average, there is one turn-on and one turn-off per switch per switching cycle. The
described control scheme is illustrated in Figure 4.48. If the inverter mode of oper-
ation is required, it can be signalized by a negative value of the desired modulation
index, m, with |m| substituted for m in Eqs. (4.90)–(4.92) for computation of intervals
TX, TY, and TZ.

To illustrate the impact of modulation index, example waveforms of the output
voltage, vo, and current, io, in a current-type PWM rectifier operating in the recti-
fier mode are shown in Figure 4.49, and waveforms of the input current, ia, and its
fundamental, ia,1, in Figure 4.50. The corresponding line current, iA, (not shown) is
similar to ia,1, but with certain amount of ripple depending on the size of the filter
capacitors. Inverter operation of the rectifier is illustrated in Figure 4.51. Example
harmonic spectra of the input current are shown in Figure 4.52 to demonstrate the
impact of switching frequency, fsw, on current harmonics.

Sensors of input voltages provide information about the angle of the reference cur-
rent vector. Two sensors are sufficient, as in the three-wire system the phase voltages
add up to zero, so only two of them are independent variables. In practical rectifiers,
additional sensors can be employed if required by the control algorithm. A sensor of
the output dc voltage is very common, this voltage being the main controlled quantity.
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Figure 4.48 Control scheme of the current-type PWM rectifier.

On the other hand, sensors increase the cost and decrease reliability of the converter.
Various efforts have thus been made to estimate, rather than measure, certain variables
in the so-called sensorless control schemes.

4.3.4 Voltage-Type PWM Rectifier

In the voltage-type PWM rectifier shown in Figure 4.53, the output current is
reversible but the output voltage is always positive. The rectifier is supplied through
input inductors, and the capacitor across the load smoothes the output current. Note
that the fully controlled switches of the rectifier are in the upside-down position with
respect to that in the current-type PWM rectifier in Figure 4.45, and that each switch
is equipped with a freewheeling diode. It is a boost converter as the output dc voltage
can only be stepped up from a specific minimum value, Vo,min.

Voltage-type PWM rectifiers are characterized by “true” dc-output voltage wave-
form, whose ripple is maintained at a low level by a properly sized capacitor. The
boost property allows high values of the output voltage without a step-up transformer
at the input. Two basic methods of control of the converter will be subsequently pre-
sented. Importantly, except for very low values of the modulation index, m, the mag-
nitude control ratio, M, in the voltage-type PWM rectifier is a reciprocal of that index.
As a rule of thumb, when M = m = 1, then the dc-output voltage of the rectifier equals
the peak value of the line-to-line input voltage.

Voltage-Oriented Control with Space Vector PWM. The phase-A branch (or leg)
of the rectifier is shown in Figure 4.54. Note that thanks to the existence of two
switches, SA and SA′, the branch can theoretically assume a total of four states.
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Figure 4.49 Waveforms of output voltage and current in a current-type PWM rectifier: (a)
m = 0.75, (b) m = 0.35 (fsw/fo = 24, RLE load).

However, if both switches were on, the output capacitor would be dangerously short-
circuited. On the other hand, if both switches were off, the voltage of point A would
depend on the polarity of the input current iA. It would flow through either DA or
DA′, making the terminal voltage equal to zero or Vo, respectively. Thus, if the rela-
tion between the terminal voltage and the output voltage is to be determined by the
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Figure 4.50 Waveforms of input current and its fundamental in a current-type PWM rectifier:
(a) m = 0.75, (b) m = 0.35 (fsw/fo = 24, RLE load).

state of switches, only two states of the rectifier branch can be allowed: SA = ON and
SB = OFF, or, vice-versa, SA = OFF and SB = ON. Consequently, a single switching
variable, a, defined as

a =
{

0 if SA = OFF and SA′ = ON
1 if SA = ON and SA′ = OFF

(4.93)
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Figure 4.51 Inverter mode of operation of the current-type PWM rectifier: (a) waveforms
of output voltage and current, (b) waveforms of input current and its fundamental (m = 0.75,
fsw/fo = 24, RLE load).

is sufficient to describe the state of the branch. Similarly defined switching variables
b and c apply to the other two branches of the rectifier.

In the subsequent considerations, the low-case subscripts indicate voltages at the
A′B′C′ terminal set. When a = 0 and iA > 0, then va = 0 as switch SA′ connects ter-
minal A′ to ground. When a = 0 and iA < 0, then the current must flow through
diode DA′ as SA is off. Again, terminal A′ is connected to ground and va = 0.
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Figure 4.52 Harmonic spectra of input current in a current-type PWM rectifier: (a) fsw/fo =
24, (b) fsw/fo = 48 (m = 1, ideal dc-output current).

Vice-versa, when a = 1, then independently of the polarity of iA, va = Vo. Exten-
sion of these observations on the other two branches gives

⎡⎢⎢⎣
va
vb
vc

⎤⎥⎥⎦ = Vo

⎡⎢⎢⎣
a
b
c

⎤⎥⎥⎦ . (4.94)
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Figure 4.53 Voltage-type PWM rectifier.
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Figure 4.54 Phase-A branch of the voltage-type PWM rectifier.
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As vab = va − vb, vbc = vb − vc, and vca = vc − va, then van = (vab + vac)∕3, vbn =
(vba + vbc)∕3, and vcn = (vca + vcb)∕3. Here,vab, vbc, and vca denote the line-to-line
input voltages to the rectifier and van, vbn, and vcn are the line-to-neutral input volt-
ages. Thus,

⎡⎢⎢⎣
vab
vbc
vca

⎤⎥⎥⎦ = Vo

⎡⎢⎢⎣
1 −1 0
0 1 −1

−1 0 1

⎤⎥⎥⎦
⎡⎢⎢⎣

a
b
c

⎤⎥⎥⎦ (4.95)

and

⎡⎢⎢⎣
van
vbn
vcn

⎤⎥⎥⎦ =
Vo

3

⎡⎢⎢⎣
2 −1 −1

−1 2 −1
−1 −1 2

⎤⎥⎥⎦
⎡⎢⎢⎣

a
b
c

⎤⎥⎥⎦ . (4.96)

The three switching variables imply eight states of the rectifier. Naming a state with
a decimal number abc2, the states can be listed as 0 (abc = 000) through 7 (abc =
111). States 0 and 7 will subsequently be referred as zero states, because they make
all voltages equal to zero. All three input terminals of the rectifier are then simulta-
neously connected to either the top or the bottom dc bus. Based on the ABC → dq
transformation (Eq. 4.74), voltage space vectors corresponding to the active states, 1
through 6, can be determined. The vectors of line-to-line voltages (marked by the
“prime” sign) are shown in Figure 4.55a and those of line-to-neutral voltages in
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Figure 4.55 Input-voltage space vectors of the voltage-type PWM rectifier: (a) line-to-line
voltages, (b) line-to-neutral voltages.
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Figure 4.56 Reference voltage vector in the vector space of line-to-neutral input voltages of
the voltage-type PWM rectifier.

Figure 4.55b. Notice the similarity of the diagram of the line-to-line voltage vectors
with that of the line current vectors in Figure 4.46.

The SVPWM principle with respect to the control of voltages at the input to the
rectifier is illustrated in Figure 4.56, which again shows the diagram of space vectors
of the line-to-neutral input voltages. The reference voltage vector, v⃗∗ = V∗∠𝛽 (here
in sector III), is synthesized from vectors V⃗X (here V⃗2), V⃗Y (here V⃗3), and V⃗Z (V⃗0 or
V⃗7) using formulas (4.91)–(4.93).

The so-called voltage-oriented control, an ingenious concept that employs the
rotating reference frame DQ, is employed in the rectifier. Figure 4.57 shows space
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Figure 4.57 Principle of voltage-oriented control in the voltage-type PWM rectifier.
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vectors v⃗ and i⃗ of the input voltage and current, respectively, in both the stationary
and revolving reference frames. It can be seen that to maintain a unity power factor,
those two vectors must be aligned. Then, the angle 𝜑 between v⃗ and i⃗ equals zero and
the input power factor, PF = cos (𝜑), equals one. Thus, with the D-axis aligned with
vector v⃗, that is, vQ equal zero, the Q-component, iQ, of vector i⃗ should be forced to
zero, too.

A block diagram of the control system of the rectifier is shown in Figure 4.58.
Input voltages and currents are sensed and converted into space vectors. Components
id and iq of the current vector i⃗ are then transformed to components iD and iQ in
the rotating reference frame. The reference value, i∗Q, of the Q-component of current
vector is set to zero, while that of the D-component, i∗D, is obtained at the output of
a proportional-plus-integral (PI) controller of the output voltage, Vo, of the rectifier.
The reference value, V∗

o , of that voltage is compared with the feedback signal of Vo at
the input to the controller. Similar PI controllers produce signals v∗D and v∗Q, which are
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iBvB
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Figure 4.58 Voltage-oriented control system of the voltage-type PWM rectifier.

www.EngineeringBooksPdf.com



172 AC-TO-DC CONVERTERS

then transformed into corresponding components v∗d and v∗q of the reference voltage
vector to be realized by the rectifier using the SVPWM. Components vd and vq of the
input voltage vector ⃖⃗v allow determination of the running angle, 𝜔t, for the dq → DQ
and DQ → dq transformations using Eqs. (4.83) and (4.85).

Direct Power Control. The unity power factor condition is tantamount to zero
reactive power at the input to the rectifier. As known from the theory of three-phase
ac circuits, the phasor, S̄, of complex power can be calculated as

S̄ = 3V̄AN Ī∗A = P + jQ, (4.97)

where V̄AN denotes an rms phasor of the line-to-neutral voltage vAN, Ī∗A is the rms
conjugate phasor of the line current iA, and P and Q denote the average values of
the real and reactive power, respectively. An analogous equation for a vector, s⃗, of
complex power is

s⃗ = 2
3

v⃗⃗i∗ = p + jq, (4.98)

where p and q are the instantaneous values of the real and reactive power (do not
confuse this q with that denoting the quadrature axis). The coefficient 2/3 in Eq. (4.98)
is 4.5 times smaller than its counterpart of 3 in Eq. (4.97). It is so because, as seen in
Figure 4.41, the magnitude of a space vector is 1.5 greater than those of its three-phase
components, and this magnitude represents a peak value. Each of the rms phasors in

Eq. (4.97) is thus 1.5
√

2 smaller than the corresponding vector, and their product is

(1.5
√

2)2 = 4.5 smaller than that of the vectors in Eq. (4.98).
Substituting in Eq. (4.98) vd + jvq for v⃗ and id − jiq for i⃗∗ yields

p = 2
3

(vdid + vqiq) (4.99)

and

q = 2
3

(vqid − vdiq). (4.100)

Applying the ABC → dq transformation given by Eqs. (4.73) and (4.74), the
instantaneous real and reactive powers can now be expressed as

p = vANiA + vBNiB + vCNiC (4.101)

and

q = 1√
3

(vBCiA + vCAiB + vABiC). (4.102)
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Figure 4.59 DPC system of the voltage-type PWM rectifier.

Thus, sensing the input voltages and currents allows calculation of the real and reac-
tive powers drawn by the rectifier from the supply line.

A block diagram of the direct power control (DPC) of the voltage-type PWM recti-
fier is shown in Figure 4.59. The next state of the rectifier is determined by the values
of three control variables, x, y, and z. Variable x, an integer in the 1–12 range, indi-
cates the 30◦-wide sector of the dq plane in which the space vector, v⃗, of the input
voltage is currently located. If the phase of that vector is denoted by 𝛽, then

x = int

(
𝛽

30◦

)
+ 1 (4.103)

For instance, if 𝛽 = 107◦, then x = 4, which means that v⃗ is in sector 4. Angle 𝛽
is determined from the vd and vq components of the voltage vector. Logic variables
y and z are obtained at the outputs of bang-bang controllers of the real and reactive
powers. The width of hysteresis loop of the controllers constitutes a tolerance band
for the control errors, Δp and Δq, of these powers. Thus, it is so adjusted as to result
in the desired average switching frequency.

The real power, p, is compared with the reference value, p∗, of this power, which
is obtained from the control circuit of the output voltage, Vo, of the rectifier. The real

www.EngineeringBooksPdf.com



174 AC-TO-DC CONVERTERS

Table 4.1 State Selection in the Voltage-Type PWM Rectifier with DPC

x: 1 2 3 4 5 6 7 8 9 10 11 12

y = 0 z = 0 6 4 4 5 5 1 1 3 3 2 2 6
z = 1 2 6 6 4 4 5 5 1 1 3 3 2

y = 1 z = 0 0 4 7 5 0 1 7 3 0 2 7 6
z = 1 0 0 7 7 0 0 7 7 0 0 7 7

power input to the rectifier is closely related to the output power, which is proportional
to a square of the output voltage. Consequently, the reference signal p∗ is taken as a
product of Vo and the output signal, V ′

o, of a PI controller of that voltage. The reference
value, q∗, of the instantaneous reactive power is set to zero and compared with the
actual reactive power, q. Based on the values of x, y, and z, the rectifier state that best
counteracts the control errors is selected according to Table 4.1.

Voltage and Current Waveforms. As already mentioned, the voltage-type PWM
rectifier is a “true” rectifier, in the sense that the input currents and voltages are sinu-
soidal while both the output voltage and current are true dc waveforms, minor ripple
notwithstanding. Example waveforms of the input voltages and currents satisfying
the unity power factor condition are shown in Figure 4.60, while Figure 4.61 depicts
the corresponding output voltage and current waveforms.

As an aside, it is worth mentioning that both the rotating reference frame and DPC
employed in the voltage-type PWM rectifiers are concepts that have been first used in
control of three-phase ac motors. The rotating reference frame is a fundamental tool
of the so-called field orientation technique, which allows shaping the supply currents
in such a way that the magnetic flux and mechanical torque developed in the motor can

iA iB iC

VAN VBN VCN

ωt
2ππ

Figure 4.60 Waveforms of input voltage and current in the voltage-type PWM rectifier at
unity power factor.
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Figure 4.61 Waveforms of output voltage and current in the voltage-type PWM rectifier.

be controlled independently from each other. In the so-called direct torque control,
similar to the DPC described in Section 4.3.4, sequential states of the inverter feeding
the motor are selected on a basis of the flux and torque control errors.

4.3.5 Vienna Rectifier

Vienna rectifier, the name derived from the city of its origin, was developed in
the early 1990s for application in telecommunication power supplies. Thanks to its
attributes the Vienna rectifier has since found a solid place among modern PWM ac-
to-dc converters. It is characterized by high power density, efficiency, and reliability,
while only three semiconductor power switches are employed. The switches are sub-
jected to only half of the output voltage, so that the voltage rating of the rectifier
can be significantly higher from that of the switches. The Vienna rectifier is a boost
converter with a high switching frequency (tens of kHz). However, the voltage gain,
defined as the ratio of output voltage to the peak line-to-line input voltage, typically
does not exceed 2.

Version I of the Vienna rectifier is shown in Figure 4.62. Each of the three IGBTs
is surrounded by four diodes resulting in three bidirectional switches, SA, SB, and
SC. The other six diodes, D1A through D2C, prevent short circuits endangering the
output capacitors. For instance, diode D1A blocks the path of a short-circuit current,
which would rapidly discharge capacitor C1 when switch SA were closed.

The two output capacitors, C1 and C2, make the rectifier a so-called three-level
converter. Here, it means that each of the rectifier inputs, A′, B′, and C′, can attain
three levels of voltage. Considering, for example, phase A, depending on the polarity
of the input current iA and state of switch SA, inductor LA can be connected to the
upper dc bus, the midpoint M, or the lower dc bus. The idea of multilevel converters
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Figure 4.62 Vienna rectifier I.

is expanded in Chapter 7. One of the advantages of such topology is that the voltage
across any semiconductor device does not exceed the voltage of a single capacitor,
C1 or C2. Thus, assuming that the output voltage, Vo, is equally split between the
two capacitors, the voltage rating of the rectifier can be twice as high as that of the
semiconductor devices.

Ternary switching variables, a, b, and c, can be used for the description of opera-
tion of switches SA, SB, and SC. Specifically,

a =
⎧⎪⎨⎪⎩

2 if SA is OFF and iA > 0
1 if SA is ON
0 if SA is OFF and iA < 0

. (4.104)

Then, assuming that the midpoint M of the rectifier is grounded and the out-
put capacitors equally share the output voltage, the voltage of input terminal A′ is
given by

VA′ = (a − 1) Vo. (4.105)

Operation of the other two switches can be described analogously.
Since all three input currents, iA, iB, and iC, cannot have simultaneously the same

polarity, the number of states is lower than the theoretical number of combinations of
three ternary variables, that is, 3 × 3 × 3 = 27. If, for example, iA and iB are positive
and iC is negative, variables a and b can only assume values 1 and 2 each, while
variable c values 0 and 1. Designating a state as abc, it can be seen that states 000
and 222 are not possible, while state 111 is a zero state. Thus, the number of possible
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Figure 4.63 Voltage space vectors of Vienna rectifier.

states is 25. Each of this states can be assigned a space vector of input voltages.
Voltage vectors of the Vienna rectifier are shown in Figure 4.63 in the per-unit format
with Vo as the reference. There are six large vectors, six medium vectors, and six
small vectors. Each of the latter corresponds to two states. For instance, vector 0.5
∠60◦ is associated with either state 110 or state 221. Numerous space-vector PWM
techniques have been proposed over the years by various researchers.

As for all PWM rectifiers, the two control objectives are: (1) the desired level of
output voltage and (2) sinusoidal input currents in phase with the corresponding grid
voltages. Originators of the Vienna rectifier proposed a control method that employs
simple hysteresis (relay) controllers of the input currents. In addition to the mentioned
two objectives, the method also provides balancing of the capacitor voltages, so that
midpoint M can be used as an output terminal for reduced voltage loads. Block dia-
gram of the control system is shown in Figure 4.64. The slanting marks denote flows
of single signals, while the unmarked lines carry triple signals for individual phases,
symbol k denoting A, B, and C. Symbols V̂LN and ÎL denote peak values of the line-
to-neutral grid voltage and line (input) current, respectively, and the asterisks indicate
reference values.

The hysteresis controller turns the corresponding switch on if the current error,
Δik, is greater than the width h of the hysteresis loop. Vice-versa, the switch is turned
off if Δik is less than h. Binary switching variables x′k are assigned to those two sit-
uations, that is, x′k = 1 when Δik > h and x′k = 0 otherwise. Switching variables xk,
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Figure 4.64 Control system of Vienna rectifier.

also binary, control the rectifier switches, with xk = 1 turning switch Sk on and xk =
0 turning it off. They are generated using the following rule:

xk =

{
x′k if i∗k ≥ 0

x̄′k if i∗k < 0
(4.106)

As a result, the input current waveforms are rippled sinusoids contained within the h-
wide tolerance bands, resembling those of the voltage-type rectifier in the preceding
section (see Figures 4.60 and 4.61). Version II of Vienna rectifier, which is function-
ally equivalent to version I, is shown in Figure 4.65.

4.4 DEVICE SELECTION FOR RECTIFIERS

The voltage rating, Vrat, of semiconductor power switches in rectifiers (and, for that
matter, in all power electronic converters) should exceed the highest instantaneous
voltage possible to appear between any two points of the power circuit. In rectifiers,
it is the peak value,Vi,p, of input voltage. Since semiconductor devices are vulnerable
to overvoltages, even those of very short duration, substantial safety margins should
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Figure 4.65 Vienna rectifier II.

be assumed in the design. The safety margins depend on the voltage level, the higher
ones used in low-voltage converters. Thus, denoting a voltage safety margin by sV,
the condition to be satisfied is

Vrat ≥ (1 + sV)Vi,p. (4.107)

In six-pulse rectifiers, Vi,p = VLL,p.
The current rating, Irat, which is the maximum allowable average current in a

power switch, must be greater than the actual maximum average current, Iave(max). In
six-pulse rectifiers, each power switch conducts the output current within one-third
of the cycle of input voltage. Therefore, Iave(max) = Io,dc(rat)∕3, where Io,dc(rat) denotes
the rated dc-output current, usually determined as the ratio of the rated power of a
rectifier to the rated output voltage. Consequently, denoting the current safety margin
by sI , the condition to meet is

Irat ≥
1
3

(1 + sI)Io,dc(rat). (4.108)

Typically, lower safety margins are used for currents than for voltages. Temporary
current overloads are less destructive than overvoltages, thanks to the thermal iner-
tia of the devices always equipped with heat sinks. In dual converters, an additional
allowance should be made for the circulating current.

Fully controlled semiconductor power switches for PWM rectifiers are switched
many times within a single cycle of input voltage. Therefore, dynamic characteristics
of these devices must be taken into account. Specifically, for crisp voltage and current
pulses to be produced, the shortest on-time of the switches should be significantly
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longer than their turn-on time. An analogous rule applies to the off- and turn-off
times.

4.5 COMMON APPLICATIONS OF RECTIFIERS

Diode rectifiers are used to provide a fixed voltage to dc-powered equipment, such as
electromagnets or electrochemical plants. They are also employed as supply sources
for dc-input power electronic converters, that is, inverters and choppers. Phase-
controlled rectifiers are primarily used for dc motor control, in high-voltage dc trans-
mission lines, as battery chargers, exciters for synchronous ac machines, and in cer-
tain technological processes requiring dc current control, such as electric arc welding.
Also, if an inverter or a chopper is to provide a bidirectional flow of energy, it must
be supplied from a controlled rectifier which, when operated in the inverter mode,
allows transmission of power back to the ac supply system.

The PWM rectifiers have only recently entered the mainstream power electron-
ics market. The current-type rectifiers are a worthy alternative to phase-controlled
rectifiers, whose input currents are far from ideal (see Figure 4.24). The voltage-type
rectifiers cannot be employed for control of dc motors, because the output voltage can
only be adjusted up from the minimum level, roughly equal to the peak value of the
supply line-to-line voltage. Therefore, they are mostly used in frequency changers for
control of ac motors. The fixed, three-phase, supply ac voltage is first rectified under
the unity power factor condition and then, in an inverter, converted into an adjustable
three-phase voltage applied to the stator of the controlled motor.

Note that besides controlled rectifiers, other power electronic converters, such as
inverters, choppers, and cycloconverters, can operate electrical machinery, too. The
converters and machines share the common purpose, which is conversion of one form
of energy into another. Therefore, operation of a controlled rectifier supplying a dc
motor will be described to illustrate the basic relations between operating modes of
these two subsystems.

A dc machine, here assumed to be of the separately excited type, can be repre-
sented as in Figure 4.66. The armature circuit is composed of the armature resis-
tance, Ra, armature inductance, La, and armature EMF, Ea. The latter quantity is
proportional to the speed, n, of the machine (in r/min), and the developed torque,
T, is proportional to the armature current, ia. For reference, the speed and torque
are assumed positive when clockwise. Using T and n as operating variables of
the machine, an operation plane can be set up as shown in Figure 4.67. The four
quadrants of the plane correspond to the four possible modes of operation, from
motoring clockwise (first quadrant) to generating counterclockwise (fourth quadrant).
The idea of operating quadrants extends on all revolving machines, not necessary
electrical ones.

A dc machine and the converter that feeds it form a dc drive system, usually
equipped with automatic control of the speed and torque. In the steady state of the
drive, the dc component, Va,dc, of the armature voltage has the same polarity as the
armature EMF, Ea, the two quantities differing only by the small voltage drop across
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Figure 4.66 Electromechanical representation of a dc machine.

the armature resistance. As the armature voltage and current are supplied by the con-
verter, the operating quadrants of the machine correspond to their counterparts in the
converter plane of operation in Figure 4.29. In particular, the motoring mode of the
machine is associated with the rectifier mode of the converter, with the power flow
from the ac source, through the converter and machine, to the load. Conversely, the
generating mode of the machine results from the inverter mode of the converter, with
the power flow reversed.

As an example, an electric locomotive supplied from a three-phase overhead line
and driven by dc motors is considered. Today, dc motors in traction have largely been
superseded by ac motors, but an electric dc locomotive was one of the first high-power
applications of SCRs. Several motors operate the wheels of a practical locomotive.
For simplicity, only one of these motors, assumed to be fed from a rectifier with an
electromechanical switch, is considered.

Figure 4.68 shows a rectifier–switch–motor cascade when the locomotive hauls
a train with the motor rotating clockwise, that is, with positive speed and torque.
The switch provides direct connection between the rectifier and the motor. Thus, the
average armature voltage,Va, and instantaneous armature current, ia, of the motor are

II I

IVIII
T

n
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T

Figure 4.67 Operation plane, operating area, and operating quadrants of a rotating machine.
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Figure 4.68 A dc motor supplied from a rectifier with cross-switch: first-quadrant operation.

equal to the dc-output, Vo,dc, and output current, io, of the rectifier, respectively. Both
the converter and the machine operate in the first quadrant, which means the rectifier
mode with positive dc-output voltage for the converter and the motoring clockwise
mode for the machine. The firing angle, 𝛼f , is kept below 90◦.

Kinetic energy of a train running at full speed is enormous, and using only friction
brakes to slow down or stop the train is ineffective and wasteful. Therefore, an electric
braking scheme is implemented by transition to the second quadrant, in which the dc
machine operates as a generator, and the converter works in the inverter mode. This
situation is illustrated in Figure 4.69. The firing angle has been increased to over 90◦,

CBA

n

T

αf > 90°
io

ia

vo va

Ra

La

Ea

Figure 4.69 A dc motor supplied from a rectifier with cross-switch: second-quadrant
operation.
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and the electromechanical switch has been switched to the cross-connecting position,
making va = −vo and ia = −io. Although the direction of speed and the polarity of
motor EMF have not changed, the EMF is now seen as negative from the rectifier
terminals. The conditions for the inverter operation are thus satisfied, and the negative
armature current produces a braking torque opposing the motion of the motor. The
momentum of the train provides the driving torque for the dc machine, and the electric
power generated is transferred via the rectifier to the ac supply line.

The third and fourth quadrants of operation represent the motoring and braking
modes, respectively, when the locomotive runs backward and the motor rotates coun-
terclockwise. Development of connection diagrams similar to those in Figures 4.68
and 4.69 is left to the reader.

It is worth noting that certain drives operate in the first and fourth quadrants only,
so that the rectifier can directly be connected to the motor. Lift-type drives, such as
those of elevators, are the typical example. No matter whether the load moves up
or down, the motor torque must counter the torque imparted by the gravity. There-
fore, the torque never changes its polarity, and the output current of the rectifier
does not need to be reversed. When stopping from the upward motion, the grav-
ity force, possibly supplemented with friction brakes, is sufficient to provide the
braking torque.

High-voltage dc (HVDC) transmission lines link distant power systems, using
dc current as a medium for energy exchange between the systems. Therefore, syn-
chronous operation of the systems is not required (they may even operate with differ-
ent frequencies), and the easy control of transferred power improves the stability of
the systems. HVDC lines allow efficient transmission of electric power, because the
inductance and capacitance of the line do not affect the voltage and the current.

A typical HVDC transmission system is illustrated in Figure 4.70. The link
between the interconnected power systems consists of 12-pulse rectifiers RCT1 and
RCT2, transformers TR1 and TR2, smoothing inductors, L1 through L4, and a
transmission line. Each rectifier is composed of two six-pulse SCR-based rectifiers
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Figure 4.70 High-voltage dc transmission system.
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connected in series, one supplied from a wye-connected secondary winding of the
transformer and the other from a delta-connected secondary winding. Such 12-pulse
rectifiers are characterized by a very smooth output voltage, with a minimal ripple
factor.

The dc line is usually of the two-wire type, although single-wire lines, with the
ground as a return path, are also feasible. If the power is transmitted from System 1
to System 2, rectifier RCT1 operates in the rectifier mode and rectifier RCT2 in the
inverter mode. As a result, the three-phase ac power drawn from System 1 is converted
into dc power, transmitted over the line to RCT2, and converted back into three-phase
ac power in System 2. The rectifiers interchange the modes of operation if the power
is transmitted in the opposite direction. Note that the dc current can only flow in one
direction, and the reversal of power flow is accomplished by reversing polarity of the
dc voltage.

A single switch of an HVDC rectifier is composed of dozens of high-rating SCRs
connected in series and in parallel to withstand the high voltages and currents of
the line. Individual SCRs are fired by photothyristors, to which the firing signals
are delivered via fiber-optic cables to ensure simultaneous turn-on. The apparatus
required affect the cost of HVDC lines, which are only economical when voltages of
several hundred kilovolts, powers of several hundred to several thousand megawatts,
and distances of several hundred miles are involved.

SUMMARY

The ac-to-dc power conversion is performed by rectifiers, which in practice are mostly
of the six-pulse, three-phase bridge topology. Diode rectifiers produce a fixed dc volt-
age, whose value depends on the amplitude of the ac-input voltage. The output cur-
rent in diode rectifiers is continuous, unless the load EMF has a value approaching
the amplitude of the input voltage and the load inductance is low. Power flow is uni-
directional, from the ac source, via the rectifier, to the load.

Controlled rectifiers are more flexible operationally, allowing control of the dc-
output voltage and being capable of reversing the power flow. In phase-controlled,
SCR-based rectifiers, the voltage control is realized by adjusting the firing angle of
the SCRs. In the continuous conduction mode, the dc-output voltage is proportional
to cosine of the firing angle. The inverter mode is possible only when the load EMF
is negative and the firing angle is greater than 90◦.

The load and source inductances affect the operation of rectifiers. Resonant input
filters are recommended to reduce harmonic content of the input currents drawn from
the supply system by uncontrolled and phase-controlled rectifiers.

An extension to four-quadrant operation of controlled rectifiers is possible by
installing an electromechanical cross-switch at the output, which allows for a neg-
ative load current. Dual converters represent a more convenient and robust solu-
tion. A dual converter consists of two rectifiers connected in antiparallel. Circulating
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current-free dual converters are simpler but operationally inferior to the circulating
current-conducting ones.

The quality of the input currents can greatly be enhanced using PWM rectifiers,
based on fully controlled semiconductor power switches. The PWM rectifiers, either
of the current-type (buck) or voltage-type (boost), allow maintaining a unity input
power factor. The output voltage and current are also of high quality. One of these
converters, the Vienna rectifier, employs only three fully controlled semiconductor
switches. The maximum available volt-ampere ratings of PWM rectifiers are, how-
ever, lower than those of phase-controlled rectifiers with SCRs.

The selection of semiconductor power switches for rectifiers is primarily based
on the amplitude of the ac supply voltage and the maximum average output current.
Switches for PWM rectifiers must be sufficiently fast to realize the frequent switching
required.

Dc motor control, HVDC transmission lines, battery charging, and supply of dc-
input power electronic converters are the most common applications of rectifiers.
They are also employed in various technological processes, such as electric arc weld-
ing or electrolysis.

EXAMPLES

Example 4.1 A three-pulse and a six-pulse diode rectifiers are supplied from a 460-
V ac line. Compare the dc-output voltages available from these rectifiers.

Solution: According to Eq. (4.2), the dc voltage, Vo,dc(3), of the three-pulse rectifier is

Vo,dc(3) =
3
√

3
2𝜋

VLN,p where the peak value, VLN,p, of the input line-to-neutral voltage
is

VLN,p =
√

2 × 460√
3

= 375.6 V

(the rated voltage of any three-phase apparatus is always the rms line-to-line voltage).
Thus,

Vo,dc(3) =
3
√

3

2𝜋
× 375.6 = 310.6 V.

Following Eq. (4.4), the dc voltage of the six-pulse rectifier,

Vo,dc(6) =
3
𝜋

VLL,p = 3
𝜋
×
√

2 × 460 = 621.2 V,

that is, exactly twice as high as that of the three-pulse rectifier.
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Example 4.2 A 270-V battery pack is charged from a six-pulse diode rectifier sup-
plied from a 230-V ac line. The internal resistance of the battery pack is 0.72 Ω.
Calculate the dc charging current.

Solution: The load EMF coefficient, 𝜀, is

𝜀 = 270√
2 × 230

= 0.83

and the load angle, 𝜑, is zero, as no load inductance is assumed. Therefore, condition
(4.19) for continuous conduction is

𝜀 < sin
(
𝜋

3

)
=
√

3
2

≈ 0.866

and it is satisfied. Consequently, the dc-output voltage, Vo,dc, of the rectifier can be
calculated from Eq. (4.4) as

Vo,dc =
3
𝜋
×
√

2 × 230 = 310.6 V,

and, according to Equation (4.28), the dc-output current, Io,dc, is

Io,dc =
310.6 − 270

0.72
= 56.4 A.

Example 4.3 A dc motor with the armature resistance, Ra, of 0.6 Ω and armature
inductance, La, of 4 mH is supplied from a phase-controlled six-pulse rectifier fed
from a 460-V, 60-Hz line. The motor rotates with such speed that the armature EMF,
Ea, is 510 V. Find the dc-output voltage, Vo,dc, and current, Io,dc, of the rectifier when
the firing angle, 𝛼f , is 30◦ and 60◦.

Solution: First, the feasibility of the assumed firing angles must be checked. The load
EMF coefficient, 𝜀, is

𝜀 = 510√
2 × 460

= 0.784

and condition (4.43) for the allowable values of firing angle gives

−0.146 rad < 𝛼f < 1.193 rad,
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which is satisfied by both 𝛼f = 30◦ and 𝛼f = 60◦. This is also confirmed by the dia-
gram in Figure 4.21. Next, the conduction modes must be determined for proper selec-
tion of formulas for the dc-output voltage. The load angle, 𝜑, is

𝜑 = tan−1
(
𝜔La

Ra

)
= tan−1

(
120𝜋 × 4 × 10−3

0.6

)
= 1.192 rad = 68.3◦,

and when 𝛼f = 30◦ = 𝜋∕6 rad, condition (4.45) for continuous output current is

𝜀 <

⎡⎢⎢⎢⎣sin
(
𝜋

6
+ 𝜋

3
− 1.192

)
+

sin
(

1.192 − 𝜋

6

)
1 − e

− 𝜋

3 tan(1.192)

⎤⎥⎥⎥⎦ cos (1.192) = 0.81

which is satisfied. Similar calculations for 𝛼f = 60◦ yield the requirement 𝜀 < 0.447,
which is not satisfied, that is, the rectifier operates in the discontinuous conduction
mode. The same conclusions could be reached by inspecting the diagram in Fig-
ure 4.22.

Using Eqs. (4.41) and (4.28), the dc-output voltage and current for 𝛼f = 30◦ are
calculated as

Vo,dc =
3
𝜋
×
√

2 × 460 × cos
(
𝜋

6

)
= 538 V

and

Io,dc =
538 − 510

0.6
= 46.7 A.

Calculation of Vo,dc for 𝛼f = 60◦, when the output current, io, is discontinuous,
requires knowledge of the conduction angle, 𝛽. It can be determined by computing
io (𝜔t) for sequential values of 𝜔t, starting at 𝜔t = 𝛼f and ending when the current
drops to zero at 𝜔t = 𝛼e = 𝛼f + 𝛽. The impedance, Z, of the load is

Z =
√

R2
a + (𝜔La)2 =

√
0.62 + (120𝜋 × 4 × 10−3)2 = 1.623Ω,

and Eq. (4.46) gives

io (𝜔t) = 400.8

[
sin (𝜔t − 0.145) − 2.12 + 1.335e

𝜔t−𝜋∕3
2.513

]
.
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A computer should be employed to calculate the current. Beginning with𝜔t = 60◦

and proceeding with 0.1◦ increments (smaller increments could, of course, be used
as well), the following printout is obtained:

Angle Current (A)

60.0◦ 0.0000000
60.1◦ 0.0614110
60.2◦ 0.1221164
… …
75.8◦ 0.1172305
75.9◦ 0.0513202
76.0◦ –0.015876

Thus, the extinction angle, 𝛼e, is about 76◦, and the conduction angle,𝛽, is 76◦–
60◦ = 16◦, that is, 0.279 rad. Using Eq. (4.47), the dc-output voltage is obtained as

Vo,dc = 3
𝜋

√
2 × 460

[
2 sin

(
𝜋

3
+ 0.279

2
+ 𝜋

3

)
sin
(0.279

2

)
+ 0.784

(
𝜋

3
− 0.279

)]
= 510.4 V.

The dc-output current is

Io,dc =
510.4 − 510

0.6
= 0.7 A,

that is, two orders of magnitude smaller than that in the continuous conduction mode
with 𝛼f = 30◦.

Note that if the discontinuous conduction mode had not been identified and
Eq. (4.41) used for calculation of Vo,dc instead of Eq. (4.47), the resultant value of
310.6 V would be lower than the load EMF, implying a negative output current, which
is not possible.

Example 4.4 A phase-controlled six-pulse rectifier is supplied from a 460-V, 60-
Hz power line, whose inductance, Ls, seen from the input terminals of the rectifier
is 1 mH/phase. The rectifier operates with a firing angle, 𝛼f , of 30◦, producing an
average output current, Io,dc, of 140 A. Neglecting resistances of the supply circuit,
find the overlap angle, 𝜇, and average output voltage, Vo,dc, of the rectifier.

Solution: The source reactance, Xs, is given by

Xs = 𝜔Ls = 120𝜋 × 10−3 = 0.377Ω∕ph
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and the peak value of line-to-line input voltage, VLL,p, is
√

2 × 460 = 650.5V. Sub-
stituting the values of 𝛼f , Xs, Io,dc, and VLL,p in Eq. (4.63) yields

𝜇 =
||||cos−1

[
cos
(
𝜋

6

)
− 2

0.377 × 140
650.5

]
− 𝜋

6

|||| = 0.267 rad = 15.3◦.

If the source inductance were zero, the average output voltage, Vo,dc(0), would be

Vo,dc(0) =
3
𝜋
× 650.5 × cos

(
𝜋

6

)
= 538 V.

However, as seen from Eq. (4.64), the load inductance causes reduction of this
voltage by

ΔVo,dc =
3
𝜋
× 0.377 × 140 = 50.4 V

so that the actual dc-output voltage is 538 V–50.4 V = 487.6 V.

Example 4.5 A current-type PWM rectifier is supplied from a 460-V line and it
is to produce 500 V of dc voltage at its output. At certain instant, the angle, 𝛽, of
vector of the input voltages is 235◦. Find the switching pattern of the rectifier if the
switching frequency is 5 kHz.

Solution: The maximum dc voltage of the rectifier equals about 92% of the peak
line-to-line supply voltage, that is,

Vo(max) = 0.92 ×
√

2 × 460 = 598 V.

Thus, the modulation index, m, equals

m =
Vo

Vo,max
= 500

598
= 0.84.

For unity power factor, the space vector of input currents must be aligned with
the input voltage vector, which is in sector V that extends from 210◦ to 270◦ (see
Figure 4.46). Hence, the in-sector angle, 𝛼, of that vector is 235◦–210◦ = 25◦, and
states X, Y, and Z are state 5, state 6, and state 9, respectively. With the switching
period, Tsw = 1∕5kHz = 200 μs, durations of these states are:

T5 = 0.84 × 200 × sin(60◦ − 25◦) = 96.4 μs

T6 = 0.84 × 200 × sin(25◦) = 71 μs

T9 = 200 − 96.4 − 71 = 32.6 μs.
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Figure 4.71 Switching pattern in Example 4.5.

The state sequence in sector V, as listed in Section 4.3.3, is 5 – 6 – 9 – 6 – 5 –
9…, and the corresponding time intervals, in microseconds, are 48.2 – 35.5 – 16.3 –
35.5 – 48.2 – 16.3 … Switches that turn on and off are those in the lower row, that is,
SA′, SB′, and SC′, while SA and SB are off and SC is on all the time. The described
switching pattern is shown in Figure 4.71.

Example 4.6 A voltage-type PWM rectifier is so controlled that its input current
vector lags the input voltage vector by 30◦. At certain instant, the input line-to-neutral
voltages vAN and vBN are 261.5 V and –90.8 V, while the input line currents iA and iB
are 94.0 A and –76.6 A. After re-tuning the control system, the rectifier operates
with the unity power factor. At the instant when the voltages are at the same lev-
els as before, currents iA and iB are 98.5 A and –34.2 A, respectively. Calculate the
instantaneous real, reactive, and apparent input power in both cases.

Solution: The line-to-neutral and line-to-line voltages are vAN = 261.5 V, vBN = –90.8
V, vCN = – vAN – vBN = – 170.7 V, vAB = vAN – vBN = 352.3 V, vBC = vBN –vCN = 79.9
V, and vCA = – vAB – vBC = – 432.2 V. In the first case, the line currents are iA = 94.0
A, iB = –76.6 A, and iC = –iA – iB = –17.4 A. According to Eqs. (4.102) and (4.103),
p = 34,506 W and q = 19,911 VAr. The instantaneous apparent power, s, which is a
geometric sum (square root of sum of squares) of p and q, equals 39,839 VA.

In the second case, iA = 98.5 A, iB = –34.2 A, and iC = –iA – iB = –64.3 A and
the real, reactive, and apparent powers are p = 39,839 W, q = 0, s = 39,839 VA. It
can be seen that the reactive power from the previous case has been converted into
real power and added to the initial real power, so that now s = p.
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PROBLEMS

P4.1 A three-pulse diode rectifier, fed from a 460-V ac line, supplies a 5-Ω resistive
load. Calculate the average output voltage and current of the rectifier.

P4.2 The rectifier in Problem 4.1 charges a 360-V battery pack. Is the charging
current continuous or discontinuous? Sketch the output voltage and current
waveforms.

P4.3 A six-pulse diode rectifier, fed from a 230-V ac line, charges a 240-V battery
pack. Is the charging current continuous or discontinuous? Sketch the output
voltage and current waveforms.

P4.4 A smoothing inductor of 40 mH has been connected between the rectifier in
Problem 4.3 and the battery pack. The internal resistance of the battery is
2.2 Ω. Determine the conduction mode and find the dc-output voltage and
current of the rectifier.

P4.5 The rectifier in P4.3 charges a 300-V battery pack. Find the crossover, extinc-
tion, and conduction angles.

P4.6 Sketch the output voltage waveform of a phase-controlled three-pulse rec-
tifier operating in the continuous conduction mode with the firing angle of
60◦

P4.7 Assuming the continuous conduction mode, sketch the output voltage wave-
forms of a phase-controlled six-pulse rectifier corresponding to firing angles
of 0◦, 45◦, 90◦, 120◦, and 180◦.

P4.8 What firing angle is always feasible in an SCR-based rectifier if the load EMF
does not exceed the peak value of line-to-line input voltage?

P4.9 Sketch the output voltage and current waveforms of a phase-controlled six-
pulse rectifier supplying an RLE load with the load EMF equal 90% of the
peak line-to-line input voltage, and operating in the discontinuous conduction
mode with the firing angle of 60◦.

P4.10 A phase-controlled six-pulse rectifier, fed from a 460-V, 60-Hz line, supplies
a dc motor, whose armature resistance and inductance are 0.3Ω and 1.7 mH,
respectively. The speed of the motor is such that the EMF induced in the
armature is 520 V. Determine the conduction mode of the rectifier and cal-
culate the dc armature voltage and current if the rectifier operates with the
firing angle of 15◦.

P4.11 Determine the conduction mode for the rectifier in P4.10 if it operates with
the firing angle of 50◦. Find the dc-output voltage and current.

P4.12 The rectifier in P4.10 operates in the inverter mode, with the firing angle of
125◦ and the motor working as a dc generator. What armature EMF is needed
to maintain continuous armature current?
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P4.13 A phase-controlled six-pulse rectifier operates in the continuous conduction
mode with the firing angle of 40◦. What is the input power factor of the
rectifier?

P4.14 A phase-controlled six-pulse rectifier, fed from a 230-V, 60-Hz line, oper-
ates with a firing angle of 45◦. The source inductance is such that the dc-
output voltage of the rectifier is reduced by 12% in comparison to that with a
zero-inductance source. Assuming the continuous conduction mode, find the
overlap angle and dc-output voltage of the rectifier.

P4.15 A circulating current-conducting dual converter, fed from a 230-V line, oper-
ates in the continuous conduction mode, with the 50◦ firing angle in one of
the constituent rectifiers. What is the firing angle of the other rectifier, and
what is the average output voltage of the converter? Sketch the output volt-
age waveforms of both rectifiers of the converter and find the value of the
differential voltage at 𝜔t = 𝜋∕9 rad.

P4.16 At certain instant, voltages vAB and vAC in the three-wire power line supply-
ing a three-phase rectifier are 498.4 V and 611.4 V, respectively, and currents
iA and iC in the same line are 289.8 A and –212.2 A, respectively. Determine
and sketch space vectors, V⃗LL and I⃗L, of the line-to-line voltage and line cur-
rent.

P4.17 A current-type PWM rectifier operates with the switching frequency of 4 kHz
and the modulation index of 0.6. Determine and sketch the waveforms of
switching variables within a single switching cycle when the reference cur-
rent vector lies in the middle of sector III of the dq plane.

P4.18 Find the instantaneous real and reactive powers drawn by the rectifier in Prob-
lem 4.16 from the supply line.

P4.19 The SCRs in a phase-controlled six-pulse rectifier are rated at 3200 V and
1000 A. Assuming the voltage and current safety margins of 40% and 20%,
respectively, find the maximum allowable voltage of the supply ac line and
the minimum allowable resistance of the load. Remember that the volt-
age of a three-phase line is always meant as the rms value of line-to-line
voltage.

P4.20 SCRs rated at 6.5 kV are used in a multipulse converter at one end of a
400-kV dc transmission line. The converter can be assumed to produce ideal
dc voltage equal to the peak line-to-line supply voltage times the cosine of
firing angle (see Eq. 4.42). When the interconnected systems operate with the
rated ac voltage, the firing angle of the converter is 20◦ to provide a margin
for control of the dc voltage when the ac voltage strains from its rated level.
The ac voltage may vary from 95% to 105% of the rated value. Find the rated
ac voltage at the input to the converter and, assuming the voltage safety mar-
gin of 20%, determine how many SCRs are connected in series in a single
power switch of the converter.
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COMPUTER ASSIGNMENTS

CA4.1* Run PSpice program Contr_Rect_1P.cir for a single-pulse phase-
controlled rectifier. Observe voltage and current waveforms with various
firing angles.

CA4.2 Use computer graphics to produce a background sheet for sketching volt-
age waveforms of six-pulse rectifiers. The sheet should contain wave-
forms of all six input line-to-line voltages drawn using broken lines as,
for example, in Figure 4.8.

CA4.3* Run PSpice program Diode_Rect_3P.cir program for a three-pulse diode
rectifier. Set appropriate values of the coefficient of load EMF and perform
simulations for the continuous and discontinuous operation modes of the
rectifier. In both cases, find for the output voltage and current:

(a) dc component

(b) rms value

(c) rms value of the ac component

(d) ripple factor

Observe oscillograms of the input voltages and currents.

CA4.4* Run PSpice program Diode_Rect_6P.cir for a six-pulse diode rectifier. Set
appropriate values of the coefficient of load EMF and perform simulations
for the continuous and discontinuous operation modes of the rectifier. In
both cases, find for the output voltage and current:

(a) dc component

(b) rms value

(c) rms value of the ac component

(d) ripple factor

Observe oscillograms of the input voltages and currents.

CA4.5* Run PSpice program Diode_Rect_6P_F.cir for a six-pulse diode rectifier
with an input filter. To evaluate the impact of the input filter, find for the
current drawn from the supply source (before the filter) and current at the
input terminals of the rectifier (after the filter):

(a) total harmonic distortion

(b) amplitudes of the 1st, 5th, 7th, 11th, and 13th harmonics

CA4.6* Run PSpice program Contr_Rect_6P.cir for a phase-controlled six-pulse
rectifier. Find for both the output voltage and current:

(A) dc component

(B) rms value

(C) rms value of the ac component

(D) ripple factor

Observe oscillograms of the input voltages and currents.

www.EngineeringBooksPdf.com



194 AC-TO-DC CONVERTERS

CA4.7* Run PSpice program Rect_Source_Induct.cir for a six-pulse controlled
rectifier supplied from a source with inductance. For reference, run the
Contr_Rect_6P.cir program for a similar rectifier fed from an ideal source.
Compare the output voltage waveforms and their average values.

CA4.8 Develop a computer program for analysis of the phase-controlled six-
pulse rectifier. For specified values of the supply voltage, parameters of
the RLE load, and firing angle, the program should perform:

(a) determination of feasibility of the firing angle

(b) determination of the conduction mode

(c) calculation of the output voltage waveform

(d) calculation of the output current waveform

It is advised that the waveform calculations are done for one sub-cycle
of the input voltage and then extended on the remaining sub-cycles. Stor-
ing the waveform data will allow making plots similar to Figures 4.8, 4.11,
4.17, 4.20, and 4.23.

CA4.9* Run PSpice program Dual_Conv.cir for a six-pulse circulating current-
conducting dual converter. Observe oscillograms of the output voltages
of the constituent rectifiers, output voltage of the converter, differential
output voltage, and circulating current.

CA4.10* Run PSpice program PWM_Rect_CT.cir for a current-type PWM rectifier.
Determine:

(a) total harmonic distortion of the input current

(b) dc-output power

(c) real input power

(d) apparent input power

(e) input power factor

Observe oscillograms of the output voltage and current.

CA4.11* Run PSpice program PWM_Rect_VT.cir for a voltage-type PWM rectifier
with an input filter. Determine:

(a) total harmonic distortion of the input current

(b) dc-output power

(c) real input power

(d) apparent input power

(e) input power factor

Observe oscillograms of the output voltage and current.

CA4.12 Develop a computer program emulating the SVPWM modulator for the
six-pulse current-type PWM rectifier (see Figure 4.48). Based on infor-
mation about the modulation index, switching frequency, and angle of the
input voltage vector, the program should determine the switching pattern
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for the rectifier, that is, the waveforms of switching signals for the all six
switches within a switching cycle.

CA4.13 Develop a computer program that will determine the minimum required
voltage and current ratings of power switches in a six-pulse rectifier. The
program should ask for the volt-ampere and voltage ratings of the rectifier,
and produce the voltage and current ratings of the switches, taking into
account specified safety margins.
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5 AC-to-AC Converters

In this chapter: power electronic converters supplied from an ac source and produc-
ing voltage of adjustable magnitude and frequency are presented; power circuits,
control methods, and characteristics of ac voltage controllers, cycloconverters, and
matrix converters are described; selection of power switches for ac-to-ac converters
is explained; and typical applications of the ac-to-ac converters are reviewed.

5.1 AC VOLTAGE CONTROLLERS

If a fixed ac voltage needs to be adjusted, an ac voltage controller is used. No fre-
quency control is possible, and the fundamental output frequency equals the input fre-
quency. Single-phase controllers are supplied from a single-phase ac voltage source
and have a single-phase output. In three-phase controllers, both the input and the
output are of the three-phase type, usually in the three-wire version.

Ac voltage controllers are based on the pairs of antiparallel connected power
switches. When SCRs or triacs used, the phase control is employed, and the con-
troller belongs to the class of line-commutated power electronic converters. Fully
controlled switches are used in the force-commutated, PWM ac voltage controllers,
whose advantages are similar to those of PWM rectifiers.

5.1.1 Phase-Controlled Single-Phase AC Voltage Controller

The circuit diagram of a phase-controlled single-phase ac voltage controller is shown
in Figure 5.1. In low-power converters, a triac is used instead of the two antiparallel
connected SCRs shown. An RL load is assumed in the subsequent considerations.
When one of the SCRs is conducting, the other SCR is reverse biased by the voltage
drop across the conducting SCR. Only one path of the current exists, so the input
current, ii, equals the output current, io. With either SCR conducting, the input and
output terminals of the converter are directly connected, and the output voltage, vo,
equals the input voltage, vi.

Output Voltage and Current. Example voltage and current waveforms for a con-
troller with an RL load are shown in Figure 5.2. When SCR T1 is forward biased
and fired at certain firing angle, 𝛼f, the conducted current initially increases thanks to

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
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Figure 5.1 Single-phase ac voltage controller.
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Figure 5.2 Waveforms of output voltage and current of a single-phase ac voltage controller
(𝜑 = 30◦) : (a) 𝛼f = 45◦, (b) 𝛼f = 135◦.
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the positive input voltage, but eventually drops to zero, somewhat later than does the
voltage. Now the input voltage is negative, and it is SCR T2 that is forward biased
and ready for firing. The firing occurs at 𝜔t = 𝛼f + 𝜋, where 𝜔 denotes the radian
frequency, common for the input and the output. The waveform of current through
T2 is a mirror image of that through T1, so both the output current and the voltage
waveforms have the half-wave symmetry and no dc component. When a triac is used,
the firing pulses are applied to its gate with the delay of 𝛼f after each zero-crossing
of the input voltage, that is, every half cycle of this voltage.

In Figure 5.2a, the firing angle is 45◦ and in Figure 5.2b it is 135◦. An RL load
with the load angle,𝜑, of 30◦ is assumed. This is relevant information since, as shown
later, the minimum feasible firing angle equals the load angle. It can be seen that when
the firing angle increases, the conduction angle, 𝛽, decreases and the current pulses
become smaller and shorter. Consequently, the rms value of the current decreases,
as does the rms value of output voltage. Note that the current is always discontin-
uous and waveforms of both the current and output voltages are strongly distorted
in comparison with pure sinusoids, especially with large firing angles. Therefore, ac
voltage controllers should be used sparingly in applications requiring high-quality ac
currents, such as ac motors.

Accounting for the half-wave symmetry of the output voltage waveform, vo(𝜔t),
the rms value of this voltage can be found as

Vo =

√
1
𝜋

𝜋

∫
0

v2
o (𝜔t) d𝜔t =

√
1
𝜋

𝜋

∫
0

[
Vi,p sin (𝜔t)

]2
d𝜔t

= Vi,p

√
1
𝜋

{
𝛼e − 𝛼f −

1
2

[sin(2𝛼e) − sin(2𝛼f)]
}

, (5.1)

where Vi,p and Vi denote peak and rms values of the input voltage, respectively, and
𝛼e is the extinction angle. The extinction angle depends on the firing angle, 𝛼f, and
the load angle, 𝜑.

The expression for the load current waveform, io(𝜔t), within the 𝛼f to 𝛼e interval
of 𝜔t can be derived in a similar way to that used for a phase-controlled rectifier in
the discontinuous conduction mode (see Section 4.2.1). The waveform is given by

io (𝜔t) =
Vi,p

Z

[
sin (𝜔t − 𝜑) − e

−𝜔t−𝛼f
tan(𝜑) sin(𝛼f − 𝜑)

]
, (5.2)

where Z denotes the load impedance, as in Eq. (4.11). If 𝜔t = 𝛼e, the current has
just reached zero, which allows numerical determination of the extinction angle. If
𝛼f = 𝜑, the right-hand term in brackets disappears, and the current becomes purely
sinusoidal, as if the load was directly connected to the supply source. This observation
confirms the previously made statement about the minimum feasible firing angle.
Expression for the negative pulse of the current differs from Eq. (5.2) by a minus
sign only.
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Voltage Control. The magnitude control ratio, M, for ac voltage controllers is
defined with respect to the rms value, Vo, of output voltage, whose maximum avail-
able value equals the rms value, Vi, of input voltage. Since there is no closed-form
expression for the extinction angle, 𝛼e, which appears in Eq. (5.1), no closed-form
expression for the voltage control characteristic can be derived. This is not a serious
problem, since in the practical loads, the load angle, necessary for computation of the
extinction angle, is usually unknown anyway. Therefore, only an envelope of control
characteristics for load angles in the 0–𝜋/2 range can be determined. If 𝜑 = 0 (purely
resistive load), Eq. (5.2) yields

io (𝜔t) =
Vi,p

R
sin (𝜔t) (5.3)

and the extinction angle is 𝜋 rad. Conversely, if 𝜑 = 𝜋∕2 (purely inductive load),
then

io (𝜔t) =
Vi,p

𝜔L
[cos(𝛼f ) − cos (𝜔t)] (5.4)

and the extinction angle is 2𝜋 − 𝛼f , as cos(𝛼f) − cos(2𝜋 − 𝛼f ) = 0.
Substituting the obtained values of 𝛼e in Eq. (5.1), the envelope of control charac-

teristics can be expressed as

Vo(𝜑=0)(𝛼f ) ≤ Vo(𝛼f ) ≤ Vo(𝜑=𝜋∕2)(𝛼f), (5.5)

where

Vo(𝜑=0)(𝛼f) = Vi

√
1
𝜋

[
𝜋 − 𝛼f +

1
2

sin(2𝛼f)
]

(5.6)

and

Vo(𝜑=𝜋∕2)(𝛼f ) =
√

2Vo(𝜑=0)(𝛼f). (5.7)

Graphic representation of Eq. (5.5) is shown in Figure 5.3 in the M = f(𝛼f) form.
As already mentioned, the load angle is usually unknown. Interestingly, the behav-

ior of an ac voltage controller when the firing angle is less than the load angle depends
on the firing technique. As explained in Section 2.3.1, SCRs and triacs can be fired
using a short single pulse of the gate current, ig, or a long multipulse. Operation of
the controller with these two firing schemes and 𝛼f < 𝜑 is illustrated in Figure 5.4.
In the case of single gate pulses (Figure 5.4a), only one SCR is fired, by gate pulse
ig1, since firing of the other SCR, by gate pulse ig2, is attempted when it is reverse
biased by the first, still conducting SCR. As a result, the converter operates faultily as
a single-pulse rectifier. If multipulses, whose width should not be less than 𝜋/2 rad,
are employed (Figure 5.4b), each SCRs is successfully fired by one of the constituent
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Figure 5.3 Envelope of control characteristics, Vo = f (𝛼f ), of a single-phase ac voltage con-
troller.

pulses of a multipulse immediately after the other SCR has ceased to conduct. Thus,
the converter acts as a closed switch between the supply voltage and the load, and
the actual firing angle equals the load angle. For this reason, multipulse gate signals
are used in all phase-controlled ac voltage controllers, including the three-phase ones
covered in the next section.

An ac voltage controller with the multipulse firing of SCRs operates correctly no
matter what firing angle, measured from the zero crossing of the input voltage to
the beginning of the multipulse, is applied. However, changes of the firing angle in
the 0–𝜑 range do not affect the output voltage and current, both of which stay at
their maximum rms values. This dead zone, whose width varies with the load angle,
is undesirable, especially in feedforward control schemes. Therefore, an alternate
approach to the phase control has been devised, in which the firing angle is defined
with respect to the instant when the current, not voltage, crosses zero. This technique
requires current sensing, which actually is usually needed anyway for the control or
protection purposes.

As seen in Figure 5.5, the angle interval, 𝛼′f , between an end of a current pulse and
the next firing instant is given by

𝛼
′
f = 𝜋 − 𝛽 = 𝜋 − 𝛼e + 𝛼f . (5.8)

Angle 𝛼′f , which represents a firing delay measured from the last zero crossing of
current, will subsequently be called a control angle. Based on Eq. (5.8), the firing
angle, 𝛼f, can be expressed in terms of the control angle as

𝛼f = 𝛼
′
f + 𝛼e − 𝜋 (5.9)
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Figure 5.4 Operation of the single-phase ac voltage controller with: (a) single-pulse gate
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and substituted in Eq. (5.1), to yield

Vo = Vi

√
1
𝜋

[
𝜋 − 𝛼′f + sin

(
𝛼
′
f

)
cos

(
2𝛼e + 𝛼′f

)]
. (5.10)

It can be seen that with 𝛼
′
f = 0, Vo = Vi, and with 𝛼

′
f= 𝜋, Vo = 0, inde-

pendently of the load angle. As before, an envelope of control characteristics
corresponding to various load angles can be determined by substituting 𝛼e = 𝜋

in Eq. (5.10) for the 𝜑 = 0 case and 𝛼e = 2𝜋 − 𝛼f = 3(𝜋 − 𝛼′f )∕2 for the
𝜑 = 𝜋/2 case. Then,

Vo(𝜑=𝜋∕2)
(
𝛼
′
f

)
≤ Vo

(
𝛼
′
f

)
≤ Vo(𝜑=0)

(
𝛼
′
f

)
, (5.11)

where

Vo(𝜑=𝜋∕2)

(
𝛼
′
f

)
= Vi

√
1
𝜋

[
𝜋 − 𝛼′f − sin

(
𝛼
′
f

)]
(5.12)

and

Vo(𝜑=0)
(
𝛼
′
f

)
= Vi

√
1
𝜋

[
𝜋 − 𝛼′f +

1
2

sin
(
2𝛼′f

)]
. (5.13)

Relation (5.11) is illustrated in Figure 5.6. No dead zone exists in the control
characteristics and, particularly with highly inductive loads, the rms output voltage
decreases almost linearly when the control angle increases.

Figure 5.6 Envelope of control characteristics, Vo = f
(
𝛼′f

)
, of a single-phase ac voltage con-

troller.
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Power Factor. The input power factor, PF, of a lossless ac voltage controller can
be expressed as

PF =
Po

Si
=

RI2
o

ViIi
=

ZIo

Vi
cos (𝜑) . (5.14)

When 𝛼f ≤ 𝜑 and, consequently, Io = Vi/Z, the power factor equals that of the
load, that is, cos(𝜑). When the firing angle increases beyond the load angle, the rms
output current, Io, decreases and so does the power factor. An ac voltage controller
with a purely resistive load has the highest power factor, while a purely inductive load
results in a power factor of zero for all values of 𝛼f.

The relation between the input power factor, PF, and the firing angle, 𝛼f, for an R
load (𝜑 = 0) can easily be derived substituting R for Z and Vo/R for Io in Eq. (5.14).
Then, PF = Vo/Vi = M (magnitude control ratio). Thus, based on Eq. (5.6),

PF(𝜑=0)(𝛼f) =
√

1
𝜋

[
𝜋 − 𝛼f +

1
2

sin(2𝛼f )
]
. (5.15)

It can be seen that, similarly to phase-controlled rectifiers, phase-controlled ac
voltage controllers are characterized by decreasing quality of the input current with
the increase of firing angle. The input power factor decreases and the total harmonic
distortion of the input current increases.

5.1.2 Phase-Controlled Three-Phase AC Voltage Controllers

Several configurations of three-phase ac voltage controllers are possible. Here, only
the most common, fully controlled topology with a wye-connected load will be
described in some detail. Detailed analysis of that converter requires lengthy con-
siderations, omitted in this third edition. Interested readers are directed to the second
edition of this text or to book [6]. Other types of three-phase controllers will briefly
be described, with the stress on only their unique features.

Fully Controlled Three-Phase AC Voltage Controller. Operation of the fully con-
trolled three-phase ac voltage controller, shown in Figure 5.7, is more complicated
than that of the single-phase converter. Note, for instance, that to get the controller
started, two triacs must be fired simultaneously to provide the path for the current
necessary to maintain their on-state.

Operation with a single triac conducting a current is impossible. Therefore, the
controller can operate with two or three triacs conducting or none at all. If no triac is
conducting, the load is cut off from the supply and all currents and output voltages
are zero. The two- and three-triac conduction cases are illustrated in Figure 5.8. A
balanced load is assumed and, for better visualization, the triacs are represented by
generic switches. It can be seen in Figure 5.8a that with two triacs, TA and TB, con-
ducting, the line-to-line voltage, vAB, is equally split between the load impedances in
phases A and B. Consequently, va = vAB/2, vb = –vAB/2 = vBA/2, and vc = 0. When
all three triacs are conducting, as in Figure 5.8b, the output voltages, va, vb, and vc,
equal their input counterparts, vA, vB, and vC.
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Figure 5.7 Fully controlled three-phase ac voltage controller.

v

v

v
B

A

v
_1

(a) (b)

C

TBTA TC

vAB

Ai –iB

vA
B

B
A

2 _ 21

TBTA TC

Ai i iB C

Av v vB C

v

v

v
B

A

C

Figure 5.8 Voltage and current distribution in a fully controlled three-phase ac voltage con-
troller: (a) two triacs conducting, (b) three triacs conducting.
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Switching variables, a, b, and c, can be introduced for triacs TA, TB, and TC,
respectively and are equal to 1 when a given triac is conducting and is equal 0 other-
wise. It can be shown that the output voltages of the controller are given by

⎡⎢⎢⎣
va
vb
vc

⎤⎥⎥⎦ = 1
2

⎡⎢⎢⎣
a −b −c

−a b −c
−a −b c

⎤⎥⎥⎦
⎡⎢⎢⎣

vA
vB
vC

⎤⎥⎥⎦ . (5.16)

Indeed, if no triac is conducting, then a = b = c = 0 and va = vb = vc = 0. When, for
example, triacs TA and TB are conducting, then a = b = 1, c = 0 and va = (vA – vB)/
2 = vAB/2, vb = (–vA + vB)/2 = vBA/2, and vc = (–vA – vB)/2 = vc/2. The last equation
is only true when vc = 0. Finally, if all triacs are conducting, then a = b = c = 1 and
va = (vA – vB – vC)/2 = [2vA – (vA + vB + vC)]/2 = (2vA – 0)/2 = vA, and, similarly,
vb = vB, and vc = vC.

For simplicity, a purely resistive load is assumed, and only the waveform of phase-
A output voltage, va, will be considered. It can be seen from Eq. (5.16) that, in gen-
eral, the waveform in question is composed of segments of the vA, vAB/2, and vAC/2
waveforms. For example, in Figure 5.9a, the firing angle, 𝛼f, is zero and all three tri-
acs conduct all the time connecting the source with the load. With the firing angle of
30◦, in Figure 5.9b, the triacs cease to conduct when their currents reach zero. As a
result, either two or three triacs are simultaneously conducting and the output voltage,
va, sequentially equals vA, vAB/2, vA, vAC/2, and zero.

Operation of the controller with large firing angles is illustrated in Figure 5.10.
An example waveform of the output voltage at 𝛼f = 75◦ is shown in Figure 5.10a and
that at 𝛼f = 120◦ in Figure 5.10b.

For completeness, formulas for the rms output voltage, Vo, of the fully controlled
ac voltage controller with purely resistive and purely inductive loads are provided
below without derivation.

Resistive load:

Vo = Vi

√
1
𝜋

[
𝜋 − 3

2
𝛼f +

3
4

sin(2𝛼f)
]

(5.17)

for 0 ≤ 𝛼f < 60◦,

Vo = Vi

√√√√ 1
𝜋

[
𝜋

2
+

3
√

3
4

sin
(

2𝛼f +
𝜋

6

)]
(5.18)

for 60◦ ≤ 𝛼f < 90◦, and

Vo = Vi

√
1
𝜋

[5
4
𝜋 − 3

2
𝛼f +

3
4

sin
(

2𝛼f +
𝜋

3

)]
(5.19)

for 90◦ ≤ 𝛼f < 150◦.
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Figure 5.9 Example output voltage waveforms in a fully controlled three-phase ac voltage
controller with R load: (a) 𝛼f = 0◦, (b) 𝛼f = 30◦.

Inductive load:

Vo = Vi

√
1
𝜋

[5
2
𝜋 − 3𝛼f +

3
2

sin(2𝛼f )
]

(5.20)
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Figure 5.10 Output voltage waveforms in a fully controlled three-phase ac voltage controller
with R load: (a) 𝛼f = 75◦, (b) 𝛼f = 120◦.

for 90◦ ≤ 𝛼f < 120◦, and

Vo = Vi

√
1
𝜋

[5
2
𝜋 − 3𝛼f +

3
2

sin(2𝛼f+)
]

(5.21)

for 120◦ ≤ 𝛼f < 150◦.

www.EngineeringBooksPdf.com



208 AC-TO-AC CONVERTERS

Figure 5.11 Envelope of control characteristics, Vo = f (𝛼f), of a fully controlled three-phase
ac voltage controller.

The envelope of control characteristics given by Eqs. (5.17) through (5.21) is
shown in Figure 5.11. In order to avoid the dead zone, as in the single-phase con-
troller, the control angle measured from the last zero crossing of current in the given
phase of a controller can be employed in place of the firing angle. Relations between
the control angle, 𝛼′f , and firing angle, 𝛼f, are given by

𝛼
′
f =

⎧⎪⎨⎪⎩
𝛼f for 0◦ ≤ 𝛼f < 60◦

60◦ for 60◦ ≤ 𝛼f < 90◦

𝛼f − 30◦ for 90◦ ≤ 𝛼f < 150◦

⎫⎪⎬⎪⎭ (5.22)

for a resistive load and

𝛼
′
f = 2(𝛼f − 90◦) (5.23)

for an inductive load. The envelope of voltage control characteristics when the con-
trol angle is used is shown in Figure 5.12. With a purely resistive load, the control
characteristic is discontinuous at 𝛼 = 60◦. Therefore this control method should only
be employed when the load contains substantial inductance. The sensitivity of the rms
output voltage to changes of the control angle is higher than that in a single-phase ac
voltage controller, since the upper limit of control angle is 120◦ instead of 180◦.

When a three-phase load of the fully controlled ac voltage controller is connected
in delta, instead of wye, the control characteristics remain unchanged although dif-
ferent waveforms of the output voltage are generated. The input power factor of all
ac voltage controllers is given by the general equation (5.14), where Vi represents
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Figure 5.12 Envelope of control characteristics, Vo = f
(
𝛼′f

)
, of a fully controlled three-phase

ac voltage controller.

the rms line-to-neutral voltage, VLN for wye-connected loads, and the rms line-to-
line voltage, VLL, for delta-connected loads. With a purely resistive load, the power
factor, PF, equals the magnitude control ratio, M.

Other Types of Three-Phase AC Voltage Controllers. Some other types of phase-
controlled three-phase ac voltage controllers are shown in Figures 5.13 and 5.14. In
high-power three-phase ac voltage controllers, SCRs must be used because of the low

A
B
C

A
B
C

(a) (b)

Figure 5.13 Three-phase ac voltage controllers connected before the load: (a) half controlled,
(b) delta connected.
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(a) (b)

A

B

C

A

B

C

Figure 5.14 Three-phase ac voltage controllers connected after the load: (a) wye connected,
(b) delta connected.

current ratings of the available triacs. In such controllers, the half-controlled topology,
depicted in Figure 5.13a, can be employed. Instead of another SCR, each of the three
SCRs has a diode connected in antiparallel. When a current flows through a diode
in one phase, it is indirectly controlled by the conducting SCRs in another phase.
Interestingly, the maximum firing angle in the half-controlled ac voltage controller
is 210◦.

Three triacs and phase loads can be connected in delta, as shown in Figure 5.13b.
Characteristics of each phase controller are the same as those of the single-phase
controller, but triple harmonics are absent in the line currents drawn from the ac sup-
ply line. Controllers shown in Figure 5.14 are connected after the load, which must
have all the six terminals accessible. On the other hand, the controllers have only
three terminals. The triacs in the wye-connected controller in Figure 5.14a have a
common node, which simplifies the control circuitry. A half-controlled configuration
as in Figure 5.13a is also possible. Such configuration is, however, infeasible in the
delta-connected controller in Figure 5.14b, since the diodes connecting the load ter-
minals at the controller side would make the control impossible. The advantage of the
delta topology consists of low ampere ratings of the triacs, which carry lower currents
than those in the load.

The circuit diagram of a four-wire ac voltage controller is shown in Figure 5.15.
The load is connected in wye, and the neutrals of the load and supply line are con-
nected. As such, the converter operates as three independent single-phase ac voltage
controllers, whose operating properties have already been described in Section 5.1.1.
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A

B

C

N

Figure 5.15 Three-phase four-wire ac voltage controller.

In practice, four-wire controllers are used only when there is a need to control indi-
vidual phase loads independently, and when the load has the neutral point acces-
sible. Otherwise, even with unbalanced loads, the arrangement in Figure 5.13b is
preferable.

5.1.3 PWM AC Voltage Controllers

The circuit diagram of a single-phase PWM ac voltage controller, also known as
an ac chopper, is shown in Figure 5.16. An input filter such as that used for PWM
rectifiers is required to attenuate the high-frequency harmonic currents drawn from
the source, usually the grid. The inductance provided by the source is often sufficient,
so that only the capacitor is installed. Ac choppers have been developed to improve
the input power factor, control characteristics, and quality of the output current.

i i
′

S1

S2

S3 S4 vo

ioi i

v i

Figure 5.16 Single-phase ac chopper with input filter.
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Fully controlled main switches S1 and S2 connected in antiparallel allow control-
ling rms values of the output voltage and current. The freewheeling switches S3 and
S4 provide a path for this current when both S1 and S2 are off. The switches are
turned on and off many times within a cycle of the input voltage. Assigning switch-
ing variables x1 through x4 to switches S1 through S4, respectively, the duty ratios
for switches S1 and S2 in the nth switching interval, d1,n and d2,n, are given by

d1,n =
{

F(m, 𝛼n) for 0 < 𝛼n ≤ 𝜋

0 otherwise

}
d2,n =

{
F(m, 𝛼n) for 𝜋 < 𝛼n ≤ 2𝜋

0 otherwise

} (5.24)

and for switches S3 and S4

x3 = x1
x4 = x2.

(5.25)

Symbol F(m,𝛼n) in Eq. (5.24) denotes the value of the so-called modulating func-
tion F(m,𝜔t) at 𝜔t = 𝛼n, where m is the modulation index and 𝛼n is the central angle
of the nth switching interval. The modulating function determines the magnitude of
output voltage and improves the quality of output current. It can be as simple as
F (𝜔t) = m, or more complex, for example, F (𝜔t) = m |sin (𝜔t)|.

In practice, it is convenient to control the switches by continuously applying the on
and off switching signals to all switches, so that the intended duty ratios and switching
variables are

d∗1,n = d∗
2,n = F(m, 𝛼n)

x∗3 = x∗4 = x∗1.
(5.26)

Because of the bias of individual switches during the periods of positive and neg-
ative input voltage, the actual duty ratios and switching variables are such as
described by Eqs. (5.24) and (5.25). Unsuccessful attempts at firing reverse-biased
switches do not affect the operation of the controller. In contrast with controlled rec-
tifiers, this control scheme does not require synchronization of firing signals with
the input voltage.

Operation of an ac chopper with 12 switching intervals per cycle, modulation index
of 0.8, and the simplest modulating function F(m,𝜔t)=m, is illustrated in Figure 5.17.
Clearly, the output current is of higher quality than that in phase-controlled ac voltage
controllers. The output voltage waveform is identical with that in Figure 1.21b for
the generic PWM controller (see also Figure 1.23 for a typical harmonic spectrum).
Pulsed current, ii, is drawn from the filter. The fundamental, ii1, of this current lags
the input voltage, vi, by angle 𝜃1 that is practically equal to the load angle 𝜑. Thanks
to the input capacitor, the power factor at the terminals of the filter is higher than
cos(𝜃1). The input current, ii, delivered by the supply system is sinusoidal, with only
minor ripple.
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Figure 5.17 Waveforms of voltages and currents in a single-phase ac chopper: (a) output
voltage and current, (b) input voltage and current (after the input filter) and the fundamental
output current.

It can be proved that the magnitude control ratio, M, equals
√

m, that is,

Vo =
√

mVi (5.27)

which results in the control characteristic shown in Figure 5.18. However, the ratio,
Vo,1/Vi,1, of fundamentals of the output and input voltages equals the modulation
index m.

The simple modulation technique described is most popular, but not exclusive.
Several advanced PWM techniques with variable duty ratios have been developed, for
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Figure 5.18 Control characteristic of the ac chopper.

the purpose of reducing the filter size and improving the quality of input and output
currents. Three-phase PWM ac voltage controllers in the wye and delta configurations
are shown in Figures 5.19 and 5.20, respectively.

The pulse width modulation mode cannot extend over the whole theoretical 0–1
range of the modulation index, because the minimum on- and off-times of switches

A

B

C

S2 S1

S3 S4

Figure 5.19 Wye-connected three-phase ac chopper.
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S1 S4

S2 S3

A

B

C

Figure 5.20 Delta-connected three-phase ac chopper.

would have to approach zero. Therefore, the actual modulation is performed with
the values of the modulation index between mmin > 0 and mmax < 1. If the desired
modulation index falls below mmin, it is rounded up to mmin, limiting the minimum
available value of the magnitude control ratio to

√
mmin. When the desired value of

m is greater than mmax, the modulation index is set to unity, causing the controller to
operate as a closed ac switch.

5.2 CYCLOCONVERTERS

Cycloconverters are ac-to-ac power converters in which the output frequency is a
fraction of the input frequency. A single-phase two-pulse generic cycloconverter in
the mode of operation resulting in an integer ratio of the input frequency to out-
put frequency has been shown in Examples 1.1 and 1.2. Practical cycloconverters
have a three-phase output although a hypothetical single-phase six-pulse cyclocon-
verter will be used for the illustration of the operating principles. It is simply the
same circulating current-conducting dual converter described in Section 4.2.2, that
is, an inverse-parallel connection of two phase-controlled rectifiers. Analogously,
three-phase cycloconverters are made of three pairs of such rectifiers. The rectifiers
are of the three-pulse or, more often, the six-pulse type.
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Figure 5.21 Three-phase three-pulse cycloconverter.

Most cycloconverters are high-power converters supplied from dedicated trans-
formers. The transformer establishes the maximum available output voltage of the
converter and, for certain types of cycloconverters, provides isolation of the supply
sources for individual phases.

The circuit diagram of a three-phase three-pulse cycloconverter is shown in
Figure 5.21, and two types of three-phase six-pulse cycloconverters are depicted in
Figures 5.22 and 5.23. Phase loads of the cycloconverter in Figure 5.22 are isolated
from each other, and the converter is supplied from a single three-phase source. When
the phase loads are connected, as in Figure 5.23, the interphase isolation is provided
by a supply transformer with three secondary windings. All three cycloconverters

Figure 5.22 Three-phase six-pulse cycloconverter with isolated phase loads.
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Figure 5.23 Three-phase six-pulse cycloconverter with interconnected phase loads.

shown are of the circulating current-conducting type, necessitating the use of sepa-
rating inductors.

As the dc output voltage of a phase-controlled rectifier depends on the firing angle,
𝛼f , it is possible to vary that angle in such a way that the magnitude of that voltage
changes along a positive half wave of a given reference sinusoid, from zero to a peak
value and back to zero. Now, the inverse-parallel complementary rectifier can be so
controlled that its dc-output voltage changes along a negative half wave, from zero to
the negative peak value and back to zero. The radian frequency, 𝜔o, of the reference
sinusoids is the output frequency of the converter and, inherently, it cannot be higher
than the input frequency, 𝜔. To maintain reasonable quality of the output current, it
is recommended that the 𝜔/𝜔o ratio be at least 3.

As the dc-output voltage of a dual converter can be expressed as

Vo,dc = Vo,dc(max) cos(𝛼f) (5.28)

(see Eq. 4.42), where Vo,dc(max) denotes the maximum available value of this volt-
age, corresponding to the firing angle of zero. If the dual converter operates as
a single-phase cycloconverter, the dc-output voltage should vary according to the
equation

Vo,dc (t) = Vo,1,p sin(𝜔ot), (5.29)

where Vo,1,p is the desired peak value of the fundamental output voltage of the cyclo-
converter.

Based on Eqs. (5.28) and (5.29), the required variations of the firing angle can be
expressed as

cos[𝛼f (𝜔ot)] =
Vo,1,p

Vo,dc(max)
, (5.30)
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Figure 5.24 Waveforms of the firing angle in a cycloconverter.

where the Vo,1,p/Vo,dc(max) ratio represents the magnitude control ratio, M. Thus, the
firing angle as a function of 𝜔ot is given by

𝛼f (𝜔ot) = cos−1[M sin(𝜔ot)] (5.31)

and illustrated in Figure 5.24 for various values of M.
Example waveforms of the output voltage, vo1, of one of the constituent rectifier

pairs of a six-pulse cycloconverter are shown in Figure 5.25 for the frequency ratio,
𝜔o/𝜔, of 0.2. The magnitude control ratio is 1 in Figure 5.25a and 0.5 in Figure 5.25b.
It is assumed that the cycloconverter is of the circulating current-conducting type.
Otherwise, the changeover from one constituent rectifier to another, when the out-
put current crosses zero, would have to be accompanied by a short delay period to
allow for a complete turnoff of the SCRs in the outgoing rectifier. Circulating current-
conducting cycloconverters require separating inductors, but they make the output
voltage waveforms smoother and closer to ideal sinusoids. Consequently, the output
currents are also of high quality.

Neglecting the voltage drops across the separating inductors, the rms value,
Vo,LN,1, of fundamental line-to-neutral output voltage in the three-pulse cyclocon-
verter in Figure 5.21 is given by

Vo,LN,1 =
3
√

3

2𝜋
MVi,LN ≈ 0.827 MVi,LN (5.32)

while the same value in the six-pulse cycloconverters in Figures 5.22 and 5.23 is

Vo,LN,1 = 3
𝜋

MVi,LL ≈ 0.955 MVi,LL, (5.33)
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Figure 5.25 Output voltage waveforms in a six-pulse cycloconverter (𝜔o/𝜔 = 0.2):
(a) M = 1, (b) M = 0.5.

where Vi,LN and Vi,LL denote rms line-to-neutral and line-to-line input voltages,
respectively.

Cycloconverters are perfectly suited for high-power low-frequency applications,
because the quality of the output current increases with the decrease in output fre-
quency. In contrast with the commonly used rectifier–inverter cascade, they provide
direct ac-to-ac power conversion. They are inherently capable of four-quadrant oper-
ation and are quite reliable, since even with a failure of one SCR a cycloconverter may
still be functioning, albeit with somewhat increased distortion of the output voltage.

Besides the reduced range of the output frequency, disadvantages of cycloconvert-
ers include the high number of SCRs and the associated complexity of control. Also,
as in phase-controlled rectifiers, the input power factor is generally low, particularly
when a cycloconverter operates with a low magnitude control ratio. Correction of
the power factor is inconvenient and expensive, because a high-power cycloconverter
requires a proportionally sized large input filter.
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5.3 MATRIX CONVERTERS

Although first proposed four decades ago, matrix converters still struggle for a signifi-
cant share of the power electronic market. The concept of matrix converter represents
an extension of the principle of generic converter, introduced in Chapter 1. Each ter-
minal of a K-phase ac voltage source is connected with each terminal of an L-phase
load by a bidirectional fully controlled switch. Thus, the voltage at any input terminal
can be made to appear at any output terminal or terminals, while the current in any
phase of the load can be drawn from any phase or phases of the supply source.

5.3.1 Classic Matrix Converters

Circuit diagram of the classic three-phase to three-phase (3Φ-3Φ) matrix converter
is shown in Figure 5.26. The converter consists of nine switches, denoted by SAa
through SCc. An input filter is employed to screen the supply system from harmonic
currents generated in the converter, and the load is assumed to contain inductance
that ensures continuity of the output currents. Clearly, at any time, one and only
one switch in each row must be closed. Otherwise, either the supply lines would be
shorted or one or more of the output currents would be interrupted. It is easy to demon-
strate that out of the theoretically possible 512 (29) states of the converter, only 27
are permitted.

SAb

S S

S

SBb

S

S

S

SCb

iA i iB C
vA v vB C

MATRIX
CONVERTER

SUPPLY LINE

i i ia b c

v v va b c

vn

a b c

Ac Bc Cc

Aa Ba Ca

A

B

C

LOAD

Figure 5.26 Functional diagram of 3Φ-3Φ matrix converter.
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The voltages, va, vb, and vc, at the output terminals are given by

⎡⎢⎢⎣
va
vb
vc

⎤⎥⎥⎦ =
⎡⎢⎢⎣

xAa xBa xCa
xAb xBb xCb
xAc xBc xCc

⎤⎥⎥⎦
⎡⎢⎢⎣

vA
vB
vC

⎤⎥⎥⎦ , (5.34)

where xAa through xCc denote switching variables of switches SAa through SCc, and
vA, vB, and vC are the voltages at the input terminals. It can be proved that with a
balanced, linear, wye-connected load, the voltage, vn, at the common point of the
load is given by

vn = 1
3

(va + vb + vc). (5.35)

Consequently, the line-to-neutral output voltages, van, vbn, and vcn, can be expressed
as

⎡⎢⎢⎣
van
vbn
vcn

⎤⎥⎥⎦ = 1
3

⎡⎢⎢⎣
2 −1 −1

−1 2 −1
−1 −1 2

⎤⎥⎥⎦
⎡⎢⎢⎣

va
vb
vc

⎤⎥⎥⎦ . (5.36)

The input currents, iA, iB, and iC, are related to the output currents, ia, ib, and
ic, as

⎡⎢⎢⎣
iA
iB
iC

⎤⎥⎥⎦ =
⎡⎢⎢⎣

xAa xAb xAc
xBa xBb xBc
xCa xCb xCc

⎤⎥⎥⎦
⎡⎢⎢⎣

ia
ib
ic

⎤⎥⎥⎦ . (5.37)

It can be seen that the matrix of switching variables in Eq. (5.37) is a transpose of
the respective matrix in Eq. (5.34). Based on those equations, fundamentals of both
the output voltages and the input currents can be controlled. It is done by employ-
ing appropriately timed sequences of either the individual switching variables or, as
in the case of space-vector-controlled PWM rectifiers, whole states of the converter
(see Sections 4.3.2–4.3.4). As a result of such control, the fundamental output volt-
ages should be balanced and having the desired frequency and amplitude, while the
fundamental input currents should also be balanced and having the required phase
shift, usually zero, with respect to the corresponding input voltages.

There exist a number of control methods for matrix converters, some quite com-
plex, and a variety of solutions, including closed-loop control of voltages and cur-
rents, have been proposed. The feasibility of independent control of output volt-
ages and input currents has been demonstrated by several researchers. It has been
found for the 3Φ-3Φ matrix converter that the maximum obtainable voltage gain,
defined here as the ratio of the peak fundamental output voltage to peak input volt-

age, is
√

3∕2 ≈ 0.866. It is so because the set of six input line-to-line voltages (see
Figure 4.8), which constitutes “raw material” for the output voltages, dips every 60◦

www.EngineeringBooksPdf.com



222 AC-TO-AC CONVERTERS
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Figure 5.27 Arrangement of 3Φ-1Φ and 1Φ-3Φ matrix converters equivalent to a 3Φ-3Φ
matrix converter.

to
√

3∕2 of peak value of the input voltages. This is considered a disadvantage, since
other means of direct or indirect (with an intermediate dc stage) ac-to-ac power con-
version yield voltage gains close to unity. On the other hand, a credit must be given to
matrix converter for the inherent capability of the bidirectional power flow, lacking
in certain popular indirect ac-to-ac conversion schemes.

Space vector PWM technique, already outlined in Section 4.3, is most often used
in control of matrix converters. It is based on representation of the three-phase
input currents and output voltages as space vectors. An arrangement of two six-
switch matrix converters equivalent to the nine-switch converter under consideration
is shown in Figure 5.27. The six-switch converters are placed between the source and
the load, and connected via lines P (“positive”) and N (“negative”), which constitute a
“virtual dc link.” Converter CONV 1 is of the 3Φ-1Φ type and converter CONV 2 of
the 1Φ-3Φ type. Topology of CONV 1 is identical with that of a six-pulse current-
type PWM rectifier, thus it can be so operated that the voltage between lines P and N
has a specified dc component, Vdc, while input currents to the converter are sinusoidal
and satisfying the unity power factor requirement. Conversely, CONV 2 can be oper-
ated as a generic PWM three-phase inverter, producing balanced ac currents in the
load. Subsequently, converters CONV 1 and CONV 2 are called a “virtual rectifier”
and a “virtual inverter,” respectively.

One and only one switch in each row of the virtual rectifier and one and only one
switch in each column of the virtual inverter must be conducting at any time. Thus, six
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different states are permitted for the rectifier and eight for the inverter, and the total
number of allowable states of the combined 12-switch converter is 48. However, it
can be shown that connections between the source and load terminals correspond-
ing to each of these states can be realized using the original, nine-switch, 27-state
3Φ-3Φ matrix converter in Figure 5.26. Consider, for example, a situation when
switches SAP, SBN, SPa, SPb, and SNc are closed. It can be seen that phase A of the
source is connected, through line P, to phases a and b of the load, and phase B, through
line N, to phase c. The same connections can directly be made in the original matrix
converter by closing switches SAa, SAb, and SBc.

The same example can be analyzed in a more general way. In the subsequent con-
siderations each of the allowed states of the matrix converter is assigned a three-letter
code, specifying which input terminals, A, B, or C, are connected to the output termi-
nals a, b, and c, respectively. The state described above can thus be designated AAB.
Note that the virtual rectifier connects terminal A to line P and terminal B to line
N, while terminal C remains unconnected. Therefore, the rectifier state can be called
PN0. The virtual inverter connects terminals a and b to line P and terminal c to line N,
so its state can be named PPN. Examining the rectifier state indicates an association
of P with A and N with B. Thus, the inverter state PPN can be translated into state
AAB of the whole matrix converter, and to connect the input terminals AAB with the
output terminals abc, switches SAa, SAb, and SBc must be activated. Realization of
the described state is illustrated in Figure 5.28.

S S

S S

S

S

A B C

S S

S S

S

S

ba c

AP BP CP

AN BN CN

Pa Pb Pc

Na Nb Nc

S S

S S

S

S

A B C

S SS

a

b

c

Aa Ba Ca

Ab Bb Cb

Ac Bc Cc

(a)

(b)

P

N

Figure 5.28 State AAB as realized by activation of switches in: (a) virtual rectifier and
inverter, (b) matrix converter.
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If the P and N lines are shorted by the switches in either of the input phases,
A, B, or C, then Vdc = 0. These zero states of the virtual rectifier are subsequently
called Z00, 0Z0, and 00Z. State 0Z0, for example, represents the situation when only
switches SBP and SBN are closed. Respectively, zero states of the virtual inverter cause
its output voltages to be zero, which happens when all the three output terminals, a,
b, and c, are clamped to either the P or N line. Consequently, these zero states of the
virtual inverter are denoted by PPP and NNN, the latter state, for instance, meaning
that those are switches SNa, SNb, and SNc that are closed.

In the example state PN0, input currents iA, iB, and iC are equal to Idc, –Idc, and
0, respectively, and the corresponding space vector of input currents is

I⃗PN0 = 3
2

Idc + j

√
3

2
Idc, (5.38)

where Idc denotes the dc current in the virtual dc link (see Figure 5.27). Current vec-
tors for the remaining five states of the virtual rectifier can be determined similarly.
All six stationary current vectors and the revolving reference vector, i⃗∗, are shown in
Figure 5.29 which, unsurprisingly, is practically identical with Figure 4.46 for the real
current-type PWM rectifier. As in that rectifier, in order to satisfy the unity power fac-
tor condition in the matrix converter under consideration, the reference current vector
should be aligned with the space vector of input voltages.

Considering the example state PPN of the virtual inverter, it can be seen
that va = vb = vP and vc = vN, where vP and vN denote potentials of lines P and
N, respectively. According to Eq. (5.36), van = vbn = (vP − vN)∕3 = Vdc∕3 and

d
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β

I
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I

I
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2
_3 I
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0PN

PN0IN0P

0NP

INP0

Ij √3 dc

dc

Figure 5.29 Reference current vector in the vector space of input currents of the virtual rec-
tifier.
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Figure 5.30 Reference voltage vector in the vector space of line-to-neutral output voltages
of the virtual inverter.

vcn = −2Vdc∕3. Employing Eq. (4.74), the space vector, V⃗PPN, of the line-to-neutral
output voltages is found to be

V⃗PPN = 1
2

Vdc + j

√
3

2
Vdc. (5.39)

The remaining five active voltage vectors are shown in Figure 5.30 with the refer-
ence voltage vector v⃗∗, which represents the desired line-to-line voltages of the matrix
converter. Figure 5.30 is almost identical with Figure 4.56 for the voltage-type recti-
fier, which, as subsequently explained in Section 7.1.3, has the same topology as the
so-called voltage-source inverter.

Eqs. (4.77), (4.78), and (4.80) for duty ratios of states of a converter controlled
by space vector PWM can be adapted to the virtual rectifier and inverter. The ques-
tion is how to specify the modulation indexes for these converters. Let the rectifier
modulation index, mrec, be defined as

mrec ≡
Ii,p

Idc
, (5.40)

where Ii,p denotes the peak value of the input currents (a balanced load is assumed).
Neglecting losses in the virtual rectifier, the input power, Pi, equals the power, PDC,
in the virtual dc link, that is, √

3ViIi cos(𝜑i) = VdcIdc, (5.41)
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where Vi and Ii denote rms values of the input line-to-line voltage and current, respec-
tively, and cos(𝜑i)is the power factor of the rectifier. Consequently,

Vdc =
√

3

2
mrecVi,p cos(𝜑i), (5.42)

where Vi,p denotes the peak value of the input line-to-line voltages.
Now, let the inverter modulation index, minv, be defined as

minv ≡
Vo,p

Vdc
, (5.43)

where Vo,p denotes the peak value of fundamental line-to-line output voltage. Substi-
tuting Eq. (5.42) in Eq. (5.43) gives

minv =
2Vo,p√

3Vi,pmrec cos(𝜑i)
= 2m√

3mrec cos(𝜑i)
, (5.44)

where

m ≡
Vo

Vi
(5.45)

is the modulation index of the whole matrix converter. Equation (5.44) can be rear-
ranged to

m =
√

3
2

mrecminv cos(𝜑i). (5.46)

Eq. (4.46) confirms the already mentioned
√

3∕2 limit on the voltage gain of the
matrix converter. To maximize the control range of the matrix converter, mrec is set
to 1. Note that the magnitude of vector of the input currents depends on the load of
the converter, and it is only the phase shift of that vector with respect to the vector of
input voltages that is adjusted for the unity power factor.

Let the states that produce vectors framing the reference current vector in
Figure 5.29 be denoted by XI and YI, and those that produce vectors framing the ref-
erence voltage vector in Figure 5.30 by XV and YV. The corresponding zero states are
designated by ZX and ZV. One of the commonly used switching patterns, in which
the switching cycle is divided into nine sub-cycles, is presented in Table 5.1. The
sequential number of a sub-cycle is denoted by n and its duration, relative to the
switching period Tsw, by tn. Duty ratios of individual states are designated by d with
an appropriate subscript, for example, dXV for State XV.

Typical waveforms of the output voltage and current of a matrix converter sup-
plying an RL load are illustrated in Figure 5.31. For reference, waveforms of the six
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Table 5.1 Switching Pattern for 3Φ-3Φ Matrix Converter with Space Vector PWM

Switching
Subcycle Rectifier State Inverter State tn∕Tsw

1 XI XV dXIdXV/2
2 XI YV dXIdYV/2
3 YI YV dYIdYV/2
4 YI XV dYIdXV/2
5 ZI ZV 1 – (dXI + dYI)

(dXV + dYV)
6 YI XV dYIdXV/2
7 YI YV dYIdYV/2
8 XI YV dXIdYV/2
9 XI XV dXIdXV/2

line-to-line input voltages are also shown. The switching frequency is 48 times higher
than the input frequency, 𝜔. The output frequency, 𝜔o, in Figure 5.31a is 2.8 times
higher than the input frequency and the modulation index, m, is 0.75. The respective
parameters in Figure 5.31b are 0.7 and 0.35. The input current waveforms are similar
to those in the PWM rectifiers (see Figure 4.60).

Practical implementation of matrix converters was hampered by the unavailabil-
ity of bidirectional fully controlled semiconductor power switches. Recently, several
small companies started producing such switches, whose scheme is based on two
IGBTs, in the common-emitter connection, and two diodes, as shown in Figure 5.32a.
Another solution involves a combination of one IGBT and four diodes, depicted in
Figure 5.32b and already mentioned in Section 4.3.5. In each case, the circuit dia-
gram of a classic 3Φ-3Φ matrix converter contains a relatively large number of semi-
conductor devices (18 IGBTs and 18 diodes, or 9 IGBTs and 36 diodes) and the
associated drivers. Therefore, integration of the devices in a single case per switch
represents valuable progress. Circuit diagram of the classic 3Φ-3Φ matrix converter
based on the two-transistor two-diode switches is shown in Figure 5.33.

Typically, thanks to the high switching frequency, the filter capacitors and induc-
tors are small. The output inductors shown here as distinct devices may in prac-
tice represent an internal inductance of the load, such as the stator inductance of an
induction motor. Because of the absence of large energy storage components, oper-
ation of matrix converters is sensitive to fluctuations of the grid voltage. Therefore,
in practical applications, the converter must be equipped with fast-acting protection
systems.

5.3.2 Sparse Matrix Converters

The classic matrix converter is often termed a direct matric converter because, as
seen in Figure 5.33, only one set of switches separates the output from the input (the
generic converter in Chapter 1 has the same property). Consequently, a single-stage
power conversion is realized.
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Figure 5.31 Output voltage and current waveforms in a 3Φ-3Φ matrix converter: (a) m =
0.75, 𝜔o∕𝜔 = 2.8, (b) m = 0.35, 𝜔o∕𝜔 = 0.7.

Increasing the number of conversion stages while maintaining the functional-
ity results in an indirect matrix converter shown in Figure 5.34. The bidirectional
switches on the left-hand side constitute a rectifier stage and on the right-hand side
circuit is an inverter stage. Buses connecting these stages constitute a dc link marked
in Figure 5.34 by “P” and “N”. Note that the topology of indirect matrix converter
corresponds to the arrangement of switches shown in Figure 5.27 and equivalent to
the classic matrix converter. The inverter circuit comprising six transistors and six
diodes is widely available as an integrated power module (see Section 2.6). As a
result, manufacturing of an indirect matrix converter requires less effort than that of
the direct one.
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(b)(a)

Figure 5.32 Bidirectional semiconductor power switches: (a) two IGBTs and two diodes, (b)
one IGBT and four diodes.

The rectifier stage allows the indirect matrix converter to operate with both positive
and negative dc link. However, most of the practical applications of matrix converters,
such as control of ac machines, require only the positive polarity. In that case, the
rectifier stage can be simplified as shown in Figure 5.35. With the unchanged number
of diodes, the resultant sparse matrix converter contains 15 transistors instead of the
18 ones of the classic matrix converter.

A

B

C

a

b

c

Figure 5.33 Circuit diagram of the classic 3Φ-3Φ matrix converter.
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N

Figure 5.34 Indirect matrix converter.

Certain ac loads experience only a positive power flow. For example, an ac motor
driving a mixer cannot operate in the generator mode because the mixer is incapable
of reciprocating the driving action. In that case, the ultra-sparse matrix converter
shown in Figure 5.36 can be employed. The number of transistors is now reduced
to 9. Due to control constraints, the load current cannot be shifted by more than 30◦

from the fundamental output voltage. Several other topologies of indirect matrix con-
verters, developed for various cost, reliability, and efficiency reasons, have also been
proposed.

5.3.3 Z-Source Matrix Converters

Sparse matrix converters are cheaper and more reliable than the classic ones,
but the disadvantage of low voltage gain remains. One of the promising means

a

b

cC

A

B

Figure 5.35 Sparse matrix converter.
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a
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B

Figure 5.36 Ultra-sparse matrix converter.

for boosting the output voltage of an indirect matrix converter is the so-called
Z-source (impedance source) recently gaining significant popularity in a variety of
applications.

The Z-source used as a dc link between a dc source and a dc-input PWM power
electronic converter is shown in Figure 5.37. It consists of two identical inductors,
L1 and L2, and two cross-connected identical capacitors, C1 and C2. It is assumed
that the source, such as a diode rectifier, can only conduct current in one direction,
hence the diode D in the scheme. The supplied converter, for example, an inverter,
is represented by a current source, due to the fact that the load inductance prevents
the load current from significant changes within the short time intervals considered.
The shunt switch S symbolizes the so-called shoot-through state of the converter, in
which the dc buses of the converter are shorted by turning on switches connecting
these buses.
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Figure 5.37 Z-source dc link.
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Figure 5.38 Z-source during the nonshoot-through converter state.

Most common in practice is a capacitive dc link, in which a high-capacitance elec-
trolytic capacitor is connected between the dc buses. It stabilizes the bus voltage and
absorbs sporadic currents flowing back from the converter. The shoot-through is haz-
ardous to the capacitor and the switches of the converter, which can be damaged by
the high short-circuit current. Therefore, in converters with a capacitive dc link the
shoot-through must be avoided. The Z-source dc link is not only impervious to the
shoot-through thanks to the inductors in the path of the current, but the shoot-through
is systematically employed to boost the voltage supplying the converter.

A nonshoot-through state of the converter results in the circuit shown in
Figure 5.38. The Kirchhoff voltage law equations are{

vs − VC − vL = 0 (loop DACD)

VC − vi − vL = 0 (loop DCBD)
(5.47)

and when solved they yield vL = VDC – VC and vi = 2VC – VDC. The last equation
indicates that 2VC > VDC, which will be taken into account when analyzing the shoot-
through state.

The shoot-through situation is illustrated in Figure 5.39. Identical voltages, VC,
across the capacitors are practically unchanged within the involved time intervals.
The input voltage, vi, to the converter is zero and, as shown later, the voltage, vs,
across the source terminals is higher than the source EMF, VDC. Consequently, diode
D is reverse-biased and the dc source is cut off from the link. Employing the Kirchhoff
voltage law, the following set of equations is obtained:{

vL + VC − vs = 0 (loop DCAD)

vL − VC = 0 (loop DCBD)
. (5.48)

When solved, the equations yield vL = VC and vs = 2VC, which, as stated before, is
higher than VDC, proving the reverse bias of diode D.
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Figure 5.39 Z-source during the shoot-through converter state.

As a dc voltage, the average voltage, VL, across inductor L equals zero. Thus,

VL =
tNS(VDC − VC) + tSTVC

tNS + tST
= 0, (5.49)

from which

VC =
tNS

tNS − tST
VDC, (5.50)

where tNS and tST denote durations of the adjacent nonshoot-through and shoot-
through states, respectively. Consequently, in the nonshoot-through state,

vi = 2VC − VDC = 2
tNS

tNS − tST
VDC − VDC =

tNS + tST

tNS − tST
VDC. (5.51)

Equation (5.51) can be re-written as

vi = BVDC, (5.52)

where

B =
tNS + tST

tNS − tST
(5.53)

denotes the so-called boost factor, that is, the voltage gain of the Z-source dc link.
Clearly, if 0 < tST < tNS, then B > 1, which means that using that link in an indirect
matrix converter allows boosting the converter gain to unity and beyond. As an exam-
ple, the Z-source sparse matrix converter is shown in Figure 5.40. Other variants of
Z-source matrix converters have also been proposed. See [1] for more details.
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Figure 5.40 Z-source sparse matrix converter.

It must be pointed out that Eq. (5.53) is imprecise, because the circuit resistances,
especially those of the inductors, have been neglected in its derivation. In practice,
the boost factors are limited to single digits. Finally, note that the Z-source intro-
duces energy storage components to the topology of an indirect matrix converter.
The resultant desensitizing of the converter to grid voltage disturbances is an addi-
tional advantage, but it could be disputable if the Z-source matrix converters truly
deserve the “matrix” designation.

5.4 DEVICE SELECTION FOR AC-TO-AC CONVERTERS

The highest instantaneous voltage appearing in an ac voltage controller is the peak
value of the input voltage. Thus, the selected switches must satisfy condition (4.107)
in Section 4.4. For three-phase ac voltage controllers, the peak value, VLL,p, of the
line-to-line supply voltage is substituted for Vi,p.

The rules of device selection with respect to the rated current depend on whether
triacs or separate, anti-parallel connected devices are used in the designed controller.
For triacs, the rated current is meant as the maximum allowable rms value of a sus-
tained sinusoidal ac current, while in the other semiconductor power switches the
current ratings involve the allowable average current. Therefore, for triac-based ac
voltage controllers, the condition to be satisfied is

Irat ≥ (1 + sI)Io(rat), (5.54)

where sI denotes the safety margin for the current and Io(rat) is the rated rms output
current of the controller.

The maximum average current in a single power switch of an ac voltage controller
occurs at the full-wave conduction, that is, when the output current is sinusoidal and
has the maximum rms value representing the rated current, Io(rat), of the controller.
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The corresponding maximum average value, Iave(max), of the current conducted by a
single switch is given by

Iave(max) =
1

2𝜋

𝜋

∫
0

√
2Io(rat) sin (𝜔t) d𝜔t =

√
2
𝜋

Io(rat) ≈ 0.45Io(rat). (5.55)

Consequently, the condition for the rated current of switches is

Irat ≥

√
2
𝜋

(1 + sI)Io(rat). (5.56)

If the switches are connected in delta after the load, as in Figure 5.14b, the rms

current conducted by them is lowered from the rms load current by the factor of
√

3.

Therefore, the rated current of these switches can be reduced by
√

3 in comparison
with that given by condition (5.56).

Usually, the freewheeling switches in PWM ac voltage controllers carry much
lower currents than do the main switches. If the application of a given controller is
restricted to a passive load, the current rating of the freewheeling switches can be
half of that of the main switches. However, in general, it is prudent to use identi-
cal semiconductor devices for both the main and freewheeling switches. This avoids
the danger of overloading the latter switches when the controller supplies an active,
power-generating load, for example, an ac motor that can operate as a generator.

For ac choppers, the minimum on-time and off-time, tON(min) and tOFF(min), of the
main switches are

tON(min) = mminTsw (5.57)

and

tOFF(min) = (1 − mmax)Tsw, (5.58)

where mmin and mmax denote the minimum and maximum values of the modulation
index. The same rules apply to switches in matrix converters. Respective times for
the freewheeling switches in ac choppers are obtained from Eqs. (5.57) and (5.58) by
interchanging the “ON” and “OFF” subscripts.

Cycloconverters are composed of controlled rectifiers. Therefore, the selection
rules for power switches are the same as for rectifiers (see Section 4.4).

5.5 COMMON APPLICATIONS OF AC-TO-AC CONVERTERS

Ac voltage controllers can be used for the adjustment of the rms value of ac voltages
and currents, and as static ac switches. In the latter case, a controller connects the
supply and the load for a continuous operation, passing an uncontrolled, sinusoidal
current. Depending on the transferred power, ac switches are based on SCRs or triacs.
In the on-state, an ac switch operates with the minimum firing angle, while the turn-
off is accomplished by removing the gate signals.
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Ac voltage controllers are primarily used in the lighting and heating control, and
in the so-called soft starters for induction motors. A soft starter, connected between
a supply line and a motor, reduces the starting current that otherwise would be exces-
sive. Ac switches are employed as transformer tap changers, allowing voltage control
in power systems. Another typical application of ac switches involves speed control
of high-inertia induction-motor drives, such as large centrifuges. The driving motor
is switched on when the speed of the centrifuge drops below the minimum allow-
able level, and it is turned off when the speed reaches the maximum allowable value.
With the de-energized motor, the centrifuge is driven by its momentum, and the high
mechanical inertia and low friction result in a low deceleration rate. In this simple
way, the average speed is maintained at a constant level, and the instantaneous speed
does not stray from the assigned tolerance band. A similar mode of control can be
used for temperature control, with an ac switch intermittently turning on and off an
electric heater or air conditioner.

Cycloconverters are mostly used for the control of large ac motors, usually the syn-
chronous ones, in the low-speed, high-power drive systems, such as those of rolling
mills in metal industries or kilns in cement factories. Speed of ac motors is pro-
portional to the supply frequency, and the low output frequency of a cycloconverter
translates into a low speed of the motor, allowing direct, gearless drive of the load.
Cycloconverter-fed ac drives are capable of rapid acceleration and deceleration, and
the regenerative operation mode (with the reversed power flow) is available over the
complete speed range. Recently, cycloconverters started to appear in certain renew-
able energy systems.

Matrix converters have been increasingly employed in applications in which wide-
range frequency/magnitude control and bidirectional power flow are required. The
low voltage gain is one of the problems preventing matrix converters from extensive
use in the control of ac motors. Voltage ratings of mass-produced motors correspond
to the common voltage levels in the existing electrical infrastructure. The torque of
an induction motor is proportional to the supply voltage squared, so the 15% reduc-
tion in the voltage translates into a 28% reduction in the developed torque. Still, in
certain “custom” applications, such as dedicated high-performance ac drives, matrix
converters seem to have found their market niche.

Another growing application of matrix converters is in low- and medium-power
wind-turbine systems, in which the converter serves an interface between a variable-
speed ac generator and a grid. The issue of low voltage gain is not very important
here, as the whole system is designed for the optimum match between individual
components. Use of matrix converters in electric and hybrid vehicles is under serious
consideration.

SUMMARY

Ac voltage controllers allow adjustment of the rms values of output voltage
and current by means of phase control or pulse width modulation. In phase-
controlled controllers, SCRs or triacs are used, while fully controlled switches are
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employed in PWM controllers (ac choppers). Several types of three-phase ac volt-
age controllers are available. Ac voltage controllers are often operated as static ac
switches.

Three-phase cycloconverters, which are composed of three dual converters,
perform direct ac-to-ac conversion with adjustable output frequency and voltage.
However, the output frequency is limited to a fraction of the input frequency. Cyclo-
converters have several advantages, but the device count is high and the control sys-
tem is complex. Typically, cycloconverters are high-power converters, supplied from
dedicated transformers.

Matrix converters, based on bidirectional fully controlled switches that provide
direct connections between each input terminal and each output terminal, allow inde-
pendent sinusoidal modulation of output voltages and input current. Many solutions
to reduce the number of switches and increase the inherently low voltage gain have
been recently proposed.

Typical applications of ac voltage controllers and static ac switches include the
lighting and heating control, transformer tap changing, soft starters for induction
motors, and integral-cycle control of ac motors. Cycloconverters are mostly used in
high-power, low-speed, ac adjustable-speed drives. The still relatively rare applica-
tions of matrix converters include adjustable-speed industrial ac drives, renewable
energy systems, and electric vehicles.

EXAMPLES

Example 5.1 A single-phase ac voltage controller is used in a movie theater to con-
trol the incandescent lighting. Neglecting the temperature-related changes of resis-
tance of the lamps, find the reduction in power consumed by the lighting when
the firing angle is 60◦. What firing angle would result in a 50% reduction of that
power?

Solution: The incandescent lighting constitutes a resistive load. Consequently, the
ratio of rms values of the output and input voltages, that is, the magnitude control
ratio, can be found from Eq. (5.6) as

Vo

Vi
=
√

1
𝜋

[
𝜋 − 1

3
𝜋 + 1

2
sin(120◦)

]
= 0.897.

With a constant resistance, the power is proportional to the squared rms value of
voltage, so the resultant power constitutes 0.8972 = 0.805 of the full power. Thus, the
consumed power is reduced by 19.5%.

The magnitude control ratio for the 50% power reduction is
√

0.5 = 0.707. From
the control characteristic in Figure 5.3 for 𝜑 = 0, the corresponding value of the
firing angle is determined as 90◦. Notice that at this firing angle, exactly half of the
sinusoidal waveform of the input voltage is passed to the load.
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Example 5.2 A single-phase ac chopper is supplied from 120-V line and operates
with a modulation index of 0.75. The load impedance is 2 Ω. Determine the rms value
of output voltage and, neglecting the ripple of output current, the rms value of this
current.

Solution: The rms value, Vo, of the chopped output voltage is given by Eq. (5.27) as

Vo =
√

0.75 × 120 = 103.9 V. However, the rms value, Vo,1, of the fundamental of
this voltage is Vo,1 = 0.75 × 120 = 90 V and the output current, which is assumed to
be purely sinusoidal, has the rms value, Io, of

Io = Io,1 =
Vo,1

Z
= 90

2
= 45 A.

Example 5.3 A three-phase, six-pulse cycloconverter is supplied from a 460-V, 60-
Hz line. The load is connected in wye, with the resistance of 0.9 Ω/ph and inductance
of 15 mH/ph. The cycloconverter operates with the output frequency of 10 Hz and
magnitude control ratio of 0.7. Neglecting the ripple, find the rms value of output
currents.

Solution: Since the load is connected in wye, the rms value, Io, of output currents is
given by

Io =
Vo,LN,1

Z
,

where Vo,LN,1 denotes the rms value of the fundamental line-to-neutral out-
put voltage and Z is the load impedance, which at the frequency of 10 Hz is

Z =
√

0.92 + (2𝜋 × 10 × 0.015)2 = 1.303Ω∕ph. Using Eq. (5.33), Vo,LN,1 can be

determined as Vo,LN,1 = 3
𝜋
× 0.7 × 460 = 439.3 V∕ph, which yields

Io = 439.3
1.303

= 337.1 A∕ph.

Example 5.4 A 3Φ-3Φ matrix converter, supplied from a 460-V line, operates with
the switching frequency of 5 kHz, the modulation index of 0.5, and a unity power
factor. Consider a switching cycle in which the phase angles of the reference input
current and output voltage are 135◦ and 100◦, respectively, and determine the switch-
ing pattern in that cycle.

Solution: Assuming mrec = 1, the modulation index, minv, of the virtual inverter
can be found from Eq. (5.46) as minv = m√

3
2

mrec cos(𝜑i)
= 2√

3
0.5 = 0.577. The phase

angles, 𝛽I and 𝛽V, of the reference vectors indicate that the current reference vector,
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i⃗∗, is in sector III and the voltage reference vector, v⃗∗, is in sector II (see Figures 5.29
and 5.30). Thus, XI = 0PN, YI = NP0, XV = PPN, and YV = NPN. The in-sector
(local) angles, 𝛼I and 𝛼V, are 15◦ and 10◦, respectively. Based on Eqs. (4.77), (4.79),
and (4.80),

dXI = 1 × sin(60◦ − 15◦) = 0.707

dYI = 1 × sin(15◦) = 0.259

dZI = 1 − dXI − dYI = 0.034

and

dXV = 0.577 × sin(60◦ − 10◦) = 0.442

dYV = 0.577 × sin(10◦) = 0.100

dZV = 1 − dXV − dYV = 0.458.

The switching period, Tsw, which is a reciprocal of the switching frequency, fsw,
equals 200 μs. States of the virtual rectifier and inverter and their relative durations
are listed in Table 5.2, which is an example-specific version of Table 5.1. Based on the
information in Table 5.2, activation of individual switches of the matrix converter can
be determined as shown in Table 5.3 and Figure 5.41. Notice that within the whole
switching cycle considered, switches SAb and SCb are off and switch SBb is on. The
zero state BBB in the fifth switching subcycle is preferable over the other two zero
states, AAA or CCC, as the preceding and following state is BBA, so that only two
switches, SAc and SBc, must change their states.

The input and output frequencies of the matrix converter have not been specified.
This information is not needed, as in the space vector PWM methods the required
voltage and current vectors are independently synthesized in each switching cycle.
Thus, the speed of a vector can only be assessed by comparing its position in two
consecutive switching cycles. Here, for example, if the vector of output voltages has

Table 5.2 Switching Pattern for the Example Matrix Converter

Switching
Subcycle Rectifier State

Inverter
State tn∕Tsw

1 0PN PPN 0.156
2 0PN NPN 0.035
3 NP0 NPN 0.009
4 NP0 PPN 0.057
5 Z00 or 0Z0 PPP 0.486
6 NP0 PPN 0.057
7 NP0 NPN 0.009
8 0PN NPN 0.035
9 0PN PPN 0.156
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Table 5.3 Activation of Switches in the Example Matrix Converter

Switching
Subcycle

State of Matrix
Converter

Activated
Switches

Duration
(μs)

1 BBC SBa, SBb, SCc 31.2
2 CBC SCa, SBb, SCc 7.0
3 ABA SAa, SBb, SAc 1.8
4 BBA SBa, SBb, SAc 11.4
5 BBB SBa, SBb, SBc 97.2
6 BBA SBa, SBb, SAc 11.4
7 ABA SAa, SBb, SAc 1.8
8 CBC SCa, SBb, SCc 7.0
9 BBC SBa, SBb, SCc 31.2

moved by 3.6◦, then the output frequency is 50 Hz, because 5000 switching cycles
would produce 18,000◦, that is, 50 cycles of output voltage.

Example 5.5 A three-phase, delta-connected, PWM ac voltage controller is rated
at 10 kVA and 460 V. The supply frequency is 60 Hz, and the modulation index is
limited to the 0.05–0.95 range. Determine the minimum voltage and current ratings
of switches, assuming safety margins of 0.4 and 0.2 for the rated voltage and current,
respectively. What is the maximum allowable switching frequency for the minimum
on-time and off-time to be at least 20 μs long?

Solution: The rated voltage, Vrat, of switches of the controller is given by Eq. (4.107)

as Vrat ≥ (1 + 0.4) ×
√

2 × 460 = 911 V. The rated rms value, Io,rat, of output

Figure 5.41 Switching signals for individual switches in the example matrix converter.
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currents can be calculated as Io,rat =
10×103

3×460
= 7.25 A and, consequently, the rated

current, Irat, of the switches, as required by condition (5.56), must be Irat ≥√
2
𝜋

(1 + 0.2) × 7.25 = 3.92 A. From Eq. (5.57), Tsw ≥
tON(min)

mmin
= 20

0.05
= 400 μs, that

is, fsw ≤
1

400
= 0.0025 MHz = 2.5 kHz. Equation (5.58) would yield the same result,

since in the considered case, mmax = 1–mmin.

PROBLEMS

P5.1 For a single-phase ac voltage controller, sketch the waveforms of output volt-
age and current for the following values of the firing and extinction angles:

(a) 60◦ and 225◦

(b) 90◦ and 210◦

(c) 120◦ and 205◦

Assume that the load angle is less than 60◦.

P5.2 A single-phase ac voltage controller supplies a load consisting of a 2.5-Ω
resistance and a 6-mH inductance. The controller is fed from a 120-V, 60-
Hz line, and multipulse gate signals are used to activate controller’s triacs.
Estimate the rms output voltage for firing angles of 45◦, 90◦, and 120◦.

P5.3 A single-phase ac voltage controller supplies a resistive load. Use the charac-
teristic in Figure 5.3 to determine the firing angle resulting in a 35% reduction
of output voltage.

P5.4 A three-phase ac controller in Figure 5.7 is supplied from a 230-V line, and
the load is purely resistive. Find the rms output voltage for firing angles of
30◦, 90◦, and 120◦.

P5.5 A single-phase ac chopper supplied from a 120-V line operates with the mod-
ulation index of 0.75. Find the rms output voltage.

P5.6 A single-phase ac chopper is supplied from a 120-V, 60-Hz line and operates
with a constant modulation index of 0.6 and 20 switching intervals per cycle.
Find the fundamental output voltage and durations of the pulses and notches
of the output voltage.

P5.7 A three-phase, delta-connected ac chopper supplied from a 460-V line oper-
ates with the modulation index of 0.6. Find the rms output voltage and fun-
damental output voltage.

P5.8 A three-phase six-pulse cycloconverter is supplied from a 460-V line and
operates with the magnitude control ratio of 0.75. Find the rms values of the
line-to-neutral and line-to-line output voltages of the cycloconverter.

P5.9 List all allowable states of the 3Φ-3Φ matrix converter using the three-letter
designation, for example, AAB.
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P5.10 A 3Φ-3Φ matrix converter is supplied from a 230-V line with the positive
phase sequence. The 5-Ω resistive load is connected in wye. Neglecting the
voltage drop across the filter inductances, the phase-A input voltage can be
expressed as vA = Vi,p cos (𝜔t) . Find the instantaneous line-to-line output
voltages and input currents at 𝜔t = 135◦ if switches SAb, SAc, and SCa are
closed.

P5.11 Repeat Example 5.4 with the following data: fsw = 4 kHz, m = 0.45, 𝛽I =
235◦, 𝛽V= 15◦. What is the output line-to-neutral voltage if the matrix con-
verter in question is supplied from a 230-V line?

P5.12 Determine the minimum required voltage and current ratings of SCRs in a
20-kVA, 460-V three-phase fully controlled ac voltage controller. Assume
safety margins of 0.4 for the voltage rating and 0.25 for the current rating.

P5.13 An ac voltage controller with the same ratings as those in Problem 5.12 has
the SCRs connected in delta after the load. Assuming the same safety margins
as in P5.12, determine the minimum required voltage and current ratings of
the SCRs.

P5.14 A 10-kVA, 120-V, 60-Hz single-phase ac chopper operates with 50 switch-
ing intervals per cycle. The minimum and maximum values of the modula-
tion index for the PWM operation of the chopper are 0.05 and 0.95, respec-
tively. Assuming the same safety margins as in Problem 5.12, determine the
minimum required voltage and current ratings of the main and freewheeling
switches. Find the minimum on-time and off-time of the switches.

COMPUTER ASSIGNMENTS

CA5.1* Run PSpice program AC_Volt_Contr_1ph.cir for a single-phase ac voltage
controller. For the firing angles of 40◦ and 80◦, find for the output voltage
and current:

(a) rms value

(b) rms value of the fundamental

(c) total harmonic distortion

CA5.2* Run PSpice program AC_Volt_Contr_1ph.cir for a single-phase ac voltage
controller. For firing angles of 40◦ and 110◦, obtain the harmonic spectra
of the output voltage and current. For the 10 most prominent harmonics,
determine the harmonic number and amplitude as a fraction of amplitude
of the fundamental.

CA5.3* Run PSpice program AC_Volt_Contr_3ph.cir for a three-phase ac voltage
controller. For firing angles of 45◦ and 80◦, find for the output voltage and
current:

(a) rms value
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(b) rms value of the fundamental

(c) total harmonic distortion

CA5.4* Run PSpice program AC_Volt_Contr_3ph.cir for a three-phase ac voltage
controller. For firing angles of 40◦ and 100◦, obtain the harmonic spectra
of the output voltage and current. For the 10 most prominent harmonics,
determine the harmonic number and amplitude as a fraction of amplitude
of the fundamental.

CA5.5* Run PSpice program AC_Chopp.cir for a single-phase ac chopper with an
input filter. For N = 20 switching intervals per cycle and the magnitude
control ratio, M, of 0.75, find for the output voltage and current:

(a) rms value

(b) rms value of the fundamental

(c) total harmonic distortion

Repeat the assignment for N = 20 and M = 0.6.

CA5.6* Run PSpice program AC_Chopp.cir for a single-phase ac chopper with an
input filter. For N = 10 switching intervals per cycle and the magnitude
control ratio, M, of 0.4, find:

(a) total harmonic distortion of the current drawn from the supply source

(b) real input power to the filter (not equal to the output power, because of
the nonideal switches employed)

(c) apparent input power to the filter,

(d) input power factor.

Repeat the assignment for N = 20 and M = 0.6. Observe oscillograms of
the current drawn from the supply source and current drawn by the chopper
from the filter. Also, compare the voltage waveform at the input terminals
of the chopper (after the filter) with that of the supply source.

CA5.7* Run PSpice program Cyclocon.cir for a single-phase six-pulse cyclocon-
verter. Observe oscillograms of the output voltages of the cycloconverter
and constituent rectifiers, output current, and currents in the separating
inductors.
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6 DC-to-DC Converters

In this chapter: power electronic converters for dc-to-dc conversion are described;
static dc switches with fully controlled semiconductor power switches and forced-
commutated SCRs are explained; single-, two-, and four-quadrant step-down chop-
pers and a step-up chopper are analyzed; guidelines for device selection are provided;
and applications of dc-to-dc converters are presented.

6.1 STATIC DC SWITCHES

The simplest type of dc-to-dc power conversion involves connection and disconnec-
tion of a dc supply source to a load, with no control of the supplied voltage. Power
electronic static dc switches, although incapable of physical isolation of the source
from the load, find a variety of applications in industrial and consumer electronics.
The term “static” implies that the switch changes its state infrequently. In this respect,
static dc switches replace the traditional electromechanical switches. The latter have
a limited life span due to the wear of contacts and other mechanical parts, and they
usually require substantial activating power. In contrast, power electronic switches
can, theoretically, operate for an infinite amount of time and their power gain, that
is, the ratio of connected power to activating power, is much higher than that in elec-
tromechanical switches.

Circuit diagram of a static dc switch based on a fully controlled semiconductor
power switch is shown in Figure 6.1. The semiconductor switch, S, is connected in
series with the load. The freewheeling diode, D, parallel to the load, provides a path
for the lingering load current, when the switch is off. In the on-state of the switch,
the output voltage, vo, equals the fixed dc input voltage, Vi, and the output current,
io, equals the input current, ii. The diode is reverse biased and its current, iD, is zero.

In all the subsequent considerations, an RLE load is assumed, making the free-
wheeling diode necessary. When the switch is turned off, the output current is forced
to decrease. The negative rate of change of the current produces a negative voltage
across the load inductance. The diode becomes forward biased and starts conducting
the output current. Now, io = iD, vo ≈ 0, and ii = 0. After a short period of time the
load current dies out. The voltage drop across switch S equals the input voltage, so the
switch is forward biased and ready for the next turn-on. Waveforms of the gate signal,

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/modernpowerelectronics3e
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Load

S

D

ioi i

Vi Source vo

iD

Figure 6.1 Static dc switch based on a fully controlled semiconductor power switch.

g (current or voltage, depending on the type of switch), output voltage and current,
input current and diode current are shown in Figure 6.2. For simplicity, instantaneous
turn-on and turn-off are assumed.

A fully controlled semiconductor power switch can be turned off by an appropriate
gate signal, but an SCR operating in a dc circuit requires an auxiliary commutating
circuit for forced turn-off of the device. Various such circuits have been developed.
However, the currently available fully controlled switches have phased out SCRs from
most of the dc-input converters. Still, to give the reader an idea about the issue, an
example of SCR-based static dc switch employing a resonant commutating circuit is
described below.

The switch is shown in Figure 6.3. The commutating circuit comprises an auxiliary
SCR, T2, diode, D2, inductor, L, and capacitor, C. Polarity of the voltage, vc, across
the capacitor is shown for the on-state of the switch, that is, when the main SCR, T1,
is conducting and T2 is off.

To turn T1 off, the forward-biased T2 is fired. To better explain the mechanism
of forced commutation, the T1-T2-C sub-circuit is shown in Figure 6.4 at the instant
when T2 starts conducting and, therefore, it can be represented by a closed switch. It

g

υo

io

ii

iD

0

0

0

0

0

On OnOff
t

t

t

t

t

Vi

Figure 6.2 Voltage and current waveforms in the static dc switch.
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Figure 6.3 SCR-based static dc switch with a resonant commutating circuit.

can be seen that the capacitor has been connected across T1 and the capacitor voltage
imposes reverse bias on that SCR. Since T1 is still conducting, the capacitor is shorted
and its discharge current, ic, flows into the cathode of T1. As a result, a reverse recov-
ery current in T1 is enforced and the SCR turns off, which is tantamount to turning
off the whole dc switch considered.

The same mechanism is employed to turn off the auxiliary SCR. When T1 is off,
T2 closes the source-C-T2-load loop. Thus, following turn-off of T1, capacitor C is
charged, via the load, to the voltage equal –Vi. Note that the forced commutation of
T2 may not be needed if the off-time of T1 is sufficiently long. Then, T2 turns off by
itself because of the decay of current in the dc-supplied capacitor circuit in question.

When the capacitor is fully charged, T1 can be turned on again, closing the T1-
L-D2-C loop. This loop is a resonant circuit in which, if T1 and D2 were absent,
the capacitor voltage and current would have the oscillating, sinusoidal waveforms
(assuming insignificant resistance of the circuit). However, the diode blocks a positive
current and the resonant process is interrupted after a half period of the oscillation.
At this instant, the capacitor has been recharged to vc = Vi, that is, to the voltage
required for a successful turn-on of the main SCR. Pertinent waveforms are shown
in Figure 6.5, where g1 and g2 denote gate signals of SCRs T1 and T2, respectively,

T1

C

T2

c civ

Figure 6.4 Equivalent sub-circuit of the SCR-based static dc switch.
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Figure 6.5 Voltage and current waveforms in the SCR-based static dc switch.

while i1 and i2 are currents conducted by these SCRs. For simplicity, instantaneous
switching transients of the SCRs and a purely resistive load have been assumed.

A commutating circuit increases the size, weight, and cost of a static dc switch and
adversely affects its reliability. Moreover, the forced commutation reduces the maxi-
mum available operating frequency of the switch because of the substantial duration
of the transient conditions illustrated in Figure 6.5. The output voltage spike follow-
ing the turn-on of the auxiliary SCR constitutes an additional disadvantage as it may
damage the load.

6.2 STEP-DOWN CHOPPERS

Power electronic choppers are dc-to-dc converters with adjustable average output
voltage. As already explained in Section 1.5, the principle of operation of a chop-
per consists in high-frequency on–off switching. The dc supply source is alterna-
tively connected with the load and disconnected from it. As a result, the output volt-
age waveform constitutes a train of short pulses interspersed with short notches.
The output current in the assumed inductive load does not have enough time to
change significantly within the duration of a single pulse or notch, which makes for
low-current ripple.

Most practical choppers are of the step-down type. Assuming negligible voltage
drops across conducting switches, the magnitude of pulses of the output voltage
equals the input voltage, Vi. The average output voltage, Vo,dc, depends linearly on
the duty ratios of chopper switches and, generally, can be adjusted in the –Vi to +Vi
range. Consequently, the magnitude control ratio, M, of a chopper can be taken as

M =
Vo,dc

Vi
. (6.1)
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Figure 6.6 Step-down chopper: (a) block diagram, (b) equivalent circuit for the dc-output
voltage and current.

General block diagram of a chopper and the corresponding equivalent circuit for
dc components of the output voltage and current are shown in Figure 6.6. The RLE
load may represent a dc motor or a battery charged through an inductive filter. It must
be stressed that in this and the subsequent figures, the arrows of the voltages and
currents indicate the assumed positive polarities of these quantities. As is the case of
rectifiers covered in Chapter 4, the polarity of the load EMF is the same as that of the
average output voltage. In the first and third quadrants of operation, the EMF can be
zero since the power flows from the source to the load.

The differential equation of the load is

L
dio
dt

+ Rio + E = vo, (6.2)

where the output voltage, vo, can assume values of zero depending on the type of
chopper, –Vi and/or +Vi. Therefore, analyzing a given state of chopper, vo can be
treated as a constant, which makes the solution of Eq. (6.2) to be

io(t) =
vo − E

R
+
[

E − vo

R
+ io(t0)

]
e−

R
L

(t−t0), (6.3)

where io(t0) is the output current at the initial instant, t0, of the state considered. The
average output current, Io, can be found from the circuit in Figure 6.6a as

Io,dc =
Vo,dc − E

R
=

MVi − E

R
. (6.4)

Depending on the circuit configuration, step-down choppers can operate in a
single, two, or four quadrants of the operation plane. Subsequent sections provide
detailed description of those converters.
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Figure 6.7 First-quadrant chopper.

6.2.1 First-Quadrant Chopper

The first-quadrant chopper can only produce positive dc-output voltage and current,
and the average power flows always from the source to the load. Shown in Figure 6.7,
the circuit diagram of the chopper is identical with that of the static dc switch in
Figure 6.1. A switching variable, x1, can be assigned to the fully controlled switch S,
and the output voltage of the chopper can be expressed as

vo = x1Vi. (6.5)

The value of the switching variable indicates the state of chopper. Equivalent cir-
cuits of the chopper in state 1 and state 0 are shown in Figures 6.8a and 6.8b, respec-
tively. In this and the subsequent equivalent circuits, the switch and diode currents are
shown with their actual polarities while, as already mentioned, the shown polarities
of the input and output quantities indicate the assumed positive directions of these
quantities.

ioii

vo

R

L

E

vo

R

L

E

(b)(a)

Vi

i ioS1

iD1

Figure 6.8 Equivalent circuits of the first-quadrant chopper: (a) state 1, (b) state 0.
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In state 1, the switch is on, the input voltage appears across the load, and the
load inductance is charged with electromagnetic energy. The output current waveform
follows a growth function expressed by Eq. (6.3) with vo = Vi. In state 0, the switch
is off, the freewheeling diode D1 shorts the output terminals, and the discharge of
energy stored in the load inductance results in the output current decaying according
to Eq. (6.3) with vo = 0.

Denoting by tON and tOFF the times during which switch S is on and off, that is,
the chopper is in state 1 and state 0, respectively, the dc-output voltage, Vo,dc, can be
calculated as a time-weighted average of output voltages in the equivalent circuits in
Figure 6.8. Specifically,

Vo,dc =
Vi × tON + 0 × tOFF

tON + tOFF
=

tON

tON + tOFF
Vi = d1Vi, (6.6)

where d1 is the duty ratio of switch S1. Note that Eq. (6.6) could be derived by averag-
ing both sides of Eq. (6.5) and taking into account that the average value of a switching
variable equals the duty ratio of the corresponding switch.

From Eqs. (6.1) and (6.6),

M = d1 (6.7)

and, as the average output current given by Eq. (6.4) cannot be negative, the available
range of magnitude control of the output voltage is

E
Vi
< M ≤ 1. (6.8)

According to Eq. (6.7), the E/Vi ratio in condition (6.8) represents the minimum duty
ratio of the switch allowable for continuous conduction. If operation with a lower
value of d is attempted, the output current becomes discontinuous which, as in recti-
fiers, should possibly be avoided.

Example waveforms of the output voltage and current of the first-quadrant chop-
per are shown in Figure 6.9 with the E/Vi ratio of 0.25. The magnitude control ratio,
M, had initially been 0.50, then changed to 0.75. The output voltage responds instan-
taneously to the change in M, while the current response is inertial, with the time

M = 0.50 M = 0.75

υo

io

Vi

0

E

t

Figure 6.9 Example waveforms of output voltage and current in a first-quadrant chopper.
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Figure 6.10 Single cycle of the output voltage and current in the first-quadrant chopper.

constant, 𝜏, imposed by the load. Note that waveforms of other voltages and currents
in the chopper are easy to determine from the output current and voltage. For instance,
voltage across the switch is Vi–vo, while the switch current equals x1io.

In practice, output current waveforms in choppers can be assumed piecewise lin-
ear, thanks to the high switching frequencies employed. This approximation greatly
simplifies the analysis of choppers, as demonstrated by the following derivation of
formulas for the ac and dc components of the output current.

A single cycle of the output voltage and current in the steady state of a first-
quadrant chopper is shown in Figure 6.10. The output current, io, increases by Δio
during the tON time and decreases by the same amount during the tOFF time. The
current increment, Δio, can be thought of as doubled amplitude of the ac component
(ripple) of the output current. The waveform of this component is triangular, and it

can easily be shown that the rms value, Io,ac, of such waveform is
√

3 times lower
than the amplitude. Thus,

Io,ac =
Δio

2
√

3
. (6.9)

From Eq. (6.2),

dio = 1
L

(vo − E − Rio)dt. (6.10)

During the on-time, dio ≈ Δio, vo = Vi, io ≈ Io,dc, and dt ≈ tON. Consequently,

Δio = 1
L

(Vi − E − RIo,dc)tON. (6.11)

Analogously, during the off-time, dio ≈ −Δio, vo = 0, io ≈ Io,dc, dt ≈ tOFF, and

Δio = 1
L

(E − RIo,dc)tOFF. (6.12)
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Comparing Eqs. (6.11) and (6.12), and solving for Io,dc, yields

Io,dc =
1
R

(
tON

tON + tOFF
Vi − E

)
=

d1Vi − E

R
=

MVi − E

R
, (6.13)

that is, Eq. (6.4), already determined in the preceding section.
Substituting Eq. (6.13) in Eq. (6.12) gives

Δio =
MVi

L
tOFF. (6.14)

Note that tOFF can be expressed as

tOFF = (1 − d)(tON + tOFF) = 1 − M
fsw

, (6.15)

where fsw ≡ 1∕(tON + tOFF) denotes the switching frequency of a chopper. Also,
L = 𝜏R, where 𝜏 ≡ L∕R is the time constant of the load. Thus, Eq. (6.14) can be
rearranged to

Δio =
Vi

R
M(1 − M)
𝜏fsw

. (6.16)

For generality, to accommodate choppers operating in the third and fourth quad-
rants, that is, with negative magnitude control ratios, M in Eq. (6.16) can be replaced
with |M|. Then, Eqs. (6.9) and (6.16) yield

Io,ac(pu) =
|M| (1 − |M|)

2
√

3fsw(pu)

, (6.17)

where Io,ac(pu) denotes a per-unit rms value of the output ripple current defined as

Io,ac(pu) ≡
Io,ac

Vi
R

, (6.18)

while fsw(pu) is the per-unit switching frequency, defined as

fsw(pu) ≡ 𝜏fsw. (6.19)

Relation (6.17) is illustrated in Figure 6.11 in the form of a three-dimensional
graph. It can be seen that the maximum ripple occurs at |M| = 0.5. The switching
frequency has a strong impact on the ripple current, particularly at low values of this
frequency, when the switching times of the chopper are comparable with the time
constant of the load. Excessively high switching frequencies are impractical as small
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Figure 6.11 Current ripple in a chopper as a function of the magnitude control ratio and
switching frequency.

improvements in the quality of output current are obtained at the expense of high
switching losses. The per-unit switching frequency of about 3 offers the best tradeoff
between the quality and the efficiency of chopper operation.

6.2.2 Second-Quadrant Chopper

The second-quadrant chopper, depicted in Figure 6.12, operates with a positive output
voltage and a negative average output current. The average power flows always from
the load to the source. Equivalent circuits of the chopper in states 1 and 0 are shown
in Figure 6.13. Comparing these circuits with those in Figure 6.8 for a first-quadrant

Vi

i i io

R

L

E

Vo,dc

o,dcI

ov

D2

S2

iS2

Figure 6.12 Second-quadrant chopper.
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Figure 6.13 Equivalent circuits of a second-quadrant chopper: (a) state 1, (b) state 0.

chopper, it can be seen that the circuits have simply been interchanged. Clearly, con-
figuration of the chopper prevents the input and output currents from flowing in the
positive direction.

In state 1, switch S2 shorts the load and the load EMF, E, supplies the resultant
circuit that includes the load inductance, L. In state 0, the energy stored in this induc-
tance maintains the current, which is now forced to flow through diode D2 to the
supply source. The instantaneous output voltage is given by

vo = (1 − x2)Vi, (6.20)

and the average output voltage can be determined as

Vo,dc =
0 × tON + Vi × tOFF

tON + tOFF
=

tOFF

tON + tOFF
Vi = (1 − d2)Vi, (6.21)

that is,

M = 1 − d2, (6.22)

where d2 denotes the duty ratio of switch S2. For the output current to be continuous
and its dc component, Io,dc, to be negative, the control range of the chopper must be
limited to

0 ≤ M ≤
E
Vi

(6.23)

if E < Vi. Otherwise, M can be controlled in the full 0–1 range. However, allowing
a discontinuous current, energy can be transferred from an active load to the input
source even if the input voltage is higher than the load EMF.

Operation of the second-quadrant chopper is illustrated in Figure 6.14. The E/Vi
ratio is 0.75, while the magnitude control ratio has initially been 0.50, and then
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Figure 6.14 Example waveforms of output voltage and current in a second-quadrant chopper.

changed to 0.25. This results in the output current waveform being a mirror image of
that in Figure 6.9.

6.2.3 First-and-Second-Quadrant Chopper

While the single-quadrant choppers described in Sections 6.2.1 and 6.2.2 can only
transmit energy in one direction, two-quadrant choppers are capable of bidirectional
power flow. Circuit diagram of a first-and-second quadrant chopper, that is, one oper-
ating with a positive output voltage and an output current of either polarity, is shown
in Figure 6.15. Topologically, the chopper is a combination of the first- and second-
quadrant choppers. Indeed, if branch S2-D2 is removed, the remaining circuit is iden-
tical with that of the first-quadrant chopper and, vice-versa, removal of branch S1-D1
would result in a second-quadrant chopper.

Denoting by x1 and x2 switching variables of switches S1 and S2, respectively, the
state of the chopper can be designated as (x2x1)2. If, for instance, switch S1 is on,
that is, x1 = 1, and S2 is off, that is, x2 = 0, then the chopper is said to be in state
2 since 102 = 2. Theoretically, a total of four states are possible. However, state 3 is
forbidden, as it would short the supply source.

In the first quadrant of operation, only switch S1 is controlled, while S2 is turned
off. Thus, the chopper alternates between states 0 and 2. Diode D2 is permanently
reverse biased, so the whole branch S2-D2 is inactive. Conversely, when the chop-
per operates in the second quadrant, it is only switch S2 that performs the chopping,
the chopper alternates between states 0 and 1, and branch S1-D1 is inactive. There-
fore, the equations derived in the preceding two sections for the first- and second-
quadrant choppers can easily be adapted here. In particular, in the first quadrant of
operation,

vo = x1Vi, x2 = 0 (6.24)
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Figure 6.15 First-and-second-quadrant chopper.

and

M = d1, (6.25)

where d1 denotes the duty ratio of switch S1. In the second quadrant,

vo = (1 − x2)Vi, x1 = 0 (6.26)

and

M = 1 − d2, (6.27)

where d2 is the duty ratio of switch S2. Note that the designations of switches agree
with the quadrants of operation, that is, switch S1 is associated with the first quadrant
and S2 with the second quadrant. This convention is observed in the description of
all multi-quadrant choppers covered in this chapter. The available ranges of the mag-
nitude control of the output voltage are given by Eq. (6.8) for the first quadrant and
Eq. (6.23) for the second quadrant.

An example of operation of the chopper is illustrated in Figure 6.16. The E/Vi ratio
is 0.5. At the beginning, the chopper operates in the first quadrant with the magnitude
control ratio of 0.75, and later in the second quadrant with M = 0.25. The average
output voltage is always positive while, according to Eq. (6.4), the output current,
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Figure 6.16 Example waveforms of output voltage and current in a first-and-second-quadrant
chopper.

initially positive, changes its polarity to negative but with the same absolute value of
the dc component.

6.2.4 First-and-Fourth-Quadrant Chopper

The first-and-fourth-quadrant chopper shown in Figure 6.17 allows bidirectional
power flow with a positive output current. The load EMF must be positive for the
first-quadrant operation and negative when the chopper is to operate in the fourth
quadrant. The state of the chopper is designated as (x1x4)2, where x1 and x4 denote
switching variables of switches S1 and S4, respectively.

For the first-quadrant operation, switch S4 must be turned on permanently to pro-
vide a path for the output current. Switch S1 performs the chopping, with the duty
ratio d1, so the chopper operates alternatively in states 2 and 3. In the fourth quad-
rant, switch S1 is off, S4 operates with the duty ratio d4, and the chopper alternates
between states 0 and 1.

Operation in the first quadrant has already been covered in Section 6.2.3 although
Eq. (6.24) must be modified to

vo = x1Vi, x4 = 1. (6.28)

Equivalent circuits of the chopper in the fourth quadrant of operation are shown in
Figure 6.18. Inspection of these circuits yields

vo = (x4 − 1)Vi, x1 = 0 (6.29)

and

Vo,dc =
0 × tON,4 − Vi × tOFF,4

tON,4 + tOFF,4
= −

tOFF,4

tON,4 + tOFF,4
Vi = (d4 − 1)Vi, (6.30)
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Figure 6.17 First-and-fourth-quadrant chopper.
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Figure 6.18 Equivalent circuits of a first-and-fourth-quadrant chopper operating in the fourth
quadrant: (a) state 2, (b) state 0.
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Figure 6.19 Example waveforms of output voltage and current in a first-and-fourth-quadrant
chopper.

where tON,4 and tOFF,4 denote the on-time and off-time of switch S4, respectively.
Consequently,

M = d4 − 1. (6.31)

For the output current to be continuous and positive, the allowable control range
is

E
Vi
< M ≤ 0. (6.32)

Operation of the first-and-fourth-quadrant chopper is illustrated in Figure 6.19,
where initially, for the first-quadrant operation, E/Vi = 0.5 and M = 0.75 (see Fig-
ure 6.16). The dc-output current is maintained constant when the load EMF changes
its polarity, so that E/Vi = –0.5. It can easily be found from Eq. (6.4) that the magni-
tude control ratio in the fourth quadrant must be –0.25.

It is worth pointing out that the first-quadrant operation could also be performed
using switch S4 for chopping, with S1 continuously on. Then, when S4 is off, the
output current would close through diode D4. However, this operating mode is not
recommended as it violates the control symmetry, which requires that in each quad-
rant of operation a different switch–diode pair is employed.

6.2.5 Four-Quadrant Chopper

The four-quadrant chopper is the most versatile of all step-down choppers. Its power
circuit, shown in Figure 6.20, comprises four power switches, S1 through S4, and
four freewheeling diodes, D1 through D4. Designating a state of the chopper as
(x1x2x3x4)2, where x1 through x4 are switching variables of the switches, a theoretical
total of 16 states is obtained. However, only states 0, 1, 4, 6, and 9 are utilized. The
remaining states would either short-circuit the supply source or spoil the symmetry
of control.
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Figure 6.20 Four-quadrant chopper.

Instead of describing operation of the chopper separately for each quadrant, a sum-
mary of operating conditions is provided in Table 6.1. The “ON-state” and “OFF-
state” denote states of the chopper corresponding to states of the chopping switch.
The “ON-circuit” and “OFF-circuit” indicate switches and diodes carrying the out-
put current. Duty ratios of the individual switches are denoted by d1 through d4. As
already mentioned, designations of the switches correspond to respective operating

Table 6.1 Operating Features of the Four-Quadrant Chopper

Quadrant: I II III IV

E ≥0 >0 ≤0 <0
x1 0, 1, 0, 1,… 0 0 0
x2 0 0, 1, 0, 1,… 1 0
x3 0 0 0, 1, 0, 1,… 0
x4 1 0 0 0, 1, 0, 1,…
ON state 9 4 6 1
OFF state 1 0 4 0
ON circuit S1-D4 S2-D3 S2-S3 S4-D1
OFF circuit S4-D1 D2-D3 S2-D3 D1-D4
vo x1Vi (1–x1)Vi –x3Vi (x4–1)Vi

M d1 1–d2 –d3 d4–1
M range E/Vi to 1 0 to E/Vi –1 to E/Vi E/Vi to 0
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Figure 6.21 Allowable ranges of the magnitude control ratio in step-down choppers.

quadrants of the chopper. For instance, in the third quadrant, it is switch S3 that acts
as the modulating (chopping) switch. The M ranges listed are those for a continuous
output current. The same magnitude control ranges, valid for all step-down choppers,
are illustrated in Figure 6.21.

6.3 STEP-UP CHOPPER

The pulsed output voltage in step-down choppers described in Section 6.2 has a fixed
amplitude, practically equal to the input voltage, and an adjustable average value
which, taking into account voltage drops in the chopper, is lower than the input volt-
age. In contrast, the step-up chopper produces an output voltage with a fixed average
value equal to the input voltage, and with adjustable amplitude of the pulses, which
is higher than the input voltage.

Shown in Figure 6.22, the step-up chopper consists of a fully controlled switch,
a diode, and an inductor. The diode prevents reversal of the output current due
to the load EMF when the switch is closed. This chopper cannot be emulated by
the generic power converter since the inductor constitutes a crucial element for the
power conversion performed. Notice a topological similarity of the step-up chopper
with the second-quadrant chopper in Figure 6.12, with the load EMF considered a
supply source.

When the switch is on for the time tON, the output voltage, vo, is zero and the
voltage drop, vL, across the chopper’s inductor, conducting the input current, ii, equals
the input voltage, Vi. Thus,

vL = Lc
dii
dt

= Vi, (6.33)

www.EngineeringBooksPdf.com



STEP-UP CHOPPER 263

i oi i
D

V i

L c

S vo L

R

E

Figure 6.22 Step-up chopper.

where Lc denotes coefficient of inductance of the inductor. Consequently,

dii
dt

=
Vi

Lc
, (6.34)

that is, the current in the inductor increases linearly in time. The increment, Δii, of
the current by the end of the interval is

Δii =
Vi

Lc
tON. (6.35)

During the following time interval, tOFF, the switch is off and the input current
decreases as the load is no longer shorted by the switch. In the steady-state of oper-
ation of the chopper, the average input current is constant, which implies that the
current drops by the same amount, Δii, as it has increased during the preceding time
interval, tON. Assuming a linear change of the decreasing current, its derivative can
be expressed as

dii
dt

= −
Δii
tOFF

= −
Vi

Lc

tON

tOFF
. (6.36)

Consequently, the output voltage during the off-time of the switch is given by

vo = Vi − vL = Vi − Lc
dii
dt

= Vi + Lc
Vi

Lc

tON

tOFF
= Vi

(
1 +

tON

tOFF

)
. (6.37)

According to Eq. (6.37), the output voltage pulse, appearing during the off-time,
has the peak value, Vo,p, equals

Vo,p = Vi

(
1 +

tON

tOFF

)
=

Vi

1 − d
, (6.38)

where d denotes the duty ratio of switch S.
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The average output voltage, Vo,dc, can be determined as

Vo,dc =
0 × tON + Vi

1−d
× tOFF

tON + tOFF
=

Vi

1 − d

tOFF

tON + tOFF

=
Vi

1 − d
(1 − d) = Vi, (6.39)

that is, as mentioned before, it is equal to the input voltage. Since 0 ≤ d ≤ 1, the
amplitude of pulses of the output voltage is higher than the input voltage. The mag-
nitude control ratio, M, as defined by Eq. (6.1), is unity, independently on the duty
ratio, d.

Operation of a step-up chopper is illustrated in Figure 6.23. For simplicity, a purely
resistive load has been assumed. The duty ratio is 0.75, so that the pulses of the output
voltage have amplitude four times higher than the input voltage. The pulses are not
exactly rectangular because, in reality, the current in the chopper inductance decays
exponentially, not linearly.

To obtain continuous output voltage, a capacitor must be connected in parallel
with the load. The diode, D, protects the capacitor from discharging through switch
S. If the capacitance is sufficiently high, the voltage is maintained at an average level
equal to the input voltage. Then,

M = 1
1 − d

. (6.40)

Here, it must be pointed out that the parasitic resistances, mostly those of the
source and inductor, affect the performance of the chopper. In particular, Eq. (6.38)
remains valid only for low values of the duty ratio, d, that is, for low voltage gains
Vo,p/Vi. The maximum available voltage gain, theoretically approaching infinity when
d approaches unity, is actually quite limited (see Section 8.2.2). Therefore, in the
design of step-up choppers, particularly those with smoothing capacitors and/or when
a truly high output voltage is desired, circuit simulation programs, such as PSpice,
should be used, taking the parasitic resistances into account.

ii

Vi

t0

oυ

Figure 6.23 Waveforms of the output voltage and input current in a step-up chopper
(d = 0.75).
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6.4 CURRENT CONTROL IN CHOPPERS

Control of the output voltage by means of pulse width modulation is most commonly
employed in choppers. However, in certain applications, such as the torque control
of dc motors, it is the output current that needs direct control. This requires a closed-
loop control system that imposes such switching patterns in the chopper that the actual
current follows the desired reference signal. If the current is to change the polarity,
the control system must cause a transition to an appropriate operating quadrant.

In practice, current-controlled inverters are more common than current-controlled
choppers, and their current control systems are very similar to those of choppers. Both
these converter types are supplied from dc sources. Therefore, detailed coverage of
the current control is delayed until Section 7.2.2.

6.5 DEVICE SELECTION FOR CHOPPERS

Clearly, a static dc switch represents a first-quadrant chopper operating with a low
switching frequency. Thus, with regard to selection of the semiconductor devices,
there is no need for different treatment of the dc switches and step-down choppers. On
the other hand, the rules for device selection for step-down choppers differ from those
for the step-up choppers. Therefore, these two types of choppers will be considered
separately.

Determination of the required rated voltage of semiconductor devices (switches
and diodes) used in static dc switches and step-down choppers is straightforward,
since the highest voltage across a device equals, at worst, the peak value, Vi,p, of the
input voltage. Although assumed constant (ideal dc), the input voltage may in practice
contain certain ripple, so that the peak value of this voltage is somewhat greater than
the average value. Consequently, taking into account the voltage safety margin, sV,
the rated voltage, Vrat, of the devices must satisfy the condition

Vrat ≥ (1 + sV)Vi,p. (6.41)

If, for example, a chopper is fed by a rectifier supplied from a 460-V line, the peak

input voltage, Vi,p, should be taken as
√

2 × 460 = 651V.
The contribution of a switch operating with the duty ratio d to the output current,

Io,dc, is Io,dcd, and that of the freewheeling diode is Io,dc(1 – d). As d can vary from 0
to 1, then the rated current, Irat, of the semiconductor devices must at least be as high
as the rated dc-output current, Io,dc(rat), of the chopper. Thus, employing the current
safety margin, sI, the condition to be met is

Irat ≥ (1 + sI)Io,dc(rat). (6.42)

In a step-up chopper, the rated voltage of the switch and diode must exceed the
peak output voltage, Vo,p. The maximum allowed value, Vo,p(max), of the instantaneous
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output voltage must be specified as a basis for device selection. Then, the maximum
allowable value, dmax, of the duty ratio of the switch is

dmax = 1 −
Vi

Vo,p(max)
, (6.43)

and the rated voltage, Vrat, of the switch and diode must satisfy the condition

Vrat ≥ (1 + sV)Vo,p(max). (6.44)

The diode carries the whole output current. Therefore, its current rating, ID(rat),
must at least equal the rated average output current, Io,dc(rat), of the chopper. Thus,

ID(rat) ≥ (1 + sI)Io,dc(rat). (6.45)

To determine the required rated current, IS(rat), of the switch, a chopper with a
resistive load and no smoothing capacitor is considered. If the switching frequency is
sufficiently high, the output current consists of rectangular pulses whose amplitude
is denoted by Io,p, while the input current is practically constant and equals the same
Io,p. The switch carries the input current during the on-time, so that the average value,
IS,dc, of the switch current is

IS,dc = Io,pd. (6.46)

The average output current, Io,dc, which flows within the off-time, is given by

Io,dc = Io,p(1 − d). (6.47)

Solving Eqs. (6.46) and (6.47) for IS,dc yields

IS,dc =
d

1 − d
Io,dc, (6.48)

which leads to the condition,

IS(rat) ≥
dmax

1 − dmax
(1 + sI)Io,dc(rat). (6.49)

The same condition is valid for a chopper with a smoothing capacitor. Assuming
that the input and output voltages and currents have the dc quality, that is, vo = Vo,dc,
io = Io,dc, and neglecting power losses in the chopper,

ViIi = Vo,dcIo,dc =
Vi

1 − d
Io,dc. (6.50)
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Thus,

Ii =
Io,dc

1 − d
(6.51)

and, as

IS,dc = Iid = d
1 − d

Io,dc, (6.52)

the same relation as Eq. (6.48) has been obtained.
In any PWM converter, the pulse width modulation cannot be performed within

the whole 0–1 range of the duty ratio, d, of switches, since at d close to zero or
unity, the required on-time, tON, or off-time, tOFF, would be too short in compari-
son with the feasible switching times of the switches. These times are related to the
minimum and maximum values, dmin and dmax, of the duty ratio as

tON(min) =
dmin

fsw
(6.53)

and

tOFF(min) =
1 − dmax

fsw
. (6.54)

The last two equations facilitate selection of the switching frequency, fsw, that is
appropriate for a given type of semiconductor power switches.

6.6 COMMON APPLICATIONS OF CHOPPERS

Step-down choppers produce high-quality output currents that can be adjusted within
a wide range. Voltage control characteristics of choppers are linear. Therefore, step-
down choppers are mostly employed in high-performance dc-drive systems, such as
those in machine tools and electrical traction.

In chopper systems fed from an ac line, a diode rectifier with the so-called dc link
is to be used, as shown in Figure 6.24. The inductor, which prevents the chopper from
drawing a high-frequency current from the ac line, is needed when the line inductance
alone does not suffice. The capacitor is necessary to absorb the negative input current,
which cannot close through the rectifier. In choppers supplied from a battery, the dc
link is often used too, in order to avoid extra losses in the battery due to the undesirable
ac component of the input current.

Sustained operation of the chopper in the second and fourth quadrants with the
supply arrangement as in Figure 6.24 is not feasible, because the rectifier is incapable
of transferring the power to the supply line. If operation of the chopper with a nega-
tive power flow was attempted, the resultant charging up of the filter capacitor would
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Figure 6.24 Typical supply system of a chopper.

make the input voltage to the chopper increase. This could cause an overvoltage dam-
age to the semiconductor devices or the capacitor. One way to solve this problem is
to replace the diode rectifier with a controlled rectifier. This solution is preferable
when a number of choppers are supplied from a single dc network. A dc mass transit
system is a typical example.

In the case of a single chopper feeding a dc motor and supplied through a diode
rectifier, a braking resistor operating in the PWM mode is usually employed. It dissi-
pates the energy generated by the motor in the second and fourth quadrants of oper-
ation. This arrangement is shown in Figure 6.25. When an overvoltage across the dc
link capacitor is detected, the semiconductor switch in series with the braking resistor
turns on, bleeding the capacitor of the excessive charge.

Second-quadrant choppers are utilized in autonomous power supply systems based
on solar arrays charging a battery pack. The battery pack is connected to the input
terminals while the array, whose voltage is fluctuating, is connected through a reactor
to the output terminals of the chopper. Even when the source’s voltage is lower than
that of the battery pack, the pack can be charged.

Step-up choppers are primarily used as high-voltage sources in certain radar and
ignition systems. As explained in Chapter 8, the operating principles of step-down
and step-up choppers are utilized in switching power supplies.

Rectifier
DC link

A
C

 li
ne

Braking
Resistor

Motor

Chopper

Figure 6.25 Chopper with breaking resistor in a dc-drive system.
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SUMMARY

Dc-to-dc power conversion is performed using choppers. In step-down choppers, the
dc input voltage is “chopped” into a train of rectangular pulses whose average value
is adjustable by means of the width modulation. The load inductance attenuates the
ac component of the output current, so that the current is practically of the dc quality.
The higher the switching frequency is, the lower the current ripple becomes.

Step-down choppers can be structured to operate in a single, two, or all four quad-
rants. The number of the switch-diode pairs equals that of the operating quadrants.
A first-quadrant chopper, when operated intermittently with the duty ratio of zero or
unity, serves as a static dc switch connecting a load to a dc source.

A step-up chopper generates a train of voltage pulses whose average value is equal
to the input voltage but the amplitude is higher than that voltage. A smoothing capac-
itor connected in parallel with the load allows obtaining a stepped-up dc-output volt-
age. The voltage gain of a step-up chopper is limited by parasitic resistances in the
chopper.

Step-down choppers are primarily employed in high-performance dc-drive sys-
tems. Step-up choppers find application in radar and ignition systems.

EXAMPLES

Example 6.1 A step-down chopper fed from a 200-V source operates a dc motor
whose armature EMF is 170 V and armature resistance is 0.5 Ω. With the magnitude
control ratio of 0.4, find the average output voltage and current of the chopper and
determine the quadrant of operation.

Solution: From Eq. (6.1), the average output voltage of the chopper is

Vo,dc = 0.4 × 200 = 80 V,

and from Eq. (6.4), the average output current is

Io,dc =
80 − 170

0.5
= −180 A.

As Vo,dc > 0 and Io,dc < 0, the chopper operates in the second quadrant.

Example 6.2 The same system as in Example 6.1 is considered. The chopper oper-
ates with a switching frequency of 1 kHz and the armature inductance of the motor is
20 mH. Find the ac component of the armature current and ripple factor of the current.
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Solution: The time constant, 𝜏, of the load of the chopper is

𝜏 = 20 × 10−3

0.5
= 0.04 s

and, from Eqs. (6.17) and (6.19),

Io,ac(pu) =
0.4(1 − 0.4)

2
√

3 × 0.04 × 1 × 103
= 0.0017.

Now, based on Eq. (6.18), the ac component, Io,ac, of the armature current of the
motor supplied by the chopper can be calculated as

Io,ac =
200
0.5

× 0.0017 = 0.68 A.

In Example 6.1, the absolute value of the dc component of the output current of the
chopper was found to be 180 A. Hence, the ripple factor, RFI, equals

RFI =
0.68
180

= 0.0038 = 0.38%.

Example 6.3 A four-quadrant chopper operates with a switching frequency of 1 kHz
and supplies power to a dc motor whose armature EMF is –216 V. The input voltage
of the chopper is 240 V. Find:

(a) voltage control ranges for the third and fourth quadrants of operation of the
chopper

(b) on-time and off-time of the modulating switch when the chopper operates in
the third quadrant with the magnitude control ratio of –0.95

(c) on-time and off-time of the modulating switch when the chopper operates in
the fourth quadrant with the magnitude control ratio of –0.75.

Solution:

(a) The negative load EMF implies operation in the third or fourth quadrant. The
input voltage ratio, E/Vi, is –216/240= –0.9. Therefore, according to Table 6.1,
the magnitude control ratio, M, when the chopper operates in the third quadrant
must be within the –1 to –0.9 range. The allowable range of M for the fourth
quadrant is from –0.9 to 0.

(b) Considering the circuit diagram of the chopper in Figure 6.19, the modulating
switch in the third quadrant is S3. From Table 6.1, the duty ratio, d3, of this
switch is

d3 = −M = 0.95.
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Consequently, the on-time, tON,3, of the switch is

tON,3 = d3Tsw = 0.95 × 1 ms = 0.95 ms,

and the off-time, tOFF,3, is

tOFF,3 = Tsw − tON,3 = 1 ms − 0.95 ms = 0.05 ms,

where Tsw is the switching period, equal 1 ms as a reciprocal of 1 kHz.

(c) In this case, it is the switch S4 that performs the modulation. Since its duty
ratio, d4, is

d4 = M + 1 = −0.75 + 1 = 0.25

then

tON,4 = 0.25 × 1 ms = 0.25 ms

and

tOFF,4 = 1 ms − 0.25 ms = 0.75 ms

Example 6.4 A step-up chopper is supplied from a 200-V source. Find the
duty ratio of the chopper switch such that the output voltage has a peak value of
500 V. What is the duration of output voltage pulses if the switching frequency is
5 kHz?

Solution: From Eq. (6.38), the required duty ratio, d, is

d = 1 −
Vi

Vo,p
= 1 − 200

500
= 0.6.

As the pulses of the output voltage appear when the switch is off, then their duration,
tOFF, is

tOFF = 1 − 0.6
5 × 103

= 8 × 10−5 s = 80 μs.

Example 6.5 A two-quadrant chopper, rated at 15 kVA and 200 V, is supplied from
a diode rectifier with a low-pass filter such that the peak supply voltage does not
exceed 250 V. Find the minimum voltage and current ratings of switches and diodes
of the chopper. Use safety margins of 0.4 for the rated voltage and 0.2 for the rated
current.
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Solution: According to Eq. (6.41), the rated voltage of the two semiconductor
power switches and two freewheeling diodes of the chopper must be at least 1.4 ×
250 V = 350 V. The rated current, Io,dc(rat), of the chopper is (15,000 VA)/(200 V) =
75 A. From Eq. (6.42), the rated current of the switches and diodes may not be less
than 1.2 × 75 A = 90 A.

PROBLEMS

P6.1 A chopper is supplied from a 240-V dc source. The load of the chopper con-
sists of a 20-Ω resistance in series with a 10-mH inductance. The chopper
operates with the switching frequency of 0.8 kHz and produces the load cur-
rent of 4.8 A. Find:

(a) quadrant of operation of the chopper

(b) duty ratio of the chopping switch

(c) average output current

P6.2 Can the chopper in Problem 6.1 operate in the second quadrant? Justify the
answer.

P6.3 For the chopper in Problem 6.1, find:

(a) switching period

(b) on-time and off-time of the chopping switch

(c) output ripple current

(d) ripple factor of the output current

P6.4 For the chopper in Problem 6.1, find:

(a) per-unit switching frequency

(b) per-unit output ripple current

P6.5 A two-quadrant chopper is supplied from a 400-V dc source and operates
with the magnitude control ratio of –0.7 and switching frequency of 1.2 kHz.
The chopper supplies power to a dc motor whose armature resistance is 0.4Ω
and armature inductance is 1.6 mH. The motor rotates with a constant speed
such that the armature EMF is –320 V. Find:

(a) operating quadrant of the chopper

(b) average armature voltage of the motor

(c) average armature current

P6.6 For the chopper in Problem 6.5, find:

(a) duty ratio of the modulating switch

(b) on-time of the switch

(c) off-time of the switch

(d) ac component of the output current
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P6.7 The same chopper and motor as in Problem 6.5 are considered, but the arma-
ture voltage and EMF are 250 V and 200 V, respectively, and the armature
current is positive. Find:

(a) operating quadrant of the chopper

(b) average armature current of the motor

(c) magnitude control ratio of the chopper

(d) duty ratio of the modulating switch

P6.8 A two-quadrant chopper, fed from a 400-V dc source, supplies power to a
dc motor whose armature resistance is 0.2 Ω. The armature current is to be
maintained constant at 250 A, independently of the motor speed that affects
the armature EMF. Find the magnitude control ratio of the chopper and duty
ratio of the modulating switch when the armature EMF is

(a) 320 V

(b) –320 V

P6.9 For the chopper in Problem 6.8, find the average output current when

(a) the armature EMF is 200 V and magnitude control ratio is 0.6

(b) the armature EMF is –200 V and magnitude control ratio is –0.6

P6.10 The armature inductance of the motor in Problem 6.9 is 0.75 mH. Find the
switching frequency of the chopper such that the per-unit ripple current does
not exceed 0.03 pu.

P6.11 A four-quadrant chopper is supplied from a 300-V dc source. The absolute
value of the load EMF is 220 V. For each operating quadrant of the chopper,
find the magnitude control range and the range of duty ratio of the modulating
switch.

P6.12 A step-up chopper is supplied from a 120-V battery pack and operates with
the switching frequency of 4 kHz. Find the amplitude of pulses of the output
voltage and their duration when the duty ratio of the chopper switch is 0.8.

P6.13 A single-quadrant chopper rated at 420 VA is to be supplied from a 12-V
battery. Determine the minimum required voltage and current ratings of the
semiconductor devices of the chopper.

P6.14 A two-quadrant chopper is rated at 6 kVA and 600 V. A six-pulse diode rec-
tifier fed from a three-phase 460-V line is to be used as the supply source.
Determine the minimum required voltage and current ratings of the semicon-
ductor devices of the chopper.

P6.15 Repeat Problem 6.14 for a chopper rated at 9 kVA and 300 V, and the rectifier
fed from a three-phase 230-V line.

P6.16 A step-up chopper is supplied from a 6-V battery and rated at 300 VA. The
highest allowable duty ratio of the chopper switch is 0.9. Determine the min-
imum required rated currents of the switch and diode of the chopper.
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COMPUTER ASSIGNMENTS

CA6.1* Run PSpice program DC_Switch.cir for an SCR-based static dc switch.
Observe oscillograms of the voltages and currents illustrated in Figure 6.5
(this simulation may need a long time to run).

CA6.2* Run PSpice program Chopp_1Q.cir for a first-quadrant chopper. For the
magnitude control ratio of 0.8, find for both the output voltage and current
of the chopper:

(a) dc component

(b) rms value

(c) rms value of the ac component

(d) ripple factor

CA6.3* Run PSpice program Chopp_2Q.cir for a second-quadrant chopper. For the
magnitude control ratio of 0.4, find for both the output voltage and current
of the chopper:

(a) dc component

(b) rms value

(c) rms value of the ac component

(d) ripple factor

CA6.4* Run PSpice program Chopp_12Q.cir for a first-and-second-quadrant chop-
per. With an arbitrarily set value of the magnitude control ratio, observe
oscillograms of the voltages and the currents in both quadrants of opera-
tion of the chopper.

CA6.5 Develop a PSpice circuit file for a first-and-fourth-quadrant chopper. With
the arbitrarily set magnitude control ratio, observe oscillograms of the volt-
ages and the currents in both quadrants of operation of the chopper.

CA6.6 Develop a PSpice circuit file for a four-quadrant chopper. For each quadrant
of operation, write separate set of lines of program for switching signals of
individual switches of the chopper (when running the program for a specific
quadrant, lines for the other three quadrants will be “commented out” using
asterisks).

CA6.7* Run PSpice program Step_Up_Chopp.cir for a step-up chopper. Set the
duty ratio of the switch to 0.75. Compare the voltage and current wave-
forms with those in Figure 6.22. Repeat the simulation for the duty ratio
of 0.5.

CA6.8 Based on Eqs. (6.5) through (6.7), develop a computer program for compu-
tation of the ripple current and ripple factor in a chopper. Use the program
to verify the results of Assignments 6.2(c) and 6.3(c).
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7 DC-to-AC Converters

In this chapter: principles of dc-to-ac power conversion using power electronic
inverters are introduced; voltage-source inverters (VSIs) and current-source invert-
ers (CSIs) in the square-wave and pulse width modulation (PWM) operation modes
are discussed, and voltage and current control techniques are reviewed; multilevel
and soft-switching inverters are presented; device selection for inverters is outlined,
and major inverter applications are described.

7.1 VOLTAGE-SOURCE INVERTERS

As already mentioned in Chapter 1, the dc-to-ac power conversion is performed by
inverters. An inverter is supplied from a dc source while the ac-output voltage has a
strong fundamental component with adjustable frequency and amplitude. Depending
on the type of the source, voltage-source inverters (VSIs) and current-source inverters
(CSIs) can be distinguished. Besides rectifiers, VSIs are the most common power
electronic converters.

The dc-input voltage for a VSI can be obtained from an uncontrolled or controlled
rectifier, or from another dc source, such as a battery or a photovoltaic array. As
shown in Figure 7.1, if a rectifier is used, the inverter is supplied via an LC dc link,
similar to that used for choppers (see Figure 6.24). The link capacitor can be thought
of as a voltage source, since voltage across it cannot change instantly. Importantly, it
serves as a tank for electric charges carried by the sporadic negative input currents to
the inverter bridge. The main task of the inductor is to isolate the supplying rectifier
and power system from the high-frequency component of the inverter input current.
In contrast to the capacitor, the link inductor is not inherently necessary. Indeed, in
some practical inverters, the inductor is disposed of to reduce the size and cost of the
converter.

Inverters can be built with any number of output phases. In practice, single-phase
and three-phase inverters are most common. However, construction of ac motors with
more than three phases has recently been proposed, to increase reliability of certain
critical applications. Such motors must be supplied from inverters with the same num-
bers of phases.

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/modernpowerelectronics3e
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Figure 7.1 VSI supplied from a diode rectifier.

In the past, SCRs were used in high- and medium-power inverters. SCR-based
inverters required commutating circuits, similar to that described in Section 6.1, to
turn the SCRs off. The commutating circuits increased the inverter size and cost and
reduced reliability and switching frequency. Presently, fully controlled semiconduc-
tor power switches, mostly IGBTs (in medium-power inverters) and GTOs or IGCTs
(in high-power inverters), are employed. Therefore, fully controlled switches are
assumed in all the subsequent considerations in this chapter.

7.1.1 Single-Phase VSI

The identity of block diagrams in Figures 6.24 and 7.1 is not coincidental. Indeed,
a four-quadrant chopper, when appropriately controlled, becomes a single-phase
inverter (analogously to a dual converter, which can also serve as a single-phase cyclo-
converter). The inverter is so controlled that the time-averaged output voltage changes
sinusoidally in time. As the output current is usually shifted in phase with respect to
the fundamental output voltage, the converter operates in all four quadrants within
each cycle of operation.

Circuit diagram of a single-phase VSI based on fully controlled semiconductor
power switches is shown in Figure 7.2. As already mentioned, the bridge topology of
the inverter is the same as that of the four-quadrant chopper in Figure 6.20 although
drawn here with a slightly different arrangement and designation of components. An
ideal voltage source, producing a dc-input voltage, Vi, is assumed.

Switches in any leg of the inverter may not be simultaneously on, as they would
short the supply source. This condition, called a shoot-through, has already been cov-
ered in Section 3.3. Semiconductor switches, even the fast ones, require finite transi-
tion times from one conduction state to the other. Therefore, in practice, to avoid the
shoot-through, a switch is turned off shortly before the turn-on of the other switch in
the same leg. The interval between the turn-off and turn-on signals is called a dead
time or blanking time.

Considering the issue of dead time, it is worth recalling the Z-source introduced in
Section 5.3.3. The power circuit of a Z-source inverter is identical to that of the VSI,
but the dc-link capacitor is replaced with the inductive-capacitive circuit shown in

www.EngineeringBooksPdf.com



278 DC-TO-AC CONVERTERS
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Figure 7.2 Single-phase VSI.

Figure 7.3. Other configurations are also possible, as is the application of the idea to
other power electronic converters. Thanks to the presence of inductors in the dc link,
the need for the dead time is eliminated, as turning on both switches in a given leg of
the inverter is no longer dangerous. Even more importantly, as already explained in
Chapter 5, the Z-source circuit allows both stepping down and stepping up (boosting)
the link voltage.

For simplicity, in the subsequent considerations, a zero dead time will be assumed.
If so, each leg of the inverter can assume two states only: either the upper (common-
anode) switch is on and the lower (common-cathode) switch is off, or the other way
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Figure 7.3 Circuit diagram of the Z-source.
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around. Thus, two switching variables a and b can be assigned to the inverter legs and
defined as

a =
{

0 if SA is OFF and SA′ is ON
1 if SA is ON and SA′ is OFF

b =
{

0 if SB is OFF and SB′ is ON
1 if SB is ON and SB′ is OFF

. (7.1)

An inverter state is designated as ab2. If, for instance, a = 1 and b = 1, the inverter
is said to be in state 3 as 112 = 3. Clearly, four states are possible, from state 0 through
state 3.

When a given switching variable assumes a value of 1, the positive terminal of the
supply source is connected to the corresponding output terminal of the inverter. Vice-
versa, a value of 0 indicates connection of the negative terminal of the source to the
output terminal of the inverter. Consequently, the output voltage, vo, of the inverter
can be expressed as

vo = Vi (a − b) (7.2)

and the voltage can assume three values only: Vi, 0, and −Vi, corresponding to state
2, states 0 or 3, and state 1, respectively.

When the output current, io, is of such polarity that it cannot flow through a switch
that is turned on, the freewheeling diode parallel to the switch provides a path for the
current. If, for instance, the output current is positive, as shown in Figure 7.2, and
switch SB is on, the current is forced to close through diode DB because switch SB’
must be off. In a similar way, it is easy to determine conditions under which each
of the other three diodes becomes necessary for continuous conduction of the output
current. The freewheeling diodes would not be needed if the load was purely resistive.
Otherwise, interrupting a current in the load inductance would cause a dangerous
overvoltage.

The basic version of the so-called square-wave operation mode of the inverter is
described by the following control law:

a =
{

1 for 0 < 𝜔t ≤ 𝜋

0 otherwise
b =

{
1 for 𝜋 < 𝜔t ≤ 2𝜋
0 otherwise

, (7.3)

where 𝜔 denotes the fundamental output radian frequency of the inverter. Only states
1 and 2 are used. Waveforms of the output voltage and current in an RL load of an
inverter in the basic square-wave mode are shown in Figure 7.4. The rms fundamen-
tal output voltage, Vo,1, and harmonic content, Vo,h, of this voltage equal 0.9Vi and
0.435Vi, respectively, so the total harmonic distortion, THD, is 0.483.

The total harmonic distortion of the output voltage can be minimized by interspers-
ing states 1 and 2 with states 0 and 3 lasting in the 𝜔t domain 0.81 rad (46.5◦) each,
as shown in Figure 7.5. Then, in comparison with the basic square-wave operation,
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Figure 7.4 States, switching variables, and waveforms of output voltage and current in a
single-phase VSI in the basic square-wave mode.

the fundamental output voltage decreases by 8%, to 0.828Vi, but the total harmonic
distortion is reduced by as much as 40%, to 0.29. The control law yielding the optimal
square-wave mode is

a =
{

1 for 𝛼d < 𝜔t ≤ 𝜋 + 𝛼d
0 otherwise

b =
{

1 for 𝜋 + 𝛼d < 𝜔t ≤ 2𝜋 − 𝛼d
0 otherwise

, (7.4)

where 𝛼d = 0.405 rad (23.2◦).
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Figure 7.5 States, switching variables, and waveforms of output voltage and current in a
single-phase VSI in the optimal square-wave mode.
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The quality of operation of the inverter can be improved further by PWM. The
single-phase inverter has only one output voltage, so the space vector PWM technique
is not applicable. Here, for illustration purposes, a simple PWM strategy based on
a sinusoidal modulating function, F(m,𝜔t) = msin(𝜔t), is assumed. The concept of
modulating function has been introduced in Section 5.1.3.

As in all PWM converters, the operating time represents a sequence of short
switching cycles. Denoting the duty ratios (average values) of switching variables
a and b in the nth switching cycle by dan and dbn, the control law for the inverter is

dan = 1
2

[
1 + F(m, 𝛼n)

]
dbn = 1

2

[
1 − F(m, 𝛼n)

] , (7.5)

where m denotes the modulation index and 𝛼n is the phase angle of the output voltage
in the center of the switching cycle.

Waveforms of the output voltage and current in an RL load, when the inverter
operates in the PWM mode, are shown in Figure 7.6 for N = 10 switching cycles per
cycle of output voltage, and in Figure 7.7 for N = 20. Unsurprisingly, as

N =
fsw

fo,1
, (7.6)

where fsw and fo,1 denote the switching frequency and fundamental output frequency,
respectively, the quality of output current increases. Unfortunately, so do switching
losses in the inverter switches, and a reasonable tradeoff between the quality and
efficiency of operation must be sought. With respect to Eq. (7.6), it must be stressed
that the frequency ratio N, not necessarily an integer, has been introduced here to
facilitate the comparison of waveforms and spectra. In practice, it is the switching
frequency, usually constant, that is the major defining parameter of operation of PWM
power converters.

The progression in improvement of operating characteristics of the inverter from
the basic square-wave mode, through the optimal square-wave mode, to the PWM
mode can best be explained using harmonic spectra of the output voltage and current.
All the following spectra pertain to an inverter supplied from a 1 per-unit dc voltage
source and supplying an RL load with a per-unit impedance of 1 and the load angle
of 30◦.

The voltage spectra in the basic and optimal square-wave modes are shown in
Figures 7.8a and 7.8b, respectively. Thanks to the half-wave symmetry of the voltage
waveforms, only odd harmonics are present (see Appendix B). As pointed out on
another occasion, the load inductance acts as a low-pass filter of the output current.
Hence, for high quality of that current, low-order harmonics of the output voltage
should have possibly low amplitudes. Indeed, the 3rd and 5th harmonics resulting
from the optimal distribution of inverter states over the cycle of output voltage are
distinctly lower than those in the basic square-wave mode.
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Figure 7.6 Waveforms of output voltage and current in a single-phase VSI in the PWM mode:
(a) m = 1, (b) m = 0.5 (N = 10).

Further reduction of the low-order voltage harmonics is obtained in the PWM
mode, as illustrated in Figure 7.9 for m = 1, especially when the number of switching
cycles is high. Notice, for instance, that the lowest-order harmonic whose amplitude
is higher than 10% of the fundamental amplitude is the 9th for N = 10 (Figure 7.9a)
and the 17th for N = 20 (Figure 7.9b). However, the maximum available fundamental
output voltage has the peak value of 1 per-unit, so that the maximum available rms
value, Vo,1(max), of this voltage is 0.707 Vi only. This is about 21% lower than the rms
voltage in the basic square-wave operation mode and about 15% lower than that in
the optimal square-wave mode.

Harmonic spectra of the output currents produced by voltages whose spectra have
been shown in Figures 7.8a through 7.9b are depicted in Figures 7.10a through 7.11b,
respectively. The highest-amplitude current harmonics in an inverter operating in
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Figure 7.7 Waveforms of output voltage and current in a single-phase VSI in the PWM mode:
(a) m = 1, (b) m = 0.5 (N = 20).

either of the square-wave modes are the low-order ones, such as the 3rd, 5th, 7th,
so on. In contrast, in a PWM inverter, the highest amplitudes belong to harmonics
whose harmonic number is close to the number of switching cycles per cycle of the
output voltage. These are the 7th, 11th, and 13th when N = 10 (Figure 7.11a), and
17th, 21st, and 23rd when N = 20 (Figure 7.11b), all of them with amplitudes more
than one order of magnitude lower than that of the fundamental.

The input current, ii, of the inverter, given by

ii = (a − b) io (7.7)

has a large dc component, Ii,dc. The product of Vi and Ii,dc constitutes the average input
power to the inverter. Waveform of the input current in the optimal square-wave mode
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Figure 7.8 Harmonic spectra of output voltage in a single-phase VSI: (a) square-wave mode,
(b) optimal square-wave mode.

is shown in Figure 7.12a and that in the PWM mode, with m = 1 and N = 20, in Fig-
ure 7.12b. Harmonic spectra of these currents are shown in Figures 7.13a and 7.13b.
The fundamental frequency of the currents is twice the output frequency, and the first
harmonic is comparable with the dc component. Other than that, the harmonic spec-
tra in the low-frequency region are similar to those of the respective output currents.
Note that, apart from the fundamental, the most prominent harmonics of the input
current in a PWM inverter are clustered about the N/2 value of the harmonic order.
Thus, if the switching frequency is sufficiently high, a small dc link can prevent most
of the high-frequency content of the input current from reaching the supply source
(power system or battery).
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Figure 7.9 Harmonic spectra of output voltage in a single-phase VSI in the PWM mode
(m = 1): (a) N = 10, (b) N = 20.

The practically instant changes of the input current in Figure 7.11b confirm the
necessity of the dc-link capacitor. Such current could not be drawn directly from the
ac grid, via the line-side rectifier, because of all the inductances in the path of that
current.

The output frequency in all types of inverters is controlled by the appropriate tim-
ing of switching instants. However, control of magnitude of the output voltage in the
square-wave mode can only be realized outside the inverter, by adjusting the dc-input
voltage. Specifically, a controlled rectifier must be used in place of the diode rectifier
shown in Figures 7.1 and 7.2. In contrast, the PWM mode of operation allows the
voltage control by adjusting the modulation index, m, which equals the magnitude
control ratio, M. Here, the latter parameter represents the ratio of rms fundamental
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Figure 7.10 Harmonic spectra of output current in a single-phase VSI: (a) basic square-wave
mode, (b) optimal square-wave mode.

output voltage, Vo,1, to the maximum value, Vo,1(max), of this voltage available using
a given PWM strategy.

7.1.2 Three-Phase VSI

Most of the practical inverters, especially medium- and high-power ones, are of the
three-phase type. The power circuit of a three-phase VSI in Figure 7.14 is obtained
by adding a third leg to the single-phase inverter. Assuming, as before, that of the two
power switches in each leg (phase) of the inverter one and only one is always on, that
is, neglecting the short time intervals when both switches are off (dead time), three
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Figure 7.11 Harmonic spectra of output current in a single-phase VSI in the PWM mode
(m = 1): (a) N = 10, (b) N = 20.

switching variables, a, b, and c, can be assigned to the inverter. A state of an inverter
is designated as abc2, making for a total of eight states, from state 0, when all output
terminals are clamped to the negative dc bus, through state 7, when they are clamped
to the positive bus.

It is easy to show that the instantaneous line-to-line output voltages, vAB, vBC, and
vCA, are given by

⎡⎢⎢⎣
vAB
vBC
vCA

⎤⎥⎥⎦ = Vi

⎡⎢⎢⎣
0 −1 0
0 1 −1

−1 0 1

⎤⎥⎥⎦
⎡⎢⎢⎣

a
b
c

⎤⎥⎥⎦ . (7.8)
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Figure 7.12 Waveforms of input current in a single-phase VSI: (a) optimal square-wave
mode, (b) PWM mode (m = 1, N = 20).
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Figure 7.13 Harmonic spectra of input current in a single-phase VSI: (a) optimal square-
wave mode, (b) PWM mode (m = 1, N = 20).
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Figure 7.14 Three-phase VSI.

In a balanced three-phase system, the instantaneous line-to-neutral output volt-
ages, vAN, vBN, and vCN, can be expressed as

⎡⎢⎢⎣
vAN
vBN
vCN

⎤⎥⎥⎦ = 1
3

⎡⎢⎢⎣
1 0 −1

−1 1 0
0 −1 1

⎤⎥⎥⎦
⎡⎢⎢⎣

vAB
vBC
vCA

⎤⎥⎥⎦ , (7.9)

which, when combined with Eq. (7.8), yields

⎡⎢⎢⎣
vAN
vBN
vCN

⎤⎥⎥⎦ =
Vi

3

⎡⎢⎢⎣
2 −1 −1

−1 2 −1
−1 −1 2

⎤⎥⎥⎦
⎡⎢⎢⎣

a
b
c

⎤⎥⎥⎦ . (7.10)

Equations (7.8) and (7.10) allow the determination of the line-to-line and line-
to-neutral output voltages for all states of an inverter. The results are assembled in
Table 7.1. The line-to-line voltages can only assume three values, 0 and ±Vi, while
the line-to-neutral voltages can assume five values, 0, ±Vi/3, and ±2Vi/3.
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Table 7.1 States and Voltages of the Three-Phase VSI

State abc vAB∕Vi vBC∕Vi vCA∕Vi vAN∕Vi vBN∕Vi vCN∕Vi

0 000 0 0 0 0 0 0
1 001 0 −1 1 −1/3 −1/3 2/3
2 010 −1 1 0 −1/3 2/3 −1/3
3 011 −1 0 1 −2/3 1/3 1/3
4 100 1 0 −1 2/3 −1/3 −1/3
5 101 1 −1 0 1/3 −2/3 1/3
6 110 0 1 −1 1/3 1/3 −2/3
7 111 0 0 0 0 0 0

If the 5 – 4 – 6 – 2 – 3 – 1 –… sequence of states is imposed, each state lasting one-
sixth of the desired period of the output voltage, the individual line-to-line and line-
to-neutral voltages acquire waveforms shown in Figure 7.15. Notice that the voltages,
although not sinusoidal, are balanced. This is the square-wave mode of operation, in
which each switch of the inverter is turned on and off once within the cycle of output

State: 5
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4 6 2 3 1

1
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ω t

υAB

υBC

υCA

υAN

υBN

υCN

Figure 7.15 Switching variables and waveforms of output voltages in a three-phase VSI in
the square-wave mode.
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Figure 7.16 Waveforms of output voltage (line-to-neutral) and current in a three-phase VSI
in the square-wave mode (RL load).

voltage. No wonder that most of the SCR-based inverters of the past were operated
in this mode only. The peak value, VLL,1,p, of the fundamental line-to-line output
voltage equals approximately 1.1 Vi and that, VLN,1,p, of the line-to-neutral voltage,
0.64 Vi. Both voltages have the same total harmonic distortion, THD, of 0.31. The
ratio VLL,1,p/Vi represents the voltage gain of the inverter, which in this case is greater
than unity. As in the square-wave single-phase inverter, the magnitude control of the
output voltage must be realized on the dc supply side.

Waveforms of the output voltage and current for one phase of the inverter are
shown in Figure 7.16. They are similar to those in a single-phase inverter in the same
mode and rich in low-order odd harmonics, except for the triple ones. The input cur-
rent, ii, is related to the output currents, iA, iB, and iC, as

ii = aiA + biB + ciC, (7.11)

and it is illustrated in Figure 7.17. Its fundamental frequency is six times higher than
that of the output currents.

Apart from the high fundamental output voltage, the advantage of the square-
wave operation consists in the low switching frequency, which equals that of the
output voltage. However, output currents are of distinctly lower quality than those
in inverters operating in the PWM mode. Therefore, the square-wave mode is pri-
marily reserved for high-power inverters with slow switches, such as GTOs. It is also
sporadically employed in PWM inverters when the maximum possible output voltage
is needed.

Example pulse trains of the switching variables and waveforms of output voltages
in a three-phase PWM VSI are shown in Figure 7.18. To illustrate the impact of the
load angle on the output current, waveforms of one of the line-to-neutral voltages and
the corresponding output current are shown in Figure 7.19. The load angle is 30◦ in
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Figure 7.17 Waveform of input current in a three-phase VSI in the square-wave mode.
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Figure 7.18 Switching variables and waveforms of output voltages in a three-phase VSI in
the PWM mode.
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Figure 7.19 Waveforms of output voltage and current in an RL load of a three-phase VSI in
the PWM mode: (a) load angle of 30◦, (b) load angle of 60◦.

Figure 7.19a and 60◦ in Figure 7.19b. The higher the load inductance is, the smoother
the current waveform becomes.

Input current waveforms corresponding to output currents in Figure 7.19 are shown
in Figure 7.20. Interestingly, the fundamental frequency of the input current in three-
phase PWM inverters is three times higher than the output frequency, while, as already
mentioned, in inverters operating in the square-wave, it is six times higher. As already
mentioned before, the possibility of a negative input current in VSIs necessitates the
capacitor in the dc link, as semiconductor devices in the supply rectifier could not
pass such current. Similar to the single-phase inverter analyzed in the preceding sec-
tion, the input current in the PWM mode of a three-phase inverter contains, apart
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Figure 7.20 Waveforms of input current in a three-phase VSI in the PWM mode: (a) load
angle of 30◦, (b) load angle of 60◦.

from the dc component, mostly the high-order harmonics. Therefore, to attenuate the
high-frequency harmonic content of the current drawn from the supply source, the
components of the dc link can be significantly smaller than those needed for a com-
parable square-wave mode inverter.

When supplied from a diode rectifier, a VSI has no means for reversing the direc-
tion of power flow. This can be inconvenient in certain applications, such as adjustable
speed ac drives, in which the load is capable of power generation. Then, either a brak-
ing resistor in the dc link, such as that used in chopper systems (see Figure 6.25), or a
controlled rectifier must be employed. Use of the IGBT power module of Figure 2.28
in an inverter-fed ac-drive system capable of four-quadrant operation is described in
Section 7.6.
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7.1.3 Voltage Control Techniques for PWM Inverters

The most popular voltage control techniques for PWM VSIs are described below.
Desired control characteristics include:

(1) Good utilization of the dc supply voltage, that is, a possibly high value of the
maximum voltage gain, KV(max), defined here as

KV(max) ≡
VLL,1,p(max)

Vi
, (7.12)

where VLL,1,p(max) denotes the maximum peak value of the fundamental line-
to-line output voltage available using the technique under consideration.

(2) Linearity of the voltage control, that is,

VLL,1,p (m) = mVLL,1,p(max), (7.13)

where m denotes the modulation index, which in inverters is identical to the
magnitude control ratio. As usual, the magnitude control ratio is defined as the
ratio of the actual output voltage (line-to-line or line-to-neutral, peak or rms
value) to the maximum available value of this voltage.

(3) Low amplitudes of low-order harmonics of the output voltage to minimize the
harmonic content of the output current.

(4) Low switching losses in the inverter switches.

(5) Sufficient time allowance for proper operation of the inverter switches and
control system.

A good tradeoff between the conflicting requirements (3) and (4) is particularly
important. As demonstrated before, the quality of output current increases with the
increase in the number of commutations (switchings) per cycle of the output voltage
(compare Figures 7.5 and 7.6). On the other hand, each switching is associated with
an energy loss in the switch. Thus, the quality of operation of a PWM inverter can be
increased at the expense of power efficiency and vice-versa.

Carrier-Comparison PWM Technique. In the 1960s, when first PWM VSIs were
built, only analog control systems were available. The simple carrier-comparison
(“triangulation”) technique developed for those inverters has survived today in cer-
tain inexpensive modulators. The magnitude and the frequency of the output voltage
are the controlled variables. The principle of the carrier-comparison method is illus-
trated in Figure 7.21. Reference waveforms, rA, rB, and rC, given by

rA (𝜔t) = F (m,𝜔t)

rB (𝜔t) = F
(

m,𝜔t − 2
3
𝜋

)
, (7.14)

rC (𝜔t) = F
(

m,𝜔t − 4
3
𝜋

)
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Figure 7.21 Illustration of the carrier-comparison PWM technique (N = 12, m = 0.75).

where F(m,𝜔t) denotes the modulating function employed, are compared with a
unity-amplitude triangular waveform y. Values of the switching variables, a, b, and
c, change from 0 to 1 and from 1 to 0 at every sequential intersection of the carrier
and respective reference waveforms.

The sinusoidal modulating function, F(m,𝜔t) = m sin(𝜔t), is simple, but the volt-
age gain of the inverter can significantly be increased using a non-sinusoidal mod-
ulating function, many of which were developed over the years. All those func-
tions consist of a fundamental and triple harmonics, which are not reflected in the

–1
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1

1st

3rd

F(1,   t)

π2π ω t

ω

Figure 7.22 Third-harmonic modulating function and its components at m = 1.
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three-phase output voltages and currents of the inverter. For example, the so-called
third-harmonic modulating function, shown in Figure 7.22 with m = 1, is given by

F (m,𝜔t) = 2√
3

m
[
sin (𝜔t) + 1

6
sin (3𝜔t)

]
(7.15)

having thus only the fundamental and third harmonic. At m = 1, the fundamental

equals 2∕
√

3 ≈ 1.15, which represents a 15% increase in the voltage gain with no
changes to the inverter.

Space Vector PWM Techniques. Comparing Figures 4.53 and 7.14, it can be seen
that the voltage-type three-phase PWM rectifier and the voltage-source three-phase
PWM inverter have the same topology of the power circuit. Consequently, the space
vector approach to PWM described in various parts of Section 4.3 can be employed
in the VSI control as well. Definitions of switching variables and states of the inverter
are identical with those of the voltage-type PWM rectifier (see Section 4.3.2).

The voltage space vector plane with the reference vector v⃗∗ of line-to-neutral volt-
ages is shown in Figure 7.23a and repeated in Figure 7.23b in the per-unit format,
with the maximum available magnitude of that vector as the base. Figure 7.23a is
almost identical with Figure 4.56, with Vi in place of Vo. The modulation index, m,
constitutes the magnitude of per-unit v⃗∗. Neglecting the voltage drops in the inverter,
the highest available peak value of the output line-to-line voltage equals the dc-input
voltage, Vi. Thus

m =
V∗

LL,p

Vi
, (7.16)
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Figure 7.23 Voltage space vector plane of a three-phase VSI: (a) in volts, (b) per-unit.
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where V∗
LL,p denotes the reference peak line-to-line voltage. Equation (7.16) allows

determination of the required value of m for specified output voltages of the inverter.
It can be seen that with m = 1 the maximum available peak value of the fundamental
line-to-line output voltage equals the dc-input voltage.

In the steady state, when the fundamental output voltage and current maintain
fixed magnitude and frequency, m is constant and v⃗∗ rotates with a constant speed.
However, the space vector PWM technique allows the synthesis of an instantaneous
voltage vector, which may change in magnitude and speed from one switching cycle
to another. This is required, for instance, in the so-called vector control methods of
high-performance ac drives fed from VSIs.

The angular position, 𝛽, of the reference vector allows the determination of the
sector of the complex plane in which the vector is located within the given sampling
cycle of the digital modulator. Specifically,

S = int
( 3
𝜋
𝛽

)
+ 1, (7.17)

where 𝛽 is expressed in radians and S is the sector number (I–VI). The in-sector
position, 𝛼, of v⃗∗ is then given by

𝛼 = 𝛽 − 𝜋

3
(S − 1) . (7.18)

Analogous to the PWM rectifier control, the revolving reference voltage vector is
synthesized from stationary active (non-zero) vectors,V⃗X and V⃗Y , framing the sector
in question, and a zero vector, V⃗0 or V⃗7. Durations, TX, TY, and TZ, of states generating
those vectors are given by Eqs. (4.77)–(4.79), in the per-unit format with Tsw as the
base, or, directly, by Eqs. (4.90)–(4.92). For convenience, these equations are repeated
below without captions:

TX = mTsw sin(60◦ − 𝛼), TY = mTsw sin(𝛼), TZ = Tsw − TX − TY .

Times TX, TY, and TZ indicate only how long a given inverter state should last
in the switching cycle under consideration, but how the cycle is divided between
the employed states must also be specified. The two most commonly used state
sequences can be called a high-quality sequence and a high-efficiency sequence. The
high-quality sequence, called so because for a given number of switching cycles per
cycle it tends to result in the lowest total harmonic distortion of output currents, is

X − Y − Z1 − Y − X − Z2 … (7.19)

where each state in the sequence lasts half of the allotted time. States Z1 and Z2,
complementarily 0 and 7, are placed in such an order that a transition from one state to
another involves switching in one inverter leg only. In other words, only one switching
variable changes its value. For example, in sector II, where X = 6 and Y = 2 (see
Figure 7.22), the high-quality state sequence is 6 – 2 – 0 – 2 – 6 – 7… or, in the
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binary notation, 110 – 010 – 000 – 010 – 110 – 111. This sequence results in such
a switching pattern that each switching variable has N pulses per cycle of output
voltage (see Eq. 7.6). It means that each inverter switch is turned on and off once per
switching cycle.

The number of commutations can further be reduced, at the expense of slightly
increased distortion of output currents, when the high-efficiency state sequence

X − Y − Z − Y − X … (7.20)

is employed. Here, sequential states X and Y last TX/2 and TY/2 seconds respectively,
and state Z lasts TZ seconds. Moreover, Z = 0 in the even sectors (II, IV, and VI) and
Z = 7 in the odd sectors (I, III, and V). If sector II is again considered as an example,
the high-efficiency state sequence is 6 – 2 – 0 – 2 – 6…, or 110 – 010 – 000 – 010 – 110.
Note that in the sector in question variable c is zero throughout all switching cycles.
With this state sequence, the average number of pulses of a switching variable per
cycle of output voltage is 2N/3 + 1 ≈ 2N/3. As a result, the switching losses decrease
by about 30% in comparison with the high-quality state sequence, but the ripple of
output current of the inverter slightly increases. Switching patterns generated by the
two described variants of space vector PWM technique are illustrated in Figures 7.24
and 7.25. In both cases, the reference vector is assumed to be in sector I.

Programmed PWM Techniques. The best compromise between efficiency and
quality of inverter operation is achieved in programmed, or optimal switching pattern,
PWM techniques. To understand their principle, consider the example switching
pattern for phase A of an inverter, shown in Figure 7.26. The a(𝜔t) waveform
has both the half-wave symmetry and quarter-wave symmetry (see Appendix C).
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Figure 7.24 Example high-quality state sequence.
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Figure 7.25 Example high-efficiency state sequence.

Consequently, the full-cycle switching pattern is uniquely determined by the switch-
ing angles 𝛼1 through 𝛼4 in the first quarter-cycle. These angles, whose number, K,
here 4, is arbitrary, will subsequently be called primary switching angles. Commuta-
tions in the remaining three quarter-cycles and in phases B and C occur at secondary
switching angles, which are simple linear functions of the primary angles. Switching

1

0
0 π π π

1α
2α 3α

4α

π21
2

a

3
2

ω t

Figure 7.26 Example switching pattern with the half- and quarter-wave symmetries.
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patterns b(𝜔t) and c(𝜔t) differ from a(𝜔t) by the appropriate phase shifts only,
that is,

a (𝜔t) = b
(
𝜔t + 2

3
𝜋

)
= c

(
𝜔t + 4

3
𝜋

)
. (7.21)

Condition (7.21) implies that waveforms of all three switching variables have iden-
tical harmonics.

According to Eqs. (7.8) and (7.10), output voltages of an inverter depend linearly
on the switching variables. Therefore, all these voltages have the same harmonic
spectrum as a(𝜔t), except for triple harmonics which, thanks to condition (7.21), are
absent in the voltage waveforms. The half-wave symmetry of waveforms of switch-
ing variables results in the absence of even harmonics as well, while the quarter-wave
symmetry allows expressing amplitude of the kth harmonic, Ak,p, of a(𝜔t) as

Ak,p = 4
k𝜋

[
K∑

i=1

(−1)i−1 cos
(
k𝛼i

)
− 1

2

]
. (7.22)

It can be seen that the amplitude of each harmonic depends on all the primary
switching angles. Therefore, the K angles can be set to such values that the fundamen-
tal and K–1 higher harmonics have the desired amplitudes (if feasible). This requires
solving K equations (7.22) for 𝛼1, 𝛼2,… , 𝛼K, with given K values of Ak,p, including
k = 1, and with the constraint 0 < 𝛼1 < 𝛼2 <…< 𝛼K. The equations are nonlinear
and solvable only by numerical computations.

The most common approach to the definition of optimal values of primary switch-
ing angles is the harmonic-elimination PWM technique. It consists in setting A1,p to
MA1,p(max), where M is the magnitude control ratio and A1,p(max) denotes the max-
imum amplitude of the fundamental available with the given number of primary
switching angles. Amplitudes, A5,p, A7,p, A11,p,… , of the K–1 lowest-order odd and
nontriple harmonics are set to zero. For instance, if K = 5, the maximum available
amplitude of the fundamental, A1,p(max), of a(𝜔t) is 0.583 and the 5th, 7th, 11th, and
13th harmonics can be eliminated, leaving the 17th as the lowest-order one. For com-

parison, A1,p(max) in the space vector PWM techniques reaches the value of 1∕
√

3 ≈
0.577, that is, about 1% less.

Optimal primary switching angles for various values of K and M can be found in
the technical literature of the subject. The optimal angles in the example case of K = 5
are shown in Figure 7.27 as functions of the magnitude control ratio, M. A harmonic
spectrum of the output line-to-neutral voltage in Figure 7.28, determined for M = 1,
demonstrates the desired elimination of low-order, even, and triple harmonics.

The number of pulses of a switching variable in programmed PWM techniques
is 2K + 1 per cycle of the output voltage. With the same number of pulses per
cycle, these techniques tend to produce currents of higher quality than do other PWM
techniques. This is illustrated in Figure 7.29, which shows three example switching
patterns and the corresponding output voltage and current waveforms. These were
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Figure 7.27 Optimal primary switching angles as functions of the magnitude control ratio
(K = 5).

obtained using: (1) carrier-comparison PWM technique with a sinusoidal reference
waveforms, (2) space vector PWM technique with the high-efficiency state sequence,
and (3) programmed PWM technique for the harmonic elimination (K = 5). In all
three cases, an RL load with the load angle of 30◦ was assumed, and the magni-
tude control ratio was set to 0.9. The load impedance was adjusted to compensate
for unequal fundamental voltages and obtain identical fundamental currents. The
increasing from case (1) through (2) to (3) quality of the current can be observed and
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Figure 7.28 Harmonic spectrum of the line-to-neutral voltage with the harmonic-elimination
technique (K = 5, M = 1).
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Figure 7.29 Example switching patterns and output voltage and current waveforms: (a)
carrier-comparison PWM with sinusoidal reference, (b) space vector PWM with high-
efficiency state sequence, (c) programmed PWM with harmonic elimination.

confirmed by the determination of the total harmonic distortion, THD. The respective
values of the THD are 11.6%, 9.2%, and 5.2%.

Computation of optimal switching angles is so time consuming that it cannot be
done in real time. Therefore, sets of values of switching angles for each value of
the magnitude control ratio must be stored in the memory of a digital control sys-
tem. Besides the need for a large memory, the disadvantage of programmed PWM
techniques manifests itself in the disruption of the optimal switching patterns when
rapid changes of the reference frequency and/or magnitude of the output voltage are
required.
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The programmed PWM techniques allow generation of high-quality sinusoidal
currents, when the vectors of output voltage and current maintain a fixed magnitude
and revolve with a constant speed. However, they are incapable of following a fluctu-
ating reference voltage vector, which the space vector PWM strategies (and, to certain
extent, the carrier-comparison method) can easily do. Therefore, practical applica-
tions of the programmed PWM techniques are mostly limited to ac power sources,
for example, the uninterruptable power supplies, which operate with a constant output
frequency and a narrow range of voltage control.

Random PWM Techniques. The subsequent considerations pertain to the space
vector PWM techniques, which dominate modern power electronic converters. In
practice, the switching cycles are usually made to coincide with the sampling cycles
of the digital modulator, so that the switching frequency, fsw, of the inverter equals the
fixed sampling frequency, fsmp, of the modulator. The constant switching frequency
results in clusters of higher harmonics in the frequency spectra of output voltage and
current. The harmonic clusters are centered about multiples of fsw.

By randomly varying (dithering) consecutive switching periods, aperiodic switch-
ing patterns are generated, and part of the harmonic power is shifted to the contin-
uous spectrum of the output voltages. The random PWM (RPWM) techniques have
been found to alleviate undesirable acoustic, vibration, and electromagnetic interfer-
ence (EMI) effects in electromechanical systems, typically ac drives, fed from PWM
inverters. For instance, the typical unpleasant whine of an ac motor supplied from
an inverter with fixed switching frequency can be changed to soothing “static” by
employing an RPWM method in the inverter.

In the classic RPWM strategy, consecutive switching (and sampling) peri-
ods are randomly drawn from a uniform-probability pool of values ranging from
xTsw,ave to (2 − x)Tsw,ave,where Tsw,ave denotes the desired average switching period
and the coefficient x (usually 0.5) determines the shortest switching period as a frac-
tion of the average period. The results of such period dithering applied to the popular
space vector strategy are illustrated in Figure 7.30. Output currents of an inverter
controlled using the regular version of this strategy with N = To∕Tsw = 48, where
To denotes the period of output voltage, are shown in Figure 7.30a. Because of the
balanced load, all current waveforms are identically rippled. In the random mode,
when N is randomly varied in the 24–72 range, the current waveforms are such as in
Figure 7.30b. Their shapes change from cycle to cycle and phase to phase. Note that
the average number of switching cycles per cycle is the same in both cases, so that
the average amount of the current ripple remains unchanged. However, there is a big
difference in power spectra of output voltages and currents.

The frequency spectrum of line-to-neutral output voltage shown in Figure 7.31a
for the regular PWM is purely discrete. Clusters of higher harmonics appear about
multiples of the switching frequency. In contrast, apart from the fundamental har-
monic that has not changed, the spectrum of the same voltage of the randomly mod-
ulated inverter, taken over 75 cycles of output voltage and shown in Figure 7.31b,
displays continuous power density. All higher harmonics have disappeared. If the
spectrum is measured over a very high number of cycles, the practically white-noise
quality can be observed.
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Figure 7.30 Example waveforms of output current in a three-phase VSI: (a) regular PWM,
(b) random PWM.

Variations of the sampling frequency in the original RPWM method were disad-
vantageous. The sampling frequency in digital systems is normally so selected as
to represent the best compromise between various operational requirements, espe-
cially when the pulse-width modulator is a part of a larger control scheme. There-
fore, to maintain a fixed sampling frequency, the so-called variable-delay random
pulse width modulation (VD-RPWM) was developed. The switching periods vary,
and their average equals the constant sampling period. This is realized by delaying
consecutive switching cycles with respect to the corresponding sampling cycles. The
delay time, tdel, changes from cycle to cycle, being calculated as rTsmp where r is a
random number from the 0–1 range. It may happen that a given switching period is
too short to be feasible. In that case, it is set to the minimum allowable value, Tsw,min,
and, as a result, the lengths of switching cycles vary from Tsw,min to 2Tsmp. Principles
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Figure 7.31 Frequency spectra of line-to-neutral output voltage in a three-phase VSI: (a)
regular PWM, (b) random PWM.

of the two described random PWM techniques are illustrated in Figure 7.32 along the
regular PWM with fixed switching frequency.

7.1.4 Current Control Techniques for VSIs

The PWM techniques described perform open-loop, or feedforward, control of output
voltages in a VSI. If output currents, which depend not only on the voltages but also
on the load, are to be controlled instead, a feedback from current sensors must be
provided. A control system compares the actual currents with the reference currents
and generates appropriate switching variables, a, b, and c for individual phases of
the inverter. As a result, the switching variables and output voltages are pulse width
modulated such that the output current waveforms follow the reference waveforms.
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Figure 7.32 Comparison of random PWM techniques with the regular PWM method.

High-performance current control is a challenging task because in most practical
cases the inverter load is unknown and varying. A successful current control technique
should ensure:

(1) Good utilization of the dc supply voltage, meant here as the feasibility of pro-
ducing a possibly high current in a given load.

(2) Low static and dynamic control errors.

(3) Low switching losses in the inverter, that is, possibly infrequent switching.

(4) Sufficient time allowance for proper operation of the inverter switches and
control system.

It can be seen that requirements (1), (3), and (4) closely match those for the voltage
control PWM techniques. As is the case with those techniques, many current control
methods have been proposed in the technical literature. The concepts range from
very simple to quite complex, the latter involving machine-intelligence systems such
as neural networks and fuzzy-logic controllers. Here, four classic approaches to the
current control in three-phase inverters are discussed.

Hysteresis Current Control. A VSI with the simplest version of the so-called hys-
teresis control of output currents is shown in Figure 7.33. The output currents, iA, iB,
and iC, of an inverter are sensed and compared with the respective reference current
waveforms, i∗A, i∗B, and i∗C. Current errors, ΔiA, ΔiB, and ΔiC, are applied to current
controllers that produce switching variables, a, b, and c, for the inverter.
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Figure 7.33 Hysteresis current control scheme.

The a = f(ΔiA) characteristic of a current controller for phase A of the inverter is
shown in Figure 7.34. The characteristic constitutes a hysteresis loop, described as

a =
⎧⎪⎨⎪⎩

0 if ΔiA < −h
2

1 if ΔiA >
h
2

, (7.23)

where h denotes the width of the loop. If −h/2 ≤ ΔiA ≤ h/2, the value of variable
a remains unchanged. Characteristics of controllers for the other two phases are the

h
2

– h
2

0

1

a

ΔiA

Figure 7.34 Characteristic of the hysteresis current controller.
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same and therefore all further considerations will be limited to phase A only. The loop
width, h, can be thought of as the width of a tolerance band for the controlled current,
iA, since as long as the current error, ΔiA, remains within this band, no action is taken
by the controller. If the error is too high, that is, the actual current is lower from its
reference value by more than h/2, variable a attains the value of one. According to
Eq. (7.10), this makes voltage vAN equal to or greater than zero, which is a necessary
condition for current iA to increase. Analogously, switching a to zero, when the output
current is too high, causes vAN to be equal to or less than zero, which is conducive
for iA to decrease.

Interaction between phases of an inverter is a disadvantage of the described
scheme. Note that if, for example, variable a is switched from zero to one to increase
current iA, voltage vAN increases as required, but voltages vBN and vCN decrease,
which may be detrimental for control of currents iB or iC. As a result, in certain
loads, such as ac motors, current errors tend to sporadically exceed the tolerance of
±h/2. The value of h affects the average switching frequency, which increases with
the decrease in the width of tolerance band. This is illustrated in Figure 7.35, which
shows waveforms of output currents in an inverter with an RL load and with h equal
to 20% (Figure 7.35a) and 10% (Figure 7.35b) of the peak value of the sinusoidal
reference currents.

The hysteresis control is an excellent choice when a fast response to rapid changes
of the reference current is required, because the current controllers have negligible
inertia and delays. An example situation, when the magnitude, frequency, and phase
of reference currents are simultaneously changed, is illustrated in Figure 7.36 for
current iA. It is only the time constant of the load that limits the speed of transition
of the current to the new waveform.

In practice, the width, h, of the tolerance band is often made proportional to the
magnitude control ratio, M, defined here as

M ≡
I∗o,p

I∗o,p(max)

, (7.24)

where I∗o,p denotes the peak value of the reference output current and I∗o,p(max) is the
maximum available peak value of that current. If h(M) = Mh(1), then the ripple factor
of the current is maintained at an approximately constant level, independently on
the magnitude control ratio. When the peak value of reference currents is increased
beyond M = 1, an inverter transits from the PWM mode to the square-wave mode of
operation.

Instead of using three current controllers, one for each phase of an inverter, two
controllers can be employed in the space vector scheme depicted in Figure 7.37.
Based on the Park transformation given by Eq. (4.73) and applied to the output cur-
rents of an inverter, components id and iq of the space vector, i⃗, of output currents
are computed and compared with respective components, i∗d and i∗q, of the reference

current vector, i⃗∗. The current controllers have three-level outputs, zd and zq, as illus-
trated in Figure 7.38 for the d-component controller. Signals zd and zq are applied
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Figure 7.35 Waveforms of output currents in a VSI with hysteresis current control: (a) 20%
tolerance, (b) 10% tolerance.
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Figure 7.36 Waveform of output current in a VSI with hysteresis current control at a rapid
change of the magnitude, frequency, and phase of the reference current.
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Figure 7.37 Space vector version of the hysteresis current control scheme.

to a switching table, which then selects a specific state of the inverter. The best control
effects are obtained when state 0 or 7 is imposed for (zd, zq) = (0, 0), state 1 for
(0, 1) and (1, 1), state 2 for (1, −1), state 3 for (1, 0), state 4 for (−1, 0), state 5 for
(−1, 1), and state 6 for (−1, −1) and (0, −1).

Ramp-Comparison Current Control. The hysteresis control systems are charac-
terized by unnecessarily high switching frequencies, especially at low values of the
magnitude control ratio, since the three current controllers act independently from
each other. Also, the somewhat chaotic operation of the inverter can be perceived as
a disadvantage. To stabilize the switching frequency, the so-called ramp-comparison
control can be employed. A block diagram of this control scheme is shown in Fig-
ure 7.39 for phase A of an inverter.
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Figure 7.38 Characteristic of the current controller for the space vector version of the hys-
teresis current control scheme.
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Figure 7.39 Ramp-comparison scheme for current-controlled VSI.

The current error, ΔiA = i∗A − iA, is applied to the input of a linear controller, usu-
ally of the proportional-integral (PI) type. The output signal, xA, of the controller is,
in turn, compared with a triangular ramp signal, y, similar to that used in the carrier-
comparison PWM technique for voltage-controlled inverters. The difference, zA, of
those two signals activates a comparator, which generates the switching variable a
according to the equation

a =
{

0 if zA ≤ 0

1 if zA > 0
. (7.25)

Identical control loops are used for the other two phases.
It is easy to see that the ramp-comparison control can be thought of as the carrier-

comparison PWM technique covered in Section 7.1.3 but with the processed current
error,Δi′A, as the modulating function. If, for instance, iA < i∗A and voltage vAN should
be increased to boost iA, switching variable a is modulated by signal Δi′A in such a
way that wide pulses are interspersed with narrow notches. For illustration, go back
to Figure 7.21 and imagine that signal rA is replaced with Δi′A.

Example waveforms of the output current of an inverter with the ramp-comparison
current control are shown in Figure 7.40 for two values of the ratio of the ramp signal
frequency, fr, to the fundamental output frequency, f1, of the inverter. The frequency
ratio, fr/f1, is 10 in Figure 7.40a and 20 in Figure 7.40b, and the same RL load as
before is employed. Comparing the waveforms with those in Figure 7.35 for the hys-
teresis current control, greater regularity of the switching pattern and stability of the
switching frequency can be discerned.

Significant advantage of this control scheme lies in the increased number of
adjustable parameters. In contrast to the hysteresis control, in which only the width
of the hysteresis band of the controllers can be adjusted, the ramp-comparison sys-
tem allows tuning of the settings of the linear controller, as well as of the amplitude
and frequency of the ramp signal. Disadvantages of the ramp-comparison control
involve somewhat reduced speed of response to rapid changes of reference currents
(this can be improved by using a high-gain proportional controller) and, generally,
an increased average switching frequency. The latter characteristic results from the
absence of zero states (state 0 or state 7) of the inverter. Indeed, since all the three
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Figure 7.40 Waveforms of the output current in a VSI with ramp-comparison current control:
(a) fr/f1 = 10, (b) fr/f1 = 20.

current errors cannot simultaneously be of the same polarity, the values of switching
variables imposed by the comparators are never all zero or one.

The ramp-comparison technique is usually implemented in an analog system.
A related discrete PWM scheme, the so-called current-regulated delta modulator,
is shown in Figure 7.41. In the digital delta modulator, the ramp signal generator
is replaced with a sample-and-hold circuit, which allows fixing the switching fre-
quency of an inverter. Typically no linear controller is used, and the comparator acts
as an infinite-gain proportional (P) controller. Again, detrimentally to the efficiency
of operation of the modulator, no zero states are imposed.

Predictive Current Control. An optimal switching pattern for a given set of values
of the reference currents could be determined if parameters of the load were known.
This assumption underlies the principle of the so-called predictive current controllers.
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Figure 7.41 Current-regulated delta modulation scheme for a current-controlled VSI.

Two basic types of these controllers minimize either the average switching frequency,
fsw, or the total harmonic distortion of the controlled currents at a fixed value of fsw. In
each step of operation, based on the response of the load to known voltage changes,
a predictive controller performs the estimation of the load parameters to optimize the
selection of the next state of the inverter. Microprocessors or digital signal processors
are used to handle the computations involved.

Linear Current Control. In the three control schemes described so far, the cur-
rent feedback directly enforces switching patterns in the inverter. A different, indirect
approach, illustrated in Figure 7.42, involves traditional linear controllers of the PI
type. Similar to the space vector version of hysteresis control, the reference current is
expressed as a space vector i⃗∗, whose components, i∗d and i∗q, serve as reference sig-

nals for the respective components, id and iq, of the actual vector, i⃗, of output currents.
Control errors, Δid and Δiq, are converted by the linear controllers into components,
v∗d and v∗q, of the voltage reference vector, v⃗∗, (line-to-line or line-to-neutral), to be
realized by the inverter using the voltage space vector PWM technique described in
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Figure 7.42 Linear current control scheme for a VSI.

www.EngineeringBooksPdf.com



CURRENT-SOURCE INVERTERS 315

Section 7.2.1. Indeed, given the magnitude and phase of v⃗∗, the corresponding values
of m and 𝛼 required in Eqs. (4.77)–(4.79) can easily be determined.

7.2 CURRENT-SOURCE INVERTERS

The freewheeling diodes, typical for VSIs, become redundant if an inverter is sup-
plied from a dc current source. Then, the current entering any leg of the inverter cannot
change its polarity and, therefore, it can only flow through the semiconductor power
switches. Use of the current source prevents overcurrents, even in case of a short cir-
cuit in the inverter or load. However, in order to avoid hazardous overvoltages across
the dc-link inductance, continuity of the current must be preserved during commu-
tation between switches. Therefore, if fully controlled switches are used, switching
signals of the outgoing switch and incoming switch overlap a little.

The absence of freewheeling diodes reduces the size and weight of the power cir-
cuit and further increases the reliability of the CSI. The practical current source con-
sists of a controlled rectifier, usually SCR based, and an inductive dc link. The output
current of the rectifier is maintained at a constant level employing a closed control
loop. The dc-link inductor attenuates the current ripple. In the subsequent considera-
tions, an ideal dc-input current, Ii, is assumed.

In practice, CSIs are mostly used for control of ac motors. As such, they are invari-
ably of the three-phase type and, therefore, only those inverters are covered here. If
needed, a single-phase CSI can be obtained by removing one leg from the three-phase
inverter. Control strategies for the single-phase CSI can be developed by proper adap-
tation of those for three-phase inverters, described later in this section.

7.2.1 Three-Phase Square-Wave CSI

The block diagram of a three-phase CSI supplied from a three-phase ac line through
a controlled rectifier and a dc link is shown in Figure 7.43. The rectifier uses a feed-
back loop to maintain a constant current in the link. The power circuit of the inverter is
depicted in Figure 7.44. The input current cannot be reversed, so a power flow from
the load to the source requires reversal of the input voltage. For protection against
reverse bias, asymmetrical power switches must be connected in series with block-
ing diodes. Symmetrical switches, such as nonpunch-through IGBTs, do not require
blocking diodes.

As simultaneous conduction of both switches in an inverter leg is allowed, six
switching variables, one for each of the inverter switches, must be introduced. In the
subsequent considerations, variables a, b, and c represent switches SA, SB, and SC
(e.g., a = 1 means that SA is in the on-state), while a′, b′, and c′ are assigned to
switches SA′, SB′, and SC′.

The high-power CSIs, typically based on relatively slow GTOs, operate in the
square-wave mode only. Within the consecutive one-sixths of the period of output
voltage, the conducting switch pairs are SA–SB′, SA–SC′, SB–SC′, SB–SA′,
SC–SA′, and SC–SB′. Note that the same conduction sequence is employed in a
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Figure 7.43 CSI supplied from a controlled rectifier.

six-pulse rectifier. Indeed, if the inverter is used to feed an ac motor, which generates
a three-phase counter-EMF of rotation, it can be thought of as a six-pulse rectifier
operating in the inverter mode. The controlled dc voltage source and dc-link inductor
supplying the inverter directly correspond to the commonly used RLE load of the
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Figure 7.44 Three-phase CSI.
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rectifier, while the ac load EMF constitutes a counterpart of the rectifier’s supply
voltage. Vice-versa, a rectifier supplied from an ac generator and feeding a dc motor
represents an inverse of a CSI fed from a dc generator and supplying an ac motor.

It is easy to show that the output currents, iA, iB, and iC, of the inverter are given
by

⎡⎢⎢⎣
iA
iB
iC

⎤⎥⎥⎦ =
⎡⎢⎢⎣

a − a′

b − b′

c − c′

⎤⎥⎥⎦ Ii (7.26)

while currents iAB, iBC, and iCA in a balanced delta-connected load are given by

⎡⎢⎢⎣
iAB
iBC
iCA

⎤⎥⎥⎦ = 1
3

⎡⎢⎢⎣
1 −1 0
0 1 −1

−1 0 1

⎤⎥⎥⎦
⎡⎢⎢⎣

iA
iB
iC

⎤⎥⎥⎦ . (7.27)

Waveforms of switching signals for the square-wave operation are shown in Fig-
ure 7.45, and those of the corresponding currents in a wye-connected load (iA, iB, and
iC) and delta-connected load (iAB, iBC, and iCA) are shown in Figure 7.46. The cur-
rent gain, KI, defined as the ratio of the peak value, IL,1p, of the fundamental output

line current to the input current, Ii, is 2
√

3∕𝜋 ≈ 1.1.
Rapid changes of the output currents during transitions from one state to another

would cause high-voltage spikes across inductive loads. Therefore, in practice, the
commutation between inverter switches is purposefully prolonged, in order to limit
the spikes to an allowable, safe level. Also, if possible, low-reactance loads are
selected, such as induction motors with low leakage inductances. The output voltage
waveform depends on the load. This is illustrated in Figure 7.47, depicting example
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Figure 7.45 Switching variables in a three-phase CSI in the square-wave mode.
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Figure 7.46 Waveforms of output currents in a three-phase CSI in the square-wave mode.
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Figure 7.47 Waveforms of output voltage and current in a three-phase CSI in the square-wave
mode: (a) RL load, (b) LE load.
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waveforms of output voltage and current in one phase of an inverter. Figure 7.47a
shows the voltage and the current with an RL load, while waveforms in Figure 7.47b
correspond to an LE load, that is, a series connection of an inductance and an ac EMF.
The later load is commonly used to model ac motors in adjustable speed drives, which
represent an almost exclusive application of CSIs.

The square-wave mode of operation does not provide for magnitude control of the
output current within the inverter, hence the current must be controlled in the rectifier
supplying the inverter. The rectifier also allows the bidirectional power flow, which
is an important advantage of CSIs. As already mentioned, the input current is always
positive, so the negative power flow requires a negative average output voltage of the
rectifier. Apart from the simplicity and reliability of the power circuit, the excellent
dynamics of current control, important in high-performance ac drives, represents a
distinct advantage of CSIs. On the other hand, the highly distorted, stepped wave-
forms of the output current constitute an obvious weakness.

7.2.2 Three-Phase PWM CSI

PWM CSIs are feasible although less common in practice than their voltage-source
counterparts. Block diagram of such inverter is shown in Figure 7.48. Comparing it
with the square-wave inverter in Figure 7.43 note the addition of capacitors between
the output terminals. The capacitors act as low-pass filters for output currents, shunt-
ing most of the high-frequency harmonic content of pulsed currents produced by the
inverter switches. Clearly, a PWM CSI represents an exact inverse of the current-type
PWM rectifier depicted in Figure 4.45.

Control strategies for PWM CSIs differ from those for VSIs. The pulsed out-
put currents i′A, i′B, and i′C are generated using switching patterns such that only two
switches, one in the common-cathode group and one in the common-anode group, are
simultaneously on. Typically, the two conducting switches belong to different legs of
the inverter, so that the currents flow in two phases. However, in certain applications,
the shoot-through situations, when both switches in a given phase are on, are included
in the control strategy in order to ease the voltage stress on the output capacitors.
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Figure 7.48 Three-phase PWM CSI.
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Figure 7.49 Carrier-comparison method for the PWM CSI (P = 5).

The inverter can be supplied from a fixed-current or adjustable-current source.
Subsequent considerations apply to the latter case. As a result of a given PWM tech-
nique a number of current pulses appear in each phase of the inverter within a single
cycle of output current. This number equals 2P, where P denotes the always-odd
number of pulses of each switching variable. A fixed switching pattern is generated,
while the magnitude control of the output currents is realized in the supplying recti-
fier. Similarly as in PWM VSIs, the waveforms of output currents, iA, iB, and iC, of
a PWM CSI are rippled sinusoids. Both the open-loop control and the closed-loop
control of output currents are feasible.

Two PWM techniques have found widespread application in CSIs. The first one
resembles the classic carrier-comparison method for VSIs. However, both the carrier
and modulating function are different here. Generation of a switching pattern with
P = 5, which results in 10 pulses of currents i′A, i′B, and i′C per cycle, is illustrated in
Figure 7.49. It shows waveforms of the triangular carrier, y, trapezoidal reference sig-
nal, r, and switching variable a. Waveforms of other switching variables are identical,
but shifted in phase. Specifically, those of b and c are delayed by 120◦ and 240◦ with
respect to a(𝜔t), while waveforms of variables a′, b′, and c′ are shifted with respect
to those of a, b, and c, by a half cycle. Note that the switching pattern for a square-
wave inverter displays the same property (see Figure 7.45). The best attenuation of
low-order harmonics in the output currents is achieved when the ratio of peak values
of the reference and carrier signals is 0.82.

The second technique is a programmed, harmonic-elimination PWM method. By
proper selection of the primary switching angles, specific harmonics of the output cur-
rents can be cancelled. A switching pattern, again with P= 5, is shown in Figure 7.50.
Two optimal primary switching angles, 𝛼1 and 𝛼2, equal 7.93◦ and 13.75◦, respec-
tively, allow elimination of the 5th and 7th harmonics. If the 11th harmonic was to be
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Figure 7.50 Optimal switching pattern for the PWM CSI with two primary switching
angles.

cancelled as well, 14-pulse (P = 7) currents would have to be produced using three
optimal switching angles of 2.24◦, 5.60◦, and 21.26◦. An optimal switching pattern,
a(𝜔t), must have the quarter-wave and half-wave symmetry and must be symmetrical
about 30◦ and 150◦. No switching is permitted in the 60◦ to 120◦ interval.

Example waveforms of the output currents, iA and i′A, capacitor current, iAB, and
output voltage, vAN, in an inverter with a wye-connected RL load and the carrier-
comparison PWM with P = 9 are shown in Figure 7.51. The ripple of the output
current can be reduced further by employing larger output capacitors or increasing
the number of switching pulses, P. The output voltage waveform depends on the load.
Interestingly, the current gain, KI, for the pulsed currents, i′A, i′B, and i′C, may exceed
unity. For instance, with the programmed method for elimination of the 5th and 7th
harmonics, KI of 1.029 is higher than that, of 0.955, for the square-wave inverter.
However, the output capacitors divert a part of fundamentals of the pulsed currents
from the output, so that the current gain for the output currents iA, iB, and iC is lower
than unity.

If a fixed-current supply source for the rectifier is employed, a space vector PWM
technique can be used to control the output currents. The identity of such techniques
for control of voltage-type PWM rectifiers and voltage-source PWM inverters has
already been pointed out in Section 7.1.3. For the current-source PWM rectifier
considered here, the analogy with the current-type PWM rectifier described in Sec-
tion 4.3.3 is exploited. Specifically, the space vectors of currents shown in Figure 4.46
and the corresponding formulas (4.90)–(4.92) are used.
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Figure 7.51 Waveforms of the output current, capacitor current, and output voltage in a three-
phase PWM CSI (wye-connected RL load, P = 9).

7.3 MULTILEVEL INVERTERS

Three-phase VSIs described in Section 7.1 are by far the most common dc-to-ac
power converters encountered in practice. As explained later, they can be classified
as two-level inverters. Although first proposed decades ago, the so-called multilevel
VSIs have enjoyed a widespread interest only in recent years. The multilevel invert-
ers offer better performance than two-level inverters, and their voltage ratings exceed
those of the employed power switches, including power diodes. Specifically, the volt-
age stress on individual switches equals Vi/(l − 1), where Vi denotes the input dc volt-
age and l is the number of levels. Therefore, multilevel inverters are mostly applied
in medium- and high-voltage power electronic systems.

The “two-level” adjective describing the VSIs presented so far has arisen from the
fact that the potential of any output terminal can assume two values only. Indeed, the
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Figure 7.52 Generic five-level inverter.

switches of an inverter connect each terminal to either the positive or the negative dc
bus. Consequently, the line-to-line voltage can assume three values, and the line-to-
neutral voltage five values. This, in the square-wave mode, which is highly efficient,
limits the options for minimizing distortion of output voltage waveforms. If more than
two voltage levels were obtainable at the output terminals, the stepped waveforms
could be made to better resemble the sinewaves.

The idea of a single-phase multilevel inverter, here a five-level one, is illustrated
in Figure 7.52. The four capacitors, C1 through C4, make up a voltage divider, which
constitutes a dc link for the inverter. The center node of the link and one terminal
of the load are grounded. Five switches, S1 through S5, of which one and only one
is assumed to be on at any time, allow applying any of the five fractional voltages,
V1 through V5 to the non-grounded load terminal. Thus, the output voltage, vo, can
assume any of these five values, from −Vi/2 to Vi/2, including vo = V3 = 0.

Note that even if the number of levels of the generic multilevel inverter were lim-
ited to two, by elimination of switches S2 through S4 and capacitors C2 and C3
between them, the resultant topology would not be equivalent to that of the single-
phase inverter in Figure 7.2. The power circuit of that inverter is of the bridge type,
while the inverter in Figure 7.52 has the so-called half-bridge topology. A practical,
although of marginal use, half-bridge single-phase inverter is shown in Figure 7.53.
Clearly, the inverter is capable of a two-level output voltage only, that is, vo = ±Vi/2,
while the full-bridge inverter of Figure 7.2 may have the output voltage of either −Vi,
0, or Vi.
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Figure 7.53 Half-bridge VSI.

7.3.1 Diode-Clamped Three-Level Inverter

The unidirectional semiconductor devices in practical multilevel inverters require
somewhat more complicated topologies. This and the next section describe two basic
topologies of three-phase three-level inverters, leaving those with five or more levels
to more advanced literature.

The power circuit of the so-called diode-clamped (or neutral-clamped) inverter
is shown in Figure 7.54. Each of the three legs of the inverter is composed of four
semiconductor power switches, S1 through S4, four freewheeling diodes, D1 through
D4, and two clamping diodes, D5 and D6. Theoretically, the four switches in each
inverter leg imply the possibility of 24 states of a leg, and 212 (that is, 4,096!) states
of the whole inverter. However, only three states of a leg are allowed, which makes
for the total of 27 states of the inverter. The limiting condition is that two and only
two adjacent switches must be ON at any time. A ternary switching variable can thus
be assigned to each inverter phase and, for phase A, defined as

a =
⎧⎪⎨⎪⎩

0 if S3 and S4 are ON

1 if S2 and S3 are ON

2 if S1 and S2 are ON

. (7.28)

Switching variables b and c for the other two phases are defined analogously.
It is easy to see that the potential of a given output terminal of the inverter with

respect to the “ground” (inverter’s neutral), G, can be expressed in terms of the asso-
ciated switching variable and input voltage. For instance, the voltage, vA, at terminal
A is

vA = a − 1
2

Vi. (7.29)
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Figure 7.54 Three-level diode-clamped inverter.

Consequently, the output line-to-line voltages are given by

⎡⎢⎢⎣
vAB
vBC
vCA

⎤⎥⎥⎦ =
Vi

2

⎡⎢⎢⎣
1 −1 0
0 1 −1

−1 0 1

⎤⎥⎥⎦
⎡⎢⎢⎣

a
b
c

⎤⎥⎥⎦ (7.30)

and, based on Eq. (7.9), the line-to-neutral voltages by

⎡⎢⎢⎣
vAN
vBN
vCN

⎤⎥⎥⎦ =
Vi

6

⎡⎢⎢⎣
2 −1 −1

−1 2 −1
−1 −1 2

⎤⎥⎥⎦
⎡⎢⎢⎣

a
b
c

⎤⎥⎥⎦ (7.31)

Listing all possible values of the line-to-line and line-to-neutral voltages it can be
seen that they can assume five and nine values, respectively. Generally, these numbers
in an l-level inverter are 2l − 1 and 4l − 3.

Control methods for the three-level inverter allow changes from only 0 to 1, 1 to
2, and vice-versa for each switching variable, while transitions from 0 to 2 and 2 to 0
are forbidden. This ensures smooth commutation and reduces the chances for a shoot-
through, since out of the four switches in a leg only two change their conduction states
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Figure 7.55 Voltage space vectors of a three-level neutral-clamped inverter.

simultaneously. The dc voltage is shared by at least two switches so that, as already
mentioned, their voltage ratings can be significantly lower than those of switches in
a regular, two-level inverter supplied from the same source.

Analogously to the two-level inverter, a state of the three-phase three-level inverter
can be designated as abc3. For example, an inverter is said to be in state 14 if a = 1,
b = 1, and c = 2, since 1123 = 14. Out of the 27 states, states 0, 13, and 26 are zero
states, yielding zero voltages at all three output terminals. Space vectors of the line-
to-neutral voltages across a wye-connected load, corresponding to individual states
of the inverter are shown in Figure 7.55. It can be seen the active voltage vectors
can be divided into three groups. The high-voltage vectors, such as V⃗18, have the

magnitude of Vi, the medium-voltage vectors, such as V⃗21, are
√

3Vi∕2 strong, and
the magnitude of the low-voltage vectors, such as V⃗9, is Vi/2.

Comparing the vector diagram with that in Figure 7.23 for the two-level inverter,
it is easy to guess that the 18–21–24–15–6–7–8–5–2–11–20–19–… state sequence,
each state maintained for one-twelfth of the desired cycle of output voltage, repre-
sents the square-wave operation mode. The corresponding waveforms of switching
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Figure 7.56 States, switching variables, and waveforms of output voltages in a three-level
neutral-clamped inverter in the square-wave mode.

variables and output voltages of the inverter are shown in Figure 7.56. Although the
voltage gain is 1.065, that is, slightly lower than the 1.1 value for a two-level inverter,
higher quality of the output voltage waveforms in the three-level inverter is obvious
(see Figure 7.16 for comparison). The low-distortion waveform of output current iA,
shown in Figure 7.57 with that of voltage vAN, confirms this conclusion.

Even higher quality of operation can be achieved by PWM, with significantly
lower switching frequencies than those typical for two-level inverters. Several PWM
techniques based on the space vector approach have been developed. Note that the
number of stationary voltage vectors to be used for synthesis of the revolving refer-
ence vector is here much higher than in the classic two-level VSI. This allows more
freedom in designing effective space vector PWM strategies.

7.3.2 Flying-Capacitor Three-Level Inverter

The flying-capacitor inverter is somewhat similar to the diode-clamped one described
in the preceding section. A three-level version of that inverter is shown in Figure 7.58.
It can be seen that the clamping diodes in Figure 7.54 are replaced here with a capac-
itor C3.
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Figure 7.57 Waveforms of output voltage and current in a three-level neutral-clamped
inverter in the square-wave mode.
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Figure 7.58 Three-level flying-capacitor inverter.
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Allowing two and only two (but not necessarily adjacent) switches in a given
inverter leg to be ON, the switching variable, a, for phase A of the inverter is given
by

a =
⎧⎪⎨⎪⎩

0 if S3 and S4 are ON

1 if S1 and S3 or S2 and S4 are ON

2 if S1 and S2 are ON

(7.32)

and switching variables, b and c, for the other two phases are defined analogously.
Then, for calculation of voltages, Eqs. (7.29) through (7.31) can be employed, and
voltage vectors are the same as in Figure 7.55. The clamping capacitor is charged
when S1 and S3 are ON and discharged when S2 and S4 are ON.

7.3.3 Cascaded H-Bridge Inverter

The cascaded H-bridge inverter, shown in Figure 7.59, is assembled from N single-
phase inverters, already described in Section 7.1.1 and depicted in Figure 7.2. Each
constituent inverter (H-bridge) is supplied from a separate dc source. The sources
have usually the same voltage level, although the so-called asymmetrical inverters,
in which individual source voltages differ, are also feasible. Identical dc sources are
assumed in the subsequent considerations.

(a) (b)

A B C

G

N

S1 S3

S2 S4vAN vBN vCN

vCA

Vdc Vo, kvBCvAB

iA iB iC

Figure 7.59 Cascaded H-bridge inverter: (a) block diagram, (b) constituent bridge.
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An H-bridge can generate three voltage levels between its output terminals,
namely −Vdc, 0, and Vdc. The number of H-bridges in an l-level inverter is (l–1)/2,
thus N bridges form an inverter with 2N + l levels. Topologies of diode-clamped or
flying-capacitor inverters with a high number of levels are quite complex and require
sophisticated control methods, so the cascaded H-bridge inverter has a distinct advan-
tage here.

In the constituent H-bridge two and only switches can be ON at any time. For
the kth bridge in a leg of a three-phase inverter, the ternary switching variable, ak, is
defined as follows:

ak =
⎧⎪⎨⎪⎩

0 if S2 and S3 are ON

1 if S1 and S3 or S2 and S4 are ON

2 if S1 and S4 are ON

. (7.33)

The output voltage, vo,k, of the bridge is then given by

vo,k = (ak − 1)Vdc. (7.34)

The H-bridges in a leg of the inverter are connected in series, so the voltage of
terminal A, vA, with respect to the inverter’s neutral, G, is a sum of output voltages
of all the bridges. Consequently, a switching variable of phase A of the inverter can
be defined as

a =
N∑

k=1

ak (7.35)

where, depending on control of the individual bridges, a can assume any integer value
from the 0 to 2N range. Then,

vA = (a − N) Vdc. (7.36)

Switching variables b and c are defined analogously, yielding the following equa-
tions for the line-to-line and line-to-neutral output voltages of the inverter:

⎡⎢⎢⎢⎣
vAB

vBC

vCA

⎤⎥⎥⎥⎦ = Vdc

⎡⎢⎢⎢⎣
1 −1 0

0 1 −1

−1 0 1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

a

b

c

⎤⎥⎥⎥⎦ (7.37)

and

⎡⎢⎢⎢⎣
vAN

vBN

vCN

⎤⎥⎥⎥⎦ =
Vdc

3

⎡⎢⎢⎢⎣
2 −1 −1

−1 2 −1

−1 −1 2

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

a

b

c

⎤⎥⎥⎥⎦ . (7.38)
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Figure 7.60 Approximation of a sinewave by a stepped waveform in the H-bridge cascaded
inverter.

Note the similarity of Eqs. (7.36)–(7.38) and Eqs. (7.29)–(7.31) when Vi = 2Vdc.
The cascaded H-bridge inverter allows generation of output voltages whose multi-

step waveforms closely approximate sinewaves. The square-wave operation resulting
in those waveforms is highly efficient, as each switch turns on and off only once
per cycle of the output voltage. This is illustrated in Figure 7.60, where a reference
sinusoid of vA is approximated with a high degree of accuracy by a stepped waveform
produced in a five-bridge inverter.

The square-wave operation mode of individual bridges does not allow for smooth
magnitude control of output voltages. If K bridges are involved, the peak value of the
generated voltage equals KVdc. However, reducing K increases the THD of the pro-
duced waveform. Therefore, the square-wave operation is recommended in systems
where magnitude control is not required, or where the dc sources can be adjusted as
needed. If the magnitude adjustment is to be carried out in the inverter, a simple PWM
technique, already described in Section 7.1.1, can be employed in each bridge with
the same modulation index, m. See Eq. (7.5) for phase A of the cascaded H-bridge
inverter. The arguments 𝛼n of the modulating functions for phases B and C should be
expanded by 120◦ and 240◦, respectively.

The large number of available values of switching variables a, b, and c of the cas-
caded H-bridge inverters allows numerous SVPWM switching strategies. Endpoints
of space vectors of the line-to-neutral voltage corresponding to all combinations of
values of switching variables in a two-bridge (five-level) inverter are shown in Fig-
ure 7.61. As each variable can assume five values, 0 through 4, 53 = 125 vectors
are generated, of which 64 are repeated, leaving 61 distinct ones. This set includes,
for instance, the six active (non-zero) vectors of the classic, three-phase two-level
inverter, shown in Figure 7.23.
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Figure 7.61 Endpoints of line-to-neutral voltage vectors of two-bridge cascaded inverter.

In certain applications, the constituent converters are supplied from ac sources
rather than dc ones. Such inverters combine a number of cascaded “cells,” which usu-
ally constitute the H-bridges augmented with front-end rectifiers. Two such cells, with
diode rectifiers, are shown in Figure 7.62. If the capability of bi-directional power
flow is required, PWM rectifiers are used instead as shown in Figure 7.63.

Multilevel inverters are particularly suitable for high-power, high-voltage appli-
cations. High performance can be attained at significantly lower switching frequen-
cies than those in the classic two-level inverters. Thus, the relatively sluggish GTOs
can be employed and still produce high-quality currents. Several hybrid topologies

(b)(a)

Figure 7.62 Cells with diode rectifiers for ac-supplied cascaded inverter: (a) single-phase,
(b) three-phase.
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(a) (b)

Figure 7.63 Cells with PWM rectifiers for ac-supplied cascaded inverter: (a) single-phase,
(b) three-phase.

combining sub-circuits of differing types of the basic multilevel inverters described
have been proposed.

7.4 SOFT-SWITCHING INVERTERS

All the inverters and other power converters presented so far are characterized by
the so-called hard switching. It means that the transition of their switching devices
from one conduction state to another occurs in the presence of nonzero voltages and
currents. Consider, for instance, phase A of the VSI in Figure 7.14. When switch SA
is off and diode DA is not conducting, the full input dc voltage, Vi, appears across
them. Conversely, if switch SA is on and diode DA′ is not conducting, current iA
flows through the switch. Thus, a switch turns on with a nonzero voltage across it
and turns off when carrying a non-zero current. As a result, as already explained in
Chapter 2, each switching is associated with certain energy loss, which depends on
the values of current and voltage involved.

If the switching frequency were high enough, currents practically free from rip-
ple could be produced in VSIs. Then, however, the switching losses would increase
dramatically. Therefore, in practice, the switching frequency is usually limited not
as much by the dynamic properties of the switches as by the thermal effects. Hard
switching is also detrimental from the point of view of the radiated EMI, as electro-
magnetic waves are generated due to rapid current changes.

If the voltage across a device transitioning from the off-state to the on-state were
zero, or no current flew through the device to be turned off, the resultant soft switch-
ing would cause minimum losses and EMI. As subsequently described in Chapter 8,
these two types of soft switching, the zero-voltage switching (ZVS) and zero-current
switching (ZCS), are employed in the so-called resonant converters for low-power
switching power supplies. The phenomenon of electrical resonance is utilized there
to impose lossless, ZVS or ZCS conditions. Significant reduction of switching losses
in resonant converters allows for high switching frequencies, leading to minimization
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Figure 7.64 Switched network for illustration of the operating principle of resonant dc link.

of filters, magnetic components, and heat sinks, and, consequently, of the whole
converters.

A resonant dc-link inverter represents an endeavor of implementing the ZVS prin-
ciple in voltage-source dc-to-ac converters. To explain the basic idea of the resonant
dc link, the switched network in Figure 7.64 will first be considered. It consists of a
supply source producing an ideal dc-input voltage, Vi, a resonant LC circuit, a semi-
conductor switch S, and a freewheeling diode D. The resonant circuit is non-ideal,
having the resistance of R ohms. The current source at the network’s output represents
a load, whose inductance is assumed to be much higher than that, L, of the resonant
circuit. Consequently, the output current, Io, can be assumed constant during the short
cycle of operation of the network.

The operation cycle can be divided into three subcycles. In the first of them, the
switch is closed for a period of t1, and the inductance, L, is charged with the elec-
tromagnetic energy due to the increased flow of input current, ii. As explained later,
the switch current does not start flowing immediately after the switching signal, g, is
applied to the switch at t = 0, but after a short delay, t0. The capacitor, C, has been dis-
charged in the preceding cycle, so its current, iC, is zero, and so are the diode current,
iD, and output voltage, vo. Since

Vi = Rii + L
dii
dt

(7.39)

and

iS = ii − Io (7.40)

then

ii =
Vi

R

(
1 − e−

R
L

t
)
+ I1e−

R
L

t (7.41)

and

iS =
Vi

R

(
1 − e−

R
L

t
)
+ I1e−

R
L

t − Io (7.42)
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where I1 denotes the initial input current, ii(t0). At the end of the considered subcycle,
the input current attains the value of I2, equal

I2 = ii
(
t1
)
=

Vi

R

(
1 − e−

R
L

t1
)
+ I1e−

R
L

t1 . (7.43)

In the second subcycle, the switch opens and the energy stored in the inductance is
discharged through the capacitor. Now, both the switch and diode currents are zero,
while the capacitor current and output voltage are given by

iC = ii − Io (7.44)

and

vo = 1
C

t
∫
0

iCdt. (7.45)

The Kirchhoff Voltage Law for the resonant circuit can be written as

Vi = Rii + L
dii
dt

+ vo (7.46)

and substituting Eq. (7.44) in Eq. (7.45), and Eq. (7.45) in Eq. (7.46), yields

Vi = Rii + L
dii
dt

+ 1
C

t
∫
0

iidt −
Io

C
t. (7.47)

Assuming that the resonant circuit is underdamped, solving Eq. (7.47) for ii, and
finding iC and vo from Eqs. (7.44) and (7.45), gives

iC =
{[

Vi − RIo

L𝜔r
− 𝛼

𝜔r
(I2 − Io)

]
sin(𝜔rt) + (I2 − Io) cos(𝜔rt)

}
e−𝛼t (7.48)

and

vo = Vi − RIo +
{[

𝛼

𝜔r
(Vi − RIo) +

I2 − Io

C𝜔r

]
sin(𝜔rt)

−(Vi − RIo) cos(𝜔rt)

}
e−𝛼t, (7.49)

where

𝛼 = R
2L

(7.50)
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and

𝜔r =
√

1
LC

− 𝛼2 (7.51)

denotes the damped resonance frequency.
If quality of the resonant circuit is high, then RIo ≪ Vi and 𝛼 ≪𝜔r, and Eqs. (7.48)

and (7.50) can be simplified, to give

iC = Ie−𝛼t sin(𝜔rt + 𝜑1) (7.52)

and

vo = Vi − Ve−𝛼t cos(𝜔rt + 𝜑2), (7.53)

where

I =

√(
Vi

L𝜔r

)2

+ (I2 − Io)2 𝜑1 = tan−1
[

L𝜔r(I2 − Io)

Vi

]
(7.54)

and

V =

√
V2

i +
(

I2 − Io

C𝜔r

)2

𝜑2 = tan−1
(

I2 − Io

C𝜔rVi

)
. (7.55)

As L𝜔r ≈ 1/(C𝜔r), then 𝜑1 ≈ 𝜑2. At the beginning of the subcycle in question, the
output voltage is zero, then it increases to a certain peak value, Vo,p, and decreases
back to zero. If not for the freewheeling diode, the voltage would next become nega-
tive, completing the cycle of resonant oscillation. However, once the diode becomes
forward biased, it shorts the output of the network and the output voltage remains at
the zero level.

The instant at which the output voltage gets back to zero after the half-wave oscil-
lation marks the beginning of the third subcycle of the operating cycle. Denoting the
duration of the second subcycle by t2, the input current at the end of the subcycle
assumes the value of I3, equal

I3 = i1(t2) = Io + iC(t2) = Io + Ie−𝛼t2 sin(𝜔rt2 + 𝜑1). (7.56)

In the third subcycle, whose duration is t3, the switch and capacitor currents are
zero, and so is the output voltage, while the diode current, iD, is given by

iD = Io − ii (7.57)
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where ii can be found from the again valid Eq. (7.39). As a result, the input current
can be expressed as

ii =
Vi

R

(
1 − e−

R
L

t
)
+ I3e−

R
L

t (7.58)

and the diode current as

iD = Io −
Vi

R
(1 − e−𝛼t) − I3e−𝛼t

. (7.59)

Obviously, Eq. (7.52) is only valid as long as it yields a positive value of iD. When
the left-hand side of that equation reaches zero, the diode ceases to conduct.

The next cycle of operation of the network should begin before the diode current
reaches zero, so that the switch is turned on under the zero-voltage condition. On
the other hand, the flow of the switch current, iS, can only begin when the diode has
ceased to conduct, since simultaneous conduction of these two anti-parallel devices
is not possible. This explains the delay, t0, of the switch current in the first subcycle.
In retrospect, the three subcycles can be called charging, resonance, and dead time
(the latter should not to be confused with that used for avoidance of the shoot-through
in hard-switching converters). Waveforms of the voltage and currents considered are
illustrated in Figure 7.65. The ZVS conditions for both the switch and diode can easily
be observed.

Equation (7.55) indicates strong dependence of the output voltage, vo, on the I2–Io
difference. Note that the output current, Io, has been assumed constant only within a
single cycle of operation of the considered network. Therefore, the control system of
a resonant dc-link inverter must monitor both the output current and the input current
at the instant t1 of each operating cycle.

In a practical inverter, the output voltage, vo, of the resonant dc link is fed to a
regular VSI. The three legs of the power circuit will thus alternately play the role of
the switch-diode pair in the hypothetical network analyzed before. The shoot-through
states of each leg are employed in the charging subcycle. The average value of the
pulsed voltage vo is only slightly lower than the dc supply voltage, Vi, because of the
low power loss in the resistance of the dc link. However, the peak value of vo, which
can be up to three times as high as the dc voltage supplied to the resonant circuit, may
require inverter switches and diodes with unacceptably high voltage ratings. There-
fore, an additional clamping arrangement is often needed to shave off the peaks of
the voltage pulses.

The circuit diagram of a three-phase resonant dc-link inverter with an active clamp
is shown in Figure 7.66. The active clamp consists of a clamping capacitor, Ccl, pre-
charged to (kcl–1)Vi volts and an anti-parallel connection of a switch, S, and diode,
D. The clamping voltage ratio, kcl, is usually set to 1.2–1.4. As in the hypothetical
switching network considered before, the dc bus is shorted in the first subcycle by
switches in one leg of the inverter.

In the second subcycle, the link voltage across the resonant capacitor, C, increases
toward its natural resonant peak. However, when the voltage reaches the clamping
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Figure 7.65 Waveforms of voltage and current in the resonant dc link.

value, Vcl, equal kclVi, diode D starts conducting. As a result, the clamping capacitor
shunts the resonant inductor, L, and the bus voltage becomes clamped to Vi + (kcl–
1)Vi = Vcl. The diode current charges the clamping capacitor. Next, switch S is turned
on under the ZVS condition, the diode current eventually transfers to the switch, and
the clamping capacitor loses its extra charge. The switch is turned off as soon as
the net charge received by the clamping capacitor reaches zero, so that the clamping
circuit is ready for the next cycle of operation. The dc bus voltage decreases to zero,
to complete the resonance subcycle and, after the dead time, appropriate switches of
the inverter are turned on again, initiating the next operating cycle of the inverter.

The resonance frequency, 𝜔r, must be at least two orders of magnitude higher
than the output frequency of the inverter, so that continuous rectangular pulses of
the line-to-line voltages of hard-switching VSIs can be replaced by series of separate
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Figure 7.66 Three-phase resonant dc link with active clamp.

resonant pulses. This is called a discrete pulse modulation, as an integer number of
voltage pulses appear within each switching cycle. The discrete pulse modulation
in a resonant dc-link inverter with an active clamp is illustrated in Figure 7.67 that
shows example line-to-line output voltages of the inverter. For good resolution, only
a fragment of a cycle is depicted, the resonance frequency being here one hundred
times higher than the output frequency.

In low-voltage inverters, the unclamped version of the resonant dc link is prefer-
able, because of the higher, approaching unity, voltage gain. Shaving off the peaks of
the pulsed voltage produced by the link significantly reduces this factor.

The requirement that all switches must change their states in synchronism with the
resonating dc bus constitutes a major disadvantage of the resonant dc-link inverters.
The resultant discrete PWM is less precise that that in hard-switching inverters,
limiting the quality and control range of output currents. It would be more convenient
to independently activate individual switches while maintaining the soft-switching
conditions, especially in high-power applications. This type of operation has been
achieved in the so-called auxiliary resonant commutated pole inverter, where
the term “pole” refers to the “totem pole” arrangement of inverter switches (see
Figure 3.14).
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Figure 7.67 Example waveforms of line-to-line output voltages in a resonant dc-link
inverter.

Power circuit of one phase of the auxiliary resonant commutated pole inverter is
shown in Figure 7.68a and the whole three-phase inverter in Figure 7.68b. The aux-
iliary circuit, AC, which triggers the resonances, is connected between the midpoint
of two dc-link capacitors, Ci, and the center of the pole. Each inverter pole consists
of two main switches, S1 and S2, with freewheeling diodes, and two resonant capaci-
tors, Cr. The auxiliary circuit is comprised of a bidirectional switch, S, and a resonant
inductor, Lr. The other inductor, Lf, in each phase of the inverter constitutes a part of
the output filter and plays a role in shaping the voltage and current transients during
the resonance.

The bidirectional switch allows freedom in timing the resonance. The zero-
crossing of the voltage of a resonant capacitor allows lossless commutation of the
parallel main switch. The zero-crossing of the resonant inductor allows lossless com-
mutation of the auxiliary switch. The efficiency of the inverter is high and the switch-
ing frequency is controllable. However, control is difficult because of the complexity
of the three possible commutation modes, two of which require different approaches
for low and high currents.

In comparison with hard-switching inverters, the soft-switching ones are charac-
terized by lower losses and lower level of parasitic side effects, such as the EMI asso-
ciated with switching of large currents. On the other hand, the soft-switching inverters
suffer from increased complexity of the power circuit and control algorithm, higher
voltage stresses on switches, and narrower control ranges. Many topological and con-
trol variations have been proposed, but most of the power industry has remained faith-
ful to the mature technology of hard-switching inverters.
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Figure 7.68 Auxiliary resonant commutated pole inverter: (a) one phase with the auxiliary
circuit, (b) whole inverter.

7.5 DEVICE SELECTION FOR INVERTERS

The rated voltage, Vrat, of power switches in the regular, two-level, hard-switching
inverters must be at least equal to the peak value, Vi,p, of the input voltage which,
generally, is not ideally constant in time. If an inverter is supplied from a rectifier, it
is the peak value of the ac voltage feeding the rectifier that should be taken as Vi,p.
Thus,

Vrat ≥ (1 + sV)Vi,p. (7.60)

As already mentioned in Section 7.1.3, the dc-input voltage, Vi, in PWM VSIs,
equals the maximum available peak value of the fundamental line-to-line output volt-
age, VLL,1,p(max). In the square-wave operation mode, Vi ≈ 0.9 VLL,1,p. These relations
facilitate selection of the dc supply source.
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Switches in CSIs are subjected to switching-generated voltage spikes (see Fig-
ure 7.47). Denoting the maximum expected instantaneous value of the line-to-
line output voltage by VLL(max), the rated voltage of the switches must satisfy the
condition

Vrat ≥ (1 + sV)VLL(max). (7.61)

In multilevel inverters, when correctly controlled, the maximum voltage stress
across any device does not exceed the value of Vi/(l − 1). However, under faulty
operating conditions, some devices may be subjected to a much higher voltage. The
safety margin is, therefore, left to the designer’s discretion. Often, multilevel invert-
ers are selected precisely for their high voltage capability, and the correct control is
assumed.

In soft-switching converters, the maximum voltage stresses depend on the specific
topology. For instance, in the resonant dc-link inverters, if the resonant pulses of the
input voltage are not clamped, their peak value may be up to 2.5 times as high as
the dc voltage at the input to the resonant circuit. With clamping, the typical voltage
stresses on the devices are of order of 1.3–1.5 of the dc voltage. The right-hand side
of condition (7.60) should be modified accordingly.

The highest current stresses in VSIs occur in the square-wave mode of opera-
tion, in which each switch may be forced to conduct the output current for the whole
half cycle of output voltage. This applies also to the freewheeling diodes in inverters
employed in systems with the bidirectional power flow. If an inverter is to operate
with unidirectional power flow only, the average current of the freewheeling diodes
depends on the load angle. As illustrated in Figure 7.69a, with a purely resistive load
(R load) the diodes do not conduct at all, and each switch must pass the whole half-
wave of the current. Thus, similarly as in ac voltage controllers (see Eq. 5.54), the
rated current, IS(rat), of the switches should satisfy the condition

IS(rat) ≥

√
2
𝜋

(1 + sI)IL(rat), (7.62)

where IL(rat) denotes the rated rms value of the line output current of the designed
inverter. For the freewheeling diodes, the worst-case scenario, depicted in Fig-
ure 7.69b, is a purely inductive load (L load), when each switch and each diode in a
given leg of the inverter conduct a quarter-wave of the output line current. As a result,
the required rated current, ID(rat), of the diodes can be as low as half of IS(rat).

The pulses of the line output currents in CSIs operating in the square-wave mode
are one-third of the cycle long (see Figure 7.46). Thus, the average switch current
amounts to one-third of the input current, Ii. On the other hand, the rms value, IL,1, of

the fundamental line current equals (
√

6∕𝜋)Ii. Consequently, the necessary condition
for the rated current of switches is

IS(rat) ≥
𝜋

3
√

6
(1 + sI)IL(rat). (7.63)
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Figure 7.69 Idealized line-to-neutral voltage and line current waveforms in a VSI in the
square-wave mode: (a) R-load, (b) L-load.

Condition (7.62) can be employed for determination of current ratings of power
switches in multilevel inverters. In diode-clamped inverters, even with a purely induc-
tive load, the diodes, both the freewheeling and clamping ones, conduct average cur-
rents of not more than a quarter of the maximum average current that can flow through
a switch. It is so because the freewheeling diodes in a given leg of the inverter share
the output current with the clamping diodes when the current cannot flow through
the switches. Thus, diodes with the rated current, ID(rat), equal IS(rat)/4 can safely be
selected.
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Resonant circuits in soft-switching inverter do not significantly affect currents in
the main switches. For instance, the current conducted by the both switches in a leg of
a resonant dc-link inverter during the charging subcycle is simply too low in compar-
ison with the output current. Therefore, the same rules as for hard-switching inverters
can be employed for the selection of switches and diodes.

To evaluate the shortest on- and off-times of switches in PWM inverters, infor-
mation about the specific PWM strategy employed is required. Sometimes, as in the
case of hysteresis current control, the switching patterns are difficult to predict by
theoretical analysis and computer simulations are needed. Therefore, no generalized
formulas can be derived. Example calculations of tON(min) and tOFF(min) are presented
in Example 7.3 at the end of this chapter.

7.6 COMMON APPLICATIONS OF INVERTERS

Generally, power inverters are used in either direct dc-to-ac or indirect ac-to-ac power
conversion systems. For instance, a battery-powered electric vehicle driven by an
ac motor employs a direct dc-to-ac conversion scheme, in which a VSI interfaces
the battery with the motor. Another example may involve an off-grid farm supplied
(among other sources) from a photovoltaic array, where an inverter provides three-
phase voltage for the motor driving an irrigation pump. Such systems usually include
a battery that is charged by the array during daylight, and which feeds the inverter.

If, in another case, a photovoltaic array were used to supplement power supply
from an ac system, a system shown in Figure 7.70 could be used. In this photovoltaic
utility interface, a PWM VSI receives the dc voltage from a photovoltaic array and
converts it into high-frequency ac voltage applied to a transformer. The transformer
provides electrical isolation and voltage matching between the array and ac power
system. Thanks to the high frequency involved, the transformer is much smaller than
a comparable 60-Hz one. The secondary voltage of the transformer is converted back
to a dc voltage by a diode rectifier, and this voltage is fed to a phase-controlled rec-
tifier, separated from the diode rectifier by an inductive filter. The controlled recti-
fier, connected to the utility grid, operates in the inverter mode, the filter and the dc
voltage representing an RLE load with a negative EMF. Thus, the power flows into
the grid.

Diode rectifierTransformerInverter

DC link Filter

Controlled
rectifier

G
rid

PV array

Figure 7.70 Block diagram of photovoltaic utility interface.
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Figure 7.71 Block diagram of active power filter.

Inverters are widely used in various renewable energy systems, and the described
photovoltaic utility interface is only one member of a large family of such interfaces.
Some of them are presented in Chapter 9, devoted to “green” applications of power
electronics.

Active power filters for elimination of harmonic currents in a power system rep-
resent another practical example of the direct dc-to-ac conversion scheme. A block
diagram of an active power filter is shown in Figure 7.71. The filter maintains sinu-
soidal currents in a power line that supplies a “nonlinear” load, most often a rectifier.
Two feedback loops are employed: an outer loop for control of the line current, and
an inner loop for the current-controlled inverter that produces currents compensating
the current harmonics in the line. Based on the measured line currents and voltages, a
control system establishes sinusoidal reference current signals for individual phases
of the line. The reference currents are in phase with the respective phase voltages
for a unity power factor. When the reference line current signals are subtracted from
actual current signals, reference signals for inverter output currents are obtained. For
instance, denoting by iA, i′A, and i′′A the line, load, and inverter currents in phase A,
respectively, the reference inverter current, i′′∗A , is given by

i′′∗A = i′A − i∗A, (7.64)

where i∗A denotes the reference line current.
Voltage and current waveforms in an active power filter connected to an ac line

that feeds a three-phase controlled rectifier are shown in Figure 7.72. For clarity,
the current waveforms are idealized, that is, the current drawn by the rectifier has
a purely square wave and the line current is ideally sinusoidal, assuming that the
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Figure 7.72 Waveforms of voltage and current in an active power filter.

inverter provides exactly the current required. In reality, the instantaneous changes
of inverter current shown cannot be realized in a VSI, so that complete elimination
of harmonics is not possible. Note the difficult operating conditions of the control
system that must compute running waveforms of the reference currents.

Since the load is to be fully powered by the ac line, no real power is required
from the inverter. Therefore, only a capacitor is connected to the inverter’s input as
a dc link, without any supply source, and the losses in the inverter are covered by a
low amount of real power drawn from the system. Control of the inverter includes
a provision for maintaining a constant voltage across the capacitor. Often, to match
the voltage and current ratings of the filter with those of the ac line, a transformer is
used as an interface between the inverter and the line. A similar arrangement, the so-
called instantaneous VAr controller, can be used for reactive power control in a power
system. In that case, the inverter produces sinusoidal currents that lead respective
voltage sinewaves in phase, to provide compensation for inductive loads in the system
and improve the power factor.

Uninterruptable power supply (UPS) systems are critical in such facilities as hospi-
tals, communication and computer centers, airports, or military installations, which
require a constant supply of electric power, even in the case of failure of the grid.
These facilities have their own backup battery rooms and diesel-engine or fuel-cell
powered ac generators. Two basic types of UPS are standby (off-line) and on-line
ones. In the standby UPS system, the load is supplied from the grid, while the battery
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is trickle charged to sustain a full charge. When the supply from the power system is
interrupted, a VSI is automatically activated to convert the dc voltage from the bat-
tery into the regular ac voltage used in the facility. This arrangement is maintained
until the normal power supply is restored or a standby generator is brought into oper-
ation. Then the inverter returns to its passive status and the battery is charged for fast
recovery of full readiness.

The on-line UPS system, apart from providing backup power when needed, iso-
lates a sensitive load from the grid to protect the load from line transients and
harmonic pollution. A rectifier-dc-link-inverter cascade separates the grid from the
load, while the battery connected in parallel to the dc-link transformer maintains full
charge. The ac voltage produced by the inverter is then supplied to the load through
a low-pass filter, which mitigates the higher harmonics and makes the load voltage
sinusoidal. Thus, power quality fed to the load is high, and independent of possible
disturbances in the grid. Diagram of a UPS system is shown in Figure 7.73. If the
static power switch is normally on, the system operates as the off-line UPS, while if
it is normally off, as the on-line UPS. An isolation transformer (not shown) is often
used between the inverter and load.

Adjustable-speed ac drives, based on induction motors and, increasingly, on
permanent-magnet synchronous motors, constitute the most common application of
inverters. Various types of ac motor drives have been developed over the years for the
purpose of control of speed, torque, and position. Depending on the quality of con-
trol, the drive systems can be classified as low- or high-performance and, considering
the control principles, as scalar- or vector-controlled. Generally, speed of an ac motor
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depends on the frequency of the stator voltage while the developed torque is related
to the stator current.

In scalar-controlled drive systems, only the frequency and magnitude of the fun-
damental stator voltage or current are adjusted, which precludes high performance
of the system under transient operating conditions. Therefore, scalar-controlled, low-
performance drives are employed in such machinery as adjustable-speed pumps, fans,
blowers, mixers, or grinders, where high control quality would be superfluous. It is
worth mentioning that those drives consume most of the electrical energy spent in
industry.

High performance is required from motor drives used in electric traction, hybrid
and electric cars, lifts and elevators, or the adjustable-torque applications such as
winders in paper, plastic, and textile factories, and cold-rollers in steel mills. These
drives are vector controlled, which means that those are the instantaneous values of
the stator voltage or current that are continuously adjusted. As a result, the tran-
sient current waveforms, for example, during a speed reversal of a drive, often do
not resemble the sinusoids typical for the steady-state operation. Current-controlled
VSIs are usually employed.

In the variable-speed induction motor drives, in order to maintain the maximum
available torque at a constant level, the ratio of stator voltage to frequency should
be kept constant, which is known as the Constant Volts per Hertz (CVH) control.
Above the rated speed, adherence to the CVH principle would mean increasing the
stator voltage above the rated value, which is not permitted. Therefore, with frequen-
cies higher than rated, the voltage is maintained constant, at the rated level. This area
of operation is called field weakening, because the intensity of the magnetic field
decreases when a frequency increase is not accompanied by a voltage increase. The
maximum frequency allowed is that which causes the motor to rotate with the maxi-
mum permitted speed. At very low frequencies, the stator voltage must be somewhat
higher than that indicated by the CVH rule to compensate for the voltage drop across
the stator resistance.

A block diagram of a scalar speed control system with an induction motor is shown
in Figure 7.74. The angular velocity, 𝜔M, of the motor is measured and compared
with the reference velocity, 𝜔∗. The speed error signal, Δ𝜔M, is applied to a slip
controller whose output variable, 𝜔∗

sl, constitutes the reference slip velocity of the
motor, that is, the desired difference between the angular velocity of the revolving
magnetic field of the stator and the rotor speed. The slip velocity of a motor must
be limited for stability purposes and for protecting the motor from too high currents
in the stator and rotor windings. For that purpose the slip controller’s input–output
characteristic exhibits saturation. When the signal 𝜔∗

sl is added to the motor speed
signal, 𝜔M, the reference signal for synchronous speed, 𝜔∗

syn, of the stator field is
obtained. The synchronous speed signal is now multiplied by the number, pp, of pole-
pairs of the stator to result in the reference radian frequency, 𝜔∗, for the stator voltage
to be produced by the inverter. The reference magnitude signal, V∗, for that voltage is
generated in a voltage controller in dependence on the level of𝜔∗. The CVH principle
is obeyed below the rated frequency and the voltage is made constant in the field
weakening area.
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Figure 7.74 Block diagram of an ac drive system with scalar speed control.

In certain applications, such as lift drives or electric ac traction, a drive system
is required to have the bidirectional power flow capability to absorb the potential
or kinetic energy of the mechanical part of the system during braking. In low-power
drives, a braking resistor can be used to dissipate the energy transferred by the inverter
from the load. Such an ac drive system, based on the modular frequency changer with
IGBTs in Figure 2.28, is shown in Figure 7.75a. The diode in series with the sev-
enth switch serves as a freewheeling diode for the parasitic inductance of the braking
resistor circuit. As shown in Figure 7.75b, the same switch and diode, and an exter-
nal inductor, can serve as a step-up chopper to boost the input voltage to the inverter.
The inverter supply capacitor is charged by the chopper to a voltage higher than that
across the dc-link capacitor.

In order to recover the braking energy and return it to the supply line, a con-
trolled rectifier is required. SCR-based rectifiers are commonly used in practice, but
they require large line filters to improve waveforms of the currents drawn from the
line. More elegant solutions, shown in Figure 7.76 and allowing four-quadrant oper-
ation of the motor, involve a PWM rectifier whose power circuit is a copy of that
of the inverter. The current-type rectifier in Figure 7.76a, identical with the CSI in
Figure 7.44, has already been covered in Section 4.3.3. The voltage-type rectifier in
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Figure 7.75 Use of the modular frequency changer of Figure 2.28 in an ac drive: (a) system
with braking resistor, (b) system with step-up chopper.

Figure 7.76b can be thought of as a VSI operating with a reversed power flow and
an inductive-EMF load (LE load). The cascade of a PWM rectifier, dc link, and a
PWM inverter forms a high-performance frequency changer whose applications can
be extended beyond the field of adjustable-speed drives (see Figure 7.73).

Single-phase VSIs and CSIs are used for induction heating in industry, providing
high-frequency currents for the heating coil. Often, a capacitor is connected in series
or in parallel with the coil to create a resonant circuit at the inverter output. The output
frequencies vary from less than a hundred hertz to a few hundred kilohertz, depending
on the application. Inverters are also used in electric arc welding equipment, which
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Figure 7.76 PWM rectifier–inverter cascades for bidirectional power flow in ac motor drives:
(a) current-type rectifier, inductive dc link, and CSI, (b) voltage-type rectifier, capacitive dc
link, and VSI.

requires an isolation transformer between the welding electrodes and utility supply
line. The supply voltage is rectified, converted into a high-frequency ac voltage in the
inverter, transformed, rectified again, and applied to the electrodes.

In recent years, low-power sources of electricity utilizing the hydro and wind
power have been gaining popularity in the USA, and many small independent oper-
ators sell the power to local utilities. The power plant may consist of a synchronous
generator, driven by a water wheel or a wind turbine as the prime mover, and a util-
ity interface. Usually the speed of the prime mover varies, which causes fluctuations
of the frequency of generated voltage. Also, the magnitude of the voltage may be
affected by the speed changes. Therefore, the ac voltage produced by the generator
is rectified and fed to a VSI that stabilizes the frequency and magnitude of the output
voltage, as long as the prime energy does not fall below a specific minimum level. An
isolation transformer is often used between the inverter and the power system. More
details about wind power systems can be found in Chapter 9.
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SUMMARY

The dc-to-ac power conversion is performed by inverters. Depending on the charac-
teristics of the dc source employed, VSIs and CSIs can be distinguished. Apart from
the dissimilar dc links, these two types of dc-to-ac converters differ by the absence of
freewheeling diodes in the CSIs. PWM CSIs require output capacitors to smooth the
output current waveforms. Inverters can be built with any number of phases, three-
phase VSIs being most common in practice.

Inverters can be made to operate in the square-wave or PWM mode. The square-
wave mode of operation is simple and characterized by a low number of commuta-
tions per cycle of the output voltage. However, higher quality of the output current
is obtained in PWM inverters, and a number of PWM techniques have been devel-
oped. Feedforward (open-loop) voltage control and feedback (closed-loop) cur-
rent control are employed in VSIs, while feedforward current control is typical
for CSIs.

Multilevel VSIs provide high-quality output currents in the square-wave mode and
are particularly useful in high-voltage applications. Switching losses are minimized
in soft-switching inverters, which are also characterized by reduced EMI effects. On
the other hand, these converters are more complex than the hard-switching ones and
they have lower resolution of control of output voltage and current.

Inverters have found many applications in the direct dc-to-ac and indirect ac-to-ac
power conversion schemes. They form the crucial part of adjustable-speed ac drives,
improve the quality of currents in power systems, provide uninterruptable ac power
supply, and interface photovoltaic arrays, and wind- and water-driven ac generators
with utility lines. Inverters are also used in such industrial processes as induction
heating and electric arc welding.

EXAMPLES

Example 7.1 A VSI is supplied from a 620-V dc source and feeds a balanced wye-
connected load. At a certain instant, the inverter is in state 3 and the output currents
in phases A and B are −72 and 67 A, respectively. Neglect the voltage drops in the
inverter, and determine all the output voltages (line-to-neutral and line-to-line) and
the input current.

Solution: In state 3, the switching variables, a, b, and c, of the inverter are 0, 1, and 1,
respectively, since 0112 = 3. The line-to-line output voltages can now be calculated
from Eq. (7.8) as

⎡⎢⎢⎢⎣
vAB

vBC

vCA

⎤⎥⎥⎥⎦ = 620

⎡⎢⎢⎢⎣
1 −1 0

0 1 −1

−1 0 1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

0

1

1

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
−620

0

620

⎤⎥⎥⎥⎦V
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and, from Eq. (7.10), the line-to-neutral voltages as

⎡⎢⎢⎢⎣
vAN

vBN

vCN

⎤⎥⎥⎥⎦ =
620

3

⎡⎢⎢⎢⎣
2 −1 −1

−1 2 −1

−1 −1 2

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

0

1

1

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
−414

207

207

⎤⎥⎥⎥⎦V.

The individual line output currents are iA = −72 A, iB = 67 A, and iC = −iA–iB
= 5A. Thus, according to Eq. (7.11),

ii = 0 × (−72) + 1 × 67 + 1 × 5 = 72 A.

Example 7.2 A PWM inverter, supplied from a 310-V dc source, is controlled using
the voltage space vector technique with the switching frequency of 4 kHz and the
high-efficiency state sequence. In certain switching cycle, the per-unit reference volt-
age vector is 0.75∠280◦. Determine the switching pattern of the inverter switches
in this cycle. Assuming that the modulation index does not change, what is the rms
fundamental line-to-line output voltage of the inverter?

Solution: The switching period is

Tsw = 1
fsw

= 1
4 × 103

= 2.5 × 10−4s = 250 μs

and the reference voltage vector is in sector V, which extends from 240◦ to 300◦ and
is framed by stationary vectors V⃗1 and V⃗5 (see Figure 7.23). Thus, the in-sector angle,
𝛼, of the vector is 280◦ − 240◦ = 40◦, and the durations of the involved inverter states,
1, 5, and 7, are:

TX = T1 = 0.75 × 250 × sin(60◦ − 40◦) = 64 μs

TY = T5 = 0.75 × 250 × sin(40◦) = 121 μs

Thus, the required sequence of states is: state 1 for 32 μs, state 5 for 60.5 μs, state
7 for 65 μs, state 5 for 60.5 μs, and state 1 for 32 μs.

The switching pattern described is illustrated in Figure 7.77. It can be seen that no
switching occurs in phase C. Also, as long as the reference voltage vector remains in
the same sector, the next switching cycle begins with the same state 1 that concluded
the previous cycle. Consequently, no switching takes place in the inverter during the
cycle to cycle transition. As a result, the switching losses are reduced by a third in
comparison with the high-quality state sequence.

As the maximum available peak fundamental line-to-line output voltage,
VLL,1p(max), equals, ideally, the supply dc voltage, here 310 V, then

VLL,1p = 0.75 × 310 = 232.5 V
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Figure 7.77 Switching pattern of the inverter in Example 7.2.

and

VLL,1 = 232.5√
2

= 164 V.

Example 7.3 Certain space vector PWM technique for the three-level neutral-
clamped inverter requires that for the modulation index less than 0.5, the low-voltage
vectors, such as V⃗3 or V⃗4, be used for synthesis of the reference voltage vector, v⃗∗. Find
the three vectors and duty ratios of the corresponding states of the inverter, which will
produce a reference vector whose magnitude corresponds to the modulation index,
m, of 0.3, and whose phase angle, 𝛽, is 45◦.

Solution: Figure 7.78 shows a fragment of interest of the diagram of per-unit voltage
vectors of the inverter with the input voltage, Vi, taken as the base (see Figure 7.55).
The reference voltage vector, v⃗∗, lies between vectors V⃗9 (or V⃗22) and V⃗12 (or V⃗25). In
state 9, abc = 100(as 9 = 1 × 32 + 0 × 31 + 0 × 30), and in state 12, abc = 110, while
abc = 211 in state 22 and 221 in state 25. Both pairs of stationary voltage vectors can
be employed, as the transition between states 9 and 12 and between states 22 and 25
changes only one switching variable, b. Let us assume that vectors V⃗9 and V⃗12 will
be used along the zero vector V⃗13, generated when abc = 111.
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Figure 7.78 Per-unit voltage vectors of the three-level inverter in Example 7.3.

The modulation index m= 0.3 implies that the absolute magnitude of the reference

voltage vector equals 0.3 of the maximum possible magnitude, which is (
√

3∕2)Vi.
Thus, in the per-unit format,

v⃗∗ = 0.3 ×
√

3

2
cos(45◦) + j 0.3 ×

√
3

2
sin(45◦) = 0.184 + j 0.184

while

V⃗9 = 0.5 + j 0

and

V⃗12 = 0.25 + j

√
3

4
= 0.25 + j 0.433.

Denoting by d9, d12, and d13 duty ratios of states 9, 12, and 13, the following three
equations must be satisfied:

d9 × 0.5 + d12 × 0.25 = 0.184

j(d9 × 0 + d12 × 0.433) = j 0.184

d9 + d12 + d13 = 1

which, when solved, yield d9 = 0.155, d12 = 0.424, and d13 = 0.421.
The same results can be obtained using Eqs. (4.77)–(4.79) employed in the control

of two-level PWM rectifiers and inverters. However, because the low-voltage vectors
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are used, 2m should be substituted for m. Then,

d12 = dY = 2 × 0.3 × sin(45◦) = 0.424

d13 = 1 − 0.155 − 0.424 = 0.421.

The example illustrates the feasibility of application of space vector PWM tech-
niques to multi-level inverters. Only minor modifications must be made: for example,
should the medium-voltage vectors be used for synthesis of the reference voltage vec-

tor, (2∕
√

3)m would have to be substituted for m in Eqs. (4.77)–(4.79).

Example 7.4 A resonant dc-link inverter is supplied from a 200-V dc source and
operates with the switching frequency of 10 kHz. The inductance, L, and capacitance,
C, of the resonant circuit are 0.24 mH and 1 μF, respectively, and the circuit resistance
is negligible. The current, Io, drawn by the inverter is constant at 200 A and the input
current, I2, at the beginning of the operation cycle of the dc link, is 209 A. Find:

(1) the average output voltage, Vo, of the resonant dc link when the pulses of the
voltage are not clipped and

(2) the same voltage when an active clamp shaves off the peaks of the voltage
pulses to the level of 1.3 of the dc-input voltage, Vi, to the resonant dc link.

Solution:

(a) With the assumed absence of damping in the resonant circuit, the resonance
frequency, 𝜔r, can be calculated as

𝜔r =
1√
LC

= 1√
0.24 × 10−3 × 10−6

= 64550 rad/s

and the term e−𝛼t can be removed from expression (7.53) for the output volt-
age, vo, of the resonant dc link. Parameters V and 𝜑2 in that expression, as
given by Eq. (7.55), are

V =

√
2002 +

(
209 − 200

10−6 × 64550

)2

= 243.8 V

and

𝜑2 = tan−1
(

209 − 200
10−6 × 64550 × 200

)
= 0.609 rad.

Thus, the output voltage of the link applied to the inverter is

vo = 200 − 243.8 cos (64550t + 0.609) V.
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Based on the equation above, the length, t2 (see Figure 7.65), of the reso-
nance subcycle of operation of the link can be determined as

t2 =
2𝜋 − cos−1

(
200

243.8

)
− 0.609

64550
= 7.85 × 10−5s = 78.5 μs

and the average value, Vo, of vo can be calculated as

Vo = 1
Tsw

t2
∫
0

vodt,

where Tsw is the switching period, equal 1/10 kHz = 10−4 s = 100 μs.
Hence, Vo = 1

10−4 {200 × 7.85 × 10−5 − 243,8
64550

[sin(64550 × 7.85 × 10−5 +
0.609) − sin(0.609)]} = 200 V = Vi.

The result is not surprising in view of the purported lossless operation of
the link.

(b) When the peak of the voltage pulse is shaved off to the level of 1.3Vi, that is,
to 260 V, the resultant voltage reduction, ΔVo, is given by

ΔVo = 1
Tsw

tB
∫
tA

(vo − 1.3Vi)

dt = 1
10−4

tB
∫
tA

[200 − 243.8 cos (64550t + 0.609) − 260]dt,

where tA and tB are instants at which the voltage clipping begins and ends,
respectively. They can be determined as

tA =
cos−1

( −60
243.8

)
− 0.609

64550
= 1.88 × 10−5s = 18.8 μs

and

tB =
2𝜋 − cos−1

( −60
243.8

)
− 0.609

64550
= 5.97 × 10−5s = 59.7 μs

yielding

ΔVo = 1
10−4

{−60 × (5.97 − 1.88) × 10−5 − 243.8
64,550

[sin(64,550 × 5.97

× 10−5 + 0.609) − sin(64,550 × 1.88 × 10−5 + 0.609)]} = 48.6 V.
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As a result of the clamping,

Vo − ΔVo = 200 − 48.6 = 151.4 V,

that is, the voltage gain of the whole inverter is reduced by about 24%.

Example 7.5 A 150-kVA PWM VSI designed for unidirectional power flow is sup-
plied from a six-pulse diode rectifier fed from a 460-V line. Assuming no voltage
drops in the system and using safety margins of 0.25 for the rated current and 0.4 for
the rated voltage, find the minimum required ratings of switches and diodes for the
inverter.

Solution: According to Eq. (4.4), the average dc voltage provided by the rectifier as
an input voltage, Vi, of the inverter is

Vi =
3
𝜋
×
√

2 × 460 = 621 V.

Assuming a unity voltage gain of the inverter, the maximum available peak value,
VLL,1p, of the fundamental line-to-line output voltage is also 621 V, and the rated

rms value, VLL,1(rat), of this voltage is 621∕
√

2 = 439 V. Thus, the rated rms fun-
damental line output current, IL,1(rat), can be calculated from the rated power the
inverter as

IL,1(rat) =
150 × 103√

3 × 439
= 197 A.

In agreement with Eq. (7.61), the rated voltage, Vrat, of the semiconductor power
switches and diodes must satisfy the condition

Vrat ≥ (1 + 0.4) ×
√

2 × 460 = 911 V

while condition (7.62) for the rated current, IS(rat), of the switches yields

IS(rat) ≥

√
2
𝜋

(1 + 0.25) × 197 = 111 A.

The rated current, ID(rat), of the freewheeling diodes can be taken as 50% of IS(rat),
that is,

ID(rat) ≥ 0.5 × 111 = 56 A.

www.EngineeringBooksPdf.com



PROBLEMS 359

PROBLEMS

P7.1 A single-phase VSI is supplied from a 300-V dc source. Find the fundamental
output voltage when the inverter operates in the basic and optimal square-
wave modes.

P7.2 Using the input dc voltage as a base, calculate the per-unit peak values of the
first through seventh harmonics of the output voltage in a single-phase VSI
in the basic and optimal square-wave modes.

P7.3 A three-phase VSI is supplied from a 600-V dc source and operates in the
square-wave mode. Find the rms values of fundamental line-to-line and line-
to-neutral output voltages of the inverter.

P7.4 Starting with state 1, determine the state sequence of a three-phase VSI that
would result in a negative phase sequence of output voltages.

P7.5 A three-phase VSI operates with a switching frequency of 5 kHz, using the
voltage space vector PWM technique. The inverter is supplied from a 600-V
dc source and it is to produce the line-to-line output voltage of 400 V with
a frequency of 90 Hz. Within certain switching cycle, the reference voltage
vector has the phase angle of 140◦. Determine the high-quality sequence and
durations of inverter states in that interval.

P7.6 Repeat Problem 7.5 for the high-efficiency state sequence.

P7.7 Which switches are not switched in the cycle considered in Problem 7.6?

P7.8 When the programmed, harmonic elimination PWM strategy is used with the
magnitude control ratio of 1, the primary switching angles are 9.48◦, 14.80◦,
87.93◦, and 89.07◦. Determine and sketch the full-cycle switching pattern for
phase A.

P7.9 A three-phase CSI, supplied from a 400-A dc current source, operates in
the square-wave mode. The wye-connected load of the inverter represents a
1-Ω/phase resistance in series with a 2.5-mH/phase inductance. Find rms
values of the fundamental output current and fundamental line-to-line and
line-to-neutral output voltages.

P7.10 A three-phase PWM CSI, fed from an adjustable-current source, is controlled
using the harmonic-elimination PWM technique with three primary switch-
ing angles. For a single cycle of operation, find all switching angles for both
switches in phase A.

P7.11 A three-level neutral-clamped inverter is supplied from a 3.3-kV ac line via
a six-pulse diode rectifier. Assume that the input dc voltage of the inverter
equals the average output voltage of the rectifier and find rms values of the
line-to-line and line-to-neutral output voltages of the inverter in the square-
wave operation mode.
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P7.12 Which switches in a three-level neutral-clamped inverter are on and which are
off when the inverter is in state 19? Also, taking the input voltage as unity,
determine values of all the line-to-line and line-to-neutral output voltages of
the inverter in that state.

P7.13 Repeat Example 7.3 for m = 0.85 and 𝛽 = 220◦. High-voltage vectors are to
be used for synthesis of the reference voltage vector.

P7.14 Switching variables for individual bridges of a seven-level cascaded H-bridge
inverter are: a1 = 1, a2 = 2, a3 = 0, b1 = 2, b2 = b3 = 1, c1 = 0, c2 = c3 = 2.

Find the output line-to-line voltage vector for this state and the three line-
to-neutral output voltages, all in the per-unit format.

P7.15 Consider the resonant dc-link inverter in Example 7.4 and determine the max-
imum voltage stress on semiconductor devices of the inverter if:

(a) the inverter operates with the input dc voltage of 200 A and no clamp in
the resonant dc-link circuit and

(b) the inverter operates with the clamp as specified in the example, but the
input dc voltage has been increased to compensate for the clipping of the
link voltage waveform.

P7.16 A 10-kVA three-phase VSI is supplied from a 230-V ac line through a six-
pulse diode rectifier. The inverter is designed for a unidirectional power trans-
fer, from dc to ac. Assume the voltage safety margin of 40%, the current
safety margin of 25%, and determine the minimum required voltage and cur-
rent ratings of switches and diodes in the inverter.

P7.17 A 500-kVA three-level neutral-clamped inverter is supplied from a 2.4-kV ac
line through a six-pulse diode rectifier. Assuming the same operating condi-
tions and safety margins as in Problem 7.16, determine the minimum required
voltage and current ratings of switches and diodes in the inverter.

COMPUTER ASSIGNMENTS

CA7.1* Run PSpice programs Sqr_Wv_VSI_1ph.cir and Opt_Sqr_Wv_VSI_1ph
.cir for a single-phase VSI in the basic and optimal square-wave modes.
For each mode and for both the output voltage and current, find:

(a) rms value,

(b) rms value of the fundamental, and

(c) total harmonic distortion.

Observe oscillograms of the input current.

CA7.2* Run PSpice program Sqr_Wv_VSI_3ph.cir for a three-phase VSI in the
square-wave mode. For the output voltages (line-to-line and line-to-
neutral) and current, find:
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(a) rms value,

(b) rms value of the fundamental, and

(c) total harmonic distortion.

Observe the oscillogram of the input current.

CA7.3 Develop a computer program for calculation of switching angles in a
PWM VSI employing the voltage space vector PWM technique. For given
values of the switching frequency (for convenience, it can be a multiple
of the output frequency) and magnitude control ratio, the program should
determine pulse trains of all three switching variables of the inverter. Pro-
vide an option for selection of either the high-quality state sequence or
the high-efficiency sequence.

CA7.4* Run PSpice programs PWM_VSI_9.cir and PWM_VSI_18.cir for a three-
phase voltage source with 9 and 18 switching cycles per cycle, respec-
tively. In both cases, determine for the line output current:

(a) the most prominent higher harmonic,

(b) rms value,

(c) rms value of the fundamental, and

(d) total harmonic distortion.

Observe oscillograms of the input current.

CA7.5* Run PSpice program Progr_PWM.cir for a three-phase VSI with pro-
grammed PWM (harmonic-elimination), with four primary switching
angles. Measure the harmonic spectrum of the line-to-neutral output volt-
age and find which low-order harmonics have been eliminated. For the
line output current, find:

(a) rms value,

(b) rms value of the fundamental, and

(c) total harmonic distortion.

Note that the number of pulses of each switching variable is nine per
cycle and, for comparison, repeat the measurements for the respective
inverter in Assignment 7.6.

CA7.6* Run PSpice program Hyster_Curr_Contr.cir for a three-phase VSI with
hysteresis current control. Set the width of the tolerance band to 5% of
the peak reference current and determine:

(a) number of pulses of a switching variable per cycle,

(b) rms value of the line output current,

(c) rms value of the fundamental line output current, and

(d) total harmonic distortion of the line output current.

Repeat the measurements for the width of the tolerance band of 10%
of the peak reference current.
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CA7.7* Run PSpice program Sqr_Wv_CSI.cir for a three-phase CSI in the square-
wave mode. For the line output current, find:

(a) rms value,

(b) rms value of the fundamental, and

(c) total harmonic distortion.

Observe oscillograms of the output voltage and load EMF.

CA7.8* Run PSpice program PWM_CSI.cir for a three-phase PWM CSI. For the
line output current, find:

(a) rms value,

(b) rms value of the fundamental, and

(c) total harmonic distortion.

Observe oscillograms of the voltages and currents in the inverter.

CA7.9* Run PSpice program Half_Brdg_Inv.cir for a half-bridge VSI with hys-
teresis current control. For the output current, determine:

(a) rms value,

(b) rms value of the fundamental, and

(c) total harmonic distortion.

Observe power spectra of the output voltage and current. Notice that
although the current ripple is sharply defined, the spectrum is not, because
of the randomness of individual switching instants.

CA7.10* Run PSpice program Three_Lev_Inv.cir for a three-level neutral-clamped
inverter. For the line-to-neutral output voltage and line output current,
determine:

(a) rms value,

(b) rms value of the fundamental, and

(c) total harmonic distortion.

Compare the results with those for the two-level inverter in C7.2∗.

CA7.11* Run PSpice program Reson_DC_Lnk.cir for a resonant dc-link network.
Observe oscillograms of the voltages and currents. Check if the pulsed
voltage waveform conforms to Eq. (7.46).
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8 Switching Power Supplies

In this chapter, switching dc-to-dc power supplies are presented and the distinction
between switched-mode and resonant dc-to-dc converters is explained; basic types
of nonisolated switched-mode converters are analyzed in detail, and their isolated
counterparts and extensions are shown; the concept of resonant switches is introduced
and use of these switches in quasi-resonant dc-to-dc converters is illustrated; and
series-loaded, parallel-loaded, and series-parallel resonant converters are described.

8.1 BASIC TYPES OF SWITCHING POWER SUPPLIES

Proliferation of personal computers, small communication devices, and automotive
electronics has spurred intensive research and development activity in the area of
switching power supplies (precisely, switching dc power supplies). The shrinking
size of the electronic equipment demands ever increasing power density of the supply
systems. Power density, meant as the ratio of available power to volume or weight of
the power supply, can only be high in highly efficient systems. Otherwise, excessive
power losses would cause unacceptable heat stresses on system components, whose
compactness severely limits their thermal capacity.

The input voltage for switching power supplies is obtained from batteries, pho-
tovoltaic or fuel cells or, via a transformer and rectifier, from the utility grid, and it
is likely to fluctuate. The current drawn by the load can vary too, affecting the out-
put voltage. In certain applications, such as laboratory power supplies, wide-range
adjustability of the output voltage or current is required. Therefore, a switching power
supply is usually equipped with a closed-loop system for control of the output quan-
tities. As explained in Section 1.4, switching converters, based on the principle of
pulse width modulation (PWM), are better suited for efficient power control than the
once popular linear voltage regulators operated, in essence, as controlled resistors.

Typical switching power supplies are low-power electronic systems and it could
be argued whether they truly belong to the mainstream power electronics. How-
ever, because of the similar approach to the conversion of electric power, the switch-
ing power supplies are related to such medium- and high-power electronic convert-
ers as those covered in Chapters 4 through 7, particularly to choppers. Actually, as
shown later, the distinction between choppers and certain types of low-power dc-to-dc

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/modernpowerelectronics3e
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converters used in switching power supplies is blurred. Technical journals and
conferences devoted to power electronics routinely include papers on the switching
power supplies. Therefore, a brief review of these systems deserves a place in this
textbook.

Two basic structures of switching power supplies reflect the fact that for safety
reasons a transformer can be required to isolate the input from the output. The
transformer also provides the desired ratio of the output to input voltage. There-
fore, switching power supplies can be divided into two classes: nonisolated and iso-
lated, depending on whether a transformer is incorporated into the power conversion
scheme. Bipolar junction transistors and power MOSFETs are most commonly used
as semiconductor power switches.

The dc-to-dc converters used in switching power supplies can be classified as
switched-mode or resonant ones. The switched-mode converters are characterized by
hard switching (see Section 7.4), while the phenomenon of electric resonance is uti-
lized in resonant converters to provide conditions for zero-voltage switching (ZVS)
or zero-current switching (ZCS). Soft switching makes the resonant converters more
efficient, but their control ranges are usually narrower than those of switched-mode
converters.

8.2 NONISOLATED SWITCHED-MODE DC-TO-DC CONVERTERS

Basic nonisolated switched-mode dc-to-dc converters are single-switch networks
which, besides the switch, contain a diode, one or two inductors, and one or two
capacitors, one of them connected across the output terminals. Similar to choppers,
switched-mode dc-to-dc converters operate in the steady state with constant duty
ratios of their switches. The output capacitor smoothes the output voltage. There-
fore, in a properly designed converter, the voltage ripple is negligible and the voltage
can be considered to have the ideal dc quality.

Increasing the switching frequency allows reduction in size of the output capac-
itor. This observation also holds true for other elements, such as inductors and, in
isolated converters, transformers. Again, as in the case of other PWM power con-
verters, the switching frequency employed represents a tradeoff between the quality
and efficiency of converter performance. However, the switching frequencies are typ-
ically two orders of magnitude higher than those in PWM power converters covered
in Chapters 4–7, reaching the megahertz range. Also, the switched-mode dc-to-dc
converters cannot be thought of as simple networks of switches because of the vital
role played by the energy storage elements.

A quality converter should be simple, reliable, efficient, compact, and character-
ized by low ripple of the output voltage and, possibly, of the input current. In certain
applications, such as controlled dc-current sources, a fast response to the magnitude
control command is an important consideration as well. The most common topolo-
gies of nonisolated switched-mode dc-to-dc converters are buck, boost, buck–boost,
Ĉuk, SEPIC, and Zeta. Similar to choppers, dc-to-dc converters are supplied from a
diode rectifier, or a battery, via a capacitive dc link.
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Figure 8.1 Buck converter.

8.2.1 Buck Converter

Circuit diagram of the buck (step-down) converter, shown in Figure 8.1, is identical to
that of the step-down, first-quadrant chopper in Figure 6.7 with an addition of a low-
pass LC filter at the load terminals. In all the subsequent considerations, difference
equations are employed to describe the switched-mode converters (see Section 1.6.1).
Additional assumptions include ideal circuit components and negligible ripple of the
output voltage.

The difference equation for the inductor can be written as

ΔiL =
vD − Vo

L
Δt, (8.1)

whereΔiL denotes the change in inductor current, iL, within the time interval Δt, vD is
the voltage across the diode, Vo is the constant output voltage, and L is the coefficient
of inductance of the inductor. During the time when the switch is on, vD equals the
input voltage, Vi, and the inductor current increases by

ΔIL(ON) =
Vi − Vo

L
dTsw, (8.2)

where d denotes the duty ratio of the switch (not the differentiation operator!) and Tsw
is the switching period, a reciprocal of the switching frequency, fsw. When the switch
is off during the Δt = (1 − d)Tsw interval, the diode is forced to carry the inductor
current, so vD = 0. The inductor current decreases, and by the end of the switching
cycle it has changed by

ΔIL(OFF) = −
Vo

L
(1 − d) Tsw. (8.3)

In the steady state, ΔIL(ON) = –ΔIL(OFF) = ΔIL, where ΔIL denotes the peak-to-
peak amplitude of the inductor current ripple, and the resultant equation

Vi − Vo

L
dTsw =

Vo

L
(1 − d) Tsw (8.4)
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can be solved for Vo to give

Vo = dVi. (8.5)

The result is not surprising, as it has already been obtained for the first-quadrant
chopper (see Eq. (6.6)).

In the subsequent considerations, a continuous conduction mode of the converter
is assumed. It must be pointed out that the average voltage across an inductor and the
average current through a capacitor are zero when averaged over an integer number
of cycles. If so, then the average inductor current, IL, in the buck converter equals
the output current, Io, which can easily be determined if the load is known. This
allows finding all the other quantities in the converter from circuit equations. For
instance, Eqs. (8.2) and (8.3) and relation IL = Io determine the iL(t) waveform. With
iL(t) known, the capacitor current, iC(t), can be found as iL(t) − Io. Finally, the input
current, ii(t), and diode current, iD(t), equal xiL(t) and (1− x)iL(t), respectively, where
x denotes the switching variable associated with the switch. Waveforms of individual
currents when the switch is off can be found in a similar way. Selected waveforms,
specifically those of the inductor current, iL, capacitor current, iC, diode current, iD,
input current, ii, and voltage, vD, across the diode, are shown in Figure 8.2.

An ideal dc-output voltage assumed so far would require an infinitely high capac-
itance, C, of the capacitor or an infinitely high switching frequency, fsw. Therefore,
in practice, the output voltage, vo, is somewhat rippled. Waveforms of the capacitor
current and output voltage, the latter given by

vo (t) = vo (0) + 1
C

t
∫
0

iC (t) dt, (8.6)

t

t

t

t

t

iL

i

v
DVi Vo

dTsw Tsw

iD

C

i i
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Figure 8.2 Voltage and current waveforms in a buck converter.
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Figure 8.3 Waveforms of the capacitor current and output voltage in a buck converter.

are shown in Figure 8.3. The peak-to-peak amplitude, ΔVo, of the voltage ripple can
be calculated as

ΔVo = ΔQ
C

, (8.7)

where ΔQ is the charge increment in the capacitor, represented in Figure 8.3 by the
triangle ABC. Thus,

ΔQ = 1
2

Tsw

2

ΔIL

2
=

Tsw

8

Vi − Vo

L
dTsw =

(1 − d) Vi

8L
dT2

sw =
(1 − d) Vo

8Lf 2
sw

(8.8)

and, from Eq. (8.7),

ΔVo

Vo
= 1 − d

8LCf 2
sw

. (8.9)

Equation (8.9) quantifies the impact of parameters L and C and the switching fre-
quency on ripple of the output voltage.

Certain control requirements may result in such low values of the duty ratio, d,
that the inductor current becomes discontinuous. As seen in Figure 8.2, this would
happen if one-half of the peak-to-peak ripple, ΔIL, of the inductor current exceeded
the average value of this current, IL. SinceΔIL = |ΔIL(OFF)| and, as already mentioned,
IL = Io, then, based on Eq. (8.3), the condition for the continuous conduction mode
can be written as

Vo

2L
(1 − d) Tsw < Io (8.10)
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Figure 8.4 Boost converter.

or

Lfsw >
Vo

2Io
(1 − d) . (8.11)

When designing a buck converter, Eqs. (8.9) and (8.11) facilitate proper selection of
the inductance, capacitance, and switching frequency.

8.2.2 Boost Converter

The boost (step-up) converter, shown in Figure 8.4, has the same topology as the
step-up chopper (see Figure 6.22) with an output capacitor. The output voltage, as
shown in Section 6.3 (see Eq. (6.40)), is given by

Vo =
Vi

1 − d
(8.12)

that is, always higher than Vi. According to Eq. (6.35), the peak-to-peak amplitude,
ΔIi, of ripple of the input current, ii, can be expressed as

ΔIi =
Vi

L
dTsw, (8.13)

while the average input current, Ii, can be calculated from the power balance

ViIi = VoIo. (8.14)

Taking Eq. (8.12) into account, Ii is found to be

Ii =
Io

1 − d
, (8.15)

which, with Eq. (8.13), allows the determination of the input current waveform, ii(t).
Other currents and voltages can easily be found as being related to the input and output
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Figure 8.5 Voltage and current waveforms in a boost converter.

quantities. Waveforms of the switch current, iS, capacitor current, iC, diode current,
iD, input current, ii, and voltage, vS, across the switch are shown in Figure 8.5.

Figure 8.6 illustrates the impact of capacitor current on the ripple of the output
voltage. Equation (8.7) can be again be used, in which ΔQ, represented by rectangle
ABC0, is given by

ΔQ = dTswIo. (8.16)

Figure 8.6 Waveform of the capacitor current and output voltage in a boost converter.
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Hence,

ΔVo =
dIo

Cfsw
(8.17)

or, for a passive load (no load EMF),

ΔVo

Vo
= d

RCfsw
, (8.18)

where R denotes the load resistance.
For the continuous conduction mode, the average inductor current, Ii, must be

greater than ΔIi/2 (see Figure 8.5). Based on Eqs. (8.12), (8.13), and (8.15), the con-
tinuous conduction condition can thus be expressed as

Io

1 − d
>

(1 − d) Vo

2L
dTsw (8.19)

or, after rearrangement,

Lfsw >
d (1 − d)2 Vo

2Io
. (8.20)

As already mentioned in Section 6.3, when d approaches unity, the magnitude of
the output voltage saturates at a finite level, depending on the resistances of the con-
verter elements, particularly that of the inductor. For instance, for a boost converter
with a passive load, the output voltage can be shown to be

Vo =
Vi

1 − d + rL
1−d

, (8.21)

where rL denotes the ratio of resistance of the inductor to the load resistance. The
voltage gain, KV ≡ Vo/Vi, as a function of d for various values of rL is shown in
Figure 8.7.

8.2.3 Buck–Boost Converter

The output voltage of the buck converter cannot be higher than the input voltage and,
vice-versa, the output voltage of the boost converter cannot be lower than the input
voltage. In contrast, in the buck–boost converter, shown in Figure 8.8, the output
voltage can be made less than, equal to, or greater than the input voltage.

As in the boost converter, turning the switch on causes the inductor current, iL, to
increase by

ΔIL(ON) =
Vi

L
dTsw (8.22)
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Figure 8.7 Impact of the inductor resistance on the voltage gain of a boost converter.

(see Eq. 8.13). When the switch turns off, the diode is forced to conduct the inductor
current, and the output voltage, Vo, appears across the inductor. Now, by the end of
the switching cycle, the inductor current decreases by

ΔIL(OFF) =
Vo

L
(1 − d) Tsw. (8.23)

In the steady state, ΔIL(ON) = –ΔIL(OFF) = ΔIL. Thus,

Vi

L
dTsw = −

Vo

L
(1 − d) Tsw, (8.24)

L C

i i
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Figure 8.8 Buck–boost converter.
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which yields

Vo = − d
1 − d

Vi. (8.25)

As seen from Eq. (8.25), the output voltage is negative, that is, inverted with respect
to the input voltage. When the duty ratio, d, of the switch is adjusted from 0 to 0.5, the
magnitude of the output voltage changes from zero to the input voltage. Increasing d
from 0.5 up causes the output voltage to grow further. As in the boost converter, the
maximum voltage gain is limited by the resistances of components (see Figure 8.7).

The average inductor current, IL, determined from equations

Ii = dIL (8.26)

ViIi = VoIo (8.27)

and Eq. (8.25), is given by

IL = −
Io

1 − d
. (8.28)

Waveforms of the inductor current, iL, capacitor current, iC, diode current, iD,
input current, ii, and voltage, vL, across the inductor are shown in Figure 8.9. Notice
the apparent similarity of Figures 8.5 and 8.9. In particular, the capacitor current has
the same waveform as that in the boost converter (see Figure 8.5). Consequently, the
output voltage ripple in the buck–boost converter can be described by Eqs. (8.17) and
(8.18) derived for the boost converter.

In the continuous conduction mode,

IL >
ΔIL

2
, (8.29)

which, as ΔIL = ΔIL(ON), is tantamount to

||Io
||

1 − d
>

Vi

2L
dTsw, (8.30)

because Io < 0. Taking into account that

Vi =
1 − d

d
||Vo

|| , (8.31)

condition (8.30) can be rearranged to

Lfsw >
(1 − d)2 Vo

2Io
. (8.32)
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Figure 8.9 Voltage and current waveforms in a buck–boost converter.

8.2.4 Ĉuk Converter

The buck–boost converter allows wide-range control of the output voltage, but the
input current is discontinuous and its ripple is high, which in many applications is
undesirable. For instance, when the converter is supplied from a rectifier fed from the
utility grid, the high-frequency ac component of the drawn current can cause serious
electromagnetic interference in the vicinity of transmission lines. To prevent it, a low-
pass filter must be installed between the rectifier and the converter or between the grid
and the rectifier.

In contrast to the buck–boost converter, instead of the inductor, the Ĉuk converter
(so called after its inventor) uses an extra capacitor for storage and transfer of energy.
As seen in Figure 8.10, two inductors are employed to smooth the input current,
ii, and the current, iL2, supplying the output stage of the converter. This allows the
significant reduction of the output capacitance, C2, and of the possible line filter. The
two inductors are wound on the same core, and the converter is remarkably compact.

The Ĉuk converter is sometimes said to have an optimum topology as voltages and
currents at the both ends of the converter are true dc quantities and, as shown later,
the voltage gain can theoretically be controlled from zero to infinity. The converter
has also other advantages, such as the very high efficiency or the grounded cathode
of the switch.
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Figure 8.10 Ĉuk converter.

As the initial conditions, constant currents in the inductors and constant voltages
across the capacitors are assumed. Specifically, iL1(t) = Ii, iL2(t) = IL2, vC1(t) = VC1,
and vC2(t) = Vo. With the switch on, the diode is off and

iC1(ON) = −IL2. (8.33)

When the switch turns off, the diode is forced to conduct the inductor currents, iL1
and iL2, and

iC1(OFF) = Ii. (8.34)

In the steady state, the average charge received by capacitor C1 over a switching cycle
is zero, that is,

dTswiC1(ON) + (1 − d) TswiC1(OFF) = 0 (8.35)

and, after rearrangement,

iC1(ON)

iC1(OFF)
= d

1 − d
. (8.36)

Equations (8.33), (8.34), and (8.36) yield

−
Ii

IL2
= d

1 − d
. (8.37)

The average input power,

Pi = ViIi (8.38)
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equals the average power, Po, delivered to the output stage of the converter and given
by

Po = VoIL2, (8.39)

Comparing Eqs. (8.38) and (8.39), yields

Vo

Vi
=

Ii

IL2
(8.40)

and, using Eq. (8.37),

Vo = − d
1 − d

Vi. (8.41)

Relation (8.41) is identical with that for the buck–boost converter (see Eq. 8.25).
When the switch is on, the input voltage, Vi, is impressed across inductor L1 for

the dTsw period of time, causing current ii to increase by

ΔIi =
Vi

L1
dTsw. (8.42)

At the same time, the voltage across inductor L2 is

vL2 = Vo + vC1, (8.43)

where the voltage across capacitor C1 equals

vC1 = Vi − Vo, (8.44)

as average voltages across the inductors in the steady state of the converter are zero.
Consequently, vL2 = Vi and current iL2 increases by

ΔIL2 =
Vi

L2
dTsw. (8.45)

Note that when the switch is off, the voltage, vs, across the switch equals vC1, given
by Eq. (8.45). Thus,

vs = Vi − Vo =
Vi

1 − d
. (8.46)

The same voltage appears across the diode when the switch is on. Current and voltage
waveforms in the Ĉuk converter are shown in Figure 8.11.

The output part of the Ĉuk converter, composed Ĉuk of inductor L2, capacitor C2,
and the load, is identical with that of the buck converter. Also, current iL2 in that
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Figure 8.11 Voltage and current waveforms in a converter.

inductor has a continuous waveform with saw-tooth ripple, which is similar to that of
inductor current, iL, in the buck converter. Therefore, Eq. (8.9) for the output voltage
ripple in the buck converter is also valid for the Ĉuk converter. In a sense, the Ĉuk
converter can be considered a single-switch cascade of the boost and buck converters.

As in the other converters, for continuous conduction, the average current in the
inductors must be greater than half of the respective ripple amplitude, ΔIi and ΔIL2.
Based on Eqs. (8.37), (8.41), (8.42), and (8.45), conditions

Ii >
ΔIi

2
(8.47)

and

IL2 = Io >
ΔIL2

2
(8.48)
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can be rearranged to

L1fsw >
(1 − d)2 Vo

2dIo
(8.49)

and

L2fsw >
(1 − d) Vo

2Io
. (8.50)

8.2.5 SEPIC and Zeta Converters

The SEPIC (single-ended primary inductor converter) and Zeta converters, shown
in Figure 8.12, represent attempts at improvement of the Ĉuk converter. It can be
seen that all the three converters have two inductors, L1 and L2, and a capacitor,
C1, separating the output from the input and providing protection from a shorted
load. The SEPIC converter employs an N-channel MOSFET and the Zeta converter a
P-channel one.
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Figure 8.12 SEPIC (a) and Zeta (b) converters.
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Figure 8.13 Voltage and current waveforms in SEPIC and Zeta converters.

Both the SEPIC and Zeta converters perform a noninverting buck–boost operation,
that is,

Vo = d
1 − d

Vi. (8.51)

However, Eq. (8.51) is only valid if a zero-voltage drop across the diode is assumed
(this comment applies to all dc-to-dc converters with a diode in series with the load).
In reality, the output voltage is reduced by the amount of that voltage drop. This is an
important consideration if a dc-to-dc converter is designed for application in a low-
voltage system, such as a cell phone. Selected voltage and current waveforms in the
SEPIC and Zeta converters, which despite different topologies of these converters are
quite similar, are shown in Figure 8.13.

8.2.6 Comparison of Nonisolated Switched-Mode DC-to-DC Converters

The dc-to-dc converters can be thought of as dc transformers with an adjustable volt-
age gain. Indeed, in presence of only minor losses in a converter, its output power
approximately equals the input power while the output voltage can be adjusted, often
in a wide range. The concept of the dc transformer applies especially well to the Ĉuk
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Figure 8.14 Vorperian’s switch model.

converter, in which the voltages and currents at the input and output are continuous,
with only a minor ripple.

In many instances, a dc-to-dc converter forms a part of a larger system, usually
with a closed-loop voltage or current control. To analyze or simulate such systems,
it is convenient to use averaged models of converters, based on the so-called Vorpe-
rian’s switch model. The averaged model of a converter produces ripple-free output
current and voltage waveforms representing values of these quantities averaged over
consecutive switching cycles.

The Vorperian’s switch model, depicted in Figure 8.14, describes the dc-
transformer properties of the converters described in this chapter. Letters “a,” “p,”
and “c” denote the “active,” “passive,” and “common” terminals. As shown in Fig-
ure 8.15, the Vorperian’s model is incorporated into converter structure as an analog
functional equivalent of the actual switching device. To illustrate the concept of aver-
aged converter model, waveforms of the output current and voltage in a freshly started
buck converter are compared in Figure 8.16 with those in the equivalent averaged
converter.

All the converters presented were analyzed assuming continuous currents in their
inductors, which is the preferred mode of operation and which results in the voltage
gain independent of the load. However, under extreme operating conditions, such as Io
approaching zero, a continuous conduction mode cannot be maintained. The analysis
of the discontinuous conduction mode is somewhat more involved, and interested
readers are referred to specialized literature.

When choosing a converter for a given application, consideration must be given
to various features, such as the required voltage gain, switch utilization, weight and
volume of the converter, component cost, or transient response. Generally, if the rated
output voltage is lower than the input voltage, the buck converter should be selected
and, vice-versa, in the case of the output voltage always higher than the input voltage,
the boost converter constitutes the best choice. For a wide range of control of the
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Figure 8.15 Averaged models of switched-mode dc-to-dc converters with the Vorperian’s
switch model: (a) buck, (b) boost, (c) buck–boost, (d) Ĉuk.

Figure 8.16 Waveforms of the output voltage and current in a buck converter: solid lines—
actual converter, broken-lines—averaged model.
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output voltage, the Ĉuk converter is preferred over the buck–boost converter. Yet, the
Ĉuk converter is not free from certain disadvantages, such as the high component
count, high switch current, and a large required capacitor C1 to handle high-ripple
current.

Switch utilization, defined as the ratio of minimum required switch power rating
(product of the rated voltage and current) to rated power of the converter, depends on
the duty ratio, but its average value for the buck and boost converters is much higher
than that for the buck–boost and Ĉuk converters. Therefore, if sufficient for an appli-
cation, the buck and boost converters offer the highest power density. On the other
hand, the dynamic response to voltage control commands of the boost and buck–boost
converters is slower than that of comparable buck and Ĉuk converters. Properties of
the SEPIC and Zeta converters are similar to those of the Ĉuk converter, although
the Zeta converter produces the lowest ripple of load current thanks to inductor L2
in the path of this current. Rated powers of the commercially available nonisolated
switched-mode converters vary widely, but they are usually on the order of a fraction
of kilowatt. Typical rated voltages are low, on the order of tens of volts or less.

8.3 ISOLATED SWITCHED-MODE DC-TO-DC CONVERTERS

Most practical switching power supplies are based on switched-mode dc-to-dc con-
verters employing a transformer that provides isolation between the input and out-
put of the converter. For safety and reliability reasons, it is necessary in converters
fed from the power grid. As already mentioned, the transformer may also be used
for matching the input and output voltages. For instance, if the output voltage is to
be much higher than the available input voltage, the voltage gain of the nonisolated
boost, buck–boost, or Ĉuk converters may turn out to be insufficient (see Figure 8.7).

The isolated dc-to-dc converters can be classified as single-switch and multiple-
switch ones. The single-switch converters use their magnetic components in a unipo-
lar, single-quadrant mode, and are generally restricted to low-power applications. In
contrast, transformers in multiple-switch converters are fully utilized magnetically
which, at higher power levels (above 100 W), results in the size of a converter reduced
by almost half of that of an equivalent single-switch converter.

Two equivalent circuits of a transformer are shown in Figure 8.17. The ideal trans-
former in Figure 8.17a, also used as a general transformer symbol in circuit diagrams,
is represented as a pair of coupled coils and described by the relation

v1

v2
=

i2
i1

=
N1

N2
, (8.52)

where N1 and N2 denote numbers of turns in the primary and secondary winding,
respectively. With the polarity marks placed as in the diagrams in Figure 8.17, the
input and output voltages, v1 and v2, and currents, i1 and i2, are in phase. Generally,
if the voltage at the dotted end of one winding is positive, the voltage at the dotted
end of another winding is positive as well.
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Figure 8.17 Equivalent circuits of a transformer: (a) ideal transformer, (b) transformer with
magnetizing inductance included.

For simulation and analysis of isolated switched-mode dc-to-dc converters, the
equivalent circuit in Figure 8.17b is more practical as it includes the magnetizing
inductance, Lm. In this model of a transformer,

v1

v2
=

i2
i′2

=
N1

N2
, (8.53)

where i′2 = i1 − im.

8.3.1 Single-Switch-Isolated DC-to-DC Converters

Single-switch converters are derived from the buck, buck–boost, and Ĉuk convert-
ers. They are the forward converter, flyback converter, and isolated Ĉuk converter,
respectively. A two-switch, so-called step-up flyback converter, related to the boost
converter, is feasible but of little use, and will not be described.

Forward Converter. The forward converter, which is an isolated version of the
buck converter in Figure 8.1, is shown in Figure 8.18. When the switch is on, diode
D1 is conducting and electrical energy is stored in the inductor L. Diode D2 provides
a current path for the release of that energy when the switch turns off. To remove the
energy stored in the magnetizing inductance of the transformer, diode D3 connected
to an extra winding is used.

The average output voltage of the forward converter in the continuous conduction
mode is given by

Vo = kNdVi, (8.54)

where

kN ≡
N2

N1
(8.55)
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Figure 8.18 Forward converter.

denotes the turn ratio of the transformer. Since the output stage of the forward con-
verter is the same as that of the buck converter, the ripple of the output voltage in
both converters is expressed by the same Eq. (8.9). The same applies to the condition
(8.11) for continuous conduction. However, the maximum allowable value, dmax, of
the duty ratio, d, must be less than N1/(N1 + N3) to ensure complete demagnetizing of
the transformer core within each switching cycle. Otherwise, the core would saturate
after several cycles, and the transformer would cease to work. In practice, usually
N1 = N3 and dmax = 0.5.

Flyback Converter. A derivative of the buck–boost converter, the flyback con-
verter, is shown in Figure 8.19. The magnetizing inductance, Lm, of the transformer
plays the role of inductor L in the buck–boost converter in Figure 8.8. Keep in mind
that the magnetizing inductance is a part of the equivalent circuit of a transformer, and
not a discrete component. Notice that the placement of the polarity marks indicates
that the transformer performs voltage inversion. Therefore, the diode is also inverted
with respect to that in Figure 8.8. When the switch is turned on, energy is stored in

2NN1iV

i i

Lm

D1

vo

io

C

Figure 8.19 Flyback converter.
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the core of the transformer and, when the switch turns off, released into the capacitor.
An air gap is cut in the core to prevent magnetic saturation.

The output voltage of the flyback converter is given by

Vo = kN
d

1 − d
Vi (8.56)

and the ripple of this voltage is given by the same Eqs. (8.17) and (8.18) as for the
boost and buck–boost converters. However, condition (8.32) for the continuous con-
duction mode must be modified to

Lmfsw >
(1 − d)2 Vo

2k2
NIo

(8.57)

to account for referring the magnetizing inductance to the primary side of the trans-
former. The minus sign in Eq. (8.25) for the boost–buck converter is absent in Eq.
(8.56) thanks to the mentioned voltage inversion in the transformer.

Isolated Ĉuk Converter. The isolated version of the Ĉuk converter is shown in
Figure 8.20. Capacitor C1 in Figure 8.10, which depicts the nonisolated converter,
is split here into two capacitors, C11 and C12, large enough to stabilize the voltages
across them. As in the flyback converter, the transformer inverts the secondary volt-
age, which results in the inverted diode and output voltage of the converter. Eqs. (8.56)
and (8.9), the latter with L = L2 and C = C2, describe the output voltage and its rip-
ple, respectively. The condition for continuous conduction of the current in inductor
L1 is

L1fsw >
(1 − d)2 Vo

2k2
NdIo

, (8.58)

while Eq. (8.50) expresses the respective condition for inductor L2. In practice, usu-
ally N1 = N2, that is, kN = 1.

i i

iV

io

ov

1L L 2C C

C22NN1

11 12

Figure 8.20 Isolated Ĉuk converter.
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8.3.2 Multiple-Switch-Isolated DC-to-DC Converters

The three most common multiple-switch-isolated dc-to-dc converters, the push–pull
converter, half-bridge converter, and full-bridge converter, described in this section
are related to the buck converter, and their output voltage is always lower than the
secondary voltage of the transformer. Each of these converters can be considered
a cascade of an inverter, transformer, rectifier, and low-pass filter. A single-phase
inverter converts the input dc voltage into a high-frequency square-wave ac voltage,
which is next transformed, rectified in a diode rectifier, and smoothed in the filter.

In contrast to the two-pulse rectifier described in Section 1.6.3, rectifiers employed
in the multiple-switch dc-to-dc converters are based on two, not four, diodes. This
so-called midpoint rectifier is depicted in Figure 8.21. It needs a three-wire supply,
which is provided by a transformer with a center-tapped secondary winding. If the
voltage across a half of the secondary winding is considered as the input voltage,
vi, the output voltage of the rectifier is given by Eq. (4.5), that is, Vo,dc = 2Vi,p/𝜋 ≈
0.637Vi,p, where Vi,p denotes the peak value of vi. It is the same as in the four-diode
bridge rectifier in Figure 1.34, but the minimum required rated voltage of the diodes
must be twice as high as that of diodes in the bridge arrangement. In the typically
low-voltage switching power supplies, it is not a serious problem, though.

Apart from rectifying diodes, circuits of the multiple-switch dc-to-dc convert-
ers include freewheeling diodes connected in antiparallel with the semiconductor
switches. As explained in Section 7.1.1, these diodes are necessary for conducting
reactive load currents in inverters. Here, they would not be required if the inverter fed
an ideal transformer, since the current in the output-filter inductor is freewheeled by
the rectifying diodes. However, the phenomenon of flux leakage in a practical trans-
former, irrelevant for the dc-to-dc power conversion, makes the transformer to appear
as a slightly inductive load for the inverter. By providing a path for the resultant reac-
tive currents, the freewheeling diodes protect the switches from overvoltages resulting
from interrupting such currents. In practice, the freewheeling diodes do not have to

v

v v

1

i o

Figure 8.21 Midpoint rectifier.
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Figure 8.22 Push–pull converter.

be separate devices, but switches with internal diodes, such as power MOSFETs or
switch modules, can be used.

Push–Pull Converter. Circuit diagram of the push–pull converter is shown in Fig-
ure 8.22. Both switches, S1 and S2, equipped with freewheeling diodes, D1 and D2,
operate with the duty ratio, d, and their switching patterns differ by one-half of the
switching cycle. The duty ratio is adjustable from 0 to 0.5, so that the switches are
never simultaneously on. Diodes D3 and D4 rectify the secondary current of the trans-
former, supplying dc power to the output stage of the converter. When both switches
are off and the secondary voltage of the transformer is zero, the rectifying diodes free-
wheel the inductor current. It can be shown that with a continuous current in inductor
L, the average output voltage is given by

Vo = 2kNdVi (8.59)

and the output voltage ripple by

ΔVo

Vo
= 1 − 2d

32LCf 2
sw

. (8.60)

Half-Bridge Converter. The “half-bridge” adjective in the name of the converter
comes from the half-bridge inverter on the primary side of the transformer. The half-
bridge inverter has already been mentioned in Section 7.3 and depicted in Figure 7.53.
Figure 8.23 shows a circuit diagram of the half-bridge dc-to-dc converter. Capacitors
C1 and C2 form the input voltage divider. Switches S1 and S2 operate in the same
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Figure 8.23 Half-bridge converter.

way as those in the push–pull converter. The maximum allowable duty ratio of 0.5
prevents shorting the source by both switches being simultaneously on. Diodes D1
and D2 freewheel reactive currents due to the flux leakage in the transformer, and
diodes D3 and D4 make up the rectifier on the secondary side. The output voltage is
given by

Vo = kNdVi (8.61)

and, since the circuit on the secondary side of the transformer is the same as in the
push–pull converter, the ripple voltage complies with Eq. (8.60).

Full-Bridge Converter. Analogously to the half-bridge converter, the full-bridge
converter in Figure 8.24 is named after its constituent single-phase bridge inverter,
which was described in Section 7.1.1 and shown in Figure 7.2. Pairs S1–S4 and S2–
S3 are switched alternately with the duty ratio not exceeding 0.5. In comparison with
the half-bridge converter, the full-bridge topology results in a doubled output voltage,
which is given by Eq. (8.59). The ripple of this voltage is expressed by Eq. (8.60).

www.EngineeringBooksPdf.com



ISOLATED SWITCHED-MODE DC-TO-DC CONVERTERS 389

io

L

2N
1N

C vo

i i

iV

D3

D4

S3

S4

D5 D6

S2

S1 D1

D2

Figure 8.24 Full-bridge converter.

8.3.3 Comparison of Isolated Switched-Mode DC-to-DC Converters

None of the presented isolated switched-mode dc-to-dc converters can be considered
definitely superior or inferior to the others, and it is the specific application that dic-
tates selection of the most suitable type. Generally, the single-switch converters are
employed at lower power levels than are the multiple-switch converters. The flyback
converter, with the lowest component count, is simple and very popular, but its trans-
former is relatively large and the voltage stress on the switch is high, at twice the
input voltage, Vi. The extra inductor in the forward converter allows for a smaller
transformer. The Ĉuk, SEPIC, and Zeta converters are highly efficient and their con-
tinuous currents result in reduced input and output filter requirements, but the com-
ponent count is high. Typical rated powers do not exceed 1 kW.

The push–pull converter, suitable for medium-power applications, in the typical
range of up to 1 kW, is simple and inexpensive, but the switches and freewheel-
ing diodes are subjected to high-voltage stresses of 2Vi. In addition, a dc imbalance
caused by even slightly differing switching patterns of switches is likely to lead to
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the saturation of the transformer core. The half-bridge converter, with the voltage
stresses of Vi, is the most common switched-mode dc-to-dc converter in the medium
power range, up to 2 kW, while application of the full-bridge converters is usually
reserved for powers approaching 5 kW. Rated voltages vary in a wide range, typi-
cally 5–1000 V.

Regarding other design considerations, the feasibility of grounded, as opposed to
floating, drivers for switches is an important advantage, since it simplifies the overall
layout of the converter. Selection of the switching frequency depends mostly on the
employed semiconductor switches, and the frequencies in most switched-mode dc-
to-dc converters range from tens to hundreds of kilohertz. As already stressed, high
frequencies allow reduction in size of the electromagnetic components, but they also
produce high switching losses. The presence of a transformer in the isolated convert-
ers allows for multiple-output converters, as several output stages can be supplied
from multiple secondary windings.

8.4 RESONANT DC-TO-DC CONVERTERS

Analysis of resonant dc-to-dc converters, many types of which have been developed,
takes considerable time and effort as their power circuits change their topology sev-
eral times during a single switching cycle. Therefore, only the most common types
and general operating principles of those converters are subsequently described. Spe-
cialized literature is recommended for detailed analytical considerations, while the
enclosed Spice circuit files allow close inspection of voltage and current waveforms
in the selected converters.

The interest in resonant converters arose mainly from a quest for very high switch-
ing frequencies. These, in the switched-mode dc-to-dc converters, have been lim-
ited by the tradeoffs between the optimal size, weight, efficiency, reliability, and
cost of the converter. In certain applications, such as miniature electronic equip-
ment or space technology, switching frequencies in the megahertz range are desired.
MOSFETs can be switched with frequencies of tens of megahertz. The major obsta-
cles are switching losses and switching stresses.

Parasitic inductances in the converters, such as the leakage inductances in trans-
formers and the junction capacitance in the switches, cause the switches to operate
with the inductive turn-off and capacitive turn-on. When a switch turns off with an
inductive load, high-voltage spikes are generated by the high di/dt values. Conversely,
when turning on, the energy stored in the junction capacitance is trapped and dissi-
pated in the device. Also, the electromagnetic noise generated may interfere with
proper operation of the converter or proximate sensitive systems. At high switching
frequency levels, the resonant, soft-switching converters offer an attractive alternative
to the hard-switching switched-mode converters.

Although many solutions have been proposed, two classes stand out in the field of
resonant low-power conversion, namely the quasi-resonant or resonant-switch con-
verters and load-resonant converters. These are presented in the subsequent sections.
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Figure 8.25 Voltage-mode resonant switches: (a) L-type, half-wave, (b) M-type, half-wave,
(c) L-type, full-wave, (d) M-type, full-wave.

8.4.1 Quasi-Resonant Converters

A resonant switch is a semiconductor switch, typically a MOSFET or a BJT, with
an LC resonant circuit (LC tank) and, sometimes, a diode interconnected with the
switch. The resultant network makes either the voltage across the switch or current
through it to acquire a sinusoidal waveform, instead of the square-wave one typical
for switched-mode converters. There are voltage-mode and current-mode resonant
switches, each class subdivided into the L-type or M-type switches. In turn, each
L-type and M-type switch can be of the half-wave or full-wave variety. The resultant
eight topologies are shown in Figures 8.25 and 8.26.

(a)

(c)

(b)

(d)

Figure 8.26 Current-mode resonant switches: (a) L-type, half-wave, (b) M-type, half-wave,
(c) L-type, full-wave, (d) M-type, full-wave.
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As known from the circuit theory, application of a dc voltage, V, to an undamped
(lossless) series LC circuit at t = t0 produces a sinusoidal current in the inductor,
given by

iL(t) =
V − vC(t0)

Z0
sin[𝜔0(t − t0)] + iL(t0) cos[𝜔0(t − t0)], (8.62)

where vC(t0) and iL(t0) denote the initial voltage across the capacitor and initial induc-
tor current, respectively. The characteristic impedance, Z0, and resonance frequency,
𝜔0, are given by

Z0 =

√
Lr

Cr
(8.63)

and

𝜔0 = 1√
LrCr

, (8.64)

where Lr and Cr denote the respective values of inductance and capacitance of the
resonant circuit. The capacitor voltage is also sinusoidal and it leads the current wave-
form by 90◦, as

vC(t) = V − [V − vC(t0)] cos[𝜔0(t − t0)] + Z0iL(t0) sin[𝜔0(t − t0)]. (8.65)

Example vC(t) and iL(t) waveforms, with iL(t0) > 0 and vC(t0) < 0, are shown in
Figure 8.27.

Figure 8.27 Waveforms of the inductor current and capacitor voltage in an undamped reso-
nant circuit.
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The voltage-mode resonant switches in Figure 8.25 have the resonating capacitor
connected in parallel with the switching device. In the half-wave switches, the clamp-
ing diode prevents the voltage, vC, across the capacitor from becoming negative, and
the resonance ends in the midcycle. However, in the full-wave switches, the clamping
diode is absent and the voltage can change its polarity.

Turning a switch off initiates the resonance process, and the voltage across the
switch acquires a sinusoidal waveform. When, after a half cycle, the voltage reaches
zero, the switch can be turned on again under the ZVS conditions. It is particularly
advantageous in converters operating with very high switching frequencies, as the
capacitive turn-on stresses on the devices are greatly alleviated.

In the current-mode resonant switches in Figure 8.26, an inductor is connected
in series with the switch in order to shape the switched current. The inductor and
the capacitor form a resonant circuit, whose resonance is triggered by the switch
turning on.

In the half-wave switches, the unidirectional conduction ability of the semicon-
ductor power switch prevents the current from changing its polarity. Therefore, only
a half cycle of the resonance can be executed, with the current, iL, flowing in the
direction of the load. In the full-wave switches, an antiparallel diode is connected
across the power switch so that the current can flow to the source.

When the semiconductor power switch turns on at t = t0, the conducted resonant
current increases gradually from zero, following the sinusoidal wave shape. After a
half cycle, the current reaches zero and the switch is naturally turned off (commu-
tated). Consequently, both the turn-on and turn-off occur under the ZCS conditions,
and the switching losses and stresses are reduced significantly.

An additional advantage of the resonant switches in high-frequency converters
consists in the possibility of utilization of parasitic inductances and capacitances.
Indeed, since the resonance frequency must be higher than the switching frequency,
the required values of the resonant inductance and capacitance become very low.
For instance, the resonance frequency of 10 MHz can be obtained using a 15.9-nH
inductance and a 15.9-nF capacitance.

All the basic switched-mode dc-to-dc converters described in Sections 8.2 and 8.3
can be converted into quasi-resonant by replacing the regular switches with resonant
ones. An example ZVS buck converter with the L-type half-wave switch is shown in
Figure 8.28, and a ZCS quasi-resonant boost converter with the M-type, full-wave
resonant switch is illustrated in Figure 8.29.

Because of the fixed resonance frequency, control of the duty ratio of a resonant
switch is performed by changing the switching frequency. The control range is nar-
rower than that in switched-mode converters, and the EMI, although considerably
reduced, is difficult to contain. In general, at high switching frequencies, ZVS is
preferable to ZCS. It must also be pointed out that the resonant switches have to carry
higher peak currents than their counterparts in the switched-mode dc-to-dc convert-
ers. This may not only require higher current ratings of the semiconductor devices
but also cause increased conduction losses. As with any engineering system, selec-
tion of a given converter type must be based on the best tradeoff between technical
and economic advantages and disadvantages.
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Figure 8.28 Quasi-resonant ZVS buck converter with the L-type half-wave switch.

Distinguishing properties of the ZVS and ZCS quasi-resonant converters are listed
in Table 8.1. Generally, the full-wave switches make the converter operation load
insensitive. However, the voltage-mode full-wave switches have the disadvantage of
trapping energy in the junction capacitance of the semiconductor device. The resultant
capacitive turn-on makes those switches inappropriate for converters with very high
switching frequencies. The voltage gain, KV ≡ Vo∕Vi, of a converter with a full-wave
switch is a function of the frequency ratio, kf, defined as

kf ≡
fsw

f0
, (8.66)

L

i i

iV

io

ov

L r

rC C

Figure 8.29 Quasi-resonant ZCS boost converter with the M-type full-wave switch.
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Table 8.1 Comparison of the ZVS and ZCS Resonant-Switch Converters

Property ZCS Converters ZVS Converters

Voltage gain
Buck converter kf 1 – kf

Boost converter 1/(1 – kf) 1/kf

Buck–boost converter kf/(1 – kf) 1/kf – 1
Control Constant tON Constant tOFF

Variable tON variable tOFF

Waveform of voltage across the switch Square Sinusoidal
Waveform of current through the switch Sinusoidal Square
Load range 1 < r <∞ 0 < r < 1

where f0 denotes the resonance frequency (in Hz). In converters with half-wave
switches, KV also depends (nonlinearly) on the normalized load resistance, r,
defined as

r ≡
R
Z0
. (8.67)

In the circuit theory, r represents a reciprocal of the so-called quality factor, Q,
of a series resonant circuit. In all converters with half-wave switches, the voltage
gain increases with r, and equals that of the full-wave switch converter only when
r = 1. When inspecting Table 8.1, note the allowable ranges of r for ZVS and ZCS
converters.

8.4.2 Load-Resonant Converters

In load-resonant converters, an LC resonant circuit causes the load voltage and current
to oscillate, creating opportunities for ZVS and/or ZCS. Three most common topolo-
gies are the series-loaded converter, parallel-loaded converter, and series–parallel
converter. All are based on an inverter–rectifier cascade appended with a resonant
circuit between these two sub-converters.

Series-Loaded Converter The circuit diagram of a half-bridge series-loaded con-
verter is shown in Figure 8.30. A half-bridge inverter, based on two semiconductor
switches, S1 and S2, two freewheeling diodes, D1 and D2, and a capacitive voltage
divider, C1 and C2, converts the input dc voltage, Vi, into a square-wave voltage. The
inverter is connected via a series resonant circuit, Lr and Cr, to a two-pulse rectifier,
composed of four diodes, D3–D6, and an output capacitor, C. The output capacitor
is sufficiently large to treat the rectifier-load circuit as a source of fixed voltage, Vo.

Three basic modes of the multiple-stage operation of the converter can be distin-
guished. If the switching frequency, fsw, is less than half of the resonance frequency,
f0, the converter operates in a discontinuous mode, with a discontinuous current in the
resonant inductor. The inverter switches turn on with zero current and turn off with
both zero current and voltage, making it possible to use SCRs in certain high-power,
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Figure 8.30 Series-loaded resonant converter.

low-frequency applications. If f0/2 < fsw < f0, the converter operates in the below-
resonant continuous mode, with the switches turning on at nonzero voltage and cur-
rent, thus causing turn-on switching losses. However, the turn-off occurs under the
zero-voltage and zero-current conditions, so that SCRs can again be used. Finally, in
the above-resonant continuous mode of operation, with fsw > f0, the switches turn on
with zero voltage and current, but they are turned off in the presence of the voltage
and current, producing turn-off switching losses.

To derive an approximate relation for the voltage gain, KV, a simple ac model of
the converter can be used. The actual output voltage, vinv(t), of the inverter is an ac
square wave with the peak value of Vi/2. Analogously, the input voltage, vrec(t), of
the rectifier is an ac quasi-square wave with the peak value of Vo. However, current
in the resonant circuit, ir(t), is practically sinusoidal. All three waveforms have the
fundamental frequency of fsw. Replacing vinv(t) and vrec(t) with their fundamentals,
vinv,1(t) and vrec,1(t), an ac equivalent circuit of the converter, shown in Figure 8.31,
is obtained. The peak value, Vinv,1,p, of vinv,1(t) is given by

Vinv,1,p = 4
𝜋
×

Vi

2
= 2
𝜋

Vi (8.68)

vv recinv

Lr rC
ri

Req

Figure 8.31 AC equivalent circuit of the series-loaded resonant converter.
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and that, Vrec,1,p, of vrec,1(t), by

Vrec,1,p = 4
𝜋

Vo (8.69)

(see Eq. (1.28)).
Thanks to the practically ideal dc-output voltage, the output current can also be

assumed to be of pure dc quality, that is, io(t) = Io. It is obtained by the rectification
of ir(t), so that

Io = 2
𝜋

Ir,p, (8.70)

where Ir,p denotes peak value of ir(t) (see Eq. 1.15). Dividing Vrec,1,p by Ir,p yields the
equivalent resistance, Req, of the load,

Req =
Vrec,1,p

Ir,p
=

4
𝜋

Vo
𝜋

2
Io

= 8
𝜋2

R = 8
𝜋2

rZ0 (8.71)

as seen from the input terminals of the rectifier.
From the equivalent circuit in Figure 8.31,

Vrec,1,p

Vinv,1,p
=

Req|||Req + j(XL − XC
||| , (8.72)

where

XL = 2𝜋fswLr = kfZ0 (8.73)

and

XC = 1
2𝜋fswCr

=
Z0

kf
. (8.74)

Based on Eqs. (8.68) and (8.69), Eq. (8.72) can be rearranged to

KV =
Vo

Vi
= 1

2

√
1 +

(
XL−XC

Req

)2
(8.75)
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Figure 8.32 Control characteristic of the series-loaded resonant converter.

and, substituting Eqs. (8.71), (8.73), and (8.74), to

KV = 1

2

√
1 +

[
𝜋2

8r

(
kf −

1
kf

)]2
. (8.76)

A three-dimensional graph of the control characteristic (8.76) is shown in Fig-
ure 8.32. The highest voltage gain of 0.5 is obtained when kf = 1, that is, fsw = f0.
The discontinuous mode is most advantageous because no switching losses occur in
the converter.

Alternative topologies of the series-loaded resonant dc-to-dc converter include
converters with a full-bridge inverter and converters with a transformer between the
resonant circuit and the rectifier. A load-commutated inverter is obtained by eliminat-
ing the rectifier and connecting the inverter to the load directly, via a resonant circuit.
Such inverter can be based on SCRs, which are being naturally commutated, while
the resonant circuit results in quasi-sinusoidal waveforms of the output voltage and
current.

Parallel-Loaded Converter. The parallel-loaded resonant dc-to-dc converter,
whose circuit diagram is shown in Figure 8.33, differs from the series-loaded con-
verter by the connection of the resonant capacitor across the input terminals of the
rectifier. Another difference consists in an output inductor, L, that smoothes and stabi-
lizes the current supplied to the final stage of the converter. Consequently, the rectifier
can be considered a source of a constant current, Io.

Like the series-loaded resonant converter, the parallel-loaded converter operates
in the discontinuous mode when fsw < f0/2, in the below-resonant continuous mode
when f0/2 < fsw < f0, and in the above-resonant continuous mode when fsw > f0.

www.EngineeringBooksPdf.com



RESONANT DC-TO-DC CONVERTERS 399

i i

iV vo

io

r ir

vinv

1

2

C

C

L

L

S1

S2

D1

D2

D3

D4

D5

D6

Cvrec
rC

Figure 8.33 Parallel-loaded resonant converter.

Again, the discontinuous mode is characterized by no switching losses, the below-
resonant continuous mode by no turn-off losses, and the above-resonant mode by no
turn-on losses. The ac equivalent circuit of the converter is shown in Figure 8.34. In
the actual converter, vrec(t) and irec(t) have ac square waveforms, while the waveform
of vinv(t) is sinusoidal. Consequently, Eq. (8.68) is valid again and, since Vo is the
average value of rectified vrec(t), then

Vo = 2
𝜋

Vrec,1,p. (8.77)

The peak value of irec(t) equals the output current, Io, thus the peak value, Irec,1,p,
of the fundamental of irec(t) is given by

Irec,1,p = 4
𝜋

Io. (8.78)

Based on Eqs. (8.77) and (8.78), the equivalent load resistance, Req, of the parallel-
loaded converter can be expressed as

Req =
Vrec,1,p

Irec,1,p
=

𝜋

2
Vo

4
𝜋

Io

= 𝜋2

8
R = 𝜋2

8
rZ0. (8.79)

vrecvinv

Lr

rC

irec

Req

Figure 8.34 AC equivalent circuit of the parallel-loaded resonant converter.
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Finally, from the ac equivalent circuit of Figure 8.34,

Vrec,1,p

Vinv,1,p
= 1||||1 − XL

XC
+ j XL

Req

||||
(8.80)

or

KV =
Vo

Vi
= 4

𝜋2

√(
1 − XL

XC

)2
+
(

XL
Req

)2
, (8.81)

which, after substituting Eqs. (8.73), (8.74), and (8.79), yields

KV = 1

𝜋2

4

√(
1 − kf

)2 +
(

8kf
𝜋2r

) . (8.82)

Control characteristic (8.82) of the parallel-loaded resonant converter is illustrated
in Figure 8.35. As in the series-loaded converter, the half-bridge inverter can be
replaced with a full-bridge one and a transformer can be added to provide electri-
cal isolation between the input and the output.

Series–Parallel Converter. A clone of the parallel-loaded resonant converter,
called a series–parallel resonant converter, is shown in Figure 8.36. Addition of
the series resonant capacitor increases the range of control of the output voltage
and improves the efficiency of the converter with light loads. If Cr1 = Cr2 = 1/(𝜔

0.0
0.75 1.00 1.25

Frequency ratio

N
or

m
al

iz
ed

 lo
ad

 r
es

is
ta

nc
e

V
ol

ta
ge

 g
ai

n

1.50
1

2

3

4

5

0.5

1.0

1.5

2.0

2.5

Figure 8.35 Control characteristic of the parallel-loaded resonant converter.
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Figure 8.36 Series–parallel resonant converter.

Lr), then the approximate control characteristic of the series–parallel converter is
given by

KV = 1

𝜋2

4

√(
2 − k2

f

)2 +
[

8
𝜋2

(
kf −

1
kf

)]2
(8.83)

and illustrated in Figure 8.37.
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Figure 8.37 Control characteristic of the series–parallel resonant converter.
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8.4.3 Comparison of Resonant DC-to-DC Converters

The analogy between the single-switch switched-mode dc-to-dc converters and
quasi-resonant converters is obvious, as the latter ones are obtained by replacing
regular switches by the ZVS or ZCS resonant switches. There is also an analogy
between the multiple-switch switched-mode converters and load-resonant converters,
as both classes are based on a single-phase inverter feeding, indirectly, a two-pulse
rectifier. Consequently, the analogous converters tend to share similar applications.
Generally, single-switch dc-to-dc converters are used at low-power levels, while
the multiple-switch ones are mostly used for medium-power loads, typically on the
order of 1 kW and more.

Comparing the individual types of load-resonant converters, it must be reminded
that Eqs. (8.76), (8.82), and (8.83), based on the representation of square-wave quan-
tities by their fundamentals, are not exact. Nevertheless, important functional dif-
ferences between series-loaded and parallel-loaded dc-to-dc converters can be dis-
cerned from the control characteristics in Figures 8.30 and 8.33. First, the voltage
gain of the series-loaded converter is limited to the zero to 0.5 range, while that of the
parallel-loaded converter can exceed unity, depending on the load. Second, to allow
control of the output voltage, the load resistance, R, should be less than the character-
istic impedance, Z0, in the series-loaded converter and higher than the characteristic
impedance in the parallel-loaded converter.

The load resistance affects the voltage gain of the converters in different ways:
although the maximum voltage gain of 0.5 in the series-loaded converter can be real-
ized with any load, the control range of the output voltage increases when the load
decreases; in contrast, in the parallel-loaded converter, the control range and maxi-
mum voltage gain increase with the load. In the continuous operating modes, the res-
onant converters perform “firm” switching, that is, the switching losses are reduced
when compared with the hard-switching converters, but not completely eliminated.

By an exact analysis of operation, it can be shown that the series-loaded converter
in the preferred discontinuous mode is impervious to short circuits in the load. How-
ever, the converter loses its control capability with light loads, including the no-load
situation. On the other hand, the parallel-loaded converter in the transformer version
is better suited for multiple outputs, but with light loads its efficiency is poor. The
series–parallel converter offers certain improvements over the functionally similar
parallel-loaded converter.

SUMMARY

Switching power supplies are employed as sources of stable or adjustable dc
voltage in numerous applications, mainly those involving electronic circuits. The
input dc voltage is obtained from batteries, photovoltaic or fuel cells, or recti-
fiers, and controlled in switching dc-to-dc converters. These can be divided into
hard-switching switched-mode converters and soft-switching (or “firm-switching”)
resonant converters.

The switched-mode dc-to-dc converters are built in the nonisolated and isolated
versions. A transformer is used to provide electrical isolation and, if required, voltage
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matching between the input and output terminals. Also, a number of output stages can
be supplied from multiple secondary windings of the transformer. The basic topolo-
gies of nonisolated converters, such as the buck, boost, buck–boost, and Ĉuk convert-
ers, employ a single semiconductor switch, while certain isolated converters, such
as the push–pull, half-bridge, and full-bridge converters, are based on two or more
switches. The multiple-switch converters are composed of a single-phase inverter
coupled with a single-phase rectifier through a transformer.

High power density is a very important consideration for switching power sup-
plies, such as those for the portable communication equipment or spacecraft power
systems. High switching frequencies allow the reduction of the electromagnetic and
electrostatic components, but they cause high switching losses. Miniature convert-
ers cannot dissipate much heat, so the size reduction must be accompanied by the
reduction of losses. This is the main rationale for resonant converters, in which the
phenomenon of electric resonance is harnessed to provide ZCS and ZVS conditions.
The resonant converters can be classified as quasi-resonant (resonant-switch) convert-
ers and load-resonant converters. Resonant switches, constructed by augmentation of
regular semiconductor switches with an LC tank and, in certain types, a diode, come
in various configurations. Employing a resonant switch in a switched-mode topology
results in a ZVS or ZCS resonant converter.

Similar to the multiple-switch switched-mode converters, the load-resonant con-
verters are based on the inverter–rectifier cascade, with a resonant LC circuit inserted
between these two stages. An isolation transformer can be used at the input to the
rectifier.

Because of the variety of types of switching power supplies, it is difficult to formu-
late general rules for selection of semiconductor devices. As usual, the rated voltage
should exceed the highest voltage expected anywhere in the converter. Certain types
of converters employ the chopper and inverter topologies covered in the previous
chapters, so that current ratings of the switches can be selected similarly. In resonant
converters, the semiconductor devices are often forced to carry low-average but high-
peak currents. Specialized design and simulation software are recommended for the
design and analysis of converters.

It must be stressed that to cover the rich field of switching power supplies in some
depth, a whole book, not just a book chapter, is required. Indeed, for many practic-
ing engineers, power electronics means just that field and not much else. Numerous
topics, such as the power-factor correction pre-regulators or the Luo converters, have
been omitted here for the lack of space and the general focus of the book on medium-
and high-power switching converters. For interested readers, several good sources are
listed in the Further Reading section.

EXAMPLES

Example 8.1 A buck converter supplied from a 12-V dc source operates with the
switching frequency of 10 kHz. The maximum load resistance is 6 Ω, and the output
capacitor has the capacitance of 20 μF. Find:

(a) the minimum inductance of the output inductor required for continuous con-
duction,
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(b) the required duty ratio of the switch to produce the output voltage of 9 V, and

(c) the peak-to-peak amplitude of ripple of the output voltage.

Solution:

(a) If condition (8.11) is satisfied for d = 0, it is satisfied for any other values of
the duty ratio. Substituting the maximum load resistance, Rmax = 6 Ω, for the
Vo/Io ratio, yields

L >
Rmax

2fsw
= 6

2 × 10 × 103
= 3 × 10−3H = 3 mH.

(b) From Eq. (8.5),

d =
Vo

Vi
= 9

12
= 0.75.

(c) From Eq. (8.9),

ΔVo = 1 − d
8LCf 2

sw

Vo = 1 − 0.75
8 × 3 × 10−3 × 20 × 10−6 × (10 × 103)2

× 9

= 0.047V = 47 mV.

At about 0.5% of the output voltage, the ripple is practically negligible.

Example 8.2 A boost converter supplied from a 6-V dc source is to produce the
output voltage of 15 V. Assuming an ideal, lossless inductor, find the required duty
ratio of the switch. What is the output voltage if the resistance of the inductor is 2%
of that of the load?

Solution: From relation (8.12) for an ideal converter,

d = 1 −
Vi

Vo
= 1 − 6

15
= 0.6.

If the inductor resistance is taken into account, Eq. (8.21) should be used instead,
giving

Vo = 6

(1 − 0.6)
[
1 + 0.02

(1− 0.6)2

] = 13.3 V.

Thus, the inductor resistance causes reduction of the output voltage by about 11%
from the theoretical value.
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Example 8.3 A half-bridge converter is fed from a 120-V ac line via a two-pulse
rectifier with a capacitive output filter, such that the average input voltage to the con-
verter is 165 V. The output voltage of the converter is 24 V, and the turn ratio, N2/N1,
of the isolation transformer is 1:3. Values of the inductance and capacitance of the
output filter are 1 mH and 25 μF, respectively, and the converter operates with the
switching frequency of 20 kHz. Find the required duty ratio of converter switches
and the peak-to-peak amplitude of ripple of the output voltage.

Solution: From Eq. (8.61),

d =
Vo

kNVi
= 24

1
3
× 165

= 0.436,

which is a feasible value, as the duty ratio must be less than 0.5. The amplitude of the
voltage ripple can be found from Eq. (8.59) as

ΔVo = 1 − 2 × 0.436

32 × 1 × 10−3 × 25 × 10−6 ×
(
20 × 103

)2
× 24 = 0.0096 V = 9.6 mV

which amounts to only 0.04% of the magnitude of output voltage.

Example 8.4 Draw a circuit diagram of a ZCS quasi-resonant buck converter with
an L-type, full-wave switch.

Solution: To obtain the converter in question, the regular semiconductor switch in
the switched-mode buck converter in Figure 8.1 is replaced with the current-mode
resonant switch in Figure 8.26c. The resultant circuit is shown in Figure 8.38.

L

CVi

ii

Lr

Cr

io

vo

Figure 8.38 Quasi-resonant ZCS buck converter with the L-type, full-wave switch.

www.EngineeringBooksPdf.com



406 SWITCHING POWER SUPPLIES

Example 8.5 A parallel-loaded resonant converter supplied from a 100-V dc source
operates with the switching frequency of 5 kHz. The resonant circuit of the converter
is composed of a 0.1-mH inductor and a 4-μF capacitor, and the load resistance is
10 Ω. Find the operating mode of the converter and estimate the average output volt-
age.

Solution: The characteristic impedance and resonance frequency of the resonant cir-
cuit of the converter, calculated from Eqs. (8.63) and (8.64), are

Z0 =
√

0.1 × 10−3

4 × 10−6
= 5Ω

and

f0 = 1

2𝜋
√

0.1 × 10−3 × 4 × 10−6
= 7958 Hz ≈ 8 kHz,

respectively. The switching frequency of 5 kHz is less than the resonance frequency
but higher than half of it, thus the converter operates in the continuous below-resonant
mode. According to definitions (8.66) and (8.67), the frequency ratio, kf, and normal-
ized load resistance, r, are

kf =
5
8
= 0.625

and

r = 10
5

= 2.

Now, the average output voltage can be estimated from Eq. (8.82) as

Vo = 100

𝜋2

4

√(
1 − 0.6252

)2 +
(

8× 0.625
𝜋2 × 2

)2
= 61.4 V.

PROBLEMS

P8.1 A buck converter produces the average output voltage of 6 V. The on-time
of the switch is 30 μs and the off-time is 20 μs. Find the input voltage and
switching frequency of the converter.

P8.2 A buck converter supplied from a 60-V dc source operates with the switching
frequency of 25 kHz, a duty ratio of 0.7, and a 5-Ω load. A 100-μF output
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capacitor is employed, and the inductor has the inductance twice as high as
the minimum required for the continuous conduction mode. Find the average
output voltage and the amplitude of its ripple.

P8.3 Repeat Problem 8.1 for a boost converter.

P8.4 Repeat Problem 8.1 for a boost–buck converter.

P8.5 Design a buck converter (select the inductance, capacitance, and switching
frequency values) which will convert a 15-V input voltage into a 6-V output
voltage with the ripple amplitude less than 0.5% of the output voltage (many
solutions are possible).

P8.6 Repeat Problem 8.5 for a boost converter.

P8.7 Repeat Problem 8.5 for a buck–boost converter.

P8.8 A forward converter supplied from a 25-V dc source operates with the switch-
ing frequency of 50 kHz and duty ratio of 0.5. The turn ratio of the trans-
former is 1:1, the output capacitance is 150 μF, and the load draws a current
of 2.5 A. Select the minimum inductance for continuous conduction mode
and determine the average value and ripple amplitude of the output voltage.

P8.9 A flyback converter is supplied from a 75-V dc source and produces the out-
put voltage of 110 V across a 22-Ω load. The transformer turn ratio is 1:2, and
the magnetizing inductance and output capacitance are 0.13 mH and 0.2 mF,
respectively. What is the minimum switching frequency ensuring the contin-
uous conduction mode, and what is the corresponding amplitude of ripple of
the output voltage?

P8.10 An isolated Ĉuk converter supplied from a 200-V dc source operates with
the switching frequency of 50 kHz and duty ratio of 0.45. The transformer
turn ratio is 1:1 and the load resistance is 25 Ω. Assuming inductances of
the converter at twice the minimum values for continuous conduction, find
the average value and ripple of the output voltage if the output capacitance is
30 μF.

P8.11 A push–pull converter supplied from a 100-V dc source operates with the
switching frequency of 25 kHz. The transformer turn ratio is 2:1, and the
inductance and capacitance of the output filter are 0.1 mH and 20 μF, respec-
tively. Determine the duty ratio of converter switches required to obtain the
average output voltage of 150 V. What is the ripple amplitude of that voltage?

P8.12 A half-bridge converter is to produce a 120-V average output voltage. The
turn ratio of the isolation transformer is 2:1. What is the minimum required
input dc voltage?

P8.13 Repeat Problem 8.12 for a full-bridge converter.

P8.14 Draw the circuit diagram of a quasi-resonant ZCS buck–boost converter with
a current-mode L-type half-wave resonant switch.
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P8.15 Draw the circuit diagram of a quasi-resonant ZCS flyback converter with a
current-mode M-type full-wave resonant switch.

P8.16 Draw the circuit diagram of a quasi-resonant ZVS Ĉuk converter with a
voltage-mode L-type full-wave resonant switch.

P8.17 The resonant inductance and capacitance in certain resonant dc-to-dc con-
verter are 0.2 mH and 0.5 μF, respectively, the switching frequency is 45
kHz, and the load resistance is 10 Ω. Determine the resonance frequency,
characteristic impedance, frequency ratio, and normalized load resistance of
the converter.

P8.18 A series-loaded resonant converter supplied from a 12-V dc source operates
with the switching frequency of 25 kHz and resistive load of 2 Ω. The reso-
nant inductance and capacitance are 60 μH and 120 nF, respectively. Estimate
the output voltage and current of the converter.

P8.19 A 100-V, 600-VA parallel-loaded resonant converter is designed to operate
with the switching frequency of 40 kHz. The resonant inductance and capac-
itance are 12 μH and 3.3 μF, respectively. Estimate the required input voltage
(round it up to the nearest 10 V).

P8.20 A series-parallel resonant converter, with two identical resonant capacitors of
1.5 μF each, is to operate with the switching frequency of 20 kHz. Assum-
ing the normalized load resistance of 4.5, select the resonant inductance that
should result in the highest voltage gain of the converter (this problem may
require use of a computer).

COMPUTER ASSIGNMENTS

CA8.1* Run PSpice program Buck_Conv.cir for a buck converter. Observe oscil-
lograms of voltages and currents, and find the peak-to-peak amplitude of
ripple of the output voltage for two different values of the switching fre-
quency.

CA8.2* Run PSpice program Boost_Conv.cir for a boost converter. Observe oscil-
lograms of voltages and currents, and determine the average output volt-
age for two different values of duty ratio of the switch.

CA8.3* Run PSpice program Buck-Boost_Conv.cir for a buck–boost converter
with two values of the switch duty ratio such that the average output volt-
age is less and greater than the input voltage. In both cases, find the aver-
age output voltage and peak-to-peak amplitude of its ripple.

CA8.4* Run PSpice program Cuk_Conv.cir for a Ĉuk converter. Determine the
peak-to-peak amplitudes of ripple of the input current and output voltage.
Observe other voltage and current waveforms.
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CA8.5* Run PSpice program Buck_Conv.cir for a buck converter and pro-
gram Buck_Aver_Model.cir for the average model of the same con-
verter using the Vorperian’s switch model. Compare the output voltage
waveforms.

CA8.6 Use file Boost_Conv.cir to develop a PSpice circuit file for the average
model of the boost converter employing the Vorperian’s switch model (see
Buck_Aver_Model.cir for comparison).

CA8.7* Run PSpice program Forward_Conv.cir for a forward converter. Find the
average output voltage and peak-to-peak amplitude of its ripple. Observe
other voltage and current waveforms.

CA8.8* Run PSpice program Flyback_Conv.cir for a flyback converter. Find the
average value and the peak-to-peak amplitude of ripple of output voltage.
Observe other voltage and current waveforms.

CA8.9* Run PSpice programs Push_Pull_Conv.cir, Half_Brdg_Conv.cir, and
Full_Brdg_Conv.cir for the push–pull, half-bridge, and full-bridge con-
verters. Notice that all these converters are supplied with the same volt-
age, have the same output filter parameters, and operate with the same
switching frequency and duty ratio of switches. Compare the output volt-
age waveforms by determining the average values and ripple amplitudes.
Observe other voltage and current waveforms.

CA8.10* Run PSpice program Reson_Buck_Conv.cir for a quasi-resonant ZVS
buck converter. Find the average value and the peak-to-peak amplitude
of ripple of output voltage. Observe, simultaneously, oscillograms of the
voltage, V(A,C), across the switch and the gate signal, V(G,C), that well
illustrate the ZVS conditions.

CA8.11* Run PSpice program Reson_Boost_Conv.cir for a quasi-resonant ZCS
boost converter. Find the average value and the peak-to-peak amplitude
of ripple of output voltage. Observe, simultaneously, oscillograms of the
current, I(Vsense), in the switch and the gate signal, V(G,C), that well
illustrate the ZCS conditions.

CA8.12* Run PSpice program Series_Load_Conv.cir for a series-loaded res-
onant converter for all three conduction modes (comment out the
unneeded .PARAM statements). Observe oscillograms of the switch cur-
rent, I(Vsense), and gate signal, V(G1,C) that well illustrate the ZCS con-
ditions.

CA8.13* type="star"Repeat Assignment 8.12∗ for a parallel-loaded resonant con-
verter in PSpice file Parallel_Load_Conv.cir.

CA8.14 Based on the PSpice Parallel_Load_Conv.cir file, develop a similar file
for the series-parallel resonant converter.
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9 Power Electronics and
Clean Energy

In this chapter: an overview of “green” applications of power electronics is presented;
use of power converters in renewable energy sources and distributed generation sys-
tems is outlined; electric and hybrid cars are described; and role of power electronics
in energy conservation is explained.

9.1 WHY IS POWER ELECTRONICS INDISPENSABLE IN
CLEAN ENERGY SYSTEMS?

The rapidly growing interest in various aspects of clean energy is a reaction to the
major energy-related challenges facing humanity. The grim reality of climate change,
environmental pollution, and limited resources of fossil fuels have spawned massive
research and development efforts devoted to “clean,” or “green,” energy. They are
mostly focused on renewable energy sources, distributed generation systems, and
conservation of energy in a variety of systems, such as industrial drives or electric
and hybrid cars.

Renewable energy sources can be classified as sustained and intermittent. Geother-
mal and hydroelectric plants or biofuel distilleries represent typical examples of sus-
tained energy sources. The energy is generated, or concentrated, in a similar fashion
as in the traditional power plants or oil refineries, and the role of power electron-
ics is limited. The intermittent sources include the increasingly common wind and
photovoltaic (PV) systems, whose randomly varying output makes power electronic
converters a vital part. To efficiently interface a renewable energy source with a load
or power grid, the converters perform power conditioning, voltage boosting, and con-
trol of the flow of power.

As an aside, it is worth to mention that the intermittency of sunlight-dependent
sources of renewable energy is significantly alleviated in the so-called concentrated
solar power plants, in which parabolic mirrors focus the sunlight to heat up liquid
medium, such as fluoride salts, to high temperatures (over 700◦C). This allows storing

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/modernpowerelectronics3e
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the thermal energy, which can be used around the clock to produce steam for electric
turbogenerators. Such plants are somewhat similar to binary-cycle geothermal plants,
in which the heat from underground hot water is transferred to fluid hydrocarbon,
whose vapors drive the turbine of a generator.

Tracking the maximum power point (MPP) constitutes an important part of power
conversion and control. At given illumination, the MPP on the voltage-current char-
acteristics of a solar cell marks the maximum product of the voltage and the current,
that is, the maximum power drawn from the cell. Similarly, at a given wind speed, the
power coefficient of a wind-turbine reaches maximum at a specific value of the tip
speed ratio and, if applicable, the blade pitch angle. Control systems of PV or wind-
power sources continuously track the MPP in order to draw the maximum power from
the sun or wind.

The traditional power grid is based on large electric power plants located possibly
close to fossil fuel sources, such as coal mines or natural gas fields. The energy is then
delivered to population centers over high-voltage transmission lines. Recently, the
power infrastructure has started to change. In addition to the gas and coal fired plants,
distributed generation systems employ variety of renewable energy sources, reducing
the demand for fossil fuels and environmental damage. In areas without an access
to the grid, such as remote locations of North America or numerous underdeveloped
countries, power microgrids are formed from renewable and nonrenewable sources
and energy storage devices. Diesel generators and electric batteries are usually used
to smooth the temporal variations of power supply. For the large number of sources
of varying type, ratings, and intermittency to operate efficiently and harmoniously,
the electric power generated by individual must undergo various kinds of conversion
and control.

From the beginnings of modern power electronics, energy conservation has been
an important factor supporting the growth of that discipline. Most of the electric
power consumed in industry is spent in drives of such fluid-handling machinery as
pumps, fans, blowers, and compressors. If, for example, a fixed-speed motor powers
a pump in a hydraulic system, the flow intensity must be controlled by valves. If weak
flow is required, the valve is almost closed and the pump basically mixes the stagnant
fluid, wasting most of the energy drawn by the motor. Controlling the flow by adjust-
ing the pump speed in a variable-speed drive is a much more efficient solution. Huge
energy savings in industrial plants provided main motivation for the rapid growth of
power electronics and electric drives in the 1970s and 1980s. The trend of replac-
ing fixed-speed drives with variable-speed drives continues unabated. Recently, the
variable-speed drives have entered the automobile world, appearing in electric and
hybrid cars. Majority of variable-speed drives are of the ac type, because ac motors
are distinctly less expensive and more robust than their dc counterparts. Therefore,
as already mentioned in Chapter 7, inverters constitute one of the most popular types
of power electronic converters.

As seen from the presented overview, power electronics constitute a vital compo-
nent of most clean energy systems. More details of applications of power converters
in those systems are described in the subsequent sections.
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9.2 SOLAR AND WIND RENEWABLE ENERGY SYSTEMS

The role of power electronic converters in solar and wind renewable energy systems
depends on the type and ratings of the source, as well as the type of load. Most often,
the load is the electric power grid, which collects and distributes electrical energy
supplied from a number of sources. Sometimes, though, a renewable energy source
directly feeds a specific load, such as a battery pack supplying an off-grid household.
In each case, the source voltage varies randomly, while the output of the system must
provide fixed voltage and frequency required by the load. Maximum power tracking
must constitute a part of the control strategy.

In a distributed generation system, where a variety of “small” sources (PV, wind,
small hydro, etc.) provide electrical power along large traditional generators, care
must be taken to detect and prevent the so-called islanding. If a fault occurs on the
grid, all those small sources must disconnect from the grid, leaving only the large,
centrally controlled power plants. Otherwise, the small sources would back-feed into
a fault and worsen the situation. Also, safety of people, especially the maintenance
crews, could be endangered. It is also required that the small sources cease to operate
in an unintentional “island” separated from the grid. In order to supply certain loads
when the grid has failed, intentional islands are allowed after taking steps preventing
the grid from back-energizing. Islanding can be detected by sensing sudden changes
in the system frequency, voltage, and real and reactive power output.

9.2.1 Solar Energy Systems

The quantum-mechanical PV effect is utilized in solar cells, most commonly based
on silicon semiconductor material, for converting sunlight to electricity. The open-
circuit voltage, Voc, of a solar cell is typically 0.6–0.7 V and the short-circuit current,
Isc, is 20–40 mA/cm2. To increase the output voltage, a number of cells, usually 36 or
72, are connected in series to form a solar, or PV, module. An assembly of modules
forms a PV panel, which constitutes a mechanical and electrical entity. A PV array
is a collection of several panels. For generality, in the subsequent considerations, the
term “array” is used rather loosely, meaning any set of PV modules connected in
series and parallel to form a source of dc voltage.

Voltage and power as functions of the current drawn from a solar array are illus-
trated in Figure 9.1. It can be seen that the power curve has a sharp peak, so that even
a small deviation from the MPP significantly reduces the power yield. Note that a
specific voltage-current characteristic depends on the irradiation and temperature of
the cells. Therefore, MPP tracking usually involves some type of perturb-and-observe
technique. Other approaches have also been proposed. Once the MPP is located, the
power electronic interface must maintain the current close to the IMMP level.

PV arrays come in various sizes, the small ones often mounted on buildings,
including houses. Typically, the owner of the array sells the energy to the local utility
by interfacing the array with the grid through a single-phase utility power line. Large
arrays can form PV power plants connected to the grid via three-phase power lines.
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Figure 9.1 Voltage and power as functions of current drawn from a solar array.

Thus, the grid-side ac-output converter can be of the single- or three-phase variety.
Without a loss of generality, a three-phase connection to the grid is shown in the
subsequent diagrams of the interfaces.

The simplest solution for a PV array interface with the grid is shown in Figure 9.2.
The array is connected to the grid through a dc link, voltage-source inverter, and a
filter that smoothes the current ripple. If the array’s voltage is insufficiently high to
match the grid voltage, a transformer is needed, as in the system shown previously
in Figure 7.70. A high-frequency transformer can also be embedded in an isolated
dc-to-dc converter (see Section 8.3) at the output of the array. If galvanic isolation
is not required, the voltage of the PV array can be increased in a transformer-less

PV array
DC link

G
rid

Filter

Figure 9.2 PV array-to-grid interface with a voltage-source inverter.
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Figure 9.3 PV array-to-grid interface with a dc-to-dc boost converter and voltage-source
inverter.

dc-to-dc boost converter, as illustrated in Figure 9.3. Another solution, shown in
Figure 9.4, involves a current-source inverter. Thanks to the inductive dc link, the
inverter provides boost to the output voltage. The filter must include capacitors to
avoid the dangerous connection of two inductors carrying different currents.

Connecting a PV array to a single converter creates an inflexible structure, making
an expansion (or reduction) of the array difficult without retrofitting the whole system.
Therefore, the recent tendency in PV systems is to use “strings” of series-connected
PV modules, with each string feeding its own inverter. The number of modules in
the string is large enough to avoid the necessity of voltage boosting. More radical
solutions are:

(a) multi-string interface, in which each string of modules is equipped with its
own dc-to-dc converter interfaced to a single inverter;

(b) ac-module system, in which a power electronic interface is integrated into each
module; and

(c) single-cell system with an inverter interface, employing a large PV cell, for
example, of the photo electro-chemical type, which can be made arbitrarily
large.

Inverter

G
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Filter
PV array

DC link

Figure 9.4 PV array-to-grid interface with a boost current-source inverter.
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Figure 9.5 PV array-to-grid interface with a three-phase three-level neutral-clamped inverter
(one leg shown only).

Multilevel inverters are well suited as PV array-to-grid interfaces. Various levels
of the dc input voltage can easily be set up using an appropriate interconnection of
PV modules. The higher is the number of levels, the higher quality of output volt-
age is obtained, either in the low-loss square-wave mode or a PWM mode with low
switching frequency. One leg of a three-phase three-level neutral-clamped inverter
supplied from two PV arrays is shown in Figure 9.5, while. Figure 9.6 depicts a
single-phase cascaded H-bridge inverter with each bridge supplied from an array.
Three such inverters can be connected as a three-phase inverter if a three-phase input
to the grid is needed (see Figure 7.59a).

Various types of inverters and, especially, dc-to-dc converters, some of them devel-
oped specifically for this application, can be used in the interfaces. Therefore the
presented review is far from complete. Interested readers are referred to the many
existing specialized publications—alternative energy is one of the hottest topics of
today’s engineering.
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Figure 9.6 PV array-to-grid interface with a single-phase cascaded H-bridges inverter.

9.2.2 Wind Energy Systems

Wind energy systems enjoy rapid growth and, as of now, produce more power than
any other renewable energy source apart from hydroelectric plants. Wind is less inter-
mittent than sunlight, and a wind-turbine occupies less space than a solar array of
comparable power. Large three-blade horizontal-axis turbines, with the rated power
of several MW each, are usually grouped into commercial “wind farms.” Low-power
turbines of various designs are slowly making their way into residential market of
renewable energy, but they are still relatively rare in practice.
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Figure 9.7 Power coefficient versus tip speed ratio of a typical wind-turbine.

The aerodynamic power, Pa, of a wind-turbine, that is the amount of power
extracted from wind, is given by

Pa =
1
2
𝜌CpAv3

w, (9.1)

where 𝜌 denotes air density, Cp is the power coefficient, A is the area swept by the
blades, and vw is the wind speed. The power coefficient strongly depends on the tip
speed ratio, 𝜆, defined as

𝜆 =
vt

vw
, (9.2)

where vt denotes the linear speed of tip of the blade. In pitch-controlled wind-turbines,
Cp also depends on the blade pitch angle. A typical relation between the power coef-
ficient and tip speed ratio is shown in Figure 9.7. Clearly, to best utilize the turbine,
its speed should be varied with the wind speed to maintain the optimum value, 𝜆opt,
of that ratio.

The output power versus wind speed relation for a typical variable-speed wind-
turbine system is shown in Figure 9.8. With the increase in wind speed, the optimum
tip speed ratio is maintained until the turbine reaches its rated speed, and the generator
driven by the turbine produces the rated amount of electrical power. Further increase
of turbine speed must be prevented to protect the generator from overloading. At this
point, active control of the pitch of blades is employed to reduce the energy capture
capability of the turbine. In turbines without pitch control, aerodynamic stall produces
a similar result. The blades are so shaped that the smooth flow of air around the blades
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Figure 9.8 Output power of a typical wind-turbine system as a function of the wind speed.

becomes turbulent when the wind speed exceeds a specified threshold, and the forces
driving the blades decrease. If speed of the wind exceeds the so-called cut-off value,
vco, the turbine is stopped to avoid structural damage.

Fixed-Speed Systems. If an ac squirrel-cage induction machine is employed as
a generator, the speed of the turbine is practically constant, varying only within the
limits of slip of the machine, that is, a few percentage points. The generator is driven
by the turbine via a gearbox and, typically, connected to the grid through a trans-
former. Frequency of the grid voltage dictates speeds of the generator and turbine. To
improve the power factor at the point of connection with the grid, a capacitor bank
is employed as a reactive power compensator. The pitch control or aerodynamic stall
limits the power output at high speeds. To avoid an overcurrent at the start-up of
the system, a soft-starter is employed. A block diagram of the described system is
shown in Figure 9.9. The speed range can be somewhat increased by replacing the
squirrel-cage generator with a wound-rotor one and adding controlled resistances to
rotor windings.

Variable-Speed Systems. Conditioning the power produced by the generator
allows significant improvements of operation of wind energy systems in terms of
MPP tracking and control of the real and reactive powers. The MPP tracking requires
a variable speed of the turbine, which means that the frequency of the generator volt-
age is floating. Therefore, a frequency changer between the generator and transformer
is needed. As shown in Figure 9.10, the frequency changer consists of a rectifier, a
dc link, and an inverter (see Figure 7.75b). Control of real power is performed in the
rectifier and that of reactive power in the inverter. A matrix converter can be used in
place of the rectifier–inverter cascade.

In high-power systems, an electrically excited ac synchronous generator can be
employed. Both the real and reactive powers are controlled in the inverter. As seen in
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Figure 9.9 Wind-turbine system with induction generator (soft-starter not shown).
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Figure 9.10 Wind-turbine system with an induction generator and frequency changer.

Figure 9.11, dc voltage must be provided to field winding to produce magnetic field
in the generator. The rated power of the rectifier employed for that purpose is much
lower than that of the frequency changer in the system in Figure 9.10.

Using a low-speed generator, that is, one with a large number of magnetic poles
makes it possible to dispose of the gearbox and improve on the cost and reliabil-
ity of the system. Employed in low- and medium-power systems, permanent-magnet
synchronous generators do not require the electrical excitation circuit.
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rid

Synchronous
generator 

GearboxTurbine

Figure 9.11 Wind-turbine system with an electrically excited synchronous generator and
frequency changer.
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Figure 9.12 Wind-turbine system with a doubly fed induction generator.

In a scheme depicted in Figure 9.12, use of a doubly fed wound-rotor induc-
tion generator allows reduction of the rated power of power electronic converters
employed. Recall that the ac-to-dc-to-ac converter cascade can pass power in both
directions. Indeed, if the generator runs with a super-synchronous speed, that is, the
speed of the rotor is higher than that of the stator field, the electrical power is deliv-
ered, via the transformer, to the grid from both the stator and rotor. However, a sub-
synchronous speed results in electric power flowing into the rotor. As a result, a wide
range of turbine speed is achieved, while the converter can be rated at a fraction
(25–30%) of the rated power of the generator. The real and reactive powers are con-
trolled in the converter connected to the rotor. This scheme is nowadays most common
in the high-power wind-turbine systems.

Recently, matrix converters started to appear in simple low-power residential
wind-energy systems as an interface between a permanent-magnet synchronous gen-
erator and the grid. An example of such system is shown in Figure 9.13. It is

Permanent-magnet
synchronous

generator 3 × 2 matrix converter

G
ridAC

AC

Turbine

Figure 9.13 Wind-turbine system with a permanent-magnet synchronous generator and a
matrix converter.

www.EngineeringBooksPdf.com



422 POWER ELECTRONICS AND CLEAN ENERGY

assumed that in spite of the lack of gearbox the generator voltage is high enough
for transformer-less connection to the 120-V single-phase grid.

Wind-turbine systems produce an increasing share of the total electric power in
many countries, with Denmark leading the way. It is expected that in the near future
as much as half of the total power in that country will be generated in wind farms,
mostly offshore ones. Wind farms, which constitute self-contained power plants, must
satisfy strict tolerances on the frequency and voltage levels, which require precise real
and reactive power control. Also, quick response to transients is necessary to ensure
stability of the grid. Different configurations of wind farms are used, such as a local ac
network or a local dc network. Various arrangements of control and delivery systems,
such as high-voltage dc transmission lines for distant offshore farms, are employed
depending on the specifics of the farm.

9.3 FUEL CELL ENERGY SYSTEMS

A fuel cell (FC) directly converts the chemical energy of a fuel to electrical energy.
It is a clean source of power as it mostly emits water vapor, with only small amount
of pollutants. The principle of energy conversion is similar to that of the electric
battery, with the fuel oxidized at the anode and an oxidant reduced at the cathode.
The produced ions are exchanged through an electrolyte, and electrons through the
load circuit.

At the rated current, a single cell generates about 0.6–0.7 V. Therefore, a practical
FC constitutes as stack of cells. Various types of FCs have been developed, the impor-
tant distinction being the type of fuel used, that is, liquid or gaseous. Liquid fuels
include various hydrocarbons, mostly alcohols, with chlorine and chlorine dioxide as
oxidants. If gaseous hydrogen is fed to the FC, oxygen serves as the oxidant.

Increasingly, FCs find applications in transportation and portable and distributed
power systems, the type of the FC depending on the application requirements, such
as specific weight, power density, operating temperature, or start-up speed. The out-
put power must be conditioned. The conditioning requirements include the allowed
power and current ranges, as well as the change rate, polarity (negative current is
forbidden), and ripple of the current.

An example power system for an FC-powered vehicle is shown in Figure 9.14.
The motor driving wheels of the vehicle is of the ac type (permanent-magnet syn-
chronous motor or induction motor), and the normally-charged battery allows bursts
of power at acceleration. The converters allow for regenerative braking of the vehicle,
with the recovered power charging the battery. Consequently, the dc-to-dc converter
connected to the battery must be of the two-quadrant type. In place of the battery a
supercapacitor pack can also be employed. In another version of the system, two or
more wheels of the vehicle can be driven separately. In 2015, a hydrogen-powered
SUV, the Hyundai Tucson Fuel Cell, will appear on the automobile market (initially
limited to Los Angeles). With the range of 265 miles, it can be refueled in just
10 minutes. Other major car manufacturers are expected to follow suit. FC drives
also appear in unmanned aerial vehicles.
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Figure 9.14 FC-powered drive system of a vehicle.

FCs are very well suited for application in distributed generation systems because
of their non-polluting operation. In one version of the clean energy policy of the
future, hydrogen is employed as a medium for energy storage and transport. It can
be produced from water using electrolysis fed by excess energy from PV or wind
sources. When power from renewable energy sources decreases, for example, after
sunset, the same hydrogen in an FC is oxidized back into water and the energy pro-
duced is transferred to the grid. If FC voltage is not much lower than that of the
grid, the system shown in Figure 9.15 and consisting of a boost dc-to-dc converter,
dc link, and voltage-source inverter can be used. The boost converter provides stable
and suitably increased dc voltage to the inverter, which converts it to ac voltage of
the magnitude and frequency required by the grid. Notice the similarity of systems in
Figures 9.3 and 9.14, which is obvious as both the PV arrays and the FCs are sources
of low dc voltage.

If the grid voltage is much higher than the voltage of FC, and/or the transformer
isolation is desired, a system shown in Figure 9.16 can be used. The inverter produces
a high-frequency voltage to minimize the transformer size. The secondary voltage of
the transformer is then converted to a grid-frequency voltage using a cycloconverter.
If the FC is to supply power to a dc network, the system in Figure 9.15 can be modified
by elimination of the load-side inverter (and dc link). Similarly, the cycloconverter in
the system in Figure 9.16 can be replaced with a rectifier.
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Figure 9.15 FC power system with boost converter for distributed generation.
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Figure 9.16 FC power system with transformer isolation for distributed generation.

9.4 ELECTRIC CARS

In spite of the limited amount of energy that today’s batteries are capable to store,
purely electric cars are gaining a foothold on the automobile market. Electric cars
are quiet, nonpolluting, and capable of rapid acceleration from standstill thanks to
the high starting torque of electric motors. The disadvantages include the need of
frequent recharging, scarce charging-stations infrastructure, and prices still higher
from those of comparable traditional automobiles.

In general, apart from the battery issues, electric vehicles represent an attractive
proposition, mostly due to the fact that the average efficiency of electric machines
is some three times higher than that of internal combustion engines. In an electric
car, the engine is replaced with an electric motor fed from a battery-supplied inverter
as shown in Figure 9.17. The lithium-ion battery is protected from overcharging, for
example, when the vehicle coasts down a long slope, by a switched braking resistance
(see Figure 6.25). Permanent-magnet synchronous motors are most often employed,
although induction motors can also be encountered. When braking or driving down-
hill, the motor acts as a generator, recharging the battery. Coaxial motors in certain
cars simplify the transmission structure. Specifications of example commercial elec-
tric cars are listed in Table 9.1.

AC

DC

Motor

Transmission

Wheels

Battery

Braking
resistor

Figure 9.17 Powertrain of electric car.
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Table 9.1 Example Electric Cars

Power Torque 0–60 mph Range Battery Charging
Make/Model (hp) (lb-ft) (s) (miles) (kWh) (kW)

BMW i3 170 184 7.2 81 22 6.6
Chevrolet Spark EV 130 327 7.2 82 21 3.3
Fiat 500e 111 147 8.4 87 24 6.6
Ford Focus Electric 143 184 9.4 76 23 6.6
Mercedes B-Class

Electric Drive 177 310 7.9 85 28 10.0
Nissan Leaf 107 187 10.2 84 24 6.6
Tesla Model S 362 317 5.4 265 85 10.0
Toyota RAV4 EV 154 218 7.0 100 42 10.0
Volkswagen E-Golf 114 199 10.1 85 24 7.2

In-wheel motors allow disposing of the transmission. A simplified block diagram
of such an EV powertrain is shown in Figure 9.18. Each wheel is separately driven
by a low-speed high-torque ac motor fed from an inverter. The inverters are supplied
from a battery through a capacitive dc link. The decentralized structure of the power
scheme allows independent control of the torque and speed of each wheel, eliminat-
ing the need for mechanical transmission, differential, and gears. All sophisticated
drive functions, such as stability control, non-skid regenerative braking, and optimal
distribution of the torque between wheels on slippery roads, can be implemented in

AC
DCDC

AC

DC
AC

AC
DC

Figure 9.18 Powertrain of electric vehicle with in-wheel motors.
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a microcomputer-based digital control system. As of now, such systems have not yet
reached the commercial market due to several technical barriers. They include the
limited power and vulnerability of in-wheel motors to dirt, heat, and vibration. The
existing in-wheel motor drives are employed in certain low-power vehicles, such as
electric wheelchairs, scooters, or golf carts.

It is hoped that further progress in technologies of batteries and FCs will in
the foreseeable future allow production of long-range electric vehicles. Note that
Tesla Model S by Tesla Motors has already attained a 265 miles range, as seen in
Table 9.1. However, comparison with other cars displayed in that table shows unique-
ness of Tesla automobile with respect to that feature.

9.5 HYBRID CARS

According to the International Electrotechnical Commission, a hybrid electric vehicle
(HEV) is “one in which propulsion energy (…) is available from two or more kinds
or types of energy stores, sources, or converters (…).” In practice, today’s hybrid cars
combine a battery, an electric motor, and an internal combustion engine to provide
driving power. The battery is often supplemented with a supercapacitor bank, which
allows short bursts of extra energy for acceleration.

In a hybrid electric drive system, advantage is being taken from the differ-
ence between mechanical characteristics of electric motors and internal combustion
engines. For instance, an electric motor can generate full torque at any speed, even
at standstill, while the engines require a considerable speed to achieve the maximum
torque ability. The efficiency of an electric machine is high under all normal oper-
ating conditions, while internal combustion engines operate most efficiently at mid-
range speeds and high torque levels. The driving modes include acceleration, cruis-
ing, coasting, braking, and downhill or uphill driving. Varying conditions include the
amount of load, state of the road surface, wind speed and direction, or ambient tem-
perature. A micropocessor-based control system, equipped with a number of sensors
and governed by intelligent operating algorithms, can take advantage of the flexibility
of the hybrid drivetrain to ensure best dynamic performance while minimizing fuel
consumption.

Three basic architectures of the HEV powertrain are series, parallel, and series-
parallel. The series powertrain, illustrated in Figure 9.19, uses an electric motor to
drive the wheels. A battery and an electric generator driven by an internal combus-
tion engine are two independent sources of electrical energy. Depending on operating
conditions, the motor is fed from the battery (with the engine stopped), from the gen-
erator, or from the both sources. Also, if needed, the battery can be charged from the
generator, or, vice-versa, the battery can supply power to the generator when it oper-
ates as a starter motor for the engine. This flexibility helps saving significant amounts
of fuel, especially during city driving. There, frequent starts and stops allow the best
use of the torque-speed characteristic of the motor, and recovery of the kinetic energy
of the vehicle during regenerative braking. Also, the engine can operate most of the
time under the most fuel-efficient conditions.
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Figure 9.19 Series hybrid powertrain.

In comparison with internal combustion engines, electric machines have lower
power density, that is, they are heavier than their internal combustion counterparts
of comparable power. Therefore, series hybrid powertrains employing two electric
machines are mostly used in heavy commercial and military vehicles, buses, and
small locomotives. Still, Chevrolet engineers have decided to employ a series pow-
ertrain in the compact Chevy Volt sedan.

The parallel hybrid drive system shown in Figure 9.20 fits in the existing cars better
because it does not require a generator. The engine and electric motor combine their
torques through a mechanical coupling (gearbox, pulley or chain unit, or a common
axle). The torque is then supplied to the wheels via a mechanical transmission. This
powertrain configuration is common for several hybrid passenger cars.

Coupling

DC

AC

Figure 9.20 Parallel hybrid powertrain.
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DC

AC

Motor

Generator

DC

AC

Power split
device

Figure 9.21 Series–parallel hybrid powertrain.

The series–parallel hybrid powertrain, depicted in Figure 9.21 and employed in
the popular Toyota Prius, has higher operational flexibility than the described series
and parallel drive systems. Its planetary power split device divides the engine power
between the wheels and the generator, whose main function is to charge the battery.
The same generator serves as a starter motor. The driving motor, fed from the dc bus,
provides additional torque to the wheels. With the battery fully charged and the gen-
erator mechanically disconnected from the engine, this is the regular operating mode.
The generator is activated if the battery needs adding some charge. Other modes are
also feasible, with the microprocessor based control system selecting the one that is
most appropriate for given driving conditions and requirements. For example, while
braking, the motor acts as a generator, opposing the motion of wheels and charging
the battery. It is even possible to have the generator, driven by the engine, to supply
the motor, which then provides the whole needed power to the wheels with no direct
help from the engine.

The powertrain of Chevy Volt, the popular US hybrid car, can operate both in the
series and series–parallel configurations. Operation modes of that car are illustrated
in Figure 9.22.

Hybrid electric cars, examples of which are listed in Table 9.2, have entered the
automobile market for good, the more so that gasoline prices do not seem to be set
for dropping significantly in any foreseeable future. The HEVs are expected to rep-
resent a 15–20% share of that market, and power electronics have found there a large
application area.
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Figure 9.22 Operation modes of Chevy Volt.

Table 9.2 Example Hybrid Cars

Power Torquea 0–60 mph Rangeb Mileagec Battery Charging
Make/Model (hp) (lb-ft) (s) (miles) (mpge) (kWh) (kW)

Cadillac ELR 181 86/295 8.1 35 33 16.5 3.3
Chevy Volt 149 93/273 9.0 38 37 16.0 3.3
Ford Fusion Energi 188 129/117 7.9 21 43 7.0 3.3
Honda Accord

Hybrid 196 122/226 7.2 13 46 6.7 6.6
Porsche Panamera S

E-Hybrid 416 325/229 5.2 22 50 9.0 3.0
Toyota Prius 134 105/153 10.7 11 50 4.4 3.3

aGas engine/electric motor.
bOn battery charge.
cEPA equivalent mileage calculated as mpge = miles driven

gallons consumed + kWh used
33.7

.
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9.6 POWER ELECTRONICS AND ENERGY CONSERVATION

In comparison with other methods of power conversion and control, the use of power
electronic converters invariably saves energy. The motor–generator sets of the past
were significantly less efficient than the static converters of today, and many processes
involving flow control by means of hydraulic, pneumatic, mechanical, or electrical
devices employed some sort of “choking.” For instance, as explained in Section 9.1,
flow of a fluid was traditionally controlled by manipulating a valve, as that in a faucet,
and flow of current was controlled by a rheostat (see Section 1.4). Such approach
can be compared to driving a car with the transmission and gas pedal stuck in fixed
positions, using only the brakes to slow or accelerate the vehicle. In so controlled
systems, the efficiency decreases with the load, as the choking is particularly severe
at low flow intensities.

The use of power electronic converters allows wide-range torque and speed control
in adjustable speed drive systems, leading to huge energy savings in a variety of com-
mercial enterprises, such as the manufacturing and food processing industries, or elec-
tric transportation. On the domestic market, many countries impose high efficiency
standards on appliances, forcing the manufacturers to install adjustable speed drives
in “white goods,” such as refrigerators, washers, and dryers. Majority of the elec-
tric drives use ac motors, mostly the squirrel-cage induction and permanent-magnet
synchronous ones, supplied from inverters. However, rectifier-fed dc drives, easier to
control than the ac drives, still find certain applications, such as high-performance
positioning systems.

Power electronic converters in the national grid improve the power factor and
facilitate control of the real and reactive power, raising the efficiency of transmis-
sion and distribution of electric energy. The so-called FACTS (flexible ac trans-
mission systems) devices, such as STATCOMs (static synchronous compensators),
SVRs (static var compensators), TCPARs (thyristor-controlled phase angle regula-
tors), TCRs (thyristor-controlled reactors), or TSCs (thyristor-switched capacitors),
are increasingly common in the grid.

An example STATCOM, based on a cascaded multilevel inverter (see Figure 7.59),
is shown in Figure 9.23a, and a constituent H-bridge in Figure 9.23b. Inductor L rep-
resents the combination of both a physical reactor and a leakage inductance of the
coupling transformer, or just the latter inductance if the former one is not needed.
The STATCOM draws reactive power in the inductive mode of operation when the
converter voltage, Vcon is made lower than the bus voltage, Vbus. Vice-versa, the STAT-
COM delivers reactive power in the capacitive mode when Vcon is made higher than
Vbus. Capacitors C in the H-bridges are protected from overvoltage by switched resis-
tors R, which are also employed when the capacitors must be discharged for mainte-
nance or repair of the STATCOM.

Triac-based ac voltage controllers are increasingly used in homes and other build-
ings for lighting control. Switching power supplies in computer equipment, radios
and TV sets, cell phones and portable media players efficiently provide high-quality
power. The high power factor, obtained by employing pre-regulators and sophis-
ticated control schemes, minimizes the current drawn from the supply source and
diminishes the associated ohmic losses.
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Figure 9.23 STATCOM: (a) block diagram, (b) constituent H-bridge.

The important role of power electronics in modern, clean-energy conscious soci-
eties cannot be underrated, and most engineers sooner or later encounter them in
their everyday practice. Developing countries also take advantage of the technologi-
cal progress in power electronics and renewable energy sources. Many communities
in the world lack an access to an electric grid. To make things worse, fuel used in
the commonly used diesel generators tends to be more expensive there than in the
affluent nations. Therefore, solar panels and wind-turbines spring in many places,
mostly to provide light and power for basic appliances. The hope for a better future
brought about by simple means of electricity production is arguably as important as
the tangible results of availability of cheap energy.

SUMMARY

Power electronics and clean energy are closely tied. Alternative energy sources, such
as solar arrays, wind-turbines, or FCs, require interfacing with the electric grid or
other type of load. Power electronic converters provide the necessary power condi-
tioning to match the source with the load. Various configurations of power electronic
interfaces have been developed for the solar, wind, and FC systems. Bidirectional
ac-to-dc and dc-to-dc converters, with possible transformer isolation, are the most
common components of the interfaces.

Public acceptance of purely electric cars still suffers from the limited energy stor-
age capability and inconvenient re-charging process of today’s batteries. However,
the market of electric and hybrid automobiles is steadily growing. In electric cars,
the internal combustion engine is replaced with an electric motor. In hybrid vehi-
cles, the engine is supplemented with an electric supply of driving power to ensure
optimal use of fuel under varying driving conditions. Batteries, often complemented
with supercapacitors, constitute the source of electric energy, and a generator driven
by the engine provides charging power, especially during regenerative braking. In the
advanced hybrids, the power of the engine and the motor are combined in mechanical

www.EngineeringBooksPdf.com



432 POWER ELECTRONICS AND CLEAN ENERGY

power split devices which, in addition to two electric machines, allows high flexibility
of operation of the powertrain.

Power electronic converters appear in modern electric grids, electric drives, build-
ings, appliances, computer and communication equipment, and other applications,
where electrical power is transmitted or converted. Enormous amounts of energy
are saved thanks to the efficiency-optimized operation of those systems. Both the
wealthy and poor societies enjoy the benefits of clean electric energy helped by power
electronics.
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APPENDIX A
Spice Simulations

For better understanding of operating principles of power electronic converters, 46
Spice circuit files have been developed to be used with this book. They are available
at http://www.wiley.com/go/modernpowerelectronics3e. The name of a file clearly
identifies the topic, for example, the Boost_Conv.cir file models the dc-to-dc boost
converter. An asterisk after the sequential number of a computer assignment indi-
cated existence of an accompanying circuit file. For example, assignment CA8.2∗,
which involves simulation of the boost converter, requires use of the already men-
tioned Boost_Conv.cir file.

LTspice from Linear Technology or PSpice Lite from Cadence is recommended
for simulations. Go to http://www.linear.com/designtools/software/ltspice.jsp for a
free download of the LTspice. For a manual, go to http://denethor.wlu.ca/ltspice.
Alternatively, the PSpice Lite software can be downloaded from https://www
.cadence.com/products/orcad/Pages/orcaddownloads.aspx. You will need to create an
account to get it. It is almost 700 MB, so give it a while to download. You can also
order a free CD.

Both software packages are easy to use. The average and rms values in LTspice are
obtained by holding down the control key and clicking the label of the trace of interest.
The PSpice Lite allows plotting avg(…) and rms(…) traces. They represent running
computations, thus the most accurate values should be read at the right-hand end of
a trace. Many universities post Spice primers on the Internet. For instance, the Uni-
versity of Pennsylvania’s one is available at http://www.seas.upenn.edu/∼jan/spice
/PSpicePrimer.pdf.

The generic voltage-controlled switches available in Spice are employed in all con-
verter models. Circuit diagrams of four such switches appearing in the circuit files,
specifically (a) single-gate switch, SGSW, (b) two-gate switch, TGSW, (c) unidirec-
tional switch, UDSW, and (d) generic SCR, are shown in Figure A.1. In some circuit
files, additional components, such as a series RC snubber circuit, are connected to
the switches to improve operating conditions and secure the convergence of compu-
tations. The hysteresis current control in the three-phase voltage-source inverter in the
Hyster_Curr_Contr.cir file is realized by subcircuit HCC depicted in Figure A.2. The

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
© 2016 John Wiley & Sons, Inc. Published 2016 by John Wiley & Sons, Inc.
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Figure A.1 Generic switches used in the Spice files: (a) single-gate switch, SGSW, (b) two-
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Figure A.2 Hysteresis current controller, HCC, for one leg of an inverter.
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inductor-coupling Spice device, K, is used to model transformers in isolated dc-to-dc
converters.

The Spice was originally developed for the simulation of analog electronic circuits,
and switched networks are sometimes poorly handled. Therefore, certain files con-
tain the message “RUN AS IS!” to indicate that any parameter changes will endanger
the convergence. The reader can also notice that the RON and ROFF resistances of
the voltage-controlled switches, Sgen, vary from file to file. The same applies to the
.OPTIONS statement. Those variations have resulted from attempts to get the simula-
tions run smoothly. Generally, the convergence can be improved by changing (usually
relaxing) the tolerances in the .OPTIONS statement and reducing the ROFF/RON
ratio in the Sgen model. Regrettably, some less important waveforms are still marred
by “spikes” resulting mainly from the idealized nature of the assumed switches. To
view such waveforms, the amplitude (Y-axis) scale should be manually reduced.

The manual setting of ranges of the axes is also needed in the case of rippled dc
waveforms, for example, the output voltage of the voltage-type PWM rectifier. The
automatic setting results in a misleading display of only the ripple.

No effort was spared to make the simulations user friendly. In particular, text
strings, not numbers, are used to designate nodes, for example, “OUT” for an out-
put terminal. This facilitates selection of waveforms to be displayed using the mock-
oscilloscope Probe program. Also, each circuit file contains information about the
textbook figure depicting the simulated circuit. Each assignment involving the Spice
programs should begin with copying the corresponding figure and marking the nodes
in accordance with the circuit file. The work involved will pay off by faster memo-
rization of power electronic circuits.

For measurement of waveform components and determination of figures of merit,
the avg(…) and rms(…) operators should be used. To determine the fundamental of
a waveform, employ the “FFT” or “Fourier” options. Remember that the harmonic
spectra show peak, not rms, values of the waveform harmonics.

The provided Spice circuit files represent, in a sense, a virtual laboratory of power
electronics. Performing the simulations, observing the waveforms and power spectra
of voltages and currents, and determining waveform components and figures of merit
should give the reader better feel and appreciation of power electronic converters.
Wherever possible, compare the simulation results with theoretical ones given by
equations in the book. By no means should the learning exercises be limited to the
suggested assignments. Students (and instructors) are encouraged to “tinker” with
the modeled converters and expand the set of “virtual experiments” by developing
new files.

List of the Spice Circuit Files

1. AC_Chopp.cir Single-phase ac chopper
2. AC_Volt_Contr_1ph.cir Single-phase ac voltage controller
3. AC_Volt_Contr_3ph.cir Three-phase ac voltage controller
4. Boost_Conv.cir Boost converter
5. Buck_Aver_Model.cir Averaged model of buck converter
6. Buck_Conv.cir Buck converter
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7. Buck-Boost_Conv.cir Buck-boost converter
8. Chopp_12Q.cir First-and-second quadrant chopper
9. Chopp_1Q.cir First-quadrant chopper

10. Chopp_2Q.cir Second-quadrant chopper
11. Contr_Rect_1P.cir Phase-controlled single-pulse rectifier
12. Contr_Rect_6P.cir Phase-controlled six-pulse rectifier
13. Cuk_Conv.cir Ĉuk converter
14. Cycloconv.cir Single-phase six-pulse cycloconverter
15. DC_Switch.cir SCR-based static dc switch
16. Diode_Rect_1P.cir Single-pulse diode rectifier
17. Diode_Rect_3P.cir Three-pulse diode rectifier
18. DiodeRect_6P.cir Six-pulse diode rectifier
19. Dual_Conv.cir Six-pulse circulating current-conducting dual

converter
20. Flyback_Conv.cir Flyback converter
21. Forward_Conv.cir Forward converter
22. Full_Brdg_Conv.cir Full-bridge converter
23. Gen_Ph-Contr_Rect.cir Generic phase-controlled rectifier
24. Gen_PWM_Rect.cir Generic PWM rectifier
25. Half_Brdg_Conv.cir Half-bridge converter
26. Half_Brdg_Inv.cir Half-bridge voltage-source inverter with

hysteresis current control
27. Hyster_Curr_Contr.cir Three-phase voltage-source inverter with

hysteresis current control
28. Opt_Sqr_Wv_VSI_1ph Single-phase voltage-source inverter in the

optimal square-wave mode
29. Parallel_Load_Conv.cir Parallel-loaded resonant converter
30. Progr_PWM.cir Three-phase voltage-source inverter with

programmed PWM
31. Push_Pull_Conv.cir Push–pull converter
32. PWM_CSI.cir Three-phase PWM current-source inverter
33. PWM_Rect_CT.cir Current-type PWM rectifier
34. PWM_Rect_VT.cir Voltage-type PWM rectifier
35. PWM_VSI_18.cir Three-phase voltage-source inverter in the

PWM mode (fsw/fo = 18)
36. PWM_VSI_9.cir Three-phase voltage-source inverter in the

PWM mode (fsw/fo = 9)
37. Rect_Source_Induct.cir Six-pulse controlled rectifier supplied from a

source with inductance
38. Reson_Boost_Conv.cir Quasi-resonant ZCS boost converter
39. Reson_Buck_Conv.cir Quasi-resonant ZVS buck converter
40. Reson_DC_Link.cir Resonant dc link network
41. Series_Load_Conv.cir Series-loaded resonant converter
42. Sqr_Wv_CSI.cir Three-phase current-source inverter in the

square-wave mode
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43. Sqr_Wv_VSI_1ph.cir Single-phase voltage-source inverter in the
simple square-wave mode

44. Sqr_Wv_VSI_3ph.cir Three-phase voltage-source inverter in the
square-wave mode

45. Step_Up_Chopp.cir Step-up chopper
46. Three_Lev_Inv.cir Three-level neutral-clamped inverter
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APPENDIX B
Fourier Series

A function 𝜓 (t) is called periodic if

𝜓 (t + T) = 𝜓 (t) , (B.1)

where T is the period of 𝜓 (t). The fundamental frequency, f, is defined as

f ≡
1
T

Hz, (B.2)

and the fundamental radian frequency, 𝜔1, as

𝜔 ≡
2𝜋
T

= 2𝜋f rad∕s. (B.3)

A periodic function can be represented by an infinite Fourier series as

𝜓 (t) = a0 +
∞∑

k=1

[ak cos(k𝜔t) + bk sin(k𝜔t)], (B.4)

where

a0 = 1
T

T

∫
0

𝜓 (t) dt (B.5)

ak = 2
T

T

∫
0

𝜓 (t) cos (k𝜔t) dt (B.6)

bk = 2
T

T

∫
0

𝜓 (t) sin (k𝜔t) dt. (B.7)
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Alternately, 𝜓(t) can be expressed as

𝜓 (t) = c0 +
∞∑

k=1

ck cos(k𝜔t + 𝜃k)dt, (B.8)

where

c0 = a0 (B.9)

ck =
√

a2
k + b2

k (B.10)

𝜃k =

⎧⎪⎪⎨⎪⎪⎩
− tan−1

(
bk

ak

)
if ak ≥ 0

− tan−1

(
bk

ak

)
± 𝜋 if ak < 0

. (B.11)

Coefficient c0 constitutes the average value of 𝜓 (t), and c1 is the peak value of
the fundamental of 𝜓 (t) . If 𝜓 (t) represents a voltage or current, terms “dc compo-
nent” for c0 and “peak value of fundamental ac component” for c1 are also in use.
Coefficients c2, c3,… , are peak values of higher harmonics of 𝜓 (t), the subscript
denoting the harmonic number. Thus, the kth harmonic is a sinusoidal component of
𝜓 (t) with the peak value of ck and radian frequency of k𝜔1. The harmonic angle, 𝜃k,
is of minor importance in power electronics, except for the fundamental angle, 𝜃1.

Many practical waveforms are characterized by certain symmetries, which allow
reducing the computational effort required for determination of Fourier series. To take
advantage of those symmetries, the average value, if any, should first to be subtracted
from the analyzed function 𝜓 (t), leaving a periodic function 𝜗 (t) given by

𝜗 (t) = 𝜓 (t) − a0 (B.12)

and whose average value is zero. Clearly, coefficients ak and bk are the same for both
𝜓 (t) and 𝜗 (t). Thus, the latter function can be used in place of 𝜓 (t) in Eqs. (B.6) and
(B.7) to determine those coefficients.

The most common symmetries are:

(1) Even symmetry, when

𝜗 (−t) = 𝜗 (t) . (B.13)

Then,

bk = 0 (B.14)

ck = ak (B.15)

www.EngineeringBooksPdf.com



440 APPENDIX B: FOURIER SERIES

for all values of k from 1 to ∞. In particular, the cosine function has the even
symmetry, and that is why the sine coefficients, bk, of the Fourier series are
nulled.

(2) Odd symmetry, when

𝜗 (−t) = −𝜗 (t) . (B.16)

Then,

ak = 0 (B.17)

ck = bk (B.18)

for all values of k from 1 to ∞. In particular, the sine function has the odd
symmetry, and that is why the cosine coefficients, ak, of the Fourier series are
nulled.

(3) Half-wave symmetry, when

𝜗

(
t + T

2

)
= −𝜗 (t) . (B.19)

Then ak = bk = ck = 0 for k = 2, 4,… , and the remaining coefficients of
Fourier series can be calculated as

ak = 4
T

T∕2

∫
0

𝜗 (t) cos (k𝜔t) dt (B.20)

bk = 4
T

T∕2

∫
0

𝜗 (t) sin (k𝜔t) dt (B.21)

for odd values of k. Both the sine and cosine functions have the half-wave
symmetry.

If 𝜗 (t) has both the even symmetry and half-wave symmetry, coefficients
ck can directly be found as

ck =

⎧⎪⎪⎨⎪⎪⎩
8
T

T∕2

∫
0

𝜗 (t) cos (k𝜔t) dt for k = 1, 3,…

0 for k = 2, 4,…

. (B.22)
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(a)

(b)

(c)

(d)

(e)

(t)ϑ

t

t

t

t

t

Figure B.1 Examples of various symmetries: (a) even, (b) odd, (c) half-wave, (d) even and
half-wave, (e) odd and half-wave.

Analogously, if 𝜗 (t) has both the odd symmetry and half-wave symmetry,
then

ck =

⎧⎪⎪⎨⎪⎪⎩
8
T

T∕2

∫
0

𝜗 (t) sin (k𝜔t) dt for k = 1, 3,…

0 for k = 2, 4,…

. (B.23)

Various symmetries are illustrated in Figure B.1. The equations presented can eas-
ily be adapted to functions expressed in the angle domain, that is, 𝜓 (𝜔t) and 𝜗 (𝜔t)
instead of 𝜓 (t) and 𝜗 (t) . The period T is then replaced with 2𝜋.

Certain waveforms, such as the optimal switching pattern in Figure 7.26, possess
the so-called quarter-wave symmetry, which means that

𝜗

(
t + T

4

)
= 𝜗

(T
4
− t

)
(B.24)

and

𝜗

(
t + 3T

4

)
= 𝜗

(3T
4

− t
)
. (B.25)
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APPENDIX C
Three-Phase Systems

Three-phase systems consist of three-phase sources and three-phase loads connected
by three-wire or four-wire lines. A three-phase source is composed of three intercon-
nected ac sources, and three interconnected loads comprise a three-phase load. Ideal
sinusoidal voltage sources are assumed in the subsequent considerations. It is also
assumed that the sources and loads are balanced. It means that the individual source
voltages have the same value, differ from each other by the phase shift of 120o, and
the load consists of three identical impedances with (if any) EMFs satisfying the same
balance conditions as the source voltages.

A three-phase source can be connected either in wye (Y) or in delta (Δ), as shown
in Figure C.1. These two connections also apply to three-phase loads, depicted in
Figure C.2. Clearly, there are four possible arrangements of a three-phase source sup-
plying a three-phase load: Y–Y, Y–Δ, Δ–Y, and Δ–Δ. As illustrated in Figure C.3a,
three- or four-wire lines can be used between the source and load in the Y–Y system.
The four-wire connection is not feasible in the other three systems, such as the Δ–Y
system in Figure C.3b.

Two types of voltage and two types of current, all indicated in Figure C.3, appear
in three-phase systems. These are:

(1) Line-to-neutral voltages, vAN, vBN, and vCN, given by

vAN =
√

2VLN cos (𝜔t)

vAN =
√

2VLN cos
(
𝜔t − 2

3

)
vAN =

√
2VLN cos

(
𝜔t − 4

3

) , (C.1)

where VLN denotes the rms value of these voltages. Somewhat imprecisely,
the line-to-neutral voltages are also called phase voltages.

Introduction to Modern Power Electronics, Third Edition. Andrzej M. Trzynadlowski.
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N

A

B

C

(a) (b)

A

B

C

vAB

vAN

vBN

vCN

vCA vBC

Figure C.1 Three-phase sources: (a) wye-connected, (b) delta-connected.

(2) Line-to-line voltages, vAB, vBC, and vCA, given by

vAB =
√

2VLL cos
(
𝜔t + 1

6
𝜋

)
vAN =

√
2VLL cos

(
𝜔t − 1

2
𝜋

)
vAN =

√
2VLL cos

(
𝜔t − 7

6
𝜋

) , (C.2)

where VLL, which equals
√

3VLN, denotes the rms value of these voltages. It
is worth stressing that the VLL value is universally used as the rated voltage
of three-phase lines and apparatus. Alternately, the line-to-line voltages are
called line voltagesa.

(3) Line currents, iA, iB, and iC, given by

iA =
√

2IL cos (𝜔t − 𝜑)

iB =
√

2IL cos
(
𝜔t − 𝜑 − 2

3
𝜋

)
iC =

√
2IL cos

(
𝜔t − 𝜑 − 4

3
𝜋

) , (C.3)

where IL denotes the rms value of these currents and 𝜑 is the load angle.

A

B

C

A

B

C

(a) (b)

Z
^

Z
^

Z
^

B

A

C

N

Z
^

AB

Z^ Z
^

BC

CA

Figure C.2 Three-phase loads: (a) wye-connected, (b) delta-connected.
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vBN

vBN

Z
^

BiB

vAN

vAN

Z
^

A
Ai

vCN

vCN

Z
^

CiC

iN

(a)

vBN

Z
^

BiB

vAN

Z
^

A
Ai

vCN

Z
^

CiC

B

A

C

N

B

A

C

N

(b)

vCA
vBC

vAB

Figure C.3 Three-phase source-load systems: (a) Y–Y, (b) Δ–Y.

(4) Line-to-line currents, iAB, iBC, and iCA, also known as phase currents and
given by

iAB =
√

2ILL cos
(
𝜔t − 𝜑 + 1

6
𝜋

)
iBC =

√
2ILL cos

(
𝜔t − 𝜑 − 1

2
𝜋

)
iCA =

√
2ILL cos

(
𝜔t − 𝜑 − 7

6
𝜋

) . (C.4)

Note that in delta-connected loads these voltages appear across individual load
impedances, analogously to line-to-neutral voltages in wye-connected loads.
Thus, logically, they are “phase voltages”, too.

where the rms value, ILL, of these currents equals IL∕
√

3.

Phasor diagram of the voltages and currents is shown in Figure C.4. The apparent
power, S, expressed in volt-amperes (VA) and defined as

S ≡ VANIA + VBNIB + VCNIC = VABIAB + VBCIBC + VCAICA, (C.5)
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^IB

^I BC
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^IA
^I CA
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φ
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^I CA

^
I BC

V^AB

AN

V^V^CA
V^CN BN

V^AN^I AB

V
^

BN V^CN

V^BC

Figure C.4 Phasor diagram of voltages and currents in a three-phase system.

where the right-hand side quantities denote rms values of the respective voltages and
currents, equals

S = 3VLNIL = 3VLLILL =
√

3VLLIL (C.6)

in a balanced system. The right-hand side expression is most commonly used because
the line-to-line voltage and line current are easily available for measurement in both
the three- and four-wire systems.

The real power, P, expressed in watts (W), transmitted from the source to the load,
is given by

P = S cos (𝜑) =
√

3VLLIL cos (𝜑) (C.7)

and the reactive power, Q, expressed in volt-amperes reactive (VAr), by

Q = S sin (𝜑) =
√

3VLLIL sin (𝜑) . (C.8)
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Equations, (C.6) through (C.8) are valid for all four source-load systems shown in
Figure C.3. The ratio of the real power to the apparent power is defined as the power
factor, PF:

PF ≡
P
S
= cos (𝜑) . (C.9)

It must be stressed that the power factor equals the cosine of load angle only in the
case of sinusoidal voltages and currents, and identical load angles of all the three
phase loads.

Considering Eq. (C.7), if P and VLL are constant, then the low value of cos(𝜑) must
be compensated by a high value of IL. Thus, low power factor causes extra losses in
the resistances of the power system. To recoup these loses, utility companies charge
users for the amount of reactive energy consumed (a time integral of reactive power).
Indeed, according to Eqs. (C.8) and (C.9), a low power factor corresponds to a large
power angle and high reactive power.
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Above-resonant operation mode, 396
Ac choppers, 211–215
Ac component, 8
Active clamp, 337
Active power filters, 345
Ac-to-ac converters, 196–244
Ac-to-dc converters, 115–195
Ac voltage controllers, 21, 196–215

after the load, 210
four-wire, 210
fully controlled, 196–210
half-controlled, 210
PWM, 211–215
single-phase, 196–203, 211–214
three-phase, 203–211, 214–215

Adjustable-speed drives, 347–350, 422–429
Anode, 59
Arc welding, 180
Asymmetrical IGCT, 70
Auxiliary resonant commutated pole inverter, 339
Avalanche breakdown, 59
Average forward current, 60
Average value, 6, 399
Averaged converter model, 380

Baker’s clamp, 92
Bandgap, 84
Base, 70
Below-resonant operation mode, 396
Bidirectional switches, 220
Bi-directionally controlled thyristor (BCT), 68
Bipolar junction transistor (BJT), 70–73

characteristics, 71
current gain, 71
drivers, 91–94
hard saturation line, 72
quasi-saturation zone, 72
second breakdown, 72
snubbers, 103–104

temperature coefficient, 72
turn-off time, 66

Blanking time, 277
Boost converter, 369–371
Braking resistor, 268
Bridge topology, 117, 137, 277
Buck-boost converter, 371–374
Buck converter, 366–369
Buck rectifier, 158

Capacitive turn-on, 390
Capacitors

dc-link, 267, 276
input, 150, 158
non-polarized, 107
output, 41
polarized, 107

Carrier-comparison PWM technique, 295
Case temperature, 61
Cathode, 59
Central processing unit (CPU), 111
Characteristic impedance, 392
Choppers, 248–275

first-and-fourth-quadrant, 258–260
first-and-second-quadrant, 256–258
first-quadrant, 250–254
four-quadrant, 250–262
second-quadrant, 254–256
step-down, 248–262
step-up, 262–265

Circulating current, 145
Class-B output stage, 92
Clean energy, 411–432
Clock driver, 95
Collector, 70
Commutating circuit, 246
Commutation, 64, 120, 138–148

angle, 140
forced, 246
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Commutation (Continued )
line-supported, 138
natural, 120

Conduction
angle, 125
band, 84
continuous, 115, 121
discontinuous, 123

Constant volts per hertz (CVH) principle, 348
Control angle, 200
Conversion efficiency, 14
Converters

ac-to-ac, 196–244
ac-to-dc, 115–195
control systems for, 88
dc-to-ac, 276–363
dc-to-dc, 245–275
dual, 143–149
force-commutated, 149
line-commutated, 149
resonant, 390–402
supersonic, 27
types of, 3

Cooling systems, 88
Critical dv/dt, 65
Crossover angle, 124
Crowbar, 96
Current

gain, 71
regulators, 112
space vectors, 152–157
sensors, 112, 306
tail, 62

Current control, 306–315
hysteresis, 307–311
linear, 314–315
predictive, 313–314
ramp-comparison, 311–313

Current-mode resonant switches, 391
Current-regulated delta modulator, 313
Current-source inverters, 315–322

PWM, 319–322
square-wave, 317–319

Cycloconverters, 44, 215–219
Ĉuk converter, 374–378, 385

Darlington connection, 72
Dc component, 8
Dc current gain, 71
Dc link, 267
Dc-to-ac converters, 6, 276–363
Dc-to-dc converters, 24, 245–275, 364–410

boost, 369–371
buck, 366–369

buck-boost, 371–374
Ĉuk, 374–378, 385
flyback, 384–385
forward, 383–384
full-bridge, 388–389
half-bridge, 387–388
isolated, 382–390
load-resonant, 395–401
multiple-output, 390
non-isolated, 365–382
parallel-loaded, 398–400
push-pull, 387
quasi-resonant, 391–395
resonant, 379–391
resonant-switch, 390–402
series-loaded, 395–398
series-parallel, 400–401

Dc transformer, 379
Dc voltage regulators, 24
Dead time, 97, 277
Delay angle, 22
Descriptive parameters, 62
Digital signal processors (DSP), 111
Direct power control, 172
Discrete pulse modulation, 339
Displacement factor, 15
Distortion factor, 15
Distributed generation, 411–413
Drain, 74
Drivers, 89–96
Dual converters, 143–149
Duty ratio, 24, 156, 212, 281

Electric cars, 424–426
Electromagnetic interference (EMI), 24, 109, 304
Emitter, 70
Emitter ballast resistance, 72
Energy recovery from snubbers, 104–106
Equivalent load resistance, 397, 399
Even symmetry, 439
Extinction angle, 38, 125

Fast-recovery diodes, 61
Field-programmable logic arrays (FPGA), 111
Field weakening, 348
Figures of merit, 8–15
Filters, 106–109

EMI, 109
front-end, 106
high-pass, 109
input, 106, 128–130, 211
intermediate, 107, 113
line, 106
low-pass, 6, 108
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output, 106, 366
radio-frequency, 109
resonant, 108

Firm switching, 402
Firing angle, 20, 131
Flexible ac transmission systems (FACTS), 430
Floating gate drive, 95
Flyback converter, 384–385
Flying-capacitor inverter, 327–329
Forced commutation, 66, 246
Forced component, 31
Forward bias, 19
Forward breakover voltage, 64
Forward converter, 383–384
Forward current, 59–60
Forward voltage drop, 59
Fourier series, 11, 442–445
Freewheeling diode, 39, 89, 163, 279, 386
Freewheeling switches, 212
Frequency changer, 83, 349
Fuel cell energy systems, 422–424
Full-bridge converter, 388–389
Fundamental, 11, 443
Fundamental frequency, 8, 442
Fuse coordination, 61
Fuses, 61, 96

Gate, 63–64, 67–69, 74–76
Gate turn-off thyristor (GTO), 68–69

current gain, 68
drivers, 90–91
snubbers, 102–103
turn-off time, 68

Generic power converter, 3–7
Green energy, 411

Half-bridge converter, 387–388
Half-bridge topology, 323
Hard switching, 333
Harmonic

component, 12
content, 12
elimination, 301, 320
number, 11
peak value, 11
phase angle, 11
pollution, 24
spectra, 28, 162, 281
traps, 129

Heat sink, 61, 109
High-voltage dc (HVDC) transmission, 2, 67,

183
Holding current, 64
Hybrid electric vehicles, 426–429

Hybrid powertrain
parallel, 427
series, 426–427
series-parallel, 428

Hysteresis current control, 307

Induction heating, 350
Inductive turn-off, 390
Insulated-gate bipolar transistor (IGBT), 75–77

characteristics, 75
drivers, 94–96
nonpunch through, 75
punch-through, 75
snubbers, 103–104

Intelligent power modules, 83
Intrinsic semiconductor, 58
Inverters, 6, 276–363

auxiliary resonant commutated pole, 339
cascaded H-bridge, 329
current-source (CSI), 315–322
diode-clamped, 324
flying-capacitor, 327–329
half-bridge, 323
load-commutated, 398
multilevel, 322–333
neutral-clamped, 324
resonant dc link, 334–341
single-phase, 277–286
square-wave mode, 6, 17–22, 279–281, 290,

315
three-phase, 286–322
voltage-source (VSI), 276–315

Islanding, 413
Isolated Ĉuk converter, 385
Isolated dc-to-dc converters, 382–390
Isolation transformer, 92, 382

Junction temperature, 63, 110

Latching current, 64
LC tank, 391
Light-activated thyristor (LAT), 67, 92
Light-activated triac (LATR), 90
Light-emitting diode (LED), 89
Line voltage notching, 142
Linear current control, 314
Linear voltage regulators, 364
Liquid cooling, 109
Load-commutated inverter, 398
Load-resonant converters, 395–401
L-type resonant switches, 391

Magnitude control ratio, 17
Main terminals, 67

www.EngineeringBooksPdf.com



450 INDEX

Matrix converters, 220–234
indirect, 228
sparse, 227
ultra-sparse, 230
Z-source, 230–233

Maximum allowable
dc collector current, 72
forward repetitive peak voltage, 65
full-cycle average forward current, 60
full-cycle rms forward current, 61
junction and case temperatures, 61
nonrepetitive surge current, 61
repetitive di/dt, 65
reverse repetitive peak voltage. 60

Maximum power point (MPP), 412
Microcontrollers, 111
Midpoint rectifier, 386
Modulating function, 212, 281
Modulation index, 157, 212, 281
MOS-controlled thyristor (MCT), 79
M-type resonant switches, 391
Multilevel inverters, 322–333

cascaded H-bridge, 329
diode-clamped, 324
flying-capacitor, 327
neutral-clamped, 324

Multiple-output dc-to-dc converters, 390
Multiple-switch dc-to-dc converters, 386–389
Multipulse, 65, 199

Natural component, 31
Natural convection, 109
Non-isolated dc-to-dc converters, 365–382
Normalized load resistance, 395
N-type semiconductor, 58

Off-time, 25
On-time, 25
Operating area, 144
Operating point, 144
Operating quadrants, 143
Optical isolation, 89, 91–92, 96
Optimal square-wave mode, 279–280
Optimal switching-pattern, 299–301
Optocoupler, 89, 92–93
Overcurrent protection, 96–97
Overlap angle, 140

Parallel-loaded dc-to-dc converter, 398–400
Park transformation, 154, 309
Phase control, 17–22, 130–149
Photovoltaic array, 413
Photovoltaic systems, 413–417
Polarity marks, 382
Potentiometric control, 18

Power conditioner, 2
Power conditioning, 1
Power conversion, 1, 3
Power converters

ac-to-ac, 196–244
ac-to-dc, 115–195
dc-to-ac, 276–363
dc-to-dc, 245–275, 364–410

Power density, 364
Power diode, 59–63

characteristic, 59
parameters, 60–62
snubbers, 101–102

Power efficiency, 14
Power factor, 15, 203
Power gain, 245
Power losses

conduction, 69
off-state, 77
switching, 29, 70, 76–77

Power modules, 79–84
Power MOSFET, 74–75

body diode, 75
characteristics, 75
drivers, 94–96
snubbers, 103–104
temperature coefficient, 75

Predictive current control, 313
Preregulators, 430
Primary switching angles, 300, 320
Programmed PWM techniques, 299, 320
PSpice, 37, 54, 433–437
P-type semiconductor, 59
Pulse transformer, 89
Pulse width modulation (PWM)

in ac choppers, 211–215
in current-source inverters, 319–322
in current-type rectifiers, 160–163
in dc choppers, 24
principles of, 22–30, 150–158
techniques of, 155–157, 159–170, 295–306,

319–322
in voltage-source inverters, 273–274,

288–300
in voltage-type rectifiers, 159–162

Push-pull converter, 387

Quality factor, 395
Quasi-resonant converters, 391–395
Quasi-steady state, 30

Ramp-comparison current control, 311–313
Random access memory (RAM), 111
Random PWM techniques, 304–306
Rated current, 60
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Rated voltage, 60
Raw power, 1
RDC snubber, 102
Read-only memory (ROM), 111
Rectifiers, 115–195

current-type, 158–163
diode, 38–43, 115–130
inverter mode of, 132
midpoint, 386
phase-controlled, 17, 130–149
PWM, 149–178
single-phase, 41–43, 386
single-pulse, 38
six-pulse, 117–143
source inductance impact of, 137–143
three-phase, 115–143, 158–178
three-pulse, 115–117
twelve-pulse, 121
two-pulse, 41–43, 386
uncontrolled, 38–43, 115–130
Vienna, 175–178
voltage-type, 163–175

Resistive control, 17
Resonance frequency, 336, 393
Resonant circuit, 334, 391
Resonant commutated pole inverter,

340–341
Resonant converters, 101, 390–403
Resonant dc link inverter, 334–340
Resonant-switch converters, 391–395
Resonant switches, 391
Restrictive parameters, 62
Reverse bias, 60
Reverse breakdown voltage, 59
Reverse leakage current, 59
Reverse recovery time, 63
Reverse repetitive peak voltage, 60
Rheostatic control, 18
Ripple, 8
Ripple factor, 9
Rms forward current, 61
Rms value, 9
Rotating electromachine converters, 2

Safe operating area (SOA), 77–78, 98
Safety margins, 178
Second breakdown, 72, 75
Secondary switching angles, 300
Semiconductor power switches, 2, 57–87

fully controlled, 2, 68–77
semicontrolled, 2, 64–68
uncontrolled, 59–63

Separating inductors, 148
Series-loaded converter, 384–387
Series-parallel converter, 395–398

Shoot-through, 97, 277
Shottky diode, 63
Silicon controlled rectifier (SCR), 64–67

characteristics, 65
current gain, 65
drivers, 89–90
snubbers, 101–102
turn-off time, 66

Single-ended primary inductor converter
(SEPIC), 378–379

Sinking, 94
Snubberless converters, 104
Snubbers, 98–106
Soft starters, 236
Soft switching, 333–341
Solar arrays, 413–417
Solar energy systems, 413–417
Solar panels, 413, 431
Source, 74
Source inductance, 137
Sourcing, 94
Speed sensor, 112
Square-wave operation mode, 6, 279–280,

290–291
State sequences, 298–299
Static ac switches, 200, 235
Static dc switches, 245–248
Static induction thyristor (SITH), 79
Static induction transistor (SIT), 79
Static power electronic converters, 2
Static synchronous compensator (STATCOM),

416
Static var compensator (SVR), 430
Supersonic converters, 27
Surge current, 61
Switched-mode dc-to-dc converters, 365–390
Switching cycle, 151
Switching frequency, 25
Switching interval, 35
Switching losses, 29
Switching pattern, 299
Switching power supplies, 364–410
Switching signals, 151
Switching trajectory, 100
Switching variables, 150
Symmetrical blocking, 87
Symmetry

even, 439
half-wave, 129, 281, 440
odd, 12, 440
quarter-wave, 299, 441

Temperature coefficient, 12, 77
Thermal equivalent circuit, 109
Thermal resistance, 61
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Thermal runaway, 72
Third-harmonic modulating function, 297
Thyratron, 19
Thyristor, 2, 64–67
Thyristor-controlled phase angle regulator

(TCPAR), 430
Thyristor-controlled reactor (TCR), 430
Thyristor-switched capacitor (TSC), 430
Timer, 112
Tolerance band, 309–310
Total harmonic distortion (THD), 12
Totem pole, 97
Triac, 21, 67–68

current gain, 67
drivers, 89–90
snubbers, 101–102
turn-off time, 67

Triangulation PWM technique, 295
Turn-off, 2
Turn-off time, 66
Turn-on, 2
Turn-on time, 66
Turn ratio, 384

Ultra-fast recovery diodes, 62
Uninterruptible power supplies (UPS),

346–347
Utility interface, 413

Valence
band, 84
electrons, 84

VAr controller, 346
Voltage

control, 20, 22, 25–28, 132, 199–202,
248–264, 295–306

gain, 18
sensors, 160
space vectors, 152–155, 222–227, 281,

297–299
Voltage-mode resonant switches, 391
Vorperian’s switch model, 380

Waveform components, 8–11
ac, 9
dc, 8
forced, 31, 121
harmonic, 5
natural, 31

Wide bandgap (WBG) devices, 84
Wind energy systems, 417–422
Wind farms, 417

Z-source, 231–233
Zero-current switching (ZCS), 365
Zero-voltage switching (ZVS), 365
Zeta converter, 378–379
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