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Preface 

The present book on electrical, optical, magnetic and thermal properties of 
materials is in many aspects different from other introductory texts in solid 
state physics. First of all, this book is written for engineers, particularly 
materials and electrical engineers who want to gain a fundamental under
standing of semiconductor devices, magnetic materials, lasers, alloys, etc. 
Second, it stresses concepts rather than mathematical formalism, which 
should make the presentation relatively easy to understand. Thus, this book 
provides a thorough preparation for advanced texts, monographs, or special
ized journal articles. Third, this book is not an encyclopedia. The selection 
oftopics is restricted to material which is considered to be essential and which 
can be covered in a 15-week semester course. For those professors who want 
to teach a two-semester course, supplemental topics can be found which 
deepen the understanding. (These sections are marked by an asterisk [*].) 
Fourth, the present text leaves the teaching of crystallography, X-ray diffrac
tion, diffusion, lattice defects, etc., to those courses which specialize in these 
subjects. As a rule, engineering students learn this material at the beginning of 
their upper division curriculum. The reader is, however, reminded of some of 
these topics whenever the need arises. Fifth, this book is distinctly divided into 
five self-contained parts which may be read independently. All are based on 
the first part, entitled "Fundamentals of Electron Theory," because the 
electron theory of materials is a basic tool with which most material properties 
can be understood. The modern electron theory of solids is relatively involved. 
It is, however, not my intent to train a student to become proficient in the 
entire field of quantum theory. This should be left to more specialized texts. 
Instead, the essential quantum mechanical concepts are introduced only to the 
extent to which they are needed for the understanding of materials science. 
Sixth, plenty of practical applications are presented in the text, as weil as in the 
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problem sections, so that the students may gain an understanding of many 
devices that are used every day. In other words, I tried to bridge the gap 
between physics and engineering. Finally, I gave the treatment of the optical 
properties of materials about equal coverage to that of the e1ectrical prop
erties. This is partly due to my personal inclinations and partly because it is 
feIt that a more detailed description of the optical properties is needed since 
most other texts on solid state physics devote relative1y little space on this topic. 
It should be kept in mind that the optical properties have gained an increasing 
amount of attention in recent years because of their potential application in 
communication devices as weH as their contributions to the understanding of 
the electronic structure of materials. 

The philosophy and the substance of the present text emerged from lecture 
notes which I accumulated during more than twenty years of teaching. A 
pre1iminary version ofParts land II appeared several years aga in the Journal 
oJ Educational Modules Jor Materials Science and Engineering (4, 1 (1982) and 
4, 781 (1982)). 

I sincerely hope that the students who read and work with this book will 
enjoy as much as I the journey through the fascinating field of the physical 
properties of materials. 

Each work benefits greatly from the interaction between author and co 1-
leagues or students. I am grateful in particular to Professor R.T. DeHoff, who 
read the entire manuscript and who helped with his inquisitive mind to clarify 
many points in the presentation. Professor Ken Watson read the part dealing 
with magnetism and made many helpful suggestions. Other colleagues to 
whom I am indebted are Professor Fred Lindholm, Professor Terry Orlando, 
and Dr. Siegfried Hofmann. My daughter, Sirka Hummel, contributed with 
her skills as an artist. Last, but not least, I am obliged to my family, to facuIty, 
and to the chairman of the Department of Materials Science and Engineering 
at the University ofFlorida for providing the harmonious atmosphere which 
is of utmost necessity for being creative. 
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PART I 

FUNDAMENTALS OF 
ELECTRON THEORY 



CHAPTER 1 

Introduction 

The understanding of the behavior of electrons in solids is one of the keys to 
understanding materials. The electron theory of solids is capable of explaining 
optical, magnetic, thermal, as well as electrical properties of materials. In 
others words, the electron theory provides important fundamentals for a 
technology which is often considered to be the basis for modem civilization. A 
few examples will illustrate this. Magnetic materials are used in electric 
generators, motors, loudspeakers, transformers, tape recorders, and tapes. 
Optical properties of materials are utilized in lasers, windows, lenses, optical 
coatings, solar collectors, and reflectors. Thermal properties playa role in 
refrigeration and heating devices and in heat shie1ds for spacecraft. Some 
materials are extremely good electrical conductors, such as silver and copper; 
others are good insulators, such as porcelain or quartz. Semiconductors are 
gene rally poor conductors at room temperature. However if traces of certain 
elements are added, the electrical conductivity increases. 

Since the invention ofthe transistor in the late 1940s, the electronic industry 
has grown to an annual sales level of about one trillion dollars. From the very 
beginning, materials and materials research have been the lifeblood of the 
electronics industry. 

For the understanding of the electronic properties of materials three ap
proaches have been developed during the past hundred years or so which 
differ considerably in their philosophy and their level of sophistication. In the 
last century, a phenomenological description ofthe experimental observation 
was widely used. The laws which were eventually discovered were empirically 
derived. This "continuum theory" considered only macroscopic quantities 
and interrelated experimental data. No assumptions were made about the 
structure of matter when the equations were formulated. The conclusions 
which can be drawn from the empiricallaws still have validity, at least as long 
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as no oversimplifications are made during their interpretation. Ohm's law, the 
Maxwell equations, Newton's law, or the Hagen-Rubens equation may serve 
as examples. 

A refinement in understanding the properties of materials was accom
plished at the turn of this century by introducing atomistic principles into the 
description of matter. The "classical electron theory" postulated that free 
electrons in metals drift as a response to an external force and interact with 
certain lattice atoms. Paul Drude was the principal proponent of this ap
proach. He developed several fundamental equations which are still widely 
utilized today. We shall make extensive use of the Drude equations in sub
secjüent parts of this book. 

A further refinement was accomplished at the beginning of this century by 
quantum theory. This approach was able to explain important experimental 
observations which could not be readily interpreted by classical means. Quan
tum theory, however, lacks vivid visualization of the phenomena which it 
describes. Thus, a considerable effort needs to be undertaken to comprehend 
its basic concepts; but mastering its principles leads to a much deeper under
standing of the electronic properties of materials. 

The first part ofthe present book introduces the reader to the fundamentals 
of quantum theory. Upon completion of this part the reader should be 
comfortable with terms such as Fermi energy, density of states, Fermi distri
bution function, band structure, Brillouin zones, effective mass of electrons, 
uncertainty principle, and quantization of energy levels. These concepts will 
be needed in the following parts of the book. 

It is assumed that the reader has taken courses in freshman physics, chemis
try, and differential equations. From these courses the reader should be 
familiar with the necessary mathematics and relevant equations and defi
nitions, such as: 

Newton's law: force equals mass times acceleration (F = ma), (1.1) 

Kinetic energy: Ekin = tmv2 (v is the particle velocity), (1.2) 

Momentum: p = mv, (1.3) 

2 

Combining (1.2) and (1.3) yields Ekin = fm' (1.4) 

Speed oflight: C = VA (v = frequency of the light wave, 
and ,.1, its wavelength), 

Velocity of a wave: U = VA, 

Angular frequency: w = 2nv, 

Einstein's mass-energy equivalence: E = mc2 . 

(1.5) 

(1.6) 

(1.7) 

(1.8) 

In order to keep the book as self-contained as possible, some fundamentals in 
mathematics and physics are summarized in the Appendices. 



CHAPTER 2 

Wave Properties of Electrons 

We start our discussion with a thought which might be familiar to the reader: 
"Waves and particles are merely two forms ofthe same physical reality." This 
statement is true for light as weIl as for matter. For example, light can be 
described as having wave properties or, alternately, particle properties. A 
particle, or quantum of light is called a photon whose energy is 

E = vh = wh, 

where h is the Planck constant and 

h=~ 21t . 

(2.1) 

(2.2) 

The particle property of the electron with mass m and charge e was dis
covered in i897 by Thomson in an experiment in which he observed the 
deviation of a cathode ray by electric and magnetic fields. The proof for the 
free mobility ofthe electrons in a metal was accomplished by measurement of 
inertia effects by Tolman. 

In 1924 de Broglie introduced the thought that electrons should also have 
wave properties. He connected the wavelength A of an electron wave and the 
momentum p of the particle by the relation 

A = ~ = 21th. (2.3) 
p P 

In 1926 Schrödinger gave this thought by de Broglie a mathematical form. In 
1927, Davisson, Germer, and G.P. Thomson discovered electron diffraction 
by a crystal which finally proved the wave nature of electrons. 

The property of the electron shall be described in the following by a de 
Broglie wave, or by a wave function \f'. This wave function does not represent 
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Moduloted Amplitude ("beats") 
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Figure 2.1. Combination of two waves of slightly different frequencies. ilX is the 
distance over which the particle can be found. 

physical waves or other physical quantities. It should be understood merely as 
a mathematical description of a particle (the electron) which enables us to 
calculate its actual behavior in a convenient way. This thought probably 
sounds unfamiliar to a beginner in quantum physics. However, by repeated 
exposure, one can become accustomed to it. 

The wave-particle duality can be better understood by realizing that the 
electron, described as a particle, can be represented by a combination of 
several wave trains having slightly different frequencies between wand 
w + l\w. Let us study this, assuming at first only two waves, which shall be 
written as 

'I' 1 = sin(kx - wt) (2.4a) 

and 

'1'2 = sin[kx - (w + L\w)t]. (2.4b) 

Superposition of '1'1 and '1'2 yields a new wave '1'. With sinlX + sinß = 

2 cos!( IX - ß) . sin !( IX + ß) we obtain 

L\w . [ ( L\w) ] 'I' 1 + '1'2 = 'I' = 2 cos 2 t . sm kx - w + 2 t . 

'-v----' 

Modulated 
amplitude 

----~v 

Sine wave 
amplitude 

(2.5) 

Equation (2.5) describes a sine wave (having a frequency intermediately 
between wand w + l\w) whose amplitude is slowly modulated by a eosine 
function. (This familiar effect in acoustics can be heard in the form of "beats" 
when two strings of a piano have a slightly different pitch. The beats become 
less rapid the smaller the difference in frequency l\w between the two strings 
until they finally cease once both strings have the same pitch, (2.5).) Each of 
the "beats" represents a "wave packet" (Fig. 2.1). The wave packet becomes 
"Iarger" the slower the beats, i.e., the smaller L\w. The extreme conditions are 
as folIows: (a) no variation in w (i.e., L\w = 0), which yields an "infinitely 
10ng" wave packet, i.e., a monochromatic wave. This corresponds to the wave 
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x 

Figure 2.2. Monochromatic matter wave (~w = 0). The wave has constant amplitude. 
The matter wave travels with the phase velocity u. 

picture ofan electron (see Fig. 2.2). (b) alternately, Aw could be assumed to be 
very large. This yields small wave packets. If a large number of different waves 
are considered (rather than two waves '1'1 and '1'2), filling the frequencies 
between wand Aw, the string ofwave packets shown in Fig. 2.1 reduces to one 
wave packet. The electron is then represented by a particle. 

Different velocities are involved: 

(a) The velocity of the matter wave is called the wave velocity or "phase 
velocity," u. As we saw above, the matter wave is a monochromatic wave 
(or a stream of particles of equal velocity) whose frequency w, wavelength 
A., momentum p or energy E can be exactly determined (Fig. 2.2). The 
location of the particles, however, is undetermined. The phase velocity 
can be calculated with E = vh (2.1), E = mc2 (l.8), h = pA. (2.3), and (l.6) 
to 

Eh mc2 c2 

u = vA. = - = -- = -
hp mVg vg 

(2.6) 

(vg is the group velocity; see below). We can deduce from this equation that 
matter waves show dispersion and that the phase velocity of an electron 
wave has a velocity larger than the speed of light, i.e., u > c. (This latter 
result is not a contradiction of the theory of relativity because matter 
waves, due to the identity of their amplitudes, cannot be used for the 
transmittance of information.) 

(b) We mentioned above that a particle can be understood to be "composed 
of" a group of waves or a "wave packet." Each wave has a slightly 
different frequency ranging between wand w + Aw. Appropriately, the 
velocity of a particle is called "group velocity," vg • The "envelope" (modu
lated amplitude; see Fig. 2.1) propagates with the group velocity vg • The 
sine wave inside of the envelope pro pagates with a velocity u which is 
larger than vg (Eqn. 2.6). The location X of a particle is precisely known, 
whereas the frequency is not. This is due to the fact that a wave packet can 
be thought to "consist" ofseveral wave functions '1'1' '1'2' ... , 'l'n with 
different frequencies between wand w + Aw. Another way oflooking at it 
is to perform a Fourier analysis of a single disturbance (Fig. 2.3) which 
results in aseries ofsine and cosine functions (waves) which have different 
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f\ 
v 

6wlarge • x 
Figure 2.3. Particle moving with group velocity vg (ßw is large). 

wavelengths. The better the location, L\X, of a particle can be determined, 
the wider the frequency range, L\w, of its waves. This is one form of 
Heisenberg's uncertainty principle, 

L\p·L\X~ h, (2.7) 

stating that the distance over which there is a finite probability of finding 
an electron, L\X, and the range ofmomenta ofthe electron wave (which is 
proportional to the frequency) is a constant. This means that location and 
frequency of an electron cannot be accurately determined at the same 
time. 

In summary, we can define the phase velocity as 

w 
u=I (2.8) 

and the group velocity as 

dw 
vg = dk' (2.9) 

where Ikl is the wave vector which we shall introduce in Chapter 4. Equations 
(2.8) and (2.9) show in mathematical form that the group velocity describes 
the velocity of a wave pulse (quantum) whereas the phase velocity describes 
the velocity of a monochromatic wave. 

After this discussion ofthe wave-particle duality and the general behavior 
of electron waves, we turn now to practical applications. 

We have already mentioned that the 'I'-waves cannot be understood in 
terms ofreal physical quantities. For the interpretation ofthe wave functions, 
we shall therefore use Born's postulate which states that the square of the 
wave function (or because 'I' is generally a complex function, the quantity 
'1''1'*) is the prob ability of finding a particle at a certain location. ('1'* is the 
complex conjugate quantity of '1'.) In other words, 

'1''1'* dx dy dz = '1''1'* dr: (2.10) 

is the probability of finding an electron in the volume element dr:. 
We are interested in the following question: How do the electrons behave 

in a potential field of an atomic nucleus or an arrangement of atoms within 
a crystal? To answer this, we have to write an expression for the potential 
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field in terms of a potential energy V. The general method for the solution of 
wave mechanical problems which we will apply below is, therefore: At first, 
an expression for the potential V has to be found which describes the actual 
situation. Then, one inserts this expression into the Schrödinger equation and 
solves it with the aid of "boundary conditions." In this way, one obtains 
solutions for 'P as a function of space (and time) which one interprets by 
means of (2.10). 

The description of the method of solution just described makes it clear that 
in wave mechanics probability statements are obtained, whereas in classical 
mechanics the location of a particle can be exactly determined. We will see, 
however, that this does not affect the value of our results. 

Problems 

l. Calculate the wave1ength of an e1ectron in a metal which has a kinetic energy of 
4eV. 

2. What should be the energy of an electron so that the associated electron waves have 
a wavelength of 600 nm? 

3. Since the visible region spans between approximately 400 nm and 700 nm, why can 
the electron wave mentioned in Problem 2 not be seen with human eyes? What kind 
of device is necessary to detect electron waves? 

4. What is the energy of a light quantum (photon) which has a wavelength of 600 nm? 
Compare the energy with the e1ectron wave energy calculated in Problem 2 and 
discuss the difference. 



CHAPTER 3 

The Schrödinger Equation 

All "derivations" of the Sehrödinger equation start in one way or another 
from certain assumptions whieh eause the uninitiated reader to ask the 
legitimate question, "Why just in this way?" 

It is, therefore, not intended here to "derive" the Sehrödinger equation. We 
eonsider this relation as a fundamental equation for the deseription of wave 
properties of eleetrons, just as Newton's equations deseribe the matter prop
erties of large partic1es. 

The time independent Sehrödinger equation will always be applied when 
the properties of atomie systems have to be ealculated in stationary eon
ditions, i.e., when the property of the surroundings of the eleetron does not 
change with time. In this ease the potential energy V depends only on the 
loeation (and not, in addition, on the time). Therefore the time independent 
Sehrödinger equation is an equation of a vibration. It has the following form: 

where 

\ 2 2m ~ V tjJ + r;z(E - V)tjJ = 0, I 

a2 tjJ a2 tjJ a2 tjJ 
V2 tjJ = ax2 + ay2 + az2 ' 

m is the mass of the eleetron, and 

E=Ekin+V 

is the total energy of the system. 

(3.1) 

(3.2) 

(3.3) 

In (3.1) we wrote for the wave function a lower ease tjJ whieh we shall always 
use from now on when we want to state explicitly that the wave function is 
only space dependent. Thus, we split from 'I' a time dependent part: 
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'I'(X,y,z,t) = t/!(X,y,z)·eirot . (3.4) 

The time dependent Schrödinger equation is a wave equation because it con
tains derivatives of'l' with respect to space andtime. One obtains this equation 
from (3.1) by eliminating the total energy, 

E = vh = roh, 

where ro is obtained by differentiating (3.4) with respect to time: 

This yields 

and 

0'1' . Tl = t/! iroe,rot = 'I' iro. 

i d'I' 
ro = - 'I' dt 

V 'I' --'I' ---= 0 I 
2 2mV 2mi 0'1' I 

h2 h ot . 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

It should be noted here that quantum mechanical equations can be obtained 
from classical equations by applying two differential operators upon the wave 
function 'I' (Hamiltonian operators). They are 

and 

o 
E -". hi- ot 

p ,;, -hiV. 

When these operators are applied to 

p2 
Etotal = Ekin + Epot = 2m + V 

we obtain 

0'1' h2 i 2 

hi- = --V2 '1' + V'I' ot 2m ' 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

which yields, after rearranging, the time dependent Schrödinger equation 
(3.8). 

3.1. Special Properties of Vibrational Problems 

The solution of an equation for vibration is determined except for certain 
constants. These constants are calculated by using boundary or starting 
conditions, 
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(e.g., t/I = 0 at x = 0). (3.13) 

As we will see in Section 4.2, only certain vibrational forms are possible when 
boundary conditions are imposed. This is similar to the vibrational forms of a 
vibrating string, where the fixed ends cannot undergo vibrations. Vibrational 
problems which are determined by boundary conditions are called boundary 
or eigenvalue problems. It is the peculiarity of vibrational problems with 
boundary conditions that not all frequency values are possible and, therefore, 
because of 

E= vh (3.14) 

not all values for the energy are allowed. One calls the values which are 
allowed, eigenvalues. The functions t/I which belong to the eigenvalues, and 
which are a solution of the vibration equation and in addition satisfy the 
boundary conditions, are called eigenfunctions of the differential equation. 

In Section 2 we have related the product t/lt/I* (which is called the "norm") 
to the probability of finding a particle at a given location. The probability of 
finding a particle somewhere in space is one, or 

f t/lt/I* dr = f't/l' 2 dr = 1. (3.15) 

Equation (3.15) is called the normalized eigenfunction. 

Problems 

1. Write a mathematical expression for a vibration (vibrating string, for example) and 
for a wave. (See Appendix 1.) Familiarize yourse1fwith the way these differential 
equations are solved. What is a "trial solution?" What is a boundary condition? 

2. Define the terms "vibration" and "wave." 

3. What is the difference between a damped and an undamped vibration? Write the 
appropriate equations. 

4. What is the complex conjugate function of 
a) x = a + bi, 
b) 'I'=2AisinlXx. 



CHAPTER 4 

Solution of the Schrödinger Equation for 
F our Specific Problems 

4.1. Free Electrons 

At first we solve the Schrödinger equation for a simple but nevertheless very 
important case. We consider electrons which pro pagate freely, that is, in a 
potential free space in the positive x direction. The potential energy V is then 
zero and the Schrödinger equation (3.1) assumes the following form: 

d 2 tj1 2m 
dx2 + "h2EtjI = o. (4.1) 

This is a differential equation for an undamped vibration 1 with spatial period
icity whose solution is known to bel 

where 

tjI(x) = Aeikx == Acoskx + iAsinkx, 

p;;: 
k = ~"h2E. 

For our special case we do not write the second term in (A.5)1 

u = Aeiax + Be- iax 

because we stipulated above that the electron wavel 

'F(x) = Aeikx • e- irot 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

propagates only in the positive x direction and not, in addition, in the negative 
x direction. 

1 See Appendix 1. 
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E 

Figure 4.1. Energy continuum of a free electron (compare to Fig. 4.3). 

From (4.3), it follows that 

E=~P 2m . 

Combining (4.3), (2.3) and (1.4), that is, 

p2 
E=-

2m' 

yields 

k = J2mE = E = 2n 
h2 h A· 

(4.6) 

(4.7) 

(4.8) 

We see from (4.8) that the quantity k is proportional to the momentum p 
and, because ofp = mv, also proportional to the velocity ofthe electrons. Since 
both momentum and velocity are vectors, it follows that k is a vector too. 
Therefore, we actually should write k as a vector which has the components 
k x , k y , and k z : 

Ikl = 2n A . (4.9) 

Since k is inversely proportional to the wave length A, it is usually called the 
"wave vector." We shall use the wave vector in the following sections fre
quently. The k-vector describes the wave properties of an electronjust as one 
describes in classical mechanics the particle property of an electron with the 
momentum. k and p are mutually proportional, as one can see from (4.8). The 
proportionality factor is l/h. 

We come back now to (4.2). Since no boundary condition had to be 
considered for the calculation of the free flying electron, all values of the 
energy are "allowed," i.e., one obtains an energy continuum (Fig. 4.1). 
According to (4.2), free electrons are equivalent in wave mechanics to sine or 
cosine waves. 
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4.2. Electron in a Potential WeH 

We now consider an electron which is bound to its atomic nucleus. For 
simplicity, we assume that the electron can move freely only between two 
infinitely high potential barriers (Fig. 4.2). Therefore, the potential barriers do 
not altow the electron to escape from this potential welt, which means that 
'" = 0 for x ~ 0 and x ~ a. We first treat the one-dimensional case just as in 
Section 4.1, i.e., we assume that the electron propagates only along the x-axis. 
However, because the electron is reflected on the walts ofthe welt, it can now 
propagate in the positive as welt as in the negative x direction. In this respect, 
the present problem is different from the preceding one. The potential energy 
inside of the weH is zero, as before, so that the Schrödinger equation for an 
electron in this region can be writteJ.l as before as 

d 2 ", 2m 
dx2 + hZE'" = O. (4.10) 

Because of the two propagation directions of the electron, the solution of 
(4.1O)is 

'" = AeilZx + Be- iu, (4.11) 

(see Appendix 1), where 

Pm: 
a = ...jhZE. (4.12) 

We determine now the constants A and B by means ofboundary conditions. 
We just mentioned that at x ~ 0 and x ~ a the '" function is zero. This 
bou!ldary condition is similar to that known for a vibrating string which does 
not vi brate at the two points where it is clamped down. (See also Fig. 4.4(a).) 
Thus, for x = 0 we stipulate '" = O. Then we obtain from (4.11) 

00 

vt I 

B= -A. 

00 
I 

o nucleus 0 x 

(4.13) 

Figure 4.2. One-dimensional potential weIl. The walls consist ofinfinitely high poten
tial barriers. 
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E 

Es=25C -I n=5 

E.=16C ~ n=4 

E3 =9C n=3 

E2=4C n=2 
E1=1C n=1 

Figure 4.3. Allowed energy values of an electron which is bound to its atomic nucleus. 
Eis the excitation energy in the present case. C = h2 n2 /2ma2 , see (4.18). (E! is the zero 
point energy.) 

Similarly, we obtain '" = 0 for x = a, which gives 

0= Aeiaw + Be- iaa• (4.14) 

With (4.13) and Euler's equation 

. 1. . 
smp = 2/e'P - e-'P) (4.15) 

(see Appendix 2), we write 

A[eiaa - e- iaa] = 2Ai'sinaa = O. (4.16) 

Equation (4.16) is only valid if sin aa = 0, i.e., if 

aa = nn, n = 0, 1,2, 3, .... (4.17) 

Substituting the value ofa from (4.12) into (4.17) provides 

h2 h2 n2 
E - ",2 - n2 
n--2 "" --2 2 ' m ma 

n = 1,2,3, '" . (4.18) 

(We exclude the solution n = 0 because for n = 0 it follows that '" = 0 and thus "''''* = 0.) We notice immediately a striking difference from the problem in 
Section 4.1. Because of the boundary conditions, only certain solutions of the 
Schrödinger equation exist, namely those for which n is an integer. In the 
present case the energy assumes only those values which are determined by 
(4.18). All other energies are not allowed. The allowed values are called 
"energy levels." They are shown in Fig. 4.3 for a one-dimensional case. 
Because of the fact that an electron of an isolated atom can assume only 
certain energy levels, it follows that the energies which are excited or absorbed 
also possess only discrete values. 

We determine now the wave function "', and the probability ("''''*) for 
finding an electron within the potential well. We apply the method described 
in Section 2. According to (4.11), (4.13), and Euler's equation (4.15) we obtain 
within the weIl 
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n=3 

n=2 

~I~j"" 
1- ·0 .1 I. 0 .1 

(a) (b) (e) 

Figure 4.4. (a) t/I funetion and (b) probability funetion t/lt/I. for an eleetron in a 
potential weil for different n-values. (e) Allowed eleetron orbit of an atom. 

t/I = 2Ai' sin ax, 

and the complex conjugate of t/I 

t/I* = -2Aisinax. 

The product t/lt/I* is then 

t/lt/I* = 4A 2 sin2 ax. 

This equation is rewritten by making use of (3.15): 

(4.19) 

(4.20) 

(4.21) 

Ja Ja 4A2 [ 1 aXJa 
o t/lt/I*dx=4A 2 0 sin2 (ax)dx=-a- -'2sinaxcosax+T 0 = 1. 

Inserting the boundaries in (4.22) and using (4.17) provides 

A = J;~. 
Then one obtains from (4.19) 

and from (4.21) 

I t/I I = f!:. sin mr x, 
.y~ a 

2 . 2mr 
t/lt/I* = -sm -x. 

a a 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

Equations (4.24) and (4.25) are plotted for various n-values in Fig. 4.4. From 
Fig. 4.4(a), we see that standing electron waves are created between the walls 
of the potential weB. Note that integer multiples of half a wave length are 
equal to the length a ofthe potential weB. The present case, in its mathematical 
treatment as weB as in its result, is analogous to that of a vibrating string. 
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Elo~====n=oo - n= 3 
------n= 2 

-13.6eV n=1 
(Ionization energy) 

Figure 4.5. Energy levels of atomic hydrogen. Eis the binding energy. 

Of special interest is the behavior ofthe function t/lt/I*, i.e., the probability of 
finding the electron at a certain place within the weIl (Fig. 4.4(b)). In the 
classical case the electron travels back and forth between the walls. Its proba
bility function is therefore equally distributed along the whole length of the 
weIl. In wave mechanics the deviation from the classical case is most pro
nounced for n = 1. In this case, t/lt/I* is largest in the middle of the weIl and 
vanishes at the boundary. For higher n-values, i.e., for higher energies, the 
wave mechanical values for t/lt/I* are approaching the classical value. 

The results which are obtained by considering an electron in a square weIl 
are similar to the ones which one receives when the wave mechanical prop
erties of a hydrogen atom are calculated. As above, one considers an electron 
with charge - e to be bound to its nucleus. The potential V in which the 
electron propagates is taken as the Coulombic potential V = - e2 Ir. Since Vis 
a function of the radius r, the Schrödinger equation is more conveniently 
expressed in polar coordinates. Of main interest are, again, the conditions 
under which solutions to this Schrödinger equation exist. The treatment leads, 
similarly as above, to discrete energy levels: 

me4 1 
E = - 2h2 n2 ' (4.18a) 

The main difference compared to the square weIl model is, however, that the 
energy is now proportional to l/n2 (and not as in (4.18) to n2 ). This results in a 
"crowding" of energy levels at higher energies. The energy at the lowest level is 
called the ionization energy, which has to be supplied to remove an electron 
from its nucleus. Energy diagrams, as in Fig. 4.5, are common in spectroscopy. 
The origin of the energy scale is arbitrarily set at n = Cf:) and the ionization 
energies are counted negative. Since we are mainly concerned with the solid 
state, the detailed calculation of the hydrogen atom is not treated here. 

It was implied above that an electron can be considered to orbit around its 
nucleus. Similarly as shown in Fig. 4.4(a), the electron waves associated with 
an orbiting electron have to be standing waves. If this would not be the case, 
the wave would be out of phase with itself after one orbit. After a large number 
of orbits, all possible phases would be obtained and the wave would be 
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annihilated by destructive interference (Fig. 4.4(c». This can only be avoided 
if a radius is chosen so that the wave joins on itself. In this case the circum
ference 211:r of the orbit is an integer multiple n of the wave length A. or 

211:r = nA. 

which yie1ds 

A. 
r = 211: n. 

This means that only certain orbits are allowed, which brings us back to the 
allowed energy levels which we discussed above. 

So far we considered the electron to be confined into a one-dimensional 
weIl. A similar calculation for a three-dimensional potential weH ("electron in 
a box") leads to an equation which is analogous to (4.18): 

h2 2 
11: 2 2 2) En = -2 2 (nx + ny + nz • 

ma 
(4.26) 

The smaHest allowed energy in a three-dimensional potential weIl is occu
pied by an electron if nx = ny = nz = l. For the next higher energy there are 
three different possibilities for combining the n-values; name1y, (nx , ny , nz) = 
(1,1,2), (1,2, 1), or (2, 1, 1). One caHs the states which have the same energy 
but different quantum numbers "degenerate" states. The example just given 
describes a threefold degenerate energy state. 

*4.3. Finite Potential Barrier (Tunnel Effect) 

Let us assurne that a free electron, propagating in the positive x direction, 
encounters a potential barrier whose potential energy Vo ("height" of the 
barrier) is larger than the total energy E of the electron, but is still finite (Fig. 
4.6). For this case we have to write two Schrödinger equations which take into 
account the two different areas. In region I (x < 0) the e1ectron is assumed to 
be free and we can write 

v 

Vo 

I 

~ 
, 

0' 0 x 

Figure 4.6. Potential barrier. 
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d 2 ifJ 2m 
I) dx 2 + VEifJ = O. 

Inside the potential barrier (x > 0) the Schrödinger equation reads 

d 2 ifJ 2m 
II) dx2 + V(E - Vo)ifJ = O. 

The solution to these equations is as before (see Appendix 1): 

where 

and 

with 

I) ifJI = Aeiax + Be-iax, 

II) IX = J2mE 
h2 

ifJn = Cei(Jx + De-i(Jx 

J2m 
ß = V(E - Vo)· 

(4.27) 

(4.28) 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

A word of caution has to be said here. We stipulated above that Vo shall be 
larger than E. As a consequence of this (E - Vo) becomes negative and ß 
imaginary. Therefore, we define a new constant 

y = -iß· 

With (4.33), eejuation (4.31) becomes 

II) ifJn = Ce- Yx + DeYx . 

(4.33) 

(4.34) 

Next, the four constants A, B, C, D need to be determined by means of the 
boundary conditions: 

(1) For x -+ 00 it follows from (4.34) that 

ifJn = C·O + D· 00. (4.35) 

The consequence of (4.35) could be that ifJn and therefore ifJnifJ~ are 
infinity. Since the probability ifJifJ* can never be larger than one (certainty) 
ifJn -+ 00 is no solution. To avoid this, D has to go to zero: 

D-+O. (4.36) 

(2) The functions ifJI and ifJn are continuous at x = O. As a consequence 
ifJI == ifJn at x = O. This yields with (4.29), (4.34), and (4.36) 

Aeiax + Be- iax = Ce- Yx . (4.37) 

With x = 0, we obtain 
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\h 

x 

1 I 

Figure 4.7. rjJ function meeting a potential barrier. 

A+B=C. (4.38) 

(3) The slopes of the wave functions in regions I and II are continuous at 
x = 0, i.e., (dt/lddx) == (dt/ln/dx). This yields: 

AiOl.eiax - BiOl.e- iax = -yCe-Yx• (4.39) 

With x = 0, one can write 

AiOl. - BiOl. = -yc. (4.40) 

Inserting (4.38) yields 

A =~(l + i~) (4.41) 

and 

C( .y) B = 2. 1 - 1-;; . (4.42) 

From this, the t/I function in regions I and II can be expressed in terms of 
an amplitude C. Of particular interest is the modified equation (4.34), 

t/ln = Ce- YX , (4.43) 

which expresses that the amplitude decreases in region II exponentially, as 
shown in Fig. 4.7. The decrease is faster the larger y is chosen, that is, for 
large potential barriers Vo. If the potential barrier is only moderately high 
and the barrier relatively narrow, the electron wave t/ln continues on the 
opposite side. This penetration of a potential barrier by an electron wave 
is called "tunneling" and has important applications in solid state physics 
(tunnel diode, field ion microscope). Tunneling is a quantum mechanical 
effect. In classical physics, only the equivalent to (4.29), i.e., a wave 
running towards a wall and its reflection, is observed. 

If an electron is confined to a square weIl (Section 4.2) withfinite potential 
barriers, the penetration of the electron wave into this barrier has to be 
considered as shown in Fig. 4.8. 
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Vo 

n=3 

n=2 

n =1 

.. 0 .. x 
Figure 4.8. Square weil with finite potential barriers. 

4.4. Electron in a Periodic Field of a Crystal 

In the preceding sections we got acquainted with some special cases, namely 
the completely free electron and the electron which is confined to a potential 
weIl. The goalofthis section is to study the behavior of an electron in a crystal. 
We shall eventually see that the extreme cases which we treated previously can 
be derived from this general case. 

Our first task is to find a potential distribution which is suitable for asolid. 
From X-ray diffraction investigations it is known that the atoms in a crystal 
are arranged periodicaIly. Thus, for the treatment of our problem a periodic 
repetition of the potential weIl of Fig. 4.2, i.e., a periodic arrangement of 
potential wells and potential barriers, is most probably very elose to reality 
and is also best suited for a calculation. Such a periodic potential is shown in 
Fig. 4.9 for the one-dimensional case. 2 

2 Kronig, R. De L., Penney, W.G., Proc. Roy. Soc., London, 130,499 (1931). 

v 

~Vo I In I In 

-b 0 a ---Ib~ x 

Figure 4.9. One-dimensional periodic potential distribution (simplified). 
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v 

Surface potential 

~nnn( 
x 

Figure 4.10. One-dimensional period potential distribution for a crystal (muffin tin 
potential). 

The potential distribution shows potential weHs of length a which we caH 
region I. These weHs are separated by potential barriers ofheight Vo and width 
b (region 11), which Vo is assumed to be larger than the energy E ofthe electron. 

This model is certainly a coarse simplification of the actual potential 
distribution in a crystal. It does not take into consideration that the inner 
electrons are more strongly bound to the core, i.e., that the potential function 
of a point charge varies as l/r. It also does not consider that the individual 
potentials from each lattice site overlap. A potential distribution which takes 
these features into consideration is shown in Fig. 4.10. It is immediately 
evident, however, that the latter model is less suitable for a simple calculation 
than the one which is shown in Fig. 4.9. 

We write now the Schrödinger equation for regions land 11: 

d 2 lj1 2m 
I) dx2 + hl"EljI = 0 (4.44) 

d 2 lj1 2m 
11) dx2 + fiZ(E - Vo)ljI = O. (4.45) 

For abbreviation we write as before 

2 2m 
IX = fiZE (4.46) 

and 
2 2m ß = fiZ(Vo - E). (4.47) 

(ß2 is chosen in a way to avoid ß becoming imaginary.) Equations (4.44) and 
(4.45) need to be solved simultaneously, a task which can be achieved only 
with considerable mathematical effort. Bloch 3 showed that the solution ofthis 
type of equation has the foHowing form: 

3 Bloch, F., Z. Phys. 52, 555 (1928); 59, 208 (1930). 
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t/I(x) = u(x)· eikx (4.48) 

(Bloch function), where u(x) is a periodic function which possesses the period
icity of the lattice in the x direction. Therefore, u(x) is no longer a constant 
(amplitude A) as in (4.5), but changes periodically with increasing x (modu
lated amplitude). Of course u(x) is different for various directions in the 
crystallattice. 

The reader who is basically interested in the results and their implications to 
the electronic structure of crystals may skip the mathematical treatment given 
below and may refer directly to (4.67). 

Differentiating the Bloch function (4.48) twice with respect to x provides 

-- = - + -2ik - k 2 u e'kx. d 2 t/1 (d 2 U du ) . 
dx2 dx2 dx 

(4.49) 

We insert (4.49) into (4.44) and (4.45) and take into account the abbreviations 
(4.46) and (4.47): 

d 2 u . du 2 2 
I) - + 21k- - (k - CI. )u = 0 

dx2 dx 
(4.50) 

d 2 u du 
II) -2 + 2ik-d - (k2 + ß2)U = O. 

dx x 
(4.51) 

Equations (4.50) and (4.51) have the form of an equation of a damped 
vibration. The solution4 to (4.50) and (4.51) is 

I) u = e-ikx(Aeiaex + Be- iaex) 

II) u = e-ikX(Ce-PX + DePX). 

(4.55) 

(4.56) 

We have four constants A, B, C, D which we need to dispose ofby means of 
four boundary conditions: The functions t/I and dt/l/dx pass over continuously 
from region I into region II at the point x = O. Equation I = Equation II for 
x = 0 yields: 

A +B= C+D. 

(du/dx) for I = (du/dx) for II at x = 0 provides 

A(iCl. - ik) + B( -iCl. - ik) = C( -ß - ik) + D(ß - ik). 

4 Differential equation of a damped vibration for spatial periodicity (see Appendix I) 

Solution: 

where 

d 2u du 
-2 + D- + Cu = O. 
dx dx 

u = e-(D/2)X(Aeib + Be-MX), 

b=JC_ D2 
4 . 

(4.57) 

(4.58) 

(4.52) 

(4.53) 

(4.54) 
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Further, '" and therefore u shall be continuous at the distance (a + b). This 
means that equation I at X = 0 must be equal to equation 11 at X = a + b, or, 
more simply, equation I at X = ais equal to equation 11 at x = -b (see Fig. 
4.9). This yields: 

Ae(ia.-ikla + Be(-ia.-ikla = Ce(ik+Plb + De(ik-Plb. (4.59) 

Finally, (du/dx) shall be periodic in a + b: 

Ai(1X - k)eia(a.-kl - Bi(1X + k)e-ia(a.+kl 

= - C(ß + ik)e(ik+Plb + D(ß - ik)e(ik-Plb. 
(4.60) 

The constants A, B, C, and D can be determined by means of these four 
equations which, when inserted in (4.55) and (4.56), provide values for u. This 
also means that solutions for the function '" can be given by using (4.48). 
However, as in the preceding sections, the knowledge of the '" function is not of 
primary interest. We are searching instead for a condition which teils us where 
solutions to the Schrödinger equations (4.44) and (4.45) exist. We recall that 
just these limiting conditions were leading to the energy levels in Section 4.2. 
We proceed here in the same manner. 

If equations (4.57)-(4.60) are consistent in themselves, it follows that the 
determinant formed out of the coefficients of A, B, C, and D has to be zero. 
The lengthy calculation provides, using Euler's equations5 

ß2 - 11.2 

-ß-sinh(ßb)' sin(lXa) + cosh(ßb)cos(lXa) = cosk(a + b). (4.61) 
211. 

For simplification ofthe discussion ofthis equation we make the following 
stipulation. The potential barriers in Fig. 4.9 shall be ofthe kind such that b is 
very small and Vo is very large. It is further assumed that the product Vob, i.e., 
the area of this potential barrier, remains finite. In other words, if Vo grows, 
b diminishes accordingly. The product Vob is called the potential barrier 
strength. 

If Vo is verylarge, then Ein (4.47) can beconsidered to be small compared to 
Vo and can therefore be neglected so that 

ß=/§-Fo. (4.62) 

Multiplication of (4.62) with b yields: 

ßb = /§-J(VOb)b. (4.63) 

Since Vob has to remain finite (see above) and b ~ 0 it follows that ßb becomes 
very small. For a small ßb we obtain (see tables of the hyperbolic functions) 

5 See Appendix 2. 
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6 
p sinaa .cosaa 

aa 

11" '\J. ~ «0 ( r 441:> 

Figure 4.11. Function P(sin aajaa) + cos aa versus aa. P was arbitrarily set to be 
(3j2)n. 

cosh(ßb) ~ 1 and sinh(ßb) ~ ßb. (4.64) 

Finally, one can neg1ect cx2 compared to ß2 and b compared to a (see (4.46), 
(4.47), and Fig. 4.9) so that (4.61) reads as follows: 

CX~2 Vob sin cxa + cos cxa = cos ka. 

With the abbreviation 

p = maVob 
h2 

we finally get from (4.65) 

sincxa 
P-- + cos cxa = cos ka. 

cxa 

(4.65) 

(4.66) 

(4.67) 

This is the desired relation which provides the allowed solutions to the 
Schrödinger equations (4.44) and (4.45). We notice that the boundary con
ditions lead to an equation with trigonometric functions. Therefore, only 
certain values of cx are possib1e. This in turn means that because of (4.46), on1y 
certain values for the energy E are defined. This is quite similar to the case in 
Section 4.2. One can assess the situation best if one plots the function 
P(sin cxajcxa) + cos cxa versus cxa which is done in Fig. 4.11 with P = (3j2)cx. It is 
of particular significance that the right-hand side of (4.67) allows only certain 
values of this function because cos ka is only defined between + 1 and - 1 
(exceptforimaginary kva1ues). This is shownin Fig. 4.11 in which the allowed 
values of the function P(sincxajcxa) + coscxa are marked by heavy 1ines on 
the cxa-axis. 

We arrive herewith at the following, very important resu1t: Because cxa is 
a function of the energy, the above-mentioned limitation means that an 
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Figure 4.12. Function P(sinaa/aa) + cosaa versus aa with P = n/IO. 
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electron, which moves in a periodically varying potential field, can only 
occupy certain allowed energy zones. Energies outside of these allowed zones 
or "bands" are prohibited. One sees from Fig. 4.11 that with increasing values 
of l1.a (i.e., with increasing energy), the disallowed (or forbidden) bands 
become narrower. The size ofthe allowed and forbidden energy bands varies 
with the variation of P. Below, four special cases will be discussed. 

(a) The "potential barrier strength" Vob (see Fig. 4.9) shall be large. Then, 
according to (4.66), Pis also large and the curve in Fig. 4.11 proceeds 
more steeply. The allowed bands are narrow. 

(b) If the potential barrier strength and therefore P is smalI, the allowed 
bands become wider (see Fig. 4.12). 

(c) Ifthe potential barrier strength becomes smaller and smaller and finally 
disappears completely, P goes toward zero, and one obtains from (4.67) 

cos l1.a = cos ka 

or 11. = k. From this it follows with (4.46), that 

h2 k 2 
E=-. 

2m 

(4.68) 

This is the well-known equation (4.6) for free electrons which we derived 
in Section 4.1. 

(d) If the potential barrier strength is very large, P approaches infinity. 
However, because the left-hand side of(4.67) has to stay within the limits 
± 1, i.e., it has to remain finite, it follows that 

sinl1.a -+ 0 
l1.a 

that is, sin l1.a -+ O. This is only possible if l1.a = mr or 

n2 n2 

11.2 = -2-' for n = 1,2, 3, .... 
a 

(4.69) 
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Figure 4.13. Allowed energy levels for (a) bound eleetrons, (b) free eleetrons, and (e) 
eleetrons in asolid. 

E 
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Figure 4.14. Widening of the sharp energy levels into bands and finally into a quasi
eontiquous energy region with decreasing atomie distanee a for a metal (after ealeula
tions of Slater). The quantum numbers are explained in Appendix 3. 

Combining (4.46) with (4.69) yields 

n2 h2 

E=--'n2 

2ma2 ' 

which is the result of Section 4.2, equation (4.18). 

We summarize (Fig. 4.13): If the electrons are strongly bound, i.e., if the 
potential barrier is very large, one obtains sharp energy levels. (Electron in the 
potential field of one ion.) If the electron is not bound, one obtains a contin
uous energy region (free electrons). Ifthe electron moves in a periodic potential 
field one receives energy bands (solid). 

The widening ofthe energy levels into energy bands and the transition into a 
quasicontinuous energy region is shown in Fig. 4.14. This widening occurs 
because the atoms increasingly interact as their mutual distance decreases. 
The arrows a, b, and c refer to the three sketches of Fig. 4.13. 
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Problems 

1. Describe the energy for 
a) A free electron; 
b) A strongly bound electron; 
c) An electron in a periodic potential; 
Why do we get these different band schemes? 

2. Sketch l/Il/I* for n = 78 for an electron in a potential weIl. What conclusions can be 
drawn from this sketch? 

3. State the two Schrödinger equations for electtbns in a periodic potential field 
(Kronig-Penny model). Use for their solutions, instead ofthe Bloch function, the 
trial solution 

l/I(x) = Aeikx• 

Discuss the result. (Hint: For free electrons Vo = 0.) 

*4. When treating the Kronig-Penny model, we arrived at four equations for the 
constants A, B, C, D. Write the determinant and confirm (4.61): 

ß2 - rx2 
--p-sinh(pb)'sin(rxa) + cosh(ßb)cos(rxa) = cosk(a + b). 

2rx 

5. The differential equation for an undamped vibration is 

d2 u 
a dx2 +bu=0 

whose solution is 

u = Aeikx + Be- ikx , 

where 

k=Na· 
Prove that (2) is indeed a solution of (1). 

(1) 

(2) 

(3) 



CHAPTER 5 

Energy Bands in Crystals 

5.1. One-Dimensional Zone Schemes 

We are now in a position to make additional important statements whieh 
eontribute eonsiderably to the understanding ofthe properties of erystals. For 
this we plot the energy versus the momentum of the electrons or, beeause of 
(4.8), versus the wave veetor k. As before we first diseuss the one-dimensional 
ease. 

The relation between E and kx is partieularly simple in the ease of free 
eleetrons as ean be seen from (4.3), 

kx = eonst. E 1/2. (5.1) 

The plot of E versus kx is a parabola (Fig. 5.1). 
We return now to (4.68) whieh we obtained from (4.67) for P = 0 (free 

eleetrons). Beeause the eosine funetion is periodic in 2n, (4.68) should be 
written in the more general form: 

eosoea = eoskxa == eos(kxa + n2n), 

where n = 0, ± 1, ±2, .... This gives 

oea = kxa + n2n. 

Combining (4.12), 

oe = _E 1/2 Itm 
h2 ' 

with (5.3) yields: 

k +n-= _E1/2 2n Itm 
x a h2 • 

(5.2) 

(5.3) 

(5.4) 
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Figure 5.1. Electron energy E versus the wave vector kx for free electrons. 
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Figure 5.2. Periodic repetition of Fig. 5.1 at the points kx = n' 2n/a. 
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We see from (5.4) that in the general case the parabola, shown in Fig. 5.1, is 
repeated periodically in intervals of n . 2n/a (Fig. 5.2). The energy is thus a 
periodic function of kx with the periodicity 2n/a. 

We noted when discussing Fig. 4.11 that if an electron propagates in a 
periodic potential we always observe discontinuities of the energies when 
cos kxa has a maximum or aminimum, i.e., when cos kxa = 1. This is only the 
case when 

kxa = nn, 

or 

n= ±1, ±2, ±3, ... 

n 
kx = n .-;;. 

(5.5) 

(5.6) 

At these singularities a deviation from the parabolic E versus kx curve 
occurs and the branches ofthe individual parabolas merge into the neighbor
ing ones. 6 This is shown in Fig. 5.3. 

6 If two energy functions with equal symmetry cross, the quantum mechanical "noncrossing rule" 
requires that the eigenfunctions be split, so that they do not cross. 
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Figure 5.3. Periodic zone scheme. 

Figure 5.4. Reduced zone scheme. (This is a section of Fig. 5.3 between -nla and 
+nla.) 

The aforementioned consideration leads to a very important result. The 
electrons in a crystal behave for most kx values like free electrons except when 
kx approaches the value n ·n/a. 

Besides this "periodic zone scheme" (Fig. 5.3), two further zone schemes are 
common. In the future we shall use mostly the "reduced zone scheme" (Fig. 
5.4) which is a section of Fig. 5.3 between the limits ± n/a. In the "extended 
zone scheme" (Fig. 5.5), the deviations from the free electron parabola at the 
critical points kx = n ·n/a are particularly easy to identify. 

Occasionally it is useful to plotfree electrons in a reduced zone scheme. In 
doing so, one considers the width of the forbidden bands to be reduced until 
the energy gap between the individual branches disappears completely. This 
leads to the "free electron bands" which are shown in Fig. 5.6 for a special 
case. The well-known band character disappears for free electrons, however, 



5. Energy Bands in Crystals 

\ 

\ 
\ 

'f -0 

E 

I 
I 

/ 
/ 

/ 

!! 2'f k. 
o 0 
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Figure 5.6. "Free electron bands" plotted in the reduced zone scheme (cubic primitive 
crystal structure). 

and one obtains a continuous energy region as explained in Seetion 4.1. As 
before, the shape of the individual branches in Hg. 5.6 is due to the 2nja 
periodicity as a comparison with Fig. 5.2 shows. From (5.4), it follows that 

1'12 ( 2n)2 E=- k +n-2 x , 
m a 

n = 0, ± 1, ±2, .... (5.7) 

By inserting different n-values in (5.7), one can calculate the shape of the 
branches of the free e1ectron band. A few examples might illustrate this: 
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n = 0 yields E = ~k; (parabola with 0 as origin); 
2m 

h2 ( 2n)2 ( . h 2n .. ) n = -1 yields E = 2m kx - --;; para bola wlt --;; as ongm ; 

n2 h2 

for k x = 0 follows E = 4--2 ; 2ma 

n n2 h2 

for kx = - follows E = 1-2 2' 
a ma 

The calculated data are depicted in Fig. 5.6. 
One important question has remained essentially unanswered: What do 

these Eversus Ikl curves really mean? Simply spoken, they relate the energy of 
an electron with its k-vector, that is, with its momentum. We shall eventually 
learn to appreciate complete band diagrams in later chapters in which we shall 
draw from these diagrams important conc1usions about the electronic pro
perties of materials. 

An additional item needs to be mentioned: It is quite common to use the 
word "band" for both the allowed energy regions, such as the n-band or the m
band in Fig. 5.3, as well as for the individual branches within a band as seen in 
Fig. 5.6. As a rule this does not cause any confusion. 

Finally, we need to stress one more point: The wave vector k is inversely 
proportional to the wavelength of the eIectrons (see equation (4.9)). Thus, k 
has the unit of a reciprocal length and is therefore defined in "reciprocal 
space." The reader might recall from a course in crystallography that each 
crystal structure has two lattices associated with it, one of them being the 
crystal (or real) lattice and the other the reciprocallattice. We shall show in 
Section 5.5 how these two lattices are related. The following may suffice for 
the moment: each lattice plane in real space can be represented by a vector 
which is normal to this plane and whose length is made proportional to the 
reciprocal of the interplanar distance. The tips of all such vectors from 
different planes form the points in a reciprocallattice. An X-ray diffraction 
pattern is a map of such a reciprocallattice. 

5.2. Two-Dimensional Brillouin Zones 

We now consider the behavior of an electron in the potential of a two
dimensional lattice. The electron movement in two dimensions can be de
scribed as before by the wave vector k which has the components kx and k y 

which are parallel to the x- and the y-axis, in reciprocal space. Points in the 
kx-ky coordinate system form a two-dimensional reciprocallattice (see Fig. 
5.7). 
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Figure 5.7. Four shortest lattice vectors in a kx-ky coordinate system and first Bril
louin zone in a two-dimensional reciprocallattice. 

One obtains in the two-dimensional case a two-dimensional field of allowed 
energy regions which corresponds to the allowed energy bands. They are 
called Brillouin zones. The electrons can only arrive by jumps from one energy 
band to the next or from one Brillouin zone to the next. 

We shall illustrate the construction of the Brillouin zones for a two
dimensional reciprocallattice (Fig. 5.7). For the first zone one constructs the 
perpendicular bisectors on the shortest lattice vectors, GI. The enclosed area is 
the first Brillouin zone. For the following zones the bisectors of the next 
shortest lattice vectors are constructed. It is essential that for the zones of 
higher order the extended limiting lines ofthe zones oflower order have to be 
used as additionallimiting lines. The first four Brillouin zones are shown in 
Fig. 5.8. Note that all the zones have the same area. The first four shortest 
lattice vectors GI through G4 are drawn in Fig. 5.7. 

Three-dimensional Brillouin zones form volumes. The significance of the 
Brillouin zones, particularly the first Brillouin zone, will become evident in 
Section 5.4 when the energy bands of solids are discussed. 

The Brillouin zones are useful if one wants to calculate the acceleration of 
an electron which may travel in a specific direction in reciprocal space. For 
example, if in a two-dimensionallattice, an electron travels at 45° to the k x -

axis, the limit ofthe Brillouin zone is reached according to (5.6) or Fig. 5.8 at 

kcrit = "!...J2. 
a 

(5.8) 

In contrast to this the boundary of a Brillouin zone is reached at 

kcrit 1t (5.9) 
a 
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Figure 5.8. The four first Brillouin zones of a two-dimensional reciprocallattice. 
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Figure 5.9. Bragg reflection of an electron wave in a lattice. The critical angle of 
incidence is (). 

when an electron moves parallel to the kx - or ky-axis. The largest momenta 
which electrons can assume in these two examples are Pmax = (n/a)h.j2 and 
Pmax = (n/a)h, n!spectively (4.8). The overlapping of energy bands which we 
will treat in Section 6 can be explained by means ofthe Brillouin zones without 
difficulty. 

The occurrence of allowed and forbidden energy zones for the electron 
movement in a crystal can be illustrated in a completely different way. This 
shall be done here briefly because of its immediate intuitive power. We 
consider an electron wave which propagates in a lattice at an angle 0 to the 
lattice plane (Fig. 5.9). At a certain angle of incidence constructive inter-
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Figure 5.10. Lattice planes of a square lattice. 

ference of rays 1 and 2 occur because of interference of the electron waves 
which are diffracted on the lattice atoms. It has been shown by Bragg that each 
ray which is diffracted in this way can be considered as being reflected by a 
mirror parallel to the lattice planes. At this critical angle the transmitted ray 
will be weakened considerably. This is always the case when the path dif
ference 2a sin () is an integer multiple of the electron wave length A, i.e., when 

2a sin () = nA, n = 1,2,3, ... 

(Bragg Relation). With (4.9) one obtains from (5.10) 

and therefore 

2 . () 2n 
asm = nT 

n 
kcrit = n a sin () . 

(5.10) 

(5.11) 

For an electron movement parallel to a coordinate axis, i.e., for perpendicular 
incidence, (5.9) follows from (5.11); if() = 45°, one obtains (5.8). 

Equation (5.11) leads to the result that for increasing electron energies a 
critical k value is finally reached; for which "reflection" ofthe electron wave at 
the lattice planes occurs. At this critical k value the transmission of an electron 
beam through the lattice is prevertted. Then, the incident and the Bragg
reflected electron wave form a standing wave. The critical k value is inversely 
proportional to the lattice constant a, as seen in (5.11). As a consequence, 
critical k- (or energy) values for which "reflection" occurs are reached first at 
planes with small Miller indices (Fig. 5.10). 

*5.3. Three-Dimensional Brillouin Zones 

In the previous section, the physical significance of the Brillouin zones was 
discussed. It was shown that at the boundaries of these zones the electron 
waves were Bragg-reflected by the crystal. The wave vector Ikl = 2n/A was 
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seen to have the unit of a reciprocallength and is therefore defined in the 
reciprocallattice. We shall attempt now to construct three-dimension~1 Bril
louin zones for two important crystal structures, namely, the face-centered 
cubic (fee) and the body-centered cubic (bcc) crystals. Since the Brillouin 
zones for these structures have some important features in common with 
the so-called Wigner-Seitz cells, it is appropriate to discuss, at first, the 
Wigner-Seitz cells and also certain features ofthe reciprocallattice before we 
return to the Brillouin zones at the end of Section 5.5. 

*5.4. Wigner-Seitz Cells 

Crystals have symmetrical properties. Therefore, a crystal can be described as 
an accumulation of "unit cells." The smaller such a unit cell, i.e., the fewer 
atoms it contains, the simpler its description. The smallest possible cell is 
called a "primitive unit cell." Frequently, however, a larger, nonprimitive unit 
cell is used, which might have the advantage that the symmetry can be better 
recognized. Body-centered cubic and face-centered cubic are characterisic 
representatives of such "conventional" unit cells. 7 

The Wigner-Seitz cell is a special type of primitive unit cell which shows the 
cubic symmetry ofthe cubic cells. For its construction, one bisects the vectors 
from a given atom to its nearest neighbors and places a plane perpendicular 
to these vectors at the bisecting points. This is shown in Fig. 5.11 for the bcc 
lattice. 

In the fee lattice, the atoms are arranged on the corners and faces of a cube, 
which is equivalent with the center points of the edges (Fig. 5.12). The 
Wigner-Seitz cell for this structure is shown in Fig. 5.13. 

7 A lattice is a regular periodic arrangement ofpoints in space; it is, consequently, a mathematical 
abstraction. All crystal structures can be traced to one ofthe 14 types ofBravais lattices (see text
books on crystallography). 

y 

Figure 5.11. Wigner-Seitz cell for the body-centered structure. 
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Figure 5.12. Conventional unit cell of the fee structure. In the cell which is marked 
black, the atoms are situated on the corners and faces ofthe cubes. In the white ce1l, the 
atoms are at the centers of the edges. 

/ 

y 

Figure 5.13. Wigner-Seitz cell for the fee structure. It is constructed from the white 
cell which is marked in Fig. 5.12. 

*5.5. Translation Vectors and the Reciprocal Lattice 

In Fig. 5.14(a) the fundamental vectors t 1 , t 2 , t 3 are inserted in a unit cell ofa 
cubic primitive lattice. By combination ofthese "primitive vectors" a transla
tion vector, 

R = n1t 1 + n2 t2 + n3 t3 , (5.12) 

can be defined. Using this translation vector it is possible to reach from a given 
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Figure 5.14. (a) Fundamentallattice vectors t 1 , t 2 , t 3 in a cubic primitive lattice. (b) 
Fundamentallattice vectors in a conventional (white) and primitive, noncubic unit cell 
(black) of a bcc lattice. The axes of the primitive (noncubic) unit ce1l form angles of 
109° 28'. 

lattice point any other equivalent lattice point. For this, the factors n1 , n2 , n3 

have to be integers. In Fig. 5.14(b) the fundamental vectors t 1 , t 2 , t 3 are shown 
in a conventional unit cell of a bcc lattice. 

Similarly, as above, we now introduce for the reciprocal lattice three 
vectors, b1 , b2 , b3 , and a translation vector 

G = 2n(h1 b1 + h2 b2 + h3 b3), (5.13) 
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Figure 5.15. Plane formed by t2 and t3 with perpendicular vector b1 . 

where h1 , h2 , and h3 are, again, integers. (The factor 2n is introduced for 
convenience. In X-ray crystallography, this factor is omitted.) 

The real and reciprocallattices are related by a definition which states that 
the scalar product ofthe vectors t 1 and b1 should be unity, whereas the scalar 
products ofb1 and t2 or b1 and t 3 are zero: 

b1 . t 1 = 1 

b1 • t 2 = 0 

b1 ·t3 = O. 

(5.14) 

(5.15) 

(5.16) 

Equivalent equations are defined for b2 and b3 • These nine equations can be 
combined by using the Kronecker-Delta symbol, 

bn·tm = Jnm , (5.17) 

where Jnm = 1 for n = m and Jnm = 0 for n -# m. Equation (5.17) is from now 
on OUf definition for the three vectors bn , which are reciprocal to the vectors tm • 

From (5.15) and (5.16) it follows8 that b1 is perpendicular to t 2 and to t 3 which 
means that t 2 and t 3 form a plane perpendicular to the vector b1 (Fig. 5.15). 
We therefore write9 

b1 = const t 2 x t 3 . (5.18) 

To evaluate the constant, we form the scalar product oft1 and b1 (5.18) and 
make use of(5.14): 

b1 . t 1 = const t 1 . t 2 X t 3 = 1. (5.19) 

This yields 

const = t 1 . t2 X t3 
(5.20) 

8 The scalar product of two vectors a and b is a' b = abcos(ab). If i, j and 1 are mutually 
perpendicular unit vectors, then we can write i· j = j'l = I· i = 0 and i· i = jj = 11 = I. 

9 The vector product of two vectors a and b is a vector which stands perpendicular to the plane 
formed by a and b. It is i x i = j x j = 1 x 1 = 0 and i x j = 1 and j x i = -I. 
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Combining (5.18) with (5.20) gives 

b _ t 2 X t 3 
1 - t l . t2 X t3 

(5.21) 

Equivalent equations can be obtained for b2 and b3 : 

b _ t 3 X t l 
2- t l . t2 X t 3 

b _ t l X t 2 
3- t l . t2 X t3 

(5.22) 

(5.23) 

Equations (5.21)-(5.23) are the transformation equations which express the 
fundamental vectors b l , b2 , and b3 of the reciprocal lattice in terms of real 
lattice vectors. 

As an example of how these transformations are performed, we calculate 
now the reciprocallattice of a bcc crystal. The real crystal may have the lattice 
constant "a." We express the lattice vectors t l , t 2 , t 3 in terms of the unit 
vectors, i, j, I in the x, y, z co ordinate system (see Fig. 5.14(b)): 

or, abbreviated, 

and 

a 
tl=-(-i+j+l) 

2 

a-
t l = 2(111) 

a -
t 2 = -(111) 

2 

a -
t 3 = 2(111). 

(5.24) 

(5.25) 

(5.26) 

(5.27) 

To calculate b l , using (5.21), we form at first the vector product lO 

a
2

/
i 

--1 t 2 X t 3 - 4 
1 

j 
-1 

a2 

= T(j + I) 

and the scalarll product 

10 a x b = lax ay az ,. 

bx by bz 

11 a· b = axbx + ayby + azbz. 

2 2 

11 = ~ (i + j + 1 + 1 - i + j) = ~ (2j + 21) 
-1 

(5.28) 
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Figure 5.16. Lattice vectors in reciprocal space of a bcc crystal. The primitive vectors 
in the reciprocallattice are (because of (5.13» larger by a factor of 2n. The lattice 
constant of the cube then becomes 2n . 2/ a. 

a3 a3 a3 

t 1 • t2 X t3 ="4( -i + j + I)· (0 + j + I) = "4(0 + 1 + 1) = 2· 

Combining (5.21) with (5.28) and (5.29) yields: 

a2 

2(j + I) 1 
b 1 = 3 = -(j + I) 

z a 

or 

Similar ealculaltions yield 

2 

1 
b1 = -(011). 

a 

1 
b2 = -(101). 

a 

1 
b3 = -(110). 

a 

(5.29) 

(5.30) 

(5.31) 

(5.32) 

(5.33) 

In Fig. 5.16, the veetors b1 , b2 , b3 are inserted into a eube of length 2/a. We 
note immediately an important result. The end points of the reeiproeallattiee 
veetors of a bee erystal are at the center of the edges of a cube. This means that 
points ofthe reciprocallattice ofthe bcc structure are identical with the lattice 
points in areallattice of the fee structure. Conversely, the reciprocallattice 
points of the fee structure and the real1attiee points of the bcc structure are 
identical. 
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k, 

Figure 5.17. First Brillouin zone of the body-centered cubic crystaI structure. 

In Section 5.2, we constructed two-dimensional Brillouin zones by drawing 
perpendicular bisectors on the shortest lattice vectors. Similarly, a three
dimensional Brillouin zone can be obtained by bisecting alliattice vectors b 
and placing planes perpendicular on these points. As has been shown in 
Section 5.4, this construction is identical for a Wigner-Seitz cello A com
parison of the fundamentallattice vectors band t gives the striking result that 
the Wigner-Seitz cell for an fee crystal and the first Brillouin zone for a bcc 
crystal are identical. The same is true for the Wigner-Seitz cell for bcc and the 
first Brillouin zone for fee. Thus, a Brillouin zone can be defined as a 
Wigner-Seitz cell in the reciprocallattice. 

From (5.31) it can again be seen that the reciprocallattice vector has the 
unit of a reciprocallength. 

*5.6. Complete Energy Bands for Metals 
and Semiconductors 

We mentioned in Section 5.l that, because ofthe E(k) periodicity, all inform
ation pertaining to the electronic properties of materials is contained in the 
first Brillouin zone. In other words, the energy Ek , for k' outside of the first 
zone is identical with the energy Ek within the first zone if a suitable translation 
vector G can be found so that a wave vector k' becomes: 

k' = k + G. (5.34) 

We have already used this feature in Section 5.1, where we plotted one
dimensional energy bands in the form of a reduced zone scheme. We proceed 
now to three-dimensional zone pictures. We might correctly expect that the 
energy bands are not alike in different directions in k space. This can be 
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Figure 5.18. Energy bands of the ffee electrons for the bcc structure. The numbers 
given on the brauches are the respective hi values (see the calculation in the text). 
Compare to Fig. 5.6. C = h2 2n2 /ma 2 , see (5.37). 

demonstrated by using the "free eleetron bands" whieh we introdueed in Fig. 
5.6. We explain the details using the bee erystal strueture as an example. 

In three dimensions the equation analogous to (5.7) reads 

h2 

Ek =2m(k+G)2. (5.35) 

In Fig. 5.17 three important direetions in k spaee are inserted into the first 
Brillouin zone of a bee lattiee. They are the [100] direetion from the origin (0 
to point H, the [110] direetion from r to N an,d the [111] direetion from r to P. 
These direetions are eommonly labeled by the symbols A, Land A, respec
tively. Figure 5.18 depiets the bands, ealculated by usinS (5.35), for these 
distinet directions in k spaee. The sequence of the individual subgraphs is 
established by eonvention and ean be followed using Fig. 5.17. 

We now show how some ofthese bands are ealculated for a simple ease. We 
seleet the r -H direction as an example. We vary the moqulus of the veetor 
krH == kx between 0 and 2n/a, the latter being the boundary of the Brillouin 
zone (see Fig. 5.16). For this direetion, (5.35) beeomes 

E=- -xi+G h2 (2n )2 
2m a 

(5.36) 
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Figure 5.19. First Brillouin zone ofthe fee strueture. 
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Figure 5.20. Free eleetron bands of the fee strueture. 

K X 

whereas x may take values between 0 and 1. To start with, let G be O. Then 
(5.36) reads 

h2 (21t)2 
E = 2m -;; (xi)2 == Cx2 • (5.37) 

This yields the well-known parabolic E(k) dependence. The curve which 
represents (5.37) is labeled (000) in Fig. 5.18. 

Now we let h1 = 0, h2 = -1, and h3 = O. Then we obtain by using (5.13) 
and (5.32), 

21t • 
G = --(I + I). 

a 

Combining (5.36) with (5.38) provides 

(5.38) 
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Figure 5.21. Band structure ofcopper (fce). (Adapted from Segal, B. (1962) Phys. Rev. 
125, 109). The calculation was made using the l-dependent potential. (For the defini
tion ofthe Fermi energy, see Seetion 6.1.) 

h2 [2nx 2n J2 E = - -i - -(i + I) = C[i(x - 1) - W 
2m a a 

= c[(x - 1)2 + 1] = C(x2 - 2x + 2) 
(5.39) 

whieh yields for 

x = 0 --+E = 2C 

and for 

x = 1 --+ E = 1 C. 

We obtain the band labeled (010) in Fig. 5.18. Similarly, aB bands in Fig. 5.18 
ean be ealculated by variation ofthe h values, k direetions and by using (5.35). 

The free eleetron bands are very useful for the following reason: byeompar
ing them with the band struetures of aetual materials, an assessment is possible 
if and to what degree the electrons in that material ean be eonsidered to be free. 

In Figs. 5.19 and 5.20 the first Brillouin zone and the free eleetron bands of 
an fee strueture are shown. 

At the end of this seetion, four band struetures of important solids are 
shown and diseussed. We start with the band strueture for copper (Fig. 5.21). 
Comparing Figs. 5.21 and 5.20 shows immediately that the copper bands do 
not eompletely resemble those for free eleetrons. In the lower half ofthe band 
strueture, closely spaeed and flat running bands ean be seen. Calculations 
show that these ean be attributed to the 3d-bands of copper (see Appendix 3). 

K 
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Figure 5.22. Energy bands für aluminum. Adapted from Segal, B. (1961) Phys. Rev. 
124,1797. 

They superimpose the 4s-bands (which are heavily marked in Fig. 5.21). The 
band which starts at r is, at first, s-electron-like, and becomes d-electron-like 
while approaching point X. The first half of this band is continued at higher 
energies. It is likewise heavily marked. It can be seen, therefore, that the d
bands overlap the s-bands. The origin of the energy scale is positioned for 
convenience in the lower end of the s-band. 

As a second example, consider the band diagram of aluminum (fcc), Fig. 
5.22. Comparison with Fig. 5.20 shows that the energy bands of aluminum 
are essentially free-electron-like. The band gap between the points X~ and Xl' 
which was about 5 eV in copper, is here only about 1 eV. Further, no 
overlapping of d- and s-bands can be seen. 

As a third example, the band structure of silicon is shown (Fig. 5.23). Here, 
any similarity to free electron bands (Fig. 5.20) is completely gone. Of parti
cular interest is the area between 0 and approximately 1 e V in which no energy 
bands are shown. This "energy gap," which is responsible for the well-known 
semiconductor properties, will be the subject of detailed discussion in a later 
chapter. 

Finally, the band structure of gallium-arsenide is shown in Fig. 5.24. The 
so-called III-V semiconductor compounds such as GaAs may become of 
great technical importance, as we shall discuss in Section 8.5. They have the 
same crystal structure and the same total number of valence electrons as the 
element silicon. 

It should be mentioned in dosing that the band structures of actual solids, 
as shown in Figs. 5.21-5.24, are the result of extensive, computer-aided 
calculations and that various investigators using different starting potentials 
arrive at slightly different band structures. Experimental investigations, such 
as measurements of the frequency dependence of the optical properties, can 
decide which of the various calculated band structures are dosest to reality. 
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Figure 5.23. Calculated energy band structure of silicon (diamond-cubic crystal struc
ture). Adapted from Cohen, M.L., and Bergstresser, T.K. (1966) Phys. Rev. 142, 789. 
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Figure 5.24. Calculated energy band structure of GaAs. Adapted from Herman, F., 
and Spicer, W.E. (1968), Phys. Rev. 174,906. 
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5.7. Curves and Planes of Equal Energy 

We conclude this chapter by discussing another interesting aspect of the 
energy versus wave vector relationship. 

In one-dimensional k-"space" there is only one k-value which is connected 
with a given energy (see Fig. 5.1). In the two-dimensional case, that is, when 
we plot the electron energy over a kx-ky plane, more than one k-value can be 
assigned to a given energy. This leads to curves of equal energy, as shown in 
Fig. 5.25. For a two-dimensional square lattice and for small electron energies, 
the curves of equal energy are circles. However, if the energy of the electrons is 
approaching the energy of the boundary of a Brillouin zone, then a deviation 
from the circular form is known to occur. This is shown in Fig. 5.26, where 
curves of equal energy for a two-dimensional square lattice are inserted into 
the first Brillouin zone. It is of particular interest that the energy which 
belongs to point A in Fig. 5.26 is larger than the energy which belongs to point 
B. Consequently, the curves of equal energy for the first Brillouin zone may 
extend into the second zone (marked with dotted lines in Fig. 5.26). This leads 
to an overlapping of energy bands as schematically shown in Fig. 5.27, and in 
the band structures ofFigs. 5.21-5.24. For copper and aluminum the band 
overlapping leads to quasicontinuous allowed energies (in different directions 
ofk-space). For semiconductors the band overlapping is not complete, which 
results in the already mentioned energy gap (Figs. 5.23 and 5.24). 

In three-dimensional k-space one obtains surfaces of equal energy. For the 
free electron case and for a cubic lattice they are spheres. For a nonparabolic 
E-(k) behavior these surfaces become more involved. This is demonstrated in 
Fig. 5.28 for a special case. 

E 

Figure 5.25. Electron energy E versus wave vector k (two dimensional). This figure 
demonstrates various curves of equal energy for free electrons. 
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Figure 5.26. Curves of equal energy inserted into the first Brillouin zone for a two
dimensional square lattice. 
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Figure 5.27. Overlapping of energy bands. 

Figure 5.28. A particular surface of equal energy (Fermi surface, see Section 6.1) and 
the first Brillouin zone for copper. Adapted from Pippard, A.B. (1957) Phi!. Trans. 
Royal Soc. London A 250, 325. 
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Problems 

1. Ca1culate the free energy bands for a bcc structure in the kx direction having the 
following values for hdh2 /h 3 : a) I TI, b) 001, c) 010. Plot the bands in k-space. 
Compare with Fig. 5.18. 

2. What is the energy difference between the points L~ and L 1 (upper) in the band 
diagram for copper? 

3. How large is the "gap energy" for silicon? (Hint: Consult the band diagram for 
silicon.) 

4. Calculate the main lattice vectors in reciprocal space of an fcc crystal. 

5. a) Ca1culate how much the kinetic energy of a free electron at the corner ofthe first 
Brillouin zone of a simple cubic lattice (three dimensions!) is larger than that of 
an electron at the midpoint of the face. 

b) What consequences might this result have on the conductivity of a divalent 
metal? 

6. Construct the fourth and fifth Brillouin zones for a simple cubic lattice in two 
dimensions. 

7. Calculate the shape of the free electron bands for the cubic primitive crystal 
structure for n = land n = - 2 (see Fig. 5.6) 

8. Ca1culate the bands for the bcc structure in the 110 [r -N] direction for a) (000); 
b) (010); c) (ITI). 



CHAPTER 6 

Electrons in a Crystal 

In the preceding chapters we considered essentially only one electron which 
was confined to the fie1d of the atoms of asolid. This electron was in most 
cases an outer, i.e., a valence, e1ectron. However, in asolid of one cubic 
centimeter at least 1022 electrons can be found. In this section we shall describe 
how these e1ectrons are distributed among the available energy levels. It is 
impossible to calculate the exact place and the kinetic energy of each indi
vidual electron. We will see, however, that probability statements nevertheless 
give satisfying results. 

6.1. Fermi Energy and Fermi Surface 

The Fermi energy, EF , is often defined as the "highest energy which an 
electron assurnes at T = 0 K." However, this definition, even though conve
nient, can be misleading, particularly when dealing with semiconductors. 
Therefore, a more accurate definition of the Fermi energy will be given in 
Section 6.2. We will see there that at the Fermi energy the Fermi function 
F(E), equals 1/2. An equation for the Fermi energy is given in (6.11). 

In three-dimensional k-space the one-dimensional Fermi energy is replaced 
by a Fermi surface. The energy surface which is shown in Fig. 5.28 is the Fermi 
surface for copper. 

Fermi energies are an important part of electron band diagrams. Many of 
the electronic properties of materials such as optical, electrical, or magnetic 
properties are related to the location of EF within a band. The Fermi energies 
for copper and aluminum are shown in Figs. 5.21 and 5.22. Numerical values 
for the Fermi energies for some materials are given in Appendix 4. They range 
typically from 2 to 12 eV. 
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6.2. Fermi Distribution Function 

The distribution of the energies of a large amount of particles, and its change 
with increasing temperature can be calculated by means of statistical mechan
ics. The kinetic energy of an electron gas is governed by Fermi-Dirac statistics 
which states that the probability that a certain energy level is occupied by an 
electron is given by the Fermi function, F(E) 

F(E) = E E . 

exp ( k~ T F) + I 
(6.1) 

If an energy level Eis completely occupied by electrons, the Fermi distri
bution function F(E) equals 1; for an empty energy level one obtains F(E) 
= o. EF is the Fermi energy which we introduced in Section 6.1, kB is the 
Boltzmann constant and T is the absolute temperature. In Fig. 6.1, the Fermi 
function is plotted versus the energy for T = 0 by using (6.1). One sees from 
this figure that at T = 0 all levels which have an energy smaller than EF are 
completely filled with electrons, whereas higher energy states are empty. 

The Fermi distribution function for higher temperatures (T #- 0) is shown 
in Fig. 6.2. The decrease ofthe function F(E) from 1 to 0 at higher tempera
tures is "smeared out," i.e., it is extended to an energy interval 2!1E. This 
decrease is heavily exaggerated in Fig. 6.2. !1E at room temperature is in 
reality only about 1 % of EF • 

At high energies the upper end of the Fermi distribution function can be 
approximated by the classical (Boltzmann) distribution function. This is best 
seen from (6.1) in which for large energies the exponential factor becomes 
significantly larger compared to 1. Then F(E) is approximately 

F(E) ~ exp [ _(Ek~:F) 1 (6.1a) 

E 

EF ... '-----, 

~...T=O 

o F(E) 

Figure 6.1. Fermi distribution function, F(E), versus energy, E, for T = o. 
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Figure 6.2. Fermi distribution function for T #- O. 

This expression is known to be the Boltzmann factor which gives, in classical 
thermodynamics, the probability that a given energy state is occupied. The 
F(E) curve for high energies is thus referred to as the "Boltzmann tail" ofthe 
Fermi distribution function. 

Ofparticular interest is the value ofthe Fermi function F(E) at E = EF and 
T i= O. As can be seen from (6.1), F(E) is in this particular case 1/2. This serves 
as adefinition for the Fermi energy. 

6.3. Density of States 

We are now interested in the question ofhow energy levels are distributed over 
a band. We restriet our discussion to the lower part ofthe valence band (the s
band in copper for example) because there the electrons can be considered to 
be essentially free due to their weak binding force to the nucleus. We assurne 
that the free electrons (or the "electron gas") are confined into a square 
potential weIl from which they cannot escape. The dimensions ofthis potential 
weIl are thought to be identical to the dimensions ofthe crystal under consider
ation. Then our problem is similar to the case of one electron in a potential weIl 
of size a which we treated in Section 4.2. By using the appropriate boundary 
conditions the solution ofthe Schrödinger equation yields an equation which 
is analogous to (4.26): 

21:.2 
'Irrt 2 2 2 

En = --2 (nx + ny + nz ), 
2ma 

(6.2) 

where nx ' ny, and nz are the principal quantum numbers. Now we pick an 
arbitrary set of quantum numbers nx , ny, nz • To each such set we can find a 
specific energy level En , frequently called "energy state." An energy state can 
therefore be represented by a point in quantum number space (Fig. 6.3). In 
this space n is the radius from the origin of the coordinate system to a point 
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Figure 6.3. Representation of an energy state in quantum number space. 

c 

Figure 6.4. Density of states Z(E) within a band. The e1ectrons in this band are 
considered to be free. 

(nx , ny, nz) where 

n2 = n; + n; + n;. (6.3) 

Equal values ofthe energy En are lying on the surface of a sphere with radius n. 
All points within the sphere represent therefore quantum states with energies 
smaller than En • The number of quantum states, '1, with an energy equal to or 
smaller than En is proportional to the volume ofthe sphere. Since the quantum 
numbers are positive integers, the n values can only be defined in the positive 
octant of the n space. One-eighth of the volume of the sphere with the radius n 
gives therefore the number of energy states, '1, the energy ofwhich is equal to 
or smaller than En • Thus, with (6.2) and (6.3) we obtain 

I 4 n (2ma2)3/2 
'1 = r 3nn3 = 6' n 2 11 2 E 3/2 . (6.4) 

Differentiation of '1 with respect to the energy E provides the number of 
energy states per unit energy in the energy interval dE, that is, the density of 
the energy states, briefly called density of states Z(E): 
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dr> n (2ma2 )3/2 V (2m)3/2 
d~ = Z(E) = 4" n21i2 E l /2 = 4n2 V E l /2 (6.5) 

(a3 = volume, V, which the electron can occupy). 
The density of states plotted versus the energy gives, according to (6.5), a 

parabola. Figure 6.4 shows that at the lower end of the band considerably less 
energy levels are available than at higher energies. The area within the curve in 
Fig. 6.4 is, by definition, the number of states which have an energy equal to or 
:,maller than En • Therefore, one obtains for an area element d17 

d17 = Z(E)' dE 

as can be seen from (6.5) and Fig. 6.4. 

6.4. Population Density 

(6.6) 

The number of electrons per unit energy, N(E), within an energy interval dE 
can be calculated by multiplying the number ofpossible energy levels, Z(E), 
with the probability for the occupation of these energy levels. We have to 
note, however, that because of the Pauli Principle, each energy state can be 
occupied by one electron ofpositive and one ofnegative spin, i.e., each energy 
state can be occupied by two electrons. Therefore, 

N(E) = 2· Z(E) . F(E) (6.7) 

or with (6.1) and (6.5) 

)
3/2 

V 2m E 112 E _ E
F 

+ 1 N(E)~2"(.' exp ( k.T) (6.8) 

E 

Figure 6.5. Population density N(E) within a band for free e1ectrons. dN* is the 
number of e1ectrons in the energy interval dE. 
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N(E) is called the (electron) population density. We see immediately that for 
T --+ 0 and E < EF , the function N(E) equals 2· Z(E) because F(E) is unity in 
this case. For T #- 0 and E ~ EF , the Fermi distribution function (6.1) causes a 
smearing out of N(E), (Fig. 6.5). 

The area within thecurvein Fig. 6.5 represents the number ofelectrons, N*, 
which has an energy equal to or smaller than the energy En • For an energy 
interval between E and E + dE, one obtains 

dN* = N(E) dEo (6.9) 

We are now in a position to calculate the Fermi energy by making use of(6.8) 
and (6.9). Weconsiderthe simplecase T --+ OandE < EF • Integrationfrom the 
lower end of the band to the Fermi energy EF provides 

N* = N(E)dE= - - E 1/2 dE=- - EF3/2 f EF fEF V (2m)3/2 V (2m)3/2 
o 0 2n2 h2 3n2 h2 . 

(6.10) 

We define N' = N*jV the number of electrons per unit volume. Then we 
obtain by rearranging (6.l0): 

EF = (3n2 N')2/3 ;~ . 

6.5. Complete Density of States Function Within 
aBand 

(6.11 ) 

We have seen in Section 6.3 that for the free electron case the density ofstates 
has a parabolic E versus Z(E) relationship. In actual crystals, however, the 
density of states is modified by the energy conditions within the first Brillouin 
zone. Let us consider, for example the curves of equal energy depicted in Fig. 
5.26. For low energies, the equal energy curves are circles. Thus, the electrons 
behave free-electron-like for these low energies. The density of states curve is 
then, as before, a parabola. For larger energies, however, less energy states are 
available as seen in Fig. 5.26. Thus, Z(E) decreases with increasing E, until 
eventually the corners ofthe Brillouin zones are filled. At this point Z(E) has 
dropped to zero. The largest number of energy states is thus found near the 
center of a band, as schematically shown in Fig. 6.6. 

6.6. Consequences of the Band Model 

We mentioned in Section 6.4 that because ofthe Pauli Principle, each energy 
band of a crystal, consisting of N atoms, has space for 2N electrons, i.e., for 
two electrons per atom. If the highest filled band of a crystal is occupied by 2 
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Figure 6.6. Sehematie representation ofthe eomplete density ofstates funetion within 
a band. 
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Figure 6.7. Simplified representation for energy bands for (a) insulators, (b) alkali 
metals, (e) bivalent metals, and (d) intrinsie semieonduetors. 

electrons per atom, i.e., if the band is completely filled, we would expect that 
the electrons cannot drift through the crystal when an external electric field is 
applied (similarly as it is impossible to move a car in a completely occupied 
parking lot). An electron has to absorb energy in order to move. Keep in mind 
that for a completely occupied band, higher energy levels are not allowed. (We 
exclude the possibility of electron jumps into higher bands.) Solids in which 
the highest filled band is completely occupied by electrons are, therefore, 
insulators (Fig. 6.7(a)). 

In solids with one valence electron per atom (for example, alkali metals) the 
valence band is essentially half filled. An electron drift upon application of an 
external field is possible; the crystal shows metallic behavior (Fig. 6.7 (b)). 

Bivalent metals should be insulators according to this consideration, which 
is not the case. The reason for this lies in the fact that the upper bands partially 
overlap, which occurs because of the weak binding forces of the valence 
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electrons on their atomic nuclei (see Fig. 5.27). Ifsuch an overlapping ofbands 
occurs, the valence electrons flow in the lower portion of the next higher band 
because the electrbns tend to assurne the lowest potential energy (Fig. 6;7(c)). 
As a resu~t, bivalent so lids mayaIso possess partially filled bands. Thus, they 
are also conductors. 

We shall see in Chapter 8 that valence as weIl as the conduction bands of 
semiconductors can accommodate 4N electrons. Because germanium or 
silicon possess 4 valence electrons, the valence band is completely filled with 
electrons. Intrinsic semiconductors have a relatively narrow forbidden energy 
zone (Fig. 6.7(d)). A sufficiently large energy can, therefore, excite electrons 
from the completely filled valence band into the empty conduction band and 
thus provide some electron conduction. 

This preliminary and very qualitative discussion on electronic conduction 
will be substantially expanded and the understanding will be deepened in Part 
II of this book. 

6.7. Effective Mass 

We implied in the previous sections that themass ofan electron in asolid is the 
same as the mass of a free electron. Experimentally determined physical 
properties of solids such as optical, thermal, or electrical properties indicate, 
however, that for some solids the mass is larger while for others it is slightly 
smaller than the free electron mass. This experimentally determined electron 
mass is usually called the effective mass m*. The deviation ofm* from the free 
electron mass12 mo can be easily appreciated by stating the ratio m*/mo which 
has values slightly above or below I (see Appendix 4). The cause for the 
deviation ofthe effective mass from the free electron mass is usually attributed 
to interactions between the drifting electrons and the atoms in a crystal. For 
example, an electron which is accelerated in an electric field might be slightly 
slowed down because of "collisions" with some atoms. The ratio m* /mo is 
then larger than I. On the other hand, the electron wave in another crystal 
might have just the right phase in order that the response to an external electric 
field be enhanced. In this case m* /mo is smaller than 1. 

We shall now attempt to find an expression for the effective mass. For this, 
we shall compare the acceleration of an electron in an electric field calculated 
by classical as weIl as quantum mechanical means. At first, we write an 
expression for the velocity of an electron in an energy band. We introduced in 
Chapter 2 the group velocity, i.e., the velocity with which a wave packet 
moves. Let w be the angular frequency and Ikl = 2n/A. the wave number ofthe 
electron wave. Then the group velocity is, according to (2.9), 

12 We shaII use the symbol mo only when we need to clistinguish the free electron mass from the 
effective mass. 
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dw d(2nv) d(2nEjh) 1 dE 
Vg = dk = ~ = dk = h dk . (6.12) 

From this we ealculate the aeceleration: 

dVg Id 2Edk 
a=-=---

dt h dk2 dt' 
(6.13) 

The relation between the energy E and the wave number Ikl is known from the 
preceding sections. We want to determine now the factor dkjdt. Forming the 
first derivative of (4.8) (p = hk) with respeet to time yields: 

dp =hdk. 
dt dt 

(6.14) 

Combining (6.14) with (6.13) yields: 

1 d 2E dp 1 d 2E d(mv) 1 d 2E 
a = h2 dk2 dt = h2 . dP . ~ = h2 dk2 F, (6.15) 

where F is the force. The classical acceleration ean be calculated from 
Newton's law (1.1) 

F 
a=-. 

m 

Comparing (6.15) with (6.16) yields the effective mass: 

m* = h2 --( d 2 E)-1 
dk2 

(6.16) 

(6.17) 

We see from (6.17) that the effective mass i~ inverse1y proportional to the 
eurvature of an electron band. Speeifieally, if the curvatllre of E = f(k) at a 
given point in k-space is large, then the effective mass is small (and vice versa). 
When inspeeting band structures (Fig. 5.4 or Figs. 5.21-5.24) we notice some 
regions ofhigh curvature. These regions might be found partieularly near the 
center or near the boundary of a Brillouin zone. At these places, the effective 
mass is substantially reduced and may be as 10w as 1 % of the free electron 
mass mo. At points in k-space for which more than one electron band is found 
(r-point in Fig. 5.23 for example) more than one effective mass needs to be 
defined. 

We shall demonstrate the k-dependence of the effective mass for a simple 
case and defer discussions about actual cases to Section 8.4. In Fig. 6.8(a) an 
idea.l eleetron band within the first Brillouin zone is depicted. From this curve 
both the first derivative and the reciproeal function of the second derivative, 
that is m*, have been ealculated. These functions are shown in Figs. 6.8(b) and 
(e). We notice in Fig. 6.8(e) that the effective mass ofthe eiectrons is small and 
positive near the center of the Brillouin zone and eventually increases for 
larger values of k x • We likewise observe in Fig. 6.8(c) that electrons in the 
upper part of the given band ha ve a negative effective mass. An eleetron with 
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Figure 6.8. (a) Simple bandstrueture, as shown in Fig. 5.4. (b) First derivative and 
(e) inverse funetion of seeond derivative of the eurve shown in (a). 

negative effective mass is called "defect electron" or "electron hole." (It is, 
however, common to ascribe to the hole a positive effective mass and a 
positive charge.) Electron holes play an important role in crystals whose 
valence bands are almost filIed, for example, in semiconductors. Solids which 
possess different properties in various directions (anisotropy) have a different 
m* in each direction. The effective mass is a tensor in this case. An electron 
hole pair is called an "exciton." 

6.8. Conc1usion 

The first part of this book intended to provide the reader with the necessary 
tools for a better understanding ofthe electronic properties ofmaterials. We 
started our discussion by solving the Schrödinger equation for the free 
electron case, the bound electron case, and for electrons in a crystal. We 
learned that the distinct energy levels which are characteristic for isolated 
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atoms widen into energy bands when the atoms are moved doser together and 
eventually form asolid. We also learned that the electron bands have "fine 
structure," that is, they consist of individual "branches" in an energy versus 
momentum (actually k) diagram. We further learned that some of these 
energy bands are fi1led by electrons, and that the degree ofthis filling depends 
upon whether we consider a metal, a semiconductor, or an insulator. Finally, 
the degree to which electron energy levels are available within a band was 
found to be nonuniform. We discovered that the density of states is largest 
near the center of an electron band. All these relatively unfamiliar concepts 
will become more transparent to the reader when we apply them in the 
chapters to come. 

Problems 

1. What velocity has an electron near the Fermi surface of silver? (EF = 5.5 eV). 

2. Are there more electrons on the bottom or in the middle of the valence band of a 
metal? Explain. 

3. At what temperature can we expect a 10% probability that electrons in silver have 
an energy which is 1% above the Fermi energy? (EF = 5.5 eV). 

4. Calculate the Fermi energy for silver assuming 6.1 x 1028 free e1ectrons per m3 • 

(Assurne the effective mass equals the free electron mass.) 

5. Calculate the density of states of I m3 of copper at the Fermi level (m* = mo, 
T = 0, EF = 7 eV). Note: Take 1 eVas energy interval. (Why?). 

6. The density ofstates per eV at the Fermi level (7 eV) was calculated for a certain 
metal to be about 1027 energy states per eV. Someone is asked to calculate the 
number of electrons for this metal using the Fermi energy as the maximum kinetic 
energy which the electrons have. He argues that because of the Pauli Principle, 
each energy state is occupied by two electrons. Consequently, there are 2 x 1027 

e1ectrons in that band. 
a) What is wrong with that argument? 
b) Why is the answer after all not too far off from the correct numerical value? 

7. Assuming the electrons to be free, calculate the total number of stätes below E = 

5 eV in a volume of 10-5 m3 • 

8. a) Calculate the number of electrons per cubic meter in copper, assuming that the 
maximum energy of these electrons equals the Fermi energy (m* = mo). 

b) How does this result compare with that determined directly from the density of 
copper? 

c) How can we correct for the discrepancy? 
d) Does using the effective mass decrease the discrepancy? 

9. a) Calculate the density of states for 1 m3 of Na at the Fermi level for T = O. 
b) Calculate the same quantity for 1 g-mole ofNa. 
c) Why are these numbers different? 
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d) What fraction of the 3s-electrons of Na is found within an energy kT of the 
Fermi level? 

10. Calculate the Fermi distribution function for a metal at the Fermi level for T #- O. 

11. Explain why in a simple model a bivalent material could be considered to be an 
insulator. Explain also why this simple argument is not true. 

12. We stated in the text that the Fermi distribution function can be approximated by 
classical Boltzmann statistics if the exponential factor in the Fermi distribution 
function is significantly larger than one. 
a) Calculate E - EF = nleBT for various values of n and state at which value for n, 

( E-EF ) exp- ---
kBT 

can be considered to be "significantly larger" then one (assume T = 300K). 
b) For what energy can we use Boltzmann statistics? (Assume EF = 5 eV and 

E - EF = 4kB T). 
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ELECTRICAL PROPERTIES OF 
MATERIALS 



CHAPTER 7 

Electrical Conduction in Metals and 
Alloys 

7.1. Introduction 

The first observations involving electrical phenomena probably began with 
the study of static electricitiy. Thales of Miletus, a Greek philosopher, dis
covered around 600 BC that a piece ofamber, having been rubbed with a piece 
of cloth, attracted feathers and other light particles. Very appropriately, the 
word electricity was later coined by incorporating the Greek word elektron 
which means amber. 

It was apparently not before 2300 years later that man became again 
interested in electrical phenomena. Stephen Gray found in the early 1700s that 
some substances conduct electricity whereas others did not. In 1733 DuFay 
postulated the existence of two types of electricity which he termed glass 
electricity and amber electricity dependent on which material was rubbed. 
From then on a constant stream of well-known scientists contributed to our 
knowledge of electrical phenomena. Names such as Coulomb, Galvani, Volta, 
Oersted, Ampere, Ohm, Seebeck, Faraday, Henry, Maxwell, Thomson, and 
others, come to mind. What started 2600 years aga as a mysterious effect has 
been applied quite recently in an impressive technology which culminated in 
large scale integration of electronic devices. 

A satisfactory understanding of electrical phenomena on an atomistic basis 
was achieved by Drude at the turn of this century. A few decades later 
quantum mechanics refined our understanding. Both the classical as weIl as the 
quantum concepts of electrical phenomena shaIl be covered in the chapters to 
come. Special emphasis is placed on the description of important applications. 
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7.2. Survey 

The conductivity, a, of different materials spans about twenty-five orders of 
magnitude (see Fig. 7.1). This is the largest known variation in a physical 
property. 

It is generally accepted that in metals and alloys the electrons, particularly 
the outer or valence electrons, play an important role in electrical conduction. 
Therefore, it seems most appropriate to make use ofthe electron theory which 
has been developed in the foregoing chapters. Before doing so, the reader is 
reminded of some fundamental equations of physics pertaining to electrical 
conduction. These laws have been extracted from experimental observations. 
Ohm's law 

V=RI (7.1) 

relates the potential difference V (in volts) with the electrical resistance R (in 
ohms) and the electrical current I (in amps). Another form of Ohm's law, 

links current density 

j = aß, 

I 
j=A' 

(7.2) 

i.e., the current per unit area (A/m 2), with cOhductivity a (I/Om) and electric 
field strength 1 

ß=!:. 
L 

(7.3) 

(V/rn). (In general, ß andj are vectors. For our purpose, however, we need 
only their moduli.) The current density is frequently expressed by 

j = Nve, (7.4) 

1 We use for the electric field strength a script E to distinguish it from the energy. 

Poreelain Doped Si Fe 
Quartz RUbber Glass Si Ge I Mn lAg 
, ,I, , ~~~I\ ,MIca, ,I, ~,AS, , I, , ~I, ,c.~ [1 
1~81r16 1Ö141d21010 1Ö8 1Ö6 1Ö4 1Ö2 1 102 104 106 1080 run] 

---IINSULATORS .14: SEMICONDUCTORS=-+METALS-

Figure 7.1. Room-temperature conductivity of various materials. (Superconductors, 
having conductivities ofmany orders ofmagnitude larger than copper, near 0 K, are 
not shown. The conductivity of semiconductors varies substantially with temperature 
and purity.) 
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where N is the number of electrons, V their velocity , and e their charge. The 
resistance of a conductor can be calculated from its physical dimensions by 

R=Lp 
A' 

where L is the length ofthe conductor, A is its cross-sectional area, and p is the 
specific resistance, or resistivity (nm). We define 

p=-. 
(J 

Our first approach towards an understanding of electrical conduction is to 
postulate, as Drude did, a free "electron gas" or ':plasma," consisting of the 
valence electrons of the individual atoms in a crystal. We assurne that in a 
monovalent metal, such as sodium, each atom contributes one electron to this 
plasma. The number of atoms, Na, per cubic meter (and therefore the number 
of free electrons in a monovalent metal) can be obtained by applying 

No<> 
/V,,= W' (7.5) 

where No is the Avogadro constant, <> the density, and Wthe atomic weight of 
the element. One calculates about 1028 to 1029 atoms per cubic meter, that is, 
1028 to 1029 free electrons per m3 for a mono valent metal. 

The electrons move randomly (in all possible directions) so that their 
individual velocities in the absence of an electric field cancel and no net 
velocity results. This situation changes when an electric field is applied. The 
electrons are then accelerated with the force e~ towards the anode and a net 
drift ofthe electrons results which can be expressed by a form ofNewton's law 
(F= ma): 

dv 
m dt = e~, (7.6) 

where e is the charge of the electrons and m is their mass. Equation (7.6) 
implies that as long as an electric field persists, the electrons are constantly 
accelerated. Equation (7.6) also suggests that after the field has been removed, 
the electrons keep drifting with constant velocity through the crystal. This is 
generally not observed, however, except for some metals at very low tempera
tures (superconductors). Thefree electron model needs, therefore, an adjust
ment to take into account the electrical resistance. We postulate that the 
resistance in metals and alloys is due to interactions of the drifting electrons 
with some lattice atoms, that is, essentially with the imperfections in the 
crystallattice (such as impurity atoms, vacancies, grain boundaries, disloca
tions, etc.). Thus, (7.6) is modified as follows: 

dv 
m dt + yv = e~, (7.7) 
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where y is a constant. The second term in (7.7) is a damping or friction force 
which contains the drift velocity of the electrons. 

We discussed in Chapter 2 the existence of two alternatives to describe an 
electron. First, we may consider the electrons to have particle nature. The 
interactions could be envisioned in this case to occur by means of elastic 
collisions of the drifting electrons with certain lattice atoms. The more colli
sions are encountered, the higher is the resistance. This concept qualita
tively describes the increase in resistance with increasing amount of lattice 
imperfections. It also explains the observed increase in resistance with increas
ing temperature: the thermal energy causes the lattice atoms to oscillate about 
their equilibrium positions (see Part V) thus increasing the probability for 
collisions with the drifting electrons. 

Secondly, one may describe the electrons to have a wave nature. The matter 
waves may be thought to be scattered by lattice atoms. Scattering is the 
dissipation of radiation on small particles in all directions. The atoms absorb 
the energy of an incoming wave and thus become oscillators. These oscillators 
in turn reemit the energy in the form of spherical waves. If two or more atoms 
are involved, the phase relationship between the individual reemitted waves 
has to be taken into consideration. A calculation2 shows that for a periodic 
crystal structure the individual waves in the forward direction are in phase, and 
thus interfere constructively. As a result, a wave which propagates through an 
ideal crystal (having periodically arranged atoms) does not suffer any change 
in intensity or direction. (Only its velocity is modified.) This mechanism is 
called coherent scattering. 

If, however, the scattering centers are not periodically arranged (impurity 
atoms, vacancies, grain boundaries, thermal vibration of atoms, etc.) the 
scattered waves have no set phase relationship and the wave is said to be 
incoherently scattered. The energy ofincoherently scattered waves is smaller in 
the forward direction. 

Finally, diffraction of the incoming waves is always a possibility if certain 
conditions are fulfilled. The diffracted beam is composed of a large number of 
coherently scattered rays which mutually reinforce each other. Reinforcement 
occurs, however, only in certain directions and only if Bragg's law (5.10) is 
fulfilled, that is, if A < 2d. However, the largest distance between lattice planes 
in metals, d, is typically 2 A and the wavelength A of an electron wave having 
the energy of the electrons at the Fermi surface is around 5 or 6 Angstroms 
(Chapter 2, Problem 1). Thus, the electron wave has a wavelength too large to 
be diffracted by the lattice atoms. (Similarly, light waves having wavelengths 
between 400 nm and 700 nm are not diffracted by a crystal.) 

In summary, the wave picture provides a deeper understanding of the 
electrical resistance in metals and alloys. In an ideal crystal, the electron waves 
are coherently scattered in the forward direction. As a consequence the 
electron wave passes without hindrance through the crystal. If, however, 

2 L. Brillouin, Wave Propagation in Periodic Structures, Dover Press, New York (1953). 
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lattice defects, impurities etc., are present, the matter waves lose energy. This 
energy loss qualitatively explains the resistance. In the following two sections 
we shall calculate the resistance using, at first, the partic1e and then the wave 
concept. 

7.3. Conductivity-Classical Electron Theory 

We implied above that the drift velocity of electrons, which is caused by an 
external electric field, is superimposed on the much larger random motion of 
the electrons. An electron, accelerated by such an electric field, may be 
described to increase its drift velocity until it encounters a collision. At this 
time, the electron has acquired the velocity Vmax which it may lose all or in part 
at the collision (Fig. 7.2(a)). Alternatively, and more appropriately, one may 
describe an electron motion to be counteracted by a "friction" force yv which 
opposes the electrostatic force ego (See equation 7.7.) The electrons are 
thought to be accelerated until a final drift velocity Vf is reached (see Fig. 
7.2(b)). At that time the electric field force and the friction force are equal in 
magnitude. In other words, the electrons are thought to move in a "viscous" 
medium. 

For the steady state case v = Vf we obtain dv/dt = O. Then (7.7) reduces to 

which yields 

YVf = eg 

eg 
y=-. 

Vf 

(7.8) 

(7.9) 

We insert (7.9) into (7.7) and obtain the complete equation for the drifting 
electrons under the influence of an electric field force and a friction force: 

v 

Vf 
----------

(a) t 
(b) 

Figure 7.2. (a) Schematic representation of an electron collision with a lattice atom. 
(b) Velocity distribution of electrons due to an electrostatic force and a counteracting 
friction force. The electron eventually reaches the final velocity Vf . 
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dv elf 
m-d + -v = elf. 

t vr 
(7.10) 

The solution to this equation3 is 

v = V{l -exp ( -(:~/)) 1 (7.11) 

We note that the factor mvr/elf in (7.11) has the unit ofa time. It is customary 
to define this factor 

mVr 
r = elf (7.12) 

as a relaxation time (which can be interpreted as the average time between two 
consecutive collisions). Rearranging (7.12) yields 

relf 
Vr = --. 

m 
(7.13) 

We make use of(7.4) which states that the current density jis proportional to 
the velocity of the drifting electrons and proportional to the number of free 
e1ectrons Nr (per m3). This yie1ds with (7.2) 

j = Nrvre = (Jlf. (7.14) 

Combining (7.13) with (7.14) provides, finally, the sought-for equation for the 
conductivity: 

1 (J = N~2r ·1 (7.15) 

Equation (7.15) teaches us that the conductivity is 1arge for a 1arge number of 
free electrons and for a 1arge relaxation time. The 1atter is proportional to the 
mean free path between two consecutive collisions. The mean free path is 
defined to be 

1= vr. 

7.4. Conductivity-Quantum Mechanical 
Considera tions 

(7.15a) 

It was stated above that the va1ence electrons perform, when in equilibrium, 
random motions with no preferential velocity in any direction. One can 
visualize this fact conveniently by plotting the velocities of the electrons in 

3 The reader may convince himself of the correctness of this solution by inserting (7.11) and its 
first derivative by time into (7.10). Further inserting t -+ 00 into (7.11) yields correctly v = Vf (Fig. 
7.2(b». See also Problem 8. 
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E 

v(k). 

Figure 7.3. Velocity of electrons in two-dimensional velocity space. (a) Equilibrium, 
(b) when an electric field is applied. 

velocity space (Fig. 7.3(a)). The points inside a sphere (or inside a circ1e when 
considering two dimensions) correspond to the endpoints ofve1ocity vectors. 
The maximum velocity which the e1ectrons are able to assurne is the Fermi 
velocity ~ (i.e., the velocity of the electrons at the Fermi energy). The sphere 
having ~ as a radius represents, therefore, the Fermi surface. All points inside 
the Fermi sphere are occupied. As a consequence the velocity vectors cancel 
each other pairwise at equilibrium and no net velocity ofthe e1ectrons results. 

If an electric field is applied, the Fermi sphere is displaced opposite to the 
field direction, i.e., towards the positive end ofthe electric fie1d, due to the net 
velocity gain ofthe electrons (Fig. 7.3(b)). The great majority ofthe electron 
velocities still cance1 each other pairwise (shaded area). However, some 
e1ectrons remain uncompensated; their velocities v + L\v are shown cross 
hatched in Fig. 7.3 (b). These electrons cause the observed current. The Drude 
description of conduction thus needs a modification. In the classical picture 
one would assurne that all electrons drift, under the influence of an e1ectric 
field, with a modest velocity. Quantum mechanics, instead, teaches us that 
only specijic electrons participate in conduction and that these electrons drift 
with a high velocity which is approximately the Fermi velocity ~. 

An additional point needs to be discussed and leads to an even deeper 
understanding. The largest energy which the electrons can assurne in a metal 
at T = 0 is the Fermi energy EF (Chapter 6). A large number of electrons 
actually possess this very energy since the density of states and thus the 
population density is highest around EF (Fig. 7.4). Thus, only a little extra 
energy L\E is needed to raise a substantial number of electrons from the Fermi 
level into slightly higher states. As a consequence, the energy (or the velocity) 
of electrons acce1erated by the electric field $ is only slightly larger than the 
Fermi energy EF (or the Fermi velocity ~) so that for all practical purposes the 
mean velocity can be approximated by the Fermi velocity ~. We implied this 
fact already in our previous discussions. 

We calculate now the conductivity by quantum mechanical means and 
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Figure 7.4. Population density N(E) versus energy for free eIectrons (see Fig. 6.5) and 
displacement t'!..E by an electric fieId. N* is the number of displaced electrons in the 
energy interval t'!..E. 

apply, as before, Ohm's law j = atff, (7.2). The current density j is, as stated in 
(7.4), the product of the number of electrons, the electron velocity, and the 
electron charge. In our present case, we know that the velocity ofthe e1ectrons 
which are responsible for the e1ectron conduction is essentially the Fermi 
velocity Vp. Further , the number of e1ectrons which need to be considered here 
is N*, that is the number of displaced e1ectrons, as shown in Fig. 7.4. Thus, 
(7.4) needs to be modified to read 

j = VpeN*. 

The number of e1ectrons displaced by the electric fie1d tff is 

N* = N(E)/1E 

(see Fig. 7.4) which yields for the current density 

dE 
j = VpeN(E)f1E = VpeN(E) dk f1k. 

(7.16) 

(7.17) 

(7.18) 

The factor dEI dk is calculated by using the E versus I k I relationship known for 
free e1ectrons (4.6), that is, 

E= :k2 • 

Taking the first derivative of (7.19) yields with k = plh (4.8): 

dE = h2 k = h2 P = hmVp = hVp. 
dk m mh m 

Inserting (7.20) into (7.18) yields 

j = vteN(E)hf1k. 

(7.19) 

(7.20) 

(7.21) 

The displacement f1k of the Fermi sphere in k-space under the influence of an 
electric field can be calculated by using (7.6) and p = hk (4.8): 
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Figure 7.5. Two-dimensional velocity space. 
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(7.22) 

(7.23) 

where, is the time interval M between two "collisions" or the relaxation time 
(see Section 7.3). Inserting (7.23) into (7.21) yields 

j = vie2 N(E)t!,. (7.24) 

One more consideration needs to be made. If the electric field-vector points 
into the negative v(k)x direction, then only the components ofthose velocities 
which are parallel to the positive v(k)x direction contribute to the electric 
current (Fig. 7.5). The v(k)y components cancel each other pairwise. In other 
words, only the projections of the velocities ~ on the positive v(k)x-axis 
(vFx = VF cos 0) contribute to the current. Thus, we have to sum up all contribu
tions ofthe velocities in the first and fourth quadrant in Fig. 7.5 which yields 

f+"/2 dO 
j = e2N(E)t!, (~COSO)2-

-"/2 TC 

vi f+"/2 
= e2 N(E)t!,- cos2 0 dO 

TC -"/2 

vi [1 0]+"/2 
= e2 N(E)t!,- -4 sin 20 + -2 

TC _,,~ 

j = !e2N(E)t!,vi· 
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Figure 7.6. Schematic representation of the density of states (Fig. 6.6) and thus with 
minor modifications, also the population density (6.7). Examples for highest electron 
energies for a monovalent metal (EM ), for abivalent metal (EB ), and for an insulator 
(EI) are indicated. 

A similar calculation for a spherical Fermi surface yields 

j = te2 N(E)Crvt· (7.25) 

Thus, the conductivity finally becomes with (J = jjC (7.2) 

[ (J= te2~ä:).-1 (7.26) 

This quantum mechanical equation reveals that the conductivity depends 
on the Fermi velocity, the relaxation time, and the population density. The 
latter is, as we know, proportional to the density of states. Equation (7.26) is 
more meaningful than the expression derived from the classical electron 
theory (7.15). Specifically, (7.26) contains the information that not all free 
electrons Nr are responsible for conduction, that is, the conductivity in metals 
depends to a large extent on the population density of the electrons near the 
Fermi surface. For example, mono valent metals (such as copper, silver, or 
gold) have partially filled valence bands, as shown in Figs. 5.21 or 6.7. Their 
electron population densities near their Fermi energy are high (Fig. 7.6) which 
results in a large conductivity according to (7.26). Bivalent metals on the other 
hand are distinguished by an overlapping of the upper bands and by a small 
electron concentration near the bottom of the valence band, as shown in Fig. 
6.7(c). As a consequence the electron population near the Fermi energy is 
small (Fig. 7.6) which leads to a comparatively low conductivity. Finally, 
insulators and semiconductors, have under certain conditions, completely 
filled electron bands which results in a virtually zero population density near 
the top ofthe valence band (Fig. 7.6). Thus, the conductivity in these materials 
is extremely small. 
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7.5. Experimental Results and Their Interpretation 

7.5.1. Pure Metals 

The resistivity of a wetal, such as copper, decreases linearly with decreasing 
temperature until it reaches a finite value (Fig. 7.7). We postulate that thermal 
energy causes lattice atoms to oscillate ab out their equilibrium positions, 
thus increasing the incoherent scattering of the electron waves. The residual 
resistivity Pres is interpreted to be due to imperfections in the crystal, 
such as impurities, vacancies, grain boundaries, or dislocations. The residual 
resistivity is not temperature dependent. According to Matthiessen's rule the 
resistivity arises from independent scattering processes which are additive, 
that is 

P = Pth + Pimp + Pdef = Pth + Pres' (7.27) 

The thermally induced part of the resistivity Pth is called the ideal resistivity, 
whereas the resistivity which has its origin in impurities (Pirnp) and defects 
(Pdef) is summed up in the residual resistivity. The number ofimpurity atoms 
is gene rally constant in a given metal or alloy. The number of vacancies or 
grain boundaries, however, can be changed by various heat treatments. For 
example if a metal is annealed at temperatures elose to its melting point and 
then rapidly quenched into water of room temperature, its room temperature 
resistivity increases noticeably due to quenched-in vacancies. Frequently, this 
resistance increase diminishes during room temperature aging or annealing at 
slightly elevated temperatures due to the annihilation of some vacancies. 
Likewise, recrystallization, grain growth, and many other metallurgical pro
cesses change the resistivity of metals. As a copsequence of this and due to 
its simple measurement, the resistivity is one of the most widely studied 
properties in materials research. 

p 

Cu- 2 at % Ni 

Cu 

__ L_ 
~ ~~ T -T 

Figure 7.7. Schematic representation ofthe temperature dependence ofthe resistivity 
of copper and various copper-nickel alloys. Pres is the residual resistivity. 
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Figure 7.8. Resistivity of various silver aIIoys (schematic). Solvent and solute are aII 
from the fifth period. (a) Resistivity versus atomic % solute, (b) resistivity change due 
to I atomic % of solute. 

7.5.2. Alloys 

The resistivity of alloys increases with increasing amount of solute content 
(Fig. 7.7). The slopes of the individual p versus T lines remain, however, 
constant. Increasing solute concentrations merely cause a linear shift ofthe p 
versus T curves to higher resistivity values in accordance with Matthiessen's 
rule. 

In Figs. 7.8(a) and (b) the resistivities of various solute elements, having 
different valences, that is, electron concentrations, are shown. It can be seen 
that the resistivity increases with the square of increasing electron concen
tration. The resistivity increase due to solute elements has its origin in two 
mechanisms. First, atoms of different size cause a variation in the lattice 
parameter and thus in electron scattering. Second, atoms having different 
valences introduce a local charge difference which also increases the scattering 
probability. 

Some alloys (copper with small amounts of iron, for example) show a 
minimum of the resistivity at low temperatures. This anomaly is due to 
additional scattering of electrons by the magnetic moments of the solutes and 
is a deviation from the Matthiessen rule (Kondo effect). 

7.5.3. Ordering 

Solute atoms are generally randomly distributed in the solvent. Thus, the 
number of centers where incoherent scattering occurs increases proportion
ally with the number of substitutional atoms. If, however, the solute atoms are 
periodically arranged in the matrix, i.e., if, for example, in a 50/50 alloy the A 
and B atoms are alternately occupying successive lattice sites, then the electron 
waves are coherently scattered. This causes a decrease in resistivity (and an 
increase in the mean free path) (Fig. 7.9). Only selected alloys such as Cu3 Au, 
CuAu, AU3Mn, etc., show a tendency towards long-range ordering. 

The ordered state can be achieved by annealing an alloy of appropriate 
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Figure 7.9. Schematic representation of the resistivity of ordered and disordered 
copper-gold alloys. 

composition, below the order-disorder transition temperature (about 395°C 
in Cu3 Au) or by slowly cooling from above the transition temperature. 
Annealing above this transition temperature destroys the ordering effect. In 
some alloys, however, such as the intermetallic compound CuAu, the tendency 
towards ordering is so strong that even near the melting point some ordering 
remains. Long-range ordered alloys cause super lattice lines in X-ray patterns. 

The disordered state can be retained at room temperature by quenching the 
alloy rapidly in ice brine from slightly above the transition temperature. 

Some alloys, such as a-copper-aluminum, exhibit a much smaller re
sistance decrease due to annealing below a certain ordering temperature. This 
effect is called short-range ordering and has been found to be due to small 
domains in which the atoms are arranged in an ordered fashion. In the short
range ordered state the A-B interactions are slightly larger than the A-A or 
B-B interactions. (Short-range ordering can be identified by using small angle 
X-ray scattering. It causes small and broad intensity increases between the 
regular diffraction lines.) 

The K-state is another type of a short-range ordering effect. In this case, 
however, the resistivity increases due to heat treatment below a transition 
temperature. More information On ordering can be found in its special 
literature. 4 

7.6. Superconductivity 

Superconductors are metals or alloys whose resistivities become immeasur
ably small or actually become zero below a critical temperature Tc. The most 
sensitive resistance measurements have shown that the resistance of these 

4 H. Warlimont, ed., Order-Disorder Transformations in Alloys, Springer-Verlag, Berlin, Heidel
berg, New York (1974). 
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materials in the superconducting state is at least 1016 times smaller than their 
room temperature values. (See, in this context, Fig. 7.1.) So far, 27 elements 
and numerous alloys have been discovered to possess superconductivity. 
Their critical temperatures Te have values between 23.2 K for Nb3 Ge and 0.01 
K for tungsten. Superconductors having a Te above 20 Kare particularly 
interesting because they do not require liquid helium for cooling. Some metals 
such as cesium become superconducting only if a large pressure is applied to 
them. The superconducting state has to be considered as aseparate state such 
as the liquid, the solid, or the gaseous states. It has a higher degree of order
the entropy is zero. The superconducting transition is reversible. 

7.6.1. Experimental Resultss 

The transition into the superconducting state is generally quite sharp for pure 
and structurally perfect elements (Fig. 7.10). A temperature range ofless than 
10-5 K has been observed in pure gallium. In alloys the transition may be 
spread over a range of about 0.1 K. 

Superconductivity can also be destroyed by applying a magnetic field to the 
solid. The critical field strength He which accomplishes this depends upon the 
temperature to which the metal has been cooled. In general, the lower the 
sample temperature, the higher the critical field He (Fig. 7.11). One finds 

He = Ho (1 - ~e:), (7.28) 

where Ho is the critical field stregnth at 0 K. In a soft superconductor, the 
superconducting state can be eliminated by a small magnetic field. 

Superconductors are utilized to produce magnets which have high magnetic 

5 This section requires some knowledge on magnetism, see Part IV. 
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Figure 7.10. Schematic representation of the resistivity of pure and impure super
conducting elements. Te is the transition or critical temperature. 
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Figure 7.11. Dependence of critical field strength He at which superconductivity is 
destroyed, in relation to the temperature of the specimen. 
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Figure 7.12. Magnetization curves for superconductors. (a) Type I (or soft) super
conductors. These solids behave like normal conductors above He. (b) Type 11 (or 
hard) superconductors. The region between Hel and H e2 is called the vortex state. 
Above He2 , the solid behaves like anormal conductor. 

field strengths and no loss in power due to heat dissipation. One limiting 
factor for ultrahigh field strengths, however, is that the magnetic field thus 
produced can reach He, so that the superconducting state is eventually de
stroyed by its own magnetic field. 

In type I superconductors the destruction of the superconducting state by a 
magnetic field, that is, the transition between the superconducting and the 
normal state, occurs sharply (Fig. 7.12(a)). The critical field strength He is 
relatively low. Thus, type I superconductors are generally not used for coils for 
superconducting magnets. In type II superconductors the destruction of the 
superconducting state by a magnetic field is gradual. The superconducting 
properties are extended to a field He2 which might be 100 times higher than He 
(Fig. 7.l2(b)). Because of this stronger resistance against the magnetically 
induced destruction ofthe superconducting state, type II superconductors are 
mainly utilized for superconducting solenoids. Magnetic fields of several 
hundred kiloGauss have been achieved with these materials. Among the type 
II superconductors are transistion metals and alloys consisting of Nb, Al, Si, 
orV. 
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Figure 7.13. Magnetic flux lines in the normal and the superconducting states. The 
shaded areas represent a cross section of a rod of superconducting material. 

The interval between Hel and H e2 represents astate in which superconduct
ing and normal conducting areas are mixed in the solid. Specifically, one 
observes small circular regions, called vortices which are in the normal state. 
They are surrounded by large, superconducting regions. 

It has been observed that superconducting materials expel the magnetic flux 
lines when in the superconducting state (Fig. 7.13; Meissner effect). We 
remember from physics that 

B = H + 4nM (7.29) 

(see also Chapter 14 and particularly (14.11)). Bis the magnetic induction, H 
is the magnetic field strength and M is the magnetization (i.e., the magnetic 
moment per volume). A superconductor behaves in an extern al magnetic field 
as if B would be zero inside the superconductor. Thus, 

H = -4nM, (7.30) 

which means that the magnetization is equal and opposite to the external 
magnetic field strength. The result is aperfeet diamagnet. The suseeptibility 

M 
x= H (7.31) 

in supereonduetors is -1/4n eompared to _10- 6 in the normal state. This 
strong diamagnetism ean be used for frietionless bearings, that is, for support 
of loads by a repelling magnetie field. 

The transition temperature Tc varies with the atomie mass ma aeeording to 

m~ . Tc = eonst, (7.32) 

where IX is a materials eonstant (Isotope effeet). As an example, Tc for mereury 
varies from 4.185 K to 4.146 K when ma ehanges from 199.5 to 203.4 atomie 
units. 

In short, supereonduetivity ean be destroyed by essentially four meehan
isms: 1) high temperatures (above Tc), 2) high magnetie fields (above HJ, 3) 
high eurrent densities (self-destruetion by magnetie field), and 4) ferromag
netie impurities. Potential uses for supereondueting materials are: 1) high mag-
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netic field solenoids (no power dissipation!), 2) frictionless bearings (strong 
diamagnet), 3) switching devices called cryotron (based on the destruction of 
the superconducting state in a strong magnetic field), and 4) transmission of 
power at 100% effeciency. 

*7.6.2. Theory 

Attempts to explain superconductivity have been made since its discovery in 
1911. One ofthese theories makes use ofthe two-fluid model which postulates 
superelectrons, which experience no scattering, have zero entropy (perfect 
order) and long coherence lengths, i.e., an area 1000 nm wide over which the 
supere1ectrons are spread. The London theory, on the other hand, is semi
phenomenological and dwells basically on the electrodynamic properties. The 
BCS theory (which was developed in 1957 by Bardeen, Cooper, and Schrief
fer) is capable of explaining all superconduction properties reasonably weIl. 
The theory, however, is quite involved. Phenomenological descriptions ofthe 
concepts leading to this theory are probably simplifications of the actual 
mechanisms which govern superconduction and may thus provide temp
tations for misleading conc1usions. (As so often in quantum mechanics, the 
mathematics is right-it is only our lack ofimagination which holds us back 
from correctly interpreting the equations.) Nevertheless, a conceptual descrip
tion of the BCS theory and its resuIts is attempted. 

One key to the understanding ofthe BCS theory is accepting the existence of 
a pair of electrons (Co oper pair) which has a lower energy than two individual 
electrons. Imagine an electron in a metal at T = 0 K (no lattice vibrations). 
This electron perturbs the lattice slightly in its neighborhood. When such an 
e1ectron drifts through a crystal the perturbation is only momentary and, after 
passing, a displaced ion reverts back into its original position. One can 
consider this ion to be held by springs in its lattice position so that after the 
electron has passed by, the ion does not simply return to its original site, but 
overshoots and eventually osciIlates around its rest position. A phonon is 
created. 6 This phonon in turn interacts quickly with a second electron, which 
takes advantage of the deformation and lowers its energy. Electron 2 finally 
emits a phonon by itse1fwhich interacts with the first electron and so on. It is 
this passing back and forth of phonons which couples the two electrons 
together and brings them into a lower energy state (Fig. 7.14). One can 
visualize that all e1ectrons on the Fermi surface having opposite momentum 
and opposite spin (that is kj and -k!) form those Co oper pairs (Fig. 7.15) so 
that these e1ectrons form a c10ud of Co oper pairs which drift cooperatively 
through the crystal. Thus, the superconducting state is an ordered state of the 
conduction electrons. The scattering on the lattice atoms is e1iminated, thus 

6 A phonon is a lattice vibration quantum. We shall describe the properties of phonons in Chapter 
20. 
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Figure 7.14. Schematic of a Co oper pair. 
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Figure 7.16. Density of states, Z(E), versus electron energy in the superconducting 
state. 

causing a zero resistance, similarly as described in Section 7.5.3 where we 
observed that ordering ofthe atoms in a crystallattice reduces the resistivity. 

One further aspect has to be considered. We just mentioned that the 
electrons of a Cooper pair have a lower energy than two unpaired electrons. 
Thus, the Fermi energy in the sllperconducting state may be considered to be 
lower than that for the nonsuperconducting state. This lower state is separated 
from the normal state by an energy gap Eg (Fig. 7.16). The energy gap 
stabilizes the Co oper pairs against small changes of net momentum, i.e., 
prevents them from breaking apart. Such an energy gap of ab out 10-4 e V has 
been indeed observed by impinging infrared radiation on a superconductor 
at temperatures below Tc and observing an onset of absorption of the IR 
radiation. 
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Figure 7.17. Josephson junction (a) in the unbiased state (b) with applied voltage 
across the junction which facilitates tunnelling in the indicated direction. 

An alternate method for measuring this gap energy is by utilizing the 
J osephson effect. The experiment involves two pieces of metal, one in the 
superconducting and the other in the normal state. They are separated by a 
thin insulating film of about I nm thickness (Fig. 7.17(a». A small voltage of 
proper polarity in the millivolt range applied to this device raises the energy 
bands in the superconductor. Increasing this voltage eventually leads to a 
configuration where some filled electron states in the superconductor are 
opposite to empty states in the normal conductor (Fig. 7.17 (b». Then, the 
Cooper pairs are capable of tunnelling across the junction as in the descrip
tion given in Seetion 4.3. The gap energy is calculated [rom the threshold 
voltage eV at which the tunnelling current starts to flow. 

It is noted in passing that the insulating film introduces a phase difference in 
the transmitted wave between both parts of the devic~. This leads to an 
alternating current across the junction with a frequency 

2e 
v=hV , (7.33) 

The "Josephson frequency" is in the microwave range and is, according to 
(7.33), a function ofthe applied voltage V. The Josephson effect provides an 
exact measurement ofthe ratio 2elh (see (7.33» and serves as a basis for the 
international voltage standard. 
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We just leamed that e1ectron-phonon interactions are essential for super
conduction. In the normal state of conduction (above TJ, strong interactions 
between electrons and phonons lead to collisions and thus resistance, where
as at low temperatures they cause Cooper pairs and thus superconduction. 
This explains why the noble and the alkali metals (which have small 
electron-phonon interactions) are not superconducting. 

Problems 

I. Ca1culate the number of free electrons for gold using its density and its atomic 
weight. 

2. Does the conductivity of an alloy change when long-range ordering takes place? 
Explain. 

3. Calculate the time between two collisions and the mean free path for pure copper at 
room temperature. Discuss whether or not this result makes sense. Hint: Take the 
velocity to be the Fermi velocity l'F which can be ca1culated from the Fermi energy 
ofcopper EF = 7 eV. 

4. Electron waves are "coherently scattered" in ideal crystals at T = O. What does this 
mean? Explain why in an ideal crystal at T = 0 the resistivity is smalI. State under 
which conditions the Bragg relation is fulfilled. Insert numbers for A. and d for a 
typical electron wave in, say, copper. (Hint: Ca1culate the lattice spacing for copper 
in the (111) direction. Lattice constant acu = 3.61 Ä.) Note: Diffraction in an fee 
lattice occurs only if the h, k, /'s are an even or an odd. Does reinforced coherent 
scattering oeeur using eleetron waves with a wavelength of 6 A? . 

5. Ca1culate the number of free electrons per eubie meter (and per atom) for sodium 
from resistanee data (relaxation time 3.1 x 10-14 sec). 

6. Give examples for eoherent scattering, ineoherent scattering and reinforced coher
ent scattering. 

7. When ea1culating the population density of eleetrons for a metal by using (7.26), a 
value mueh larger than immediately expeeted results. Why does the result after all 
make sense? (Take (J = 5 X 107 I/nm; l'F = 106 rn/sec and 1" = 3 X 10-14 sec.) 

8. Solve the differential equation 

dv etC 
m-+-v=etC 

dt l'F 

and eompare your result with (7.11) 

(7.10) 

9. Calculate the Josephson frequeney in (GHz), generated in a normal/supereonduetor 
junetion for an applied DC voltage of2mV. 



CHAPTER 8 

Semiconductors 

8.1. Band Structure 

We have seen in Chapter 7 that metals are characterized by partially filled 
valence bands and that the electrons in these bands give rise to electrical 
conduction. On the other hand, the valence bands of insulators are completely 
filled with electrons. Semiconductors finally represent in some respect a 
position in between metals and insulators. We mentioned in Chapter 6 that 
semiconductors have, at low temperatures, a completely filled valence band 
and a narrow gap between this and the next higher, unfilled band. The latter 
one is caHed the conduction band. We discuss this now in more detail. 

Because of band overlapping, the valence as weH as the conduction bands 
of semiconductors consist of mixed (hybrid) s- and p-states. The eight highest 
s + p states (two s- and six p-states)7 split into two separate (s + p) bands, 7 
each of which consists of one s- and three p-states (see Fig. 8.1). The lower 
s-state can accommodate one electron per atom, whereas the three lower 
p-states can accommodate three electrons per atom. The valence band can, 
therefore, accommodate 4Na electrons. (The same is true for the conduction 
band.) Because germanium and silicon possess four valence electrons per 
atom (group IV of the periodic table), the valence band is completely filled 
with electrons and the conduction band remains empty. 

A deeper understanding of this can be gained from Fig. 8.2 which depicts 
part of a calculated band structure for silicon. Consider at first that electrons 
are "filled" into these bands like water being poured into avesseI. Then, of 
course, the lowest s-state will be occupied first. Since no energy gap exists 
between the top ofthe s-state and the next higher p-state, additional electrons 

7 See Appendix 3. 
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Figure 8.2. Schematic band structure of silicon in the kx (or X) direction (plotted in the 
reduced zone scheme). The separation of the two highest p-states in the valence band is 
strongly exaggerated. Compare with the complete band structure of Fig. 5.23. 

will immediately start to occupy the p-states. This process proceeds until all 
three lower p-states are filled. All of the 4Na electrons of the semiconductor 
are accommodated now. Note that no higher energy band touches the p-states 
ofthe valence band. Thus, an energy gap exists between the filled valence and 
the empty conduction band. (As was shown in Fig. 5.23 the bands in different 
directions in k-space usually have a different shape so that a complete assess
ment can only be made by inspecting the entire band structure.) 

All materials which have bonds characterized by electron sharing (covalent 
bonds) have in common the above-mentioned hybrid bands (Fig. 8.1). An 
important difference is the magnitude of the gap energy Eg between the 
conduction band and the valence band. As can be seen from Table 8.1, the gap 
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Table 8.1. Gap Energies 
for Some Covalent 
Elements at 0 K (See also 
Appendix 4) 

Element Eg[eV] 

C (diamond) 5.48 
Si 1.1 
Ge 0.7 
Sn (gray) 0.08 
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energies for group four elements decrease with increasing atomic number. 
Diamond, for example, has a gap energy of 5.48 eV and is, therefore, an 
insulator (at least at room temperature) whereas the Eg for silicon and 
germanium is around 1 eV. Gray tin, finally, has an energy gap of only 0.08 
eV. 

8.2. Intrinsic Semiconductors 

Semiconductors become conducting at elevated temperatures. In an intrinsic 
semiconductor, the conduction mechanism is predominated by the properties 
of the pure crystal. In order for a semiconductor to become conducting, 
electrons have to be excited from the valence band into the conduction band 
where they can be accelerated by an external electric field. Likewise, the 
dectron holes which are left behind in the valence band contribute to the 
conduction. They migrate in the opposite direction as the electrons. The 
energy for the excitation of the electrons from the valence band into the 
conduction band sterns usually from thermal energy. The electrons are trans
ferred from one band into the next by interband transitions. 

We turn now to a discussion of the Fermi energy in semiconductors. We 
learned in Section 6.2 that the Fermi energy is that energy for which the Fermi 
distribution function equals 1/2. (H is advisable to keep only this "definition" 
of the Fermi energy in mind. Any other definition which might give a correct 
understanding for metals could cause confusion for semiconductors!) The 
probability that any state in the valence band of an intrinsic semiconductor at 
T = 0 K is occupied by electrons is 100%, i.e., F(E) = 1 for E < Ev (Fig. 8.3). 
At higher temperatures, however, some ofthe electrons close to the top ofthe 
valence band have been excited into the conduction band. As a consequence, 
the probability function F(E) is slightly reduced at the top ofthe valence band 
for T> 0 K. 

On the other hand, no electrons are found at T = 0 K in the conduction band. 
Thus, the Fermi distribution function for E > Eo must be zero. Again, for 
higher temperatures a small deviation from F(E) = 0 near the bottom ofthe 
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Figure 8.3. Schematic Fermi distribution function and Fermi energy for an intrinsic 
semiconductor for T> 0 K. The "smearing out" of the Fermi distribution function at 
Eo and Ev is exaggerated. For reasons of convenience, the zero-point of the energy 
scale is placed at the bottom of the conduction band. 

conduction band is expected (Fig. 8.3). The connection between the two 
branches ofthe F(E) curve just discussed is marked with a dashed line in Fig. 
8.3. This connecting line does not imply that electrons can be found in the 
forbidden band since F(E) is merely the probability of occupancy of an 
available energy state. (A detailed calculation provides a slightly modified 
F(E) curve whose vertical branches extend further into the forbidden band.) 

Our discussion leads to the conclusion that the Fermi energy, EF , (i.e., that 
energy where F(E) = 1/2), is located in the center of the forbidden band. In 
other words, for intrinsic semiconductors we find EF = - Eg /2. 

We may argue also somewhat differently: For T> 0 K the same amount of 
current carriers can be found in the valence as well as in the conduction band. 
Thus, the average Fermi energy has to be halfway in between these bands. 
A simple calculation confirms this statement. (Problem 3 in this chapter 
should be worked out at this point to deepen the understanding.) We implied 
in our consideration that the effective masses of electrons and holes are alike 
(which is not the case; see Appendix 4). 

Of special interest to us is the number of electrons in the conduction band. 
From the discussion carried out above, we immediately suspect that a large 
number ofelectrons can be found in the conduction band if Eg is small and, in 
addition, if the temperature is high. In other words, we suspect that the 
number of electrons in the conduction band is a function of Eg and T. A 
detailed calculation, which we will carry out now, verifies this suspicion. 

In Section 6.4 we defined N* to be the number of electrons which have an 
energy equal to or sm aller than a given energy En • For an energy interval 
between E and E + dE, we obtained (6.9): 

dN* = N(E) dE, (8.1) 

where 

N(E) = 2· Z(E)' F(E) (8.2) 

was called the population density (6.7) and 



8. Semiconductors 91 

Z(E) = - ~ E l /2 V (2 )3/2 
411:2 h2 

(8.3) 

is the density of states (6.5). In our particular case the Fermi distribution 
function F(E) can be approximated by 

F(E) ~ (E _ E'l ~ exp [ _(Ek~:') ] 
exp 1 + 1 

BT 

(8.4) 

becauseE - EFis aboutO.5 eVandkBTatroom temperatureis in the orderof 
10-2 eV. Therefore, the exponential factor is large compared to 1 (Boltzmann 
tail). We integrate over all available electrons which have energies larger than 
the energy at the bottom of the conduction band (E = 0), and obtain, with 
(8.1), (8.3), and (8.4)8 

N* = 2:2 ' (~7YI2 ro El/2 .exp [ _(Ek~:F) JdE (8.5) 

or 

N* =~.(27)3/2 exp(~) f'Xl'El/2.exp[-(~)JdE. 
2n h kBT Jo kBT 

(8.6) 

Integration9 yields 

* _ ~(2m)3/2 (EF )kBT( k )1/2 N - 2n2 h2 exp kB T 2 n B T 

= ~(2mkBT)3/2 (~) 
1-.2 exp k . 4 nrt BT 

(8.7) 

Introducing E F = - E g/2 (see above) and the efTective mass m* (Section 6.7), 
we obtain for the number of conduction-band electrons per unit volume 

IV. = N*/V 

1 (2mkB)3/2 (m* )3/2 32 ( Eg ) Ne = - -2- -- T 1 exp - -- . 
4 nh mo 2kB T 

(8.8) 

The constant factor in front of T3/2 has the value 4.82 x 1021 (m-3K-3/2) so 
that we can write for (8.8) 

Ne = 4.82 X 1021 - T 3/2 exp - -g- . (m*)3/2 ( E ) 
mo 2kB T 

(8.9) 

8 The integration should actually be done over the states in the conduction band only. However, 
since the probability factor (FE) is rapidly approaching zero for energies E > EF, the substitution 
ofinfinity for the upper limit does not change the result appreciably. This substitution brings the 
integral into a standard form. 

9 J~ X 1/2 e-nx dx = 1/2nß. 
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Figure 8.4. Density of electrons (Ne) and holes (Nh) for an intrinsie semiconductor. 

We see from (8.9) that the number of electrons in the conduction band is a 
function ofthe energy gap and the temperature, as expected. We further notice 
that the contribution of a temperature increase to Ne is mostly due to the 
exponential term and only to a lesser extent due to the term r 3/2 • A numerical 
evaluation of (8.9) teIls us that the number of electrons per cubic meter in 
silicon at room temperature is about 1015 (see Problem 4 in this chapter). This 
means that, at room temperature, only one in every 1013 atoms contributes an 
electron to the conduction. We shall see in the next section that in impurity 
semiconductors many more electrons can be found in the conduction band. 

The electron and hole density is shown in Fig. 8.4 for an intrinsie semi
conductor. The number of electrons is given by the area enclosed by the Z(E) 
curve and F(E) = exp[ -(E - EF/kBT)] (8.5). 

As implied before, the number of electrons in the conduction band must 
equal the number of holes in the valence band. This means that an identical 
equation as (8.8) can be written for the holes ifwe assurne m: == mt, which is 
not strictly true. 10 (An additional term, which is usually neglected, modifies 
EF slightly.) 

The conductivity10 of an intrinsic semiconductor is not determined by the 
number of electrons and holes alone. The mobility10 (J1.) of the current 
carriers, 

v 
J1.=i' (8.10) 

i.e., their velocity per unit electric field, also contributes its share to the 
conductivity Cf. An expression for the conductivity is found by combining 
(7.2), 

j = (uf, (8.11 ) 

and (7.4), 

10 For numerical values, see the tables in Appendix 4. 
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j = Nve, 

with (8.10), which yields: 

v 
(J = NIe = N/le. 

Taking both e1ectrons and holes into consideration we can write 

(J = Nee/le + Nhe/lh 

(m*)3/2 (E ) = 4.82 X 1021 mo T 3/2 e(/le + /lh) exp - 2k: T 
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(8.12) 

(8.13) 

(8.14) 

where the subscripts e and h stand for electrons and holes, respectively. With 
increasing temperatures, the mobility of the current carriers is reduced by 
lattice vibrations (Fig. 8.5(a)). On the other hand, around room temperature, 
an increasing amount of electrons is excited from the valence band into the 
conduction band, thus increasing the number of current carriers, Ne and Nh 

(Fig. 8.5(b)). The conductivity is, according to (8.14), a function ofthese two 
factors (Fig. 8.5(c)). 

At low temperatures the electrons are incoherently scattered by impurity 
atoms and lattice defects. It is therefore imperative that semiconductor 
materials are of extreme purity, which can be achieved by zone refining. 

8.3. Extrinsic Semiconductors 

8.3.1. Donors and Acceptors 

We learned in the previous section that in intrinsic semiconductors, only a 
very small number of electrons (about 1015 electrons per m 3) contribute to the 
conduction ofthe electric current. In most semiconductor devices, a consider
ably higher number of charge carriers are, however, present. They are intro
duced by doping, i.e., by adding small amounts of impurities to the semi
conductor material. In most cases, elements of group III or V of the periodic 
table are used as dopants. They replace some regular lattice atoms in a 
substitutional manner. Let us start our discussion by considering the ca se 
where a small amount of phosphorus (for example 0.0001 %) is added to 
silicon. Phosphorus has five valence electrons, i.e., one valence electron more 
than silicon. Four ofthese valence electrons form regular electron-pair bonds 
with their neighboring silicon atoms (Fig. 8.6). The fifth electron, however, is 
only loosely bound to silicon, that is, the binding energy is ab out 0.045 eV (see 
Appendix 4 and Problem 10.) At slightly elevated temperatures this extra 
electron becomes disassociated from its atom and drifts through the crystal as 
a conduction electron when a voltage is applied to the crystal. Extra electrons 
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Figure 8.5. Schematic representation of the temperature dependence of (a) electron 
and hole mobilities, (b) number of carriers in an intrinsie semiconductor, and (c) 
conductivity for an intrinsie semiconductor. (Tis given in K.) 
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Figure 8.6. Two-dimensional representation ofthe silicon lattice. An impurity atom of 
group V ofthe periodic table (P) is shown to replace a silicon atom. The charge c10ud 
around the phosphorus atom sterns from the extra phosphorus e1ectron. Each electron 
pair between two Si atoms constitutes a covalent bond (electron sharing). The two 
electrons of such a pair are indistinguishable, but must have opposite spin to satisfy the 
Pauli principle. 

ofthis type are called "donor electrons." They populate the conduction band 
of a semiconductor, thus providing a contribution to the conduction process. 

It has to be noted that at sufficiently high temperatures, in addition to these 
donor electrons, some electrons from the valence band are also excited into the 
conduction band in an intrinsic manner. The conduction band contains, 
therefore, electrons from two sources, the amount of which depends on the 
device temperature (see Section 8.3.3). Since the conduction mechanism in 
semiconductors with donor impurities (P, As, Sb) is predominated by negative 
charge carriers (electrons) these materials are called n-type semiconductors. 
The electrons are the majority carriers. 

A similar consideration may be done with impurities which stern from the 
third group ofthe periodic chart (B, Al, Ga, In). They possess one electron less 
than silicon and, therefore, introduce a positive charge cloud into the crystal 
around the impurity atom. The conduction mechanism in these semiconduc
tors with acceptor impurities is predominated by positive carriers (holes) 
which are introduced into the valence band. They are, therefore, called p-type 
semiconductors. 

8.3.2. Band Structure 

The band structure of impurity or extrinsic semiconductors is essentially the 
same as for intrinsic semiconductors. It is desirable. however, to represent in 
some way the presence ofthe impurity atoms by impurity states. It is common 
to introduce into the forbidden band so-called donor or acceptor levels (Fig. 
8.7). The distance between the donor level and the conduction band represents 
the energy which is needed to transfer the extra electrons into the conduction 
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Figure 8.7. (a) Donor and (b) acceptor levels in extrinsic semiconductors. 

band. (The same is true for acceptor level and valence band.) It has to be 
emphasized, however, that the introduction of these impurity levels does not 
mean that electrons or holes are found in the forbidden band of, say, silicon. 
The impurity states are only used as a convenient means to remind the reader 
of the presence of extra electrons or holes in the crystal. 

8.3.3. Temperature Dependence of the Number of Carriers 

At 0 K the excess electrons of the donor impurities remain in elose proximity 
to the impurity atom and do not contribute to the electric conduction. We 
express this fact by stating that all donor levels are filled. With increasing 
temperature, the donor electrons overcome the small potential barrier (Fig. 
8.7(a» and are excited into the conduction band. Thus, the donor levels are 
increasingly emptied and the number of negative charge carriers in the con
duction band increases exponentially, obeying an equation similar to (8.9). 
Once all electrons are excited from the donor levels into the conduction band, 
any further temperature increase does not create additional electrons and the 
Ne versus T curve levels off (Fig. 8.8). As mentioned before, at still higher 
temperatures intrinsic effects create additional electrons which, depending on 
the amount of doping, can outnumber the electrons supplied by the impurity 
atoms. 

Similarly, the acceptor levels do not contain any electrons at 0 K. At 
increasing temperatures, electrons are excited from the valence band into the 
acceptor levels, leaving behind positive charge carriers. Once all acceptor 
levels are filled, the number of holes in the valence band is not increased 
further until intrinsic effects set in. 

8.3.4. Conductivity 

The conductivity of extrinsic semiconductors can be ca1culated similarly as in 
the previous section (8.13) bJ multiplying the number of carriers with the 
mobility J1. and the electron charge e. Around room temperature, however, 
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Figure 8.8. Schematic representation ofthe number of electrons per m3 in the conduc
tion band versus temperature for an extrinsie semiconductor with low doping. 
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Figure 8.9. Conductivity oftwo extrinsic semiconductors, (a) high doping and (b) low 
doping. Nd = number of donor atoms per m 3 . 

only the majority carriers need to be considered. For electron conduction, for 
example, one obtains 

(J = Ndeelle, (8.15) 

where Nde is the number of donor electrons and Ile is the mobility of the donor 
electrons in the conduction band. As mentioned above, it is reasonable to 
assurne that at room temperature, essentially all donor electrons have been 
excited from the donor levels into the conduction band (Fig. 8.8). Thus, for 
pure n-type semiconductors, Nde is essentially identical with the number of 
impurities (that is donor) atoms Nd. At substantially lower temperatures, that 
is at around 100 K, the number of conduction electrons needs to be calculated 
using an equation similar to (8.8). 

Figure 8.9 shows the temperature dependence ofthe conductivity. We notice 
that the magnitude ofthe conductivity, as weIl as the temperature dependence 
of (J, is markedly different for various doping levels. For high doping rates, for 
example, the conductivity decreases with increasing temperature (Fig. 8.9(a)). 
This is similar to the case of metals where the lattice vibrations present an 
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Figure 8.10. Fermi level of an n-type semiconductor as a function of temperature. 
Nd ~ 1022 (atomsjm3). 

obstacle to the drifting electrons (or, expressed differently, where the mobility 
of the carriers is decreased by incoherent scattering of the electrons). 

For low doping and low temperatures, we observe a similar temperature 
dependence of the conductivity as above. However, at room temperature 
intrinsic effects set in, wh ich increase the number of carriers and therefore 
enhance the conductivity. As a consequence, two competing effects determine 
the conductivity above room temperature: an increase of (J due to an increase 
of the number of electrons, and a decrease of (J due to a decrease of the 
mobility. (It should be mentioned that the mobility of electrons or holes 
also decreases slightly when impurity atoms are added to a semiconductor.) 

8.3.5. Fermi Energy 

In an n-type semiconductor, more electrons can be found in the conduction 
band than holes in the valence band. This is particularly true at low tempera
tures. The Fermi energy must therefore be between the donor level and the 
conduction band (Fig. 8.10). With increasing temperatures, an extrinsic semi
conductor becomes progressively intrinsic and the Fermi energy approaches 
the value for an intrinsic semiconductor, i.e., - (Eg /2). [Similarly, the Fermi 
energy for a p-type semiconductor rises with increasing temperature from 
below the acceptor level to - (Eg /2).] 

*8.4. Effective Mass 

Some semiconductor properties can be better understood and calculated by 
evaluating the effective mass oftheir charge carriers. We mentioned in Section 
6.7 that m* is inversely proportional to the curvature of an electron band. We 
now make use of this finding. 
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Let us inspect at first the upper portion ofthe valence bands for silicon near 
r (Fig. 8.2). We notice that the curvatures of these bands are convex down
wards. It is known from Fig. 6.8 that in this case the charge carriers have a 
negative effective mass, that is, these bands can be considered to be populated 
by electron holes. Further, we observe that the curvatures of the individual 
bands are slightly different. Thus, the effective masses of the holes in these 
bands must likewise be different. One distinguishes appropriately between 
light holes and heavy holes. Since two of the bands, namely those having the 
stronger curvature, are almost identical, we condude, that two out ofthe three 
types of holes are light holes. 

We turn now to the conduction band of silicon and focus our attention to 
the lowest band (Fig. 8.2). We notice a minimum (or valley) at about 85% 
between rand X points. Since the curvature at that location is convex 
upwards, we expect this band to be populated by electrons. (The energy 
surface near the minimum is actually a spheroid. This leads to longitudinal and 
transverse masses mtand m:.) Values for the effective masses are given in 
Appendix 4. Occasionally, average effective masses are listed in the literature. 
They may be utilized for estimates. 

8.5. Hall Effect 

The number and type of charge carriers (electrons or holes) which were 
calculated in the preceeding sections can be elegantly measured by making use 
of the Hall effect. Actually, it is quite possible to measure concentrations of 
less than 10-18 electrons per m3 in doped silicon, that is, one can measure one 
donor electron (and therefore one donor atom) per 1010 silicon atoms. This 
sensitivity is several orders ofmagnitude better than in any chemical analysis. 

We assume for our discussion an n-type semiconductor in which the con
duction is predominated by electrons. Suppose an electric currentjflows in the 
positive x-direction and a magnetic field (ofmagnetic induction B) is applied 
normal to this electric field in the z-direction (Eg. 8.11). Each electron is then 
subjected to a force, called the Lorentz force, which causes the electron paths 
to bend, as shown in Fig. 8.11. As a consequence, the electrons accumulate on 
one side ofthe slab (in Fig. 8.11 on the right side) and are deficient on the other 
side. Thus, an electric field is created in the (negative) y-direction which is 
called the Hall field. In equilibrium the Hall force 

FH = -eCy 

balances the above mentioned Lorentz force 

FL = vBze, 

(8.16) 

(8.17) 

where v is the velocity of the electrons, and e the electron charge. Combining 
(8.16) and (8.17) yields for the Hall field 

Cy = -vxBz (8.18) 
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Figure 8.11. Schematic representation of the Hall effect in an n-type semiconductor 
(or a metal). 

which becomes with (7.4) 

We define 

j= Nve 

1 
tffy = - Ne jxBz . 

1 tffy 
RH =-=--

Ne jxBz 

(8.19) 

(8.20) 

(8.21) 

as the Hall constant which is inversely proportional to the number of conduc
tion electrons N. The Hall constant can be obtained by measuring the param
eters on the right of (8.21). The sign of the Hall constant indicates whether 
electrons or holes predominate in the conduction process. 

8.6. Compound Semiconductors 

Gallium arsenide (and other III-V or II-VI semiconductor compounds) are 
of great technical interest, partially because of their large band gap which 
essentially prevents intrinsie contributions in impurity semiconductors, 
partially because of their larger electron mobility which aids in high speed 
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applications. (Numerical values are given in Appendix 4). The large electron 
mobility in GaAs is caused by a small value for the electron effective mass 
which in turn results from a comparatively large convex upward curvature of 
the conduction electron band ne ar r. (See in this context the band structure of 
GaAs in Fig. 5.24.) The electrons which have been excited into the conduction 
band (mostly from donor levels) are most likely populating this high curvature 
region near r. 

The atomic bonding in III~V and II~VI semiconductors resembles that of 
the group IV elements with the additional feature that the bonding is partially 
ionic because of the different valences of the participating elements. The 
ionization energies 11 of donor and acceptor impurities in GaAs are as a rule 
one order of magnitude smaller than in Ge or Si which ensures complete 
ionization even at relatively low temperatures. 

8.7. Semiconductor Devices 

8.7.1 Metal-Semiconductor Contacts 

If a semiconductor is coated on one side with a metal, a rectifying contact or an 
ohmic contact is formed, depending on the type of metal used. Both cases are 
equally important. Rectifiers are widely utilized in electronic devices. How
ever, the type discussed here has been mostly replaced by p~n rectifiers. On the 
other hand, all semiconductor devices need contacts in which the electrons can 
easily flow in both directions. They are called ohmic contacts. 

At the beginning of our discussion let us assurne that the surface of an n-type 
semiconductor has been somehow negatively charged. The negative charge 
repels the free electrons that had been ne ar the surface and leaves positively 
charged donor ions behind (for example, As+). Any electron which drifts 
toward the surface (negative x-direction in Fig. 8.12(a)) "feels" this repelling 
force. As a consequence, the region near the surface has less free electrons than 
the interior of the solid. This region is called the depfetion fayer (or sometimes 
space charge region). 

In order to illustrate the repelling force of an external negative charge it 
is customary to curve the electron bands ne ar the surface upwards. The 
depletion can then be understood by stating that the electrons assurne the 
lowest possible energy state (or colloquially expressed: "The electrons like to 
roll downhill"). 

Similarly, if a p-type semiconductor is positively charged at the surface, the 
positive carriers (holes) are repelled towards the inner part of the crystal and 
the band edges are be nt downwards (Fig. 8.12(b)). This represents a potential 
barrier for holes (because holes "want to roll upwards"). 

11 See the tables in Appendix 4. 
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Figure 8.12. (a) Band diagram for an n-type semiconductor whose surface has been 
negatively charged. (b) Band diagram for ap-type semiconductor, the surface ofwhich 
is positively charged. Xis the distance from the surface. 

8.7.2. Rectifying Contacts (Schottky Barrier Contacts) 

It is convenient for our discussion to introduce the work function f/J which is 
the energy difference between the Fermi energy and the ionization energy. 
(Values for f/J are given in Appendix 4.) 

Let us consider a metal and an n-type semiconductor before they are 
brought into contact. In Fig. 8.13(a) the Fermi energy of a metal is shown to 
be lower than the Fermi energy of the semiconductor, i.e., f/JM ) f/Js. Immedi
ately after the metal and semiconductor have been brought into contact, 
electrons start to flow from the semiconductor "down" into the metal until the 
Fermi energies ofboth so lids are equal (Fig. 8.13(b)). As a consequence the 

~r----T--r ~,,";~g;ioo 
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Figure 8.13. Energy bands for a metal and an n-type semiconductor (a) before and (b) 
after contact.lPM > lPs. The potential barrier is marked with heavy lines. 
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Figure 8.14. Energy bands for a meta! and a p-type semiconductor (a) before and (b) 
after contact. <PM < <ps' 

metal will be charged negatively and a potential barrier is formed just as 
shown in Fig. 8.12. This means that the energy bands in the bulk semi
conductor are lowered by the amount 1JM - 1Js with respect to a point A. 

In the equilibrium state electrons from both sides cross the potential barrier. 
This electron flow constitutes the so called diffusion current. The number of 
electrons diffusing in both directions must be identical for the following 
reason: the metal contains more free electrons, but these electrons have to 
climb a higher potential barrier than the electrons in the semiconductor whose 
conduction band contains less free electrons. 

Similarly, if a p-type semiconductor is brought into contact with a metal 
and 1JM < 1Js, electrons diffuse from the metal into the semiconductor and 
charge the metal and therefore the surface of the semiconductor positively. 
Consequently, a "downward" potential barrier (for the holes) is formed (Fig. 
8.14). 

In addition to the diffusion current just mentioned, a "drift current" needs 
to be taken into consideration. Let us assurne that an electron-hole pair was 
thermally created in or near the depletion layer of a p-type semiconductor 
(Fig. 8.14(b)). Then the thermally created electron in the conduction band is 
immediately swept down the barrier, and the hole in the valence band is swept 
up the barrier. This drift current is usually very small and is relatively insensi
tive to the height of the potential barrier. The total current across a junction is 
the sum of drift and diffusion components. 

The potential barrier height for an electron diffusing from the semiconduc
tor into the metal is 1JM - 1Js (see Fig. 8.13(b)). This potential difference is 
called the contact potential. The height ofthe potential barrier from the metal 
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Figure 8.15. Metal-semiconductor contact with two polarities: (a) reverse bias and 
(b) forward bias. The amount of current in both directions and the net current is 
indicated by the length of the arrows. The potential barriers are marked with heavy 
lines. 

side is <PM - X, where X is the electron affinity measured from the bottom of the 
conduction band to the vacuum level (Fig. 8.13(b». 

We shall now estimate the net current which flows across the potential 
barrier when a metal and an n-type semiconductor are connected to a d.c. 
source (biasing). At first the metal is assumed to be connected with the 
negative terminal of a battery. As a result, the metal is charged even more 
negatively than without bias. Thus, the electrons in the semiconductor are 
even more repelled, and the potential barrier is increased (Fig. 8.15(a». 
Further, the depletion layer has become wider. Because both barriers are now 
relatively high, the diffusion currents in both directions are negligible. How
ever, the small and essentially voltage-independent drift current still exists 
which results in a very small net electron current from the metal into the 
semiconductor (reverse bias, Fig. 8.15(a». 

If the polarity of the battery is reversed, the potential barrier in the semi
conductor is reduced, i.e., the electrons are "driven" across the barrier so that 
a large net current from the semiconductor into the metal results (forward 
bias). The depletion layer is narrow (Fig. 8.l5(b». The voltage-current 
characteristic of a rectifier is shown in Fig. 8.16. Rectifiers of this type are used 
to convert alternating current into direct current. 

The current which flows from the metal into the semiconductor is 

I MS = AC f T 2exp [ -(<P~B-;'X) 1 (8.22) 

where A is the area of the contact and C' is a constant. The current flowing 
from the semiconductor into the metal is 

I sM = AC ff T 2exp [ _(<PM - ~sT- ev) 1 (8.23) 
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Figure 8.16. Characteristic of a rectifier. The reverse current is grossly exaggerated! 

where Vis the bias voltage (which has the sign ofthe polarity ofthe metal) and 
e is the electronic charge. The net current I net = I SM - I MS consists of two 
parts, namely, the saturation current (occasionally called the generation 
current) 

Is = ACT2 exp[ -(~%B~X) ] (8.24) 

and a voltage dependent term. The net current is then obtained by combining 
(8.22), (8.23), and (8.24): 

Inet = Is[ exp (::r) - 1]. (8.25) 

We see from (8.25) that for forward bias (positive V) the net current increases 
exponentially with vültage. On the üther hand, für reverse bias (negative V) 
the current is essentially constant and equal to -/s. Figure 8.16 reflects this 
behavior. 

8.7.3. Ohmic Contacts (Metallizations) 

In Fig. 8.17 band diagrams are shown for the case where a metal is brought 
into contact with an n-type semiconductor. It is assumed that ~M < ~s. Thus, 
electrons flow from the metal into the semiconductor, charging the metal posi
tively. The bands of the semiconductor bend "downwards" and no barrier 
exists for the flow of electrons in either direction. A similar situation exists 
for a p-type semiconductor and ~M > ~s. 

Aluminum is frequently used for making the contact between a device (for 
example the p-region of a rectifier) and the externalleads. Aluminum bonds 
readily to Si or Si02 if the device is briefly heated at about 5500 C after Al
deposition. Since aluminum has a larger work function than silicon (see 
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Figure 8.17. Ohmic contact between metal and n-type semiconductor (rPM < rPs). 

Appendix 4) the contact to a p-region is ohmic. Indeed the diffusion of Al into 
Si yields a shallow and highly conductive p+ -region. 12 

Now, aluminum is likewise used as a contact material for n-type silicon. To 
prevent a rectifying contact in this case, one usually lays down a heavily doped 
and shallow n+ -layer on top of the n-region. Since this n+ -layer is highly 
conductive and is made to be very thin, tunneling through the barrier accom
plishes the unhindered electron flow (see Sections 4.3 and 8.7.8). 

We note in passing that aluminum metallizations are particularly used to 
interconnect many individual electronic devices which are manufactured on 
one chip in order to achieve large scale integration. These thin-film metalli
zations carry a high current density and are, thus, potentially vulnerable for 
circuit failure by a mechanism called electrotransport. Small additions of 
copper or silicon to aluminum or alternatively, gold metallizations are used to 
diminish this problem. 

8.7.4. p-n Rectifier (Diode) 

We learned in Section 8.7.2 that when a metal is brought in contact with an 
extrinsic semiconductor, a potential barrier may be formed which gives rise to 
the rectifier action. A similar potential barrier is created when a p-type and an 
n-type semiconductor are joined. 

As before, electrons flow from the higher level (n-type) "down" into the p
type semiconductor so that the p side is negatively charged. This proceeds until 
equilibrium is reached and both Fermi energies are at the same level. The 
resulting band diagram is shown in Fig. 8.18. 

Consider at first the conduction band only. The electrons which want to 
diffuse from the n- into the p-region encounter a potential barrier near the 
junction. For statistical reasons, only a few of them have enough energy to 
climb the barrier and diffuse into the p-region. The electrons in the p-region, on 

12 The plus superscript means heavily doped region. 
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Figure 8.18. Schematic band diagram for a p-njunction (diode) in equilibrium. 

the other hand, can easily diffuse "down" the potential barrier into the n
region. Note that only a few electrons exist in the conduction band of the p
region. (They have been thermally excited into this band by intrinsic effects.) 
In the equilibrium state the number of electrons crossing the junction in both 
directions is therefore identical. (The same is true for the holes in the valence 
band.) 

When an external potential is applied to this device, effects similar to the 
ones described in Section 8.7.2 occur: connecting the positive terminal of a d.c. 
source to the n-side withdraws electrons from the depletion area which 
becomes wider and the potential barrier grows higher (Fig. 8.19(a)). As a 
consequence, only a small drift current exists (reverse bias). On the other 
hand, ifthe n-side is charged negatively, the barrier decreases in height and the 
space charge region narrows. A large net electron flow occurs from the n-type 
to the p-type region (forward bias, Fig. 8.19(b) and (c)). 

In Figs. 8.19(a) and (b) "quasi-Fermi levels" for electrons and holes are 
shown. They are caused by the fact that the electron density varies in the 
junction from the n side to the p side by many orders of magnitude, while the 
electron current is almost constant. Consequently, the Fermi level must also be 
almost constant over the depletion layer. 

It has to be emphasized that the current in a p-n rectifier is the sum ofboth 
electron and hole current. The net current may be calculated by using an 
equation similar to (8.25) whereby the saturation current, I s, in the present 
case is a function of the equilibrium concentration of the holes in the n-region 
(Chn), the concentration of electrons in the p-region (Cep), and other device 
parameters. One finds the Shockley equation which is also called the ideal diode 
law: 

Is = Ae (CepDep + ChnDhn) , 
Lep Lhn 

(8.26) 
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where the D's and L's are diffusion constants and diffusion lengths, respec
tively. (For example, Dep = diffusion constant for electrons in the p-region, 
etc.) As before, Is is the saturation currentin the case ofreverse bias (see (8.24». 
In order to keep the reverse current small, both Chn and Cep (minority carriers) 
have to be kept at low levels (compared to electrons and holes introduced by 
doping). This can be accomplished by selecting semiconductors having a large 
energy gap, such as silicon (Table 8.1), and by high doping. 

8.7.5. Zener Diode 

When the reverse voltage of a p-n diode is increased above a critical value, the 
high electric field strength causes the electrons to become accelerated to a 
velocity at which impact ionization occurs [Fig. 8.20(a)]. The free electrons 
thus created are likewise accelerated until eventually a breakdown occurs and 
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Figure 8.20. (a) Electron avalanche created at breakdown voltage. (b) Zener diode in a 
circuit for voltage regulation. 

the reverse current increases quite rapidly [Fig. 8.19(c)]. This effect is used in a 
circuit to hold a given voltage constant at a desired level (Fig. 8.20(b». The 
Zener diode is generally not destroyed by the breakdown, unless excessive he at 
generation causes the melting of a device. 

8.7.6. Solar Cell (Photo Diode) 

A photo diode consists of a p-n junction (Fig. 8.21). Iflight of sufficiently high 
energy falls on such a device, electrons are lifted from the valence into the 
conduction band, leaving holes in the valence band. The electrons in the 
depleted area immediately "roll down" iuto the n-region, whereas the holes 

hv 

depleted 
oreo 

EMF 

n 

e 

bond 

Figure 8.21. Solar cell; the p-region is about 1 J.tffi thick. 
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Figure 8.22. Schematic representation ofthe contribution of e1ectrons and holes to the 
photo current with respect to the distance x from the p-n junction. 

"roll up" into the p-region. These additional carriers can be measured in an 
external circuit (photographic exposure meter) or used to generate electrical 
energy. In order to increase the effective area of the junction, the p-type region 
is made to be extremely thin (l J.lm) and the light is radiated through the p
layer (Fig. 8.21). 

The electron-hole pairs which are created some distance away from the 
depleted region are generally not separated by the junction field and eventu
ally recombine; they do not contribute to the electric current. However, some 
electrons or holes which are within a diffusion length from the depleted region 
drift into this area and thus contribute to the current. In semiconducting 
materials which contain only a few defects (such as grain boundaries, disloca
tions, and impurities) the electrons or holes may diffuse up to 200 J.lm before 
they get trapped; whereas in semiconducting materials containing a large 
number of defects the diffusion length reduces to 10 J.lm. The eloser a carrier 
was created to the p-n boundary, the larger is its chance to contribute to the 
current (Fig. 8.22). 

The thin p-type layer introduces an internal resistance to the collection 
current which reduces the efficiency of the energy conversion. At present the 
efficiency of a photovoltaic device is elose to 10%. Intensive research is in 
progress around the world to improve the efficiency of solar cells and to 
reduce the cost ofthis important, pollution-free energy source. The cost may be 
reduced by using polycrystalline and less zone refined silicon. As discussed 
above, however, this decreases the photo current. The goal is to produce for 
terrestrial applications inexpensive solar cells, having 10% efficiency or better 
and a lifetime of ab out 20 years. The lifetime is reduced when the metal 
contacts (grids) to the semiconductor corrode. Silicon-based solar cells have 
the most uniformjunctions. The output ofa 2 cm2 solar cell under Florida sun 
is ab out 0.5 V at 30 mA. 

*8.7.7. Avalanche Photo Diode 

This device is a p-n solar cell which is operated in a high reverse bias mode, 
i.e., at near-breakdown voltage. The electrons or holes which were excited 
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Figure 8.23. Photo current gain G versus reverse voltage VR for an avalanche photo 
diode. 

from the valence into the conduction band by the incident light are acce1erated 
toward the depleted area with a high velocity. As a consequence, they ionize 
the lattice atoms and genera te secondary hole-electron pairs which in turn are 
accelerated, generating more hole-electron pairs. The result is a photo current 
gain, G, which may be between 10 and 1000 (Fig. 8.23). The avalanche photo 
diode is ideally suited for low light level applications because ofits low signal
to-noise ratio, and for very high frequencies (GHz). It is used for detectors in 
long-distance, fiber-optics telecommunication systems. 

*8.7.8. Tunnel Diode 

So far, we have restricted our discussion to the case for which the electrons 
drift from the n- to the p-type semiconductor be way of "c1imbing" a potential 
barrier. Another electron transfer mechanism is, however, possible. If the 
depleted area is very narrow (approximately 15 nm) and if certain other 
requirements (see below) are fulfilled, electrons may tunnel through the poten
tial barrier. (See in this context Fig. 4.7 and (4.43).) Heavy doping (for 
example 1026 impurity atoms per m3) yields this condition. 

The situation can be best understood by inspecting Fig. 8.24(a) in which a 
schematic band diagram of a tunnel diode is shown. Because of the high 
doping level, the Fermi energy extends into the valence band of the p-type 
semiconductor and into the conduction band ofthe n-type semiconductor. In 
the equilibrium state, the same amount of electrons is tunneling through the 
potential barrier in both directions, i.e., no net current flows. 

If a small reverse bias is applied to this device (Fig. 8.24(b)), the potential 
barrier is increased as usual and the Fermi energy, along with the top and 
bottom of the bands in the p-area, is raised. This creates empty electron spaces 
in the conduction band of the n-type semiconductor, opposite from filled 
states in the valence band of the p-type semiconductor. As a consequence, 
some electrons tunnel from the p- to the n-type semiconductor, as indicated by 
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Figure 8.24. (a)-(e) Schematic energy band diagrams for highly doped n- and p-type 
semieonduetors (tunnel diode). (a) No bias. (b) Reverse bias. (e) Small forward bias. (d) 
Medium forward bias. (e) "Normal" forward bias. (f) Voltage-eurrent eharaeteristie 
for a tunnel diode. 

an arrow. An increase in the reverse voltage yields an increase ofthe electron 
current through the device (see Fig. 8.24(f». 

Let us now consider several forward voltages. A small forward bias (Fig. 
8.24(c» creates just the opposite of that seen in Fig. 8.24(b). Electrons are 
tunneling through the potential barrier from the conduction band of the n
type semiconductor into empty states of the valence band of the p-type 
semiconductor. The applied voltage needs to be only ofseveral millivolts and 
it produces a forward current of about one milliamp. 

If, however, the voltage is increased to, say, 100 mV, the potential barrier 
might be decreased so much that, opposite from the filled n-conduction states, 
no allowed empty states in the p-area are present [Fig. 8.24(d)]. (The area 
opposite to the filled n-conduction states may be the forbidden band.) In this 
case, no tunneling takes place. As a consequence ofthis, the current decreases 
with increasing forward voltage, as shown in Fig. 8.24(f). We experience a 
negative current-voltage characteristic. 

Finally, if the forward voltage is increased even more, the electrons in the 
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conduction band ofthe n-type semiconductor obtain enough energy to climb 
the potential barrier to the p-side just like in a regular p-n junction. As a 
consequence, the current increases with voltage, just as in Fig. 8.l9(c). 

Of particular interest is the range in which a negative voltage-current 
characteristic is experienced. One has to bear in mind that all other electrical 
devices have a positive voltage-current characteristic, Le., they dissipate 
energy. Therefore, if a tunnel diode is connected to properly dimensioned 
resistors and capacitors a simple oscillator can be built which does not lose 
energy because the net resistance is zero. Those devices can oscillate at 
frequencies up to 1011 cycles per second. 

8.7.9. Transistors 

An n-p-n transistor may be considered to be an n-p diode back-to-back with 
a p-n diode. A schematic band diagram for an unbiased n-p-n transistor is 
shown in Fig. 8.25. The three connections of the transistor are called emitter 
(E), base (R) and collector (C). 

If the transistor is used for the amplification of a signal, the "diode" 
consisting of emitter and base is forward biased, whereas the base-collector 
"diode" is strongly reverse biased (Fig. 8.26(a)). The electrons ejected into the 
emitter, therefore, need to have enough energy to be able to "climb" the po
tential barrier into the base region. Once there, the electrons diffuse through 
the base area until they have reached the depletion region between base and 
collector. Here, the electrons are accelerated in the strong electric field pro
duced by the collector voltage (Fig. 8.26(b)). This acceleration causes ampli
fication of the input a.c. signal. 

One may consider this amplification from another point of view. The 
forward biased emitter-base diode has a small resistance (approximately 10-5 

n cm), whereas the reverse biased base-collector diode has a much larger 
resistance (ab out 10-1 n cm). Since the current flowing through the device is 
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Figure 8.25. Schematic band diagram of an unbiased n-p-n transistor. 



114 11. Electrical Properties of Materials 

E + 
input output 

(a) NVVV VV\/\. 

+ 

Conduction E()Je 
i ~i 

band 
(h) 

B 
forward 

I i 
reverse (c) 

bias bios 

Figure 8.26. (a) Biasing of an n-p-n transistor. (b) Schematic band diagram (partial) 
of a biased n-p-n transistor. (c) Symbol used for an n-p-n transistor. 
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Figure 8.27. Schematic collector voltage-current characteristics of a transistor for 
various emitter currents. 

practically identical in both parts, the power (N = [2 R) is larger at the 
collector side. This results in a power ratio larger than one, Le., into apower 
gain. 

Some details need to be added about technical features of transistors. In 
order to obtain a large electron density in the emitter, this area is heavily 
doped. 

In the p-doped base area, the drifting electrons are subject to recombination 
with holes. Therefore, the number ofholes there has to be kept at aminimum, 
which is accomplished by light doping. Recombination is further decreased by 
making the base region extremely thin, i.e., 10-5 to 10-7 m. A narrow base 
region also has a beneficial side effect: it increases the frequency response. The 
doping rate ofthe collector area is in general not critical. Usually, the doping is 
light to reduce the capacitance of the device. 

The voltage-current characteristics for a transistor are shown in Fig. 8.27. 
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In p-n-p transistors, the majority carriers are holes. The function and 
features of a p-n-p transistor are similar to an n-p-n transistor. 

8.7.10. Semiconductor Device Fabrication 

At the end of our discussion about semiconductor devices, a few words should 
be said about device fabrication. Modern technology has come a long way 
since the point contact transistor which was invented in 1947 by Bardeen and 
Brattain at Bell Laboratories. The development went via the junction tran
sistor (Shockley, 1947), the planar transistor (Fairchild, 1962), and the planar 
epitaxial transistor (Texas Instruments, 1963) to the large scale integration of 
today. Figure 8.28 shows the basic components which constitute electronic 
circuits. It also depicts how the active parts are arranged on one common 
substrate, called the wafer. Repetitions and interconnections of these indiv
idual elements on a microscopic scale compose the weIl known chips which can 
be inexpensively mass-fabricated and are relatively reliable. 

The starting material for the wafers is sand (Si02) which is electromet 
reduced to 98% silicon. This raw silicon is reacted with hydrogen chloride to 
form trichlorosilane (Si + 3 HC1 ..... Si HC13 + H 2 ) which is then distilled for 
purification and reduced with hydrogen to polycrystalline silicon. Single 
crystals are then grown by using either the crucible pulling method introduced 
by Czochralski, the float zone, or the ribbon technique (Fig. 8.29). The five
inch diameter rods or ribbons obtained in this way are sliced, lapped, etched, 
and polished to obtain the wafers. 

The different n- and p-regions (see Fig. 8.28) are then introduced by 
diffusing phosphorous or boron through windows into the substrate. These 
windows are etched through a Si02 layer with the aid of masks and a 
photoresist technique. The individual steps are shown in Fig. 8.30. 

The reader who is interested in a more detailed treatment of semiconductor 
devices and fabrication is referred to specialized books, some of which are 
listed at the end of Part 11. 

Resistor 

Figure 8.28. Basic components of integrated circuits (bipolar). The dark areas are the 
contact pads. 
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Figure 8.29. Methods for silicon single-crystaI growth. 
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Figure 8.30. Photoresist (PR) masking sequence to obtain a p-n-p transistor. 



118 H. Electrical Properties of Materials 

Problems 

Intrinsic Semiconductors 

1. Why do we find a narrow band gap in semiconducting materials? 

2. Would germanium still be a semiconductor if the band gap was 4 eV wide? 
Explain! 

3. Calculate the Fermi energy of an intrinsic semiconductor at T =1= 0 K. (Hint: Give 
a mathematical expression for the fact that the probability offinding an electron 
at the top of the valence band plus the probability of finding an e1ectron at the 
bottom of the conduction band must be 1.) 

4. Ca1culate the number of e1ectrons in the conduction band for silicon at T = 
300K. 

5. The outer electron configuration of neutral germanium in its ground state is listed 
in a textbook 4s24p 2. Is this information correct? Someone argues against this 
configuration that the p-states hold 6 e1ectrons. Therefore, the p-states in ger
manium and therefore the valence band are only partially filled. Who is right? 

6. In the figure be1ow, (J is plotted as a function ofthe reciprocal temperature for an 
intrinsic semiconductor. Ca1culate the gap energy. 

a 

[dm] 

104 

103 

102 

0.6 0.7 0.8 X 10-2 [K-1] 
1fT 

Extrinsic Semiconductors 

7. Calculate the Fermi energy and the conductivity at room temperature for ger
manium containing 5 x 1022 arsenic atoms per m3 . 

8. Consider a silicon crystal containing 1018 phosphorous atoms per cubic meter. Is 
the conductivity increasing or decreasing when the temperature is raised from 
300 0 C to 3500 C? Explain. 
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9. Consider a semiconductor with 1019 donors/m3 having an ionization energy of 
10 meV and an effective mass ofO.l mo. a) What type ofimpurity atoms (donors 
or acceptors) could this semiconductor have? b) CaIculate the concentration of 
conduction electrons at 4K. c) Assuming a gap energy of 1 eV, what is the 
concentration of conduction electrons at 300K (m* == mo)? d) Which contri
bution is larger? 

10. The binding energy of a donor electron can be caIculated by assuming that the 
extra electron moves in a hydrogen-like orbit. Estimate the donor binding energy 
of an n-type impurity in a semiconductor by applying the modified equation 
(4.18a): 

E= m*e4 

2h2e2 ' r 

where er = 16 is the dielectric constant of the semiconductor. Assurne m* = 0.8 
mo. Compare your result with experimental values listed in Appendix 4. 

11. What happens when a semiconductor contains both, donor and acceptor impu
rities? What happens with the acceptor level in the case of a predominance of 
donor impurities? 

Semiconductor Devices 

12. You are given a p-type doped silicon crystal and are asked to make an ohmic 
contact. What material would you use? 

13. Describe the band diagram and function of a p-n-p transistor. 

14. Can you make a solar cell from metals only? Explain! 

* 15. A cadmium sulfide photodetector is irradiated over a receiving area of 4 x 10-6 

m2 by light of wavelength 0.4 x 10-6 m and intensity of 20 watts m -2. a) If the 
energy gap of cadmium sulfide is 2.4 e V, confirm that electron-hole pairs will be 
generated. b) Assuming each quantum generates an electron-hole pair, caIculate 
the number of pairs generated per second. 

16. CaIculate the room temperature saturation current and the forward current at 0.3 
V for a silver/n-doped silicon Schottky-type diode. Take for the active area 10-8 

m2 and for C = 1025 A/m2 K 2 • 



CHAPTER 9 

Electrical Conduction in Polymers, 
Ceramies, and Amorphous Materials 

9.1. Conducting Polymers 

Materials which are electrical (and thermal) insulators are of great technical 
importance and are, therefore, used in large quantities in the electronics 
industry, for example as handles for a variety oftools, as coatings ofwires, or 
for casings of electrical equipment. Most polymeric materials have the re
quired insulating properties and have been used for decades for this purpose. 
It came, therefore, as a surprise when it was discovered that some polymers 
and organic substances may have electrical properties which resemble those of 
conventional semiconductors, metals, or even superconductors. We shall 
focus our attention mainly on these materials. This does not imply that 
conducting polymers are oftechnical importance at this time. Indeed, they are 
not. This is due to t4e fact that presently known conducting polymers seem to 
not be stable in air, nor are they stable much above room temperature. In 
addition, many dopants used to impart a greater conductivity are highly toxic 
and doping often makes the polymers brittle. These problems might be 
overcome, however, as more conducting polymers are synthesized. 

We now attempt to discuss conducting polymers in the light of solid state 
physics. Conventional solid state physics deals preferably with the properties 
of weIl defined regular arrays of atoms. We have learned in Chapter 7 that a 
periodic array oflattice atoms is imperative for coherent scattering of electron 
waves and thus for a high conductivity. Further, the periodic arrangement of 
atoms in a crystal and the strong interactions between these atoms causes, as 
we know, a widening of energy levels into energy bands (see Section 4.4). 

We know that highly conducting materials such as metals are characterized 
by partiaIly filled bands, which aIlow a free motion ofthe conduction electrons 
in an electric field. Insulators and semiconductors, on the other hand, possess 
(at least at 0 K) completely filled valence bands, and empty conduction bands. 
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Figure 9.1. (a) Polyethylene. (b) Polyvinylchloride. (The dashed encIosures mark the 
repeat uni t.) 

The difference in band structure between crystalline insulators and semi
conductors is a matter of degree rather than ofkind: insulators have wide gaps 
between valence and conduction bands whereas the energy gaps for semi
conductors are narrow. Thus, in the case of semiconductors the thermal 
energy is large enough to excite some electrons across the gap into the 
conduction band. The conductivity in pure semiconductors is known to 
increase (exponentially) with increasing temperature and decreasing gap 
energy (equation (8.14)), whereas the conductivity in metals decreases with 
increasing temperature (Fig. 7.7). Interestingly enough, conducting polymers 
have a temperature dependence of the conductivity similar to that of semi
conductors. This suggests that certain aspects of semiconductor theory may 
be applied to conducting polymers. The situation in polymers cannot be 
described, however, without certain modifications to the band model brought 
forward in the previous chapters. This is due to the fact that polymeric 
materials may exist in amorphous as weIl as in crystalline form or, more 
commonly, as a mixture of both. This needs to be discussed in some detail. 

Polymers consist of molecules which are 10ng and chainlike. The atoms 
which partake in such a chain (or macromolecule) are regularly arranged 
along the chain. Several atoms combine and form a specific building block, 
called a monomer, and thousands ofmonomers combine to a polymer. As an 
example, we depict polyethylene which consists of monomers of one carbon 
atom and two hydrogen atoms, Fig. 9.1 (a). If one hydrogen atom in ethylene is 
replaced by a chlorine atom, polyvinylchloride (PVC) is formed (Fig. 9. 1 (b)). 
In polystyrene, some hydrogen atoms are replaced by benzene rings. More 
complicated macromolecules may contain side chains which are attached to 
the main link. They are appropriately named "branched polymers." Macro
molecules whose backbones consist of carbon atoms, as in Fig. 9.1, are called 
"organic" polymers. 

The binding forces which hold the individual atoms in polymers together are 
usually covalent and sometimes ionic in nature. Co valent forces are much 
stronger than the binding forces in metals. They are based on the same 
interactions which are responsible for forming a hydrogen molecule from two 
hydrogen atoms. Quantum mechanics explains covalent bonds by showing 
that a lower energy state is achieved when two equal atomic systems are 
closely coupled and in this way exchange their energy (see Section 16.2). In 
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Figure 9.2. Simplified representation of a semicrystalline polymer. (Fringed micell 
structure.) Reprinted with permission from Flory (1953) Principles of Polymer Chemis
try, Cornell Univ. Press, Ithaca, N.Y. 

organic polymers each carbon atom is often bound to four atoms (see Fig. 9.1) 
because carbon has four valencies. 

In contrast to the strong binding forces between the atoms within a poly
merie chain, the interactions between the individual macromolecules are 
weak. The latter are ofthe van der Waals type, that is, they are based on forces 
which induce dipole moments in the molecules. (Similar weak interactions 
exist between the atoms in rare gases such as argon, neon, etc.). 

In order to better understand the electronic properties of polymers by 
means of the electron theory and the band structure concept, one needs to 
know the degree of order or the degree of periodicity of the atoms because 
only ordered and strongly interacting atoms or molecules lead, as we know, to 
distinct and wide electron bands. Now, it has been observed that the degree of 
order in polymers depends on the length of the molecules and on the simpli
city of the molecular structure. Certain heat treatments may influence some 
structural parameters. For example, if a simple polymer is slowly cooled 
below its melting point, one might observe that some macromolecules align 
parallel to each other. The individual chains are separated by regions of 
supercooled liquid, that is, of amorphous material (Fig. 9.2). Actually, slow 
cooling yields, for certain polymers, a highly crystalline structure. 

In other polymers, the cooling procedure might cause the entire material to 
go into a supercooled-liquid state. In this state the moleeules can be considered 
to be randomly arranged. After further cooling, below a glassy temperature, 
the polymer might transform itself into an amorphous solid which is strong, 
brittle and insulating. As stated before, we shall concern ourselves, however, 
mainly with polymers wh ich have a high degree of crystallinity. Amorphous 
materials will be discussed in Section 9.3. 

A high degree of crystallinity and a relatively high conductivity have been 
found in polyacetylene which is the simplest conjugated organic polymer. It is 
considered to be the prototype of a conducting polymer. A conjugated poly
mer has alternating single and double bonds between the carbons (see Fig. 9.3 
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Figure 9.3. Theoretical isomers ofpolyacetylene (a) cis-transoidal isomer, (b) trans
transoidal isomer. Polyacetylene is synthesized as cis-(CH)x and is then isomerized 
into the trans-configuration by heating it at 150°C for a few minutes. 
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Figure 9.4. Conductivities ofpolymers in 0- 1 rn-i. (Compare to Fig. 7.1.) 

which should be compared to Fig. 9. 1 (a)). Two principle isomers are import
ant: in the trans form, the hydrogen atoms are aiternateiy bound to opposite 
sides ofthe carbons (Fig. 9.3(b)) whereas in the cis form the hydrogen atoms 
are situated on the same side of the double-bond carbons (Fig. 9.3(a)). This 
causes the hydrogen atoms in the cis form to be relatively close to each other. 
Trans-polyacetylene is obtained as a silvery, flexible film which has a conduc
tivity comparable to that of silicon (Fig. 9.4). 

Figure 9.5 shows three band structures for trans-(CH)x assuming different 
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Figure 9.5. Band structure oftrans-(CH)x for different carbon-carbon bond 1engths: 
(a) unifonn (1.39 A); (b) weak1y alternating C=C 1.36 A, C-C l.43 A); and (c) 
strong1y alternating (C=C 1.34 A, C-C l.54 A). Note the band gaps at Y as bond 
alternation occurs. Reprinted with pennission from Grant, P.M., and Batra LP. (1979) 
Solid State Comm. 29, 225, Pergamon Press, Ud. 

distances between the carbon atoms. In Fig. 9.5(a) all carbon bond lengths are 
taken to be equal. The resulting band structure is found to be characteristic for 
a metal, that is, one obtains distinct bands, the highest of which is partial/y 
filled by electrons. Where are the free electrons in the conduction band coming 
from? We realize that one ofthe electrons in the double bond of a conjugated 
polymer can be considered to be only loosely bound to the neighboring carbon 
atoms. Thus, this electron is easily disassociated from its carbon atom by a 
relatively small energy, which may be provided by thermal energy. The 
delocalized electrons may be accelerated as usual in an electric field. 

In reality, however, a uniform bond length between the carbon atoms does 
not exist in polyacetylene. Instead, the distances between the carbon atoms 
alternate because of the alternating single and double bonds. Band structure 
calculations for this case show, interestingly enough, some gaps between the 
individual energy bands. The resulting band structure is typical for a semi
conductor (or an insulator)! The width ofthe band gap near the Fermi level 
depends mainly on the degree ofalternating bond lengths (Fig. 9.5(b) and (c». 

It has been shown that the band structure in Fig. 9.5(b) best represents 
the experimental observations. Specifically, one finds a band gap of about 
1.5 eV and a total width ofthe conduction band of 10-14 eV. The effective 
mass m* is 0.6mo at k = 0 and O.lmo at k = nja. Assuming r --+ 10-14 s, the 
free carrier mobility, /1, along a chain is calculated to be about 200 cm2 jVs. The 
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Figure 9.6. Conductivity change of polyacetylene as a result of doping. 
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latter quantity is, however, hard to measure since the actual drift mobility in 
the entire solid is reduced by the trapping of the carriers which occurs during 
the "hopping" of the electrons between the individual macromolecules. 

Polyacetylene, as discussed so far, should be compared to conventional 
intrinsic semiconductors. Now, we know from Section 8.3 that the conductiv
ity of semiconductors can be substantially increased by doping. The same is 
true for polymer-based semiconductors. Indeed, arsenic-pentafluoride-doped 
polyacetylene has a conductivity which is about seven orders of magnitude 
larger than undoped (CH)x' Thus, (J approaches the conductivity ofmetals, as 
can be seen in Figs. 9.4 and 9.6. Iodine or AsF 5 provide p-type semiconductors, 
whereas alkali metals are n-type dopants. The doping is achieved through the 
vapor phase or by electrochemical methods. The dopant molecules diffuse 
between the (CH)x chains and provide a charge transfer between the polymer 
and the dopant. The dopant ends up as an anion in the case of acceptor and as 
a cation in the case of donor dopants. 

A refinement in the description of the conduction mechanism in 
polyacetylene can be provided by introducting the concept of solitons. A 
soliton is a structural distortion in a conjugated polymer and is generated 
when a single bond meets another single bond, as shown in Fig. 9.7. At the 
distortion point a localized nonbonding electron state is genera ted, sirnilar 
to an n-type impurity state in a silicon semiconductor. The result is a localized 
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Figure 9.7. A broken symmetry in polyacetylene creates a domain wall or a soliton. 
(An antisoliton is the mirror image of a soliton.) 

level in the center ofthe forbidden band. It is believed that when an electron is 
excited from the valence band into the conduction band (leaving a hole in the 
valence band) this electron-hole pair decays in about 10-12 seconds into a 
more stable soliton-anti soliton pair. 

Near the center of a soliton, the bond lengths are equa!. We recall that 
uniform bond lengths constitute a meta!. Thus, when many solitons have been 
formed and their spheres of influence overlap, a metal-like conductor would 
result. 

It is also conceivable that one ofthe double bonds next to a soliton switches 
over to a single bond. If this switching occurs consecutively in one direction, a 
soliton wave results. This can be compared to a moving electron. 

Up to now, we discussed mainly the properties of polyacetylene. However, 
several additional conductive polymers have been discovered. The chains 
in inorganic poly(sulfur nitride) consist of alternating sulfur and nitrogen 
atoms. Because ofthe different valencies ofthe S2- and N 3 - ions, (SN)x is an 
electron deficient material with an aIternating bond structure. The bond 
length alternation is not severe, so that (SN)x has a room temperature conduc
tivity of about 105 ohm -1 m -1 along the chain direction. The conductivity 
increases with areduction in temperature. At temperatures elose to 0 K, poly 
(sulfur nitride) becomes superconducting. In brominated (SN)x the Br; and 
Br2 ions are aligned along the chain axis, giving rise to a one-dimensional 
superlattice. 

In graphite, an individual "molecule" consists of a "sheet" of carbon 
atoms. The conductivity is found to be nearly metallic, at least parallel to the 
layers (Fig. 9.4). AsFs-doped graphite has an even higher conductivity. The 
conduction is increased by producing a mixture of easily ionized electron 
donors and electron acceptors. The charge is then shared between the donors 
and acceptors. These materials are called charge transfer complexes. 

9.2. Ionic Conduction 

In ionic crystals (such as the alkali halides), the individual lattice atoms 
transfer electrons between each other to form positively charged cations and 
negatively charged anions. The binding forces between the ions are electro
static in nature and are thus very strong. The room temperature conductivity 
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Figure 9.8. Schematic representation of a potential barrier which a lattice atom (.) has 
to overcome to exchange its site with a vacancy (0) (a) without an external e1ectric 
field; (b) with external electric field. d = distance between two adjacent lattice sites; Q 
= activation energy. 

of ionic crystals is about 22 orders of magnitude smaller than the conductivi
ty of typical metallic conductors (Fig. 7.1). This large difference in (J can be 
understood by realizing that the wide band gap in insulators allows only 
extremely few electrons to be excited from the valence into the conduction 
band. 

The main contribution to the electrical conduction in ionic crystals (as Httle 
as it may be) is, however, due to a mechanism which we have not yet discussed, 
namely to ionic conduction. Ionic conduction is caused by the movement of 
some negatively (or positively) charged ions which hop from lattice site to 
lattice site under the influence of an electric field. (This type of conduction is 
similar to that which is known to occur in aqueous electrolytes). The ionic 
conductivity 

(Jion = Mon ellion (9.1) 

is like the semiconductor conductivity (8.13), the product of three quantities. 
In the present case, N ion is the number of ions which can change their posi
tion under the influence of an electric field and Ilion is the mobility of these 
ions. 

In order for ions to move through a crystalline solid, they must have 
sufficient energy to pass over an energy barrier (Fig. 9.8). Further, a lattice site 
next to a given atom must be empty in order for an ion to be able to change its 
position. Thus, Nion in (9.1) depends on the vacancy concentration in the 
crystal (that is, on the number of Schottky defects). In short, the theory of 
ionic conduction contains essential elements of diffusion theory, with which 
the reader might be familiar. 

Diffusion theory links the mobility of the ions, which is contained in (9.1), 
with the diffusion coefficient D, through the Einstein relation: 

De 
Ilion = kBT' (9.2) 
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Figure 9.9. Schematic representation of InO" versus 1fT for Na+ ions in sodium 
chloride. (Arrhenius plot.) 

The diffusion coefficient varies with temperature; this dependence is com
monly expressed by an Arrhenius equation, 

D = Do exp [ -(k;T) 1 (9.3) 

where Q is the activation energy for the process under consideration (Fig. 9.8) 
and D o is a preexponential factor which depends on the vibrational frequency 
of the atoms and some structural parameters. Combining equations (9.1) 
through (9.3) yields: 

N ion e
2 D o [( Q )] 

O"ion = kBT exp - kBT . (9.4) 

Equation (9.4) is shortened by combining the preexponential constants into 
0"0 : 

uion = uoexp [ -(k;T) 1 (9.5) 

Figure 9.9 depicts schematically a plot of lnu versus I/T as experimentally 
found for alkali halides. The linear In u versus I/T relationship indicates that 
Fig. 9.9 is an actual representation of (9.5). The slopes of the straight lines in 
Arrhenius plots are utilized to calculate the activation energy ofthe processes 
under consideration. We notice in Fig. 9.9 two temperature regions represent
ing two different activation energies: at low temperatures, the activation 
energy is smalI, that is, the thermal energy is just sufficient to allow the hopping 
of ions into already existing vacancy sites. This temperature range is common
ly called the extrinsic region. On the other hand, at high temperatures, the 
thermal energy is large enough to create additional vacancies. The related 
activation energy is thus the sum of the activation energies for vacancy 
creation and ion movement. This temperature range is called the intrinsic 
region. 

So far, we have not been very specific in describing the circumstances of 
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vacancy formation in an ionic crystal. Now, we have to realize that whenever 
vancant lattice sites are created, an overall charge neutrality needs to be main
tained. The latter is the case when both a cation and an anion are removed from 
a lattice. Another permissible mechanism is the formation of a vacancy
interstitial pair (Frenkel defect). More often, however, vacancies are created as 
a consequence of introducing differently charged impurity atoms into an ionic 
lattice, that is, by substituting, say, a monovalent metal atom with a divalent 
atom. In order to maintain charge neutrality in this case, a positively charged 
vacancy needs to be introduced. For example, if a divalent Mg2+ -ion substi
tutes for a monovalent Na + -ion one extra Na + -ion has to be removed to restore 
charge neutrality. Or, if Zirconia (ZrOz) is treated with CaO (to produce the 
technically important ca1cia-stabilized zirconia), the Ca2+ -ions substitute for 
Zr4 + -ions and an anion vacancy needs to be created to maintain charge 
neutrality. Nonstoichiometric compounds contain a high amount of va
cancies even at low temperatures, whereas in stoichiometric compounds 
vacancies need to be formed by elevating the temperature. 

In conclusion, we note that in principle, büth cations and anions are capable 
of moving simultaneously under the influence of an electric field. It turns out, 
however, that in most alkali halides the majority carriers are provided by the 
metal ions, whereas in other materials, such as the lead halides, the conduction 
is predominantly performed by the halide ions. 

9.3. Amorphous Materials (Metallic Glasses) 

Before we discuss electrical conduction in amorphous materials, we need to 
clarify what the term amorphous means in the present context. Strictly speak
ing amorphous implies the random arrangement of atoms, that is, the absence 
of any periodic symmetry, or the absence of any crystalline structure. One 
could compare the random distribution of atoms with the situation in agas, as 
seen in an instantaneous picture. Now, such a completely random arrange
ment of atoms is seldom found even in liquids, much less in solids. In actuality, 
the relative positions of nearest neighbors surrounding a given atom in an 
amorphous solid are almost identical to the positions in crystalline solids 
because of the ever-present binding forces between the atoms. In short, the 
atomic order in amorphous materials is restricted to the nearest neighbors. 
Amorphous materials exhibit, therefore, only short-range order. In contrast to 
this, the exact positions of the atoms which are farther apart from a given 
central atom cannot be predicted. This is particularly the case when various 
kinds of stacking orders, that is, if polymorphic modifications are possible. As 
a consequence one observes atomic disorder at long range. The term amor
phous solid should therefore be used cum grano salis. We empirically define 
materials to be amorphous when their diffraction patterns consist of diffuse 
rings, rather than sharply defined Bragg rings, as characteristic for poly
crystalline solids. 
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Figure 9.10. Two-dimensional schematic representation of a dense random packing of 
hard spheres (Bemal model). 

So far we have discussed positional disorder only as it might be found in 
pure materials. Ifmore than one component is present in a material, a second 
type of disorder is possible: The individual species might be randomly dis
tributed over the lattice sites; that is, the species may not be alternately 
positioned as is the case for, say, sodium and chlorine atoms in NaCl. This 
random distribution of species is called compositional disorder. 

The best-known representative of an amorphous solid is window glass, 
whose major components are silicon and oxygen. Glass is usually described as 
a supercooled liquid. 

Interestingly enough, many elements and compounds which are generally 
known to be crystalline under equilibrium conditions can also be obtained in 
the nonequilibrium amorphous state by applying rapid solidification techni
ques, i.e., by utilizing cooling rates of about 105 K/s. These cooling rates can 
be achieved by fast quenching, melt spinning, vapor deposition, sputtering, 
radiation damage, filamentary casting in continuous operation, etc. The 
degree of amorphousness (or, the degree of short range order) may be varied 
by the severity of the quench. The resulting metalic glasses, or glassy metals, 
have unusual electrical, mechanical, optical, magnetic and corrosion pro
perties and are therefore of considerable interest. Amorphous semiconductors 
(consisting for example of Ge, Si, GeTe, etc.) have also received substantial 
attention because they are relatively inexpensive to manufacture, have unusual 
switching properties, and have found applications in inexpensive photovoltaic 
cells. 

We turn now to the atomic structure of amorphous metals and alloys. They 
have essentially nondirectional bonds. Thus, the short-range order does not 
extend beyond the nearest neighbors. The atoms must be packed together 
tightly, however, in order to achieve the observed density. There are only a 
limited number of ways of dose packing. One way of arranging the atoms in 
amorphous metals is depicted by the dense random packing 0/ hard spheres 
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Figure 9.11. Defects in crystalline and amorphous silicon. (a) Monovacancy in a 
crystalline semiconductor; (b) one and (c) two dangling bonds in a continuous random 
network of an amorphous semiconductor. (Note the deviations in the interatomic 
distances and of the bond angles.) 

model (Fig. 9.10). This Bemal model is considered as the ideal amorphous 
state. No significant regions of crystalline order are present. In transition 
metal-metalloid compounds (such as Ni-P) it is thought that the small metall
oid atoms occupy the holes which occur as a consequence of this packing 
(Bemal-Polk model). 

The atoms in amorphous semiconductors on the other hand do not arrange 
themselves in a close-packed manner. Atoms of Group IV elements are, as we 
know, covalently bound. They are often arranged in a continuous random 
network with correlations in ordering up to the third or fourth nearest neigh
bors (Fig. 9. l1(b) and (c». Amorphous pure silicon contains numerous dan
gling bonds similarly to those found in crystalline silicon in the presence of 
vacancies (Fig. 9.11 (a». 

Since amorphous solids have no long-range crystal symmetry, we can no 
longer apply the Bloch theorem, which led us in Chapter 4.4 from the distinct 
energy levels for isolated atoms to the broad quasicontinuous bands for 
crystalline solids. Thus, the calculation of electronic structures for amorphous 
metals and alloys has to use alternate techniques, for example the cluster 
model approach. This method has been utilized to calculate the electronic 
structure of amorphous Zr-Cu (which is a representative of a noble metal
transition metal metallic glass). Aseries of clusters were assumed which 
exhibit the symmetry ofthe close-packed lattices fcc (as for Cu) and hCp13 (as 
for Zr). The energy level diagram depicted in Fig. 9.12 shows two distinct 
"bands" of levels. The lower band consists primarily of copper d-Ievels, while 
the upper band consists mainly of zirconium d-Ievels. A sort of a gap separates 
the tW(\) bands of levels. Even though the concept of quasicontinuous energy 
bands is no longer meaningful for amorphous solids, the density of states 
concept still is as can be seen in Fig. 9.12. We notice that the Fermi energy is 
located in the upper part of the zirconium levels. Further, we observe partially 
filled electron states. This has two interesting consequences. First, we expect 
metal-like conduction. Secondly, Z(E) near EF is small which suggests rela
tively small values for the conductivity (see (7.26». Indeed, (J for Cu-Zr is 

13 Hexagonal c1ose-packed. 
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Figure 9.12. Schematic representation of the molecular orbital energy level diagram 
and the density of states curves for Zr-Cu clusters. The ca1culated density of states 
curves agree reasonably weil with photoemission experiments. 

comparable to that of poor metallic conductors (that is approximately 
5 x 105 I /nm). 

The electrical resistivity of many metallic glasses (such as PdsoSizo or 
Fe32Ni36Cr14P12B614) stays constant over a fairly wide temperature range 
up to the temperature which marks the irreversible transition from the amor
phous into the crystalline state. This makes these alloys attractive as resistance 
standards. The mean free path for electrons in metallic glasses is estimated to 
be about 10 A. 

The energy level diagrams and the density of states curves for amorphous 
semiconductors are somewhat different from those for amorphous metals. 
Because of the stronger binding forces which exist between the atoms in 
covalently bound materials, the valence electrons are tightly bound, or local
ized. As a consequence the density of states for the localized states extend into 
the "band gap" (Fig. 9.13). This may be compared to the localized impurity 
states in doped crystalline semiconductors which are also located in the band 
gap. Thus, we observe density of states tai/s. These tails might extend for some 
materials so far into the gap that they partially overlap. In general, however, 
the density of electron and hole states for the localized levels is very small. 

The electrical conductivity for amorphous semiconductors (JA depends, as 
usual (equation (8.13», on the number ofcarriers NA and the mobility ofthese 
carriers, PA: 

(JA = NAepA ' (9.6) 

The number of carriers in amorphous semiconductors is extremely small 
because all electrons are, as said before, strongly bound (localized) to their 
respective nuclei. Likewise, the mobility of the carriers is small because the 

14 METGLAS 2826A, trademark of Allied Chemical. 
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Figure 9.13. Localized and delocalized states and density of states Z(E) for amor
phous semiconductors. Note the band tails which are caused by the localized states. 

absence of a periodic lattice causes substantial incoherent scattering. As a 
consequence, the room temperature conductivity in amorphous semiconduc
tors is gene rally very low (about 10-5 I/nm). 

Some of the localized electrons might occasionally acquire sufficient 
thermal energy to overcome barriers which are caused by potential wells of 
variable depth and hop to a neighboring site. Thus, the conduction process 
in amorphous semiconductors involves a (temperature dependent) activation 
energy, QA' which leads to an equation similar to (9.5) describing a so-called 
variable range hopping: 

UA = uoexp-(Q;:~)). (9.7) 

Equation (9.7), states that the conductivity in amorphous semiconductors 
increases exponentially with increasing temperature because any increase in 
thermal energy provides additional free carriers. 

The understanding of amorphous metals, alloys, and semiconductors is still 
in its infancy. Future developments in this field should be followed with a 
great deal of anticipation because of the potentially significant applications 
which might arise in the years to come. 

Problems 

I. Ca1culate the mobility ofthe oxygen ions in V02 at 700 K. The diffusion coefficient 
of 0 2 - at this temperature is 10-13 cm2 /s. Compare this mobility with electron or 
hole mobilities in semiconductors (see Appendix 4). Discuss the difference! 

2. Ca1culate the number ofvacancy sites in an ionic conductor in which the metal ions 
are the predominant charge carriers. Assurne the room temperature ionic con
ductivity to be 10-15 I/nm and an ionic mobility of 10-17 m 2/V s. Does the 
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ealculated result make sense? Diseuss how the vaeaneies might have been intro
dueed into the erysta!. 

3. Calculate the aetivation energy for ionie eonduetion for a metal ion in an ionie 
erystal at 300 K. Take Do = 10-3 m2 /s and D = 10-17 m2 /s. 

4. Calculate the ionie eonduetivity at 300 K for an ionie erysta!. Assurne 6 x 1020 

Sehottky defeets perm3 , an aetivationenergy ofO.8 eV and Do = 10-3 m2 /s. 
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OPTICAL PROPERTIES OF 
MATERIALS 



CHAPTER 10 

The Optical Constants 

10.1. Introduction 

The most apparent properties of metals, their luster and their color, have been 
known to mankind since metals are known. Because of these properties, metals 
were already used in ancient times for mirrors and jewelry. The color was 
utilized 4000 years aga by the ancient Chinese as a guide to determine the com
position of the melt of copper alloys: the hue of a preliminary cast indicated 
whether the melt, from which bells or mirrors were to be made, already had 
the right tin content. 

The German poet Goethe was probably the first one who explicitly spelled 
out 200 years ago in his Treatise on Color that color is not an absolute, that is, 
measurable, property of matter (such as the resistivity) but requires a living 
being for its perception and description. Applying Goethe's findings, it was 
possible to explain qualitatively the color of, say, gold in simple terms. Goethe 
wrote: "If the color blue is removed from the spectrum, then blue, violet, and 
green are missing and red and yellow remain." Thin gold films are bluish
green when viewed in transmission. These colors are missing in reflection. 
Consequently, gold appears reddish-yellow. 

This chapter treats the optical properties from a completely different point 
of view. Measurable quantities such as the index of refraction or the reflec
tivity and their spectral variations are used to characterize materials. In doing 
so, the term "color" will almost completely disappear from our vocabulary. 
Instead, it will be postulated that the interactions ofthe light with the valance 
electrons of a material are responsible for the optical properties. As in pre
vious chapters, where an understanding of the electrical properties was 
attempted, an atomistic model and later a quantum mechanical treatment 
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will be employed. Thus, the electron theory of metals, as introduced in the 
first six chapters, will serve as a foundation. 

It should be added in passing that the study of the interaction of light with 
matter laid the foundation for modern quantum theory at the beginning of 
this century. In recent years, optical methods have again become one of the 
most important tools for the study of the electronic structure of matter. 

Before we start we need to define the optical constants. We make use of 
some elements of physics. 

10.2. Index of Refraction, n 

When light passes from an optically "thin" into an optically dense medium, 
one observes that in the dense medium, the angle of refraction ß (that is, the 
angle between the refracted light beam and a line perpendicular to the surface) 
is smaller than the angle ofincidence, 0(. This well-known phenomenon is used 
for the definition ofthe refractive power of a material and is called Snell's law: 

sin 0( = nmed = n. 
sinß nvac 

(10.1) 

Commonly, the index of refraction for vacuum nvac is arbitrarily set to be 
unity. The refraction is caused by the different velocities, c, ofthe light in the 
two media: 

sIn 0( Cvac 

sin ß Cmed 
(10.2) 

Thus, if light passes from vacuum into a medium, we find 

n = Cvac C 

Cmed V 
(10.3) 

The magnitude of the refractive index depends on the wavelength of the 
incident light. This property is called dispersion. In metals, the index of 
refraction varies in addition with the angle of incidence. This is particularly 
true for small values of n. 

10.3. Damping Constant, k 

Metals damp the intensity of light in a relatively short distance. Thus, far 
characterizing the optical properties of metals, an additional material can
stant is needed. 

We make use of the electromagnetic wave equation which mathematically 
describes the propagation af light in a medium. The derivation of this wave 
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Figure 10.1. Plane polarized wave which propagates in the positive z-direction and 
vibrates in the x-direction. 

equation from the well-known Maxwell equations does not further our under
standing of the optical properties. (The interested reader can find the deriva
tion in specialized texts. 1 ) 

For simplification, we consider a plane polarized wave which pro pagates 
along the positive z-axis and, which vibrates in the x-direction (Fig. 10.1). We 
neglect possible magnetic properties. For this special case the electromagnetic 
wave equation reads 

02tffx _ ee + 4n:O"Sx, c2 - - x 
OZ2 

(10.4) 

where tffx is the x-component of the electric field strength,2 e the dielectric 
constant, and 0" the (a.c.) conductivity. The solution to (10.4) is commonly 
achieved by using the following trial solution: 

tffx = tffo exp [iW(t - z;) 1 (10.5) 

where tffo is the maximal value of the electric field strength (amplitude), and 
W = 2n:v is the angular frequency. Differentiating (10.5) once with respect to 
time, and twice with respect to time and z, and inserting thesevalues into (10.4) 
yields 

A2 4n:0" . 20" . 
n = e - --I = e - -I. 

W V 
(10.6) 

Equation (10.6) leads to an important result: The index of refraction is 
generally a complex quantity as inspection of the right-hand side of (10.6) 
indicates. We denote fordarity the complex index ofrefraction by n. As is true 

1 For example, R.E. Hummel, Optische Eigenschaften von Metallen und Legierungen, Springer
Verlag, Berlin (1971). 

2 We use for the electric field strength S to distinguish it from the energy. 
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for all comp1ex quantities, the comp1ex index of refraction consists of areal 
and an imaginary part 

n=n 1 - in2' (10.7) 

In the literature, the imaginary part of the index of refraction n2 is often 
denoted by "k" and (10.7) is then written as 

n = n - ik. (10.8) 

We will call n2 or k the damping constant. (In some books n2 or k is named the 
absorption constant. We will not follow this practice because the latter term is 
extremely misleading. Other authors call k the attenuation index or the extinc
tion coefficient.) 

Squaring (10.8) yields together with (10.6) 

20' 
n2 = n2 - P - 2nik = S - - i. 

v 
(10.9) 

Equatingindividually the real and imaginary parts of(10.9) yields two import
ant relations between electrical and optical constants: 

S = n2 - k 2 

0' = nkv. 

(10.10) 

(10.11) 

Let us return to (10.9). The right-hand side is the difference between two 
dielectric constants (a real and an imaginary one). Thus, the left side must be a 
dielectric constant too and (10.9) may be rewritten as 

n2 = n2 - k 2 - 2nik == S = SI - is2 • 

Equating individually the real and Imaginary parts in (10.12) yields 

SI = n2 - k 2 

and 

S2 = 2nk. 

(10.12) 

(10.13) 

(10.14) 

Similarly as above, [;1 and S2 are called the real and the imaginary parts ofthe 
complex dielectric constant S, respectively. (SI in (10.13) is identical with S in 
(10.10).) S2 is often called the absorption product, or briefly the absorption. 

We consider a special case: For insulators (0' ~ 0 it follows from (10.11) 
that k = 0 (see also Table 10.1). Then (10.10) reduces to S = n2 (Maxwell 
relation). 

From (10.10), (10.11), (10.13), and (10.14) one obtains: 

n2=~( S2+(~Y +s)=~(Jsi+S~+SI) (10.15) 

k 2 =~( 'S2 + C:Y -s) = ~(Jsi + S~ -SI) (10.16) 
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Figure 10.2. Modulated light wave. The amplitude decreases exponentially. 

It should be emphasized that (10.10)-(10.16) are only valid if 8, (J, n and k 
are measured at the same wavelength, beeause these "eonstants" are wave
length dependent. For small frequeneies, however, the d.e. values for 8 and (J 

ean be used with good approximation, as it will be shown later. Finally, it 
should be noted that the above equations are only valid for optieally isotropie 
media; otherwise 8 beeomes a tensor. 

We return now to (10.5) in whieh we replaee the index ofrefraetion by the 
general expression (10.8). This yields: 

[ ( z(n - ik))] Cx = Co exp iw t - c (10.17) 

whieh may be rewritten to read: 

Cx = Co exp [ - ~k z 1 exp [iW (t - z;) J. (10.18) 

'-v----' y-----' 

Damped amplitude Undamped wave 

Equation (10.18) is now the eomplete solution ofthe wave equation (10.4). It 
represents a damped wave and expresses that in matter the amplitude de
ereases exponentially with inereasing z (Fig. 10.2). The eonstant k determines 
how mueh the amplitude deereases, that is, k expresses the degree of damping 
of the light wave. We understand now why k is termed the damping 
constant. 

The result whieh we just obtained is well-known to eleetrieal engineers. 
They observe that at high frequeneies, the eleetromagnetic waves are eondue
ted only on the outer surfaee of a wire. They eall this phenomenon the (normal) 
skin effect. 
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Tab1e 10.1. Characteristic Penetration Depth, W, and 
Damping Constant, k, for Some Materials 

Material 

W(cm) 
k 

Water 

32 
1.4 x 10-7 

Flint glass 

29 
1.5 x 10-7 

Graphite 

6 X 10-6 

0.8 

Gold 

1.5 X 10-6 

3.2 

10.4. Characteristic Penetration Depth, W 

The field strength tff is hard to measure. Thus, the intensity, I, which can be 
measured effortlessly with light sensitive devices (such as a photomultiplier 
tube) is commonly used. The intensity equals the square ofthe field strength. 
Thus, the damping term in (10.18) may be written as 

( 2Wk) 1 = tff2 = 10 exp --c-z . (10.19) 

We define a characteristic penetration depth, W, as that distance at which the 
intensity of the light wave which travels through a material has decreased to 
l/e or 37% of its original value, that is, when 

1 1 -1 
-=-=e 
10 e 

(10.20) 

This definition yields in conjunction with (10.19) 

C C A 
z= W=--=--=-. 

2wk 4nvk 4nk 
(10.21) 

Table 10.1 presents values for k and Wfor some materials obtained by using 
sodium vapor light (A = 589.3 nm). 

10.5. Reflectivity, R 

Metals are characterized by a large reflectivity. This sterns from the fact that 
light penetrates a metal only a short distance, as shown in Fig. 10.2 and Table 
10.1. Thus, only a small part of the impinging energy is converted into heat. The 
major part of the energy is reflected. (In some cases elose to 99%, see Table 
10.2) In contrast to this, visible light penetrates into glass much farther than 
into metals, that is, approximately seven orders of magnitude more, see Table 
10.1. As a consequence, very little light is reflected by glass. Nevertheless, a 
piece of glass about one or two meters thick eventually dissipates a substantial 
part of the impinging light into heat. (In practical applications, one does not 
observe this large reduction in light intensity because windows are as a rule 
only a few millimeters thick.) It should be noted that typical window panes 
reflect the light on the front as well as on the back side. 
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Table 10.2. Optical Constants of 
Some Metals (A = 600 nm) 

Metal n k 

Copper 
Silver 
Gold 
Aluminum 

0.14 
0.05 
0.21 
0.97 

3.35 
4.09 
3.24 
6.0 

R[%] 

95.6 
98.9 
92.9 
90.3 
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The ratio between reflected intensity IR and incoming intensity 10 ofthe light 
serves as adefinition for the reflectivity: 

IR 
R=-

10 
(10.22) 

Experiments have shown that for insulators, R depends solelyon the index of 
refraction. For perpendicular incidence one finds 

R = -'-..( n_----'I )~2 
(n + 1)2' 

This equation can be derived from Maxwell's equations. 

(10.23) 

We know already that n is generally a complex quantity. By definition, 
however, R has to remain real. Thus, the modulus of R becomes 

R=I:~~12 (10.24) 

which yields 

(n - ik - 1) (n + ik - 1) (n - 1)2 + k 2 
R = . = -'--~o------= 

(n - ik + I) (n + ik + I) (n + 1)2 + k 2 
(10.25) 

(Beer's equation). The reflectivity is a unitless material constant and is often 
given in percent of the incoming light (see Table 10.2). R is, like the index of 
refraction, a function of the wavelength of the light. 

The reflectivity is a function of 1:1 and 8 2 , We shall derive this relationship by 
performing a few transformations. Equation (10.25) is rewritten as 

n2 + k 2 + 1 - 2n 
R = -;;--:-;;---,---,--

n2 + k 2 + 1 + 2n 
(10.26) 

(I) n2 + k 2 = J(n2 + k 2)2 = Jn4 + 2n2k2 + e 
= Jn4 - 2n2p + k 4 + 4n2p = J(n2 _ P)2 + 4n2 p 

~ =....;1:1 +1:2' 

(2) 2n = fo2 = J2(n2 + k 2 + n2 - P) = J2(Jl:i + d + 1: 1), 

(10.27) 

(10.28) 
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Inserting (10.27) and (10.28) into (10.26) provides 

Jei + d + 1 - J2(Jei + e~ + e1) R= . 
Jei + e~ + 1 + J2(Jei + e~ + e1) 

(10.29) 

10.6. Hagen-Rubens Relation 

Our next task is to find a relationship between reflectivity and conductivity: 
For small frequencies, (i.e., v< 1013 sec-1 ) the ratio (J/v for metals is very 
large (d.c. conductivity (Jo ~ 1017 sec-I, e ~ 10). Thus, we obtain 

(J 10 17 

- ~ -----0 » e. 
v 10 

Then, (10.15) and (10.16) reduce to 

(J 
n2 ~ _ ~ k2 . 

V 

(10.30) 

(10.31) 

The reflectivity may now be rewritten by combining (10.25) with (10.31) to 
read 

n2 + 2n + 1 + P - 4n 4n 
R = = 1 - -:--;;---::---,-

n2 + 2n + 1 + k 2 2n2 + 2n + 1 . 
(10.32) 

If 2n + 1 is neglected as small compared to 2n2 (which can be only done for 
small frequencies for which n is much larger than 1), then (10.32) reduces by 
using (10.31) to 

2 Jf R = 1 - - = 1 - 2 -. 
n (J 

(10.33) 

Finally, we set (J = (Jo which is again only permissible for small frequencies, 
that is, in the infrared region ofthe spectrum. This yields the Hagen-Rubens 
equation: 

~~[-2~1 (10.34) 

which states that in the infrared (IR) region metals with large electrical 
conductivity are good reflectors. This equation was found empirically by 
Hagen and Rubens from reflectivity measurements in the IR and was derived 
theoretically by Drude. As stated above, the Hagen-Rubens relation is only 
valid at frequencies below 1013 sec-1, or equivalently at wavelengths larger 
than about 30 11m. 
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Problems 

I. Complete the intermediate steps between (10.5) and (10.6). 

2. Calculate the conductivity from the index of refraction and the damping constant 
for copper (0.14 and 3.35, respectively; measurement at room temperature and 
A = 0.6 {lm). Compare your result with the conductivity of copper which you may 
find in a handbook. Y ou will notice a difference between these conductivities by 
several orders of magnitude. Why? (Compare only same units!) 

3. Express n and k in terms of 8 and (J (or 8 1 and 8 2 ) by using 8 = n2 - P and (J = nkv. 
(Compare to (10.15) and (10.16).) 

4. The intensity of Na-light passing through a gold film was measured to be about 
15% of the incoming light. What is the thickness of the gold film? (A = 589 nm; 
k = 3.2. Note: 1= .c2 .) 

5. Calculate the reflectivity of silver (A = 0.6 {lm) and compare it with the reflectivity 
of flint glass (n = 1.59). 

6. Calculate the characteristic penetration depth in aluminum for Na-light (A = 
589 nm; k = 6). 

7. Derive the Hagen-Rubens relation from (10.29). (Hint: In the IR region d » Bi can 
be used. Justify this approximation.) 

8. The transmissivity of a piece of glass of thickness d = 1 cm was measured at A = 
589 nm to be 89%. What would the transmissivity ofthis glass be ifthe thickness 
would be reduced to 0.5 cm? 



CHAPTER 11 

Atomistic Theory of the Optical Properties 

11.1. Survey 

In the preceding chapter, the optical constants and their relationship to 
electrical constants were introduced by employing the "continuum theory." 
The continuum theory considers only macroscopic quantities and interrelates 
experimental data. No assumptions are made about the structure of matter 
when formulating equations. Thus, the conclusions which have been drawn 
from the empiricallaws in Chapter 10 should have general validity as long as 
nothing is neglected in a given calculation. The derivation of the Hagen
Rubens equation has served as an illustrative example for this. 

The validity of equations derived from continuum theory is, however, often 
limited to frequencies for which the atomistic structure of metals does not play 
a major role. Experience shows that the atomistic structure needs not to be 
considered in the far infrared region. Thus, the Hagen-Rubens equation 
reproduces the experimental results in the far IR quite weIl. It has been found, 
however, that proceeding to higher frequencies (i.e., in the near IR and visible 
spectrum), the experimentally observed reflectivity decreases faster than pre
dicted by the Hagen-Rubens equation (Fig. 11.1). F or the visible and near IR 
an atomistic model needs to be considered to explain the optical behavior of 
metals. Drude did this important step at the turn of last century. He postu
lated that some electrons in a metal can be considered to be free, that is, they 
can be separated from their respective nuclei. He further assumed that the free 
electrons can be accelerated by an external electric field. This preliminary 
Drude model was refined by considering that the moving electrons collide 
with certain metal atoms in a nonideallattice. 

The free electrons are thought to perform periodic motions in the alternat
ing electric field of the light. These vibrations are restrained by the above-
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Figure ll.l. Schematic frequency dependence of the reflectivity of metals, experi
mentally (solid line) and according to three models. 

mentioned interactions of the electrons with the atoms of a nonideallattice. 
Thus, africtionforce is introduced which takes this interaction into consider
ation. The calculation ofthe frequency dependence ofthe optical constants is 
accomplished by using the well-known equations for vibrations, whereby the 
interactions of electrons with atoms are taken into account by a damping term 
which is assumed to be proportional to the velocity of the electrons. The free 
electron theory describes, to a certain degree, the dispersion of the optical 
constants quite well. This is schematically shown in Fig. 11.1, in which the 
spectral dependence of the reflectivity is plotted for a specific case. The 
Hagen~Rubens relation reproduces the experimental findings only up to 
1013 sec-I. In contrast to this, the Drude theory correct1y reproduces the 
spectral dependence of R even in the visible spectrum. Proceeding to yet higher 
frequencies, however, the experimentally found reflectivity eventually rises 
and then decreases again. Such an absorption band cannot be explained by the 
Drude theory. For its interpretation, a new concept needs to be applied. 

Lorentz postulated that the electrons should be considered to be bound to 
their nuc1ei and that an extern al electric field displaces the positive charge of 
an atomic nuc1eus against the negative charge of its electron c1oud. In other 
words, he represented each atom as an electric dipole. Retracting forces were 
thought to occur which try to eliminate the displacement of charges. Lorentz 
postulated further that the centers of gravity of the electric charges are 
identical if no external forces are present. However, if one shines light onto a 
solid, that is, if one applies an alternating electric field to the atoms, then the 
dipoles are thought to perform forced vibrations. Thus, a dipole is considered 
to behave similarly as a mass which is suspended on aspring, that is, the 
equations for a harmonie oscillator may be applied. An oscillator is known to 
absorb a maximal amount of energy when excited near its resonance fre
quency (Fig. 11.2). The absorbed energy is thought to be mainly dissipated 
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Figure 11.2. Frequeney dependenee of the amplitude of a harmonie oseillator whieh 
was exeited to perform foreed vibrations, assuming weak damping. Vo is the resonanee 
frequeney. 

by diffuse radiation. Fig. 11.2 resembles an absorption band as shown in 
Fig. 11.1. 

Thirty or forty years ago, many seientists eonsidered the eleetrons in metals 
to behave at low frequeneies as if they were free and at higher frequeneies as 
if they were bound. In other words, eleetrons in a metal under the influenee 
of light were deseribed to behave as aseries of c1assieal free eleetrons and a 
series of c1assieal harmonie oseillators. Insulators, on the other hand, were 
deseribed by harmonie oseillators only. 

We shall now treat the optieal eonstants ofmaterials by applying the above
diseussed theories. 

11.2. Free Electrons Without Damping 

We eonsider the simplest ease at first and assume that the free eleetrons are 
exeited to perform foreed but undamped vibrations under the influenee of an 
external alternating field, i.e., under the influenee of light. As explained in 
Seetion 11.1, the damping ofthe eleetrons is thought to be eaused by eollisions 
between eleetrons and atoms of a nonideal lattiee. Thus, we negleet in this 
seetion the influenee oflattiee defeets. For simplieity, we treat the one dimen
sional ease beeause the result obtained this way does not differ from the 
general ease. Thus, we eonsider the interaetion of plane polarized light upon 
the eleetrons. The momentary value of the field strength of a plane polarized 
light wave is given by 

$ = $0 exp(icot), (11.1) 

where co = 2nv is the angular frequeney, t the time, and $0 the maximal value 
of the field strength. The equation deseribing the motion of an eleetron which 
is exeited to perform foreed, harmonie vibrations under the influenee of light 
is (see Appendix 1 and (7.6» 
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d 2 x m _ fl' 
dt2 = e0, (11.2) 

where e is the e1ectron charge, m the electron mass, and e . tff the excitation 
force. The stationary solution of this vibrationa1 equation is obtained by 
forming the second derivative ofthe trial solution x = X o exp(iwt) and insert
ing it into (11.2). This yie1ds: 

etff 
(11.3) x= 

m4n2 v2 • 

The vibrating electons carry an electric dipole momentum which is the 
product of electron charge e and displacement x. The po1arization P is 
defined to be the sum of the dipole moments of all Nr free e1ectrons: 

P = exNr . (11.4) 

It is known from electrodynamics that the die1ectric constant may be ca1-
cu1ated from polarization and electric field strength as follows: 

P 
B = 1 + 4ni. 

Inserting (11.3) and (11.4) in to (11. 5) yields 

2N. 
e=l-~. 

nmv2 

(11.5) 

(11.6) 

(It is appropriate to use in the present case the complex dielectric constant, see 
beIQw.) The dielectric constant equals the square of the index of refraction n 
(see (10.12)). Equation (11.6) thus becomes 

fi2 = 1 _ e2Nr . 
nmv2 

We consider two special cases: 

(11.7) 

(a) For small frequencies, the term e2 Nr/nmv2 becomes larger than one. Then 
fi2 is negative and fi imaginary. An imaginary fi means that the real part 
of fi disappears. Thus, the reflectivity becomes 100% (see Section 10.5, 
Fig. 11.3, and Problem 1). 

(b) For 1arge frequencies (UV light), the term e2 Nr/nmv 2 becomes smaller 
than one. Thus, fi2 is positive and fi == n real (but smaller than one). The 
material is transparent for these wavelengths (and perpendicular in
cidence) and behaves optically like an insulator, see Fig. 11.3. 

We define a charactYfistic frequency VI' often called the plasma jrequency, 
which separates the reflective from the transparent region (Fig. 11.3). The 
plasma frequency is defined by setting e2 Nr/nmvr equal to unity which yields 

2 e2Nr 
VI = --. 

nm 
(11.8) 
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Figure 11.3. Schematic frequency dependence of an alkali metal according to the free 
electron theory without damping. V1 is the plasma frequency. 

Table 11.1 

Metal Li Na K Rb es 
V1 . 10-14 S-l, observed 14.6 14.3 9.52 8.33 6.81 
V 1 ' 10-14 S-l, calculated 19.4 14.3 10.34 9.37 8.33 
Al nm (= clv 1 ), observed 150 210 290 320 360 
Nerr[free electrons/atom] 0.57 1.0 0.8 0.79 0.67 

We conclude from (11.6) that the dielectric constant becomes zero at the 
plasma frequency because of e2 Ncfnmvf = 1. § = 0 is the condition for a 
plasma oscillation, that is, a fluidlike oscillation ofthe entire electron gas. We 
will discuss this phenomenon in detail in Section 13.2.2. 

The alkali metals behave essentially as shown in Fig. 11.3. They are trans
parent in the near UV and reflect the light in the visible region. This result 
indicates that the s-electrons3 of the outer shell of the alkali metals can be 
considered to be free. 

Table 11.1 contains some measured as weIl as some calculated plasma 
frequencies. For the calculations, applying (11.8), one free electron per atom 
was assumed. This means that Ne was set equal to the number of atoms per 
volume Na. (The latter quantity is obtained by using 

N =No'b 
a W (11.9) 

where No is the Avogadro constant, b = density and W = atomic weight.) 
We note in Table 11.1 that the calculated and the observed values for V1 are 

only identical for sodium. This may be interpreted to mean that only in 
sodium exactly one free electron per atom is contributing to the electron gas. 
For other metals an "effective number of free electrons" is commonly intro
duced which is defined to be the ratio between observed and calculated vf 
values: 

3 See Appendix 3. 
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vi (Observed) 
vi (Calculated) = Neff · 

(11.10) 

The effective number of free electrons is a parameter which is of great 
interest because it is contained in a number of nonoptical equations (such as 
Hall constant, electrotransport, superconductivity, etc.). Since for most 
metals the plasma frequency, VI' cannot be measured as readily as for the 
alkalis, another avenue for determining Neff has to be found. For reasons 
which will become clear later, Neff can be obtained by measuring n and k in the 
red or IR spectrum (that is, in a frequency range without absorption bands, 
Fig. 11.1) and by applying 

N _ (1 - n2 + P)v2 nm 
eff - - (11.10a) 

Equation (11.10a) follows by combining (11.6) with (10.10) and replacing Nf 

by Neff . 

11.3. Free Electrons with Damping (Classical Free 
Electron Theory of Metals ) 

The simple reflectivity spectrum as depicted in Fig. 11.3 is seldom found 
for metals. We need to refine our model. We postulate that the motion of 
electrons in metals is damped. More specifically, we postulate that the velocity 
is reduced by collisions of the electrons with atoms of a nonideal lattice. 
Lattice defects may be introduced into asolid by interstitial atoms, vacancies, 
impurity atoms, dislocations, grain boundaries, or thermal motion of the 
atoms. 

To take account of the damping, we add to the vibration equation (11.2) a 
damping term y(dx/dt) which is proportional to the velocity (See Appendix 1 
and (7.7)) 

d 2 x dx 
m dt2 + y dt = e~ = e~o exp(iwt). (11.11) 

We determine at first the damping factor y. For this we write a particular 
solution of (11.11) which is obtained by assuming that the electrons drift with 
a velocity v' = const through the crystal. (The drift velocity of the electrons, 
which is caused by an external field is superimposed on the random motion of 
the electrons.) The damping is depicted to be a friction force which counter
acts the electron motion. v' = const yields 

d 2 x 
dt2 = O. (11.12) 

By using (11.12), equation (11.11) becomes 
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e8 dx _ I (11.13) -=--v. 
y dt 

The drift velocity is 

I j 
V =-

eNr 
(11.14) 

(see (7.4)), wherejis the current density (i.e., that current which passes in one 
second through an area of one m2). Nr is the number of free electrons per m 3 . 

The current density is connected with the d.c. conductivity 0"0 and the field 
strength 8 by Ohm's law (7.2) 

j = 0"0 8 . 

Inserting (11.14) and (11.15) into (11.13) yields 

Nre2 

y=-. 
0"0 

Thus, (11.11) becomes 

d 2 x N.e2 dx 
m-d 2 + _r - -d = e8 = e80 exp(iwt). 

t 0"0 t 

(11.15) 

(11.16) 

(11.17) 

We note that the damping term in (11.17) is inversely proportional to the 
conductivity, that is, proportional to the resistivity. This result makes sense. 

The stationary solution of (11.17) is obtained, similarly as in Seetion 11.2 by 
differentiating the trial solution x = X o exp(iwt) by the time, and inserting first 
and second derivatives into (11.17) which yields 

N.e2 
-mw2 x + _r -xwi = 8e. 

0"0 

Rearranging (11.18) provides 

8 
x = -::-::------;:;

Nrew. mw2 ' 
--1---

0"0 e 

Inserting (11.19) into (11.4) yields the polarization 

eNr8 
p = -:-::----=----;;

Nrew. mw2 ' 
--1---

0"0 e 

With (11.20) and (11.5) the complex dielectric constant becomes 

6= 1 + 4n~= 1 +-----
8 v. mn 2 

-I---V 
20"0 Nre2 

(11.18) 

(11.19) 

(11.20) 

(11.21) 



11. Atomistie Theory of the Optieal Properties 153 

Table 11.2 

Metal Li Na K Rb Cs Cu Ag Au 

Po· 108 Oma 8.55 4.2 6.15 12.5 20 1.67 1.59 2.35 
(Jo· 10-17 S-1 1.05 2.14 1.46 0.72 0.45 5.37 5.66 3.83 
V2· 10-12 S-1 10.1 4.8 3.1 4.82 5.15 4.7 4.35 5.9 

aHandbook ofChemistry and Physies, 1977; room temperature values. 

The term N f e2 /mn is set, as in (11.8), equal to vi, which reduces (11.21) to 

v2 
8=1+ =1+ 1 

v v2 v2 
. . 1 2 

-1-- lV--V 
20"0 v; 20"0 

(11.22) 

The term vfj20"0 in (11.22) has the unit of a frequency. Thus, for abbreviation 
we define a damping jrequency: 

V2 
1 

v2 =-· 
20"0 

(11.23) 

(Table 11.2lists values for V2 which were calculated using experimental 0"0 and 
V1 values.) Now (11.22) becomes: 

V2 
A 1 8=1+. ~-- ?, 

lVV2 - V 

where 8 is, as usual, identical to n2 : 

A 2 
(n)2 = n2 - 2nki - k 2 = 1 - ~ 

v2 - vv2 i 

(11.24) 

(11.25) 

Multiplying numerator and denominator of the fraction in (11.25) by the 
complex conjugate of the denominator (v2 + vv2 i) allows us to individually 
equate real and imaginary parts. This provides the Drude equations for the 
optical constants: 

I n2 - k 2 = 8 1 = 1 - v2 + v~ v; I (11.26) 

and 

2 20" V2 V1 
-- - 2' 2nk = 82 = --;- - V v2 + V2 

(11.27) 

with the characteristic frequencies 

_{e2N; 
V 1 - ~--:;;;;;- (11.8) 
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and 

Vr 
V2=-' 

20"0 
(11.23) 

It is noted that the conductivity 0"0 (in cgs units) has the unit sec-1 as can be 
easily seen from (11.23). The conversion factor from practical units into cgs 
units is given in Appendix 4. 0" and 8 1 in (11.26) and (11.27) need to be 
measured at the same frequency as n and k. They are not identical with the 
d.c. conductivity 0"0 and the d.c. dielectric constant 80 , 

11.4. Discussion of the Drude Equations 

11.4.1. Absorption 

We discuss (11.27) for the UV, visible and near IR region, at which the fre
quency varies between 1014 and 1015 S-l. The average damping frequency 
V2 is 5 X 1012 S-l (Table 11.2). Thus v2 »v~. Equation (11.27) becomes, 
therefore, 

2 
V2 VI 

8 =-2. 
2 V V 

With v ~ VI (Table 11.1) we obtain 

V2 
8 =-. 

2 V 

(11.28) 

(11.29) 

Thus, 8 2 plotted versus the frequency yields a hyperbola with V2 as parameter 
(Fig. 11.4). 

-112 ::::: ld2 4.10'4 5-1 

visible 

111 11 

Figure 11.4. The absorption 8 2 = 2nk versus frequency v according to the free electron 
theory (schematic). 
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E'I 

1 

v 

Figure 11.5. Thepolarization Gi = n2 - k 2 as a function offrequency according to the 
Drude theory (schematic). 

11.4.2. Polarization 

We insert in (11.26) three specific frequencies: 

a) v = 0, yields GI = 1 - (vi/vD ~ _106 (large negative value); 
b) v --+ 00, yields GI --+ 1; 
c) GI = 0, yields v = Jf...,v;=----v-=-i ~ VI ~ 1015 S-l. 

GI is schematically depicted in Fig. 11.5 as a function offrequency. 

11.4.3. Sm all Frequencies (Far IR) 

For very small frequencies (v2 « vi) we may neglect v2 in the denominator of 
(11.27). This yields with (11.23): 

1 v; 
nkv = (J = -- = (Jo. 

2 V2 
(11.30) 

Thus, in the far IR the a.c. conductivity (J and the d.c. conductivity (Jo may be 
considered to be identical. We already made use of this condition in Section 
10.6. 

11.5. Reflectivity 

The reflectivity of metals is calculated using Beer's equation (10.25) or equ
ation (10.29). The calculation of R from (10.29) in conjunction with (11.26) 
and (11.27) is relatively cumbersome. Thus, a few approximations have been 
derived which have the advantage that a quick survey ofthe reflection spectra 
can be obtained (Table 11.3). These approximations are, of course, valid only 
in the frequency range, at which the Drude equations are valid, i.e., as long as 



156 

100 
R% 

BO 

60 

40 

20 

1 

I 
I 
1 

I 
I 

1 
I 1 

I I 
1 

IH. Optical Properties of Materials 

~ 
1'. GRASS-·1 •••••• r- .... t···... : 

"'- 1 HAGEN and RUBENS7·:·····. ...... ! 

~~I J .. -

DRUDE-

1-1- i"WDO~ 
r-- I 

I I\. ! 
, 

I I i I I I 
o 1011 1 "2 101l 1014 5 1015 sec·1 

~ 

visible 
v_ 

Figure 11.6. Ca1culated spectral reflectivity using the exact Drude equation (solid 
line) and the approximations of Table 11.3 using VI = 2 X 1015 S-1 and V2 = 3.5 X 

1012 S-I. 

Table 11.3 

Frequency 
range 

V< 1013 S-1 

V2 < V « VI 

Reflectivity 

R=I-2 Iv 
..J~ 

v2 

2V2 VI 
R=I--=I--

VI (10 

Reference 

Hagen-Rubens 

Grass· 

Försterling 

c5 + 1 - 2fi v; b 
v> VI R = ri' where c5 = 1 - 2" Wood 

c5 + 1 + 2~c5 V 

IX-I §;1 v = VI R = --, where IX = - Grass· 
IX + 1 2v2 

·Grass, G., Z. Phys. 139, 358 (1954). 
bWood, R.W., PhysicalOptics, Macmillan Company, New York (1933). 

no absorption bands are present. The Hagen-Rubens equation is one ofthese 
approximations which follows from (10.29) for small frequencies. Figure 1l.6 
depicts the calculated reflectivity spectra using the exact equation (10.29) and 
the approximations listed in Table 11.3, for a special case. 
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11.6. Bound Electrons (Classical Electron Theory of 
Dielectric Materials) 

The preceding sections have shown that the optical properties of metals can be 
described and calculated quite weIl in the 10w frequency range by applying the 
free electron theory. We mentioned already that this theory has its limits at 
higher frequencies at whichwe observe that light is absorbed by metals as weIl 
as nonmetals in a narrow frequency band. To interpret these absorption 
bands, Lorentz postulated that the electrons are bound to their respective 
nuclei. He assumed that under the influence of an external electric field, the 
positively charged nucleus and negatively charged electron cloud are dis
placed with respect to each other (Fig. 11.7). An electrostatic force tries to 
counteract this displacement. For simplicity we describe the negative charge 
of the electrons to be uni ted in one point. Thus, we describe the atom in an 
electric field as consisting of a positively charged core which is bound quasi
eiastically to one electron (elettric dipole, Fig. 11.8). Abound electron, thus, 
may be compared to a mass which is suspended from aspring. Under the 
influence of an alternating electric field (that is, by light), the electron is 
thought to perform forced vibrations. For the description ofthese vibrations, 

r 

+ 
(a) (b) 

Figure 1l.7. An atom is represented by a positively eharged eore and a surrounding, 
negatively eharged eleetron c10ud (a) in equilibrium (b) in an external eleetrie field. 

x l 

+ 

Figl1re 1l.8. Quasielastie bound e1eetron in an external e1eetrie field (harmonie 
oseillator). 
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the well-known equations of mechanics dealing with a harmonic oscillator 
may be applied. This will be done now. 

We consider at first an isolated atom, that is, we neglect the influence ofthe 
surrounding atoms upon the electron. An external electric field with force 

eS = eSoexp(iwt) (11.31) 

displaces an electron from its rest position by a distance x. This displacement 
is counteracted by arestoring force I( • x which is proportional to the displace
ment x. Then, the vibration equation becomes (see Appendix 1) 

d 2 x dx 
m dt2 + y' dt + I(X = eSo exp(iwt). (11.32) 

The factor I( is the spring constant which determines the binding strength 
between atom and electron. Each vibrating dipole (e.g., an antenna) loses 
energy by radiation. Thus, y' (dx/dt) represents the damping of the oscillator 
by radiation (y' = damping constant). The stationary solution to (11.32) for 
weak damping is (see Appendix 1) 

eSo 
x = exp i(wt - rP), 

Jm 2(w5 - W 2)2 + y'2w2 
(11.33) 

where 

Wo = 2nvo = Jf (11.34) 

is called the resonance frequency ofthe oscillator, i.e., that frequency at which 
the electron vibrates freely without an external force. rP is the phase difference 
between forced vibration and the excitation force of the light wave. It is 
defined to be (see Appendix 1) 

y'w 
tanrP = m(w5 - w-

y'v 

2nm(v5 - v2 ) • 
(11.35) 

As in the previous sections, we calculate the optical constants starting with the 
polarization P which is the product of the dipole moment e . x of one dipole 
times the number of all dipoles (oscillators) Na. As before we assumed one 
oscillator per atom. Thus, IV,. is identical to the number of atoms per unit 
volume. We obtain 

P= exNa• 

Inserting (11.33) yields 

With 

e2 Na So exp i(wt - rP) 
P = --;::-:::::;;::::~==~=~=;;= 

Jm 2(w5 - W 2)2 + y'2 w2 

(11.36) 

(11.37) 



11. Atomistic Theory of the Optical Properties 159 

exp i(wt - ifJ) = exp(iwt)· exp( - iifJ) (11.38) 

we obtain 

e2 N Iff 
p = a exp( -iifJ), 

Jm2(w~ - W2)2 + y'2 w2 
(11.39) 

whieh yields with (11.5) and (10.12) 

4ne2Na 
€ = n2 - k 2 - 2nki = 1 + exp( - iifJ). 

J m2 (w~ - W2)2 + y'2 w2 

(11.40) 

Equation (11.40) beeomes with4 

exp( -iifJ) = eosifJ - isinifJ, (11.41) 

4ne2Na eosifJ 
2 k 2 - 2nki = 1 + J 2( 2 _ W2)2 + y'2 w2 n - m Wo 

(11.42) 
. 4ne2 Na . A. 

-I SlllY" 
Jm2(w~ - W2)2 + y'2 w2 

The trigonometrie terms in (11.42) are rep1aced, using (11.35), as follows: 

1 m(w~ - w2) 
eosifJ = , 

J1 + tan2 ifJ Jm2(w~ - W2)2 + y'2 w2 
(11.43) 

• A. tan ifJ y' w 
Sin Y' = -----r====;;:= 

J1 + tan2 ifJ Jm2(w~ - W2)2 + y'2 w2 
(11.44) 

Separating the real and imaginary parts in (11.42) finally provides the optieal 
eonstants: 

that is, 

and 

or 

4 See Appendix 2. 

8 1 = n2 _ k 2 = 1 + 4ne2mNa(w~ - w2) 
m2(w~ _ W2)2 + y'2 w" 

4ne2mNa(v5 - v2) 
8 1 = 1 + 4n2m2(v5 _ V2)2 + y'2 v2 ' 

4ne2 Na y' W 
8 = 2nk = 2 2 2)2 + y'2W2 2 m (WO - w 

(11.45) 
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EZ 

EI 

1.2 

1.1 

1.0 

0.9 

0.8 0 va v 0 Va v 

Figures 11.9 and 11.10. Frequency dependence of polarization 8 1 = n2 - k 2 and ab
sorption 82 = 2nk, as caIculated with (11.45) and (11.46), respective1y, using charac
teristic values for N. and 1". 

2e2 Nay'v 
S 2 = -,-;;---;;-:--;:;----=~:----:;:-;;-

4n2 m2 (vJ _ V2)2 + y'2 V2' 
(11.46) 

The frequency dependencies of S1 and S2 are plotted in Figs. 11.9 and 11.10. 
Figure 11.9 resembles the dispersion curve for the index of refraction as it is 
experimentally obtained for die1ectrics. Figure 11.10 depicts the absorption 
product S2 in the vicinity ofthe resonance frequency Vo (absorption band) as 
experimentally observed for die1ectrics. Equations (11.45) and (11.46) reduce 
to the Drude equations for Vo -+ 0 (no oscillators). 

* 11.7. Discussion of the Lorentz Equations for 
Special Cases 

11.7.1. High Frequencies 

We observe in Fig. 11.10 that S2 approaches zero at very high frequencies and 
far away from any resonances (absorption bands). In the same frequency 
region, Si = n2 - k 2 and thus, essentially nassumes the constant value 1 
(Fig. 11.9). This is consistent with experimental observations that X-rays are 
not refracted and are not absorbed by many materials. 

11.7.2. Small Damping 

We consider the case for which the radiation induced energy loss of the 
oscillator is very smalI. Then, y' is smalI. With y'2 v2 «4n2 m2 (vJ - V2 )2 

(which is only valid for v '" vo), equation (11.45) reduces to 
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Figures 11.11 and 11.12. The functions EI (n 2 ) and E2 , respective1y, versus frequency 
according to the bound electron theory for the special case of small damping. 

8 1 = n2 _ k 2 = 1 + e
2 Na 

nm(V5 - V" 
(11.47) 

Figure 11.11 depicts a sketch of(11.47). We observe that for smalldamping, 81 

(and thus essentially n2) approaches infinity near the resonance frequency. A 
dispersion curve, such as Fig. 11.11, is indeed observed for many dielectrics 
(glass, etc.). 

11.7.3. Absorption Near Vo 

Electrons absorb most energy from light at the resonance frequency, that is, 82 

has a maximum near vo. For small damping, the absorption band becomes an 
absorption 1ine (see Fig. 11.12). Inserting v = Vo into (11.46) yie1ds: 

2e2 Na 
82=-

y'vo 
(11.48) 

which shows that the absorption becomes large for small damping (y'). 

11.7.4. More Than One Oscillator 

At the beginning of Section 11.6 we assumed that one e1ectron is quasielasti
cally bound to a given nuc1eus; in other words we assumed one oscillator per 
atom. This assumption is certainly a gross simplification, as one can deduce 
from the occurrence of multiple absorption bands in experimental optical 
spectra. Thus, each atom has to be associated with a number of i oscillators 
each having an oscillator strength, h. The ith oscillator vibrates with its 
resonance frequency vo;. The related damping constant is y;. (This description 
has its equivalent in the mechanics of a system of mass points having one basic 

" 
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frequeney and higher harmonies.) If all oseillators are taken into aeeount, 
(11.45) and (11.46) become 

.t;(V5i - VZ) 

Bi = nZ - k2 = 1 + 4neZmNa~ 4nZmZ(V5i _ VZ)Z + y;ZvZ ' 
(11.49) 

.t; vyi 
B2 = 2nk = 2e2Na~ 4nZmZ(v5i _ VZ)Z + y;Zvz , (11.50) 

Equations (11.49) and (11.50) reduce for weak damping (see above) to: 

Z Z Z eZ Na " .t; 
Bi = n - k ~ n = 1 + -- L... -2- 0 , 

nm i VOi - V 
(11.51) 

eZN r 1 

BZ = 2nk = _a" )iVYi 
2n2 mZ ~ (Z- ~. ~ . , VOi - V 

(11.52) 

11.8. Contributions of Free Eleetrons and Harmonie 
Oseillators to the Optieal Constants 

In the previous section, we ascribed two different properties to the eleetrons of 
a solid. In Section 11.4 we postulated that Nf electrons move freely in metals 
under the influence of an electric field and that this motion is damped by 
eollisions of the e1eetrons with vibrating lattice atoms and lattice defects. In 
Section 11.6 we postulated that a eertain number of eleetrons are quasielasti
cally bound to Na atoms which are excited by light to perform foreed vibra
tions. The energy loss was thought to be by radiation. 

The optieal properties of metals may be deseribed by postulating a certain 
number of free electrons and a eertain number of harmonie oscillators. Both 
the free eleetrons and the oscillators eontribute to the polarization. Thus, the 
equations for the optical constants may be rewritten, by combining (11.26), 
(11.27), (11.49), and (11.50): 

vf Z .t;(V5i - VZ) 
Bi = 1 - Z 2 + 4ne mNa L 2 Z( Z Z)Z IZ 2' (11.53) 

V + V2 i 4n m VOi - V + Yi V 

Z • 1 
Vz Vi Z" )iVYi 

BZ = 2nk = - Z Z + 2e Na L. 4 Z Z( 2 2)2 IZ 2' (11.54) 
V V + Vz i n m VOi - V + Yi V 

Figures 11.13 and 11.14 depict sehematically the frequency dependence of 
Bi and B2 as obtained by using (11.53) and (11.54). These figures also show 
the contributions of free and bound electrons on the optical constants. The 
experimentally found frequency dependence of Bi and Bz resembles these cal
culated spectra quite weil. We will elaborate on this in Chapter 13 in which 
experimental results are presented. 
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Figures 11.13 and 11.14. Frequency dependence of ei and e2 according to (1 1.53) and 
(11.54). (i = 1) -J = free electron theory; b = bound electron theory; S = summary 
curve (schematic). 

Problems 

1. Calculate the reflectivity of sodium in the frequency ranges v > Vi and V < Vi using 
the theory for free electrons without damping, Sketch R versus frequency, 

2, The plasma frequency, Vi' can be calculated for the alkali metals by assuming one 
free electron per atom, Le" by substituting Nf by the number of atoms per unit 
volume (atomic density Na)' Calculate Vi for potassium and lithium. 

3. Calculate Neff for sodium and potassium, For which of these two metals is the 
assumption of one free electron per atom justified? 

4, What is the meaning of the frequencies Vi and v2 ? In which frequency ranges are 
they situated compared to visible light? 

5. Calculate the reflectivity of gold at V = 9 X lO i2 S-i from its conductivity, Is the 
reflectivity increasing or decreasing at this frequency when the temperature is 
increased? Explain. 

6, Calculate VI and V2 for silver (0.5 x 1029 free electrons per m3). 

7, The experimentally found dispersion ofNaCI is as follows: 

..1. [J.lm] 0.3 0.4 0,5 0,7 2 5 

n 1.607 1.568 1.552 1.539 1.532 1.527 1.519 

Plot these results along with calculated values, obtained by using the equations of 
the "bound electron theory" assuming small damping. Let: 
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e2N 
__ a = 1.81 X 1030 s-2 and Vo = 1.47 X 1015 S-1. 
nm 

8. The optical properties of an absorbing medium can be characterized by various 
sets of parameters. One such set is the index of refractiori and the damping con
stant. Explain the physical significance of those parameters, and indicate how they 
are related to the complex dielectric constant of the medium. What other set of 
parameters are commonly used to characterize the optical properties? Why are 
there always "sets" of parameters? 

9. Describe the damping mechanisms for free electrons and bound electrons, 
respectively. 

10. Why does it make sense that we assume one free electron per atom for the alkali 
metals? 

11. Derive the Drude equations from (11.45) and (11.46) by setting Vo --+ o. 



CHAPTER 12 

Quantum Mechanical Treatment of the 
Optical Properties 

12.1. Introduction 

We assumed in the preeeding ehapter that the eleetrons behave like particles. 
This working hypo thesis provided us (at least for small frequeneies) with 
equations whieh reproduee the optieal speetra of solids reasonably weIl. 
Unfortunately, the treatment had one flaw: For ealculation and interpretation 
of the infrared absorption we used the eoneept that eleetrons in metals are free; 
whereas, the absorption bands in the visible and ultraviolet speetrum eould 
only be explained by postulating harmonie oseillators. From the classical 
point ofview, however, it is not immediate1y evident why the eleetrons should 
behave freely at low frequeniees and respond as if they would be bound at 
higher frequeneies. An uneonstrained interpretation for this is only possible 
by applying wave meehanies. This will be done in the present ehapter. We 
make use of the material presented in Chapters 5 and 6. 

12.2. Absorption of Light by Interband and 
Intraband Transitions 

When light (photons) having suffieiently large energy impinges on asolid, the 
eleetrons in this erystal are thought to be exeited into a higher energy level, 
provided that unoeeupied higher energy levels are available. For these tran
sitions the total momentum of e1eetrons and photons must remain eonstant 
(eonservation of momentum). For optieal frequeneies, the momentum of a 
photon, and thus its wave veetor k = p/h (see (4.8)) is mueh smaller than that 
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Figure 12.1. Electron bands and direct interband transitions in a reduced zone. 
(Compare to Fig. 5.4.) 

E 

...... kPhon ---' 
k, 

Figure 12.2. Indirect interband transitions. (The properties ofphonons are explained 
in Chapter 20.) 

of an electron. Thus, kphot is much smaller than the diameter of Brillouin zone 
(Fig. 12.1). Electron transitions at which k remains constant (vertical tran
sitions) are called "direct interband transitions." Optical spectra for metals 
are dominated by direct interband transitions. 

It should be noted in passing that to a certain extent interband transitions 
are possible which involve the absorption of a light quantum under particip
ation of a phonon (lattice vibration quantum, see Chapter 20). To better 
understand these "indirect interband transitions" (Fig. 12.2) we have to know 
that a phonon can only absorb very small energies, but is able to absorb a 
momentum which is large and comparable to that of an electron. During an 
indirect interband transition, the excess momentum (i.e., wave number vector) 
is transfered to the lattice (or is absorbed from the lattice). In other words, a 
phonon is exchanged with the lattice. Indirect interband transition may be 
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Figure 12.3. Seetion of the band diagram for copper (schematic). Two pertinent 
interband transitions are shown with arrows. The smallest possible interband tran
sition occurs from a filled d-state to an unfilled state just above the Fermi energy. 

disregarded far the interpretation of metal spectra because they are generally 
weaker than direct transitions by two or three orders of magnitude. They are 
only observed in the absence of direct transitions. In the case of semiconduc
tors, however, and for the interpretation ofphotoemission, indirect interband 
transitions play an important role. 

We now make use of the simplified model depicted in Fig. 12.1 and consider 
direct interband transitions from the n to the m band. The smallest photon 
energy in this model is absorbed by those electrons whose energy equals the 
Fermi energy E F , that is, by electrons which already possess the highest 
possible energy at T = 0 K. This energy is marked in Fig. 12.1 by hva• Similarly, 
hVb is the largest energy, which leads to an interband transition from the n to 
the m band. In the present case a variety of interband transitions may take 
place between the energy interval hVa and hvb • 

Interband transitions are also possible by skipping one or more bands, 
which occur by involving electrons with even larger energies. Thus, a multi
tude of absorption bands are possible. These bands may partially overlap. 

As an example for interband transitions in an actual case, we consider now 
the band diagram for copper. In Fig. 12.3, a portion ofFig. 5.21 is shown, that 
is, the pertinent bands around the L-symmetry point are depicted. The inter
band transition having the smallest possible energy difference is shown to 
occur between the upper d-band and the Fermi energy. This smallest energy is 
called the "threshold energy for interband transitions" (or the "fundamental 
edge") and is marked in Fig. 12.3 by asolid arrow. We mention in passing that 
this transition, wh ich can be stimulated by a photon energy of 2.2 eV, is 
responsible for the red color of copper. At slightly higher photon energies, a 
second transition takes place, which originates fram the Fermi energy. It is 
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E 
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Figure 12.4. Intraband transitions. The largest energy which can be absorbed by 
intraband transitions is obtained by projecting the arrow marked "Emax" onto the 
energy axis. 

marked in Fig. 12.3 by a dashed arrow. Needless to say, many more tran
sitions are possible. They can take place over a wide range in the Brillouin 
zone. This will become clearer when we shall return to the optical spectra of 
materials and their interpretation in Chapter 13. 

We turn now to another photon-induced absorption mechanism. Under 
certain conditions photons having only small energies may excite electrons 
into a higher energy level within the same band. This occurs with participation 
of a phonon. We call such a transition appropriately intraband transition 
(Fig. 12.4). Intraband transitions are equivalent to the behavior of free elec
trons in classical physics, that is, to the "classical infrared absorption." It 
should be kept in mind, however, that because ofthe Pauli principle, electrons 
can only be excited into empty states. Thus, intraband transitions can only 
be observed in metals because only metals have unfilled electron bands. In 
other words, insulators and semiconductors have no classical infrared absorp
tion. This explains why some insulators (such as glass) are transparent in the 
visible spectrum or more precisely why they are transparent in the absence of 
interband transitions. The largest photon energy, Emax , which can be absorbed 
by means of an intraband transition, corresponds to an excitation from the 
lower to the upper band edge, see Fig. 12.4. All energies which are smaller 
than Emax are absorbed continuously. 

In summary, at low photon energies, intraband transitions (ifpossible) are 
the prevailing absorption mechanism. Intraband transitions are not quantized 
and occur in metals only. Above a critical light frequency interband tran
sitions set in. Only certain energies or energy intervals are absorbed in this 
case. The onset of this absorption mechanism depends on the energy dif
ference between the bands in question. Interbandtransitions occur in metals as 
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well as in insulators or semiconductors. They are analogous to optical excit
ations in so lids with bound electrons. In an intermediate frequency range 
interband as well as intraband transitions may take place. 

* 12.3. Dispersion 

For calculating the behavior of electrons in a periodic lattice we used in 
Section 4.4 the periodic potential shown in Fig. 4.9. We implied at this time 
that the potential does not vary with time. This proposition needs to be 
dropped when the interaction oflight with asolid is considered. The alternat
ing electric field ofthe light which impinges on the solid perturbs the potential 
field ofthe lattice periodically. Thus, we need to add to the potential energy a 
correction term, the so-called perturbation potential V': 

V= Vo + V' (12.1) 

(Vo = unperturbed potential energy). It goes without saying that this pertur
bation potential oscillates with the frequency v of the light. 

We consider, as always, plane polarized light. The momentary value ofthe 
field strength $ is 

$ = Acoswt, (12.2) 

where A is the maximal value of the field strength. Then, the perturbation 
potential (potential energy of the perturbation, or force times displacement x) 
is 

V' = e$x = eA cos(wt)· x. (12.3) 

Since the potential varies now with time, we need to make use of the time 
dependent Schrödinger equation (3.8) 

2 2m 2im 0'1' 
V'I'--V'I'---=O 

h2 h ot ' (12.4) 

which reads with (12.1) and (12.3) 

2 2m 2im 0'1' 
V 'I' - --2(VO + eAxcoswt)'I' - -~ = O. 

h h ut 
(12.5) 

Our goal is to calculate the optical constants from the polarization, in a similar 
way as it was done in Sections 11.2, 11.3, and 11.6. We have to note, however, 
the following: In wave mechanics, the electron is not considered to be a point, 
but instead is thought to be "smeared" about the space dr:. The locus of the 
electron in c1assical mechanics is thus replaced by the probability '1''1'* of 
finding an electron in space (see (2.10)). The c1assical polarization 

P=Nex 

(11.4) is replaced in wave mechanics by 
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P = Ne f x'l''I'* dr:. (12.6) 

We seek to find a solution 'I' ofthe perlurbed Schrödinger equalion (12.5) and 
calculate from that the norm '1''1'*; then by using (12.6) we can calculate the 
polarization P. The equation for the optical constants thus obtained is given in 
(12.31). 

The detailed calculation ofthis approach will be given below. The first step 
is to transform the space and time dependent Schrödinger equation into a 
Schrödinger equation which is only space dependent. The perturbed Schröd
inger equation (12.5) is rewritten, using the Euler equation5 cos p = !(eiP + 
e- iP), as 

2 2m 2im 0'1' 2m I iwt -iw V 'I' - - V, 'I' - - - = -eAx-[e + e tl '1'. 
h2 0 h 01 h2 2 J 

(12.7) 

Now, the left side of (12.7) has the form of the unperturbed Schrödinger 
equation (12.4). We assume that the perturbation is very small. Then, we can 
insert in the perturbation term (right side of(12.7» the expression (3.4), and 
get 

'I'?(x,y, z, I) = I/I?(x,y, z)eiw,t 

for the unperturbed ith eigen function. This yields: 

(12.8) 

V2'1' _ 2m V, 'I' _ 2im 0'1' = m eAx.I'~[ei(w,+w)t + ei(W,-w)t] (129) 
h2 0 h 01 h2 '1', .. 

The fight hand side shall be contracted to simplify the calculation: 

2m 2im 0'1' m . V2'1' - - V, 'I' - ---- = -eAx·I.1! e,(w;±w)t 
h2 0 h 01 h2 '1', . 

(12.10) 

To solve (12.10), we seek a trial solution which consists of an unperturbed 
solution and two terms with the angular frequencies (w i + w) and (w i - w): 

'I' = 'I'? + I/I+ei(w'+W)t + I/I_ei(w,-w)t. (12.11) 

This trial solution is condensed as before: 

'I' = 'I'? + I/I±ei(W;±W)t. (12.12) 

Equation (12.12) is differentiated twice with respect to space and once with 
respect to time, and the results are inserted into (12.10). This yields 

V2'1'1! + V 2 .1. ei(w;±w)t _ 2m V, 'l'1! _ 2m V, .1. ei(w;±w)t 
__ ' 'I'± h2 0 , h2 O'l'± 

2im o'l'? 2m ( + W).I. ei(w;±w)t = m eAxI/Il!ei(W;±W)t. 
- h 01 + T W i - 'I' ± h2 ' 

(12.13) 

5 See Appendix 2. 



12. Quantum Mechanical Treatment ofthe Optical Properties 171 

The underlined terms in (12.13) vanish according to (12.4) if'l'? is the solution 
to the unperturbed Schrödinger equation. In the remaining terms, the ex
ponential factors can be cancelled, which yields with hw = hv = E, 

2 2m m 0 
V r/I± + V 'I' ±(Ei ± hv - Vo) = h2 eAxr/li· (12.14) 

In writing (12.14) we have reached our first goal, that is, to obtain a time 
independent, perturbed Schrödinger equation. We solve this equation with a 
procedure which is common in perturbation theory. We develop the function 
xr/l? (the right side of(12.14» in aseries ofeigen functions 

xr/l? = alir/lr + a2ir/l~ + ... + anir/l~ + ... = Lanir/l~, (12.15) 

multiply (12.15) by r/I~*, and integrate over the entire space dr:. Then, due to 
J r/lr/I* dr: = 1 (3.15) and J r/lmr/l: dr: = 0 (for m # n), we obtain 

Jx,I,9,1,0* dr: = a .J,I,O,I,O* dr: + ... + a .J,I,O,I,O* dr: + ... = a . 'f', 'l'n 11 '1'1 'l'n nl Y'n 'f'n mo 

'-.---' ~ 

o 0 

Similarly, we develop the function r/I± in aseries of eigen functions 

r/I± = Lb±nr/l~· 
Inserting (12.15) and (12.17) into (12.14) yields 

" (20 2m 0 2m 0 2m 0) t...b±n V r/ln + VEir/ln ± Vhvr/ln - V Vor/ln 

m 
= 1:.2 eA " a . ,1,0 

" L.... mo/n° 

(12.16) 

(12.17) 

(12.18) 

Rewriting the unperturbed time independent Schrödinger equation (3.1) 
yields 

20 2m 0 2m 0 
V r/ln - V Vor/ln = -VEnr/ln. (12.19) 

Equation (12.19) shows that the underlined terms in (12.18) may beequated to 
the right side of(12.19). Thus, (12.18) may be rewritten as 

2m" 0 2m eA" 0 V t...r/lnb±n(Ei - En ± hv) = V2 t...r/lnani· 

Comparing the coefficients in (12.20) yields with 

Ei - En = Eni = hVni 

the following expression: 

eAani 
b±n = 2(Ei - En ± hv) 

eAani 
2h(vni ± v)· 

(12.20) 

(12.21) 

(12.22) 
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Now, we are ab1e to determine the functions t/I+ and t/I- by using (12.22) and 
(12.17). We insert these functions together with (3.4) in the trial solution 
(12.11) and obtain a solution for the time dependent, perturbed Schrödinger 
equation (12.5) 

. 1 [ei(Wi+Wlt ei(Wi-wltJ 
'P = t/I?e'Wit + - LeAanit/l~ + ---

2h Vni + V vni - V 
(12.23) 

and thus 

1 [e-i(Wi+Wlt e-i(Wi-wltJ 
'P* = t/I?*e-iwit + - LeAa!t/I~* + . 

2h vni + V Vni - V 
(12.24) 

In order to write the polarization (12.6) we have to form the product 'P'P*. As 
can be seen from (12.23) and (12.24) this calculation yields time dependent as 
well as time independent terms. The latter ones need not be considered here 
since they provided only an additive constant to the polarization (light scatter
ing). The time dependent part of the norm 'P'P* is 

'P'P* = =-- La:it/l~*t/I? _e __ + _e __ A [ (-iwt iwt ) 
2h Vni + V Vni - V 

'---v--"' 

Q 

( eiwt e- iwt )] + Lanit/l~t/I?* -- + -- . 
Vni + V Vni - V 

(12.25) 

R 

To simplify, we abbreviate the terms in parenthesis by Q and R respectively. 
The polarization (12.6) is then 

Ne
2 
A [" * f 0* 0 " f 0 0* ] p = ---v:- L... ani Q xt/l n t/I i dr + L... ani R xt/l n t/I i dr: , 

'---v---' 

ani 
'----v--' 

a:i 

which reduces with (12.16) 

f xt/l? t/I~* dr: = ani 

and 

ani· a:i = lanil2 == a;i 

(12.26) 

(12.27) 
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to 

Ne2 A" a2.(Q + R). P=~L... n, (12.28) 

A numerical calculation applying the above quoted Euler equation yields 

2v.e- iwt 2v.eiwt 4v·coswt Q + R = m + m _~m __ ;;--

V;i - v2 V;i - v2 V;i - v2 ' 
(12.29) 

which gives with (12.2) 

Ne2C 2 Vni 
p = --Lani~ v 2 • 

nh Vni 
(12.30) 

Finally, we make use of (10.13) and (11.5) and obtain with (12.30) 

4Ne2 L 2 Vni . 2 2 -_ a .. --.~. 
BI = n - k = I + h mV;i _ V (12.31) 

Equation (12.31) is the sought after relation for the optical properties of 
solids, obtained by wave mechanics. It is similar in form to the classical 
dispersion equation (11.51). A comparison ofcIassical and quantum mechan
ical results might be helpful to better understand the meaning of the empiri
cally introduced oscillator strengthJ;. We obtain 

4nrn 2 
fi = -h-anivni· (12.32) 

We know that hVni is that energy which an electron absorbs when it is excited 
from the n-band into the i-band (e.g., the rn-band). Thus, the resonance 
frequency VOi ofthe ith oscillator introduced in Section 11.6 is replaced in wave 
mechanics by a frequency Vni which corresponds to an allowed electron 
transition from the nth into the ith band. Furthermore, we see from (12.16) 
that ani is proportional to the probability of an electron transition from the nth 
into the ith band. 

Problems 

I. What information can it be gained from the quantum mechanical treatment of the 
optical properties of metals which cannot be obtained by the c1assical treatment? 

2. What can we conc1ude from the fact that the spectral reflectivity of a metal (for 
example, copper) has "structure?" 
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3. Below, the reflection spectra for two materials A and Bare given. 
a) What type of material belongs to reflection spectrum A, what type to B? 

(Justify.) Note the scale difference! 
b) For which colors are these (bulk) materials transparent? 
c) What is the approximate threshold energy for interband transitions for these 

materials? 
d) For which of the materials would you expect intraband transitions in the IR 

region? (Justify.) 
e) Why do these intraband transitions occur in this region? 

R 
100 

('Ki) 

50 

o 

A 

1 2 3 4 5 E(ev) 

R 
100 

(CK.) 

50 

o 

B 

o 2 3 E(ev) 

4. What is the smallest possible energy for interband transitions for aluminum? (Hint: 
Consult the band diagram in Fig. 5.22.) 

5. Are intraband transitions possible in semiconductors at high temperatures? 



CHAPTER 13 

Applications 

Optical spectra are the principal means to experimentally obtain the band 
gaps and energies for interband transitions. For isolated atoms and ions the 
absorption and emission spectra are known to be extremely sharp. Thus, 
absorption and emission energies for atoms can be determined with great 
accuracy. The same is basically true for molecular spectra. In contrast to this, 
the optical spectra of so lids are rather broad. This sterns from the high particle 
density in solids and from the interatomic interactions which split the atomic 
levels into quasicontinuous bands. The latter extend through the three
dimensional momentum space of a Brillouin zone. 

A further factor has to be considered too. Plain reflection spectra of solids 
are in general not too useful for the deduction of transition energies, mainly 
because R is a rather involved function of 8 1 and 82 (see (10.29». Thus, 8 2 (that 
is, absorption) spectra are often utilized. The characteristic features in the 82-

spectra of so lids stern from discontinuities in the energy profile of the density 
of states. However, relatively sharp features in 82 spectra are superimposed on 
noncharacteristic transitions from other parts of the Brillouin zone. In other 
words the 8 2-spectra derive their shape from a summation over extended 
rather than localized regions in the Brillouin zone. Modulated optical spectra 
(see below) separate the small contributions stemming from points of high 
symmetry (such as centers and edges of a Brillouin zone) from the general, 
much larger background. This will become clearer once we proceed in this 
chapter. 

13.1. Measurement of the Optical Properties 
The measurement of the optical properties of solids is simple in principle but 
can be involved in practice. This is so because many bulk so lids (particularly 
metals) are opaque so that the measurements have to be taken in reflection. 
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Now, light penetrates about 10 nm into a metal (see Table 10.1). As a 
eonsequenee, the optieal properties are basieally measured near the surfaee 
whieh is suseeptible to oxidation, deformation (polishing), or eontamination 
by adsorbed layers. One tries to alleviate the assoeiated problems by utilizing 
ultrahigh vaeuum, vapor deposition, sputtering, ete. Needless to say, the 
method by whieh a given sampie was prepared may have an effeet on the 
numerieal value of its optieal properties. 

Let us assurne that the surfaee problems have been resolved. Then, still 
another problem remains. The most relevant optieal properties, namely n, k, 
8 1 ,82' and the energies for interband transitions eannot be easily dedueed by 
simply measuring the refleetivity, that is, the ratio between refleeted and 
ineident intensity. Thus, a wide range ofteehniques have been developed in the 
past eentury to obtain the above-mentioned parameters. Only three methods 
will be briefly diseussed here. It should be mentioned, however, that thirty or 
forty other teehniques eould be easily presented. They all have eertain advan
tages for some speeifie applieations and disadvantages for others. 

* 13.1.1. Kramers-Kronig Analysis (Dispersion Relations) 

This method was very popular in the 1960s and involves the measurement of 
the refleetivity over a wide speetral range. A relationship exists between real 
and imaginary terms of any eomplex funetion whieh enables one to ealculate 
one eomponent of a eomplex quantity ifthe other one is known. In the present 
ease, one ealculates the phase jump (j' (between refleeted and ineident ray) 
from the refleetivity whieh was measured at a given frequeney v. This is 
aeeomplished by the Kramers-Kronig relation: 

where 

fJ'(v x ) = ~ (00 dlnp In I v + Vx I dv, nJo dv V-Vx 

p=jR= (i; vI;; 

(13.1) 

(13.2) 

is obtained from the refleeted intensity IR and the ineident intensity 10 of the 
light. The optieal eonstants are ealculated by applying 

1 _ p2 
n = (13.3) 

1 + p2 + 2peos(j' 

and 

k = 2psin(j' 
1 + p2 + 2peosc5'· 

(13.4) 

Equation (13.1) shows that the refleetivity should be known in the entire 
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frequency range (i.e., between v = 0 and v = (0). Since measured values can 
hardly be obtained for such a large frequency range, one usually extrapolates 
the reflectivity beyond the experimental region using theoretical or pheno
menological considerations. Such an extrapolation would not cause a sub
stantial error if one could assume that no interband transitions exist beyond 
the measured spectral range. This assumption is probably valid only in rare 
occasions. (For details, see specialized books listed at the end of Part IH.) 

*13.1.2. Spectroscopic Ellipsometry 

This technique was developed in its original form at the turn of the century. 
The underlying idea is as follows: If plane polarized light impinges under an 
angle IX on a metal, the reflected light is generally elliptically polarized. The 
analysis of this elliptically polarized light yields two parameters, the azimuth 
and the phase difference from which the optical properties are calculated. 

We consider plane polarized light whose vibrational plane is inclined by 45° 
towards the plane of incidence (Fig. 13.1). This angle is called azimuth !/Ie in 
contrast to the azimuth of the reflected light !/Ir which is defined as 

CRP 

tan!/lr = CRS' (13.5) 

see Fig. 13.1, where C RP and CRs are parallel and perpendicular components of 
the reflected electric field strength 181, that is, the amplitudes of the reflected 
light wave. 

y 

z 

Figure l3.1. Reflection ofplane polarized light on a metal surface. (Note: in the figure 
tffRp == R p and tffRs = Rs ') 
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Figure 13.2. (a) Elliptically polarized light and (b) decomposition of elliptically pola
rized light into two mutually perpendicular plane polarized waves with phase dif
ference b. Adapted from Pohl, R. W. (1958) Optik und Atomphysik. Springer-Verlag, 
Berlin, Heidelberg, New York, Tokyo. 

In elliptically polarized light the length and direction of the light vector is 
altered periodically. The tip of the light vector moves along a continuous 
screw, having the direction ofpropagation as an axis (Fig. 13.2(a)). The pro
jection of this screw onto the x-y plane is an ellipse (Fig. 13.l). Elliptically 
polarized light can be thought to be composed oftwo mutually perpendicular, 
plane polarized waves, having a phase difference (j in between them (expressed 
in fractions of 2n) (see Fig. 13.2(b)). 

For the actual measurement oft/lr and (j, one needs two polarizers (consist
ing of a birefring~nt material which allows only plane polarized light to pass), 
and a compensator (also consisting of birefringent material which allows one 
to measure the phase difference (j; see Fig. 13.3). In Fig. 13.4, the light reflected 
from a metal is represented by two light vectors pointing into the x- and the y
direction, respective1y. They have a phase difference (j between them. By 
varying the thickness of the birefringent materials in the compensator, one 
accomplishes eventually that the light which leaves the compensator is plane 
polarized (Le., (j = 0°). The resulting vector Rres is then tilted by an angle t/lr 
against the normal to the plane of incidence. One determines t/lr by turning the 
analyzer to a position at which its axis is perpendicular to Rres . In short, (j and 
t/lr are measured by simultaneously alternating the thickness of the com
pensator and turning the analyzer until no light leaves the analyzer. It is 
evident that this method is cumbersome and time consuming, particularly 
in cases in which an entire spectrum needs to be measured point by point. 
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Figure 13.3. Schematic of an ellipsometer (polarizer and analyzer are identical 
devices). 
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Figure 13.4. Vector diagram of light reflected from a metal surface. The vectors 
having solid arrow heads give vibrational direction and magnitude of the light. 

Thus, in recent years it was attempted to automate and computerize the 
ellipsometer. 

The optical constants are calculated using 

n2 = t[J(a2 - b2 + sin2 1X)2 + 4a2 b2 + a2 - b2 + sin2 1X] (13.6) 

P = t[J(a2 - b2 + sin2 1X)2 + 4a2 b2 - (aZ - bZ + sinZIX)] (13.7) 

with 
sin IX tan IX cos 2'" r 

a = ----,,--,---,-
1 - cos (j sin 2'" r 

(13.8) 
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and 

b = -asinbtan21/1r' (13.9) 

Alternately, one obtains for the polarization [;1 and absorption [;2 

_ 2 _ k 2 _ • 2 [ tan2 1l((cos2 21/1r - sin2 21/1r sin2 (5)] (3 ) 
[;1 - n - sm Il( 1 + ( . 21/1 b)Z ,1 .10 1 - sm rCos 

[;Z = 2nk = _ sin 41/1r sin 15 tanZIl( sinzll( 
(1 - sin21/1rcOsb)Z 

* 13.1.3. Differential Reflectometry 

(13.11) 

The information gained by differential reflectometry is somewhat different 
from that obtained by the aforementioned techniques. A "differential reflecto
gram" allows the direct measurement of the energies which the electrons 
absorb from photons as they are raised into higher allowed energy states. The 
differential reflectometer measures the normalized difference between the 
reflectivities of two similar specimens which are mounted side by side (Fig. 
13.5). For example, one specimen might be pure copper and the other copper 
with, say, one percent zinc. Unpolarized light coming from a monochromator 
is alternately deflected under near normal incidence to one or the other sampie 
by means of a vibrating mirror. The reflected light is electronically processed 

Oscillating 
Mirror J~~ 

Photomultiplier 

Sampl.s 

Low P01l 

Filter 

Output 
Signal 

X-y 
Recorder 

Figure 13.5. Schematic diagram ofthe differential reflectometer. (For c1arity the angle 
of incidence of the light beam impinging on the sampIes is drawn larger than it is in 
reality.) From Hummel, R. E. (1983) Phys. Star. Sol. (a) 76. 
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Figure 13.6. Schematic representation of (a) first derivative and (b) third derivative of 
an 1:2 spectrum. The equiva1ent interband transitions at a so-called Mo symmetry point 
are shown in the inserts. Adapted from Aspnes, D. E. (1973) Surface Science 37, 418. 

to yield !!.R/R = 2(R1 - R2 )/(R1 + R2 ). A complete differential reflecto
gram, i.e., a scan from the near IR through the visible into the near UV, is 
generated automatically and takes about two minutes. The main advantage of 
differential reflectometry over conventional optical techniques lies in its abil~ 
ity to eliminate any undesirable influences of oxides, deformations, windows, 
electrolytes (for corrosion studies), or instrumental parameters upon a dif
ferential reflectogram, owing to the differential nature of the technique. No 
vacuum is needed. Thus, the formation of a surface layer due to environ
mental interactions can be studied in situ. Finally, the data can be taken under 
ne ar normal incidence. 

Differential reflectometry belongs to a family oftechniques, called modula
tion spectroscopy, in which the derivative of the unperturbed reflectivity (or 
C2) with respect to an external parameter is measured. Modulation techniques 
restrict the action to so-called critical points in the band structure, that is, they 
emphasize special electron transitions from an essentially featureless back
ground. This background is caused by the allowed transitions at practically all 
points in the Brillouin zone. Most modulation techniques, such as differential 
reflectometry, wavelength modulation, thermoreflectance, or piezoreflec
tance, areJirst-derivative techniques (Fig. 13.6(a)). In semiconductor research 
(Section 13.6) another modulation technique, called electroreflectance, is 
often used, which provides the third derivative of R or C2' (It utilizes an 
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alternating electric field which is applied to the semiconducting material 
during the reflection measurement.) The third derivative provides sharper and 
more richly structured spectra than the first derivative techniques (Fig. 
13.6(b)). In a first derivative modulation spectrum, the lattice periodicity is 
retained, the optical transitions remain vertical and the interband transition 
energy changes with the perturbation (see insert of Fig. 13.6(a)). In electro
modulation, the formerly sharp vertical transitions are spread over a fip.ite 
range of initial and final momenta (see insert of Fig. 13.6(b)). A relatively 
involved line-shape analysis of electroreflectance spectra yields eventually the 
inter band transition energies. 

We shall make use of reflection, absorption, first, and third derivative 
spectra in the seetions to come. 

13.2. Optical Spectra of Pure Metals 

13.2.1. Reflection Spectra 

The spectral dependence ofthe optical properties ofmetals was described and 
calculated in Chapter 11 by postulating that light interacts with a certain 
number of/ree eleetrons and a certain number of classieal harmonie oseillators, 
or equivalently, by intraband and interband transitions. In the present section 
we shall inspect experimental reflection data and see which conclusions can be 
drawn from these results with respect to the electron band structure. 

Figure 13.7 depicts the spectral reflectivity for silver. From this diagram, 

R '9/~~+ 'r-i - :----1-1+- I 50 _. __ I I I 

40+--+, ~- - -_.~ - l=n=l=t=c~ 
20~ 1I ~, . ! !llTIl 
1O t!: ! ! ' I I . 
~~;t-~~ 1 

o 2 6 8 10 12 14 15 18 ZO eV 24 
.~. En.rgy 

Figure 13.7. Reflectivity spectrum for silver. Adapted from Ehrenreich, H., et al., 
IEEE Spectrum 2,162. © 1965 IEEE. 
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Figure 13.8. Spectral dependence of 8 1 and 8 2 for silver. 8 1 and 8 2 were obtained from 
Fig. 13.7 by a Kramers-Kronig analysis. Adapted from Ehrenreich, H., et al., IEEE 
Spectrum 2, 162. © 1965 IEEE. 

the optical constants (that is, the real and imaginary parts of the complex 
dielectric constant, GI = n2 - k 2 and G2 = 2nk) have been calculated by means 
of a Kramers-Kronig analysis (Section 13.1.1). Comparing Fig. 13.8 with 
Fig. 11.5 shows that for smaH photon energies, i.e., for E< 3.8 eV, the 
spectral dependences of GI and G2 have the characteristic curve shapes for free 
electrons. In other words, the optical properties of silver can be described in 
this region by the concept of free electrons. Beyond 3.8 eV, however, the 
spectral dependence of GI and G2 deviates considerably from the free-electron 
behavior. In this range, classical oscillators, or equivalently, interband tran
sitions need to be considered. 

Now, it is possible to separate the contributions offree and bound electrons 
in GI and G2 spectra. For this, onefits the theoretical G2 to the experimental G2 

curves in the low-energy region. The theoretical spectral dependence of G2 is 
obtained by the Drude equation (11.27). An "effective mass" and the damping 
frequency v2 are used as adjustable parameters. With these parameters, the 
free electron part of GI (denoted by GD is calculated in the entire spectral range 
by using (11.26). Next, G~ is subtracted from the experimental GI' which yields 
the bound electron contribution G~. Fig. 13.9 depicts an absorption band thus 
obtained which resembles a calculated absorption band quite weH (Fig. 11.9). 

We turn now to the optical spectra for copper (Figs. 13.10 and 13.11). We 
notice immediately one important feature: Copper possesses an absorption 
band in the visible spectrum which is, as already mentioned, responsible for 
the characteristic color of copper. We defined above a threshold energy at 
which interband transitions set in. In copper the threshold energy is about 
2.2 eV (Fig. 13.11) which is assigned to the d-band -+ EF transition near the 
L-symmetry point. (This is marked by an arrow in Fig. 5.21.) A further peak 
is observed at slightly above 4 eV which is ascribed to interband transitions 
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Figure 13.9. Separation of 61 for silver in 6~ (free electrons) and 6~ (bound electrons). 
Adapted from Ehrenreich, H., et al., IEEE Spectrum 2,162. CD 1965 IEEE. 
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Figure 13.10. Reflectivity spectrum for copper. Adapted from Ehrenreich, H. et al., 
IEEE Spectrum 2,162. CD 1965 IEEE. 
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Figure 13.11. Spectral dependence of B1 and B2 for copper. B1 and B2 were obtained 
from Fig. 13.10 by a Kramers-Kronig analysis. Adapted from Ehrenreich, H., et al., 
IEEE Spectrum 2,162. © 1965 IEEE. 
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Figure 13.12. Reflection spectrum for aluminum. Adapted from Ehrenreich, H., et 
al., IEEE Spectrum 2, 162. © 1965 IEEE. 

from the Fermi energy near the L-symmetry point, as depicted in Figs. 12.3 
and 5.21. 

As a final example, we inspect the reflection spectrum of aluminum. Figures 
13.12 and 13.13 show that the spectral dependences Of81 and 82 resemble those 
shown in Fig. 11.5 except in the small energy region around 1.5 eV. Thus, the 
behavior of aluminum may be described essentially by the free electron theory. 
This free electron-like behavior of aluminum can also be deduced from its band 
structure (Fig. 5.22) which has essential characteristics of free electron bands 
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Figure 13.13. Spectral dependence of e1 and e2 for aluminum. Adapted from Ehren
reich, H., et al., IEEE Spectrum 2, 162. © 1965 IEEE. 

for fee metals (Fig. 5.20). Interband transitions which contribute to the e2-

peak near 1.5 eV occur between the W; and W1 symmetry points and the 
closely spaced and almost paraIIel 1:3 and 1:1 bands. A smaII contribution 
sterns from the W3 ~ W1 transition near 2 eV. 

* 13.2.2. Plasma Oscillations 

We postulate now that the free electrons of a metal interact electrostaticaIly, 
thus forming an electron "plasma" which can be excited by light of proper 
photon energy to coIIectively perform fluidlike oscillations. This plasma 
possesses,just as an oscillator, a resonance frequency, often caIIed the plasma 
frequency. We already introduced in Section 11.2 the plasma frequency VI and 
noted that the dielectric constante becomes zero at VI' Thus, (10.12) reduces to 

€ = BI - iB2 = 0, (13.12) 

from which we conclude that at the plasma frequency BI as weIl as B2 must be 
zero. Experience shows that oscillations of the eIectron plasma occur already 
when 81 and B2 are close to zero. 

The frequency dependence ofthe imaginary part ofthe reciprocal dieIectric 
constant peaks at the plasma frequency, as we will see momentarily. We write 

BI + iB2 BI . e2 
-;; . 2 2 =-2--2+ 1 -2--2' 
B BI - IB2 BI + B2 BI + B2 BI + B2 

The imaginary part of the dielectric constant, that is, 

I B2 
Im-=---

€ ei + d' 

(13.13) 

(13.14) 
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Figure 13.14. Energy loss function for aluminum. Adapted from Ehrenreich, H., et al., 
IEEE Spectrum 2,162. © 1965 IEEE. 
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Figure 13.15. Energy loss function for silver. Adapted from Ehrenreich, H., et al., 
IEEE Spectrum 2,162. © 1965 IEEE. 

is called the "energy 10ss function" which is large for 81 --+ 0 and 82 < 1, that 
is, at the plasma frequency. We shall inspect now the energy 10ss functions for 
some metals. We begin with aluminum because its behavior may well be 
interpreted by the free electron theory. We observe in Fig. 13.14 a pronounced 
maximum ofIm (1/8) near 15.2 eV. The real part ofthe dielectric constant (8d 
is zero at this frequency and 82 is small (see Fig. 13.13). Thus, we conclude that 
aluminum has a plasma resonance at 15.2 eV. 

Things are slightly more complicated for silver. Here, the energy 10ss 
function has a steep maximum near 4 eV (Fig. 13.15) which cannot be 
completely attributed to free electrons, since 8~ is only zero at 9.2 eV (see Fig. 
13.9). The plasma resonance near 4 eV originates by cooperation ofthe d- as 
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weIl as the conduction electrons. The loss function for silver has another but 
much weaker resonance near 7.5 eV. This maximum is essentially caused by 
the conduction electrons, bl.Jt is perturbed by interband transitions which 
occur at higher energies. 

The reflection spectrum for silver (Fig. 13.7) can now be completely inter
preted. The sharp decrease in R near 4 eV by almost 99% within a fraction of 
an electron volt is caused by a weakly damped plasma resonance. The sudden 
increase, only 0.1 e V above the plasma resonance takes place because of 
interband transitions which commence at this energy. Such a dramatic change 
in optical constants is unparalleled. 

13.3. Optical Spectra of Alloys 

It was demonstrated in the previous sections that knowledge of the spectral 
dependence of the optical properties contributes to the understanding of the 
electronic structure of metals. We shall now extend our discussion to alloys. 
Several decades ago, N. F. Mott suggested that when a small amount ofmetal 
A is added to a metal B, the Fermi energy would simply assurne an average 
value, while leaving the electron bands ofthe solvent intact. It was eventually 
recognized, however, that this "rigid band model" needed some modification 
and that the electron bands are somewhat changed for an aIloy. We use 
copper-zinc a~ an example. Figure 13.16 shows aseries of differential reflecto
grams (see Section 13.1.3) from which the energies for interband transitions, 
ET , can be taken. Peak A represents the threshold energy for interband 
transitions which can be seen to shift to higher energies with increasing 
zinc content. ET is plotteq in Fig. 13.17 as a function of zinc content (X). 
EssentiaIly, a linear increase in ET with increasing Xis observed. The threshold 
energy for copper has been identified in Section 12.2 to be associated with 
electron transitions from the upper d-banq to the conduction band,just above 
the Fermi surface (see Fig. 12.3). The rise in energy difference between upper 
d-band and Fermi level, caused by solute additions, can be explained in a first 
approximation by suggesting a rise in the Fermi energy which results when 
extra electrons are introduced into the copper matrix from the higher valent 
solute. Gallium, which has three valence electrons would thus raise the Fermi 
energy more than zinc, which is indeed observed in Fig. 13.17. The slope of the 
ET = j(X) curve in Fig. 13.17 for zinc (as weIl as for other solutes) is consider
ably smaller than that predicted by the rigid band model. This suggests that 
the d-bands are likewise raised with increasing solute content and/or that the 
Fermi level is shifted up much less than anticipated. Band calculations sub
stantiate this suggestion. They reveal that upon solute additions to copper, the 
d-bands become narrower (which results from a reduction in Cu-Cu interac
tions) and that the d-bands are lifted up as a whole. Furthermore, the calcula
tions show that solute additions to copper cause a rise in EF and a down ward 
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Figure 13.18. Schematic band structure near L for copper (solid lines) and an assumed 
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shift of the bottom of the s-band. Figure 13.18 reflects these results. Because 
of the 10wering of the bottom of the s-band (r1 in Fig. 5.21), the Fermi energy 
rises much less than predicted, had En remained constant. 

An unexpected characteristic of all ET = j(X) curves is that the threshold 
energy for interband transitions, ET , does not vary appreciably for solute 
concentrations up to slightly above 1 at. % (Fig. 13.17). Friedel predicted just 
this type of behavior and related it to "screening" effects. He argued that for 
the first few atomic percent solute additions to copper, the additional charge 
from the higher valent solute is effectively screened and the copper matrix 
behaves as if the impurities were not present. The matrix remains essentially 
unperturbed as long as the impurities do not mutually interact. 

The differential reflectograms shown in Fig. 13 .16 suggest two additional 
interband transitions, one ofwhich corresponds to feature 'D' near 5 eV and 
is assigned to electron transitions from the lower d-bands to the Fermi surface. 
An ET versus X plot for peak 'D' resembles Fig. 13.17. 

The third transition in the chosen energy region occurs at about 4 eV and 
involves the structural features 'B' and 'C'. The associated transition energy 
is seen to decrease with increasing solute content (Fig. 13.19). Features 'B' 
and 'C' are ascribed to transitions near the L-symmetry point, originating 
near the Fermi energy and terminating at the conduction band. It can be seen 
in Fig. 13.18 that the transition energy just mentioned is smaller for copper
based alloys than for pure copper, quite in agreement with the experimental 
findings. The reader is asked at this point to compare Figs. 13.10 and 13.11 
with Fig. 13.16 and convince hirnself how different optical techniques com
plement each other in revealing the electronic structure of solids. 



13. Applications 191 

,Zn 
oAI 
-Ga 

l;VI~\ ~. 
-Sn I AE eVl 

B -.j~5 

Zn 

3.0t \ ~ 
+t.O 

Ga 

Sn 
AI 

I 
-j-l.5 

2.5 

Figure l3.19. Energy of peak B for various dilute copper-based alloys. From Nastasi
Andrews, R. J., and Hummel, R. E. (1977) Phys. Rev. B 16, 4314. 

*13.4. Ordering 

It was shown in Seetion 7.5.3 that the resistivity deereases when solute atoms 
of an alloy are periodieally arranged on the regular lattiee sites. Thus, we 
eonclude that ordering has an effeet on the eleetronie strueture and henee on 
the optieal properties of alloys. The best way to study ordering is to eompare 
two speeimens of the same alloy when one of them is ordered, and the other is 
in the disordered state. This way, peaks oeeur in a differential optieal speetrum 
whenever the ordered state eauses extra interband transitions eomparable to 
superlattiee lines in X-ray speetroseopy. As an example, Fig. 13.20 depicts an 
optieal speetrum for the intennetallie phase Cu3 Au. We note several tran
sitions, among them an ertype strueture with a peak energy at 2.17 e V and an 
eetype strueture with a transition energy around 3.6 eV (median between 3.29 
and 3.85 eV, see Fig. 11.9). We shall explain them by referring to Fig. 13.21 
whieh depiets the first Brillouin zone of the disordered fcc lattice in which a 
simple cubic Brillouin zone, representing the superlattiee, is inscribed. The 
r - X direetion of the fee Brillouin zone is bisected by the face of the cubic 
Brillouin zone at the point X. The point Xis then thought to be folded back to 
the point r. A new transition from the d-bands (e.g., at r 12) to the point X~ 
(unfolded) ean now take place (see Fig. 5.21). Folding along r -M-K and 
possibly along other direetions explains the other transitions. 

Short-range ordering shows eomparatively smaller effects than long-range 
ordering (Fig. 13.22). The refleetivity differenee between ordered and dis
ordered alloys is ab out 3% for long-range ordering eompared to 0.5% in the 
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Figure 13.21. First Brillouin zone of an fce lattice with inscribed Brillouin zone 
representing a cubic primitive superlattice. 

case of short-range ordering. Still, even in the latter case, a superlattice 
transition is observed, which is attributed to the periodic arrangement of 
solute atoms in small domains (about 10-20 A in diameter). 

Interestingly enough, optical investigations provide a further piece of in
formation which enables us to look upon the short-range ordered state from a 
different perspective. It has been observed that certain peaks in a differential 
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reflectogram shift due to ordering exactly as they would do when a solute is 
added to a solvent (see Section 13.3). From this we conclude that in the short
range ordered state, the interaction between dissimilar atoms is slightly larger 
than that for similar atoms. 

* 13.5. Corrosion 

Studies of the optical properties have been used for many decades for the 
investigation of environmentally induced changes of surfaces. Optical studies 
are nondestructive, simple, and allow the investigation of oxides during their 
formation. No vacuum is required in contrast to many other surface tech
niques. We use as an example the electrochemical corrosion of copper in an 
aqueous solution. A copper disc is divided into two parts which are electrically 
insulated from each other by a thin polymer film. One half is held electrically 
at the protective potential (as reference) and the other at the corrosion 
potential. No artifacts from the electrolyte, the corrosion cell window, or the 
metal substrate are experienced since the only difference in the light path of a 
differential reflectometer is the corrosion film itself. Figure 13.23 depicts a 
series of differential reflectograms demonstrating the evolution of CU2 0 on a 
copper substrate. We observe that the peak height near 3.25 eV and thus the 
corrosion film thickness initially grows rapidly. The growth rate slows down 
as the film becomes thicker. The growth kinetics has been observed to obey a 
logarithmic relationship. 
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Figure 13.23. Differential reflectograms depicting the in situ evolution of Cu2 0 on 
copper substrate in a buffered electrolyte of pH 9. One sampIe half was held poten
tiostaticallyat - 200 mV (SCE) for various times, the other at the protective potential 
(-500 mV (SCE)). From Hummel, R. E. (1983) Phys. Stat. Sol. (a) 76, 11. 

13.6. Semiconductors 

Intrinsic serniconductors have, at low temperatures, a complete1y filled val
ence band and an empty conduction band (see Chapter 8). Consequently, no 
intraband transition, or classical infrared absorption, is possible at low tem
peratures. Thus, the optical behavior of an intrinsic semiconductor is similar 
to that of an insulator, that is, it is transparent in the low energy (far infrared) 
region. Once the energy of the photons is increased and it eventually reaches 
the gap energy, then the electrons are excited from the top ofthe valence band 
to the bottom of the conduction band. The semiconductor becomes opaque 
like a metal. The onset for interband transitions is thus determined by the gap 
energy, which characteristically has values between 0.5 and 3 eV (see Table 
8.1). The corresponding wavelength lies in the near infrared or visible region. 

As an example, the 1>2-spectrum for germanium is shown along with its band 
diagram in Figs. 13.24 and 13.25. The threshold energy for e1ectron excitations 
across the gap from r~5 to r~ can be clearly identified in both figures. Of 
particular interest are the nearly parallel bands ~4 and ~l including the 
symmetry points X4 and Xl which cause a strong peak in 1>2 around 4.5 eV. 
(This transition is said to occur at an "MI critical point".) The designations of 
some further peaks are marked in Fig. 13.24 and should be compared to the 
band diagram. 

We mentioned already in Section 13.1.3 that e1ectroreflectance spectros
copy can enhance a relatively featureless part of an 1>2-spectrum and gives in 
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Figure 13.26. Electroreflectance spectrum of germanium at 78K. Compare to Fig. 
13.6(b). Adapted from Aspnes, D. E. (1972) Phys. Rev. Letters 28,913. 

addition some information ab out critical point transitions. Figure 13.26 
depicts the electroreflectance spectrum for germanium between 2.8 and 
3.6eV. 

The B2-spectrum (Fig. 13.24) shows only a shoulder in this region, that is, 
for the r~5-r15 transition. It should be kept in mind, however, that electro
reflectance is a third derivative techniques (Fig. 13.6(b)) which means that a 
sequence of peaks represent only one interband transition. 

As a second example we consider silicon. By inspecting its band diagram 
(see Fig. 5.23 or 8.2) we notice that the maximum ofthe valence band and the 
minimum of the conduction band are not at the same point in k space. Vertical 
transitions are thus not permissible at energies below ab out 3.4 eV (r~s -+ 

r 1S )' However, nonvertical transitions between the top of the valence band 
and the bottom of the conduction band are possible. They involve the band 
gap energy (Eg = 1.1 eV), provided the change in the wave vector k (or the 
momentum) is furnished by a phonon. We discussed phonon-assisted tran
sitions already in Section 12.2 and explained there that indirect interband 
transitions are particularly observed in the absence of direct transitions. 

Our discussion of the optical spectra of semiconductors is not complete by 
considering only direct or indirect interband transitions. Several other absorp
tion mechanisms may OCCUf. It has been observed, for example, that the 
absorption spectra for semiconductors show structure for photon energies 
slightly below the gap energy (Fig. 13.27). Frenkel explained this behavior by 
postulating that a photon may excite an electron so that it remains in the 
vicinity of its nucleus, thus forming an electron-hole pair, called an exciton. 
Electron and holes are thought to be bound together by electrostatic forces 
and revolve around their mutual center of mass. The electrons may hop 
thtough the crystal and change their respective partner. This motion is called 
an exciton wave. One depicts the excitons by introducing "exciton levels" into 
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Figure 13.27. Spectral dependence of the absorption coefficient IX = 4nk/ A. (10.21)) for 
gallium arsenide at 21K. Adapted from Sturge, M. D. (1962) Phys. Rev. 127, 768. 
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Figure 13.28. Schematic representation of exciton energy levels and an exciton in a 
semiconductor (or insulator). 

the forbidden band (Fig. 13.28). They are separated from the conduction band 
by the "binding energy" Ex whose position can be calculated by an equation 
similar to (4.18a): 

Ex = 
m*e4 

2n2h2e2 ' 
(13.15) 
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where n is an integer and m* is the effective mass of the exciton. Ex is 
characteristicaIly about 0.01 eV. The exciton levels are broadened by interac
tions with impurities or phonons. 

FinaIly, extrinsic semiconductors have, as we know, donor or acceptor 
states near the conduction or the valence band, respectively (Section 8.3). At 
sufficiently high temperatures, optical transitions from and to these states can 
take place which also cause weak absorption peaks below the gap energy. 

It should be noted that the temperature slightly influences the absorption 
characteristics of a semiconductor. The change in gap energy is about - 2 x 
10-4 eVjK which sterns from an apparent broadening of valence and con
duction levels with increasing temperature due to transitions with simultan
eous emission and absorption of phonons. Another temperature-enhanced 
effect should be considered too. Once electrons have been excited from the 
valence into the conduction band (either by photons or thermal excitation), 
holes are present in the upper part ofthe valence bands. Then, photons having 
energies weIl below Eg can be absorbed by intraband transitions. These 
transitions are, however, relatively weak. 

Optical absorption measurements are widely used in semiconductor re
search since they provide the most accurate way to determine the gap energies 
and the energies of the localized states. Measurements are normally per
formed at low temperatures so that the thermal excitations of the electrons 
do not mask the transitions to be studied. 

13.7. Insulators (Dielectric Materials) 

As we know, insulators are characterized by completely filled valence bands 
and empty "conduction" bands. Thus, no intraband transitions, that is, no 
classical infrared absorption takes place. Furthermore, the gap energy for 
insulators is fairly large (typically 5 eV or larger) so that interband transitions 
do not occur in the IR and visible spectrum either. They take place, however, 
in the ultraviolet region. Third, excitons may be created which cause absorp
tion peaks somewhat below the gap energy. For example, the lowest energy 
for an exciton level (and thus for the first exciton absorption peak) for NaCI 
has been found to be at about 7 eV, that is, in the vacuum UV region. (Other 
alkali halides have very similar exciton energies.) We suspect, therefore, that 
insulators are transparent from the far IR throughout the visible up to the UV 
region. This is indeed essentially observed. However, in the infrared region a 
new absorption mechanism may take place which we have not yet discussed. It 
is caused by the light-induced vibrations of the lattice atoms, that is, by the 
excitation of phonons by photons. We need to explain this in some more 
detail. 

Let us consider at first a monoatomic crystal (one kind of atom). The 
individual atoms are thought to be excited by light of appropriate frequency to 
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perform oscillations about their points of rest. Now, the individual atoms are 
surely not vibrating independently. They interact with their neighbors which 
causes them to move simultaneously. For simplicity, we model the atoms 
to be interconnected by elastic springs. Thus, the interaction of light with the 
lattice can be mathematically represented in quite a similar manner to the 
one used when we discussed and calculated the classical electron theory of 
dielectric materials. (In Section 11.6 we represented one atom in an electric 
field as consisting of a positively charged co re which is bound quasielastically 
to an electron.) A differential equation similar to (11.32) may be written for 
the present case: 

d 2 x ,dx . 
m dt2 + Y dt + I(X = ego exp(lwt), (13.16) 

which represents the oscillations of atoms under the influence of light whose 
excitation force is ego exp(iwt). As before, the factor I( • x is the restoring force 
which contains the displacement x and an interatomic force constant I( (i.e., a 
"spring constant," or a "binding strength" between the atoms). The damping 
of the oscillations is represented by the second term in (13.16). Damping is 
thought to be caused by interactions of the phonons with lattice imperfec
tions, or with external surfaces of the crystal, or with other phonons. The 
oscillators possess a resonance frequency, Wo, which depends on the mass of 
the atoms and on the restoring force (see (11.34)). The solution of the 
differential equation (13.16) yields a spectral dependence of 8 1 and 82 which is 
very similar to that shown in Figs. 11.9-11.12. 

The situation becomes slightly more complicated when diatomic solids, 
such as ionic crystals, are considered. In this case, two differential equations of 
the type of (13.16) need to be written. They have to be solved simultaneously. 
Actually, one needs to solve 2N coupled differential equations, where N is the 
number ofunit cells in the lattice. The result is, however, qualitatively still the 
same. The resonance frequency for diatomic crystals is 

Wo = 21((_1 + _I ), 
m 1 m2 

(13.17) 

where m 1 and m2 are themasses ofthe two ion species. Figure 13.29 depicts the 
spectral reflectivity of NaCI in the IR. Sodium chloride is transmissive be
tween 0.04 and 7 eV. At the upper boundary energy, exciton absorption sets 
in. Fused quartz is transparent between 0.29 and 6.9 eV. 

A word should be added about the opacity of some dielectric materials, 
such as enamels, opal glas ses, glazes, or porcelains, which should be transpa
rent in the visible region according to our discussion above. This opacity is 
caused by the scattering of the light on small particles which are contained in 
the matrix. Part of the light is diffusely transmitted and part of it is diffusely 
reflected. The larger the specular part of the reflected light, the higher is the 
gloss. Very often, opacifiers are purposely added to a dielectric material to 
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Figure 13.29. Spectral reflectivity ofNaCI at room temperature in the far IR region. 

cause wanted effects. The particle size should be nearly the same as the 
wavelength ofthe light, and the index ofrefraction should be largely different 
from that of the material, to obtain maximal scattering. 

13.8 Lasers 

So far we discussed only the absorption oflight by matter. We learned that due 
to the interaction of photons with electrons, the electrons are excited into 
higher energy states. The present section deals with the emission of photons, 
particularly with stimulated emission. Abrief description ofthe light-emitting 
diode (LED) will be also given at the end of this section. 

An electron, once excited, must eventually revert back into a lower, empty 
energy state. This occurs, as a rule, spontaneously within a fraction of a 
second and is accompanied by the emission of a photon and/or the dissipation 
of heat. This fast luminescence process is called fluorescence. (In some 
materials, the emission continues for several seconds or even minutes. This 
slower process is referred to as phosphorescence.) Spontaneous emission 
possesses none of the characteristic properties of laser light: the radiation is 
emitted through a wide angular region in space, the light is phase incoherent 
and it often polychromatic. 

The situation changes, however, considerably when stimulated emission is 
induced. Let us consider two energy levels E1 and E2 and let us assurne for a 
moment that the higher energy level E2 contains more electrons than the lower 
level E 1 , that is, let us assurne a population inversion of electrons (Fig. 
13.30(a». We further assurne that by some means (which we shall discuss in a 
moment) the electrons in E2 are made to stay there for an appreciable amount 
oftime. Nevertheless, one electron will eventually revert to the lower state. As 
a consequence a photon with energy E21 = hV21 is emitted (Fig. 13.30(b». 
This photon might stimulate a second electron to descend in step to E 1 , thus 
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Figure 13.31. Schematic representation of a laser cavity and the buildup of laser 
oscillations. The stimulated emission eventually dominates over the spontaneous 
emission. The light leaves the cavity at the left side. 

causing the emission of another photon which vibrates in phase with the first 
one. The two photons are consequently phase coherent (Fig. 13.30(c)). They 
might stimulate two more electrons to descend in step (Fig. 13.30(d)) and so 
on until an avalanche of photons is created. In short, stimulated emission of 
light occurs when electrons are forced by incident radiation to add more 
photons to an incident beam. The acronym LASER can now be understood, it 
stands for light amplification by stimulated emission oj radiation. 

Laser light is highly monochromatic because it is genera ted by electron 
transitions between two narrow energy levels. (As a consequence laser light 
can be focused to a spot less than IJ-lm in diameter.) Another outstanding 
feature oflaser light is its strong collimation, that is, the parallel emergence of 
light from a laser window. (The cross section of a laser beam transmitted to the 
moon is only 3 km in diameter!) We understand the reason for the collimation 
best by knowing the physical setup of a laser. 

The lasing material is contained in a long narrow container called the cavity; 
the two faces at opposite ends ofthis cavity must be absolutely parallel to each 
other. One of the faces is silvered and acts as a perfect mirror, whereas the 
other face is partially silvered and thus transmits some ofthe light (Fig. 13.31). 
The laser light is reflected back and forth by these mirrors, thus increasing the 
number of photons during each pass. After the laser has been started, the light 
is initially emitted in all possible directions (left part ofFig. 13.31). However, 
only photons which travel strictly parallel to the cavity axis will remain in 
action whereas the photons travelling at an angle will be eventually absorbed 



202 III. Optical Properties of Materials 

E2 h v,,!arge E, [E bt large 

" , , ElITissioo p .... ping h V " 

E, 

pumping 

E, 
(a) (b) 

Figure 13.32. Examples of possible energy states in a two level configuration (a) (jE 

large, that is, large pumping efficiency but little or no population inversion. (b) 
Potentially large population inversion (fJt large) but small pumping efficiency. (Note: 
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by the cavity walls (center part in Fig. 13.31). A fraction ofthe photons escape 
through the partially transparent mirror. They constitute the emitted beam. 

We need to explain now how the electrons arrive at the higher energy level, 
that is, we need to discuss how they are pumped from E 1 into Ez . One of the 
methods is, of course, optical pumping, that is, the absorption of light stem
ming from a polychromatic light source. (Xe flashlamps for pulsed lasers or 
tungsten-iodine lamps for continuously operating lasers are often used for 
pumping. The lamp is either wrapped in helical form around the cavity, or the 
lamp is placed in one of the focal axes of a specularly reflecting elliptical 
cylinder whereas the laser rod is placed along the second focal axis.) Other 
pumping methods involve collisions in an electric discharge, chemical reac
tions, nuclear reactions, or external electron beam injection. 

The pumping efficiency is large if the bandwidth [)E of the upper electron 
state is broad. This way, an entire frequency range (rather than a single 
wavelength) leads to excited electrons (Fig. 13.32(a». 

Next, we discuss how population inversion can be achieved. For this we 
need to quote Heisenberg's uncertainty principle 

[)E· f>t ~ h, (13.18) 

which states that the time span [)t, for which an electron remains at the higher 
energy level Ez, is large when the bandwidth [)E of Ez is narrow. In other 
words, a sharp energy level ([)E small, f>t large) supports the population 
inversion, Fig. 13.32(b». On the other hand, a large pumping efficiency 
requires a large [)E (Fig. 13.32(a» which results in a small [)t and a small 
population inversion. Thus, high pumping efficiency and population inver
sion mutually exclude each other in a two level configuration. 

The three level laser (Fig. 13.33) provides improvement over a two level 
configuration. There, the "pump band" E3 is broad, which enables a good 
pumping efficiency. The electrons revert after 10 -7 sinto an intermediate level 
Ez via a nonradiative, phonon-assisted process. Since Ez is sharp, the electrons 
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remain much longer, that is, for some milliseconds on this level. This provides 
the required population inversion. 

An even larger population inversion is obtained using a four level laser. In 
this configuration the energy level E2 is emptied rapidly by electron transitions 
into a lower level E l (Fig. 13.34). It should be added that some three and four 
level lasers have several closely spaced pumping bands which, of course, 
increases the pumping efficiency. 

The highest population inversion is achieved by adding Q-switching. For 
this method, the mirrorin Fig. 13.31 is turned sideways during the pumping to 
reduce stimulated emission, that is, to build up a substantial population 
inversion. After some time the mirror is turned back into its original vertical 
position which results in a burst of light lasting 10-20 ns. 

Laser materials cannot be created at will in, say, three or four level configu
rations. They can be, however, selected from hundreds of substances to suit a 
specific purpose. Laser materials include crystals (such as ruby), glasses (such 
as neodymium-doped glass), gases (such as helium, argon, xenon), metal 
vapors (such as cadmium, zinc or mercury), moleeules (such as carbon dioxide) 
or liquids (solvents which contain organic dye molecules). Table 13.llists the 
properties ofsome widely used lasers. We observe that most lasers (except the 
tunable dye lasers) emit their light in the red or IR spectrum. Lasers can be 
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Table 13.1 

Beam 
Wave- Diver-

Type of length(s) gence Power 
Laser (nm) (mrad) Output Comments 

Ruby 694.3 10 CW': ~5W Optieally pumped 
(Cr3+ -doped pulsed: ~20 KW three level laser . 
A12 0 3 ) Q-switehed: Lasing oeeurs 

10MW between Cr3 + 

levels. Low 
effieieney. Historie 
deviee. 

Neodymium 1,064 3-8 CW: 150W Optieally pumped 
(Nd3+ -doped pulsed: 10 KW four level laser. 
glass or High effieieney. 
YAGb) 

HeNe 632.8 10-3 - 10-2 W See Fig. 13.35 and 
(1150; 3390) text. Most widely 

used. 
CO2 10,600 2 CW: 1-15 KW High effieieney 

9,600 plused: 10 MW (20%). Lasing 
occurs between 
vibrationallevels 
(Fig. 13.36). 

GaAs 840 CW 10-2 W Small size, direct 
Semi- eonversion of 
eonduetor electrieal energy 

into optieal energy. 
10% effieieney. See 
Fig.13.37. 

Dye 360-650 3 Average: 100 W Lasing oeeurs 
(organie dyes between 
in solvents) vibrational 

sublevels of 
moleeuies. Tunable 
by Littrow prism 
(Fig. 13.35(a». 

'CW: Continuous wave. 
bYttrium aluminum gamet (Y 3A1201s)' 

opera ted in a continuous mode (CW), or with a higher power output, in the 
pulsed mode. The power output varies over many orders ofmagnitude (and it 
can even be increased if Q-switching is applied). A few important laser types 
need special mention. 
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Figure 13.35. Helium-Neon Laser. (a) Sehematie diagram of the laser eavity with 
Littrow prism to obtain preferred oseillation at one wavelength. (The end windows are 
inc1ined at the Brewster angle for whieh plane polarized light suffers no refleetion 
losses.) (b) Energy level diagram for He and Ne. The deeay time for the p-states is ~ 10 
ns, that of the s-states 100 ns. The letters on the energy levels represent the angular 
momentum quantum number; the number in front of the letters gives the value for the 
prineipal quantum number; and the superseripts represent the multiplieity (singulette, 
doublette, ete.), see Appendix 3. 

Helium-Neon Laser. A cavity about 2 mm in diameter is filled with 0.1 Torr 
Ne and I Torr He (Hg. 13.35(a». A current which passes through the gas 
produces free electrons (and ions). The electrons are accelerated by the electric 
field and excite the He-gas by electron-atom collisions. Some ofthe He levels 
are resonant with Ne levels so that the neon gas also becomes excited by 
resonant energy transfer (Fig. 13.35(b)). This constitutes a very efficient 
pumping into the Ne 2s- and 3s-levels. (Direct electron-Ne collisions also 
contribute to the pumping). Lasing occurs between the neon s- and p-Ievels 
and produces three characteristic wavelengths. Suppression of two of the 
wavelengths is accomplished by multilayer dielectric mirrors which provide a 
maximum reflectivity at the desired wavelength, or by a Littrow prism, as 
shown in Fig. 13.35(a). 

Carbon Dioxide Laser. The COz moleeules possesses three fundamental 
modes ofvibration, as shown in Fig. 13.36(a). The lasing occurs between these 
levels as shown in Fig. 13.36(b). Pumping is accomplished by electron-atom 
collisions (see above) and by aresonant energy transfer from N z molecules 
which are added to the COz' Nitrogen (and helium) greatly improve the 
pumping efficiency of the COz laser which is one of the most efficient and the 
most powerfullasers. 
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Figure 13.36. CO2-laser. (a) Fundamental modes ofvibration for a CO2 moleeule; VI: 

symmetrie stretching mode; V2 : bending mode; V3 : asymmetrie stretching mode. (b) 
Energy level diagram for various vibrational modes. 
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Figure 13.37. (a) Energy band diagram of a heavily doped, forward biased semi
conductor. (b) Schematic setup of a semiconductor laser. 

Semiconductor Laser. The "cavity" for this laser consists of heavily doped 
(l024m-3) n- andp-type semiconductor material such as GaAs. The energy 
band diagram for ap-njunction has been shown in Fig. 8.19 and is redrawn 
for the case offorward bias in Fig. 13.37(a). We notice a population inversion 
of electrons in the depletion layer (which is characteristically 0.1 Jlm wide). 
Two opposite end faces of this p-n junction are made parallel and are polished 
or cleaved along crystal planes. The other faces are left untreated to suppress 
lasing in unwanted directions (Fig. 13.37(b». A reflective coating of the 
window is usually not necessary since the reflectivity of the semiconductor is 
already 35%. The pumping occurs by direct injection of electrons and holes 
into the depletion region. Semiconductor lasers are small and very efficient. 
The emitted beam can be modulated by electrical modulation of the injection 
current (optical communication!). 
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Figure 13.38. Schematic representation of a double heterojunction laser in which the 
active region consists of an n-doped GaAs layer. 

Lasers for which the p-type and the n-type materials are alike (for example 
GaAs) are called homojunction lasers. In these devices the active region, in 
which the lasing occurs, extends over the depletion region and is about l/lm 
thick. Homojunction lasers need to be cooled for continuous operation 
because of high absorption effects which occur in the p- and n-part of the 
active region. This problem is overcome by using a heterojunction laser in 
which for example two junctions are utilized as depicted in Fig. 13.38. If the 
refractive index ofthe active region is larger than that ofthe neighboring areas 
an optical waveguide structure is effectively achieved (total reflection!) which 
confines the laser mode within the GaAs layer. This way, virtually no energy is 
absorbed by the non-active, that is, absorbing n and p regions which allows the 
laser to be opera ted at room temperature. 

For optical communication purposes a wide variety ofwavelengths need to 
be generated. For example, lasers which operate at 1.3 or 1.6/lm are desirable. 
At these values for A. quartz (which is used for optical fibers) has absorption 
minima. Quaternary alloys for the active region such as In1 - x Gax Asy P1 - y 

fulfill this requirement, whereas InP is used for the p and n sides. By varying 
the composition of the alloys, the output wavelength can be varied between 
0.92 and 1.6 /lm. 

Light-Emitting Diode. Abrief description of light-emitting diodes (LED) 
shall conclude this section. These devices are of great technical importance as 
an inexpensive, rugged, smalI, and efficient light source for display purposes. 
The LED consists, like the semiconductor laser, of a forward biased p-n 
junction. The above-mentioned special facing procedures are, however, 
omitted during the manufacturing process. Thus, the LED does not operate in 
the lasing mode. The emitted light is therefore neither phase coherent nor 
collimated. Semiconductor materials whose photon emission is caused by 
direct interband transitions are preferred for these devices because indirect 
transitions dissipate some ofthe energy into heat (Fig. 12.2). Furthermore, it 
is, of course, desirable that the light emission occurs in the visible spectrum. 
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Certain III/V compound semiconductors, such as Gax As 1- x P; GaP, and 
Gax Al1 - x As fulfill these requirements. These materials emit light in the red, 
green, yellow, and orange part ofthe spectrum. BIue color is possihle (SiC) hut 
very expensive. The radiation leaves the device through a window which was 
etched through the metallic contact ofthe n-doped part (surface emitter). 
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PART IV 

MAGNETIC PROPERTIES OF 
MATERIALS 



CHAPTER 14 

Foundations of Magnetism 

14.1. Introduction 

The phenomenon ofmagnetism, that is, the mutual attraction oftwo pieces of 
iron or iron ore, was surely known to the antique world. The ancient Greeks 
have been reported to experiment with this "mysterious" force. The name 
magnetism is said to be derived from a region in Turkey which was known by 
the name of Magnesia and which had plenty ofiron ore. 

Interestingly enough, a piece ofmagnetic material such as iron ore does not 
immediately attract other pieces ofthe same material. For this, at least one of 
the pieces has to be magnetized, that is, simply said, its internal "elementary 
magnets" need alignment in order for it to become a permanent magnet. 
Magnetizing causes no problem in modern days. One merely places iron into 
an electric coil through which a direct current passes for a short time. (This 
was discovered by Oersted at the turn of the last century.) But how did the 
ancients do it? There may have been at least two possibilities: first, a bolt of 
lightning could have caused a magnetic field large enough to magnetize a piece 
of iron ore. Once one magnet had been produced and identified, more magnets 
could have been obtained by rubbing virgin pieces of iron ore with the first 
magnet. There could have been another possibility: it is known that if a piece 
of iron is repeatedly hit very hard, the "elementary magnets" will be "shaken 
loose" and align in the direction of the earth's magnetic field. An iron 
hammer, for example, is north-magnetic on its face of impact in the northern 
hemisphere. Could it have been that a piece ofiron ore was used as a hammer 
and thus it became a magnet? 

Magnetic materials made an important contribution to the development of 
the consciousness of mankind because they paved the way to discoveries of 
new continents once the compass had been invented. (A compass needle is a 
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pivoted bar magnet whieh positions itse1f approximately in the north-south 
direetion. We eall the tip that points to geographie north, the north-seeking 
pole, or simply the north pole, and the opposite end the south pole.) The 
British eoined the word lodestone for the iron ore Fe3 0 4 whieh meant to say 
that this mineral points the way. Our modern teehnology would be 
unthinkable without magnetie materials and magnetie properties. Magnetie 
tapes, television, motors, generators, telephones, and transformers are only a 
few examples of their applieations. 

Thus far, we have used the word magnetism very loosely when implying the 
mutual magnetie attraetion ofpieees ofiron. There are, however, several other 
classes of magnetie materials that differ in kind and degree in their mutual 
interaetion. We shall distinguish in the following between ferromagnetism 
(whieh term we restriet to the classieal magnetism in iron and a few other 
metals and alloys) and para-, dia-, antiferro-, and ferrimagnetism. The oldest 
known magnetie ore, the magnetite, or lodestone, Fe3 0 4 is aetually a 
ferrimagnet (FeO)' Fe2 0 3 ealled ironferrite. 

In the seetions to eome, we shall define at first the magnetie eonstants and 
then remind the readers of some fundamental equations in magnetism before 
diseussing magnetism by classical and quantum theory. Praetieal applieations 
of magnetie materials are presented in a final ehapter. 

14.2. Basic Concepts in Magnetism 

The goalofthis chapter is to characterize the magnetic properties ofmaterials. 
At least five different types of magnetic materials exist as mentioned in the 
Introduetion. A qualitative, as weIl as a quantitative distinction between these 
different types, can be achieved in a relatively simple way by utilizing a method 
proposed by Faraday. The magnetic material to be investigated is suspended 
from one of the arms of a sensitive balance and is allowed to reach into an 
inhomogeneous magnetic field (Fig. 14.1). Diamagnetic materials are expelled 
from this field, whereas para-, ferro-, antiferro-, and ferrimagnetic materials 
are attracted in different degrees. It has been empirically found that the 
apparent loss or gain in mass, that is, the force Fon the sample exerted by the 
magnetic field is 

dH 
F= VXH dx' (14.1) 

where dH/dx is the change of the "magnetic field strength" Ifli in the x
direction and V is the volume of the sample. The magnetic material can be 
characterized by a material constant, X, called the susceptibility which 
expresses how responsive this material is to an applied magnetic field (see 
(14.1)). Characteristic values for X are given in Table 14.1. Frequently, a 
second material constant, the permeability fJ., is used. This constant is related 
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Figure 14.1 . Measurement of the magnetic susceptibility in an inhomogeneous mag
netic field. 

Table 14.1. Magnetic Constants ofSome Materials at Room Temperature 
(Source: Landolt-Börnstein, Zahlenwerte der Physik, 6th ed., Springer
Verlag, Berlin (1962), Vol. 11/9). 

Xm Xv J1. Type of 
Material [cm3jg] Unitless Unitless Magnetism 

Bi -1.34 x 10-6 -13.13 X 10-6 0.99983 
Be -1.0 x 10-6 -1.85 X 10-6 0.99998 
Ag -0.192 x 10- 6 -2.016 X 10-6 0.99997 Diamagnetic 
Au -0.142 x 10-6 -2.74 X 10-6 0.99996 
Ge -0.106 x 10-6 -0.564 x 10-6 0.99999 
Cu -0.086 x 10-6 -0.77 X 10-6 0.99999 
Superconductorsa ~-8 x 10-2 

Snß +0.026 x 10-6 +0.19 X 10-6 

W +0.32 X 10-6 +6.18 X 10-6 1.00008 
AI +0.61 x 10-6 + l.65 X 10 - 6 l.00002 Paramagnetic 
Pt +0.983 x 10- 6 + 2l.04 X 10-6 l.00026 
Mn +8.9 x 10- 6 +66.13 X 10-6 1.00083 

Low Carbon 5 x 103 

Steel 
Fe-3% Si 4 x 104 F erromagnetic 

(grain oriented) 
Ni-Fe-Mo 106 

• See Section 7.6.1 
Nole: The table lists the mass susceptibility (or specific susceptibility), X .. , whose unit is cm3(g and 
the unitless volume susceptibility, Xv , which was ca1culated from X .. by multiplying X .. by the 
density. Other sources may provide mass, atomic, molar, or gram equivalent susceptibilities in cgs 
or mks units. 
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to the susceptibility by the definition 

Jl = 1 + 4nx· (14.2) 

For empty space, and for all practical purposes, also for air, X is zero and thus 
Jl = 1 (see equation (14.2)). For diamagnetic materials one finds X to be small 
and negative and thus Jl slightly less than 1 (see Table 14.1). For para- and 
antiferromagnetic materials X is again smalI, but positive. Thus, Jl is slightly 
larger than one. Finally, X and Jl are large and positive for ferro- and ferri
magnetic materials. The magnetic constants are temperature dependent, 
except for diamagnetic materials, as we will see later. 

The magnetic field parameters at a given point in space are defined to be the 
magnetic field strength H, which we introduced above, and the magnetic flux 
density or magnetic induction B. In free space Band H are identical. Inside a 
magnetic material, the induction B consists of the free-space component (H), 
plus a contribution to the magnetic field which is due to the presence of matter: 

B = H + 4nM, (14.3) 

where M is called the "magnetization" of the material. F or a material in which 
the magnetization is thought to be proportional to the applied field strength 
we define 

M=XH . (14.4) 

Combining (14.2), (14.3), and (14.4) yields 

B = H(1 + 4nX) = JlH. (14.5) 

Above, we defined B to be the magnetic flux density in a material, that is, the 
magnetic flux per unit area. The magnetic flux rP is then defined as the scalar 
product of Band area (represented by a vector A), that is, 

rP = B·A. (14.6) 

In free space for which M = 0 we obtain, by using (14.3), 

rP = H·A. (14.7) 

Finally, we need to define the magnetic moment Pm through the following 
equation: 

M _Pm 
V' 

that is, the magnetization is the magnetic moment per unit vo1ume. 

*14.3. Units 

(14.8) 

It needs to be noted that in magnetic theory several unit systems are common
ly in use. The scientific and technical literature on magnetism is still widely 
written in electromagnetic cgs (emu) units. Thus, we shall use this system here. 
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Conversion into SI units are given in Appendix four. The magnetic field 
strength in cgs units is measured in Oersted and the magnetic induction in 
Gauss. Equation (14.3) reads in SI units 

B = /loCH + M), (14.9) 

where 110 = 4n x 10-7 (kg' m/C2 ) is called the permeability of free space. 
Writing (14.5) in SI units yields 

B = 110(1 + X)H = 11011rH , (14.10) 

where 

I1r = (1 + X) (14.11) 

is now called the relative permeability. Comparison between (14.11) and 
(14.2) explains the difference of 4n in the permeabilities mentioned above. The 
(relative) permeability in the cgs and SI system is unitless and has the same 
value. The volume susceptibility is also unitless in both systems but differs by a 
factor 4n (see Appendix 4). 

Problems 

1. Show that the unit for I Oe is equivalent to [gl/2/cml/2 . s1 by making use of (14.1). 

2. An electromagnet is a helical winding of wire through which an electric current 
flows. The magnetic field strength of such a solenoid is (in cgs units) 

4nIn 
IHI = wi(Oe), 

where fis the current (in A), n the number ofturns, and fis the length ofthe solenoid 
(in cm). In SI units the field strength is H = In/l (A-turns/m or A/ M.) A solenoid of 
1000 turns is 10 cm long and is passed through by a current of 2 A. What is the field 
strength in Oe and A/m? 



CHAPTER 15 

Magnetic Phenomena and Their 
Interpretation-Classical Approach 

15.1. Overview 

We stated in the last chapter that different types ofmagnetism exist and that 
they are characterized by the magnitude and the sign ofthe susceptibility (see 
Table 14.1). 

Since various materials respond so differently in a magnetic field, we 
suspect that several fundamentally different mechanisms must be responsible 
for the magnetic properties. In the first part ofthis chapter we shall attempt to 
unfold the multiplicity of the magnetic behavior of materials by describing 
some pertinent experimental findings and giving some brief interpretations. In 
the sections to follow, we shall treat the atomistic theory ofmagnetism in more 
detail. 

15.1.1. Diamagnetism 

Ampere postulated more than one hundred years ago that molecular currents 
are responsible for the magnetism in a solid. He compared the molecular 
currents to an electric current in a loop-shaped piece of wire which is known to 
cause a magnetic moment. Today, we replace Ampere's molecular currents by 
orbiting valence electrons. 

For the understanding of diamagnetism, a second aspect needs to be 
considered. It was found by Lenz that a current is induced in a wire loop 
whenever a bar magnet is moved towards (or from) this loop. The current thus 
induced causes in turn a magnetic moment which is opposite to the one ofthe 
bar magnet (Fig. 15.1). (This has to be so in order for mechanical work to be 
expended in producing the current; otherwise, a perpetual motion would be 
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Figure 15.1. Induction of a current in a loop-shaped piece of wire by moving a bar 
magnet towards (or from) the wire loop. The current in the loop causes a magnetic field 
which is directed opposite to the magnetic field of the bar magnet (Lenz's law). 

H 
d(,) 

Figure 15.2. Precession of an orbiting electron in an external magnetic field . Pre
cession is the motion which arises as a result of externaI torque acting on a spinning 
body (such as a spinning top) or, as here, on an orbiting electron. 

created!) Diamagnetism may then be explained by postulating that the ex
ternal magnetic field induces a change in the magnitude of inner-atomic 
currents, that is, the external field accelerates or decelerates the orbiting 
electrons, in order that their magnetic moment is in the opposite direction 
from the external magnetic field. In other words, the responses ofthe orbiting 
valence electrons counteract the external field and thus shield the inner 
electrons from an extern al magnetic field. A more accurate and quantitative 
explanation of diamagnetism replaces the induced currents by precessions of 
the electron orbits about the magnetic field direction (Larmor precession, see 
Fig. 15.2). 

So far, we implicitly considered only electrons which are bound to their 
respective nuclei. Now, metals are known to also havefree electrons. They are 
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forced to move in a magnetic field in a circular path. This leads to a second 
contribution to the diamagnetic moment; specificaIly, the circulating free 
electrons cause a magnetic moment, similarly as described above. 

15.1.2. Paramagnetism 

Paramagnetism in solids is attributed to a large extent to a magnetic moment 
that results from electrons which spin around their own axis. We have already 
introduced the electron spin in Section 6.4 and mentioned there that because of 
the Pauli principle, no two electrons can have the same value and sign for the 
spin moment. In other words, each electron state can be occupied by two 
electrons only; one with positive and one with negative spin, or as it is often 
said, one with spin up and one with spin down. An external magnetic field tries 
to turn the unfavorably oriented spin moments in the direction ofthe external 
field. We shall talk about the quantum mechanical aspect of spin paramagne
tism in more detail in Chapter 16. Spin paramagnetism is slightly temperature 
dependent. It is in general very weak and is observed in some metals and in 
salts of the transition elements. 

Free atoms (dilute gases) as weIl as rare-earth elements and their salts and 
oxides possess an additional source of paramagnetism. It stems from the 
magnetic moment of the orbiting electrons. Without an external magnetic 
field, these magnetic moments are randomly oriented and thus they mutually 
cancel one another. As a result, the net magnetization is zero. However, 
when an external field is applied the individual magnetic vectors tend to turn 
into the field direction. Thermal agitation counteracts the alignment. Thus, 
electron-orbit paramagnetism is temperature dependent. 

The temperature dependence of many paramagnetic materials is governed 
by the experimentally found Curie law which states that the susceptibility X is 
inversely proportional to the absolute temperature T 

c 
X=r' (15.1 ) 

where Cis called the Curie constant. For many other substances, a more 
general relationship is observed, which is known as the Curie~Weiss law: 

C 
X=T_()' (15.2) 

where () is another constant which has the same unit as the temperature and 
may have positive as weIl as negative values (see Fig. 15.3). We shall explain 
the meaning ofthe constants C and () in Section 15.3. 

Metals, with a few exceptions, do not obey the Curie~Weiss law, as we shall 
see in Chapter 16. However, Ni, the rare earth elements, and salts of the 
transition elements (for example, the carbonates, chlorides, or sulfates of Fe, 
Co, Cr, Mn) obey the Curie~Weiss law quite weIl. 
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Figure 15.3. Sehematie representation of the Curie law (a) and the Curie-Weiss law 
(b) and (e). The diamagnetie behavior is also shown for eomparison (d). 

We have just mentioned that in most solids, only spin paramagnetism is 
observed. This is believed to be due to the fact that in crystals, the electron 
orbits are essentially coupled to the lattice which prevents the orbital magnetic 
moments from turning into the field direction. One says in this case that the 
orbital moments are "quenched." Exceptions are the rare earth elements and 
their derivatives, which have "deep lying" 4j-electrons. 1 The latter ones are 
shielded by the outer electrons from the crystalline field of the neighboring 
ions. Thus, the orbital magnetic moments ofthej-electrons may turn into the 
external field direction and contribute to electron-orbit paramagnetism. The 
fraction of the total magnetic moment contributed by orbital motion versus 
by spin is defined as the "g-factor." 

It is now possible to make so me general statements ab out whether para
or diamagnetism might be expected in certain materials. For paramagnetic 
materials, the magnetic moment of the electrons is thought to point in the 
direction of the external field, that is, the magnetic moment enhances the 
external field. Diamagnetism counteracts an extern al field, as we have seen in 
Section 15.1.1. Thus, para- and diamagnetism oppose each other. Solids, 
which have both orbital as weIl as spin paramagnetism, are clearly paramag
netic. Rare earth metals with unfilled 4{-electron-bands are an example for 
this. In most other solids, however, the orbital paramagnetism is "quenched," 
as we said above. Yet, they still might have spin paramagnetism. The presence 
of a net spin-paramagnetic moment depends upon whether or not the mag
netic moments of the individual spins cancel each other. More specifically, if 
asolid has completely filled electron bands, we anticipate (because ofthe Pauli 
principle) the same number of electrons with spins up as weIl as with spins 
down. For example, a completely filled d-band contains 5N electrons with 
spins up and 5N electrons with spins down. This results in a canceIlation ofthe 

1 See Appendix 3. 
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It+ It +It +ltltJ 
Figure 15.4. Schematic representation of the spin alignment in a d-band which is 
partially filled with eight electrons (Hund's rule). 

spin moments and no net spin paramagnetism is expected. These materials are 
thus diamagnetic (no orbital and no spin paramagnetic moment). We mention 
as examples for filled bands, intrinsic semiconductors, insulators, and ionic 
crystals such as NaCl. (In the latter case, an electron transfer occurs between 
cations and anions which causes closed electron shells, that is, filled bands.) 

In materials with partially filled bands, the electron spins are arranged, 
according to "Hund's rule" in such a manner that the total spin moment is 
maximized. This condition is energetically more favorable, as quantum me
chanics shows. For example, in an atom with eight valence d-electrons, five 
of the spins align, say, up, and three spins point down which results in a net 
total of 2 spins up (Fig. 15.4). The atom is then expected to have two units 
of magnetism. 

The smallest unit (or quantum) ofthe magnetic moment is called one Bohr 
magneton 

IlB = ~ = 0.927 X 10-20 (erg). 
4nm Oe 

(15.3) 

(The symbols have the usual meaning.) We shall return to the Bohr mag
neton in Chapter 16. In the above example, the metal is said to have 2 Bohr 
magnetons per atom. 

One word of caution should be added about applying the above general 
principles too rigidly. Some important exceptions do exist. They must be 
explained by cop.sidering additional information (see Chapter 16). For 
example, copper which has one s-electron in its valence band should be 
paramagnetic according to our considerations brought forward so far. In 
reality, copper is diamagnetic. Other examples are superconductors which are 
perfect diamagnetics below a transition temperature; they repel the magnetic 
flux lines from their interior, as we explained in Section 7.6.1. 

15.1.3. Ferromagnetism 

We turn now to ferromagnetics and commence with the experimentally found 
ma,gnetization curve for these materials. A newly cast piece of iron (often 
called virgin iron) is inserted into a ring-shaped solenoid (Fig. 15.5). (The ring 
shape is used to contain the magnetic field within the coil.) Ifthe external field 
strength is increased (by increasing the current in the primary winding), then 
the magnetization (measured in a secondary winding with a flux meter) rises at 
first slowly and then more rapidly (Fig. 15.6). Finally, Mlevels offand reaches 
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Figure 15.5. A ring-shaped solenoid with primary and secondary windings. Note the 
dashed flux lines. 
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Figure 15.6. Schematic representation of a hysteresis loop of a ferromagnetic material. 
The dashed curve is for virgin material. 
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ferromagnetlc paramagnetlc 

Tc T 

Figure 15.7. Temperature dependence of the saturation magnetization of ferromagne
tic materials. See also the enlarged area near Tc in Fig. 15.8. 

Table 15.1. Saturation Magnetiza
tion at 0 K and Curie Temperature 
(Td for Some Ferromagnetic 
Materials 

411: Mso 
Metal (Maxwells/cm2 ) TcCK) 

Fe 2.20 x 104 1043 
Co 1.82 x 104 1404 
Ni 0.64 x 104 631 
Gd 7.11 x 104 289 

a constant value, called the saturation magnetization M s• When His reduced 
to zero, the magnetization retains a positive value, called the remanent mag
netization or remanence M r • It is this retained magnetization which is utilized 
in permanent magnets. The remanent magnetization can be removed by 
reversing the magnetic field strength to a value He, called the coercive field. 
So lids having a large combination of Mr and He are called hard magnetic 
materials (in contrast to soft magnetic materials for which the area inside the 
loop ofFig. 15.6 is very small). A complete cycle through positive and negative 
H-values, as shown in Fig. 15.6, is called a hysteresis loop. It should be noted 
that a second type ofhysteresis curve is often used, in wh ich B (instead of M) is 
plotted versus H. No saturation value for B is observed. (The residual induc
tion B r at H = 0 is called the retentivity. Removal of B r requires a field which is 
called coercivity. However, remanence and retentivity, as well as coercive field, 
coercive force, and coercivity are often used interchangeably.) 

The saturation magnetization is temperature dependent (Fig. 15.7). Above 
the Curie temperature, Tc, ferromagnetics become paramagnetic. Table 15.1 
lists saturation magnetizations and Curie temperatures of some elements. 
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Figure 15.8. Enlarged area near the Curie temperature, showing the paramagnetie 
Curie point {}p (whieh is identieal with the {} in the Curie-Weiss law) and the fer
romagnetie Curie point {}r (whieh is identieal with Td. 

" lH ~ 

i/ 
(a) (b) (e) 

Figure 15.9. (a) Domain walls and spontaneous magnetization of a virgin piece of 
ferromagnetic material below Tc. (b) Growth of domains in a magnetie field. (e) Single 
magnetic domain with spin alignment in the external field direetion. The domain 
boundaries (Bloch walls) are not identieal with the grain boundaries. 

For ferromagnetics the Curie temperature Tc and the constant () in the 
Curie-Weiss law are nearly identical. A small difference exists, however, 
because the transition from ferromagnetism to paramagnetism is gradual, as 
can be seen in Fig. 15.8. 

A few preliminary words should be said to explain the above mentioned 
observations. In ferromagnetic materials, the spins of unfilled d-bands 
spontaneously align parallel below Tc, that is, they align within small domains 
without the presence of an external magnetic field (Fig. 15.9). Specifically, the 
individual domains are magnetized to saturation. The spin direction in each 
domain is, however, different (see Fig. 15.9(a» so that the individual magnetic 
moments for the material as a whole cancel each other and the net magnetiza
tion is zero. An external magnetic field causes those domains whose spins are 
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parallel or nearly parallel to the external field to grow at the expense of the 
unfavorably aligned domains (Fig. 15.9(b) and (c». An increase in tempera
ture progressively destroys the spontaneous alignment. The gradual transition 
from ferromagnetism to paramagnetism is believed to be due to the fact that 
slightly above Tc, small clusters of spins are still aligned parallel to each other, 
a phenomenon which is called magnetic short-range order. We shall return to 
ferromagnetism in Section 15.4 and Chapter 16. 

15.1.4. Antiferromagnetism 

Antiferromagnetic materials exhibit, just as ferromagnetics, a spontaneous 
alignment ofmoments below a critical temperature. However, the responsible 
neighboring atoms in antiferromagnetics are aligned in an anti parallel fashion 
(Fig. 15.10). Actually, one may consider an antiferromagnetic crystal to be 
divided into two interpenetrating sublattices A and B, each of which has a 
spontaneous parallel alignment of spins. Figure 15.10 depicts the spin align
ments for two mangane se compounds. (Only the spins ofthe mangane se ions 
contribute to the antiferromagnetic behavior.) Figure 15.1O(a) shows that the 
ions in a given (111) plane possess parallel spin alignment, whereas ions in the 
adjacent plane have anti parallel spins with respect to the first plane. Thus, the 
magnetic moments of the solid cancel each other and the material as a whole 
has no net magnetic moment. 

Antiferromagnetic materials are paramagnetic above the Neel temperature 
TN , that is, they obey there a linear T = !(1/X) law (see Fig. 15.11). Below TN , 

however, the inverse susceptibility may rise with decreasing temperature. The 
extrapolation ofthe paramagnetic line to I/X = 0 yields a negative 8. Thus, the 

' --0 $ 0 • 0 
0 ' 0 . 0 + 0 
o . o ~ o . 

O ~ O ' O ~ O 
'--O··~·O· ' 0 
O ' O~ O . O 

0 ' 0 $ 0 . 
(a) (b) 

Figure 15.10. Schematic representation of spin alignments for antiferromagnetics at 
o K: (a) Two-dimensional representation of MnO. The oxygen ions (open circles) do 
not contribute to the antiferromagnetic behavior. MnO has a NaCI structure. (b) 
Three-dimensional representation of the spin alignment of manganese ions in MnF 2' 

(The fluorine ions are not shown.) This figure demonstrates the interpenetration of 
two manganese sublattices A and B having antiparallel aligned moments. 
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Figure 15.11. Schematic representation of the temperature dependence of a poly
crystalline antiferromagnetic (a.f.) material. 

Table 15.2. Characteristic 
Data for Some Antiferro-
magnetic Materials 

Substance TN(K) -eCK) 

MnO 116 610 
MnF2 67 82 
IX-Mn 100 ? 
FeO 198 570 
NiO 523 ~2000 

CoO 293 330 
Cr 310 ? 

Curie-Weiss law (15.2) needs to be modified for antiferromagnetics to read 

C C 
x= =--. 

T-(-8) T+8 
(15.4) 

The Neel temperature is often below room temperature (Table 15.2). Most 
antiferromagnetics are found among ionic compounds. They are insulators or 
semiconductors. No practical application for antiferromagnetism is known at 
this time. 

15.1. 5. F errimagnetism 

Ferrimagnetic materials are of great technical importance because they 
exhibit a spontaneous magnetic moment below a Curie temperature just as 
iron, cobalt, or nickel and they are poor electrical conductors. A large 
resistivity is often desired for high frequency applications (e.g., to prevent 
eddy currents in cores of coils, see Chapter 17). 

To explain the spontaneous magnetization in ferrimagnetics, Neel pro
posed that two sublattices should exist in these materials (just as in antifer-
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Figure 15.12. Distribution of spins upon A and B sites for the inverse spine! 
NiO· Fe2 0 3 . The spins within one site are arranged considering Hund's rule (Fig. 
15.4). The iron ions are equally distributed among the A and B sites. The Ni ions are 
only situated on B sites. The re!evance of the number of ions per unit cell is explained 
later on in the text. 

Table 15.3. Calculated and Measured 
Number of Bohr Magnetons for Some 
Ferrites 

Ferrite Mn Fe Co Ni Cu 

Ca1culated JlB 5 4 3 2 
Measured JlB 4.6 4.1 3.7 2.3 1.3 

romagnetics) each ofwhich contains ions whose spins are aligned parallel to 
each other. The crucial point is that each of the sublattices contain a different 
amount of magnetic ions. This causes some of the magnetic moments to remain 
uncancelled. As a consequence, a net magnetic moment results. Ferrimagnetic 
materials can thus be described as imperfect antiferromagnetics. The crystal
lography offerrites is rather complex. We defer its discussion untillater. For 
the time being it suffices to know that there are two types oflattice sites which 
are available to be occupied by the metal ions. They are called A sites and B 
sites. (As before, oxygen ions do not contribute to the magnetic moments). 

We will now discuss as an example nickel ferrite, NiO· Fe2 0 3 • The FeH 
ions are equally distributed between A and B sites (Fig. 15.12) and since ions 
on A and B sites exhibit spontaneous magnetization in opposite directions, we 
expect overall cancellation of spins for these ions. Specifically, atomic iron 
possesses six 3d-electrons and two 4s-electrons (3d 6 4s2 , see Appendix 3). The 
FeH ions are deprived ofthree electrons, so that five d-electrons, or five spin 
moments per atom remain in its outermost shell. This is indicated in Fig. 
15.12. 

The electron configuration of nickel in its atomic state is 3d 8 4s2 • Two 
electrons are stripped in the Ni2+ -ion so that eight d-electrons per atom re
main. They are arranged, according to Hund's rule (Fig. 15.4), to yield two net 
magnetic moments (Fig. 15.12). All nickel ions are accommodated on the B 
sites. Nickel ferrite is thus expected to have two uncancelled spins, that is, 2 
Bohr magnetons (per formula unit), which is essentially observed (see Table 
15.3). 

The small discrepancy between experiment and calculation is believed to 
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(a) (b) (e) 

Figure 15.13. Crystal strueture of eubie ferrites. The small, filled eircles represent 
metal ions, the large open or shaded eircles represent oxygen ions; (a) tetrahedral or A 
sites; (b) oetahedral or B sites; (e) one fourth of the unit eell of a eubie ferrite. A 
tetrahedron and an oetahedron are marked. Adapted from Smit, J., and Wijn, H.P.J. 
(1959) Ferrites, John Wiley & Sons, Ine., New York. 

be caused by some contributions of orbital effects to the overall magnetic 
moment, and by a slight deviation of the distribution of metal ions on the A 
and B sites from that shown in Fig. 15.12. 

The unit cell of cubic ferrites contains a total of 56 ions. So me of the metal 
ions are situated inside a tetrahedronformed by the oxygen ions. These are the 
above mentioned A sites (Fig. 15.13(a)). Other metal ions are arranged in the 
center ofan octahedron and are said to be on the B sites (Fig. 15. 13 (b)). The A 
and B sites are nestled inside a unit cell (Fig. 15.13(c». Now, only 8 tetrahedral 
sites and 16 octahedral sites are occupied by metal ions. In NiO· Fe2 0 3 twice 
as many iron ions as nickel ions are present. Eight ofthe FeH -ions per unit cell 
occupy the A sites, eight ofthem occupy some ofthe B sites and the eight Ni2 + 
ions fill the remaining B sites (Fig. 15.12). This distribution is called an inverse 
spinel structure (in contrast to anormal spinel such as for ZnO . Fe2 0 3 in which 
all FeH ions occupy the B sites). 

The temperature dependence of most ferrimagnetics is very similar to 
ferromagnetics (Fig. 15.14): The saturation magnetization decreases with 
increasing temperature until it vanishes at a Curie temperature Tc. Above Tc, 
ferrimagnetics behave paramagnetically, having a nonlinear I/X versus T 
relationship. 

In conclusion, this section described in a mostly qualitative way the dif
ference between dia-, para-, ferro-, antiferro-, and ferrimagnetism. In the 
sections to come, we shall again pick up the different forms ofmagnetism and 
deepen our understanding of these phenomena by following essentially the 
train ofthought brought forward by Langevin, Weiss, and Neel. 
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Figure 15.14. Schematic representation ofthe temperature dependence ofthe satura
tion magnetization M. and the reciprocal susceptibility for ferrites. 

15.2. Langevin Theory of Diamagnetism 

We shall develop now the classical theory of diamagnetism in a quantitative 
way as put forward by Langevin at the turn of this century. 

We stated before that the orbital motion of an electron about its nucleus 
Induces a magnetic moment Ilm' We compared the latter with a magnetic 
moment which is created by a current passing through a loop-shaped wire. 
This magnetic moment is naturally larger, the larger the current !, and the 
larger the area A, ofthe orbit or loop: 

q q evnr2 evr 
J.l =!·A=-A=-A=--=-

m t s/v 2nr 2 
(15.5) 

(q is the charge in general, e the electron charge, and r the radius ofthe orbit). 
We know that an external magnetic field accelerates (or deceletates) the 

orbiting electrons, which results in a change in magnetic moment. We shall 
now calculate this change in Ilm' 

The external magnetic field induces an electric field (Section 15.1.1) which, 
in turn, exerts an electrostatic force IFI on the orbiting electron which is: 

F= ma= Ce, (15.6) 

where 1,9'1 is the electric field strength and m is the mass ofthe electron. From 
this equation we obtain the acceleration of the electron 

dv Se 
a=-=-. 

dt m 
(15.7) 

To calculate the acceleration we need to know the electric field strength S. It is 
defined as the ratio ofthe induced voltage (or emf) V. per orbit length L (see 
Section 7.1), that is 

C = V. 
L' (15.8) 
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As we said earlier, a change in an external magnetic flux ifJ induces in a loop
shaped wire an emf which opposes, according to Lenz's law, the change in 
flux: 

difJ d(HA) 
V. = --= ---

e dt dt 
(15.9) 

(see (14.7.)). Thus, the acceleration of the electron becomes, by combining 
(15.7)-(15.9), 

dv ge V.e 
- -
dt m Lm 

eA dH enr2 dH 
-----

2nrm dt 

er dH 
---

2m dt· 
(15.10) 

Lm dt 

A change in the magnetic field strength from 0 to H yields a change in the 
velocity of the electrons: 

or 

dv= -- dH IV
2 er IH 

v, 2m 0 

~v = _erH 
2m· 

(15.11) 

(15.12) 

This change in electron velocity yields in turn a change in magnetic moment, 
as we see by combining (15.5) with (15.12): 

e~vr _ 
~Ilm = -2 -

e2 r2 H 
4m 

(15.13) 

So far we implicitly assumed that the magnetic field is perpendicular to the 
plane of the orbiting electron. In reality, however, the orbit plane varies 
constantly in direction with respect to the external field. Thus, we have to find 
an average value for ~Ilm which we expect to be slightly smaller than that given 
in (15.13) since ~Ilm approaches zero when the field direction and the orbit 
plane become parallel. A simple calculation (see Problem 2) yields 

~Ilm = 
e2r 2H 

6m 
(15.14) 

One further consideration needs to be made. Up to now, we treated only one 
electron. Ifwe take all Z electrons in the outermost orbit into account (Section 
15.1.1), then the average change in magnetic moment per atom is 

~Ilm = 
e2Zr2H 

6m 
(15.15) 

The magnetization, caused by this change ofmagnetic moment is, according to 
(14.8), 

M = Ilm_ 
V= 

e2Zr2H 

6mV 
(15.16) 
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This, finally, yields together with (14.4) the susceptibility: 

M e2Zr2 

x=-=---
H 6mV 

e2Zr2 No(j 
-~W' 

(15.17) 

where No(jjWis the number ofatoms per unit volume (with No = Avogadro 
constant, (j = density, and W = atomic weight. Since we are working in 
e1ectromagnetic cgs units, His given in Oe, ftrn in erg/Oe, and e in abcoul.) 
Inserting specific numbers into (15.17) yields susceptibilities between _10- 5 

and _10- 7 , quite in agreement with the experimental values 1isted in Table 
14.1 (see Problem I). 

The quantities in (15.17) are essentially temperature-independent which is 
in agreement with the experimental observation that X does not vary much 
with temperature for diamagnetic materials. 

*15.3. Langevin Theory of (Electron Orbit) 
Paramagnetism 

We turn now to the atomistic theory of paramagnetism as brought forward 
by Langevin. This theory shou1d explain the observations made by Curie and 
Weiss, that is, it shou1d exp1ain the temperature dependence ofthe susceptibil
ity, as shown in Fig. 15.3. The Langevin theory does not treat spin paramag
netism which is, as we said before, responsible for the paramagnetic behavior 
of many solids and which is only slightly temperature dependent. 

Langevin postulated that the magnetic moments ofthe electrons are respon
sible for paramagnetism. The magnetic moments of the electrons in a crystal 
are thought to point in random directions. An external magnetic field tries to 
align the individual magnetic moments parallel to the field direction. Once 
aligned, the magnetic moments have a potential energy Ep which is naturally 
greater the larger the field strength Hand the larger Pm' As a matter offact, the 
maximum potential energy is reached when the magnetic moments are co m
plete1y aligned, that is, when H is parallel to Pm' In general, the potential 
energy is 

E p = - ftmH cos oe, (15.18) 

where oe is the angle between field direction and Pm (see Fig. 15.15). The sign in 
(15.18) defines the direction in which Pm points to with respect to H. 

As we explained earlier, thermal agitation tends to counteract the alignment 
caused by the external magnetic field. The randomizing effect obeys, as usual, 
the laws of Boltzmann statistics. The probability of an electron to have the 
energy Ep is thus proportional to exp( -Ep/kBT), where kB is the Boltzmann 
constant and T the absolute temperature. 

Let us assurne the electrons to be situated at the center of a sphere. The 
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Figure 15.15. Schematic representation of the magnetic moment of an electron which 
has been partially aligned by an external magnetic field. 

H 

Figure 15.16. Schematic representation of a unit sphere in whose center the electrons 
are thought to be 10cated. 

veetors, representing their magnetie moments, may point in all possible diree
tions. Let us eonsider at present a small number, dn, of these veetors only. 
They are thought to point in the direetion interval drx and thus penetrate an 
area, dA, situated at the surfaee of the unit sphere; see Fig. 15.16. This 
infinitesimal number dn of magnetie moments whieh have the energy E p is 

dn = eonst.dAexp(-Ep/kBT). (15.19) 

We relate the area dA to the angle interval drx whieh yields, beeause of 
trigonometrie eonsiderations (see Problem 2), 

dA = 2nR2 sinrxdrx, (15.20) 

where R = 1 is the radius ofthe unit sphere. Combining (15.18)-(15.20) gives: 
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dn = const. 2n sin IX dlX exp (~:~ cos IX ). 

We use for abbreviation 

~ = Ilm H 
kBT' 

Integrating (15.21) provides: 

n = 2n const. L" sin IX exp( ~ cos IX) dlX 

which yields: 
n 

const. = -----=::---------

2n f: sin IX exp( ~ cos IX) dlX 

(15.21) 

(15.22) 

(15.23) 

(15.24) 

Now, the magnetization M is, according to (14.8), the magnetic moment 11m 
per unit volume. In our case, the total magnetization must be the sum of all 
individual magnetic moments. And if we consider the magnetic moments in 
the field direction, then the magnetization per unit volume is 

M = f: Ilmcos IX dn 

which yields with (15.21) 

M = const. 2nllm f: cos IX sin IX exp(~ cos IX) dlX 

and with (15.24) 

M = nllm f: cos IX sin IX exp( ~ cos IX) dlX 

f: sin IX exp(~ cos IX) dlX 

(15.25) 

(15.26) 

(15.27) 

This function can be brought into a standard form by setting x = COS IX and 
dx = - sin IX dlX (see Problem 5) which yields: 

( 1) (~~3 2~5 ) M = n ll coth;: - - = n ll - - - + - - ... (1528) 
t"'m .. ~ t"'m 3 45 945 . . 

The term ~ = IlmH/kBTis usually much smaller than one (Problem 6), so that 
(15.28) reduces to 

~ nllm 2H 
M = nllm3 = 3kB T' (15.29) 

which yields for the susceptibility (14.4) 
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Figure 15.17. SchematicrepresentationoftheLangevinfunctionL(O = coth~ - 1/~. 

_ M _ nJ1~ ~ = C. ~ 
Xpara - H - 3kB T - T (15.30) 

This is Curie's law (15.1) which expresses that the susceptibility is inversely 
proportional to the temperature. The Curie constant is thus 

nJ1~ 
C = 3kB ' 

(15.31) 

Let us now discuss the results of the Langevin theory for paramagnetism. If 
we insert actual values in (15.30), we obtain susceptibilities which are small 
and positive, which is quite in agreement with experimental findings (see Table 
14.1 and Problem 7). 

The Langevin theory for paramagnetism yie1ds that for a given temperature 
and for small values of the field strength the magnetization is a linear function 
of H (Fig. 15.17 and equation (15.29)). For large field strengths the magneti
zation eventually reaches a saturation va1ue M s • (This behavior is quite similar 
to the one observed for virgin iron or other ferromagnetics.) It indicates that 
eventually a limit is reached at which all magnetic moments are a1igned to their 
maximum va1ue. The Langevin model yields a temperature dependence ofthe 
susceptibility as found experimentally by Curie for many substances. The I/X 
dependence of T is characteristic for e1ectron-orbita1 paramagnetism. 

One can refine the Langevin result by applying quantum theory. This was 
done by Brillouin who took into account that not all values for the magnetic 
moment (or the angular moment) are allowed, that is, that the angular 
moments are quantized in an external magnetic field (Appendix 3). This 
restrietion is termed space quantization. The ca1culation leads to the Brillouin 
function which improves the quantitative agreement between theory and 
experiment. 

Finally, we know from Section 15.1.2 that the temperature dependence of 
the susceptibility for many solids does not always obey the Curie (or the 
Curie-Weiss) law. Actually, the susceptibi1ity for most metals and alloys 
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varies on1y very 1ittle with temperature. We have 1earned that in these solids 
the spin-paramagnetism is predominant, whieh is not eonsidered in the atom
istie Langevin model. Quantum theory ean explain the relative tem
perature insensitivity of spin paramagnetism, as we shall see in Seetion 
16.1. 

*15.4. Molecular Field Theory 

So far, we implied that the magnetie fie1d, whieh tries to align the magnetie 
moments, sterns from an extern al souree only. This assumption seems to be 
not always eorreet. Weiss observed that some materials obey a somewhat 
modified Curie law, as shown in Fig. 15.3(b) and (e). He postulated, therefore, 
that the magnetie moments of the individual e1eetrons (or atoms) interaet with 
eaeh other. In this ease, the total magnetie fie1d, Ho aeting on a magnetie 
moment, is thought to be eomposed oftwo parts, namely the external field He 
and the molecular field Hm : 

~ = He + Hm, (15.32) 

where 

Hm=yM (15.33) 

eontains the moleeular field eonstant y. The suseeptibility is ealculated by 
using (15.30), (15.32), and (15.33) 

M M C 
x=-=~-
~ He + yM T 

Solving (15.34) for M yie1ds 

Finally, we obtain 

HeC 
M= T-yC 

M C C 
x=-= =~-

He T- yC T- (j' 

(15.34) 

(15.35) 

(15.36) 

whieh is the experimentally observed Curie-Weiss law (15.2). If (j is found to 
be positive then the interaetions ofthe individual magnetie moments reinforee 
eaeh other, that is, the magnetie moments align parallel. In this ease, the 
suseeptibility beeomes larger, as ean be dedueed from (15.36). 

We now attempt to interpretferromagnetism by making use of the mo lee
ular field theory. We know already from Seetion 15.1.3 that in ferromagnetie 
materials, the neighboring magnetie moments interaet with eaeh other, whieh 
leads, below Tc, to a spontaneous magnetization in small domains. Weiss 
postulated that the above-introdueed internal or moleeular fie1d is responsible 
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Figure 15.18. Langevin function L(~), i.e., (15.28) and plot of (15.38) for three 
temperatures. 

for this parallel alignment of spins and considered ferromagnetics to be 
essentially paramagnetics having a very large molecular field. In essence, he 
applied the Langevin theory to ferromagnetics. In the light of quantum theory 
the molecular field is essentially the exchange force, as we shall see in Section 
16.2. 

We follow the train of thought put forward by Weiss. Let us consider the 
ca se for no external magnetic field. Then the spins are only subjected to the 
molecular field Hm . This yields for the Langevin variable ~ (see (15.22)) with 
(15.33) 

~ _ I1m Hm _ I1myM 
- kBT - kBT 

and provides for the magnetization by rearranging (15.37) 

kBT ): 
M=-... 

I1mY 

(15.37) 

(15.38) 

We note from (15.38) that for the present case the magnetization is a linear 
function of ~ with the temperature as a proportionality factor (see Fig. 15.18). 
The interseetion I of a given temperature line with the Langevin function L(~) 
represents the finite spontaneous magnetization, MI' at this temperature. 2 

With increasing temperature, the straight lines in Fig. 15.18 increase in slope, 
thus decreasing the point of intercept land therefore the value for the 

2 The intersection at the origin is an unstable state, as can be easily seen: If the ferromagnetic 
material is exposed to, say, the magnetic field ofthe earth, its magnetization will be, say, M 1 • This 
causes a molecular field ofthe same value (M{) which in turn magnetizes the material to the value 
M 2 and so on until the point I is reached. 
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spontaneous magnetization. Finally, at the Curie temperature Tc, no inter
cept, that is, no spontaneous magnetization is present anymore. The slope 
k B Tll1mY in (15.38) is then identical with the slope of the Langevin function 
near the origin which is nl1m/3 = MI3 according to (15.29) and (14.8). This 
yields, for Tc: 

kBTe M 

I1mY 3 
(15.39) 

A value for the molecular field constant Y can then be calculated by measuring 
the Curie temperature and inserting Tc into the rearranged equation (15.39) 

3kB Te 
y=--. 

I1m M 

This yields for the molecular magnetic fie1d strength (15.33): 

3kB Te 
Hm=yM=--. 

11m 

(15.40) 

(15.41) 

Numerical values for the molecular fie1d are around 107 Oe (see Problem 10). 
This hypothetical fie1d is several orders of magnitude larger than any steady 
magnetic field which can be produced in a laboratory. We should note that 
even though the molecular field theory gives so me explanation of ferromagne
tism, it cannot predict which so lids are ferromagnetic. Quantum theory 
extends considerably our understanding bf this matter. 

We mention in dosing that the molecular fie1d theory can be also applied to 
antiferromagnetics and to ferrimagnetic materials. As we know from Section 
15.1.4 we need to consider in this case two interpenetrating sublattices A and 
B, each having mutually antiparallel aligned spins. This means that we have to 
consider now a molecular fie1d H mA acting on the A ions which stems from the 
magnetization MB ofthe B ions. Since the magnetization of A and B ions point 
in opposite directions, the molecular fie1d from an adjacent ion is now nega
tive. The calculations, which follow similar lines as shown above, yield equa
tion (15.4), that is, the Curie-Weiss law for antiferromagnetics. 

Problems 

l. Calculate the diamagnetic susceptibility of germanium. Take for r the atomic 
radius (1.37 Ä). Note: Check your units! Does X come out unitless? Have you 
inserted e in abcoul? Compare your result with that listed in Table 14.l. 

2. In the text, we introduced an average value for the magnetic moment which we said 

is somewhat smaller than the maximal value for 11m 11 H. Calculate this ,1J1m' (Hint: 
Consider all orbits projected on a plane perpendicular to the field direction and 
calculate thus an average value for the square of the orbit radius. Refer to the 
figure on the next page. Show at first that dA = 2nR2 sin ()( d()(.) 



15. Magnetic Phenomena and Their Interpretation-Classical Approach 237 

-H 

----..... .............. , 

3. Convince yourselfthat the units in equations (15.15), (15.16), (15.17), and (15.5) 
are consistent with the e1ectromagnetic cgs system. 

4. Confirm the numerical value ofthe Bohr magneton listed in (15.3) and confirm the 
unit given there. 

5. Evaluate the function 

f: cos oe sin oe exp(~ cos oe) doe 

In sinO(exp(~cosO()doe 
by substituting X = cos oe and dx = - sin oe doe. Compare your result with (15.28). 

6. Calculate a value for ~ in the Langevin function assuming Jlm = 3JlB' H = 10 KOe, 
and room temperature. 

7. Calculate the susceptibility for a paramagnetic substance at room temperature, 
assuming Jlm = JlB and 1023 magnetic moments per cm 3 . Compare your result with 
Table 14.1. What is the implication of n = 1023 magnetic moments per cm3? 

8. Estimate the number of Bohr magnetons for iron and cobalt ferrite from their 
electron configuration, as done in the text. Compare your results with those listed 
in Table 15.3. Explain the discrepancy between experiment and calculation. Give 

. the chemical formula for these ferrites. 

9. Explain the term "mixed ferrites." Explain also why the lodestone Fe3 0 4 is a 
ferrimagnetic material. Give its chemical formula. 

10. Calculate the molecular field for iron (Jlm = 2.22 JlB' Tc = 1043 K). 



CHAPTER 16 

Quantum Mechanical Considerations 

We have seen in the previous chapter that the classical electromagnetic theory 
is quite capable of explaining the essentials of the magnetic properties of 
materials. Some discrepancies between theory and experiment have come to 
light, however, which need to be explained. Therefore, we now refine and 
deepen our understanding by considering the contributions which quantum 
mechanics provides to magnetism. We shall see in the following that quantum 
mechanics yields answers to some basic questions. We shall discuss why 
certain metals that we expect to be paramagnetic are in reality diamagnetic; 
why the paramagnetic susceptibility is relatively small for most metals; and 
why most metals do not obey the Curie-Weiss law. We shall also see that 
ferromagnetism can be better understood by applying elements of quantum 
mechanics. 

16.1. Paramagnetism and Diamagnetism 

We mentioned at the beginning of the previous chapter that for most solids, 
the dominant contribution to paramagnetism sterns from the magnetic mo
ment of the spinning electrons. We recall from Chapter 6 that each electron 
state may be occupied by a maximum of two electrons, one having positive 
and one having negative spin (shortly called spin up and spin down). To 
visualize the distribution of spins, we consider an electron band to be divided 
into two halves, each of which is thought to be occupied under normal 
conditions by an identical amount of electrons of opposite spin, as shown in 
Fig. 16.I(a). Now, if we apply an external magnetic field to a free electron 
solid, some ofthe electrons having unfavorably oriented spins tend to change 
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(a) (b) (e) 

Figure 16.1. Sehematie representation ofthe effeet of an external magnetie field on the 
eleetron distribution in a partially fi1led eleetron band (a), without magnetie field (b), 
and (e) with magnetie field. 

E 
AN 

Z(E) 

Figure 16.2. Sehematie representation of the density of states Z(E) in two half bands. 
The shift of the two half bands oeeurs as a resuIt of an external magnetie field. Free 
eleetron ease. (See also Fig. 16. 1 (e).) The area I'lN equals I'lE· Z(E). 

their field direetion. This ean only be aehieved, however, when the affected 
electrons assurne an energy which is higher than the Fermi energy EF , since all 
lower electron states of opposite spin direction are already occupied (Fig. 
16.1 (b)). Thus, theoretically, the transfer of electrons from one half band into 
the other would cause two individual Fermi energies (E~ and E;) to occur. 
This is, of course, not possible. In reality the two band halves shift relatively to 
each other until equilibrium, that is, a common Fermi energy is reached (Fig. 
16.1 (c)). 

Now, we recall from Chapter 6 that the electron distribution within a band 
is not uniform. We rather observe a parabolic distribution of energy states, as 
shown in Fig. 6.4. Thus, we refine OUf treatment by replacing Fig. 16.1 (c) by 
Fig. 16.2 which depicts the density ofstates ofthe two half bands. We observe 
a relatively large Z(E) near EF • Thus, a small change in energy (provided by 
the external magnetic field) may cause a large number of electrons to switch 
into the opposite spin direction. 

We calculate now the susceptibility from this change in energy dE. It is 
evident that dE is larger the larger the external magnetic field strength IHI 
and the larger the magnetic moment of the spinning electrons IJlmsl, that is 
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AE = Hf.1-ms. (16.1) 

As mentioned already, the number of electrons AN transferred from spin 
down into spin up direction depends on the density of states at the Fermi 
energy, Z(EF ), and the energy difference AE (Fig. 16.2), that is 

AN = AEZ(EF) = Hf.1-msZ(EF). (16.2) 

The magnetization IMI of asolid, caused by an extern al magnetic field is, 
according to (14.8), 

M=f.1-m 
V· (16.3) 

The magnetization is, of course, larger the more electrons are transferred from 
spin down into spin up. We thus obtain for the present case 

M = f.1-ms AN = f.1-!sHZ(EF) 
V V 

(16.4) 

which yields for the susceptibility 

M f.1-;'sZ(EF) 
x=-= 

H V 
(16.5) 

The spin magnetic moment of one electron equals one Bohr magneton f.1-B (see 
below). Thus, (16.5) becomes finally 

X,pin _ f.1-JZ(E ) 
para _ F 

V 
(16.6) 

The susceptibilities for paramagnetic metals caIculated with this equation 
agree fairly well with those listed in Table 14.1 (see Problem 1). Thus, (16.6) 
substantiates, in essence, that only the electrons elose to the Fermi energy are 
capable of realigning in the magnetic fielddirection. If we would postulate 
instead that all valence electrons would contribute to Xpara we would wrong
fully caIculate a susceptibility which is two or even three orders. of magnitude 
larger than that obtained by (16.6). 

It is important to realize that the ever-present diamagnetism makes a sizable 
contribution to the overall susceptibility so that X for metals might be positive 
or negative depending on which of the two components predominates. This 
shall be elucidated now in a few examples. 

To begin with, we discuss beryllium which is abivalent metal having a filied 
2s-shell in its atomic state (see Appendix 3). However, in the crystalline state, 
we observe band-overlapping (see Chapter 6) which causes some of the 2s
electrons to spill over into the 2p-band. They populate the very bottom ofthis 
band (see Fig. 16.3). Thus, the density of states at the Fermi level and 
consequently, Xpara is very small. In effect, the diamagnetic susceptibility 
predominates which makes Be diamagnetic. 
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Figure 16.3. Overlapping of2s- and 2p-bands in Be and density ofstates curve for the 
2p-band. 

In order to understand why copper is diamagnetic, we need to remember 
that for this metal the Fermi energy is elose to the band edge (Fig. 5.21). Thus, 
the density of states near EF and the paramagnetic susceptibility (16.6) are 
relatively smalI. Furthermore, we have to recall that the diamagnetic suscepti
bility (15.17) 

e2Zr2 

Xdia = - 6mV (16.7) 

is proportional to the square ofthe average orbit radiusr, and proportional to 
the total number of electrons, Z, in a given orbit. Copper has about ten 3d
electrons which makes Z ~ 10. Further, the radius of d-shells is fairly large. 
Thus, for copper, Xdia is large because of two contributions. The diamagnetic 
contribution predominates over the paramagnetic one. As a result, Cu is 
diamagnetic. The same is true for Ag and Au and the elements which follow 
copper in the periodic chart such as Zn and Ga. 

Intrinsic semiconductors which have filled valence bands and whose density 
of states at the top of the valence band is zero (Fig. 6.6) have, according to 
(16.6), no paramagnetic susceptibility and are therefore, diamagnetic. How
ever, a small paramagnetic contribution might be expected for highly doped 
extrinsic semiconductors which have at high enough temperatures a consider
able amount of electrons in the conduction band (see Chapter 8). 

We turn now to the temperature dependence ofthe susceptibility ofmetals. 
The relevant terms in both (16.6) as weIl as (16.7) do not vary much with 
temperature. Thus, it is conceivable that the susceptibility of diamagnetic 
metals is not temperature dependent and that the susceptibility of paramagne
tic metals often does not obey the Curie-Weiss law. In fact, the temperature 
dependence of the susceptibility for different paramagnetic metals has been 
observed to decrease, to increase, or it remains essentially constant (Fig. 16.4). 
However, nickel (above Tc) and rare earth met als obey the Curie-Weiss law, 
reasonably weIl. 

At the end ofthis section we remind the reader that in dilute gases (and also 
in rare earth metals and their salts) a second component contributes to 
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Figure 16.4. Temperature dependence of the paramagnetic susceptibility for V, Cr, 
and Al in arbitrary units. From Landolt-Börnstein, Zahlenwerte der Physik, 6th ed., 
Vol. 11/9, (1962) Springer-Verlag, Berlin, Heidelberg, New York, Tokyo. 

paramagnetism. It sterns from a magnetic moment which is caused by the 
angular momentum of the orbiting electrons. We mentioned already in Sec
tion 15.1 that this contribution is said to be "quenched" (that is, nonexistent) 
in most solids. The magnetic moment Jlm of an orbiting electron was calculated 
in Section 15.2 to be 

evr 
Jlm =2' (16.8) 

Now, quantum theory postulates that the angular momentum mvr of an 
electron is not continuously variable but that it rather changes in discrete 
amounts of integer multiples of h only, that is 

nh 
mvr = nh = 2n' 

If one combines (16.8) with (16.9) one obtains 

enh 
Jlm = 4nm' 

(16.9) 

(16.10) 

Using n = 1 for the first electron orbit yields for the magnetic moment of an 
orbiting electron 

eh 
Jlm = 4nm' (16.11) 

It was found experimentally and theoretically that the magnetic moment of 
an electron due to orbital motion, as weIl as the magnetic moment of the 
spinning electron, are identical and given by (16.11). This is the Bohr 
magneton 

eh 
JlB = - = 0.927 x lO-ZO(ergjOe) 

4nm 

which we already introduced without further explanation in (15.3). 

(16.12) 
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16.2. Ferromagnetism and Antiferromagnetism 

The ferromagnetic metals, iron, cobalt, and nickel are characterized by un
filled d-bands (see Appendix 3). These d-bands overlap the next higher s-band, 
in a similar manner to the one shown in the band structure ofFig. 5.21. The 
density of states for a d-band is relatively large because of its potential to 
accommodate up to ten electrons. This is schematically shown in Fig. 16.5, 
along with the Fermi energies for Fe, Co, Ni and Cu. Since the density of states 
for, say, Ni is comparatively large at the Fermi energy, one needs only a 
relatively sm all amount of energy to transfer a considerable amount of 
electrons from spin down into spin up configurations, that is, from one half 
band into the other. We have already discussed in the previous section this 
transfer of electrons under the influence of an external magnetic field (Fig. 
16.1). Now, there is an important difference between paramagnetics and 
ferromagnetics. In the former case an external energy (that is, the magnetic 
field) is needed to accomplish the flip in spin alignment whereas for ferro
magnetic materials the parallel alignment of spins occurs spontaneously in 
small domains of ab out 1- 100 J.lm diameter. Any theory of ferromagnetism 
must be capable of satisfactorily explaining the origin of this energy which 
transfers electrons into a higher energy state. 

The energy in question was found to be the exchange energy. It is "set free" 
when equal atomic systems are closely coupled, and in this way exchange their 
energy. This needs some further explanation. 

We digress for a moment and compare two ferromagnetic atoms with two 
identical pendula which are interconnected by aspring. (The spring represents 
the interactions of the electrical and magnetic fields.) If one of the pendula is 

E 

(~) -+ 
Cu 

Z(E) 

48 
band 

Figure 16.5. Schematic representation ofthe density of states for 4s- and 3d-bands and 
the Fermi energies for Fe, Co, Ni and Cu. The population ofthe bands by the ten nickel 
(3d + 4s) electrons is indicated by the shaded area. 
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Figure 16.6. Amplitude modulation resulting from coupling of two pendula. The 
vibrational pattern shows beats similarly as known from two oscillators which have 
almost identical pitch. 

deflected, its amplitude slowly decreases until all energy has been transferred 
to the second pendulum, which then in turn transfers its energy back to the 
first one and so on. Thus, the amplitudes decrease and increase periodically 
with time as shown in Fig. 16.6. The resulting vibrational pattern is similar to 
that of two violin strings tuned at almost equal pitch. A mathematical ex
pression for this pattern is obtained by adding the equations for two oscil
lators having similar frequencies (1)1 and (1)2 

which yie1ds: 

Xl = bsin(1)l t 

X2 = bsin(1)2 t , 

(1)1 - (1)2 . (1)1 + (1)2 
Xl + X2 = X = 2b cos 2 t . sm 2 t. 

(16.13) 

(16.14) 

(16.15) 

Equation (16.15) provides two frequencies, «(1)1 - (1)2)/2 and «(1)1 + (1)2)/2 

which can be identified in Fig. 16.6. The difference between the resulting 
frequencies is larger the stronger the coupling. Ifthe two pendula vibrate in a 
parallel fashion, the "Pllll" on the spring, that is, the restoring force K is small. 
As a consequence, the frequency 

Ir; 
Vo = 2n ~-;;; (16.16) 

(see Appendix 1) is likewise small and is smaller than for independent vibra
tions. (On the other hand, antisymmetric vibrations cause large values of K 

and vo.) This c1assical example demonstrates that two coupled and symmetri
cally vibrating systems may have a lower energy than two individually vi brat
ing systems would have. 

Quantum mechanics treats ferromagnetism in a similar way. The exact 
calculation involving many atoms is, however, not a trivial task. Thus, one 
simplifies the problem by solving the appropriate Schrödinger equation for 
two atoms only. The potential energy in the Schrödinger equation contains 
then the exchange forces between the nuc1ei a and b, the forces between two 
electrons 1 and 2, and the interactions between the nuc1ei and their neighbor
ing electrons. This simplification seems to be justified because the exchange 
forces decrease rapidly with distance. 
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Figure 16.7. Exchange integral lex versus ratio of interatomic distance r ab and radius of 
unfilled d-shell. The position of the rare earth elements (which have unfilled j-shells) 
are also shown for completeness. 

The calculation first performed by Slater and Bethe leads to an exchange 
integral 

f [1 1 1 IJ lex = t/Ja(1)t/Jb(2)t/Ja(2)t/Jb(1) - - - - - + - dr:. 
rab ra2 rbi r12 

(16.17) 

A positive value for lex means that parallel spins are energetically more 
favorable than antiparallel spins (and vice versa). We see immediately from 
(16.17) that lex becomes positive for a small distance r 12 between the electrons, 
that is, a small radius of the d-orbit, rd • Similarly, lex becomes positive for a 
large distance between nuclei and neighboring electrons ra2 and rbi . 

lex is plotted in Fig. 16.7 versus the ratio r ablr d' The curve correcdy separates 
the ferromagnetics from manganese which is not ferromagnetic. Figure 16.7 
suggests that ifthe interatomic distance rab in mangane se would be increased 
(for example, by inserting nitrogen atoms into the Mn lattice), the crystal thus 
obtained should become ferromagnetic. This is indeed observed. The fer
romagnetic alloys named after Heusler, such as CU2MnAI or Cu2MnSn, are 
particularly interesting in this context because they contain constituents 
which are not ferromagnetic; but all contain Mn. 

The Bethe-Slater curve (Fig. 16.7) suggests that Co should have the highest 
and Ni (and the rare earth elements) the lowest Curie temperature among the 
ferromagnetics because of the magnitude of their lex values. This is indeed 
observed (Table 15.1). Overall, quantum theory is capable of explaining some 
ferromagnetic properties which cannot be understood with classical electro
magnetic theory. 

We turn now to a discussion on the number of Bohr magnetons in ferro
magnetic metals as listed in Table 16.1. Let us consider nickel as an example 
and reinspect in this context Fig. 16.5. We notice that because of band 
overlapping the combined ten (3d + 4s)-electrons occupy the lower s-band 
and fill almost completely the 3d-band. It comes thus as no surprise that nickel 
behaves experimentally as ifthe 3d-band would be filled by 9.4 electrons. To 
estimate J-LB we need to apply Hund's rule (Fig. 15.4) which states that the 
electrons in asolid occupy the available electron states in a manner which 
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Table 16.1. Magnetic 
Moment Ilm at 0 K 
for Ferromagnetic 
Metals 

Metal ßm 

Fe 2.22 ßB 

Co 1.72 ßB 
Ni 0.60 ßB 

Gd 7.12 ßB 

Pd 

20 40 60 
at.-% solute 

Figure 16.8. Magnetic moment per nickel atom as a function of solute concentration. 

maximizes the imbalance of spin moments. For the present case this rule 
would suggest 5 electrons with, say, spin up and an average of 4.4 electrons 
with spin down, that is, we obtain a spin imbalance ofO.6 spin moments or 0.6 
Bohr magnetons per atom (see Table 16.1). The average number of Bohr 
magnetons mayaiso be calculated from experimental values ofthe saturation 
magnetization Mso (see Table 15.1). Similar considerations can be made for 
the remaining ferromagnetics as listed in Table 16.1. 

We proceed now one step further and discuss the magnetic behavior of 
certain nickel-based alloys. We use Ni-Cu alloys as an example. Copper has 
one valence electron more than nickel. If Cu is alloyed to Ni the extra copper 
electrons progressively fill the d-band and therefore compensate some of the 
unsaturated spins of nickel. Thus, the magnetic moment per atom of the alloy 
(and also its Curie temperature) is reduced. Ni lacks about 0.6 electrons per 
atom for complete spin saturation. Thus, about 60% Cu atoms are needed 
until the magnetic moment (and IlB) of Ni have reached a zero value (Fig. 
16.8). Cu-Ni alloys, having a copper concentration ofmore than about 60% 
are consequently no longer ferromagnetic-they are paramagnetic. 
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Zinc contributes about two extra valence electrons to the electron gas when 
alloyed to nickel. Thus, we expect a zero magnetization at ab out 30 at % Zn, 
etc. Palladium, on the other hand, has the same number ofvalence electrons as 
nickel and thus does not change the magnetization of the nickel atoms when 
alloyed to nickel. (The total magnetization of the alloy is, of course, diluted 
by the nonmagnetic palladium. The same is also true for the other alloys.) 

We conclude our discussion by adding a few interesting details. The rare 
earth elements are weakly ferromagnetic. They are characterized by un
filled f-shells. Thus, their electronic structure and their density of states has 
several features in common with Fe, Co and Ni. They have a positive lex (see 
Fig.16.7). 

Copper has one more valence electron than nickel which locates its Fermi 
energy slightly above the d-band (Fig. 16.5). Thus, the condition for ferro
magnetism, that is, an unfilled d- or f-band is not fulfilled for Cu. The same is 
true for the following elements such as Zn or Ga. 

We noted already that Mn is characterized by a negative value of the 
exchange integral. The distance between the Mn atoms is so small that their 
electron spins assume an anti parallel alignment. Thus, mangane se and many 
Mn compounds are antiferromagnetic (see Fig. 15.10). Chromium has also a 
negative lex and thus is likewise antiferromagnetic (see Table 15.2). 

Problems 

1. The density of states near the Fermi surface of I cm3 of a paramagnetic metal at 
T = 0 K is approximately 5 x 1041 energy states per Joule. Calculate the volume 
susceptibility. Compare your value with those of Table 14.1. What metal could 
this value represent? Explain possible discrepancies between experiment and 
calculation. 

2. Derive (16.15) by adding (16.13) and (16.14). 

3. Compare the experimental saturation magnetization Mso (Table 15.1) with the 
magnetic moment 11m at 0 K for ferromagnetic metals (Table 16.1). What do you 
notice? Estimate the degree of d-band filling for Fe and Co. 

4. From the results obtained in Problem 3 above, calculate the number of Bohr 
magnetons for crystalline (solid) Fe and Co and compare your results with those 
Iisted in Table 16.1. What is the number of Bohr magnetons for an iron atom and a 
Co-atom? What is I1B for iron and cobalt ferrite? 

5. Refer to Figure 15.I(b). Why are two different Fermi energies not possible within 
the same metal? 



CHAPTER 17 

Applications 

17.1. Introduction 

The production and consumption of ferro- and ferrimagnetic materials is a 
large scale operation, measured in quantity as well as in currency. (This is in 
contrast to the products of the computer industry where the price of the 
material which goes into a chip is aminute fraction of the device fabrication 
cost.) As an example, the annual sales of so-called electrical stee1 used for 
e1ectromotors and similar devices reaches the millions of tons and their 
market values are in the hundreds of millions of dollars. Other large scale 
production items are permanent magnets for loudspeakers, etc., or magnetic 
recording tapes. The following sections will give some impression about the 
technology (that is, mostly materials science) which has been developed to 
improve the properties of magnetic materials. 

17.2. Electrical Steels 

Electrical steel is used to multiply the magnetic flux in the cores of electromag
netic coils. These materials are therefore widely incorporated in many e1ec
trical machines of daily use. Among their applications are cores of trans
formers, e1ectromotors, generators, or electromagnets. 

In order to make these devices most energy efficient and economical, one 
needs to find magnetic materials which have the highest possible permeability 
(at the lowest possible price). Furthermore, magnetic core materials should be 
capable ofbeing easily magnetized or demagnetized. In other words, the area 
within the hysteresis loop (or the coercive force He) should be as small as 
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possible (Fig. 15.6). We remember that materials whose hysteresis loop is 
narrow are called soft magnetic materials. 

Electrical steels are c1assified by some of their properties, for example, by 
the amount of their core losses, by their composition, by their susceptibility, 
and whether or not they are grain oriented. We shall discuss these different 
properties now in detail. 

17.2.1. Core Losses 

The core loss is the energy which is dissipated in the form of heat within the 
core of e1ectromagnetic devices when the co re is subjected to an alternating 
magnetic field. Several types of losses are known, among which the eddy 
current loss and the hysteresis loss contribute the most. Typical core losses are 
between 0.3 and 3 watts per Kg of core material (Table 17.1). 

Let us discuss at first the eddy current. Consider a transformer whose 
primary and secondary coils are wound around the legs of a rectangular iron 
yoke (Fig. 17.1 (a». An alternating e1ectric current in the primary coil causes 
an alternating magnetic flux in the core which in turn induces in the secondary 
coil an alternating electromotive force v., proportional to dr/J/dt, see equations 
(14.6) and (15.9) 

dr/J dB 
V. = --= -A-. 

e dt dt 
(17.1) 

Concurrently, an alternating emfis induced within the core itselfas shown in 
Fig. 17.la. This emf gives rise to the eddy currentIe . The eddy current is larger 
the larger the permeability Jl. (because B = Jl. • H), the larger the conductivity (J 

ofthe co re material, the higher the applied frequency, and the larger the cross
sectional area A ofthe core. (A is perpendicular to the magnetic flux r/J, see Fig. 

A 

I "------

(a) (b) 

Figure 17.1. (a) Solid transformer core with eddy currentIe in a cross-sectional area A. 
Note the magnetic flux lines </I. (b) Cross section of a laminated transformer core. 
The area A' is smaller than area A in (a). 
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17.1 (a).) We note in passing that particularly at high frequencies the eddy 
current shields the interior of the core from the magnetic field so that only a 
thin exterior layer of the core contributes to the flux multiplication (skin 
effect). 

In order to decrease the eddy current, several remedies are possible. First, 
the core can be made of an insulator in order to decrease (J. Ferrites are thus an 
effective but expensive way to build magnetic cores (see Section 15.1). They 
are indeed used for high frequency applications. Second, the core can be 
manufactured out of pressed iron powder whereby each particle (which is 
about 50 to 100 Il in diameter) is covered by an insulating coating. However, 
the decrease in (J, in this case, is at the expense of a large decrease in Il. Third, 
the most widely applied method to reduce eddy currents is the utilization of 
cores made out ofthin sheets which are electrically insulated from each other 
(Fig. 17.1 (b)). This way the cross-sectional area A is reduced, which in turn 
decreases V. (17.1), and additionally reduces losses due to the skin effect. 
Despite the lamination, a residual eddy current loss still exists which is caused 
by current losses within the individuallaminations and due to interlaminar 
losses that may arise if laminations are not sufficiently insulated from each 
other. These losses are, however, less than 1 % ofthe total energy transferred. 

Hysteresis losses are encountered when the magnetic co re is subjected to a 
complete hysteresis cycle (Fig. 15.6). The work thus dissipated into heat is 
proportional to the area enclosed by aB, H loop. Proper materials selection, 
heat treatment, and rolling of the materials greatly reduces the area of a 
hysteresis loop (see below). 

17.2.2. Grain Orientation 

The permeability of electrical steel can be substantially increased and the 
hysteresis losses decreased by making use of favorable grain orientations in 
the material. This needs some explanation. The magnetic properties of cry
stalline ferromagnetic materials depend on the crystallographic direction in 
which an external field is applied, an effect which is called magnetic ani
sotropy. Let us use iron as an example. Figure 17.2(a) shows magnetization 
curves for three crystallographic directions. We observe that if the external 
field is applied in the (100) direction, the saturation is achieved with the 
smallest possible field strength. The < 100) direction is thus called the "easy 
direction. " 

This experimental finding gives us, incidentally, some clues about the 
spontaneous orientation of the spin magnetic moments in the demagnetized 
state. Specifically, in virgin iron the spins are aligned along the easy directions. 
Suppose now that an external field is applied parallel to an easy direction. 
Then, the domains already having favorable alignment grow without effort at 
the expense of other domains until eventually the crystal contains one single 
domain (Fig. 15.9). The energy which is consumed during this process (which 
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<100> 

H 

(a) (b) 

Figure 17.2. (a) Schematic magnetization curves for an iron single crystal. The magne
tic field was applied in three different crystallographic directions (b) Reminder of the 
Miller indices. 

is proportional to the area within the hysteresis loop) is used to move the 
domain walls through the crystal. 

A second piece of information needs to be considered too. Metal sheets, 
which have been manufactured by rolling, often possess a "texture," that is, 
they have a preferred orientation ofthe grains.ltjust happens that in iron and 
iron alloys the <100) direction is parallel to the rolling direction. This prop
erty is exploited when utilizing electrical steel. 

Grain-oriented electrical steel is produced by initial hot rolling the alloy 
followed by two stages of cold reduction with intervening anneals. During the 
rolling, the grains are elongated and their orientation is altered as described 
above. Finally, the sheets are recrystallized whereby some crystals grow in size 
at the expense of others (occupying the entire sheet thickness). 

In summary, the magnetic properties of grain-oriented steels are best in the 
direction parallel to the direction of rolling. Electrical machines having core 
material of grain-oriented steel need less iron and are therefore smaller; the 
price increase due to the more elaborate fabrication procedure is often com
pensated by the savings in material. 

17.2.3. Composition of Core Materials 

The least expensive core material is commercial, low carbon steel (0.05% C).1t 
possesses a relatively small permeability and has about ten times higher core 
losses than grain-oriented iron alloys (Table 17.1). Low carbon steel is used 
where low cost is more important than the efficient operation of a device. 
Purification ofiron increases the permeability but increases also conductivity 
(eddy current!) and price. 

Iron-silicon alloys containing between 1.4 and 3.5% Si and very little 
carbon have a higher permeability and a lower conductivity than low carbon 
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steel (see Table 17.1). Furthermore, because of special features in the phase 
diagram ("y-Ioop"), heat treatments ofthese alloys can be performed at much 
higher temperatures without interference from phase changes during cooling. 
The core losses decrease with increasing silicon content. However, for silicon 
concentrations above 4 or 5 weight % the material becomes too brittle to 
allow rolling. Grain orientation in silicon alloys (see above) further increases 
the permeability and decreases the hysteresis losses. Other constituents 
in iron-silicon alloys are aluminum and manganese in amounts less than 1 %. 
They are added mainly for metallurgical reasons because of their favorable 
influence on the grain structure and their tendency to reduce hysteresis losses. 
Grain-oriented silicon "steel" is the favored commercial product for highly 
efficient-high flux multiplying core applications. 

The highest permeability is achieved for certain multicomponent Ni-based 
alloys such as Permalloy, Supermalloy, or Mumetal (Table 17.1). The latter 
can be rolled into thin sheets and is used to shield electronic equipment from 
stray magnetic fields. 

17.3. Permanent Magnets 

Permanent magnets are devices which retain their magnetic field indefinitely. 
They are characterized by a large remanence B r (or M r ), a relatively large 
coercivity He' and a large area within the hysteresis loop. They are called hard 
magnetic materials (see Section 15.1.3). 

The best means to visualize the properties of permanent magnets is to 
inspect their demagnetization curve (Fig. 17.3) which is apart of a hysteresis 
loop as shown in Fig. 15.6. Another parameter which is used to characterize 
magnetic materials is the maximum amount of the energy product, (BH)maxo 
which is related to the area within the hysteresis loop. We see immediately 
from Fig. 17.3 that B times His zero at the intercepts ofthe demagnetization 
curve with the co ordinate axes, and that the energy product peaks somewhere 
between these extreme values depending on the shape and size ofthe hysteresis 
curve. The values for B" He, and (BH)max for some materials which are used as 
permanent magnets are listed in Table 17.2. 

The remanence Br shown in Fig. 17.3 or listed in Table 17.2 is the maximal 
residual induction which can be obtained in a circular, close-loop magnet 
inserted in a coil. However, all magnets need to have exposed poles in order to 
be useful. The necessary air gap between north and south poles reduces the 
remanence because the exposed poles create a demagnetizing field Hd which 
acts in the opposite direction to the B lines. We understand intuitively that the 
demagnetizing field depends on the shape, the size, and the gap length of a 
magnet. Thus, a reduced value for the residual induction, termed Bd , is obtained 
as shown in Fig. 17.3. Another effect which reduces the useful magnetic field is 
fringing ne ar the air gap and leakage from the sides of a magnet (Fig. 17.4). 



254 IV. Magnetic Properties of Materials 

B 

Br B 

Bd 

Hd 
BH 

'" (BH)max 
/ H 

(a) (b) 

Figure 17.3. (a) Demagnetization curve for a ferromagnetic material. (Second quad
rant in a B-H diagram. ) (b) Energy product BH as a function of induction B. 

Figure 17.4. Fringing and leakage of a permanent magnet. 

We turn now to the properties of some common hard magnetic materials. 
Today, many permanent magnets are made of Alnico alloys which contain 
various amounts of aluminum, nickel, cobalt, and iron, along with some 
minor constituents such as copper and titanium (Table 17.2). Their properties 
are improved by heat treatments (homogenization at 1250°C, fast cooling, 
and tempering at 600°C, Alnico 2). Further improvement is accomplished by 
cooling the alloys in a magnetic field (Alnico 5). The best properties are 
achieved when the grains are made to have a preferred orientation. This is 
obtained by cooling the bottom of the crucible after melting, thus forming 
long columnar grains with a preferred (100) axis in the direction ofheat flow. 
A magnetic field parallel to the (100) axis yields Alnico 5-DG (directional 
grain). 
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The superior properties of heat-treated Alnico sterns from the fact that 
during cooling and tempering ofthese alloys, rod-shaped iron and cobalt-rich 
oe-precipitates are formed which are parallel to the <100) directions (shape 
anisotropy). These strongly magnetic precipitates are single domain particles 
and are imbedded in a weakly magnetic Ni and Al matrix (oe). Alnico alloys are 
mechanically hard and brittle and can, therefore, only be shaped by casting or 
by pressing and sintering of metal powders. The newest hard magnetic 
materials are made of neodymium-boron-iron, see Table 17.2. 

Ceramic ferrite magnets, such as barium or strontium ferrite (BaO . 6Fe20 3 
or SrO· 6Fe20 3), are brittle and relatively inexpensive. They crystallize in the 
form ofplates with the hexagonal c-axis (which is the easy axis) perpendicular 
to the plates. Some preferred orientation is observed because the flat plates 
arrange parallel to each other during pressing and sintering. Ferrite powder is 
often imbedded in plastic materials which yields flexible magnets. They are 
used, for example, in the gaskets of refrigerator doors. 

High carbon steel magnets with or without Co, W, or Cr are only ofhistoric 
interest. Their properties are inferior to other magnets. It is believed that the 
permanent magnetization of quenched steel sterns from the martensite
induced internal stress which impedes the domain walls from moving through 
the crystal. 

17.4. Magnetic Recording 

Magnetic recording tapes consist of smalI, needlelike oxide particles about 
0.1 x 10.5 11m in size which are imbedded in a flexible, nonmagnetic binder. 
The particles are too small to sustain a domain wall. They consist therefore of 
a single magnetic domain which is magnetized to saturation along the major 
axis (shape anisotropy). The elongated particles are aligned by a field during 
manufacturing so that their long axes are parallel with the length ofthe tape. 
The most popular magnetic material has been ferrimagnetic y-Fe2 0 3 . The 
coercivity for these tapes is 250-350 Oe. More recently, ferromagnetic 
chromium dioxide has been used having a coercivity between 450-550 Oe and 
a particle size ofO.2-1.5 11m. Other tapes usecobalt-doped-y-Fe203 which has 
a higher Curie temperature than chromium dioxide. Most recently, iron 
particles have been utilized. 

The recording head of a tape machine consists of a laminated electromagnet 
made of permalloy or ferrite (Table 17.1) which has an air gap about 1.5 11m 
wide (Fig. 17.5). The tape is passed along this electromagnet whose fringing 
field redirects the spin moments of the particles in a certain pattern propor
tional to the current which is applied to the recording head. This leaves a 
permanent record of the signal. In the playback mode, the moving tape 
induces an alternating emf in the coil of the same head. The emf is amplified, 
filtered and fed to a loudspeaker. 
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Tape motion 

257 

Figure 17.5. Schematic arrangement of recording (playback) head and magnetic tape. 
The gap width is exaggerated. (Recording mode.) 

17.5. Ferrite Core Memories 

Ferrite core memories used to be the dominant devices for random access 
storage in computers. The principle is simple: a donut-shaped piece of fer
rimagnetic material, having a nearly square-shaped hysteresis loop, is 
threaded with a wire (Fig. 17.6(a». If a sufficiently high current pulse is sent 
through this wire then the core becomes magnetically saturated. Now, sup
pose the flux lines point clockwise. An opposite directed current of sufficient 
strength magnetizes the ferrite core counterclockwise. These two magnetiza
tion directions constitute the two possible values (0 and 1) in a binary system. 

V1 

I 
v2 

I 
v3 

I 
v4 

B "0" State 

BS~_-?i 
I 
I 
I 
I 

J2! 
'hHs I Hs 

I-Hs 

/ 

1""-"1" State 

(a) (b) (c) 

Figure 17.6. (a) Single ferrite core which is magnetized by a current-induced magnetic 
field; (b) square-shaped hysteresis loop of a ferrite memory core; (c) one plane of a 
"coincident-current core memory device." 
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A toroid-shaped memory core is used because a close-flux structure reacts 
efficiently to currents from a center wire but is not disturbed by external stray 
fields. 

The actual configuration of a complete memory system consists of a stack 
of identical memory planes, each of which contains a set of wires in the x- as 
weIl as in the y-directions. The toroids are placed at the intersections (Fig. 
17.6(c». In order to switch the, say, X 3 /YZ core from zero to one a current 
proportional to half the saturation field (Hs/2) is sent through each of the X3 

and the Yz wires (Fig. 17 .6(b». This provides only the X3 / Yz core with the 
necessary field for switching-the other cores stay at their present state. The 
information thus permanently stored can be read by again sending a current 
pulse proportional to Hs /2 through the X3 /Yz wires. A third wire, the sensing 
wire, which passes through all the cores of a given plane, senses whether or not 
the core was switched during the reading process. Since the reading process 
destroys the stored information, a special circuit is needed to rewrite the 
information back into the core. 

Problems 

I. Calculate the energy expended during one full hysteresis cycle of a magnetic 
material having a rectangular hysteresis loop. Assurne He = 0.5 Oe, Bs = 20 kG, 
and V = 0.5 cm3 . What units can be used? 

2. Which core material should be utilized to supply a large scale and constant 
magnetic field in a synchrotron? Justify your choice. 

3. Pick an actual motor of your choice and find out (by analysis, by means of a data 
sheet, or by writing to the manufacturer) which type of electrical steel was used as 
core material. Also, find out the core loss (often given in watts/lb). 

4. Find from a manufacturer's data sheet the price of several qualities of electrical 
steel. 

5. Inspect the magnets contained in a gasket of a modern refrigerator. How does the 
magnet work? Where are the south and the north poles? 

6. It was said in the text that transformers suffer eddy current as weil as hysteresis 
losses. What other types oflosses can be expected in a transformer? How can those 
losses be reduced? 

Suggestions for Further Reading (Part IV) 
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PART V 

THERMAL PROPERTIES OF 
MATERIALS 



CHAPTER 18 

Introduction 

Reat was considered to be an invisible fluid, called calaric untillate into the 
eighteenth century. It was believed that a hot piece ofmaterial contained more 
caloric than a cold one and that an object would become warmer by transfer
ring caloric into it. At the mid 1800s, Mayer, Relmholtz, and Joule discovered 
independently that heat is simply a form of energy. They realized that when 
two bodies have different temperatures, thermal energy is transferred from the 
hotter to the colder one when brought into contact. Count Rumford dis
covered, by observing the boring of cannons, that mechanical work, expended 
in the boring process, was responsible for the creation of heat. Re conc1uded 
that mechanical energy could be transformed into heat energy. This observa
tion lead eventually to the concept of a mechanical heat equivalent. 

The thermal properties of materials are important whenever heating and 
cooling devices are designed. Thermally induced expansion of materials has to 
be taken into account in the construction industry as weIl as in the design of 
precision instruments. Reat conduction plays a large role in thermal insula
tion, for example, in hornes, industry, and spacecraft. Some materials such as 
copper or silver conduct heat very well; other materials, like wood or rubber, 
are poor heat conductors. Good electrical conductors are generally also good 
heat conductors. This was discovered in the middle of the last century by 
Wiedemann and Franz who found that the ratio between he at conductivity 
and electrical conductivity (divided by the temperature) is essentially constant 
for all metals. 

The thermal conductivity of materials only varies within four orders of 
magnitude (Fig. 18.1). This is in sharp contrast with the variation in electrical 
conductivity, which spans ab out twenty-five orders ofmagnitude (Fig. 7.1). 

The thermal conductivity ofmetals and alloys can be readily interpreted by 
making use of the electron theory which was developed in Part I of this book. 
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WoocI, Rubber, F. Cu 
Sulfur A8be8toe Cork H 0 GIeI8, NaC' S'02 I Ge S' AI I Ag 

1 I 1'I0Il ~ ~.t. I I 1 1 I I 
I I I 1-, 

10-i 10-1 101 102 103 

phonon conducton 

K[:'iJ 

,'ectron _ 
conducton 

Figure 18.1. Room temperature thermal conductivities for some materials. 
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Figure 18.2. Schematic representation of the temperature dependence of the molar 
heat capacity, experimental and according to four models. 

The electron theory postulates that free electrons in the hot part of a metal bar 
pick up energy by interactions with the vibrating lattice atoms. This thermal 
energy is eventually transmitted to the cold end of the bar by a mechanism 
which we will treat in Chapter 21. 

In electrical insulators, in which no free electrons exist, the conduction of 
thermal energy must occur by a different mechanism. This new mechanism 
was found by Einstein at the beginning of the century. He postulated the 
existence of phonons or lattice vibration quanta which are thought to be 
created in large numbers in the hot part of asolid and partiaHy eliminated in 
the cold part. Transferral of heat in dielectric solids is thus linked to a flow of 
phonons from hot to cold. 

Figure 18.1 indicates that in a transition region both electrons as weH as 
phonons may contribute to thermal conduction. 

Another thermal property which will receive considerable attention in the 
foHowing chapters is the specific heat, as weH as a related property, the molar 
heat capacity. Their importance can best be appreciated by the foHowing 
experimental observations: Two substances with the same mass but different 
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values for the specific heat require different amounts of thermal energy to 
reach the same temperature. Aluminum, for example, which has a relatively 
high specific heat needs more thermal energy to reach a given temperature 
than, say, copper or lead of the same mass. 

The molar heat capacity is the product ofthe specific heat and the molecular 
weight. Hs experimentally observed temperature dependence, as shown in Fig. 
18.2, has stimulated various theories, among them the phonon model. Figure 
18.2 shows schematically how the various theories for the interpretation ofthe 
heat capacity compare with the experimental findings. We shall discuss these 
models in the chapters to come. 



CHAPTER 19 

Fundamentals of Thermal Properties 

Before we discuss the atomistic and quantum mechanical theories of the 
thermal properties ofmaterials, we need to remind the reader ofsome relevant 
fundamental concepts and definitions which the reader might have been 
exposed to before in courses of physics and thermodynamics. 

19.1. Heat Energy, Q 

When two bodies of different temperature are brought in contact with each 
other, heat energy Q flows from the hotter to the colder substance. (The heat 
energy is sometimes called thermal energy or just heat.) Units of heat energy 
are the calorie, or in SI units the Joule. The calorie used to be defined as that 
heat which is needed to raise the temperature of one gram of water from 
14S C to 15S C. The new thermomechanical calorie is defined as 

1 cal = 4.184 J (19.1) 

which yields 

1 J = 0.239 ca!. (19.2) 

The conversion factor which links Joules and calories is obtained through a 
measurement which was proposed by Joule in 1850. The experiment involves 
rotating paddles which raise the temperature of a given amount of water by 
means offriction. The paddles are driven by the mechanical work provided by 
descending weights. 
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19.2. Heat Capacity, C 

Different substances need different amounts of heat energy to raise their 
temperature by a given temperature interval. For example, it takes I calorie to 
raise I g water by I K. But the same heat energy raises the temperature of 1 g 
copper by ab out 11 K. In other words, water has a large heat capacity 
compared to copper. (The large heat capacity of water is incidentally the 
reason for the balanced climate in coastal regions and the heating of North 
European countries by the Gulf Stream.) 

The heat capacity C is the amount of heat energy dQ which needs to be 
transferred to a substance in order to raise its temperature by a certain 
temperature interval. Possible units for the heat capacity are (caljK) or (JjK). 

The heat capacity is not defined uniquely, that is, one needs to specify the 
conditions under which the heat energy is added to the system. Even though 
several choices for the heat capacities are possible, one is generally interested 
in only two: the heat capacity at constant volume Cv and the heat capacity at 
constant pressure Cp • The former one is the most useful quantity because Cv is 
obtained immediately from the energy of the system. The heat capacity at 
constant volume is defined as: 

Cv = (~;)v = (~;)v' (19.3) 

On the other hand, it is much easier to measure the heat capacity of asolid at 
constant pressure than at constant volume. Fortunately, the difference be
tween Cp and Cvlor solids vanishes at low temperatures and is only about 5% 
at room temperature. Cv can be calculated from Cp if the volume expansion 
coefficient (X and the compressibility I( of a material are known, by applying 

(X2TV 
Cv = Cp - --, (19.4) 

I( 

where Vis the volume ofthe solid. Equation (19.4) is derived in textbooks on 
thermodynamics. 

19.3. Specific Heat, C 

The specific heat is the he at capacity per unit mass: 

C .:\Q 
c=-=--. 

m m.:\T 
(19.5) 

It is a material constant and it is temperature dependent. Characteristic values 
for the specific heat are given in Table 19.1. The unit of the specific heat is 
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Table 19.1. Experimental Thermal Parameters of Various Substances at 
Room Temperature and Ambient Pressure 

Molecular 
Specific Heat (cp ) (Atomic) Wt. Molar Heat Capacity Cp Cv 

(~) (/K) (m~J ( cal ) 
(mo:.K) 

cal 
Substance 

g'K mol·K mol·K 

AI 0.215 0.899 27.0 5.80 24.3 5.5 
Fe 0.110 0.460 55.9 6.15 25.7 5.9 
Ni 0.109 0.456 58.9 6.42 26.8 5.9 
Cu 0.092 0.385 63.5 5.84 24.4 5.6 
Pb 0.031 0.130 207.0 6.42 26.9 5.9 
Ag 0.056 0.236 108 6.05 25.5 5.8 

C (graphite) 0.216 0.904 12.0 2.60 10.9 2.2 
Water 1.000 4.184 18 18 75.3 

(cal/g· K) or (J/g' K). We note from Table 19.1 that values forthe specific heat 
of solids are considerably smaller than the specific heat of water. 

Rearranging (19.5) yields 

L1Q = mcL1T, (19.6) 

which expresses that the heat energy L1Q which is transferred to a body equals 
the product of body mass m, increase in temperature, and specific heat. 

19.4. Molar Heat Capacity, Cv 

A further useful material constant is the heat capacity per mole of a substance 
(rather than mass). It compares materials that contain the same number of 
molecules. The molar heat capacity is obtained by multiplying the specific 
heat Cv (or cp ) by the molecular weight W(see Table 19.1): 

L1Q 
CV (per mole) = Cv ' W = ~ W. (19.7) 

lJ.Tm 

The units are (cal/mol' K~ or (J/mol' K). One mole contains No = 6.022 x 
1023 of elementary entities. (The gram molecular weight of a substance is the 
number of grams per mole of that substance.) 

We see from Table 19.1 that the room temperature molar heat capacity at 
constant volume is approximately 6 cal/mol' K for most solids. This was 
experimentally discovered in 1819 by Dulong and Petit. We shall attempt to 
interpret this interesting result in a later section. 

The experimental molar heat capacities for some materials are depicted in 
Fig. 19.1 as a function oftemperature. We notice that some materials, such as 
carbon, reach the Dulong-Petit value of 6 cal/mol' K only at high tempera-
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Figure 19.1. Temperature dependence of the molar heat capacity Cu for some 
materials. 

Table 19.2. Debye 
Temperatures of 
Some Materials 

Substance 8D (K) 

Pb 95 
Au 170 
Ag 230 
VV 270 
Cu 340 
Fe 360 
Al 375 
Si 650 
C 1850 

tures. Some other materials such as lead reach 6 cal/mol . K at relatively low 
temperatures. 

All molar heat capacities are zero at T = 0 K. The Cv-values near T = 0 K 
climb in proportion to T 3 and reach 96% oftheir final value at a temperature 
()D which is defined to be the Debye temperature. We shall see later that ()D is an 
approximate dividing point between a high temperature region, where clas
sical models can be used for the interpretation of Cv, and a low temperature 
region, where quantum theory needs to be applied. Selected Debye tempera
tures are listed in Table 19.2. 
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Table 19.3. Thermal Conductivities at Room 
Temperaturea 

Substance K--=--(W) ( J ) m·K - s·m·K 
( cal ) 

K s.m'K 

Silver 4.1 x 102 9.7 X 101 

Copper 3.9 x 102 9.3 X 101 

Aluminum 2.0 x 102 4.8 X 101 

Silicon 1.5 x 102 3.6 X 101 

Brass 1.1 x 102 2.6 X 101 

Iron 6.7 x 101 1.6 X 101 

Ni-Silverb 3.3 x 101 7.9 
Water 6.3 x 10-1 1.5 X 10-1 

Glass 8.0 x 10-1 1.9 X 10-1 

Wood 8.0 x 10-2 1.9 X 10- 2 

Sulfur 2.0 x 10-2 4.7 X 10-3 

Air 2.3 x 10-4 5.5 X 10- 5 

• See also Fig. 18.1. 
b62% Cu, 15% Ni, 22% Zn. 

19.5. Thermal Conductivity, K 

Heat conduction is the transfer of thermal energy from a hot body to a cold 
body when both bodies are brought into contact. For best visualization we 
consider a bar of a material of length x whose ends are held at different 
temperatures. The amount of thermal energy Q which crosses a unit area of 
this bar per unit time (i.e., the heat flux lQ) is proportional to the temperature 
gradient dTjdx. The proportionality constant is called the thermal conductiv
ity K. We thus write 

dT 
lQ= -K-. 

dx 
(19.8) 

The negative sign indicates that the heat flows from the hot to the cold end. 
Possible units for the heat conductivity are (caljm' S· K), or (Jjm' S· K), or 
(Wjm' K). The heat flux lQ is measured in (caljm2 . s) or (Jjm2 • s). Table 
19.3 gives some characteristic values for K. The thermal conductivity de
creases slightly with increasing temperature. For example, K for copper 
decreases by 20% within a temperature span of 10000 C. In the same tempera
ture region Kfor iron decreases by 10%. 

19.6. The Ideal Gas Equation 

Free electrons in metals and alloys can often be considered to behave like an 
ideal gas. An ideal gas is an abstraction which is frequently used in thermody-
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namics. It is usually defined to be agas whose density is low enough in order 
for it to obey the equation 

PV= nRT, (19.9) 

where Pis the pressure of the gas, V its volume, n the number of moles, T the 
absolute temperature, and R the universal gas constant 

R = kBNo = 8.314 (J/mol· K) 

= 1.986 (cal/mol· K). 
(19.10) 

Equation (19.9) is a combination of two experimentally obtained thermody
namics laws: One, discovered by Boyle and Mariotte (PV = const, at constant 
T) and the other, discovered by Gay-Lussac (V ~ T, at constant P). The 
reader who has taken classes in physics or thermodynamics is undoubtedly 
familiar with these equations. 

19.7. Kinetic Energy of Gases 

In the chapters to come, we need to know the kinetic energy of atoms, 
molecules or electrons at a given temperature from a classical poiIlt of view. 
The calculation which is summarized below is usually contained in textbooks 
on thermodynamics. 

We commence by quoting the number ofmolecules in agas which interact 
in the unit time with the end face ofunit area of a bar which has the length dx. 
We assurne that, because ofthermal agitation, 1/3 ofthe electrons move in the 
x-directions, that is, 1/6 in the positive x-direction. The unit volume, shown in 
Fig. 19.2, is 

dV= Adx = Avdt, (19.11) 

Figure 19.2. Diagram for the derivation of the kinetic energy of gases. 



272 V. Thermal Properties of Materials 

where A is the unit area and V the velocity of the particles which fly in the x
direction. The number of particles reaching the end face is naturally propor
tional to the number of particles nv in the given volume, that is, 

z' = inv· dV = invAv dt. 

The number of particles per unit time and unit area which hit the end face is 
consequently: 

z = invv, (19.12) 

where 

N 
(19.13) n =-v V 

is the number ojpartic/es per uni! vo/ume. Each particle transfers the momen
turn 2mv during its collision with the wall and subsequent reflection. The 
momentum per uni! time and uni! area is then 

I 1 N 
P = z2mv = -n v2mv = - -mv2 

6 v 3 V . 

This yields for the pressure 

F ma d(mv)/dt dp/dt I N 2 
p=-=-= =--=--mv. 

A A A A 3V 

With 

PV= nRT= nkBNoT= NkBT 

(see (19.9) and (19.10)), we obtain from (19.15) 

PV = tNmv2 = kBNT. 
Inserting 

Ekin = tmv2 

in to (19.17) yields 

kBNT = tN2tmv2 = iNEkin 

which finally yields for the kinetic energy of a particle 

Ekin = ~kBT. 

(19.14) 

(19.15) 

(19.16) 

(19.17) 

(19.18) 

(19.19) 

(19.20) 

A more precise calculation which considers the mutual collisions of the 
particles, and thus a velocity distribution, replaces the kinetic energy in (19.20) 
by an average kinetic energy. 

Problems 

Note: The problems in this chapter contain engineering applications in order to make 
the student aware of the importance of thermal properties in daily life. 



19. Fundamentals of Thermal Properties 273 

1. Calculate the number of gas molecules which are left in an ultrahigh vacuum of 10-9 

Pa (-7.5 x 10-12 Torr) at room temperature. 

2. Calculate the rate of heat loss in a 5 mm thick window glass when the exterior 
temperature is 0° C and the room temperature is 20° C. Compare your result with 
the heat loss in an aluminum and a wood frame of 10 mm thickness. How can you 
decrease the heat loss through the window? 

3. A block of copper, whose mass is 50 g, is quenched directly from an annealing 
furnace into a 200 g glass container which holds 500 g of water. What is the 
temperature of the furnace when the water temperature rises from 0° to 15° C? 
(Cgl ... = 0.12 cal/g· K) 

4. Explain in simple terms why wood has a smaller heat conductivity than copper. 

5. What are the implications for the semiconductor industry that silicon has a rela
tively good heat conductivity? 

6. Why is the fiberglass insulation used for buildings, etc. loose rather than compact? 
(Hint: Compare Kfor glass and air. Discuss also heat convection.) 

7. Find in a handbook the relationship between cal/g· K and BTU/lb. ° F. 



CHAPTER 20 

Heat Capacity 

20.1. Classical (Atomistic) Theory of Heat Capacity 

This seetion attempts to interpret the thermal properties of materials using 
atomistie eoneepts. In partieular, an interpretation of the experimentally 
observed molar heat capacity at high temperatures, that is, Cv = 6 
(ealjmol· K) is of interest. 

We postulate that eaeh atom in a erystal is bound to its si te by a harmonie 
force. A given atom is thought to be eapable to absorb thermal energy, and in 
doing so it starts to vibrate about its point of rest. The amplitude of the 
oseillation is restrieted by eleetrostatie repulsion forees of the nearest neigh
bors. The extent of this thermal vibration is therefore not more than 5 or 10% 
of the interatomie spaeing, depending on the temperature. In short, we 
eompare an atom with a sphere whieh is held at its site by two springs (Fig. 
20.1 (a)). The thermal energy whieh a harmonie oseillator of this kind ean 
absorb is proportional to the absolute temperature of the environment. The 
proportionality faetor has been found to be the Boltzmann eonstant kB (see 
below). The average energy of the oseillator is then 

E= kBT. (20.1) 

Now, solids are three-dimensional. Thus, a given atom in a eubie erystal 
also responds to the harmonie forees of lattiee atoms in the two other diree
tions. In other words, it is postulated that eaeh atom in a eubie erystal 
represents three oseillators (Fig. 20.1 (b)), eaeh of whieh absorbs the thermal 
energy kB T. Therefore, the average energy per atom is 

E = 3kB T. (20.2) 

We note in passing that the same result is obtained by using the kinetie theory 
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Figure 20.1. (a) One-dimensional harmonie oseillator; (b) three-dimensional har
monie oseillator. 

of gases. It was shown in (19.20) that the average kinetic energy of a particle 
(or in the present case an atom) is 

Ekin = tkBT. (20.3) 

Now, each elastic vibration in asolid involves not only kinetic energy, but also 
potential energy which has the same average energy as the kinetic energy. The 
total energy of a vibrating lattice atom is thus 

E = 2·tkB T (20.4) 

which is the result of (20.2). 
We consider now all No atoms per mole. Then the total internal energy per 

mole is 

E= 3NokB T. (20.5) 

Finally, the molar heat capacity is given by combining (19.3) with (20.5) which 
yields 

_ (dE) = 3NokB • Cv - dT v 

Inserting the numerical values for No and kB into (20.6) yields 

Cv = 25 J/mol· K or 5.98 cal/mol' K, 

(20.6) 

quite in agreement with the experimental findings at high temperatures 
(Fig. 18.2). 

It is satisfying to see that a simple model involving three harmonie osciI
lators per atom can explain readily the experimentally observed heat capacity. 
However, one shortcoming is immediately evident: the calculated molar heat 
capacity turned out to be temperature independent, according to (20.6), and 
also independent on the material. This discrepancy with the observed 
behavior (see Fig. 18.2) was puzzling to scientists at the turn of this century 
and had to await quantum theory to be properly explained. 
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20.2. Quantum Mechanical Considerations
The Phonon 

20.2.1. Einstein Model 

Einstein postulated in 1903 that the energies ofthe above mentioned classical 
oscillators should be quantized, that is, he postulated that only certain vibra
tional modes should be allowed, quite in analogy to the allowed energy states 
of electrons. These lattice vibration quanta were called phonons. 

The term phonon stresses an analogy with electrons or photons. As we know 
from Chapter 2, photons are quanta of electromagnetic radiation, that is, 
photons describe (in the appropriate frequency range) classical light. Pho
nons, on the other hand, are quanta of the ionic displacement field which (in 
the appropriate frequency range) describe classical sound. 

The phonon describes the particle nature of an oscillator. A phonon has, in 
analogy to the de Broglie relation (2.3), the momentum p = h/ A. 

Furthermore, Einstein postulated a particle-wave duality. This suggests 
phonon waves which pro pagate through the crystal with the speed of sound. 
Phonon waves are not electromagnetic waves: they are elastic waves, vibrating 
in a longitudinal and/or in a transversal mode. 

In analogy to the electron case shown in Part I of this book, one can describe 
the properties of phonons in terms of band dia grams, Brillouin zones, or 
density of states curves. Small differences exist however. For example, the 
energy in the band diagram of an electron is replaced in a phonon band 
diagram by the vibrational frequency w of the phonon. The branches in the 
phonon band diagram are sinusoidal in nature (compared to parabolic in the 
free electron case). The individual phonon bands are no longer called valence 
or conduction bands, but more appropriately acoustic bands and optical 
bands, mainly because the frequencies in which the branches are situated are in 
the acoustical and optical ranges, respectively. The density of states, or better 
the density of vibrational modes D(w) for the phonon case is defined so that 
D(w)· dw is the number ofmodes whose frequencies lie in the interval wand 
w + dw. For a continuous medium the density of modes is 

D(w) = 3V w 2 

2n2 -;;-' s 

(20.7) 

where Vs is the sound velocity. This equation can be derived quite similarly as 
demonstrated in Section 6.3. 

The allowed energies of a single oscillator are 

En = nhw, (20.8) 
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Figure 20.2. Allowed energy levels of a phonon: (a) average thermal energy at low 
temperatures; (b) average thermal energy at high temperatures. 

similarly as in Section 4.2, where n is an integer. 1 A schematic energy level 
diagram for the allowed phonon energies is shown in Fig. 20.2. 

One important difference between phonons and electrons needs to be 
emphasized. Phonons are created by raising the temperature, and eliminated 
by lowering it, that is, the number of phonons is not conserved as we shall 
show momentarily. (In contrast to this, the number of electrons is constant.) 
Einstein postulated that with increasing temperature more and more phonons 
are created, each of which has the same energy hw or the same frequency of 
vibration w. The average number of phonons Nph at a given temperature was 
found by Bose and Einstein to obey a special type of statistics: 

Nph = (h) exp ~ -1 
kBT 

(20.10) 

This equation is similar in form to the Fermi distribution function (6.1). 
We note in passing that for high phonon energies hw, the exponential term 

in (20.10) becomes large when compared to unity so that the number of 
phonons can be approximated by Boltzmann statistics, that is, by the laws of 
classical thermodynamics: 

Nph ~ e-hrojk.T. (20.11) 

We already made a similar statement in Section 6.2. We see also from (20.10) 
that the number of phonons decreases rapidly when the temperature 
approaches 0 K. 

The average energy of an isolated oscillator is then the average number of 
phonons, times the energy of a phonon: 

I Since the ground state (n = 0) has still a zero point energy of thw we should more appropriately 
write 

En = nhw + thw = (n + t)hw. (20.9) 

The zero point energy is, however, of no importance for the present considerations. 
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- I1w 
Eosc = I1wNph = ( I1w ) . 

exp -- - 1 
kBT 

(20.12) 

The thermal energy 0/ asolid can now be calculated by taking into account (as 
in Section 20.1) that a mole of a substance contains 3No oscillators. This yields 
for the thermal energy per mole 

E = 3No ( I1w ) _ 1 
exp kBT 

I1w 
(20.13) 

The molar heat capacity is finally 

exp(:WT ) 

(" )2 B 
- (dE) = 3Nok B k WT ( (~) _ 1)2 Cv 
- dT v B exp k

B 
T 

(20.14) 

We discuss Cv for two special temperature regions. For large temperatures 
the approximation eX ~ 1 + x can be applied, which yields Cv ~ 3Nok B (see 
Problem 5) in agreement with (20.6), that is, we obtain the classical 
Dulong-Petit value. For T --+ 0, Cv approaches zero, again in agreement with 
experimental observations. Thus, the temperature dependence of Cv is now in 
qualitative accord with the experimental findings. One minor discrepancy has 
to be no ted however: At very small temperatures the experimental Cv de
creases by T 3 , as stated in Section 19.4. The Einstein theory predicts instead 
an exponential reduction. The Debye theory which we shall discuss below 
alleviates this discrepancy by postulations that the individual oscillators 
interact with each other. 

By inspecting (20.14) we observe that this relation contains only one adjus
table parameter, namely the angular frequency, which we shall redesignate 
for this particular case by WE . By fitting (20.14) to experimental curves, the 
frequency of the phonon waves can be obtained. For copper the angular 
frequency W E has been found this way to be 2.5 x 1013 S-1, which yields 
vE = 4 X 1012 S-1. It is customary to call frequencies up to 105 S-1 sound 
waves, frequencies between 105 and 109 s-1 ultrasonics, and frequencies above 
109 S-1 thermal waves. The Einstein frequency is thus situated very appro
priately in the thermal wave region. 

Occasionally, the Einstein temperature (JE is quoted, which is defined by 
equating the phonon energy 

I1wE = kB(JE' (20.15) 

which yields 
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hWE 
(J - • 

E - k B 
(20.16) 

Characteristic values for (JE are between 200 and 300 K. From the above
quoted W E value for copper, (J~u can be calculated to be 240 K. 

20.2.2. Debye Model 

We refine now the Einstein model by taking into account that the atoms in a 
crystal interact with each other. Consequently, the oscillators are thought to 
vibrate interdependently. We recall that the Einstein model considered only 
one frequency of vibration, wE • When interactions between the atoms occur, 
many more frequencies are thought to exist which range from about the 
Einstein frequency down to frequencies ofthe acoustical mo des of oscillation. 
We postulate that these vibrationalmodes are quantized (Fig. 20.2). The total 
displacement of a given atom in a crystal during the oscillation is found by 
summing up all vibrational modes. This has been done by Debye who modi
fied the Einstein equation (20.13) by replacing the 3No oscillators of a single 
frequency by the number of modes in a frequency interval dw and by summing 
up over all allowed frequencies. The total energy of vibration for the solid is 
then 

E = f EoscD(w)dw, (20.17) 

where Eosc is the energy of one oscillator given in (20.12), and D(w) is the 
density ofmodes given in (20.7). Inserting (20.7) and (20.12) into (20.17) yields 

3 V fWO hw 3 dw. 
E = -2-3 hw 

2n Vs 0 exp (--~) _ I 
kBT 

(20.18) 

The integration is performed between w = 0 and the Debye frequency WD' 

because above the Debye frequency the oscillators are defined to behave in a 
classical manner, see Section 19.5. 

The molar heat capacity Cv is obtained, as usual, by performing the deriva
tive of (20.18) with respect to temperature. This yields: 

4 (hW) 3 Vh 2 rwo w exp k;;T 
Cv = 2n2v~kBT2 Jo ( (hW) )2 dw 

exp - -1 
kBT 

(20.19) 

or 
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( T)3 [OOfT x 4 e" 
Cv = 9kB No 00 Jo (eX _ 1)2 dx, 

where 

hOJ 
x=--

kBT 

varies with the angular frequency OJ, and 

() _ hOJo 
0-

k B 

(20.20) 

(20.21) 

(20.22) 

is called the Debye temperature. Values for ()o can be obtained again by curve
fitting, particularly at low temperatures. They have been listed in Table 19.2. 
For low temperatures, that is, for T< ()o the upper limit of the integral in 
(20.20) can be approximated by infinity. Then (20.20) can be evaluated and it 
becomes 

12n4 (T)3 
Cv = -5-NokB ()o (20.23) 

From both equations, (20.20) as well as (20.23), it can be seen that Cv decreases 
proportionally to T 3 at low temperatures, which is quite in agreement with 
the experimental observations. 

In summary, the main difference between the two theories is that the Debye 
model takes the low frequency modes into account whereas the Einstein model 
does not. We have to realize, however, that the excitation of oscillators at low 
temperatures occurs only with a small probability because at low tempera
tures only a few oscillators can be raised to the next higher level. This is a 
consequence of the fact that the energy difference between levels is compara
tively large for the available small thermal energies, as schematically illus
trated in Fig. 20.2. 

It should be noted that even (20.20) is only an approximation, because the 
underlying model does not take into consideration the periodicity of the 
atoms in a crystal lattice. Thus, a refinement of the Debye model needs to 
utilize the actual density of modes function D(OJ) for a given material. This 
has been done by scientists with good success. Equation (20.20) is, however, 
a fairly good approximation (see Fig. 18.2). 

20.3. Electronic Contribution to the Heat Capacity 

In the previous sections we have digressed considerably from the principal 
theme of this book, namely the description of the electronic properties of 
materials. We return now to our main topic by discussing the contributions 
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Figure 20.3. Population density as a function of energy for a meta!. The e1ectrons 
within the shaded area below EF can be excited by athermal energy kB T. 

which the electrons provide to the specific heat. We shall see quickly that this 
contribution is relatively small compared to that of the phonons. 

At first, we need to remember that only the kinetic energy of the free 
electrons can be raised with increasing temperature. Consequently, our pres
ent discussion is restricted to metals and alloys which have, as we know, 
partially filled bands and thus free electrons. Secondly, we need to remember 
that only those electrons which lie within an energy interval kB T of the Fermi 
energy can be excited into higher states because only these electrons find 
empty energy states after their excitation. We know that the number dN of 
these excitable electrons depends on the population density ofthe metal under 
consideration (Seetion 6.4). In other words dN is the product of population 
density at the Fermi level, N(EF), and energy interval k B T, as indicated by the 
shaded area in Fig. 20.3. 

We postulate that the electrons which are excited by thermal energy behave 
like a monatomic gas. We have already shown in (19.20) that the mean kinetic 
energy of gas molecules, or in the present case, the mean kinetic energy of the 
electrons above the Fermi energy is ~kB T. Thus, the thermal energy at a given 
temperature is 

Ekin = ~kB T dN = ~kB TN(EF)kB T. (20.24) 

The heat capacity of the electrons is then, as usual: 

I (dE) 2 c: = - = 3kBTN(EF). 
dT v 

(20.25) 

We need now an expression for N(EF). We obtain this by combining (6.8) and 
(6.11) for E < EF (see Fig. 20.3 and Problem 9), which yields: 
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) _ 3N* (electrons) 
N(EF - 2EF J ' (20.26) 

where N* is the number of electrons which have an energy equal to or smaller 
than EF (Section 6.4). Inserting (20.26) into (20.25) yields 

9N*PT(J) C el B 
v =2 E K' 

F 

(20.27) 

So far we assumed that the thermally excited electrons behave like a classical 
gas. In reality, the excited electrons must obey the Pauli principle. If this is 
taken into consideration properly, (20.27) changes slightly and reads: 

n2 N*k2 T n2 T 
C el =_ B =-N*k-. 

v 2 EF 2 B TF 
(20.28) 

Let us assume now a mono valent metal in which we can reasonably assume 
one free electron per atom (see Part I). Then, N* can be equated to the number 
of atoms per mole No, and (20.28) becomes the heat capacity per mole 

C el ° B N. k n2 N. k 2 T n2 T ( J ) 
v =2~=2 0 B TF K.mol . (20.29) 

We see from (20.29) that C: l is a linear function oftemperature and is zero 
at T = 0 K, quite in agreement with the experimental observations, see Fig. 
18.2. The room temperature contribution ofthe electronic specific heat to the 
total specific heat is less than 1 % (see Problem 3). There are, however, two 
temperature regions where the electronic specific heat plays an appreciable 
role. This is at very low temperatures, that is, at T< 5 K (see Fig. 18.2). 
Secondly, we have learned in the previous seetions that the lattice heat 
capacity levels off above the Debye temperature. Thus, the electron heat 
capacity can give at high temperatures a small contribution to the 
Dulong-Petit value. 

An interesting aspect is added: Equation (20.25) may be rewritten in the 
following form: 

C: l = yT, 

where 

y = 3kiN(EF)· 

Furthermore, (20.20) can be rewritten as 

CJh = ßT3 • 

(20.30) 

(20.31) 

(20.32) 

Below the Debye temperature, the heat capacity of metals is the sum of 
electron and phonon contributions, that is, 
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Figure 20.4. Schematic representation of an experimental plot of Cv / T versus T 2 . 

Table 20.1. 

Substance 

Ag 
AI 
Au 
Na 
Fe 
Ni 

which yields 

)"observed )', calculated 

( cal ) 
mol·K2 (motK2 ) 

( cal ) 
mol'K2 

1.54 x 10-4 0.646 X 10- 3 1.54 X 10-4 

3.22 x 10-4 1.35 X 10-3 2.18 X 10-4 

1.74 x 10-4 0.729 X 10- 3 1.53 X 10-4 

3.11 x 10-4 1.3 X 10-3 2.37 X 10-4 

1.19 x 10-3 4.98 X 10-3 

1.68 x 10-3 7.02 X 10- 3 

e~ot = e:1 + e~h = yT + ßT 3 , 

etot 
v 

T=Y+ßT 2 • 

(motK 2 ) 

lllt"h 
mo 

0.645 X 10-3 1.0 
0.912 X 10-3 1.48 
0.642 X 10-3 1.14 
0.992 X 10-3 1.31 

(20.33) 

(20.34) 

A plot of experimental values for e~ot/T versus T 2 provides the material 
constants y (intercept) and ß (slope), see Fig. 20.4. Heat capacity measure
ments thus serve as a means to obtain the electron population density at the 
Fermi surface by using (20.31). 

Some calculated and observed values for y are given in Table 20.1. From the 
slight discrepancy between observed and free-electron y-values, a thermal 
effective mass can be calculated which is defined as 

m~ y(obs) 

m o y(calc)' 
(20.35) 

The deviation between the two y-values is interpreted to stern from neglecting 
electron-phonon and electron-electron interactions. 
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Problems 

I. How many e1ectrons (in percent of the total number of electrons per mole) lie within 
kB T of the Fermi energy? Take EF = 5 eV and T = 300 K. 

2. Calculate Cv at high temperatures (500 K) by using the quantum mechanical 
equation derived by Einstein. Assume an Einstein temperature of 250 K, and 
convince yourse1f that Cv approaches the classical value at high temperatures. 

3. Calculate the electronic specific heat for EF = 5 eV and T = 300 K. How does your 
result compare with the experimental value of 6 (cal/mol K)? 

4. Calculate the population density at the Fermi level for a metal whose electronic 
specific heat at 4 K was measured to be 2 x 10-3 (cal/mol K). 

5. Confirm that (20.14) reduces for large temperatures to the Dulong-Petit value. 

6. At which temperature does the electronic contribution to Cv of silver become 
identical with the Dulong-Petit value? Hint: Use proper units for the heat capac
ity! Take EF = 5 eV, Nf = 1028 e1/m3 • 

7. Discuss thermal expansion in materials from an atomistic point ofview. 

8. Show that for small temperatures, (20.20) reduces to (20.23) and that for large 
temperatures (20.20) reduces to the Dulong-Petit value. 

9. Derive (20.26) for E < EF as shown in Figure 20.3 by combining (6.8) and (6.11) 
and e1iminating the Planck constant. 



CHAPTER 21 

Thermal Conduction 

We stated in Chapter 19 that heat conduction can be described as the transfer 
of thermal energy from the hot to the cold part of a piece of material. We shall 
discuss now the mechanisms which are involved in this transfer of thermal 
energy. 

We postulate that the heat transfer in solids may be provided by free 
electrons as well as by phonons. We understand immediately that in insulators, 
which do not contain any free electrons, the heat must be conducted exc1us
ively by phonons. In metals and alloys, on the other hand, the heat conduction 
is dominated by electrons because of the large number of free electrons in 
metals. Thus, the phonon contribution is usually neglected in this case. 

One particular point should be c1arified right at the beginning. Electrons in 
metals travel in equal numbers from hot to cold and from cold to hot in order 
that the charge neutrality be maintained. Now, the electrons in the hot part of 
a metal possess and transfer a high energy. In contrast to this, the electrons in 
the cold end possess and transfer a lower energy. The heat transferred from hot 
to cold is thus proportional to the difference in the energies of the electrons. 

The situation is quite different in phonon conductors. We know from 
Section 20.2.1 that the number of phonons is larger at the hot end than at the 
cold end. Thermal equilibrium thus involves in this case a net transfer of 
phonons from the hot into the cold part of a material. 

21.1. Thermal Conduction in Metals and Alloys
Classical Approach 

We now attempt to calculate the heat conductivity K (see (19.8». The train of 
thought is borrowed from the kinetic theory of gases because the same 
arguments hold true for electrons as for gas molecules. 
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Figure 21.1. For the derivation ofthe heat conductivity in metals. Note that (dT/dx) is 
negative for the case shown in the graph. 

Consider a bar of metal whose left side is hot and whose right side is cold 
(Fig. 21.1). Thus, a temperature gradient dT/dx exists in the x-direction ofthe 
bar. Consider also a volume at the center ofthe bar whose faces have the size 
of a unit area and whose length is 2/, where 1 is the mean free path between two 
consecutive collisions between an electron and lattice atoms. We assurne that 
at the distance 1 from the center X o the average electron has had its last colli
sion and has picked up the energy ofthis place. We calculate first the energy 
EI per unit time and unit area of the electrons which drift from the left into 
the above mentioned sampie volume. This energy EI equals the number of 
electrons z, times the energy of one of the electrons. The latter is, according to 
(19.20), !kBTI , where Tl can be taken from Fig. 21.1, and z is given in (19.12): 

3 ( (dT)) nvv 3 ( dT) E1 = Z' 2kB To + 1 - dx = 62kB To - 1 dx . (21.1) 

The same amount of electrons is drifting from right to left through the volume 
under consideration. These electrons, however, carry a lower energy E2 

because of the lower temperature of the particles at the site of interaction. 
Thus, 

nvv 3 ( dT) 
E2 = 6'2kB To + 1 dx . (21.2) 

The excess thermal energy transferred per unit time into the unit volume is 
therefore 

nvv 3 (dT) nvv dT 
JQ = EI - E2 = -62kB 21 dx = -TkBI dx' (21.3) 
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We compare (21.3) with (19.8) 

dT 
J. - -K-. 

Q - dx 

Then we obtain for the heat conductivity of the electrons 

K = nvvkBI I 
2 . 
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(21.4) 

(21.5) 

The heat conductivity is thus larger the more e1ectrons are involved, the larger 
their velocity, and the larger the mean free path between two consecutive 
electron-atom collisions. This result intuitively makes sense. 

We seek now a connection between the heat conductivity and C;I. We know 
from (19.20) the kinetic energy of all nv electrons per unit volume: 

E = nv~kBT. (21.6) 

From this we obtain the heat capacity per volurne 

el (dE) 3 
Cv = dT v = nv2kB. (21.7) 

Combining (21.5) with (21.7) yie1ds 

K= tC;lvl. (21.8) 

All three variables contained in (21.8) are temperature dependent, but while 
Cvel increases with temperature, land to a small degree also v are decreasing. 
Thus, K should change very litde with temperature, which is indeed experi
mentally observed. As mentioned in Section 19.5, the thermal conductivity 
decreases about 10-5 W/mK per degree. K also changes at the me1ting point 
and when a change in atomic packing occurs. 

21.2. Thermal Conduction in Metals and Alloys
Quantum Mechanical Considerations 

The question arises, as to what velocity do the electrons (that participate in the 
heat conduction process) have, and do all the electrons participate in the heat 
conduction? We have raised a similar question in Section 20.3, see Fig. 20.3. 
We know from there that only those electrons which have an energy dose to 
the Fermi energy EF are able to participate in the conduction process. Thus, 
the velocity in (21.5) and (21.8) is essentially the Fermi velocity VF which can be 
calculated with 

EF = !rnv~ (21.9) 

if the Fermi energy is known. 
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The number ofparticipating electrons contained in (21.5) is determined by 
the population density at the Fermi energy N(EF), that is, in first approxim
ation, by the number of free electrons Ne per volume. Inserting the quantum 
mechanical expression for C:I (20.28) 

into (21.8) yields 

C -----el _ n2 Nrk~T( J ) 
v - 2 EF K.m3 

n2 Nrk~ TvFIF 
K = ---"6""C""E=-F--=--=-' 

which reduces with (21.9) and IF = rVF (r = relaxation time) to 

K = n2Nrk~Tr 
3m* 

(21.10) 

(21.11) 

(21.12) 

This is the result we were seeking. Again, the heat conductivity is larger the 
more free electrons are involved and the smaller the (effective) mass of the 
electrons. 

Next we return to a statement which we made in Chapter 18. We pointed 
out there that Wiedemann and Franz observed that good electrical conduc
tors are also good thermal conductors. We are now in a position to compare 
the thermal conductivity (21.12) with the electrical conductivity (7.15) 

Nre2 r 
(J = --*_. 

m 
(21.13) 

The ratio of K and (J is proportional to a constant called the Lorentz number L 
which is a function of two universal constants kB and e 

K n2k~ 
-=L=--(JT 3e2 • 

(21.14) 

The Lorentz number is calculated to be 5.838 x 10-9 (0' caljK2 . s) or 
2.443 x 10-8 (J. OjK 2 . s) (see Problem 2). Experiments for most metals 
confirm this number quite weIl. 

21.3. Thermal Conduction in Dielectric Materials 

Heat conduction in dielectric materials occurs by a flow of phonons. The hot 
end possesses more phonons than the cold end causing a drift of phonons 
down a concentration gradient. 

The thermal conductivity can be calculated similarly as in the previous 
section, which leads to the same equation as (21.8): 

K = tC~hvl. (21.15) 
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K 

20K T 

Figure 21.2. Schematic representation ofthermal conductivity in dielectrical materials 
as a function of temperature. 

In the present case C~h is the (lattice) heat capacity per volume of the phonons, 
v is the phonon velocity, and I the phonon mean free path. A typical value for v 
is about 5 x 105 cmjs (sound velocity) with v being relatively temperature 
independent. In contrast, the mean free path varies over several orders of 
magnitude, that is, from about 10 nm at room temperature to 104 nm near 
20 K. The drifting phonons interact on their path with lattice imperfections, 
with external boundaries, and with other phonons. These interactions con
stitute a thermal resistivity which is quite analogous to the electrical resistivity. 
Thus, we may treat the thermal resistance just as we did in Part II, that is, in 
terms of interactions between particles (here phonons) and matter, or in terms 
of scattering of phonon waves on lattice imperfections. 

At low temperatures, where only few phonons exist, the thermal conductiv
ity depends mainly on the heat capacity qh which increases with the third 
power of increasing temperature according to (20.20) (see Fig. 21.2). At low 
temperatures, the phonons possess small energies, that is, long wavelengths 
which are too long to be scattered by lattice imperfections. The mean free path 
I becomes thus a constant and it is virtually identical to the dimensions of the 
material. 

More effective are the phonon-phonon interactions which are dominant at 
higher temperatures since, as we know, the phonon density increases with 
increasing T. Thus, the mean free path and consequently, the thermal conduc
tivity decreases for temperatures above about 20 K (Fig. 21.2). 

Another mechanism which impedes the flow of phonons at higher tempera
tures has been discovered. We explain this mechanism in quantum mechanical 
terms. When two phonons collide, a third phonon results in a proper manner 
to conserve momentum. Now, phonons (just like electrons) can be represen
ted to travel in k-space. The same arguments, as discussed in Chapter 5, may 
then apply here. We need to consider Brillouin zones which represent the areas 
in which the phonon interactions occur. In the example of Fig. 21.3, the 
resultant vector a1 + a2 = a3 is shown to be outside the first Brillouin zone. 
We project this vector back to a corresponding place inside the first Brillouin 
zone by applying a similar vector relationship as in (5.34) 
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k y 

k x 

ä3~ 8,+ 82 

Figure 21.3. First Brillouin zone in a reciprocal square lattice. Two phonons a1 and a2 

are shown to interact. In the example, the resultant vector a3 lies outside the first 
Brillouin zone. 

a 1 + a2 = a3 + G, (21.16) 

where G is again a translational vector which has in the present case the 
modulus - 2n/a (see Fig. 21.3). As a consequence, the resultant phonon of 
vector a4 proceeds after the collision in a direction which is almost opposite to 
a2' which constitutes, of course, a resistance against the flow of phonons. This 
mechanism is called umklapp process (German for "flipping over" process). 

Phonon collisions in which a 1 and a2 are small so that the resultant vector a3 

stays inside the first Brillouin zone (that is, G = 0) are called normal processes. 
Anormal process has no effect on the thermal resistance since the resultant 
phonon proceeds essentially in the same direction. 

Problems 
1. Calculate the thermal conductivity for a metal assuming 't = 3 X 10-14 s, T = 

300 K, and Ne = -2.5 x 1028 el/m3 • 

2. Calculate the Lorentz number from values of e and kB • Show how you arrived at the 
correct units! 

3. Calculate the mean free path of e1ectrons in a metal, such as silver, at room 
temperature from heat capacity and heat conduction measurements. Take EF = 

5 eV, K = 4.1 X 102 J/s· m· K, and C~l = 1% of the lattice heat capacity. Hint: 
Remember that the heat capacity in (21.8) is given per volume! 

4. Why is the thermal conduction in dielectric materials two or three orders of 
magnitude smaller than in metals? 

5. Why does the thermal conductivity span only 4 orders of magnitude whereas the 
electrical conduction spans nearly 25 orders of magnitude? 

6. Is there a theoretical possibility for athermal superconductor? 

7. Discuss why the thermal conductivity of alloys is lower than that of the pure 
constituents. 



CHAPTER 22 

Thermal Expansion 

The length L of a rod increases with increasing temperature. Experiments 
have shown that in a relatively wide temperature range the linear expansion 
AL is proportional to the increase in temperature AT. The proportionality 
constant is called the coefficient oflinear expansion (XL' The observations can 
be summarized in 

AL 
Y= (XLAT. (22.1) 

Experimentally observed values for (XL are given in Table 22.1. 
The expansion coefficient has been found to be proportional to the molar 

he at capacity Cv , that is, the temperature dependence of (XL is similar to the 

Table 22.1. Linear Expansion 
Coefficients (XL for Some Solids 
Measured at Room Temperature 

Substance (XL in lO-S[K -1] 

Hard rubber 8.00 
Lead 2.73 
Aluminum 2.39 
Brass 1.80 
Copper 1.67 
Iron 1.23 
Glass (ordinary) 0.90 
Glass (pyrex) 0.32 
NaCI 0.16 
Invar 0.07 
Quartz glass 0.05 
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r 

Figure 22.1. Schematic representation of the potential energy, U(r), for two adjacent 
atoms as a function ofinternuc1ear separation, r. 

temperature dependenee of Cv • As a eonsequenee, the temperature depen
denee of oe for dieleetrie materials follows dosely the Cv = f(T) relationship 
predieted by Debye and shown in Fig. 18.2. Speeifieally, oe approaehes a 
eonstant value for T» (}o and vanishes as T 3 for T .... O. The thermal expan
sion eoeffieient for metals, on the other hand, deereases at very small tempera
tures in proportion to T, and depends, in other temperature regions, on the 
sum of the heat eapaeities of phonons and eleetrons. 

We turn now to a diseussion of possible meehanisms whieh may explain 
thermal expansion from an atomistic point of view. We postulate, as in the 
previous ehapters, that the lattiee atoms absorb thermal energy by vibrating 
about their equilibrium position. In doing so, a given atom responds with 
inereasing temperature and vibrational amplitude to the repulsive forees of 
the neighboring atoms. Let us eonsider for a moment two adjaeent atoms only 
and let us inspeet their potential energy as a funetion of internudear sepa
ration (Fig. 22.1). We understand that as two atoms move doser to eaeh 
other, strong repulsive forees are experieneed between them. As a eonse
quenee, the potential energy eurve rises steeply with deereasing r. On the other 
hand, we know that two atoms also attract eaeh other somewhat. This results 
in a slight deerease in U(r) with deereasing r. 

Now, for small temperatures, a given atom may rest in its equilibrium 
position '0' that is, at the minimum of potential energy. If, however, the 
temperature is raised, the amplitude ofthe vibrating atom inereases too. Sinee 
the amplitudes of the vibrating atom are symmetrie about a median position 
and sinee the potential eurve is not symmetrie, a given atom moves further 
apart from its neighbor, that is, the average position of an atom moves to a 
larger" say, rT , as shown in Fig. 22.1. In other words, the thermal expansion is 
a direet eonsequenee ofthe asymmetry ofthe potential energy eurve. The same 
arguments hold true if all atoms in a solid are eonsidered. 

A few substanees are known to behave differently from that deseribed 
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above. They contract during a temperature increase. This happens, however, 
only within a narrow temperature region. For its explanation, we need to 
realize that longitudinal as weIl as transverse vibrational modes may be 
excited by thermal energy (see Section 20.2). The lattice is expected to contract 
iftransverse modes predominate. Interestingly enough only one known liquid 
substance, namely water, behaves in a limited temperature range in this 
manner. SpecificaIly, water has its largest density at 4° C (Furthermore, the 
density ofice is smaller than the density ofwater at the freezing point.) As a 
consequence, water of 4° C sinks to the bottom of a lake during winter, while 
ice stays on top. This prevents the freezing of a lake at the bottom and thus 
enables aquatic life to survive during the winter. This exceptional behavior of 
water suggests that the laws ofphysics do notjust "happen," bqt rather they 
were created by a superior being. I want to conclude my book with this 
thought. 

Problems 

1. Estimate the force which is exerted by the end of alm 10ng iron rod of 1 cm2 cross 
section which was heated by 100° C. 

2. Ca1culate the gap which has to be left between two 10m long railroad tracks when 
they are installed at 0° C and if no compression is allowed at 40° C. 

3 Explain some engineering applications of thermal expansion such as the bimetal 
thermal switch, metal thermometer, etc. 

4. What happens if a red hot piece of glass is immersed into cold water? What happens 
if the same experiment is done with quartz glass? 

Suggestions for Further Reading (Part V) 
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P.G. Klemens and T.K. Chu, eds., Thermal Conductivity, Volumes 1-17, Plenum 

Press, New Y ork and London. 
T.F. Lee, F.W. Sears, and D.L. Turcotte, Statistical Thermodynamics, Addison
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APPENDIX 1 

Periodic Motions 

A vibration is a time dependent or spaee dependent periodie motion. We 
restriet our diseussion to harmonie vibrations. In this ease, the spaee de
pendenee of time is represented by a simple sine or eosine funetion, or 
equivalently, beeause ofthe Euler equations (see Appendix 2), by an exponen
tial funetion. 

A.l.l. Undamped Vibration 

(a) Differential equation for time dependent periodicity: 

d 2 u 
m--+ KU=O 

dt2 

(m = mass, K = retraeting foree parameter). A solution is 

u = Aeiwt , 
where 

co = Jf = 2nv 

(A.I) 

(A.2) 

(A.3) 

is the angular frequeney and A is a eonstant ealled maximum amplitude. 
(b) Differential equation for space dependent periodicity (in one dimension): 

d 2 u 
a dx2 + bu = O. (A.4) 

Solution: 
u = AeiO:x + Be-io:X , (A.5) 



298 

where A and Bare constants, and 

a=j1. 

A.l.2. Damped Vibration 

(a) Differential equation for time dependent periodicity: 

d 2 u du 
m dt2 + Y dt + KU = 0 

(y is the damping constant). The solution is 

u = Ae-pt . ei(Wot-(/!), 

where 

is the resonance frequency, 

Wo = J: -ß2 

y 
ß=2m 

Appendices 

(A.6) 

(A.7) 

(A.8) 

(A.9) 

(A.IO) 

is the damping factor, and r/J is the phase (angle) difference. In a damped 
vibration, the amplitude Ae-Pt decreases exponentially. 

(b) Differential equation for space dependent periodicity: 

d 2 u du 
dx2 + D dx + Cu = o. (A.ll) 

Solution: 

u = e-Dx/2(AeiPX + Be- ipX), (A.12) 

where 

p = Jc- ~2 (A.13) 

and A, B, C and D are constants. 

A.1.3. Forced Vibration (Damped) 

Differential equation for time dependent periodicity: 

d 2 u du K iwt 
m-2 + Y-d + KU = oe . 

dt t 
(A.14) 
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The right hand side is the time periodic excitation force. The solution consists 
of the start-up vibration and a steady-state part. The steady-state solution is 

u = Ko ei(w,-</» 

Jm2(w'ö - ( 2)2 + y2 w2 ' 
(A.15) 

where 

Wo = ß (AI6) 

is the resonance frequency of the undamped, free oscillation. 
The tangent of the phase difference rjJ between the excitation force and the 

forced vibration is 

A.1.4. Wave 

yw 
tanrjJ = m(w'ö - w" 

A wave is aspace and time dependent periodic motion. 

(a) The differential equation for the undamped wave is 

2 2 02U 
V V U = ot2 ' 

where 

02 02 02 
V2 = ox2 + oy2 + OZ2' 

The differential equation for the plane wave is 

02 U 02 U 
2 

v ox2 ot2 ' 

whose solution is 

u(t, x) = eiW'(AeiaX + Be- iaX), 

or 

u(t, x) = Aei(w,+ax) + Bei(wt-ax) , 

or 

u(t, x) = Aeiw(t+(x/V)) + Beiw(t-(x/v)). 

(b) Damped wave: 

02 U OU 02U 
v2 ox2 = a ot + b ot2 . 

(A.17) 

(A.18) 

(A.19) 

(A20) 

(A21) 

(A22) 

(A.23) 

(A.24) 
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The solution is possible by using (A.23). The general wave equation 

can be solved with 

where 

OU o2U 
v2 '1j2u = a- + b-at ot2 

u(t,x,y,z) = Aei(rot-k·v) 

Ikl = 2n 
A. 

, 

is the wave number vector. It has the unit of a reciprocallength. 

(A.25) 

(A.26) 

(A.27) 



APPENDIX 2 

Euler Equations 

cos t/J = ~(eitP + e- itP) 

. '" 1." ." sm'f' = 2/e'''' - e-'''') 

sinh t/J = ~(etP - e- tP) = ~. sin it/J 

1 
cosh t/J = -(etP + e- tP) = cos it/J 

2 

eitP = cost/J + isint/J 

e-itP = cost/J - isint/J. 

(A.28) 

(A.29) 

(A.30) 

(A.31) 

(A.32) 

(A.33) 



APPENDIX 3 

Summary of Quantum Number 
Characteristics 

The energy states of electrons are characterized by four quantum numbers. 
The main quantum number n determines the overall energy of the electrons, 
that is, essentially the radius of the electron distribution. It can have any 
integral value. For example, the electron of a hydrogen atom in its ground 
state has n = l. 

The quantum number I is a measure of the angular momentum L of the 
e1ectrons and is determined by ILI = JI(1 + l)h, where I can assurne any 
integral value between 0 and n - 1. 

It is common to specify a given energy state by a symbol which utilizes the n 
and I values. States with I = 0 are called s-states; with I = 1, p-states; and with 
I = 2, d-states, etc. A 4d-state, for example, is one with n = 4 and I = 2. 

The possible orientations of the angular momentum vector with respect to 
an external magnetic field are again quantized and given by the magnetic 
quantum number m. Only m values between + I and -I are permitted. 

The electrons of an atom fill the available states starting with the lowest 
state and obeying the Pauli principle which requires that each state can be 
filled only with two electrons having opposite spin (I si = ± 1/2). Because of 
the just mentioned multiplicity, the maximal number of electrons in the s
states is 2, in the p-states 6, in the d-states 10, and in the f-states 14. 

The electron bands in solids are named by using the same nomenc1ature as 
above, that is, a 3d-level in the atomic state widens to a 3d-band in asolid. The 
electron configurations of some isolated atoms are listed on the next page. 



Appendix 3. Summary of Quantum Number Characteristics 303 

K L M N 0 
Z Element Is 2s 2p 3s 3p 3d 4s4p 4d4f 5s 5p 5d5f 

I H I 
2 He 2 

3 Li 2 I 
4 Be 2 2 
5 B 2 2 1 
6 C 2 2 2 
7 N 2 2 3 
8 0 2 2 4 
9 F 2 2 5 

10 Ne 2 2 6 

11 Na 2 2 6 I 
12 Mg 2 2 6 2 
13 AI 2 2 6 2 1 
14 Si 2 2 6 2 2 
15 P 2 2 6 2 3 
16 S 2 2 6 2 4 
17 CI 2 2 6 2 5 
18 Ar 2 2 6 2 6 

19 K 2 2 6 2 6 1 
20 Ca 2 2 6 2 6 2 
21 Sc 2 2 6 2 6 1 2 
22 Ti 2 2 6 2 6 2 2 
23 V 2 2 6 2 6 3 2 
24 Cr 2 2 6 2 6 4 1 
25 Mn 2 2 6 2 6 5 2 
26 Fe 2 2 6 2 6 6 2 
27 Co 2 2 6 2 6 7 2 
28 Ni 2 2 6 2 6 8 2 
29 Cu 2 2 6 2 6 10 I 
30 Zn 2 2 6 2 6 10 2 
31 Ga 2 2 6 2 6 10 2 1 
32 Ge 2 2 6 2 6 10 2 2 
33 As 2 2 6 2 6 10 2 3 
34 Se 2 2 6 2 6 10 2 4 
35 Br 2 2 6 2 6 10 2 5 
36 Kr 2 2 6 2 6 10 2 6 

37 Rb 2 2 6 2 6 10 2 6 I 
38 Sr 2 2 6 2 6 10 2 6 2 
39 Y 2 2 6 2 6 10 2 6 1 2 
40 Zr 2 2 6 2 6 10 2 6 2 2 
41 Nb 2 2 6 2 6 10 2 6 4 1 
42 Mo 2 2 6 2 6 10 2 6 5 1 
43 Tc 2 2 6 2 6 10 2 6 5 2 



APPENDIX 4 

Tables 

The International System of Units (SI or mksA System) 
In the SI-unit system, essentially four base units, the meter, the kilogram 

(for the mass), the second, and the ampere are defined. Further base units are 
the Kelvin, the mole (for the amount of substance), and the Candela (for the 
luminous intensity). All other units are derived units as shown in the table 
below. Even though the use of the SI-unit system is highly recommended, 
other unit systems are still widely used. 

Expression in terms of 

Quantity Name Symbol Other SI units SI base units 

Force Newton N kg·m/s2 

Energy, wok Joule J N·m kg· m2/s2 

Pressure Pascal Pa N/m2 kg/m·s2 

EI. charge Coulomb C J/V A·s 
Power Watt W J/s kg· m2/s3 

EI. potential Volt V W/A kg·m2/A·s3 

EI. resistance Ohm n VIA kg·m2/A2·s3 

Magn. flux Weber Wb V·s kg·m2/A·s2 
Magn. fie1d Tesla T Wb/m2 kg/A· S2 
Inductance Henry H Wb/A kg·m2/A2·s2 
Capacitance Farad F Cf V A2 ·s4/kg·m2 



Appendix 4. Tables 

Physical Constants (cgs and SI units) 

Mass of electron 
(Free electron 
mass) 

Charge of electron 
mo = 9.11 x 10-28 (g) = 9.11 X 10-31 (kg) 

e = 1.602 x 10-19 (C) 
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= 4.803 X 10-10 (statcoul) == (cm3/2. gl/2/S) == (erg/statV) 
= 1.602 x 10-20 (abcoul) == (gl/2. cm1/2) 

Velocity oflight 
Planck constant 

Avogadro constant 
Boltzmann constant 

Bohr magneton 

Gas constant 

Useful Conversions 

C = 2.998 X 1010 (cm/s) = 2.998 x 108 (m/s) 
h = 6.626 X 10-27 (g·cm2/s) = 4.136 x 10-15 (eV's) 

= 6.625 x 10-34 (J. s) 
h = 1.054 X 10-27 (g. cm2/s) = 6.57 x 10-16 (eV' s) 

= 1.054 X 10-34 (J . s) 
No = 6.025 X 1023 (atoms/mol) 
kB = 1.381 X 10-16 (erg/K) = 8.616 x 10-5 (eV/K) 

= 1.381 x 10-23 (J/K) 

( erg) J.l.B = 9.274 X 10-21 Oe == (Oe' cm3) == (gl/2 cm5/2/S) 

R = 8.314 (J/mol' K) = 1.986 (cal/mol' K) 

1 (eV) = 1.602 x 10-12 (g·cm2/s2) = 1.602 x 10-19 (kg·m2/s2) 

( kg .m2) (g.cm2) 1 (J) = 1 -S2- = 107 (erg) = 107 -S2- = 2.39 X 10-1 (caI) 

1 (Rydberg) = 13.6 (eV) 
1 (I/ncm) = 9 x 1011 (I/s) 
1 (I/nm) = 9 x 109 (I/s) 
1 (C) = 1 (A's) = 1 (J/V) 
1 (Ä) = 10-10 (m) 
1 (torr) == 1 (mm Hg) = 133.3 (N/m2) == 133.3 Pa 
1 (bar) = 105 (N/m2) == 105 Pa 
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308 Appendices 

Ionization Energies for Various Dopants in Semiconductors 
(Experimental) 
Donor ionization energies are given from the donor levels to the 
bottom of the conduction band. Acceptor ionization energies are 
given from the top of the valence band to the acceptor levels. 

Dopant Ionization 
Semiconductor Type Element energy 

(eV) 

Sb 0.0096 
Donors P 0.012 

As 0.013 
Ge 

B 0.01 

Acceptors 
AI 0.01 
Ga 0.011 
In 0.011 

Sb 0.039 
Donors P 0.045 

As 0.054 
Si 

B 0.045 

Acceptors 
AI 0.067 
Ga 0.072 
In 0.16 

Si 0.0058 
Donors Ge 0.006 

Sn 
GaAs 

0.006 

Be 0.028 
Acceptors Mg 0.028 

Zn 0.031 
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Appendix 4. Tables 

The equations given in this book can be conver
ted from the cgs (Gaussian) unit system into the SI 
(mks) system and vice versa by replacing the sym
bols in the respective equations with the symbols 
listed in the following table. Symbols which are not 
listed here remain unchanged. It is imperative that 
consistent sets of units are utilized. 

mks cgs 
QUANTITY (SI) (GAUSSIAN) 

Magnetic induction B B/c 
Magnetic flux II>B II>B/C 
Magnetic field strength H cH/47t 
Magnetization M cM 
Magnetic dipole moment J1. cJ1. 
Permittivity constant 60 1/47t 
Permeabilitv constant Ito 47t/c2 

Electric displacement D D/47t 

311 
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Index 

Absorption 
band 147, 165 
of light 140, 154, 160, 165 

Acceptor 
impurities 95, 308 
levels 95, 308 

Acceptors 93 
Acoustic bands 276 
Alnico alloys 254 
Amorphous 

semiconductors 130 
solids 122, 129ff 

Angular 
frequency 4 
momentum quantum number 302 

Antiferromagnetism 224 
Arrhenius equation 128 
A valanche photo diode 110 
A vogadro constant 69, 305 
Azimuth 177 

Band overlapping 51, 60, 241, 243 
Band structure for 

aluminum 48 
copper 47 
extrinsic semiconductors 95 
GaAs 49 
germanium 195 
phonons 276 

silicon 49, 88 
trans-polyacetylene 124 

Base 113 
BeS theory of superconduction 83 
Beats 6,244 
Beer's equation 143 
Bemal model 130 
Bema-Polk mo®l 131 
Bethe-Slater curve 245 
Biasing 104 
Bivalent metal 59 
Bloch 

function 23ff, 131 
wall 223 

Bohr magneton 220, 242, 245, 246, 
305 

Boltzmann 
constant 305 
distribution function (statistics) 54, 

277 
tail 55 

Bom's postulate 8 
Bose-Einstein statistics 277 
Boundary condition 9, 12, 15 
Boyle-Mariotte equation 271 
Bragg reflection 36, 37 
Bragg's law 70 
Bravais lattice 38 
Breakdown 109 
Brillouin, L. 70, 233 



314 

Brillouin 
function 233 
zone(s) 34ff, 276, 289 

for bcc lattice 44 
for fcc lattice 46 

Calorie 266 
Carbon dioxide laser 205 
Carrier density, see Electron concentra-

tion 
Chip 106, 115 
Cis isomer 123 
Classical electron theory of 

conduction 71 ff 
Coercive force 222, 248 
Coercivity 222, 252, 253, 255 
Coherent scattering 70 
Collector 113 
Collimation 20 I 
Color 137, 183 
Compensator 178 
Compositional disorder 130 
Compound semiconductors 100 
Conducting polymers 120 
Conduction band 87 
Conduction, e1ectrical 

classical model 71 
quantum mechanical model 72 
tab1e 306, 307 

Conduction, heat 263, 270, 285ff 
Conductivity 

in amorphous materials 132, 133 
electrical 60, 68, 72, 76 
in insulators 76 
in ionic crystals 126 
in metals, alloys 67ff, 76 
in polymers 96, 120ff, 123 
in semiconductors 76, 93, 94 

Conductivity, electrical 
temperature dependence 77, 97 

Conductivity, heat 264, 270, 285ff 
in dielectric materials 288 
in metals, alloys 285 
quantum theory 287 

Conjugated organic polymer 122 
Contact potential 103 
Continuum theory 3 
Conventional unit cell 38 

Cooper pair 83 
Core losses 249, 252 
Corrosion 193 
Coulomb potential 18 
Covalent forces 121 
Critical point transition 181, 194 
Cryotron 83 
Curie 

constant 218 
law 218 
temperature 222,225,227,245 

Curie-W eiss law 218, 225, 234 
Current density 68 
Czochralski process 115 

Damping 
constant 138, 140, 141 
force 70, 151, 157, 199 
frequency 153 

Dangling bonds 131 
de Broglie wave 5 
Debye 

model of thermal properties 279 
temperature 269 

Defect electron 62 
Degenerate states 19 
Demagnetization curve 253 
Dense random packing model 130 
Density 

of states 55, 276 
tails 132 
of vibrational modes 276 

Depletion layer 10 1 
Diamagnetism 213, 216, 228, 238 
Dielectric constant 140 
Differential reflectometer 180 
Diffusion 

coefficient 127 
current 103 

Diode 106 
law 107 

Dipole momentum 149 

Index 

Dispersion 138, 147, 160, 169, 173 
Donor 

impurities 308 
levels 95, 308 

Donors 93 
Doping 93 



Index 

Drift current 103 
Drude 

equations (optical constants) 153 
theory 67, 69, 146, 147 

Dulong-Petit law 268 

Easy direction 250 
Eddy current 225, 249 
Effective mass 60ff, 98, 306, 307 
Effective number of free electrons 150 
Eigenfunction 12 
Einstein 

frequency 278 
mass-energy equivalent 4 
model of thermal properties 276ff 
relation 127 
temperature 278 

Elastic collisions 70 
Electric 

field strength 68, 142 
steels 248 

Electromagnet 215 
Electron 

affinity 104 
charge 5, 305 
concentration 90, 91, 94, 99, 306 

temperature dependence 96, 97 
gas (plasma) 69 
hole 62 
in a box 19 
mass 5,305 
wave 5 

Electrotransport 106 
Ellipsometry 177 
Elliptically polarized light 177 
Emitter 113 
Energy 

bands 30ff 
gap 48, 89, 307 
levels 16ff, 28 
loss function 187 
product (magnetic) 253 
state 55 

Equal energy curves 50ff 
Euler equations 301 
Exchange 

energy 243 
integral 245 

Exciton 62, 197, 198 
Expansion coefficient 291 ff 
Extended zone scheme 32 
Extrinsic 

region 128 
semiconductors 93 

Fermi-Dirac statistics 54 
Fermi 

distribution function 54 
energy 51,54,89,90,98, 107, 

306 
surface 54ff, 73 

for copper 51 
velocity 73 

Ferrimagnetism 225ff 
Ferrites 250, 256, 257 
Ferromagnetism 220ff, 234 
Field ion microscope 21 

315 

Field strength, see Electric field strength 
or Magnetic field strength 

Float zone technique 115 
Fluorescence 200 
Forward bias 104, 107, 108 
Four level laser 203 
Free electron bands 32ff, 44 

for bcc 45 
for fcc 46 

Free electrons, 13ff, 69ff, 146, 217, 264, 
281 

with damping 151 
without damping 148 

Frenkel defect 129 
Friction force 70, 71, 147, 151 
Fringed mice II structure 122 
Fringing 256, 257 
Fundamental edge 167 

Gap energy 89, 307 
Gas equation 271 
Generation current 105 
g-factor 219 
Glass 130 
Glassy temperature 122 
Goethe, J. W. 137 
Grain orientation 250, 251 
Group velocity 7, 8, 60 



316 

Hagen-Rubens equation 4, 144, 146 
Hall effect 99 
Hamilton operators II 
Hard magnetic materials 222 
Harmonic oscillator 147, 157, 162 
Heat 

capacity 264, 267, 268, 274ff, 278 
electronic contribution 280 
temperature dependence 269 

conductivity 263, 264, 270 
energy 266 

Heisenberg's uncertainty principle 8, 
202 

Helium-neon laser 204, 205 
Heterojunction laser 207 
Heusler alloys 245 
Hole, electron 62, 95 
Hund's rule 220, 226, 245 
Hydrogen atom 18 
Hysteresis 

loop 221, 222, 248 
loss 249, 250 

Impurity states 95 
Incoherent scattering 70 
Index of refraction 138 
Infrared (IR) 144, 155 
Insulators 59 
Intensity of light 
Interband transition 

198 
direct 166 
indirect 166 

Intraband transition 
198 

Intrinsic 

142 
89, 165, 182, 194, 

165ff, 168, 182, 

region 128 
semiconductors 89 

Inverse spinel structure 227 
Ionization energy 18, 308 
Isotope effect 82 

Josephson 
effect 85 
frequency 85 

Kinetic energy 4 
of gases 271 

Kondo effect 78 
Kramers-Kronig analysis 176 
Kronecker-DeIta symbol 41 
Kronig-Penney model 22ff 

Lamination 250 
Langevin theory of 

diamagnetism 228ff 
paramagnetism 230 

Large scale integration 106 
Lasers 200ff, 204 
Leakage 253 
Lenz law 216, 229 
Light-emitting diode (LED) 207 
Light velocity 4, 138 
Localized states 132 
Lodestone 212 
Lorentz 

force 99 
number 288 
theory 147, 157 

Luminescence 200 

Magnetic 
anisotropy 250 
constants 213 
core materials 252 
core memories 257 
domains 223 
field strength 212, 214 
flux 214 

density 214 
induction 214 
moment of orbiting (or spinning) 

e1ectron 242 
properties 

of alloys 246 

Index 

c1assical (Langevin) theory 228ff 
of gases 218 
of ionic crystals 220 
moIecular field theory 234 
quantum theory 238ff 
of rare earth elements 245, 247 
of semiconductors 220, 241 
of so lids 213 



Index 

temperature dependence 218, 225, 
227,241 

quantum number 302 
recording 256 
short-range ordering 224 
units 214, 309 

Magnetization 214, 222 
Majority carriers 95 
Matter wave 7 
Matthiessen ' s rule 77 
Maxwell relation 140 
Mechanical heat equivalent 263 
Meissner effect 82 
Metallic glasses 129, 130 
Metallization 105 
Metal-semiconductor contact 10 1 
METGLAS 132 
Minority carrier 108 
Mobility of electrons 92, 94, 307 
Modulation spectroscopy 181 
Molar heat capacity 264, 268, 278 
Molecular field theory 234ff 
Momentum 4 
Monomer 121 
Muffin tin potential 23 
Mumetal 252 

Neel temperature 224 
Newton's law 4 
Norm 12 
n-type semiconductor 95 

Ohm's law 4, 68 
Ohmic contact 10 I, 105 
Opacifier 199 
Optical 

bands 276 
constants 137ff, 143 
properties 

of alloys 188ff 
atomistic theory 146ff 
bound electron theory 157 
classical (free electron) theory 151 
of dielectric materials 157 
free electrons and oscillators 162 
of insulators 168, 198 
of lasers 200 

measurement 175ff 
of metals 182ff 
Quantum theory 165, 169 
of semiconductors 168, 194 

Ordering 
of electrons 83 
long-range 78, 191 

317 

short-range 79, 129, 191, 193,224 
Organic polymers 121 
Oscillator strength 161, 173 
Oscillators 147, 157, 161, 162 

Paramagnetism 213 
electron orbit 218 
electron spin 218, 234 
quantum theory 238 

Pauli principle 57 
Penetration depth 142 
Permalloy 252 
Permanent magnets 222, 253ff, 255 
Permeability 212, 252 
Perturbation theory 170 
Phase 

coherency 201 
velocity 7, 8 

Phonon 83, 198,264, 276ff, 285, 288 
Phosphorescence 200 
Photo diode 109 
Photon 5 
Photoresist technique 115, 117 
Planck constant 5, 305 
Plane polarization 139 
Plasma 

electron 69 
frequency 149, 186 
oscillation 150, 186 

p-n rectifier 106 
Polarization (E,) 149, 152, 155, 173 
Polarizer 178 
Polyacetylene 122 
Polymers 120ff 
Population 

density 57ff, 283 
inversion 200, 202 

Potential barrier 103 
strength 25 

Potential weil 15 
Primitive vector 39 



318 

Probability function ('1''1'*) 8, 16, 17, 
18 

p-type semiconductor 95, 98, 10 I ff 
Pumping 202 

efficiency 202 
PVC 121 

Q-switching 203 
Quantum numbers 302 
Quasi-Fermi level 107 

Rapid solidification 130 
Reciprocal 

lattice 34, 39, 42 
space 34, 39, 42 

Rectifier 101, 102, 106 
Rectifying contact 10 I, 102 
Reduced zone scheme 32 
Reflectivity 142ff, 147, 155 
Refraction index 138 
Relaxation time 72 
Remanence 222, 253, 255 
Resistivity, see Conductivity 
Resonance frequency 161, 299 
Retentivity 222 
Reverse bias 104, 107, 108 
Rigid band model 188 
Ruby laser 204 

Saturation 
current 105 
magnetization 222, 252 

Scattering 70 
Schottky 

barrier contact 102 
defect 127 

Schrödinger equation 5, IOff 
Screening effects 190 
Semiconductor(s) 87ff 

devices IOlff 
laser 204, 206 

Shockley equation 107 
Single crystal growth 116 
Skin effect 141, 250 
Snell's law 138 
Soft magnetic materials 222, 248ff 

Solar cell 109 
Solenoid 215, 221 
Soliton 125, 126 
Space 

charge region 10 I 
quantization 233 

Specific heat 264,267,268,282 
Spin 57,302 
Stimulated emission 200ff 
Superconductivity 79ff 
Superconductors 

hard 81 
soft 80 
type I 81 
type n 81 

Supercooled liquid 130 
Surfaces 176 
Susceptibility 212, 240 

Thermal 
conductivity 270, 285 
constants 268 
energy 266 

Thermal properties 
classical theory 274ff 
quantum theory 276ff 

Threshold energy for interband 

Index 

transitions 167, 183, 188, 189 
Transformer 249 
Trans-isomer 123 
Transistor 113 
Translation vector 39 
Transmission of light 199 
Tunable laser 204 
Tunnel 

diode 111 
effect 19ff, 21, III 

Umklapp process 290 
Unit cell 38 
Units (SI) 304, 310, 311 

Valence band 87ff 
Van der Waals forces 122 
Velocity of wave 4 
Velocity space 73 



Index 

Vibration equations 297 
Vortex state 82 

Wafer 115 
Wave 

equation 299 
Schrödinger 11 

function 5, 16 
packet 6 
vector 8, 14 
velocity 7 

Wave-particle duality 5, 6 
Wiedemann-Franz law 263, 288 
Wigner-Seitz cells 38ff 
Work function 102, 306, 307 

Zener diode 108 
Zone 

refining 93 
schemes 31ff 
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