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Preface 

The pur pose of this book is to provide a straightforward introduction to the 
principles and methods of design for concrete structures. It is directed primarily at 
students and young designers who require an understanding of the basic theory and 
a concise guide to design procedures. Although the detailed design methods are 
generally according to British standards, much of the theory and practice is of a 
fundamental nature and should, therefore, be useful to engineers in other countries. 
limit state concepts, as recently introduced in the new codes of practice, are used 
and the calculations are in SI units throughout. 

The subject matter has been arranged so that chapters 1 to 6 deal mostly with 
theory and analysis while the following chapters cover the design and detailing of 
various types of member and structure. In order to include topics that are usually 
in an undergraduate course, there is a chapter on earth- and water-retaining 
structures and also a final chapter on prestressed concrete. 

Important equations that have been derived within the text are highlighted by 
an asterisk adjacent to the equation number. 

A major problem with books on design practice is that the design standards and 
specifications are liable to be revised after the book is published. For this reason 
the reader should ensure that he is using the latest edition of the relevant standard. 
This is particularly true when the design may involve the use of any of the tables 
within the text that have been taken from CP 110. 

Extracts from the British Standards are reproduced by permission of the 
British Standards Institution, 2 Park Street, London WIA 2BS, from whom com
plete co pies can be obtained. The Cement and Concrete Association have kindly 
given permission to use tables 6.1 and 6.2 which are based on tables in the Hand
book on the Unified Code for Structural Concrete. 

Finally the authors wish to thank Mrs B. Cotgreave who prepared the diagrams 
and Mrs F. Zimmermann who typed most of the draft and final copies of the 
manuscript. 
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Notation 

Notation is generally in accordance with CP 110, and the principal symbols are 
listed below. Other symbols are defined in the text where necessary. The symbols 
e for strain andffor stress have been adopted throughout, with the general system 
of subscripts such that the first subscript refers to the material, c - concrete, 
s - steel, and the second subscript refers to the type of stress, c - compression, 
t - tension. 

a Deflection 
b Width of section 
bt Breadth of section at level of tension reinforcement 
bw Breadth of web or rib of a member 
d Effective depth of tension reinforcement 
d' Depth to compression reinforcement 
Ec Static se cant modulus of elasticity of concrete 
Es Modulus of elasticity of steel 
e Eccen tri city 
F Ultimate load 
fbs Bond stress 
feu Characteristic concrete cube strength 
fpu Characteristic strength of prestressing tendons 
fs Service stress or steel stress 
f y Characteristic strength of reinforcep1ent 
fyv Characteristic strength of link reinforcement 
Gk Characteristic dead load 
gjc Characteristic dead load per unit area 
h Over -all depth of section in plane of bending 
h f Thickness of flange 
I Second moment of area 
k1 Average compressive stress in the concrete for a rectangular - parabolic 

stress block 
k2 A factor that relates the depth to the centroid of the rectangular-

parabolic stress block and the depth of the neutral axis 
la Lever-arm factor = z/d 
le Effective height of a column or wall 
M Bending moment 
Mu Ultimate resistance moment 
N Axial load at section considered 
Nba1 Axial load on a column corresponding to the balanced condition 
P Final prestress force (chapter 12) 

xi 



XÜ NOTATION 

Qk Characteristic imposed load 
qk Characteristic live load per unit area 
1 Ir x Curvature of a beam at point x 
Sv Spacing of links along the member 
T Torsional moment 
u Perimeter 
V Shear force 
v Shear stress 
Vc Ultimate shear stress in concrete 
Wk Characteristic wind load 
x Neutral axis depth 
z Lever arm 
Qe Modular ratio 
ßred Ratio of the reduction in resistance moment 
'Yf Partial safety factor fOT load 
'Ym Partial safety factor for strength 
€sh Shrinkage strain 
J.1 Coefficient of friction 
~s Depth of slab factor 
f/) Bar size 
cp Creep coefficient 
~us Sum of the effective perimeters of the tension reinforcement 



1 
Properties of Reinforced 
Concrete 

Reinforced concrete is a strong durable building material that can be formed into 
many varied shapes and sizes ranging from a simple rectangular column, to asIender 
curved dome or shell. Its utility and versatility is achieved by combining the best 
features of concrete and steel. Consider some of the widely differing properties of 
these two materials that are listed below. 

strength in tension 
strength in compression 

strength in shear 
durability 
flfe resistance 

Concrete Steel 

poor 
good 

fair 
good 
good 

good 
good, but slender bars 
will buckle 
good 
corrodes if unprotected 
poor - suffers rapid loss 
of strength at high 
temperatures 

It can be seen from this list that the materials are more or less complementary. 
Thus, when they are combined, the steel is able to provide the tensile strength and 
probably some of the shear strength whilst the concrete, strong in compression, 
protects the steel to give durability and fire resistance. This chapter can present 
only abrief introduction to the basic properties of concrete and its steel reinforce
ment. For a more comprehensive study, it is recommended that reference should 
be made to the specialised texts listed in the further reading sections at the end of 
this chapter. 

1.1 Composite Action 

The tensile strength of concrete is only about 10 per cent of the compressive 
strength. Because of this, nearly all reinforced concrete structures are designed on 
the assumption that the concrete does not resist any tensile forces. Reinforcement 

2 



2 REINFORCED CONCRETE DESIGN 

is designed to carry these tensile forces, which are transferred by bond between the 
interface of the two materials. If this bond is not adequate, the reinforcing bars 
will just slip within the concrete and there will not be a composite action. Thus 
members should be detailed so that the concrete can be weIl compacted around the 
reinforcement during construction. In addition, some bars are ribbed or twisted so 
that there is an extra mechanical grip. 

In the analysis and design of the composite reinforced concrete section, it is 
assumed that there is perfect bond, so that the strain in the reinforcement is 
identical to the strain in the adjacent concrete. This ensures that there is what is 
known as 'compatibility of strains' across the cross-section of the member. 

The coefficients of thermal expansion for steel and for concrete are of the 
order of 10 X 10-6 per oe and 7 - 12 x 10-6 per oe respectively. These values are 
sufficiently elose that problems with bond seldom arise from differential expansion 
between the two materials over normal temperature ranges. 

Load 

Comprassion 

Tl2nsion 

Rl2i n forcl2ml2nt 
Cracking 

I D 
st rain Sl2ct ion 

Distribution A-A 

Figurc 1.1 Composite action 

Figure 1.1 illustrates the behaviour of a simply supported beam subjected to 
bending and shows the position of steel reinforcement to resist the tensile forces, 
while the compression forces in the top of the beam are carried by the concrete. 

Wherever tension occurs it is likely that cracking of the concrete will take place. 
This cracking, however, does not detract from the safety of the structure providing 
there is good reinforcement bond to ensure that the cracks are restrained from 
opening so that the embedded steel continues to be protected from corrosion. 

When the compressive or shearing forces exceed the strength of the concrete, 
then steel reinforcement must again be provided, but in these cases it is only 
required to supplement the load-carrying capacity of the concrete. For example, 
compression reinforcement is generaIly required in a column, where it takes the 
form of vertical bars spaced near the perimeter. To prevent these bars buckling, 
steel binders are used to assist the restraint provided by the surrounding concrete. 

1.2 Stress-Strain Relations 

The loads on a structure cause distortion of its members with resulting stresses and 
strains in the concrete and the steel reinforcement. To carry out the analysis and 
design of a member it is necessary to have a knowledge of the relationship between 
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these stresses and strains. This knowledge is particularly important when dealing 
with reinforced concrete which is a composite material; for in this case the analysis 
of the stresses on a cross-section of a member must consider the equilibrium of the 
forces in the concrete and steel, and also the compatibility of the strains across the 
cross -section. 

1.2.1 Concrete 

Concrete is a very variable material, having a wide range of strengths and stress
strain curves. A typical curve for concrete in compression is shown in figure 1.2. 
As the load is applied, the ratio between the stresses and strains is approximately 
linear at first and the concrete behaves alm ost as an elastic material with virtually 
a full recovery of displacement if the load is removed. Eventually, the curve is no 
longer linear and the concrete behaves more and more as a plastic material. If the 
load were removed during the plastic range the recovery would no longer be com
plete and a permanent deformation would remain. Thc ultimate strain for most 
structural concretes tends to be a constant value of approximately 0.0035, 
irrespective of the strength of the concrete. The precise shape of the curve is very 
dependent on the length of time the load is applied, a factor which will be further 
discussed in section 1.4 on creep. Figure 1.2 is typical for a short-term loading. 

strass 

Strain 

Figure 1.2 Stress - strain curve for concrete in compression 

Concrete generally increases its strength with age. This characteristic is illustrated 
by the graph in figure 1.3 which shows how the increase is rapid at first, becoming 
more graduallater. Most codes of practice allow the concrete strength used in design 
to be varied according to the age of the concrete when it supports the design load. 
A typical variation in strength of an Ordinary Portland cement concrete, as allowed 
by table 2 of CP 110, is 

7 days 1 month 2 months 3 months 6 months 1 year 

16.5 25 27.5 29 30 31 N/mm2 

The benefits of an increased strength may be used in the design of members such 
as foundations which will often be at least a few months old before they are fully 
loaded. 
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Figure 1.3 Increase ot concrete strength with age. Typical curve tor an Ordinary 
Portland cement concrete 

Modulus 0/ Elasticity 0/ Concrete 

It is seen from the stress - strain curve for concrete that although elastic behaviour 
may be assumed for stresses below about one-third of the ultimate compressive 
strength, this relationship is not truly linear. Consequently it is necessary to define 
precisely what value is to be taken as the modulus of elasticity 

E = stress 

strain 

A number of alternative definitions exist, but the most commonly adopted is 
E = Ec where Ec is known as the secant or static modulus. This is measured for a 
particular conerete by means of a statie test in whieh a eylinder is loaded to just 
above one-third of the corresponding control cube stress and then cycled back to 
zero stress. This removes the effect of initial 'bedding in' and minor stress redis
tributions in the concrete under load. Load is then reapplied and the behaviour 
will then be almost linear; the average slope of the line up to the specified stress is 
taken as the value for Ec• The test is deseribed in detail in BS 1881 and the result 
is generally known as the instantaneous statie modulus of elasticity. 

The dynamic modulus of elasticity Ecq , is sometimes referred to since this is 
much easier to measure in the laboratory and there is a fairly weil defined relation
ship between E c and E cq. The standard test is based on determining the resonan t 
frequency of a laboratory prism specimen and is also described in BS 1881. I t is 
also possible to obtain a good estimate of Ecq from ultrasonic measuring techniques, 
which may sometimes be used on site to assess the concrete in an actual structure. 
The standard test for Ecq is on an unstressed specimen. It can be seen from figure 
1.4 that the value obtained represents the slope of the tangent at zero stress and 
Ecq is therefore higher than Ec . The relationship between the two moduli is given 
by 

Statie modulus Ec = (1.25 Ecq - 19) kN/mm2 
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Strass 

Load cycling 

oU---~~--~----------
Strain 

Ec(static) 

Figure 1.4 Moduli o[ elasticity o[ concrete 

This equation is sufficiently accurate for normal design purposes. 
The actual value of E far a concrete depends on many factors related to the mix, 

but a general relationship is considered to exist between the modulus of elasticity 
and the compressive cube strength. Ranges of Ee for various concrete grades which 
are suitable far design are shown in table 1.1. The' magnitude of the modulus of 
elasticity is required when investigating the deflection and cracking of a structure. 
When considering short-term effects, member stiffnesses will be based on the static 
modulus Ee, as defined above. If long-term effects are being considered, it can be 
shown that the effects of creep can be represented by modifying the value of E e and 
this is discussed in section 6.1.2. 

1.2.2 Steel 

Table 1.1 Short-term Modulus of 
Elasticity of Concrete 

Cube strength 
(N/mm2 ) 

20 
25 
30 
40 
50 
60 

Static modulus 
(kN/mm2 ) 

21-29 
22-30 
23-33 
26-36 
28-40 
30-42 

Figure 1.5 shows typical stress - strain curves far (a) mild steel, and (b) high yield 
steel. Mild steel behaves as an elastic material, with the strain proportional to the 
stress up to the yield, at which point there ts a sudden increase in strain with no 
change in stress. After the yield point, mild steel becomes a plastic material and the 
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0·2 ',. 
proof strC2Ss 

Strezss 

(b) High yiezld stezezl 

~"1-_~) Mild ",,' 

0-002 
Strain 

Figure 1.5 Stress - $train curves tor steel 

strain increases rapidly Up to the ultima te value. High yield steel on the other hand, 
does not have adefinite yield point but shows a more gradual change from an 
elastic to a plastic behaviour. 

The specified strength used in design is based on the yield stress for mild steel, 
whereas for high yield steel the strength is based on a specified proof stress. A 0.2 
per cent proof stress is defined in figure 1.5 by the broken line drawn parallel to the 
linear part of the stress - strain curve. 

Removal of the load within the plastic range would result in the stress - strain 
dia gram following a line approximately parallel to the loading portion - see line BC 
in figure 1.6. The stee1 will be left with a permanent strain AC, which is known as 
'slip'. lf the steel is again loaded, the stress - strain diagram will follow the unloading 
curve until it almost reaches the original stress at Band then it will curve in the 
direction of the first loading. Thus, the proportional limit for the second loading is 
higher than for the initialloading. This action is referred to as 'strain hardening' or 
'work hardening'. 

The deformation of the steel is also dependent on the length of time the load is 
applied. Under a constant stress the strains will gradually increase - this pheno
menon is known as 'creep' or 'relaxation'. The amount of creep that takes place 
over aperiod of time depends on the grade of steel and the magnitude of the stress. 
Creep of the steel is of little significance in normal reinforced concrete work, but it 
is an important factor in prestressed concrete where the prestressing steel is very 
highly stressed. 

Strezss 

Strain 

Figure 1. 6 Strain hardening 
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1.3 Shrinkage and Thermal Movement 

As concrete hardens there is a reduction in volume. This shrinkage is liable to cause 
cracking of the concrete, but it also has the beneficial effect of strengthening the 
bond between the concrete and the steel reinforcement. Shrinkage begins to take 
place as soon as the concrete is mixed, and is caused initially by the absorption of 
the water by the concrete and the aggregate. Further shrinkage is caused by eva
poration of the water which rises to the concrete surface. During the setting process 
the hydration of the cement causes a great deal of heat to be generated, and as the 
concrete cools, further shrinkage takes place due to thermal contraction. Even after 
the concrete has hardened, shrinkage continues due to drying out over many 
months, and any subsequent wetting and drying can also cause swelling and shrink
age. Thermal shrinkage may be reduced by restricting the temperature rise during 
hydration, which may be achieved by the following procedures. 

(1) Use a mix design with a low cement content. 
(2) Avoid rapid hardening and finely ground cement if possible. 
(3) Keep aggregates and mixing water cool. 
(4) Use steel shuttering and cool with a water spray. 
(5) Strike the shuttering early to allow the heat ofhydration to dissipate. 

A low water - cement ratio will help to reduce drying shrinkage by keeping to a 
minimum the volume of moisture that can be lost. 

If the change in volume of the concrete is allowed to take place freely without 
restraint, there will be no stress change within the concrete. Restraint of the 
shrinkage, on the other hand, will cause tensile strains and stresses. The restraint 
may be caused externally by fixity with adjoining members or friction against an 
earth surface, and internally by the action of the steel reinforcement. For a long 
wall or floor slab, the restraint from adjoining concrete may be reduced by using a 
system of constructing successive bays instead of alternate bays. This allows the 
free end of every bay to contract before the next bay is cast. 

Day to day thermal expansion of the concrete can be greater than the move
ments caused by shrinkage. Thermal stresses and strains may be controlled by the 
correct positioning of movement or expansion joints in a structure. For example, 
the joints should be placed at an abrupt change in cross-section and they should, 
in general, pass completely through the structure in one plane. 

When the tensile stresses caused by shrinkage or thermal movement exceed the 
strength of the concrete, cracking will occur. To control the crack widths, steel 
reinforcement must be provided elose to the concrete surface; the codes of practice 
specify minimum quantities of reinforcement in a member for this purpose. 

Calcu/ation of Stresses Induced by Shrinkage 

(a) Shrinkage Restrained by the Reinforcement 

The shrinkage stresses caused by reinforcement in an otherwise unrestrained mem
ber may be calculated quite simply. The member shown in figure 1. 7 has a free 
shrinkage strain €sh if made of plain concrete, but this over -all movement is 
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Origino I mczmbczr
os cast 

Ploin conc rcztcz -
unrczstroinczd 

Rcz Inforcczd concrcztcz
unrczstroinczd 

Rczinforcczd concrcztcz -
full y rczst roinczd 

Figure 1.7 Shrinkage strains 

reduced by the inclusion of reinforcement, giving a compressive strain €se in the 
steel and causing an effective tensile strain €et in the concrete. Thus 

€sh = €et + €se 

(1.1) 

where fet is the tensile stress in concrete area Ac and fse is the compressive stress in 
steel area A s. 

Equating forces in the concrete and steel for equilibrium gives 

(I.2) 

therefore 

A 
= _s fse 

Ac 
fet 

Substituting for f et in equation 1.1 

( 
As 

€sh = fse --
AcEe 

Thus if 
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Therefore steel stress 

f sc = 
€shEs 

QeAs 
1 +--

(1.3) 

Ac 

Example 1.1 Calculotion of Shrinkage Stresses in Concrete that is Restrained by 
Reinforcement Only 

A member contains 1.0 per cent reinforcement, and the free shrinkage strain €sh of 
the concrete is 200 x 10-6 • For steel, Es = 200 kN/mm2 and for concrete Ec = 
15 kN/mm2 . Hence from equation 1.3, 

stress in reinforcement fsc 

Stress in concrete fct 

A s ' 
+ Qe

Ac 

200 X 10-6 X 200 X 103 

200 
+ - x 0.01 

15 

35.3 N/mm2 compression 

A s 
= -fsc 

Ac 

0.01 x 35.3 

0.35 N/mm2 tension 

The stresses produced in members free from external restraint are generally 
small as in the abov.e example, and can be easily withstood both by the steel and 
the concrete. 

(b) Shrinkage Fully Restrained 

If the member is fully restrained, then the steel cannot be in compression since 
€sc = 0 and hence fsc = 0 (figure 1.7). In this ca se the tensile strain induced in the 
concrete €ct must be equal to the free shrinkage strain €sh, and the corresponding 
stress will probably be high enough to cause cracking in immature concrete. 

Example 1.2 Calculotion of Fully Restrained Shrinkage Stresses 

If the member in example 1.1 were fully restrained, the stress in the concrete is 
given by 
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where 

then 
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€ct = €sh = 200 X 10-6 

fet 200 X 10-6 X 15 X 103 

3.0 N/mm2 

When cracking occurs, the uncracked lengths of concrete try to contract so that 
the embedded steel between cracks is in compression whilst the steel across the 
cracks is in tension. This feature is accompanied by localised bond breakdown, 
adjacent to each crack. The equilibrium of the concrete and reinforcement is 
shown in figure 1.8 and calculations may be developed to relate crack widths and 
spacings to properties ofthe cross-section; this is examined in more detail in 
chapter 6, which deals with serviceability requirements. 

1-------
1 A. '.t 
1- - - - _ -4fl ... -----~E_- A. '.c 
1 

1 

1------

Figure 1.8 Shrinkage forces adjacent to a crack 

Thern1aIAfoven1ent 

As the coefficients of thermal expansion of steel and concrete (Qs and Qc) are 
similar, differential movement between the steel and concrete will only be very 
small and is unlikely to cause cracking. 

The differential thermal strain due to a temperature change T may be calculated 
as 

T(Qc - ets) 

and should be added to the shrinkage strain €sh if significant. 
The over-all thermal contraction of concrete is, however, frequently effective in 

producing the first crack in a restrained member, since the required temperature 
changes could easily occur overnight in a newly cast member, even with good 
control of the heat genera ted du ring the hydration processes. 

Example 1.3 Thermal Shrinkage 

Find the fall in temperature required to cause cracking in a restrained member if 
ultimate tensile strength ofthe concreteft = 2 N/mm2 ,Ec = 16 kN/mm 2 and 
Qc = as = 10 X 10-6 per oe. Ultima te tensile strain of concrete 

2 
= 125 X 10-6 €ult 
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Minimum temperature drop to cause cracking 

€ult 125 = 12.50C 
Qc 10 

1.4 Creep 

Creep is the continuous deformation of a member under sustained load. It is a 
phenomenon associated with many materials, but it is particularly evident with 
concrete. The precise behaviour of a particular concrete depends on the aggregates 
and the mix design, but the general pattern is illustrated by considering a member 
subjected to axial compression. For such a member, a typical variation of deforma
tion with time is shown by the curve in figure 1.9. 

o 2 3 4 5 

Ti me - yeors 

Figure 1. 9 Typical increase of deformation with time for concrete 

The characteristics of creep are 

(I) The final deformation of the member can be three to four times the short
term elastic deformation. 

(2) The deformation is roughly proportional to the intensity ofloading and to 
the inverse of the concrete strength. 

(3) If the load is removed, only the instantaneous elastic deformation will 
recover - the plastic deformation will not. 

(4) There is aredistribution of load between the concrete and any steel 
present. 

The redistribution of load is caused by the changes in compressive strains being 
transferred to the reinforcing steel. Thus the compressive stresses in the steel are 
increased so that the steel takes a larger proportion of the load. 

The effects of creep are particularly important in beams, where the increased 
deflections may cause the opening of cracks, damage to finish es, and the non
alignment of mechanical equipment. Redistribution of stress between concrete and 
steel occurs primarily in the uncracked compressive areas and has little effect on the 
tension reinforcement other than reducing shrinkage stresses in some instances. The 
provision of reinforcement in the compressive zone of a flexural member, however, 
often helps to restrain the deflections due to creep. 
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1.5 Durability 

Concrete structures, properly designed and constructed, are long lasting and should 
require little maintenance. The durability of the concrete is influenced by 

(1) the exposure condi tions 
(2) the concrete quality 
(3) the cover to the reinforcement 
(4) the width of any cracks. 

Concrete can be exposed to a wide range of conditions such as the soil, sea wa ter, 
stored chemicals or the atmosphere. The severity of the exposure governs the type 
of concrete mix required and the minimum cover to the reinforcing steel. Whatever 
the exposure, the concrete mix should be made from impervious and chemically 
inert aggregates. A dense, well-compacted concrete with a low water - cement ratio 
is all important and for some soil conditions, or exposure to sea water it is advisable 
to use a sulphate-resisting cement. 

Adequate cover is essential to prevent corrosive agents reaching the reinforce
ment through cracks and pervious concrete. The thickness of cover required depends 
on the severity of the exposure and the quality of the concrete (as shown in table 
7.1). The cover is also necessary to protect the reinforcement against a rapid rise in 
temperature and subsequent loss of strength during a fire. Information concerning 
this is given in section 10 of CP 110, while durability requirements with related 
design calculations to check and control crack widths and depths are described in 
chapter 6. 

1.6 Specification of Materials 

1.6.1 Concrete 

The selection of the type of concrete is frequently governed by the strength 
required, which in turn depends on the intensity of loading and the form and size 
of the structural members. For example, in the lower columns of a multi-storey 
building a higher-strength concrete may be chosen in preference to greatly in
creasing the size of the column section with a resultant loss in clear floor space. 

The concrete strength is assessed by measuring the crushing strength of cubes 
or cylinders of concrete made from the mix. These are usually cured, and tested 
after twenty-eight days according to standard procedures. Concrete of a given 
strength is identified by its 'grade' - a grade 25 concrete has a characteristic cube 
crushing strength of 25 N/mm2 • Table 1.2 shows a list of commonly used grades 
and also the lowest grade appropriate for various types of construction. 

Exposure conditions and durability can also affect the choice of the mix design 
and the grade of concrete. A structure subject to corrosive conditions in a chemical 
plant, for example, would require a denser and higher grade of concrete than say 
the interior members of a school or office block. Although Ordinary Portland 
cement would be used in most structures, other cement types can also be used to 
advantage. Blast-furnace or sulphate-resisting cement may be used to resist 
chemical attack, low-heat cements in massive sections to reduce the heat of 
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Grade 

7 
10 
15 

20 

25 
30 

40 

50 
60 

Table 1.2 Grades of Concrete 

Lowest grade for use as specified 

Plain concrete 

Reinforced concrete with 
lightweight aggregate 

Reinforced concrete with 
den se aggregate 

Concrete with post- tensioned 
tendons 

Concrete with pretensioned 
tendons 
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hydration, or rapid-hardening cement when a high early strength is required_ 
Generally, natural aggregates found locally are preferred; however, manufactured 
lightweight material may be used when self-weight is important, or a special dense 
aggregate when radiation shielding is required. 

The concrete mix may either be classified as 'designed' or 'prescribed'. A 
'designed mix' is one where the contractor is responsible for selecting the mix 
proportions to achieve the required strength and workability, whereas for a 
'prescribed mix' the engineer specifies the mix proportions, and the contractor 
is responsible only for providing a properly mixed concrete containing the correct 
constituents in the prescribed proportions. 

1.6.2 Reinforcing Steel 

Table 1.3 lists the characteristic design strengths of several of the more common 
types of reinforcement. The nominal size of a bar is the diameter of an equivalent 
circular area. 

Table 1.3 Strength of Reinforcement 

Designation 

Hot-rolled mild steel (BS 4449) 
Hot-rolled high yield (BS 4449) 
Cold-worked high yield (BS 4461) 

Hard-drawn steel wire (BS 4482) 

Nominal sizes 
(mm) 

All sizes 
All sizes 
Up to and including 16 
Over 16 
Up to and including 12 

Specified 
characteristic 

strengthfy 
(N/mm2 ) 

250 
410 
460 
425 
485 
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Hot-rolled mild-steel bars usually have a smooth surface so that the bond with 
the concrete is by adhesion only. Mild-steel bars can readily be bent, so they are 
often used where small radius bends are necessary, such as for links in narrow 
beams or columns. 

Hot-rolled high-yield bars are manufactured with a ribbed surface, while 
cold-worked high -yield bars have a ribbed surface or are in the form of a twisted 
square. All deformed bars have an additional mechanical bond with the concrete so 
that higher ultima te bond stresses may be specified as described in section 5.2. The 
bending ofhigh-yield bars through a small radius is liable to cause tension cracking 
of the steel, and to avoid this the radius of the bend should not be less than three 
times the nominal bar size (see figure 5.8). 

High -yield steel bars are only slightly more expensive than rnild-steel bars. 
Therefore, because of their significant stress advantage, high-yield bars are the more 
economical. Nevertheless, mild-steel bars are sometimes preferred in water-retaining 
structures, where the maximum steel stresses are limited in order to reduce the 
tensile strains and cracking of the concrete. 

Floor slabs, walls, shells and roads may be reinforced with a welded fabric of 
reinforcement, supplied in rolls and having a square or rectangular mesh. This can 
give large economies in the detailing of the reinforcement and also in site labour 
costs of handling and fixing. 

The cross-sectional areas and perimeters of various sized bars, and the cross
sectional area per unit width of slabs are listed in the Appendix. Reinforcing bars 
in a member should either be straight or bent to standard shapes. These shapes must 
be fully dimensioned and listed in a schedule of the reinforcement which is used on 
site for the bending and fixing of the bars. Standard bar shapes and a method of 
scheduling are specified in BS 4466, and steel types are commonly identified by the 
codes R for mild steel and Y for high yield, as used throughout this book. 

Further Reading 

BS 1881 : - Methods of testing concrete. 
BS 4408: - Recommendations for non-destructive methods of test for concrete. 
BS 4449 : 1969 Hot rolled steel bars for the reinforcement of concrete. 
BS 4461 : 1969 Cold worked steel bars for the reinforcement of concrete. 
BS 4466 : 1969 Bending dimensions and scheduling of bars for the reinforcement 

of concrete. 
CP 110 : The structural use of concrete. 
-Handbook on the Unified Code for Structural Concrete (Cement and Concrete 

Association, Slough, 1972). 
A. M. Neville, Properties of Concrete (Pitman, London, 1973). 
-Standard Method of Detailing Reinforced Concrete (The Concrete Society, 

London, 1970). 
- Standard Reinforced Concrete Details (The Concrete Society, London, 1973). 



2 
Limit State Design 

The design of an engineering structure must ensure that (1) under the worst 
loadings the structure is safe, and (2) du ring normal working conditions the 
deformation of the members does not detract from the appearance, durability or 
performance of the structure. Despite the difficulty in assessing the precise loading 
and variations in the strength of the concrete and steel these requirements have to 
be met. Three basic methods using factors of safety to achieve safe, workable 
structures have been developed; they are 

(l) The permissible stress method in which ultimate strengths of the materials 
are divided by a factor of safety to provide design stresses which are 
usually within the elastic range. 

(2) The load factor method in which the working loads are multiplied by a 
factor of safety. 

(3) The limit state method which multiplies the working loads by partial 
factors of safety and also divides the materials' ultima te strengths by 
further partial factors of safety. 

The permissible stress method has proved to be a simple and useful method but 
it does have some serious inconsistencies. Because it is based on an elastic stress 
distribution, it is not really applicable to a semi -plastic material such as concrete, 
nor is it suitable when the deformations are not proportional to the load, as in 
slender columns. It has also been found to be unsafe when dealing with the stability 
of structures subject to overturning forces (see example 2.2). 

In the load factor method the ultimate strength of the materials should be used 
in the calculations. As this method does not apply factors of safety to the material 
stresses, it cannot directly take account of the variability of the materials, and also 
it cannot be used to calculate the deflections or cracking at working loads. 

The limit state method of design overcomes many of the disadvantages of the 
previous two methods. This is done by applying partial factors of safety, both to 
the loads and to the material strengths, and the magnitude of the factors may be 
varied so that they may be used either with the plastic conditions in the ultima te 
state or with the more elastic stress range at working loads. This flexibility is 
particularly important if full benefits are to be obtained from development of 
improved concrete and steel properties. 

15 
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2.1 Limit States 

The purpose of design is to achieve acceptable probabilities that a structure will 
not become unfit for its intended use, that is, that it will not reach a limit state. 
Thus, any way in which a structure may cease to be fit for use will constitute a 
limit state and the design aim is to avoid any such condition being reached during 
the expected life of the structure. 

The two principal types of limit state are the ultima te limit state and the 
serviceability limit state. 

(a) Ultima te Limit State 

This requires that the structure must be able to withstand, with an adequate factor 
of safety against collapse, the loads for which it is designed. The possibility of 
buckling or overturning must also be taken into account, as must the possibility of 
accidental damage as caused, for example, by an internal explosion. 

(b) Serviceability Limit States 

Generally the two most important serviceability limit states are 

(1) Deflection - the appearance or efficiency of any part of the structure 
must not be adversely affected by deflections. 

(2) Cracking -Iocal damage due to cracking and spalling must not affect the 
appearance, efficiency or durability of the structure. 

Other limit states that may be reached include 

(3) Durability - this must be considered in terms of the proposed life of the 
structure and its conditions of exposure. 

(4) Excessive vibration - which may cause discomfort or alarm as weil as 
damage. 

(5) Fatigue - must be considered if cyclic loading is likely. 
(6) Fire resistance - this must be considered in terms of resistance to collapse, 

flame penetration and heat transfer. 
(7) Special circumstances - any special requirements of the structure which 

are not covered by any of the more common limit states, such as earth
quake resistance, must be taken into account. 

The relative importance of each limit state will vary according to the nature of 
the structure. The usual procedure is to decide which is the cruciallimit state for a 
particular structure and base the design on this. Checks must also be made to ensure 
that all other relevant limit states are satisfied by the results produced. Except in 
special cases, such as water-retaining structures, the ultimate limit state is generally 
critical for reinforced concrete although subsequent serviceability checks may affect 
some of the details of the design. Prestressed concrete design, however, is based on 
serviceability conditions with checks on the ultimate limit state. 

In assessing a particular limit state for a structure it is necessary to consider all 
the possible variable parameters such as the loads, material strengths and construc
tional tolerances. 



LIMIT ST ATE DESIGN 17 

2.2 Characteristic Material Strengths and Characteristic Loads 

2.2.1 Characteristic Material Strengths 

The strengths of materials upon which design is based are those strengths below 
which results are unlikely to fall. These are called 'characteristic' strengths. It is 
assumed that for a given material, the distribution of strength will be approxi
mately 'normal', so that a frequency distribution curve of a large number of 
sampie results would be of the form shown in figure 2.1. The characteristic 
strength is taken as that value below which it is unlikely that more than 5 per cent 
of the results will fall. This is given by 

I k = Im - 1.64s 

where Ik = characteristic strength, Im = mean strength, s = standard deviation. 
The relationship between characteristic and mean values accounts for variations 

in results of test specimens and will, therefore, reflect the method and control of 
manufacture, quality of constituents, and nature of the material. 

Numb~r 

of t~st 

5PQcim~n 

r~sults 

M~an st r~ngth Um) 
I 
I 

Str~ngth 

Figure 2.1 Nonnallrequency distribution 01 strengths 

2.2.2 Characteristic Loads 

Ideally it should also be possible to assess loads statistically, in which case 

characteristic load = mean load ± 1.64 standard deviations 

In most cases it is the maximum loading on a structural member that is critical and 
the upper, positive value given by this expression is used, but the lower, minimum 
value may apply when considering stability or the behaviour of continuous members. 

These characteristic values represent the limits within which at least 90 per cent 
of values willlie in practice. It is to be expected that not more than 5 per cent of 
cases will exceed the upper limit and not more than 5 per cent will fall below the 
lower limit. They are design values which take into account the accuracy with 
which the loads can be predicted. 

Usually, however, there is insufficient statistical data to allow loading to be 
treated in this way, and in this case the standard loadings, given in CP 3: Code of 
basic data for the design of buildings, Chapter V - Loading, should be used as 
representing characteristic values. 
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2.3 Partial Factors of Safety 

Other possible variations such as constructional tolerances are allowed for by partial 
factors of safety applied to the strength of the materials and to the loadings. It 
should theoretically be possible to derive values for these from a mathematical 
assessment of the probability of reaching each limit state. Lack of adequate data, 
however, makes this unrealistic and in practice the values adopted are based on 
experience and simplified calculations. 

2.3.1 Partial Factors of Safety for Materials (r m) 

D . h characteristic strength (fk) 
eSlgn strengt = ----------

partial factor of safety (rm) 

The following factors are considered when selecting a suitable value for rm. 

(1) The strength of the material in an actual member. This strength will 
differ from that measured in a carefully prepared test specimen and it is 
particularly true for concrete where placing, compaction and curing are 
so important to the strength. Steel, on the other hand, is a relatively 
consistent ma terial requiring a small partial factor of safety. 

(2) The severity of the limit state being considered. Thus, high er values are 
taken for the ultimate limit state than for the serviceability limit state. 

Recommended values for r m are given in table 2.1 although it should be noted that 
for precast factory conditions it may be possible to reduce the value for concrete 
at the ultimate limit state. 

Limit state 

Table 2.1 Partial factors of 
safety applied to materials (rm) 

Material 

Concrete Steel 

Ultimate 
Serviceabili ty 

Deflection 
Cracking 

2.3.2 Partial Factors of Safety for Loads (rr) 

1.5 

1.0 
1.3 

Errors and inaccuracies may be due to a number of causes 

(1) design assumptions and inaccuracy of calculation 
(2) possible unusualload increases 
(3) unforeseen stress redistributions 
(4) constructional inaccuracies. 

1.15 

1.0 
1.0 
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These cannot be ignored, and are taken into account by applying a partial factor of 
safety (rf) on the loadings, so that 

design load = characteristic load x partial factor of safety (rf) 

The value of this factor should also take into account the importance of the limit 
state under consideration and reflect to some extent the accuracy with which 
different types of loading can be predicted, and the probability of particular load 
combinations occurring. Recommended values are given in table 2.2. It should be 
noted that design errors and constructional inaccuracies have similar effects and 
are thus sensibly grouped together. These factors will account adequately for 
normal conditions although gross errors in design or construction obviously cannot 
be catered for. 

Table 2.2 Partial factors of safety applied to loads (rf) 

Limit state 
Load combination 

Ultima te Serviceabili ty 

Dead Imposed Wind Dead Imposed Wind 
(rc) (rQ) (rw) (rG) (rQ) (rw) 

Dead + Imposed 1.4 (or 1.0) 1.6 1.0 1.0 
Dead + Wind 1.4 (or 0.9) 1.4 1.0 1.0 
Dead + Imposed + Wind 1.2 1.2 1.2 1.0 0.8 0.8 

The lower values applied to dead load at the ultimate limit state should be used when minimum 
loading is critical. 

2.4 Global Factor of Safety 

The use of partial factors of safety on materials and loads offers considerable 
flexibility, which may be used to allow for special conditions such as very high 
standards of construction and control or, at the other extreme, where structural 
failure would be particulary disastrous. 

The global factor of safety against a particular type of failure may be obtained 
by multiplying the appropriate partial factors of safety. For instance, a beam 
failure caused by yielding of tensile reinforcement would have a factor of 

rm x rf = 1.15 x 1.4 = 1.61 for dead loads only 

or 

1.15 x 1.6 = 1.84 for live loads only 

Thus the practical case will have a value between these, depending on the relative 
loading proportions, and this can be compared with the value of 1.8 which has 
generally been used as the over-all factor in the load factor design approach. 
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Similarly, failure by crushing of the concrete in the compression zone has a 
factor of 1.5 x 1.6 = 2.40 due to live loads only, which reflects the fact that such 
failure is generally without warning and may be very serious. Thus the basic values 
of partial factors chosen are such that under normal circumstances the global factor 
of safety is similar to that used in earlier design methods. 

Example 2.1 

Determine the cross-sectional area of a mild steel cable which supports a total dead 
load of 3.0 kN and a live load of 2.0 kN as shown in figure 2.2. 

The characteristic yield stress of the mild steel is 250 N/mm2 . 

Carry out the calculations using 

(1) The load factor method with a load factor = 1.8. 
(2) A permissible stress design with a factor of safety of 1.8 on the yield stress. 
(3) A limit state design with the following factors of safety. 

rG = 1.4 for the dead load, rQ = 1.6 for the live load, rm = 1.15 for the steel 
strength. 

Mild staal cabla 

L iva load = 2·0 kN 

Daad load = 3·0 kN 

Figure 2.2 

(a) Load Factor Method 

Design load load factor (dead load + live load) 

1.8 (3.0 + 2.0) 9.0 kN 

Required cross-sectional area design load 

yield stress 

9.0 x 103 

250 
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(b) Permissible Stress Method 

Design load = 3.0 + 2.0 

Permissible stress 

= 

Required cross-sectional area 

(c) Limit State Method 

5.0 kN 

yield stress 

safety factor 

250 

1.8 
= 139 N/mm2 

design load 
=---=----

permissible stress 

5.0 x 103 

= = 36 mm2 

139 

Design load = rG x dead load + rQ x live load 

= 1.4 x 3.0 + 1.6 x 2.0 = 7.4 kN 

characteristic yield stress 
Design stress = ------'-----

rm 
250 

1.15 
217 N/mm2 

Required cross-sectional area 
design load 

design stress 

7.4 x 103 

217 

34.1 mm2 
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These different design methods all give similar results for the cross-sectional 
area. Fewer calculations are required for the permissible stress and the load factor 
methods, so reducing the chances of an arithmetical error. The limit state method 
provides much better control over the factors of safety, which are applied to each 
of the variables. For convenience the partial factors of safety in the example are 
the same as those recommended in CP 110. Probably, in a practical design, higher 
factors of safety would be preferred for a single supporting cable, in view of the 
consequences of a failure. 

Example 2.2 

Figure 2.3 shows a beam supported on foundations at A and B. The loads sup
ported by the beam are its own uniformly distributed dead weight of 20 kN/m 
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and a 170 kN live load concentrated at end C. Determine the weight of foundation 
required at A in order to resist uplift 

(I) by applying a factor of safety of 2.0 to the reaction calculated for the 
working loads 

(2) using a limit state approach with partial factors of safety of rG = 1.4 or 
1.0 for the dead load and rQ = 1.6 for the live load. 

Investigate the effect on these designs of a 7 per cent increase in the live load. 

170kN livC2 load 

bC2am 

dC20d 
C 

foundation foundation 

I. 6m .1 2m .1 
(a) 

1·6 x li VC2 load 

r--------~,·4xdC2ad 

1·0 x dC2ad load : load 

A c 

(b) Loading arrangC2mC2nt for uplift at A at tha 

ul timatC2 limit statC2. 

(a) Factor of Safety on Uplift = 2.0 

Taking moments about B 

Figure 2.3 

(I70 x 2 - 20 x 8 x 2) 
Uplift RA = = 3.33 kN 

6.0 

Weight of foundation required 3.33 x safety factor 

3.33 x 2.0 = 6.7 kN 

With a 7 per cent increase in the live load 

l.f (I.07 x 170 x 2 - 20 x 8 x 2) 
Up 1 t RA = = 7.3 kN 

6.0 

Thus with a slight increase in the live load there is a significant increase in the 
uplift and the structure be comes unsafe. 
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(b) Limit State Method 

The arrangement of the loads for the maximum uplift at A is shown in figure 2.3b. 

Design dead load over BC = rG x 20 x 2 

= 1.4 x 20 x 2 56 kN 

Design dead load over AB = rG x 20 x 6 

= 1.0 x 20 x 6 120 kN 

Design live load = rQ x 170 

= 1.6 x 170 = 272 kN 

Taking moments about B for the ultimate loads 

. (272 x 2 + 56 x 1 - 120 x 3) 
Upüft RA = --'-------------

6.0 
40 kN 

Therefore weight of foundation required = 40 kN. 

A 7 per cent increase in the live load will not endanger the structure, since the 
actual uplift will only be 7.3 kN as calcula ted previously. In fact in this case it 
would require an increase of 65 per cent in the live load before the uplift would 
exceed the weight of a 40 kN foundation. 

Further Reading 

A. L. L. Baker, Limit State Design of Reinforced Concrete (Cement and Concrete 
Association, Slough, 1970). 
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Analysis of the Structure 

A reinforced concrete structure is a combination of beams, columns, slabs and 
walls, rigidly connected together to form a monolithic frame. Each individual 
member must be capable of resisting the forces acting on it, so that the determina
tion of these forces is an essential part of the design process. The full analysis of a 
rigid concrete frame is rarely simple; but simplified calculations of adequate 
precision can often be made if the basic action of the structure is understood. 

The analysis must begin with an evaluation of all the loads carried by the 
structure, induding its own weight. Many of the loads are variable in magnitude 
and position, and all possible critical arrangements of loads must be considered. 
First, the structure itself is rationalised into simplified forms that represent the 
load-carrying action of the prototype. The forces in each member can then be 
determined by one of the following methods. 

(l) Applying moment and shear coefficients. 
(2) Manual calculations. 
(3) Computer methods. 

Tabulated coefficients are only suitable for use with simple, regular structures 
such as equal-span continuous beams carrying uniform loads. Manual calculations 
are possible for the vast majority of structures, but may be tedious for large or 
complicated ones. The computer can be an invaluable help in the analysis of even 
quite small frames, and for some calculations it is almost indispensable. However, 
the amount of output from a computer analysis is sometimes alm ost overwhelming; 
and then the results are most readily interpreted when they are presented dia gram
matically by me ans of a graph plotter or other visual device. 

Since the design of a reinforced concrete member is gene rally based on the 
ultimate limit state, the analysis is usually performed for loadings corresponding 
to that state. Prestressed concrete memhers, however, are normally designed for 
service ability loadings as discussed in chapter 12. 

3.1 Loads 

The loads on a structure are divided into two types: 'dead' loads, and 'live' (or 
imposed) loads. Dead loads are those which are normally permanent and constant 

24 
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during the structure's life. Live loads, on the other hand, are transient and are 
variable in magnitude, as for example those due to wind or to human occupants. 
Recommendations for the loadings on buildings are given in the British Standard 
Code of Practice CP 3: Chapter V, Part I : Dead and imposed loads; and Part 2, 
Wind loads. Road and railway loadings for bridges are specified in BS 153, part 
3(a). 

A table of values for some useful dead loads and imposed loads is given in the 
Appendix. 

3.1.1 Dead Loads 

25 

Dead loads inc1ude the weight of the structure itself, and all architectural com
ponents such as exterior c1adding, partitions and ceilings. Equipment and static 
machinery, when permanent fixtures, are also often considered as part of the dead 
load. Once the sizes of all the structural members, and the details of the architec
tural requirements and permanent fixtures have been established, the dead loads 
can be calculated quite accurately; but first of all, preliminary design calculations 
are generally required to estimate the probable sizes and self-weights of the 
structural concrete elements. 

For most reinforced concretes, a typical value for the self-weight is 24 kN per 
cubic metre, but a high er density should be taken for heavily reinforced or dense 
concretes. In the case of a building the weights of any partitions should be calcu
lated from the architects' drawings. A minimum partition loading of 1.0 kN per 
square metre is usually specified, but this is only adequate for light weight parti
tions. 

Dead loads are generally calculated on a slightly conservative basis, so that a 
member will not need redesigning because of a small change in its dimensions. 
Over estimation, however, should be done with care, since the dead load can often 
actually reduce some of the forces in parts of the structure as will be seen in the 
case of the hogging moments in the continuous beam of figure 3.1. 

3.1.2 1mposed Loads 

These loads are more difficult to determine accurately. For many of them, it is 
only possible to make conservative estimates based on standard codes of practice 
or past experience. Examples of imposed loads on buildings are the weights of its 
occupants, furniture, or machinery; the pressures of wind, the weight of snow, and 
of retained earth or water; and the forces caused by thermal expansion or shrinkage 
of the concrete. 

A large building is unlikely to be carrying its full imposed load simultaneously 
on all its floors. For this reason the British Standard Code of Practice allows a 
reduction in the total imposed floor loads when the columns, walls or foundations 
are designed, for a building more than two storeys high. Similarly, the imposed load 
may be reduced when designing a beam span which supports a floor area greater 
than 46 square metres. 

Although the wind load is an imposed load, it is kept in aseparate category 
when its partial factors of safety are specified; and when the load combinations on 
the structure are being considered. 
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3.2 Load Combinations 

3.2.1 Load Combinations tor the Ultimate Stote 

Various combinations of the characteristic values of dead load Ck , imposed load 
Qb wind load Wk and their partial factors of safety must be considered for the 
loading of the structure. The partial factors of safety specified by CP 110 are dis
cussed in chapter 2, and for the ultimate limit state the loading combinations to be 
considered are as folIows. 

(I) Dead and imposed load 

I.4Ck + 1.6 Qk 

(2) Dead and wind load 

O.9Ck + 1.4 Wk 

(3) Dead, imposed and wind load 

1.2Ck + 1.2 Qk + 1.2 Wk 

The imposed load can usually cover all or any part of the structure and, therefore, 
should be arranged to cause the most severe stresses. Load combination 1 should 
also be associated with a minimum design dead load of 1.0Ck applied to such parts 
of the structure as will give the most unfavourable condition. 

For load combination 1, a three-span continuous beam would have the loading 
arrangement shown in figure 3.1, in order to cause the maximum sagging moment 
in the outer spans and the maximum possible hogging moment in the centre span. 
A study of the deflected shape of the beam would confirm this to be the case. 

Figure 3.2 shows the arrangements ofverticalloading on a multi-span continuous 
beam to cause (i) maximum sagging moments in alternate spans and maximum 
possible hogging moments in adjacent spans, and (ü) maximum hogging moments 
at support A. 

1·4 Gk + 1·6 Qk 

I A I I c 

(a) Loading ArrangC2mC2nt for Maximum 
Sagging Momeznt at A and C 

r f T--r 
(b) DC2flC2CtC2d ShapC2 

Figure 3.1 Three·span beam 
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1'4Gk+ 1·6Qk 1AGk +1- 6Qk 1-4Gkt1-6Qk 1'4GkT 

=1 I 
1·0 Gk 

I I 
1·0 Gk j I 

1-0Gk I 

t 
(0) Loading Arrangezmeznt tor Maximum Momeznts 

in thez Spans 

l4Gk+ 1-6Qk 1-4Gk + 1-6 Qk 1'4Gk+ 1-6Qk 

=1 1 
1'OGk j A 

1 
1·0Gk 

t 
(b) Load Arrangezmeznt tor Maximum Support 

Momeznt at A 

j 
Figure 3.2 Multi·span beam loading arrangements 

l= 

Under load combination 2, dead and wind load, it is possible that a critical 
stability condition may occur if, on certain parts of a structure, the dead load is 
taken as lAGk • An example of this is illustrated in figure 3.3, depicting how the 
dead load of the cantilever section increases the overturning moment about 
support B. 

: ! 
1-4Gk 
I 
I 

r----...,I 

B 

Figure 3.3 Load combination (2) 

3.2.2 Load Combinations for the Serviceabi/ity Limit State 

The load combinations specified by CP 110 for the serviceability limit state are 

(1) Dead and imposed load 

1.0Gk + 1.0Qk 

(2) Dead and wind load 

1.0Gk + 1.0 Wk 

(3) Dead, imposed and wind load 

1.0Gk + 0.8Qk + 0.8 Wk 

27 
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In considering deflections, the imposed load should be arranged to give the worst 
effects. The deflections calculated from these load combinations are the immediate 
deflections of a structure. Deflection increases due to the creep of the concrete 
should be based only on the dead load plus any part of the imposed load which is 
permanently on the structure, this being considered fully in chapter 6, which deals 
with serviceability requirements. 

3.3 Analysis of Beams and Frames 

To design a structure it is necessary to know the bending moments, torsional 
moments, shearing forces and axial forces in each member. An elastic analysis is 
generally used to determine the distribution of these forces within the structure; 
but because - to some extent - reinforced concrete is a plastic material, a limited 
redistribution of the elastic moments is sometimes allowed. A plastic yield-line 
theory may be used to calculate the moments in concrete slabs. The properties of 
the materials, such as Young's modulus, which are used in the structural analysis 
should be those associated with their characteristic strengths. The stiffnesses of the 
members can be calculated on the basis of any one of the following. 

(I) The entire concrete cross-section (ignoring the reinforcement). 
(2) The concrete cross-section plus the transformed area of reinforcement 

based on the modular ratio. 
(3) The compression area only of the concrete cross-section, plus the trans-

formed area of reinforcement based on the modular ratio. 

The concrete cross -section described in (I) is the simpler to calculate and would 
normally be chosen, except for certain single-span frames as described in clause 
3.2.1 of CP 110. 

A structure should be analysed for each of the criticalloading conditions which 
produce the maximum stresses at any particular section. This procedure will be 
illustrated in the examples for a continuous beam and a building frame. For these 
structures it is conventional to draw the bending-moment diagram on the tension 
side of the members. 

3.3.1 Non-continuous Beams 

One-span, simply supported beams or slabs are statically determinate and the 
analysis for bending moments and shearing forces is readily performed manually. 
For the ultima te limit state we need only consider the maximum load of I.4Ck 
+ 1.6Qk on the span. 

Example 3.1 Analysis 0/ a Non-continuous Beam 

The one -span simply supported beam shown in figure 3.4a carries a distributed 
dead load including self-weight of 25 kN/m, a concentrated partition load of 30 kN 
at mid-span, and a distributed imposed load of 10 kN/m. 

Figure 3.4 shows the values of ultimate load required in the calculations of the 
shearing forces and bending moments. 
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1-4x30 =42 kN 

1 
(14x25+l6x10) 4= 204kN 

40m 

(a) Ultimat~ Load 

123kN~1 
~123kN 

(b) Sh~aring Fore~ Diagram 

(e) B~nding Mom~nt Diagram 

Figure 3.4 Analysis o{ one-span beam 

Maximum shear force 
42 204 

+ --
2 2 

123 kN 

Maximum bending 42 x 4 204 x 4 
moment = + = 144 kN m 

4 8 

The analysis is completed by drawing the shearing-force and bending-moment 
diagrams which would later be used in the design and detailing of the shear and 
bending reinforcement. 

3.3.2 Continuous Beams 

29 

The methods of analysis for continuous beams also apply to continuous slabs which 
span in one direction. A continuous beam is considered to have no fixity with the 
supports so that the beam is free to rotate. This assumption is not strictly true for 
beams framing into columns and for that type of continuous beam it is more accu
rate to analyse them as part of a frame, as described in section 3.3.3. 

A continuous beam should be analysed for the loading arrangements which give 
the maximum stresses at each section, as described in section 3.2.1 and illustrated 
in figures 3.1 and 3.2. The analysis to calculate the bending moments can be carried 
out manually by moment distribution or equivalent methods, but tabulated shear 
and moment coefficients may be adequate for continuous beams having approxi
mately equal spans and uniformly distributed loads. 
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Continuous Beams - The General Case 

Having determined the moments at the supports by, say, moment distribution, it is 
necessary to calculate the moments in the spans and also the shear forces on the 
beam. For a uniformly distributed load, the equations for the shears and the maxi
mum span moments can be derived from the following analysis. 

With reference to figure 3.5 and taking moments about support B 

wL 2 
VABL - + MAB - M BA = 0 

2 

therefore 

wL 
(3.1) 

2 

and 

(3.2) 

Maximum span moment Mmax occurs at zero shear, and distance to zero shear 

therefore 

VAß 
a3 = 

w 

VAB 2 
Mmax = -- + MAB 

2w 

The points of contraflexure occur at M = 0, that is 

wx2 
VABX - -- + MAß = 0 

2 

where x is the distance from support A. Taking the roots of this equation gives 

VAB ± y(VAB2 + 2wMAB) 
x = 

so that 

and 

w 

w 

a2 = L _ VAB + y(VAB2 + 2wMAß) 

w 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

A similar analysis can be applied to ·beams that do not support a uniformly 
distributed load. In manual calculations it is usually not considered necessary to 
calculate the distances at ,a2 and a3 which locate the points of contraflexure and 
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maximum moment - a sketch of the bending moment is often adequate - but if a 
computer is performing the calculations these distances mayas weH be determined 
also. 

A Load = w/matra B 

c::=:::::J 

Figure 3.5 Shears and moments in a beam 

Example 3.2 Analysis of a Continuous Beam 

The continuous beam shown in figure 3.6 has a constant cross-section and supports 
a uniformly distributed dead load including its self-weight of Gk = 2S kN/m and 
an imposed load Qk = 10 kN/m. 

The criticalloading arrangements for the ultimate limit state are shown in 
figure 3_6 where the heavy line indicates the region of maximum moments, sagging 

A 

6·0m j~ 4·0m J~ 6·0m 

G" =25kN/m. Qk =10kN/m D 

1. 1 
(1-4x25+ 1·6x10)6 

I I lOx25x4 
(1) = 306kN =100kN 306kN 

(1-4 x 25 + 1·6 x10)4 

r-~1~.O~x~2~5+x~6~~1 ~204kN ~ ____ ~~~ __ ~ 
(2)~1 ____ =_1~5~O"k~N~ __ ~. ________ ~.----~15~O~k~N~--~ 

(3)~1 ____ 3_0_6 __ k_N __ ~ ___ 2_0_4_k_N __ L_ ___ 1~5~O~k~N~ __ ~ 

(4)LI __ .!.:15~O~k:llNl-._....J..._2_0_4_k_N __ oI...-__ 30_6_k_N __ ~ 

Figure 3.6 Continuous beam loading arrangements 
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Distr. factors 
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Carry OVlZr 
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Carry oVlZr 
BalanclZ 

Carry oVlZr 
BalanclZ 

Carry oVlZr 
BalanclZ 
M (kN.m) 
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Table 3.1 

A B C 

}.L 1.. ].~ 
4 L L 4 L 

}!. - 0'125 46- = .1. = 0.25 
4 =0·125 

0·125 0·25 
0·125+0,25 0·125+0'25 

= '/3 = 2/3 2/3 ' /3 

306 100 306 

0 -306,,6 ! 100,,4 + 306"6 
8 12 -8-

0 -229,5 +33·3 -33,3 +229·5 
+ 65'4 +130·8 -130'8 - 65'4 

- 65· 4 >< +65-4 
.21·8 .43'6 -43·6 - 21·8 

- 21·8 ·21·8 
.7·3 .14· 5 -14,5 - 7·3 

- 7· 3 .7·3 
.2'4 >4·9 - 4·9 - 2'4 

-2,4 - 2'4 
+0·8 -1·6 -1,6 - 0'8 

0 -131,8 -131·8 -131'8 .131·8 

D 

0 

0 

0 

or possible hogging. Table 3.1 is the moment distribution carried out for the first 
loading arrangement: similar calculations would be required for each of the remain
ing load cases. It should be noted that the reduced stiffness of t I/L has been used 
for the end spans. 

The shearing forces, the maximum span bending moments, and their positions 
along the beam, can be calculated using the formulae previously derived. Thus for 
the first loading arrangement and span AB 

Shear VAB 
load 

2 

306 131.8 

6.0 
131.0 kN 

2 

VBA = load VAB = 306 

Maximum moment, span AB 

where w = 306/6.0 = 51 kN/m. Therefore 

131.02 
M max = 168.2 kN m 

2 x 51 

VAB 
Distance from A, a3 = 131.0 

w 51 

131.0 = 175.0 kN 

2.6m 
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131·8 131'8 

~ 

168·2 168·2 

90'3 90·3 

(2 ) 
~ /G 

~ ~ ~ 
71·9 71·9 

163-4 

~ ~ 
(3) ~ ~ 

155·1 
163·4 

~ 12·8 

(4) ~ ~ 
155·1 

Figure 3.7 Bending-moment diagrams (kN m) 

175·0 
131'0 ~ 

(1) ~ 50~ I~ 
~ I ~'O ""J 
~ 131·0 

175·0 

(2) 

102·0 90·0 6Oß--.... ~ ~ 
~ ""'J --=::::::::j 

900 102.0 60·0 

125·8 123·9 

~ G87~ (3) 

~I ""'J --=:::::::::::: 
~ 80.1 62·4 

180'2 
180·2 

(4) 
62-4 80·1 ~ 

r::----..-... G 
~ ""J ""';:j 

87·6 123.9 125.8 

Figure 3.8 Shearing·force diagrams (kN) 
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The bending-moment diagrams for each of the four loading arrangements are 
shown in figure 3.7, and the corresponding shearing-force diagrams are shown in 
figure 3.8. The individual bending-moment diagrams are combined in figure 3.9a 
to give the bending-moment design envelope. Similarly, figure 3.9b is the shearing
force design envelope. Such envelope diagrams are used in the detailed design of the 
beams, as described in chapter 7. 

163·4 163·4 

~ 
~ 11·8 ~ 
(a)~ ~ 

168·2 168·2 
180·2 

13~ 12~ ~ 

(b)~~ ~~ ""-J 131-0 
180·2 

Figure 3.9 Bending-moment and shearing·force envelopes 

Continuous Beams with Approximately Equal Spans and Uniform Loading 

The ultimate bending moments and shearing forces in continuous beams of three 
or more approximately equal spans can be obtained from table 4 of CP 110, 
provided that the spans differ by no more than 15 per cent of the longest span, 
that the loading is uniform, and that the characteristic dead load does not exceed 
the characteristic live load. The values from the table in CP 110 are shown in 
diagrammatic form in figure 3.10. 

The possibility of hogging moments in any of the spans should not be ignored, 
even if it is not indicated by these coefficients. For example, a beam of three equal 
spans will have a hogging moment in the centre span if Qk exceeds Gk /16. 

End Span Int~r i or Span 

F<;~'0 

OA5F 

(b) ~ 
ShG!Oring Forc~s '---....:::OO:~::------, 

055F 

~ 
~ 

0'6F 055F 

F = Total ultimat~ load on span = (1'4Gk+ 1'6Qk)kN 

L = EffC2ct IVC2 span 

Figure 3.10 Bending-moment and shearing·force coefficients 
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3.3.3 Structural Frarnes 

In situ reinforced concrete structures behave as rigid frames, and should be analysed 
as such. They can be analysed as a complete space frame or be divided into aseries 
of plane frames. Bridge -deck types of structures can be analysed as an equivalent 
grillage, whilst some form of finite-element analysis can be utilised in solving com
plicated shear-wall buildings. All these methods lend themselves to solution by the 
computer, but most frames can be simplified for solution by hand ca\culations or 
possibly by a desk-top, programmable ca\culator. 

The general procedure for a building frame is to analyse the slabs as continuous 
members supported by the beams or structural walls. The slabs can be either one
way spanning or two-way spanning. The columns and main beams are designed as a 
series of rigid plane frames, which can be divided into two types: (1) braced frames 
supporting verticalloads only, (2) frames supporting vertical and lateral loads. 

Type 1 frames are in buildings where none of the lateral loads, inc\uding wind, 
are transmitted to the columns and beams but are carried by shear walls or other 
forms of bracing. Type 2 frames are designed to carry the lateral loads, which 
cause bending, shearing and axial forces in the beams and columns. For both types 
of frame the axial forces due to the verticalloads in the columns can normally be 
calculated as if the beams and slabs were simply supported. 

Braced Frarnes Supporting Vertical Loads Only 

A building frame can be analysed as a complete frame, or it can be simplified into 
aseries of substitute frames for analysis. The frame shown in figure 3.11 for 
example, can be divided into any of the subframes shown in figure 3.12. 

The substitute frame 1 in figure 3.12 consists of one complete floor beam with 
its connecting columns (which are assumed rigidly fixed at their remote ends). An 
analysis of this frame will give the bending moments and shearing forces in the 
beams and columns for the floor level considered. 

Substitute frame 2 is a single span combined with its connecting columns and 
two adjacent spans, all fixed at their remote ends. This frame may be used to 

/?r /? ~ 7'; 
,.. 

7';7 

Figure 3. 11 Building frame 
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(1) 

(2) 

(3) 

REINFORCED CONCRETE DESIGN 

"'~ f' f' '" 

.>:7 7.'1' 7. 7.:' 

Holf stiffnass 

H,. H2 Storay Haights 

Figure 3.12 Substitute trames 

l' H, 

IH2 

}, 

determine the bending moments and shearing forces in the central beam. Provided 
that the central span is greater than the two adjacent spans, the bending moments 
in the columns can also be found with this frame. 

Substitute frame 3 can be used to find the moments in the columns only.1t 
consists of a single junction, with the remote ends of the members fixed. This type 
of subframe would be used when the beams have been analysed as continuous over 
simple supports. 

In frames 2 and 3 the assumption of fixed ends to the outer beams overestimates 
their stiffnesses. These values are, therefore, halved to aUow for the flexibility 
resulting from continuity. 

The various criticalloading arrangements to produce maximum stresses have to 
be considered. In general these loading arrangements for the ultimate limit state 
are as folIows. 

(l) Alternate spans loaded with total ultimate load (l.4Ck + 1.6Qk) and aU 
other spans loaded with minimum dead load (l.OCk ); this loading will 
give maximum span moments and maximum column moments. 

(2) Any two adjacent spans loaded with total ultimate load (l.4Ck + 1.6Qk) 
and the other spans loaded with minimum dead load (l.OCk). This load
ing will produce the maximum beam support moments and also the 
moments in the columns associated with their maximum axial load. 
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6·0m 4·0m 6·0m 
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Figure 3.13 Substitute frame 
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3'5m 

4·0m 

When considering the criticalloading arrangements for a column, it is sometimes 
necessary to include the case of maximum moment and minimum possible axial 
load, in order to investigate the possibility of tension failure caused by the bending. 

Example 3.3 Analysis o[ a Substitute Frame 

The substitute frame shown in figure 3.13 is part of the complete frame in figure 
3.11. The characteristic loads carried by the beams are dead loads (including 
self-weight) Gk = 25 kN/m, and imposed load, Qk = 10 kN/m, uniformly distri
buted along the beam. The analysis of the beam will be carried out by moment 
distribution: thus the member stiffnesses and their relevant distribution factors 
are first required. 

Stiffnesses, k 

Beam 

I 
0.3 x 0.63 

10-3 m4 = 5.4 x 
12 

Spans AB and CD 

kAB 
5.4 x 

kCD = 
6.0 

10-3 
10-3 0.9 x 

Span BC 

kBC 
5.4 X 10-3 

1.35 x 10-3 

4.0 
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Columns 

Upper 

Lower 

REINFORCED CONCRETE DESIGN 

I 
0.3 X 0.353 

1.07 X 10-3 m4 =-----
12 

ku 
1.07 X 10-3 

= 0.31 X 10-3 

3.5 

k L = 1.07 X 10-3 = 0.27 X 10-3 

4.0 

ku + k L = (0.31 + 0.27)10- 3 = 0.58 X 10-3 

Distribution Factors 

Joints A and D 

Joints Band C 

"f,k = 0.9 + 0.58 = 1.48 

D.F·AB = D.F·DC 
0.9 

0.61 
1.48 

0.58 
D.F.cols = -- 0.39 

1.48 

"f,k = 0.9 + 1.35 + 0.58 = 2.83 

0.9 
D.F·BA = D.F.CD = - = 0.32 

2.83 

1.35 
= D.F -CB = -- = 0.48 

2.83 

0.58 
D.F.cols = -- 0.20 

2.83 

The criticalloading arrangements for the ultimate limit state are identical to those 
for the continuous beam in example 3.2, and they are illustrated in figure 3.6. The 
moment distribution for the first loading arrangement is shown in table 3.2. In the 
table, the distribution for each upper and lower column has been combined, since 
this simplifies the layout for the calculations. 

The shearing forces and the maximum span moments can be calculated from the 
formulae of seetion 3.3.2. For the first loading arrangement and span AB, 

load 
Shear VAB = --

2 
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306 

2 
(-73.4 + 136.0) = 142.6kN 

6.0 

VBA = load - VAB = 306 142.6 = 163.4 kN 

VAB2 
Maximum moment, span AB = + MAB 

2w 

39 

142.62 - 73.4 = 
2 x 51 

126.0 kN m 

Distance from A, a3 
w 

142.6 

51 
= 2.8 m 

Figure 3.14 shows the bending moments in the beams for each loading arrangement: 
figure 3.15 shows the shearing forces. These diagrams have been combined in figure 
3.16 to give the design envelopes for bending moments and shearing forces. 

A comparison of the design envelopes of figure 3.16 and figure 3.9 will empha
sise the advantages of considering the concrete beam as part of a frame, not as a 
continuous beam as in example 3.2. Not only is the analysis of a subframe more 
precise, but many moments and shears in the beam are smaller in magnitude. 

A 

k:ols. 

CL."') 
0'39 

-

D.Fs 

Load kN 

F.EM 

Bai .59·7 

c.o 
Bai 

c.o 
BaI 

C.o 

Bai 

"'(kN.m) 

7·5 

-
4·7 

-
1-5 

73:4 

AB 

0·61 

+ 
153 

93·3 

+ 
19·2 

11·7 

+ 
12·0 

-
7·3 

+ 
3·8 
-

2·3 

73~4 

306 

X 

Table 3.2 

B 

BA Cols BC 

(2,.,) 

0·32 0·20 P48 

100 
- + 

153 33·3 
+ + + 

38·3 23·9 57·5 

X - -
466 288 

+ + 
362 24·1 15·1 

- -
5·8 181 

+ + + 
7·6 4·8 115 

- -
3·6 58 

+ + 
4+5 3·0 1·9 

36-0 45~7 003 

C D 

CB Cols CD DC Cols 

(2,.,) (2,., 

0·48 0·20 0·32 P'61 0·39 

306 
- + -

33·3 153 153 
- - - + + 

57·5 23·9 38·3 93·3 59·7 

+ + X -
28'8 46·6 19·2 

36·2 15·1 24·1 11 ~7 7~5 

+ + -
18·1 5·8 12·0 

- - - + + 
11·5 4·8 7·6 7·3 4'7 

+ + -
5·8 3·6 3·8 

4·5 1-9 3·0 2~3 1~5 

90~3 45'7 136'0 73~4 73~4 
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136·0 136·0 

( 1 ) 

73·4 ~ 73'4 
~ . ~ 

~ ""=7 
126·0 1260 

(2 ) 

(3) 

(4) 
118·5 

Figure 3.14 Beam bending·moment diagrams (kN m) 

142.6 163-4 

(1)G 5~ G 
~ ~·O ""'J 

163-4 142·6 

66.1 102·0 83·9 

(2) r:=-:::.... ~ ~ 
-=::::::::::::: ~ <::::::::::J 

839 102.0 66·1 

138'8 116-4 
~ ~ 82·5 

(3) ~ I~ t=::::---..... 
~ ~'6 ~'5 

167·2 

167-2 

67·5 87·6 G 
t:::::-... t=---.. 

(4) ~ "'J ~ 
82·5 

116'4 138.8 

Figure 3.15 Beam shearing· force diagrams (kN) 
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155.6 123.5 123.5155.6 

rZ: 
(O)~ 24·4 ~ 

126·0 126·0 

142.6 167·2 

~~ 
~~~ 

(b) kN 167.2 116-4 142·6 

Figure 3.16 Bending- moment and shearing· force envelopes 

The moment in each column is given by 

k col 
Mcol = LMcol X --

Lkcols 

Thus, for the first loading arrangement and taking LM col from table 3.2 gives 

column moment MAI 
0.31 = 73.4 x - = 39.2 kNm 
0.58 

MAE = 73.4 x 
0.27 

34.2 kNm 
0.58 

MBK = 45.7 x 
0.31 

24.4 kN m --= 
0.58 

MBF = 45.7 x 
0.27 

21.3 kN m ---
0.58 

This loading arrangement gives the maximum column moments, as plotted in 
figure 3.17. 

39·2 24·4 24·4 
34·2 34·2 

Figure 3.17 Column bending moments (kN m) 

41 
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35m 

14Gk .. 16Qk 1· G 

A = 306kN B = 100kN C 

6·0m 4·0m 
40m 

Figure 3.18 Substitute frame 

EXIlmple 3.4 Analysis of a Substitute Frame for a Column 

The substitute frame for this example, shown in figure 3.18, is taken from the 
building frame in figure 3.11. The loading to cause maximum column moments is 
shown in the figure for Gk = 25 kN/m and Qk = 10 kN/m. 

The stiffnesses of these members are identical to those calculated in example 
3.3, except that for this type of frame the beam stiffnesses are halved. Thus 

I 
kAB = - x 0.9 X 10-3 = 0.45 X 10-3 

2 

I 
k BC = - x 1.35 X 10-3 0.675 X IO-:J 

2 

upper column k u = 0.31 x 10-3 

lower column k L = 0.27 X 10-3 

'f,k = (0.45 + 0.675 + 0.31 + 0.27) x 10-3 

1.705 X 10-3 

fixed-end momentMBA 306 x 6 = 153 kN m 

fixed-end moment M BC 

Column moments are 

12 

4 
= 100 x 

12 
= 33.3 kN m 

0.31 
upper columnMu = (l53 - 33.3) x = 21.8 kN m 

1.705 

( ) 0.27 
lowercolumnML = 153 - 33.3 x -- = 19.0kNm 

1.705 

The column moments are illustrated in figure 3.19. They should be compared with 
the corresponding moments for the internal column in figure 3.17. 
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21·8 
19·0kN m 

Figure 3.19 Column moments 

In examples 3.3 and 3.4 the second moment of area of the beam was calculated 
as bh 3 /12 for a rectangular section for simp!icity, but where an in situ slab forms a 
flange to the beam, the second moment of area is usually calculated for the T - or 
L-section, using coefficients from the chart shown in figure 3.20. 

Frarnes Supporting Vertical and Lateral Loads 

Lateral loads on a structure may be caused by wind pressures, by retained earth, or 
by seismic forces. An unbraced frame subjected to wind forces, must be analysed 
for all the three loading combinations described in section 3.2.1. The vertical
loading analysis can be carried out by the methods described previously for braced 
frames (see p. 35). The analysis for the lateral loads should be kept separate and the 
forces may be calculated by an elastic analysis or by a simplified approximate 
method. For preliminary design calculations, and also for medium-size regular 
structures, a simplified analysis may weil be adequate. 

ep 110 recommends that any simplified form of analysis should assurne points 
of contraflexure at the mid-lengths of all the columns and beams. A suitable 
approximate analysis is the cantilever method. It assurnes that 

(1) points of contraflexure are located at the mid-points of all columns and 
beams; and 

(2) the direct axial loads in the columns are in proportion to their distances 
from the centre of gravity of the frame. It is also usual to assurne that all 
the columns in a storey are of equal cross-sectional area. 

App!ication of this method is probably best illustrated by an example, as folIows. 

EXßmple 3.5 Simpli[ied Analysis tor Lateral Loads - Cantilever Method 

Figure 3.21 shows a building frame subjected to a characteristic wind load of 3.0 
kN per metre height of the frame. This load is assumed to be transferred to the 
frame as a concentrated load at each floor level as indicated in the figure. 

By inspection, there is tension in the two columns to the left and compression 
in the columns to the right; and by assumption 2 the axial forces in columns are 
proportional to their distances from the centre !ine of the frame. Thus 

axial force in exterior column : axial force in interior column = 4.0P: I.OP 
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Figure 3.20 Moments o[ inertia o[ a f1anged seetion 

The analysis of the frame continues by considering a section through the top-storey 
columns: the rem oval of the frame below this section gives the remainder shown 
in figure 3.22a. The forces in this subframe are calculated as folIows. 

(a) Axial Forces in the Columns 

Taking moments about point s, "i,Ms = 0, therefore 

5.25 x 1.75 + P x 6.0 - P x 10.0 - 4P x 16.0 = 0 
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and therefore 

thus 

P = 0.135 kN 

NI = - N4 = 4.0P = 0.54 kN 

N z = - N 3 = 1.0P = 0.135 kN 

5·25kN 

10·5kN 4th 

10·5kN 3rd 

11·25kN 2nd 

12·0kN. 1st 

-)'Jr 7/ ;.- 7/7 7,7 

Figure 3.21 Frame with lateral load 

(b) Vertical Shearing F orces F in the Beams 

For each part of the sub frame, ~F = 0, therefore 

F I = NI = 0.54 kN 

Fz = NI + N z = 0.675 kN 

(c) Horizontal Shearing Forces H in the Columns 

E 
o 
~ 

E 
o 
"r 

45 

Taking moments about the points of contraflexure of each beam, ~M = 0, therefore 

and 

HI x 1.75 - NI x 3.0 = 0 

H I 0.93 kN 

(HI + H z)1.75 - NI x 8.0 - Nz x 2.0 = 0 

Hz = 1.70 kN 

The calculations of the equivalent forces for the fourth floor (figure 3.22b) 
follow a similar procedure as follows. 
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F, =0·54 

5·25 t - ~ 
H1 =0·93 

5 -
• N1 =4'OP 

= 0·54 

(0) Roof 

F3 =0·54kN. 

t 
F2=0'675 

t 11 

T~ 
I + 

'Z,.1-70 ~'70 I 
5 • l t 

N2 =1'OP N3 =1·0p 
= 0·135 = 0·135 

0·135 0·135 0·54 0'54 

0·93 t 1'70 t HO ~ 0.93' 

2·16 2·705 2·16 

t t t 
~ ~ l 

10·5~1--_--=-_--+_...e-;---1I--_-+;-_-I 

t 2'78 5·1 5·1 t' 2·78 

~ + t t 
2·70 0·68 0·68 2·70 

(b) 4th Floor. 

Figure 3.22 SUbframes at the roof and fourth floor 

(d) Axial FOJ'ces in the Column 

For the frame above section tt /, ~Mt = 0, therefore 

1·75 

1·75 

5.25(3 x 1.75) + 10.5 x 1.75 + P x 6.0 - P x 10.0 - 4P x 16.0 = 0 

therefore 

(e) Beam Shears 

P = 0.675 kN 

N, = 4.0P = 2.70 kN 

N'). = I.OP = 0.68 kN 

F, = 2.70 - 0.54 = 2.16 kN 

F'). = 2.70 + 0.68 - 0.54 - 0.135 = 2.705 kN 

(f) Column Shears 

H, x 1.75 + 0.93 x 1.75 - (2.70 - 0.54)3.0 = 0 

H, = 2.78 kN 

H'). = t(10.5 + 5.25) - 2.78 = 5.1 kN 
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Values calculated for sections taken below the remaining floors are 

third floor Ni 7.03 kN N2 1.76 kN 

Fi 4.33 kN F2 5.41 kN 

Hi 4.64 kN H2 8.49 kN 

second floor Ni 14.14 kN N2 = 3.53 kN 

Fi 7.11 kN F2 8.88 kN 

Hi = 6.61 kN H2 = 12.14 kN 

first floor Ni = 24.37 kN N2 6.09 kN 

Fi = 10.23 kN F2 12.79 kN 

Hi = 8.74 kN H2 = 16.01 kN 

The bending moments in the beams and columns at their connections can be 
calculated from these results by the following formulae 

beams MB =Fx ~ beam span 

columnsMc =Hx ~ storey height 

so at the roofs external connection 

1-6 

1·6 
4·9 

49 
8·1 

8·1 
13·2 

13·2 
17·5 

17-5 

Extarnol 
Column 

MB 

Me 

1·6 

6'5 

13·0 

21·3 

30·7 

24'4 

= 0.54 x 1 x 6.0 "2 

1.6 kN m 

0.93 x 1 
"2 x 3.5 

1.6 kN m 

1·6 1-4 1·6 
1-4 1-6 

6·5 5-4 6· 

5'4 6·5 

13-0 10·8 BO 

10·8 13-0 
21·3 17·8 21-3 

17·8 21·3 
30·7 25·6 30·7 

6·1 6·1 24'4 
Baoms 

3·0 

3·0 
8·9 

14·9 

24·3 

32·0 

Intarnol 
Column 

Figure 3.23 Moments (kN m) and reactions (kN) 
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As acheck at eachjoint, ~MB = ~Mc. 
The bending moments due to characteristic winds loads in aIl the columns and 

beams of this structure are shown in figure 3.23. 

3.4 Redistribution of Moments 

Some method of elastic analysis is generaIly used to caIculate the forces in a con· 
crete structure, despite the fact that the structure does not behave elasticaIly ne ar 
it$ ultima te load. The assumption of elastic behaviour is reasonably true for low 
stress levels; but as a section approaches its ultimate moment of resistance, plastic 
deformation will occur. This is recognised in CP 110, by aIlowing redistribution of 
the elastic moments subject to certain limitations. 

Reinforced concrete behaves in a manner midway between that of steel and 
concrete. The stress - strain curves for the two materials (figur es 1.5 and 1.2) show 
the elastoplastic behaviour of steel and the plastic behaviour of concrete. The latter 
wiIl fail at a relatively smaIl compressive strain. The exact behaviour of a reinforced 
concrete section depends on the relative quantities and the individual properties of 
the two materials. However, such a section may be considered virtuaIly elastic until 
the steel yields; and then plastic until the concrete fails in compression. Thus the 
plastic behaviour is limited by the concrete failure; or more specificaIly, the con
crete failure limits the rotation that may take place at a section in bending. A 
typical moment - curvature diagram for a reinforced concrete member is shown 
in figure 3.24. 

Curvotur<2 

Figure 3.24 Typical momentfcurvature diagram 

Thus, in an indeterminate structure, once a beam section develops its ultimate 
moment of resistance Mu , it then behaves as a plastic hinge resisting a constant 
moment of that value. Further loading must be taken by other parts of the struc
ture, with the changes in moment elsewhere being just the same as if a real hinge 
existed. Provided rotation of a hinge does not cause crushing of the concrete, 
further hinges wiIl be formed until a mechanism is produced. This requirement is 
considered in more detail in chapter 4. 
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Example 3.6 Moment Redistribution - Single Span Fixed -end Beam 

The beam shown in figure 3.25 is subjected to an increasing uniformly distributed 
load. 

Elastic support moment = 

Elastic span moment 

wL2 

12 

wL 2 

24 

In the ca se where the ultimate bending strengths are equal at the span and at the 
supports; and where adequate rotation is possible. then the additional load Wa • 
which the member can sustain by plastic behaviour. can be found. 

At collapse 

w/unlt langth 

3l """"""'" L oa d 
I L I 

Elastic B.MD 
MA =Mc=Mu 

Additional momants diagram 
(Hingas at A and C) 

Collaps12 M12chanism 

,..-- Elastlc B.MD. (Collaps12 loads) 
/ Final Collaps12 BMD. 

/ 

Figure 3.25 Moment redistribution - one-span beam 

wL2 

-- + additional mid-span moment mB 
24 

where mB = (waL 2)/8 as for a simply supported beam with hinges at A and C. Thus 

Hence 

wL2 wL2 

= 
12 24 

W 
wa =-

3 

W L 2 + _a_ 

8 

where w is the load to cause the fust plastic hinge; thus the beam may carry a load 
of 1.33w with redistribution. 
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From the design point ofview, the elastic bending-moment diagram can be 
obtained for the required ultima te loading in the ordinary way. Some of these 
moments may then be reduced; but this will necessitate increasing others to main
tain the static equilibrium of the structure. lt is usually support mj;>ments which 
may be advantageously reduced, the amount of reduction being a measure of the 
rotation required at a hinge forming at that section. CP 110 permits redistribution 
of up to 30 per cent although in unbraced frames of more than four storeys this is 
limited to 10 per cent to avoid lateral instability. After redistribution the moment 
at any section must not be less than 70 per cent of the elastic moment. 

Possible crushing of the concrete at plastic hinges limits some of the benefits of 
moment redistribution and often prevents redistribution of the column moments. 

EXilmple 3. 7 Moment Redistribution 

In example 3.3, figure 3.14 it is required to reduce the maximum support moment 
of M BA = 155.6 kN m as much as possible but without increasing the span moment 
above the present maximum value of 126 kN m. 

155'~3'5 
rZ0·3 ~ 6~1 33.~ 
A~B ~C~D 
~ 57·1 

118·5 
(0) original Momants(kNm) 

139·3 107.2 

rZ03 J1S:. 6%1 33·,2, 

""=7 ffi.6 ~ 
126·0 

(b) Radistributad Momants 

~f':~ 
~ ~ ~ 

164·5 
(c) Shaars (kN) 

Figure 3.26 

Figure 3.26a duplicates the original bending-moment dia gram (part 3 of figure 
3.14) of example 3.3 while figure 3.26b shows the redistributed moments, with the 
span moment set at 126 kN m. The moment at support B can be calculated, using a 
rearrangement of equations 3.4 and 3.1. Thus 

VAB = V[(Mmax - MAB)2w] 

and 
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For span AB, w = 51 kN/m, therefore 

VAB = V[(l26.0 + 70.3) x 2 x 51] = 141.5 kN 

MBA = (141.5 - 51 ; 6.0) 6.0 - 70.3 

- 139.3 kN m 

and 

VBA = 306 - 141.5 

= 164.5 kN 

Reduction inMBA = 155.6 - 139.3 

16.3 kN m 

16.3 x 100 

155.6 
= 10.5 per cent 

51 

In order to ensure that the moments in the columns at joint B are not changed by 
the distribution, moment MBc must also be reduced by 16.3 kN m. Therefore 

MBc = 123.5 -16.3 = 107.2kNm 

For the revised moments in BC 

For span BC 

(I 07.2 - 65.8) 
VBC = --'-------'-

4.0 

112.4 kN 

204 
+-

2 

VCB = 204 - 112.4 = 91.6 kN 

112.42 

Mmax = 107.2 
2 X 51 

16.6 kN m sagging 

hogging 

Figure 3.26c shows the revised shearing·force diagram to accord with the redistri
buted moments. 

This example illustrates how, with redistribution 

0) the moments at a section of beam can be reduced without exceeding the 
maximum design moments at other sections 

(2) the values of the column moments are not affected; and 
(3) the equilibrium between externailoads and internal forces is maintained. 
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Further Reading 

CP 3 : Chapter V Loading: Part 1 : 1967 Dead and imposed loads; Part 2 : 1972 
Wind loads. 

BS 153 Steel girder bridges: Part 3A : 1972 Loads. 



4 
Analysis of the Section 

A satisfactory and economic design of a concrete structure rarely depends on a 
complex theoretical analysis. It is achieved more by deciding on a practical over-all 
layout of the structure, careful attention to detail and sound constructional 
practice. Nevertheless the total design of a structure does depend on the analysis 
and design of the individual member sections. 

Wherever possible the analysis should be kept simple, yet it should be based on 
the observed and tested behaviour of reinforced concrete members. The manipula
tion and juggling with equations should never be allowed to obscure the funda
mental principles that unite the analysis. The three most important principles are 

(1) The stresses and strains are related by the material properties, including 
the stress - strain curves for concrete and steel. 

(2) The distribution of strains must be compatible with the distorted shape 
of the cross-section. 

(3) The resultant forces developed by the section must balance the applied 
loads for static equilibrium. 

These principles are true irrespective of how the stresses and strains are distributed, 
or how the member is loaded, or whatever the shape of the cross-section. 

This chapter describes and analyses the action of a member section under load. 
It derives the basic equations used in design and also those equations required for 
the preparation of design charts. Emphasis has been placed mostly on the analysis 
associated with the ultimate limit state but the behaviour of the section within the 
elastic range and the serviceability limit state has also been considered. 

Section 4.7 deals with the redistribution of the moments from an elastic analysis 
of the structure, and the effect it has on the equations derived and the design 
procedure. 

4.1 Stress - Strain Relations 

Short -term stress - strain curves are presented in CP 110. These curves are in an 
idealised form which can be used in the analysis of member sections. 
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4.1.1 Concrete 

The behaviour of structural concrete (figure 4.1) is represented by a parabolic 
stress - strain relationship, up to astrain €o, from which point the strain increases 
whilst the stress remains constant. Strain €o is specified as a function of the 
characteristic strength of the concrete (feu), as is also the tangent modulus at the 
origin. The ultimate design stress is given by 

0.67 feu 
= 

0.67 feu = 0.45 feu 
1.5 

where the factor of 0.67 allows for the difference between the bending strength 
and the cube crushing strength of the concrete, and 1m, = 1.5 is the usual partial 
safety factor for the strength of concrete when designing members cast in situ. The 
ultimate strain of 0.0035 is typical for all grades of concrete. 

Str1255 

N/mm 2 

Parabolic 

kN/mm2 

I 
I 

00035 

Strain 

Figure 4.1 Short· term design stress - strain curve for concrete in compression 

4.1.2 Reinforcing Steel 

The representative short-term design stress - strain curve for reinforcement is given 
in figure 4.2. In tension the design strength is the characteristic strength (fy) divided 
by the partial safety factor (1m), but in compression the design strength is reduced 
to the value associated with astrain of 0.002 to allow for the possibility of buckling 
of the reinforcing bars. 

Since the stress - strain relationships are linear the stress and strain at any point 
can be determined. Thus 



and 

stl"flSS 

N/mm2 
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!:t. 
tm Tqnsion 

I: Comprqssion 

-j'---,y r·-
/ tm + fy 

/ 2000 

/ 
/ 

1 / 

200kN/mm 2 / 

1/ 

f, 0-002 f 2 

Strain 

Figure 4.2 Short- term design stress-strain curve for reinforcement 

strain €I 

strain €2 

stress 0.8fy 

Young's modulus 

4fy x 10-6 

1m X 200000 

1m 

0.002 + __ J;....:cY __ _ 

1m X 200000 

5 1' 10-6 
0.002 + _J....:c1Y_ X __ _ 

1m 

Table 4.1 Steel stresses and strains 

250 
410 
425 
460 

Strains (rm = 1.15) 

0.00087 
0.00143 
0.00148 
0.00160 

€z 

0.00309 
0.00378 
0.00385 
0.00400 

(i) If the reinforcement strain € < EI 

stress = 200000€ 

55 

(4.1) 
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(ii) If €I < € < €2 

stress 
0.8fy 

+ 
€ - €I 

(fy _ 0.8fY ) =--
'Ym €2 €I 'Ym 'Ym 

= 0.2.& 
(4 + € - €I ) 

'Ym €2 - €I 

Therefore substituting the values derived for € land €2 gives 

stress = 0.2fy ( 0.008 + € \ 

0.002 'Ym + fy X 10-6 ) 
(4.2) 

and if the yield strain of compression reinforcement, € = 0.002, is substituted the 
above expression simplifies to 

stress = --[,.:..y--

'Ym + ~ 
2000 

which is the ultimate compressive strength of reinforcement as specified in figure 
4.2 and applies for compressive strain € > 0.002. 

(iii) If € > €2 

stress the ultimate tensile stress 
'Ym 

triangular r<2ctangular <2quival<2nt 

parabol ic r<2ctangular 

S<2Ction Strains Str<2ss Blocks 

Figure 4.3 Section with strain diagram and stress blocks 

4.2 The Distribution of Strains and Stresses across a Section 

The theory of bending for reinforced concrete assurnes that the concrete will 
crack in the regions of tensile strains and that, after cracking, all the tension is 

(4.3) 
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carried by the reinforcement. lt is also assumed that plane sections of a structural 
member remain plane after straining, so that across the section there must be a 
linear distribution of strains. 

Figure 4.3 shows the cross·section of a member subjected to bending, and the 
resultant strain diagram, together with three different types of stress distribution 
in the concrete. 

(l) The triangular stress distribu tion applied when the stresses are very nearly 
proportional to the strains, which generally occurs at the loading levels 
encountered under working conditions and is, therefore, applied to the 
serviceability limit state. 

(2) The rectangular - parabolic stress block represents the distribution at 
failure when the compressive strains are within the plastic range and it is 
associated with the design for the ultimate limit state. 

(3) The equivalent rectangular stress block is a simplified alternative to the 
rectangular - parabolic distribution. 

As there is compatibility of strains between the reinforcement and the adjacent 
concrete, the steel strains €st in tension and €se in compression can be determined 
from the strain diagram. The relationship between the depth of neutral axis (x) and 
the maximum concrete strain (€ee) and the steel strains is given by 

(4.4) 

and 

€se = €ee ( X x d') (4.5) 

where d is the effective depth of the beam and d' is the depth of the compression 
reinforcement. 

Having determined the strains, we can evaluate the stresses in the reinforcement 
from the stress - strain curve of figure 4.2, together with the equations developed 
in section 4.1.2. 

For analysis of a section with known steel strains, the depth of the neutral axis 
can be determined by rearranging equation 4.4 as 

x = 
d 

+ €st 

€ee 

4.2.1 Triangu/ar Stress Block (Cracked Section) 

(a) Cracked Section 

Maximum concrete compressive strain €ee 

Hence, assuming elastic behaviour 

Maximum concrete compressive stress = fee 

(4.6) 
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d 

h 
_. ---t--t-

z 

A. . .-'-
Saction Strain Strass 

Figure 4.4 Triangular stress block - cracked se(Jtion 

where E e is the static modulus of elasticity of the concrete. Similarly 

maximum steel tensile stress = Ist = EstEs 

But from the strain distribution 

(d - x) 
Est = 

thus 
(d - x) 

Ist = EeeEs 
X 

Compressive force in concrete = Fee = t bxlce 

Tensile force in reinforcement = Fst = Asfst 

Thus for equilibrium of forces, Fee = Fst ' therefore 

tbxlee = As/st 

and substituting from equation 4.7 

I = As(d - x) 
'ibXEeeEc €ceEs 

X 

tbx2 = As(d - x) Es 
Ee 

Es/Ec is called the modular ratio (Qe) and if this is assumed constant then 

tbx2 = As(d - x)Qe 

hence 

(4.7) 

(4.8) 

tbx2 + QeAsx - QeAsd = 0 (4.9) 

from which the neutral axis position, which is independent of loading magnitude, 
can be found. This expression can easily be used if expressed as achart of x/d 
against QeAs/bd, as in figure 4.5. 
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The depth of the neutral axis ean also be expressed in terms of the steel and 
eonerete stresses, as below. 

From the strain distribution 

x fee fee lEe = 
d fee + fst feelEe + fst/Es 

therefore 

x 
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d 
(4.1 0)* -=----

Moment of resistanee M = Feez = Fstz 

where the lever arm of the internal forces is z = (d - xI3). Thus 

M = tbxfee (d - ;) = Astst (d - :) (4.11)* 

These equations ean be used either to analyse or design a eraeked seetion under 
working loads with stresses within the elastie range. 

" 

I 
~A./bd 

0·3 0·20·1 0 
0·4.----------,----------,---r-r-~~ 

0'3 r------1------+r-r-~_+--1 

~ 0·2 r------1------,f--1F-++--+----1 ., 

0·1 

o 0·2 0·4 0·6 

x/d 

Figure 4.5 Neutral axis depths for rectangular seetions - elastic behaviour 

*Important equations derived are marked with an asteris" 
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b 

As 

• • 
S<2ctlon 

d 

~ 
S t ra In S t r<2SS 

Figure 4.6 Triangular stress block - uncracked section 

(b) Triangu/ar Stress Block - Uncracked Section 

In this instance the tensile strength of the concrete is taken into account and this 
will apply up to the time that the tensile strain of the concrete reaches its limiting 
value. If the maximum tensile stress in the concrete corresponding to this isfet , 
then from the linear strain distribution, as before 

Also 

x 
fee = (h x/et (4.12) 

Compressive force in the concrete Fee = tbxfee 

Total tensile force = tensile force in concrete + tensile force in 
steel 

= Fct + Fst 

= tb(h - x)fct + Asj~t (4.13) 

The sm all area of concrete displaced by reinforcement has not been allowed for in 
this expression. 

Equating compression and tensile forces and substituting gives 

Fcc = Fct + Fst 

therefore 

tbxfce = tb(h - x)fct + Asfst 

that is 
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_ .lb (h X)2 
- 2 

x 

(d - X) 
+ Asae--

X 

therefore neutral axis depth 

h + 2aerd 
X =----

where r = As/bh. 
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(4.14) 

Equation 4.14 permits the neutral axis position to be found for a given section. 
The moment of resistance of this section can then be calculated by taking moments 
of the tension forces about the line of action of the compressive force Fee, thus 

M = Fst (d - ;) + Fct c: 2 
+ -(h - X)) 

3 

or 

M = fetbh W;X) (d - X) 
( d - :) ] (4.15) + aer 

- x) (h 

To allow for the area of concrete displaced by the reinforcement, the term Asae 
should be modified toAs(ae - 1) so that equations 4.14 and 4.15 become 

and 

h + 2(ae - I)rd 
x =-------

M = fetbh 

2 (ae - I)r + 2 

) (d - x) 
+ (ae - I r--

(h - x) 

(4.16)* 

These equations can be used to determine the strength of an uncracked section, as 
sometimes required in water-retaining structures, as illustrated in chapter 11. 

Exomple 4.1 Analysis of a Cracked and Uncracked Section Assuming a Triangulllr 
Stress Block 

For the section shown in figure 4.7 determine the concrete and steel stresses caused 
by (1) a moment of 20 kN m, and assuming a cracked section, and (2) a moment of 
5 kN m, assuming an uncracked section. (Es/Ee = ae = 15.) 

(1) Cracked Section, M = 20 kN m 

15 x 603 

ISO x 250 
0.241 
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b.150 

,- "' 
g 
M 

• • • As ' 603 sq.mm 

Figure 4.7 

From figure 4.5, x/d = 0.5, therefote 

x = 0.5 x 250 = 125 mm 

From equation 4.l1 

therefore 

20 x 106 = t X 150 x 125 x fee (250 _ 1 ~5 ) 

hence 

fee = 10.2 N/mm2 

From equation 4.8 

fstAs = tbxfee 

therefore 

fst 
150 X 125 X 10.2 

2 X 603 
159 N/mm2 

(2) Uncracked Seetion, M = 5 kN m 

A 603 
r = _s = = 0.0134 

bh 150 X 300 

From equation 4.l6 

h + 2(ae - l)rd 
X = __ -2--=--_~ 

2 (ae - 1)r + 2 

300 + 2 X 14 X 0.0134 X 250 
= 

2 X 14 X 0.0134 + 2 
166mm 



From equation 4.17 

M = fctbh 

therefore 
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[( h
3
-X) + (ae - l),(d - x) (d - x3 ) 1 

(h - x) 
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5 x 106 = fct X 150 X 300 [ 134 84 1 - + 14 X 0.0134 X - X 194.7 
3 134 

hence 

fct 1.64 N/mm2 

From equation 4.12 

fee 
x 

(h - x) fct 

166 

(300 - 166) 

fst = €stEs 

and from the strain distribution 

X 1.64 = 2.03 N/mm2 

(d - x) (d - x) fct 
€ct = 

(h - x) (h - x) Ec 

therefore 

(d - x) 
F - a F 
Jst - (h _ x) eJct 

( 250 - 166 ) 

300 - 166 

15.4 N/mm2 

4.2.2 RectonguliJr - Porobolic Stress Block 

X 15 X 1.64 

At the uliimate limit state the rectangular - parabolic stress block is similar in 
shape to the stress - strain curve for concrete, having a maximum stress of 0.45fcu 
at the ultima te strain of 0.0035. 

In figure 4.8 let 

€o the concrete strain at the end of the parabolic section 
w the distance from the neutral axis to strain €o 

x depth of the neutral axis 
k 1 the mean concrete stress 
k 2 x = depth to the centroid of the stress block. 
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b 

-- -I--
d 

• A s • 

0·0035 
I------..j 

p 

n_o __ . 

0-45/cu 
I· '1 

C<zntrold of 
str<2ss block. 

S<2ct ion Stroins Str<2SS Block· 

Figure 4.8 Section with rectangu/ar- parabolic stress block 

(a) To Determine the Mean Concrete Stress, k 1 

From the strain diagram 

x w 

0.0035 Eo 

therefore 

XEo 
w= 

0.0035 

Substituting for Eo = Vfcu/5000 (see figure 4.1) 

For the stress block 

w = xvfcu 

17.5 

area of stress block 

x 

area pqrs - area rst 

x 

Thus, using the area properties of a parabola as shown in figure 4.9, we have 

k
1 

= 0.45fcux - 0.45fcu·w/3 

x 

Substituting for w from equation 4.18 gives 

k1 = (0.45 - 0.15 Vfcu ) fcu 
17.5 

(4.18) 

(4.19)* 
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I 
I O2 _____________ ...J ----L __ L.. 

Araos: 

Position of cantroids: 0=1 uJ I 5 • 

Figure 4.9 Properties 01 a para bola 

A = uJf 
2 3 

(b) To Determine the Depth of the Centroid k2 x 

k2 is determined for a rectangular section by taking area moments of the stress 
block about the neutral axis - see figures 4.8 and 4.9. Thus 

area pqrs X x/2 - area rst x w/4 

area of stress block 

(0.45fcux)x/2 - (0.45fcuw/3)w/4 

k1x 

0.45fcix2 /2 - w2 /12) 
=---------

Substituting for w from equation 4.18 

[ 0.5 - ~l 
3675 

hence 
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[ 0.5 - ~l (4.20)* 
3675 

Values of k l and k 2 for varying characteristic concrete strengths have been 
tabulated in table 4.2. 

Once we know the properties of the stress block, the magnitude and position of 
the resultant compressive force in the concrete can be determined, and hence the 
moment of resistance of the section calculated as described in section 4.3.1. 
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Table 4.2 Values of k t and k2 for 
different concrete grades 

leu k t 
(N/mm2 ) (N/mm2 ) kt/lcu k 2 kt/kdcu 

20 8.233 0.412 0.459 0.896 
25 10.179 0.407 0.455 0.895 
30 12.092 0.403 0.451 0.894 
40 15.832 0.396 0.444 0.892 
50 19.470 0.389 0.438 0.889 
60 23.016 0.384 0.433 0.887 

Typical values 0.4 0.45 0.89 

4.2.3 Equivalent Rectangu/ar Stress Block 

For the analysis of the section at the ultimate limit state, a rectangular stress block 
as shown in figure 4.10 may be used in preference to a rectangular - parabolic 
block. This simplified stress distribution will facilitate the analysis and result in 
more manageable design equations, particularly when dealing with non -rectangular 
cross-sections. The concrete stress of O.4lcu is equivalent to the typical value of k t , 

the average stress in the rectangular - parabolic stress block (see table 4.2). Thus the 
areas of both these types of stress blocks are approximately equal for a given depth 
of the neutral axis. The depth to the centroid of this stress block is simply 0.5x. 
Again this enables the resultant force in the concrete to be defined so that the 
moment of resistance can be determined as in section 4.3.2. 

b 'I 
0·0035 
!-----i 

0·4 'cu 
r---=, 

Ir--·- ~aiI d aXls 
Cent roi d of 
stress block 

-As -

Section Strains stress Block 

Figure 4.10 Section with equivalent rectangular stress block 

4.3 Bending of a Singly Reinforced Rectangular Section at the Ultimate Limit State 

A singly reinforced section is one which is provided with tension steel only, the 
concrete by itself being capable of developing the necessary compressive force. 
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4.3.1 Rectangu/or - Parabolic Stress Block 

Figure 4.11 represents the cross·section of a singly reinforced concrete beam and 
the relevant strain and stress distributions. 

Let Fee be the compressive force in the concrete acting through the centroid 
of the stress block 

F st be the tensile force in the reinforcement acting at the centroid of 
the tensile steel 

Cst be the tensile strain in the reinforcement 
fst be the tensile stress in the reinforcemellt 

and Z be the lever arm which is the distance between the points of action 
of Fee and Fst . 

d 

b 
'I 

__ ._..llcz.utral . 
aXls 

• A s • 

00035 
1--1 

Sczction Strains 

R'45f~1 

z 

Strczssczs 

Figure 4.11 Singly rein!orced section with rectangular- parabolic stress block 

(a) Derivation of Basic Equations 

Since there must be no resultant axial force on the section of the beam 
force in concrete = force in steel 

Fee = F st (4.21) 

These two forces in the concrete and steel must form a couple to develop the 
ultima te moment of resistance of the section (Mu). Therefore 

Mu = Feez = Fstz (4.22) 

Equations 4.21 and 4.22 are the fundamental equations of equilibrium for the 
cross·section and are applicable irrespective of the nature of the distribution of the 
strains or the stresses. In the equations 

Fee = average concrete stress x area of concrete in compression 

therefore 

(4.23) 

Fst steel stress x area of s teel 

= fstAs (4.24) 
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From the stress-block diagram 

z = d - k2 x 

Thus, from equations 4.22 and 4.23, in terms of the concrete strength 

Mu = kJbxz 

or 

Mu = kJbx(d - k 2x) 

From equations 4.22 and 4.24, therefore in terms of the steel strength 

Mu = fstAs z 

or 

(b) Design Charts 

Fram equations 4.21,4.23 and 4.24 

kJbx = fstAs 

therefore 

5 

4 

'" E 
~ 3 
z 

'" i:l 

I I 

fy = 425 N/mm2 

f = cu 25 N/mm2 

/ t) 
/ 

V SI~Chang(l 

/ 
V 

~ 2 

V 
0-5 '-0 

100As Ibd 
'-5 

Figure 4.12 Typical design chart for singly reinforced beams 

(4.25)* 

(4.26) 

(4.27)* 

(4.28) 

(4.29)* 

(4.30) 
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Substituting equation 4.30 into equation 4.29 gives 

or 

(4.31) 

Equation 4.31 is not suitable for direct solution but is more conveniently expressed 
in the form of design charts, such as that shown in figure 4.12. The chart was pre
pared by calculating Mu/bd2 for specified values of As/bd and x/d. The value of 
x/d determines the steel strain est according to equation 4.4 and this in turn 
establishes the steel stress fst from the stress - strain curve of figure 4.2. 

The abrupt change in slope in the design curve occurs at the point where the 
tensile stress in the reinforcement is no longer at the yield. 

(c) Depth of the Neutral Axis (x) 

A graph as in figure 4.13 can be prepared, to determine the depth of the neutral 
axis for a given beam cross-section. The equation for plotting the graph can be 
determined as folIows. From equation 4.30 

x fstAs 
=--

d bdk1 

As fstfeu -----
bdfeu k 1 

but k 1 /feu ~ 0.4, [rom table 4.2, therefore 

x A s fst 
---
bdfcu 0.4 

(4.32) 
d 

Thus for a singly reinforced beam section with a known area of steel, As/bdfcu can 
be calculated and the depth of the neutral axis determined from figure 4.13. This 
value of x can thus be used in equation 4.27 or4.29 to calculate the ultimate 
moment of resistance of the section, as shown in example 4.2. 

(d) Determination of the Lever Arm (z) 

The lever arm (z) can also be determined as a function of the moment (Mu ) and the 
size of the beam as folIows. From equations 4.26 and 4.25 

Mu = k1bxz 

and 
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0·06.----,-----,----r-7---,-------, 
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,/ 
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x 
d 

0·3 004 

Figure 4.13 Depth of neutral axis chart 

0·5 

Substituting for x gives 

k1 
M = - b(d - Z)Z 

u k2 

Let the lever-arm factor la = z/d, then 

and 

Mu = ~ bd 2 (1 - la)la 
k2 

Mu k1 
= -- (1 - la)la 

bd2 feu kdeu 

but k 1 /(k2 f eu) "'" 0.89, from table 4.2, therefore 

Mu 
-- = 0.89(1 - la)la 
bd2 feu 

(4.33) 

Equation 4.33 is represented graphically by the upper curve in figure 4.14. A 
maximum value of la = 0.95 is plotted on the graph. This is required by the Code 
of Practice to ensure that a realistic area of concrete is in compression. From the 
curve, la can be determined for any value of M/bd 2 f eu . The area of tension rein
forcement required is then given by equation 4.28 as 
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Figure 4.14 Lever·arm curve 

M 
A s =-

[stlad 

If the reinforcement is strained beyond its yield point f2 

ist = O.87[y 

and 

M 
A s =------

O.87[y lad 
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(4.34)* 

The lever-arm curve permits the area of reinforcement to be calculated for a 
singly reinforced beam. Given the design moment (M), the breadth (b), and the 
effective depth (d) of the section, M/bd 2 [cu can be calculated so that the lever-arm 
factor (la) can be read off the lever -arm curve of figure 4.14. The area of tensile 
steel can then be calculated from equation 4.34. This design procedure is illustrated 
in example 4.3. 

It can be shown by investigating the strains and stresses in the reinforcement 
that the steel will have yielded for· the range of lever arms given by figure 4.14. This 
is true for all the usual grades of concrete and steel used in reinforced concrete 
design. If the value of M/bd 2[cu calculated is outside the limits of the graph then 
compression steel is required. (If it is only slightly outside then reference may be 
made to section 4.3.3 in order to check the maximum moment of resistance of a 
singly reinforced section.) 
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b = 300 
14 01 

_. __ L ~r~ 
axis 

• • • A. = 1470 sq mm 

Figure 4.15 

Example 4.2 Analysis of a Singly Reinforced Section in Bending 

Determine the ultima te moment of resistance (Mu ) of the cross-section shown in 
figure 4.15, given the characteristic strengths arefy = 425 N/mm2 for the rein
forcement and fcu = 25 N/mm2 for the concrete. 

100As 

bdfcu 

100 x 1470 

300 x 520 x 25 

0.0377 

From figure 4.13, x/d = 0.35 and 

therefore 

steel stressfst = fyhm 

425 

1.15 

depth of neutral axis x = 0.35 x 520 

182mm 

From equation 4.25 and table 4.2 

therefore 

lever arm z = d - k1;X 

520 - 0.455 x 182 

437 mm 

Mu = fstAs z 

425 = - x 1470 x 437 x 10-6 

1.15 

= 237 kN m 



ANALYSIS OF THE SECTION 

Alternatively, by use of the design chart of figure 4.12 

From the chart 

100A s 

bd 

Mu 

bd2 

100 x 1470 

300 x 520 

0.942 

2.9 

Mu = 2.9 x 300 x 5202 X 10-6 

235 kN m 

b=260 
I· ., 

}460 
Figure 4.16 
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Example 4.3 Area of Tension Reinforcement Required in a Singly Reinforced Beam 

The beam seetion shown in figure 4.16 is required to develop an ultimate moment 
of resistance (Mu) of 165 kN m. Determine the area of tension reinforcement (A s) 
required, given that the characteristic strengths arefy = 410 N/mm2 andfcu = 
25 N/mm2 . 

260 X 4602 x 25 

and from the lever -arm curve of figure 4.14 

la = 0.84 

Therefore lever·arm z = lad 

= 0.12 

0.84 x 460 = 386 mm 

From equation 4.34 

Mu 

0.87fy z 

165 x 106 

0.87 x 410 x 386 

= 1198 mm2 
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Figure 4.17 Singly rein!orced section with rectangular stress block 

4.3.2 Equivalent Rectangular Stress Block - Singly Reinforced Section 

(a) Derivation of Basic Equations 

The analysis with a rectangular stress block is less involved but the procedure 
follows the same basic principles. The concrete compressive force Fee acts through 
the centroid of the stress block whilst the tensile force Fst acts through the cen
troid of the reinforcement. 

For no resultant axial force on the section 

compressive force = tensile force 

that is 

Fee = Fst 

and these two forces form a couple such that the ultimate moment of resistance is 
given by 

where 

and 

Fee = O.4feu bx 

Fst = fstAs 

x 
z=d--

2 
Substituting for Fee from equation 4.36 into equation 4.35 

Mu = O.4feubxz 
or 

0.4fcubx (d - ~) 

(4.35) 

(4.36) 

(4.37) 

(4.38) 

(4.39) 

(4.40)* 
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Also from equations 4.35, 4.37 and 4.38 

(b) Lever-arm Citrve 

From equation 4.38, x = 2 (d - z) and substituting into equation 4.39 

Mu = O.4fcub 2 (d - z)z 

Substituting z/d = la 

Mu = 0.8fcubd2 (I - la)la 

therefore 

Mu = 0.8Ia(I - la) 
fcu bd2 
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(4.41)* 

(4.42) 

This equation may be represented graphically as shown by the lower curve in 
figure 4.14 where a comparison can be made with the similar curve for the 
rectangular - parabolic stress block. I t can be seen that an analysis with the parabolic 
stress distribution will give up to a 5 per cent iI1crease in the lever-arm with a resuIt
ing economy in reinforcement. 

(c) Simplijied Design Equations 

If the reinforcement is at the yield stress 

and therefore 

fst = fy_ = 0.87fy 
1m 

Fst = 0.87 fyAs 

Thus in terms of the reinforcement 

Mu = 0.87fyA sz 

From equations 4.36 and 4.43 

0.4fcubx = 0.87 fyA s 

0.87fyA s 
x = ---=--

O.4fcu b 

Thus from equation 4.38 

z = d _ t!0.87 fYA s) 
~O.4fcub 

(4.43) 

(4.44)* 
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Z = (1 - l.lfyA S ) d 
feu bd 

(4.45)* 

Provided the moment reduction at a section due to moment redistribution is not 
greater than 10 per cent (see section 4.7), the limiting depth of the neutral axis is 
x = d/2 and for this depth the ultima te moment of resistance of the concrete from 
equation 4.40 is 

or 

(4.46)* 

This equation gives the maximum moment of resistance in terms of the concrete 
for a singly reinforced section when a rectangular stress block is considered. 
Equations 4.44, 4.45 and 4.46 are the formulae quoted in clause 3.3.5.3 of CP 110 
for the design of a singly reinforced rectangular section, assuming a rectangular 
stress distribution. 

4.3.3 Maximum Moment of Resistance Based on the Concrete Strength 

From equation 4.27 the ultimate moment of resistance of a rectangular section in 
terms of the concrete strength is given by 

Mu = k 1 bx(d - kzx) 

The Code of Practice limits the maximum depth of the neutral axis x to d/2 and 
for this case the previous equation becomes 

Mu = 0.5 k 1 (I - 0.5kz )bdZ 

Substitution of k 1 and kz from table 4.2 gives the appropriate value of Mu for 
each concrete grade as shown in table 4.3. These values of Mu should be compared 
with Mu = O.l5feubdz as was derived using the rectangular stress block (see 
equation 4.46). 

Table 4.3 Mu withx = d/2 

feu = 20 
25 
30 
40 
60 

M u = 0.159feubd2 
0.157 feubdz 
0.156 feubd2 
0.154 feubd2 
0.150 feubdz 
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With x = d/2 the strain in the reinforcement, Est must equal the maximum 
concrete strain, that is 

Est = Ecc = 0.0035 

77 

At this strain high -yield steel will not have yielded and the stress fst as derived in 
section 4.1.2 is given by 

fst = 0.2fy ( 0.008 + Est ) 

0.002'Ym + f y x 10-6 

= 0.2fy ( 0.0115 ) 

0.0023 + fy x 10-6 

The area of reinforcement required is 

Mu A s =-
fst Z 

where Z = d - k 2 x = d{l - 0.5k2 ), and substituting for Mu 

0.5k1 {l - 0.5k2 )bd 2 

As 

= 0.5k1 bd 

fst 

Thus the percentage of reinforcement is 

100A s = 50k1 

bd fst 

Table 4.4 shows these values of fst and 100A s/bd for different grades of steel and 
concrete. (The limiting value of x will be less than d/2 if, because of moment 
redistribution, the moment at a section has been reduced by more than 10 per cent 
- see section 4.7.) 

Table 4.4 fst and 100As/bd for x = d/2 

100A s/bd 

fcu 
20 25 30 40 60 

250 217 1.90 2.34 2.78 3.64 5.30 
410 348 1.18 1.46 1.74 2.28 3.31 
425 359 1.15 1.42 1.69 2.21 3.21 
460 383 1.07 1.33 1.58 2.07 3.00 
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Thus, for example, a beam of breadth b = 300 mm, effective depth d = 500 mm 
and constructed with grade 30 concrete would have a maximum moment of resis
tance at the ultimate limit state of 

Mu = 0.l56feubd2 

= 0.l56 x 30 x 300 X 5002 

= 351 X 106 N mm 

The area of reinforcement, with characteristic stress = 410 N/mm2 required in 
order to develop this moment is, from table 4.4 

A s = 1.74 x 300 x 500/100 = 2610 mm2 

and the stress in this reinforcement is 348 N/mm2 . 

4.4 Rectangular Section with Compression Reinforcement at the Ultimate Limit 
State 

When the applied moments are too great for the concrete in compression to develop 
the necessary moment of resistance then compression reinforcement must be pro
vided. The analysis of the section may be carried out using either the rectangular -
parabolic or the equivalent rectangular stress block. It has been assumed that any 
moment reduction at the section due to redistribution of moments is not greater 
than 10 per cent, otherwise reference should be made to section 4.7. 

For simplicity the area of concrete in compression has not been reduced to 
allow for the concrete displaced by the compression reinforcement. 

4.4.1 Rectangu/or - Paraboüc Stress Block - Compression Reinforcement 

(a) Derivation of Basic Equations 

When the neutral axis is at the limiting depth of x = d/2 it was shown in seetion 
4.3.3 that the maximum moment of resistance of a singly reinforced section is 
given by 

Mu = 0.5k1 bd 2 (1 - 0.5k2 ) 

in terms of the concrete strength. When the design moment exceeds this value of 
Mu compression reinforcement is required as shown in figure 4.l8. 

The following resultant forces must be acting within the .cross-section: Fee = 
compressive force in the concrete, F st = the tensile force in the steel, area A s, and 
Fse = the compressive force in the steel, area A'~. 

For no resultant axial force on the cross-section 

tensile force = total compressive force 

that is 

(4.4 7) 
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Strains Strl2ssl2s 

Figure 4.18 Seetion with compression reinforcement 

and taking moments about the centroid of the tensile steel 

Mu = Fee (d - k 2 x) + Fse (d - d') 

where d' is the depth of the compression steel. As before 

Fee = k 1 bx 

Fst = fstAs 

whilst 
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(4.48) 

where fse is the stress in the compression steel. Substituting these values for Fee, 
Fst and Fse into equations 4.47 and 4.48 

(4.49) 

and 

(4.50) 

With X = d/2, so that the concrete is developing its maximum moment of resistance, 
equations 4.49 and 4.50 become 

(4.51)* 

and 

(4.52)* 

The stress fst may be obtained from table 4.4, while the stress fse will correspond 
to the compressive yield stress, provided the compressive strain €se is greater than 
the yield strain 0.002 in figure 4.2 - and this will be the case if d' /d is not greater 
than 0.2. 

In design calculations the area A's of compression steel can be obtained from 
equation 4.52 and the areaAs of the tension steel is then given by equation 4.51. 
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(b) Design Charts 

The equations for the design charts are obtained by taking moments about the 
neutral axis. Thus 

Mu = k 1 bx(x - k2 x) + fscA's(x - d') + fstAs(d - x) 

(4.53) 

Equations 4.49 and 4.53 may be written as 

x A' 
k 1 - + fsc-s 

d bd 

A s 
+f, -

st bd 

(: - ;') 

(1 - :) 

12~--~-----.-----.-----r----.-----,---~ 

10 

N~8 

z 

:X:/d= 0·3········ 

x/d = 0-4 -- - - - - +---l--------1---+~~""l 
x/d = 0-5 ----

f cu = 30, f y = 410, d'/d = 0·10 
~--~~~~~~~ 

~6t----r---i---t-~~~~-r-=~~~--1'0 
.Q 

~ 
4+---+-------1~~~--_+--_r--~-~ 

2+---~~-----1~-~--_+--_r--~-~ 

o 0·5 1-0 1-5 2·0 2·5 3-0 3·5 

Figure 4.19 Typical design chart tor doubly reintorced beams 

(4.54) 

(4.55) 

For specified ratios of A 's/bd, x/d and d' /d, equations 4.54 and 4.55 can be solved 
to give values for As/bd and Mu/bd 2 so that a set of design charts such as the one 
shown in figure 4.19 may be plotted. Before the equations can be solved, the steel 
stresses fst and fsc must be calculated for each value of x/d. This is achieved by first 
determining the relevant strains from the strain diagram (or by applying equations 
4.4 and 4.5) and then by evaluating the stresses from the stress - strain curve of 
figure 4.2. Values ofx/d below 0.5 apply when moments are redistributed. 
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Exomple 4.4 Analysis of a Doubly Reinforced Beam Section, Assuming a 
Rectangular - Parabolic Stress Block 
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Determine the ultimate moment of resistance (Mu) of the cross-section shown in 
figure 4.20, given th;lt the characteristic strengths are fy = 410 N/mm2 for the 
reinforcement and feu = 30 N/mm2 for the concrete. 

d = 510 

••• A s = 2410 

Saction 

Figure 4.20 

Strain 
Diagram 

The depth of the neutral axis (x) can be determined from equation 4.49 which is 

fstAs = klbx + fseA's 

In this example the compression steel is dose to the face of the section, so as a first 
attempt consider fst and fse equal to the design yield stresses, that is 

and 

Hence 

f 410 
fst = ~ = - = 357N/mm2 

rm 1.15 

fy 
fse = ---"----- 410 

x 

rm + ~ 
2000 

303 N/mm2 

410 
1.15 + --

2000 

CfstAs - fseA's} 

kIb 

357 x 2410 - 303 x 402 

12.09 x 280 

218 mm 

(see table 4.2 for kd 
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Checking the reinforcement strains 

(x - d') (218 - 50) 
tse = tee = 0.0035~----

x 218 

0.0027 > 0.002, the compressive yield strain 

and 
(d - x) (510 - 218) 

tst = tee = 0.0035 -----
x 218 

= 0.0047 > t2 from table 4.1 

Therefore both layers of steel have yielded, as assumed. From equation 4.50 

Mu = k1bx(d - k 2 x) + [seA's(d - d') 

= 12.09 X 280 X 218 (510 0.451 X 218) 

+ 303 X 402 (510 50) 

= 360 X 106 N mm 

(This same cross-section is analysed in example 4.5 using an equivalent rectangular 
stress block as a comparison.) 

I· b ·1 ~OO~r OA 'cu 
!-----'-i 

=:Id' I 
Fsc IX/2 • • 

d ~c 
1--.-

• • • 
~ 

Fst 

Sllction Strains StrllsSIlS 

Figure 4.21 Section with compression steel- rectangular stress block 

4.4.2 Equivalent Rectangulor Stress Block - Compression Reinforcement 

Derivation o[ Basic EqUiltions 

The rectangular stress block can be used to derive simplified equations for calculat
ing the areas of reinforcement when compression steel is required. In figure 4.21, 
for no resultant axial force on the cross-section 

tensile force = total compressive force 
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that is 

Fst = Fee + Fse 

and taking moments about the centroid of the tensile steel 

M u = Fee (d - O.5x) + Fse (d - d') 

where d' is the depth of the compressive steel. Also 

Fee = 0.4feubx 

Fse = fseA's 

and 

Fst = fstAs 
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(4.56) 

(4.57) 

Hence, substituting in equations 4.56 and 4.57 for these va lues of Fee, Fse and 
Fst 

fstAs = O.4feubx + fseA's (4.58) 

and 

Mu = 0.4feubx(d - 0.5x) + fseA's (d - d') (4.59) 

With X = d/2, so that the concrete is developing its maximum moment of 
resistance, equations 4.58 and 4.59 become 

fstAs = O.2feubd + fseA's (4.60) 

and 

Mu = 0.1 5feubd2 + fseA's (d - d') (4.61) 

With this distribution of strains, the tensile steel will have reached the yield, except 
for cold-worked steel withfy = 460 N/mm2 which will have very nearly yielded. 
Hence fst can be taken as fy /rm = 0.87/y. It can also be shown from the strain 
diagram that the compression steel willlikewise have reached the yield, provided 
d'/d < 0.2. Thus the stress in the compression steel from the stress - strain curve of 
figure 4.2 is 

fse 

1m + ~ 
2000 

The code of practice allows this expression to be simplified to the approximate 
form of 

fse = O.72fy 

(The true value ofthis expression ranges between 0.78fy for mild steel to 0.725fy 
for cold-worked steel with fy = 460 N/mm2 .) Hence equations 4.60 and 4.61 may 
be expressed as 

0.87fyA s = 0.2feubd + O.72fyA's (4.62)* 
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and 

Mu = 0.15feubd2 + O.72fy A's(d - d') (4.63)* 

If d' /d > 0.2, the stress in the compression steel must be determined from the 
strain €se in the reinforcement and the stress - strain curve as previously described 
and this stress must replace the O.72fy term in the above equations. Equations 
4.62 and 4.63 are those given in clause 3.3.5.3 of ep 110. They permit the area 
A's of compression steel to be calculated from equation 4.63, and the area As of 
tension steel from equation 4.62. 

Example 4.5 Analysis of a Doubly Reinforced Beam Section Assuming a Rectangu
Jar Stress Block 

Determine the ultimate moment of resistance (Mu ) of the cross-section shown in 
figure 4.22, given that the characteristic strengths are f y = 410 N/mm2 and 
feu = 30 N/mm2 . (This cross-section is the one analysed in example 4.4 when a 
rectangular - parabolic stress block was used.) 

d = 510 

• • 
A~= 402 
_.-

••• As = 2410 

Sezction 

Figure 4.22 

Strain 
Diagram 

Equation 4.58 establishes the depth of the neutral axis, that is 

fstAs = O.4feubx + fseA's 

Assuming initially that fst and fse are the design yield stresses, then 

fst = 0.87fy = 0.87 x 410 = 357 N/mm2 

and 

therefore 

fse "" O.72fy 0.72 x 410 295 N/mm2 

= fstAs -- fseA's 
x 

OAfeub 
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357 x 2410 - 295 x 402 

0.4 x 30 x 280 

221 mm 

Checking the reinforcement strains 

tse = 
tee (x - d') = 0.0035(221 - 50) 

x 221 

0.0027 > 0.002, the compressive yield strain 

and 

(d - x) (510 - 221) 
tst = tee = 0.0035-----

x 221 

= 0.0046 > t2 from table 4.1 

85 

Therefore both layers of reinforcement have yielded, as assumed. From equation 
4.59 

Mu OA/eubx(d - 0.5x) + IseA's(d - d') 

0.4 X 30 X 280 X 221(510 - 221/2) + 295 X 402(510 - 50) 

= 351 X 106 N mm 

(cf. 360 X 106 N mm from example 4.4.) 

4.5 T-section and L-section in Bending at the UItimate Limit State 

T -seetions and L-sections which have their flanges in compression can both be 
analysed in a similar manner and the equations which are derived can be applied to 
either type of cross-section. As the flanges gene rally provide a large compressive 
area it is usually unnecessary to consider the ca se where compression steel is 
required; if it should be required the analysis would be based on the fundamental 
principles already derived. 

For the singiy reinforced seetion it is necessary to consider two conditions: 
(I) the neutral axis lies within the compression flange, and (2) the neutral axis lies 
below the flange. 

(a) T-section - the Neutral Axis Lies within the Flange (figure 4.23) 

For this position of the neutral axis, the beam can be considered as an equivalent 
rectangular section of breadth br equal to the flange width. This is because the 
non-rectangular seetion below the neutral axis is in tension and is, therefore, 
considered to be inactive. Thus M/bfd 2 leu can be calculated and the lever arm 
determined from the lever-arm curve of figure 4.14. The relation between the 
lever arm, z and the depth of the neutral axis is given by 

z = d - k2 x 
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S(2ctlon 

O'45fcu 
t-----I 

Str(2SS(2S 

Figure 4.23 T·section, neutral axis within the [lange 

X = 
d - Z 

k 2 

z 

If X is less than the flange thickness (hf) the neutral axis does lie within the flange 
as assumed and the area of reinforcement is given by 

Mu 
A s =-

fst Z 

and with the reinforcement at the yield stress this equation becomes 

Mu 
A s = ---

O. 87fy z 

where 

Z = lad 

The rectangular - parabolic stress block has been used in this analysis since it is the 
most economic and is relatively simple to apply to what is effectively a rectangular 
section. 

d 

-AS-

0'0035 
I----l 

Figure 4.24 T-section, neutral axis below the [lange 
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(b) T-section - the Neutral Axis Lies below the F/ange 

With this position of the neutral axis the whole of the flange and also part of the 
web will be in compression. F or most practical T -beams and L- beams, where an 
in situ slab forms the flange, the area of the web in compression is much sm aller 
than the area of the flange and, therefore, the compressive force in the web may 
be neglected. For simplicity, a rectangular stress block has been considered as 
shown in figure 4.24. For this case 

Force in the concrete Fee = O.4feubfhf 

where bf and hf are the flange dimensions. 
Taking moments about the centroid of the reinforcement 

(d - h
2

f ) Mu = Fee \.' 

or 

O.4feubfhf (d - h2f ) (4.64)* 

Taking moments about the centroid of the flange, the ultima te moment of 
resistance in terms of the reinforcement is 

With the reinforcement at the yield stress 

(4.65)* 

Equations 4.64 and 4.65 are sufficient to check the strength of the concrete section 
and to calculate the area of reinforcement required, and these are design formulae 
given in clause 3.3.5.3 of CP 110. 

With some T -sections the area of web in compression is not negligible and in 
these cases the analysis of a section should follow the procedure of example 4.7. 

Example 4.6 Analysis of a T-section when the Neutral Axis Lies within the F/ange 

Determine the ultimate moment of resistance (Mu ) of the T -section shown in 
figure 4.25. The characteristic material strengths are f y = 410 N/mm2 and 
feu = 25 N/mm2 . 

Consider a rectangular - parabolic stress block for which the parameters k 1 and 
k 2 can be obtained from table 4.2. Assurne initially that the neutral axis does lie 
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Sl2ction Strains Strl2SSI2S 

Figure 4.25 T·section, neutral axis in [lange 

within the flange and also that the reinforcement is strained to the yield stress so 
that Ist = 0.87Iy. Hence for no resultant axial force on the section 

therefore 

0.871yA s = k 1 brx 

x 
0.871yA s 

k1br 

0.87 x 410 x 1470 

10.18 x 800 

64 mm < hr 

Therefore the neutral axis does lie within the flange and with this strain distribu
tion it can be shown that the steel will have yielded. Thus 

lever arm z d - k 2 x 

420 - 0.45 x 64 = 391 mm 

Taking moments about the reinforcement 

Mu k 1 bxz 

10.18 x 800 x 64 x 391 

204 x 106 N mm 

Example 4. 7 Analysis 01 a Beam T-section. inc/uding the Area 01 Web in 
Compression and Using a Rectangu/ar Stress Block 

Determine the ultimate moment of resistance (Mu ) of the beam T -section shown 
in figure 4.26, givenly = 425 N/mm2 andlcu = 25 N/mm2 • 

For equilibrium of forces on the cross-section 

compressive force in concrete = tensile force in reinforcement 



that is 

where 

that is 
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bl = 450 0·4 'cu 
~~------~"I ~ 

EI =150 

. __ . nautro_1 _ L ____ -C---r-~ 
Fcw d=440 

• • • A.= 2100 

1 bw = 300 • "I 

Sact ion 

oxis 

Strass 
Diogram 

Figure 4.26 T-section, neutral axis below flange 

Fcf + F cw F st 

Fcf = compressive force in the flange 

Fcw = compressive force in the web 

Fst = tensile force in the reinforcement 

O.4fcubf hf + O.4fcubw{x - hf) = fstAs 

and assuming the reinforcement to have yielded'/st = 0.87 f y , therefore 

0.4 x 25[450 x 150 + 300(x - 150)] = 0.87 x 425 x 2100 

hence 
x = 184 mm 

and the reinforcement will have yielded with this depth of neutral axis. In terms of 
the concrete strength, taking moments abou t the cen troid of the reinforcement 

Mu Fcf(d - hd2) + F cw (d - x/2 - hd2) 

0.4 x 25[450 x 150(440 - 75) 

+ 300 x 34(440 - 92 - 75)] 

274 x 106 N mm 

4.6 Rectangular Section Subject to Bending Plus Axial Load at the Ultima te 
limit State 

The applied axial force may be tensile or compressive. In the analysis that folIows, 
a compressive force is considered. For a tensile load the same basic principles of 
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equilibrium, compatibility of strains, and stress - strain relationships, would apply, 
but it would be necessary to change the sign of the applied load (N) when we 
consider the equilibrium of forces on the cross-section. (The area of concrete in 
compression has not been reduced to allow for the concrete displaced by the 
compression steel. This could be taken in to account by reducing the stress fsc in 
the compression steel by an amount equal to k l or OAfcu.) 

Saction 

x< h 

(0) 

h<x< (h+.w) 

i.a. h<z < h 
1- 'cu /17· 5 

( b) 

x>(h+w) 

h 

( c ) 

x 

Je 

h 

h 

0·0035 
t-----., 

.J'..........r:autrol_:"_/ 
oxis 

0·0035 
t---1 

I 
I 
I 

0'45 'c 
~ 

Stroins St rassas 

} 

Figure 4.27 Bending plus axial load with varying positions of the neutral axis 
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4. 6.1 Rectangu/ar - Parabolic Stress Block 

Figure 4.27 represents the cross-section of a member with typical strain and stress 
distributions for varying positions of the neutral axis. The cross-section is subject 
to a moment M and an axial compressive force N, and in the figure the direction 
of the moment is such as to cause compression on the upper part of the section and 
tension on the lower part. 

Let 
Fee be the compressive force developed in the concrete and acting through 

the centroid of the stress block 
Fse be the compressive force in the reinf orcemen t area A' sand acting 

through its centroid 
Fs be the tensile or compressive force in the reinforcement area A s and 

acting through its centroid. 

(a) Basic Equations and Design Charts 

The applied force (N) must be balanced by the forces developed within the 
cross- section, therefore 

N = Fee + Fse + Fs 

In this equation, Fs will be negative whenever the position of the neutral axis is 
such that the reinforcementAs is in tension, as in figure 4.27a. Substituting into 
this equation the terms for the stresses and areas 

(4.66)* 

where fse is the compressive stress in reinforcement A 's and fs is the tensile or 
compressive stress in reinforcement A s• 

The design moment M must be balanced by the moment of resistance of the 
forces developed within the cross-section. Hence, taking moments about the 
mid-depth of the section 

or 

(4.67)* 

When the neutral axis falls outside the cross-section as in figures 4.27b and c, the 
term k 1 bx for the force in the concrete stress-block must be adjusted in equations 
4.66 and 4.67. With a uniform stress distribution as shown in figure 4.27c, Fee = 
0.45feubh and the concrete has no contribution to the moment of resistance in 
equation 4.67. 
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For a symmetrical arrangement of reinforcement (A's :::: A s = A sc /2 and 
d' = h - d), equations 4.66 and 4.67 can be rewritten in the following form 

N x A s I" A s 
k 1 - + /sc- + 1s-

bh h bh bh 
(4.68) 

(4.69) 

In these equations the steel strains, and hence the stresses/sc and/s , vary with the 
depth of the neutral axis (x). Thus N/bh and M/bh 2 can be ca1culated for specified 
ratios of As/bh andx/h so that column design charts for a symmetrical arrangement 
of reinforcement such as the one shown in figure 4.28 can be plotted. The maximum 
values of N/bh on the chart correspond to a minimum design eccentricity given 
by M/N <t O.05h, so that N/bh» 20M/bh2 . 

The direct solution of equa tions 4.66 and 4.67 for the design of column rein
forcement would be very tedious and, therefore, a set of design charts for the 
usual case of symmetrical sections have been prepared by the British Standards 
Institution. Examples showing the design of column steel are given in chapter 9. 

35 

30 

f = 25N/mm 2 , f y = 410N/mm 2• ~= 0-80 
Cu I I 

I---+---+---+--+-- I b 'I 

25 

N 

E llD~' 
E 20 
z 

.c: 
-Cl 15 
<: 

10 

5 

0 2 3 4 5 6 7 8 

Figure 4.28 Typical column design chart 
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(b)Modes of Failure 

The relative magnitude of the moment (M) and the axial load (N) governs whether 
the seetion will fail in tension or in compression. With large effective eccentricity 
(e = M/N) a tensile faHure is likely, but with a small eccentricity a compressive 
failure is more likely. The magnitude of the eccentricity affects the position of the 
neutral axis and hence the strains and stresses in the reinforcement. 

Let 
Esc be the compressive strain in reinforcement A's 
Es be the tensile or compressive strain in reinforcement A s 
E2 be the tensile yield strain of steel as shown in the stress - strain curve 

of figure 4.2. 
Consider the following modes of failure of the seetion. 

(a) Tension Failure, Es> E2 

This type of failure is associated with large eccentricities (e) and small depths of 
neutral axis (x). Failure begins with yielding of the tensile reinforcement, followed 
by crushing of the concrete as the tensile strains rapidly increase. 

From the linear strain distribution of figure 4.27 

Esc = 0.0035 ( X x d') 
and 

Es 0.0035 ( d x- X) 

Also 
fy !sc ~ --.:..-.---

1m + fy/2000 

while 

fs = 0.87fy, tension 

(b) Balanced Failure, Es = E2 

When failure occurs with yielding of the tension steel and crushing of the concrete 
at the same instant it is described as a 'balanced' failure. With Es = E2 and from the 
strain diagram 

d - x 

x 0.0035 

hence 

d 
x = Xbal = -----

0.0035 
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For example, substituting the values of €2 from table 4.1. 
Whenfy = 250,Xbal = O.53d and whenfy = 460,Xbal = 0.47d. (In fact the 
equation for Xbal is true for any shape of eross-seetion.) Equations 4.66 and 4.67 
for N and M beeome 

Nbal = ktbxbal + fseA's - O.87fyA s 

and 

- O.87/yA s (~ - d) 

where 

fy 
fse =-_:...=...._--

'Ym + fy/2000 

At point bon the typieal design ehart of figure 4.29, N = NbaJ, M = Mbal and 
fs = - O. 87f y. When the design load N > Nbal the seetion will fai! in eompression, 
whi!st if N < N baI there will be an initial tensi!e failure, with yielding of reinforee
mentA s· 

'" E 
E 
zr---...... 

o 

a 

b 

comprassion 
failura 

tansion 
lai I ura 

N/mm2 ' ,., baI. 

Figure 4.29 Bending plus axial load chart with modes o[ [ai/ure 

(e) Compression Failure 

In this ease x > X baI and N > N baI. Also 

fse 
fy 

'Ym + fy/2000 

but the stressfs will depend on the depth of the neutral axis. 
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(i) Whenx <d 

strain Es 0.0035 ( d X- X) 

and 

fs ~ 0.87/y and tensile 

(ii) Whenx = d 

Es 0 

and 

fs 0 

(iii) When X > d 

Es 0.0035 (
X X- d) 

and fs is compressive and can be obtained from the stress - strain curve. The change 
in slope at point a on the design chart of 4.29 corresponds to Es = EI, as defined on 
the stress - strain curve of figure 4.2. 

Example 4.8 Analysis of a Seetion Subject to an Axial Load Plus Bending, Using 
a RectanguIar - Parabolic Stress Block 

Determine the ultima te moment of resistance of the section shown in figure 4.30 
when the ultimate axial load N = 1760 kN. The characteristic strengths are fy = 
410 N/mm2 for the reinforcement andfcu = 30 N/mm2 for the concrete. 

-450 h-

I' b =350 

• • 
A' = 1610 s 

d= 

390 

As = 982 
-'- • • 

SC2ction 

'I~ 
d' =60 

T 

nC2utral 
axis 
1 

I' 
[ce 

Strain 
Diagram 

Figure 4.30 Section subject to axial load plus bending 
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The analysis of the section is based on the following steps. 

(l) Choose a depth of neutral axis x. 
(2) From the strain dia gram determine the steel strains Ese and Es (see 

section 4.2). 
(3) From the equations relating to the stress - strain curve for steel determine 

the steel stressesfse andfs (see section 4.1.2). 
(4) CalculateN= klbx + fseA's + fsA s. 
(5) If this value of N differs from the actual applied load adjust the value ofx 

and repeat steps 2, 3 and 4. Continue this procedure until there is adequate 
agreement in N. 

(6) Finally calculate 

Steps 2, 3 and 4 define the fundamental principles of compatibility of strains, 
the stress - strain relations and the equilibrium of forces on the seetion. This 
procedure is quite general, it may be applied to any shape of cross-section or 
arrangement of reinforcement, and it may, in fact, be used to analyse a beam 
seetion, which is the special case of N = O. 

The chosen values ofx and the corresponding values of N may be plotted in 
order that a more correct value of x can be interpolated from the graph. Initially 
it is useful to make preliminary calculations to determine xbal and N baI in order 
to check if the section will fail in tension or compression. With a compression 
failure it also helps to calculate x I and NI for the case when Es = EI, the strain in 
the steel at the change of slope on the stress - strain curve.· 

Proceeding with the calculations 

(l) At a balanced faHure 

Es Ez = 0.00378 from table 4.1 

fse Ir 410 
303 N/mmz 

1m + fy/2000 1.15 + 410/2000 

and 

fs 
_ fy 410 

357 N/mmz tension 
1m 1.15 

d 
x 

1 + Es/0.0035 

therefore 

390 
Xbal = 188 mm 

1 + 0.00378/0.0035 



ANALYSIS OF THE SECTION 97 

and 

N bal = k l bXbal + fseA's + fsA s 

(12.09 x 350 x 188 + 303 x 1610 - 357 x 982)10-3 

933 kN 

Thus N > N baI, so the seetion must fai! in compression and x > xbal therefore 
fse = 303 N/mm2 . 

(2) When Es = EI = 0.00143 (see table 4.1) 

and 

therefore 

390 
XI = ---------------

1 + 0.00143/0.0035 
277mm 

fs 
= 0.8fy 0.8 x 410 

285 N/mm2 

1m 1.15 

NI (12.09 x 350 X 277 + 303 X 1610 - 285 X 982)10-3 

1380 kN 

(3) When X = d = 390 mm, fs = 0, and 

Nd = (12.09 X 350 X 390 + 303 X 1610)10-3 = 2138 kN 

These two values of X and N are plotted in figure 4.31, where a linear relationslüp 
has been assumed. 

N - kN 

2138 1-------------_ 

1760 

1380 I-----~ 

1000 1......---2..J..7-7--3....13-3---39.j..O-.x -mm 

Figure 4.31 Plot ofaxialload against depth of neutral axis 

(4) So that by interpolation from the figure, when N = 1760 kN, X = 333 mm 

Es = 0.0035(d - x)/x = 0.0035(390 - 333)/333 

= 0.0006 
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and 

fs = 200000Es = 120 N/mm2 tension 

A's must have yielded so thatfse = 303 N/mm2 ; therefore 

N = (12.09 x 350 x 333 + 303 x 1610 - 120 x 982)10- 3 

= 1409 + 488 - 118 = 1779 kN 

which is sufficiently close to N = 1760 kN for practical design purposes. From 
equation 4.67 

Mu = k t bx(h/2 - k 2x) + fseA's{h/2 - d') + f sA s{h/2 d) 

[1409{225 - 0.451 x 333) + 488(225 - 60) 

- 118{225 - 390)] 10-3 

= 205 kN m 

Therefore, with an axial load of 1760 kN acting, the section is capable of resisting 
a moment of up to 205 kN m at the ultima te limit sta te. 

4.6.2 Rectangu/ar Stress Block - Bending Plus Axial Load 

The analysis of a rectangular seetion will follow a similar pattern to that described 
in the previous section for the rectangular - parabolic stress block. Equations 4.66 
and 4.67 require modification to allow for the change in the shape of the stress 
block. They become 

N = O.4feubx + fseA's + fsA s 

and 

Withfse = O.72fy, these equations are effectively the same as those in clause 
3.5.5.3 ofCP 110. 

Use of the rectangular stress block will result in a slight loss of economy, 
particularly with large moments on the seetion. This is due to the reduced lever 
arm, measured to the centroid of the stress block. Nevertheless when dealing with 
a non-rectangular cross-section it is simpler to use the rectangular stress block, as 
the location of the resultant compressive force in the concrete is more readily 
determined - as shown in the following example and in seetion 9.5. 



ANALYSIS OF THE SECTION 

Example 4. 9 Analysis of a Non-rectangular Section Subject to Bending plus 
AXÜlI Load 

99 

The section shown in figure 4.32 has four equal sides (H = 300 mm) and is subject 
to an axial load plus a moment abou t the horizontal diagonal. If the ultimate axial 
load is 300 kN determine the ultimate moment that can be resisted. The material 
strengths arefeu = 25 N/mm2 andfy = 410 N/mm2 • 

4 Y 25 bars 

S<2ctton 

00035 
M 

Strains Str<2SS<25 

Figure 4.32 Section subject to bending plus axial load 

The analysis is based on the six steps listed in example 4.8 which were essentially 

(I) select a depth of neutral axis (x) 
(2) determine the reinforcement strains 
(3) determine the reinforcement stresses 
(4) calculate N for these stresses 
(5) repeat steps 1 to 4 until N calculated agrees with the actual N applied 
(6) calculate M. 

Since the section is effectively non-rectangular it is simpler to use the equivalent 
rectangular stress block. The design load N must be balanced by the axial forces 
developed in the concrete and the reinforcement, so that 

N = Ace O.4feu + ~Asfs (4.70) 

and for these axial forces, taking moments about the horizontal diagonal (that is, 
through the centroid of the section) 

M = Ace 0.4feu(212 - x) + As(fsp - fsr)(212 - d') (4.71) 

where Ace, the area of concrete in compression = x 2 . 

x, the depth of the centroid of Ace = 2x/3 for thls example 

A s, the area of each 25 mm bar = 491 mm2 

and fsp , f f4 and fsr are the stresses in bars p, q and r respectively 
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Also, let Esp , Esq and Esr be the corresponding strains, which from the strain 
diagram are given by 

Esn 
0.0035(x - dn ) 

(4.72) 
x 

where dn is the depth of each bar, so that dn = dp = 80 mm, dq = 212 mm and 
dr = 344 mm. The steel stresses are determined from the stress - strain curve and 
the related equations of section 4.1.2. 

Initially, x baI was determined from equation 4.72 by putting Esr = 0.00378, 
the yield strain from table 4.1. The calculated strains and stresses are shown in 
table 4.5 and N was obtained from equation 4.70. As the design load is greater 
than N baI the column must fai! in compression and, therefore, larger depths of 
neu tral axis must be tried. The second trial was wi th x = 212 mm and the neu tral 
axis passing through the diagonal at bar q. 

Table 4.5 Analysis of a section 

X Esp Esq Esr fsp fsq fsr N 

(mm) (x 10-3 ) (N/mm2 ) (kN) 

Xbal= 165.4 1.81 - 0.99 - 3.78 297 - 198 - 357 50 
212 2.18 0 - 2.18 303 0 - 308 447 
194 2.06 - 0.32 - 2.71 303 - 65 - 324 302 

With x = 194 mm it was determined from equation 4.70 that N = 302 kN which 
is reasonably elose to the design load of 300 kN. Hence M is calculated from 
equation 4.71 as 

M = 1942 x 0.4 x 25~12 - 2 x 1~4) + 491(303 + 324)(212 - 80) 

= 71. 7 x 106 N mm 

4.7 Effects of Moment Redistribution 

The redistribution of the moments obtained from an elastic analysis of the struc
ture is allowed in order to take account of the plastic distortion of the concrete 
and the yield of the reinforcement at the ultima te limit state. The elastic moment 
at a section may be reduced by up to 30 per cent but there are certain restrictions 
as discussed in the analysis of the structure, section 3.4. 

When redistribution has been applied to the elastic moments, restrictions are 
placed on the maximum depth of the neutral axis in order to guard against the 
crushing of the concrete at a plastic hinge. If 100 ßred is the percentage reduction 
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in the design moment at a section then the maximum depth of neutral axis allowed 
is 

x max = (0.6 - ßred)d (4.73) 

Thus with a 30 per cent moment reduction x max = O.3d. For a beam section the 
depth of the neutral axis should never be greater than 0.5d, even with less than 20 
per cent reduction. 

This restriction on the magnitude of x generally makes it impractical to redistri
bute the moments on a column member unless the axial loads are unusually small. 

The maximum moment of resistance of a singly reinforced beam section is given 
from equation 4.27 

Mu = k)bxmax(d - k 2 x max ) 

with a rectangular - parabolic stress block, or 

Mu = O.4feubxmax(d - 0.5x max ) 

with an equivalent rectangular stress block. 

(4.74) 

(4.75) 

When designing the reinforcement calculate Mu from equation 4.74 or 4.75 in 
order to determine whether compression steel is required. If the maximum moment 
of resistance of the concrete by itself is greater than the design moment, the 
lever -arm curve of figure 4.14 may be used to design a singly reinforced section. 

When compressioll steel is required the design equations to be used - correspond
ing to those in section 4.4 - are 

(a) With a Rectangular - Parabolic Stress Block 

fstAs = k)bx max + fseA's 

and 

(b) With a Rectangular Stress Block 

fstAs = 0.4 feubxmax + fseA's 

and 

(4.76) 

(4.77) 

(4.78) 

Mu = O.4feubxmax(d - 0.5xmax ) + fseA's (d - d ' ) (4.79) 

From equation 4.77 or 4.79 the compression area A's can be calculated, then from 
equation 4.76 or 4.78 the tensile areaAs. In all these equations the steel stresses 
fst andfse must first be determined by obtaining the steel strains from the strain 
distribution and by referring to the stress - strain curve or the equations of sections 
4.1.2. 



5 
Shear, Bond and Torsion 

This chapter deals with the theory and derivation of the design equations for shear, 
bond and torsion. Some of the more practical factors governing the choice and 
arrangement of the reinforcement are dealt with in the chapters on member design, 
particularly chapter 7, which contains examples of the design and detailing of shear 
and torsion reinforcement in beams. Punching shear caused by concentrated loads 
on slabs is covered in section 8.1 of the chapter on slab design. 

5.1 Shear 

Figure 5.1 represents the distribution of principal stresses across the span of a 
homogeneous concrete beam. The direction of the principal compressive stresses 
takes the form of an arch whilst the tensile stresses have the curve of a catenary or 
suspended chain. Towards mid-span where the shear is low and the bending stresses 
are dominant the direction of the stresses tends to be parallel to the beam axis. 
Near the supports where the shearing forces are greater the prinCipal stresses are 
inclined at a steeper angle, so that the tensile stresses are !iable to cause diagonal 
cracking. If the diagonal tension exceeds the !imited tensile strength of the concrete 
then shear reinforcement must be provided. This reinforcement is either in the 
form of (1) stirrups, or (2) inclined bars (gene rally used in conjunction with 
stirrups). 

Diagonal teznsion 
cracks 

Teznsion 

Figure 5.1 Principal stresses in a beam 

102 
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The shear in a reinforced concrete beam without shear reinforcement is carried 
by a combination of three main components. These are 

(i) concrete in the compression zone 
(ii) dowelling action of tensile reinforcement 
(iii) aggregate interlock across flexural cracks. 

The actual behaviour is complex, and difficult to analyse theoretically, bu t by 
applying the results from many experimental investigations, reasonable simplified 
procedures for analysis and design have been developed. 

5.1.1 Stirrups 

In order to derive simplified equations the action of a reinforced concrete be am in 
shear is represented by an analogous truss in which the longitudinal reinforcement 
forms the bottom chord, the stirrups are the vertical members and the concrete acts 
as the diagonal and top chord compression members as indicated in figure 5.2. In 
the truss shown, the stirrups are spaced at a distance equal to the effective depth 
(d) of the beam so that the diagonal concrete compression members are at an angle 
of 45°, which more or less agrees with experimental observations of the cracking of 
beams close to their supports. 

I" 
d d 

x 
/ 
'j I" 

b 
'I 

/ /~ compr 

tens 
o 

Sectlon 

(0 ) 

d I I I I 

Figure 5.2 Stirrups and the analogous truss 
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In the analogous truss, let 
A sv be the cross-sectional area of the two legs of the stirrup 
fyy be the characteristic strength of the stirrup reinforcement 
V be the shear force due to the ultimate loads. 

Using the method of sections it can be seen at section XX in the figure that at 
the ultimate limit state the force in the vertical stirrup member must equal the 
shear force V, that is 

0.87 fyyA sy = V 

or 

0.87fyyAsv = vbd (5.l) 

where v = Vjbd is the average shear stress on the section. 
When the stirrup spacing is less than the effective depth, aseries of super

imposed equivalent trusses may be considered, so that the force to be resisted by 
the stirrup is reduced proportionally. Thus if Sy = the stirrup spacing, equation 5.1 
becomes 

0.87fyy A sv vbd (~) 
or 

Asv vb 

Sy 0.87fyy 

Since the concrete is also capable of resisting a Iimited amount of shear this 
equation is rewritten as 

(5.2)* 
Sy 

where Ve is the ultimate shear stress that can be resisted by the concrete with its 
longitudinal reinforcement. Values ofve are given in table 7.7. It can be seen from 
the table that Ve does not increase much with higher strengths of concrete but 
increases rapidly with larger percentages of tensile reinforcement. The longitudinal 
tension bars contribute to the shear resistance by their dowelling action and they 
also help to prevent shear cracks from commencing at small tension cracks. 

Large shearing forces are liable to cause crushing of the concrete along the 
directions of the principal compressive stresses and, therefore, the average shear 
stress v must not exceed the maximum values in table 7.2. 

Equation 5.2 permits the areas and spacing of the stirrups to be calculated. 
Rearrangement of the equation gives the shearing resistance for a given stirrup 
size and spacing, thus 

Shear resistance vbd = (~: 0.87fyy + bVc) d (5.3)* 
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5.1.2 Bent-upBars 

To resist the shearing forces, bars may be bent up near the supports as shown in 
figure 5.3. The bent-up bars and the concrete in compression are considered to act 
as an analogous lattice girder and the shear resistance of the bars is determined by 
taking a section XX through the girder. The shear resistance is the sum of the 
vertical components of the forces in the compression and tension members cut by 
the section. 

Anchorag~ 

I" I~ngth -\ 

I 
X Y 

Sh~ar r~sistanc~ b~tw~~n s~ctions 
X and Y = 0-87 f y A sln t3 

(a) Slngl ~ Syst~m 

x (d- d')cot e 

Sh~ar r~sistanc~ b~tw~~n s~ctions 
X end Y = 2xO-87fy A sin e 

(b) Doubl~ Syst~m 

Figure 5.3 Bent-up bars 

Thus for a single bent-up bar the shear resistance is given by 

V = 0.87 fyA sin (j (5.4) 

where A is the cross-sectional area of the bent-up bar. For a multiple system of 
bent-up bars arranged as in part (b) of the figure, the section XX cuts a bar and 
also one of the diagonal compression members. The tension in the bar and the 
diagonal compression must be complementary so that in this case 

V = 2 x 0.87fy A sin (j (5.5) 

Example S.l Shear Resistance at a Seetion 

Determine the shear resistance of a section dose to the support of the beam shown 
in figure 5.4. The characteristic strengths are: fyv = 250 N/mm2 for the stirrup 
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I R12 stirrups at 180 spcg. 
• ·1 

2-Y25 

Y 25 bl2nt up bars 
A = 491 sqmm l2ach 

A. = 982 sq.mm 

b=350 
I' ·1 

R12 

Sl2ct ion 

Figure 5.4 Beam with stirrups and bent-up bars 

d= 

650 

reinforcement,fy = 425 N/mm2 for the bent-up bars andfcu = 25 N/mm2 for the 
concrete_ 

100A s 

bd 

100 x 982 

350 x 650 
= 0.43 

Thus, from table 7.7, for fcu = 25 N/mm2 , Vc = 0.46 N/mm2 by interpolation. 
Cross-sectional area of a size 12 bar = 113 mm2 . 

Thus, for the stirrups, Asv/sv = 2 x 113/180 = 1.25. 
The shear resistance of the stirrups plus the concrete is given by 

VI = (~~ x 0.87fyv + bvc)d 

(1.25 x 0.87 x 250 + 350 x 0.46) 650 

281 x 103 N 

The bent- up bars are arranged in a double system so that a vertical section through 
the beam cuts a bent-up bar and also a diagonal compression member. Hence the 
shear resistance of the bent-up bars is 

V2 2 x 0.87 fyA sin e 
2 x 0.87 x 425 x 491 sin 45" 

257 x 103 N 

Total shear resistance of the stirrups, concrete and bent-up bars is therefore 

V VI + V2 = (281 + 257)103 

= 538 X 103 N 
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It must be checked that V/bd does not exceed the value given in table 7.2. Thus 

V 538 x 103 

--- = 2.36 < 3.75 N/mm2 

bd 350 x 650 

5.2 Local Bond and Anchorage Bond 

The bond or adhesion between the concrete and the reinforcing bars is divided 
into two types: (I) local bond which is required at each section along the length 
of a bar in order that the concrete and the steel act together, and (2) anchorage 
bond, required to ensure that ends of bars are firmly embedded in the concrete. 

5.2.1 Local Bond 

The tension along a reinforcing bar varies with the magnitude of the bending 
moment on the member. For equilibrium, the change in tension must be balanced 
by the bond between the bar and the concrete. 

d 

T --C:::::=::=!===~- T + 6 T 

5x 

Figure 5.5 Local bond 

Figure 5.5 shows a smaillength Sx of a beam which is subjected to a bending 
moment varying from M to M + SM. The change in moment causes the tension in 
the steel to vary from T to T + S T along the length. If z is the lever arm of the 
reinforcement then 

and 

therefore 

M = Tz 

M + SM = (T + S T) z 

SM = ST z 

From the theory of bending 

SM 
V, the shear 

Sx 
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therefore 

öM = öT z v öx (5.6) 

For equilibrium 

change in tension öT bond force between bar and concrete 

bond stress x bar surface-area 

therefore 

(5.7) 

where fbs is the ultima te local bond stress and LUs is the sum of the effective peri
meters of the group of bars at the seetion. 

From equations 5.6 and 5.7 

therefore 

V öx/z = fbs ÖX LUs 

V 
fbs =--

LUsZ 
(5.8) 

For convenience, Z in equation 5.8 has been replaced by the effective depth, d, and 
the values for the ultimate bond stresses in table 7.3 have been adjusted to allow for 
this. Thus 

V 
fbs =--. 

Lusd 
(5.9)* 

In order that the reinforcing bars and the concrete act together to resist the applied 
moment, the local bond stress should be calculated using equation 5.9, and co rn
pared with the ultima te values in table 7.3. Failure in local bond will cause the bars 
to slip within the concrete so that there is no longer a composite action of the 
steel and the concrete. Local bond should be checked at sections where there are 
high shears combined with rapid changes in bending moment, such as at 

(i) the simply supported ends of a member 
(2) points of contraf1exure 
(3) supports of cantilevers 
(4) points where tension bars stop, since the abrupt change in section may 

cause stress concentrations and possible bond failure. 

F = 780 kN 

~j 
~ 

~ * * 
~ 

* jJ D}350 
••• 

~ \3 - R16 

lv vl SC2ction 

Figure 5.6 
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Example5.2 

Calculate the local bond stress for the three 16 mm diameter plain mild steel bars 
shown in figure 5.6 if the total ultima te load F on the beam is 780 kN. 

The shear force at the simply supported ends is 

F 780 
V = - = - = 390 kN 

2 2 

The perimeter L Us of the three 16 mm diameter bars is 

Thus 

1T X 162 
LUs = 3 = 603 mm 

4 

local bond stress fbs 
V 

Lusd 

390 x 103 

603 x 350 
1.85 N/mm2 

Acheck with table 7.3 shows that this stress is less than the ultimate value of 
2.0 N/mm2 for plain bars in grade 25 concrete. 

5.2.2 Anchorage Bond 

The reinforcing bar shown in figure 5.7 must be firmly anchored if it is not to be 
pulled out of the concrete. Bars subjected to forces induced by flexure must 
similarly be anchored to develop their design stresses. The anchorage depends on 
the bond between the bar and the concrete, and the area of contact. The bar's 
dimensions are 

L minimum anchorage length to prevent pull out 
f/> bar size or nominal diameter 
fba anchorage bond stress 
fs the direct tensile or compressive stress in the bar 

I' 
L 

'1 

Figure 5.7 Anchorage bond 
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Considering the forces on the bar 

tensile pull-out force = bar's cross-sectional area x direct stress 

rr4>2 

anchorage force 

therefore 

(Lrr4»fba 

hence 

= --fs 
4 

= contact area x 

= (Lrr4» x fba 

rr4>2 
x fs 

4 

L =~4> 
4fba 

and whenfs = O.87fy, the ultimate tensile stress 

O.87fy 
L = --4> 

4fba 

Similarly, for a compression bar the anchorage length is 

L = O.72fy 4> 

4fba 

anchorage bond stress 

(5.10)* 

(5.11 )* 

Values for the ultimate anchorage bond stress are given in table 7.4 where it can 
be seen that a compression bar has a higher ultimate anchorage bond stress. This is 
because of the better grip of the concrete in a compression zone and the added 
effect of the end bearing of a bar. The ultimate bond stress also increases with the 
higher grades of concrete, and larger values are allowed for bars with a deformed 
surface. 

Equations 5.10 and 5.11 may be rewritten as 

anchorage length L = K A 4> 

Values of KA corresponding to the anchorage of tension and compression bars for 
various grades of concrete and reinforcing bars have been tabulated in the appendix. 

Anchorage mayaiso be provided by hooks or bends in the reinforcement; their 
anchorage values are indicated in figure 5.8. When a bent bar or hook is used, the 
bearing stress on the inside of the bend should be checked as described in section 
7.3.2 and example 7.8. 

Example 5.3 Colcufßtion of Anchorage Length 

Determine the length of tension anchorage required for the 25 mm diameter plain 
mild steel reinforcing bars in the cantilever of figure 5.9. The characteristic 
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(0) AnchorogC2 VOIUC2 = 
4r. but not grC2otC2r thon 24 ~ 

(b) AnchorogC2 va I UC2 = 

8r. but not grC2otC2r thon 24 ~ 

~ 

For mild stC2C21 bors minimum r. = 2/J 

For high yiC2ld bors minimum r = 3~ 

Figure 5.8 A nchorage values tor bends and hooks 

AnchorogC2 lC2ngth L 

R25 bors 

Figure 5.9 A nchorage tor a cantilever beam 
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material strengths arefcu = 25 N/rnm2 andfy = 250 N/mrn 2 , the ultirnate anchorage 
bond stress, fba = 1.4 N/mm2 . 

therefore 

Anchorage length L 
0.87fy 
--~ 

4fba 

0.87 x 250 

4 x 1.4 

L 970 rnrn 

x 25 38.8 x 25 
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5.3 Laps in Reinforcement 

Lapping of reinforcement is often necessary to transfer the forces from one bar to 
another. The rules for this are 

(l) the laps should preferably be staggered and be away from sections with 
large bending moments 

(2) for tension reinforcement the lap length should be 1.25 x the anchorage 
bond length of the smaller bar, but not less than 25 x the bar size, plus 
150mm 

(3) for compression reinforcement the lap length should be 1.0 x the anchor
age bond length of the smaller bar, but not less than 20 x the bar size, plus 
150 mm. 

The load is transferred between the bars via bond with the surrounding concrete. As 
the concrete doesnot completely surround each bar, as seen in figure 5.10, the lap 
length is made longer than an anchorage bond length for bars in tension, but not 
for compression bars which have better bond characteristics and also some end 
bearing. A table of minimum lap lengths is incIuded in the Appendix. 

Length of I ap .\ 

A 

5ect ion 

Figure 5.10 Lapping of reinforcing bars 

5.4 Analysis of Section Subject to Torsional Moments 

Torsional moments produce shear stresses which result in principal tensile stresses 
inclined at approximately 45° to the longitudinal axis of the member. Diagonal 
cracking occurs when these tensile stresses exceed the tensile strength of the con
crete. The cracks will form a spiral around the member as in figure 5.11. 

Figure 5.11 Torsional cracking 
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Reinforcement in the form of closed links and longitudinal bars will carry the 
forces from increasing torsional moment after cracking, by a truss action with 
reinforcement as tension members and concrete as compressive struts between links. 
Failure will eventually occur by reinforcement yielding, coupled with crushing of 
the concrete along line AA as the cracks on the other faces open up. 

Figure 5.12 Torsional reinforcement 

It is assumed that once the torsional shear stress on a section exceeds the value 
to cause cracking, tension reinforcement in the form of closed links must be 
provided to resist the full torsional moment. 

and 

Tension force in link F 
A sv 

- - x O.87fyv 
2 

moment of force F about centre line F~ 
2 

= F YI 

2 

f or verticalleg 

for horizontal leg 

where A sv = cross-sectional area of the two legs of a link. The total torsional 
moment provided by one closed link is, therefore, given by the sum of the moments 
due to each leg of the link about the centre line of the section, that is 

XI YI T = F- x 2 + F- x 2 
2 2 

Where links are provided at a distance Sv apart, the torsional resistance of the 
system of links is obtained by multiplying the moments due to each leg in the 
above expressions by the number of legs crossing each crack. This number is given 
by YI /Sy for verticallegs and X I/SV for horizontallegs if it is assumed that all 
cracks are approximately at 45 0

• 
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The total torsional resistance then becomes 

Hence 

The efficiency factor of 0.8 is included to allow for errors in assumptions made 
about the truss behaviour. 

Hence closed links must be provided such that 

A~ ~ _____ T ______ __ 

Sv 0.8xIYI(0.87!yv) 

To ensure the proper action of these links, longitudinal bars evenly distributed 
round the inside perimeter of the links must be provided. This reinforcement which 
resists the longitudinal component of the diagonal tension forces should be such 
that the total quantity is equal to the same volume as the steel in the links, suitably 
adjusted to allow for differing strengths. This is given by 

A~ fyv 
Asl ~-.- (XI + Yd 

Sv !yl 

where !yl is the characteristic yield strength of longitudinal reinforcement. 
The calculated amounts of torsional reinforcement must be provided in addition 

to the full bending and shear reinforcement requirements for the ultimate load 
combination corresponding to the torsional moment considered. Where longitudinal 
bending reinforcement is required, the additional torsional steel area may either be 
provided by increasing the size of bars provided, or by additional bars. A member 
which is designed for torsion plus bending or shear will require to be heavily 
reinforced. 

The clear distance between longitudinal torsion bars must not exceed 300 mm, 
and a minimum of four bars must be used in each link. All torsion steel must also 
extend a distance at least equal to the largest member dimension past the point at 
which it is not required to resist torsion, to ensure that all possible cracks are 
adequately protected. 

The torsional shear stress on a section can be determined by a variety of methods. 
CP 110 recommends a plastic analysis such tha t, for a rectangular section 

2T 
Vt = -----------------

hmin2(hmax - h min /3) 

where hmin is the sm aller dimension of the section, hmax is the larger dimension of 
the section, or 

T 
Vt =-- for a thin hollow section 

2Aht 

where ht is the wall thickness and A is the area enclosed by the centre -line of the 
walls. 
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If the sum of wall thicknesses of a hollow section exceeds one-quarter of the 
over-all dimension, this should be treated as solid. 

A section having a T-, L- or I-shape should be divided into component rectangles 
to maxi mise the function ~(hmin 3 h max ). The torsion shear stress on each rectangle 
should then be calculated by considering the rectangle as carrying a torsional 
moment of 

T (hmin3hmax) 
~hmin3 h max 

Torsion reinforcement will be required if the torsional shear stress Vt exceeds the 
capacity of the concrete section. It has been found experimentally that this value is 
related approximately to the square root of the characteristic concrete cube 
strength, and the limiting value recommended by CP 110 is 

Vt min = 0.067 V/cu 

Torsion Combined with Bending and Shear Stress 

Torsion is sei dom present alone, and in most practical situations will be combined 
with shear and bending stresses. 

(a) Shear Stresses 

Diagonal cracking starts on the side of a member where torsional and shear stresses 
are additive. The shear force has a negligible effect on ultimate torsional strength 
when V< vcbd, the shear strength of the concrete section, but once diagonal cracks 
form, the torsional stiffness is reduced considerably. 

To ensure that crushing of the concrete does not occur (figure 5.11) the sum of 
the shear and torsion stresses on a section should not exceed 0.75 V/cu, that is 

(v + vd » Vtu 

where 

Vtu = 0.75 V/cu 
Additionally in the case of small sections where Y 1 is less than 550 mm 

must be satisfied to prevent spalling of the corners. 

(b) Bending Stresses 

When a bending moment is present, diagonal cracks will usually develop from the 
top of the flexural cracks. The flexural cracks themselves only slightly reduce the 
torsional stiffness, provided that the diagonal cracks do not develop. The final mode 
of faHure will depend on the distribution and quantity of reinforcement present. 

Figure 5.13 shows a typical ultimate moment and ultimate torsion interaction 
curve for a section. As can be seen, for moments up to approximately 0.8Mu the 
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Figure 5.13 Combined bending and torsion 

section can also resist the fuH ultima te torsion Tu. Hence no calculations for torsion 
are generally necessary for the ultimate limit state of reinforced concrete unless 
torsion has been included in the original analysis or is required for equilibrium. 

Further Reading 

G. M. J. Kani, 'Basic Facts Concerning Shear Failure', Proc. Am. Concr. Inst., 
63 (1966) pp. 675 - 92. 

Internationd Recommendations tor the Design and Construction o[ Concrete 
Structures (Comite Europeen du Beton - English edition, Cement and Concrete 
Association, London, 1970). 



6 
Serviceability and Stability 
Requirements 

The concept of serviceability limit states has been introduced in chapter 2, and for 
reinforced concrete structures these states are often satisfied by observing empirical 
rules which affect the detailing onIy. In some circumstances, however, it may be 
desired to estimate the behaviour of a member under working conditions, and 
mathematical methods of estimating deformations and cracking must be used. The 
design ofwater·retaining structures, and prestressed concrete, are both based 
primarilyon the avoidance or limitation of cracking and these are considered 
separately in other chapters. 

Where the foundations of a structure are in contact with the ground, the 
pressures developed will influence the amount of settlement that is likely to occur. 
To ensure that these movements are limited to acceptable values and are similar 
throughout a structure, the sizes of foundations necessary are based on the service 
loads for the structure. 

The stability of a structure under accidentalloadings, although an ultimate limit 
state analysis, will usually take the form of acheck to ensure that empirical rules 
designed to give a reasonable minimum resistance against misuse or accident are 
satisfied. Like serviceability checks, this will often merely involve detailing of 
reinforcement and not affect the total quantity provided. For this reason, these 
two features of a design have been considered together. 

6.1 Deflections 

The general requirement is that neither the efficiency nor appearance of a structure 
is harmed by the deflections which will occur du ring its life. Deflections must thus 
be considered at various stages. The limitations necessary to satisfy the requirements 
will vary considerably according to the nature of the structure and its loadings, but 
for reinforced concrete the following may be regarded as reasonable guides. 

(1) The final deflection of horizontal members below the level of casting 
should not exceed spanj250. 
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(2) The deflection taking place after fixing of partitions or app!ication of 
finishes should not exceed the lesser of 20 mm or span/350 to avoid 
damage. 

Lateral deflections must not be ignored, especially on tall slender structures, and 
!imitations in these cases must be judged by the engineer. It is important to realise 
that there are many factors which may have significant effects on deflections, and 
are difficult to allow for, thus any calculated value must be regarded as an estimate 
only. The most important of these effects are as folIows. 

(1) Support restraints must be estimated on the basis of simplified assump
tions, which will have varying degrees of accuracy. 

(2) The precise loading and duration cannot be predicted and errors in dead 
loading may have significant effect. 

(3) A cracked member will behave differently to one that is uncracked - this 
may be a problem in lightly reinforced members where the working load 
may be elose to the cracking limits. 

(4) The effects of floor screeds, finishes and partitions are very difficult to 
assess. Frequently these are neglected despite their 'stiffening' effect. 

It may sometimes be possible to allow for these factors by averaging maximum and 
minimum estimated effects, and provided that this is done there are a number of 
calculation methods available which will give reasonable results. The method 
adopted by CP 110 is very comprehensive, and is based on the calculation of 
curvatures of seetions subjected to the appropriate moments, with allowance for 
creep and shrinkage effects where necessary. Deflections are then calculated from 
these curvatures. 

If deflections are assumed to be smalI, elastic bending theory is based on the 
expression 

Mx ::: EI d2y 
dx2 

(6.1) 

where Mx is the bending moment at a section distance x from the origin as shown 
in figure 6.1. 

f Boom 

• x .1 + 

Figure 6.1 Curvature of a beam 
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For small deflections the term d2 y/dx 2 approximately equals the curvature, 
which is the reciprocal of the radius of curvature; thus 

I 
Mx = EI

r x 

where 1/ r x is the curva ture at x. 

(6.2) 

Integrating expression 6. I twice will yield values of displacements y of the 
member, thus if curvatures of a member are known, displacements can be deduced. 

The analysis of deflections will use the partial factors of safety from tables 2.1 
and 2.2, which effectively mean that materials properties are taken as the charac
teristic values, and that loadings are true working loads. 

6.1. I Calculation of Curvatures - Short Term 

The curvature of any section should be taken as the larger value obtained from 
considering the section to be either uncracked or cracked. 

h I 
d 

St r<255 

Figure 6.2 Uncracked section - strain and stress distribu tion 

Uncracked Seetion 

The assumed elastic strain and stress distributions are shown in figure 6.2, and the 
upper limit to concrete stress at the level of tension reinforcement should be noted. 

From equation 6.2 

M 
curvature 

r EeI 

From the theory of bending 

fe 
Mx 

I 

hence 

fe I 

r Ee x 
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where M applied moment at section considered 
E-e instantaneous static modulus of elasticity of concrete (for short

term deflections) 
I 
fe 
x 

second moment of area of section 
maximum compressive stress in the concrete 
depth of neutral axis. 

The above expression gives the instantaneous curvature on the uncracked section. 
If this is found to be greater than for a cracked section, the tensile stress ftd of the 
concrete at the level of tension reinforcement must be checked. 

h 
d 

Cracked Seetion 

st rain 

'td ,lON Imm2 short t<2rm 

or O·55N/mm2 long t<2rm 

Str<255 

Figure 6.3 Cracked seetion - strain and stress distribution 

The recommended stress and strain distribution are given in figure 6.3 where the 
stiffening effect of the cracked concrete is taken into account by the tensile stress 
block shown. 

1 fe fs 
Curvature - = -- = ----

r xEe (d - x)Es 

Hence it is necessary to analyse the section subjected to its applied moment M to 
obtain values of x and either fe or fs. This calculation is ideally suited to computer 
application, but if required to be solved manually must be performed on a trial and 
error basis. 

Considering the section equilibrium by ta king moments about the centre of 
compression 

and from the strain distribution 

fe = x Ee fs 
(d x) Es 

(6.3) 

(6.4) 
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and equating tension and compression forces 

tbxfe = fsA s +tb(h - x)fet (6.5) 

where fet maximum tensile stress allowed in the concrete 

{h --=--3 ftd 
\d - xl 

Es 200 kN/mm2 

Ee instantaneous static modulus of e)asticity of concrete (for 
short-term deflection) 

The most convenient method of solving these expressions is to assurne a neutral 
axis position; for this value of x eva)uate fs from equation 6.3 and using this value 
obtain two values of fe from equations 6.4 and 6.5. This should be repeated for two 
further trial values of x, and a plot of fe from each expression made against x. The 
intersection of the two curves will yield values ofx andfe with sufficient accuracy 
to permit the curvature to be calculated. This method is demonstrated in example 
6.1. 

6.1.2 Calculation of Curvatures - Long Term 

In calculating long-term curvatures it is necessary to take into account the effects 
of creep and shrinkage in addition to the reduced tensile resistance of the cracked 
concrete as indicated in figure 6.3. 

Creep 

This is allowed for by reducing the effective modulus of elasticity of the concrete 
to E e/{l + rp) where rp is a creep coefficient, equal to the ratio of creep strain to 
initial elastic strain. 

The value of rp, while being affected by aggregate properties, mix design and 
cu ring conditions, is governed principally by the age at first loading and the dura
tion of the loading considered. Typical values are given in table 6.1 which is based 
on values given in the Handbook on the Unified Code for Structural Concrete. 
Alternatively, values may be calculated by reference to the Recommendations for 
an International Code of Practice for Reinforced Concrete (C.E.B. Recommenda
tions). 

Table 6.1 Creep coefficients 

Duration of Age at loading (days) 
load 

(days) 7 14 28 56 ~ 100 

0 0 0 0 0 0 
10 0.39 0.33 0.27 0.23 0.19 

100 1.92 1.65 1.37 1.17 0.96 
1000 3.08 2.64 2.20 1.87 1.54 

00 3.85 3.30 2.75 2.34 1.93 
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Shrinkage 

Curvature due to shrinkage must be estimated and added to that due to applied 
moments, such that 

Po Ces 

res d 

where Ces is the free shrinkage strain and Po a coefficient allowing for effects of 
tension and compression reinforcement. Values of Ces may be esttmated by 
reference to thj: C.E.B. Recommendations, or alternatively the values given below 
are sufficiently accurate for most cireumstances where aggregates do not have high 
shrinkage characteris tics. 

Thickness of Seetion Ces 

< 250mm 

> 250mm 

300 X 10-6 

250 X 10-6 

In assessing the development of shrinkage with time it may be assumed that 10 
per cent takes place in the first ten days after casting and that 50 per cent has 
occurred by 100 days. Typical values of Po for varying perceptages of reinforce
me nt are given in figure 6.4 which is based on values from CP 110. 

4·0 
100A5 

-;;-

3'0 

2·0 

1'0 

0-0 025 0·50 0·75 10 

Fa 

Figure 6.4 Shrinkage coefficients 

The totallong-term curvature of a seetion subjected to a combination of 
permanent and non-permanent loads should be compounded as follows. 

Totallong- term curvature = long- term curvature due to permanent loads 
+ short-term curvature due to non-permanent 
loads + shrinkage curvature 

In this expression the short-term curvature due to the non-permanent loads is 
ca1culated as the curvature due to the total loads minus that due to the permanent 
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loads. This is because the total loads may cause a cracked seetion and a larger 
curvature. 

The net result is that the Iong- term curvature of a reinforced concrete member 
may be considerably greater than the instantaneous value, as illustrated in example 
6.1. 

6.1.3 Calculation o{ De{lections {rom Curvatures 

Double integration of the expression 

d2y 
E/- = Mx 

dx 2 

will yield an expression for the deflection. This may be illustrated by considering 
the case of a pin-ended beam subjected to constant momentM throughout its 
length, so that Mx = M. 

M 

(0 
I· ·1 

Figure 6.S Pin-ended beam subjected to constant moment M 

therefore 

E1 d2y = M 
dx 2 

dy 
E/- = Mx + C 

dx 

bu t if the slope is zero at mid -span where x = L /2, then 

C= 
ML 

2 

and 

E/ dy ML 
=Mx 

dx 2 

Integrating again gives 

Mx 2 MLx 
E/y 

2 2 

but at support A when x = 0, y = 0. Hence 

D=O 

+D 

(6.6) 
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thus 

at any section 

The maximum deflection in this case will occur at mid-span, where x = L/2, in 
which case 

Ymax = 

but since at any uncracked section 

M 

EI , 

the maximum deflection may be expressed as 

1 2 1 
Y max = --L -

8 , 

(6.7) 

(6.8) 

In general, the bending-moment distribution along a member will not be constant, 
but will be a function ofx. The basic form ofthe result will however be the same, 
and the deflection may be expressed as 

where 

maximum deflection a = KL 2~ 
'b 

(6.9)* 

K = a constant, the value of which depends on the distribu tion 
of bending moments in the member 

L 
1 

the effective span 

the mid-span curvature for beams, or the support curvature 
for cantilevers 

Typical values of Kare given in table 6.2 for various common shapes of bending
moment diagrams. If the loading is complex, then a value of K must be estimated 
for the complete load since summing deflections of simpler components will yield 
incorrect results. 

Although the derivation has been on the basis of an uncracked section, the 
final expression is in a form that will deal with a cracked section simply by the 
substitution of the appropriate curvature. 

Since the expression involves the square of the span, it is important that the 
true effective span as defined in chapter 7 is used, particularly in the case of canti
levers. Deflections of cantilevers mayaiso be increased by rotation of the supporting 
member, and this must be taken into account when the supporting structure is 
fairly flexible. 
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Iable 6.2 Typical Defleetion Coeffieients 

Loading B.M. Diagram K 

-M 

(0 0) W$& 0·125 

M M 

~ 4/-80 .1 

~ 480 

Wo L (1- 0) 
Df 0 :'12 th .. n K = 0·083] 

w 

f t ««w?' 0·104 

wL2/B 

~ ~ 
End O .. fl .. ction 

0(3- 0) 
-6-

[if a = 1 th .. n K= 0·33] 

Example 6.1 - Calculation o[ a De[lection 

Estimate short- term and long- term defleetions for the simply supported beam 
shown in figure 6.6 whieh is assumed to be made of normal aggregates and props 
removed at twenty-eight days. 

Conerete grade: 25 
Instantaneous statie modulus of elasticity 
Reinforeement: Hot- rolled high yield [y 
Loading: Dead (permanent) 

Live (transi tory) 

= 26 kN/mm2 

= 410 N/mm2 

= 10 kN/m u.d.l. 
= 5 kN/m u.d.l. 

(a) CaIculate Design Moments at Mid-span 

From table 2.1 

From table 2.2 

'Ym 1.0 for steel and conerete 

'Yf 

Design moments - total 

Permanent 

Live 

1.0 for dead and live loads 

15 x 122 
= 270 kN m 

8 

10 X 122 

8 

5 X 122 

8 

180 kN m 

90kN m 
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700 

~ 
• 

• • •• 
A. 

2 No 12 mm bars 

Span 12m 

5 No 25 mm bars 

Figure 6.6 

(b) Calculate Short- term Curvature - Uncracked Seetion - Total Load 

M 

270 X 106 

= 1.2 x 1O- 6 /mm 
26 x 103 x 300 x 7003 /12 

(c) Calculate Short- term Curvature - Cracked Seetion - Total Load 

Consider equations 6.3,6.4 and 6.5. Assume x = 100 and substitute in equation 
6.3, that is 

with 

and 

thus 

fcl. (~) x 
d - x 

1.2 N/mm2 

A s 2450 mm 2 

fs = (270 X 106 

x 
567 x 2450 

158 N/mm2 

1.0 = 
700 100 

600 100 

300 x 700 ; 600 x 1.2) 
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From equation 6.4 

f c = f el = x ~ fs 
(d - x) Es 

100 26 = -- x - x 158 
500 200 

= 4.1 N/mm2 

But fc is also given by equation 6.5 as 

fe = fe2 
fsA s + tb(h - x)fct 

I 
"2bx 

158 x 2450 + 0.5 x 300 x 600 x 1.2 

150 x 100 

= 33.0 N/mm2 

These values cf fc do not agree, therefore further depths of the neutral axis are tried 
giving the foilowing results. 

x 

100 
210 
300 

fel 

4.1 
12.2 
24.7 

fC2 

33.0 
16.5 
12.1 

These values are plotted in figure 6.7a from which it is seen that fCI = fC2 = fe 
= 15 N/mm2 approximately, atx = 230 mm. Hence 

fc 15 

rb xEc 230 x 26 x 103 
2.5 X 1O-6 /mm 

30+-~--+--+--

20 7-

15- 5 

10 

0 0 
100 200 I 300 .x 300 350 I 400 :x: 

230 360 

(0 ) (b) 

Figure 6.7 
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Since this curvature is greater than the uncracked value, it is not necessary to 
check the concrete tensile stress for that ca se , the cracked value of 2.5 x 
10-6 /mm being used to determine the deflection. 

(d) Calculate Shart- term Deflection - Total Load 

where 

2.5 X 1O-6 /mm 

L 12 m 

K 0.104 for u.d.1. from table 6.2 

Hence mid-span short-term deflection 

a = 0.104 x 122 x 106 x 2.5 X 10-6 

37 mm approximately 

(e) Calculate Short-term Curvature due to Permanent Loads 

Permanent moment = 180 kN m 

Thus, if section uncracked 

180 X 106 

rb 26 x 103 x 300 X 7003 /12 
= 0.8 X 10- 6 /mm 

and if cracked, an approach similar to that used in (c) above givesfc = 9.7 N/mm 2 

at x = 245 mm. Hence 

9.7 
1.5 X 1O-6 /mm 

245 x 26 x 103 

(f) Calculate Long-term Curvature due to Permanent Loads 

In this case, analysis is based on a reduced concrete tensile stress of 0.55 N/mm2 

at the level of reinforcement, thus 

(~)x fct = 0.55 
d-x 

and a reduced 

26 
Ec =--

I + cp 
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where the value of ~ from table 6.1 for loading at twenty-eight days is 2.75. Hence 

26 
= 6.93 kN/mm2 

+ 2.75 

Thus, using the same approach as previously for the cracked analysis, it is found 
that 

whenx 

x 

300 mm then tCI 

350 mm tCI 
x = 370 mm tCI 

4.5 N/mm2 ,fc2 

6.6 N/mm2 ,tc2 

7.7 N/mm2 ,fc2 

8.1 N/mm 2 

7.1 N/mm2 

6.8 N/mm2 

Thus as can be seen from figure 6.7b, the solution lies at x = 360 mm when 
tc = 7.0 N/mm2 . Therefore 

7.0 6 
= 2.8 x 10- /mm 

1b 360 x 6.93 x 103 

In this instance it is not necessary to evaluate the uncracked case since it has been 
established that the permanent loads yield the higher instantaneous curvature when 
the section is cracked. 

(g) Calculate Shrinkage Curvature 

POEcs 

rCs d 

where Ecs = 250 X 10-6 from section 6.1.2 and Po is obtained from figure 6.4. 

100A s 
--

bd 

100A~ 

bd 

hence 
Po ~ 0.71 

and 

rCs 

100 x 2450 
= 1.36 

300 x 600 

100 x 226 
0.13 

300 x 600 

0.71 x 250 x 10-6 

600 
0.3 X 1O-6 /mm 

(h) Calculate Total Long-term Deflection 

Short- term curvature, non-permanent loads = Short- term curvature, total loads 
- Short-term curvature, permanent loads 

2.5 X 10-6 - 1.5 X 10-6 

1.0 X 10-6 /mm 
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Therefore 

hence 
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Long-term curvature, 
permanent loads 

Shrinkage curvature 

Totallong- term 
curvature 

estimated total 
long- term deflection 

2.8 X 1O-6 /mm 

0.3 x 10-6 /mm 

4.1 X 10-6 /mm 

rb 

0.104 x 122 x 106 x 4.1 X 10-6 

61 mm 

6.1. 4 Basis of Span - Effective Depth Ratios 

The calculation of deflections has been shown to be a tedious operation, however, 
for general use rules based on limiting the span - effective depth ratio of a mem
ber are adequate to ensure that the deflections are not excessive. The application 
of this method is described in relation to the design of beams in section 7.2.7 and 
for slabs in seetion 8.2. 

Figure 6.8 Curvature and strain distribution 

The relationship between the deflection and the span - effective depth ratio of a 
member can be derived from equation 6.9; thus 

deflection a = K ~ L 2 

rb 
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and for small deflections it can be seen from figure 6.8 that for unit length, S 

where 

Therefore 

span 

I €cm + €rm 
rp=-=----

'b d 

€cm maximum compressive strain in the concrete 

€rm tensile strain in th.e reinforcement 

K = a factor which depends on the pattern of loading 

L a I 
= 

effective depth d L K (€cm + €rm) 

The strains in the concrete and tensile reinforcement depend on the areas of 
reinforcement provided and their stresses. Thus for a particular member section I 
and a pattern of loading, it is possible to determine a span - effective depth ratio 
to satisfy a particular alL or deflection/span limitation. CP 110 specifies a set of 
basic span - effective depth ratios that are modified according to: (1) the area of 
tension steel and its service stress, and (2) the area of compression steel. These 
basic ratios and their modification factors are in fact based on a large number of 
experimental results; they are tabulated and commented on in section 7.2.7. 

The basic ratios given are for a uniformly distributed loading and for limiting 
the deflection to the span/250. For other loading patterns a revised ratio is given 
by changing the basic ratio in proportion to the relative values of K. Similarly, for 
limiting the deflection to span/ß 

250 
revised ratio = basic ratio x -

ß 
Ratios for spans greater than 10m are also given in the Code; they are based on 
limiting the maximum deflection to 20 mm after construction of the partitions 
and finishes. When another deflection limit is required the ratios given should be 
multiplied by ex/20 where ex is the proposed maximum deflection. 

6.2 Flexural Cracking 

Members subjected to bending generally exhibit aseries of distributed flexural 
cracks, even at working load. These cracks are unobstrusive and harmless unless the 
widths become excessive, in which ca se appearance and durability suffer as the 
reinforcement is exposed to corrosion. 

The actual width of cracks in a reinforced concrete structure will vary between 
wide limits, and cannot be precisely estimated, thus the limiting requirement to be 
satisfied is that the probability of the maximum width exceeding a satisfactory 
value is small. The maximum acceptable value suggested by CP 110 is 0.3 mm at any 
position on the surface of the concrete in normal environments, although some 
other codes of practice recommend lower values for important members. If the 
environment is particularly aggressive, however, CP 110 further recommends that 
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the maximum surface crack width at points nearest to main reinforcement should 
not exceed 0.004 x nominal cover to main reinforcement. Requirements for 
specialised cases such as water-retaining structures may be more stringent and these 
are given in chapter 11. 

If calculations to estimate maximum crack widths are performed, they are 
based on 'working' loads with rf = 1.0 and material partial factors of safety of 
rm = 1.0 for steel and 1.3 for concrete. The value of 1.3 for concrete is to account 
for the importance of localised concrete properties when assessing cracking, but 
in most cases this value makes little difference to the results of the calculations. 
CP 110 recommends that the effective modulus of elasticity of the concrete 
should be taken as half the instantaneous value as given in table 1.1, to allow for 
creep effects. 

Prestressed concrete members are designed primarily on the basis of satisfying 
limitations which are different from those for reinforced concrete. 

[ct 

5t rain 

Figure 6.9 Bending 0/ a length 0/ beam 

6.2.1 Mechanism o[ Flexural Cracking 

This can be illustrated by considering the behaviour of a member subjected to a 
uniform moment. 

A length of beam as shown in figure 6.9 will initially behave elastically through
out, as the applied uniform moment M is increased. When the limiting tensile strain 
for the concrete is reached a crack will form, and the adjacent tensile zone will no 
Ion ger be acted upon by direct tension forces. The curvature of the beam, however, 
causes further direct tension stresses to develop at some distance from the original 
crack to maintain internal equilibrium. This in turn causes further cracks to form, 
and the process continues until the distance between cracks does not permit 
sufficient tensile stresses to develop to cause further cracking. These initial cracks 
are called primary cracks, and the average spacing in a region of constant moment 
has been shown experimentally to be approximately 1.67 (h - x) and will be 
largely independent of reinforcement detailing. 

As the applied moment is increased beyond this point, the development of 
cracks is governed to a large extent by the reinforcement. Tensile stresses in the 
concrete surrounding reinforcing bars are caused by bond as the strain in the 
reinforcement increases. These stresses increase with distance from the primary 
cracks and may eventually cause further cracks to form approximately midway 
between the primary cracks. This action may continue with increasing moment 
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until the bond between concrete and steel is incapable of developing sufficient 
tension in the concrete to cause further cracking in the length between existing 
cracks. Since the development of the tensile stresses is caused directly by the 
presence of the reinforcing bars, the spacing of cracks will be influenced by the 
spacings of the reinforcement. If bars are sufficiently elose for their 'zones of 
influence' to overlap then secondary cracks will join up across the member, whilst 
otherwise they will form only adjacent to the individual bars. It has been confirmed 
experimentally that the average spacing of cracks along a line parallel to, and at a 
distance acr from, a main reinforcing bar depends on the efficiency of bond, and 
may be taken as 1.67acr for deformed bars, or 2.Oacr for plain round bars. 

d 

Figure 6.10 Bending strains 

6.2.2 Estimation of Crack Widths 

If the behaviour of the member in figure 6.10 is examined, it can be seen that the 
over-all extension per unit length at depth y below the neutral axis is given by 

Y 
EI = Es 

(d - x) 

where Es is the average strain in the main reinforcement over the length considered, 
and may be assumed to be equal to fs/Es where fs is the steel stress at the cracked 
sections. Hence assuming any tensile strain of concrete between cracks as smalI, 
since full bond is never developed 

y fs 
EI = = ~W 

(d - x) Es 

where ~w = sum of crack widths per unit length at level y. 
The actual width of individual cracks will depend on the number of cracks in 

this unit length, the average number being given by length/average spacing where 
average spacing, Sav = 1.67acr for deformed bars; also Sav ~ 1.67(h - x), the 
spacing of primary cracks. Thus 

average crack width Wav 
av. number of cracks 

The designer is concerned however with the maximum crack width, and it has been 
shown experimentally that if this is taken as twice the average value, the chance of 
this being exceeded is about I in 100, hence for deformed reinforcing bars, the 
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maximum Iikely crack width W max at any level defined by y in a member will thus 
be given by 

E13.33acr 

provided that the limit of wmax = E 13.33(h - x) based on the primary cracks is 
not exceeded. 

The positions on a member where the surface crack widths will be the greatest, 
depend on the relative values of strain (EI) and the distance to a point of zero 
strain (a cr ). Despite the effects of bond slip adjacent to cracks, and the steel strain 
across cracks, the crack width at the surface of a reinforcing bar is very small and 
may be assumed to be zero. This may therefore be taken as a point of zero strain 
for the purposes of measuring acr . The neutral axis of the beam will also have zero 
strain, and hence acr mayaiso relate to this if appropriate. 

-~. 

3 

N<2utr~l-. 
aXls 

3 (Position 3 
<2quidistant trom • • • N -A and r<2lntorcm<2nt) 

2 2 

Figure 6.11 Critical crack positions 

Critical positions for maximum crack width will on a beam generally occur at 
the positions indicated in figure 6.11. These occur when the distance to points of 
zero strain, that is, reinforcement surface or neutral axis, are as large as possible. 
Positions 1 and 2 will have a maximum value of strain, whilst at position 3, 
although the strain is smaller, acr is considerably larger. The expression for wmax 
at any point may thus be expressed in the general form 

maximum surface crack 
width at a point = constant x distance to the surface of the nearest 

reinforcing bar or neutral axis x apparent tensile strain 
in the concrete at the level considered 

The expression for maximum surface crack width given in CP 110 is basically of 
this form, with the constant based on a probability of the caIculated value being 
exceeded of somewhat greater than 1 in 100. The expression is given as 

W max = ---------

1 + 2 (acr - cmin) 
h - x 

where cmin is the minimum cover to the main reinforcement and Ern is the average 
concrete strain and is based on EI but allows for the stiffening effect of the cracked 
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concrete in the tension zone. The value of Ern is given by an empirical expression 

1.2bth(a' - x) -3 
Ern = EI - X 10 

As(h - x)fy 

where bt is the width of section at centroid of tensile steel and a' the distance trom 
compressive face to the point at which crack is calculated. This expression allows 
for variations of steel stress between cracks, and results in correspondingly reduced 
maximum crack width eStimates. 

6.2.3 Analysis of Section to Determine Crack Width 

Whatever formula is used, it is necessary to consider the apparent concrete strain 
at the appropriate position. This must be done by elastic analysis of the cracked 
section using half the instantaneous value of E c to allow for creep effects as 
discussed in section 6.2. 

The methods discussed in section 4.2.1 should be used to find the neutral axis 
position x and hence fs the stress in the tensile reinforcement. Theri 

y fs 

(d x) Es 

hence Ern may be obtained. 

1000 

1. 400 
1 

n.a. 

y 

• • 
3 No 40mm bars 
(min covrzr=50mm) 

(a) Cross-Srzction 

1 70 I. 130 .1. 130 ·1,70; I 

(b) Orztai I of Rrzinforcrzmrznt 
Position 

Figure 6.12 

Example 6.2 Calculation of F/exural Crack Widths 

Estimate the maximum flexural crack widths for the beam section shown in figure 
6.12a when subjected to a moment of 650 kN m. 
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Characteristic strengths of concrete feu = 25 N/mm2 

ofsteelfy = 410 N/mm2 

Modulus of elasticity of steel Es = 200 kN/mm2 

Calculate Neutral Axis Position and Steel Stress 

Applying the required value of 1m for concrete of 1.3, the modulus of elasticity 
to be used in this calculation thus relates to a concrete strength of 25/1.3 = 
19.2 N/mm2 . Hence from table 1.1, instantaneous modulus of elasticity = 
25 kN/mm2 , therefore 

25 2 
E e = - = 12.5 kN/mrn 

2 

Then from section 4.2.1 the neutral axis position is given by 

1 2 Es Es 
"2bx +-Asx - -Asd = 0 

Ee Ee 

In this ca se A s = area of three no. 40 mm bars = 3770 mm2 

d = 1000 - (20 + 50) = 930 mm 

thus 

200 200 
.!. x 400 X x 2 + x 3770 x x 2 x 3770 x 930 = 0 

therefore 

x 

12.5 12.5 

301.6 ± Y(301.62 + 4 x 280488) 

2 

400mm 

(Alternatively charts may be used, as in figure 4.5 in which case 

A s 200 3770 
ae- = -- = 0.162 

bd 12.5 400 x 930 

takingA~ = 0, x/d = 0.43 from charts and hence x = 400 mm.) 
The stress in the reinforcement 

fs 
M 650 X 106 

(d - x/3)A s 797 x 3770 

= 216 N/mm2 

thus 

y 216 = Y x 2.04 X E1 -x 
530 200 x 103 

10-6 
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and 

1.2bt h(a' - x) -3 
Ern = EI - X 10 

As(h - x)fy 

The maximum crack width will occur either at position 1 or 2 indicated on figure 
6.12; thus 

Position 

2 

y 

600 

acr a' EI X 10-3 

V(702 + 702 ) - 20 = 79 1000 I. 22 

530 = 265 V(702 + 265 2 ) - 20 = 254 665 0.54 
2 

Minimum cover, emin = 50 mm; thus at position 1 

Ern 

and 

W max 

( 
I. 2 x 400 X 1000 x 600) 

1.22 -
3770 x 600 x 410 

0.91 X 10-3 

3 x 79 x 0.91 X 10-3 

1 + 2 ( 79 - 50 ) 
1000 - 400 

0.20mm 

X 10-3 

and similarly at position 2 

thus 

Wmax 

[
0.54 - 1.2 x 400 x 1000 x (665 - 400) ] X 10-3 

3770 x 600 x 410 

0.4 X 10-3 

3 x 254 x 0.4 x 10-3 

+ 2 (254 - 50) 
600 

0.18 mm 

The maximum crack width of 0.2 mm is therefore Iikely to occur at the boHom 
corners of the member, and the cracks are Iikely to be at an average spacing of 
1.67acr = 1.67 x 79 ~ 130 mm at these positions. 
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6.2.4 Control 01 Crack Widths 

lt is apparent from the expressions derived above that there are two fundamental 
ways in which surface crack widths may be reduced. 

(l) Reduce the stress in the reinforcement (fs). 
(2) Reduce the distance to the nearest bar (a cr ). 

The use of steel at reduced stresses is generally uneconomical, and although this 
approach is used in the design of water-retaining structures where cracking must 
often be avoided altogether, it is generally easier to limit the bar cover and spacing 
and hence acr . Durabillty requirements limit the minimum value of cover; however 
bars should be as dose to the concrete surface as is allowed. Reinforcement spacing 
may be reduced by keeping bar diameters as small as is reasonably possible. 

Since the side face of a beam is often a critical crack-width position it is good 
practice to cortsider the provision of longitudinal steel in the side faces of beams of 
moderate depth. Recommendations regarding this, and spacing of main rein force
ment, are given b~ CP 110 imd are discussed in section 7.4. If these recommenda
tions are followed, it is not necessary to ca\culate crack widths except in unusual 
circumstances. Reinforcement detailing however, has been shown to have a large 
effect on flexural tracking, and must in practice be a compromise between the 
requirements of cracking, durability and constructional ease and costs. 

L _____ _ 
1 

I As 'st 
1- - - - - - 4fI+------[!:i;- A s f sc 
1 

1 

~-----

Figure 6.13 Forces adjacent to a crack 

6.3 Thermal and Shrinkage Cracking 

Thermal and shrinkage effects, and the stresses developed prior to cracking of the 
concrete were discussed in chapter 1. After cracking, the equilibrium of concrete 
adjacent to a crack Is illustrated in figure 6.13. 

Equating tension and compression forces 

Asfst = Adct - Asfsc 
or 

A s 
Ict = - ([st + fsc) 

Ac 

if the condition is considered when steel and concrete simultaneously reach their 
limiting values in tension, that is,fst = I y and Ict = It = tensile strength of concrete 
at appropriate age - usually taken as three days. Then 

A s It 
r =-

Ac Iy + Isc 
where r is the steel ratio. 
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The value of fsc can be calculated but is gene rally very sm all and may be taken 
as zero without introducing undue inaccuracy; hence the critical value of steel ratio 

As ft . 
r crit = - = - approxlmately 

Ac fy 
(6.10)* 

If the steel ratio is less than this value, the steel will yield in tension resulting in a 
few wide cracks; however if it is greater then more cracks will be formed when the 
tensile stress caused by bond between the steel and concrete exceeds the concrete 
tensile strength, that is 

fbs'f.,u s ~ ftAc 

where fb = average bond stress 
s = development length along a bar 

'f., U s = sum of perimeters of reinforcement. 
For a round bar 

Us 41TtP 4 

A 1TtP 2 tP 

Hence, since 

'f.,u s 
As 

for similar bars =-Us 
A 

then 

'f.,us 
4rA c 

= 
tP 

and thus 

ft tP 
s~--

4rfb 

The maximum crack spacing is twice this value immediately prior to the formation 
of a new crack, when the development length on both sides is Smin, that is 

ft tP 
Smax = --

2rfb 
(6.11)* 

Crack spacing and hence width, therefore, is govemed both by the reinforcement 
size and quantity for ratios above the critical value, which should be taken as a 
minimum requirement for controlled cracking. 

Crack Widths 

The expressions for crack spacing assurne that the total thermal and shrinkage 
strains are sufficient to cause cracking, although in practice it is found that pre
dicted cracks may not always occur. It is possible to estimate however the maxi
mum crack width likely to occur by considering total concrete contraction in 
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conjunction with the maximum likely crack spacing. For steel ratios greater than 
the critical value, and when the total contraction exceeds the ultima te tensile strain 
for the concrete (Euld, the tensile stress in the concrete increases from zero at a 
crack to a maximum value at mid-distance between cracks. Hence the mean tensile 
strain in the uncracked length is EUIt/2 when a new crack is just about to form. The 
crack width is thus given by crack width = (total unit movement - concrete strain) 
x crack spacing with the maximum width corresponding to the maximum spacing 
of smax 

where 

Wmax = (Esh + To:c - ~Eult)2smax 

Esh = shrinkage strain 

T fall in temperature from hydration peak 

(6.12) 

O:c coefficient of thermal expansion of concrete - taken as 
0.5 x the value for mature concrete, to allow for 
creep effects 

In practice variations in restraints cause large variations between otherwise 
similar members, and the behaviour depends considerably on this and temperatures 
at the time of casting. 

Example 6.3 Calculotion of Shrinkage and Thermal Crack Widths 

A fully restrained section of reinforced concrete wall is 150 mm thick, and drying 
shrinkage strain of 50 microstrain (Esh) is anticipated together with a temperature 
drop (T) of 20°C after setting. Determine the minimum horizontal reinforcement 
to control cracking and estimate maximum crack widths and average spacing for a 
suitable reinforcement arrangement. 

Three-day ultima te tensile strength of concrete (fd = ultimate average bond 
stress (fb) = 1.5 N/mm2 

Modulus of elasticity of concrete (E c) = 10 kN/mm2 

Coefficient of thermal expansion for mature concrete (O:c) 
= 12 microstraintC 

Characteristic yield strength of reinforcement (fy) = 460 N/mm2 

Modulus of elasticity of reinforcement (Es) = 200 kN/mm2 

C .. I I t· ft ntlca stee ra 10 -

fy 

1.5 
= 0.33 percent 

460 

0.33 
x 150 x 1000 

100 

= 495 mm2 /m 

This could be conveniently provided as 10 mm bars at 300 mm centres in each face 
of the member (524 mm2 /m). 

For this reinforcement, the maximum crack spacing is given as 
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It~ 
Smax = ---= 

2 As Ib 
Ac 

1.5 x 10 

524 x 1.5 
2 x 

150000 

1430 mm 

Since the minimum spacing is given by one-half of this value, the average spacing 
will be sav = 0.75 x 1430 = 1072 mm. 

The maximum crack width corresponds to Smax and is given by 

as given in equation 6.12 where ultima te tensile strain for the concrete 

It 
€ult = -

Ec 

1.5 
150 microstrain 

therefore 

W max = 1430 (50 + 20 ~ 12 _ I~O) X 10-6 

= 0.14 mm 

6.4 Other Serviceability Requirements 

The two principal other serviceability considerations are those of durability and 
resistance to [ire, although occasionally a situation arises in which some other 
factor may be of importance to ensure the proper performance of a structural 
member in service. This may incIude fatigue due to moving loads or machinery, or 
specific thermal and sound insulation properties. The methods of dealing with such 
requirements may range from the use of reduced working stresses in the materials, 
to the use of special concretes, for example lightweight aggregates for good thermal 
resistance. 

6.4.1 Durability 

The durability of reinforced concrete depends primarily on the degree of protection 
which is given to the reinforcement. Permeability is the principal characteristic of 
the concrete which affects durability, although in some situations it is necessary to 
consider also physical and chemical effects which may cause the concrete to decay. 

If a concrete is made with a sound inert aggregate, deterioration will not occur 
in the absence of an external influence. Since concrete is a highly alkali ne material, 
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its resistance to other alkalis is good, but it is however very susceptible to attack 
by acids or substances which easily decompose to produce acids. Concrete made 
with Portland cement is thus not suitable for use in situations where it comes into 
contact with such materials, which include beer, milk and fats. Some neutral salts 
mayaiso attack concrete, the two most notable being calcium chloride and soluble 
sulphates. These react with a minor constituent of the hydration products in 
different ways. The chloride must be in concentrated solution, when it has a solvent 
effect on the concrete in addition to corroding the reinforcement, while sulphates 
need only be present in much smaller quantities to cause internal expansion of the 
concrete with consequent cracking and strength loss. Sulphates present the most 
commonly met chemical-attack problem for concrete since they may occur in 
groundwater and sewage. In such cases cements containing reduced proportions 

Tahle 6.3 Concrete exposed to sulphate attack 

Concentration of sulphates 
expressed as S03 

in soi! 
(%) 

less than 0.2 
0.2-0.5 
0.5 -1.0 
1.0- 2.0 
over 2.0 

in ground 
water 

(parts per 
100000) 

less than 30 
30- 120 

120- 250 
250- 500 
over 500 

Minimum cement content 
(kg/m3) for 20 mm max. agg. 

Ordinary Portland Sulphate 
or Portland blast- resisting 

furnace Portland 

280 
330 280 

330 
370 
370 

+ Protection 

Maximum free 
wa ter - cemen t 

ratio 

O.P. S.R.P. 

0.55 
0.50 0.55 

0.50 
0.45 
0.45 

of the vulnerable tricalcium aluminate should be used. Table 6.3 indicates minimum 
concrete mix requirements for use in situations where sulphates are present. Both 
chlorides and sulphates are present in sea water, and because of this the chemical 
actions are different, resulting in reduced sulphate damage, although if the concrete 
is of poor quality, serious damage may occur from reactions of soluble magnesium 
salts with the hydrated compounds. Well-constructed Ordinary Portland cement 
structures have nevertheless been found to endure for many years in sea water, 
although sulphate-resisting cement may be preferred. 

Physical attack of the concrete must also be considered. This may come from 
abrasion or attrition as may be caused by sand or shingle, and by alternate wetting 
and drying. The latter effect is particularly important in the case of marine struc
tures near the water surface, and causes stresses to develop if the movements 
produced are restrained. I t is al80 possible for crystal growth to occur from drying 
out of sea water in cracks and pores, and this may cause further internal stresses 
leading to cracking. Alternate freezing and thawing is another major cause of 
physical damage, particularly in road and runway slabs and other situations where 
water in pores and cracks can freeze and expand thus leading to spaUing. It has 
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been found that the entrainment of a small percentage of air in the concrete in the 
form of sm all discrete bubbles offers the most effective protection against this form 
of attack. Although this reduces the strength of the concrete, it is recommended 
that 4.5 ± 1.S per cent by volume of entrained air should be included in concrete 
subjected to regular wetting and drying combined with severe frost. 

All these forms of attack may be minimised by the production of a dense, 
well-compacted concrete with low permeability, thus restricting damage to the 
surface zone of the member. Aggregates which are likely to react with the alkali 
matrix should be avoided, as must those which exhibit unusually Jügh shrinkage 
characteristics. If this is done, then permeability, and hence durability, is affected by 

(1) aggregate type and density 
(2) water - cement ratio 
(3) degree ofhydration of cement 
(4) degree of compaction. 

A low water- cement ratio is necessary to limit the voids due to hydration, wm<,:h 
must be weIl advanced with the assjstance of good curing techniques. Coupled with 
this is the need for non-porous aggregates which are hard enough to resist any 
attrition, and for thorough compaction. It is essential that the mix is design!!d to 
have adequate workability for the situation in which it is to be used, thus the 
cement content of the mix must be reasonably high. CP 110 specifies minimum 
cement contents for various exposure conditions, aggregate sizes and concrete 
types, although this does not allow for aggregate type, which can be shown to have 
a very large effect. An alternative form of specification advocated is that of a 
minimum strength requirement for particular exposure conditions, this having the 
advantage that aggregate types ~re accounted for. 

The consequences of thermal effects on durability must not be overlooked, and 
Very high cement contents should only be used in conjunction with a detailed 
cracking assessment. CP 110 suggests that 550 kg/m3 cement contellt should be 
regarded as an upper limit for general use. 

Provided that such measures are taken, and that adequate cover of sound concrete 
is given to the reinforcement, deterioration of reinforced concrete is unlikely. The 
thickness of cover required will obviously depend on the severity of attack to which 
the member will be subjected, and recommended values are given in chapter 7. 
Thus although the surface concrete may be affected, the reinforcing steel will 
remain protected. Once this cover breaks down and water and possibly chemicals 
can reach the steel, rusting and consequent expansion leads rapidly to cracking and 
spalling of the cover concrete and severe damage ~ visually and sometimes 
structurally. 

6.4.2 Fire Resistance 

Depending on the type of structure under consideration, it may be necessary to 
consider the fire resistance of the individual concrete members. Three conditions 
must be examined 

(l) effects on structural strength 
(2) flame penetration resistance } 
(3) heat transmission properties 

in the case of dividing members 
such as walls and slabs 



144 REIN FORCED CONCRETE DESIGN 

Concrete and steel in the form of reinforcement or prestressing tendons exhibit 
reduced strength after being subjected to high temperatures. Although concrete 
has low thermal conductivity, and thus good resistance to temperature rise, the 
strength begins to drop significantly at temperatures above 300°C and it has a 
tendency to spalt at high temperatures. The ex ten t of this spalling is governed by 
the type of aggregate, with siliceous materials being particularly susceptible whilst 
calcareous and lightweight aggregate concretes suffer very little. Reinforcement 
will retain about 50 per cent of its normal strength after reaching about 550°C 
whilst for prestressing tendons the corresponding temperature is only 400 oe. 

Thus as the temperature rises the heat is transferred to the interior of a concrete 
member, with a thermal gradient established in the concrete. This gradient will be 
affected by the area and mass of the member in addition to the thermal properties 
of the concrete, and may lead to expansion and loss of strength. Dependent on the 
thickness and nature of cover, the steel will rise in temperature and lose strength, 
this leading to deflections and eventual structural failure of the member if the steel 
temperature becomes excessive. Design must therefore be aimed at providing and 
maintaining sound cover concrete as a protection, thus delaying the temperature 
rise in the steel. The presence of pIaster, screeds and other non- combustible 
finishes assists the cover in protecting the reinforcement and may thus be altowed 
for in the design. Despite this, it may sometimes be necessary to provide concrete 
covers in excess of 40 mm in whfch case, if siliceous aggregates are used, supple
mentary mesh reinforcement must be provided, not more than 20 mm from the 
concrete face, to resist spalling effects. 
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Figure 6.14 Fire resistance o[ rein[orced concrete beams 

CP 110 gives tabulated values of minimum dimensions and average covers for 
various types of concrete member which are necessary to permit the member to 
withstand fire for a specified period of time. The period that a member is required 
to survive, both in respect of strength in relation to working loads and to contain a 
fire, will depend upon the type and usage of the structure - and minimum require
ments are generally specified by building regulations. Figure 6.14 illustrates the 
differences between the use of lightweight and siliceous aggregate in reinforced 
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concrete beams without finishes, and is based on the information given in CP 110. 
Prestressed concrete beams must be considered separately in view of the increased 
vulnerability of the prestressing steel, and slabs and walls must be viewed in terms 
of their total thickness. Since there are many factors to be considered such as con
crete type, member type and details of finishes, reference should be made to the 
appropriate tables in the code of practice when considering the precise design 
details in respect of fire resistance. 

6.5 Stability 

While it would be unreasonable to expect a structure to withstand extremes of 
accidentalloading as may be caused by collision, explosion or similar happening, it 
is important that resulting damage should not be disproportionate to the cause. It 
follows therefore that a major structural collapse must not be allowed to be caused 
by a relatively minor mishap which may have a reasonably high probability of 
happening in the anticipated lifetime of the structure. 

The possibilities of a structure buckling or overturning under the 'design' loads 
will have been considered as part of the ultimate limit state analysis. However, in 
some instances a structure will not have an adequate lateral strength even though 
it has been designed to resist the specified combinations of wind load and vertical 
load. This could be the case if there is an explosion or a slight earth tremor, since 
then the lateral loads are proportional to the mass of the structure. Therefore it is 
recommended that a structure should always be capable of resisting a lateral force 
not less than 1.5 per cent of the total characteristic load acting through the 
centroid of the structure above any level considered. 

Damage and possible instability should also be guarded against wherever possible, 
for example vulnerable load -bearing members should be protected from collision by 
protective features such as banks or barriers. 

6.5.1 Ties 

In addition to these precautions, the general stability and robustness of a building 
structure can be increased by providing reinforcement acting as ties. These ties 
should act both vertically between roof and foundations, and horizontally around 
and across each floor, and all external verticalload-bearing members should be 
anchored to the floors and beams. 

Vertical Ties 

Vertical ties are not generally necessary in structures ofless than 5 storeys, but in 
higher buildings should be provided by reinforcement, effectively continuous from 
roof to foundation by means of proper laps, running through all verticalload
bearing members. This steel should not be less than the minimum requirements of 
main reinforcement for such members, and hence in in situ concrete is almost 
invariably satisfied by a normal design, but joint detailing may be affected in 
precast work. 
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\ --Vl2rtical ticzs 

Column ticzs 

Figure 6.15 Tie forces 

Horizontal Ties 

Pcznphczral tlCZ 

Horizontal ties should be provided, for all buildings irrespective of height, in three 
ways 

(1) peripheral ties 
(2) internal ties 
(3) column and wall ties. 

The resistance of these ties when stressed to their characteristic strength is given in 
terms of a force F t , where Ft = 60 kN or (20 + 4 x number of storeys in structure) 
kN, whichever is less. This expression takes into account the increased risk of 
an accident in a large building and the seriousness of the collapse of a tall structure. 

(a) Peripheral Ties 

The peripheral tie must be provided, by reinforcement which is effectively con
tinuous, around the perimeter of the building at each floor and roof level. This 
reinforcement must lie within 1.2 m from the outer edge and at its characteristic 
stress be capable of resisting a force of at least F t . 

(b) Internal Ties 

Internal ties should also be provided at each floor in two perpendicular directions 
and be anchored at each end either to the peripheral tie or to the continuous 
column or wall ties. 

These ties must be effectively continuous and they may either be spread evenly 
across a floor, or grouped at beams or walls as convenient. Where walls are used, 
the tie reinforcement must be concentrated in the bottom 0.5 m. 

The resistance required is related to the span and loading. Internal ties must be 
capable of resisting a force of F t kN per metre width or [Ft(gk + qk)/7.5] L/5 kN 
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per metre width, if this is greater. In this expression, L is the greatest horizontal 
distance in the direction of the tie between the centres of verticalload -bearing 
members, or if smaller, 5 x the clear storey height measured to underside of the 
beams. The loading (gk + qk) kN/m2 is the average characteristic load on unit area 
of the floor considered. Internal ties parallel to cross-walls occurring in one direc
tion only, on plan, need only resist the force Ft kN per metre width. 

(c) Column and Wall Ties 

Column and wall ties must be able to resist a force of at least 3 per cent of the total 
vertical ultimate load for which the member has been designed. Additionally the 
resistance provided must not be less than the smaller of 2Ft or Ft /o/2.5 kN where 
10 is the floor to ceiling height in metres. Wall ties are assessed on the basis of the 
above for4:es acting per metre length of the wall, whilst column ties are concentrated 
within 1 m either side of the column centre line. Particular care should be taken 
with corner columns to ensure they are tied in two perpendicular directions. 

In comidering the structure subjected to accidentalloading it is assumed that 
no other forces are acting, thus reinforcement provided for other purposes mayaIso 
act as ties. Indeed, peripheral and internal ties mayaiso be considered to be acting 
as column or wall ties. 

Fu II onchorogl2 Il2ngth 
(Ult.onchorogl2 bond 
strl2SS + 15·'.) 

• 

• 
(0 ) 

• • • • • • 
( b) (c) 

Anchorogl2 Rl2quirl2ml2nts tor Intl2rnol Til2s 

Full onchorogl2 Il2ngth 
os in (0) 

QB os (b)or(c) 

F'l2riphl2rol til2 

Anchorogl2 Rl2quirl2ml2nts tor Column & Wall Til2s 

Figure 6.16 Anchorage ofties 
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As with vertical ties, the provision of horizontal ties for in situ construction will 
seldom affect the amount of reinforcement provided. Detailing of the reinforcement 
may however be affected, and particular attention must be paid to the manner in 
which internal ties are anchored to peripheral ties. The requirements for the full 
anchorage of ties are illustrated in figure 6.16. If these are not met, then the 
assumed stresses in the ties must be reduced appropriately. 

Precast concrete construction however presents a more serious problem since the 
requirements of tie forces and simple easily constructed joints are not always com· 
patible. Unless the required tie forces can be provided with the bars anchored by 
hooks and bends in the case of column and wall ties, an analysis of the structure 
must be performed to assess the remaining stability after a specified degree of 
structural damage. 

6.5.2 Analysis of 'Damaged' Structure 

This must be undertaken when a structure has five or more storeys and does not 
comply with the vertical-tie requirements, or when every precast floor or roofunit 
does not have sufficient anchorage to resist a force equal to Ft kN per metre width 
acting in the direction of the span. The analysis must be able to show that each 
verticalload- bearing member, its connections, and the horizontal members which 
provide lateral support, must be able to withstand a specified loading from any 
direction. If this cannot be satisfied, then the analysis must demonstrate that the 
removal of any single verticalload -bearing elemen t at each storey in turn will not 
result in collapse of a significant part of the structure. 

The minimum loading that may act from any direction on a vertical member is 
recommended as 34 kN/m2 in CP 110, and the partial factors of safety should be 

'Ym 1.3 - concrete 

'Ym 1.0 - steel 

'Yf 1.05 - loads 

The decision as to what loads should be considered acting is left to the engineer, 
but will gene rally be on the basis ofpermanent and realistic live-Ioading estimates 
depending on the building usage. This method is attempting therefore to assess 
quantitatively the effects of exceptionalloading such as explosion. The design 
'pressure' must thus be regarded as a somewhat arbitrary value. 

The 'pressure' method will generally be suitable for application to columns in 
precast framed structures; however where precast load· bearing panel construction 
is being used an approach incorporating the removal of individual elements 
may be more appropriate. In this case, verticalloadings should be assessed as 
described, and the structure investigated to deterrnine whether it is able to remain 
standing by a different structural action. This action may include parts of the 
damaged structure behaving as a cantilever or a catenary, and it mayaiso be 
necessary to consider the strength ofnon-Ioad-bearing partitions or cladding. 

Whichever approach is adopted, such analyses are tedious, and the provision of 
effective tie forces within the structure should be regarded as the preferred solution 
both from the point ofview of design and performance. 
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Continuity reinforcement and good detailing will greatly enhance the over-all 
fire resistance of a structure with respect to collapse. A fire-damaged structure with 
reduced member strength may even be likened to a structure subjected to accidental 
overload, and analysed accordingly, as described in the report listed at the end of 
this chapter. 

Further Reading 

International Recommendations for the Design and Construction of Concrete 
Structures (Comite Europeen du Beton - English edition, Cement and 
Concrete Association, London, 1970). 

Fire Resistance of Concrete Structures (Concrete Society and Institution of 
Structural Engineers Joint Report, Institution of Structural Engineers, London, 
1975). 



7 
Design of Reinforced Concrete 
Beams 

Reinforced concrete beam design consists primarily of producing member details 
which will adequately resist the ultima te bending moments, shear forces and 
torsional moments. Al the same time serviceability requirements must be considered 
to ensure that the member will behave satisfactorily under working loads. It is 
difficult to separate these two criteria, hence the design procedure consists of a 
series of interrelated steps and checks. These steps are shown in detail in the flow 
chart in figure 7.1, but may be condensed into three basic design stages 

(I) preliminary analysis and member sizing 
(2) detailed analysis and design of reinforcement 
(3) serviceability calculations. 

Much of the material in this chapter depends on the theory and design specifica
tions from the previous chapters. The loading and calculation of moments and shear 
forces should be carried out using the methods described in chapter 3. The equations 
used for calculating the areas of reinforcement have been derived in chapters 4 and 
5. 

Full details of serviceability requirements and calculations are given in chapter 6, 
but it is normal practice to make use of simple rules which are specified in the Code 
of Practice and are quite adequate for most situations. Typical of these are the 
span - effective depth ratios to ensure acceptable deflections, and the mies for 
maximum bar spacings, and minimum quantities of reinforcement, which are to 
limit cracking. 

Design and detailing of the bending reinforcement must allow for factors such 
as local bond and anchorage bond between the steel and concrete. The area of the 
tensile bending reinforcement also affects the subsequent design of the shear and 
torsion reinforcement. Arrangement of reinforcement is constrained both by the 
requirements of the codes of practice for concrete structures and by practical con
siderations such as construction tolerances, clearance between bars and available 
bar sizes and lengths. Many of the requirements for correct detailing are illustrated 
in the examples which deal with the design of typical beams. 

150 



DESIGN OF REINFORCED CONCRETE BEAMS 

CP110 
CLAUSE 

6.3 

3.11.2 
10.2 

23.3.1 

3.3.5 

3.3.6 

3.3.8 

3.2.1 
3.3 

3.3.5 
&3.1 

3.11.6.1 
3116.2 

311 

3.3.8 

33.6 
3.11 

APPENDIX 
A3 

APPENDIX 
A2 

IMPOSED LOADS 
~ 

ESTIMATE SELF WEIGHT 
CONCRETE GRADE 

t 
DURABILITY & 

• FIRE RESISTANCE P 
DEAD LOADS 

L 
PRELIMINARY ANALYSIS 

COVER Tb MAIN R 
RE IN FORCEMEN T E 

L 
~ . I 

TRIAL b _-------------, 

L 
ESTIMATE d FROM; 

L 

[ 
M/bd: 'cu ~ 015 SINGLY REINFORCED 

0·15 <"ft,d2 'cu <10/fcu OOUBLY 

! 
V/bd < MAX. ALLOWABLE 

~ 
CHECK BASIC SPAN I EFFECTIVE DEPTH 

L 
SELECT h 

L 
DETAILED ANALYSIS 
BM & SF ENVELOPES 

L 
BENDING REINFORCEMENT DESIGN 
STEEL GRADE 

! 
LOCAL BOND & ANCHORAGE 

L 
BENDING REINFORCEMENT DETAILS 

L 
CHECK SPAN/EFFECTIVE DEPTH 

! 
SHEAR REINFORCEMENT 
DESIGN & DETAILS. -------.1 

L 
CALCULATE CRACK WIDTHS (IF REQ'D) 

• CALCULATE DEFLECTIONS (IF REQ'D) 

~ 
FINISH 

Figure 7.1 Beam design flow chart 

I 
M 
I 
N 
A 
R 
Y 

F 
I 
N 
A 
L 

151 

All calculations should be based on the effective span of a beam which is given 
as folIows. 

(l) A simply supported beam - the smaller of the distances between the 
centres of bearings, or the clear distance between supports plus the 
effective depth. 

(2) A continuous beam - the distance between centres of supports. 
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Iable 7.1 Nominal cover to reinforcement 

Nominal cover (mm) 

Condition of exposure Concrete grade 

20 25 30 40 SOor over 

Mild: e.g. completely protected 
against weather, or aggressive 
conditions, except for abrief 
period of exposure to normal 
weather conditions during 
construction. 25 20 15 15 15 

Moderate: e.g. sheltered from 
severe rain and against freezing 
whilst saturated with water. 
Buried concrete continuously 
under water. 40 30 25 20 

Severe: e.g. exposed to driving 
rain, alternate wetting and 
drying and to freezing whilst 
wet. Subject to heavy condensa-
tion or corrosive fumes. 50 40 30 25 

Very severe: e.g. exposed to sea 
water or moorland water and 
with abrasion. 60 50 

Subject to salt for de-icing 50* 40* 25 
·Only applicable if the concrete has entrained air. 

(3) A cantilever beam - the length to the face of the support plus half the 
effective depth, or the distance to the centre of the support if the beam 
is continuous. 

7.1 Preliminary Analysis and Member Sizing 

Ihe layout and size of members are very often controlled by architectural details, 
and clearances for machinery and equipment. The engineer must either check that 
thebeam sizes are adequate to carry the loading, or alternatively, decide on sizes 
that are adequate. The preliminary analysis need only provide the maximum 
moments and shears in order to ascertain reasonable dimensions. Beam dimensions 
required are 

(1) cover to the reinforcement 
(2) breadth (b) 
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(3) effective depth (d) 
(4) over-a11 depth (h). 

153 

Adequate concrete cover is required to protect the reinforcement from corrosion 
and damage. The necessary cover depends on the grade of concrete, the exposure of 
the beam, and the required fire resistance. Table 7.1 gives the nominal cover which 
should be provided to a11 reinforcement, ineluding links. This cover should addi
tiona11y never be less than the bar size, and it mayaiso need to be increased to meet 
the fire resistance requirements of the Code of Practice. 

I' 
b 

~ ~ 

d 
h 

i?<l 
COVC2r 

Figure 7.2 Beam dimensions 

The strength of a beam is affected considerably more by its depth than its 
breadth. A suitable breadth may be a third to half of the depth; but it may be 
much less for a deep beam and at other times wide sha110w beams are used to con
serve headroom. The beam should not be too narrow; if it is much less than 200 mm 
wide there may be difficulty in providing adequate side cover and space for the 
reinforcing bars. 

Suitable dimensions for band d can be decided by a few trial calculations as 
fo11ows. 

(1) For no compression reinforcement 

M/bd2 leu :s;;; 0.15 

With compression reinforcement it can be shown that 

M/bd 2/eu < lO/leu 

if the area of bending reinforcement is not to be excessive. 
(2) Shear stress v = V/bd and v should never exceed the maximum value a110wed 

from table 7.2. To avoid congested shear reinforcement v should preferably be 
somewhat eloser to half(or less) of the maximum a11owed. 

Table 7.2 Maximum value of shear stress in beams (N/mm2 ) 

Concrete grade 

20 25 30 40 or more 

3.35 3.75 4.10 4.75 
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(3) The span - effective depth ratio for spans not exceeding 10m should be 
within the basic values given below. 

Cantilever be am 7 

Simply supported beam 20 

Continuous beam 26 

For spans greater than 10 m, further ratios are given in CP 110. (In the final calcu
lations these basic ratios are modified as described in section 7.2.7.) 

(4) The over-all depth of the beam is given by 

h = d + Cover + t 

where t = estimated distance from the outside of the link to the centre of the 
tension bars (see figure 7.2). For example, with nominal sized 12 mm links and one 
layer of 32 mm tension bars, t = 28 mm approximately. It will, in fact, be slightly 
larger than this with deformed bars as they have a larger over-all dimension than 
the nominal bar size. (The over-all size of a 32 mm square twisted bar with cham
fered corners is specified by the suppliers as 35.2 mm across the chamfers.) 

Example 7.1 Beam Sizing 

A concrete lintel with an effective span of 4.0 m, supports a 230 mm brick wall as 
shown in figure 7.3. The loads on the lintel are Gk = 100 kN and Qk = 40 kN. 
Determine suitable dimensions for the lintel if grade 25 concrete is used. 

/, 
/ , 

/ , 
/ , 

/ ' 
/ ' /" " 

/ " ' // Assumf2d load " 
/ , 

/ dist ribut ion 

I. 4m. ezffezct ivez span .1 

Figure 7.3 

The beam breadth b will match the wall thickness so that 

b = 230mm 

A1lowing, say, 14 kN for the weight of the beam, gives the ultima te load 

F = 1.4 x 114 + 1.6 x 40 

= 224 kN 
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Therefore maximum shear 

V=112kN 

Assuming a triangular load distribution for the preliminary analysis, we have 

M = F x span 

6 

= 149 kN m 

224 x 4.0 

6 
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For such a relatively minor beam the case with no compression steel should be 
considered 

therefore 

M < 0.15 
bd 2 fcu 

230 X d 2 x 25 

d > 416 mm 

< 0.15 

For moderate conditions of exposure the cover = 40 mm (table 7.1). So for 
10 mm links and, say, 32 mm bars 

over-all depth h = d + 40 + 10 + 32/2 

= d + 66 

Therefore make h = 525 mm as an integer number of brick courses. Therefore 

d = 525 - 66 = 459 mm 

shear stress 
V 112 x 103 

V = - = 
bd 230 x 459 

= 1.06 N/mm2 

For grade 25 concrete, maximum v allowed = 3.75 N/mm2 (table 7.2). Therefore 

3.75 v< __ 
2 

4000 
Basic span - effective depth = -- = 8.7 < 20 

459 

A beam size of 230 mm by 525 mm deep would be suitable. 

Weight of beam 0.23 x 0.525 x 4.0 x 24 

11.6 kN 

which is sufficiently dose to the assumed value. 
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7.2 Design for Bending 

The calculation of main bending reinforcement is performed using the equations 
and charts derived in chapter 4. In the ca se of rectangular sections which require 
only tension steel, the lever-arm curve method is probably the simplest. Where 
compression steel is required, either design charts or a manual approach with the 
simplified design formulae may be used. When design charts are not applicable, as 
in the case of non-rectangular sections, the formulae based on the equivalent 
rectangular stress block will simplify calculations considerably. 

The type of reinforcing steel to be used must be decided initially since this, in 
conjunction with the chosen concrete grade, will affect the areas required and also 
influence bond calculations. In most circumstances one of the available types of 
high -yield bars will be used unless cracking is critical, as for example in wa ter
retaining structures, when mild steel may be preferred. Areas of reinforcement are 
calculated at the sections with maximum moments, and suitable bar sizes selected. 
(Tables of bar areas are given in the Appendix). This permits bond and anchorage 
calculations to be performed and details of bar arrangement to be produced, taking 
into account the guidance given by the codes of practice. 

An excessive amount of reinforcement usually indicates that a member is under
sized and it mayaIso cause difficulty in fixing the bars and pouring the concrete. 
Therefore the code stipulates As/bh should not exceed 4.0 per cent. On the other 
hand too little reinforcement is also undesirable therefore As/bd should not be less 
than 0.25 per cent for mild steel or 0.15 per cent for high-yield steel. 

When details of bending reinforcement have been determined, it is possible to 
perform a full check on span - effective depth requirements for the member. This 
should be examined at this stage so that any modifications required can be made 
before proceeding further with the design. 

Z 21 Singly Rein{orced RectanguliJr Section 

A beam seetion needs reinforcement only in the tensile zone when M/bd 2 {cu is not 
greater than 0.15. This is not true if the moments at a seetion have been reduced by 
more than 10 per cent due to aredistribution of the elastic moments and in which 
case reference should be made to equations 7.1 and 7.4 in order to decide whether 
compression steel is necessary. 

b 
'I 

d 
_. __ . ~.al 

aXls 

• A s • 
I.fst, I 

S(2ction Strains 

Figure 7.4 Singly rein[orced seetion 
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The singly reinforced section considered is shown in figure 7.4 and it is subjected 
to a sagging moment M at the ultimate limit state. Using the lever-arm curve, the 
design calculations for the longitudinal steel can be summarised as folIows. 

(1) Calculate M/bd 2 feu. 
(2) Determine la from the lever-arm curve of figure 7.5, preferably using the 

curve corresponding to the rectangular - parabolic stress block. 

Lever arm z = lad 

(3) The area of tension steel is given by 

M 
A s =---

zO.87fy 

(4) Select suitable bar sizes. 

(5) Check that the area of steel actually provided is within the limits required 
by the code, that is 

and 

100 A s ~ 4.0 
bh 

1 00 ~ ~ 0.15 for high -yield or 0.25 for mild sted 
bd 

0·95.._--........ ,----,----,-------, 

0·90~---~-~~-+----+-----

Compr<2ssion 
r<2 i n forc<2m<2 nt 

_0 0.851-----+-----ll~~- r<2quir<2d 

0·80 Equiva l<2nt -r<2ctangu lar 
str<2SS block 

0·75L------~-------+--------~~----~ 
o 0·05 0·10 0·15 0·20 

M 
bd2 ,cu 

Figure 7.S Lever·arm curve 
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Example 7.2 Design o[ Tension Rein[orcement tor a Rectangu/ar Section 

The beam section shown in figure 7.6 has characteristic material strengths of 
[cu = 25 N/mm2 for the concrete and[y = 425 N/mm2 for the steel. Ihe design 
moment at the ultimate limit state is 145 kN m which causes sagging of the beam 

b=230 
I' ·1 

As 2 -Y25 

Figure 7.6 

145 X 106 
= 0.105 

230 X 4902 x 25 

Ihis is less than 0.15 therefore compression steel is not required. 
From the lever-arm curve of figure 7.5 la = 0.86, therefore 

lever arm z = lad = 0.86 x 490 = 421 mm 

and 

M 
A s = --- 145 X 106 

0.87[yz 0.87 x 425 X 421 

Provide two Y25 bars, area = 982 mm2 . For the steel provided 

and 

100A s 

bd 

100 x 982 

230 x 490 

0.87 > 0.15 

100A s < 4.0 
bh 

= 0.87 

therefore the steel percentage is within the limits specified by the code. 

7.2.2 Rectangu/ar Section with Compression Rein[orcement 

Compression steel is required whenever the concrete in compression is unable, by 
itself, to develop the necessary moment of resistance. Design charts such as the one 
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in figure 4.19 may be used to determine the steel areas but the simplified equations 
based on the equivalent rectangular stress block are quick to apply. 

The maximum moment of resistance that can be developed by the concrete 
occurs with the neutral axis at the maximum depth allowed by the code of practice. 
This limiting depth is given as 

x = (0.6 - ßred)d :l::' 0.5d (7.1 ) 

where ßred is the amount of moment reduction at the seetion considered. This 
reduction is due to the designer redistributing the moments from an elastic analysis 
of the structure, as described in seetions 3.4 and 4.7. 

With x less than d/2 the stress in the compression steel may be considerably less 
than the yield, therefore, the design procedure is somewhat different if ßred exceeds 
10 per cent. 

I' 
b 

d' 

T A' s 

d 

SC2ction 

'I i·?03'f 

~ 

Strains 

N<wtral 
axis 

1?41eu'l 

EquivalC2nt 
rC2C tangu lar 

strC2ss block 

Fjgure 7.7 Beam doubly reinforced to resist a sagging moment 

Moment Reduction ß red :l> 10 per cent and d'/d:l> 0.2 

If d' /d is not greater than 0.2, as is usually the case, the proportions of the strain 
diagram will ensure that the compression steel will have yielded. 

Compression reinforcement is required if 

M > 0.15fcubd2 

and the design equations as given in seetion 4.4.2 are 

(1) Area of compression steel 

, (M - 0.15fcubd2) 
A s = --------

O.72fy(d - d') 
(7.2) 
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(2) Area of tension steel 

(0.2feubd + O.72fyA's) 
As = --------"--

0.87fy 

(7.3) 

If d' /d is greater than 0.2 the stress in the compression steel should be determined 
as outlined in steps 1 and 2 of the following procedure and this stress should be 
used in place ofO.72fy in equations 7.2 and 7.3. 

Moment Reduction ßred > 10 per cent 

The Iimiting depth of the neutral axis should be calculated from equation 7.1 and 
compression steel is required if 

M > O.4feubx(d - x/2) 

The design procedure is 

(7.4) 

(I) From the linear strain distribution calculate the strain in the compression 
steel as 

0.0035(x - d') 
Ese = ------ (7.5) 

x 
(2) Determine the stressfse in the compression steel from the stress-strain 

curve and the equations of section 4.1.2. 
(3) Calculate the area of compression steel from 

, M - O.4feubx(d - x/2) 
A s = ------'---=-'------'-----'-

fse(d - d') 

(4) Calculate the area of tension steel from 

O.4feu bx + fseA's 
As = -------

0.87fy 

(7.6) 

(7.7) 

Acheck should be made to ensure that the areas of the reinforcing bars provided 
lie within the limits specified by the code of practice; this is 

and 

(i) maximum area 

100A s < 4.0 
bh 

100A's ---< 4.0 
bh 

(ii) minimum area 

100A s > 0.15 for high yield steel 
bd 

100As > 0.25 for mild steel 
bd 
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Links should be provided to give lateral restraint to the outer layer of compression 
steel, according to the following rules. 

(1) The links should pass round the corner bars and each alternate bar. 
(2) The link size should be at least one-quarter the size of the largest com

pression bar. 
(3) The spacing of the links should not be greater than twelve times the size 

of the smallest compression bar. 
(4) No compression bar should be more than 150 mm from a restrained bar. 

Example 7_ 3 Design of Tension and Compression Reinforcement, ßred ..;;; 10 per cent 

The beam section shown in figure 7.8 has characteristic material strengths of fcu = 
25 N/mm2 andfy = 410 N/mm2 . The ultimate moment is 145 kN m, causing 
hogging of the beaffi. 

145 X 106 

230 X 3302 x 25 

0.23 > 0.15 

so that compression steel is required. 
b = 230 

I" "I 

Figure 7.8 Beam doubly reinforced to resist a hogging moment 

From equation 7.2 

Compression steel A's 

And from equation 7.3 

tension steel A s 

(M - 0.15fcubd2) 

O.72fy (d - d') 

(145 x 106 - 0.15 x 25 x 230 X 3302 ) 

0.72 X 410 (330 - 50) 

(0.2fcubd + O.72fyA's) 

0.87fy 

(0.2 X 25 X 230 X 330 + 0.72 X 410 X 618) 

0.87 X 410 
= 1576 mm2 
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Provide two Y20 bars for A's, area = 628 mm 2 and two Y32 bars for A s, area = 
1610 mm2 . 

100A's 100 x 628 
--- = 0.83 

bd 230 x 330 

100As 100 x 1610 
--- = 2.12 per cent 

bd 230 x 330 

therefore the bar areas are within the limits specified by the code. 
The minimum link size = 20/4 = 5 mm, say 8 mm links, and the maximum link 

spacing = 12 x 20 = 240 mm, centres. The link size and spacing may be governed 
by the shear calculations. Figure 7.8 shows the arrangement of the reinforcement 
to resist a hogging moment. 

Example 7.4 Design 01 Tension and Compression Reinlorcement, ßred = 0.3 per cent 

The beam section shown in figure 7.9 has characteristic material strengths of leu = 
25 N/mm2 and/y = 410 N/mm2 . The ultima te moment is 320 kN m, causing 
hogging of the beam. 

d=540 
n.o 

':;2)' 

Sezction 

H 
0·0035 

Stroms 

Figure 7.9 Beam doubly reinforced to resist a hogging moment 

As the moment reduction ßred = 0.3 per cent, the limiting depth of the neutral 
axis is 

x = (0.6 ßred)d 

(0.6 0.3)540 = 162 mm 

Thus the maximum moment of resistance of the concrete is 

O.4/eubx(d - x/2) 

so that compression steel is required. 

0.4 x 25 x 300 x 162 (540 - 162/2) 

223 x 106 Nm< 320 kN m 
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0.0035(x - d ' ) 
Steel compressive strain esc = -----

x 
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0.0035(162 100) ------- = 0.00134 
162 

(2) From the relevant equation of section 4.1.2 

Steel compressive stress 200000esc 

200000 x 0.00134 

268 N/mm2 

and the compression steel in this ca se will not have yielded since 268 < 0.72 x 410. 
(3) 

(4) 

Compression steel A's 
M - O.4fcubx(d - x/2) 

fsc(d - d ' ) 

( 162) 320 x 106 - 0.4 x 25 x 300 '( 162 540 - 2 

Tension steel A s 

268 (540 - 100) 

O.4fcu bx + fseA's 

0.87fy 

0.4 x 25 x 300 x 162 + 268 x 822 

0.87 x 410 

1980 mm2 

Provide two Y25 bars for A's, area = 982 mm2 and two Y32 plus one Y25 bars for 
As , area = 2101 mm2 . 

These areas lie within the maximum and minimum limits specified by the code. 
To restrain the compression steel, at least 8 mm links at 300 mm centres should be 
provided. 

Z2.3 T-beams 

Figure 7.10 shows sections through a T -be am and an L- beam which may form part 
of a concrete beam and slab floor. When the beams are resisting sagging moments, 
part of the slab acts as a compression flange and the members may be designed as 
T - or L- beams. With hogging moments the si ab will be in tension and assumed to 
be cracked, therefore the beam must then be designed as a rectangular section of 
width bw and over-all depth h. 
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I-

l 

bw 
I' 'I 

Figure 7.10 T·beam and L·beam 

When the slab does act as the flange its effective width is defined by empirical 
rules which are specified in CP 110 as folIows. 

(1) T -section - the lesser of the actual flange width, or the width of the web 
plus one-fifth of the distance between zero moments. 

(2) L-section - the lesser of the actual flan ge width or the width of the web 
plus one- tenth of the distance between zero moments. As a simple rule, 
the distance between the points of zero moment may be taken as 0.7 
times the effective span for a continuous beam. 

Since the slab acts as a large compression area, the neu tral axis for the T - or 
L-section usually falls within the slab thickness. FOr this position of the neutral 
axis, the section may be designed as an equivalent rectangular section of breadth bf. 

Transverse reinforcement should be placed across the top of the flan ge to prevent 
cracking. The area of this reinforcement should not be less than 0.3 per cent of the 
longitudinal cross-section of the flange. 

Design Procedure 

(1) Calculate M/b f d 2 feu and determine la from the lever-arm curve for the 
rectangular parabolic stress block of figure 7.5 

Lever arm z = la d 

(2) If d - z/0.45 < h f the neutral axis falls within the flange depth, and the 
design may proceed as for a rectangular section, breadth bf. 

(3) Provide transverse steel in the top of the flange 

Area = 0.3hf x 1000/1 00 = 3hf mm2 per metre length of the beam 

On the very few occasions that the neutral axis does fall below the flange, 
reference should be made to the methods described in section 4.5 for a full analysis. 

Example 7.5 Design of Reinforcement fora T-section 

The beam section shown in figure 7.11 has characteristic material strengths of 
feu = 25 N/mm2 andfy = 425 N/mm2 • The design moment at the ultimate limit 
sta te is 160 kN m, causing sagging. 
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M 

600 
"I 

R10at 150 

A s 2-Y25 

I. 250 "I 

Figure 7.11 

160 X 106 
------ = 0.038 
600 x 5302 X 25 

From the lever-arm curve, figure 7.5, la = 0.95, therefore 
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lever arm Z = lad = 0.95 X 530 = 503 mm 

depth ofneutral axisx = (d - z)/0.45 = (530 - 503)/0.45 

= 60mm < 150mm 

Thus the neutral axis lies within the flange 

160 X 106 
As = 

M 

0.87[yz 

861 mm2 

Provide two Y25 bars, area = 982 mm2 • For these bars 

0.87 x 425 x 503 

100As 100 x 982 
--- ---- = 0.77 per cent 
bwd 250 x 510 

Thus the steel percentage is greater than the minimum specified by the code. 

Transverse steel in the flange 3hf = 3 x 150 

450mm2 /m 

Provide RIO bars at 150 mm centres = 523 mm2 Im. 

7. 2.4 Local Bond 

Once the longitudinal reinforcement has been designed it is necessary to calculate 
the bond stresses at the critical seetions listed in seetion 5.2.1. In most cases these 
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seetions are at simple supports or at points of contraflexure. The equation of the 
bond stress, [bs is 

v 
"iusd 

where V is the shear due to the ultimate loads at the seetion and "ius is the sum 01' 
the effective perimeters of the group of bars at the section. This stress should not 
exceed the ultimate local bond stress from table 7.3. 

Table 7.3 Ultimate local bond stresses in beams (N/mm2 ) 

Bar type 

20 

Plain bars 1.7 
Deformed bars 2.1 

Concrete grade 

25 

2.0 
2.5 

30 

2.2 
2.8 

40 
or more 

2.7 
3.4 

For hot·rolled deformed bars meeting the specification of 
CP 110 these values may be increased by 20% 

When bars are grouped together the concrete is unlikely to be in contact with 
the full perimeter of each bar and, therefore, areduction factor must be applied 
when cakulating "ius. Recommended factors are 

0.8 for two bars 
0.6 for three bars 
0.4 for fOUf bars 

If the calculated bond stress, [bs exceeds the ultimate value then either the 
be am size must be increased, preferably by increasing the effective depth d, or bars 
with a larger total perimeter must be used. When selecting the sizes of the longi
tudinal bars it is often better to have a number of smaller bars with a greater total 
perimeter than say one or two large-diameter bars. Thus compare fOUf 16 mm bars 
with one 32 mm bar 

fOUf 16 mm bars, area 
one 32 mm bar, area 

Z 2. 5 Anchorage Bond 

804 mm2 , perimeter 
804 mm2 , perimeter 

201 mm 
100mm 

From seetion 5.2.2 the anchorage bond stress, [ba for a reinforcing bar is given by 
the following equation: 

[ba = ~ t1J 
4L 
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where fs the direct tensile or compressive stress in the bar 
L = the length of embedment beyond the section considered 
t1J = the bar size. 
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This stress should not exceed the ultimate anchorage bond stress as given in 
table 7.4, otherwise the reinforcing bar may not remain anchored within the con
crete. The required anchorage length should be measured from the point at which 
the bar is assumed to be stressed. 

Table 7.4 Ultima te anchorage bond stresses (N/mm2 ) 

Concrete grade 

Bar type 

20 25 30 40 or more 

Plain bar in tension 1.2 1.4 1.5 1.9 
Plain bar in compression 1.5 1.7 1.9 2.3 
Deformed bar in tension 1.7 1.9 2.2 2.6 
Deformed bar in compression 2.1 2.4 2.7 3.2 

For hct·rolled deformed bars meeting the specification of ep 110 these values may be 
increased by 30% 

The Appendix Iists the anchorage lengths appropriate to the ultimate tensile 
stress, 0.87 f y and compressive stress, 0.72fy for various grades of concrete and 
steel. The effective anchorage lengths for hooks and bends in reinforcing bars are 
detailed in figure 5.8. 

The anchorage of a bar is more effective in a compression zone of a member 
than in a tension zone and this should be considered when detailing the rein force
ment. Anchorage requirements are also important when detailing the curtailment 
of bars as described in the following section. 

7. 2. 6 Curtailment of Bars 

As the magnitude of the bending moment on a beam decreases along its length, so 
may the area of bending reinforcement be reduced by curtailing bars as they are no 
longer required. Figure 7.12 iIIustrates the curtailment of bars in the span and at an 
internal support of a continuous beam. The bending-moment envelope diagram is 
divided into sections according to the moment of resistance of each bar in the 
beam. The moment of resistance Mn provided by each bar is given by 

Mn = (0.87fy)A nzn for a tension bar 

where An and Zn are the area and lever arm for each bar. 
Each curtailed bar should ex tend beyend the point at which it is no longer 

needed so that it is weil anchored into the concrete. The rules for curtailing such 
bars, other than at an end support, are as folIows. 

(1) The curtailment anchorage should not be less than twelve times the bar 
size or the effective depth of the beam, whichever is the greater. 
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I <f: tull 
anchoragC2 

lC2ngth 

Curtai I mC2nt 

anChOragC2~ 

4----~--~~--~ 

BC2am 
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2,3 ~::=========================:;;t~::::::r 
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\ bmd. 
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1 
I-----i 

CurtallmC2nt 
anchoragC2 

Figure 7.12 Curtailment of reinforcement 

(2) A bar should not be stopped in a tension zone unless 
(i) the shear capacity is twice the actual shear presen t 

(ii) the continuing bars have twice the area required to resist the moment 
at that seetion, or 

(iii) the curtailment anchorage is increased to a fuH anchorage bond 
length based on a stress of 0.87/y. 

Thus in figure 7.12, bar 4 is curtailed in a compression zone and the curtailment 
anchorage would be the greater of twelve bar diameters or the effective depth. Bars 

CurtailmC2nt Q7" 2 ----r---,-------------,--- 2 

2 I Bezam 2 , 
Figure 7.13 Staggering the curtailment of bars 
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d 
2 +12 ~ 

(2 ) 

bs 
Gr<zot<2r of '3 

or 30mm 

, 
if 'bs < 2 ultimot<z 

Figure 7.14 Alternative anchorage lengths at a simple support 
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1 and 5, though, are curtailed in a tension zone and a full anchorage bond length 
would be required, unless the conditions of rules 2(i) or 2(ii) apply, in which case 
the curtailment anchorage would be twelve bar diameters or the effective depth. 

100 °10 

0'08L 

L 

Simply Support<Zd 

I 20°10 

l500/0 100°/0 

IJ 
-t 0.1 L - L 

Cont Inuous B<Zom 

008L 

500t 
I ) 

C - 0·25 L -
C~45~ 

C =0·15L 

I 

60°10 ' 100°10 

30°10 

I 

0·15L 

.. 

Figure 7.15 Simplifjed rules tor curtailment ot bars in beams 

--
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It is most important that all bars should have at least a full anchorage bond 
length beyond the section of maximum moment. This is relevant to bars such as 
no. 7 in figure 7.12 and also to bars in a cantilever or at an end support framing 
into a column. The anchorage length should be based on the design stress of a bar 
as described in sections 5.2.2 and 7.2.5. 

The curtailment of bars should be staggered wherever possible in order to avoid 
sudden changes in cross-section with resulting stress concentrations and possible 
cracking. This curtailment can often be achieved whilst using bars of equallength, 
as illustrated in figure 7.13. 

At a simply supported end of a member, the reinforcing bars should ex tend over 
the supports so that the beam is sure to be reinforced in this region of high shears 
and bearing stresses. Therefore, each tension bar should be anchored according to 
one of the three rules shown diagrammatically in figure 7.14. No bend or hook 
should begin before the centre of the support for rule 1 nor before d/2 from the 
face of the support for rule 2. 

Where the loads on a.beam are substanttally uniformly distributed, simplified 
rules for curtailment may be used. These rules only apply to continuous beams if 
the characteristic imposed load does not exceed the characteristic dead load and 
the spans are equaL Figure 7.15 shows the rules in a diagrammatic form. 

7. 2 7 Span - Effective Depth Ratios 

The deflection of a beam is unlikely to be excessive if its span -effective depth ratios 
are less than the values specified by ep 110. These ratios are given in the form of 
basic values which have to be modified by factors taken from tables 7.5 and 7.6, 
which are similar to the tables in the code. The basic values for a rectangular 
section with spans less than 10m are 

cantilever 7 
simply supported 20 
continuous 26 

A set of basic values for spans greater than 10m is also given in the code. 
The modifying factors in table 7.5 are based on the fact that a loaded beam will 

deflect less if the induced tensile forces are smalL This occurs when a beam is lightly 
loaded and is designed with a small area of tensile reinforcement. The service stress 

Table 7.5 Modification factors for tension reinforcement 

100As/bd 

Service stress 
(fs) (N/mm2 ) 0.25 0.50 0.75 1.00 1.50 2.00 2.50 ;;;;. 3.00 

145 (fy = 250) 2.0 1.98 1.62 1.44 1.24 1.13 1.06 1.01 
238 (fy = 410) 1.60 1.23 1.09 1.00 0.90 0.84 0.80 0.77 
246 (fy = 425) 1.55 1.20 1.06 0.98 0.88 0.83 0.79 0.76 
267 (fy = 460) 1.41 1.11 0.99 0.92 0.84 0.78 0.75 0.72 
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fs in the reinforcement is generally a function of the yield stress fy as indicated in 
the table. The factors in table 7.6 reflect the stiffening effect of compressive rein
forcement, and its ability to resist the creep of the concrete. The reinforcement 
areas A s and A 's are measured at the centre of span, or at the support for a canti
lever. 

Table 7.6 Modification factors 
for compression reinforcement 

100A's/bd Factor 

0.25 1.07 
0.50 1.I4 
0.75 1.20 
1.0 1.25 
1.5 1-33 
2.0 1.40 

~3.0 1.50 

The basic ratios can also be used with a flanged section which should be treated 
as an equivalent rectangular section with its width equal to the effective flange 
width bf. Therefore, in obtaining the modification factor from table 7.5 the 
reinforcement percentage is calculated as 100As/bfd. The concrete in the tension 
zone, which is assumed to be cracked, does provide some stiffening effect to the 
beam, but with a flanged section this area is less, therefore a further modification 
factor must be obtained from figure 7.16. 

If the modified span - effective depth limits are sa tisfied the deflection will 
probably be less than 1/250 of the span. When a more precise estimate of the 
maximum deflection is needed, reference should be made to the methods of 
chapter 6. The derivation of the span - effective depth ratios is described in section 
6.1.4. 
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Figure 7.16 Span - effective depth modification factor for a f1anged beam 
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7. 2 8 Bending- reinforcement Example 

The following example describes the calculations for designing the bending rein
forcement for a simply supported beam. It brings together many of the items from 
the previous sections. The shear reinforcement for this beam is designed later in 
example 7.7. 

Example 7. 6 Design of a Beam - Bending Reinforcement 

The beam shown in figure 7.17 supports the following uniformly distributed loads 

dead load gk = 33 kN/m, inc\uding self-weight 
imposed load qk = 12 kN/m 

The characteristic material strengths are feu = 25 N/mm2 andfy = 425 N/mm2 • 

Effective depth, d = 550 mm and breadth, b = 300 mm. 

480 

4Y25 

6·0m 

Figure 7.17 One·span beam·bending reinforcement 

(a) Analysis 

Total ultimate load F (1.4gk + 1.6qk) x span 

(1.4 x 33 + 1.6 x 12)6.0 = 392kN 

therefore 

maximum design moment M 
FL 392 x 6.0 

294 kN m 
8 8 

(b) Bending Reinforcement 

M 294 X 106 
= 0.13 

300 X 5502 x 25 

From the lever-arm curve, figure 7.5, la = 0.82. Therefore 

effective depth z = lad = 0.82 x 550 = 451 mm 

M 
A s = --- = 1765 mm2 

0.87fyz 0.87 x 425 x 451 
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Provide four Y25 bars, area = 1960 mm2 • 

(c) Local Bond 

Perimeter U s of a 25 mm bar = 78.5 mm. At the support, shear V = F/2 = 196 kN. 

V 196 X 103 
Local bond stressfbs = -- = = 2.27 N/mm2 

-r.usd 2 x 78.5 x 550 

From table 7.3, ultimate local bond stress = 2.5 N/mm2 > 2.27. 

(d) Curtailment at Support 

A 90° bend with radius 3<P beyond the support centre-line will provide an equi
valen t anchorage, length = 12<P which meets the requiremen ts of th(, code. 

(e) Span - Effective Depth Ratio 

Basic ratio = 20. From table 7.5, modification factor = 0.94 by interpolation. 
Therefore 

. span 
maxImum -- 20 x 0.94 = 18.8 

7.3 Design for Shear 

d 

span 
actual--

d 

6000 

550 
10.9 

The distribution of shear along a beam is given by the shear-force envelope diagram. 
If V is the shear force at a section, then the shear stress v is given by 

v = V/bd 

The shear stress must never exceed the maximum allowable value listed in table 7.2 
and when v is greater than Vc from table 7.7, shear reinforcement is necessary. This 
will take the form of 'stirrups' - usually vertical- or a combination of stirrups and 
bent-up bars. 

Table 7.7 Ultimate shear stress in beams (N/mm2 ) 

Concrete grade 

100As/bd 
20 25 30 40 or more 

0.25 0.35 0.35 0.35 0.35 
0.50 0.45 0.50 0.55 0.55 
1.00 0.60 0.65 0.70 0.75 
2.00 0.80 0.85 0.90 0.95 
3.00 0.85 0.90 0.95 1.00 

A s = Area of tension steel must continue d beyond section, except when 
anchored at supports. 
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7.3.1 Vertical Stirrups 

The usual form of stirrup is a closed link. This helps to make a rigid cage of the 
beam reinforcement and is essential if there is any compression steel present. An 
alterna tive is the open link as shown in figure 7.18; this may have a closing piece if 
lateral support is required, and offers advantages for in situ steel fixing. 

Figure 7.18 Open and multiple links 

All of the tension reinforcement must be enclosed by links, and if compression 
steel is not present, hanger bars are required to anchor the links in the compression 
zone (see figure 7.19). The minimum spacing of links is determined by the require· 
ments of placing and compacting the concrete, and should not normally be less than 
about 80 mm. Maximum spacing of links longitudinally and of individuallegs 
laterally should not exceed 0.75d. Because of these requirements (or if there are 
large shears), it may often be convenient to provide multiple links as illustrated in 
figure 7. 18. 

The choice of steel type is often governed by the fact that mild steel may be 
be nt to a smaller radius than high -yield steel. This is particularly important in 
narrow members to allow correct positioning of tension reinforcement as shown in 
figure 7.19. 

The advantages of mild steellinks are further increased by the need to provide 
anchorage for the verticalleg of a stirrup within the compression zone. Although 
high-yield reinforcement has better bond characteristics, anchorage lengths are 
greater than for mild steel bars of comparable size if the steel is to act at its full 
design stress. This factor is of particular importance if 'open' links are to be used. 

Mild St<2<21 High Yi<21d St<2<21 

Figure 7.19 Bending of links 



DESIGN OF REINFORCED CONCRETE BEAMS 

The size and spacing of the stirrups, according to the equations derived in 
section 5.1.1 should be such that 

A sv ;;;. b(v - vc) 

Sy 0.87fyy 

where A sv cross-sectional area of the legs of a stirrup 
Sy spacing of the stirrups 
b breadth of the beam 
v = V/bd 

Vc = the ultimate shear stress from table 7.7 
fyv = characteristic strength of the link reinforcement. 
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Values of Asv/sy for various stirrup sizes and spacings are tabulated in the Appendix. 
The calculation for Asv/sy is carried out for the maximum shear force, usually at a 
support. Since the shear force diminishes along the beam, similar calculations can 
be repeated so that a greater spacing or a smaller stirrup size may be used. 

If v is less than v c nominal links must still be provided unless the be am is a very 
minor one or v < vc/2. The nominal links should be provided such that 

Asv/sy = 0.0012bt for high-yield links 

or 

Asv/sy = 0.002bt for mild-steellinks 

where bt is the breadth of beam at the level of the tension reinforcement. 
Even when shear steel is required, there is a section at which the shear resistance 

of the concrete plus the nominal stirrups equals the shear force from the envelope 
diagram. At this section the stirrups necessary to resist shear can stop and be replaced 
by the nominal stirrups. The shear resistance Vn of the concrete plus the nominal 
stirrups is given by 

Once this value of Vn has been calculated it may be marked on the shear- force 
envelope to show the limits for the shear reinforcement, as shown in figure 7.20. 

Example Z 7 Design of Shear Reinforcement for a Beam 

Shear reinforcement is to be designed for the one- span beam of example 7.6, as 
shown in figures 7.17 and 7.20. The characteristic strength of the mild steellinks is 
fyv = 250 N/mm2 • 

(a) Nominal Links 

F or mild steellinks 

A sv 

Sy 
0.002bt 0.002 x 300 = 0.6 
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~mm 
SR COnCr~196kN 

~3~ 
1_ 163kN 

196 kN S F DIagram 

4-R10 4-R10 
at 170 R10 links at 250 at 170 300 

QO I" I "I EW: ~~ 
-.m 2 - R10 hangczr bars m 

1~· ______________ ~6L·0~m~ __________ ~ 

Figure 7.20 Non-continuous beam-shear reinforcement 

Provide RIO links at 250 mm centres 

A sv 

Sv 

(b) Shear Links 

2 X 78.5 

250 

At the supports shear 

F 392 
V 

2 2 

0.63 

196 kN 

Shear stress v 
V 196 X 103 

1.19 N/mm2 

bd 300 x 550 

From table 7.2 

maximum shear stress allowed == 3.75 N/mm2 

At the supports for the two 25 mm bars 

100A s 

bd 

100 x 982 

300 X 550 
0.59 

From table 7.7, Ve == 0.53 N/mm2 

b (v - ve) 300 (1.19 - 0.53) 

Sv 0.87 fyv 0.87 x 250 

Provide RIO links at 170 mm centres 

Sv 

2 X 78.5 

170 
0.92 

0.91 
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Near the support, the shear resistance of the nominal links + concrete is 

Vn = (~sv 0.87fyv + bVc) d 

(0.63 x 0.87 x 250 + 300 x 0.53)550 

163 kN 

177 

From the proportions of the shear-force diagram, shear reinforcement is required 
over a distance s given by 

s 
v - Vn 

F/L 

where F/L is equal to the load per unit length of the beam, therefore 

196 - 163 
s = = 0.51 m 

392/6.0 

Provide four RIO links at 170 mm centres at each end of the beam. 

7.3.2 Bent-up Bars 

In regions of high shear forces it may be found that the use of links to carry the 
full force will cause steel congestion and lead to constructional problems. In these 
situations, consideration should be given to 'bending up' main reinforcement which 
is no longer required to resist bending forces. Such reinforcement may carry up to 
50 per cent of the total shear force on a section when used in conjunction with 
vertical stirrups (which must not fall below the nominal requirements). 

From figure 5.3, the shear resistance Vb of a single 'system' of bars bent up at an 
angle of 45° and spaced 2(d - d') apart is 

Vb! = 0.87fy A sin 45° = 0.61fyA 

where A is the cross-sectional area of a bent-up bar. 

Table 7.8 Shear resistance in kN of bent-up bars, 'double system' 

250 
410 
425 
460 

12 

35 
57 

64 

16 

62 
101 

114 

Bar size (/J 

20 

96 
158 
164 

25 

151 
247 
257 

32 

247 
405 
420 

40 

387 
635 
658 
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For a 'double system' bent up at 45° and spaced (d - d') apart, the shear 
resistance is 

Vb2 = 2 x 0.87fy A sin 45° = 1.23fyA 

Bent-up bars must be fully anchored past the point at which they are acting as 
tension members, as indicated in figure 5.3. To guard against possible crushing of 
the concrete it mayaiso be necessary to check the bearing stress inside the bends 
of a bar. This stress is given by 

Bearing stress 

where Fbt is the tensile force in the bar, r is the internal radius of the bend, and tl> 
is the bar size. This stress should not exceed 

1.5fcu 

1 + 2tl>/ab 

where ab is the centre to centre distance between bars perpendicular to the plane 
of the bend, but for a bar adjacent to the face of a member 

ab = tl> + side cover 

Example 7.8 Bearing Stresses inside aBend 

Determine the inside radius required for the 25 mm bent-up bar shown in figure 
7.21, so that the ultimate bearing stress is not exceeded. The bar has a side cover 
of 50 mm. Assume the bar is at the ultimate tensile stress of 0.87 f y and the 
characteristic material strengths are f y = 425 N/mm2 and fcu = 30 N/mm 2 . 

ab = tl> + cover = 25 + 50 = 75 mm 

therefore 

1.5fcu 1.5 x 30 
27 N/mm2 

1 + 2<P/ab + 2 X 25/75 

Fbt 0.87 x 425 x A s 0.87 x 425 X 491 
--
rtl> r x 25 25r 

7262 

r 
thus 

7262 
';;;;27 

r 
or 

7262 
r:;;'-- 269 mm or 11 tl> 

27 
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25mm bar 

Figure 7.21 Radius of bend for abent· up bar 

7.4 Bar Spacing 

ümitations on bar spacing are governed in the case of minimum values by practical 
constructional considerations, and in the case of maximum values by the necessity 
to restrain cracking of the concrete. 

To permit the concrete to flow and be compacted around bars, the code suggests 
that the minimum gaps between bars should be as shown in table 7.9 and also that, 
between rows, gaps should be vertically in line. 

For beams not subject to particularly aggressive environments, the rules listed 
below relating to maximum bar spacing should be applied to all tension reinforce
ment. Bars with a diameter of less than 0.45 times the maximum bar size in the 
seetion must be ignored except in assessing (3) below. 

(1) Clear spacings between bars or groups near the tension face of a beam 
should not exceed the values given in table 7.10. 

Table 7.9 Minimum spacing of reinforcement 

Minimum gap size (mm) 

Horizontally Vertically 

(1) Individual bars hagg + 5 
2 
3 hagg 

(2) Pairs 
(a) vertical I hagg + 5 

2 
3 h agg 

(b) horizontal .... hagg + 5 hagg + 5 
(3) Bundles h agg +15 hagg + 15 

hagg = maximum size of coarse aggregate 

Table 7.10 Clear distance between bars (mm) 

% Redistribution to or from section considered 
[y 

(N/mm2 ) -30 -25 -20 -15 -10 0 +10 +15 +20 +25 +30 

250 215 230 245 260 275 300 300 300 300 300 300 
410 130 140 150 155 165 185 205 215 220 230 240 
425 125 135 145 155 160 180 200 210 215 225 235 
460 115 125 130 140 150 165 180 190 200 205 215 
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(2) The clear distance from a corner of a beam to the surface of the nearest 
longitudinal bar should not exceed half the value from table 7.10. 

(3) Where h > 750 mm, longitudinal bars are required near side faces at a 
spacing » 250 mm over a distance 2/3h from the tension face. These bars 
may be used in calculating moments of resistance, and must have a dia
meter> V(sbb/!y) where Sb is the spacing and b the breadth of section 
as illustrated in figure 7.22. 

30 

, 
Rl2quirl2d 
If h >750 

200 400 
bmm 

600 

Figure 7.22 Reinforcement for crack control in beams 

7.5 Continuous Beams 

Beams, slabs and columns of a cast in situ structure a1l act together to form a 
continuous load-bearing structure. The reinforcement in a continuous beam must 
be designed and detailed to maintain this continuity by connecting adjacent spans 
and tying together the beam and its supporting columns. There must also be trans
verse reinforcement to unite the slab and the beam. 

The bending-moment envelope is generally aseries of sagging moments in the 
spans and hogging moments at the supports as in figure 7.23, but occasionally the 
hogging moments may extend completely over the span. Where the sagging moments 
occur the beam and slab act together, and the beam can be designed as a T -section. 
At the supports, the beam must be designed as a rectangular section - this is be
cause the hogging moments cause tension in the slab. 

The moment of resistance of the concrete T -beam section is somewhat greater 
than that of the rectangular concrete section at the supports. Hence it is often 
advantageous to redistribute the support moments as described in chapter 3. By 
this means the design support moments can be reduced and the design span 
moments possibly increased. 

Design of the beam follows the procedures and rules set out in the previous 
sections. Other factors which have to be considered in the detailed design are as 
follows. 

(1) At an exterior column the beam reinforcing bars which resist the design 
moments must have an anchorage bond length within the column. 

(2) A minimum area of transverse reinforcement must be placed in the top 
of the slab, across the effective flan ge width as described in section 7.2.3. 
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(3) Reinforcement in the top of the slab must pass over the beam steel and 
still have the necessary cover. This must be considered when detailing the 
beam reinforcement and when deciding the effective depth of the beam 
at the support sections. 

(4) The coIumn and beam reinforcement must be carefully detailed so that 
the bars can pass through the junctions without interference. 

A 

B.M Envalopa 

16 

4·5m 

2Y20 

2Y25 
2Y20 

25-.....,..-----/ 

6·0m 

1Y20-1Y25 

B 

Figure 7.23 Arrangement 0/ bending rein/orcement 

2Y25 
1Y20 

c 

Figure 7.23 illustrates a typical arrangement of the bending reinforcement for a 
two-span continuous beam. The reinforcement has been arranged with reference to 
the bending-moment envelope and in accordance with the mIes for anchorage and 

Figure 7.24 Arrangement 0/ shear rein/orcement 



182 REINFORCED CONCRETE DESIGN 

curtailment described in sections 5.2.4 and 5.2.6. The bending-moment envelope 
has been divided into sectors equivalent to the moment of resistance of each rein
forcing bar. This establishes the cut-off points beyond which the bars must extend 
at least a curtailment anchorage length. lt should be noted that at the external 
columns the reinforcement has been bent down to give a fuH anchorage bond length. 

The shear-force envelope and the arrangement of the shear reinforcement for 
the same continuous beam is shown in figure 7.24. On the shear-force envelope the 
resistance of the concrete plus the nominal stirrups has been marked and this shows 
the lengths of the beam which need shear reinforcement. When designing the shear 
reinforcement, reference should be made to the arrangement of bending reinforce
ment to ensure that the longitudinal tension bars used to establish Vc extend at 
least an effective depth beyond the section being considered. 

Example 7.9 Design of a Continuous Beam 

The beam is 300 mm wide by 650 mm deep with three equal 5.0 m spans. In the 
transverse direction, the beams are at 4.0 m centres with a 180 mm thick slab, as 
shown in figure 7.26. 

The live load qk on the beam is 50 kN/m and the dead load gk, including self
weight, is 70 kN/m. 

Characteristic material strengths arefcu = 25 N/mm 2 ,fy = 410 N/mm 2 for the 
longitudinal steel andfyv = 250 N/min2 for the links. For a mild exposure the 
minimum concrete cover is to be 20 mm. 

o 
Momeznt M FL 

11 

FL 
9 FL 

14 

FL 
9 FL 

11 

o 

Shezor v O·45F O·6F O·55F O·55F O·6F O·45F 

t f f t 
14 L = 5·0m + L = 5·0m .1. L: 5·0m .1 

Figure 7.25 Continuous beam with ultimate bending· moment and shear- force coefficients 

F or each span 

ultima te load F = (1.4gk + 1.6qk)L 

(1.4 x 70 + 1.6 x 50)5.0 = 890 kN 

As the loading is uniformly distributed, qk :I> gk, and the spans are equal, the 
coefficients shown in figure 7.25 have been used to calculate the design moment 
and shears. 
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Bending 

(a) Mid-span of 1st and 3rd Spans - Design as a T -section 

FL 890 x 5 
MomentM = - = = 405 kN m 

11 11 

Effective width of flange = bw + 0.7L/5 

0.7 x 5000 
= 300 + = 1000 mm 

therefore 5 

405 X 106 
0.045 

1000 X 6002 x 25 

From the lever-arm curve, la = 0.94, therefore 

Z = 0.94 x 600 = 564 mm 

and 

x = (d - z)/0.45 = (600 - 564)/0.45 = 80 mm 

so that the neutral axis must lie within the 180 mm thick flange. Therefore 

M 
A s = ---

0.87fyz 

405 X 106 
------- = 2014 mm2 

0.87 x 410 x 564 

Provide two Y32 plus one Y25 bar, area = 2101 mm2 (bottom steel). 

(b) Interior Supports - Design as a Rectangular Section 

M = FL = 890 x 5 

9 9 
495 kN m, hogging 

300 X 5802 x 25 

Thus, compression steel is required. 

A's = M - 0.15fcubd2 

O.72fy(d - d') 

495 x 106 - 0.15 x 25 x 300 x 5802 

0.72 x 410(580 - 50) 

0.20 > 0.15 

This area of steel will be provided by extending the span reinforcement beyond the 
supports. 
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0.2fcubd + O.72fyA's 
A s = --~--------~--~ 

0.87/y 

0.2 x 25 x 300 x 580 + 0.72 x 410 x 745 

0.87 x 410 
3056 mm2 

Provide two Y32 plus three Y25 bars, area = 3080 mm2 (top steel). 

(c) Mid-span of 2nd Span - Design as a T -section 

FL 890 x 5 
M = - = = 318 kN m 

14 14 

Using the lever-arm curve, it is found that la = 0.95 

M 
A s = ---

0.87fyz 

318 x 106 
= 1564 mm2 

0.87 x 410(0.95 x 600) 

Provide one Y32 plus two Y25 bars, area = 1786 mm2 (bottom stee1). 
These three bars were chosen because they have a larger perimeter, and hence 

a lower local bond stress, than would be obtained with two Y32 bars. 

R 12 R 12 R 12 R 12 

ml' R100t 250 

·1 11M 
2-Y32 
1-Y25 2-Y25 

L = 50m .1 

~80 

3225 32 3225 32 

b~ = 30b 
5<2ct Ions mldspon n<2or th<2 int<2rlor support 

Figure 7.26 End-span reinforcement details 
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Shear 

(a) Nominal Links 

F or mild steellinks 

Asv > 0.002bt = 0.002 x 300 = 0.6 
Sv 

Provide RIO links at 250 mm centres 

A sv = 0.63 
Sv 

(b) End Supports 

100As 

bd 

therefore from table 7.7 

100 x 2101 

300 x 600 

Vc = 0.68 N/mm2 

Shear resistance of nominal links + concrete 

1.17 

Vn = ( ~: 0.87fyv + bVc) d 

185 

= (0.63 x 0.87 x 250 + 300 x 0.68) 600 = 204 kN 

Shear V= 0.45F = 0.45 x 890 = 401 kN 

V 401 X 103 
Shear stress v = - = ---- = 2.22 N/mm2 

bd 300 x 600 

A sv b(v - vc) 300(2.22 - 0.68) 
2.13 

Sv 0.87 fyv 0.87 x 250 

Provide R12links at 100 mm centres 

Asv - = 2.26 
Sv 

Shear reinforcement other than the nominal is required over a distance 

S = 
v - Vn 

F/L 

401 - 204 
= 1.11 m 

890/5 

Similar calculations would show that the spacing of the 12 mm links could be 
increased to 150 mm at a distance 0.6 m from the support. 
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(d) First and Third Spans, Interior Supports 

Shear V = 0.6F = 0.6 x 890 = 534 kN 

Shear stress v 
V 534 X 103 

= - = ---- = 3.07 N/mm2 

therefore from table 7.7 

100As 

bd 

bd 300 x 580 

100 x 3080 
= = 1.77 

300 x 580 

vc = 0.80 

Sv 

b(v - vc) 

0.87[yv 

300 (3.07 - 0.80) 

0.87 x 250 

Provide R12 links in pairs at 140 mm centres 

A sv 
3.23 

SV 

V-
S = 

F/L 

Vn 534 - 204 
= 1.86 m 

890/5 

3.13 

Again, similar calculations would show that single R12 links at 120 mm centres 
would be adequate 1.0 m from the support. 

(e) Second Span 

Shear V = 0.55F = 490 kN 

Calculations would show that R12links in pairs at 160 mm centres would be 
adequate. 

Local Bond 

From table 7.3 

(a) End Supports 

ultima te local bond stress = 2.5 + 20 per cent = 3.0 N/mm2 

Shear V = 401 kN 

LUS = 279.5 mm for one Y25 plus two Y32 bars. 

V 401 x 103 

Bond stress [bs =-- =-----
Lusd 279.5 x 600 

= 2.39 N/mm2 < 3.0 N/mm2 
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(b) Point of Contraflexure, First and Third Spans 

With equal spans and a u.d.l. the point of contraflexure may be taken as 0.2L from 
the interior support of an end span. Therefore 

Thus 

F 
shear V = 534 - 0.2L x - = 534 - 0.2 x 890 = 356 kN 

356 X 103 

279.5 x 600 

L 

2.12 N/mm2 

(c) Point of Contraflexure, Second Span 

The point of contraflexure may be taken 0.15L from the support. Therefore 

shear V = 490 - 0.15F = 490 - 0.15 x 890 = 357 kN 

LUS = 257.5 mm, for one Y32 plus two Y25 bars, therefore 

357 x 103 

fbs = 2.31 N/mm2 
257.5 x 600 

The reinforcement for the beam may be detailed according to the simplified rules 
for the curtailment of bars in continuous beams, but bearing in mind that com
pression steel must be provided at the two interior supports. 

7.6 Canti lever Beams 

The moments, shears and deflections for a cantilever beam are substantially greater 
than those for an equivalently loaded span that is supported at both its end. Also 

L 

100·1. 50·/~ 

Bars in compr<Zssion 
zon<2 r<2sist cr<2<2p 

(a) Curtail m<2nt of Bars 

Main 
r<2inforc<2m<2nt 

Horizontal ti<2s 

(b) Short Cantil<2v<2r 
B<2am 

Figure 7.27 Cantilever reinforcement details 
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the moments in a cantilever can never be redistributed to other parts of the struc
ture - the beam must always be capable of resisting the fuH static moment. Because 
of these factors and the problems that often occur with increased deflections due to 
creep, the design and detailing of a cantilever beam should be done with care. 

When the loads are uniformly distributed the reinforcement may be arranged as 
shown in figure 7.27. The provision of additional steel in the compressive zone of 
the beam can help to restrain the increased deflections caused by creep. Horizontal 
links should be provided as in figure 7.27b when the cantilever has a short span or 
when there is concentrated load near to the support. These horizontal links should 
have a fuH anchorage length within the support. 

7.7 Design for Torsion 

The method for designing a beam to resist torsion is now fuHy described in the 
Code of Practice. I t consists of calculations to determine an additional area of 
longitudinal and link reinforcement required to resist the torsional shear forces. 
The procedure for a rectangular seetion is as foHows. 

(l) Determine A s and A sv to resist the bending moments and shear forces 
by the usual procedures. 

(2) Calculate the torsional shear stress 

2T 
Vt = 

h2 min (h max - h min/3) 

where T = torsional moment due to the ultimate loads 
h min = the smaller dimension of the beam seetioD 
hmax = the larger dimension of the beam section 

(3) If Vt > Vt min in table 7.11, then torsional reinforcement is required. 
(4) v + Vt must not be greater than Vtu in table 7.11 where v is the shear stress 

due to the shear force. Also for sections withYI < 550 mm 

...... VtUYI 
Vt ....... --

550 

where Y I is the larger dimension of a link. 

(5) Calculate the additional shear reinforcement required from 

A sv T 

Sv 0'&x IYI(0.87!yv) 

where x I is the smaHer dimension of the link. This value of A svlsv is 
added to the value from step 1, and a suitable link size and spacing is 
chosen, but 

Sv < 200 mm or x I 

The links should be of the closed type shown in figure 7.28. 
(6) Calculate the additional area oflongitudinal steel 
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A& = :Vsv (t) (Xl + Yd 

where Asv/sv is the value from step 5 and fyl is the characteristic strength 
of the longitudinal steel. A& should be distributed evenly around the 
inside perimeter of the links. At least four corner bars should be used 
and the clear distance between bars should not exceed 300 mm. 

Table 7.11 U1timate torsion 
shear stresses (N /mm 2 ) 

Concrete grade 

20 25 30 40 
or more 

:1: 1=240 I 
I" • 

8 
10 

R10 at 150 

Y12D 

Y20 

Vt min 0.30 0.33 0.37 0.42 
Vtu 3.35 3.75 4.10 4.75 

I· 300 

Figure 7.28 

Example 7.10 Design of Torsional Reinforcement 

The rectangular section of figure 7.28 resists a bending moment of 150 kN m, a 
shear of 160 kN and a torsional moment of 10 kN m. The characteristic material 
strengths arefcu = 25 N/mm2 ,tYI = 410 N/mm2 andfyv = 250 N/mm2 . 

(1) Calculations for bending and shear would give 

A s = 1005 mm2 

and 

Asv 
0.86 

Sv 

(2) Torsional shear stress 

2T 

h\nin(hmax - hrnin/3) 

2 x 10 X 106 

3002 (500 - 300/3) 
0.56 N/mm2 

(3) 0.56 > 0.33 from table 7.11. Therefore torsional reinforcement is 
required. 
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(4) 

(5) 
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V 160 X 103 
1.19 N/mm2 V =-

bd 300 x 450 

therefore 

V + Vt = 1.19 + 0.56 = 1.75 N/mm2 

Vtu from table 7.11 = 3.75 N/mm2 , therefore 

VtUYl 

550 

3.75 x 440 
= 3.0 

550 

so that Vt < Vtuy.!550 as required. 

Additional A sv 

Sv 

T 

0.8Xl Yl (0.87[yv) 

10.0 x 106 

0.8 x 240 x 440 x 0.87 x 250 

0.55 
therefore 

A sv 
Total-

Sv 
= 0.86 + 0.55 1.41 

Provide Rl21inks at 150 mm centres 

A sv 
= 1.51 

The links are of the closed type with their ends fully anchored. 
(6) Additional longitudinal steel 

Asl = (A sv ) ([yv) (Xl + y.) 
Sv [yl 

250 
0.55 x - (240 + 440) = 228 mm2 

410 

therefore 

total steel area = 1005 + 228 = 1233 mm2 

Provide the longitudinal steel shown in figure 7.28. 
(7) The torsional reinforcement should extend at least hmax beyond where 

it is required to resist the torsion. 



8 
Design of Reinforced Concrete 
Slabs 

Reinforced concrete slabs are used as floors, roofs and walls of buildings and as the 
decks of bridges. The floor system of a structure can take many forms such as 
in situ solid slabs, ribbed slabs or precast units. Slabs may span in one direction or 
in two directions and they may be supported on monolithic concrete beams, steel 
beams, walls or directly by the structure' s columns. 

Continuous slabs spanning in one direction can be analysed in the same manner 
as a continuous beam. The moment coefficients of figure 3.10 may be used when 
the spans are approximately equal and the uniformly distributed imposed load does 
not exceed the dead load. The moments in slabs spanning in two directions can be 
determined using the coefficients tabulated in the code of practice. Slabs which are 
not rectangular in plan or which support an irregular loading arrangement may be 
analysed by techniques such as the yield line method or the Hilleborg strip method. 
(See Further Reading.) 

Concrete slabs behave primarily as flexural members and the design is similar to 
that for beams, although in general it is somewhat simpler because 

(1) the breadth of the slab is already fixed and a unit breadth of 1 m is used 
in the calculations 

(2) the shear stresses are usually low in a slab except when there are heavy 
concentrated loads, and 

(3) compression reinforcement is seldom required. 

8.1 Shear in Stabs 

Experimental work has indicated that, compared with beams, shallow slabs fail at 
slightly higher shear stresses. Therefore the ultimate shear stress for a slab is taken 
as ~svc, where Vc is the ultimate shear stress for beams given in table 7.7 and ~s is a 
factor listed in table 8.1. 
The shear stress at a section in asolid slab is given by 

v = 
V 

bd 

191 
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Table 8.1 Values of~s 

Over-all slab depth 
(mm) ~s 

250 or more 1.00 
225 1.05 
200 1.10 
175 1.15 
150 or less 1.20 

where V is the shear force due to the ultimate load, d is the effective depth of the 
slab and b is the width of the section considered. Calculations are usually based on 
a strip of slab 1 m wide. The code requires that for asolid slab 

(1) v :l> ~svc for a slab thickness less than 200 mm 
(2) If v > ~svc shear reinforcement must be provided in slabs 200 mm or 

more thick 
(3) v must not exceed half the maximum shear stress given in table 7.2. 

Punching Shear 

A concentrated load (N) on a slab causes shearing stresses on a section around the 
load; this effect is referred to as punching shear. The critical section for shear is 
shown in figure 8.1 and the shearing stress is given by 

N N 
v = ---------------------

Perimeter of the section x d (2a + 2b + 37rh)d 

where a and bare the plan dimensions of the concentrated load. No shear rein
forcement is required if the punching shear stress, v < ~svc. The value of Vc in 
table 7.7 depends on the percentage of reinforcement 1 OOAs/bd which should be 
calculated as an average of the area of tensile reinforcement in the two directions 
and should include all the reinforcement under the load plus a strip of width 3h on 
each side. 

Example 8.1 Punching Shear 

A slab 175 mm thick, d = 145 mm, is constructed with grade 25 concrete and is 
reinforced with 12 mm bars at 150 mm centres one way and 10 mm bars at 
200 mm centres in the other direction. Determine the maximum load that can be 
carried on an area, 300 x 400 mm, without exceeding the ultimate shear stress. 

For 12 mm bars at 150 mm centres 

100As 

bd 

100 x 754 

1000 x 145 
0.52 
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Figure 8.1 Punching shear 

and for 10 mm bars at 200 mm centres 

100As 

bd 

100As 
Average --

bd 

100 x 393 

1000 x 145 

0.395 

0.27 

From table 7.7, Vc = 0.44 N/mm2 and from table 8.1 ~s = 1.15. 

Punching shear perimeter (2a + 2b + 3rrh) 

193 

600 + 800 + 3rr x 175 = 3049 mm 

Maximum load 

8.2 Span - Effective Depth Ratios 

~SVc x perimeter x d 

1.15 x 0.44 x 3049 x 145 

223 x 103 N 

Excessive deflections of slabs will cause damage to the ceiling, floor finishes and 
other architectural details. To avoid this, limits are set on the span - depth ra ti os. 
These limits are exactly the same as those for beams as described in section 7.2.7. 
As a slab is usually asiender member the restrictions on the span - depth ratio 
become more important and this can often control the depth of si ab required. In 
terms of the span - effective depth ratio the depth of the slab is given by 

span 
minimum effective depth = -----'---------

basic ratio x modification factors 
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The modification factor is based on the area of tension sted when a slab is singly 
reinforced at mid-span but if a slab has both top and bottom steel at mid-span the 
modification factors for the areas of tension and compression steel, as given in 
tables 7.5 and 7.6, are used. For convenience the factors for tension steel have been 
plotted in the form of a graph in figure 8.2. 

It can be seen from the figure that a lower service stress gives a higher modifica
tion factor and hence a smaller depth of slab would be required. The service stress 
may be reduced by providing an area of tension reinforcement greater than that 
required to resist the design moment, or alternatively mild steel reinforcement 
with its lower service stress may be used. 

2·0 

1·8 

'- 1·6 0 .... 
u 
0 - 1·4 
c: 
0 
.... 
0 1'2 u 

1J 
0 

1·0 L 

0'8 

0'6 
0·0 1·0 2·0 

Pezrcezntagez of teznsion stezezl = 
100A. 

bd 

3'0 

Figure 8.2 Modi[ication [actors tor span - e[[ective depth ratio 

The span - depth ratios may be checked using the service stress appropriate to 
the characteristic stress of the reinforcement, as given in table 7.5. Thus a service 
stress of 246 N/mm2 would be used when fy is 425 N/mm2 . However, if a more 
accurate assessment of the limiting span-depth ratio is required the service stress 
fs can be calculated from 

where As req 

As prov 

Mact 
Mprov 

fs = O.58fy As req x Mact 

As prov M prov 

the area of reinforcement required at mid-span 
the area of reinforcement provided at mid -span 
the actual moment at mid-span before any redistribution 
the resistance moment provided at mid-span 
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The factor ofO.58 is obtained from 

serviceability state loading 

ultima te state loading x 'Ym 

1.0 
:=:::----

1.5 x 1.15 
0.58 
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The second part of example 8.2 illustrates the calculations to determine the service 
stress, and how the provision of extra reinforcement reduces the depth of slab 
required. 

8.3 Reinforcement Details 

To resist cracking of the concrete, codes of practice specify details such as the 
minimum area of reinforcement required in a section and limits to the maximum 
and minimum spacing of bars. Some of these rules are as folIows: 

(a) Minimum Areas of Reinforcement 

(i) Main reinforcement 

0.15bd 
minimum area = --- for high-yield steel 

100 

0.25bd 
for mild steel 

100 

(ii) Secondary or distribution steel 

0.12bh 
minimum area = for high -yield steel 

100 

0.15bh 
--- for mild steel 

100 

and the distance between the secondary bars should not exceed 5d. 

(b) Maximum Spacing of the Bars 

Let s be the maximum clear distance allowed between bars. 
(i) If h .;;;;; 200 mm or h .;;;;; 250 mm and fy .;;;;; 425 N/mm2 no check is required 

other than s :\> 3d. 
(ii) If 100A s/bh < 0.5 then s = 2 x spacing specified in table 7.10. 
(iii) If 0.5 < 100A s/bh < 1.0 then s = spacing from table 7.10, divided by 

100A s/bh. 

(c) Reinforcement in the Flange of aT - or L-beam 

When the slab forms the flange of aT - or L- beam the area of reinforcement in the 



196 REINFORCED CONCRETE DESIGN 

flange and at right angles to the beam should not be less than 0.3 per cent of the 
longitudinal cross- section of the flange. 

(d) Curtailment and Anchorage of Reinforcement 

The general rules for curtailment of bars in a flexural member were discussed in 
section 7.2.6. Simplified rules for curtailment in different types of slabs are 
iIIustrated in the subsequent sections of this chapter. At a simply supported end 
the bars should be anchored as specified in figure 7.14. 

8.4 Solid Slabs Spanning in One Direction 

The slabs are designed as if they consist of aseries of beams of 1 m breadth. The 
main steel is in the direction of the span and secondary or distribution steel is 
required in the transverse direction. The main steel should form the outer layer of 
reinforcement to give it the maximum lever arm. 

The calculations for bending reinforcement follow a similar procedure to that 
used in beam design. The lever-arm curve of figure 7.5 is used to determine the 
lever arm (z) and the area of tension reinforcement is then given by 

Mu 
A s = ---

50·/. 
I > 

0.87[yZ 

0·08L 

100·/. 

0·08L 

Simply Support(ld 

50"J. of midspan 
st(2(l1 

C1:45 , 

50·/. 
100·/. 

Continuous Slab 

c = 0·3L 

C=0·1 L 

Figure 8.3 Simpli[ied rules tor curtailment o{ bars in slab spanning in one direction 
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For solid slabs spanning one way the simplified mIes for curtailing bars as shown 
in figure 8.3 may be used, provided the loads are substantially uniformly distributed. 
With a continuous slab it is also necessary that the characteristic live load does not 
exceed the characteristic dead load and the spans are approximately equal. 

8.4.1 Single-span Solid Slob 

The effective span of the slab is taken as the lesser of: (a) the centre to centre 
distance of the bearings, or (b) the c1ear distance between supports plus the effective 
depth of the slab. Ihe basic span - effective depth ratio for this type of slab is 20: 1. 

Y10 - 325 

j " . ~ .. , no -150 

• j 
1
230

1 I 

I" 
4'5m .1 

Figure 8.4 

Examp/e 8.2 Design of a Simply Supported Slob 

Ihe slab shown in figure 8.4 is to be designed to carry a live load of 3.0 kN/m2 , 

plus floor finishes and ceiling loads of 1.0 kN/m2 . Ihe characteristic material 
strengths arefcu = 25 N/mm2 andfy = 460 N/mm2 , for bar sizes up to 16 mm. 
Basic span - effective depth ratio = 20 

span 
therefore minimum effective depth d = --------''--------

20 x modification factor m.f. 

4500 225 

20 x m.f. m.f. 

(1) Estimating the modification factor to be of the order of 1.3 for a lightly 
reinforced slab. Iry effective depth d = 170 mm. For a mild exposure 
the cover = 20 mm. Allowing, say, 10 mm as half the diameter of the 
reinforcing bar 

over-all depth of slab h = 170 + 20 + 10 = 200 mm 
self-weight of slab = 200 x 24 X lO-3 = 4.8 kN/m2 

total dead load = 1.0 + ~.8 = 5.8 kN/m2 

For alm width of slab 

ultimate load (1.4gk + 1.6qk) 4.5 

= (1.4 x 5.8 + 1.6 x 3.0) 4.5 58.1 kN 
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Bending 
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58.1 x 4.5/8 = 32.7 kN m 

32.7 X 106 
= 0.045 

1000 x 1702 X 25 

From the lever arm curve of figure 7.5, la = 0.94. Therefore 

lever arm z = lad = 0.94 X 170 = 160 mm 

Mu 
A s = ---

0.87fyz 

32.7 X 106 

0.87 X 460 X 160 

= 511 mm2 /m 

Provide YIO bars at 150 mm centres, A s ;::; 523 rnm2 /m. 

Span - Effective Depth Ratio 

100As 100 X 523 
-- ;::; ;::; 0.31 

bd 1000 X 170 

From table 7.5, for fs = 267 N/mm2 the span - effective depth modification 
factor = 1.34. Therefore 

span 
limiting -------'=---- 20 X 1.34 = 26.8 

effective depth 

4500 
actual 

span 
= -- = 26.5 

effective depth 

Thus d = 170 mm is adequate. 

Shear 

170 

58.1 
Shear V ;::; -- = 29.05 kN 

2 

V 29.05 X 103 
Shear stress, v = - ;::; = 0.17 N/mm2 

bd 1000 x 170 

From table 7.7, Vc = 0.39 N/mm2 and from table 8.1, ~s = 1.10. Therefore 

v < ~svc and no shear reinforcement is required 

LocalBond 

For 10 mm bars at 150 mm centres 

perimeter ~ Us 
1000 x 31.4 

ISO 
209 mm per metre width 
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V 29.05 x 103 
local bond stressfbs = --- = -----

Lusd 209 x 170 

= 0.82 N/mm2 

From table 7.3, ultima te local bond stress = 2.5 N/mm2 > 0.82 

End Anchorage (figure 7.14) 

therefore 

therefore 

fbs = 0.82 < 2.5/2 

anchorage length ~ 30 mm 

end bearing = 230 mm 

230 
anchorage length = -

3 

= 77mm 

beyond the centre !ine of the support. 

Distribution Steel 

end bearing 
or ----

3 

0.12bh 
Area of transverse high-yield reinforcement = ---

Provide Yl 0 at 325 mm centres. 

100 

0.12 x 1000 x 200 

100 

240mm2 /m 

199 

(2) The second part of this example illustrates how a smaller depth of slab is 
adequate provided it is reinforced so that there is a low service stress in the steel 
and therefore a high modification factor for the span - effective depth ratio. Try 
a thickness of slab, h = 170 mm and d = 140 mm. 

Bending 

Self-weight of slab 0.17 x 24 = 4.1 kN/m2 

total dead load 

ultimate load 

5.1 kN/m2 

(1.4gk + 1.6qk)4.5 

(1.4 x 5.1 + 1.6 x 3.0) 4.5 = 53.7 kN 

4.5 
53.7 x - = 30.2 kN m 

8 
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30.2 X 106 
= 0.062 

1000 X 1402 X 25 

From the lever-arm curve, figure 7.5, la = 0.925. Therefore 

Mu 30.2 x 106 
A s = ---

0. 87fyZ 0.87 x 460 x 0.925 x 140 

583 mm2 /m 

Provide Y12 at 150 mm centres, A s = 754 mm2 /m. 

Span - Effective Depth Ratio 

100A s 100 x 754 

bdfcu 1000 x 140 x 25 

Thus from figure 4.13,x/d= 0.22, so 

x = 0.22 x 140 = 31 mm 

Z = d - k 2 x 

(k2 from table 4.2) therefore 

Z = 140 - 0.455 x 31 

126mm 

Therefore moment of resistance provided is 

M prov 0.87fy Asz 

0.0215 

0.87 x 460 x 754 x 126 x 10-6 

Service stressfs is given by the equation ofsection 8.2 as 

fs = 0.58fy x A s req x Mact 

A s prov M prov 

38.0 kN m 

583 30.2 2 = 0.58 x 460 x - x -- = 164N/mm 
754 38.0 

From figure 8.2, for 1 OOAs/bd = 0.54, span - effective depth modification factor 
= 1.65. Therefore 

span 
limiting = 20 x 1.65 33 

effective depth 

actual 
span 

effective depth 

Therefore d = 140 mm is adequate. 

4500 
= -- = 32.1 

140 
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8.4.2 Continuous Solid Slab Spanning in One Direction 

For a continuous slab, bottom reinforcement is required within the span and top 
reinforcement over the supports. The effective span is the distance between the 
centre lines of supports and the basic span-effective depth ratio is 26 : 1. 

Example 8.3 Design 0/ a Continuous Solid Slob 

The four-span slab shown in figure 8.5 supports a live load of 3.0 kN/m 2 , plus 
floor finishes and a ceiling load of 1.0 kN/m2 • The characteristic material strengths 
are/cu = 25 N/mm2 and/y = 460 N/mm2 • 

.; ~1 ~, L., t-
I I I I I I I I 
I 

: I 
I I I I I 

I lEI I IE EI Span lEI Span Span lEI Span 101 1°1 10 
~I - I~I ........- I tjl - ....... Itj 
cOl IcOl IcOl Idli IcO 

I I I I I I i I 
I I I I I I I I 

~ H H H ~ 
Plan 

FL FL 
Momants 1"1 9 

4J 4J 
4·5m 4·5m .1. 4·5m .1. 4·5m 

Elavation 

Figure 8.5 Continuous stab 

Basic span - effective depth ratio = 26 

span 4500 
-- = -- = 173mm 

26 26 

Try effective depth d = 140 mm, and with a mild exposure over-all depth, h = 
170mm. 

self-weight of slab = 170 x 24 x 10-3 = 4.08 kN/m2 

total dead weight = 1.0 + 4.08 5.08 kN/m2 

ultimate load per span F (1.4gk + 1.6qk)4.5 

= (1.4 x 5.08 + 1.6 x 3.0)4.5 

= 53.6 kN per metre width 
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lJending 

Since the spans are equal and qk ::I> gk the moment coefficients shown in figure 8.5 
may be used. Thus for the first span 

FL 
=- = 

53.6 x 4.5 

11 
21.9 kN m 

11 

21.9 X 106 
= 0.045 

1000 X 1402 x 25 

From the lever-arm curve, figure 7.5, la = 0.94. Therefore 

lever arm z = lad = 0.94 x 140 = 132 mm 

Mu 21.9 X 106 

= 
0.87fyz 0.87 x 460 X 132 

415 mm2 per metre 

Provide Yl 0 at 180 mm centres, A s = 436 mm2 Im. 

Span - Effective Depth Ratio 

100A s 100 x 436 -- = = 0.31 
bd 1000 x 140 

Prom table 7.5, span - depth modification factor = 1.34. Therefore 

span 
limiting ---=--- = 26 x 1.34 = 34.8 

effective depth 

actual 
span 

effective depth 

Thus d = 140 mm is adequate. 

4500 
= -- = 32.1 

140 

Similar calculations for the supports and the interior span give the steel areas 
shown in figure 8.6 

Over the interior support beams 100A sibhf > 0.3 for the reinforcement 
provided and therefore extra steel is not required for the flange of the T -beam. 

Yl0 -180 Yl0-150 Yl0-350 YlO -170 

U?' '\0':' j :. GI t 
/ \\ ' 

Yl0 -180 Yl0-350 Yl0-240 Yl0-240 

Figure 8.6 
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At the end supports there is a monolithic connection between the slab and the 
beam, therefore top steel should be provided to resist any negative moment. The 
area of this steel should not be less than half the area of steel at mid-span. In fact 
to provide the 0.3 per cent of steel for the flange of the L- beam, YI 0 bars at 
180 mm centres have been specified. 

The layout of the reinforcement in figure 8.6 is according to the simplified rules 
for the curtailment of bars in slabs as illustrated in figure 8.3. 

0.12bh 
Transverse reinforcement = ---

100 

0.12 x 1000 x 170 = 204 mm2 /m 
100 

Provide YI 0 at 350 mm centres top and bottom, wherever there is main reinforce
ment. 

8.5 Solid Slabs Spanning in Two Directions 

When a slab is supported on all four of its sides it effectively spans in both direc
tions, and it is sometimes more economical to design the slab on this basis. The 
amount of bending in each direction will depend on the ratio of the two spans and 
the conditions of restraint at each support. 

If the slab is square and the restraints are similar along the four sides then the 
load will span equally in both directions. If the slab is rectangular then more than 
one-half of the load will be carried in the stiffer, shorter direction and less in the 
longer direction. If one span is much longer than the other, a large proportion of 
the load will be carried in the short direction and the slab mayas weil be designed 
as spanning in only one direction. 

U 1----.... 

E 
Cl 

~ 1---""""71' 

Bezam A 

Bezam B 

45° 

L----lo 

E 
D Cl 

----lS 

Figuce 8.7 Loads carried by supporting beams 

Moments in each direction of span are generally calculated using coefficients 
which are tabulated in the codes of practice. Areas of reinforcement to resist the 
moments are determined independently for each direction of span. The slab is 
reinforced with bars in both directions parallel to the spans with the steel for the 
shorter span placed furthest from the neutral axis to give it the greater effective 
depth. 
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The span - effective depth ratios are based on the shorter .span and the percentage 
of reinforcement in that direction. 

With a uniformly distributed load the loads on the supporting beams may be 
apportioned as shown in figure 8.7. 

8. 5.1 Simply Supported S/ab Spanning in Two Directions 

A slab simply supported on its four sides will deflect about both axes under load 
and the corners will tend to lift and curl up from the supports, causing torsional 
moments. When no provision has been made to prevent this lifting or to resist the 
torsion then the moment coefficients of table 8.2 may be used and the maximum 
moments are given by 

in direction of span Ix 
and 

Msy = Ot.synlx 2 in direction of span Iy 

where Msx and Msy are the moments at mid-span on strips of unit width with spans 
Ix and Iy respectively, and 

n = (1.4gk + 1.6qk), that is the total ultimate load per 
unit area 

ly the length of the longer side 

Ix the length of the shorter side 

and Ot.sx and Ot.sy are the moment coefficients from table 8.2. 

The area of reinforcement in directions Ix and ly respectively are 

A sx = 
Msx 

0.87fy d 
per metre width 

and 
Msy 

A sy = 
0.87fy d 

per metre width 

The slab should be reinforced uniformly across the fuH width, in each direction. 
The effective depth d used in calculating A sy should be less than that for A sx 

because of the different depths of the two layers of reinforcement. 
At least 50 per cent of the mid-span reinforcement should extend to the supports 

and the remaining 50 per cent should ex tend to within O.llx or O.lly of the appro
priate support. 

Table 8.2 Bending-moment coefficients for slabs spanning in two directions 
at right angles, simply supported on four sides 

Iy/lx 1.0 1.1 1.2 1.3 1.4 1.5 1. 75 2.0 2.5 3.0 

Ot.s x 0.062 0.074 0.084 0.093 0.099 0.104 0.113 0.118 0.122 0.124 
Ot.sy 0.062 0.061 0.059 0.055 0.051 0.046 0.037 0.029 0.020 0.014 
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Example 8.4 Design the Reinforcement for a Simply Supported Slob 220 mm 
thick and Spanning in Two Directions 

205 

The effective span in each direction is 4.5 m and 6.3 m and the slab supports a live 
load of 10 kN/m2 . The characteristic material strengths are feu = 25 N/mm2 and 
fy = 460 N/mm2 • 

ly/lx = 6.3/4.5 = 1.4 

From table 8.2, Qsx = 0.099 and asy = 0.051. 

Self-weight of slab = 220 x 24 x 10-3 

ultimate load n 1.4gk + 1.6qk 

= 1.4 x 5.3 + 1.6 x 10.0:= 23.4 kN/m2 

Bending - Short Span 

With mild exposure conditions take d = 190 mm. 

Msx Qsxn1x2 = 0.099 x 23.4 x 4.52 

46.9 kN m 

46.9 X 106 
= -------,------ = 0.052 

1000 x 1902 x· 25 

From the lever-arm curve, figure 7.5, la = 0.935. Therefore 

lever arm z = 0.935 x 190 = 177 mm 

and 

46.9 X 106 

0.87fyz 0.87 x 460 x 177 

= 662 mm2 /m 

Provide Y12 at 150 mm centres, As = 754 mm2 /m 

Span - Effective Depth Ratio 

100As 
= 

bd 

100 x 754 

1000 x 190 
= 0.40 

From table 7.5, for fs = 267 N/mm2 the span - effective depth modification factor 
= 1.23. 

. .. span 
limltlng --"----

effective depth 

actual 
span 

effective depth 

Thus d = 190 mm is adequate. 

20 x 1.23 = 24.6 

4500 
23.7 = -- = 

190 
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Bending - Long Span 

Msy l4,ynlx 2 = 0.051 x 23.4 x 4.5 2 

24.2 kN m 

Since the reinforcement for this span will have a reduced effective depth, take 
Z = 177 - 12 = 165 mm. Therefore 

0.87fyz 

24.2 X 106 

0.87 x 460 x 165 

= 367 mm2 /m 

Provide YI0 at 200 mm centres, A s = 393 mm2 . 

100A s 
-- -

bh 

100 x 393 

1000 x 220 
= 0.18 

which is greater than 0.15, the minimum for transverse steel. 
The arrangement of the reinforcement is shown in figure 8.8 

YlO - 200 

Y12-150 

4·5m 
'1 

Figure 8.8 Simply supported slab spanning in two directions 

& 5. 2 R estraineq S/ob Spanning in Two Directions 

When the slabs have fixity at the supports and reinforcement is added to resist 
torsion and to prevent the corners of the slab from lifting then the maximum 
moments per unit width are given by 

Msx = ßsx nix 2 in direction of span Ix 

and 

Msy = ßsynl/ in direction of span ly 

where ßsx and ßsy are the moment coefficients given in table 13 of CP 110 for the 
specified end conditions, and n = (1.4gk + 1.6qk), the total ultima te load per unit 
area. 

The slab is divided into middle and edge strips as shown in figure 8.9 and 
reinfarcement is required in the middle strips to resist Msx and Msy . The arrange
ment this reinfarcement should take is illustrated in figure 8.10. In the edge strips 
only nominal reinforcement is necessary, such that 1 OOAs/bd = 0.15 far high-yield 
steel or 0.25 for mild steel. 
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Figure 8.9 Division o[ slab into middle and edge strips 
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Figure 8.10 Restrained slab spanning in two directions - rein[orcementdetails 
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In addition, torsion reinforcement is provided at discontinuous corners and it 
should 

(1) consist of top and bottom mats, each having bars in both directions of 
span 

(2) extend from the edges a minimum distance [x/S 
(3) at a corner where the si ab is discontinuous in both directions have an 

area of steel in each of the four layers equal to three-quarters of the area 
required for the maximum mid-span moment. 

(4) at a corner where the slab is discontinuous in one direction only, have an 
area of torsion reinforcement only half of that specified in rule 3. 

Torsion reinforcement is not, however, necessary at any corner where the slab is 
continuous in both directions. 

Where Iy/lx > 2, the slabs should be designed as spanning in one direction only. 

Example 8.5 Moments in a Continuous Two-way Slab 

The panel considered is an edge panel, as shown in figure 8.11 and the uniformly 
distributed load, n:= (1.4gk + 1.6qk) = 10 kN/m2 
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I' 

o 

d 

'", = 5·0m 

support 

support 

b 

c 

~ Discontinuous 
<ldgcz 

Figure 8.11 Continuous panel spanning in two directions 

The moment coefficients are taken from ca se 3 of table 13 of CP 110. 

6.0 
1.2 

Ix 5.0 

Positive moments at mid-span 

Msx ßsxnlx 2 = 0.039 x 10 X 52 

9.8 kN m in direction Ix 

M sy ßsynl/ = 0.028 x 10 x 52 

7.0 kN m in direction Iy 

Negative moments 

Support ad, Mx = 0.052 x 10 x 52 = 13 kN m 

Supports ab and dc, My = 0.037 x 10 x 52 = 9.3 kN m 

The moments calculated are for a metre width of slab. 
The design of reinforcement to resist these moments would follow the usual 

procedure. Torsion reinforcement, according to rule 4 is required at corners band 
c. Acheck would also be required on the span - effective depth ratio of the slab. 

8.6 Flat Slab Floors 

A flat slab floor is a reinforced concrete si ab supported directly by concrete 
columns without the use of intermediary beams. The slab may be of constant 
thickness throughout or in the area of the column it may be thickened as a drop 
panel. The column mayaiso be of constant section or it may be flared to form a 
column head or capital. These various forms of construction are illustrated in 
figure 8.12. 
. The drop panels are effective in reducing the shearing stresses where the column 

is liable to punch through the slab, and they also provide an increased moment of 
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al Floor without 
drop panal or 
column haad 

bl Floor with 
column haad but 
no drop panal 

cl Floor with drop 
panaland column 
haad 

Figure 8.12 Drop panels and column heads 
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resistance where the negative moments are greatest. They are gene rally used with 
live loads in excess of 7 kN/m2 , or thereabouts. 

The flat slab floor has many advantages over the beam and sI ab floor. The 
simplified formwork and the reduced storey heights make it more economical. 
Windows can extend up to the underside of the slab, and there are no beams to 
obstruct the light and the circulation of air. The absence of sharp corners gives 
greater fire resistance as there is less danger of the concrete spalling and exposing 
the reinforcement. 

Analysis of a flat slab structure may be carried out by dividing the structure 
into aseries of substitute frames or, as is more often the case, an empirical method 

I' 

I I 
I I 
I I 
I I 
I I 
I I 

'I 
__ --;7 Position of maximum 

nagativa momants 

Position of maximum 
positiva momants 

~~_.~. __ -L_.~ 

I . I I 
Half Mlddla Half 

cOlumnl Icolumn 
strip I strip 

I I 
I I 

Width of half column strip = '/4 with no drops 

or = half drop width 

whan drops ara usad 

Figure 8.13 Flat slab divided into strips 
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of analysis may be employed if the following conditions are met. 

(1) The slab panels should be rectangular with at least three rows in both 
directions and the ratio of a panel's length and width should not exceed 
133. The floor slab should be of approximately constant thickness. 

(2) ßracing or shear walls should be provided to resist all lateral forces. 
(3) The lengths and widths of adjacent panels should not vary by more than 

15 per cent of the greater length or width, and an end span must not be 
longer than an adjacent interior span. 

(4) Drops when used should be rectangular on plan and their length in each 
direction should not be less than one-third of the corresponding panel 
length. At an external edge the width of a drop measured at right angles 
to the edge from the column centre line should be one-half the width of 
the adjacent interior drop. 

The flat panel is considered to be divided into column strips and middle strips 
as shown in figure 8.13. In the empirical method of analysis the design moments, 
Mds on a panel are divided between the column and middle strips according to the 
coefficients given in table 83. The design moment for each direction of span is 
given by 

where 11 the length of the panel in the direction of span 
12 the width of the panel 
h c the diameter of the column or column head 
n = the total ultimate load per unit are~ (1.4gk + 1.6qk). 

a 1: 0·2L 
avezragez a = 0·25L 

0·125L· 40°/. 

Notez : 

Panezl 

Full areza of 
rezinforcezmeznt 

wlthin this wldth 
0.3L I 0.3L 

L 

If in thez column strip hc < 0·15L two -thirds of thez 
stezezl in thez top facez should bez placezd within a 
width of onez half of thez column strip and cezntral 
with thez column. 

Figure 8.14 Arrangement ofreinforcement empirical method 
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Table 8.3 Moment coefficients for flat slabs 

Apportionment of moments between the column and 
middle strips expressed as percentages of Mds (see 

Note 3) 

Interior panels 
With drops 

Negative moments 
Positive moments 

Without drops 
Negative moments 
Positive moments 

Column strip (see Note 2) 

50 
20 

46 
22 

Middle strip 

15 
15 

16 
16 

Column 
supports 

Wall 
supports 

Column Wall 
supports supports 

Exterior panels (see Note 1) 
With drops 

Exterior negative 
moments 

Positive moments 
Interior negative 

moments 
Without drops 

Exterior negative 
moments 

Positive moments 
Interior negative 

moments 

45 
25 

50 

41 
28 

46 

6 
36 

72 

6 
40 

66 

10 
19 

15 

10 
20 

16 

1. The percentages given in the first column are appropriate to conditions where the edge of 
the slab is supported on columns. Where the edge of the slab is supported by masonry or 
other walls providing negligible restraint, the percentages given in the second column may 
be used. 

6 
26 

22 

6 
28 

24 

2. Wbere the column strip is taken as equal to the width of the drop, and the middle strip is 
thereby increased in width to a value greater than half the width of the panel, the moments 
to be resisted by the middle strip should be increased in proportion to its increased width. 
The moments to be resisted by the column strip may then be decreased by an amount such 
that there is no reduction in either the total positive or the total negative moments resisted 
by the column strip and middle strip together. 

3. Where adjacent spans differ in length the longer span should be used to determine the 
negative moments. 

Bending of the slab also induces moments in the columns. The total moment 
acting at the ends of an upper and lower column should be taken as 50 per cent of 
the negative moment in the column strip for an interior column, and 90 per cent 
for an exterior column, and these moments should be divided between the column 
lengths above and below the floor in proportion to their stiffnesses. 
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With the empirical method, the reinforcement for an interior span should be 
arranged according to the mies illustra ted in figure 8.14. 

An important feature in the design of the slabs are the calculations for punching 
shear at the head of the columns and at the change in depth of the slab, if drop 
panels are used. The design for shear should take the procedure described in the 
previous section on punching shear except that ep 110 restricts the ultimate shear 
stress (ve) in the concrete to 80 per cent of the values given in table 7.7. In this 
respect it can be advantageous to use mild steel in the design, as the resulting 
higher percentages of reinforcement will allow a correspondingly higher ultimate 
concrete shear stress. 

The usual span - effective depth ratios, suitably modified, may be used if the 
slabs have drop panels of widths at least equal to one- third of the respective span, 
otherwise the ratios should be multiplied by a factor ofO.9. In no case should the 
slab thickness be less than 125 mm. 

Reference should be made to codes of practice for further information describ
ing the requirements for the analysis and design of flat slabs. 

Example 8.6 Design 01 a Flat Slab 

The columns are at 6.5 m centres in each direction and the slab supports a live 
load of 10 kN/m2 . The characteristic material strengths are leu = 25 N/mm 2 and 
I y = 250 N/mm2 for mild steel reinforcement. 

It is decided to use a floor slab as shown in figure 8.15 with 200 mm over- all 
depth of slab, and drop panels 2.5 m square by 100 mm deep. The column heads 
are to be made 1.4 m diameter. 

Dead load 

Live load 

h = 200 

100 

~ 1 

I· 6·5 m column cQntrQs Qach way _I 

Figure 8.15 

Weight ofslab = 0.2 x 24 x 6.5 2 

Weightofdrop 0.1 x 24 x 2.5 2 

203 kN 

15 kN 

Total 218kN 

Total = 10 x 6.52 423 kN 



Therefore 
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ultimate load on the floor = 1.4 x 218 + 1.6 x 423 

= 982 kN per panel 

equivalent distributed load n 982/6.52 = 23.2 kN/m2 

= 584 kN m 
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A concrete cover of 20 mm has been allowed, and where there are two equal 
layers of reinforcement the effective depth has been taken as the me an depth of the 
two layers in calculating the reinforcement areas. 

As the column strip is equal to the width of a drop panel, reference must be 
made to table 8.3, note 2, when considering the equation for calculating the 
moment on each strip. 

Middle Strip 

4.0 
Positive and negative momentsM = 0.15 x 584 x 

108 kNm 

0.04 
4000 X 1652 x 25 

From the lever-arm curve, figure 7.5, la = 0.95. Therefore 

M 
As = ----

0.87fy1ad 0.87 x 250 x 0.95 x 165 

3168 mm2 

3.25 

Provide twenty-nine R12 bars, As = 3277 mm2 , each way as bottom steel in the 
span. Also provide twenty-nine R12 bars as top steel to resist the negative moments. 

Column Strip 

(I) Total negative moment = 584 x (0.5 + 0.15) = 380 kN m 
Therefore 

column-strip negative moment = 380 - 108 = 272 kNm 

M 272 X 106 
= 0.064 

bd 2 feu 2500 X 2602 x 25 
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From the lever-arm curve, la = 0.92. Therefore 

M 272 X 106 

A s = 
0.87 x 250 x 0.92 x 260 

= 5228 mm2 

Provide twenty-seven R16 bars, A s = 5427 mm2 , each way in the top 
face above the drop panel. 

(2) Total positive moment = 584 x (0.2 + 0.15) = 204 kN m 
Therefore 

column-strip positive moment = 204 - 108 

M 96 x 106 
= 0.053 

bd 2 fcu 2500 x 1702 x 25 

hence 

la 0.935 

and 

96 kNm 

A s = 
96 x 106 

= 2777 mm2 

0.87 x 250 x 0.935 x 170 

Provide fourteen R16 bars,A s = 2814 mm2 , in the bottom face between 
the drop panels. 

As acheck 

"LM = 108 + 108 + 272 + 96 = 584 kN m 

} Column t Column 

: 

29R12 -140 29 R12 -'40 ~ t ; ~ ... ' ~ ~ , . 

\ 
29R12 - 140 C20ch woy 

(0) MiddlC2 strip 4·0m widC2 

I 27R16-95C2W 27R16-95C2WI 

, 4 

W1L:::~i ~:::::J' IC~J ==L::~ {~, # 
14R16-150 

(b) Column strip 2·5m widC2 

Figure 8.16 Details of bending reinforcement 
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Punching Shear 

(1) At the column head, critical section for shear is 1.5 x slab thickness 
from the face of the column head, that is, a section of diameter 
1.4 + 2 x 1.5 x 0.3 = 2.3 m. With n = 23.2 kN/m2 

and 

rr x 2.32 
shear V = 982 - 23.2 x 

shear stress v 

100A s 

bd 

V 

perimeter x 

0.45 N/mm2 

100 x 5427 

2500 x 270 

4 

886 X 

d 2300rr x 

0.80 

From table 7.7, Vc = 0.59 and from table 8.1 ~s = 1.0. Therefore 

0.8~svc = 0.47 N/mm2 > 0.45 N/mm2 

Therefore this section is adequate in punching shear. 

886 kN 

103 

270 

(2) At the dropped panel, critical section is 2.5 + 2 x 1.5 x 0.2 = 3.1 m 
square. 

Shear V = 982 - 23.2 x 3.1 2 = 759 kN 

759 x 103 V 
Shear stress v = 

perimeter x d 4 x 3100 x 170 

0.36 N/mm2 

100As 100 x 2814 
-- 0.66 

bd 2500 x 170 

From the tables, Vc = 0.55 and ~s = 1.10. Therefore 

0.8~svc = 0.8 x 1.1 x 0.55 = 0.48 N/mm2 

This section is also adequate in shear. 

Span - Effective Depth Ratio 

At the centre of span 

100A s 

bd 

100 x 3277 

4000 x 170 

0.48 
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From table 7.5, for a service stressfs = 145 N/mm2 the modification factor is 1.98. 
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Therefore 

limiting 
span 

26 x 1.98 51.5 
effective depth 

actual 
span 6500 8 -- = 3 .2 

effective depth 170 

(To take care of stability requirements, ex tra reinforcement may be necessary in 
the column strips to act as a tie between each pair of columns - see section 6.5.) 

8. 7 Ribbed and Hollow Block Floors 

Cross-sections through a ribbed and hollow block floor slab are shown in figure 
8.17. The ribbed floor is formed using temporary or permanent shuttering whilst 
the hollow block floor is generally constructed with blocks made of day tile or 
with concrete containing a lightweight aggregate. If the blocks are suitably manu
factured and have an adequate strength they can be considered to contribute to the 
strength of the slab in the design calculations, but in many designs no such allow
ance is made. 

lJ 
(0) RibbC2d floor 

jl ·IIII . rm. · [ij 
(b) Hollow block floor 

Figure 8.17 Sections through ribbed and hallow block /laays 

The principal advantage of these floors is the reduction in weight achieved by 
removing part of the concrete below the neutral axis and, in the case of the hollow 
block floor, replacing it with a lighter form of construction. Ribbed and hollow 
block floors are economical for buildings where there are long spans, over about 
5 m, and light or moderate live loads, such as in hospital wards or apartment 
buildings. They would not be suitable for structures having a heavy loading, such 
as warehouses and garages. 

Near to the supports the hollow blocks are stopped off and the slab is made 
solid. This is done to achieve a greater shear strength, and if the slab is supported 
by a monoli thic concrete beam the solid section acts as the flange of a T -seetion. 
The ribs should be checked for shear at their junction with the solid slab. It is good 
practice to stagger the joints of the hollow blocks in adjacent rows so that, as they 
are stopped off, there is no abrupt change in cross-section extending across the 
slab. The slabs are usually made solid under partitions and concentrated loads. 
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Ouring construction the hollow tiles should be well soaked in water prior to 
placing the concrete, otherwise shrinkage cracking of the top concrete flange is 
liable to occur. 

The thickness of the concrete flange or topping should not be less than 
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(1) 30 mm for slabs with permanent blocks which are capable of contributing 
to the structural strength as specified in ep 110, and where there is a c1ear 
distance between ribs of not more than 500 mm 

(2) 25 mm when the blocks described in (1) are jointed with a cement- sand 
mortar 

(3) 40 mm or one- tenth of the c1ear distance between ribs, whichever is the 
greater, for all other slabs with permanent blocks 

(4) 50 mm or one- tenth of the c1ear distance between ribs, whichever is the 
greater, for slabs without permanent blocks. 

With in situ construction the ribs should be not less than 65 mm wide; they 
should be spaced no further apart than 1.5 m and their depth below the flange 
should not be greater than four times their width. 

The shear stress is calculated as 

V 
v =--

bwd 

where bw is the breadth of the rib. If hollow blocks are used this breadth may be 
increased by the wall thickness of the block on one side of the rib. When v exceeds 
~sve shear reinforcement is required, and v must be less than the maximum value 
from table 7.2. 

Span - effective depth ratios are limited to the values for a flanged beam, but the 
web width used in determining the reduction factor from figure 7.16 may inc1ude 
the thickness of the two adjacent block-walls. 

At least 50 per cent of the total tensile reinforcement in the span should con
tinue to the supports and be anchored. In some instances the slabs are supported 
by steel beams and are designed as simply supported even though the topping may 
be continuous. Reinforcement should be provided over the supports to prevent 
cracking in these cases. It is recommended that the area of this top steel should 
not be less than one-quarter of the area of steel required in the middle of the 
span and it should extend at least one-tenth of the c1ear span into the adjoining 
spans. 

A light reinforcing mesh in the topping flange can give added strength and 
durability to the slab, particularly if there are concentrated or moving loads, or if 
cracking due to shrinkage or thermal movements is likely. 

Example 8. 8 Design of a Ribbed Floor 

The ribbed floor is constructed with permanent fibreglass moulds; it is continuous 
over several equal spans of 5.0 m. The characteristic material strengths are feu = 

25 N/mm2 andfy = 250 N/mm2 . 

An effective section as shown in figure 8.18 is to be tried. The characteristic 
dead load inc1uding self-weight and finishes is 4.5 kN/m 2 and the characteristic 
live load is 2.5 kN/m2 • 
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I ~)QO.I 
solid slab 

I 

3 - R12 abov<2 
<2ach rib 

2 - R12 p<2r rlb 

Cross - s<2ction at midspan 

Figure 8.18 

The calculations are for an interior span for which the moments and shears can 
be determined by using the coefficients in figure 3.10. 

Considering a 0.4 m width of floor as supported by each rib 

Ultimate load = 0.4(1.4gk + 1.6qk) 

0.4(1.4 x 4.5 + 1.6 x 2.5) 

4.12 kN/m 

ultimate load on the span F = 4.12 x 5.0 = 20.6 kN 

Bending 

(1) At mid-span: design as a T -seetion 

FL 20.6 x 5.0 
M=- =----- 7.36 kN m 

14 14.0 

M 7.36 x 106 

= = 0.026 
400 x 1702 x' 25 

From the lever- arm curve, figure 7.5, la = 0.95. Thus the neutral axis lies 
within the flange and 

M 
A s = ---

0.87fyz 

7.36 X 106 

0.87 x 250 x 0.95 x 170 

21Omm2 

Provide two R12 bars in the ribs, A s = 226 mm2 . 
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(2) At a support: design as a rectangular section for the solid slab 

M = FL = 20.6 x 5:0 = 10.3 kN m 
10 10 

10.3 X 106 

400 X 1702 x 25 
0.036 

for which la = 0.95. 

M 
A s = ---

0.87fy z 0.87 x 250 x 0.95 x 170 

294mm2 

Provide three R12 bars in each 0.4 m width of slab, A s = 339 mm2 . 
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(3) At the section where the ribs terminate: this occurs 0.6 m from the centre 
line of the support and the moment may be hogging so tha t the 100 mm 
ribs must provide the concrete area required to develop the design 
moment. The maximum moment of resistance of the concrete ribs is 

0.15 x 25 x 100 X 1702 X 10-6 

10.8 kN m 

which must be greater than the moment at this section, therefore com
pression steel is not required. 

Span - Effective Depth Ratio 

At mid-span 

100As 

bd 

100 x 226 ---- = 0.33 per cent 
400 x 170 

From table 7.5, withfs = 145 N/mm2 , the modification factor = 1.99. For a 
T -section with web width = 0.25 x flange width the further modification factor 
= 0.8 (see figure 7.16). 

span 
limiting = 26 x 1.99 x 0.8 = 41.4 

effective depth 

ac tu al 
span 

effective depth 

Thus d = 170 mm is adequate. 

Shear 

5000 
= -- = 29.4 

170 

Maximum shear in the rib 0.6 m from the support centre line 

= 0.55F - 0.6 x 4.12 = 0.55 x 20.6 - 2.5 8.86 kN 
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Therefore 
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V 8860 
shear stress = - = = 0.52 N/mm2 

100A s 

bd 

bd 100 x 170 

100 x 339 = ---- = 2.0 
100 x 170 

From table 8.1 and table 7.7, ~svc = 1.10 x 0.85 = 0.93 N/mm2 ; therefore the 
seetion is adequate in shear. 

8.8 Stair Slabs 

The usual form of stairs can be cJassified into two types: (1) Those spanning 
horizontally in the transverse direction, and (2) Those spanning longitudinally. 

A~ 
-----------, 
--- -- --------l 
- ___________ J 

I 

A.-J 
Span 

Section A-A 

Figure 8.19 Stairs spanning horizontally 

8.8.1 Stairs Spanning Horizontally 

Stringer 
beam 

Stairs of this type may be supported on both sides or they may be cantilevered 
from a supporting wall. 

Figure 8.19 shows astair supported on one side by a wall and on the other by a 
stringer beam. Each step is usually designed as having a breadth band an effective 
depth of d = D/2 as shown in the figure; a more rigorous analysis of the seetion is 
rarely justified. Distribution steel in the longitudinal direction is placed above the 
main reinforcement. 
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------------j 
-----------1 
------------1 

- - - - - - - - - - - -J Main 

__ -===================;;;t;,====~1 re i n tor cem<zn t 

Light mesh 

d 

Sectlon B-B 

Figure 8.20 Cantilevered stairs 

Details of a cantilevered stair are shown in figure 8.20. The effective depth of 
the member is taken as the mean effective depth of the section and the main rein
forcement must be placed in the top of the stairs and anchored into the support. A 
light mesh of reinforcement is placed in the bottom face to resist shrinkage cracking. 

8.8.2 Stair Slab Spanning Longitudinally 

The stair slab may span into landings which span at right angles to the stairs as in 
figure 8.21 or it may span between supporting beams as in figure 8.22 of the 
example. 

The dead load is calculated along the slope length of the stairs but the live load 
is based on the plan area. The effective span (l) is measured horizontally between 
the centres of the supports and the thickness of the waist (h) is taken as the slab 
thickness. 

Stair slabs which are continuous and constructed monolithically with their 
supporting slabs or beams can be designed for a bending moment of say FI/IO, 
where Fis the total ultimate load. But in many instances the stairs are precast or 
constructed after the main structure, pockets with dowels being left in the support
ing beams to receive the stairs, and with no appreciable end restraint the design 
moment should be FI/8. 

Exampfe 8.8 Design o{ aStair Slab 

The stairs are of the type shown in figure 8.22 spanning longitudinally and set into 
pockets in the two supporting beams. The effective span is 3 m and the rise of the 
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Landing Landing 

R12 - 240 

I 

I· 

OplZn 
WIZII 

Figure 8.21 Stairs spanning into landings 

R12 -120 

E fflZct IVIZ dlZpth, d = 70 

Span = 3'Om 

Figure 8.22 Stairs supported by beams 

1'5m 

R12- 240 



DESIGN OF REINFORCED CONCRETE SLABS 223 

stairs is 1.5 m, with 260 mm treads and 150 mm risers. The live load is 3.0 kN/m2 , 

and the characteristic material strengths are [cu = 25 N/mm2 and [y = 250 N/mm2 . 

Try a 100 mm thick waist, effective depth, d = 70 mm. 

Slope length ofstairs = y(32 + 1.5 2 ) = 3.35 m 

Considering alm width of stairs 

weightofwaistplussteps= (0.1 x 3.35 + 0.26 x 1.5/2)24 

12.7 kN 

live load 3.0 x 3 = 9.0 kN 

Ultima te load F = 1.4 x 12.7 + 1.6 x 9.0 = 32.2 kN 

With no effective end restraint 

Fl 
M=- = 

32.2 x 3.0 

8 8 

= 12.1 kN m 

12.1 x 106 

1000 X 702 x 25 
0.098 

Therefore from the lever-arm curve of figure 7.5, la = 0.87. 

M 
A s = ----

0.87[ylad 

12.1 x 106 

0.87 x 250 x 0.87 x 70 

= 914mm2 /m 

Provide R12 bars at 120 mm centres, area = 941 mm2 /m. 

0.1 5bh O. 15 x 1 000 x 100 
Transverse distribu tion steel = --- = --------

100 100 

150 mm2 /m 

Provide R8 bars at 300 mm centres, area = 168 mm2 /m. 
Continuity bars at the top and bottom of the span should be provided and 50 

per cent of the main steel would be reasonable. 

Further Reading 

L. L. Jones, Ultimate Load Analysis o[ Rein[orced and Prestressed Concrete 
Structures (Chatto & Windus, London, 1962). 

L. L. Jones and R. H. Wood, Yield Line Analysis o[ S/abs (Chatto & Windus, 
London, 1967). 

R. H. Wood and G. S. T. Armer, 'The Theory of the Strip Method for Design of 
Slabs', Proc. Instn civ. Engrs, 41 (1968) pp. 285 - 307. 
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Column Design 

The columns in a structure carry the loads from the beams and the slabs down to 
the foundations, and therefore they are primarily compression members although 
they mayaIso have to resist bending forces due to the continuity of the structure. 
The analysis of a section subjected to an axial load plus bending is dealt with in 
chapter 4, where it is noted that a direct solution of the equations which determine 
the areas of reinforcement can be very laborious and impractical. Therefore, design 
charts or some form of electronic computer are often employed to facilitate the 
routine design of column sections. 

Design of columns is governed by the ultimate limit state; deflections and 
cracking du ring service conditions are not usually a problem, but nevertheless 
correct detailing of the reinforcement and adequate cover are important. 

Many of the principles used in this chapter for the design of a column can also be 
applied in a similar manner to other types of members which also resist an axial 
load plus a bending moment. 

9.1 Loading and Moments 

The loading arrangements and the analysis of a structural frame have been described 
with examples in chapter 3. In the analysis it was necessary to c1assify the column 
into one of the following types 

(I) a braced column - where the lateral loads are resisted by walls or some 
other form of bracing, and 

(2) an unbraced column - where the lateral loads are resisted by the bending 
action of the columns. 

With a braced column the axial forces and moments are caused by the dead and 
imposed load only, whereas with an unbraced column the loading arrangements 
which inc1ude the effects of the lateral loads must also be considered. 

For a braced column the critical arrangement of the ultimate load is usually 
that which causes the largest moment in the column, together with a large axial 
load. As an example, figure 9.1 shows a building frame with the criticalloading 
arrangement for the design ofits centre column at the first-floor level and also the 
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Figure 9.1 A criticalloading arrangement 
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left-hand column at all floor levels. When the moments in columns are large and 
particularly with unbraced columns, it mayaiso be necessary to check the case of 
maximum moment combined with the minimum axial load. 

The axial forces due to the verticalloading may be calculated as though the 
beams and slabs are simply supported. In some structures it is unlikely that all the 
floors of a building will carry the full imposed load at the same instant, therefore, 
a reduction is usually allowed in the total imposed load when designing columns 
and foundations in buildings which are two or more storeys high, as shown by 
table 9.1. 

Table 9.1 Reduction of total imposed floor loads 
on columns, walls and foundations 

No. of floors carried 
by member 

1 
2 
3 
4 

5 to 10 
over 10 

9.2 Short and Siender Columns 

Reduction of imposed 
load on all floors above 

the member 

o per cent 
10 
20 
30 
40 
50 

A column is classified as short if both lex/h and ley/b are less than 12, otherwise it 
should be considered as asiender column. In these ratios, lex and ley are the effec-
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Table 9.2 Effective column height 

Type of column 

Braced column properly restrained in 
direction at both ends 

Braced column imperfectly restrained 
in direction at one or both ends 

Unbraced or partially braced column, 
properly restrained in direction at one 
end but imperfectly restrained in 
direction at the other end 

10 = c1ear height between end restrain ts 

Effective column height 

0.75/0 

A value intermediate between 
0.7510 and 10 depending on the 
efficiency of the directional 
restraint 

A value intermediate between 10 

and 2/0 depending on the efficiency 
of the directional restrain t and 
bracing 

tive lengths corresponding to the major and minor axes respectively; h is the depth 
in the direction of the major axis and b is the breadth. The effective length le 
depends on the degree of restraint at the ends of a column, as listed in table 9.2. 

Short columns usually fall by crushing but asiender column is liable to faH by 
buckling. The end moments on asiender column cause it to deflect sideways and 
thus bring into play an additional moment Neadd as illustrated in figure 9.2. The 
moment Neadd causes a further lateral deflection and if the axial load (N) exceeds 
a critical value this deflection, and the additional moment become self-propagating, 
until the column buckles. Euler derived the criticalload for a pin-ended strut as 

rr2 EI 
Ncrit =--

[2 

The crushing load N uz of a truly axially loaded column may be taken as 

N uz = 0.45fcuAc + O.72A sc/y 

Mom'wt M 

M 

N 

Figure 9.2 Siender column with lateral de[lection 
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where Ac is the area of the concrete and Ase is the area of the longitudinal steel. 
Values of Nerit/Nuz and l/h have been calculated and plotted in figure 9.3 far a 

typical cross-section withAse/bh = O.OI,feu = 25 N/mm2 ,fy = 410 N/mm2 and 
the Young's modulus of concrete as 20 kN/mm2 ; the effect of the reinforcement 
on the EI value was not taken into account. 

The ratio of N critiNuz in the figure determines the type of failure of the column. 
With l/h less than 12 the load will cause crushing, N uz is much less than N crit, the 
load that causes buckling - and therefore a buckling failure will not occur. This is 
not true with higher values of l/h and so a buckling failure is possible, depending 
on such factors as the initial curvature of the column and the actual eccentricity of 
the load. When l/h is greater than 32 then Nerit is less than N uz and in this case a 
buckling failure will occur for the column considered. 

10 

5 

crushlng I 

10 20 30 
I 
h 

bucldlng 

40 

Figure 9.3 Column [ai/ure modes 

50 

The mode of faHure of a column can be one of the following. 

60 

(1) Material faHure with negligible lateral deflection, which usually occurs 
with short columns but can also occur when there are large end moments 
on a column with an intermediate slenderness ratio. 

(2) Material failure intensified by the lateral deflection and the additional 
moment. This type of faHure is typical of intermediate columns. 

(3) Instability failure which occurs with slender columns and is liable to be 
preceded by excessive deflections. 

9.3 Reinforcement Details 

The rules governing the minimum and maximum amounts of reinforcement in a 
load bearing column are as follows. 
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Longitudinal Steel 

Links 

(1) A minimum of four bars is required in a rectangular column and six bars 
in a circular column. 

(2) Minimum bar size is 12 mm. 
(3) 

(4) 

100As 

Acol 

100A s 

Acol 

or 

100A s 

Acol 

but at laps 

100A s 

Acol 

<t 1.0 

::I> 6.0 in a vertically cast column 

::I> 8.0 in a horizontally cast column 

::I> 10.0 for both types of columns 

where A s is the total area of longitudinal steel and Acol is the cross
sectional area of the column. 

(I) Minimum size = 1/4 x size of the largest compression bar. 
(2) Maximum spacing = 12 x size of the smallest compression bar. 
(3) The links should be arranged so that every corner bar and alternate bar or 

group in an outer layer of longitudinal steel is supported by a link passing 
round the bar and having an included angle not greater than 135°. 

(4) All other bars or groups not restrained by a link should be within 150 mm 
of a restrained bar. 

(5) In circular columns a circular link passing around a circular arrangement 
of longitudinal bars is adequate. 

No provision is made in ep 110 for calculating the strength of a column which 
has helical reinforcement in place of links. This form of spiral reinforcement is 
widely used in America and their codes take account of the added strength it gives 
to a column. 

Figure 9.4 shows possible arrangements of reinforcing bars at the junction of 
two columns and a floor. In figure 9.4a the reinforcement in the lower column is 
cranked so that it will fit within the smaller column above. The crank in the 
reinforcement should, if possible, commence above the soffit of the be am so that 
the moment of resistance of the column is not reduced. For the same reason, the 
bars in the upper column should be the ones cranked when both columns are of the 
same size as in figure 9.4b. Links should be provided at the points where the bars 
are cranked in order to tesist buckling due to horizontal components of force in 
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Figure 9.4 Details 01 splices in column reinlorcement 

the inclined lengths of bar. Separate dowel bars as in figure 9.4c mayaiso be used 
to provide continuity between the two lengths of column. The column-beam 
junction should be detailed so that there is adequate space for both the column 
steel and the beam steel. Careful attention to detail on this point will greatly assist 
the fixing of the steel during construction. 

9.4 Design of Short Columns 

Short columns are divided into three categories according to the degree of eccentri· 
city of the loading as described in the following seetions. 

9.4.1 Short Braced Axially Loaded Columns 

This type of column can occur in precast concrete construction when there is no 
continuity between the members. Also it can be considered to occur when the 
columns support a symmetrical and very rigid structure. 

When the load is perfectly axial the ultimate axial resistance is 

N = 0.45feuAe + O.72fy Ase 

where Ac is the area of the concrete and Ase is the area of the longitudinal rein
forcement. 

Perfeet conditions never exist and to allow for a small eccentricity the ultimate 
load should be calculated from 

N = O.4feuAe + O.67fy Ase (9.1)* 
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For a rectangular column and to allow for the area of concrete displaced by the 
longitudinal reinforcement this equation may be modified to 

N = O.4feubh + A se (0.67fy - O.4feu) (9.2) 

Example 9.1 Axially Loaded Column 

Design the longitudinal reinforcement for a 300 mm square column which supports 
an axial load of 1600 kN at the ultimate limit state. The characteristic material 
strengths are fy = 425 N/mm2 for the reinforcement and feu = 30 N/mm2 for the 
concrete. 

From equation 9.2 

1600 x 103 = 0.4 x 30 x 3002 + A sc (0.67 x 425 - 0.4 x 30) 
therefore 

(I600 - 1080) 103 

Ase = -------- 1907 mm2 

27275 

Provide four Y25 bars, area = 1960 mm2 • 

9.4.2 Short Braced Columns Supporting an Approximately Symmetrical 
Arrangement of Beams 

The moments on these columns will be sm all and due primarily to unsymmetrical 
arrangements of the live load. Provided the be am spans do not differ by more than 
15 per cent of the longer, and the loading on the beams is uniformly distributed, 
the column may be designed to support the axial load only. The ultimate load that 
can be supported should then be taken as 

N = 0.35feuAe + 0.60fyAse (9.3)* 

To take account of the area of concrete displaced by the reinforcement the equa
tion for a rectangular section may be written as 

N = 0.35feubh + (0.60fy - 0.35feu)A sc 

9.4.3 Short Columns Resisting Moments and Axial Forces 

The area of longitudinal stee1 for these columns is determined by: (1) using design 
charts, (2) a solution of the basic design equations, or (3) an approximate method. 
Design charts are usually used for columns having a rectangular or circular cross
section and a symmetrical arrangement of reinforcement. The basic equations or 
the approximate method can be used when an unsymmetrical arrangement of 
reinforcement is required, or when the cross-section is non-rectangular as described 
in section 9.5. 

(i) Design Charts 

The design of a section subjected to bending plus axial load should be in accordance 
with the principles described in section 4.6, which deals with the analysis of the 
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Figure 9.5 Column seetion 

cross-section. The basic equations derived for a rectangular section as shown in 
figure 9.5 and with a rectangular - parabolic stress block are 

N = ktbx + [seA's + [sA s 
and 
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(9.4) 

M = ktbx (: - k2X) + [seA's (: - d l
) + [sA s (: - d) 

X 

A's 

A s 
[se 
[s 

the mean compressive stress in the concrete 
the depth of the centroid of the stress block 
the depth of the neutral axis 
the area of longitudinal reinforcement in the more highly 
compressed face 
the area of reinforcement in the other face 
the stress in reinforcement A's 
the stress in reinforcement A s 

(9.5) 

These equations are not suitable for direct solution and the design of a column 
with symmetrical reinforcement in each face is best carried out using design charts 
similar to those published in Parts 2 and 3 of CP 110. An example of one of these 
charts is shown in figure 9.6. 

A column should not be designed for a moment of less than N x 0.05h min, 

where h min is the minimum depth of the cross-section. This nominal moment is 
to aIIow for eccentricity due to construction tolerances. 

Example 9.2 Column Design Using Design Charts 

Figure 9.7 shows a frame of a heavily loaded industrial structure for which the 
centre columns along line PQ are to be designed in this example. The frames at 
4 m centres, are braced against lateral forces, and support the foIIowing floor loads: 

dead loadgk 

live load qk 

10 kN/m2 

15 kN/m2 
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~u=25N/mm2, fy ,410N/mm 2, ~=0·80 

1---1-----l---4---+--1 r b .\ 

UD-A~c 
_ _ A;c 

2 3 4 5 6 7 

Figure 9.6 Column design chart 
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Characteristic material strengths are feu = 25 N/mm2 for the concrete and fy = 
410 N/mm2 for the steel. 

Maximum ultimate load at each floor = 4.0(l.4gk + 1.6qk) per metre 
length of beam 

4(1.4 x 10 x 1.6 x 15) 

152 kN/m 

Minimum ultima te load at each floor 4.0 x 1.0gk 

4.0 x 10 = 40 kN per metre 
length of beam 

Consider first the design of the column at the underside (u.s.) of the first floor. 
The critical arrangement of load which will cause the maximum moment in the 
column is shown in figure 9.8a. 
Column loads 

second and third floors = 2 x 152 x 10/2 

first floor 152 x 6/2 + 40 x 4/2 

1520 kN 

536 

Column self-weight, say 2 x 14 28 

N = 2084 kN 
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Similar arrangements of load will give the axial load in the column at the underside 
(u.s.) and top side (t.s.) of each floor level and these values of N are shown in 
table 9.3. 

The moments on the column are not large and therefore equation 9.3 may be 
used for a preliminary sizing. Trying a 300 x 400 column 

from which 

N 

2084 X 103 

0.35feubh + 0.60fy A se 

0.35 x 25 x 300 x 400 + 0.6 x 410 x Ase 

Ase = 4200 mm2 and IOOAsc/bh = 3.5 
This provides a suitable cross-section and a 300 x 400 column is to be tried. 
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1-4Gk + löQk 
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Figure 9.8 

Column Moments 

The loading arrangement and the substitute frame for determining the column 
moments at the first and second floors are shown in figure 9.8b. Member stiff
nesses are 

kAB 1 bh3 

= t x 
0.3 X 0.73 

0.71 10-3 ='2--- x 
2 12LAB 12 x 6 

k BC 
= t x 

0.3 X 0.73 
10-3 = 1.07 x 

2 12 x 4 

kcol 
0.3 X 0.43 

0.46 X 10-3 

12 x 3.5 

therefore 

'ik (0.71 + 1.07 + 2 x 0.46) 10-3 2.70 X 10- 3 

and 

distribution factor for the column 
kcol 0.46 

0.17 
'ik 2.70 
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Fixed end moments at Bare 

F.E.MBA 
152 X 62 

= 456 kN m 
12 

40 x 42 
F.E.M BC 53 kNm 

Thus 
12 

column moment M 0.17(456 - 53) = 69 kN m 

At the 3rd floor 

and 

Lk = (0.71 + 1.07 + 0.46) 10-3 

= 2.24 X 10-3 

0.46 ) column momentM = -- (456 - 53 = 83 kN m 
2.24 
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The areas of reinforcement in table 9.3 are determined by using the design chart 
of figure 9.6. Seetions through the column are shown in figure 9.9. 

Cover for the reinforcement is taken as 50 mm and d/h = 320/400 = 0.8. The 
minimum area of reinforcement allowed in the section is given by 

Ase = O.Olbh = 0.01 x 300 x 400 = 1200 mm2 

and the maximum area is 

Ase = 0.06 x 300 X 400 = 7200 mm2 

or at laps 

Ase = 0.1 X 300 X 400 = 12000 mm2 

and the reinforcement provided is within these limits. 

Table 9.3 

Floor N M N M 100Ase Ase 

bh bh2 bh 
(kN) (kNm) (mm2 ) 

3rd u.s. 536 83.0 4.47 1.73 0.5 min. 
+14 

2nd t.s. 550 69.0 4.58 1.44 0.2 min. 
+760 

2nd u.s. 1310 69.0 10.92 1.44 1.2 1440 
1st t.s. 1324 69.0 11.03 1.44 1.2 1440 
1st u.s. 2084 69.0 17.37 1.44 3.6 4320 
Foundation 2098 34.5 17.48 0.72 3.0 3600 
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A smaller column section could have been used above the first floor but this 
would have involved changes in formwork and also increased areas of reinforcement. 

In this example no reduction was taken in the total live load although this is 
permitted with some structures, as shown by table 9.1. 

(ii) Design Equations 

The symmetrical arrangement of the reinforcement with A's = As is justifiable for 
the columns of a building where the axial loads are the dominant forces and where 
any moments due to the wind can be acting in either direction. But some members 
are required to resist axial forces combined with large bending moments so that it 
is not economical to have equal areas of steel in both faces, and in these cases the 
usual design charts cannot be applied. A rigorous design for a rectangular section 
as shown in figure 9.10 involves the following iterative procedure. 

(1) Select a depth of neutral axis, x. 
(2) Determine the steel strains €sc and €s from the strain distribution. 
(3) Determine the steel stresses fsc and fs from the equations relating to the 

stress - strain curve for the reinforcing bars (see section 4.1.2). 

N Normal to th<2 S<2ction 
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l2 h 
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0 As 0 

_L ~2 

I· b 
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x 
d 

'sc A~ 
-+-.. 

Str<2SS<2S 

Figure 9.10 Column with a non·symmetrical arrangement of reinforcement 
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(4) Taking moments about the centroid of A s 

N (e + ~ - d2 ) = k1bx(d - k 2x) + fscA's(d d ' ) 

(9.6) 

This equation can be solved to give a value for A's. 
(5) A s is then determined from the equilibrium of the axial forces, that is 

(6) Further values of x may be selected and steps 1 to 5 repeated until a 
minimum value for A's + A s is obtained. 

(9.7) 

To simplify the ca1culations, k 1 and k 2 could be replaced by their approximate 
equivalents of O.4fcu and 0.45 respectively. The term fsc in the equations may be 
modified to ([sc - 0.45fcu) to allow for the area of concrete displaced by the 
reinforcement A' s. Stress fs has a negative sign whenever it is tensile. 

Example 9.3 Column Seetion with an Unsymmetrical Arrangement of Reinforcement 

The column section shown in figure 9.11 resists an axial load of 1100 kN and a 
moment of 230 kN m at the ultimate limit state. Determine the areas of reinforce
ment required if the characteristic material strengths are fy = 410 N/mm 2 and 
fcu = 25 N/mm2 • 

(1) Select a depth of neutral axis, x = 170 mm. 
(2) From the strain diagram 

1 0.0035 ( ') stee strain €sc = X - d 
x 

= 0.0035 (170 - 80) 0.00185 
170 

b = 300 0 
19'003~1 I- ·1 <Xl 

" .., 

~ ~ ~ 0 A' x 
0 
0 '<t • 
'<t 

C"l 
n~. .., 

.c: 

A. 

~ 
~ f3 0 

~ 

Sect ion Strains 

Figure 9.11 
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and 

and 

REINFORCED CONCRETE DESIGN 

steel strain € s 
0.0035 --Cd - x) 

x 

0.0035 
-- (340 - 170) = 0.0035 

170 

(3) From the stress - strain curve and the relevant equations of section 4.1.2. 

steel stress = 0.2fy ( 0.008 + € ) 

0.0023 + fy x 10-6 

therefore 

(4) In equation 9.6 

M 
e =-

N 

_ ( 0.008 + 0.00185 ) 
fsc - 0.2 x 410 

0.0023 + 410 x 10-6 

= 298 N/mm2 

fs = 0.2 x 410 ( 
0.008 + 0.0035 ) 

0.0023 + 410 x 10-6 

= 348 N/mm2 tension 

230 X 106 
---- = 209mm 
1100 x 103 

k1 R; O.4fcu = 10.0 and k 2 R; 0.45 

(Values for k1 and k 2 could have been obtained more precisely from 
table 4.2.)fscis modified to allow for the area of concrete displaced, 
therefore 

fsc becomes 298 - 0.45fcu = 298 - 0.45 x 25 = 287 N/mm2 

and from equation 9.6 

I 1100 x 103 (209 + 200 - 60) - 10 x 300 x 170(340 - 0.45 x 170) 
A s = -------------------------

287(340 - 80) 

= 3340mm2 
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(5) From equation 9.7 

Thus 

N= k1bx + fseA's + fsA s 

(10 x 300 x 170) + (287 x 3340) - (1100 x 103 ) 

348 

1060 mm2 

A'S + A s = 4400 mm2 for x = 170 mm 

(6) Values of A'S + A s calculated for other depths of neutral axis, x are 
plotted in figure 9.12. From this figure the minimum area of reinforce-

4400 

4340 

170 180 190 200 210 
D(2pth of n(2utral axis, x 

Figure 9.12 

ment required occurs with x:::; 190 mm. Using this depth of neutral axis, 
steps 2 to 5 are repeated giving 

Ese 0.00203 and Es = 0.00276 

fse fy = 303 N/mm2 andfs 
1.15 + fy /2000 

326 N/mm2 

so that 

A'S = 3150 mm2 and As = 1195 mm2 

(Alternatively separate values of A ,s and A s as calculated for each value 
of x could also have been plotted against x and their values read from the 
graph atx = 190 mm.) This area would be provided with 

A'S = three Y32 plus two Y25 bars = 3392 mm2 

and 

As = one Y20 plus two Y25 bars = 1296 mm2 

With a symmetrical arrangement of reinforcement the area from the 
design chart of figure 9.6 would be A'S + A s = 5600 mm2 or 29 per cent 
greater than the area with an unsymmetrical arrangement, and including 
no allowance for the area of concrete displaced by the steel. 
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These types of iterative caIculations are readily programmed for solution by a 
small desk-top computer, which could find the optimum steel areas without the 
necessity of plotting a graph. 

(iii) Simplified Design Method 

As an alternative to the previous rigorous method of design an approximate 
method may be used when the eccentricity of loading, e is not less than 
(h/2 - d2 ). 

The moment M and the axial force N are replaced by an increased moment 
Ma where 

Ma = M + N ( ~ - d2 ) (9.8) 

plus a compressive force N acting through the tensile steel A s as shown in figure 
9.13. Hence the design of the reinforcement is carried out in two parts. 

(1) The member is designed as a doubly reinforced section to resist Ma 
acting by itself. The equations for calculating the areas of reinforcement 
to resist Ma are given in section 4.4.2 as 

Ma = 0.15fcubd2 + O.72fyA's(d - d') 

0.87fyA s = 0.2fcubd + O.72fyA's 

(2) The area of A s calculated in the first part is reduced by the amount 
N/0.87fy· 

JN = = 

I 
A~ lAs 

I 
-AI -

Figure 9.1 3 Simplified design method 

Example 9.4 Column Design hy the Simplified Method 

Ca1culate the area of steel required in the 300 x 400 column of figure 9.11. 
N= 1100 kN, M= 230 kN m,fcu = 25 N/mm2 andfy = 410 N/mm2 . 

(9.9) 

(9. I 0) 

Eccentricitye = = 209 mm > - - d2 
230 x 106 (h) 
1100 X 103 2 
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(1) Increased moment 

Ma = M + N ( ~ - dZ) 

= 230 + 1100(200 - 60) 10-3 = 384 kN m 

The area of steel to resist this moment can be calculated using the 
formulae 9.9 and 9.10 for the design of a beam with compressive 
reinforcement, that is 

and 

therefore 

384 x 106 

so that 

and 

Ma = 0.15fcubdz + O.72fyA's(d - d') 

0.87fyA s = 0.2fcubd + O.7?fy A.'s 

0.15 x 25 x 300 x 3402 + 0.72 x 4IOA's(340 - 80) 

A's 3310 mm2 

0.87 x 410As = 0.2 x 25 x 300 x 340 + 0.72 x 410 x 3310 

A s = 4170 mm2 

(2) Reducing this area by NjO.87 fy 

1100 X 103 

4170 - 0.87 x 410 

1090mm2 

This compares with A's = 3140 mm2 andAs = 1200 mm2 with the design 
method of example 9.3. (To give a truer comparison the stress in the 
compressive reinforcement should have been modified to allow for the 
area of concrete displaced, as was done in example 9.3.) 

9.4.4 Bioxiol Bending of Short Columns 

For most columns, biaxial bending will not govern the design. The loading patterns 
necessary to cause biaxial bending in a building's internal and edge columns will 
not usually cause large moments in both directions. Corner columns may have to 
resist significant bending about both axes, but the axial loads are usually small and 
a design similar to the adjacent edge columns is gene rally adequate. 

A design for biaxial bending based on a rigorous analysis of the cross-section 
and the strain and stress distributions would follow the procedure described in 
example 4.9, otherwise a simplified method as described in CP 110 may be used. 
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This method specifies that for a column subjected to an ultima te load N and 
moments Mx and My about the major and minor axes respectively, the foIIowing 
equation must be satisfied: 

( M ) an (M) an _x_ + _y_ ~ 1.0 
Mux Muy 

where Mux is the moment of resistance with bending about the major axis only, 
and with an ultimate axial load N. M uy is the moment of resistance with ben ding 
about the minor axis only, and with an ultimate load N; also 

N 
Qn = 1.66 - + 0.67 

N uz 

where Nuz = 0.45feuAe + 0.75fy A se and Qn has limiting values of 1.0 and 2.0. 

7<i[ 

x-· 

I 

f:\ Myy = 30kNm 
I 

300 

350 

4Y25. orao = 1960 sqmm 
y 

Figure 9.14 

Example 9.5 Design of 0 Column for Biaxial Bending 

The column seetion shown in figure 9.14 is to be checked for its capacity to resist 
an ultima te axial load of 1300 kN plus moments of M xx = 38 kN m and M yy = 
30 kN m. The characteristic material strengths are feu = 25 N/mm2 and f y = 
410 N/mm 2 . 

N uz 0.45feu A e + 0.75fy A se 

= 0.45 x 25(300 x 350 1960) + 0.75 x 410 x 1960 

= 1760 x 103 N 

therefore 

N 1300 = 0.74 
N uz 1760 



and 

and 
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N 
an 1.66 - + 0.67 

100 Ase 
bh 

N 

N uz 

1.66 X 0.74 + 0.67 1.90 

100 X 1960 
= 1.87 

300 X 350 

1300 X 103 

12.4 
bh 300 X 350 

d 240 280 
- = - = 0.8 or - = 0.8 
h 300 350 

Thus, from the design curve of figure 9.6 

M = 1.45 
bh 2 

therefore 

1.45 X 300 X 3502 53.3 X 106 N mm 

and 

1.45 X 350 x 3002 45.7 X 106 N mm 

Therefore 

( Mx) O<n + (My) O<n 

Mux Muy 

Therefore the section is adequate. 

9.5 Non-rectangular Sections 

(~)1.9 + (~)1.9 
53.3 45.7 

0.526 + 0.449 

0.975 < 1.0 
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Design charts are not usually available for columns of other than a rectangular or a 
circular cross-section. Therefore the design of a non-rectangular section entails 
either (1) an iterative solution of design equations, or (2) a simplified form of design. 

(i) Design Equations 

For a non-rectangular section it is much simpler to consider the equivalent 
rectangular stress-block. Determination of the reinforcement areas follows the 
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N norma I to t h<l S<lct ion 
•• 

d 

0'0035 

11 

S<lC t ion St rains 

Figure 9.15 Non-rectangular column seetion 

0'4 'cu 

11 

-

Str<lSS<lS 

same proeedure as deseribed for a rectangular eolumn in seetion 9.4.3(ii), namely 

(I) Seleet a depth of neutral axis. 
(2) Determine the eorresponding steel strains_ 
(3) Determine the steel stresses. 
(4) Take moments about A s so that with referenee to figure 9.15 

Solve this equation to give A's 
(5) For no resultant force on the seetion 

N = O.4feuAee + fseA's + fsA s 

Solve this equation to give A s. 

(6) Repeat the previous steps for different values of x to find a minimum 
(A's + A s)· 

In steps 4 and 5 
Ace is the area of eonerete in eompression 

xis the distanee from the eentroid of Ace to the extreme fibre in 
eompression 

fs the stress in reinforeement A s is negative if tensile 
The ealculation for a particular eross-seetion would be very similar to that 

deseribed in example 9.3 exeept when using the design equations it would be 
neeessary to determineA ee andx for eaeh position ofthe neutral axis. 

(ii) Simplijied Design Method 

The proeedure is similar to that deseribed for a eolumn with a rectangular seetion 
as deseribed in seetion 9.4.3(iii) and figure 9.13_ 

The eolumn is designed to resist amomen t Ma only, where 
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Ma = M + N (~ - d2 ) 

The steel area required to resist this moment can be calculated from 

Ma = O.4fcuAcc(d - x) + O.72fyA's(d - d') 

and 

0.87fyA s = O.4fcuAcc + O.72fyA's 
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(9.11) 

(9.12) 

(9.13) 

where Ace is the area of concrete in compression with x = d/2, and x is the distance 
from the centroid of Ace to the extreme fibre in compression. 

The area of tension reinforcement, A s as given by equation 9.13 is then reduced 
by an amount equal to N/0.87 fy. 

This method should not be used if the eccentricity, e is less than (h/2 - d2 ). 

Example 9.6 Design of a Non-rectangulßr Column Section 

Design the reinforcement for the non-rectangular seetion shown in figure 9.16 
givenM= 320 kN m,N= 1200 kN at the ultimate limit state and the characteristic 
material strengths are fcu = 30 N/mm2 andfy = 410 N/mm2 • 

M 
e =-

N 

f-----=.50::..:0=------+i'1 

I. 300 .1 

Figure 9.16 

320 X 106 

1200 X 103 

d = 320 

Increased moment Ma = M + N ( : - d2 ) 

320 + 1200(200 - 80)10- 3 

464 kN m 



246 REINFORCED CONCRETE DESIGN 

With x == d/2 = 160 mm, the width (s) of the section at the neutral axis is 

s = 300 + 200(400 - 160) 

400 

Ace = x(b + s) 

2 

420mm 

160(500 + 420) 

2 
73600 mm2 

The depth of the centroid of the trapezium is given by 

_ x(b + 2s) 
X = ----''---------=--

Therefore substituting in equation 9.12 

3(b + s) 

160 (500 + 2 X 420) 

3(500 + 420) 
77.7 mm 

464 x 106 = 0.4 x 30 x 73600(320 - 77.7) + 0.72 x 410A's(320 - 80) 

hence 

A's = 3530 mm2 

Provide three Y32 plus three Y25 bars, area = 3885 mm2 • 

From equation 9.13 

0.87fyAs = 0.4 x 30 x 73600 + 0.72 x 410 x 3530 

therefore 

A s = 5400 mm2 

Reducing A s by N/0.87 fy gives 

1200 X 103 
5400 - ----

0.87 x 410 

2040mm2 

Provide one Y25 plus two Y32 bars, area = 2101 mm2 

The total area of reinforcement provided = 5986 mm2 which is less than the 6 
per cent allowed. 

9.6 Design of Siender Columns 

As described in section 9.2, asiender column must be designed for an extra moment 
caused by the curvature of the member under ultimate conditions. The expressions 
given in CP 110 for the additional moments were derived by studying the moment 
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curvature relations for a member subjected to bending plus axial load - the results 
so obtained were related to experimental evidence. A reference describing this 
research into the analysis and design of columns is given at the end of this chapter. 
The equations for calculating the design moments are only applicable to columns 
of a rectangular section having a symmetrical arrangement of reinforcement. 

AsIender column should be designed for its ultimate axial load (N) plus an 
increased moment given by 

Mt = Mi + Neadd 

where Mi is the maximum initial moment in the column due to the ultimate loads 
and Neadd is the additional moment induced by the column's deflection. These 
moments are shown diagrammatically in figure 9.17. For a braced column with no 
transverse loading along its length the value of the initial moment may be taken as 

Mi = OAM I + O.6M2 

where MI and M 2 are the end moments calculated from a simple elastic analysis of 
the frame or subframe. MI is the smaller end moment and is assumed negative if the 
column is bent in double curvature, M2 is always positive. Mi should never be taken 
as less than OAM2 • The moment Mt must never be taken as less than M2 . Also the 
column should not be designed for a moment less than O.05Nh to allow for a 
minimum eccentricity. 

Load Ni 

Column 

-I 

Additional moments 
caused by the column's 
lateral deflection 

Moment Diagram 

Figure 9.17 Bending of asiender column 

Formulae for Mt which incorporate the concept of the additional moment due 
to the eccentricity eadd are given in the code for the following conditions 

(I) For bending about a minor axis 

where his the over-all depth of the cross-section in the plane of bending 
as shown in figure 9.18. 
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(2) For bending about a major axis and provided the depth, his less than 
3b 

Nh (/e)2 ( le ) Mt = Mi + -- - 1 - 0.0035-
1750 b b 

where bis the width of the cross-section at right angles to the plane of 
bending, and in both equations le is the effective height either in the 
plane of bending or in the plane at right angles, whichever is the greater. 

(3) For bending about both axes 

M" = M" + 1'::0 (l~x)" (1 - 0.00351~x ) 

+ ~ (/ey ) 

1750 b 

2 

(1 - 0.0035 I: ) 
where the subscript x refers to the major axis and the subscript y refers 
to the minor axis; h is the depth in respect of the major axis, b is the 
width of the column. 

B<2nding about: 

(a) a mlnor aXls (b) a major axis (c) both aX<2S 

Figure 9.18 Moments on a column seetion 

The lateral deflections of a column must be less when there is a large proportion 
of the column section in compression. To take account of this, the additional 
moment caused by the column deflection may be reduced by a factor K given by 

K= 
N uz - N 

N uz - Nbal 

where N is the ultimate load; also 

~ 1 

N uz = 0.45fcuAc + 0.75fy A sc 
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and Nbal is the axial load corresponding to a maximum compressive strain of 
0.0035 in the concrete and a tensile strain of 0.002 in the outer layer of tension 
steel. Thus for the stress - strain curve of figure 4.2 the stress,fst in the tensile 
steel is 

fy 
fs t = ------'--'-----

1m + fy/2000 

which is the design yield stress for compression steel. Hence for a symmetrical 
section and allowing for the area of concrete displaced by the reinforcement 

where from the strain distribution 

0.0035d 
Xbal = ------ = 0.636d 

0.0035 + 0.002 

Also from the strain distribution fse will equal the design yield stress if 

d' 
~ 0.273 

d 

and in which case 

( Ase) Nbal = k 1 bXbal - 2 

In order to calculate N uz and Nbal we must know the area of reinforcement in 
the column, and therefore the design must include checking whether a chosen area 
of reinforcement is adequate as shown in the following example. 

Example 9.7 Design of aSIender Column 

A braced column of 300 x 450 cross-section resists an ultimate load of 1700 kN 
and has a clear length of 9.0 m between floors which effectively restrain in direction 
both ends of the column. The end moments about the column's minor axis due to 
the verticalloads are shown in figure 9.19. The characteristic material strengths are 
feu = 25 N/mm2 ,fy = 410 N/mm2 . 

From table 9.2 

Thus 

effective length = 0.75 x 9.0 = 6.75 m 

le 

h 

6.75 

0.3 
= 22.5 > 12 

Therefore the column is slender. 
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g 
I' 

b = 450 

'I lO03f ;, 
fv/ 

p~ 0 
@ @ ~ 
.~. 

n.a. 
." sc 

0 @ 0 

lS.tJ 
(al 5action (bl 5trains 

N=1700kN 

! fv/2 = 70kNm 

fv/1 = 10kNm 

(cl AXial load and Initial momants 

Figure 9.19 

From the bending-moment dia gram the column is bent in double curvature, 
therefore 

and 

Mi OAM1 + 0.6M2 

004 X - 10 + 0.6 x 70 = 38 kN m 

and Mi is therefore greater than 0.4M2 . 

For bending about the minor axis 

Nh 

1750 (~) 
2 

(1 - 0.0035~) 

1700 x 0.3 
38 + x 22.5 2 (1 - 0.0035 x 22.5) 

1750 

= 38 + 136 = 174 kN m 

Try six Y32 bars, Ase = 4830 mm2 . 

N uz = 0.45fcuAc + 0.75fyA sc 
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0.45 x 25 (450 x 300 - 4830) + 0.75 x 410 x 4830 

2950 x 103 N 

therefore 

d' 60 
- = - = 0.25 < 0.273 
d 240 

fse = the design yield stress 

( Ase) 
Nbal = k 1 bXbal - 2 

where k 1 is obtained from table 4.2. 

Xbal = 0.636d = 0.636 X 240 = 153 mm 

therefore 

Nbal = 10.18(450 X 153 _ 48;0 ) 

thus 
= 676 X 103 N 

K 
N uz - N 

N uz - Nbal 

2950 - 1700 
0.55 

and 2950 - 676 

Mt = Mi + KNeadd 

38 + 0.55 X 136 = 113 kN m 

N 1700 X 103 
- = 12.6 
bh 450 X 300 

M 113 X 106 

= 2.8 
bh 2 450 X 3002 

Checking the design chart of figure 9.6 gives the required value for 1 OOAse/bh = 3.4. 
For six Y32 bars 

100Ase 100 X 4830 

bh 450 X 300 

Therefore these bars are adequate. 

Further Reading 

3.6 

w. B. Cranston, Analysis and Design of Reinforced Concrete Columns (Cement and 
Concrete Association, Slough, 1972). 



10 
Foundations 

A building is generally composed of a superstructure above the ground and a sub
structure which forms the foundations below ground. The foundations transfer 
and spread the loads from a structure's columns and walls into the ground. The 
safe bearing capacity of the soil must not be exceeded otherwise excessive settle
ment may occur, resulting in damage to the building and its service facilities, such 
as the water or gas mains. Foundation failure can also affect the over-all stability 
of a structure so that it is liable to slide, to lift vertically or even overturn. 

The earth under the foundations is the most variable of all the materials that are 
considered in the design and construction of an engineering structure. U nder one 
small building the soil may vary from a soft clay to a dense rock. Also the nature 
and properties of the soH will change with the seasons and the weather. For 
example Keuper MarI, a relatively common soH, is hard like a rock when dry but 
when wet it can change into an almost liquid state. 

It is important to have an engineering survey made of the soil under a proposed 
structure so that variations in the strata and the soil properties can be determined. 
Drill holes or trial pits should be sunk, in situ tests such as the penetration test 
performed and sam pIes of the soil taken to be tested in the laborat6ry. From the 
information gained it is possible to recommend safe earth bearing pressures and, if 
necessary, calculate possible settlements of the structure. Representatives values of 
the safe bearing pressures for typical soils are listed in table 10.1. 

In the design of foundations, the areas of the bases in contact with the ground 
should be such that the safe bearing pressures will not be exceeded. Settlement 
takes place during the working life of the structure, therefore the design loading to 
be considered when calculating the base areas should be those that apply to the 
service ability limit state, and which are 

(1) dead plus imposed load 

(2) dead plus wind load 

(3) dead plus imposed plus wind load 

1.0Gk + 1.0Qk 

1.0Gk + 1.0 Wk 

1.0Gk + 0.8Qk 
+ 0.8 Wk 

Where the foundations are subject to a vertical and a horizontal load the following 
rule should apply 
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where 

FOUNDATIONS 

V + H < 1.0 
Py Ph 

the verticalload 
the horizontal load 
the allowable verticalload 
the allowable horizontal load 

Table 10.1 Typical allowable bearing values 

Rock or soH 

Massive igneous bedrock 
Sandstone 
Shales and mudstone 
Gravel, sand and gravel, compact 
Medium dense sand 
Loose fine sand 
Hard clay 
Medium day 
Soft day 

Typical bearing value 
(kN/m2 ) 

10,000 
2,000 to 4,000 
600 to 2,000 
600 
100 to 300 
less than 100 
300 to 600 
100 to 300 
less than 75 
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The allowable horizontal load would take account of the passive resistance of the 
ground in contact with the vertical face of the foundation plus the friction and 
cohesion along the base. 

The calculations to determine the structural strength of the foundations, that is 
the thickness of the bases and the areas of reinforcement, should be based on the 
loadings and the resultant ground pressures corresponding to the ultima te limit 
state. 

-----O'9~ - 1'4Wk 

+ -------
Figure 10.1 Uplift on a footing 

With some structures, such as the type showing in figure 10.1 it may be necessary 
to check the possibility of uplift on the foundations and the stability of the struc· 
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ture when it is subjected to lateral loads. To ensure adequate safety the stability 
calculations should also be for the loading arrangements associated with the ultima te 
limit state. The criticalloading arrangement is usually the combination of maximum 
lateral load with minimum dead load and no live load, that is 1.4 Wk + 0.9Gk' 
Minimum dead load can sometimes occur during erection when many of the interior 
finishes and fix tures may not have been installed. 

Formost designs a linear distribu tion of soil pressure across the base of the 
footing is assumed as shown in figure 10.2a. This assumption must be based on 
the soil acting as an elastic material and the footing having infinite rigidity. In fact, 
not only do most soils exhibit some plastic behaviour and a11 footings have a finite 
stiffness, but also the distribution of soil pressure varies with time. The actual 
distribution of bearing pressure at any moment may take the form shown in 
figure 10.2b or c, depending on the type of soil and the stiffness of the base and the 
structure. But as the behaviour of foundations involves many uncertainties regarding 
the action of the ground and the loading, it is usually unrealistic to consider an 
analysis which is too sophisticated. 

1111111 [Lllt1J tJlllP 
(0) Uniform (b) CohG?sivG? (c) Sondy 

distribution soil so"" 

Figure 10.2 Pressure distributions under lootings 

Foundations should be constructed so that the underside of the bases are below 
frost level. As the concrete is subjected to more severe exposure conditions a larger 
nominal cover to the reinforcement is required. It is recommended that the mini
mum cover should be not less than 75 mm when the concrete is cast against the 
ground, or less than 40 mm when the concrete is cast against a layer of blinding 
concrete. 

10.1 Pad F ootings 

The footing for a single column may be made square in plan, but where there is a 
large moment acting about one axis it may be more economical to have a rectangular 
base. 

Assuming there is a linear distribution the bearing pressures across the base will 
take one of the three forms shown in figure 10.3, according to the relative magni
tudes of the axial load N and the moment M acting on the base. 
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BrG?odth of footing : B, 
M 

EeeG?ntrieity(e) : N 

I· o 

e: 0 e <Q 
"6 

N 
P: 80 

N 
P=8ö t 

(0) (b) 

6M 

80 2 

e>Q. 
6 

P : 2N 
8Y 

whG?rG? 

Y=3rQ -e) 
2 

(e) 

Figure 10.3 Pad footing - presllUre distributions 

(1) In figure 10.3a there is no moment and the pressure is uniform 

N 
P =

BD 
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(10.1)* 

(2) With a moment M acting as shown, the pressures are given by the equation 
for axial load plus bending. This is provided there is positive contact 
between the base and the ground along the complete length D of the 
footing, as in figure 1O.3b so that 

N My 
P = - ±-

BD I 

where I is the second moment of area of the base about the axis of 
bending andy is the distance from the axis to where the pressure is being 
calculated. 
Substituting for 1= BD3 / 12 and y = D/2, the maximum pressure is 

N 6M 
PI = +-

BD BD2 
(10.2)* 
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and the minimum pressure is 

N 6M 
P2 = - ---

BD BD2 

There is positive contact along the base if P2 from equation 10.3 is 
positive. 
When pressure P2 just equals zero 

N 6M 

BD BD2 
= 0 

or 

M D 
--

N 6 

(10.3)* 

So that for P2 to always be positive, M/N - or the effective eccentricity, 
e - must never be greater than D/6. In these cases the eccentricity of 
loading is said to He within the 'middle third' of the base. 

(3) When the eccentricity, e is greater than D/6 there is no longer a positive 
pressure along the length D and the pressure diagram is triangular as 
shown in figure lO.3c. Balancing the downward load and the upward 
pressures 

tpBY = N 

therefore 

. 2N 
maXImum pressure P = -

BY 

where Y is the length of positive contact. The centroid of the pressure 
diagram must coincide with the eccentricity of loading in order for the 
load and reaction to be equal and opposite. Thus 

Y D 
- =- - e 
3 2 

or 

Y=3 (~-e) 

Therefore in this case of e > D/6 

. 2N 
maxImum pressure P = -----

3B{D/2 - e) 
(10.4)* 

A typical arrangement of the reinforcement in a pad footing is shown in figure 
10.4. With a sq1Jare base the reinforcement to resist bending should be distributed 
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uniformly across the full width of the footing. For a rectangular base the reinforce
ment in the short direction should be distributed as in figure 10.4, where the 
arrangement shown allows for the fact that the transverse moments must be 
greater nearer the column. If the footing should be subjected to a large overturning 
moment so that there is only partial bearing, or if there is a resultant uplift force, 
then reinforcement mayaiso be required in the top face. 

Dowels or starter bars should ex tend from the footing into the column in order 
to provide continuity to the reinforcement. These dowels should be embedded into 
the footing an anchorage bond length and extend into the columns a fulliap length. 
Sometimes a 75 mm length of the column is constructed in the same concrete pour 
as the footing so as to form a 'kicker' or support for the column shutters. In these 
ca ses the dowellap length should be measured from the top of the kicker. 

I 

B 

DOWQls 

.-____ ~~~~-;]ap IQngth 

AnchoragQ 
IQngth 

,0 • • I 

o 

J 
I 

-

I.. B -------1 
!2As p1acQd In this 
(018)" 

band 

Figure 10.4 Pad footing reinforcement details 

The critical seetions through the base for checking shear, punching shear, 
ben ding and local bond are shown in figure 10.5. The shearing force and bending 
moments are caused by the net upward force and therefore the unit weight of the 
footing may be subtracted from the upward earth pressures when the ca1culations 
are performed. 

The thickness of the base is usually governed either by the length of embedment 
required to develop the anchorage for the column dowels, or by the punching shear. 
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The principal steps in the design calculations are as follows. 

(l) Calculate the plan size of the footing using the permissible bearing pressure 
and the criticalloading arrangement for the serviceability limit state. 

(2) Calculate the bearing pressures associated with the criticalloading arrange
ment at the ultimate limit state. 

(3) Determine the minimum thickness h of the base in order to develop the 
anchorage bond for the column dowel bars. 

(4) Check the thickness h for punching shear, assuming a probable value for 
the ultimate shear stress, Vc from table 7.7. 

(5) Determine the reinforcement required to resist bending. 
(6) Check the local bond stress. 
(7) Make a final check ofthe punching shear, having established Vc precisely. 
(8) Check the shear stress at the critical sections. 
(9) Where awlicable, foundations and structure should be checked for 

over-all stability at the ultima te limit state. 

Reinforcement to resist bending in the bottom of the base should ex tend at 
least a fuH tension anchorage length beyond the critical section for bending. 

... I '/ 

_----+- I 

// I "t, 
I . 15h· , 

I~ 
I ~ 11 \ . J J \ / 

" . / 
..... ~ .-....... --1--

B<2nding ond loeo I bond 

Punehing 
sh<2or 

Sh<2or 

Figure 10.5 Critical seetions tor design 

Example 10.1 Design o[ a Pad Footing 

The footing is required to resist characteristic axial loads of 1000'kN dead and 
350 kN imposed from a 400 mm square column with 16 mm dowels. The safe 
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bearing pressure on the soil is 200 kN/m2 and the characteristic material strengths 
arefcu = 25 N/mm2 andfy = 410 N/mm2 . 

Assurne a footing weight of 150 kN so that the total dead load is 1150 kN. 

}= 520 

28m. sg 

Figure 10.6 

(a) For the Serviceability Limit State 

design axial load 

required base area 

LOCk + 1.0Qk 

1150 + 350 = 1500 kN 

1500 

200 

Provide a base 2.8 m square, area = 7.8 m2 . 

(b) For the Ultimate Limit State 

Design axial load l.4Ck + 1.6Qk 

1.4 x 1150 + 1.6 x 350 = 2170kN 

2170 
earth pressure = -- = 277 kN/m2 

2.82 

Assurne a 600 mm thick footing. 

Net upward pressure = 277 

277 

(c) Anchorage Length for the Dowels 

From the Appendix 

h x 24 X I'F 

0.6 x 24 x 1.4 = 257 kN/m2 

compression anchorage length 29 x bar size 

29 x 16 = 464 mm 

Therefore a base thickness of 600 mm would adequately allow for concrete cover 
and two layers of reinforcement below the dowels. 
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(d) Punching Shear - see figure 10.5 

Assume the footing is constructed on a blinding layer of concrete so that the 
minimum cover is to be 45 mm. Therefore with thickness h = 600 mm, take mean 
effective depth d = 520 mm. 

critical perimeter 

area within perimeter 

therefore 

punching shear force V 

punching shear stress v 

= column perimeter + 31Th 

4 x 400 + 31T X 600 = 7250 mm 

(400 + 3h)2 - (4 - 1T)(1.5h)2 

(400 + 1800)2 - (4 - 1T)9002 

4.1 X 106 mm2 

257(2.82 - 4.1) 

961 kN 

V 

Perimeter x d 

961 X 103 

7250 x 520 
0.26 N/mm2 

From table 7.7 this ultimate shear stress is not excessive, therefore h = 600 mm 
will be suitable. 

(e) Bending Reinforcement - see figure 1O.7a 

At the column face which is the critical section 

for the concrete 

) 1.2 
M = (257 x 2.8 x 1.2 x 

2 

518 kN m 

Mu 0.15fcubd2 

0.15 x 25 x 2800 x 5202 x 10-6 

2839 kN m 

M 
A s = ---

0.87fyz 

From the lever-arm curve, figure 7.5, la = 0.95. Therefore 

518 X 106 
A s = ---------

0.87 x 410(0.95 x 520) 

2940 mm2 
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Provide ten Y20 bars at 300 mm centres, A s = 3140 mm2 . Therefore 

100A s 100 x 3140 -- = ----- = 0.22 > 0.15 as required 
bd 2800 x 520 

Maximum spacing = 185 x 2 = 370 mm, from table 7.10. Therefore the reinforce
ment provided meets the requirements specified by the code for minimum area and 
maximum bar spacing in a slab. 

l5d: 
O'42m O·78m 

2·8m D 

(a) B<2nding and local bond (b) Sh<2ar 

Figure 10.7 Critical sections 

(f) Local Bond 

At the critical section for bending 

shear V 

local bond stress fbs 

From table 7.3 

ultimate bond stress 

(g) Final Check of Punching Shear 

= 257 x 2.8 x 1.2 = 864 kN 

V 864 X 103 

"f,usd 1 0 x 62.8 x 520 

2.65 N/mm2 

2.5 + 20 per cent 

3.0 N/mm2 > 2.65 

From table 7.7, for fcu = 25 and 100A s/bd = 0.22 

ultimate shear stress, Vc = 0.35 N/mm2 

punching shear stress was 0.26 N/mm2 , therefore a 600 mm thick pad is adequate. 

(h) Shear Stress - see figure 10. 7b 

At the critical section for shear, 1.5d from the column face 

V = 257 x 2.8 x 0.42 

= 302 kN 
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V 302 x 103 
v = 

bd 2800 x 520 

0.21 N/mm 2 < 0.35 

Therefore the section is adequate in shear. 

10.2 Combined Footings 

Where two columns are elose together it is sometimes necessary or convenient to 
combine their footings to form a continuous base. The dimensions of the footing 
should be chosen so that the resultant load passes through the centroid of the base 
area. This may be assumed to give a uniform bearing pressure under the footing 
and help to prevent differential settlement. For most structures the ratios of dead 
and imposed loads carried by each column are similar so that if the resultant passes 
through the centroid for the service ability limit state then this will also be true - or 
very nearly - at the ultimate limit state, and hence in these cases a uniform pressure 
distribution may be considered for both limit states. 

C<Znt roid of bas<Z and 
r<Zsultant load coincid<Z 

'-+--8-- -B----+ -e-

R<Zctangular Trap<zzoidal 

Figure 10.8 Combined bases 

The shape-of the footing may be rectangular or trapezoidal as shown in figure 
10.8. The trapezoidal base has the disadvantage of detailing and cutting varying 
lengths of reinforcing bars; it is used where there is a large variation in the loads 
carried by the two columns and there are limitations on the length of the footing. 
Sometimes in order to strengthen the base and economise on concrete a beam is 
incorporated between the two columns so that the base is designed as an inverted 
T -section. 

The proportions of the footing depend on many factors. If it is too long, there 
will be large longitudinal moments on the lengths projecting beyond the columns, 
whereas a short base will have a larger span moment between the columns and the 
greater width will cause large transverse moments. The thickness of the footing 
must be such that the shear stresses are not excessive and also provide sufficient 
depth to develop the anchorage bond around the column dowels. 

The critical section for shear is not specified in the codes of practice, but a wide 
footing must act as a thick slab ben ding in the longitudinal and the transverse 
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directions, and the critical section probably approaches the distance of 1.5d from 
the column face as for a pad footing. When the footing is narrow and acts more 
as a beam, bending predominantly in the longitudinal direction, then the critical 
section should be taken as the face of the column. 

Example 10.2 Design ofa Combined Footing 

The footing supports two columns 300 mm square and 400 mm square with 
characteristic dead and imposed loads as shown in figure 10.9 and requiring 25 mm 
dowel bars. The safe bearing pressure is 300 kN/m2 and the characteristic material 
strengths arefcu = 30 N/mm2 andfy = 410 N/mm2 . 

E 
("') 

C\J 

2·3m 1·24m .1 
Gk = 1000kN 

Qk = 200kN §[-o ~ 0 
:::J 0 "' -
~ 

Y16 at 200 
(transvQrsQ) 

Gk = 1400kN 

300kN 

9Y20 

400sq m
,o,"mo. T 

I 
I 

106m :1 3·0m 

4·6m 

Figure 10.9 

(1) Base area: allow, say, 250 kN for the self-weight of the footing. At the 
service ability limit state 

total load = 250 + 1000 + 200 + 1400 + 300 = 3150 kN 

3150 2 
area of base required = -- = 10.5 m 

300 
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provide a rectangular base, 4.6 m x 2.3 m, area = 10.58 m2 . 

(2) Resultant of column loads and centroid of base: ta king moments about 
the centre line of the 400 mm square column 

-
x = 1200 x 3 

= 1.24 m 
1200 + 1700 

The base is centred on this position of the resultant of the column loads 
as shown in figure 10.9. 

(3) Bearing pressure at the ultima te limit state: at the ultimate limit state 

load = 1.4(1000 + 1400 + 250) + 1.6(200 + 300) = 4510 kN 

therefore 

earth pressure 
4510 

4.6 x 2.3 
426 kN/m2 

Assuming an 800 mm thick base 

net upward pressure = 426 - 1.4 x 0.8 x 24 = 400 kN/m2 

(4) Thickness for anchorage of column dowels: from the Appendix 

compression anchorage length = 26 x bar size 

26 x 25 = 650 mm 

therefore a base thickness of 800 mm would be adequate. 

0'54m 3·0m I 106m I . . ., 

! 
1fffff 1 1 f , t f f 

w = 400 x 2·3 = 920 kN/m 

1251 975 

~ b---. 
~ i~1 

: ~1509 
I SF -kN 

I 
I 
I 717 

~ 
517 

B.M-kNm 

Figure 10.10 
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(5) Longitudinal moments and shear forces: the shear-force and bending
moment diagrams at the ultimate limit state and for a net upward pressure 
of 400 kN/m2 are shown in figure 10.10. 

(6) Shear: punching shear cannot be checked, since the critical perimeter 
1.5h from the column face lies outside the base area. Because the footing 
is a thick slab with bending in two directions the critical section for shear 
is taken 1.5d from the column face. Therefore with d = 740 mm 

thus 

v = 1509 - 400 x 2.3(1.5 x 0.74 + 0.2) 

= 304 kN 

shear stress v 
V 

bd 

304 X 103 

2300 x 740 

0.18 N/mm2 which is satisfactory 

(7) Longitudinal bending 

(i) Mid-span between the columns 

M 
A s = ---

0.87fy z 0.87 x 410 x 0.95 x 740 

= 2860 mm2 

Provide ten Y20 at 240 mm centres, area = 3140 mm2. 
Local bond: at the point of contraflexure, V = 1151. Therefore 

V 
Iocal bond stress fbs = --

'iusd 

1151 X 103 

628 x 740 

= 2.48 N/mm2 

From table 7.3 

ultimate bond stress allowed = 2.8 x 1.2 = 3.36 N/mm2 

(ii) At the face of the 400 mm square column 

(1 06 0.2)2 
M = 400 x 2.3 x _. ---

2 

340 kN m 

M 
A s 

340 x 106 

0.87fyZ 0.87 x 410 x 0.95 x 740 

1356 mm2 

265 
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minimumA s 
0.15bd 

100 

= 2553 mm2 

0.15 x 2300 x 740 

100 

Provide nine Y20 at 270 mm centres, A s = 2830 mm2 . 

V 400 x 2.3 x 0.86 x 103 

Local bond stressfbs = -- = ----------
I:-usd 9 x 62.8 x 740 

1.89 N/mm2 

which is less than 3.36 N/mm2 . 

(8) Transverse bending 

But 

M = 400 x 

M 

0.87fy Z 

minimumA s 

265 kN rn/rn 

265 x 106 

0.87 x 410 x 0.95 x 720 

1086 mm2 /m 

0.15bd 

100 

0.15 x 1000 x 720 

100 

= 1080 mm2 /m 

Provide Y16 bars at 180 mm centres, area = 1117 mm2 per metre. 

V 400 x 1.15 X 103 
Local bond stress fbs = --

I:-usd 279 x 720 

2.29 N/mm2 

The transverse reinforcement should be placed at eloser centres under the 
columns to allow for greater moments in those regions. 

10.3 Strap Footings 

Strap footings, as shown in figure 10.11, are used where the base for an exterior 
column must not project beyond the property line. Astrap beam is constructed 
between the exterior footing and the adjacent interior footing - the purpose of the 
strap is to restrain the overturning force due to the eccentric load on the exterior 
footing. 

The base areas of the footings are proportioned so that the beafing pressures are 
uniform and equal under both bases. Thus it is necessary that the resultant of the 
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loads on the two footings should pass through the centroid of the areas of the two 
bases. The strap beam between the footings should not bear against the soil, hence 
the ground directly under the beam should be loosened and left uncompacted. 

To achieve suitable sizes for the footings several trial designs may be necessary. 
With reference to figure 10.11 the principal steps in the design are as folIows. 

(1) Choose a trial width D for the rectangular outer footing and assurne 
weights W1 and W2 for the footings and Ws for the strap beam. 

o 

B 5 

-j fl--I' ---~-----l·1 
Loads at thl2 ult 

N'L~~1.4W,_R_' -lz} 
I 

Shl2ar Forcl2s 
I 
I B 2 

~-R)' ~'" 

Bl2nding Moml2nt Pu = nl2t upward prl2ssurl2 at 

thl2 ultimatl2 limit statl2 

Figure 10.11 Strap footing with shearing force and bending moments for the strap beam 
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(2) Take moments about the centre line of the inner column in order to 
determine the re action R 1 under the ou ter footing. The loadings should 
be those required for the serviceability limit state. Thus 

(R 1 - Wd (L + f - ~) - NIL - Ws ~ = 0 (10.5) 

and solve for R 1. The width B of the outer footing is then given by 

R 1 
B=-

pD 

where p is the safe bearing pressure. 
(3) Equate the verticalloads and reactions to determine the reaction R 2 

under the inner footing. Thus 

(10.6) 

and solve for R 2 . The size S of the square inner footing is then given by 

S = jR2 

P 

(4) Check that the resultant of all the loads on the footings passes through 
the centroid of the areas of the two bases. If the resultant is too far away 
from the centroid then steps I to 4 must be repeated until there is ade
quate agreement. 

(5) Apply the loading associated with the ultimate limit state. Accordingly 
revise equations 10.5 and 10.6 to determine the new values for R 1 and 
R 2 • Hence calculate the bearing pressure Pu for this limit state. I t may be 
assumed that the bearing pressures for this case are also equal and uni
form, provided the ratios of dead load to imposed load are similar for 
both columns. 

(6) Design the inner footing as a square base with bending in both directions. 
(7) Design the outer footing as a base with bending in one direction and 

supported by the strap beam. 
(8) Design the strap beam. The maximum bending moment on the beam 

occurs at the point of zero shear as shown in figure 10.11. The shear on 
the beam is virtually constant, the slight decrease being caused by the 
beam's self-weight. The stirrups should be placed at a constant spacing 
but they should extend into the footings over the supports so as to give a 
monolithic foundation. The main tension steel is required at the top of 
the beam but reinforcement should also be provided in the bottom of the 
beam so as to cater for any differential settlement or downward loads on 
the beam. 

10.4 Strip F ootings 

Strip footings are used under walls or under a line of c10sely spaced columns. Even 
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were it possible to have individual bases it is often simpler and more economic to 
excavate and construct the formwork for a continuous base. 

On a sloping site the foundations should be constructed on a horizontal bearing 
and stepped where necessary. At the steps the footings should be lapped as shown 
in figure 10.12. 

Figure 10.12 Stepped footing on a sloping site 

The footings are analysed and designed as an inverted continuous be am subjected 
to the ground bearing pressures. With a thick rigid footing and a firm soil, a linear 
distribution of bearing pressure is considered. If the columns are equally spaced and 
equally loaded the pressure is uniformly distributed but if the loading is not 
symmetrical then the base is subjected to an eccentric load and the bearing pressure 
varies as shown in figure 10.13. 

N N N 

j. i "i 

TI TI TI 
I 

f f f f f f t t= t 1 1 f f:l 
Un i form p r<2SSU r<2 Non-uniform pr<2ssur<2 

Figure 10.13 Linear pressure distribution under a rigid strip footing 

The bearing pressures will not be linear when the footing is not very rigid and 
the soil is soft and compressible. In these cases the bending-moment diagram 
would be quite unlike that for a continuous be am with fiimly held supports and 
the moments could be quite large, particularly if the loading is unsymmetrical. For 
a large foundation it may be necessary to have a more detailed investigation of the 
soil pressures under the base in order to determinc the bending moments and 
shearing forces. 

Reinforcement is required in the bottom of the base to resist the transverse 
bending moments in addition to the reinforcement required for the longitudinal 
ben ding. Footings which support heavily loaded columns often require stirrups and 
bent-up bars to resist the shearing fOl'ces. 

As already discussed in section 10.3, for a combined footing the critical section 
for shear should probably be taken 1.5d from the column face if the footing is 
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wide and acts as a thick slab with bending in both directions. But if the footing is 
narrow like a beam the shear should be checked at the face of the column. 

Example 10.3 Design of a Strip Footing 

Design a strip footing to carry 400 mm square columns equally spaced at 3.5 m 
centres. The columns require 16 mm dowels and the characteristic loads are 1000 
kN dead and 350 kN imposed. The safe bearing pressure is 200 kN/m2 and the 
characteristic material strengths are fcu = 25 N/mm 2 andfy = 410 N/mm2 . 

3·5m ctrs 
'1 

8Y20 

11 Y20 Y16 at 220ctrs 

I. 22m .. I 
Figure 10.14 Strip [ooting with bending rein[orcemen t 

Try a thickness of footing = 700 which allows adequate depth to develop the 
anchorage bond for the 16 mm dowels. Assume a footing self-weight = 40 kN/m. 

1000 + 350 + (40 x 3.5) 
Width of footing required = = 2.13 m 

200 x 3.5 

Provide a strip footing 2.2 m wide. 
At the ultimate limit state 

bearing pressure 

net upward pressure 

Longitudinal Reinforcement 

1.4(1000 + 40 x 3.5) + 1.6 x 350 

2.2 x 3.5 

280 kN/m2 

280 - 1.4 x 0.7 x 24 257 kN/m2 

Using the moment and shear coefficients for an equal-span continuous beam 
(figure 3.10), for an interior span 

moment at the columns 
257 x 2.2 x 3.5 2 

693 kN m 
10 

therefore 

A s 
693 x 106 

3300 mm2 
0.87 x 410 x 0.95 x 620 
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0.15bd 
MinimumAs = --- 620 = 0.15 x 2200 x - 2050 mm2 

100 100 

Provide eleven Y20 at 200 mm centres, area = 3454 mm2 , bottom steel. In the span 

257 X 2.2 x 3.5 2 
M = = 495 kN m 

14 

therefore 

495 X 106 
A s = ----------- = 2360 mm2 

0.87 x 410 x 0.95 x 620 

Provide eight Y20 bars at 280 mm centres, area = 2512 mm2 , top steel. 

Transverse Reinforcement 

1.1 2 

M = 257 X -- = 156 kN rn/rn 
2 

156 X 106 

= 770 mm2 /m 
0.87 x 410 x 0.95 x 600 

0.15bd 
MinimumAs = 600 

= 0.15 x 1000 x - = 900mm2 

100 100 

Provide Y16 bars at 220 mm centres, area = 914 mm2 Im, bottom steel. 

Shear 

1.5d from column face 

v = 257 X 2.2(3.5 X 0.55 - 1.5 X 0.62 - 0.2) = 450 kN 

(The coefficient of 0.55 from figure 3.10 used in calculating the shear force is 
somewhat conservative for a continuous footing.) 

Shear stress v 
450 X 103 

2200 X 620 
0.33 N/mm2 

Allowable ultima te shear stress = 0.35 N/mm2 , from table 7.7. 

10.5 Raft Foundations 

A raft foundation transmits the loads to the ground by means of a reinforced 
concrete slab that is continuous over the base of the structure. The raft is able to 
span over any areas of weaker soil and i t spreads the loads over a wide area. 
Heavily loaded structures are often provided with one continuous base in pre
ference to many c10sely spaced, separate footings. Also where settlement is a 
problem, due to mining subsidence, it is common practice to use a raft foundation 
in conjunction with a more flexible superstructure. 
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The simplest type of raft is a flat slab of uniform thickness supporting the 
columns. Where punching shears are large the columns may be provided with a 
pedestal at their base as shown in figure 10.15. The pedestal serves a similar function 
to the drop panel in a flat si ab floor. Other, more heavily loaded rafts require the 
foundation to be strengthened by beams to form a ribbed construction. The beams 
may be downstanding, projecting below the slab or they may be upstanding as 
shown in the figure. Downstanding beams have the disadvantage of disturbing the 
ground below the slab and the excavated trenches are often a nuisance during con
struction, while upstanding beams interrupt the clear floor area above the slab. To 
overcome this a second slab is sometimes cast on top of the beams, so forming a 
cellular raft. 

(0) Flat slab (b) Downstand 
b<2am 

Figure 10.15 Raft foundations 

(c) Upstand 
b<2am 

Rafts having a uniform slab, and without strengthening beams, are gene rally 
analysed and designed as an inverted flat slab floor subjected to the earth bearing 
pressures. With regular column spacing and equal column loading, the coefficients 
tabulated in section 8.6 for flat slab floors are used to calculate the bending 
moments in the raft. The si ab must be checked for punching shear around the 
columns and around pedestals, if they are used. 

Wat<2r 
tabl<2 

Upward pr<2ssur<2 

Figure 10.16 Raft foundation subject to uplift 

A raft with strengthening beams is designed asan inverted beam and slab floor. 
The slab is designed to span in two directions where there are supporting beams on 
all four sides. The beams are often subjected to high shearing forces which need to 
be resisted by a combination of stirrups and bent-up bars. 

Raft foundations which are below the level of the water table as in figure 10.16 
should be checked to ensure that they are able to resist the uplift forces due to the 
hydrostatic pressure. This may be critical during construction before the weight of 
the superstructure is in place, and it may be necessary to provide extra weight to 
the raft and lower the water table by pumping. An alternative method is to anchor 
the slab down with short tension piles. 
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10.6 Piled Foundations 

Piles are used where the soil conditions are poor and it is uneconomical, or not 
possible, to provide adequate spread foundations. The piles must extend down to 
firm soil so that the load is carried by either (1) end bearing, (2) friction, or 
(3) a combination of both end bearing and friction. Concrete piles may be precast 
and driven into the ground, or they may be the cast in situ type which are bored or 
excavated. 

A soils survey of a proposed site should be carried out to determine the depth 
to firm soil and the properties of the soil. This information will provide a guide to 
the lengths of pile required and the probable safe load capacity of the piles. On a 
large contract the safe loads are often determined from full- scale load tests on 
typical piles or groups of piles. With driven piles the safe load can be calculated 
from equations which relate the resistance of the pile to the measured set per blow 
and the driving force. Hiley's formula is such an equation which is commonly used, 
and is described in the Institution of Civil Engineers Code of Practice no. 4, 
'Foundations'. 

The load-carrying capacity of a group of piles is not necessarily a multiple of 
that for a single pile - it is often considerably less. For a large group of clQsely 
spaced friction piles the reduction can be of the order of one- third. In contrast, 
the load capacity of a group of end bearing piles on a thick stratum of rock or 
compact sand or gravel is substantially the sum total of the res ist an ce of each 
individual pile. Figure 10.17 shows the bulbs of pressure under piles and illustrates 
why the settlement of a group of piles is dependent on the soil properties at a 
greater depth. 

/ 
/ 

/ 

PilQ group 

Figure 10.17 Bulbs of pressure 

SinglQ pilQ 

The minimum spacing of piles, centre to centre should not be less than (1) the 
pile perimeter - for friction piles, or (2) twice the least width of the pile - for end 
bearing piles. Bored piles are sometimes enlarged at their base so that they have a 
larger bearing area or a greater resistance to uplift. 

A pile is designed as a short column unless it is slender and the surrounding soil 
is too weak to provide restraint. Precast piles must also be designed to resist the 
bending moments caused by lifting and stacking, and the head of the pile must be 
reinforced to withstand the impact of the driving hammer. 
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It is very difficult if not impossible to determine the true distribution of load on 
a pile group, therefore, in general, it is more realistic to use methods tha t are simple 
but logical. A verticalload on a group ofvertical piles is considered to be distributed 
according to the following equation, which is similar in form to that for an eccentric 
load on a pad foundation: 

where Pn 

N 
n 

lxx andlyy 

N Nexx Neyy 
Pn = - ±--Yn ± --Xn 

n lxx lyy 

is the axial load on an individual pile, 
is the verticalload on the pile group, 
is the nu mb er of piles, 
are the eccentricities of the load N about the centroidal axes XX 
and YY of the pile group, 
are the second moments of area of the pile group about axes XX 
and YY, 
are the distances of the individual pile from axes YY and XX, 
respectively. 

Example 10.4 Loads in a Pile Group 

Determine the distribution between the individual piles of a 1000 kN verticalload 
acting at position A of the group of vertical piles shown in figure 10.18. 

Centroid of the pile group: taking moments about line SS 

~x 2 + 2 
x = -- = -- = 0.8 m 

n 5 

and taking moments about line TT 

therefore 

and 

similarly 

therefore 

~Y 2 + 2 + 3 
Y = - = l.4m 

n 5 

exx 0.6 m 

eyy 0.2 m 

lxx ~Yn2 with respect to the centroid axis XX 

= 2 X 1.4 2 + 2 X 0.6 2 + 1.6 2 = 7.2 

N Ne xx Ne yy 
±--Yn ±--xn 

n lxx lyy 
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1000 1000 x 0.6 1000 x 0.2 
=-- ± Yn ± X n 

5 7.2 4.8 

= 200 ± 83.3Yn ± 41.7xn 

Therefore, substituting for Yn and x n 

PI 200 83.3 x 1.4 + 41.7 x 1.2 133.4 kN 

P2 200 83.3 x 1.4 - 41.7 x 0.8 50.0 kN 

P3 200 + 83.3 x 0.6 + 41.7 x 1.2 300.0 kN 

P4 200 + 83.3 x 0.6 41.7 x 0.8 = 216.6 kN 

Ps 200 + 83.3 x 1.6 41.7 x 0.8 299.9 kN 

Total 999.9 kN 
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y 

S 

T t-r T 

E 
'<t 

I>., .'_.1-.1-. E 
0 

X 
N 

X 

E 

'-~~-$ 
<D 
6 
" H 
X .. I· 

1000kN , E 
0 
.'-

, . s 

I. 10m .!J 1-' .oam.1 

e yy - 0 2m y 

Figure 10.18 

Piled foundations are sometimes required to resist horizontal forces in addition 
to the verticalloads. 1f the horizontal forces are small they can often be resisted by 
the passive pressure of the soil against vertical piles, otherwise if the forces are not 
small then raking piles must be provided as shown in figure 10.19a. 
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To determine the load in eaeh pile either a statie method or an elastie method is 
available. The statie method is simply a graphieal analysis using Bow's notation as 
illustrated in figure 10.19b. This method assurnes that the piles are pinned at their 
ends so that the indueed loads are axial. The elastic method takes into aeeount the 
displaeements and rotations of the piles whieh may be eonsidered pinned or fixed 
at their ends. The pile foundation is analysed in a similar manner to a plane frame 
or space frame and available computer programs are eommonly used. 

a 

b 

(a) 

c 

Figure 10.19 Forces in ra king piles 

The pile eap must be rigid and capable of transferring the eolumn loads to the 
piles. It should have sufficient thiekness for anehorage of the column dowels and 
the pile reinforeement, and it must be eheeked for punehing shear, diagonal shear, 
bending and loeal bond. Piles are rarely positioned at the exact locations shown on 
the drawings, therefore this must be allowed for when designing and detailing the 
pile eap. 

Further Reading 

CP 2001 : 1957 Site investigations. 
CP 2004 : 1972 Foundations. 
- CP no. 4 Foundations (Institution of Civil Engineers, London, 1954). 



11 
Water-retaining Structures and 
Retaining Walls 

The design of both of these types of structure is based on fundamental principles 
and analysis techniques which have been discussed in previous chapters. Because of 
their specialised nature, however, design is often governed by factors which may be 
regarded as secondary in normal reinforced concrete work. Such structures are 
relatively common, in one form or another, and hence justify coverage in some 
detail. 

11.1 Water- retaining Structures 

This category includes those which are required to contain, or exclude, any liquid. 
Since water is that most commonly involved, however, the rather loose title is 
frequently used to describe such structures. Common structures of this type include 
water towers and reservoirs, storage tanks including sewage disposal and treatment 
systems, and floors and walls of basements and other underground construction 
where it is necessary to prevent ingress of groundwater. 

As it is important to restrain cracking so that leakages do not take place the 
design is generally governed by the requirements of the serviceability limit state, 
but stability considerations are particularly important and design must take careful 
account of the construction methods to be used. British Standard Code of Practice 
CP 2007 offers guidance on the design and construction of this category of struc
ture, and it has been revised to incorporate a limit state approach as an alternative 
to the elastic design methods wh ich have been traditionally used. This code 
recommends values for design stress limits for this type of structure. 

11.1.1 Design and Construction Problems 

To ensure a watertight structure the concrete must be adequately reinforced in 
sections where tension may occur. For this reason it is important to be able to 
envisage the deflected shape of the structure and its individual elements. Tensile 
stresses due to any direct tensile forces as weIl as those due to bending .TIlUSt be 
included in the design ca1culations. 

277 
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Continuity reinforcement to prevent cracking must be provided at corners and 
at member junctions. This reinforcement must extend weil beyond where it is 
required to resist the tensile stresses, particularly when these stresses occur on the 
face in contact with the liquid. 

The design should consider the cases where the structure is full of liquid and 
also when it is empty. The structure when empty must have the strength to with
stand the active pressures of any retained earth. Since the passive resistance of the 
earth is never certain to be acting it should generally be ignored when designing 
for the structure full. 

Cracking may occur not only from flexure and shrinkage, but also from subsi
dence and in some areas earthquakes. Careful attention must thus be given to 
geological aspects of a proposed site and in particular to the possibilities of 
differential settlement. It may sometimes be necessary to provide movement joints 
to cater for this, in addition to expansion and contraction joints required to allow 
for thermal and shrinkage movements. Flexural cracking can be controlled by 
careful design and detailing and is discussed in chapter 6, while shrinkage and 
thermal effects can be reduced considerably by careful attention to the construc
tion factors listed in section 1.3. 

With a thick section, the heat generated by hydration cannot readily be dissi
pated, and the resulting temperature rise in the body of the concrete may be 
considerable. In addition t9 the normal precautions, it may be necessary to use 
low-heat cements and to restrict the size of pours. Experimental work has shown 
that in sections greater than 600 mm in thickness, the outer 300 mm on each face 
may be regarded as the surface zone and the remainder as the core. Temperature 
rises due to hydration must be based on the core temperature which will gene rally 
be at least 10°C higher than for a corresponding 'thin' section. Minimum reinforce
ment quantities to control thermal and shrinkage cracking should, however, be 
based on a member thickness of 600 mm. 

The importance of good cu ring cannot be overemphasised, but it is important 
to remember that good compaction on site is just as vital, if not more critical, in 
producing an impermeable concrete. It is essential, therefore, that the concrete mix 
used is sufficiently workable to enable easy handling during construction, with no 
tendency to segregation. A slightly higher water content combined with a higher 
cement content will help to produce a mix that is plastic but not sloppy. A longer 
mixing time, and the use of natural aggregates in preference to crushed stone is 
helpful. 

Formwork must also be carefully constructed to avoid grout leakage at joints 
and the consequent areas of concrete vulnerable to water penetration. Particular 
care must also be given to the use of formwork ties. Through ties should not be 
used, as these offer a potentialleakage path. 

Flotation, particularly during construction, is a major problem in many 
underground tanks and basements. To overcome this it may be necessary to 
dewater the site, increase the dead weight of the structure, or provide for temporary 
flooding of the structure. In any case, the construction sequence must be carefully 
studied, and specified at the design stage. 

When filling a tank or reservoir for the first time, this should be done slowly. 
This permits stress re distributions to occur, and this, coupled with creep effects, 
will greatly reduce the ex tent of cracking. 
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11.2 Joints in Water-retaining Structures 

All concrete structures must inevitably contain construction joints, whilst the 
need for joints to accommodate movement in water-retaining structures is governed 
by the likelihood of, and need to restrict, unacceptable cracking principally due to 
shrinkage and thermal movements. Frequently it may be possible to combine the 
two categories of joint. 

The principal characteristics ofjoints are that they must be watertight, and in 
the case of movement joints must also permit the repeated required movement to 
take place as freely as possible. Waterbars will generally be incorporated, either the 
surface type in slabs, or possibly the centre bulb type in walls. These must be 
effectively held in position during concreting, whilst allowing good compaction of 
the concrete to still be possible. Such waterbars must furthermore be able to 
accommodate anticipated movement without tearing, and withstand considerable 
water pressures. 

All movement joints must be sealed with a flexible compound which effectively 
is watertight and also prevents dust and grit from entering and thus blocking the 
joint. J ointing materials must furthermore be durable under the conditions of 
exposure to which they may be subjected. 

11. 2.1 Construction Joints 

Construction joints cannot be avoided, and the aim must be to ensure reinforcement 
continuity with good bonding between the new concrete and old. Such require
ments, of course, apply to any reinforced concrete construction but especial care 
must be taken in this instance if leakage is to be avoided. Laitance must always be 
removed to expose coarse aggregate and asound irregular concrete surface. The 
new concrete is then poured either directly against this surface, or alternatively a 
thin layer of grout may be applied before casting. If weil constructed, such joints 
should be completely watertight. Waterstops are not usually necessary; however, it 
is sometimes preferred to seal the joint on the water-retaining surface as an addi
tional precaution. 

"/ 
I 

h 
\ 
Pr(2par(2d 
surfac(2 

Figure 11.1 Construction joint 

-i-

Wherever possible the construction should be arranged so that the joints are 
either all horizontal or all vertical. In some instances long lengths of walls or slab 
are constructed in alternate lengths as shown in figure 11.2, so that when the 
intermediate pours are made later the older concrete in the earlier pours will have 
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al ready taken up some of the shrinkage movement. But on the other hand some 
engineers prefer to construct successive lengths, arguing that this will mean there is 
only one restrained edge and the other edge of the si ab is free to contract without 
cracking. The method adopted, in fact, often depends on the preference of the 
contractor who has to be responsible for producing a watertight structure at an 
economic cost. 

1>-----1>-----1 ........ ---1 ........ -Construct ion 
" ;~:, " 3'" '0' :' jo'"" 

Altrzrnatrz Bay Construction 

1st 2nd 3rd 

Continuous Bay Constructlon 

Figure 11.2 Construction procedure tor walls 

11.2.2 Movement Joints 

Movement joints are provided to reduce the likelihood of unwanted thermal or 
shrinkage stress concentrations. They ensure there is only a partially restrained 
condition during contraction of the immature concrete. 

(a) Wall 

Srzalrzr --_______ _ 

Liquid adjacrznt 
facrz 

Crzntrrz bulb 
watrzrbar 

Concrrztrz bOnd -,t:==--"f----1 
brokrzn at joint 

Srzalrzr 

Surfacrz 
watrzrbar 

(b) Slab 

Figure 11.3 Partial contraction joint 

Joints to accommodate contraction may be of two types, 'partial' or 'complete', 
depending upon the extent of contraction anticipated and the degree of restraint 
that can be tolerated. 'Partial' contraction joints are the simplest to provide, and 
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consist of a deliberate discontinuity of the concrete, but without an initial gap, as 
shown in figure 11.3. Care must be taken to prevent excessive adhesion of the 
concrete surfaces when the second slab is cast against the first, and a waterbar may 
be desirable as a precaution in addition to the joint sealer. Reinforcement is 
continuous ac ross the joint to provide some shear transfer, but at the same time 
this reduces the effective freedom of movement of the adjacent concrete sections. 
Such joints thus provide only limited relief from constraint and they must always 
be separated by at least one movement joint with complete discontinuity of 
concrete and steel. 

An example of a 'complete' contraction joint which fulfils this requirement is 
shown in figure 11.4a. In this case both steel and concrete are discontinuous, but if 
any shear must be transferred then a shear key is required, as shown. In this type 
of joint a waterbar is considered to be essential, although there is no initial gap 
between the concrete surfaces. 

C'2ntrC2 bulb 
watC2rbar 

ConcrC2tC2 bond 
brokC2n 

SC2alC2r 

ShC2ar kC2Y 
(if rC2quirC2d) 

Bond brC2akC2r 
(polythC2nC2 ShC2C2t) 

Blinding concrC2tC2 SurfacC2 watC2rbar 

(a) ComplC2tC2 contractlon (b) Expansion joint 
joint in wall in floor slab 

Figure 11.4 Complete movement joints 

Where expansion of the concrete is considered possible, joints must be provided 
which permit this to take place freely without the development of compressive 
stresses in the concrete. Expansion joints must, therefore, not only provide complete 
discontinuity of concrete and steel reinforcement, but also must have an initial gap 
to accommodate such movement. Contraction can also of course be catered for by 
this type of joint. Figure 11.4b shows a common expansion joint detail, where in 
addition to a sealer and special waterstop, the joint is filled with a non- absorbent 
compressible filler. Shear can obviously not be transmitted by this joint, but if it 
is essential that provision for shear transfer be made, a special joint involving sliding 
concrete surfaces must be designed. Water pressure on the joint materials mayaiso 
cause problems if the gap is wide, and this must be considered. 

Üccasionally, a structure may be designed on the basis that one part is to be free 
to move relative to another, for example in a circular tank on a flat base, the walls 
may be designed as independent of the base. In such cases special sliding joints are 
sometimes used. The essential requirement is that the two concrete surfaces are 
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absolutely plane and smooth and that bond is broken between the surfaces such as 
by painting or the use of building paper, or that a suitable flexible rubber pad is 
used. Figure 11.5 shows a typical detail for such a joint, which must always be 
effectively sealed. 

FI<2xibl<2 
s<2ol<2r 

Pr<2por<2d 'sliding' 
joint surfoc<2 

Figure 11.5 Typical sliding joint between slab and wall 

Provision 0/ Movement Joints 

The need for movementjoints will depend to a considerable extent on the nature 
of the structure and the usage to which it is put. For instance an elevated structure 
may be subjected to few restraints, whilst an underground structure may be 
massive and restrained. On the other hand, temperature and moisture variations 
may be greater in exposed structures than those which are buried. If warm liquids 
are involved, then this must be reflected in the provision of adequate joints. 

The type of member, and construction sequence, will also be an important 
consideration. Floor slabs will gene rally be cast on a separating layer of polythene 
or some similar materiallaid on the blinding concrete, and in this case joints should 
be complete contraction or expansion joints. Alternatively, the slab may be cast 
directly onto the blinding and reinforced to limit cracking on the basis of full 
restraint as described in chapter 1. Any joints then provided should be the 'partial' 
contraction type, although these may not even be necessary. 

Walls may similarly be designed as fully restrained, or alternatively contraction 
joints provided at centres not exceeding about 7.5 m in reinforced concrete. 
Expansion joints must be provided if necessary. In some instances roofs may be 
separated from the walls by sliding joints. If the roof is to be designed as unre
strained then great care must be taken to minimise the restraints to thermal move
ment during construction. If significant restraints cannot be avoided, teinforce
ment must be designed to limit the likely cracking. Where roof and wall are mono
lithic, joints in the roof should correspond to those in the wall, which in turn may 
be related to those in the floor slab. 

If design of a member is based on the fully restrained condition, it.is assumed 
that cracking will be controlled by the reinforcement; therefore the critical steel 
ratio r crit which is discussed in seetion 6.3 must be exceeded. The reinforcement 
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is then detailed to limit the maximum likely crack width to the values given in 
table 11.1, using appropriate values of likely temperature change and concrete 
properties recommended by the code of practice. In this instance greatest benefit 
is obtained from closely spaced small diameter bars. 

Alternatively, if proper movement joints are provided so that cracks are con
centrated at the joints, reinforcement may be designed on the basis of only partial 
restraint. 

11.3 Design Methods 

The design of water- retaining structures may be carried out using either CI) a limit 
state design, or (2) an elastic design. 

A limit state design would be based on both the ultimate and service ability 
limit states, using the methods described in the previous chapters. As the restraint 
of cracking is of prime importance with these structures the simplified rules for 
minimum steel areas and maximum spacing would no longer be adequate. It would 
be necessary to check the concrete strains and crack widths, using the methods 
described in chapters 1 and 6. The calculations tend to be lengthy and depend on 
factors such as the degree of restraint, shrinkage and creep which are difficult to 
assess accura tely. 

The elastic design is the traditional method which will probably continue to be 
used for many structures. It is relatively simple and easy to apply. Possibly it will 
be used in conjunction with limit state methods when there are special circum
stances, such as when stability calculations are necessary, or when the structure 
has an irregular layout, so that the criticalloading patterns for the ultimate limit 
state should be considered. Even though a structure has been designed by the 
elastic method it may still be necessary to calculate the possible movement and 
crack widths. 

1 L 3.1 Limit State Design 

The application of limit state techniques to water-retaining structures is relatively 
new. In consideration of the ultimate limit state, the procedures followed are 
exactly the same as for any other reinforced concrete structure, except that the 
partial factor of safety on imposed loading due to the contained liquid is taken as 
1.4 rather than 1.6. This reduced safety factor reflects the degree of accuracy wi th 
which hydrostatic loading can be predicted. Calculations for the analysis of the 
structure subject to the most severe loading combinations, and for the detailing of 
reinfot'cement, will proceed in the usual manner. 

Each member of a water-retaining structure must be classified according to its 
exposure category as described in table 11.1. For example, roofs will generally be 
in class A, whilst columns and walls may be in either dass A or B according to 
circumstances. External members not in contact with the liquid williie in class C 
and can be designed using the criteria discussed in other chapters for normal 
reinforced concrete work. 

The maximum allowable crack widths and maximum service stresses in the 
reinforcement are listed in table 11.1. Crack widths in mature concrete, and the 
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restrained shrinkage and thermal tension crack widths in immature concrete, may 
be calculated using the methods given in sections 1.3 and chapter 6, and then 
checked for compliance. To account for temperature changes due to the loss of 
heat of hydration, the coefficient of thermal expansion in the immature concrete 
should be taken as one-half the estimated value for mature concrete to allow for 
the considerable creep effects. Temperature rises due to hydration of the concrete 
may be expected to be of the order of 30°C in summer and 20°C in winter. If the 
stresses in the reinforcement under service conditions are shown to be limited to 
the values in table 11.1 then it may be assumed that the maximum likely crack 
widths due to tension in the mature concrete will be below the limiting values. 

Table 11.1 Limit state method -limitations for reinforced concrete 

Class 

A 

B 

C 

Exposure 

Moist or Corrosive 
atmosphere, alternate 
wetting and drying 

Continuous, or 
alm ost continuous 
liquid contact 

Not exposed to 
moist or corrosive 
conditions, or 
liquid 

Maximum allowable 
surface crack width 

Flexure 

(mm) 

0.1 

0.2 

0.3 

Direct 
tension 
(mm) 

0.1 

0.2 

0.3 

'Deemed to Satisfy' 

Maximum service 
stresses in 

reinforcemen t 

Plain 
bars 

(N/mm 2 ) 

85 

115 

125 

Deformed 
bars 

(N/mm 2 ) 

100 

130 

140 

If a water-retaining structure is to be constructed in prestressed concrete, the 
exposure dasses of member are paired with the categories of prestressed members 
discussed in chapter 12. Under working conditions dass A members must have no 
flexural tensile stresses, dass B may have tension but no visible cracking, and dass 
C must have surface crack widths not exceeding 0.2 mm. Once the appropriate 
category has been established, each member will be designed in the way described 
in chapter 12. 

11. 3. 2 Elostie Design 

This method is based on working loads, and permissible stresses in the concrete 
and steel which are considered to be acting within the elastic range. Hence the 
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design assumes a triangular stress block as analysed in section 4.2.1. Suitable per
rnissible stresses are shown in tables 11.2, 11.3 and 11.4. The ratio (Qe) of the 
modulus of elasticity of steel to that of concrete is taken as 1.5. 

Calculations are performed on the basis of two criteria: strength', and resistance 
to cracking. 

Strength calculations assume a cracked section. Low permissible steel stresses 
are specified in order to limit the width of cracks and thus reduce the chance of 
leakage and corrosion of the reinforcement. 

The analysis for resistance to cracking assumes a limiting tensile stress in the 
concrete and is based on an uncracked concrete section. The governing factor in 
such an analysis is inevitably the permissible tensile stress in the concrete, with the 
steel and concrete stresses being related by the compatibility of stra'.ns across the 
section. 

The calculations for cracking resistance must be carried out for 

(1) the face in contact with the liquid for sections thicker than 225 mm 
(2) both faces for sections of 225 mm or less in thickness. 

Sections thicker than 225 mm are designed for strength only at faces remote from 
the liquid. 

Table 11.2 Elastic method - strength calculations, permissible concrete stresses 

Concrete 
grade 

30 
25 

Perrnissible concrete stresses (N/mm2 ) 

Compression 

Direct 

8.37 
6.95 

Dueto 
bending 

11.0 
9.15 

Shear 

0.87 
0.77 

Average 

1.0 
0.9 

Bond 

Local 

1.49 
1.36 

Design by the elastic method, therefore, consists of designing for strength, 
checking cracking resistance, and increasing the member size or the area of rein
forcemen t, if necessary. Using the expression derived in section 4.2.1 for a triangular 
stress block with a cracked and uncracked section the procedure for calculating the 
area of reinforcement for a section is as follows 

(a) Strength Calculations 

(1) Determine the depth of the neutral axis from 

x = 
d 

+~ 
Qe!cc 

The stresses are the permissible values and Qe = 15. 

(I 1.1) 
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(2) Check the moment of resistance of the concrete from 

(3) Calculate the area of tension steel from 

M 
A s = -----;-------;:--

Ist (d - ;) 

(11.2) 

(11.3) 

Table 11.3 Elastic method - strength calculations, permissible steel stresses 

Permissible stress (N/mm2 ) 

Condition Class of 
exposure Plain bars Deformed bars 

Direct tension } 
Flexural tension 

A 85 

Shear B 115 
Compression Aand B 125 

Table 11.4 Elastic method - cracking calculations, 
permissible stresses 

Permissible concrete stresses (N/mm2 ) 

Shear 
Concrete Tension 

(~) grade 
Direct Due to bending 

30 1.44 2.02 2.19 
25 1.31 1.84 1.94 

(b) Cracking Resistance 

100 

130 
140 

(1) Determine a depth of neutral axis for the uncracked section from 

h + 2(a e - l)rd 
x =-------

2(a e - l)r + 2 

where r = As/bh. 

(11.4) 
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(2) Check that the tensile stress, fct in the concrete does not exceed the 
permissible value from table 11 A- The stress is calculated from 

[ ( h - x) (d - x) ( x ) ] M = fctbh -- + (ae - l)r d - -
3 (h - x) 3 

(I LS) 

The depth of the section or the steel area must be increased if the per
missible stress is exceeded_ 

Where the section has to resist direct tension, as for example in a circular tank, 
the resistancc of the uncracked section is given by 

T = fct(A c + A~ae) 

where Ac is the area of concrete in tension. Therefore for a rectangular section and 
allowing for the area of concrete displaced by the reinforcement 

T = fctbh + fctAs(ae - 1) 

When the direct tension is combined with bending, a rigorous analysis of the 
section may be carried out but for many cases this is not justified. Quite often 
with rectangular tanks, only small tensile forces are associated with the bending. 
Conversely, when a circular tank has to resist large hoop tensions usually the 
bending moments have only secondary effects. 

If the shear stresses in the concrete should exceed the permissible values given 
in table 11.2 then shear reinforcement must be provided. In an elastic analysis the 
shear strength of the concrete is not included in the formulae for calculating the 
stirrup reinforcement. The area, Asv and spacing, Sv of the stirrups is given by 

Asv V 

Sv fvz 

where V = the shear force due to the working loads 
fv the steel stress from table 11.3 
z = the lever arm of the resistance moment 

b = 1·0m 

~ 1 

~a§i~~~~~J 
liquid 

distribution 
staal 

Figure 11.6 
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Example 11.1 E/astic Design o[ a Water-retaining Seetion 

The section shown in figure 11.6 is subject to a moment of 11.0 kN m under 
working loads. The moment acts so that there is tension in the face adjacent to the 
liquid. A grade 30 concrete and plain bars are specified with a class B exposure. 

(a) Strength Calculations 

Depth of neutral axis x 
d 

130 
76.6 mm 

115 
1 +---

15 x 11 

Moment of resistance of concrete 0.5bxfcc (d - ~) 

0.5 x 1000 x 76.6 x 11 (130 - 76~6) 10-6 

M 

( 76.6) 115 130 - -3-

Provide twelve RIO bars, area = 942 mm2 . 

(b) Check Cracking 

A s 
r =-

942 

1000 x 180 

x 

bh 

h + 2(ae - l)rd 

2(ae - l)r + 2 

0.00523 

180 + 28 x 0.00523 x 130 

28 x 0.00523 + 2 
92.7 mm 

44kNm 

M = fctbh [ ( h ; ~ ) + (ae - l)r ~~ = :~ (d - :) ] 
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therefore 

6 3 
[ 

87.3 
11 x 10 = fct x 10 x 180 -3- + 14 x 0.00523 

87.3 
( 92.7)] 130--3-

37.3 
x --

from whichfct = 1.90 N/mm2 , which is less than the permissible tensile stress of 
2.02 N/mm2 from table 11.4, therefore the section is adequate and extra steel is 
not required. 

11.4 Reinforcement Details 

Reinforcement should normally be placed near the surface of the concrete but the 
minimum cover should not be less than 40 mm. 

For exposures A and B, as described in table 11.1, the minimum steel areas in 
each of two directions at right angles are normally taken as 0.0025bh (deformed 
bars) or 0.004bh (plain bars). 

(1) In members up to 200 mm thick these areas of reinforcement should be 
in one layer. 

(2) In members 200 mm to 600 mm thick the reinforcement should be 
equally divided so that there is a layer in each face. 

(3) In members greater than 600 mm thick h should be taken as 600 mm and 
the reinforcement placed in two layers. 

It will be seen from the preceding sections, that under service conditions the 
reinforcement must be acting at stresses below those normally existing in rein
forced concrete members. This reduces the advantages of increased strengths 
usually associated with high-yield steels. It will be noted, however, that for 
'nominal' reinforcement the minimum quantity is considerably reduced if deformed 
bars are used, due to their improved bond characteristics. The choice between high 
yield and mild steel reinforcement is, therefore, not weil defined and often a 
matter of personal preference of the engineer. 

Example 11.2 Design of a Water-retaining Structure 

A cross-section of the tank to be designed is shown in figure 11.7. The floor slab 
of the tank spans onto supporting beams at Band C. A grade 30 concrete and 
plain mild steel bars are to be used. (I m3 ofwater weighs 9.81 kN/m3 .) 

For the walls h 200 mm and d = 150 mm 

For the slab h 300 mm and d = 250 mm 
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_I. lOm.1 
Figure 11.7 Water tank showing loeation o[ main rein[oreement 

(a) Walls 

Since the water is on the tension side both strength and cracking must be designed 
for 

water pressure at base of wall = 9.81 x 2.0 = 19.62 kN/m2 

For the effective span of the cantilever and considering alm length of wall 

1 (2.0 0.15) M = "2 x 19.62 x 2.0 . 3 + -2- = 14.6 kN m 

(1) Strength 

Neutral axis depth x 
d 
+~ 

Qeicc 

150 
88.4 mm 

1 + 
115 

15 x 11 

M 

ist (d - ; ) 

14.6 X 106 
1054 mm2 

115~50_8:.4) 

Provide R 12 bars at 100 mm cen tres, area = 1130 mm2 • Therefore 
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1130 
= 0.00565 

bh 200 x 1000 

which is greater than the minimum of 0.002 required in each face. 
(2) Cracking 

therefore 

x 
h + 2(ae - l)rd 

2(a e - l)r + 2 

200 + 28 x 0.00565 x 150 

28 x 0.00565 + 2 
103.7 mm 

M = Ictbh + (a e - I r---[ 
(h - x) ) (d - x) 

3 (h - x) 

6 3 [96.3 14.6 x 10 = let X 10 x 200 -3 + 14 x 0.00565 

46.3 ( 103.7)J X -- 150 ---
96.3 3 

from which let = 2.00 N/mm 2 , which is less than the permissible tensile 
stress of 2.02 N/mm2 (table 11.4) therefore extra steel is not required. 

Minimum steel required in each face = 0.002 x 1000 x 200 

= 400 mm2 

Provide RIO at 175 mm centres, area = 449 mm2 . This steel should be 
provided at right angles to the main steel and also each way in the 
opposite face. 

(b) Floors 

The bending-moment dia gram is shown drawn on the tension side of the structure 
in figure 11.8. As can be seen the floor must be designed for strength plus cracking 
over the beams, but at mid-span between the beams the wateT is on the compression 
side of the slab, therefore strength only need be considered, since h > 225 mm. 

Weight of slab + water = 0.3 x 24 + 9.81 x 2 26.8 kN/m2 

Weight ofwall 2.3 x 0.2 x 24 11.0 kN/m 

Considering 1 m breadth of slab: at the supporting beam 

M = 14.6 + 11.0(1.0 - 0.1) + 26.8 x 0.82 /2 = 33.1 kNm 
hogging 
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At mid-span between Band C 

M = 26.8 X 4.5 2 /8 

Mid-span: design far strength only 

250 

33.1 34.7 kN m sagging 

x =----- 147.3 mm 

1 + 
115 

15 x 11 

34.7 x 106 
1502 mm2 A s 

( 147.3 ) 115 250 ---
3 

Provide R16 bars at 130 mm centres bottom steel, area = 1546 mm2 • 

At the support beam: design for strength and cracking 

M = 33.1 kN m 

34·7 

Figure 11.8 Bending-moment diagram (kN m) 

Therefore R16 bars at 130 mm centres top steel will also resist this moment. 
Check cracking 

1546 = 0.00515 
bh 1000 x 300 

300 + 28 x 0.00515 x 250 
x 156.7 mm 

28 x 0.00515 + 2 

33.1 x 106 = Ict x 103 x 300 -- + 14 x 0.00515 [ 
143.3 

93.3 
x--

143.3 

3 

( 156.7) ] 250 ---
3 
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from which/ct = 1.93 N/mm2 which is less than 2.02 N/mm2 . 

Minimum steel required in each face = 0.002 x 1000 x 300 = 600 mm2 . 

Provide R12 bars at 175 mm centres at right angles to the main steel and at least 
this area each way in the compression faces of the slab. Direct tensile force on the 
slab due to pressure on the walls is given by 

i x 19.62 x 2.0 = 19.62 kN/m 

Thus, with R16 bars at 130 mm centres (1546 mm2 ) and R12 at 175 centres 
(646 mm2 ) in the compression face 

19.62 X 103 
direct tensile stress = -------

F or the tensile stresses 

actual ben ding stress 

permissible bending stress 

11.5 Retaining WaUs 

bh + «(Xe - I)A s 

19.62 x 103 

1000 X 300 + 14(1546 + 646) 

0.06 N/mm2 

actual direct stress 
+---------

permissible direct stress 

1.93 0.06 
+--

2.02 1.44 

0.955 + 0.042 

0.997 < 1.0 

Such walls are usually required to resist a combination of earth and hydrostatic 
loadings. The fundamental requirement is that the wall is capable of holding the 
retained material in place without undue movement either due to deflection, 
overturning or sliding. 

11.5.1 Types 01 Retaining Wall 

Concrete retaining walls may be considered in terms of three basic categories: 
(1) gravity, (2) counterfort, and (3) cantilever. Within these groups many common 
variations exist, for example cantilever walls may have additional supporting ties 
into the retained material. 

The structural action of each type is fundamentally different, but the techniques 
used in analysis, design and detailing are those normally used for concrete structures. 

(i) Gravity Walls 

These are usually constructed of mass concrete, with reinforcement included in the 
faces to restrict thermal and shrinkage cracking. As illustrated in figure 11.9, 
reliance is placed on self-weight to satisfy stability requirements, both in respect 
of overturning and sliding. 
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It is generally taken as a requirement that under working conditions the resultant 
of the self-weight and overturning forces must lie within the middle third at the 
interface of the base and soi!. This ensures that uplift is avoided at this interface, 
as described in section 10.1. Friction effects wh ich resist sliding are thus main
tained across the entire base. 

I 
; 

Rl2sultant 
forcl2 

...----1.-- Total soi I forcl2 

- _ Friction forcl2 

Sl2lf 
wl2ight 

Figure 11.9 Gravity wall 

Bending, shear, and deflections of such walls are usually insignificant in view of 
the large effective depth of the section. Distribution steel to control thermal crack
ing is necessary, however, and great ca re must be taken to reduce hydration tempera
tures by mix design, construction procedure and curing techniques. 

(ii) Counterfort Walls 

This type of construction will probably be used where the over-all height of wall is 
too large to be constructed economically either in mass concrete or as a cantilever. 

Wall Countl2rfort 

I. Span .1 
Cross - Sl2ction Plan 

Figure 11.10 Counter/ort wall 

The basis of design of counterfort walls is that the earth pressures act on a thin 
wall which spans horizontally between the massive counterforts (figure 11.10). 
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These must be sufficiently large to provide the necessary dead load for stability 
requirements, possibly with the aid of the weight of backfill on an enlarged base. 
The counterforts must be designed with reinforcement to act as cantilevers to 
resist the considerable bending moments that are concentrated at these points. 

The spacing of counterforts will be governed by the above factors, coupled with 
the need to maintain a satisfactory span - depth ratio on the wall slab, which must 
be designed for bending as a continuous slab. The advantage of this form of con· 
struction is that the volume of concrete involved is considerably reduced, thereby 
removing many of the problems of large pours, and reducing the quantities of 
excavation. Balanced against this must be considered the generally increased 
shuttering complication and the probable need for increased reinforcement. 

(ia) Cantilever Walls 

These are designed as vertical cantilevers spanning from a large rigid base which 
often relles on the weight of backfill on the base to provide stability. Two forms of 
this construction are illustrated in figure 11.11. In both cases, stability calculations 
follow similar procedures to those for gravity walls to ensure that the resultant 
force lies within the middle third of the base and that overturning and sliding 
requirements are met. 

H<z<z1 b<Zom ........ 
ol b l 

Figure 11.11 Cantilever walls 

11.5.2 Analysis and Design 

The design of retaining walls may be split into three fundamental stages: (l) Stability 
analysis - ultima te limit state, (2) Bearing pressure analysis - serviceability limit 
state, and (3) Member design and detailing - ultimate and serviceability limit states. 

(i) Stability Analysis 

Under the action of the loads corresponding to the ultimate limit state, a retaining 
wall must be stable in terms of resistance to overturning and sliding. This is dem on· 
strated by the simple case of a gravity wall as shown in figure 11.12. 
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The critical conditions for stability are when a maximum horizontal force acts 
with a minimum verticalload. To guard against astability fai!ure, it is usual to 
apply conservative factors of safety to the force and loads. Depending on the 
nature of the backfill, the factor for the horizontal force is taken as 'Yf = 1.4 or 1.6. 

I !+----Hk 

y~~ 
~ ........ Friction 

:r forCIl Il Gk 

I' I ·1· \,1 
Earth Surchargz 

p rllSSUrl2 pross url2 

Figure 11.12 Forces and pressures on a gravity wall 

If this force is predominantly hydrostatic and weil defined, a factor of 1.4 may be 
used. A partial factor of safety of 'Yf = 0.9 is usually applied to the dead load Gk . 

For resistance to overturning, moments would normally be taken about the toe 
of the base, point A on figure 11.12, thus the requirement is that 

(11.6) 

Resistance to sliding is provided by friction between the underside of the base and 
the ground, and thus is also related to total self-weight Gk . Resistance provided by 
the passive earth pressure on the front face of the base may make some contribu
tion, but since this material is often backfilied against the face, this resistance 
cannot be guaranteed and is usually ignored. Thus, if the coefficient of friction 
between base and soi! is /1, the total friction force will be given by /1 Gk for the 
length of wall of weight Gk; and the requirement is that 

O.9/1Gk ;. 'Yf Hk (ll. 7) 

where Hk is the horizontal force on this length of wall. 
If this criterion is not met, a heel beam may be used, and the force due to the 

passive earth pressure over the face area of the heel may be inc1uded in resisting the 
sliding force. The partial load factor 'Yf on the heel beam force should be taken as 
0.9 to give the worst condition. To ensure the proper action of a heel beam, the 
front face must be cast directly against sound, undisturbed material, and it is 
important that this is not overlooked during construction. 

In considering canti!ever walls, a considerable amount of backfill is often 
placed on top of the base, and this is taken into account in the stability analysis. 
The forces acting in this case are shown in figure 11.13. In addi tion to Gk and Hk 
there is an additional verticalload Vk due to the material above the base acting a 
distance q from the toe. The worst condition for stability will be when Ws is at a 
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minimum; therefore a partial load factor 'Yf = 0.9 is appropriate. The stability 
requirements then become 

0.9Gkx + 0.9VkQ ~ 'YfHkY 

tl(0.9Gk + 0.9Vk) ~ 'YfHk 

for overturning 

for sliding 

(11.8) 

(11.9) 

When a heel beam is provided the additional passive resistance of the earth must be 
inc1uded in equation 11.9. 

Stability analysis, as described here, will normally suffice. However, if there is 
doubt about the foundation material in the region of the wall, it may be necessary 
to perform a full slip-circ1e analysis, using techniques common to soil mechanics. 

y 

Bezoring 
prezssurezs P, 

Rezsultont 

forcez Hk 

Figure 11.13 Forces on a cantilever wall 

(ii) Bearing Pressure Analysis 

As with foundations, the bearing pressures underneath retaining walls are assessed 
on the basis of the serviceability limit state when determining the size of base that 
is required. The analysis will be similar to that discussed in seetion 10.1 with the 
foundation being subject to the combined effects of an eccentric verticalload, 
coupled with an overturning moment. 

Considering a unit length of the cantilever wall (figure 11.13) the resultant 
moment about the centroidal axis of the base is 

M = 'YfI HkY + 'Yfz Gk(D/2 - x) + 'Yf3 Vk(D/2 - Q) (11.10) 

and the verticalload is 

(11.11) 
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where in this case for the serviceability limit state the partial factors of safety are 

1'ft = 1'f2 = 'Yf3 = 1.0 

The distribution of bearing pressures will be as shown in the figure, provided the 
effective eccentricity lies within the 'middle third' of the base, that is 

M D 
-,;;;;-
N 6 

The maximum bearing pressure is then given by 

N M D 
PI = - + - x -

D I 2 

where 1= D 3 / 12. Therefore 

and 

N 

D 

N 

D 

(iii) Member Design and Detailing 

(I 1.12) 

(I 1.13) 

As with foundations, the design of bending and shear reinforcement is based on an 
analysis of the loads for the ultima te limit state, with the corresponding bearing 
pressures. Gravity walls will seldom require bending or shear steel, whilst the walls 
in counterfort and cantilever construction will be designed as slabs. The design of 
counterforts will generaIly be similar to that of a cantilever beam unless they are 
massive. 

With a cantilever- type retaining wall the stern is designed to resist the moment 
caused by the force 1'fHf, with 1'f = 1.6 or 1.4, depending on how accurately the 
load may be predicted. F or preliminary sizing, the thickness of the wall may be 
taken as 80 mm per metre depth of backfill. 

The thickness of the base is usually of the same order as that of the stern. The 
he el and toe must be designed to resist the moments due to the upward earth 
bearing pressures and the downward weight of the soil and base. The soil bearing 
pressures are calculated from equations 11.10 to 11.13, provided the resultant of 
the horizontal and vertical forcesJies within the 'middle third'. Should the resultant 
lie outside the 'middle third', then the bearing pressures should be calculated using 
equation 10.4. The partial factors of safety 1'ft, 1'f2 and 1'f3 should be taken as 
1.6, 1.4 or 1.0, according to which combination gives the critical design condition. 

Reinforcement detailing must follow the general rules for slabs and beams as 
appropriate. Particular care must be given to the detailing of reinforcement to limit 
shrinkage and thermal cracking. Gravity walls are particularly vulnerable because 
of the large concrete pours that are generally involved, and these should be treated 
in the manner described in section 11.4 f or thick sections. 

Restraints to thermal and shrinkage movement should be reduced to aminimum; 
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however, this is counteracted in the construction of bases by the need for good 
friction between the base and soil; thus a sliding layer is not possible_ Reinforcement 
in the bases must thus be adequate to control the cracking caused by a high degree 
of restraint. Long walls restrained by the rigid bases are particularly susceptible to 
cracking during thermal movement due to loss of hydration heat, and detailing 
must attempt to distribute these cracks to ensure acceptable widths. Complete verti
cal movement joints must be provided, and the methods used for the design of 
joints for water-retaining structures can be used. These joints will often incorporate 
a shear key to prevent differential movement of adjacent sections of wall, and 
waterbars and sealers should be used as shown in figure 11.4a. 

The back faces of retaining walls will usually be subject to hydrostatic forces 
from groundwater. This may be reduced by the provision of a drainage path at the 
face of the wall. I t is usual practice to provide such a drain by a layer of rubble or 
porous blocks as shown in figure 11.14, with pipes to remove the water, often 
through to the front of the wall. In addition to reducing the hydrostatic pressure 
on the wall, the likelihood of leakage through the wall is reduced, and water is also 
less likely to reach and damage the soil beneath the foundations of the wall. 

Pip<2 cast 
into wall 

Figure 11.14 Drainage layer 

Example 11. 3 Design of a Retaining Wall 

The cantilever retaining wall shown in figure 11.15 supports a granular ma te rial of 
saturated density 2000 kg/m3 , and the allowable bearing pressure is 110 kN/m2 . 

I t is required to 

(I) check the stability of the wall 
(2) determine the actual bearing pressures, and 
(3) design the bending reinforcement using high yield steel, fy = 410 N/mm2 

and grade 30 concrete. 

(a) Stability 
Horizontal force: it is assumed that the coefficient of active pressure Ka = 0.33, 
which is a typical value for a granular material. So that the earth pressure is given 
by 

p = Kapgh 

where p is the density of the backfill and h is the depth considered. Thus, at the 
base 
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0.33 x 2000 X 10-3 X 9.81 X 4.9 

31.7 kN/m2 

Therefore horizontal force on 1 m length of wall is 

Hk 0.5ph = 0.5 X 31.7 x 4.9 77.7 kN 

Verticalloads 

wall = t(OA + 0.3) x 4.5 x 24 

base 004 x 304 x 24 

37.8 kN 

32.6 

earth 2.2 x 4.5 x 2000 x 10-3 x 9.81 = 194.2 

300 

.--11 

4500 

Y20 -190 

Y20-190 

400 

possivez 

Y16-190 . 
800 2200 

Figure 11.15 

Total 264.6 kN 

bezoring 
prezssurezs 

(i) Sliding: from equation 11.9 it is necessary that 

/1(0.9Gk + 0.9Vk ) ;;;;. 'YfHk for no heel beam 
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Assuming a value of coefficient of friction J1 = 0.5 

frictional resisting force = 0.5 x 0.9 x 264.6 = 119.1 kN 

sliding force = 1.6 x 77.7 = 124.3 kN 

Since the sliding force exceeds the frictional force, resistance must also be 
provided by the passive earth pressure acting against the heel beam and this 
force is given by 

Hp = 'Yf x 0.5Kp pga2 

where Kp is the coefficient of passive pressure, assumed to be 3.0 for this 
granular material and a is the depth of the heel. Therefore 

Hp 0.9 x 0.5 x 3.0 x 2000 X 10-3 x 9.81 X 0.6 2 

9.5 kN 

Therefore total resisting force is 

119 + 9.5 = 128.6kN 

which exceeds the sliding force. 
(ii) Overturning: taking moments about point A at the edge of the toe, at the 
ultimate limit state 

overturning moment 'YfHkh/3 = 1.6 x 77.7 x 4.9/3 

203 kN m 

restraining moment 0.9(37.8 x 1.0 + 32.6 x 1.7 
+ 194.2 x 2.3) 

486 kN m 

Thus the criterion for overturning is satisfied. 

(b) Bearing Pressures 

From equa tions 11.12 and 11.13 the bearing pressures are given by 

N 6M 
P =- ±-

D D 2 

where M is the moment about the base centre-line. Therefore 

Therefore 

M = 77.7 x 4.9/3 + 37.8(1.7 - 1.0) + 194.2(1.7 - 2.3) 

= 126.9 + 26.5 - 116.5 = 36.9 kN m 

maximum bearing pressure PI 
264.6 6 x 36.9 

+----
3.4 3.42 

= 77.8 + 19.2 = 97 kN/m2 

which is less than the allowable. 
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(c) Bending Reinforcement 

(i) Wall 

Horizontal force == "Yf 0.5Kapgh 2 

1.6 x 0.5 x 0.33 x 2000 x 10-3 
x 9.81 X 4.5 2 

104.9 kN 

considering the effective span, the maximum moment is 

M == 104.9(0.2 + 4.5/3) == 178.3 kN m 

178.3 X 106 
---- - --------------

M 
== 0.055 

1000 X 3302 X 30 

for which la == 0.93 (figure 7.5). Therefore 

178.3 x 106 
As == ------------------- 1629 mm2 /m 

0.93 x 330 x 0.87 x 410 

Provide Y20 bars at 190 mm centres. 
(ü) Base: the bearing pressures are obtained from equations 11.10 to 11.13. 
The critical partial factors of safety are 

"Yft == 1.6 and "Yf2 == "YO == 1.0 

Using the figures from part (b) of this ex am pie, the moment abou t the base 
cen tre -line is 

M == "Yft x 126.9 + "Yf2 x 26.5 - "Yf3 x 116.5 == 113 kN m 

and 

N == "Yf2 (37.8 + 32.6) + "YO x 194.2 == 264.6 kN 

Therefore 
264.6 6x 113 

pressure Pt == ---- + == 78 + 59 == 137 kN/m 2 

3.4 3.4 2 

P2 == 78 - 59 == 19 kN/m2 

and in figure 11.15 

P3 == 19 + (137 - 19)2.2/3.4 == 95 kN/m2 

Heel: taking moments about the stern centre-line for the verticalloads 
and the bearing pressures 

2.2 
M == "Yf2 x 32.6 x 1.3 x -- + "Yf3 x 194.2 x 1.3 - 19 

3.4 

x 2.2 x 1.3 - (95 - 19) x 2.2 x 0.93 == 148 kN m 
2 
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therefore 

148 X 106 

0.87 X 410 x 0.94 x 330 

Provide Y20 bars at 190 mm cen tres, top steel 
Toe: taking moments about the stern centre·line 

0.8 

1338 mm2 Im 

M:::::: ')'f2 x 32.6 x 0.6 x - ')'f3 x 137 x 0.8 x 0.6 
3.4 

= 62 kN m 

(In fact for this wall the design moment for the toe would be marginally 
higher with ')'f2 = 1.4 and ')'f3 = 1.6, throughout.) 

62 x 106 
A s = -----------

0.87 x 410 x 0.95 x 330 

Provide Y16 bars at 190 mm centres, bottom steel. 
Bending reinforcement is required in the heel beam to resist the 

moment due to the passive earth pressure. This reinforcement would 
probably be in the form of closed links. 

Longitudinal distribution steel is also required in the wall and the base. 
The minimum area for this is 

A s = 0.12 x 1000 x 400 = 480 mm2 Im 
Provide Y 12 bars at 190 mm centres, distribu tion steel. Also steel should 
be provided in the compression face of the wall in order to prevent cracking 
- say Y 10 bars at 190 mm cen tres each way. 

Further Reading 

CP 2007 : 1970 Design and construction of reinforced and prestressed concrete 
structures for the storage of water and other aqueous liquids. 

W. S. Gray and G. P. Manning, Concrete Water Towers (Cement and Concrete 
Association, Siough, 1964). 

- CP no. 2 Earth Retaining Structures (Institution of Structural Engineers, 
London, 1951). 
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Prestressed Concrete 

The analysis and design of prestressed concrete is a specialised field which cannot 
possibly be covered comprehensively in one chapter. This chapter concentrates 
therefore on the basic principles of prestressing, and the analysis and design of 
statically determinate members in bending far the serviceability and ultimate 
limit s ta tes. 

A fundamental aim of prestressed concrete is to limit tensile stresses, and hence 
flexural cracking, in the concrete under working conditions. Design is therefore 
based initially on the requirements of the serviceability limit state. Subsequently 
considered are ultimate limit state criteria for bending and shear. In addition to 
the concrete stresses under working loads, deflections must be checked, and 
attention must also be paid to the construction stage when the prestress force is 
first applied to the immature concrete. This stage is known as the transfer condition. 

Design of prestressed concrete may therefore be summarised as 

(1) design f or serviceabili ty - cracking 
(2) check stresses at transfer 
(3) check deflections 
(4) check ultima te limit state- ben ding 
(5) design shear reinforcement for ultimate limit state. 

When considering the basic design of a concrete section subject to prestress, the 
stress distribution due to the prestress must be combined with the stresses from the 
loading conditions to ensure that permissible stress limits are satisfied. Many analy
tical approaches have been developed to deal with this problem; however it is 
considered that the method presented offers many advantages of simplicity and 
ease of manipulation in design. 

12.1 Principles of Prestressing 

In the design of a reinforced concrete beam subjected to bending it is accepted that 
the concrete in the tensile zone is cracked, and that all the tensile resistance is 
provided by the reinfarcement. The stress that may be permitted in the reinforce
ment is limited by the need to keep the cracks in the concrete to acceptable widths 

304 
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under working conditions, thus there is no advantage to be gained from the use of 
very high strength steels which are available. The design is therefore uneconomic 
in two respects: (1) dead weight includes 'useless' concrete in tensile zone, and 
(2) economic use of steel resources is not possible. 

'Prestressing' means the artificial creation of stresses in a structure before load
ing, so that the stresses which then exist under load are more favourable than 
would otherwise be the case. Since concrete is strong in compression the material 
in a beam will be used most efficiently if it can be maintained in astate of com
pression throughout. Provision of a longitudinal compressive force acting on a 
concrete beam may therefore overcome both of the disadvantages of reinforced 
concrete cited above. Not only is the concrete fuHy utilised, but also the need for 
conventional tension reinforcement is removed. The compressive force is usuaHy 
provided by tensioned steel wires or strands which are anchored against the con
crete and, since the stress in this steel is not an important factor in the behaviour 
of the beam but merely a means of applying the appropriate force, fuH advantage 
may be taken of very high strength steels. 

The way in which the stresses due to bending and an applied compressive force 
may be combined are demonstrated in figure 12.1 for the case of an axially applied 
force acting over the length of a beam. The stress distribution at any section will 
equal the sum of the compression and bending stresses if it is assumed that the 
concrete behaves elastically. Thus it is possible to determine the applied force so 
that the combined stresses are always compressive. 

c 

BQnding strain 
distribution 
SQction B-B 

c 

C 

PrQstrQss 

c 

BQnding 

= 

c 
Total 

StrQss Distribution- SQction B-B. 

Figure 12.1 Effects ofaxial prestress 

By applying the compressive force eccentrically on the concrete cross- section, a 
further stress distribution, due to the bending effects of the couple thus created, is 
added to those shown in figure 12.1. This effect is illustrated in figure 12.2 and 
offers further advantages when attempting to produce working stresses within 
required limits. 

Early attempts to achieve this effect were hampered both by the limited steel 
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strengths available and by shrinkage and creep of the concrete under sustained 
compression, coupled with relaxation of the steel. These meant that the steellost 
a large part of its initial pretension and as a result residual stresses were so small as 
to be useless. It is now possible, however, to produce stronger concretes which have 
good creep properties, and very high strength steels which can be stressed up to a 
high percentage of their 0.2 per cent proof stress are also available. For example 
hard-drawn wires may carry stresses up to about six times those possible in mild 
steel. This not only results in savings of steel quantity, but also the effects of 

c c 

+ + 

C T 

AXial Pl"I2strqss Bqnding 

T 

= 

C 

Eccqntricity 
of Prqstrqss 

c 

C 

Total 

Strqss Distribution - Sqction B-B 

Figure 12.2 Effects of eccentric prestress 

shrinkage and creep become relatively smaller and may typically amount to the 
loss of only about 25 per cent of the initial applied force. Thus, modern materials 
mean that the prestressing of concrete is a practical proposition, with the forces 
being provided by steel passing through the beam and anchored at each end whilst 
under high tensile load. 

12.2 Methods of Prestressing 

Two basic techniques are commonly employed in the construction of prestressed 
concrete, the chief difference being whether the steel tensioning process is per
formed before or after the hardening of the concrete. The choice of method will 
be governed largely by the type and size of member coupled with the need for 
precast or in situ construction. 

12.2.1 Pretensioning 

In this method the steel wires or strands are stretched to the required tension and 
anchored to the ends of the moulds for the concrete. The concrete is cast around 
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the tensioned steel, and when it has reached sufficient strength, the anchors are 
released and the force in the steel is transferred tothe concrete by bond. In addi
tion to long-term losses due to creep, shrinkage and relaxation, an immediate drop 
in prestress force occurs due to elastic shortening of the concrete. These features 
are illustrated in figure 12.3. 

Because of the dependence on bond, the tendons for this form of construction 
generally consist of small diameter wires or small strands wh ich have good bond 
characteristics. Anchorage near the ends of these wires is often enhanced by the 
provision of small indentations in the surface of the wire. 

The method is ideally suited for factory production where large numbers of 
identical units can be economically made under controlled conditions, a develop
ment of this being the 'long-line' system where several units can be cast at on ce 
- end to end - and the tendons merely cut between each unit after release of the 
anchorages. An advantage of factory production of prestressed units is that 

Str<Zss 
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t<Zndons 

bond 
I<zngth 

B<Zom wlth pr<Zt<Znsion<Zd 

t<Zndons 1 

I<zngth 

t rons t<Zr 
& loss<Zs 

Figure 12.3 Tendon stresses - pretensioning 

specialised cu ring techniques such as steam curing can be employed to increase the 
ra te of hardening of the concrete and to enable earlier 'transfer' of the stress to the 
concrete. This is particularly important where re-use of moulds is required, but it 
is essential that under no circumstances must calcium chloride be used as an 
accelera tor because of i ts severe corrosion action on small diameter steel wires. 

One major limitation of this approach is that tendons must be straight, which 
may cause difficulties when attempting to produce acceptable final stress levels 
throughout the length of a member. It may therefore be necessary to reduce either 
the prestress force or eccentricity of force ne ar the ends of a member, in which 
case tendons must either be 'debonded' or 'deflected'. 

(1) Debonding consists of applying a wrapping or coating to the steel to 
prevent bond developing with the surrounding concrete. Treating some 
of the wires in this way over part of their length allows the magnitude of 
effective prestress force to be varied along the length of a member. 
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(2) Deflecting tendons is a more complex operation and is usually restricted 
to large members, such as bridge beams, where the individual members 
may be required to form part of a continuous structure in conjunction 
wi th in situ concrete slabs and sill beams. A typical arrangemen t f or 
deflecting tendons is shown in figure 12.4, but it must be appreciated 
that substantial ancillary equipment is required to provide the necessary 
reactions. 

Concreztez 

Dezflezction supports 
(Cut off aftezr transfezr) 

/ "'" 

Figure 12.4 Tendon deflection 

To 

jacks 

Mould 

12.2.2 Post-tensioning 

This method, which is the most suitable for in situ construction, involves the 
stressing against the hardened concrete of tendons or steel bars which are not 
bonded to the concrete. The tendons are passed through a flexible sheathing, 
which is cast into the concrete in the correct position. They are tensioned by 
jacking against the concrete, and anchored mechanically by means of steel thrust 

Parabolic tezndons 

Prezcost sezgmeznts 

Figure 12.5 Post· tensioned segmental consfruction 

plates or anchorage blocks at each end of the member. Alternatively, steel bars 
threaded at their ends may be tensioned against bearing plates by means of tighten
ing nuts. It is of course usually necessary to wait a considerable time between cast
ing and stressing to permit the concrete to gain sufficient strength under in situ 
conditions. 

The use of tendons consisting of a number of strands passing through flexible 
sheathing offers considerable advantages in that curved tendon profiles may be 
obtained. A post-tensioned structural member may be constructed from an 
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assembly of separate precast units which are constrained to act together by means 
of tensioned cables which are often curved as illustrated in figure 12.5. 

After stressing, the remaining space in the ducts may be left empty ('unbonded' 
construction), or more usually will be ftlled with grout under high pressure ('bonded' 
construction). Although this grout assists in transmitting forces between the steel 
and concrete under live loads, and improves the ultimate strength of the member, 
the principal use is to protect the highly stressed strands from corrosion. 

12.2.3 Prestress Losses 

From the moment that the prestressing force is first applied to the concrete 
member, losses of this force will take place due to the following causes. 

(1) Elastic shortening of the concrete. 
(2) Relaxation of the prestressing steel under sustained tension. 
(3) Creep of the concrete under sustained compression. 
(4) Shrinkage of the concrete. 

These losses will occur whichever form of construction is used, although the effects 
of elastic shortening will gene rally be much reduced when post· tensioning is used. 
This is because the stressing is a sequential procedure, and not instantaneous as with 
pretensioning. Despite the developments in prestressing steel manufacture which 
have taken place in recent years, relaxation of the wire or strand under sustained 
tension may still be expected to be a significant factor. This will occur whether 
pretensioning or post·tensioning is used and will generally cause a loss of prestress 
force of the order of 8 per cent. Creep and shrinkage losses depend to a large 
extent on the properties of the concrete with particular reference to the maturity 
at the time of stressing. In pretensioning, where the concrete is usually relatively 
immature at transfer, these losses may therefore be expected to be higher than in 
post· tensioning. 

In addition to losses from these causes, which will generally total between 20 to 
30 per cent of the initial prestress force at transfer, further losses occur in post· 
tensioned concrete during the stressing procedure. These are due to friction between 
the strands and the duct, especially where curved proftles are used, and to mechani· 
cal anchorage slip during the stressing operation. Both these factors depend on the 
actual system of ducts, anchorages and stressing equipment that are used. 

Thus although the basic losses are generally highest in oretensioned members, 
in some instances over·alliosses in post·tensioned members may be of similar 
magnitude. 

12.2.4 End Blocks 

In pretensioned members, the prestress force is transferred to the concrete by bond 
over adefinite length at each end of the member. The transfer of stress to the con· 
crete is thus gradual. In post·tensioned members however, the force is concentrated 
over a small area at the end faces of the member, and this leads to high tensile 
forces at right angles to the direction of the compression force. This effect will 
extend some distance from the end of the member until the compression has dis· 
tributed itself across the full concrete cross·section. This region is known as the 
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'end blück' and must be heavily reinfürced by steel to resist the bursting tensiün 
fürces. End blück reinfürcement will gene rally cünsist üf clüsed links which 
surround the aJ?chürages, and the quantities provided are usually übtained from 
empirical methüds. 

12.3 Analysis of Concrete Section under Working Loads 

Since the übject üf prestressing is tü maintain favüurable stress cünditiüns in a 
cüncrete member under lüad, the 'würking lüad' für the memoer must be cün
sidered in terms üf büth maximum and minimum values. Thus at any sectiün, the 
stresses produced by the prestress force must be cünsidered in cünjunctiün with 
the stresses caused by maximum and minimum values üf applied müment. 

Unlike reinfürced cüncrete, the primary analysis üf prestressed cüncrete is 
based ün service cünditiüns, and ün the assumptiün that stresses in the cüncrete 
are limited tü values which will co.rrespo.nd to. elastic behavio.ur. In this sectiün, the 
füllüwing assumptiüns are made in analysis. 

(l) Plane sectio.ns remain plane. 
(2) Stress - strain relatiünships are linear. 
(3) Bending o.ccurs abo.ut a principal axis. 
(4) The prestressing fürce is the value remaining after alllo.sses have üccurred. 
(5) Changes in tendo.n stress due to. applied lo.ads ün the member have 

negligible effect ün the behaviüur o.f the member. 
(6) Sectiün properties are generally based o.n the gross co.ncrete crüss- sectio.n. 

The stress in the steel is unimportant in the analysis üf the co.ncrete sectiün under 
wo.rking cünditiüns, it being the fürce pro.vided by the steel that is co.nsidered in 
the analysis. 

The sign cünventiüns and no.tatio.ns used for the analysis are indicated in figure 
12.6. 

Z2 = !. 
Y2 

z, = !. 
Y, 

Areo A= 

Y2 

h 

Y, 

bh 

I' 
b 

r--------, - Fibre 2 

e + v~ 

centro~.t-. 
OXIS 

'----+----' - Fi bre 1 

Prestressing 
tendon 

e -vcz 

Figure 12.6 Sign convention and notation 

For direct and bending stresses, co.mpressiün is taken as püsitive - and a püsitive 
müment is defined as üne which causes a numerically greater stress to. üccur in fibre 
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2 than in fibre 1, that is 12 greater than 1\ corresponds to a positive moment, hence 
sagging is positive. To fit this convention, the eccentricity of the prestress force 
from the centroidal axis must thus be taken as having a negative value if below the 
axis and positive if above. 

12.3.1 Member Subjected To Axial Prestress Force 

If section BB of the member shown in figure 12.7 is subjected to moments ranging 

Strass Di st ribut Ion - Sact ion B - B 

Figure 12.7 Stresses in member with axial prestress force 

between Mmax and Mmin, the net stresses at the outer fibres of the be am are given 
by 

{ 
12 

P Mmax 
(12. i) - - +-- at the top 

A Z2 
under Mmax 

1\ 
P Mmax 

at the bottom (12.2) -- ---

A Z\ 

{ J, " ; 
Mmin 

at the top (12.3) +--

under Mmin 
Z2 

Mmin 
(12.4) 1\ =- --- at the bottom 

A Z\ 

where z \ and z 2 are the elastic section moduli and P is the final prestress force. 
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The critical condition for tension in the beam is given by equation 12.2 which 
for no tension, that ist! = 0, becomes 

P Mmax 

A z! 

or 

P MmaxA . . f· d -- = minimum prestress orce requue 
z! 

For this value ofprestress force, substitution in the other equations will yield the 
stresses in the beam under maximum load and also under minimum load. Similarly 
the stresses immediately after prestressing, before losses have occurred, may be 
calculated if the value of losses is known. 

For example, the maximum stress in the top of the member is given by equation 
12.1 

where 

therefore 

P Mmax 
+--

A Zz 

P = MmaxA 

Zt 

tz = P + P ~ = !..- (z! + zz) 
A A Zz A Zz 

It can be seen from the stress distributions in figure 12.7 tha t the top fibre is 
generally in considerable compression, whilst the bottom fibre is generally at lower 
stresses. Much better use of the concrete could be made if the stresses at both top 
and bottom can be caused to vary over the full range of permissible stresses for the 
two extreme loading conditions. This may be achieved by providing the force at an 
eccentricitye from the centroid. 

12.3.2 Member Subjected to Eccentric Prestress Force 

The stress distributions will be similar to those in section 12.3.1 but with the 
addition of the term ± Pelz due to the eccentricity e of the prestressing force. For 
the position shown in figure 12.8, e will have a negative value. So that 

under Mmax 

P 

A 

P 

A 

Mmax Pe 
+-- + - at the top (12.5) 

Zz Zz 

Mmax Pe 
at the bottom 

z! (12.6) 
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P Pe { [, 

Mmin +-- +- at the top (12.7) 
A Zz Zz 

under M min P Mmin Pe 
I1 at the bottom (12.8) 

A ZI ZI 

The critical condition for no tension in the bottom of the beam is again given by 
equation 12.6, wh ich becomes 

P Mmax Pe 
0 

A ZI ZI 

or 

P= 
Mmax 

minimum prestress force required for no 

(~ -e) 
tension in bottom fibre 

Thus for a given value of prestress force P, the beam may carry a maximum 
moment of 

When compared withMmax = Pz1/A for an axial prestress force it indicates an 
increase in moment carrying capacity of Pe when e is negative. 

'/A - M/z, 

Axial Prastrass Ban ding 

- Pe/, z, 
Eccantricity 
of Prastrass 

Strass Distribution- Saction B·B 

" 
Total 

Figure 12.8 Stresses in member with eccentric prestress force 
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The maximum stress in the top of the beam is given by equation 12.5 as 

12 
P M max Pe 

+-- +-
A Z2 Z2 

where 

Mmax 
PZ 1 

- Pe 
A 

thus 

P Pz 1 Pe Pe 
12 +- +-

A AZ2 Z2 Z2 

P 
-- (

Zl
Z:Z2) A 

which is the same as that obtained in section 12.3.1 for an axially prestressed 
member. Thus the advantages of an eccentric prestress force with respect to the 
maximum moment-carrying capacity of a be am are apparent. 

If the stress distributions of figure 12.8 are further examined, it can be seen 
that the differences in the net stress diagrams for the extreme 10ading cases are 
solely due to the differences between the applied moment terms Mmax and Mmin. 
It follows that by increasing the range of the stresses by the use of an eccentric 
prestress force the range of applied moments that the beam can carry is also 
increased. The minimum moment Mmin that can be resisted is generally governed 
by the need to avoid tension in the top of the beam, as indicated by equation 12.7. 

In the design of prestressed beams it is important that the minimum moment 
condition is not overlooked, especially when straight tendons are employed, as 
stresses near the ends of beams where moments are small may often exceed those 
at sections nearer mid-span. This feature is illustrated by the results obtained in 
example 12.1. 

Example 12.1 Calculotion 01 Prestress Force and Stresses 

A rectangular beam 300 x 150 mm is simply supported over a 4 m span, and 
supports a live load of 10 kN/m. If a straight tendon is provided at an eccentricity 
of 65 mm below the centroid of the section, find the minimum prestress force 
necessary for no tension under live load at mid-span. Calculate the corresponding 
stresses under self-weight only at mid-span and at the ends of the member. 

(a) Beam Properties 

Self-weight 0.15 x 0.3 x 24 = 1.08 kN/m 

Area 45 x 103 mm2 

Section moduli Z 1 
bh 2 150 x 3002 

Z2 = Z - - = 
6 6 
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(b) Loadings (Mid-span) 

(10 + 1.08) X 42 
M max = ------- 22.2 kN m 

8 

1.08 X 42 
Mmin = ---- 2.2 kN m 

(c) Calculate Minimum Prestress Force 

For no tension at the bottom under M max 

where 

P 

A 

M max 

z 

Pe = 0 
z 

8 

e = - 65 mm 

hence 

315 

M max P= ---=~-
22.2 x 106 X 10-3 

2.25 X 106 
+ 65 

193 kN 

(d) Calculate Stresses at Mid-span under M min 

Stress at top 12 
P Mmin Pe 

+-- +-
A z z 

where 

P 193 X 103 

4.3 N/mm2 

A 45 x 103 

Mmin 2.2 X 106 
= 1.0 N/mm2 

z 2.25 x 106 

Pe - 193 x 103 x 65 
- 5.6 N/mm2 

z 2.25 x 106 

Hence 

12 = 4.3 + 1.0 - 5.6 = - 0.3 N/mm2 

and 

stress at bottom 11 
P Mmin - Pe 
A z 

= 4.30 - 1.0 + 5.6 = + 8.9 N/mm2 
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(e) Calculate Stresses at Ends 

In this situation M = O. Hence 

and 

11 

P 

A 

P 

A 

Pe 
+-

Z 

Pe 

z 

4.3 - 5.6 - 1.3 N/mm2 

4.3 + 5.6 9.9 N/mm2 

12.4 Design for the Serviceability Limit State 

The design of a prestressed concrete member is based on maintaining the concrete 
stresses within specified limits at all stages in the life of the member. Hence the 
primary design is based on the serviceability limit state, with the concrete stress 
limits based on the acceptable degree of flexural cracking. 

A prestressed member may be categorised into one of three basic groups 
depending on the allowable concrete tensile stress. 

Class 1 - no tension permitted under working conditions. 
Class 2 - tensile stresses are permitted, but these are limited to avoid flexural 

cracking. 
Class 3 - cracking permitted, but tensile stresses limited on the basis of 

maximum permissible flexural crack widths. 

Guidance regarding suitable tensile stress limits for class 2 and 3 members is given 
in CP 110, but the maximum allowable concrete compressive stress in bending is 
gene rally the same for all three classes at one-third of the characteristic com
pressive cube strength, this value being determined by the dual requirements of 
avoidance of spalling in the compression zone, and the prevention of excessive loss 
in the prestress force due to creep. 

Under transfer conditions, which represent a transitory stage in the life of the 
member since losses commence immediately, maximum permissible concrete com
pressive stresses are related to the actual cube strength at transfer, usually by a 
factor of one-half. Concrete tensile stress limits may be increased where they are 
due to prestress alone, and for a class 1 structure 1.0 N/mm2 is permitted. 

The choice of class for a structure will depend upon a number of factors wh ich 
inc1ude conditions of exposure and the nature of loading. If a member consists of 
precast segments with mortar joints, or if it is essential that cracking should not 
occur then design must be as a class 1 member, but otherwise class 2 would 
generally be used. This offers the most efficient use of materials, whilst still 
avoiding flexural cracking under normal circumstances. The design procedure for 
dass land class 2 members will be similar, with the basic cross-section and prestress 
force details being determined by the above serviceability requirements. Subsequent 
checks for adequacy at the ultima te limit state will gene rally be satisfied, although 
a class 2 member may sometimes require a sm all amount of additional reinforcing 
steel (see section 12.5.2). 
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Class 3, which is often known as partial prestressing, represents a form of con
struction which is intermediate between reinforced and prestressed concrete. Whilst 
not.offering the fuH advantages of prestressing, this technique allows high strength 
steels to be used in situations where crack avoidance is not essential, and the other
wise excessive deflections are controlled by the prestressing. This form of con
struction is governed by the requirements of the ultima te limit state, thus the design 
procedure should consider this fIrst, followed by the design of prestressing. 

The design of prestressing requirements is based on the manipulation of the four 
basic expressions given in section 12.3.2 describing the stress distributions across 
the concrete section. These are used in conjunction with the permissible stresses 
appropriate to the dass of member, coupled with the fInal prestress force after 
losses and the maximum and minimum loadings on the member. These loadings 
must encompass the full range that the member will encounter du ring its life, and 
the minimum value will thus be governed by the construction techniques to be 
used. The partial factors of safety applied to these loads will be those for the 
serviceability limit state, that is 1.0 for both dead and live loads. 

The basic equations from section 12.3.2 are expressed in the following form 

P Pe Mmax 
- +- +-- ~ Imax 
A Zz Zz 

at the top P Pe Mmin +- +-- ;;;:. Imin 
A Zz Zz 

P Pe Mmax 
;;;:. Imin 

A Zl Zl 
at the 
bottom P Pe Mmin 

~ Imax 
A Zl Zl 

where I max and Imin are the appropriate permissible stresses. 

12.4.1 Determination 01 Minimum Seetion Properties 

The two pairs of expressions can be combined as follows. 
12.9 and 12.10 

12.11 and 12.12 

(Mmax - Mmin) ~ (fmax - Imin)Zl 

Hence,jf (M max - M min) is written as My, the moment variation 

My 
zz;;;:' ------

(f max - Imin) 

(12.9)* 

(12.10)* 

(12.11)* 

(12.12)* 

(12.13) 

(12.14) 

(12.15)* 
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and 

(11.16)* 

These minimum values of section moduli must be satisfied by the chosen section in 
order that aprestress force and eccentricity exist which will permit the stress limits 
to be met. The maximum moment on the section lias not direct1y been included in 
these figures, thus it is possible that the resulting prestress force may not be 
economic or practicable. However, it is found in the majority of cases that if a 
section is chosen which satisfies these minimum requirements, cClupled with any 
other specified requirements regarding the shape of the section, then a satisfactory 
design is usually possible. The ratio of acceptable span - depth for a prestressed 
be am cannot be categorised on the basis of deflections as easily as for reinforced 
concrete. In the absence of any other criteria, the following formulae may be used 
as a guide and will generally produce reasonably conservative designs for post
tensioned members. 

span';;;; 36 m h 

span ~ 36 m h 

span + 0.1 m 
25 

span 
--rn 
20 

In the case of short-span members it may be possible to use very much greater 
span - depth ratios quite satisfactorily, although the resulting prestress forces may 
become very high. 

Other factors which must be considered at this stage include the slenderness 
ratio of beams, where the same criteria apply as for reinforced concrete, and the 
possibility of web and flange splitting in flanged members. 

Example 12.2 Selection o[Cross-section 

Select a rectangular section for a post-tensioned beam to carry, in addition to its 
self-weight, a uniformly distributed load of 3 kN/m over a simply supported span 
of 10 m. The member is to be designed as class 1 with grade 40 concrete, without 
lateral support. 

Class I member, thus 

40 
[max = - = 13.3 N/mm2 

3 

f min = 0 N/mm2 

'Live load' 
moment at 
midcspanMv 

8 
37.5 kN m 
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thus 

My 37.5 X 106 
Z = Z\ = Zz = = = 2.82 X 106 mm 3 (minimum) 

(fmax - fmin) 13.3 

To prevent lateral buckling CP 110 specifies maximum permissible span/breadth 
= 60, that is 

10 X 103 
minimum b = = 167 mm 

60 

thus if b = 1 70 mm 

bh Z 170hz 
Z=-=--

6 6 

hence 

minimum h 

= 315 mm 

This represents a span - depth ratio = 10 x 103 /315 = 31.7 which may prove to be 
excessive when deflections are checked (see example 12.7) but as a first trial a 
section 320 x 170 is adopted (z \ = Zz = z = 2.9 X 106 mm3 ) and this is used in 
subsequent examples. 

12.4.2 Design of Prestress Force 

The inequalities of equations 12.9 and 12.12, and 12.10 and 12.11 mayaiso be 
combined to yield expressions involving the moment variation My, thus 

12.9 and 12.12 

My = (Mmax - Mmin) ,.;; (Afmax - P) ( z\ A+ Zz ) (12.17) 

12.10 and 12.11 

(12.18) 

thus if My and P are treated as variables, these are both of the general form 
My";; OlP + ß where Ol and ß are constants. These two expressions therefore represent 
linear limits, and since the signs of P are opposite, one represents an upper limit to 
P and the other a lower limit as shown in figure 12.9. The upper limits to My for 
the section moduli chosen, as given by equations 12.13 and 12.14 are also shown 
and since these are independent of the value of P, these are parallel 'horizontal 
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lines'. If the section is symmetrical, lines 12.13 and 12.14 coincide, and it can be 
shown that this passes through the intersection of 12.17 and 12.18. 

17 18 

Figure 12.9 Moment variation and prestress force relationships 

It is necessary to choose a value of prestress force which lies between these limits 
for the appropriate value of moment variation to be carried by the member. It can 
be seen that no advantage in moment variation capacity is to be gained by providing 
aprestress force in excess of the value X shown in figure 12.9. 

In the case iIIustrated in figure 12.9, where Zz > Z 1, the value of Xis given by 
the intersection of equations 12.14 and 12.18, that is 

(12.19) 

and Y is similarly given by 

(12.20) 

If Z 1 > Z 2 then 12.13 lies below 12.14 and the values of X and Yare interchanged. 
The minimum prestress force for a given moment variation is therefore given by 

equation 12.18 which is based on satisfying the minimum stress requirements. This 
may be rewritten in the form 

p~ + Afmin 
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that is 

(12.21)* 

Although a range of values of permissible prestress force can be found, this makes 
no allowance for the fact that the corresponding eccentricity must lie within the 
beam. It is necessary therefore to consider the effect of limiting the eccentricity 
to a maximum practical value for the section under consideration. The effect of 
this limitation will be most severe when considering the maximum moment acting 
on the section, that is, the inequalities of equations 12.9 and 12.11. 

If the limi ting value for maximum eccentricity, e max depends on cover require
ments; equation 12.9 becomes 

M max < fmax Z 2 (12.22) 

and equation 12.11 becomes 

(12.23) 

Thus these represent linear relationships between M max and P. For the case of a 
beam subjected to sagging moments, emax will generally be negative in value, thus 

M mox 

23 

22 

~r----------+----------~ p 

y' 

Figure 12.10 Maximum momentand prestress[orce relationship 

equation 12.23 is of positive slope and represents a lowerlimit to P. It can be 
shown also that for most practical cases [(Z2/A) + emax ] < 0, thus equation 12.22 
is similarly a lower limit of positive, though smaller, slope. 

Figure 12.10 represents the general form of these expressions, and it can be seen 
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clearly that providing aprestress force in excess of Y' produces only small benefits 
of additional maximum moment capacity. The value of Y' is given by the inter
section of these two expressions, when 

P ( : 1 - e max ) - Imin Z 1 = I max Z 7. - P (~ 7. + e max ) 

thus 

Y' (12.24)* 

It should be noted that this corresponds to the value of P = Y in equation 12.20, 
thus the value of prestress force P = Y = Y' may be conveniently considered as a 
maximum economic value. Equation 12.23 provides a second lower limit to P such 
that 

P ~ M max + Imin Zl 
(12.25)* 

Practically therefore, the prestress force must be selected to satisfy two lower 
limits, based on 

(1) the moment variation, M max - M min from equation 12.21 
(2) the maximum permissible eccentricity and maximum moment Mmax from 

equation 12.25 
(3) the prestress force should be less than the economic maximum given by 

equation 12.24. 

In the ca se of a simply supported beam, the design prestress force will generally 
be based on the minimum value which satisfies these criteria at the critical section 
for bending in the member. If the governing criterion is that of moment variation, 
the member is said to be 'below the critical span', and if maximum moment 
governs, it is 'above the critical span' - the latter case generally applies only to 
long-span beams. 

Although this treatment relates only to the commonly occurring case where 
M max and M min are both sagging, the approach can be ex tended quite easily to 
deal with other situations which may occur. 

Example 12.3 Calculation 01 Prestress Force 

Calculate the minimum prestress force for the beam in example 12.2. (From 
example 12.2, b = 170, h = 320, Zl = Zz = 2.9 X 106 mm3 , My = 37.5 kN m, 
Imin = 0,/ max = 13.3 N/mmz .) 
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(a) Based on Moment Variation 

Lower limit to P from equation 12.21 

p;;;.Mv+fmin(ZI +Z2) 

37.5 X 106 + 0 3 ;;;. x lW 
2 x 2.9 X 106 

320 x 170 

;;;. 352 kN 

(b) Based on Maximum Eccentricity and Maximum Moment 

thus 

and 

Self-weight ofbeam = 320 x 170 x 10-6 x 24 = 1.31 kN/m 

Mmin 
1.31 X 102 

8 
16.4 kN m 

M max = Mmin + Mv = 16.4 + 37.5 = 53.9 kN m 

Thus lower limit to P from maximum moment is given by equation 12.25 as 

p ;;;. M max + f min Z 1 

(~ - emax) 

where e max is given by - [(h/2) - cover]. Thus if minimum cover = 50 mm, 

hence 

e max - (160 - 50) 

- 110mm 

P 53.9 X 106 + 0 ;;;. x 
2.9 X 106 
---- + 110 
320 x 170 

;;;. 330 kN 

10-3 

323 

Thus the critical minimum value is given by moment variation requiremen ts and the 
member is below the critical span. Provision of aprestress force of 352 kN will 
therefore produce an acceptable eccentricity at mid-span. 
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(c) Check the Upper Limit to Prestress Force 

From equation 12.24 

f max Z'2 + fminZl 
P.;:;;,-------

Zl + Z'2 

A 

.;:;;, 6.65A 

13.3zA 

2z 

.;:;;, 6.65 x 320 x 170 x 10-3 

.;:;;, 362 kN 

Since this is above the value of 352 kN to be provided, the design will be considered 
as acceptable at this stage. 

J 2.4.3 Transfer Stresses 

Stresses existing in the concrete at transfer must always be checked, since these 
will generally be higher than those occurring in the design based on final prestress 
force. This is due to the combined effects of a higher prestress force, and an applied 
moment which is frequently lower thanMmin considered in the basic design. In 
addition to the increased stresses, the concrete is usually relatively immature and 
not at fuH strength. These factors combine to make transfer a critical stage which 
must always be examined carefuHy. 

Since this condition is transitory with losses commencing immediately, it is 
usually permitted that stresses may reach higher values than normal relative to the 
concrete strength. This has been discussed in section 12.4 and transfer-stress cal
culations will often govern the minimum permissible concrete cube strength at the 
time of transfer. 

Example J 2.4 Transfer Stresses 

For the previous examples, check transfer stresses at mid-span. Assurne losses = 25 
per cent and prestress force constant throughout span. Assurne also that M = Mmin 
= 16.4 kN m and e = - 100 mm. 

Prestress force at transfer Pt 
352 

= 470 kN 
0.75 

Then minimum stress at top fibre, from equation 12.10 is 

470 X 103 

170 x 320 

470 X 103 x 100 16.4 X 106 
-------- +----

2.9 X 106 2.9 X 106 

8.6 - 16.2 + 5.7 

- 1.9 N/mm2 (tension) 
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and maximum stress at bottom fibre from equation 12.12 is 

fmax 
Pt Pte Mmin 

=- -- ---
A ZI ZI 

8.6 + 16.2 - 5.7 

19.1 N/mm2 

325 

If it is assumed that the compressive stress at transfer may reach 50 per cent of the 
cube strength at that time, the minimum permissible concrete strength at transfer 
is given by 2 x 19.1 R:: 40 N/mm2 • The tensile stress of 1.9 N/mm2 however, is 
above the maximum value of 1 N/mm2 permitted in a dass 1 structure. Thus if this 
criterion is to be satisfied it will be necessary to re design the section, probably by 
increasing the over-all dimensions. 

Near the ends of the member, Mmin becomes very smaB and the resultant stresses 
will be even more severe than those calculated at mid-span. This demonstrates the 
common situation where it is necessary to reduce either the prestress force or its 
eccentricity near supports as discussed in sections 12.2.1 and 12.4.4. 

12.4.4 Design of Tendon Profiles 

Having obtained a value of prestress force which will permit aB stress conditions to 
be satisfied at the critical section, it is necessary to determine the eccentricity at 
which this force must be provided, both at the critical section and throughout the 
length of the member. 

At any section along the member, eis the only unknown term in the fOUf 
expressions 12.9 to 12.12 and these will yield two upper and two lower limits 
which must aB be simultaneously satisfied. This requirement must be met at aB 
sections throughout the member and will reflect both variations of moment, pre
stress force, and section properties along the member. 

The design expressions can be rewritten as 

e ,;;;; [ fm~x Z2 
- ~ ] M max 

- --
P 

(1226) 

e ~ [fm;Z2 
Z2 ] M min 

- --
A P (12.27) 

e ,;;;; [ :1 - fmi;Zl ] 
M max 

- --
P 

(12.28) 

[ Zl - f m~x ZI ] Mmin 
e ~ A - --

P 
(12.29) 

Although it is relatively simple to evaluate all four expressions, it can be shown 
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that expressions 12.27 and 12.28 are the governing cases when M max and M min 
are both positive, although this does not apply in other situations. The moments 
M max and M min are those relating to the section being considered. 

For a member of constant cross-section, if minor changes in prestress force 
along the length are neglected, the terms in brackets in the above expressions are 
constants. Therefore the zone within which the centroid of prestress force must lie 
is governed by the shape of the bending-moment envelopes, as shown in figure 
12.11. In the case of uniform loading, these are parabolic, hence the usual practice 
is to provide parabolic tendon profiles if a straight profile will not fit within this 
zone. 

/'vi mm 
p 

Figure 12.11 Cable zone limits 

Eqn 
28 

_-rC=Q,-,-ntroldO I 
OXIS 

At the critical section, the zQne is generally narrow and reduces to zero if the 
value of prestress force is tilken as the minimum value from moment variation 
requirements. At sections away from the critical section, the zone becomes 
increasingly wide as the moments reduce and the prestress force provided is 
increasingly greater than the minimum required. 

Example 12.5 CalcultJtion o{Cable Zone 

Determine the cable zone limits at mid-span and ends of the member designed in 
examp1es 12.2 and ·12.3 for a constant prestress force of 352 kN. 

(a) Ends of Beam 

Limits to cable eccentricity are given by 

equation 12.27 

and equation 12.28 

Mmin 

p 

M max 

p 
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equation 12.27 becomes 

e ;;;;. [0 2.9 X 106 

320 X 170 

;;;;. - 53.3 mm 

Similarly equation 12.28 becomes 

] -0 

e ~ [2.9 X 106 
- 0] - 0 

320 x 170 

~ + 53.3 mm 
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Thus at the ends of the member, the tendons must lie at a practical eccentricity in 
the range ± 53 mm. 

(b) Mid-span 

Equation 12.27 gives 

e ;;;;. [ 2.9 X 106 ] 

o - 320 x 170 

;;;;. - 53.3 - 46.6 

;;;;. - 99.9 mm 

and equation 12.28 gives 

e~ [ 2.9 x 106 - 0 ] _ 
320 x 170 

~ 53.3 - 153.1 

~ - 99.8mm 

16.4 X 106 

352 X 103 

53.9 X 106 

352 X 103 

Hence at mid-span the tendon must theoretically lie at an eccentricity of - 99.8 
mm and the practical width of cable zone is zero for this prestress force. 

12.4.5 Width ofCable Zone 

The widths (sx) of the permissible cable zone at any section x may be obtained by 
subtracting equations 12.28 and 12.27 for a simply supported beam, thus 

M max fmin Z 2 Z2 Mmin +- +---
A p p P A P 
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therefore 

_ (Zl + zz) _ f. (Zl + zz) _ (Mmax - Mmin) 
Sx - ---'- mm ----

A P P 

where the values of moment, prestress and section properties are those relating to 
section x. The design expression for minimum prestress force based on moment 
variation (equation 12.21) may be rewritten so that 

P 
( Zl A+ Zz ) - imin 

where My = design moment variation at critical section. Hence 

P 

My (M max - M min ) 

P 

When section x coinCides with the critical section, (Mmax - Mmin ) corresponds to 
My and hence s = 0, unless the value of My used in the design ca1culations for pre
stress force is increased to provide for a positive zone width, in which case the 
value of My used in the design must be obtained from the above expression, so 
that 

My = (Mmax - Mmin) + PSx 

where Sx is the minimum required zone width at sectionx. Hence the expression 
for minimum prestress force corresponding to equation 12.21 becomes 

P ~ (Mmax - Mmin) + PSx + imin (Zl + zz) 

or 

P ~ (Mmax - Mmin) + imin(Zl + zz) 
02.30)* 

(-z 1 ~ Zz _ Sx ) 

Example 12.6 Calculation ot Prestress Force tor Minimum Cable Zone Width 

Find the minimum prestress force necessary for the beam in examples 12.2 and 
12.3 if the minimum cable zone width is to be ± 10 mm and minimum cover 
remains at 50 mm. 
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(a) Based on Moment Variation from Equation 12.30 

At mid-span section 

(Mmax - Mmin) + Imin (ZI + Z2) 
p ~ ---------------------------

where s = 20 mm. Hence 

p ~ 37.5 X 106 + 0 X 10-3 
2 X 2.9 X 106 
------20 

320 X 170 

~ 433 kN 

(b) Based on Limits of Eccentricity from Equation 12.25 

Now for maximum tolerance, emax may be reduced to - [(h/2 - Cover] + 20, 
thus 

hence 

emax = - (160 - 50) + 20 = - 90 mm 

p ~ M max + Imin Z 1 

(:1 - emax ) 

53.9 X 106 + 0 
~ X 10-3 

2.9 X 106 

320 X 170 

~ 376 kN 

+ 90 

Thus, moment variation still governs. 
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It will be noted immediately that the minimum prestress force is increased 
considerably by this requirement, and exceeds the maximum economic value of 
363 kN for the section chosen, as determined in example 12.3. Thus it would be 
prudent to increase the dimensions of the chosen section. This demonstrates 
clearly the need far precision of construction in prestressed concrete members, 
particularly with reference to tendon fIXing. The importance in selecting section 
properties which exceed the minimum values by a reasonable margin is also 
emphasised and c~mfirmed by example 12.4 in order that transfer conditions may 
be met. 

12.4.6 Calculation 01 De[lections 

The anticipated deflections of a prestressed member must always be checked since 
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specific span - effective depth ratios are not met in the design procedure. The 
deflection due to the eccentric prestress force must be evaluated and added to that 
from the normal dead and applied loading on the member. In the case of class I 
and 2 structures, the member is designed to be uncracked, and a similar procedure 
is followed to that described in chapter 6. Although class 3 members are designed 
as cracked under fullioad, when evaluating deflections due to non -prestress load
ings it has been found that little error is introduced if the uncracked case is again 
considered, thus simplifying calculations considerably. CP 110 recommends that 
for class 3 members such an assumption may be made if the permanent load is no 
more than 25 per cent of the total design load. If this is not satisfied then the 
member deflections must be evaluated as cracked unless the basic span - effective 
depth ratios (section 7.2.7) are satisfied, in which ca se the deflections of the 
member may be assumed to be not excessive. 

The requirements which must be satisfied in respect of deflections are the same 
as for a reinforced beam (section 6.1), namely 

(1) Final deflection ::!> span/250 measured below the level of supports. 
(2) 20 mm or span/350 maximum movement after finishes applied. 

Additionally in prestressed concrete 

(3) Total upward deflection ::!> span/300 where finishes are applied, unless 
uniformity of camber between adjacent units can be ensured. 

The evaluation of deflections due to prestress loading can be obtained by 
double integration of the expression 

M = n _ EId2y 
x rex -

dx 2 

over the length of the member, although this calculation can prove tedious for 
complex tendon profiles. 

The simple case of straight tendons in a uniform member however, yields 
M = Pe = a constant, which is the situation evaluated in section 6.1.3 to yield a 
maximum mid-span deflection of - ML 2 /8EI = - PeL 2 /8 EI. If the cables He 
below the centroidal axis, e is negative, and the deflection due to prestress is then 
positive, that is upwards. 

Another common ca se of a symmetrical parabolic tendon profile in a beam of 
constant section can also be evaluated quite simply by considering the bending
moment distribution in terms of an equivalent uniformly distributed load. 

For the beam in figure 12.12 the moment due to prestress loading at any 
section Mx = Pex but since ex is parabolic, the prestress loading may be likened to 
a uniformly distributed load W e on a simply supported beam; then mid-span 
moment 

M= 
we L 2 

= Pe c 
8 

thus 
8Pec 

We --

L 2 
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But since the mid-span deflection due to a uniformly distributed load W over a span 
L is given by 

5 wL4 
Y = ----

384 EI 

the deflection due to We is 

5 (Pee)L2 
y = -----

48 EI 

If the prestress force does not He at the centroid of the section at the ends of the 
beam, but at an eccentricity eo as shown in figure 12.13, the expression for the 

p 

Figure 12.12 Parabolic tendon profile 

deflection must be modified. It can be shown that the deflection is the same as 
that caused by a force P acting at a constant eccentricity eo throughout the length 
of the member, plus a force P following a parabolic profile with mid-span eccentri
city e'e as shown in figure 12.13. 

p 

+-_~. ___ . e~ 

Figure 12.13 Parabolic tendon profile eccentric at ends of beam 

The mid-span deflection thus becomes 

(Peo)L2 
y=----

8EI 

5 (Pe'c)L2 

48 EI 

Deflections due to more complex tendon profiles are most conveniently 
estimated on the basis of coefficients which can be evaluated for commonly 
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occurring arrangements. These are on the basis y = (KL 2 )/EI where K incorporates 
the variations of curvature due to prestress along the member length. 

There are three principal stages in the life of a prestressed member at which 
deflections may be critical and may require to be assessed. 

(I) At transfer - acheck of actual deflection at transfer for comparison with 
estimated values is a useful guide that a prestressed beam has been 
correctly constructed. 

(2) Under dead load, before application of finishes - deflections must be 
evaluated to permit subsequent movement and possible damage to be 
estimated. 

(3) Long term under fullioad - deflections are required, both to determine 
the subsequent movement and also to assess the appearance of the final 
structure. 

Short-term deflections will be based on materials properties associated with 
characteristic strengths (1m = I) and with actualloading (-yf = 1). Long-term 
assessment however must not only take into account loss in prestress force, but also 
the effects of creep both on the applied loading and the prestress loading compon
ents of the deflection. Creep is allowed for by using an effective modulus of elasti
city for the concrete, as discussed in section 6.1.2. 

Thus if Ec is the instantaneous value, the effective value after creep is given by 

Ec 
Eeff =--

I + rp 

where the value of rp, the creep coefficient can be obtained from table 6.1. 
It can be shown in some instances that when net upward deflections occur, these 

often increase due to creep, thus the most critical down ward deflection may well 
be before creep losses occur, whilst the most critical upward deflection may be 
long term. This further complicates a procedure which already has many unc.ertain
ties as discussed in chapter 6; thus deflections must always be regarded as estimates 
only. 

Example 12.7 Calculation o[ De[lections 

Estimate transfer and long- term deflections for the 320 x 170 mm beam of 10m 
span in examples 12.2 to 12.4 ifit is assumed that the mid-span eccentricity = 
- 100 mm and the end eccentricity = O. Assurne that prestress losses amount to 
25 per cent and that the creep coefficient = 2.0. The prestress force may be 
assumed constant throughout the member. (From the previous examples, final 
prestress force P = 352 kN, minimum loading Wmin = 1.31 kN/m and maximum 
loading wmax = 4.31 kN/m.) 

(a) At Transfer 

352 

0.75 
470kN 
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take Ec = 31 kN/mm2 as the mean value for a grade 40 concrete. Thus 

deflection due to self-weight = 
384 EcI 

deflection due to prestress 
5 (Ptec)L2 

48 EcI 

But 

bh 3 170 X 3203 
1=-=----

12 12 

Thus 

deflection 
- 5 x 1.31 X 104 x 1012 

y=----------
384 x 31 x 103 x 464 x 106 

5 470 X 103 x (- 100) X 102 X 106 

--x-------'--------
48 31 x 103 x 464 X 106 

= - 11.9 + 34 

= + 22 mm (upward) 

(b) At Application of Finishes 

If the dead load due to finishes = 2.0 kN/m, the instantaneous deflection due to 
finishes 

- 5 x 2.0 x 104 X 1012 
y 

384 x 31 x 103 x 464 X 106 

= - 18 mm (downward) 

Assuming that only a small proportion of prestress losses have occurred at this 
stage, the total deflection will be given by 

y = + 22 - 18 = + 4 mm (upward) 

(c) In the Long Term 

Eeff 
1 + r/> 

31 
= -- = 10.3 kN/mm2 

1 + 2 

Thus deflection under sustained minimum loading of dead load plus finishes 
becomes 

_ 5 x (1.31 + 2.0) x 104 X 1012 5 x 352 X 103 (- 100) X 102 X 106 
Y - - - ------------

384 x 10.3 x 103 x 464 x 10· 48 x 10.3 x 103 x 464 X 106 

= - 90 + 77 = - 13 mm (downward) 
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The deflection under sustained maximum loading is given by 

4.31 
y = - 90 x -- + 77 

3.31 

-117+77 

= - 40 mm (downward) 

The criteria that must be satisfied are 

(1) Maximum downward deflection = span/250 = 10000/250 = 40 mm. This 
is just sa tisfied. 

(2) Maximum upward deflection = span/300 = 33 mm. This is satisfied. 
(3) Maximum movement after finishes = span/350 = 29 mm. 

The actual value is given by 

Maximum long- term deflection - instantaneous deflection after 
application of finishes 

= - 40 - (+ 4) = - 44 rnm 

Hence this requirement is not satisfied, and special consideration must be given to 
the importance attached to this criterion in this particular instance. 

12.5 Analysis and Design at the Ultimate Limit State 

After a prestressed member has been designed to satisfy serviceability requirements, 
acheck must be carried out to ensure that the ultima te moment of resistance and 
shear resistance are adequate to satisfy the requirements of the ultimate limit state. 
The partial factors of safety on loads and materials for this analysis are the normal 
values for the ultimate limit state wh ich are given in chapter 2. 

12.5.1 Analysis of the Seetion 

As the loads on a prestressed member increase above the working values, cracking 
occurs and the prestressing steel begins to behave as conventional reinforcement. 
The behaviour of the member at ultimate is exactly the same as that of an ordinary 
reinforced concrete member except that the initial strain in the steel must be taken 
into account in the calculations. The section may easily be analysed by the use of 
the equivalent rectangular stress block described in chapter 4. CP 110 con tains 
tables to permit the stress in the prestressing steel at ultimate, and the correspond
ing neutral axis position to be obtained for rectangular sections. These are based 
on empirical results but alternatively the method illustrated in example 12.8 may 
be adopted. 

Although illustrated by a simple example this method may be applied to a 
cross-section of any shape which may have any arrangement of prestressing wires 
or tendons. Use is made of the stress - strain curve for the prestressing steel to 
calculate tension forces in each layer of steel. The total steel strain is that due to 
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bending added to the initial strain in the steel due to prestress. For aseries of 
assumed neutral axis positions, the total tension capacity is compared with the 
compressive force developed by a uniform stress of O.4[cu, and when reasonable 
agreement is obtained, the moment of resistance can be evaluated. 

Example 12.8 Calculation of Ultimate Moment of Resistance 

The section of a pretensioned beam shown in figure 12.14 is stressed by ten no. 5 
mm wires of characteristic strength [pu = 1570 N/mm2 . If these wires are initially 

1365 

'" 1092 
E 
E 
z 
eil 
eil 
es 
L. .... 
III 

o 

~ = 1570 
Ym 1·15 

Strain 

f, 

(0·0055) 

Figure 12.15 Stress- strain curve tor wire 

stressed to 1100 N/mm2 and 30 per cent losses are anticipated, estimate the 
ultimate moment of resistance of the section if grade 40 concrete is used. The 
stress - strain curve for the prestressing wire is shown in figure 12.15. 
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Area of 5 mm wire 

Stress in steel after losses 

strain in steel after losses 

7r x 5 2 /4 

1100 x 0.7 

770 

200 X 103 

19.6 mm2 

770 N/mm2 

0.0038 

which is less than EI, the lower yield strain. 

A depth x of neutral axis must be found for which the compressive force Fe in 
the concrete is balanced by the tensile force Fs in the steel. Then the ultima te 
moment of resistance is given by 

(l2.31) 

where z is the lever arm between Fe and Fs. 
As a first attempt try x = 130 mm, approximately equal to 0.5d. 

(a) Steel Strains 

Final steel strain Es prestress strain + bending strain, E~ 

Top layer 

therefore 

Bottom layer 

Esa 0.0038 + E'sa 

Esa 
(250 - x) 

0.0038 + Eee 
X 

0.0038 + (250 - 130) 0.0035 
130 

= 0.0070 

fsb = 0.0038 + E'sb 

(275 - x) 
0.0038 + Eee 

X 

(275 - 130) 
0.0038 + 0.0035 

130 

0.0077 

(12.32) 

(l2.33) 
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(b) Steel Stresses 

From the stress - strain cUJve the corresponding steel stresses are 

Top layer 

Isa 

and 

Isb 

(1365 - 1092) ( 
1092 + €sa -

(0.0118 - 0.0055) 

1092 + 43 333(0.0070 - 0.0055) 

1157N/mm2 

1092 + 43 333(€sb - 0.0055) 

1092 + 43 333(0.0077 - 0.0055) 

1187 N/mm2 

(c) Forces in Steel and Concrete 

0.0055) 
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(12.34) 

(12.35) 

SteeltensileforceFs = L/sAs = (Isa +/sb)5 X 19.6 (12.36) 

= (1157 + 1187)98 

= 230 X 103 N 

With a rectangular stress block 

concrete compressive force Fe = O.4/eubx (12.37) 

0.4 X 40 X 120 X 130 

= 250 X 103 N 

The force Fe in the concrete is larger than the force F s in the steel, therefore a 
smaller depth of neutral axis must be tried. 

Table 12.1 shows the results of caIculations for further trial depths of neutral 
axis. For x = 110, Fe became smaller than Fs, therefore x = 120 and 122 were tried 
and it was then found that Fs = Fe. 

Tab1e 12.1 

Strains Stresses Forces 

x €sa €sb Isa Isb Fs Fe 
(mm) (X 103 ) (N/mm2 ) (kN) 

130 7.0 7.7 1157 1187 230 250 
110 8.3 9.0 1213 1244 241 211 
120 7.6 8.3 1183 1213 235 230 
122 7.5 8.2 1179 1209 234 234 
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In terms of the tensile force in the steel, the ultima te moment of resistance of 
the section is given by 

~ lfsAs(d - x/2)] 

= 5 x 19.6(1179(250 

47.2 x 106 N mm 

(12.38) 

122/2) + 1209(275 - 122/2)] 

If x had been incorrectly chosen as 130 mm then using equation 12.38 Mu 
would equal 45.4 kN m, or in terms of the concrete 

Mu = O.4fcu bxz 

:::::: 0.4 x 40 x 120 x 130(262.5 - 130/2) 

:::::: 49 kN m 

Comparing the average of these two values of Mu (= 47.2 kN m) with the correct 
answer , it can be seen that a slight error in the position of the neutral axis does not 
have any significant effect on the calculated moment of resistance. 

12.5.2 Design o[ Additional Rein[orcement 

If it is found, as may be the case with dass 2 or 3 members, that the ultimate limit 
state requirements are not met, additional untensioned or partially tensioned steel 
may be added to increase the ultimate moment of resistance. 

Example 12.9 Design o[ Untensioned Rein[orcement 

Design untensioned high yield reinforcement (fy = 410 N/mm2 ) fOT the rectangular 
beam section shown in figure 12.16 which is stressed by five no. 5 mm wires, if the 
ultimate moment of resistance is to exceed 40 kN m for grade 50 concrete. The 
characteristic strength of tensioned steel, fpu = 1570 N/mm2 • 

(a) Check Ultima te Moment of Resistance 

Maximum tensile force if 
prestressing steel yielded 

Concrete compressive 
area to balance 

1570 
5 x 19.6 x -- x 10-3 = 134kN 

134 X 103 

0.4 x 50 

1.15 

= 120x 

thus, neutral axis depth x = 56 mm. 
Assuming prestrain as calculated in example 12.8 

total steel strain prestrain + bending strain 

(d - x) 
0.0038 + . x 0.0035 

x 
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219 
= 0.0038 + - x 0.0035 0.0175 (> yield) 

56 

Lever arm 
56 

275 - = 247 mm 
2 

Hence 

ultimate moment of resistance = 247 x 134 X 10-3 = 33.1 kN m 

Untensioned steel is therefore required to permit the beam to support an ultimate 
moment of 40 kN m. 

Additional moment of capa city to be 
provided = 40 - 33.1 6.9 kN m 

Effective depth of additional steel 245 mm 

then 

lever arm to additional steel ~ 210 mm 

then 

additional tension force required 
6900 

32.8 kN =--= 
210 

thus 

estimated area of 
untensioned steel 
required at its yield 
stress 

32800 
92mm2 

410 x 0.87 

Try two no. 10 mm diameter bars (157 mm2 ). 

b = 120 €cc =0·0035 
I- '1 11 

I 10 
10 n.o. 
~ 

. __ . 
"- N 
N 

• • 2Y10 . . .. 
Tllnsionlld stIlIlI 

Sllction Bllndlng 
Stroins 

Figure 12.16 

1~'4fC~1 
r---

Fe 

z 
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~ 
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(b) Check Steel Strain 

If additional steel has yielded, force in two Y 10 bars = 157 x 410 x 10- 3 /1.15 = 
56 kN, therefore 

total tensile force if all the steel has yielded 134 + 56 

= 190 kN 

Thus 

depth of neutral axis at ultima te 
190 x 103 

0.4 x 50 x 120 

79mm 

Therefore 

prestressing steel strain esb 
196 

0.0035 + 0.0038 -x 
79 

0.0125 (> yield) 

and 

untensioned steel strain esa 
245 - 79 

0.0035 x 
79 

= 0.007 

This value is greater than the yield strain of 0.0037 from table 4.1. 

(c) Check Ultimate Moment of Resistance 

Taking moment about the centre of compression 

Mu = 134(275 - x/2) + 56(245 - x/2) 

[134(275 - 79/2) + 56(245 - 79/2)] 10-3 

43.1 kN m 

If it had been found in (b) that either the prestressing steel or untensioned steel had 
not yielded, then a trial and error approach similar to ex am pie 12.8 would have 
been necessary. 

12.5.3 Shear 

Shear in prestressed concrete is considered at the ultima te limit state. Design far 
shear therefore involves the most severe loading conditions, with the usual partial 
fact ars of safety on loading for the ultima te limit state being incorporated. 

The action of a member in resisting shear is similar to that far reinforced con
crete, but with the additional effects of the compression due to the prestress force. 
This will increase the shear resistance considerably, since design is based on limiting 
the diagonal principal tensile stresses in the concrete. 

Although most prestressed concrete members will be uncracked under working 
loads, when carrying the loads for the ultima te limit state they may weil be cracked 
over part of their span. This will reduce the shear capaci ty, bu t fortuna tely the 
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regions of cracking in simply supported members will generally be the centre part 
of the span where shear forces are relatively smalI. 

At an uncracked section, a Mohrs cirele analysis of an element in a be am 
subjected to a longitudinal compressive stress f e and a shear stress veo , gives the 
principal tensile stress as 

t;e) 
hence the maximum allowable value of v co = v(f? + !cft) where ft is the maximum 
allowable principal tensile stress. 

The actual shear stress at any level in a beam section subjected to a shear stress 
V, can be shown to be v = V Ay /(bI) where Ay is the first moment of area of the 
part of the section above the level considered about the centroidal axis of the beam, 
b is the breadth at the level considered, and I is the second moment of area of the 
whole section about its centroidal axis. Hence the ultimate shear resistance of an 
uncracked section is 

bI _ I 2 
Veo = -=- v (ft + !cft) 

Ay 

For a rectangular section this re duces to 

Veo = 0.67bh v(ft 2 + feft) 

whc'l considering the centroidal axis. This equation forms the basis of the design 
expression given in CP 110, where fe is the compressive stress due to prestress, 
incorporating a partial factor of safety and both fe and ft are taken as positive. 
CP 110 also gives an empirical expression for the ultimate shear resistance of a 
section cracked in flexure. 

The usual design procedure consists of calculating the shear resistance of the 
cracked and uncracked section at intervals along the length of the member for 
comparison with the applied shear force diagram. The lower value obtained from 
the two analyses must then be taken as the shear resistance Ve of the prestressed 
concrete member at each position considered. 

Additional shear resistance will be provided by the vertical component of the 
prestress force where curved cables are used, provided the section is uncracked. 
Near the ends of beams where shear forces are highest, and cable slopes generally 
greatest, a considerable increase in resistance can be obtained from this, and shear 
strength contribution should be a consideration when detailing tendon profiles. 

If it is found that the concrete section is not adequate for shear resistance, 
reinforcement must be provided to carry the excess shear force as with reinforced 
concrete. CP 110 gives detailed expressions for thedesign of the shear reinforce
ment, and also requirements for minimum reinforcement, which should be followed 
but it must be noted that these are different from those for reinforced concrete. 

Further Reading 

Y. Guyon, Limit State Design of Prestressed Concrete (Applied Science, Barking, 
1973). 
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Typical Weights and Live Loads 

Weights 

1 lb = 0.454 kg = 4.448 N force 
1 Ib/ft2 4.88 kg/m2 = 47.9 N/m2 

1 Ib/ft3 = 16.02 kg/m 3 = 157 N/m3 

Aluminium, cast 
Asphalt paving 
Bricks, common 
Bricks, pressed 
Clay, dry 
CIay, wet 
Concrete, reinforced 
Glass, plate 
Lead 
Oak 
Pine, white 
Sand, dry 
Sand, wet 
Steel 
Water 

Brick wall, 115 mm thick 
Gypsum pIaster, 25 mm thick 
Glazing, single 

342 

26 
23 
19 
22 

19 -22 
21-25 

24 
27 

112 
9.5 
5 

16 - 19 
18 - 21 

77 
9.81 

2.6 
0.5 
0.3 



-Floor and Roof Loads 

Classrooms 
Dance halls 
Flats and houses 
Garages, passenger cars 
Gymnasiums 
Hospital wards 
Hotel bedrooms 
Offices for general use 
Flat roofs, with access 
Flat roofs, no access 

Bar Areas and Perimeters 

APPENDIX 

3.0 
5.0 
1.5 
2.5 
5.0 
2.0 
2.0 
2.5 
1.5 
0.75 
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Sectional Areas of Groups of Bars (mm2 ) 

Bar 
size Number of bars 

(mm) 

2 3 4 5 6 7 8 9 10 

6 28.3 56.6 84.9 113 142 170 198 226 255 283 
8 50.3 101 151 201 252 302 352 402 453 503 

10 78.5 157 236 314 393 471 550 628 707 785 

12 113 226 339 452 566 679 792 905 1020 1130 
16 201 402 603 804 1010 1210 1410 1610 1810 2010 
20 314 628 943 1260 1570 1890 2200 2510 2830 3140 

25 491 982 1470 1960 2450 2950 3440 3930 4420 4910 
32 804 1610 2410 3220 4020 4830 5630 6430 7240 8040 
40 1260 2510 3770 5030 6280 7540 8800 10100 11300 12600 

Perimeter of Bars (mm) 

Bar size (mm) 6 8 10 12 16 20 25 32 40 

Perimeter (mm) 18.85 25.1 31.4 37.7 50.2 62.8 78.5 100.5 125.6 
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Sectional Areas per Metre Width for Various Bar Spacings (mm2 ) 

Bar 
size Spacing of bars 

(mm) 

50 75 100 125 ISO 175 200 250 300 

6 566 377 283 226 189 162 142 113 94.3 
8 1010 671 503 402 335 287 252 201 168 

10 1570 1050 785 628 523 449 393 314 262 

12 2260 1510 1130 905 754 646 566 452 377 
16 4020 2680 2010 1610 1340 1150 1010 804 670 
20 6280 4190 3140 2510 2090 1800 1570 1260 1050 

25 9820 6550 4910 3930 3270 2810 2450 1960 1640 
32 16100 10700 8040 6430 5360 4600 4020 3220 2680 
40 25100 16800 12600 10100 8380 7180 6280 5030 4190 

Anchorage and Lap Lengths 
Anchorage Bond Lengths 

(Anchorage length L = KA x Bar size) 

KA 

feu = 20 25 30 40 or more 

Plain (250) 
Tension 46 39 37 29 
Compression 37 32 29 24 

Deformed type I (460) 
Tension 59 53 46 39 
Compression 48 42 38 32 

Deformed type I (425) 
Tension 55 49 43 36 
Compression 45 39 35 29 

Deformed type 2 (410) 
Tension 41 37 32 27 
Compression 33 29 26 22 
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Lap Lengths 
(Lap length = K L X Bar size) 

KL 

feu = 20 25 30 40 or more 

Plain (250) 
Tension 46 39 (10) 37 (12) 29 (32) 
Compression 37 32 (12) 29 (16) 24 (32) 

Deformed type 1 (460) 
Tension 74 66 57 49 
Compression 48 42 38 32 (12) 

Deformed type 1 (425) 
Tension 68 61 53 45 
Compression 45 39 35 29 (16) 

Deformed type 2 (410) 
Tension 51 46 39 (10) 33 (16) 
Compression 33 (10) 29 (16) 26 (20) 22 (50) 

Minimum Iap lengths: (a) Tension - 25 X bar size + 150 mm 
(b) Compression - 20 X bar size + 1 SO mm 

Figures in parentheses with KLare the bar size below whieh use minimum lap length. 

Shear Reinforcement 

Stirrup 
diameter 

(mm) 85 

Asv/sv for Varying Stirrup Diameter and Spacing 

Stirrup spacing (mm) 

90 100 125 150 175 200 225 250 275 300 

8 1.183 1.118 1.006 0.805 0.671 0.575 0.503 0.447 0.402 0.366 0.335 
10 1.847 1.744 1.57 1.256 1.047 0.897 0.785 0.698 0.628 0.571 0.523 
12 2.659 2.511 2.26 1.808 1.507 1.291 1.13 1.004 0.904 0.822 0.753 
16 4.729 4.467 4.02 3.216 2.68 2.297 2.01 1.787 1.608 1.462 1.34 



Index 

Age factors 3 Bends and hooks 110, 174, 178 
Analysis of the seetion, bending 56, Bent-up bars 105, 177 
89 Biaxia1 bending 241 - 3 

with axialload 89 -100 Bond, anchorage 107, 109 -11, 166 
e1astic 57-63,119-21 loca1 107-9,165 
flanged 85 - 9 Bond 1engths 344 
uncracked 60 -3,119 Braced columns 35,224,229 

Analysis of structures, beams 28 - 34 Bundled bars 166, 179 
column moment 37,41-3,224,234-5 
damaged structure 148 Cantilever beams 187 
frames 35 - 47, 234 Cantilever retaining walls 295, 297 
lateral loads 43 -7, 253 299 - 303 
retaining walls 295 - 8 Characteristic loads 17, 24, 343 

Anchorage bond 107, 109 - 11, 166 Characteristic material strengths 13, 
Anchorage bond lengths 344 17 
Areas of bars 343,344 Circumference of bars 343 

Balanced failure 93 
Bars See Reinforcement 
Bases See Footings 
Beams, analysis of moments and shears 
28 -34 
analysis of seetions 56 - 89, 119 
cantilever 187 
continuous 29 - 34, 180-7 
deflections 117 - 31,329 - 34 
design 150 - 90 
design charts 59,68,70,71,80, 

157 
doubly reinforced 78- 85,159-63 
effective spans 151 
onespan 28,154,169,172,175 
prestressed 304 - 41 
reinforcement details 157, 160, 
164,166-9,174-5,179-80 

sing1y reinforced 66 -78, 156 - 9 
sizing 1 52 - 5, 31 8 

Bearing press ures 253 - 6, 297 
Bearing stresses at abend 178 
Bending moments, coefficients 34 

envelopes 34,41,168,181 
redistribution 48 - 51, 100, 180 

Bending with axial load 89 - 100, 
224, 287 

347 

Coefficients of bending moments and 
shears 34 

Columns, analysis of section 89 - 100 
axially loaded 229 
biaxial bending 241 - 3 
braced 35,224,229 
design 224 - 51 
design charts 91-2,94,230-6 
effective height 226 
loading arrangements 36, 37, 224, 
234 

moments 36,41,42,224,234,247 
non -rectangular seetion 99, 243 - 6 
reinforcement details 227 - 8 
short 225-7,229-43 
simplified design 240, 244 
slender 225 -7.246 - 51 
substitute frame. 36,42,234 
unsymmetrically reinforced 95, 
236-41 

Combined footings 262 - 6 
Compression reinforcement 

159 -63 
Concrete, age factor 3 

78 - 85, 

characteristic strength 13, 17 
cover 12, 143, 144, 152, 254, 289 
cracking 7,131-41,278,284 
creep 11, 121, 332 
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durability 12,141-3 
e1astic modu1us 4 - 5 
shrinkage 7-11,122,138-41, 

278, 284 
stress - strain curve 3, 54 
thermal expansion 2,7,10,138-41, 
281,284 

Continuous beams, analysis 29 - 34 
curtailment of bars 167 - 9 
design 180 - 7 
enve10pes 34, 181 
10ading arrangements 26 - 7 
moment and shear coefficients 34 

Counterfort retaining walls 294 
Cover to reinforcement 12, 143, 144, 
152,254,289 

Cracking, contro1 7, 138, 179 
flexura1 131-8,278,285 
thermal and shrinkage 7 - 11, 
138-41,278,281,284 

Creep 11, 121 
Creep coefficients 121, 332 
Critica1 section 193,258 
Critica1 span 322 
Critica1 stee1 ratio 139, 282 
Curtailment of bars 167 - 9 
Curvatures 119 - 21 

Dead10ads 19,25,342 
Deflections 117-31,169,193, 
329 -34 

Design charts, beams 59,68,70,71, 
80, 157 
co1umns 91-2,94,230-6 

Diagonal tension 102, 112, 340 
Distribution stee1 195,289 
Doub1y reinforced beams 78 - 85, 

159 -63 
Dowe1s 229,257 
Durability 12, 141 - 3 

Earth bearing press ures 253-6,297 
Effective depth 57,152 
Effective flange width 164 
Effective height of a column 226 
Effectivespan 151,152,197,201 
E1astic analysis of a section 57 - 63 
E1astic modu1us, concrete 4 - 5, 54, 

121 
stee1 54 - 5 

End blocks 309, 310 
Enve10pes, bending moment and 
shear force 34, 41, 181 

Equiva1ent - rectangu1ar stress block 
56,57,66,244 

Factors of safety, global 19, 20 
partial 18,19,148,296 

Fire resistance 143-5,149 
Flanged section see T -beam 
F1at slab 208 - 20 
F100rs see Slabs 
Footings, allowab1e soi1 pressures 253 

combined 262 - 6 
horizontalloads 252, 276 
pad 254 - 62 
piled 273 - 6 
raft 271-2 
strap 266 - 8 
strip 268 - 71 

Foundations see Footings 
Frames, analysis 35 -47 

braced 35 -43,224 
1aterally loaded 43 - 7 
10ading arrangements 26 -7,36, 
224-5 

unbraced 35, 43 -7, 224 

Gravity retaining walls 293 - 4 

Hooks and bends 111, 174, 178 

Joints, construction 279 - 80 
contraction and expansion 280 - 3, 
299 

Lap lengths 345 
Laps 112, 229,257 
L-beams see T -beams 
Lever arm 59,69 -71,75 
Lever arm curve 71,75,157 
Limit state design 15 - 23, 283 - 4 
Limit states, serviceability 16, 
117 - 45 
u1timate 16 

Links 103-4,161,174,228 
Load combinations 26 - 8, 296 
Loading arrangements 26 -7, 36, 
225,296 -7 

Loads, characteristic 1 7 
dead 25 
imposed or live 25,283 
typica1 va lues 342 - 3 

Local bond 107 - 9, 165 - 6, 258 
Long-term deflection 121 - 3, 
129 - 30,332 
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Loss of prestress 309 

Material properties 1-14, 54 
Maximum bar spacing 179 - 80, 195, 
228 

Maximum stee1 areas 157,160,195, 
228 

Minimum bar spacing 179 - 80 
Minimum steel areas 157, 160, 195, 
228, 289 

Modular ratio 58, 285 
Modulus of e1asticity see Elastic 
modu1us 

Moment coefficients 34 
Moment enve10pes 34, 41, 181 
Moment redistribution 47- 51, 

100 -1, 180 
Moments in columns 36, 41, 42 - 3, 
224-5,234-5,247 

Neutral axis depth 57,59,69 
Nominal reinforcement 175, 195, 
228, 289 

Non-rectangular section 99 -100, 
243-6 

Overturning 22, 27, 253, 295 - 6, 299 

Pad footings 254 - 62 
Para bola, properties of 65 
Partial safety factors 18 -19, 148, 
296 

Permissible bearing press ures 253 
Permissib1e stresses 21,285,286, 

316 
Piled foundations 273 - 6 
Prestressed concrete, analysis and 
design 304-41 
cable zone 325 - 9 
e'nd block 309 - 10 
deflections 329 - 34 
losses 309 
post-tensioning 308-9 
pre-tensioning 306 - 8 
shear 340-1 
transfer stresses 324 - 5 
ultimate strength 334 -40 

Punching shear 192 - 3, 212, 215, 
258, 260, 272 

Raft foundations 271-2 
Rectangular stress-block 56- 7, 66, 
244 

Rectangular - parabolic stress block 
56-7,63-6 

Redistribution of moments 48 - 51, 
100-1 

Reinforcement, areas 343 - 4 
bond lengths 344 
characteristic strengths 13, 17 
circumference 343 
lap lengths 112, 345 
maximum and minimum areas 157, 
160,164,195,228,289 

properties 5, 13 -14,54 
shear 102-6,173-8 
spacing 161, 179 - 80, 195, 228 
torsion 113 - 16, 188 - 90, 207 
untensioned 338 - 40 

Retaining walls, analysis and design 
293·- 303 
cantilever 295,299-303 
counterfort 294 - 5 
gravity 293 - 4 

Serviceability limit state, cracking 
131-41,283 
deflections 117 - 31 
durability 12, 141 - 3 
factors of safety 18 - 19 
fire resistance 143 - 5, 149 

Shear, beams 30,102-7,153, 
173-9 
concrete stresses 153, 173 
footings 257, 258 
prestressed beams 340 - 1 
punching 192-3,212,215,258, 
260,272 

reinforcement 102, 174, 177 
slabs 191-3 
torsion 112-15,188-90 

Short columns 225-7,229-43 
Shrinkage 7-11,122,138-41,279, 
283 

Slabs, continuous, spanning one 
direction 201 - 3 
flat 208 -16 
hollow block 216 - 17 
one span, spanning one direction 

197 -200 
ribbed 216 - 20 
spanning two directions 203 - 8 
stair 220 - 3 

Slender column 225 -7, 246 - 51 
Spacing of reinforcement 161, 174, 
179-80,188,195,228 
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Span - effective depth ratios 130 - 1, 
169-71,193-5,200 

Stability 145-8,253,295-7 
Stairs 220 - 3 
Steel, characteristic stresses 13, 17 

stress - strain curve 5 - 6, 54 - 6, 
335 

yield strains 55 - 6 
Stirrups see Links 
Strap footings 266 - 8 
Stress blocks 56-7 
Stresses, anchorage 109 - 11, 166 - 7 

bond 107-9,165-6 
concrete, characteristic 13 
perrnissible 285,286,316 
shear 102-7,153,173,189 
steel, characteristic 13 

Stress-strain curves 3 -6,54- 5,335 
Strip footings 268 -71 
Substitute frame, braced 35 - 43 

column 36,42 -3,234 
continuous beam 29 - 36 

Tanks 277 - 93 
T -beams, analysis 85 - 9 

design 163-5,171,195 
flange reinforcement 164, 195 - 6 
flange width 164 
second moments of area 44 
span - effective depth ratio 171 

Tendons 306 - 9 
Thermal cracking 10,138-41,284 

Thermal movement 7, 10- 11, 280 
Tie forces 145 - 8 
Torsion, analysis 112 - 16 

design 188 - 90 
Transfer stresses 304, 324 - 5 
Transmission length 307 
Triangular stress block 57 - 63, 

119 - 21, 285 

Ultimate limit state, factors of safety 
18, 19 
loading arrangements 26 -7, 225, 
295-9 

prestressed concrete 334 - 41 
stability 27,253,295-7 

Uncracked section 60 - 1, 62 - 3, 
119, 286 

Untensioned steel in prestressed 
concrete 338 - 40 

Water-retaining structures, elastic 
analysis 57 - 63 
elastic design 284 - 93 
joints 279 - 82 
limit state design 283 - 4 
reinforcement details 289 

Weights of materials 342 
Wind loading 19,25,43 -7,253 

Yield strains 55 
Young's modulus see Elastic modulus 




