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FOREWORD
I love “aha” moments—sudden, sharp moments that bring clarity to other-

wise obscured subjects. I have been fortunate enough to have had a few such

moments spread over a, perhaps, too-long career; many other would-be aha

moments fizzled and died on the vine. This book is filled with aha

moments—moments that bring unexpected clarity to the underlying issues

that define so-called smart cities and the complex networks that will make

them possible. Oft said that “everything is connected to everything”—in the

sense of the butterfly effect—but we now enter into a data-rich,

information-dominated era where “everything can be connected to

everything” in the sense of real-time system management. Joe has captured

the imagination of the possibilities portended by these newfound capabilities

and given a box of tools to build and choreograph the dance of an intercon-

nected urban society characterized by physical, economic, and social

mobility.

Okay, so by nowwe have all heard about Big Data and how it is going to

revolutionize our approaches to understanding how urban systems work, in

general, and how transport networks behave, in particular. But, other than

recognizing the possibility of drowning in the vast amounts of disparate data

that might offer clues to understanding, or even obscure them, there has

been only scant progress in identifying approaches to harness the wealth

of information provided by new technologies into meaningful analysis tools.

Although the era of Big Data and such new concepts as autonomous/

connected vehicles and shared use/ownership are bound to give rise to

unimagined mobility systems and their attendant modeling capabilities that

heretofore simply were impossible to achieve, it does not mean that the

fundamental properties of urban systems derived from basic economic

principles need to be abandoned. So, it is pretty fitting that Joe starts this

journey by first couching its destination within the context of the classical

Manheim-Florian-Gaudry (MFG) framework that characterizes urban sys-

tems as an interaction between activity and transport systems. The promi-

nent role of activities as the driving force of the need for transport, and

the networks that support it, in this paradigm serves its extension to the

design of informed urban transport systems nicely throughout the remaining

chapters.
xv
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In Chapter 2, Joe systematically identifies the components and character-

istics that position smart cities as a time-geographic subset of the internet of

things. But, then comes an aha moment—what if we treated these real-time

“big mobility data” as comprising travel momentum vector fields. Transport

analysis has a long history of borrowing ideas from other fields—gravity

model of trip distribution, fluid dynamics of traffic flow, assay analysis as

the roots of travel choice behavior—as analogies to transport concepts that

stem from no physical laws. But, for the most part, these analogies have been

addressed to explaining certain observable outcomes of mobility decisions,

for example, traffic flows on networks, travel speeds, transit patronage, and

not as vehicles to expose and define as yet unobserved phenomena.With the

introduction of the vector field interpretation of activity data, Joe has opened

the door to a completely new foundation for analyzing mobility patterns that

form the heartbeat of urban existence—one that promises to lead to models

that uncover new concepts built on Big Data, rather than simply using Big

Data to address conventional aspects of mobility. Maybe it is just my old

training in applied mechanics showing through, but I find this train of

thought pretty exciting stuff.

Chapter 3 begins the “heavy lifting” in developing smart city design and

operation capabilities, and is not for the faint hearted, as the mathematical

formulations underpinning classical network problems require some due

diligence (as does most of the content of the remaining chapters). But, there

is a reward at the end of this necessary positioning in the form of the expo-

sition of a wealth of approaches to the general MaaS (Mobility as a Service)

systems that will characterize smart cities of the future—a future in which

public agencies are the platform linking mobility providers and travelers,

connecting everything to everything.

During a period when I was fortunate to have Joe as a post doc, he

became a bit intrigued by an activity scheduling model (HAPP) that

I had developed some years previously, and we played around with some

extensions to the model that left me pretty satisfied that some incremental

research had been accomplished, but which left Joe with a vision (which

I, admittedly, lacked) of the potential of the model as a framework for gen-

eral application in urban systems analysis. I remember jokingly sending Joe

off with a charge to take the model and apply it in ways that would make me

famous as its originator. Well, with his mHAPP, which is largely the focal

point of Chapter 4, just maybe he will. When I first proposed HAPP, what

has now become known as activity-based modeling was at its infancy.

It struck me that, as in the words of Hawthorne, we were “looking at



xviiForeword
the wrong side of the tapestry” in our focus on modeling travel as trips,

rather than as their being just the threads that weave, as Allan Pred called

it, the activities that define the “choreography of human existence.”

I developed the framework for the original HAPP as a mathematical pro-

gramming model, in the hope that “real” or researchers would use it as a

kernel for all sorts of urban mobility problems. So, some 20 years later,

Joe has managed to do just that with his generalizations of the approach,

as applied to the complex interactions of the various actors in mobility sys-

tems that are fundamental to smart cities. This is must reading for anyone

who buys into mathematical modeling approaches to activity systems.

As theoretically satisfying mHAPP and its derivatives are as mathematical

representations of complex systems, they certainly are not without their

challenges. Not only do they generally apply only to the individual actor,

they also possess a myriad of parameters that, while easily definable, are ridic-

ulously hard to come by in an urban setting. In the original work that Joe and

I did in extending HAPP, the parameters were the vaguely defined time

windows within which people had to complete activities comprising a set

agenda and the respective value or utility that they derive from participating

in an activity depending on where it is positioned within the time window.

Now, you might think that uncovering these values is just another calibra-

tion/estimation problem—like maximum likelihood estimation in discrete

choice theory—but it is not. Not only is the choice set unbounded, but

more importantly it is constrained by a hard set of relationships that cannot

be violated. Joe cleverly addresses this conundrum using what is known as

inverse optimization. The basic idea here is, absent definitive values for the

parameters that define the constraints and objective in a mathematical pro-

gramming application, reformulate the problem as a dual formulation in

which the objective is to pick the parameter values that best match the

real-world observations, subject to minimizing the difference between

prior- and posterior-probability distributions—sort of reverse engineering.

In Chapter 5, he expands on and generalizes this approach in applications to

a wide variety of urban network examples. These examples tie in neatly to

newfound opportunities for real-time management afforded by Big Data

and machine learning. And, with extensions of the approach to multiagent

systems, we can get a glimpse into the tapestry woven by many travelers on

networks operated by public and private agencies—bringing us about as

close to what smart cities are all about as we can imagine at this point in time.

In Chapter 6, Joe tackles the thorny problem of data privacy. The inverse

optimization models described in Chapter 5 are “designed” to expose
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unobserved operating policies and behavioral preferences not captured by

foundational, a priori assumptions of the modeling formulations. In the for-

mer case, this has the potential to reduce or even eliminate competitive

advantages that an operator may have over its rivals; in the latter case, it

can be used to reveal the identity, and personal information, of travelers

comprising the data used to estimate model parameters. The sharing of

travel-related information pertaining to individual travelers and both public

and private operators in a dynamicMaaS environment is an essential require-

ment for the development of smart cities. The challenge is to preserve the

integrity of the fundamental properties of the information needed from

the shared pool of data while protecting the anonymity of the providers

of the information and the specific policies of the operators of the system.

Through a series of illustrative examples and exercises, Joe walks through

a number of algorithms for applications of the notion of “differential

privacy” guarantees to individuals providing real-time location data, and

k-anonymous diffusion models to disguise guarded policies underlying

operator-provided system management, ending with a tie to network learn-

ing systems introduced in Chapter 5—all setting the stage for his exposition

in the succeeding chapters of the design of networked systems envisioned for

smart cities.

All of which brings us to what Joe calls the “meat” of the book—

network design in the era of smart cities. To be sure, network design prob-

lems are not exactly new kids on the block; they have been studied by many

over the past decades and there have been numerous formulations of, and

proposed solutions to, what are principally variations of vehicle routing

problems (themselves being variations of the famous traveling salesman

problem). What is different here is that, with few exceptions, previous study

in this area has been focused on the operational characteristics of distinctly

separate networks, for example, network of roadways, series of transit routes,

taxi/dial-a-ride dispatch, freight delivery systems, communications

systems—with ascribable user demand. If smart cities are to fulfill their

promise, all of these systems must be capable of interacting, in real time, with

each other, and with a population of travelers and goods that flow seamlessly

across the boundaries of disparate networks to achieve a common goal—a

dynamic network of networks, so to speak. So, in the final section of the

book, aptly labeled “Design of Informed Systems,” we return once again

to the notion that “everything is connected to everything” within the con-

text of smart cities and the networkedmobility service systems that will serve

as their lifeblood. After first providing an encyclopedia of ready-to-go algo-

rithms for addressing classical static network design problems and their
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extensions in Chapter 7, Joe circles back to the ties between these methods

and the decision-making opportunities proffered by the wealth of real-time

data—shared by system operators and users—on the horizon. Through a

series of examples and exercises Joe proposes, in Chapter 8, how the

network design decisions of the previous chapter can be adapted to a

dynamic data-rich, data-sharing environment—albeit one wrought with

uncertainties—to achieve operational efficiencies beyond their static,

uninformed, and unconnected counterparts.

Smart cities are not here yet, but they will be. The book is not closed on

how we can best analyze and design the information-based mobility systems

that will be the messy side of the tapestry of urban interactions. Rather, in

this treatise, Joe opens the book on this subject with an excellent blueprint

for the application of a compendium of modeling techniques and under-

standing that can serve as a foundation for design of first-generation smart

city systems. How exciting is that! Kinda makes me wish that my research

career was closer to its beginning stage than to its end.

Will Recker

University of California, Irvine
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CHAPTER 1

Urban Transport Systems
1.1 INTRODUCTION

Technological innovations are shaping the opportunities and challenges that

we face at a far faster pace than in the past. Powerful computing has only been

possible for the span of decades; the Internet, half that time; and ubiquitous

mobile access to that information has only been around for a few years.

The information age of smart cities and Internet of Things offers a stark con-

trast to what was possible just a lifetime ago. We can visually communicate

with others across the globe in real time with apps like Facebook Live and

Livestream. Automated vehicles like EasyMile’s EZ10 andGoogle’sWaymo

provide pilots in multiple cities around the world. Sensors are abundant; for

example, NYU CUSP’s Urban Observatory (CUSP, 2017) can monitor

infrared and hyperspectral imaging signatures at the city scale using LIDAR

andRADAR.These examples donot even include thenumerousother inno-

vations we are seeing outside of the information revolution: 3D printing,

nanotechnologies, genetics, space exploration, and more. The opportunities

brought about by information technologies are clear in the area of mobility:

we are seeing the advent of autonomous vehicles, connected vehicles, shared

mobility, mobility-on-demand, and mobility-as-a-service, all due to

advances in information and communications technologies (ICTs).

Yet, access to these mobility advances is not equally available to all. In

communities around the world, advances in mobility and the opportunities

derived from them vary widely. Some cities have congestion pricing poli-

cies, while others have light rail transit or electric vehicle car-sharing fleets.

The nature of transport is that there is no “one-size-fits-all” solution; the

fitness of a solution depends on many attributes that include the built envi-

ronment, the culture of the population, the environmental topography, the

attributes of neighboring communities, the population’s history, among

others. On top of these differences and the increasing pace of technological

advances, the population will continue to grow under an increasingly vol-

atile climate. For example, the current world population of 7.3 billion is

expected to reach 9.7 billion by 2050 (UN, 2015), of which 70% of the pop-

ulation will be urbanized (WHO, 2010). This is equivalent to taking almost
3
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all our current global population and squeezing us all into cities. In other

words, not only are there many different situations to consider for mobility

solutions, but these solutions likely need to quickly adapt to new innovations

and societal changes.

Because of this heterogeneity in transport circumstances and solutions,

there is a pressing need to understand how transport systems perform.Unlike

other engineering products, transport systems cannot be simply

“manufactured” and sold to consumers to be used in private. Furthermore,

inefficient urban mobility is a public problem that requires pooled resources.

Highways and transit services cost millions of dollars to build and operate and

are typically built by public agencies. Even with the vast resources of some

private companies like Google, Tesla, and Amazon to step in to address some

of these mobility challenges, any missteps in operation may lead to poor

public reception (e.g., Tesla crash: Vlasic and Boudette, 2016) resulting

in loss of trust in the systems or regulatory action. As a result, it is crucial

to develop models to analyze and evaluate different system alternatives. This

is the function of urban transport systems engineers.

The purpose of this book is to compile and organize the science of urban

transport systems, place it in the context of the evolving technologies, and to

prepare professional engineers and scientists with tools to bring mobility

solutions to the public market. It is intended for graduate students with some

basic background in systems engineering, economics, mathematical pro-

gramming, queueing, and random utility models (appendices with some

background information are included). A formal definition of this field with

examples is provided in the following sections. Before proceeding, some his-

torical references are provided to motivate this work.

The science of urban transport largely stems from the pioneering work of

economists and computer scientists in the early to mid-20th century. Iron-

ically, today we see many other disciplines, such as computer science and

data science, taking concepts and theories from urban transport as they grap-

ple with applying their technologies to mobility problems. What made

transport systems unique from other network science disciplines was the

dependence on user behavior, as highlighted by Wardrop’s (1952) princi-

ples. With the impending massive investments on the US interstate highway

system through the Federal Aid Highway Act of 1956, researchers had to

quickly come up with modeling tools to evaluate different investment alter-

natives. Thus was born the RAND report by Beckmann, McGuire, and

Winsten on “Studies in the Economics of Transportation” in 1956.

A detailed retrospective on this work is covered by Boyce et al. (2005).
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This report is significant because in the absence of any prior framework

to evaluate urban transport systems at the time, the researchers were able

to derive the first model of interaction of a system of roadways with users

who behaved selfishly (Chapter 3 will cover more of the network equilib-

rium consideration).

Several more innovations in urban transport systems came along in the

absence of a formal framework to evaluate transport systems. In the 1970s,

the politics of public transit subsidies and the long history of lobbyists from

the automobile industry culminated in the National Mass Transportation

Assistance Act of 1974, which propelled researchers to study justification

for subsidizing public transit services. During this time, Mohring published

his seminal work on “Optimization and Scale Economies in Urban Bus

Transportation” in 1972. The work proved that for public services that con-

sider user service level, there are scale economies in production, which jus-

tifies the need for subsidies. Meanwhile, to forecast the demand for transit

technologies that were not yet present for the Bay Area Rapid Transit,

researchers led by McFadden established the fundamental theories for dis-

crete choice models (McFadden, 1974).

By the late 1970s, it was clear that a formal framework was needed to

embody and describe the urban transport systems science, particularly as

researchers looked more toward system integration. Manheim (1979) pre-

sented such a framework in his book, which Florian and Gaudry (1980)

expanded upon and has persisted since. The Manheim-Florian-Gaudry

framework is adopted in this book as well.

The 1980s and 1990s saw the rise of freight transportation research (e.g.,

Harker and Friesz, 1986) due to the deregulation of trucking with theMotor

Carrier Act and Staggers Rail Act of 1980. On the user behavior side, the

need to understand more complex travel behavior led to the development

of models to explain activity scheduling behavior (Recker et al., 1986a).

Due to the dependencies between activity scheduling and dynamic transport

services, Chapter 4 will be dedicated to this topic. Intelligent transportation

systems (ITS) began to flourish in the 1990s with the rise of the Internet.

One innovation from this time was the development of national ITS archi-

tectures to provide organization and structure for technology adoption and

interoperability.

An overview of the Canadian ITS Architecture, which is very similar to

the United States one, is presented in Fig. 1.1. Such architectures provide a

structure for designing different types of transport systems and are divided

into several dimensions. Service bundles or packages categorize the



Fig. 1.1 Overview of Canadian ITS Architecture version 2.0.
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technologies based on the general area of use. Technologies can also be cat-

egorized by logical processes in terms of their functionality. Lastly, technol-

ogies can be characterized by their physical architecture. As an example, a

dispatch algorithm for on-demand transit vehicles may be used for emer-

gency management, exhibit functions within “4-Manage Transit” and

“5-Manage Emergency Services,” and require physical components derived

from “Transit Management” and “Emergency Management” physical

architectures. This architecture allows systems designers to determine the

physical and functional needs of their systems with consistency.

Technologies for evaluating traffic systems matured by the 2000s to

2010s. Representative state-of-the-art system models include Polaris (Auld

et al., 2016) and the MATSim multiagent simulation model illustrated

in Fig. 1.2.



Fig. 1.2 Demonstration of use of MATSim to visualize public transport boardings and alightings in Singapore. (Source: Horni et al., 2016.)
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However, the late 2000s had two major events that reshaped the evolu-

tion of urban transport systems. First was the worldwide economic recession

in 2008, which served as a significant external shock to travel behavior,

allowing a new paradigm of shared mobility to grow (Miller, 2014). The

second was the advance of mobile devices and smartphones, which was

needed to operate the shared mobility systems. Fig. 1.3 shows the growth

of computers and smartphones over the last 40 years, which shows how

much mobile devices have permeated society in the last few years.

Simultaneous to the explosion of smartphone use has been the explosion

of new information in urban transport system science, and with it a new par-

adigm of urban transport, not as an infrastructure component or asset, but as

a service. “Mobility-as-a-Service” (MaaS) is a paradigm that focuses on ser-

vice operation to support mobility of travelers. This new vision is illustrated,

for example, in Finland’s MaaS framework shown in Fig. 1.4.

Given this history, is a book about urban transport systems warranted

now? There are few other books on this topic. While there are earlier books

that covered urban transport networks (e.g., Steenbrink, 1974), it was

Stopher andMeyburg (1976) who presented one of the first books on Trans-

portation Systems Evaluation. Manheim’s (1979) book on Fundamentals
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of Transportation Systems Analysis further provided a framework on urban

transport systems with user interaction. Sheffi’s (1985) book on Urban

Transportation Networks is also widely cited, focusing on the evaluation

of road traffic networks in a planning context. Sussman (2000) gives an

introductory overview of transport systems. The only significant work in

recent years is the book by Cascetta (2009) and one by M€oller (2014). Of

those two, only Cascetta (2009) provides a detailed coverage of both the
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supply and demand modeling methods that include within-day dynamics

and interactions between supply and demand.

The scope of this book differs somewhat from the recent books.With the

new shift in urban transport toward the MaaS paradigm, there is a greater

need to compile a knowledge base to address challenges, both old and

new, especially as they have evolved over the years. Based on discussions

in a workshop on advanced transport modeling curriculum at the 13th Inter-

national Conference on Travel Behavior Research in 2012, Chow et al.

(2013) argued for adaptation to a growing scope of transport science while

maintaining core concepts. Evaluation techniques, as discussed in Cascetta

(2009), are not just limited to road networks or to fixed route transit services,

as illustrated with the advances in MaaS. The presence of Big Data and ICTs

means system operations can be much more dynamic and flexible as an

informed process. Therefore urban transport systems engineers need to

know more than systems evaluation. They need to also know about system

optimization and inference considering information availability.

These three aspects—evaluation, inference, and optimization—form the

structure of this book. In terms of topics, informed or data-driven systems

require knowledge of dynamic optimization, learning, and privacy. These

will be covered from the perspective of urban transport systems.
1.2 URBAN TRANSPORT SYSTEMS (UTS): DEFINITIONS

More detailed definitions are given of “urban transport systems” and the

components involved in such systems. In this term, the “urban” and the

“systems” are descriptors applied to transport (or “transportation” in North

America).

Definition 1.1 A system is “a construct or collection of different elements

that together produce results not obtainable by the elements alone”

(INCOSE, 2017).

Definition 1.2 Systems engineering is a “methodological, disciplined

approach for the design, realization, technical management, operations,

and retirement of a system” (INCOSE, 2017).

An introduction to systems engineering is provided in Appendix B.

A transport system is an instance of a system with elements presented in

Table 1.1.



Table 1.1 Elements of a transport system
Element Description

Users A population of users of the transport system,

accompanied by information about preferences, beliefs,

and specific space-time-need constraints.

System state The system state is the set of attributes of the system that

may be inferred based on informatics obtained from the

environment, which may be revealed stochastically or

dynamically. A user’s knowledge of the system state

may be filtered by their beliefs and the informatics.

Environment All elements external to the transport system is referred

to as the environment. New information can arise

either stochastically or in a stochastic dynamic

manner where some information is known up to a

point in time.

Operating horizon The operating horizon is the length of time in which the

system’s operation is under consideration. This is

typically divided into three levels: strategic (months

or years), tactical (days or weeks), and operational

(minutes or hours).

Transport operators One or more decision-makers that decide the policies

used to run the systems to achieve their objectives; if

more than one operator is present, coexisting

relations need to be included (Chow and Sayarshad,

2014).

Transport policies Policies are the rules that determine how the transport

system is operated or what decision to make under a

given system state over an operating horizon. Policies

may be enacted manually, automatically by a

computer, in a centralized manner, or in a

decentralized manner.

Transport informatics The informatics is the design of the flow of information

between the environment, the operator, and the users of

the system.

Transport links The links are the elements that move users from one

node to another. Links may represent abstract

connections through space-time, physical roadways,

or a specific transit vehicle on a line. Each link has a

set of attributes such as costs.

Transport nodes Nodes are interchanges for links, as well as sources and

sinks for users.

Transport vehicles Some systems deploy vehicles to serve users.

Operator objectives The objectives of an operator are criteria used to justify

decisions made. Objectives include maximizing

profit, minimizing operating or user cost, or

maximizing social welfare.

Continued

11Urban Transport Systems



Table 1.1 Elements of a transport system—cont’d
Element Description

Operator decisions The decisions capture the wide range of actions that can

be taken by a transport system operator: adding new

links, setting service frequency, setting a fare or toll,

price adjustment for ride sourced drivers, rebalancing

empty bikes or vehicles, etc. Decisions are

exogenously evaluated, optimized, or endogenously

set by a policy.

User policies User policies determine the rules that determine how

they move from node to node. An example is a shortest

path problem based on travel time. Another example

is an optimal strategy for traversing hyperpaths in

transit networks (Spiess and Florian, 1989) or the

household activity pattern problem for activity

routing policy (Recker, 1995).

User preferences Each user has a set of preferences such as value of time,

desired arrival times and lateness penalties, or

parameters for the user’s policy.

User beliefs When information is filtered and incomplete, users have

beliefs or perceptions of what the incomplete

information is.

User space-time-needs

constraints

Space-time-need constraints represent the combination

of constraints along the three dimensions of traveler

behavior, which can be at the trip level or the activity

level (Chow and Nurumbetova, 2015). Examples:

when they need to depart, where they live, whether

they need to drop off kids at school, whether they

have to work 8h, etc.

User flow User flow is the movement of users in the system from

node to node. This can be individual flow or

aggregate flow for a population. The flow can also be

probabilistic (e.g., in the case of “hyperpaths”—see

Chapter 3).

Vehicular flow The flow of vehicles may need to be tracked separately

from user flows. This is especially the case in shared

mobility systems where vehicles serve multiple user

trips.

Link costs The characteristics of a link that are associated with the

difficulty of transporting users from node to node.

These costs can be generalized to include multiple

types of costs: fares, tolls, in-vehicle travel time, wait

time, transfers, etc.

12 Informed Urban Transport Systems



Table 1.2 Additional elements for an urban transport system
Element Description

Transport capacities The capacities in the system, which can be at the link, the

node, the path, or the vehicle level.

Transport schedule A schedule represents the temporal constraints of a system.

Link cost function Instead of a fixed cost value, the link’s cost becomes a

function of the flow.

User preference

distribution

The user preference is a distribution instead of a single

value.

User belief

distribution

The user belief is a distribution instead of a single value.
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These elements are expanded further in an urban transport system. What

makes such a system unique is the urban descriptor. It implies that the system

operates in a built environment where the system performance is explicitly

sensitive to density and diversity of individuals. This can be captured with

spatial-temporal capacity effects in the system that requires users to change

their travel choices. It can also be captured with congestion effects, where

the additional user’s presence impacts the performance of the system incre-

mentally. Diversity can be captured with distributions of user preferences or

beliefs, such as desired arrival times to a destination. These additional ele-

ments are presented in Table 1.2.

Any urban transport system can be described and distinguished from

other systems or even the same system operating in a different manner, using

the terminology shown here.
1.3 EXAMPLES OF THE NEED FOR UTS ENGINEERS

To illustrate the terminology, consider the following examples of systems

that have recently failed in some way. These examples serve to motivate

the need for a greater role to be played by UTS engineers (Exercise 1.1).
Exercise 1.1
Determine the unique UTS components of Toronto bike share.

Bixi was a bike-share program with service in Montreal and Toronto.

In Toronto, the service was costing around CAD$1.5 million to operate in

2013 with 1000 bicycles spread over approximately 80 stations (see Fig. 1.5).

Due to high operating costs and insufficient cost recovery, the service was

sold to the Toronto Parking Authority and rebranded as Bike Share



Toronto in 2013 (Moore, 2013). To better understand the issues with this

system, its unique aspects are highlighted next.

Users: The population of users included regular users and tourists. The

travel behaviors of these groups were different, resulting in a two-user class

population. Regular users may link shared bike trips as last mile portions of

multimodal trips. Tourists may have less information about the attributes

of the road network. Since reservations were not needed, the total

number of users in the system at a given time of day was stochastic.

Users typically had real-time information from their mobile devices on

the availability of bikes in the system, so their choice of which station to

pick up or drop off bikes should take this into account.

User flow: The user flow involves a user picking up an available bike at a

dock and dropping off that bike at an empty dock somewhere else. Access

and egress from a station would be considered if station siting was being

considered. Flows from station to station must be paired with bike flows.

Vehicle flow: Bikes did not always flow in the same manner as user flows.

Idle bikes may be relocated by the operator. Bike flows needed to be

Fig. 1.5 Distribution of BIXI bike share in Toronto in 2012. (Source: Chow and
Sayarshad, 2014.)
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conserved at bike stations. If the focus was on operational strategies, one

might also designate a set of flows for the trucks used to pick up and

relocate idle bikes.

User space-time-needs constraints: The system used a pricing mechanism

(penalties beyond half hour usage) to impose a duration constraint on

usage of a bike. Users were also constrained by having to start or end

their bike trips at a shared bike station with sufficient capacity.

Transport informatics: The system provided users with near real-time

information of bike stations (updated over time intervals) so they would

know the availability of bikes and docks if they had access to a mobile

device.

Transport capacities: The service included bikes and their docks. Both

were limited in availability. If there was not enough supply to meet the

demand at a preferred location, users would either have to go to another

station, wait at the current station, or choose an alternative transport mode.

Transport operators: Users of the Bixi system may be accessing the shared

bikes upon departing from a transit station. In that case, the performance of

Bixi and the transit routes were dependent on each other.

Transport policies: Due to the potential for spatially imbalanced supply

and demand, Bixi needed to run a bike rebalancing policy. Another

example transport policy involved penalizing users for taking out a bike

for more than 30min.

User preferences: There was a distribution of user preferences for using the

bike share and these fed into a route choice user policy. Bike preferences had

many factors that played prominently in Toronto: weather conditions,

availability of bike lanes, and the grade of the roadways, among others.

The cost function for the Bixi system would have been a function of the

following elements shown. The term ω refers to a realization of a random

element.

Bixi cost ¼ f [users(ω) user preferences, rebalance policy, public transit
operator, transport capacities]
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Like bike sharing, car-sharing services have been growing in cities

around the world. There are different types of car-sharing services. For

example, Zipcar’s service is a round-trip service that requires a car to be

returned to the location where it was picked up. Car2Go, on the other hand,

has “free floating” systems where users can pick up a vehicle located any-

where within a predefined region and drop them off anywhere else in the

same region. While some of the services have been shown to be profitable

(Guilford, 2016), there are also examples where they have failed. One such
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case is Car2Go’s business in San Diego. Originally set as an electric vehicle

(EV) fleet, it had to be replaced with a gasoline fleet (Exercises 1.2 and 1.3).

Despite the change, the service was not getting enough demand and

announced it was shutting down at the end of 2016 (Krok, 2016).
Exercise 1.2
Determine the unique UTS components of EV taxis in Hong Kong.

Electric vehicle taxis (e-taxis) have been gaining interest in many cities

because they can reduce greenhouse gas emissions and air pollution

(although savings are not always the case, as shown by Huo et al., 2015)

without the same range anxiety experienced by owners of personal vehicles.

In Hong Kong, the company BYD tried to launch an e-taxi service for

2 years with great difficulty (He, 2015). According to the manager, the main

components contributing to the high costs were the costs of charging

stations and vehicle maintenance. To understand this system better, the

system is described as follows.

Users: The population of users included regular users and tourists. The

total number of users in the system at a given time of day can be regarded as

stochastic.

Transport nodes: Nodes need to be defined for locations of electric

charging stations. Their locations and number determine the average

time spent by an e-taxi when it needed to recharge. Separate nodes need

to be used to represent user demand.

Transport policies: The taxis operated in a decentralized manner, so a

separate policy was assumed for each. This policy needed to consider not

only picking up and dropping passengers, but also when and where to

charge the vehicle when the state of charge was low.

Vehicle flow: The flow of taxis depended on the picking up and dropping

off of passengers from taxi stands or from spatial points in a region. EV taxis

further needed to consider the flow of taxis to and from charging stations.

System state: The state of the system needed to include the state of charge

of each of the vehicles in the fleet.

Transport informatics: The system operated in a way that user demand for a

trip was not known until theymade a request in real time. Hence, the system

operation needed to be conducted in a dynamic manner. Similarly, ride-

hailing taxi systems did not convey vehicle location or wait time

information to passengers, so they made choices based on beliefs of the

vehicle availability and costs.

Transport capacities: The process of going to a charging station to get

recharged is a queueing system. Due to long charging times (half hour to

one hour for the fast chargers), queue delay was a significant problem.



Exercise 1.3
Determine the unique UTS components of Kutsuplus in Helsinki.

Helsinki, Finland, was one of the first cities to try to implement a

microtransit service—a shuttle bus system that responded to on-demand

requests to pick up and drop off passengers door to door. This system,

called Kutsuplus, had its own mobile app for ticketing and informatics.

However, after a year and a half, it was shut down at the end of 2015

due to escalating operating costs (Kelly, 2015). Subsequently, some of the

earlier routing methodology studied at Aalto University (Hyyti€a et al.,

2012) was examined by Sayarshad and Chow (2015) and found that it

could be improved further with responsive pricing.

As an on-demand “dial-a-ride” service, the system shared similar

characteristics to the taxis. However, it also had a centralized dispatch,

shared rides resulting in capacities and consequences to routing decisions.

Users: The population of users included regular users and tourists. The

total number of users in the system at a given time of day can be regarded as

stochastic.

Transport nodes: Nodes need to be used to represent user demand.

Transport policies: The system operated under a centralized dispatch

policy where vehicles were assigned to passengers and their routes. The

policy needed to be dynamic and dependent on the informatics. In the

routing, the system may have user detour as a constraint, requiring

passengers detours not to exceed some percent above their door-to-door

travel time.

Operator objectives: This system was publicly funded so its objective was

oriented to users’ welfare.

User flow: Travelers using the system may not be directly dropped off if

another passenger must be picked up or dropped off first. Therefore it was

necessary to track user flow at an activity level, in terms of pickup and drop-

off locations and the sequence of stops made. Due to vehicle capacities, it

was necessary to track user flows in a time-space setting, including their

arrival and departure times in the system.

Environment: The travel times on the roadway depended on the traffic

sharing that road. Since the traffic was not making decisions, it can be

treated as an external random element from the environment.

The resulting system cost was based on the following factors:

e-taxi cost ¼ f [transport nodes, transport policies [system state], users,

transport informatics, transport capacities, environment]
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Vehicle flow: The flow of vehicles needs to be tracked individually since

user flows were assigned to the vehicles. Vehicle flows depended on the

transport policies for routing and dispatch. They are tracked at an activity

level, in terms of pickup and drop-off locations and the sequence of

stops made.

Transport informatics: The system operated in a way that user demand for a

trip was not known until theymade a request in real time. Hence, the system

operation needed to be conducted in a dynamic manner. Information was

conveyed to passengers so they knew their wait times and maximum travel

times.

Transport capacities: The vehicles had limited seating so vehicle capacities

were explicit.

Transport schedule: Because the systemwas on-demand with booking and

dispatch, a schedule was needed to track the times of arrival of each vehicle

at different locations. In the case of operational analysis, both planned and

actual schedules were needed.

The resulting system cost was based on the following factors:

Kutsuplus cost ¼ f [transport nodes, transport policies, transport

informatics, transport capacities, operator objectives, users]
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Howwould one evaluate the performance of these systems and go about

designing an operating policy?While this section provides taxonomy to clas-

sify diverse systems, there is no framework for analysis. For example, if fare

payments are of most interest to a decision-maker, then the system operator

may want to consider the user preferences.
1.4 MANHEIM-FLORIAN-GAUDRY (MFG) FRAMEWORK

How should one go about modeling an UTS and analyzing it? What are the

key processes that influence the performance of the system? For that matter,

how should one evaluate any generic MaaS system? The framework from

Manheim (1979, 1980) is adopted. The primary point of the framework

is that a UTS should focus on the market clearing interaction between an

activity system A and a transportation system T. The framework allows a

modeler to relate the different state variables in both the long- and short-

term planning horizons together. While the framework was derived in a

time where mobility was primarily based on personal automobiles and fixed

route public transit, it is flexible enough to accommodate the challenges pre-

sented in modern data-driven MaaS systems.
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Florian and Gaudry (1980) further expanded on this market equilibration

framework by explicitly identifying the functions or procedures needed to

complete the feedback loop. This loop is shown in Fig. 1.6, redrawn from

McNally’s (2007) rendition.

In this framework, there is a procedureD that takes the activity systemA

and performance procedure P to obtain a demand for the transport system

T. Meanwhile, there is a performance procedure P that determines how the

system T performs, based on the demand procedure D. This framework

asserts that this is a system of relationships, in which market equilibrium

is achievable. The outcome of the equilibration is a set of realized system

states F that include some of the operator decisions (e.g., vehicle flows, oper-

ator’s transport schedule), the user flows, and the realized link costs. The

equilibration occurs at a within-day, short-term operational decision-

making level. The feedback loops consider long-term dynamic system equi-

librium, where the location of activities L depends on the system costs and

include tactical or strategic decision-making variables. For example,

improved travel times to the central business district (CBD) may encourage

workers to move further away or for more businesses to move closer to the

CBD. These decisions impact the activity system A. Similarly, the system

performance provides feedback to operators and government agencies on
D: Demand procedure 

P: Performance procedure 

L: Location procedure 

S: Supply procedure 

X: Market 
equilibration 

F: System flows 
System state 

Operator decisions 
User flow 

Vehicle flow 
Transport schedule 

Link costs 

A: Activity system 
User preferences, 

beliefs, constraints 
User policies 

T: Transport system 
Operator policies, objectives 

Nodes, links, vehicles 
Capacities, cost functions 

Operating horizon 

E: Environment 

Operational decisions 

Tactical and strategic decisions 

Fig. 1.6 Manheim-Florian-Gaudry framework for transport systems analysis, with new
elements in gray.
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needs for further resource allocations S. This is the point of intervention

where system design changes may be incurred on T.

A new system, the environment E, is added as an element that does not

change over multiple iterations but distinguishes UTSs in different cities. For

example, the wintry climate and dense built environment in Toronto will

tend to affect the system performance and market equilibration of shared

bikes differently than the warm climate with sprawled built environment

in Los Angeles. The state variables are explicitly listed to point out the vari-

ables that need specific data for a particular case. These variables more clearly

distinguish the role of operators’ operational decisions such as vehicle flows

and transport schedule. The symbol X is used to describe the equilibration

procedure. The two layers of short- and long-term decision-making are also

distinguished.

The MFG framework is used to identify elements and functions that

need to be considered when trying to address an UTS problem. For exam-

ple, a highway expansion should not be considered in isolation, as it would

lead to more demand shifting to use the road through a route choice demand

procedure. This equilibration leads to a realized travel time and congested

scenario, causing long-term shifts in economic activities and feedback for

the next operator or agency system design intervention. To illustrate the

use of this framework for MaaS, let us look once more at the three examples

from earlier (Exercises 1.4–1.6).
Exercise 1.4
Determine the unique aspects of MFG components for Bixi Toronto.

Analysis of Bixi Toronto as a transport system under the MFG framework

would involve identifying the components that make up Fig. 1.6. These are

divided into the components representing the input and output states (A, T, E,

F) and the functions that transform them (D, P, X, L, S). The set of

state variables should also be the same for different shared bike systems that

were described earlier. The functions should be the same for different

shared bike systems in different cities. We describe these here.

D: For a given population of Bixi users that included commuters

and tourists with activity origins and destinations, a proper demand

procedure D should assign the departure time and station pickups and

drop-offs. Note that origin/destination is already given because that is

assumed to be done at a tactical level and is not directly dependent on the

equilibration. However, based on the MFG framework, origin-destination



patterns and activity schedules would be impacted indirectly because of the

outer loop over the long term. The function for D should be as follows.

[Bixi station desired pickups and drop-offs distributions and parameters

by time of day] ¼ D [user activity schedules, user mode preferences,

spatiotemporal distribution of Bixi travel costs]

P: The performance procedure takes the bike fleet, station locations,

operating policies, and demand levels to determine the spatiotemporal

distribution of Bixi travel costs. There are three primary operating

policies that directly affected this system’s operational horizon: a

rebalancing policy that assigned idle bikes to stations, an information

policy that determined what information travelers had of the bikes, and a

pricing policy that determined payments (or incentives) to charge users.

Based on these attributes, a performance procedure determines the

average travel times, wait times, and costs. The procedure in this case is a

spatial queueing system.

[spatiotemporal distribution of Bixi travel costs] ¼ P[bike fleet, station

locations, rebalancing policy, traveler information policy, pricing policy,

spatiotemporal distribution of demand for pickups and drop-offs]

X: A market clearing mechanism is used to assign the user demand to

user flows in this system and the bike and station inventories into bike

flows. The mechanism for Bixi in Toronto differed from other locations

due to the presence of environmental factors specific to Toronto, E.

Whereas D and P assume the output of the other procedure is fixed, the

equilibration of the two assumes that both are endogenous variables

operating under a certain type of market. In the case of traffic without

any operational decisions from traffic operators, one may assume the

market consists of noncooperative route choices made between travelers

resulting in Wardrop’s user equilibrium. In the case of Bixi where there is

a set of dynamic decisions from both users and operators, a more

generalized two-sided stable matching principle is needed. These

mechanisms are discussed in more detail in Chapters 3 through 5.

Bixi bike flows, user flows, equilibrated system costs½ � ¼X P,D,T,A, E½ �
L: The location procedure represents the long-term decisions made by

users in response to the equilibrated system costs of Bixi. The impact may

include their choices of activities and their scheduling of them particularly

those accessed using transit services that were located near Bixi stations.

This affected their preferences for transit and consequently it is also where
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external changes may occur. Examples include population growth additional

tourism introduction of new activity centers changes to the coexisting public

transit service such as new stations or bikes and so on

[user activity schedules, user mode preferences] ¼ L[equilibrated Bixi

costs, external user effects, external public transit decisions]

S: The supply procedure represents the long-term decisions made by

Bixi in response to the equilibrated systems costs. The impact may

include redistribution of the bike docks and stations as well as changes in

the operating policies. As a long-term procedure Bixi may have

externally introduced additional budget to expand the system (this is a

network design problem) or introduced new policies altogether such as

enhanced predictive modeling to modify the rebalancing policy or pricing

policy.

[bike fleet, station locations, rebalancing policy, traveler information

policy, pricing policy] ¼ S[equilibrated Bixi costs, external Bixi decisions

and resources]

Exercise 1.5
Determine the unique aspects of MFG components for EV taxi system in Hong Kong.

EV taxis in Hong Kong differed from the Bixi system in that the supply side

was operated by a decentralized population of operators as opposed to a single

centralized authority. In addition, the performance of the system depended on

the transport nodes representing charging stations. We describe the

interactions of these variables here using the MFG framework.

D: The demand procedure was like that of the Bixi system.

[EV taxi desired pickups and drop-offs distributions and parameters by

time of day] ¼ D[user activity schedules, user mode preferences,

spatiotemporal distribution of EV taxi travel costs]

P: The performance procedure took the taxi fleet, charging station locations,

operating policies, and demand levels to determine the spatiotemporal

distribution of taxi travel costs. Unlike the Bixi system, the EV taxi system

consisted of a fleet of decentralized decision-makers and the costs of these

vehicles depended on the location of charging stations. There were three

primary operating policies that directly affected this system’s operational
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horizon: a cruising or coverage policy for where idle vehicles searched for

customers, a customer matching and information technology (e.g., e-hailing

or advanced booking options), and a pricing policy that determined payments

(or incentives) to charge users. Based on these attributes, a performance

procedure determined the average travel times, wait times, and costs. The

procedure in this case was a spatial queueing system, although there were two

sets of queues happening: the queueing for electric charging and the queueing

for customers.

[spatiotemporal distribution of EV taxi travel costs]¼P[taxi fleet, charging

station locations, cruising/coverage policy, traveler matching policy, pricing

policy, spatiotemporal distribution of demand for pickups and drop-offs]

X: The market clearing mechanism was similar to the Bixi system. There

was a set of dynamic decisions from both users and operators, requiring a more

generalized two-sided stable matching principle. What complicated this

further was that the equilibrium must account for decentralized decision-

making among the taxis as well.

L: The location procedure represented the long-term decisions made by

users in response to the equilibrated system costs of the EV taxi and was

similar to the Bixi procedure.

user activity schedules, user mode preferences½ �
¼L equilibrated EV taxi costs, external user effects½ �

S: The supply procedure was also like that of the Bixi system

taxi fleet, charging station locations, cruising policy, matching policy, pricing policy½ �
¼ S equilibrated EV taxi costs, external EV taxi decisions and resources½ �

Exercise 1.6
Determine the unique aspects of MFG components for Kutsuplus.

Kutsuplus, as an on-demand shuttle service, acted similarly to the EV

taxi service in Hong Kong except that multiple riders could share one

vehicle, the operator decision-making was centralized, and there was no

EV charging constraint.

D: The demand procedure was similar to the other two systems.

[Kutsuplus desired pickups and drop� offs distributions and parameters

by time of day] ¼ D[user activity schedules, user mode preferences,

spatiotemporal distribution of Kutsuplus travel costs]
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P: The performance procedure took the fleet, operating policies, and

demand levels to determine the spatiotemporal distribution of taxi travel

costs. There were four primary operating policies that directly affected

this system’s operational horizon: an idle vehicle positioning policy, a

customer matching and information technology (e.g., e-hailing or

advanced booking options), a passenger detour and routing policy, and a

pricing policy that determined payments (or incentives) to charge users.

One detour policy might require that passengers not exceed a certain

maximum detour from a point-to-point trip. Based on these attributes, a

performance procedure determined the average travel times, wait times,

and costs. The procedure in this case was a spatial queueing system.

[spatiotemporal distribution of Kutsuplus travel costs]¼ P[vehicle fleet,

idle vehicle location policy, matching policy, routing/detour policy, pricing

policy, spatiotemporal distribution of demand for pickups and drop�offs]

X: The market clearing mechanism was similar to the Bixi system.

There was a set of dynamic decisions from both users and operator,

requiring a more generalized two-sided stable matching principle.

L: The location procedure represented the long-term decisions made by

users in response to the equilibrated system costs of the Kutsuplus and was

similar to the Bixi procedure.

user activity schedules, user mode preferences½ �
¼L equilibrated Kutsuplus costs, external user effects½ �

S: The supply procedure was also similar to the Bixi system.

[vehicle fleet, idle vehicle location policy, matching policy, routing

policy, pricing policy] ¼ S[equilibrated Kutsuplus costs, external

Kutsuplus decisions and resources]
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1.5 A SIMULATION TOOL FOR EVALUATING UTS: MATSim

The previous examples show that there is a wide range of UTSs. Practical

tools for running the market clearing mechanism step often either ignore

the activity scheduling behavior of users or only consider traffic and fixed

route transit systems. One of the few tools flexible enough to address both

points and is also open source is MATSim (http://matsim.org/). This is

http://matsim.org/


25Urban Transport Systems
adopted as the tool of choice for evaluating the transport systems described in

this book.

As detailed in Horni et al. (2016), MATSim is a multiagent simulation

platform designed to capture users’ activity scheduling responses to different

transport system designs. On the supply side (the P), the simulation handles:

• mesoscopic road traffic flow,

• traffic signal control,

• lane management,

• parking,

• electric vehicles,

• road pricing,

• fixed route public transit,

• on-demand transit,

• multimodal trips,

• car sharing,

• dynamic MaaS, and

• truck deliveries.

Such a tool allows researchers to consistently test and compare new operat-

ing policies or algorithms using the same underlying simulation of the equil-

ibration portion of the MFG framework: the D, P, and X procedures. For

example, a new rebalancing algorithm for a car-sharing service can be eval-

uated by implementing it in a study area where real data is available to cal-

ibrate from—a simulation test bed—and comparing against a baseline

without car sharing or with car sharing operating under a benchmark algo-

rithm. What is more, the algorithm can be further compared to other oper-

ational policies, such as road pricing or improvement of transit service

coverage, using the same set of performance measures. MATSim operates

under a utility-based modeling framework, so measures based on consumer

surplus or total travel disutility can be compared.

MATSim has been implemented in a number of cities and regions

around the world, including: Gauteng (South Africa), Seoul (South Korea),

Munich (Germany), Toronto (Canada), Berlin (Germany), Zurich

(Switzerland), Padang (Indonesia), Joinville (Brazil), Caracas (Venezuela),

Aliaga (Turkey), Poznan (Poland), Tel Aviv (Israel), Singapore, Vorarlberg

(Austria), Quito (Ecuador), Izmir (Turkey), and New York (United States).

The functionality of the system is shown in Fig. 1.7. A more detailed cov-

erage of the tool is provided in Chapter 4.
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1.6 USE CASE MOTIVATIONS FOR BOOK CHAPTERS

The rest of this book is designed to examine urban transport systems in

greater depth. Recent advances in learning, evaluation, and optimization

are covered so that this book can be used as an all-in-one guide for UTS

engineers to tackle any problem, whether it is designing a highway system,

setting a congestion pricing scheme, or operating a microtransit service. The

remaining chapters are listed here with example use cases to provide an over-

view of their purposes.

Chapter 2: Monitoring mobility in smart cities

• To design an informatics system to collect data for an urban transport

system;

• To use the data and informatics to describe mobility in cities;
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• To explain, measure, or monitor the impact of external events on mobil-

ity in cities;

Chapter 3: Network equilibrium under congestion

• To evaluate the effect of a traffic, transit, taxi, or parking system design on

users;

• To quantify the value of user information under certain systems;

• To evaluate the role of a public agency as a two-sided platform to engage

transport operators and travelers in a smart city context;

Chapter 4: Market equilibrium with activity scheduling

• To evaluate the effect of spatiotemporal changes on activity participa-

tion, time of day scheduling, and trip chaining;

• To evaluate users’ preferences for different schedule or capacity designs

of a multimodal system;

• To evaluate time use substitution effects of other technologies related to

mobility, for example, smart grid or e-commerce;

Chapter 5: Inverse transportation problems

• To make short-term predictions of transport system characteristics using

real-time data;

• To calibrate latent attributes of a transport system;

• To monitor a system’s network attributes using real-time data;

Chapter 6: Privacy in learning

• To provide privacy protection for user or operator data to encourage

collaboration;

• To control for privacy trade-offs with performance reliability in system

design;

• To design privacy-aware information systems;

Chapter 7: Network design

• To optimize designs or operational strategies in a network setting;

• To evaluate sensitivities of design solutions to different attributes;

• To develop an automated system operator;

Chapter 8: Network portfolio management

• To operate an automated system operator in an online environment;

• To operate an autonomous vehicle fleet;

• To develop a portfolio management system for a transport network;

In addition to the eight chapters, four appendices are provided for supple-

mental material on university research efforts, systems engineering, network

analysis, and discrete choice modeling.
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RESEARCH AND DESIGN CHALLENGES

The following are open-ended challenges that sometimes refer to real data

sets. Readers are encouraged to try to tackle the problems, and post their

designs or solutions on the following GitHub page, https://github.com/

BUILTNYU/Elsevierbook/tree/master/Chapter%201.

(1.1) Take a hometown or college campus as a study area and identify a

transport system there.
a. Draw out the functional flow for the system to include all the ele-

ments from Table 1.1 and Table 1.2. Construct a representative

toy example.

b. Describe the system using use case diagrams, activity diagrams,

and deployment diagrams. Define performance measures to use

to evaluate the performance of the system with respect to the

use cases.

c. Modify the informatics of the system such that users send real-time

information to the operator (if that is already present, then take it

out). Evaluate the impact in terms what new elements need to be

considered and how the values may change in the toy example.

d. Add a new competing service as a fixed route transit. Evaluate the

system changes that need to be made and how they are reflected

in the toy example.

e. Replace the transport system with an alternative one (e.g., from

fixed route transit to car sharing). Use the system elements to

define the variables and models needed; use MFG framework

to identify the analytical framework to compare this new system

against the existing system.
(1.2) Go to the Citibike map website (https://member.citibikenyc.com/

map/). Consider a 15-min time interval. Pick out 10 bike stations as

your system. Collect data on the state of this system over 30min

(3 time intervals at 0, 15min, and 30min marks). For the first two

intervals, assume the change in numbers observed at each station rep-

resents the demand for bikes and empty space. If that is your arrival

rate, and each station is an independent queue, design a bike reloca-

tion policy. Test your policy on the remaining time interval. What

performance measures are appropriate here—how to determine

the quality of the policy?

(1.3) Visit http://matsim.org/docs/tutorials. Run the tutorial on simula-

tion of public transport. Evaluate the performance of the system

https://member.citibikenyc.com/map/
https://member.citibikenyc.com/map/
http://matsim.org/docs/tutorials
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under two scenarios: one where service headways are reduced by

20%, and one where the value of time of passengers increases by

20%. Discuss the implications using the MFG framework—which

are the key interactions to focus on in this system?

(1.4) For each of the data elements of the MFG framework (A, T, E, F),

survey available public data sources that provide such information.

(1.5) Design a toy example from scratch and populate it with variables for

A and E. Assume procedures for D, P, X, L, S. Propose two alterna-

tive transport systems: a carshare (T1) and a fixed route transit (T2).

Assume an informatics policy for both systems.
a. For each alternative system, determine the output performance

measures for the equilibrated flows F under two settings: the first

one, use the complete MFG framework; for the second one,

ignore the outer feedback loop. Compare your findings.

b. Design a simulation-based test plan (see Appendix B) to evaluate

each system. Compare the distributions of the performance mea-

sures under each system under base condition as well as a condi-

tion where the informatics policy is “turned off.”
(1.6) Read the following news article from Citylab: https://www.

citylab.com/transportation/2017/11/a-bus-shunning-texas-towns-

big-leap-to-microtransit/546134/.
Describe this microtransit system in Arlington using the systems

diagrams and the before/after processes of implementing such a sys-

tem. Focus the description on the key trade-offs of the system.
(1.7) Review the connected vehicle service packages in the ITS Architec-

ture update: http://local.iteris.com/arc-it/html/servicepackages/

spsheritagecvria.html.
Pick out two of the service packages and compare them using the

MFG framework: identify all the components in the MFG frame-

work that these two service packages, if implemented in a transport

system, would impact and how.

https://www.citylab.com/transportation/2017/11/a-bus-shunning-texas-towns-big-leap-to-microtransit/546134/
https://www.citylab.com/transportation/2017/11/a-bus-shunning-texas-towns-big-leap-to-microtransit/546134/
https://www.citylab.com/transportation/2017/11/a-bus-shunning-texas-towns-big-leap-to-microtransit/546134/
http://local.iteris.com/arc-it/html/servicepackages/spsheritagecvria.html
http://local.iteris.com/arc-it/html/servicepackages/spsheritagecvria.html


CHAPTER 2

Monitoring Mobility in Smart
Cities
2.1 INTRODUCTION

Whereas Chapter 1 introduced the classic discipline of transport systems

analysis to readers, this chapter presents new challenges and opportunities

associated with smart cities. Regarding the “informed” aspect of urban trans-

port systems design and operations, smart cities and Big Data innovations

have altered how we obtain information. Through a combination of tech-

nological advances, citizen engagement, and policies that require greater

visibility, a host of different sources of information have emerged, a sample

of which are shown in Fig. 2.1.

The figure shows five different types of data that were not readily avail-

able 15–20 years ago. Fig. 2.1A is an illustration of social media data from

Twitter as a source for monitoring the spatial-temporal spikes in activity

around major events such as Hurricane Sandy in NYC. Fig. 2.1B shows

real-time monitoring of vehicular traffic made possible with the use of

inductive loop detectors combined with a centralized informatics system

developed by Caltrans called PeMS. Fig. 2.1C displays a website that was

created to compile real-time and schedule-based public transit feeds made

through a General Transit Feed Specification (GTFS) created by Google

to standardize transit timetables and route information. This makes it possi-

ble to monitor a whole transit network if the real-time GTFS is available.

Fig. 2.1D and E are additional data sources: call detail records from mobile

phones and GPS trajectories from taxis.

These data sources were not available even two decades ago, but now

they provide a rich source of information on urban transport systems and

travel patterns of their users. The underlying technological advances fall into

the area of smart cities, so an understanding of smart cities and the role they

play in technological innovations is necessary for an understanding of

informed urban transport systems design.

This chapter breaks into the evolution of smart cities research and exam-

ines specific applications in monitoring mobility in real time made possible
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Fig. 2.1 Demonstrations of data opportunities due to advances in Big Data and
smart cities: (A) using Twitter data to track urban mobility during Hurricane Sandy;
(B) real-time California freeway traffic monitoring from Caltrans PeMS; (C) repository
of real-time and scheduled GTFS feeds from around the world including Paris;
(D) call detail records used to model travel patterns; (E) Taxi GPS data. ((A) Source:
Wang and Taylor, 2014; (B) source: http://pems.dot.ca.gov/; (C) source: http://tracker.
geops.de/?z¼10&s¼1&x¼247786.5989&y¼6240912.9552&l¼transport; (D) source: Çolak
et al., 2015; (E) source: Sayarshad and Chow, 2016.)
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with data sources like those in Fig. 2.1. The purpose is to show readers how

to readily setup monitoring systems using today’s ubiquitous data sources to

inform an urban transport system. A new technique is introduced based on

time-geographic monitoring of people’s daily activities using vector fields of

travel momentum.

http://pems.dot.ca.gov/
http://tracker.geops.de/?z=10&s=1&x=247786.5989&y=6240912.9552&l=transport
http://tracker.geops.de/?z=10&s=1&x=247786.5989&y=6240912.9552&l=transport
http://tracker.geops.de/?z=10&s=1&x=247786.5989&y=6240912.9552&l=transport
http://tracker.geops.de/?z=10&s=1&x=247786.5989&y=6240912.9552&l=transport
http://tracker.geops.de/?z=10&s=1&x=247786.5989&y=6240912.9552&l=transport
http://tracker.geops.de/?z=10&s=1&x=247786.5989&y=6240912.9552&l=transport
http://tracker.geops.de/?z=10&s=1&x=247786.5989&y=6240912.9552&l=transport
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Readers interested in exploring the classical methods of data collection

and (primarily vehicular traffic) are referred to Stopher and Meyburg (1976)

and Washington et al. (2010) for data analysis methods, and to Ortuzar and

Willumsen (2002) for data collection and survey methods.
2.2 SMART CITIES, BIG DATA, AND THE INTERNET
OF THINGS

What constitutes a “smart city”? Emergence of this phenomenon can be

attributed to several different trends: the rise of Big Data, the increasing con-

nectivity and digitization of the physical world, the emphasis on smart gov-

ernance to more efficiently use limited resources, and the rise of artificial

intelligence. Each trend has their own definitions of facets of smart cities, lead-

ing to a highly fragmented definition.Researchers have sought to converge on

a common definition; the following definition from Caragliu et al. (2011) is

presented as there is some agreement on its use (e.g., Batty et al., 2012).

Definition 2.1 (Caragliu et al., 2011). Smart cities are cities where investments

in human and social capital and traditional (transport) and modern (ICT) commu-

nication infrastructure fuel sustainable economic growth and a high quality of life, with

a wise management of natural resources, through participatory governance.

Under this definition, there are six categories of city functions that can be

divided out, of which smart mobility is one category, as shown in Fig. 2.2

(Batty et al., 2012) and similarly defined by Albino et al. (2015).
Smart economy 

Innovative spirit 
Entrepreneurship 
Economic image and 
trademarks 
Productivity 
Flexibility of labor market 
International embeddedness 
Ability to transform 

Smart people

Level of qualification 
Affinity to lifelong learning 
Social and ethnic plurality 
Flexibility 
Creativity 
Cosmopolitanism/open-
mindedness 
Participation in public life 

Smart governance

Participation in decision-
making 
Public and social services 
Transparent governance 
Political strategies and 
perspectives 

Smart mobility

Local accessibility 
(Inter-)national accessibility 
Availability of ICT-
infrastructure 
Sustainable, innovative and 
safe transport systems 

Smart environment

Attractivity of natural 
conditions 
Pollution 
Environmental protection 
Sustainable resource 
management 

Smart living

Cultural facilities 
Health conditions 
Individual safety 
Housing quality 
Education facilities 
Touristic attractivity 
Social cohesion 

Fig. 2.2 A typology of smart city functions.
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“Smart mobility” deals with transport. However, the other five catego-

ries also relate to transport. “Smart economy” deals with the competitiveness

of the city with respect to productivity. The economy depends on availabil-

ity of transport to make activities accessible. “Smart people” deals with social

and human capital, in how diverse, creative, and educated they may be. The

equity of the transport system impacts the diversity of the population; the

system also creates opportunities for people to pursue education and activ-

ities to learn. “Smart governance” deals with how engaged the public is with

decision-making in the city, as well as the quality and transparency of city

services. Some of the services provided by the government are related to

transport options. “Smart environment” deals with sustainable resource

management tominimize pollution, and transport is one of themajor contrib-

utors to pollution. “Smart living” deals with the availability of educational and

cultural facilities, safe living conditions, and general attractiveness to tourists.

Mobility affects many of these aspects: safety, healthy living through active

transport options, and accessibility to destinations.

This typology is clearly very complex, so what does a smart city look like if

it embraces these functions? In December 2015, the US DOT launched a

“Smart City Challenge” asking midsized cities to propose ideas for smart city

initiatives and awarding thewinning city up to $40million to implement those

ideas. The winner was Columbus, OH, and the way the city integrated these

functions is shown in Fig. 2.3. It features a matrix of different objectives—

accessibility, logistics, connected citizens, sustainable transportation—along

with the technologies, districts, and functional outcomes (safety, mobility,

opportunity, and climate change). This example shows how important it is

for a smart city to connect mobility with its other functions.

As shown in Fig. 2.3, one key consideration is the set of enabling tech-

nologies. Ultimately, urban transport systems theory is a science of evaluat-

ing and designing operational policies for transport technologies, and this

task has grown increasingly more complex in a smart cities era. For one

thing, transport technologies are not simply oriented around physical infra-

structure; they are now cyber-physical in nature. As a result, information

about the physical infrastructure can be monitored and communicated in

a way that was not possible many years ago, through the concept of Big Data.

An aggregation of defining components of Big Data from Gandomi and

Haider (2015) is provided as follows.

Definition 2.2 (Gandomi and Haider, 2015). Big Data is high volume, high

velocity, and high variety information assets that demand cost-effective, innovative

forms of information processing for enhanced insight and decision-making…. Other
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Fig. 2.3 Columbus smart city challenge implementation vision. (Source: USDOT, 2016.)
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dimensions of Big Data include… veracity (unreliability inherent in some sources of

data), variability (variation in data flow rates), and value (scalability of value as data

volume increases).

Bettencourt (2014) examines, at a broader level, whether these recent

technological advances and Big Data fundamentally alter what is possible

to achieve, or whether they just expand the existing tools further. His argu-

ment is that modern ICTs open new windows of opportunity for applying

engineering solutions in cities. These solutions are driven by the fact that the

overall urban planning problem is a computationally intractable “wicked

problem,” but the presence of cyber-physical systems and Big Data make

it possible at least to address the “knowledge” facet of the problem. New

theories are needed to address the “calculation” facet by reducing the size

of the problem to make applications feasible. One example is the research

effort from the “statistical physics” researchers who seek common patterns

in distribution and scaling of mobility (Gonzalez et al., 2008) and city

growth (Bettencourt et al., 2007). These theories can be used to significantly

simplify the computational requirements of models of urban mobility.
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Therefore the concept of “supply procedure” in the classic Manheim-

Florian-Gaudry (MFG) systems analysis framework introduced in

Chapter 1 needs to consider a broad definition that encapsulates both the

physical and the cyber/digital components. There needs to be a better grasp

in defining and classifying the technology, and to envision how it integrates

with transport demand in the MFG sense as well as in other smart cities

functions.

For a sufficiently broad definition of all transportation and related tech-

nologies within a smart cities context, the term “Internet of Things” (IoT) is

used. The following definition of IoT is adopted from Zanella et al. (2014).

Definition 2.3 (Zanella et al., 2014). The Internet of Things is a communi-

cation paradigm that envisions a near future in which the objects of everyday life will be

equipped with microcontrollers, transceivers for digital communication, and suitable

protocol stacks that will make them able to communicate with one another and with

the users, becoming an integral part of the Internet.

While this definition only focuses on communication, the paradigm

deals with connected things. Certainly many of the data sources and sensors

do not yet fall under such a category, but it represents the idealized scenario

in an idealized smart city environment. For the purposes of this book, the

technological setting aims toward this IoT paradigm.

The transport system technology therefore cannot simply be represented

by infrastructure. An illustration is shown in Fig. 2.4 (Vilajosana et al., 2013)
Cities and citizens

Capillary
networks

IoT
infrastructure

Middleware
platforms

Utilities

Open data
3rd party

developers

Software
industry

IoT devices
manufacturers

Apps revenue
stream

IoT service
operator

Fig. 2.4 Illustration of connecting IoT infrastructure with cities, users, operators, and
software developers.
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of how an IoT-based infrastructure technology may integrate with other

smart city functions. Not only does analysis of urban transport systems

require expanding the view of the systems side to include IoT, Big Data,

software, and operators, but the process of operating such systems in a smart

city needs to also consider all these elements.

At a more direct level, the information that is now available in cyber-

physical transport systems requires new theories and tools for extracting

and interpreting it. The following sections discuss the evolution and tools

for monitoring mobility in smart cities.
2.3 MONITORING MOBILITY

At the heart of the interface between the rise of smart cities and the Internet

of Things is the role of sensing or monitoring (Perera et al., 2014). There are

generally two categories of monitoring with respect to mobility: vehicular

traffic monitoring and traveler activity monitoring. Vehicular traffic moni-

toring deals with sensing attributes related to the interface between vehicular

flows and the infrastructure: for example, speeds, densities, volumes, and

derivative measures like travel time. Such monitoring has been around

for many decades because of the observability of such data using sensors like

inductive loop detectors, video, radar, and onboard GPS. With more recent

technologies, such data is even more observable: LIDAR, drones (Chow,

2016b), Bluetooth, cellphones, satellite, and other mobile devices (Harvey

et al., 2016).Many real-time and operational strategies can thus be employed

using information monitored in this way: short-term traffic prediction

(Vlahogianni et al., 2014), incident management, and infrastructure perfor-

mance monitoring. One example is how traffic monitoring has changed

from “Eulerian” information to “Lagrangian” information (Work and

Bayen, 2008) because of the availability of GPS-enabled mobile phones,

as experimented in the Mobile Millennium/Century project discussed in

Herrera et al. (2010). Eulerian information is control volume-based infor-

mation, whereas Lagrangian information follows individual probe sensors

over a trajectory in time.

The second category of traveler activity monitoring is far more difficult.

Until the development of mobile devices, passive observational data of trav-

eler mobility patterns throughout the day did not exist. Even with mobile

devices, this observation is limited to geospatial information and lacking in

activity/travel purpose information such as whether a trip is made because

the person is dropping someone else off or if they are going shopping instead
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of getting a haircut. The lack of such data confined the analysis of traveler

activity patterns to long-term planning purposes, as household travel surveys

and travel diaries are time consuming to conduct, tend to be limited to cross-

sectional data, and are limited in sample size. Transportation agencies would

conduct such surveys only every several years as a result and insights drawn

from the data can only be applied to long-term planning purposes. How-

ever, operational analysis is important for understanding the impact of

changes to the transportation system on travelers.

Vehicular operational data, while abundant, lacks the direct relationship

between transportation system changes and travel demand and activity pat-

terns. Since it is the underlying travel and economic welfare of the public

that is primarily of concern, this missing link has made it hard for the trans-

portation profession to monitor impacts on travel. For example, meteorol-

ogists have direct sensors on weather patterns and can thus provide

evaluations of storms on the public at any given time (e.g., through measures

like “inches of rain”) to make 7-day predictions. Transportation, on the

other hand, has been limited to monitoring road traffic volumes. For exam-

ple, they can determine the effect of a baseball game on travel speeds and

densities throughout the road network, but they cannot determine how that

same game increases individuals’ travel times or reduce participation in other

activities.

With the rise of Big Data and IoT, passive traveler activity monitoring is

much more feasible. For example, Çolak et al. (2015) illustrate how CDR

data can be used to replicate many of the conventional transportation plan-

ning models like trip generation or trip distribution. Several uses are now

possible for traveler activity monitoring that were only possible with vehic-

ular monitoring in the past.

• Quantify the impact of a change to the transportation system on social

welfare of different subpopulations

• Use the data to learn latent system state parameters (see Chapter 5) in

real time

• Estimate longitudinal forecast models of the traveler activity patterns that

account for temporal dependencies

• Use as input for dynamic policies or decision processes, for example,

vehicle dispatch, headway control, surge pricing

One unique data source that requires special attention is taxi GPS data (see

Yue et al., 2014, for a comprehensive survey). For planning purposes, taxi

GPS data can be used to mine origin-destination patterns, time of day varia-

tions for specific locations, hotspots, trip distances, and soon (Yue et al., 2009;
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Zheng et al., 2011; Huang et al., 2015; Tang et al., 2015; Mao et al., 2016;

Shen et al., 2017); for clustering landuse types (Liu et al., 2015b); and for iden-

tifying critical locationsor quantifying resilience (Zhouet al., 2015;Zhuet al.,

2017). Unlike passenger cars, taxis have a much more direct linkage to trav-

elers’ activity patterns (where andwhen they get picked up and dropped off ),

and unlike public transit, the patterns are not aggregated over multiple

users since it is typically one passenger per taxi trip. This means that tools

developed to monitor vehicular trajectories can better infer traveler activity

patterns from taxi GPS data than other vehicular data (e.g., from traffic man-

agement centers).

A few state-of-the-art methods exist for traveler activity monitoring.

One of them is based on the analogy put forth by Park et al. (1984) that

a city is similar to a human body. Processes occurring within a city can

be measured and observed as “heart beats” forming a “pulse.” Miranda

et al. (2017) demonstrate the use of this with data from Flickr activity, as

illustrated in Fig. 2.5.

In the figure, two distinctly different locations are compared using the

same Flickr data source: Rockefeller Center in NYC and Alcatraz Island

in San Francisco. The two locations are compared at hourly and monthly

resolutions. While they each share similarities within the same resolution,

the two locations also have distinctly different sequences of beats leading

to distinctive pulses based on Flickr data. An urban pulse is a computationally

cheap approach to describe a location based on activity data. For example,

taxi pickup data at transit stations in NYC can be used to provide a pulse of
Fig. 2.5 Illustration of beats that form pulses unique to different locations in a city
depending on the type of activity data used. (Source: Miranda et al., 2017.)
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last mile traveler activity. One can assume that there is a representative

weekday pulse for one transit station, which may differ from that of another

transit station in the same city. When an extreme event occurs, such as a

major storm or a planned event, it is possible to use the disruption in the

pulse to quantify the effect of the event. Analogously, a new role for

“city doctors” can be defined for monitoring the health of a city by period-

ically checking the pulse of different locations and activities to detect

abnormalities.

Miranda et al. (2017) define a pulse P as follows.

Definition 2.4 (Miranda et al., 2017). A [urban] pulse is formally defined as a

pair P¼ (L,B), where L¼ (x,y) denotes the location of the activity, and B represents

the beats that summarize the variation of that activity over different temporal resolu-

tions at the specified location.

Beats can be monitored as binary signals (“significant or maxima beat”)

or as a “function beat” where the value is simply a scalar function at the loca-

tion. Typical scalar functions may be Gaussian weighted sum density func-

tions. Pulses can be taken at different temporal resolutions, such as hourly or

monthly.

While urban pulses are convenient for capturing activity data at specific

locations, for mobility purposes they lack information about change in space

over time. As a result, urban pulses may not provide a clear relationship

between transport systems and user activity patterns. A second state-of-

the-art monitoring methodology is based on Donovan and Work (2017).

They propose using taxi trajectory data and measuring a value of “pace”

Pi,j,t from zone i to zone j at time interval t as the inverse of a generalized

average speed on a single road segment, as shown in Eq. (2.1).

Pi, j, t ¼
X

r 2Ti, j, turX
r 2Ti, j, t lr

(2.1)

where ur is the travel time of trip r2Ti,j,t, lr is the metered length of trip r, and
Ti,j,t is the set of all trips from zone i to zone j that started after hour t. For all

OD pairs R where jR j¼k2, a vector of mean paces can be derived as at,

where each nth element at,n is shown in Eq. (2.2).

at,n¼P
n

k

j k
, n mod k, t

h i
(2.2)

where n2{0,1,2,…,k2�1}. The mean pace vector can be extracted over
time to obtain a temporal profile. This is illustrated in Fig. 2.6B extracted



Fig. 2.6 Using a (A) 4-region representation of NYC and (B) illustration of a standardized
pace vector progressing over time before, during, and after Hurricane Sandy. (Source:
Donovan and Work, 2017.)
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from taxi data during the week of Hurricane Sandy. Several major events are

noted on this temporal profile. The date when Sandy makes landfall is noted

on October 29th and the weather does not improve until October 30th.

Partial metro service from the New York Metropolitan Transportation

Authority (MTA) resumes on October 31st. November 1st sees a citywide

policy to require carpools enteringManhattan via the bridges to reduce con-

gestion impacts. Power is fully restored by evening of November 2nd. From

October 28 to November 3, one can see how the pace changes across the

vector of different zones defined from Fig. 2.6A.

The difference between the urban pulse concept and the pace concept is

that the former only characterizes a location while the latter characterizes the

ability of a transport system to move people through space. However, nei-

ther method monitors the impact of changes to a transport system on the full

extent of traveler responses. For example, a positive event like a concert held

in downtown should be recognized as generating economic activity at the

expense of (1) added traffic delays due to the congestion and (2) scheduling

impacts of travelers who may have to drop off family, work earlier, give up

going shopping that day, and so on. The urban pulse would see a change in

the pulse at that location, but would not recognize whether that change rep-

resents positive or negative socioeconomic activity. The change in taxi pace

would recognize the slowdown in traffic speeds and added trips to and from

that location, but would not recognize that people are at that location for 2

or more hours generating socioeconomic activity. Furthermore, the taxi

pace method currently requires offline computation because it must run

selection queries (the “loop over all trips” in Algorithm 1 in Donovan

andWork, 2017) from the trajectory data that makes it ineffective to operate

in an online setting. A third method is thus presented that can capture all

these capabilities in an online setting.
2.4 TIME GEOGRAPHY

A third approach keeps track of movements through space and time. Doing

so would lead to a higher resolution database that can account for urban

pulses, pace of transport systems, and recognize the presence of socioeco-

nomic activities. The analysis of peoples’ movement through space and time

of day is known as time geography. A time-geographic space has three

dimensions: the x- and y-axes form the physical space and the z-axis forms

the time of day. H€agerstrand (1970) first introduced the concept of analyzing
people’s travel patterns throughout the day with “activity prisms” defining



43Monitoring Mobility in Smart Cities
the limits of travel in time-space. By examining where people can travel and

where they do travel throughout the day, one can derive relationships

between the spatial-temporal constraints defined by the built environment

and land use with the mobility and accessibility options available to people.

An illustration of H€agerstrand’s original time-space activity prism is shown

in Fig. 2.7A.

For example, the collection of activity prisms of households in Los

Angeles will differ from those collected in New York City, and even the

accessibility of different sociodemographic groups can be distinguished.

Kwan and Lee (2004) demonstrate this by visually distinguishing differences

in distributions of space-time paths for African and Asian Americans in Port-

land as shown in Fig. 2.7B. Time-geographic GIS is in essence a powerful

tool for researchers to quantify the socioeconomic effects that the transport

and built environment have on different populations. This paved the way for

a rich literature in time geography, including many studies that use GIS to

visualize time-geographic data: for example, Miller (1991), Golledge et al.

(1994), Kwan (2000), Pendyala et al. (2002), Neutens et al. (2008), Chen

et al. (2011), and Goodchild (2013).

Due to the increasing availability of Lagrangian information like GPS

data sources, in recent years there is increasing recognition that time geog-

raphy can be used with real-time data to monitor mobility and measure

changes in socioeconomic activity patterns. As Donovan and Work

(2017) illustrated, the transport system can be susceptible to external shocks,

and as a result can impact the underlying socioeconomic activities of the

population. Direct measurement of the effects of these shocks was impossible

in the past, as there was no direct measurable relationship between, say, a

change in a road capacity or a transit service schedule and the resulting activ-

ity participation of the population. It is this reason why transport models that

deal with travel demand have historically focused on only long-range stra-

tegic planning applications. The only available observable data for many

years has been traffic data observations of vehicle movements, such as from

loop detectors. However, vehicle data is only a surrogate of the underlying

human activity data. This is ultimately the significance of all the data sources

shown in Fig. 2.1. In today’s smart cities, we have the technology available to

directly measure and monitor economic activities in real time.

To accomplish this, a time-geographic tool is needed to store and visu-

alize all the information. Earlier forms of time-geographic GIS and activity

prisms have certain limitations. Although densities or prisms based off GPS

trajectories can be generated, the queries needed to obtain the information



Fig. 2.7 (A) Original illustration of activity prisms and (B) demonstration of space-time
aquarium of space-time paths of African and Asian Americans in Portland. ((A) Source:
H€agerstrand, 1970; (B) source: Kwan and Lee, 2004.)
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for an online setting can be computationally prohibitive. As a result, we have

not seen much online monitoring using time-geographic tools yet. Activity

prisms on their own are poor fits for population space-time constraints

(Pendyala et al., 2002). This is because the constraints are highly location

specific and dependent on individual scheduling preferences. A person living

in one neighborhood who leaves early for work would have a very different

prism than another living in another neighborhood who goes to school.

Even at the individual level, however, the prisms have historically been con-

structed using static and constant information such as free flow travel times

that do not change over space-time. So as more trajectory data became avail-

able, researchers did not initially have tools to customize prisms to visualize

these patterns.

Researchers have sought to address this latter point using nonlinear vec-

tor fields. A d-dimensional vector field is a continuum in a ℝd space defined

by a vector with both magnitude and direction. One example is a velocity

field, where the speed and direction can change continuously from one

point in space to another. This can represent, for example, population travel

from the edge of a city to the center, where increasing congestion may lead

to reduction in average speed and even a change in direction as travelers

spread out or converge at different locations. The study of velocity fields

in an urban setting began in the early 1970s. One such study is that of Angel

and Hyman (1970), who derived 2D velocity fields for different cities. An

example is shown in Fig. 2.8 for the city of Manchester in 1965, based on a

point located 2.5miles east of the city center.

A vector field drawn directly from a data source is a very powerful tool.

One can simply apply vector calculus to, for example, aggregate effects of
Fig. 2.8 (A) Minimum paths and (B) velocity field isochrones for a point 2.5miles east of
Manchester city center in 1965. (Source: Angel and Hyman, 1970.)
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state changes, compare two different states, or determine relationships

between objects in the space with the field, all without resorting to travel forecast

models. For example, Angel and Hyman (1970) suggested that if further road

investments were made in Manchester, the vector field would then be aug-

mented. If the data was provided to measure the before and after vector

fields, then a vector difference can capture the state change, and an integral

over a region can aggregate the effect there.

Although vector fields were investigated decades ago, the technology

that would most benefit from it was not yet mature enough to realize its

potential. As a result, the theory remained in 2D space for planning purposes

only. Two recent breakthroughs have made it possible to apply vector fields

to monitor travel patterns in an online, real-time setting.

The first is the nonlinear space-time prisms from Miller and Bridwell

(2009). They acknowledged the anisotropic characteristic of travel cost fields

in operational setting. Using Puu and Beckmann’s (1999) continuous space

concept, one can obtain the cost Cp of a path p from point ti to point tj as a

path integral as shown in Eq. (2.3).

Cp ti, tj
� �¼

Ztj

ti

k x tð Þ, x0 tð Þ½ � x0 tð Þk kdt (2.3)

where x is the location vector represented by two dimensions (x,y), x0 is the

velocity vector, and k x tð Þ, x0 tð Þ½ � is a direction-specific cost function at time

t. An illustration of this path construction is shown in Fig. 2.9 from Miller

and Bridwell (2009).

An anisotropic space-time prism relative to a given point k can therefore

be constructed by integrating an inverse velocity field v�1 along the shortest

cost path Pkl
∗ from k to l. Note that inverse velocity is also equivalent to a

vector form of the pace quantity defined in Section 2.4, so this representa-

tion is a continuous, vector generalization of themeasure fromDonovan and

Work (2017). The minimum travel time tkl
∗ is determined from Eq. (2.4).

t∗kl ¼
Z
P∗
kl

v�1 x, x0½ �dx (2.4)

An illustration of an anisotropic space-time prism drawn from pace vec-
tor fields is shown in Fig. 2.10 from Miller and Bridwell (2009), which is

constructed for a lunch time activity in downtown Salt Lake City.
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Fig. 2.9 Constructing a least-cost path from a cost vector field. (A) Initialization, (B) least
cost path with accumulated cost to j, (C) temporally referenced least cost path, and
(D) extracted path as a space-time polyline. (Source: Miller and Bridwell, 2009.)
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Since the cost and pace vector fields are stored a priori, an online query is

possible using this method. In addition, the method can handle dynamic

travel costs over space and time. The only drawback is that the method is

applied only to an individual level. The second recent breakthrough by

Liu et al. (2015c) addresses that issue by extending the methodology to pop-

ulation level. The remaining sections in this chapter discuss that method.



Fig. 2.10 Illustration of a field-based space-time prism from Miller and Bridwell (2009).
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2.5 TRAVEL MOMENTUM FIELDS (TMFs)

In this section we introduce the concept of travel momentum fields (TMFs),

which has all the advantages of the method fromMiller and Bridwell (2009),

but is also applicable to monitoring population data.

Liu et al. (2015c) present a methodology to capture, at the population

level, a vector field of the “travel momentum.” First, consider a different

kind of “cost” field for an individual n defined by the velocity of that indi-

vidual at that location k xn tð Þ, x0n tð Þ� ��ðx0nx tð Þ,x0ny tð ÞÞ. It is not a real travel
cost, but simply a measure of an individual’s ability to move through the

time-geographic space. This vector should always be positive with respect

to time, and a higher speed would be reflected by a larger magnitude vector

given the same interval in time, as shown in Fig. 2.11 where the x¼ x, yð Þ
Time of 
day 

Space 

A B

Unit 
time 

 Δt
Δx

,  pace 

Fig. 2.11 Illustration of two different individual velocity vectors.
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coordinates are collapsed into a single dimension for simplicity. In the figure,

the length of vector A is shorter than that of vector B because x0B> x0A, lead-
ing to more distance covered in the same unit time. The slope of the vector

(change in time Δ t over change in space Δx) along the time dimension is

the pace.

To obtain a vector fieldK x tð Þ, x0 tð Þ½ � corresponding to the populationN
of activity at any point x in time t, we can simply do a vector sum as shown in

Eq. (2.5). A vector sum is illustrated in Exercise 2.1.

K x tð Þ, x0 tð Þ½ � ¼
X
n2N

k xn tð Þ, x0n tð Þ� �
(2.5)
Exercise 2.1
Given three individuals at the same location in time-geographic space (x,y, t) with

velocity vectors (0,1), (1,1), (1,�2) in unit time, determine the population

vector at that location.

This is simply a vector summation: along the x-axis, 0+1+1¼2; along

the y-axis, 1+1�2¼0. This leads to a population vector of (2,0). Note that

the time dimension is not added.
Recall from physics the term momentum refers to the product of mass
and velocity. In this urban mobility context, population is the mass, and

therefore K x, x0½ � is a momentum vector field. We call this field a “travel

momentum field” as it reflects the momentum of the population to move

in a certain direction at any point in the time-geographic space.

Definition 2.5 K x, x0½ � is a travel momentum field that defines a vector at any

location x and time t in the time-geographic space representing the sum of every indi-

vidual’s velocity vectors x0n at that same location.

There are several characteristics of this vector field that makes it a valu-

able methodology for monitoring urban mobility. First, this is simply a data

representation, not a forecast model in the traditional transportation plan-

ning sense.While the field is an aggregation of speed and volume (one draw-

back), it is a straightforward expression of the underlying travel patterns that

is not clouded by structures assumed by models.

Second, the field can be updated incrementally for each unit time in an

online setting. Once updated, the field is prestored data that can be easily
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queried in real time using simple vector operations. On the contrary, a spatial

query using a large set of GPS trajectories would require searching through

each trajectory one by one. Empirical tests by Liu et al. (2018) using taxi GPS

data in Beijing suggest the vector field method can reduce computational

time by 20 times.

Third, transport systems can also be represented as vector fields, and

therefore we can draw direct relationships between the transport system

and the population TMF as they change over time. This is very powerful

for monitoring purposes as it can perform before-after analysis without

resorting to travel behavior or network flow models of any kind.

Fourth, the momentum concept is highly analogous to the concept of

flow. Whereas flow is the scalar product of speed and density, the momen-

tum field is a vector formed by the product of velocities and the volume over

a point in space. In other words, travel momentum is equivalent to a flow

vector.

In practice we will unlikely ever possess all of a population’s travel tra-

jectory data. However, there are well-established techniques to extrapolate

from a spatial sample to obtain a population-level aggregation using kernel

density functions. Liu has developed an open source code for estimating

kernel densities from sample trajectory data and made it available at this link:

https://github.com/xintao/3DKernel. Lastly, note that in Liu et al. (2015c)

the terminology refers to the TMF as a demand, but simply calling it travel

momentum is more appropriate as flow is only realized demand.

Before demonstrating the different uses of TMFs, we illustrate what this

method can do. We obtain OD patterns from 2011 household travel survey

data from the Greater Toronto Area as depicted in Fig. 2.12A. Since actual

trajectory data are not available in this data set, they are synthesized with sim-

ple straight paths connecting origin to destination to illustrate the method-

ology. Based on this “trajectory” data, a traditional visualization as per Kwan

and Lee (2004), for example, would produce a density over space for a spe-

cific time interval as shown in Fig. 2.12B. This is a map of the kernel density

of the trajectories at the 8a.m. time interval. What our TMF can visualize is

shown in Fig. 2.12C andD. Fig. 2.12C illustrates the TMF at the same 8a.m.

time interval shown in Fig. 2.12B. There is direction information stored in

this visualization, indicating a momentum toward downtown Toronto at

that time in the day. In Fig. 2.12D, an isometric view of the visualization

in Fig. 2.12C shows the magnitude along with the directionality. While

most of the activity occurs in the downtown Toronto area, peaks represent-

ing Hamilton and Oshawa can also be identified.

https://github.com/xintao/3DKernel
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Fig. 2.12 (A) Household travel survey data from Greater Toronto Area; (B) kernel density
map of the trajectories at 8a.m.; (C) travel momentum field at 8a.m.; (D) isometric views
of travel momentum field in (C). (Source: Liu et al., 2015c.)
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Let us demonstrate the method using a simple example in Exercise 2.2.
Exercise 2.2
Construct a TMF from the trajectories shown in Fig. 2.13.

For simplicity we represent the TMF through the same four time slices.

First, we approximate the velocity vectors of each individual in each time

slice by taking the difference between (xn,yn, t) and (xn,yn, t+1) (since

change in time is always 1, we leave that out). Time 4 is left out since

we do not have the location information at time 5.



Trajectory 3: 

Trajectory 4: 

The TMF for the three time slices are shown as follows.

Time 1 Time 2 Time 3

(1,1) 

(0,0) 

(0,−1) 

(−1,0) (0,0) 

(−1,1) 

(−2,−1) 

Time 1 Time 2 Time 3

(1,0)

(0.5,−1) (0.5,−1) 

Time 1 Time 2 Time 3

(0,1)  

Time 1 Time 2 Time 3

(0,1)  (0,0) (−3,−2) 

(2,1)

(−1,1)

(1,0)

(0.5,−1)(1,1) (0.5,−1)

Trajectory 1: 

For the other three trajectories, we have the following. 

Trajectory 2: 

Time 1 Time 2 Time 3

(2,1)
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The data is now stored in a vector field structure. This field can be

visualized as shown in Fig. 2.12 with color coding, for example. In the

exercise here, we see momentum of the population to converge toward

(3,3), but by time 3 there is a momentum to move out of that spot.

Also, this exercise does not include population aggregation from sample

trajectories. Readers can refer to Liu et al. (2015c) for more details on that.

Suppose there are four trajectories in
the population moving through the
four intervals:
Trajectory 1: 
[(1,2,1),(3,3,2),(3,3,3),(1,2,4)]
Trajectory 2:
     [(3,1,1),(2,2,2),(3,3,3),(3,2,4)]
Trajectory 3:
           [(1,3,1),(2,3,2),(3,1,4)]
Trajectory 4:
      [(3,2,1),(3,3,2),(3,3,3),(2,3,4)]

There are four
snapshots of the
space in time

The space at one point in time can be
represented by a 3 × 3 grid.

Time of
day

(1,2,4) means the trajectory passes 
(x,y) = (1,2) at the fourth time
interval.

x

y

Fig. 2.13 Example for Exercise 2.2.
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The methodology has been applied to monitoring taxi GPS data in Bei-

jing (Liu et al., 2018). Since taxis are single-ride trips from origin to desti-

nation, they are a good surrogate of taxi user population travel momentum.

Tracking the movement of public transport vehicles would lose the last mile

portions of user mobility while tracking private passenger vehicles misses out

on the drivers’ movements after parking their vehicle.

GPS data from 12,000 taxis operating in Beijing from November 2nd to

5th in 2012 was collected for this demonstration. In each minute, the GPS-

enabled device installed on each taxi automatically sends its current location

(i.e., latitude, longitude) and other attributes (e.g., taxi ID, timestamp, oper-

ation status, speed, direction and GPS status, etc.) to a centralized server.

There are approximately 12,000�24�60¼17,280,000 GPS points per

day. The trajectory of a taxi is composed of a sequence of such time-stamped

GPS points in chronological order. Sample data from Friday, November

2nd, 2012, is shown in Fig. 2.14.



Fig. 2.14 (left) Beijing, China, and (right) total daily real-time GPS locations from 12,000 taxis on November 2, 2012. (Source: Liu et al., 2018.)
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Fig. 2.15 Snapshots of kernel density estimated taxi population TMF in 24h. (Source: Liu
et al., 2018.)
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The TMF over hourly snapshots in a 24-h period is shown in Fig. 2.15.

The height measures the magnitude of taxi density while the color refers

to different directions of travel momentum. One can evaluate how overall

taxi travel momentum evolves in different hours. For example, at 5:00 and

6:00 in the morning, eastbound momentum is dramatically increasing along

a particular corridor, whereas in the evening it is more dispersed along all

directions. In fact, the peak vector kernel density area at the upper-right part

of the 6:00 subgraph is the international airport. Therefore the physical
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meaning behind this anomaly is how travel momentum at 5:00 and 6:00a.m.

is distributed and related to the airport. As time goes to 7:00a.m., travel

momentum starts to shift to central areas in Beijing.
2.6 TMF: TRANSPORT ROUTE PROJECTIONS

While the TMF data structure produces a nice visualization, the main value

of the methodology comes from the online applications. Spatial queries per-

formed with this preconstructed data structure can be much faster and can be

used for real-time operations. Prior to the development of this data structure,

it would be too cumbersome to query large data sets in real time. That is why

many of the GIS studies related to GPS data relate to offline analysis. With

this capability, one can truly monitor minute by minute how the momen-

tum of the population coincides with existing infrastructure or subareas, or

how to quantify changes in state using these fields.

The first application to explore is the concept of projection. Miller

(1991) discussed how space-time prisms can be projected onto the 2D

GIS map to identify areas of accessibility. Projection in a vector field sense

is similar. Recall how a projection works: the projection vab of a vector a

onto another vector b is the dot product between the first vector with

the unit vector of the second, as shown in Eq. (2.6) and Fig. 2.16.

vab ¼ a � b
bj j

� �
b

bj j (2.6)

Projection essentially relates one vector to another by quantifying the
component of one that is aligned with the other. There are different ways

to use this concept. The first involves projecting travel momentum onto the

transport infrastructure. The TMF that we have been discussing thus far

relate to the observed mobility of the population over time. A transport

route can also be represented by a vector field. A route is defined broadly

here; it can refer to a transit fixed route, or a mobility-on-demand route that

is observed to move without a predefined route, or a roadway that facilitates
Vector a

Vector bProjection vab

Fig. 2.16 Illustration of vector projection.
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travel in a direction. For example, a Manhattan street grid may be composed

of thousands of transport routes.

Definition 2.6 A transport route r2R in a time-geographic space (x,y, t) is a

vector field k xr tð Þ, x0r tð Þ
� �

defined by the velocities x0r corresponding to the locations
xr of that route at time t.

Then the transport route projection is defined as follows.

Definition 2.7 A transport route projection Dr is a nonnegative projection of

the travel momentum field onto the transport route r2R, Dr ¼ K x tð Þ,½h
x0 tð Þ�, k xr tð Þ, x0r tð Þ

� �i+.
The nonnegative component is included because projections that lead to

momentum in the opposite direction of the route would not be associated

with that route.

A projection is not a prediction of ridership or assignment of passengers

to a route. It is simply a data association; given that there is a route that shares

the space and time of a population of users, how much of the momentum of

those users align with the travel enabled by the route? The results give pol-

icymakers a performance measure that they can readily access in real time.

Consider the following example in Exercise 2.3.
Exercise 2.3
For the TMFs shown in Fig. 2.17, determine the projection onto the transport route

and the aggregate route-level temporal profile over the five time steps.

The TMF for this space is
shown for three time intervals.

t = 1

t = 2

t = 3

(−9, 4)

(−3, 7)

(0, 3)

(6, 12)
 

(1, −3)
 

(4, 2)

(0, 8)
 

(0, −2)
 

(3, 0)

There is a transport route moving
from west to east with x ′ = (0,10)
for all time t.

Fig. 2.17 TMFs for Exercise 2.3.



We first determine the projected values. For each cell, we obtain the

projected value. For example, (�9,4) projected onto (0, 10) is (0, 4). The

results are shown in Fig. 2.18.

Note that the projected TMF has opposing vectors zeroed out. It shows

that the most momentum in the direction of the route during t¼1 occurs

in the middle segment. The aggregated temporal profile shows how

projections on the route overall change over time. Based on the profile, we

can see the momentum drastically drop from the first time step to the latter

two time steps. If this is recurrent from a day-to-day basis, it may be because

there is a drop in peak demand leading to this shift. If it is nonrecurrent, it

may be the result of an incident that led to lower momentum (lower speeds

and/or lower volumes). We can also compute the relative change from t¼1

to t¼2: there is a 71% drop in projected momentum, followed by another

29% drop from t¼2 to t¼3.

(0, 4) t = 1

t = 2

t = 3

(0, 7) 

(0, 3)

(0, 12)

(0, 0)

(0, 2)

(0, 8)

(0, 0)

(0, 0)

The projected values are
shown below.

Aggregating the values by time, we get the
following temporal profile for the route:
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Fig. 2.18 Projected values and temporal profile.
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Although theprojectionmeasures arenot equivalent to ridership, they form

a direct data-driven relationship between observed population mobility and

observed route mobility over time-geographic space. From amonitoring per-

spective, policymakers nowhave a real-time tool to assess the effects of changes.

The route projection is further illustrated using the Toronto travel survey

from Fig. 2.12. A bus route (TTC bus no. 506) with scheduled operating

speed is obtained and shown in Fig. 2.19.

Using the projections, we demonstrate how bus stop spacing design can

be conducted in a data-driven manner. In the service of bus stop planning,

the TMF route projections can be computed for the existing condition at the

level of each bus stop and aggregated to get a temporal profile to show the



Fig. 2.19 Bus route no. 506 from Toronto Transit Commission. (Source: Liu et al., 2015c.)
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Fig. 2.20 Temporal profile of route projections of TMF on TTC bus no. 506. (Source:
Liu et al., 2015c.)
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degree of travel momentum alignment. The result is shown in Fig. 2.20.

Note that the y-axis refers to the vector kernel density since we are estimat-

ing population-level momentum based on sampled constructed trajectories.

The projected momentum nearly dies down after 8:40a.m. through 9a.m.

relative to the earlier times.

We end this section with a continuation of Exercise 2.2 in Exercise 2.4.
Exercise 2.4
For the TMF obtained in Exercise 2.2, suppose there is a transport route that moves

from (1,2) down to (3, 2) for all times t at a velocity of (10, 0). Determine the

projection on this route.

First we reiterate the TMF as shown in Fig. 2.21A. The projections that

we get are shown in Fig. 2.21B.
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The projected values are 
shown below.

Temporal profile:

Time 1

(A)

(B)

Time 2 Time 3

(1, 0)

(0, 0)

(0, 0)(2, 0) (0, 0)

Fig. 2.21 (A) TMFs for Exercise 2.4 and (B) project values along with temporal profile.
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2.7 TMF: BEFORE-AFTER ANALYSIS

The second major application is the use of data to quantify changes in the

TMF as a part of a before-after analysis. This can apply to measuring the

effects of external shocks such as adverse weather or large-scale disasters,

or it can also be used for evaluating the change in the transport system

due to a new policy or technology. Current methods to perform such anal-

ysis may be based on aggregate system measures like total system travel time,

vehicle miles traveled, or total ridership. However, if the time-geographic

data is made available for the population, we can identify spatial-temporal

effects and isolate them for different subpopulations. This would allow pol-

icymakers to, for example, see if a new bike-share program leads to more

travel momentum among lower income residents or whether longer transit

service hours extends the momentum into more parts of the day.

First we define the concept of travel impulse field (TIF).

Definition 2.8 The travel impulse field Δ[K1,K2] is the change in momentum

from one TMF, K1, to another, K2. The impulse field is a vector field as shown
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in Eq. (2.7). The magnitude of the impulse is �jΔj. The change is positive if
jK2 j> jK1 j and negative if jK2 j< jK1 j.

Δ K1,K2½ � ¼K2�K1 (2.7)

In other words, it is as simple as taking a vector subtraction to measure

the difference between two states. The impulse can be illustrated for the

Toronto example. The data used in Fig. 2.12 is obtained from 2011 survey

data. Since 2006 survey data is also available, it is possible to compute the

TIF. An isometric view of the magnitude of the impulse for the same 8a.

m. time interval is shown in Fig. 2.22.

Fig. 2.22 suggests that in the 5-year period since 2006, morning travel

momentum has shifted significantly out of the downtown Toronto area

(where there is the major negative trough). Instead, growth in momentum

has taken place in other areas nearby. The two biggest peaks represent the

Toronto Pearson International Airport region and the Markham region.

The airport is within the Region of Peel, which has significant freight

and industry activity. Markham is a hub for technology companies. These

changes in momentum make sense. In particular, downtown Toronto is

likely experiencing a drop in momentum because of increasing congestion

leading to lower travel speeds. Meanwhile the outer regions are experienc-

ing growth in volume.

Let us now try to illustrate this before-after analysis in Exercise 2.5 for a

single cell to illustrate the analytic opportunities.
Pearson
airport  

Markham
region

 

Downtown
Toronto 

High

Low
 

Fig. 2.22 Magnitude of travel impulse field between 2011 and 2006 TMFs at 8a.m.
(Source: Liu et al., 2015c.)



Exercise 2.5
Compute and analyze the travel impulse field Δ[K1,K2] where K1¼ (2,5) and

K2¼ (5,�10) for the same point in space and empty everywhere else, and for the

reverse change.

In this example, the change from K1 to K2 indicates an increase in

momentum (the size of the vector has increased from 5.385 to 11.180).

This can be due to increase in velocity of travel at this location or

increase in travel volume. A naı̈ve assumption might be that the

magnitude of the impulse is the difference of these two scalars, 5.795.

However, that is not necessarily true. While it is an increasing change in

momentum, there is also a significant change in direction of the

momentum. The resulting vector difference is Δ¼ (3,�15). In other

words, while the momentum grew there was also a significant change in

the momentum with a magnitude of +15.297.

If the state change was reversed, the momentum change would be

negative, with a vector difference of Δ¼ (�3,15), and a magnitude of

�15.297.
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TIFs can change the way we communicate transportation system effects

to the public and to policymakers. Currently, daily traffic reports talk about

which highway segments might have slower traffic or bottlenecks due to

congestion. When there are major storms or when a bridge collapses, there

is no direct way to quantify the change on population travel patterns due to

the change in the transport system. Existing methods are limited to vehicular

spot speeds, which do not provide a comprehensive picture of the effect.

With this state-of-the-art methodology, it is possible to have daily traffic

reports queried by the public in real time. Policymakers can see that a tech-

nology, policy, or environmental change can impact travel momentum pos-

itively or negatively, by how much, and for whom.
RESEARCH AND DESIGN CHALLENGES

The following are open-ended challenges that sometimes refer to real data

sets. Readers are encouraged to try to tackle the problems, and post their

designs or solutions on the following GitHub page, https://github.com/

BUILTNYU/Elsevierbook/tree/master/Chapter%202.

(2.1) Pick your hometown and conduct a survey of components of smart

cities that it exhibits and those that it lacks. Sketch out a conceptual
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architecture of a smart cities process (Fig. 2.4) and propose two new

apps that would improve mobility to address the gaps.

(2.2) Take the NYC taxi pickup data (http://www.nyc.gov/html/tlc/

html/about/trip_record_data.shtml) for one arbitrary day and

query the pickups over time for two locations: Penn Station and

JFK Airport. Using the Gaussian density function discussed in

Miranda et al. (2017), construct a plot of function beats and signif-

icant beats. Compare the results. Make an online app that can be fed

taxi data to generate the pulse dynamically.

(2.3) Go to the source code for Donovan and Work’s study: https://

github.com/Lab-Work/gpsresilience. Replicate their results using

the same taxi data (or use a new taxi data source) and discuss.

(2.4) Consider a household located at zip code 10012 in NYC. If this

household has to arrive at work at zip code 11201 by 9a.m. and

depart from home no earlier than 6a.m., use a Google Maps API

(e.g., https://github.com/BUILTNYU/Google-Map-API-

Query-Program-and-Documentation) to determine nearby travel

times for zip codes and create a morning commute time-space prism

for driving, walking, and public transit.

(2.5) PickatrafficanalysiszoneinNYC(e.g.,https://catalog.data.gov/dataset/

tiger-line-shapefile-2011-2010-state-new-york-2010-census-traffic-

analysis-zone-taz-state-based29d50) and query all trips belonging to

households residing in thatzone fromthe2010/2011NYMTCHouse-

hold Travel Survey (https://www.nymtc.org/DATA-AND-

MODELING/Travel-Surveys/2010-11-Travel-Survey).
a. Visualize these in GIS.

b. Deconstruct them and estimate the travel momentum vector

field for this population using https://github.com/xintao/

3DKernel.

c. Obtain transit trips for one line near the TAZ operating between

8 and 10a.m. Project the vector fields onto these trips (one trip is

a vehicle run from start to end of route). Create a temporal pro-

file for each trip.
(2.6) Take a look at the T-Drive taxi trajectory data: https://www.

microsoft.com/en-us/research/publication/t-drive-trajectory-

data-sample/.
For this data, use https://github.com/xintao/3DKernel to esti-

mate a population travel momentum field for 1 day and then

simulate online monitoring by updating each hour for the next

day based on newly received trajectory data.

http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml
http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml
https://github.com/Lab-Work/gpsresilience
https://github.com/Lab-Work/gpsresilience
https://github.com/BUILTNYU/Google-Map-API-Query-Program-and-Documentation
https://github.com/BUILTNYU/Google-Map-API-Query-Program-and-Documentation
https://catalog.data.gov/dataset/tiger-line-shapefile-2011-2010-state-new-york-2010-census-traffic-analysis-zone-taz-state-based29d50
https://catalog.data.gov/dataset/tiger-line-shapefile-2011-2010-state-new-york-2010-census-traffic-analysis-zone-taz-state-based29d50
https://catalog.data.gov/dataset/tiger-line-shapefile-2011-2010-state-new-york-2010-census-traffic-analysis-zone-taz-state-based29d50
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://github.com/xintao/3DKernel
https://github.com/xintao/3DKernel
https://www.microsoft.com/en-us/research/publication/t-drive-trajectory-data-sample/
https://www.microsoft.com/en-us/research/publication/t-drive-trajectory-data-sample/
https://www.microsoft.com/en-us/research/publication/t-drive-trajectory-data-sample/
https://github.com/xintao/3DKernel
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(2.7) Create synthetic region with a population of 12 individuals. Fix the

home locations of these 12 and simulate trajectories in this region

for each one. Create the travel momentum field for this population.

Now assume travel times take longer because of 20% slower travel

speeds. Recreate new trajectories with same destinations and

sequences for the 12 individuals. Construct a before-after impulse

field to compare the result.

(2.8) If traveler trajectory data is available to the reader, consider waiting

for the next time there is a major adverse weather event. Track the

trajectory data before, during, and after the event for a sample of

trajectories and use estimate the population impulse vector fields.

(2.9) In the T-Drive data, identify a major tourist landmark. Project the

taxi trips to a single point of interest (see Liu et al., 2018). What use

can this projection serve?

(2.10) Find the NYC taxi data before, during, and after Hurricane Sandy.

Since only pickup and drop-off information may be available,

assume direct vectors from pickup to drop-off. Determine the

impulse field for each of the day to day to study how the method

could be applied to extreme event monitoring.



CHAPTER 3

Network Equilibrium Under
Congestion
3.1 THE NEED TO EVALUATE CONGESTION EFFECTS

In Chapter 1, a classic framework for analyzing urban transport systems is

introduced. Chapter 2 covers emerging technologies that significantly

impact what we can do in transport analysis. Those first two chapters only

provide tools to identify and measure important relationships between users

and the systems. However, unlike some other disciplines, transport systems

also rely significantly on models to evaluate their performance. There are

three major reasons for this.

(1) Urban transport systems, which can be highly costly to deploy and

operate, require public investment and involvement.Making an invest-

ment prior to understanding its impact may lead to costly failures.

Furthermore, high profile failures (e.g., Car2Go in San Diego (Garrick,

2016) or Kutsuplus in Helsinki (Sulopuisto, 2016)) can make it harder

for policymakers to support them in the future.

(2) Transport technologies and policies can have very diverse effects on

their users because the users can differ so significantly from one city

to another or even from one neighborhood to another in the same city.

This population heterogeneity makes it impossible to develop one-

size-fits-all solutions. So unlike other engineered products like Apple

iPhones or even buildings, there is no single building standard to fol-

low. Therefore a service like Car2Go can succeed in a city like Seattle

and still end up failing in San Diego.

(3) Even if the ideal policy or technology is deployed to fit the make of a

population, there are two properties of interaction between users

and the system that will make it difficult to evaluate the system

performance.
Informe
https:/
The first is the presence of system capacities and congestion effects

such that the more users sharing the system, the worse the system’s

performance degrades.
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The second is in the complex, high-dimensional, responses of users

to changes in system performances. Users can change route, departure

time, mode or series of modes, destination or series of destinations,

schedule of destinations, or activity agenda and duration. That does

not even include interpersonal choices such as carpooling or picking

up kids at school, or long-term choices such as home location, employ-

ment, and marriage.
This chapter and Chapter 4 deal with the last of these reasons, as part of the

market equilibration portion of the MFG framework. This chapter specif-

ically addresses modeling methods to properly evaluate the effects that

users’ preferences can have on each other in a transport system represented

as a network. Due to the origins of urban transport systems field from the

highway expansion programs of the 1950s in the United States, much of

the classic urban transport systems science deals with this first effect because

policymakers need to predict flows on links in the networks that they

invest in. As we see more multimodal systems, shared mobility, and

Mobility-as-a-Service (MaaS) mature in cities, it is possible that the science

for the activity scheduling responses of travelers will gain further in

importance.

This chapter deals with material that assumes some basic knowledge of

network analysis and mathematical programming. Ahuja et al. (1993) is a

good reference for network analysis while Bradley et al. (1977) is an

excellent source for mathematical programming. An understanding of

queueing analysis is also assumed; Appendix C is provided to review this

subject.

The chapter is divided into the following sections. Section 3.2 deals with

congestion effect in road networks that considers only travelers’ decisions

with complete information. Section 3.3 considers congested networks

where travelers’ incomplete information of the system is explicitly consid-

ered through the construction of “hyperpaths.” The primary application is

in fixed route transit assignment. Section 3.4 covers other types of conges-

tion effects, whether it is in departure time, in cruising for parking space, or

when considering the matching friction between users and taxis operating in

a decentralized environment. Section 3.5 examines explicit consideration of

system operator decisions in a two-sided market framework.

Since only one chapter is devoted to the topic of transport network

analysis under congestion, interested readers are referred to other sources

for more detailed coverage: Sheffi (1985) for traffic assignment models,

and Cascetta (2009) for another perspective with an introduction to

day-to-day models.



69Network Equilibrium Under Congestion
3.2 USER EQUILIBRIUM IN ROAD NETWORKS

In this section we seek a model that can explain how flows of people, goods,

and other commodities may distribute themselves onto a transport system.

The primary concern is that users seek to travel from one location to

another, but the travel time or generalized cost of travel of a component

(e.g., highway segment) is dependent on the number of users assigned to that

component and the resulting system performance. Users are initially

assumed to have full knowledge of the collective choices made by other users

(i.e., steady state) and the resulting system state, although we also consider

the relaxation of that latter assumption.
3.2.1 Congestion Effect
Economists have long understood travel to be a derived demand, where

mobility to a destination is primarily driven by the original demand to conduct

an activity at that destination. Transport systems, as with all economic goods

provided to serve a demand, are finite in quantity. The presence of flow

capacities leads to an interpretation of transport systems as queues. The per-

formance of a queue is well known: generally, themore customers arriving at a

queue per unit time, the greater the delay experienced by everyone.

To understand the effect of the quantity, we consider an aggregate per-

formance measure: total delay C. Total delay is simply the sum of the delay

experienced by every user. For example, if there is a queue with one server

who takes tminutes to serve a user, one queue in which the first user in is the

first user out, and n users present, then the delays up to the nth passenger are

t, 2t, 3t,…, nt. The total delay by observation is equal toC¼ 1
2
t n+1ð Þn. The

marginal delay applied to the nth user is obtained from the derivative dC
dn

to

obtain dC
dn
¼ 1

2
t 2n+1ð Þ. A plot of the number of users against the marginal

cost shows that it increases with a higher numbers of users. When dC
dn
> 0,

the system is “congested” because the presence of congestion effect exists.

When dC
dn
¼ 0, the system is uncongested.

As economists have shown, transport and other public queueing systems

can be analyzed as markets in which the price of the good is the generalized

travel cost and the quantity is the number of users served by the system. In

this case, we can represent the market with a classic supply-demand curve as

shown in Fig. 3.1. The demand function is a measure of the number of users

willing to pay to use the system for a given travel cost. For a more detailed

synthesis of demand functions from consumer theory and utility maximiza-

tion, see Kanafani (1983). Appendix D also provides a review of demand

analysis and consumer theory. In a classic centralized system, point A in
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Fig. 3.1 Supply-demand curves for a transport system.
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Fig. 3.1 would maximize social surplus because that is where the total benefit

(area under inverse demand function) minus total cost (area under marginal

cost function) is maximum.

However, transport is a public good. Because transport is a public good, the

assumption is that there is no coordination between the users. As a result, the

perceived cost for an individual user prior to entering the market, knowing

only that there would be n users in the system on average (and not the order

that they would enter the queue), is based on the average cost instead of the

marginal cost. To better understand why this is, consider Exercise 3.1 of a

single server queue at a coffee shop.
Exercise 3.1
A server at a coffee shop always takes 2min to serve a customer, and during one period

there happens to be five customers who all have to wait in the queue simultaneously.

What is the perceived cost of this exchange for one of those customers that period?

The cost depends on whether the person is first, second, third, and so

on, upon arriving on site. The first customer would have a realized cost

of 2min. Second would be 4min. These are each marginal costs, so

accumulating them one would get the total cost. For example, for two

people the total cost would be 6min and the average over the two

would be 3min each. We plot this in Table 3.1.

Because the customers are not coordinating who arrives first, second,

and so forth, then the decision to enter the coffee shop would be based

not on the marginal costs but on the average cost. For the five

customers, each one’s perceived cost for the decision is 6min, even

though the fifth person entering the queue would add 10min to the total

delay.



Table 3.1 Costs of coffee shop queue
Number of
customers

Marginal cost
(min)

Total cost
(min)

Average cost
(min)

1 2 2 2

2 4 6 3

3 6 12 4

4 8 20 5

5 10 30 6
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As a result, for a public system, the equilibrium quantity in Fig. 3.1 does

not correspond to point A, but rather to point B. For the nB users who enter

the system, the “last one in the queue” will incur a marginal cost of tC. In

fact, it has been shown (see Small and Verhoef, 2007) that when the cost

curves are monotonically increasing with quantity, the marginal cost is

always equal to or higher than the average cost. This difference is called

the marginal external cost of congestion (MECC). One can derive this value

for monotonically increasing cost functions. In a congested setting, the

average cost for n users is defined as t[n]. The total cost is therefore

C¼ t[n]n. The marginal cost is the derivative, which leads to
dC
dn
¼ t n½ �+ dt

dn
n. The marginal cost is therefore composed of two parts: the

average cost t[n] and the MECC: dt
dn
n� 0.

The MECC is a negative externality that users impose on others when

they use the transport system. This means that when they make their deci-

sion to enter the market based on average cost, the remaining portion in the

MECC is not internalized when compared against willingness to pay despite

being borne by everyone. Average cost is a user-perceived cost for decision-

making whereas marginal cost is the actual cost borne by the system.

Since point A (nA, tA) in Fig. 3.1 results in the optimal social surplus, then

by operating at point B (nB, tC) the system is operating suboptimally. The loss

in social surplus is the area defined by ABC. This loss is also called the Price

of Anarchy, referring to the cost of decentralization.

The average cost function can be modified. If the original was some

monotonically increasing function t[n;K], whereK is a parameter that deter-

mines the rate of increase of the function, the system operator may choose

to increase K!K
0
. This effectively pushes the equilibrium quantity higher

and lowers the average travel cost. Alternatively, the operator may choose

to charge all users a toll τ¼ β dt
dn
n, where β ($/h) is a value of travel time

of the users. This effectively increases the average cost function to
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t0 ¼ t n;K½ �+ dt
dn
n. If τ¼ β

dt

dn

����
na

na, the increase will set the equilibrium point

at A. This is how marginal cost pricing works. A more detailed explanation

of this marginal cost pricing can also be found in Yang and Huang (1998).

Pigou (1920) first examined the distribution of users over two different

public goods. This is graphically illustrated in Fig. 3.2. The left shows a pop-

ulation n of travelers from origin O to destination D given a choice between

two parallel paths whose average cost functions {t1, t2} and corresponding

marginal cost functions {m1,m2} are shown on the right. The number of users

choosing path i is denoted ni, where n1+n2¼n. In this case, demand is fixed

but the allocation on each path is not. The optimal point is where the total cost

borne by all users is minimized. This is at the point A. However, as a public

good, users will converge toward an equilibrium at point B (n1B,n2B, t1C, t2D)

because the average costs are minimized there (areas under t1 and t2 are min-

imal at point B). As a result, there is a loss of social surplus of the area of ACD.

If the two paths are priced according to the MECC values at point A, that

would achieve an optimal path allocation. This is illustrated in Exercise 3.2.
Exercise 3.2
For the example in Fig. 3.2, consider n¼100, t1¼1+2n1, and t2¼3+n2, where

travel times are in minutes. Determine the optimal tolls on each path if value of time is

β¼$0.33/min.

The marginal cost functions are:

m1 ¼ d t1n1ð Þ
n1

¼ 1+ 4n1

Travel 
cost

A

B

C

D

O 

DPath 1

Path 2

m1
m2

n1

n

n2

t2

t1

Fig. 3.2 Equilibrium allocation of travelers on two parallel routes.



m2 ¼ d t2n2ð Þ
n2

¼ 3+ 2n2

The optimum point A is where m1¼m2. Including the demand

constraint, we have a system of two equations.

1 + 4n1 ¼ 3+ 2n2

n1 + n2 ¼ 100

This leads to:

1 + 4n1 ¼ 3+ 2 100�n1ð Þ
n1 ¼ 101

3
¼ 33:67, n2 ¼ 199

3
¼ 66:33

The average travel times are:

t1 ¼ 1+ 2 33:67ð Þ¼ 68:33 min

t2 ¼ 3+ 66:33¼ 69:33 min

Tolls are:

τ1 ¼ β
dt1

dn1
n1 ¼ $0:33

min

� �
2ð Þ 33:67ð Þ¼ $22:22

τ2 ¼ $21:89

The tolls ensure that the congestion externalities are internalized. In

addition, the people who choose path 2 end up delayed by one more

minute, but they are tolled less by $0.33 than those taking path 1 to

ensure no traveler can unilaterally improve travel times by switching path.
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Wardrop (1952) formalized this traveler behavioral assumption made by

Pigou (1920) as a set of principles shown in Principle 3.1 of users’ behavior in

a network of multiple congested routes. Principle 3.1 assumes travelers are

rational decisionmakers with full information on the network travel time

functions and are making route choices simultaneously with all other

travelers. The criteria refer to travelers going from the same origin to the

same destination. Note that a network may have multiple OD demand,

where the principles would apply for each.
Principle 3.1
(Wardrop, 1952). Two criteria can be used to determine the distribution of flows on

routes, as follows:

(1) The journey times on all the routes actually used are equal and less than those

which would be experienced by a single vehicle on any unused route.

(2) The average journey time is a minimum.
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The first principle refers to what is called User Equilibrium (UE) behav-

ior. It reflects selfish user decision-making such that multiple routes used for

the same OD pair should have equal average travel times. On the contrary,

the second principle refers to System Optimum (SO) behavior. This prin-

ciple applies to a centralized decision-maker dictating which agent goes to

which route.

Equilibration of users on a road transport network per the MFG frame-

work is based on finding a set of flows that satisfies the following conditions:

(1) One of the criteria in Principle 3.1 or similar variant (to be shown later);

(2) Demand conservation: flow emerging from origin nodes has to equal

the OD demand and the flow entering the corresponding destination

nodes;

(3) Flow conservation: all flows entering every node have to balance all the

flows exiting the same nodes.

For simple networks, these criteria can be determined by establishing a sys-

tem of equations to be solved. This is illustrated in Exercise 3.3.
Exercise 3.3
For the network in Fig. 3.3, there are two sets of OD demand, one from node 1 to

node 2, and one from node 1 to node 3. The average travel times of each link are

shown next to the corresponding link. Determine the UE and SO link flows.

There are eight unknowns (four link flow variables and four link travel

time variables). The system of equations is as follows. For flow and demand

conservation:

xa + xb ¼ 10+ 6

xc + xd ¼ 6

Including the four travel time functions, that is six equations. Twomore

equations are needed. For UE criteria:

ta ¼ tb, if xa > 0,xb > 0

1 2 3

1

2

2

OD demand: 

Fig. 3.3 Network for Exercise 3.3.



tc ¼ td, if xc > 0,xd > 0

If xa¼0, then based on Wardrop’s principle the average travel times

form an inequality instead: ta�tb. In addition, Wardrop’s UE principle

refers to path flows, not link flows. If we explicitly consider path flows,

then we should add in four new path flow variables {(a, c), (a,d), (b, c), (b,

d)} and require them all to be equal to each other if they are traversed.

Since we require ta¼ tb, then the constraints simplify to the link-level

criteria previously. The relationship between path flows and link flows is

discussed in more detail in the next section.

Assuming initially that all links are traversed, we solve the system of eight

equations and obtain the following UE flows:

UE : x∗a ¼ 14:4,x∗b ¼ 1:6,x∗c ¼ 3:36,x∗d ¼ 2:64, t∗a ¼ t∗b ¼ 5:6, t∗c ¼ t∗d ¼ 5:64

Theperformance of the network under this behavioral assumption can be

measured based on total system travel time, TSTT¼14.4(5.6)+1.6(5.6)+

3.36(5.64)+2.64(5.64)¼123.45.

How does this compare to the SO assumption? In SO behavior, total

travel times are minimized. This means the marginal cost functions have

to be equal. First, the marginal travel time functions are derived:

ma ¼ 2+
1

2
xa

mb ¼ 4+ 2xb

mc ¼ 3

2
x2c

md ¼ 3+ 2xd

Then we replace the UE criteria with these link-level simplified SO

criteria:

ma ¼mb, if xa > 0,xb > 0

mc ¼md, if xc > 0,xd > 0

Solving this system of equations obtains the following SO flows:

SO : x∗a ¼ 13:6,x∗b ¼ 2:4,x∗c ¼ 2:57,x∗d ¼ 3:43, t∗a ¼ 5:4, t∗b ¼ 6:4, t∗c ¼ 3:29,

t∗d ¼ 6:43

The average travel times are no longer equal, and selfish travelers would

have an incentive to change path. Under this flow assignment, we get the

following TSTT: 119.34, which is lower cost than for the UE condition.
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For larger networks with hundreds or thousands of links and nodes, it is

not feasible to try to set up a system of equations to solve. A more systematic

approach is needed.
3.2.2 Road Network Assignment
The history of traffic network assignment and influence of key players

such as Beckmann et al. (1956) is noted in Boyce et al. (2005). At the time

when Wardrop laid down the principles for network flow distribution, the

United States was in a time of significant roadway expansion heading into

President Eisenhower’s era. As president, he championed the interstate

highway system to improve intercity mobility. There was a great need for

methods to efficiently predict the equilibration of flows on different links

of a network.

One applicable science that emerged from that time was the theory of

mathematical programming pioneered by George Dantzig, John von

Neumann, and others. For example, it appeared that uncongested (fixed

travel costs), uncapacitated network flow assignment can be expressed as a

linear program (LP). This means one can represent each OD pair as a

“commodity” and formulate a constrained optimization problem to assign

flows to minimize total system costs.

A mathematical programming model describes a system in which differ-

ent states are defined by different decision variables. The desired state is cap-

tured by the optimal solution of the model. Such models may be used to

guide algorithms to obtain the optimal solution. More importantly, they

can be used to analyze the effects of perturbations for any solution—optimal

or feasible—as implications to the more complex, real-life system they are

modeling.

For network flow, the system is divided into a set of components: links,

nodes, and commodities. These can all be represented by sets: A for a set of

directed links, N for a set of nodes, W for a set of commodities that need

transport across the network. The whole system is defined as a graph

G[N,A] with commodities in W. A basic model of traveler assignment

on an urban road network based on constant, uncongested travel costs is

defined from the perspective of a system seeking to minimize total system

travel times as a commodity-based link flow formulation in Eq. (3.1).

minZ¼
X
i, jð Þ2A

X
r, sð Þ2W

tijxij, rs (3.1a)
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Subject to
X
j2N

xij, rs�
X
j2N

xji, rs ¼ qi, rs, 8i2N , 8 r, sð Þ 2W (3.1b)

xij, rs 2ℤ +, 8 i, jð Þ 2A, r, sð Þ 2W (3.1c)

where qi,rs>0 if there is demand of qi,rs and i¼ r, qi,rs<0 if there is demand of
qi,rs and i¼ s, and qi,rs¼0 otherwise.

Despite having integer constraints, the uncapacitated model satisfies the

Unimodularity Theorem and Eq. (3.1c) can therefore be relaxed into

xij, rs�0 without worrying about getting a suboptimal solution. Note that

the capacitated version does not satisfy the theorem and is why it is NP com-

plete in complexity (Even et al., 1975). As an LP for the uncapacitated

version, algorithms like the simplex method (see Dantzig, 1951) can be used

to systematically reach the optimal solution for large instances of these prob-

lems. Furthermore, the unconstrained model can be trivially unbundled into

individual shortest path problems for each OD pair and assigning all the flow

to the shortest path. Shortest path problems have algorithms (e.g., Dijkstra,

1959) which are more efficient than LP methods for networks because their

constraints tend to be sparse matrices. The model in Eq. (3.1) is called an

“All-or-Nothing” assignment because all travelers are assigned to a shortest

path for each OD commodity (Algorithm 3.1).
Algorithm 3.1 All-or-Nothing Assignment via Dijkstra's
Algorithm
Inputs: link travel times tij, adjacency matrix δ, OD demand qrs, unloaded

link flows xij¼0

1. For each OD (r, s)

a. Find shortest path P

i. Initiate: dr≔0, di6¼r≔∞ , pi6¼r≔∅ , i≔ r, S≔N\r

ii. While s2S

1. For all j where δij¼1, if di+ tij<dj, set dj≔di+ tij and pj≔ i

2. Set S\argminj{dj2S} and i≔ j

iii. Set P≔{r,…,pps,ps, s}

b. For i¼1 : jP j�1, set xPi,Pi+1
¼qrs

Outputs: loaded link flows xij
How does one deal with congestion effect? Using this modeling frame-

work, the original link cost parameter is now a variable that depends on total
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link flow, tij¼ f[xij], where xij ¼
P

r, sð Þ2W xij, rs is the bundle of all the differ-

ent commodities that flow through link (i, j). Due to the congestion effect,

the objective is now nonlinear. Furthermore, solving the model with objec-

tive (3.1a) does not achieve Wardrop’s UE condition.

In a seminal report for RAND Corporation, Beckmann et al. (1956)

addressed this problem by proposing a nonlinear path flow formulation

and showing that its optimal solution is equivalent to Wardrop’s UE prin-

ciple. First, a path flow formulation is a model in which the underlying deci-

sion variables are the path flow variables instead of the link flow variables.

The path flow formulation of the uncongested, uncapacitated multicom-

modity flow problem is shown in Eq. (3.2).

minZ¼
X
k2K

X
r, sð Þ2W

ckfrs,k (3.2a)

Subject to
 X
k2K

frs,k¼ qrs, 8 r, sð Þ 2W (3.2b)

frs,k� 0, 8k2K , r, sð Þ 2W (3.2c)

where K is the set of paths, frs,k is the path flow, qrs is the demand for com-
modity OD pair (r, s), and ck is the path cost. The advantages of a path flow

formulation are discussed by Tomlin (1971) and others cited within: the

number of decision variables and constraints tend to be smaller for the path

flow model, it works well with solution methods that implicitly enumerate

paths, and the model can exhibit optimality conditions in terms of path flows

and costs.

Beckmann et al. (1956) formulated the assignment model with two con-

siderations. The first was the use of the path-based formulation. The second

was the use of an objective function that achieved the criteria put forth by

Pigou (1920). This UE formulation is shown in Eq. (3.3).

minZ¼
X
i, jð Þ2A

Zxij

0

tij w½ �dw (3.3a)

Subject to
 X
k2K

frs,k¼ qrs, 8 r, sð Þ 2W (3.3b)
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xij ¼
X
k2K

X
r, sð Þ2W

δrs, ijkfrs,k, 8 i, jð Þ 2A (3.3c)
frs,k� 0, 8k2K , r, sð Þ 2W (3.3d)

where δrs,ijk is an indicator parameter set to 1 if path k for commodity (r, s)
traverses link (i, j). The objective can be interpreted as minimizing the area

under the average cost function consistent with the criterion used in

Exercise 3.2. It does not have any economic interpretation, however, and

should not be used to represent social welfare.

The SO formulation is simply replacing Eq. (3.3a) with Eq. (3.1a), keep-

ing in mind that tij is a function of link flow xij. An illustration of the UE

formulation applied to a small instance is provided in Exercise 3.4.
Exercise 3.4
Formulate the UE model for the example in Exercise 3.3.

We define the path-link incidence matrix δ as presented in Table 3.2.

Then the model is as follows.

minZ¼ 2xa +
1

8
x2a

� �
+ 4xb +

1

2
x2b

� �
+

1

6
x3c

� �
+ 3xd +

1

2
x2d

� �

Subject to

f12,1 + f12,2 ¼ 10

f13,3 + f13,4 + f13,5 + f13,6 ¼ 6

xa ¼ f12,1 + f13,3 + f13,4

xb ¼ f12,2 + f13,5 + f13,6

xc ¼ f13,3 + f13,5

xd ¼ f13,4 + f13,6

frs,k � 0, 8 r, sð Þ 2W ,k2K

The equality constraints can also be represented in matrix form.

Table 3.2 Path-link incidence matrix for Exercise 3.4
Link\OD-path 12, 1 12, 2 13, 3 13, 4 13, 5 13, 6

a 1 0 1 1 0 0

b 0 1 0 0 1 1

c 0 0 1 0 1 0

d 0 0 0 1 0 1



1 1 0

0 0 1

1 0 1

0 0 0

1 1 1

1 0 0

0 0 0

0 0 0

�1 0 0

0

0

0
0 1 0

0 0 1

0 0 0

0 1 1

0 1 0

1 0 1

0 �1 0

0 0 �1

0 0 0

0

0

�1

2
666664

3
777775

f12,1
f12,2
f13,3
f13,4
f13,5
f13,6
xa
xb
xc
xd

2
66666666666664

3
77777777777775

¼

10

6
0

0
0

0

2
666664

3
777775

As this example shows, the constraint matrix is very sparse, even for such

a compact network. The link flow variables can be removed entirely by

replacing them all with the appropriate sums of path flows and taking

those constraints out. This formulation is composed of only equality

constraints or nonnegativity inequality constraints.
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Beckmann et al. (1956) further proved existence and uniqueness condi-

tions and that the optimum is indeed equivalent toWardrop’s UE principle.

Later, Dafermos and Sparrow (1969) noted that the solution to the UE prob-

lem is also a Nash equilibrium.

Theorem 3.1 (Beckmann et al., 1956). The optimum of the nonlinear program

in Eq. (3.3), when the link cost functions are monotonically increasing with respect to

the link flows, is unique with respect to the link flows.

Proof Since the link cost functions are monotonically increasing with

respect to the link flows, it can be shown that the Hessian of the objective

function is positive semidefinite. Therefore the set of link flows correspond-

ing to the optimum is a global optimum and unique. ▪

Theorem 3.2 (Beckmann et al., 1956). The optimum of the nonlinear program

in Eq. (3.3) satisfies Wardrop’s UE condition (Principle 3.1).

Proof The proof consists of finding the optimality conditions and showing

that they are equivalent toWardrop’s UE principle. For nonlinear constrained

optimization, optimality conditions can be obtained using Karush-Kuhn-

Tucker (KKT) conditions. These are found by first formulating the

Lagrangian of Eq. (3.3), as shown in Eq. (3.4), by relaxing the demand flow

conservation constraints in Eq. (3.3b). Since the link flow conservation

constraints in Eq. (3.3c) are only definitional, relaxing Eq. (3.3b) makes the

Lagrangian a nonlinear optimization model with only nonnegativity

constraints.
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L f , u½ � ¼Z f½ �+
X
r, sð Þ2W

urs qrs�
X
k2K

frs,k

 !
(3.4)

where urs is a dual variable pertaining to flow conservation constraint. KKT
conditions of the Lagrangian require that the following conditions in

Eq. (3.5) are satisfied.

frs,k
∂L

∂frs,k
¼ 0, 8k2K , r, sð Þ 2W (3.5a)

∂L

∂frs,k
� 0, 8k2K , r, sð Þ 2W (3.5b)

∂L

∂urs
¼ 0, 8 r, sð Þ 2W (3.5c)

frs,k� 0, 8k2K , r, sð Þ 2W (3.5d)

∂L
∂frs,k

has two terms. The first term, ∂Z
∂frs,k

, essentially sums up all the link travelP

times that are on the path, that is, ∂Z

∂frs,k
¼ i, jð Þ tijδrs, ijk. Since this is simply the

path cost shown in Eq. (3.2a), we get ∂Z
∂frs,k

¼ crs,k. The second term is the

Lagrangian term: ∂

∂frs,k

P
r, sð Þ2W urs qrs�

P
k2K frs,k

� �¼�urs. Substituting in

the terms to Eq. (3.5), we get the following in Eq. (3.6).

frs,k crs,k�ursð Þ¼ 0, 8k2K , r, sð Þ 2W (3.6a)

crs,k�urs� 0, 8k2K , r, sð Þ 2W (3.6b)X
k2K

frs,k¼ qrs, 8 r, sð Þ 2W (3.6c)

frs,k� 0, 8k2K , r, sð Þ 2W (3.6d)

Eq. (3.6a) is a complementary slackness condition. When frs,k¼0, then
crs,k�urs based on Eq. (3.6b). When frs,k>0, then crs,k¼urs. As the dual price,

urs is equivalent to the minimum path cost among all paths for OD (r, s). The

complementary slackness conditions spell out Wardrop’s UE condition:

when there is path flow (frs,k>0), the path costs are equal (to urs); when there

is no path flow (frs,k¼0), the cost of that path k is greater than or equal to the

minimum path cost (crs,k�urs). ▪

Of great importance is the fact that uniqueness of path flows is not guar-

anteed. This is because the Hessian of the objective function with respect to
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the path flow variables is not guaranteed to be positive definite unless the

network is of a simplified structure where path flows have a one-to-one rela-

tionship with link flows. The implication is that the solution of this model

does not actually output path flows and choices; it only outputs the more

aggregate link flow solution. For transport modelers looking to determine

the volumes on different road segments, this model is sufficient.

Themodel can be solved by any solution algorithms for constrained non-

linear programming problems. However, such algorithms were not known

to transport modelers for some time. Heuristics were developed to obtain

solutions to the UE model. For example, “iterative assignment” updates

the travel times based on the assigned flows, and then use the new travel

times to determine flows as decomposed shortest path problems. Conver-

gence was not guaranteed (and usually not possible if the solution was an

interior point in the constraint space). In “incremental assignment,” portions

of the flow are loaded onto the network incrementally (e.g., 10%, then 20%,

then 30%, then 40%), where the updated travel times from the cumulatively

updated flows are used to assign flows in the next increment.

LeBlanc et al. (1975) first proposed using a nonlinear programming algo-

rithm developed by Frank and Wolfe (1956), ironically published in the

same year as Beckmann et al. (1956). The Frank-Wolfe (F-W) algorithm

is designed for finding a local optimum to a nonlinear constrained optimi-

zation model with linear constraints. The methodology iteratively takes the

gradient at its current solution as coefficients of a linear objective, resulting in

a solvable linear program. The vertex solution of the linear program is then

used as the direction relative to the current location, at which point it is pos-

sible to collapse the multidimensional optimization problem into a scalar line

search problem to find the next point for the next iteration.

The algorithm from LeBlanc et al. (1975), as applied to transport net-

work assignment, uses the same methodology as F-W algorithm. The gra-

dient at a current solution is simply the all-or-nothing assignment because

the gradient of the UE assignment objective is just the fixed travel times

at the current value of link flows. The algorithm is then to iteratively assume

updated travel times are fixed, solve the new all-or-nothing problem based

on Algorithm 3.1, use that solution as a “vertex” to direct a scalar line search

from the current point. There is a further interpretation. Each time the algo-

rithm finds a new corner point, it is proposing to add a new path to the set of

path flows. The line search is finding an optimal weighting between all pre-

viously found paths and the new paths. In that sense, it is similar to the col-

umn generation techniques to implicitly enumerate path flows as discussed
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by Tomlin (1971) for capacitated multicommodity flow problems. LeBlanc

et al.’s F-W algorithm is shown in Algorithm 3.2 and demonstrated in

Exercise 3.5.
Algorithm 3.2 Frank-Wolfe Algorithm for Transport Network
Assignment (LeBlanc et al., 1975)
Inputs: network and demand attributes stored in G[N,A] and W, link cost

functions tij, marginal cost functions mij if solving SO, unloaded link flows

xij
0¼0, desired stopping threshold E.
1. Initiate n¼0, tij

0[xij
0] and then finding xij

1 using Algorithm 3.1 with tij
0

2. While stopping threshold E is not met

a. n¼n+1, update tij
n[xij

n]

b. Based on tij
n, run Algorithm 3.1 to obtain auxiliary link flows yij

n

c. Solve the following scalar optimization problem with respect to

decision variable α:
minZ xn + α yn�xnð Þ½ � (3.7)

where ZUE xij
� �¼P i, jð Þ2A

Rxij
0

tij w½ �dw if under UE principle, and

ZSO xij
� �¼P i, jð Þ2A

Rxij
0

mij wð Þdw if under SO principle.

d. Update: xn+1¼xn+αn(yn�xn) based on optimal αn

3. Set xij*¼xij
n

Outputs: loaded link flows xij*

Exercise 3.5
Show one iteration of Algorithm 3.2 to solve for the SO for the example in

Exercise 3.3.

1. First, since this is SO, we find the marginal cost functions:

ma ¼ 2+
1

2
xa, mb ¼ 4+ 2xb, mc ¼ 3

2
x2c , md ¼ 3+ 2xd

2. We set n¼0, xa
0¼xb

0¼xc
0¼xd

0¼0, and initial values for travel times:

ta
0¼2, tb

0¼4, tc
0¼0, td

0¼3 based on the initial flows.

3. Set n¼1. Algorithm 3.1 using t0: xa
1¼10+6¼16, xb

1¼0, xc
1¼6,

xd
1¼0. This is our initial feasible flow.

4. Update ta
1[16]¼6, tb

1[0]¼4, tc
1[6]¼18, td

1[0]¼3.

5. Find auxiliary flows. For OD (1,2), the shortest path is {b}, so we assign

all the auxiliary flow on there: yb
1¼10. For OD (1,3), the shortest path

is {b,d}. We update: ya
1¼0, yb

1¼10+6¼16, yc
1¼0, yd

1¼6.



6. We set up the line search based on setting the derivative of Eq. (3.7)

under SO principle:

∂

∂α
ZSO xn + αn yn�xnð Þ½ � ¼

X
i, jð Þ

ynij�xnij

	 

mij x

n
ij + αn ynij�xnij

	 
h i
¼ 0

The terms are:

0�16ð Þ 2+
1

2
16+ α1 0�16ð Þ� �� �

+ 16�0ð Þ 4+ 2 0+ α1 16�0ð Þ� �� �

+ 0�6ð Þ 3

2
6+ α1 0�6ð Þ� �2� �

+ 6�0ð Þ 3+ 2 0+ α1 6�0ð Þ� �� �

¼�160+ 128α1+ 64+ 512α1�324+ 648α1�324 α1
� �2

+ 18+ 72α1 ¼ 0

This can be solved using any numerical solution method, such as

bisection method or “Goal Seek” in Excel, to find 0�αn�1.

A value of αn¼0 implies that the optimal solution has been reached.

We get α1¼0.320.

7. Update flows: xa
2¼16+(0.320)(0�16)¼10.880,

xb
2¼0+0.320(16�0)¼5.120, xc

2¼6+0.320(0�6)¼4.080, and

xd
2¼0+0.320(6�0)¼1.920. These values are now closer to the

true solution of xa*¼13.6, xb*¼2.4, xc*¼2.57, xd*¼3.43 (from

Exercise 3.3). Note that the updated travel times would be

ta
2¼4.720, tb

2¼9.120, tc
2¼8.324, td

2¼4.920, which would be used

for Algorithm 3.1 for the next iteration.
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Other algorithms have also been introduced to solve the model (e.g.,

Jayakrishnan et al., 1994; Bar-Gera, 2002), but many of the current transport

modeling software still make use of the original F-W algorithm as a default

option for obtaining the link flows.

While there are other methods to forecast flows at the facility level, the

network approach presented here ensures that equilibration of OD demand

distributes flows onto the network according to economic principles con-

sistent with division of public goods known since Pigou (1920). It is impor-

tant to predict how travelers would adjust flows on a network based on

changes to the network because not all investments on a link in a network

will improve the system performance. This is famously illustrated by Braess’

Paradox (see Murchland, 1970) shown in the following example.

Consider a 4-node network with a OD demand of 6units for (o, r), as

shown in Fig. 3.4. There are two scenarios, a “before” scenario where there

are only four links, and an “after” scenario where a fifth link (p,q) has been
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Fig. 3.4 Before and after scenarios of network for Braess’ Paradox example.
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added. Fig. 3.4 shows the possible paths in both scenarios. The following

average link cost functions (in minutes) are used:

top¼ 10xop, tqr ¼ 10xqr

tpr ¼ 50+ xpr , toq ¼ 50+ xoq

tpq¼ 10+ xpq

In the “before” scenario, under Wardrop’s UE principle, the 6units of
flow are distributed equally along the two routes (o,p, r) and (o,q, r), because

that leads to the same average travel times of 83min. No traveler would uni-

laterally change route.

In the “after” scenario, however, the additional path created by adding

(p,q) results in a new UE assignment where each route receives 2units of

flow. The average travel time of each route becomes 92min, which is

9min higher than before adding the link. The assumption that simply adding

new capacity to a network would improve system performance is proven to

be false. This counterexample explains why it is important to evaluate the

performance of the network as a whole instead of in parts and to consider

the behavior of travelers when doing so.
3.2.3 Traffic Assignment Variants
There have been many variants of road network equilibrium models over

the years to account for different types of policy concerns and questions.

Several key developments are reviewed here.

One of the major changes is to the set of behavioral principles

proposed by Wardrop. Daganzo and Sheffi (1977) proposed a third

principle, Principle 3.2, for the case of travelers behaving under information

with perception error.



Principle 3.2

(Daganzo and Sheffi, 1977). In a stochastic user equilibrium network no user

believes he can improve his travel time by unilaterally changing routes.
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By adding beliefs under incomplete information, it is possible to tune param-

eters in network assignmentmodels to account for the availability of information

to travelers. Thisworks by firstmodeling the route assignment in a choice-based

framework instead of a network flow framework. Discrete choice models

(Luce, 1959;McFadden, 1974) provide a theoretical framework that alignswith

psychological behavior under a random utility model (Manski, 1977).

Appendix D provides a review of discrete choice models.

Individuals’ probabilistic preferences of alternatives among a choice set

can be predicted based on a utility function that relates preferences to dif-

ferent attributes pertaining to the individual and the alternative, as shown

in Eq. (3.8a). The variable Uin is the utility gained by individual n when

selecting alternative i among a set of alternatives available to them, Cn. This

utility is divided between the set of k observable attributes and the sum of all

unobservable factors represented by a random term εin. When the term is

fitted with an extreme value Gumbel distribution, then it is possible to

obtain the distribution of the maximum among the choice set (e.g.,

max(U1n,…UjCnj,n)) as a logistic function shown in Eq. (3.8b). Other distri-

butions for εin are also possible.

Uin ¼ βn1xin1 +…+ βnkxink + εin ¼Vin + εin (3.8a)

Pn ijCn½ � ¼Pn Uin�Ujn, j 6¼i

� �¼ eVinX
j2Cn

eVjn
(3.8b)

This model can be used as an aggregate route assignment model where
the representative utility Vin is a function of route characteristics such as

travel time. Dial (1971) proposed an algorithm to efficiently assign flows

onto an uncongested network via a two-phase algorithm by noting that

the route-level preferences can be broken down into link-level attributes

and probabilities (Algorithm 3.3).

The parameter θ, where θ�0, represents the degree of certainty that

travelers have of the shortest path. As θ increases, travelers become more

certain of which path is shortest.

The algorithm is illustrated in Exercise 3.6.



Algorithm 3.3 Dial's (1971) Algorithm
Inputs: NetworkG[N,A] with link travel times tij, and OD demands qrswith

(r, s)2W

0. Initiate for each node i the shortest path from r to i as pi and the shortest

path from i to s as qi, the set of downstream links Ii and upstream links Fi
of a node i, and defining a likelihood function for flow in Eq. (3.9)

lij ¼ eθ pj�pi�tijð Þ if pi < pj, qj < qi
0 otherwise

�
(3.9)

1. Forward pass. In ascending order by pi from r to s, calculate the “link

weight” as shown in Eq. (3.10)

wij ¼
lij if i¼ r

lij
X
k, ið Þ2Fi

wki otherwise

8<
: (3.10)

2. Backward pass. In descending order by pj from s to r, assign link flows xij
as shown in Eq. (3.11)

xij ¼

qrswijX
k, jð Þ2Fj

wkj

if j¼ s

wij

X
j, kð Þ2Ii

xjk

X
k, jð Þ2Fj

wkj

otherwise

8>>>>>>>><
>>>>>>>>:

(3.11)

Outputs: Link flows xij
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The assignments made in Exercise 3.6 do not consider congestion effects.

To account for congestion, the deterministic UE objective can be modified

to incorporate the satisfaction of utility from a choice set, as shown by Fisk

(1980) in Eq. (3.12).

minZSUE ¼ 1

θ

X
r, sð Þ2W

X
k2K

frsk ln frskð Þ+
X
i, jð Þ2A

Zxij

0

tij w½ �dw (3.12)

Note that lim frsk!0 frsk ln frskð Þ¼ 0. To solve this model, there needs to be
some type of iterative approach to converge toward a fixed point solution.

However, because cost functions do not monotonically improve anymore,

the F-W algorithm is not applicable.



Exercise 3.6 Assuming the network is uncongested, apply Algorithm 3.3 to

obtain link flows for the example from Exercise 3.3 under θ¼0.1 and θ¼0.5.

1. For θ¼0.1 (more uncertainty):

a. For OD (1,2), the flow assignment is straightforward:

x12,a ¼ e�0:1 2ð Þ10
e�0:1 2ð Þ + e�0:1 4ð Þ ¼ 5:498, x12,b ¼ 10�5:498¼ 4:502

b. For OD (1,3), apply Algorithm 3.3:

i. Set p1¼0, p2¼2, p3¼2, q1¼2, q2¼0, q3¼0

ii. Set la¼ e0.1(2�0�2)¼1, lb¼ e0.1(2�0�4)¼0.819,

lc¼ e0.1(2�2�0)¼1, ld¼ e0.1(2�2�3)¼0.741 (although p2¼p3, we

can assume logically that movement from node 2 to node 3 is

reasonable)

iii. Forward pass: wa¼1, wb¼0.819, wc¼1(1+0.819)¼1.819,

wd¼0.741(1+0.819)¼1.347.

iv. Backward pass: x13,d ¼ 6 1:347ð Þ
1:347+ 1:819

¼ 2:553,

x13, c ¼ 6 1:819ð Þ
1:347+ 1:819

¼ 3:447,x13,b ¼ 0:819 2:553+ 3:447ð Þ
0:819+ 1

¼ 2:701,x13,a ¼ 1 2:553+ 3:447ð Þ
0:819+ 1

¼ 3:299

c. Summing the OD-specific flows up, we get: xa¼5.498+3.299¼
8.797, xb¼4.502+2.701¼7.203, xc¼3.447, xd¼2.553

2. For θ¼0.5 (less uncertainty):

a. OD (1,2): x12,a ¼ e�0:5 2ð Þ10
e�0:5 2ð Þ + e�0:5 4ð Þ ¼ 7:311,x12,b ¼ 2:689

b. OD (1,3):

i. Set p1¼0, p2¼2, p3¼2, q1¼2, q2¼0, q3¼0

ii. Set la¼1, lb¼ e0.5(2�0�4)¼0.368, lc¼1, ld¼ e0.5(2�2�3)¼0.223

iii. wa¼1, wb¼0.368, wc¼1(1+0.368)¼1.368,

wd¼0.223(1+0.368)¼0.305

iv. x13,d ¼ 6 0:305ð Þ
0:305+ 1:368

¼ 1:095,

x13, c ¼ 6 1:368ð Þ
0:305+ 1:368

¼ 4:905,x13,b ¼ 0:368 1:095+ 4:905ð Þ
0:368+ 1

¼ 1:614,x13,a ¼ 1 1:095+ 4:905ð Þ
0:368+ 1

¼ 4:386

v. Summing up: xa¼7.311+4.386¼11.697, xb¼4.303,

xc¼4.905, xd¼1.095

As this example illustrates, the network assignment can be calibrated to fit

the degree of uncertainty present in the travelers’ shortest path choice

decision-making.
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Fisk (1980) proposed aMethod of Successive Averages (MSA), for which

Powell and Sheffi (1982) provided a proof of asymptotic convergence, to

solve the SUE. The MSA method shown in Algorithm 3.4 is a very flexible

successive average approximation approach that is applicable to many fixed

point problems. The only major setback to the approach is that it is very slow

to converge (although recent studies like Liu et al. (2009) have sought to

remedy that).
Algorithm 3.4 (as Described in Sheffi, 1985): Method of
Successive Averages for SUE
Inputs: Network G[N,A] with link travel time functions tij[xij] and OD

demands qrs, (r, s)2W, convergence threshold E.
1. Initiate with tij[0] to obtain x1 using Algorithm 3.3. Set n≔0

2. While convergence threshold E not met

a. n≔n+1

b. Update tn based on xn.

c. Run Algorithm 3.3 using tn to obtain auxiliary link flows yn.

d. Update xn+1 ¼ xn + 1
n
yn�xnð Þ

3. Set x*¼xn+1

Outputs: congested link flows xij* under SUE
The MSA algorithm is illustrated in Exercise 3.7.
Exercise 3.7
Using the results from Exercise 3.6 as the initiated x1, perform one iteration of

Algorithm 3.4 for the case with θ¼0.5.

1. The initial flows are xa
1¼11.697, xb

1¼4.303, xc
1¼4.905, xd

1¼1.095.

2. Update travel times: ta
1¼4.924, tb

1¼8.303, tc
1¼12.030, td

1¼4.095.

3. Run Algorithm 3.3:

a. OD (1,2): y112,a ¼
e�0:5 4:924ð Þ10

e�0:1 4:924ð Þ + e�0:1 8:303ð Þ ¼ 8:441,y112,b ¼ 1:559
b. OD (1,3):

i. Set p1¼0, p2¼4.924, p3¼9.019, q1¼9.019, q2¼4.924, q3¼0

ii. Set la¼1, lb¼ e0.5(4.924�0�8.303)¼0.185,

lc¼ e0.5(9.019�4.924�12.030)¼0.019, lc¼ e0.5(9.019�4.924�4.095)¼1

iii. wa¼1, wb¼0.185, wc¼0.019(1+0.185)¼0.022,

wd¼1(1+0.185)¼1.185

iv. y113,d ¼
6 1:185ð Þ

1:185+ 0:022
¼ 5:889,

y113, c ¼ 0:111,y113,b ¼
0:185 6ð Þ
1+ 0:185

¼ 0:935,y113,a ¼ 5:065



c. Summing up: ya
1¼8.441+5.065¼13.506, yb

1¼2.494, yc
1¼0.111,

yd
1¼5.889

4. Update:

x2 ¼
11:697
4:303
4:905
1:095

2
64

3
75+

1

1

13:506
2:494
0:111
5:889

2
64

3
75�

11:697
4:303
4:905
1:095

2
64

3
75

0
B@

1
CA¼

13:506
2:494
0:111
5:889

2
64

3
75

The following iterations would take 1
2
the difference, then 1

3
, 1
4
,…, until

the nth iteration would only contribute 1
n
to the weight.
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There are many other variations of the UE network assignment model in

the literature. Several of them are reviewed in detail in Sheffi (1985): endog-

enous demand, joint distribution and assignment (Florian et al., 1975), mode

choice and assignment on a supernetwork (Florian and Nguyen, 1978), and

asymmetric cost functions. While Beckmann et al. (1956) introduced a non-

linear programming model for the UE assignment, it is also possible to refor-

mulate this as a “variational inequality” to address asymmetric cost functions.

Smith (1979) proposed an equivalent formulation which Dafermos (1980)

showed was equivalent to variational inequalities (VI). This equivalent VI

formulation, shown in Eq. (3.13), is satisfied if a link flow vector f is user

optimized.

c f
� � � f � f

� �� 0 8f 2 κ (3.13)

where c is a link cost vector, f2κ is a vector of link flows. This is equivalent to

the KKT conditions in Eq. (3.6), and furthermore, have more flexible prop-

erties such as being able to handle scenarios where travel costs on one link

may depend on flows on another link (i.e., nonseparability), or where there

are interactions between two different modes of transportation on the same

link. Examples of nonseparable problems can be found in Watling and

Hazelton (2003). The difference between a separable problem and nonse-

parable problem discussed in that study is shown here. Consider a single

OD pair with two parallel routes serving 2units of demand.

Separable problem: c1[f]¼3f1
n+1, c2[f]¼2f2+2, n>0

In this example, regardless of n, the separable problem has a UE solution

at (f1, f2)¼ (1,1).

Nonseparable problem: c1[f]¼3f1+ f2+1, c2[f]¼2f1+ f2+2

The UE solution is still at (f1, f2)¼ (1, 1), although as pointed out in

Smith (1984a) this solution is not necessarily stable because perturbed
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travelers (say, at f1, f2ð Þ¼ 3
4
, 5
4

� �
) would not have incentive to switch back to

(f1, f2)¼ (1,1) because the cost of route 2 under the perturbed scenario is

lower than in the UE state. Based on such differences, there is a stricter def-

inition of “user optimality” in whichWardrop’s UE principle is satisfied and

the solution is locally stable. These situations can occur in such asymmetric

traffic assignment problems.

The VI is therefore a more generalized form of the UE assignment model

than the mathematical programming formulation from Beckmann et al.

(1956). Dafermos (1982) further proved convergence for a solution algo-

rithm for multimodal network assignment with mode choice. Alternatively,

one approach is based on the use of a gap function (Hearn, 1982) as proposed

by Marcotte (1985). This function has been found to be useful for network

design problems as well and is revisited in Chapter 7.

One of the major advantages of VIs is the possibility of systematically

conducting sensitivity analysis on the network’s performance with respect

to perturbations in path flows. Some of the early work in this area include

Dafermos and Nagurney (1984), who proposed a methodology under cer-

tain assumptions for the number of paths in the network, and a more gen-

eralized approach by Tobin and Friesz (1988) for fixed demand equilibrium

problems (Yang and Bell, 2007, published a correction to this method).

Yang (1997) proposed a sensitivity analysis method for elastic demand user

equilibrium problems. Clark andWatling (2000) proposed a sensitivity anal-

ysis method for probit-based SUE problems. Patriksson (2004) proposed an

alternative to Tobin and Friesz’s (1988) method that was meant to be more

aligned with the original traffic equilibrium model.

Beckmann et al. (1956) also studied the endogenous demand case in

which the OD demand qrs is a decision variable governed by a demand func-

tion, qrs¼Drs[urs], where urs is the minimum travel time between (r, s).

Eq. (3.3a) can be modified to Eq. (3.14) to include demand consideration.

In addition, a new set of nonnegativity constraints are added for the demand

variables, qrs�08 (r, s)2W.

minZD ¼
X
i, jð Þ2A

Zxij

0

tij w½ �dw�
X
r, sð Þ2W

Zqrs
0

D�1
rs w½ �dw (3.14)

Three other variants are worth covering because of their relevance to
capacitated multimodal networks in a smart cities setting. The first is the

consideration of steady-state queue delays with link flow capacities. One

example of such is Bell’s (1995) formulation of an SUE model with queue
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delay. This has applications in transport service networks that feature vehicle

or station capacities such as fixed route public transit systems. Although the

model does not directly handle on-demand systems, it might also be relevant

to those systems as well.

A second consideration is for freight systems. Freight demand is high

dimensional because it is not just multiple OD pairs, but also multiple com-

modity types. In addition to link facilities, freight systems differ from urban

passenger transport networks in the emphasis on nodal facilities: transship-

ment facilities, ports, rail terminals, distribution centers, and urban consol-

idation centers. Guelat et al. (1990) studied this problem by considering

freight nodal facilities as hubs of virtual links. Chow et al. (2014) further

extended the model to distinguish service vehicular flows that do not enter

or exit the system from commodity flows that do. This separation of vehic-

ular flows and demand flows is also important for MaaS systems in smart cit-

ies. As such, the formulation is shown here in Eq. (3.15), where the network

G[N,A] consists of links that are divided into multiple modes m2M where

Am�A and commodities W that are divided into multiple products p2P

whereWp�W. This model combines link-based commodity flow variables

(vehicular flows) with path-based variables (commodity flows).

minZCV f , x, y, e, g½ � ¼
X
m2M

X
i, jð Þ2Am

Zymij

0

cmij w½ �dw

+
X
m2M

X
n2M
n6¼m

X
i, jð Þ2Am

X
j, kð Þ2An

Zxmnijk

0

tmnijk w½ �dw (3.15a)

Subject to
 X
p2P

rpmfpmij + emij ¼ ymij, 8m2M , i, jð Þ 2Am (3.15b)

X
i2N

i, jð Þ2Am

ymij�
X
i2N

j, ið Þ2Am

ymji¼ 0, 8m2M , j2N (3.15c)

X
π

gpπrs ¼ qprs, 8p2P, r, sð Þ 2Wp (3.15d)

X
r, sð Þ2Wp

X
π2K

gpπrsδrsπmij ¼ fpmij, 8p2P, i, jð Þ 2N (3.15e)



93Network Equilibrium Under Congestion
X
r, sð Þ2Wp

X
π2K

gpπrsδrsπmnijk ¼ xpmnijk, 8p2P, j2N (3.15f)

X
n2M

X
k2N

xpmnijk¼ fpmij, 8p2P,m2M , i, jð Þ 2Am (3.15g)

X
m2M

X
i2N

xpmnijk ¼ fpnjk, 8p2P,n2M , j, kð Þ 2An (3.15h)

emij � 0, gpπrs� 0 (3.15i)

where f is the commodity link flow, x is the total commodity link transfers,
frommode m on link (i, j) to mode n on link (j,k), y is the total vehicular link

flow, e is the empty vehicular link flow, and g is the commodity path flow on

path π2K. In addition, cmij is a link cost function, tmnijk is a transfer cost func-

tion, rpm is a commodity-to-vehicle conversion rate (payload factor), δrsπmij is
an indicator that path π for OD (r, s) lies on link (i, j) in mode m.

The objective (3.15a) ensures that a UE solution is reached where the

first term is for vehicular delay on links and the second term is for vehicular

delay on transfers. Note that vehicular flows are equal to commodity flows

plus empty flows, as ensured by Eq. (3.15b). Eq. (3.15c) ensures that all

vehicular flow into a node is equal to the same flow leaving the node, for

all nodes (including commodity origins and destinations). In this way, vehic-

ular flows are preserved in the network to serve commodities. Eqs. (3.15d)–
(3.15f ) ensure that commodity path flows satisfy the demand and sum up to

the link flows. Eqs. (3.15g)–(3.15h) ensure that transfer flows add back up to
commodity flows. Themodel is a nonlinear programming problemwith lin-

ear equality constraints (same as Eq. 3.3). The variables in the objective are

vehicular link and transfer flows; it is shown in Chow et al. (2014) that the

objective is convex with respect to these link flows and thus any nonlinear

programming algorithm like F-W algorithm would converge to a unique

solution with respect to those flows.

An example of the model is shown in Fig. 3.5, where a simple bimodal

network of rail links (dashed lines connecting nodes 4, 5, and 6) and highway

links (solid lines) can have an assignment of commodities and vehicles by rail

and truck. Obviously this model can also be applied in the multimodal pub-

lic transit context with some minor modifications to account for service

headways and line frequency (e.g., Guan et al., 2006).

One variant that is highly relevant to the sharing economy is Xu et al.’s

(2015) work on a user equilibrium model with capacitated ridesharing.

In this variant, agents choose to be solo drivers, ridesharing drivers, or pas-

sengers, in getting from one zone to another. The decision for travelers is not
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et al., 2014.)
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just which path to take, but also which of the three roles to take on. Due to

the complexity of the model, the authors resort to using a VI formulation

because the problem cannot be formulated with constrained optimization.
3.2.4 Data and Software
Over the years, researchers have proposed several different algorithms to

solve the traffic assignment problem and its variants. Computational effi-

ciency is important because transportation planners may have to run numer-

ous scenarios for large-scale networks that encompass thousands of nodes

and links.
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For these research efforts, it is important to have consistent benchmarks

for proper comparisons to be made between algorithms or to evaluate the

scalability of an algorithm over a range of instances. Benchmark networks

exist for this purpose. One of the classic benchmark networks for evaluating

traffic assignment algorithms (and network design algorithms, as we see in

Chapter 7) is the Sioux Falls, SD, network shown in Fig. 3.6. The network

was first published in LeBlanc et al.’s (1975) work on applying the F-W algo-

rithm to traffic assignment. A number of other test networks for evaluating

traffic assignment and network design algorithms have since been used. A list

of these test networks available for download from the website https://

github.com/bstabler/TransportationNetworks is presented in Table 3.3.

In addition to the test data, there are several existing tools developed over

the years to run traffic assignment algorithms. Several of them are listed in

Table 3.4. Some of these tools, like EMME, were developed by researchers

who contributed significantly to the literature in traffic assignment in the last

40years (e.g., Mike Florian). One example of a network assignment using

one of these tools is shown in Fig. 3.7 of a transit network assignment in

TransCAD for the Greater Toronto Area. MATSim is not listed among

these tools since its convergence toward a stable network flow solution is

based on day-to-day adjustments, which is discussed in Section 3.5.
3.3 FIXED ROUTE TRANSIT ASSIGNMENT

The second major category of network assignment models is exemplified by

fixed route transit assignment. What differentiates these types of systems is

that a user’s performance in a network is not dictated only by the user’s

choice and the choices of other users (as in the assignment models in

Section 3.2) but also on the operating and information sharing policies of

a service operator. For example, a user may choose to travel to a metro sta-

tion, but which line they end up taking may depend on the availability and

frequencies of the lines that pass through and the type of traveler information

system used by the operator. A user on a bus may experience different travel

times if the bus operator employs stop skipping or bus headway control

strategies.

Dependence on operator policies requires two modifications to the con-

ventional assignment modeling framework:

(1) The need to model performance measures outside of the operator’s

routes: wait time, access/egress time, transfers, and so on (since

https://github.com/bstabler/TransportationNetworks
https://github.com/bstabler/TransportationNetworks
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Chow and Regan, 2011c.)
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performance depends on how the operator’s system is overlaid on top

of an existing activity network of OD patterns)

(2) The need to consider hyperpaths, which are user policies for state-

dependent shortest path decisions (since performance depends on oper-

ator’s control of the system state), instead of following an a priori

shortest path decision



Table 3.3 Test networks
Network Zones Links Nodes

Anaheim 38 914 416

Austin 7388 18,961 7388

Barcelona 110 2522 1020

Berlin-Center 865 28,376 12,981

Berlin-Friedrichshain 23 523 224

Berlin-Mitte-Center 36 871 398

Berlin-Mitte-Prenzlauerberg-

Friedrichshain-Center

98 2184 975

Berlin-Prenzlauerberg-Center 38 749 352

Berlin-Tiergarten 26 766 361

Birmingham-England 898 33,937 14,639

Braess-Example 2 5 4

Chicago-Sketch 387 2950 933

Eastern-Massachusetts 74 258 74

Gold Coast 1068 11,140 4807

Hessen-Asymmetric 245 6674 4660

Philadelphia 1525 40,003 13,389

Sioux Falls 24 76 24

Sydney 3264 75,379 33,113

Terrassa-Asymmetric 55 3264 1609

Winnipeg 147 2836 1052

Winnipeg-Asymmetric 154 2535 1057

Chicago-regional 1790 39,018 12,982

(Source: https://github.com/bstabler/TransportationNetworks.)

Table 3.4 Commercial software and open source tools for traffic assignment
Type Software Provider Link

Commercial EMME INRO https://www.

inrosoftware.com/en/

products/emme/

TransCAD Caliper http://www.caliper.

com/

Cube Citilabs http://www.citilabs.

com/software/cube/

Open

source

AequilibraE P. Camargo http://aequilibrae.com/

Origin-Based

Assignment

H. Bar-

Gera

http://www.

openchannelsoftware.

org/projects/Origin-

Based_Assignment/

TrafficAssignment.

jl

C. Kwon https://github.com/

chkwon/

TrafficAssignment.jl

NeXTA X. Zhou https://code.google.

com/archive/p/nexta/
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Fig. 3.7 Illustration of network assignment in Greater Toronto Area using TransCAD.
(Source: Lorion et al., 2014.)
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Transit assignment models are used by transit operators to evaluate and com-

pare the ridership and system performance for different kinds of transit alter-

natives. For example, they can be used to compare social impacts of different

route designs, different stop/station locations, different headways and time-

tables, or different fare payment schemes. There are two general approaches

to model transit assignment: “frequency-based” assignment and “schedule-

based” assignment. Each is discussed in a separate subsection, followed by a

discussion of recent variants.
3.3.1 Frequency-Based Assignment
Unlike road systems, fixed route transit systems move passengers from one

point to another through lines. Each line is served by a series of vehicles that

are separated by headways. The difference in network representation is illus-

trated by De Cea and Fernández (1993) and shown in Fig. 3.8. Whereas a

4-node road network in Section 3.2 would simply have four links connect-

ing them, the transit network here may have six different lines. A person

boarding line L1 at node N1 may alight at node N3, whereas another person

boarding L1 at node N2 would have to wait at the station until a vehicle

arrives. The person may also choose between L1, L5, and L6 to get to

N3. If a vehicle on L1 is at capacity when arriving at N2, the person waiting
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there would not be able to enter at that time and will have to wait for the

next vehicle.

The two types of transit assignment deal with how time is considered. In

frequency-based assignment, time is ignored for simplicity. Timetables are

therefore not kept in the model. Only service frequency and headway are

incorporated through probabilistic distributions of a wait cost imposed on

passengers arriving at a node.

Even with only wait cost distribution without time, a transit assignment

model can consider the problem of information availability. In practice,

when a transit service does not provide real time vehicle arrival information

at a stop (under Logical Architecture Process 4-Manage Transit” in Fig. 1.1)

or when there is a high degree of uncertainty in actual vehicle arrival time,

travelers do not have complete information about travel times on each route.

In this incomplete information setting, travelers have a perception of arrival

time and of the subsequent travel time on a specific transit line.

Chriqui and Robillard (1975) called this the “common lines problem” to

reflect a behavioral principle that travelers use when traveling in transit

networks with incomplete information about the scheduled arrival times

(Principle 3.3).

Consider an example shown for three parallel lines in Fig. 3.9, where

each line l has an in-vehicle travel time tl (minutes) and a service frequency

fl (per minute).
Principle 3.3
(Chriqui and Robillard, 1975). Travelers at a station in a public transit network

with multiple lines and incomplete information about arrival times would choose a

subset of lines from which to board the first arriving vehicle, such that undesirable

lines are excluded and expected travel time (waiting time plus in-vehicle travel

time) is minimized. This behavioral assumption is called the “common lines

problem.”
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Fig. 3.9 Sample network to illustrate common lines problem.
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Let us assume a uniformly distributed random passenger arrival at node

O and independently distributed headways for vehicles along the three lines.

The average wait time for such a passenger considering only a single line is

equal toW l½ � ¼ α
fl
, where α¼1 if the vehicle interarrival times are exponen-

tial distributed and α�0.5 if the interarrival times are constant at 1
fl
(see Spiess

and Florian, 1989). Assuming α¼1, an a priori shortest path considering

average travel time and average wait time would be to take line 1 for average

travel time of 21min (6min wait, 15min in-vehicle).

For the case of taking the first vehicle that arrives among a number of

lines with different frequencies that operate independently of one another,

let us define the set of lines at node i as A
+

i s. The wait time W A
+

i

h i
and

probability of taking line Pl A
+

i

h i
under this adaptive strategy are shown

in Eq. (3.16). The common lines problem for this example is shown in

Exercise 3.8.

W A
+

i

h i
¼ αX

l2A+

i

fl
(3.16a)

Pl A
+

i

h i
¼ flX

l02A+

i

fl0
, l2A

+

i (3.16b)
Exercise 3.8
Solve the common lines problem for the example in Fig. 3.9, assuming α¼1.

Now we can see how the common lines problem works. If a traveler

considers all three lines in Fig. 3.9 as possible lines to take upon being

the first to arrive at node O, then the average wait time is

W A
+

O ¼ 1, 2, 3f g
h i

¼ 1

1

6
+

1

10
+

1

15

0
B@

1
CA¼ 3:000 min until any one line



arrives. The probability of that line being line 1, 2, or 3 is equal to

P1 A
+

O ¼ 1, 2, 3f g
h i

¼ 0:500, P2 A
+

O ¼ 1, 2, 3f g
h i

¼ 0:300, and

P3 A
+

O ¼ 1, 2, 3f g
h i

¼ 0:200. The expected total travel time E uO A
+

O ¼
hh

1, 2, 3f g�� under this strategy of taking any of the three lines is therefore

equal to: E uO A
+

O ¼ 1, 2, 3f g
h ih i

¼ 3+ 0:5 15ð Þ+0:3 12ð Þ+
0:2 20ð Þ¼ 18:100 min. By allowing adaptation to information (seeing

when a vehicle arrives first), the passenger can improve the expected

travel time from the a priori strategy.

Furthermore, if the passenger removes line 3 from consideration at all to

obtain the set of common lines A
+

O ¼ 1, 2f g, the new wait time is

W A
+

O ¼ 1, 2f g
h i

¼ 3:750 min, probabilities of taking lines are

P1 A
+

O ¼ 1, 2f g
h i

¼ 0:625 and P2 A
+

O ¼ 1, 2f g
h i

¼ 0:375, and the

expected travel time by considering only lines 1 and 2 is E T½
A

+

O ¼ 1, 2f g
h i

� ¼ 3:750+ 0:625 15ð Þ+0:375 12ð Þ¼ 17:625 min. Clearly

removing line 3 leads to a better result. The common lines problem is to

find the optimal set A* such that the minimum expected travel time can

be achieved. By adopting a common lines problem principle, we assume

that travelers in public transit systems with incomplete information

behave in this manner.
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In a network setting, solving the common lines problem is nontrivial.
One way is to systematically break out the shortest path into all the possible

paths depending on the realized arrival times through a network. This sto-

chastic path based on incomplete arrival time information is called a hyper-

path (Nguyen and Pallotino, 1988). While the hyperpath shares similar

qualities to the stochastic network loading shown in Section 3.2.3, the latter

comes from heterogeneity in travelers’ perceived travel times whereas the

former derives the probabilistic path flows from incomplete information

about the system.

Spiess and Florian (1989) proposed a way to find a hyperpath (which they

called an “optimal strategy”) by using an algorithm similar to Dial’s

algorithm.



Algorithm 3.5 Spiess and Florian's (1989) Optimal Strategy
Algorithm to Find the Hyperpaths and Optimal Common Lines
for an Uncongested Transit Network
Inputs: Transit network G[N,A] where A is a link-based representation of

the network that includes link frequencies fa, link costs ca, and demand of gi
for all OD pair (i, s), i 6¼ s.

1. Initialize expected travel times ui≔∞ , i2N\{s}, ur≔0, frequencies

fi≔08 i, set of links that have not yet been examined S≔A, set of

links in optimal strategy A≔Ø

2. While S 6¼Ø,

a. Find a¼ (i, j)2S which satisfies uj+ ca�uj0+ ca0, a
0 ¼ (i0, j0)2S

b. S≔S\{a}

c. If ui�uj+ ca then

i. ui≔
fiui + fa uj + ca

� �
fi + fa

ii. fi≔ fi+ fa
iii. A≔A[ af g

3. Vi≔ gi8 i
4. For 8a2A in decreasing order of (uj+ ca)

a. If a2A then

i. va≔
fa

fi
Vi

ii. Vj≔Vj+va
b. Else va≔0

Outputs: Link flows va
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Algorithm 3.5 is applied to the earlier sample network modified to have

frequencies. The algorithm is illustrated with Exercise 3.9.
Exercise 3.9 Apply Algorithm 3.5 to assign the demand onto the sample network

in Fig. 3.10. How does this compare against the a priori shortest path assignment?

1 2 3
OD demand: 

Fig. 3.10 Sample network for Exercise 3.9.



1. For (1,2):

a. Initiate: u1¼∞ , u2¼0, f1¼ f2¼0, S¼{a,b}

b. Determine uj+ ca: {a} :0+2¼2, {b} :0+4¼4. We start with node

a: S¼{b}.

c. Since u1>0+2, update: u1≔
0 ∞ð Þ+

1

6
0+ 2ð Þ

0+
1

6

¼
1+

1

3
1

6

¼ 8,

f1 ¼ 0+ 1
6
¼ 1

6
, A¼ af g

d. For node b: S¼Ø. since u1¼8>0+4, we update:

u1≔

1

6
8ð Þ+ 1

15
0+ 4ð Þ

1

6
+

1

15

¼ 48
7
¼ 6:857, f1 ¼ 1

6
+ 1

15
¼ 7

30
, A¼ a, bf g

c. V1¼10, V2¼ �10. We start with {b}:

v12,b ¼
1

15
7

30

� �10¼ 20
7
¼ 2:857, V2 ¼�10+ 20

7
¼� 50

7

d. Now for {a}: v12,a ¼
1

6

� �

7

30

� �10¼ 50
7
¼ 7:143,V2 ¼�50

7
+ 50

7
¼ 0.

2. For (1,3):

a. Initiate: u1¼u2¼∞ , u3¼0, f1¼ f2¼ f3¼0, S¼{a,b, c,d}

b. Determine uj+ ca: {a} :∞ +2¼∞ , {b} :∞ +4¼∞ , {c} :0+0¼0,

{d} :0+3¼3. We start with node c: S¼{a,b,d}.

c. Since u2>0+0, update: u2≔
0 ∞ð Þ+

1

30
0+ 0ð Þ

0+
1

30

¼ 1

1

30

¼ 30,

f2 ¼ 0+ 1
30
¼ 1

30
, A¼ cf g.

d. Since u2¼30, we update uj+ ca for those impacted: {a} :30+ 2¼32,

{b} :30+4¼34. The next smallest is {d}. S¼{a,b}

e. Since u2¼30>0+3, update: u2≔
30

1

30

� �
+
1

10
0+ 3ð Þ

1

30
+

1

10

¼ 9:750,

f2 ¼ 1
30
+ 1

10
¼ 2

15
, A¼ c, df g.

f. Since u2¼9.750, we update uj+ ca for those impacted: {a} :9.750+

2¼11.750, {b} :9.750+4¼13.750. The next smallest is {a}. S¼{b}

g. Since u1>9.750+2, we update: u1≔
0 ∞ð Þ+

1

6
9:750+ 2ð Þ

0+
1

6

¼ 17:750,

f1 ¼ 0+ 1
6
¼ 1=6, A¼ a, c, df g
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h. Now node b: since u1¼17.750>9.750+4, we update:

u1≔
17:750

1

6

� �
+
1

15
9:750+ 4ð Þ

1

6
+

1

15

¼ 16:607, f1 ¼ 1
6
+ 1

15
¼ 7

30
,

A¼ a, b, c, df g

i. V1¼6, V2¼0, V3¼ �6. We start with {b}: v13,b ¼
1

15
7

30

� �6¼

12
7
¼ 1:714, V2 ¼ 0+ 12

7
¼ 12

7

j. Now for {a}: v13,a ¼
1

6
7

30

� �6¼ 30
7
¼ 4:286, V2 ¼ 12

7
+ 30

7
¼ 6

k. Then for {d}: v13,d ¼
1

10
2

15

� �6¼ 4:5, V2¼ �6+4.5¼ �1.5

l. Then for {c}: v13, c ¼
1

30
2

15

� �6¼ 1:5, V2¼ �1.5+1.5¼0.

3. Sum up the flows: va ¼ 50
7
+ 30

7
¼ 11:429, vb ¼ 20

7
+ 12

7
¼ 4:571,

vc ¼ 1:5,vd ¼ 4:5.
4. The total system travel time is: TSTT¼10(4.286+1.429+1.143)+6

(4.286+7.5+0.357+2.679+0.286+1.5)¼168.228 passenger min

5. By comparison, the a priori shortest path assignment (along links a and

d) would have the following TSTT: 10(8)+6(8+13)¼206

passenger min

104 Informed Urban Transport Systems
Algorithm 3.5 ignores congestion effects. In crowded transit net-

works, there is a crowding effect that should not be ignored. De Cea

and Fernández (1993) proposed a UE model that accounted for the com-

mon lines problem but were not able to guarantee a unique solution.

Wu et al. (1994) formulated a VI problem for a congested transit network

equilibrium with the underlying hyperpath-based network loading from

Spiess and Florian (1989). They proved conditions for convergence of a

gap function-based algorithm to the UE. Lam et al. (1999) proposed an

SUE model for a transit network, although their mathematical program-

ming approach does not assume travelers behave under a hyperpath
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approach that accounts for common lines problem behavior. Chin et al.

(2016) applied the method, modified with station-based fare pricing, to

evaluate distance-based fare schemes. Cominetti and Correa (2001)

studied UE conditions where common lines behavior that also considered

frequencies that depend on volume, fi[vi], based on queue delay. Kurauchi

et al. (2003) proposed a hyperpath-based assignment model with capacity

constraints (no congestion effects). A heuristic was proposed to solve the

UE model with common lines behavior and capacity constraints (Cepeda

et al., 2006).

The VI solution algorithm from Wu et al. (1994) is presented here in

Algorithm 3.6.
Algorithm 3.6 Symmetric Linearization Algorithm From
Wu et al. (1994) for Transit Equilibrium Assignment Problem
Inputs: Transit network G[N,A] with demand W, where link cost s[v] is a

function of link flow v, δ is a link-hyperpath incidence matrix, and E is a
tolerance.

1. Initialize a feasible hyperpath flow h0 and link flow v0, and initial

hyperpath set Krs
0 8 (r, s)2W. Set l¼1.

2. For each (r, s)2W, update link costs s[vl�1], find shortest hyperpath kl
using Algorithm 3.5 and compute GAP[hl�1], where

GAP h½ � ¼ min
x2Ω

S h½ �T h�xð Þ (3.17)

where the kth row in S[h] is determined by Eq. (3.18).

Sk h½ � ¼ δkð ÞT s v½ �+wkð Þ (3.18)

wk is obtained from Eq. (3.16a) for each link a in hyperpath k,

Ω is the set of feasible hyperpath flows,

S[h] is the hyperpath cost with hyperpath flows h.

Let Krs
l ¼Krs

l�1[kl.

3. If GAP[hl�1]� E, stop.
4. Based on s[vl�1], update Bk[h

l�1] and Sk[h
l�1] for all k2Krs

l . B[hl] is the

diagonal of the Jacobian of S evaluated at hl.

5. Solve Eq. (3.19) and let hl be its solution.

min
h2Ω

h�hl
� �T

S hl
� �

+
1

2γ
h�hl
� �T

B hl
� �

h�hl
� �

(3.19)

where γ is a positive parameter related to step size.

6. Compute vl¼δhl and update s[vl]. Let l¼ l+1 and go to Step 2.

Outputs: Link flows v
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To illustrate this algorithm, let us take a look at the result of Exercise 3.9.

This is illustrated in Exercise 3.10.
Exercise 3.10
Using the results of Exercise 3.9 as the initialized feasible path and link flows,

assuming link cost functions shown in Fig. 3.11, update the link cost and

hyperpath cost, and explain why the GAP function is zero.

1. Referring to the link-path incidence matrix in Exercise 3.4,

v0¼ [11.429,4.571,1.5,4.5], hyperpath 1 {[0.714, 0.286,0,0,0,0]}2
K12
0 , hyperpath 2 {[0,0, 0.179,0.536,0.071,0.214]}2K13

0 , and

hyperpath flow h0¼ [10,6].

2. Update link costs: t[v0]¼ [4.857,8.571,1.125,7.500]. Use this and the

frequency delays w¼ [4.286,11.786] for the two hyperpaths to

compute new path costs S[h0]¼ [10.214,23.610].

3. Since the initial hyperpaths already cover the whole network and the

frequencies do not change with respect to the flows, rerunning

Algorithm 3.5 would not generate any new hyperpaths. As a result,

there is only a single hyperpath for each (r, s)2W, and this is the

equilibrium solution.

1 2 3
OD demand: 

Fig. 3.11 Sample network with updated link cost functions for Exercise 3.10.
3.3.2 Schedule-Based Assignment
Frequency-based assignment is not the only approach to assign passengers to

transit systems. The methodology ignores arrival time at a destination. Since

fixed route transit systems operate on a timetable, for some policies and

planning purposes it is important to assign passengers in a way to account

for schedule delay costs. We discuss schedule delay in more detail in

Section 3.4, but suffice to say that a commuter that is late by 1min may value

that time by 1.9–11.1 times >1min of travel time (Small, 1982). Addition-

ally, frequency-based approaches with hyperpath modeling assume there is
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limited information available to passengers, resulting in the probabilistic

assignment onto common lines. In the case where traveler information

systems are available with varying degrees of information, a schedule-based

approach may be more appropriate (Nuzzolo et al., 2001).

Tong andWong (1999) proposed a schedule-based assignment model in

which passengers arrive in the system randomly based on temporal distribu-

tions, after which they are deterministically assigned onto the network as all-

or-nothing assignment. Nuzzolo et al. (2001) employed a doubly dynamic

setting (within day and day to day) to obtain a dynamic equilibrium assign-

ment. Hamdouch and Lawphongpanich (2008) developed a schedule-based

assignment model that also incorporated “travel strategies,” which are sim-

ilar to the hyperpaths from the frequency-based assignment but are not

required to end at the same destination node. Schedule-based assignment

makes use of time-expanded networks so it is possible that a user may

end up arriving at a location later or earlier than desired, reaching a different

destination time-expanded node. At each node, there is a rule for a preferred

downstream node for a user class. This type of schedule-based system is

illustrated in Fig. 3.12.

In addition to the time-expanded network, each OD pair is also divided

into groups with passengers having the same desired arrival time intervals.

Network loading can occur assuming first-come-first-serve or by random

loading. The latter can occur if there is a huge crowd without any queue

organization. The equilibrium is expressed as a VI and solved by an MSA

algorithm. Uniqueness is not guaranteed. An illustration of an equilibrated

solution is shown in Fig. 3.13.
3.3.3 Transit Assignment Variants
In recent years a number of other variant transit assignment methods have

been proposed, primarily to deal with complexities of ITS-oriented traveler

information systems in a simulation-based setting, and considering integra-

tion with activity-based scheduling (which we will discuss more in

Chapter 4). For example, Wahba and Shalaby (2009) developed an

agent-based simulation of schedule-based transit assignment considering

both within-day and day-to-day learning. The modeling framework, called

MILATRAS, is shown in Fig. 3.14.

Khani (2013) developed another simulation-based scheduled-based

transit assignment model called FAST-TrIPs. The code for this model is

open source (https://github.com/akhani/FAST-TrIPs) and has been

https://github.com/akhani/FAST-TrIPs


Fig. 3.12 Illustration of time-expanded network representation of a transit network
with three lines. (Source: Hamdouch and Lawphongpanich, 2008.)
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Fig. 3.13 Equilibrium link flows for each of three passenger groups. (Source: Hamdouch
and Lawphongpanich, 2008.)
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implemented by the Metropolitan Transportation Commission (MTC), the

metropolitan planning organization (MPO) for the San Francisco Bay Area

(http://fast-trips.mtc.ca.gov/). Verbas et al. (2016) proposed a simulation-

based assignment algorithm that uses a hyperpath assignment in an upper

level and a simulation of traveler patterns in the lower level, analogous

to simulation-based dynamic traffic assignment. The comprehensive

http://fast-trips.mtc.ca.gov/


Fig. 3.14 MILATRAS model framework. (Source: Wahba and Shalaby, 2009.)
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agent-based activity simulator MATSIM also has a transit assignment com-

ponent (Rieser, 2010). The assignment is based on a simple shortest path

without consideration of common lines or strategies.
3.4 OTHER EQUILIBRIA

While many transport policies relate to how people interact with the road

infrastructure, there are also many policies that relate to other aspects of

supply-demand equilibration in the MFG framework. Three of them are

discussed in this section.

The first deals with how people choose departure time through a com-

mon bottleneck. In this setting, time of day choice is the behavioral consid-

eration. This type of equilibrium has becomemore important in recent years

because of the emphasis on activity scheduling and on real-time mobility

applications that impact time use.

The second deals with equilibration of space usage for parking vehicles at

a common destination. This problem has become more relevant in recent

years with the increasing crowdedness of downtown areas and the arrival

of new technologies and business models (autonomous vehicles, shared

parking, dynamic pricing apps, and increasing usage of on-street parking

spaces for truck and courier deliveries).

The third deals with equilibration of on-demand for-hire services like

taxis and ridesourcing companies like Uber and Lyft. The equilibration in

these cases deal with congestion effects that occur with matching drivers

with passengers and is also gaining significant interest in recent years because

of advances in information and communications technologies (ICTs) that

popularize these mobility services.

3.4.1 Vickrey Morning Commute Problem
How people allocate their time is a fundamental economic question that has

been studied since Becker (1965). In that work, time use is regarded as a con-

strained utility maximization problem in which people are limited by a time

budget. Under this paradigm, travel preferences are not just guided by conges-

tion effects (i.e., leaving earlier might avoid traffic and thus result in a shorter

commute time) but are also influenced by users’ scheduling preferences.

Conducting one activity at one time can result in consumed utility that differs

from conducting the same activity at a different time of day. This implies

that schedule delay alone can influence departure time of travelers if travel

flows are capacitated (Hendrickson and Kocur, 1981) and the effect can vary



112 Informed Urban Transport Systems
(Newell, 1987; Arnott et al., 1988) from one individual to another due to het-

erogeneity in users’ travel costs, activity agendas, and scheduling preferences

(e.g., valueof being late can vary over the population as shownbySmall, 1982).

The analysis of departure time allocation for a population began with

Vickrey (1969), who studied this problem as a single deterministic queue

with flow capacity and has been called a “bottleneck model” (Arnott

et al., 1990a) or “morning commute problem” (Arnott et al., 1990b).

The existence (Smith, 1984b) and uniqueness (Daganzo, 1985) of a distri-

bution through the single bottleneck have been proven. The case with

elastic demand has also been formulated (Arnott et al., 1993). Because there

are so many variants to the model, only the basic homogeneous version in

Arnott et al. (1990a) is presented here with illustration.

There are N identical commuters traveling to work downtown via a

common bottleneck in which at most s cars can traverse per unit time.

The commuters have a desired arrival time to work, t*, in which a penalty

of β (γ) is incurred per unit time they are early (late). A penalty of α is

incurred per unit travel time, where α>β (or people would simply leave

very early when there is no bottleneck formed). When this flow capacity

is exceeded at the bottleneck, a queue develops. The travel time is defined

as shown in Eq. (3.20).

T tð Þ¼Tf +Tv t½ � (3.20)

where Tf is a travel time when there is no queue and can be set to zero with-
out loss of generality for the bottleneck analysis, Tv[t] is the additional wait-

ing time at the queue, and t is the departure time from home. The length of

queue D[t] is defined in Eq. (3.21).

D tð Þ¼
Z t

t̂

r τ½ �dτ� s t� t̂ð Þ (3.21)

where t̂ is the time at which the queue was last zero and r[t] is the departure
rate at time t. The time derivative is D0[t]¼ r[t]� s when D[t]>0. Waiting

time is defined in Eq. (3.22).

Tv t½ � ¼D t½ �
s

(3.22)

Under UE, the rate of arrival to work is fixed at the capacity s, whereas
departures from work will distribute around a peak queue length that occurs

at time t
	
as shown in Fig. 3.15. The first and last departures face no queue

but have essentially equivalent costs incurred in terms of being early or late to

work. The times are defined as tq (first departure) and tq
0 (last departure).
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Fig. 3.15 Queue represented by cumulative departures from home and arrivals at work.
(Source: Arnott et al., 1990a.)
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The equilibrium occurs when no traveler can unilaterally change their

departure time without being worse off. This is interpreted as the marginal

benefit from postponing departure by a unit of time being equal to the mar-

ginal cost. Based on this, the slopes of the home departure rate can be found

to be Eq. (3.23).

r tð Þ¼
s+

βs

α�β
, t2 tq, t

	h 


s� γs

α+ γ
, t2 t

	
, tq0

	 i
8><
>: (3.23)

For N travelers, a system of three equations related to conservation of
demand, boundary conditions, and peak queue length condition is solved

to obtain the departure times for this piecewise linear queue distribution

in Eq. (3.24).

tq ¼ t*� γ

β+ γ

� �
N

s

� �
(3.24a)

tq0 ¼ t*+
β

β+ γ

� �
N

s

� �
(3.24b)
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t
	¼ t*� βγ

α β+ γð Þ
� �

N

s

� �
(3.24c)

The total travel cost under equilibrium with no toll, TCe, is derived by
finding the average travel cost for one boundary condition andmultiplying it

by the whole population since they all have the same travel times. This is

shown in Eq. (3.25), graphically represented by OBDECF in Fig. 3.15.

TCe ¼ βγ

β+ γ

� �
N 2

s

� �
(3.25)

This total cost TCe is the sum of total travel time TTCe (area of queue
e
region, OBD) and total schedule delay SDC (OCF+CDE) and shown in

Eq. (3.26).

TTCe¼ SDCe ¼ βγ

2 β+ γð Þ
� �

N 2

s

� �
(3.26)

Arnott et al. (1990a) derived a single uniform toll ρ* and time interval
+ �
[t , t ] to apply to this population to minimize total costs. Assuming

γ>α (which is empirically the case as shown by Small, 1982), the optimal

toll and the time intervals in which it impacts the population are shown in

Eq. (3.27) and in Fig. 3.16. The new start time for departures is t*q.

ρ*¼ βγ

2 β+ γð Þ
N

s

� �
(3.27a)

t∗q ¼ t*� γ

β+ γ

N

s

� �
+

γ�αð Þρ*
β+ γð Þ α+ γð Þ (3.27b)

t +¼ t∗q +
ρ*
β

(3.27c)

t� ¼ t∗q +
N

s
� 2ρ*
α+ γ

(3.27d)

By setting t+ as the effective tq, t� as the tq
0, and the N as� �
N � 2sρ*
α+ γ� s t +� tq , one can obtain the curves using Eq. (3.24c).

Based on toll revenue ofR*¼ρ* s(t�� t+), one can derive the SDC* and
TTC* as shown in Eq. (3.28).

SDC*¼ 1+
γβ γ�αð Þ2

4 β+ γð Þ2 α+ γð Þ2
 !

βγ

2 β+ γð Þ
� �

N 2

s

� �
(3.28a)
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Fig. 3.16 Bottleneck queue with optimal toll applied across optimal time interval.
(Source: Arnott et al., 1990a.)
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TTC*¼ 1

2
� γ�αð Þβ
2 β+ γð Þ α+ γð Þ�

γβ γ�αð Þ2
4 β+ γð Þ2 α+ γð Þ2

 !
βγ

2 β+ γð Þ
� �

N 2

s

� �

(3.28b)

To demonstrate this model, consider Exercise 3.11.
Exercise 3.11
Given α¼$20/h, β¼$12.20/h, γ¼$47.50/h (based on Small, 1982, and

Arnott et al., 1990a, adjusted to $20/h value of travel time), a bottleneck with

flow capacity of s¼3000 vph (e.g., a two-lane bridge), and a population of

N¼7500 trying to get to work at 9a.m. Plot the bottleneck queue that forms

without toll and with a uniform optimal toll. What is the reduction in total travel cost?

For no toll equilibrium:

1. First compute the start time, end time, and peak queue length time:

tq ¼ 7 : 00 a:m:, t0q ¼ 9 : 30 a:m:, t
	¼ 7 : 47 a:m:

2. The departure rates are r t< t
	h i

¼ 7692:308, r t> t
	h i

¼ 888:889. From
this we can plot the no toll equilibrium queue.

3. Solving for the performance measures, we get

TTCe¼SDCe¼$91,001.88, TCe¼$182,003.77, and total cost per

trip is TCe

N
¼ $24:27.

Under the optimal toll:

4. We compute optimal toll: ρ*¼$12.13.



5. Based on the toll, we compute the new start time and the time range

for pricing: tq*¼7 :05 a.m. , t+¼8 :05 a.m. , t�¼9 :14 a.m.,

t*q0 ¼9 :35 a.m.

6. We compute the horizontal offset and vertical offsets:

ρ*
α
¼ 0:607,

2sρ*
α+ γ

¼ 1078:541.

7. Applying these, we can find the effective population (N0 ¼3437.791) in

the subqueue for using Eq. (3.24c) to find the time of the max length in

the subqueue: t
	0 ¼ 8 : 26a:m.

8. Based on these, we can now construct the queue formation under the

optimal toll. This is plotted in Fig. 3.17.

9. Lastly, we compute the performance measures: C*¼$41,098.75,
SDC*¼$91,615.86, TC*¼ $132;714:61, TC*

N
¼ $17:70. This is a

reduction of 27.1% in average trip cost even after accounting for the

cost of the tolls on each trip.

Based on these results, having no toll would lead to a maximum queue that

occurs between 7:30a.m. and 8a.m. of 3640.075 travelers. By imposing a toll

between 8:05a.m. and 9:14a.m. of $12.13 for everybody crossing the bridge
to get to downtown, the effect is a reduction of 27.1% in average trip cost.

The percent of people who arrive late to work goes up from 20.4% in the

no toll equilibrium to 23.7% in the optimal toll scenario. This does not

take into account heterogeneity, elastic demand, presence of evening

commute, availability of parking, multimodal options, or a host of other

extensions that have since been applied to this rich theory.
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Fig. 3.17 Plot of queues formed from example in Exercise 3.11.
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3.4.2 On-Street Parking and Cruising
The basic decisions to consider in parking are the allocation and pricing of

urban space. Only public on-street parking is considered for this section,

although private garage parking has also been studied. Early on, Vickrey

(1954) considered on-street parking to be a private good for marginal cost

pricing purposes. Glazer and Niskanen (1992) demonstrated that this is not

the case, as insufficient parking would lead to cruising behavior as a negative

externality. Cruising vehicles circulate the neighborhood to find an open

parking spot, but doing so increases the stock of vehicles on the street.

This behavior can lead to a significant portion of downtown traffic based

on data from several cities (Shoup, 2005).

In addition to congestion effects due to cruising, Arnott et al. (1991) used

Vickrey’s bottleneck model to show that competition for parking spaces can

differ between free parking and priced parking. For example, they showed

that under free parking drivers tend to naturally park “outwards” by occu-

pying spaces in order of decreasing accessibility. However, this behavior is

economically inefficient. Instead, by imposing a distance-based parking

pricing it can induce a more efficient “inward” parking behavior. Several

extensions of this model include evaluation of parking permits (Zhang

et al., 2011a), parking clusters (Qian et al., 2012), parking reservations

(Yang et al., 2013), and time-varying parking pricing (Fosgerau and de

Palma, 2013).

While the bottleneck model was used to study spatial-temporal prefer-

ences of commuters, it lacked consideration for equilibrium with congestion

effects of cruising. Arnott and Rowse (1999) introduced a circular city struc-

ture to model random parking availability, cruising behavior, and study

dynamic parking pricing and information systems. The more complex model

structure resulted in nonunique equilibria and ignored traffic congestion,

however. Anderson and de Palma (2004) incorporated cruising in a simpler

model to draw several conclusions. They noted that the socially optimal park-

ing configuration is independent of the cost of cruising and that priced parking

is always better off than unpriced parking. Calthrop and Proost (2006) studied

the competition between on-street parking and off-street parking as a

Stackelberg game in which the garage operator was a follower.

Arnott and Inci (2006) proposed a new parking model to overcome

earlier shortcomings. They considered a downtown grid environment in

which the stock of vehicles, parked cars, and cruising cars were all in a sat-

urated steady-state equilibrium in which the balance between influx and

outflux of vehicles reached a stable value. The existence and uniqueness
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of such an equilibrium was proven under the condition that the system be

saturated (or rather, to only apply this model to analyze saturated systems as

nonsaturated systems would not have any cruising problems in the first

place). The model can be used to analyze cruising, traffic congestion, com-

petition with public transit and off-street parking (Arnott, 2006), differing

commuter classes for parking durations and time limit regulations (Arnott

and Rowse, 2013), and truck double-parking due to on-street deliveries

(Amer and Chow, 2017). A detailed illustration of the model is presented

by Arnott and Rowse (2009).

Since Amer and Chow’s (2017) model is more generalized than the basic

model from Arnott and Inci (2006) with truck deliveries, we present that

version here with an example. The model applies to a downtown arterial

network shown generically in Fig. 3.18A. The system is considered dynamic
Street
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Passenger cars

Delivery trucks

Fig. 3.18 (A) Assumed downtown city block setting and (B) dynamic flows under
saturated condition. (Source: Amer and Chow, 2017.)
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and analyzed during an increment in time during a saturated steady state.

In that state, the inflows and outflows for each state variable shown in

Fig. 3.18B need to be conserved.

TheDp is passenger car trip demand per unit time area, Tp is the stock of

in-transit passenger cars per unit time area, C is the stock of cruising cars per

unit area, Pp is the number of parking spaces (all occupied when saturated)

allocated to passenger cars per unit area,Dc is the delivery truck trip demand

per unit time area, Tc is the stock of in-transit delivery trucks per unit area

time, Pc is the number of parking spaces allocated to delivery trucks per unit

area, andH is the stock of double-parking delivery trucks per unit area time.

Passenger cars tend to cruise for spaces when there is no on-street parking

available, whereas delivery trucks have to stay in proximity to the delivery

site due to the need to load and unload cargo, and end up double-parking

when there are insufficient spaces.

Additional parameters include θ for the ratio of delivery van space over

passenger car space,mp (mc) is the distance traveled by passenger car (truck) in

downtown before arriving to the destination, lp (lc) is the parking duration of

a passenger car (truck), ρp (ρc) is the value of time of the passenger car com-

muter (truck driver), v is the travel speed, v0 is a free flow speed, t is travel

time per unit distance, t0 is free flow travel time, Ω is the jam density in the

absence of curbside parking, Pmax is the maximum number of parking spaces

that could be accommodated by the street per unit area, α is a conversion rate
from cruising cars to in-transit passenger cars, β is a conversion rate from

delivery truck stock to an equivalent in-transit passenger cars, γ is a conver-
sion rate from double-parked trucks to in-transit passenger cars, f is an

on-street parking fee per unit time, q is a double-parking fine per unit time,

and e is the elasticity of demand with respect to trip price.

The steady-state equilibrium is different than the user equilibrium seen

in the prior sections of this chapter. There is no behavioral principle; rather it

is simply a stationary point in which change in flows is set equal to zero.

Under this condition, a system of six equations needs to be solved as shown

in Eq. (3.29).

Dp¼ Tp

mpt
(3.29a)

Tp

mpt
¼Pp

lp
(3.29b)

Dc ¼ Tc

mct
(3.29c)



120 Informed Urban Transport Systems
Tc

mct
¼Pc

lc
+
H

lc
(3.29d)

Dp¼D0 ρpmpt+ ρpC
lp

Pp

� �
+ flp

� �e

(3.29e)

t¼ t0

1�Tp + αC + βTc + γH

Ω 1� Pp + θPc
� �

Pmax

� �
(3.29f)

Eqs. (3.29a), (3.29c) are state transition conservation conditions. Eqs.
Pp
(3.29b), (3.29d) describe the steady-state equilibrium.
lp
describes the entry

and exit rates from the parking pool. Eq. (3.29e) is the demand function

for passenger cars. Truck demand is assumed to be inelastic. Eq. (3.29f ) is

the travel time function, which is based on Greenshield’s traffic flow model.

Uniqueness is guaranteed under three conditions: cruising contributes

more to congestion than in-transit vehicles (tC> tT), throughput capacity

is higher than steady-state throughput, and the level of demand Tp is

intermediate.

A social optimum is obtained by solving a nonlinear optimization model

with Eq. (3.29) as the constraints and objective in Eq. (3.30) to maximize the

social surplus by adjusting parking fee f. When the total number of parking

spaces P is allowed to change, the problem is a first-best allocation. When

only a parking fee can be set, that is a second-best allocation.

max

ZPp=lp

0

D�1
p x½ �dx

� ρpTp + ρpC + fPp + ρpPp + ρcTc + fPc + qH + ρc Pc +Hð Þ
	 


(3.30)

Amer and Chow (2017) showed that the optimization model is concave
if the inverse demand function is also concave. The equilibrium and social

optimummodel are illustrated with a case study in downtownToronto illus-

trated in Fig. 3.19.

After gathering data on the relevant parameters and fitting the model to

the data, the following results are computed for the equilibrium under a cur-

rent $4/h parking fee policy with no truck parking allocation, a second-best
social optimum in which truck allocations are allowed, and a first best social

optimum in which total parking spaces can be increased as well. This is

shown in Table 3.5 from Amer and Chow (2017).



Fig. 3.19 Study area in downtown Toronto. (Source: Amer and Chow, 2017.)
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In the base case, there is passenger trip demandDp¼2575 veh/h/mile2 in

themorningpeak, truck tripsDc¼865 veh/h/mile2, averagedouble-parking

fine of q¼$150/h, in addition to the $4 parking fee. In this equilibrium, there

is cruising of Ce¼429.5 veh/mile2 and double-parking trucks of

He¼129.75 veh/mile2. The average trip travel time per unit distance is

0.092h/mi. There are P¼5150 parking spaces.

Under the second-best social optimum solution, some of the parking

spaces are allocated for 130 truck parking spots, and the parking fee is

increased to f o¼$7.85/h. The result is that cruising goes down to

Co¼0 veh/mile2 and double-parking to Ho¼0 veh/mile2. Average trip

travel time per unit distance decreases by 23% to to¼0.071, resulting in

an increase in social surplus of $14,304 per h-mi2 compared to the

equilibrium.

Under the first-best social optimum, the number of parking spaces

increases up to P*¼6077 spaces, parking fee goes back down to $2.47/h,
passenger car trip demand goes down 6% from 2575 in equilibrium to

2427 trips. Cruising and double-parking are still zero, while travel time



Table 3.5 Comparison of equilibrium and social optimal scenarios for
downtown Toronto

Equilibrium
Social optimum Social optimum
Parking fixed Parking variable

Inputs

mp (mile) 2

lp (h) 2

ρp ($/h) 20

t0 (h/mile) 0.067

D0 (constant) 4426

Pmax (space/mile2) 15,452

Ω (veh/mile2) 8252

e (dimensionless) �0.2

α (dimensionless) 1.5

β (dimensionless) 1.8

γ (dimensionless) 4.4

q ($/h) 150

mc (mile) 0.181

lc (h) 0.15

ρc ($/h) 110

Dc (veh/h/mile2) 865

θ (dimensionless) 1.64

P¼Pp+θPc (space/mile2) 5150 5150 �
Pp (space/mile2) 5150 � �
Pc (space/mile2) 0 � �
ƒ ($/h) 4 � �
Solution

Pp* (space/mile2) � 4937 5864

Pc* (space/mile2) � 130 130

ƒ* ($/h) � 7.85 2.47

Dp, (veh/h/mile2) 2575 2469 2427

Tp (veh/mile2) 473.6 353.1 424.2

C (veh/mile2) 429.5 0 0

Tc (veh/mile2) 14.4 11.1 11.3

H (veh/mile2) 129.75 0 0

t (h/mile) 0.0920 0.07091 0.07234

v (mile/h) 10.8 14.1 13.8

ΔSS ($/h-mile2) +$14,304 +$24,883
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per unit distance goes back up to 0.072, which is still 21% decrease

from equilibrium. The total increase in social surplus relative to the equilib-

rium is $24,883 per h-mi2, which is 74% higher than the second-best

solution.
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3.4.3 Taxi-Customer Matching
A last variant model of congestion is in the taxi market. What separates taxi

operations from other types of congestion models is that the congestion

effect is not just from the user side. It is also dependent on the service pro-

viders. The more taxis there are operating in a zone relative to the user

demand, the quicker it would be to match a taxi to a user via some matching

mechanism (e.g., hailing on the street, waiting at a taxi stand, calling a central

dispatch, or e-hailing via mobile app). The more unbalanced the supply and

demand are, the costlier it is to match them together. This cost is translated

into waiting or planning time (see de Borger and Fosgerau, 2012, for the

substitutability between the two).

Cairns and Liston-Heyes (1996) provided an early study of the costs of

searching and matching in the taxi industry. This concept was expanded to

road networks to capture vacant taxis and fleet size (Yang andWong, 1998).

Lagos (2000) proposed a search friction model as a steady-state equilibrium.

Wong et al. (2005) proposed a bilateral search behavior for taxis based on

absorbing Markov chains in a double-ended queueing system.

Due to the entry of e-hailing companies and advances in mobile

technologies, interest in bilateral search friction between taxis and

passengers has increased in recent years. Yang and Yang (2011) proposed

Cobb-Douglas-based search friction cost functions to determine market

equilibrium. Several studies based on this bilateral search function have

since been proposed. He and Shen (2015) and Zha et al. (2016) studied

the equilibrium of ridesourcing and e-hailing taxi markets. Zha et al.

(2017) studied temporal equilibrium of ridesourcing markets to evaluate

surge pricing policies.

For taximarkets that cover heterogeneous demand patterns over a region,

a spatial-temporal analysis frameworkmay bemore suitable. Buchholz (2015)

proposed a spatial-temporal steady-state equilibrium model based on the

search friction model from Lagos (2000), in which a region is divided into

multiple zones and time intervals corresponding to the maximum wait time

that passengers are willing to endure before turning to another alternative.

The basis for the search friction is a dynamic system shown in Fig. 3.20,

where a stationary state is sought.

The number of matches m[vit,uit] in a time interval t and zone i as a func-

tion of available taxis vit and passenger demand uit is defined in Eq. (3.31).

m vit, uit½ � ¼ vit 1� 1� 1

αvit

� �uit
� �

(3.31)



ut
i

Passengers arrive at
Poisson rate lt

i Taxis w / passengers

Vacant taxis + taxis
dropping off  passengers

(remaining customers wait
5-min and disappear)

Vacant taxis

# Vacant cabs = ut
i

Matches: mi = m(ut
i, u

t
i )

E [mi (.,.)]pt
i =

# Customers = ut
i  ~ F(lt

i)

Prob(match; ut
i, u

t
i ))

Fig. 3.20 Dynamics of search friction. (Source: Buchholz, 2015.)
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Assuming a fixed probability for a passenger wanting to go from zone i to
zone j at time t,Mijt, the value functionVit(S) for a particular state S is defined

as Eq. (3.32).

Vit Sð Þ¼Epi|λitSt pi uit, vitð Þ
X
j

Mijt Π ij +Vj, t+ τij
� � !

+ 1� pi uit, vitð Þð Þ �
"

Eεa, j, t+1
maxjEA ið Þ Vj, t+ τij +Π j¼i½ �γ� cij + εa, j

� j λit� �#
(3.32)

where
Πij is the revenue from serving the OD pair (i, j) defined by Eq.

(3.33) with fixed fare b, unit distance fare rate π, distance δij, and fuel

cost cij;
Π ij ¼ b+ πδij� cij (3.33)
λit is a latent passenger arrival rate that needs to be estimated;

γ is the extra payoff associated with staying put;

εaj is a Gumbel-distributed idiosyncratic shock to a taxi driver’s perceived

value of search in each alternative location j;P
j Mijt � Π ij +Vj, t+ τij

� �
is the expected value of the fare;

Eεa,j,t+1[maxjEA(i ){Vj,t+τij+Π[j¼i]γ� cij+εa, j}jλit] is the expected value of

vacancy.
Idle taxis are modeled to choose a new destination zone to cruise to

maximize expected destination value W(ja,St), as shown in Eq. (3.34).
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Pi jaj Stð Þ¼
exp

W ja, Stð Þ
σε

� �

X
k2A ið Þ

exp
W jk, Stð Þ

σε

� � (3.34a)

Wit ja, Stð Þ¼ESt+ τija
Vja, t+ τija St+ τija , � , �

� �� cija
� �

(3.34b)

Buchholz (2015) proved the existence and uniqueness of an equilibrium
of the model. Estimation of the parameters is based on finding a fixed point

through an iteration of the equilibrium algorithm and inverting the match-

ing function to infer the demand update as shown in Fig. 3.21.

A spatial-temporal taxi equilibrium model such as this one can be used

to evaluate fare hikes, special events that draw large demand surges, and

evaluate changes in service coverage by time of day and by region.
Taxi equilibrium algorithm

Initiate: S0
T, VT, lT, t =

T, k = 0

k := k + 1

t := t – 1

t > 0

Compute m

Compute Vk
t  +1(St+1,lt)

�Vk
t   – Vk

t
–1� £ ” 

�Vk
t   – Vk

t
–1� > ”1

�l0
 – l̂ � > ”2

�l0
 – l̂ � £ ”2

vit, mit, uit

Approximate St+1
ˆ

t = 0
l0 := l

    ˆ

ˆ

lit
ˆ

Invert m using vt to
update l̂  

Run algorithm in 
Fig 3.18A

Fixed point calibration algorithm

Guess l0

(A) (B)

Fig. 3.21 Algorithms to (A) run and (B) calibrate the taxi equilibrium model.
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3.5 TRANSPORT SYSTEMS AS TWO-SIDED MARKETS

3.5.1 Motivation
In a smart cities setting, the rise of the MaaS paradigm makes transport sys-

tems analysis much more complex. Performance is not just based on only

user decisions. Operators’ routes are dependent on user preferences, but

requests may not be known until the moment they are made, leading to

the need for real-time operating policies and control strategies. Worse

yet, the methods discussed in Sections 3.1–3.4 so far apply to this problem

in principle but are not practically applicable.

For example, the taxi equilibrium model at least can model the joint

decisions of users and operators to reach steady-state equilibrium. How-

ever, what happens when we allow for shared rides? Even allowing for only

paired rides, it is possible to implement a host of different strategies to

match passengers: they can be paired together on-site by having first pas-

senger wait for a second to arrive, or they might be matched by a central

dispatch such that the first passenger gets detoured to serve the second

passenger. Constraints may be applied for wait time, detours, similarities

in origin and destination, fare pricing allocations (see Furuhata et al.,

2015), and so on.

Consider the case of allowing taxi sharing for passengers going to the JFK

International Airport in New York. Data from the Port Authority of NY

and NJ is available for single ride taxis to the airport, allowing Ma et al.

(2017b) to estimate a mode choice model. The model is applied to evaluate

shared taxi service. Simply by substituting the matching mechanism from

one extreme (only waiting) to the other (only detour), the model predicts

vastly different spatial welfare effects, as illustrated in Fig. 3.22. This suggests

the equilibration aspect of the MFG framework when applied to MaaS is

highly dependent on operators’ policies.

New equilibrium models are needed to evaluate these systems at their

operating policy level. Equilibrium models evaluated from a steady-state

setting may not be able to capture the stochastic dynamics that feature

so prominently in many MaaS configurations. Examples are shown in

Table 3.6, where policies are separated between “within-day” and “day-

to-day” sensitivities.

Furthermore, the interplay between private operators, public agencies

that maintain the built environment, and the users of the system in the smart

cities setting are not explicitly characterized in any of the prior models in this

chapter.



Fig. 3.22 Relative spatial changes in consumer surplus from single-ride taxi market to
shared taxi via (A) matching by waiting and (B) matching by detour. (Source: Ma et al.,
2017b.)
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Table 3.6 Different types of mobility as a service

Service type

Typical
day-to-day
policies Notes

Fixed route public

transit

N/A Fares, service coverage are decisions made

centrally, so no day-to-day dynamic

Private fixed route

transit

operators

Fares, service

coverage

Competition between operators will lead

to dynamic changes

Price-regulated

taxis

Service

coverage

Matching and routing are within day;

service coverage is a decentralized

decision

Ridesourcing Fleet size,

fares

Matching and routing are within day, fares

and fleet size can also be within day

Peer-to-peer

ridesharing

Pricing,

matching

As a decentralized system, most decisions

will be day-to-day dependent

Microtransit Service

coverage,

fares

Matching, routing are within-day policies

Car/bike sharing Service

coverage,

fares

Vehicle balancing is a within-day policy
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3.5.2 Two-Sided Market Framework
To capture the interplay between private operators, public travelers, and a

public agency acting as the facilitator, consider a two-sided market frame-

work. A two-sided market is one in which one or several platforms enable

interactions between end users and try to get the two (or multiple) sides ‘on

board’ by appropriately charging each side.

Definition 3.1 (Rochet and Tirole, 2006). Consider a platform charging per

interaction charges pB and pS to the buyer and seller sides. The market for interactions

between the two sides is one sided if the volume of transactions realized on the platform

depends only on the aggregate price level p¼pB+pS. If by contrast the volume of

transaction varies with pB while p is kept constant, the market is said to be two sided.

Examples of two-sided markets include Uber, Airbnb, videogame plat-

forms like Sony PlayStation that support games from third-party developers,

and more. In that case, one can argue that the IoT infrastructure as shown in

Fig. 2.4 is representative of a two-sided market. More specifically, looking at

the roles of public transportation agencies, we can describe the interactions

and control strategies as a two-sided market as shown in Fig. 3.23.



Public agencies

Operators Travelers

Platform

Sellers Buyers

Platform “pricing” via
Control strategies:

Infrastructure design
Infrastructure operation

“Transaction fees” to operators:
Operator costs (dependent on

infrastructure design and
operations)

Cost transfer:
Operators gain: fares

Travelers gain: mobility
and access to activities

“Transaction fees” to travelers:
User costs, e.g., wait, access, travel

time (dependent on infrastructure
design and operations)

Fig. 3.23 Smart cities mobility provision represented as a two-sided market.
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The public agency is the platform. It “sets transaction prices” by deter-

mining infrastructure designs (road alignments, parking, rail alignments (if

publicly owned), stations and ports, etc.) and operations (tolls, operating

hours, maintenance, etc.). Based on these “prices,” operators and travelers

join the platform as sellers and buyers, respectively, to exchange costs: trav-

elers pay the operators fares in exchange for mobility and access to activities.

The transaction fees set by the public agency are translated into costs: route-

based operating costs for the operators based on how they respond to the

infrastructure designs and wait/access/travel times as a result of the infra-

structure design/operations.

Viewed in this light, we can align the design and operation of infrastruc-

ture in a smart city toward optimizing the interactions of the seller and buyer

markets. For example, for a given “price” decision of the platform, it results

in a certain amount of sellers and buyers joining the platform as illustrated in

Fig. 3.24.

When an operator or set of operators providemobility services according

to a specific operating policy, and users respond to the service according to a

specific user behavior, a public agency needs to measure how well their

control strategies (infrastructure design/operations) impact the social welfare

of the system. As a two-sided market, the social welfare can be measured in

Eq. (3.35).

HB¼NShB pB
� �¼DS pS

� �
hB pB
� �

(3.35a)

HS ¼NBhS pS
� �¼DB pB

� �
hS pS
� �

(3.35b)



Buyer price Seller price

Number of  buyersDB (pB) DS (pS)

pB

pS

Number of  sellers

Fig. 3.24 Illustration of the sensitivity of two-sided market to platform pricing.
(Source: Djavadian and Chow, 2017a.)
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whereHB (HS) is the total surplus for the travelers (operators),NB (NS) is the
number of travelers (operators) participating in the market, pB is the gener-

alized user cost of travel, pS is the generalized operating cost, hB (hS) is the net

surplus for each traveler (operator), and DB (DS) is a log-concave demand

function that relates number of travelers (operators) to the cost of travel

(operation). The social welfare Φ is defined in Eq. (3.36), where c is some

constant.

Φ¼DB pB
� � Z∞

pS

DS w½ �dw+DS pS
� � Z∞

pB

DB w½ �dw,pB + pS ¼ c (3.36)

The social optimum can be obtained based on Ramsey pricing criterion
(Rochet and Tirole, 2003) by equating the first-order condition with respect

to the elasticities of demand ηB(ηS) for the travelers (operators) as shown

in Eq. (3.37).

pB

ηBDB

Z∞

pB

DB w½ �dw

2
64

3
75¼ pS

ηSDS

Z∞

pS

DS w½ �dw

2
64

3
75,pB + pS ¼ c (3.37)

As discussed in Djavadian and Chow (2017a), the gap between the two
terms in Eq. (3.37) is used to measure suboptimality. This can also be used to

guide agency decision support; if the gap is negative (positive), it means that

traveler (operator) cost may need to be reduced relative to operator (traveler)

cost by means of policies to transfer cost from user to operator since elastic-

ities tend to be negative. Examples of cost transfer from user to operator are

to reposition stations/stops in a way that it reduces access cost at the expense

of the route operations, to allow for route deviations to drop passengers

closer to home, increase fleet size, or to simply reduce the fare or increase
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service coverage region. Such a policy would benefit a negative gap (but

would worsen a positive gap). An illustration of a policy analysis using

the 2-sided market measures of social optimum is provided in Exercise 3.12.

G¼ pB

ηBDB

Z∞

pB

DB w½ �dw

2
64

3
75� pS

ηSDS

Z∞

pS

DS w½ �dw

2
64

3
75 (3.38)
Exercise 3.12
A city agency has designed and operated the city infrastructure in such a way (density,

road space usage, tolls, land use, etc.) that average travel cost per trip is $10 and

average operating cost per trip is $14. Based on the underlying operating policy of

an MaaS operator, its demand function is DS¼120�2pS. At the same time,

the underlying travel behavior leads to a demand function of DB¼800�16pB.

Determine the social welfare suboptimality of this scenario and a strategy to

explore to improve the optimality.

1. First we use Ramsey pricing to determine the optimal prices for social

optimality. Knowing the current prices set, the value of total price is set

to c¼$10+$14¼$24 per trip.

2. We also need to determine the elasticities of demand:

ηB ¼� pB

DB

∂DB

∂pB

� �
¼�16pB

DB
,ηS ¼�2pS

DS

Since max price allowed under the demand function is pBmax ¼ 800
16

¼ $50

and pSmax ¼ 120
2
¼ $60, the integrals are:

Z50

pB

DB w½ �dw¼ 800 50ð Þ�8 50ð Þ2�800pB +8 pB
� �2

¼ 20;000�800pB +8 pB
� �2

Z60

pS

DS w½ �dw¼ 3600�120pS + pS
� �2

3. Then we have two equations and two unknowns:

� 1

16
20;000�800pB +8 pB

� �2	 

¼�1

2
3600�120pS + pS

� �2	 


pB + pS ¼ 24

Solving for them we get:



pB
� �

*¼ $7, pS
� �

*¼ $17, DB
� �

*¼ 688, DS
� �

*¼ 86,Φ*¼ $2;544;224

4. Now we compare our current equilibrium. At pB¼$10, pS¼$14, the
demand isDB¼640,DS¼92, and the social welfare isΦ¼$2,531,840.
This is suboptimal by 0.5%, so it’s not too bad.

Note if, on the other hand, pB¼$20, pS¼$4, this could have been

suboptimal by 9.1%. Another way to compare different states relative to

the social optimum is to compare the left- and right-hand sides of the

equality in Eq. (3.37). In the social optimum, they are equal. In the case

where pB¼$10, pS¼$14, pB

ηBDB

R∞
pB
DB w½ �dw

" #
¼�800 and

pS

ηSDS

R∞
pS
DS w½ �dw

" #
¼�1058. The gap between them is �258, which

implies strategies that reduce traveler cost relative to operator cost would

help reach social optimum.
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3.5.3 Day-to-Day Adjustment Processes of Two-Sided Markets
Although there is a measure to evaluate the suboptimality of a two-sided

platform, for MaaS it is also difficult to predict the equilibrium of the system.

For this purpose, the system can be represented by a day-to-day adjustment

process instead of a steady-state equilibrium. Beckmann et al. (1956) have

discussed the dynamics of these systems and noted that an equilibrium will

not necessarily be reached from an arbitrary initial state.

Smith (1979) conducted one of the first rigorous studies to examine the

stability of traffic equilibria under deterministic route assignment and found

that a deterministic user equilibriummay not necessarily be stable (user opti-

mal, per Smith, 1984a) from a dynamic adjustment perspective. Horowitz

(1984) investigated the dynamic properties of networks operating under sto-

chastic assignment behavior and found that even when there is a unique

equilibrium, day-to-day dynamic link volumes may either converge to that

state, oscillate about it perpetually, or converge to a different state depending

on the route choice decision-making process. This additional dependency

on route choice behavior and day-to-day learning has also been experimen-

tally verified (Mahmassani and Chang, 1986; Mahmassani, 1990). These

findings suggest that while a network equilibrium can be represented in a

dynamic systems approach, learning and behavioral characteristics need to

be taken into account carefully.
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The work of Smith (1984c) showed using Lyapunov functions that

dynamic adjustment processes converge to a nonempty set of equilibria as

long as the cost-flow function is monotone and smooth. Friesz et al.

(1994) described the adjustment process under information provision using

an economic tatonnement concept. Cantarella and Cascetta (1995) provided

a unified theory of dynamic equilibria in transportation networks in which

deterministic processes always have at least one fixed point. Friesz et al.

(1996) established mathematical axioms that distinguished between fast

and slow dynamic processes. Zhang et al. (2001) proved that a stationary link

flow pattern is a necessary and sufficient condition for user equilibrium

path flow. Yang and Zhang (2009) summarized five types of deterministic

day-to-day adjustment processes and showed that they all belong under a

general class of rational behavior adjustment processes.

In addition to deterministic processes, there are stochastic day-to-day

adjustment processes. Deterministic processes are known to exhibit separa-

ble basins of attraction. Stochastic processes can provide ergodic probability

distributions even for examples with nonunique deterministic equilibria.

However, the stable set may not be separable. Smith et al. (2014) considered

new processes that combined features of both.

Djavadian and Chow (2017b) proposed an adjustment process that also

combined features from both types of processes. It uses simulation to gen-

erate different populations, and for each population it attains a stable state via

deterministic adjustment. The method was applied to evaluate two-sided

markets by Djavadian and Chow (2017a) where both travelers and operators

adjust their within-day decisions for different simulated populations to

obtain a probability distribution over a stable set. The model is illustrated

in Fig. 3.25.
RESEARCH AND DESIGN CHALLENGES

The following are open-ended challenges that sometimes refer to real data

sets. Readers are encouraged to try to tackle the problems and post their

designs or solutions on the following GitHub page, https://github.com/

BUILTNYU/Elsevierbook/tree/master/Chapter%203.

(3.1) Go to a local busy coffee shop and collect data over a half hour of

people getting on the queue and getting served. Keep track of the

number of servers (s) and estimate the arrival (λ) and service rates (μ)
for an M/M/s model per Appendix C. Using the average queue

delay Wq as the average cost function, estimate the MECC.
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(3.2) Go to http://pems.dot.ca.gov/ and create a free account. Click on

one of the Vehicle Detector Stations (VDS) at the Bay Bridge in San

Francisco. Sample observations of the flow every 5min for 2h. Also

sample the corresponding real time travel time of crossing the Bay

Bridge on Google Maps at the same times. Use the sampled data to

calibrate the parameters of the BPR function for the Bay Bridge:

t¼ t0 1 +α
x

C

	 
β� �
, where x is the observed flow, t is the travel

time, and the parameters are t0, C, α, and β. If the Bay Bridge toll

price is assumed optimal (http://baybridgeinfo.org/tolling-

information), what would be an appropriate linear demand

function?

(3.3) Implement the Frank-Wolfe algorithm in a language of choice and

use it to find a UE and SO assignment on the Sioux Falls network.

Compare the results and computation time to results on https://

github.com/bstabler/TransportationNetworks. Modify the algo-

rithm to solve for an elastic demand objective, where the OD

demand is linear with double the original demand value when travel

time is zero and zero when travel time is 90min.

(3.4) Go to https://www.openstreetmap.org and export a shapefile for a

road network in one city of your choice (you may need to make a

“capacity” field for the link performance function). Create two

zones (A, B) located at different ends of the network as centroids.
a. Use http://aequilibrae.com/ to link the two centroids to the

network and then gradually load demand going from A to

B and from B to A: 1000, 2000, 3000, and so on and observe

how the flows get loaded under UE assignment.

b. Consider two alternative links for 50% capacity parameter

increase. Compare total system travel times of the network

for each link when demands are 5000 versus when they are

10,000. How much does the comparison depend on the

demand?
(3.5) Create a simplified highway network model of NYC for the pri-

mary purpose of modeling circulation patterns for vehicles entering

and exiting the city, or crossing different boroughs. Calibrate a mul-

ticlass UE model with elastic demand to include passenger vehicles

and trucks. Calibrate the model to include the current toll charges

for passenger vehicles and trucks for a weekday a.m. peak. Test out

different policies for congestion pricing (like the $12 NYC

http://pems.dot.ca.gov/
http://baybridgeinfo.org/tolling-information
http://baybridgeinfo.org/tolling-information
https://github.com/bstabler/TransportationNetworks
https://github.com/bstabler/TransportationNetworks
https://www.openstreetmap.org
http://aequilibrae.com/
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congestion charge: http://www.nydailynews.com/new-york/

group-final-push-12-nyc-congestion-charge-article-1.3888806) as

well as for tolling trucks entering and exiting the city.
a. How effective is the $12 congestion charge? Is there a better

design?

b. How effective is the current truck tolling policies for entering

trucks? What happens if all the gateways into NYC included

truck tolls?
(3.6) Write a program that searches each link in a network to identify one

that can demonstrate Braess’ Paradox (removing it would improve

total system travel time) for a given set of OD demand. Test it on the

Sioux Falls network.

(3.7) For the network in Fig. 2 of Chin et al. (2016), solve the stochastic

assignment with Dial’s algorithm using θ¼10 and θ¼0.1. Interpret

the consumer surplus of the solutions. Now implement Spiess and

Florian’s algorithm and apply it to the same network. Compare

results; is there a θ where the results can be equivalent? Or is the

presence of unattractive lines a problem?

(3.8) Implement MSA with Dial’s algorithm for SUE and apply it to the

Sioux Falls network. Compare the objective portion
1
θ

P
r, sð Þ2W

P
k2K frsk ln frskð Þ in Eq. (3.12) between the SUE solution

with the first iteration solution.

(3.9) For the Sioux Falls network, consider altering the link performance

function of each link to be based on upstream link flows instead of

the same link flows. Try to solve one iteration of Frank-Wolfe algo-

rithm (Challenge 3.3) and discuss what happens.

(3.10) For the freight assignment model in Eq. (3.15), formulate an

equivalent VI.

(3.11) For the freight assignment model in Eq. (3.15), either an SO or a UE

objective is assumed. But in the case of freight, the decision-makers

are not single individuals but are large companies with fleets of vehi-

cles that form alliances with other companies even as they compete. If

a weighted sum between SO and UE objectives were used, can the

solution be a better fit of observed flows? Test this with commodity

flow survey data in the Freight Analysis Framework (https://ops.

fhwa.dot.gov/freight/freight_analysis/faf/#faf4) for a region.

(3.12) Create a program for Algorithm 3.6 fromWu et al. (1994). Apply it

to solve the transit network example from Fig. 4 in De Cea and

Fernández (1993).

http://www.nydailynews.com/new-york/group-final-push-12-nyc-congestion-charge-article-1.3888806
http://www.nydailynews.com/new-york/group-final-push-12-nyc-congestion-charge-article-1.3888806
https://ops.fhwa.dot.gov/freight/freight_analysis/faf/#faf4
https://ops.fhwa.dot.gov/freight/freight_analysis/faf/#faf4
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(3.13) Apply the program for Algorithm 3.6 created in Challenge 3.12 to

evaluate a simplified subway network of NYC Transit with the

proposed Regional Unified Network from ReThinkNYC

(http://www.rethinknyc.org/the-plan/).

(3.14) Congestion pricing for access into Manhattan can be modeled using

the Vickrey morning commute model. Using the 2010/2011

NYMTC Household Travel Survey (https://www.nymtc.org/

DATA-AND-MODELING/Travel-Surveys/2010-11-

Travel-Survey), obtain the demand for commuters from outside

Manhattan into Manhattan for work, including volume and distri-

bution. Calibrate a bottleneck capacity that would best fit the

observed distribution. Then propose a pricing scheme that would

optimize the social surplus. Compare the distribution of departure

and arrival times between pricing with no pricing.

(3.15) Collect data from OpenData NYC (https://opendata.

cityofnewyork.us/data/) to calibrate a downtown parking model

for Manhattan with truck double-parking. Determine space alloca-

tion and pricing strategies to maximize social surplus.

(3.16) Simplify Buchholz’s model in Fig. 3.21 for the special case of a two-

zone system. Consider parameters of the two zones such that one

tends to have more density of pickups. What is the preference to

stay in the same dense zone compared to serving interzonal trips?

(3.17) For Challenge 3.5 (NYC simple model), evaluate the scenarios

using the two-sided market framework in Section 3.5.2. Which

one has the smallest gap toward optimality? For the congestion pric-

ing scenario, based on the sign of the gap, suggest an alternative pol-

icy and evaluate it.

(3.18) In transit fleet operations, there are usually user and operator costs

with weights assigned to them. An operator who reduces the user

cost weight may lose user demand over time, but placing a high user

cost weight might impose high operating costs. For the day-to-day

adjustment process for two-sided transport markets, consider mod-

ifying the process to allow for learning of weights between user and

operator cost. Demonstrate how this would work for a single service

van with passenger capacity of six serving random customers in a

Euclidean space to a terminal station day to day. For this van, assume

it follows the nearest neighbor policy with a maximum detour

multiplier θ which is initially set to 1.5 and updated each day.

http://www.rethinknyc.org/the-plan/
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://opendata.cityofnewyork.us/data/
https://opendata.cityofnewyork.us/data/


CHAPTER 4

Market Schedule Equilibrium
for Multimodal Systems
4.1 THE NEED TO EVALUATE ACTIVITY SCHEDULING
BEHAVIOR

In Chapter 3, the focus of user equilibrium traffic assignment is on the con-

gestion externality that users impose on others when the system’s resources

are finite. That is, one basis for evaluation of user response to urban transport

systems designs. A second fundamental basis for user response is the hetero-

geneity of our activity scheduling throughout the day. The economic

vibrancy of a community is only possible through the diversity of prefer-

ences of its users in conducting different activities in different locations at

different times of the day. In addition, the methods in Chapter 3 assume that

the underlying transaction for transportation is a “trip” from one location to

another. While such an assumption may suffice in evaluating the effects that

users have on each other when sharing routes in the system, it does not

explain user response sensitivity to schedule-based transport systems like

MaaS, on-demand mobility, shared vehicles, and so on.

The importance of user scheduling response cannot be ignored when

evaluating mobility systems in a smart city. We call the equilibrium that

occurs when users adjust their schedules in response to a transport system

design as the “market schedule equilibrium.” It is possible to show that even

when we ignore congestion effects the design of a transport system can lead

to counterintuitive user responses in a market schedule equilibrium that can

only be explained with a user activity scheduling model. These paradoxical

effects are illustrated here from examples in Kang et al. (2013).

Consider a 4-node network on which a user lives and works, as shown in

Fig. 4.1. The user lives at node 0, works at node 3, and does grocery shop-

ping at node 1. The observed arrival times to each activity under the current

transport system design as shown in Fig. 4.1B are assumed.

In the base case, the user needs to arrive at work between 9a.m. and 10a.

m., and to the social activity between 6:15p.m. and 6:30p.m. with unit costs

of schedule delay beyond those windows≫unit travel andwait costs. Due to
139
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the travel times of the network and the arrival time constraints for the user,

they end up adding 45min of wait time into their planned schedule. If every

minute spent outside of home is treated equally as a cost regardless of

whether it is travel or idle wait time (for illustration), then the total cost

of the base schedule is 19.75�8¼11.75 h. Adding a new link from node

3 to node 0 with a travel time of 0.7 h would incentivize a traveler to make

a trip back home after work before heading out to the social event as shown

in Fig. 4.2, since the total incurred cost would now be lower:

(19.75�17.75)+(17.7�8)¼11.7 h. In the new scenario, no new activities

are conducted, and there are no congestion effects. Regardless, adding a new

link to the network results in generating an additional trip to the user’s

schedule. This paradoxical phenomenon is noted as follows.

Definition 4.1 Kang-Chow-Recker (KCR) Trip Paradox. A link

investment to a network, even in the absence of congestion effects, can lead to a para-

doxical increase in number of trips due to user scheduling preferences that do not generate

any new economic activity.

Now consider what happens if wait time is valued at 1.75 times that of

travel time. In the base case, we can define the disutility as the weighted sum

of travel time and wait time: 2+0.75(1.75)¼3.3125 h. If the travel time on
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link (3,1) is improved from 0.5 to 0.25 h, then due to the activity arrival time

constraints the user’s schedule would not change from the base case. Instead,

the 0.25 h difference would be converted from travel time to wait time,

leading to a total disutility of 1.75+1(1.75)¼3.5 h. Even though the net-

work is improved, disutility for a user can worsen due to the combination of

schedule parameters. This leads to a second paradox associated with activity

scheduling.

Definition 4.2 KCR Utility Paradox. A link investment to a network, even

in the absence of congestion effects, can lead to a paradoxical increase in disutility to

travelers when considering schedule constraints.

These examples make two important points. First, the congestion effects

and schedule effects can independently impact user responses in ways that can-

not always be anticipated. Second, if schedule effects are not modeled it is

possible not to know when network improvements can lead to additional

vehicle miles traveled without contributing to economic output or reducing

consumer surplus for some.
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4.2 COMPLEXITY OF ACTIVITY SCHEDULING

Having established the importance of user scheduling, consider also the

complexity of the problem. At its most basic level, users have incomes

and time budgets fromwhich to allocate to goods consumption to maximize

utility, where the total time spent includes time at work to generate income

to pay for utility-generating goods (Becker, 1965). An updated version of

the model (see Small and Verhoef, 2007) is shown in Eq. (4.1).

max
G,Tw, Tkf g

Λ¼U G, Tw, Tkf g½ �+ λ Y +wTw�Gð Þ+ μ T �Tw�
X
k

Tk

 !

+
X
k

ϕk Tk�Tkð Þ (4.1)

whereG is the amount of goods consumed,Tw is the time spent at work,Tk is
the time spent at other activities k, Y is the unearned income, wTw is the

earned income with wage rate w, T is the total time available, and Tk is

the minimum time needed to be spent on activity k. The objective Λ is a

Lagrangian function in which the latter three terms are resource allocation

constraints with corresponding Lagrange multipliers λ, μ, ϕk. The first con-

straint corresponding to λ requires costs spent on goods consumed not to

exceed a total income that includes earned income from time spent working.

The second constraint corresponding to μ requires that allocated time does not

exceed total time available. The third constraint corresponding to the set of

{ϕk} requires a minimum amount of time spent at an activity before utility

can be attained. In many transport modeling applications, the time spent at

work is held constant as a “compulsory activity” such that changes in transport

system designs impact the allocation of time on activities around them.

The third constraint gets more complicated when the minimum time is

not constant, but is rather dependent on accessibility of an activity among a

choice set of activities distributed over space. This aspect of the problem is

discussed by H€agerstrand (1970) and subsequent researchers in time geogra-

phy. An activity k that is farther away from a user would essentially impose a

higher value of Tk to access it. However, this cost can also depend on how a

user sequences their activities. Activities sequenced in two different ways

will impose different values of Tk as well. This consideration turns out to

be very problematic because sequencing activities over space, known as a

Traveling Salesman Problem (see Chapter 7), are computationally expensive

to solve exactly (Held and Karp, 1962).

On top of this complexity, Section 3.4.1 discusses the costs associated

with arriving at an activity late or early. These costs, as shown by Small
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(1982), are not necessarily symmetric and do not extend linearly from a

desired arrival time. An illustration of a nonlinear schedule delay cost

function for work trips is shown in Fig. 4.3. Not only are the schedule

delay costs asymmetric, but they also vary from one activity type to

another and may also depend on the activity. For example, shopping

may be highly flexible in schedule with little to no requirement on

arrival time but have physical time windows for when the store is open.

These would further impose additional constraints to the time allocation

problem in Eq. (4.1), and the constraints would vary from person to

person.

To evaluate the market equilibrium of an urban transport system design

based on user activity scheduling, it is necessary to use a model of individual

scheduling behavior that can take those designs into account. Such a model

should allow the sequencing, departure/arrival times, selection of activities,

and mode choice throughout the day to be sensitive to design variables of a

transport system: routes covered, pricing, capacities, and service schedules

for MaaS.
4.3 A MODEL OF USER ACTIVITY SCHEDULING BEHAVIOR

4.3.1 Literature Review
Activity scheduling is an especially difficult behavior to model. Many of the

decisions, such as whether to trip chain, sequencing of certain trips, depar-

ture times, and mode choice, are highly interdependent. For example, peo-

ple choosing to commute by park and ride may have to drive a car to a

parking facility far from a downtown area and leave their car behind to take

transit to work. At the end of the day, they would need to return to the park-

ing facility to pick their car back up. These decisions are further impacted by
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parking capacity, parking fees, train schedule, location of stops, and other

infrastructure-related designs and operating policies.

Models of user activity scheduling in a spatial-temporal context emerged

in the 1970s after the time-geographic theory proposed by H€agerstrand
(1970). Jones (1979) specifically related travel demand to activity participa-

tion in time and space. By the 1980s, activity-based analysis had taken root

with studies such as Recker et al. (1986a,b) and Kitamura (1988).

Subsequent models (e.g., Axhausen and G€arling, 1992; Ettema et al.,

1993; G€arling et al., 1994; Bhat and Koppelman, 1999; Bowman and

Ben-Akiva, 2001; Bhat et al., 2004; Pendyala et al., 2005; Bellemans

et al., 2010) expanded on the problem significantly. Many focus on such

behavioral questions as explaining differences between travel behavior for

work activities and social activities, or the need to drop off kids at school.

There is less consideration of the impacts of system design factors such as

transit schedules and facility capacities. Pinjari and Bhat (2011) provide a

detailed survey of the history and synthesis of these models.

As an illustration, Bhat’s CEMDAP model has a scheduling component

as presented in Table 4.1 (number of stops, durations, locations, and depar-

ture times). One can draw two immediate conclusions. First, travel decisions

are so complex that they require numerous models just to be able to fit to

observed data. Second, by breaking up the joint travel decisions made

throughout the day into all these components, direct relationships between

travel decisions and multimodal system designs are difficult to pinpoint. The

park-and-ride example is a nonlinear and highly structured interdependency

between departure time, mode choice, activity destination choice, among

others.

Studies such as Lam and Yin (2001), Lin et al. (2008), Ramadurai and

Ukkusuri (2010), Konduri (2012), Liu et al. (2015a), Halat et al. (2016),

and Liu et al. (2017) appear to offer solutions to this lack of structured inter-

action. Such models impose a Nash game upon travelers throughout the day

under a setting where links in the infrastructure network, or in some cases

even at the origin-destination (OD) pair level, exhibit congestion effects like

in dynamic traffic assignment (DTA) models. However, unlike traditional

DTA models, these activity-based network equilibrium models impose

strong assumptions that trade-offs between one activity schedule versus

another are primarily driven by congestion effects on the transportation net-

work with other travelers at a 24-h decision-making timescale. For this to

work effectively, congestion impacts on links in a network at a 5-min inter-

val need to realistically measure up against other paths in the same time



Table 4.1 Modes used in scheduling portion of CEMDAP

Model
Econometric
structure

Commute mode Multinomial logit

Number of stops in work-home commute Ordered probit

Number of stops in home-work commute Ordered probit

Number of after-work tours Ordered probit

Number of work-based tours Ordered probit

Number of before-work tours Ordered probit

Tour mode Multinomial logit

Number of stops in a tour Ordered probit

Home-work stay duration before a tour Regression

Activity type at stop Multinomial logit

Activity duration at stop Linear regression

Travel time to stop Linear regression

Stop location Spatial location

choice

Number of independent tours Ordered probit

Decision to undertake an independent tour before pickup/

joint discretionary

Binary logit

Decision to undertake an independent tour after pickup/joint

discretionary

Binary logit

Tour mode Multinomial logit

Number of stops in a tour Ordered probit

Number of stops following a pickup/drop-off stop in a tour Ordered probit

Home stay duration before a tour Regression

Activity type at stop Multinomial logit

Activity duration at stop Linear regression

Travel time to stop Linear regression

Stop location Spatial location

choice

Departure time from home Regression

Activity duration at stop Regression

Travel time to stop Regression

Location of stop Spatial location

choice

School-home commute time Regression

Home-school commute time Regression

Mode for independent discretionary tour Multinomial logit

Departure time from home for independent discretionary

tour

Regression

Activity duration at independent discretionary stop Regression

Travel time to independent discretionary stop Regression

Location of independent discretionary stop Spatial location

choice

145Market Schedule Equilibrium for Multimodal Systems
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interval, then in neighboring 5-min intervals, 30-min intervals, hourly

intervals, and so on, up to the tactical decision-making level by time of

day. Realistically, the impact of a link delay due to congestion should be

buried underneath a mountain of other response options before it reaches

the sensitivity of a user’s scheduling decision. However, such simplifications

in network size or time interval to overcome computational challenges will

artificially inflate the significance of link congestion effects on these tactical

scheduling decisions.

In addition, congestion effects cannot be uniformly applied across all ele-

ments of the user’s schedule. For example, at an activity level, not all con-

gestion effects are negative externalities. A well-attended restaurant tends to

be preferred over an empty one. A 5-min delay at a congested link in a net-

work for a commuter on the way home should not have the sameweight as a

5-min delay while waiting for a busy commuter train to arrive to get to work

in the morning. Some congestion effects are more directly linked to physical

capacities, such as parking capacity or transit station queue capacity. In these

circumstances, congestion effects at the infrastructure link level are negligi-

ble compared to user activity scheduling effects as far as the user’s tactical

behavior is concerned.

Recker (1995) proposed a user activity scheduling model called the

Household Activity Pattern Problem (HAPP) which focuses solely on

scheduling decisions and effects, given an activity agenda. Variants of

the model were shown to handle intrahousehold interactions. Recker

(2001) drew parallels between the HAPP model and utility maximization

forecast models. The model has been used to evaluate effects of house-

hold ridesharing policy on vehicle emissions (Recker and Parimi,

1999), measuring the inconvenience of alternative fuel vehicles with lim-

ited fueling infrastructure (Kang and Recker, 2014), inferring the desired

arrival times and scheduling preferences for individuals in southern

California (Chow and Recker, 2012), and measuring the capacity effects

of a park and ride facility in the Greater Toronto Area (Chow and

Djavadian, 2015).

Methodological extensions to this model have also been made. The

model can handle destination choice through separate efforts by Kang

and Recker (2013) and Chow (2014). In the latter study, a methodology

is introduced to efficiently apply the HAPP model to analyze different sce-

narios based on reoptimization. Gan and Recker (2008, 2013) extended the

model to consider dynamic rescheduling and stochastic scheduling. Chow

and Recker (2012) addressed the parameter estimation problem to fit the
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HAPPmodel with goal arrival times to observed user schedules as an inverse

optimization model. This has since opened a new area of research in inverse

transportation problems which is discussed in Chapter 5. Chow and Djava-

dian (2015) extended the HAPP model to the multimodal household activ-

ity pattern problem (mHAPP) model, which accounts for capacitated

multimodal infrastructure networks. Chow and Nurumbetova (2015)

extended the HAPP model to multiple days (see Lee and McNally, 2003;

Schlich and Axhausen, 2003) using an inventory routing extension to cap-

ture the “needs” constraint (Arentze and Timmermans, 2009). Liu et al.

(2017) linked the HAPP scheduling model with dynamic traffic assignment

to capture operational congestion effects.

A similar type of model is also seen in the work of Arentze and Timmer-

mans (2004) and Liao et al. (2010, 2013), although these models focus more

on state decisions during a trip than on activity scheduling and sequencing.

The mHAPP model is adopted as a base model to be introduced and

illustrated in the following sections.
4.3.2 Model Formulation and Analytical Properties
The followingmodel is used to forecast the schedule chosen by a user given a

set of compulsory activities, available transportation facilities, and desired

arrival times and durations for each activity. It can serve as the scheduling

model needed for different multiagent activity simulators like MATSim

or as the sampled response of a model of a heterogeneous population.

An activity systemG composedof zonesz2G is populated byℙ and amul-

timodal transport system V, which is composed of multiple modes v2{0,V}.

Walking mode is defined by a mode 0, driving is mode 1, and other types of

modes are defined by 2, …, jV j. A set of transport nodes Λ¼{Λ1,…,ΛjVj}
is separated into individual modes. For example, Λ1 is associated with the

drivingmode and represents a parking facility.Λv�2 represents a stop or station

associated with the corresponding mode. In this model, users traveling from

one activity to another go from an activity zone z(r)2Gi to different transport

nodes beforeendingat another activity zonez(s)2Gi.Modes aredefinedby the

types ofnodes at eachend.A link that connects a homezoneorparking facilities

to eachotherpertains todriving.Linksbetween twonodes fromthe samemode

represent routescoveredby thatmode.Linksbetween twonodes fromdifferent

modes belong to walking mode.

The mHAPP is a mixed integer linear programming problem that con-

siders the scheduling of a single user i2S. An individual resides in one zone
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and conducts activities in a subset of zonesGi�G, where z[u]2Gi is a zone

corresponding to an activity u2W. The following parameters are defined for

each user. Unlike links in a traffic assignment model in Chapter 3 that rep-

resent physical road segments, the links connecting the transport nodes and

activity nodes together are directed links that represent either OD pairs,

paths, or bottleneck links. The choice depends on the design of the model

for different trade-offs between certain infrastructure capacities to activity

scheduling.

Observable parameters:
Oi is the home node of individual i in a zone in Gi, which may be

indexed as 0;

Ni is the set of activity nodes u of individual i, divided into Ni
+ for the

activity participation and corresponding Ni
� for the return from the

activity, where each u2Ni
+ is located in a zone in Gi and each activity

(u+ jNi
+j)2Ni

� is located at the individual’s home zone;

Di is the final return home node of individual i, which may be indexed as

jNi j+1;

W¼N[Λ[O[D is the set of all nodes in the population;

tz(u), z(w) is the travel time from one origin u2W to one destination

w2W;
cz(u), z(w) is the travel cost between nodes u and w;

du is the duration at activity node u, or the average wait time at a transport

station for a frequency-based transport node;

au, bu are optional early and late arrival time windows for a node u for

capturing operating hours or to include transit schedules;

pu
1 is a variable parking fee for a node u2Λ1;

pu
2 is a fixed parking fee for a node u2Λ1;

M is a sufficiently large constant.
Latent parameters:
gu is the goal arrival time of user i to a node u2Ni
+;

βi¼{βi1
0 ,…,βi, jKj

0 ,βi1
T, e,…,βi, jNj

T, e ,βi1
T, l,…,βi, jNj

T, l } is a vector of weights

for user i where β0 is the set of weights for jK j objectives, and βiT, e, βiT, l
are weights associated with early and late arrival relative to a goal

arrival time.
Decision variables for individual i (index left out of these variables for

convenience):
Xuw
rs is a binary variable that indicates a route chosen by a user from node

u2{r,Λ} to w2{s,Λ}, where the route originating or ending at an activ-
ity node would have r¼u or s¼w;



149Market Schedule Equilibrium for Multimodal Systems
Tu, u2N, is a continuous nonnegative variable that indicates the time at

which an activity node is started;

Tu
rs, u2Λ, is the start time at a parking or transport facility to travel from

activity node r to activity node s;

TO, TD are the initial departure time and final return home times;

Qu
rs+ is a continuous variable for the time that an individual picks up a

vehicle from a parking facility u to go from node r to s;

Qu
rs� is a continuous variable for the time that an individual drops off a

vehicle at a parking facility u to go from node r to s;

Pu
e , Pu

l are nonnegative early and late arrival deviations from a goal arrival

time gu at node u.
The model framework considers general trade-offs between desires to get to

different activities that are either required (long-term utility like work) or

produce short-term utility for the user, subject to preferences to stay at home

or to travel with minimal disutility.

The travel cost parameter cz(u), z(w) models capacity effects by adding

their corresponding dual prices, that is, cz(u), z(w)¼ c0z(u), z(w)+λz(u), z(w), where
c0z(u), z(w) is the uncapacitated link cost and λz(u), z(w) is the optimal dual price

corresponding to a binding load capacity. The parameter tz(u), z(w) captures

in-vehicle travel time. If used for fixed route transit systems, average wait

time at a station is modeled using the activity duration parameter du. The

transit schedule is explicitly modeled using the time windows at a station

by duplicating a node for each run of interest.

The objective of a user varies from one to another; we model this by

allowing the objective parameters to be correlated variates across the pop-

ulation. The objective weights are latent parameters but can be calibrated

from observed activity scheduling data. A methodology for parameter esti-

mation was developed by Chow and Recker (2012) and is discussed in more

detail in Chapter 5 on inverse optimization.

Consider the following weighted objective function in Eq. (4.2). For

convenience, the i index is dropped out.

min�U ¼
X
k2K

β0kZk +
X
u2N +

βT ,e
u Pe

u +
X
u2N +

βT , l
u Pl

u (4.2a)

where Zk is represented by different objectives shown in Eqs. (4.2b)–(4.2g),
0
with each objective having a different coefficient βk.X

r2 N,Of g

X
s2 N,Df g

X
u2 r,Λf g

X
w2 s,Λf g

cuwX
rs
uw (4.2b)
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X
r2 N,Of g

X
s2 N,Df g

X
u2 r,Λf g

X
w2 s,Λf g

tuwX
rs
uw (4.2c)

X
u2Λ1

p1u

X
r2 N,Of g

X
s2 N,Df g

Qrs+
u �

X
r2 N,Of g

X
s2 N,Df g

Qrs�
u

0
@

1
A

0
@

+ p2u

X
r2 N,Of g

X
s2 N,Df g

X
w2 r,Λ1f g

Xrs
wu

1
A (4.2d)

�Yv, 8v2V (4.2e)X
u2N +

Tu+ N +j j �Tu

� �
(4.2f)

TD�TO (4.2g)

Eq. (4.2b) minimizes the modal travel cost, which includes fares and tolls.
Eq. (4.2c) minimizes the travel time. Eq. (4.2d) is the parking cost. Eq. (4.2e)

is the mode preference, defined to be nonpositive (the least preferred mode

would have a βk
0¼0). Eq. (4.2f ) minimizes the delay from returning home

after conducting an activity. Eq. (4.2g) minimizes the length of the day spent

outside of home. The objectives are subject to the following constraints.

Subject to X
s2N

X
w2 s, Λf g

Xrs
rw ¼ 1, r 2 O,Nf g (4.3)

X
r2N

X
u2 r, Λf g

Xrs
us¼ 1, s2 D,Nf g (4.4)

X
w2 s,Λf g

Xrs
uw�

X
w2 r,Λf g

Xrs
wu¼ 0, u2Λ, r2 O,Nf g, s2 D,Nf g (4.5)

X
r2N

X
u2 r,Λf g

X rO
uO +

X
s2N

X
w2 s,Λf g

XDs
Dw ¼ 0 (4.6)

X
r2 N,Of g

X
s2 N,Df g

X
w2 Λ1,N�,Df g

Xrs
uw�

X
r2 N,Of g

X
s2 N,Df g

X
w2 Λ1,N�,Of g

Xrs
wu¼ 0, u2Λ1 (4.7)

Tu +Pe
u�Pl

u ¼ gu, u2N + (4.8)

Tu + du�T N +j j+ u � 0, u2N + (4.9)
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�Trs
u +Qrs+

u �
X

w2 Λ1,N�,Df g
Xrs
uw�1

0
@

1
AM, u2Λ1, r 2 O,Nf g, s2 N ,Df g

(4.10a)

�Trs
u +Qrs+

u � 1�
X

w2 Λ1,N�,Df g
Xrs
uw

0
@

1
AM, u2Λ1, r 2 O,Nf g, s2 N ,Df g

(4.10b)

Trs
u �Qrs�

u �
X

w2 O, Λ1,N�f g
Xrs
wu�1

0
@

1
AM, u2Λ1, r 2 O,Nf g, s2 N ,Df g

(4.10c)

Trs
u �Qrs�

u � 1�
X

w2 O, Λ1,N�f g
Xrs
wu

0
@

1
AM, u2Λ1, r 2 O,Nf g, s2 N ,Df g

(4.10d)

Tr + dr + trs�Ts � 1�Xrs
rs

� �M, r, s2N (4.11a)

Tr + dr + trw�Trs
w � 1�Xrs

rw

� �M, r 2N , s2 D,Nf g,w 2Λ (4.11b)

Trs
u + tus�Ts � 1�Xrs

us

� �M, r 2 N ,Of g, s2N ,u2Λ (4.11c)

Trs
u + du + tuw�Trs

w � 1�Xrs
uw

� �M, u,w 2Λ, r 2 O,Nf g, s2 N ,Df g
(4.11d)

TO + tOs�Ts� 1�XOs
Os

� �M, s2N (4.11e)

Tr + trD�TD � 1�XrD
rD

� �M, r 2N (4.11f)

TO + tOw�TOs
w � 1�XOs

Ow

� �M, w 2Λ, s2N (4.11g)

TrD
u + tuD�TD � 1�XrD

uD

� �M, u2Λ, r 2N (4.11h)

M
X

r2 N,Of g

X
s2 N,Df g

X
w2Λv

Xrs
rw �Yv, v2V (4.12)

Tr � ar , r 2N + (4.13a)

Tr � br , r 2N + (4.13b)

Trs
u � au, u2Λ, r 2 O,Nf g, s2 N ,Df g (4.13c)
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Trs
u � bu, u2Λ, r 2 O,Nf g, s2 N ,Df g (4.13d)

Qrs�
u �M

X
w2 s2N +, Λf g

Xrs
uw, u2Λ, r 2 O,Nf g, s2 N ,Df g (4.14a)

Trs
u �M

X
w2 s, Λf g

Xrs
uw, u2Λ, r 2 O,Nf g, s2 N ,Df g (4.14b)

Xrs
uw,Yv 2 0, 1f g (4.15a)

Tu,T
rs
u ,TO,TD,P

e
u,P

l
u,Q

rs+
u ,Qrs�

u � 0 (4.15b)

The flow conservation constraints in Eqs. (4.3)–(4.6) generally apply to

all nodes. Eq. (4.7) requires visits to a parking node to be done in pairs for

picking up and dropping off vehicles. This condition also allows parking

durations to be obtained with Eq. (4.10). Eq. (4.8) is the goal arrival con-

straint that allows a user to get to a destination early or late at a penalty.

Eq. (4.9) sets the arrival time for returning home from an activity to occur

after conducting the activity. Eq. (4.11) ensures that arrival times are con-

nected in relation to routes chosen to eliminate subtours and update arrival

times. Eq. (4.12) is used to determine whether a mode is used that day,

which would impart a utility to the user based on the objective in Eq.

(4.2e). The remaining constraints are optional time window constraints

and conditional constraints (Eq. 4.14) to keep the arrival time and parking

time values to zero if not visited.

As shown in Chow (2014) and Chow and Nurumbetova (2015), the

HAPP model and its extensions can be modified to include destination

choice and multiple day scheduling based on needs satisfaction. For simplic-

ity, only the base mHAPP model is presented here.

The optimization model in Eqs. (4.2)–(4.14) is a mixed integer linear pro-

gramming problem that can be solved using algorithms designed for those

problems such as branch and bound algorithms. As a variant of the pickup

and delivery problem (see Solomon andDesrosiers, 1988), themHAPPmodel

is an NP-hard problem for which the optimality of a solution cannot be ver-

ified in exponential time. Effective algorithms have been developed to solve

these problems (see Cordeau and Laporte, 2003). Kang and Recker (2013)

developed a solution algorithm based on Dumas et al. (1991) to solve these

problems exactly. Chow (2014) developed insertion algorithms and a genetic

algorithm, both heuristics, to address large-scale problems in reasonable

computation time. These are discussed in more detail in Section 4.3.3.

Consider an illustrative example of the mHAPP model in Exercise 4.1.



Exercise 4.1
For the activity system shown in Fig. 4.4 and two users’ observed parameters, design

values of objective weights β and goal arrival times g for three scenarios: User 1

drives, User 1 takes transit, and User 2 takes transit. Summarize their performances

and draw out their time-space trajectories.

User 1 would cross the bridge by car if the utility for automobile is

set high enough, that is, if the only objective is �βmode,1
0 Y1, where

β0mode, 1≫0. To ensure a unique solution, cost minimization is also

considered, β0cost
P

r2 N,Of g
P

s2 N,Df g
P

u2 r, Λf g
P

w2 s, Λf g cuwX
rs
uw. If User 1

has g1¼9 a. m. and g2¼6 p. m., the output of mHAPP is:

Home 8 : 10 a:m:ð Þ!CBDparking 8 : 55 a:m:ð Þ!Activity 1 9 a:m:�5p:m:ð Þ
!CBDparking 5 : 05 p:m:ð Þ! zone 4 parking 5 : 35 p:m:ð Þ
!Activity 2 6p:m:�7p:m:ð Þ
! zone 4 parking 7 : 05 p:m:ð Þ!Home 7 : 20 p:m:ð Þ

Total in-vehicle travel time: 1h 30min

Total access/egress time: 20min

Total time outside of home: 11h 10min

Total cost: $12.67 ($8.17 CBD parking, $4.50 gas)

Total idle/wait time: 20min

Total time vehicle parked: 9h 40min (8h 10min in CBD parking, 1h

30min in zone 4 parking)

6 

1 

2 

3 

4 

7 5 

Bridge 

Transit with 4 stops, 
one at corner 

Park and ride 
facility

Transport facilities 
CBD parking: $
Zone 3 parking: 
Zone 4 parking: 
PnR parking: 
Transit station at all zones: 

User 1 
Home zone: 7, owns a car 
Activity 1 (work) – zone: 2, 
Activity 2 (dinner) – zone: 4, 
Pays transit fares $2/trip 

User 2 
Home zone: 5, owns a car 
Activity 1 (work) – zone: 2, 
Activity 2 (shopping) – zone: 3, 
Fare card costs $4 for unlimited use all day if used 
that day 

CBD parking

All driving (transit) times from zone centroid to a 

neighboring zone centroid is assumed to be 
1
4  ( ), auto 

cost is $3/h, all walking access between two facilities in the 

same zone is set to 
1

12
, all arrival penalties are 

0.70, . 

Fig. 4.4 Activity system to illustrate flexibility of model to capture different scheduling
preferences.

153Market Schedule Equilibrium for Multimodal Systems



For User 1 to take transit, they need to get to the park-and-ride facility.

Therefore having an objective �βmode,2
0 Y2 where Y2¼1 if transit is taken,

with βmode,2
0 ≫0, would switch the user to this mode. Under the same cost

minimization objective and goal arrival times, g1¼9 a. m. and g2¼6 p.

m., the output of mHAPP is:

Home 8 a:m:ð Þ!PnR parking 8 : 15 a:m:ð Þ
!Transit zone 6 8 : 20 a:m:�8 : 25 a:m:ð Þ
!Transit zone 2 8 : 45 a:m:ð Þ
!Activity 1 8 : 50 a:m:�4 : 50 p:m:ð Þ
!Transit zone 2 4 : 55 p:m:�5 : 00 p:m:ð Þ
!Transit zone 6 5 : 20 p:m:ð Þ! PnR parking 5 : 25 p:m:ð Þ
!Zone 4 parking 5 : 55 p:m:ð Þ!Activity 2 6 p:m:�7 p:m:ð Þ
! zone 4 parking 7 : 05 p:m:ð Þ!Home 7 : 20 p:m:ð Þ

Total in-vehicle travel time: 1h 40m.

Total access/egress time: 30m.

Total time outside of home: 11h 20m.

Total cost: $12 ($4 transit fares, $5 PnR parking fee, $3 gas).

Total idle/wait time: 10m

Total time vehicle parked: 10h 20m (9h 10m in PnR, 1h 10m in zone 4

parking).

Because of preference to take transit, User 1 actually shifts their schedule

earlier in the day to arrive at work 10min earlier than desired. This

assumes that the benefit of taking transit compared to taking auto is more

beneficial than the cost of arriving earlier to work.

User 2would take transit if the transitmode objective is sufficiently high, that

is, if it is�βmode,2
0 Y2whereY2¼1 if transit is taken.Asmart card isused topay$4 to

allow unlimited transit trips in a day. The cost is not included in cuw for the transit

trips, but instead included in theβmode,2
0 for this user, that is,βmode,2

0 ¼βmode,2
00 �$4 if

the coefficients are calibrated to be in units of dollars and βmode,2
00 is the original

parameter. Under the goal arrivals of g1¼8 a.m. and g2¼5 p.m. and a cost

minimization objective, the following is a solution of mHAPP:

Home 7 : 25 a:m:ð Þ!Transit zone 5 7 : 30 a:m:�7 : 35 a:m:ð Þ
!Transit zone 2 7 : 55 a:m:ð Þ
!Activity 1 8 a:m:�2 p:m:ð Þ
!Transit zone 2 2 : 05 p:m:�2 : 10 p:m:ð Þ
!Transit zone 5 2 : 30 p:m:ð Þ
!Home 2 : 35 p:m:�4 : 05 p:m:ð Þ
!Transit zone 5 4 : 10 p:m:�4 : 15 p:m:ð Þ
!Transit zone 3 4 : 55 p:m:ð Þ
!Activity 2 5 p:m:�7 p:m:ð Þ
!Transit zone 3 7 : 05 p:m:�7 : 10 p:m:ð Þ
!Transit zone 5 7 : 50 p:m:ð Þ!Home 7 : 55 p:m:ð Þ
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Total in-vehicle travel time: 2h.

Total access/egress time: 40m.

Total time outside of home: 11h.

Total cost: $0 ($4 transit fare but it is in the disutility objective, not the

cost).

Total idle/wait time: 20m

Note that User 2 could have also taken a car for Activity 2, but that would cost

an additional $1.50 gas for the round trip. If minimizing time spent outside of

home is a strong enough objective relative to cost minimization, the user

would switch from this schedule to use the car.

These patterns are illustrated in Fig. 4.5, showing how the same mHAPP

model, with different parameters even for the same user can exhibit very

different outcomes that interact with the transport system.

Fig. 4.5 Three solutions of mHAPP based on different parameters for user 1 (A, B) and
user 2 (C).
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From the perspective of the transport system agency or operator, this

model framework allows one to design different control variables: facility

load capacity (reflected in a dual price added to cuw), pricing fares or parking

fees, setting transit headways impacting time windows or average wait times,

updating the travel times with congested travel times, location of stations, or

provision of routes. In return, running the mHAPP model on each user of a

full population or a sampled subpopulation provides a modeler with

information about heterogeneous scheduling responses.
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4.3.3 Solution Algorithms
The family of HAPP models belong to the pickup and delivery problem,

which is a mixed integer linear programming problem that is NP-hard.

In practice, effective algorithms are needed to solve the optimization model.

For small problems involving one to four activities (10 nodes), commercial

integer programming solvers (e.g., CPLEX, GAMS, the intlinprog function

in MATLAB) using branch and bound algorithms are adequate. In most

basic activity scheduling problems without destination choice or multimodal

network interaction, there are typically four or less activities conducted in a

day (Golob, 2000).

A branch and bound algorithm (Land and Doig, 1960) is a well-known

solution method for solving integer programming problems. The intuition

behind the algorithm is to iteratively add constraints to the integers (branch),

and relax the integral constraint to solve the resulting linear program (LP),

which can be solved efficiently (Dantzig and Thapa, 2003). By testing the

relaxed LP, the algorithm gains information from which it can close certain

branches without having to explore them further (bound). A version of it

shown in Bradley et al. (1977) is presented in Algorithm 4.1.
Algorithm 4.1 (Based on Bradley et al., 1977). Branch and
Bound Algorithm for Integer Programming
Inputs: Integer programming parameters c,A, b, and decision variablesX 2 ℤ,
structured as a maximization problem: Z¼{max cTX :AX� b,X2ℤ}
1. Initialize. Set lower bound Z*¼ �∞ and upper bound Z from

associated LP. Apply steps 2–4 to whole problem. If fathomed, stop.

2. Branching. Among unfathomed subproblems, select one most recently

created and create 2 branches by inserting constraints to the parent

associated LP: xj�bxj*c for one and xj�bxj*c+1 for other.

3. Bounding. For each new subproblem, solve associated LP; if upper

bound can be updated, do so.

4. Fathom. For each subproblem, apply 3 fathom tests:

1. Test 1. If new upper bound �Z*
2. Test 2. If no feasible solution.

3. Test 3. If solution is a feasible integer problem. In this case, if the

bound >Z*, update Z*.
5. Optimality test. Stop when there are no remaining subproblems, or if

Z�Z* is within tolerance.

Outputs: X*
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The algorithm is illustrated in Exercise 4.2.
Exercise 4.2
(From Bradley et al., 1977). Solve the following program using Algorithm 4.1.

maxZ¼ 5x1 + 8x2
Subject to

x1 + x2 � 6

5x1 + 9x2 � 45

xj 2ℤ +, j¼ 1,2
1. Initialize: Z*¼ �∞.

2. First we relax the integral constraint by converting xj2ℤ+ to xj�0. The

solution of the associated LP to this relaxation is x1 ¼ 2:25,
x2 ¼ 3:75,Z¼ 41:25. Since there are noninteger solutions that

should be integer, we keep going.

3. Pick one noninteger variable that should be an integer (x2) and branch

it: x2�3 [L2], x2�4 [L1].

4. Solve L1: x1¼1.8, x2¼4,Z¼41. Since we have a noninteger solution,

we branch to [L3] x1�2 and [L4] x1�1.

5. L3 is not feasible so we fathom it. Solving L4 leads to: x1¼1, x2¼4.444,

Z¼40.55. We need to branch to form [L5] x2�4 and [L6] x2�5.

6. Solve L5 (which, at this point, looks like this: Z¼{max(5x1+8x2) :

x1+x2�6,5x1+9x2�45,x2�4,x1�1,x2�4,xj�0}) to obtain

x1¼1, x2¼4, Z*¼37. The objective value is bounded here because

the solution is feasible and is better than the prior bound. If we stop

the algorithm here, we know our solution has an optimality gap of
41�37ð Þ
37

¼ 10:8%. We still have two open branches.

7. Solve L6 and get x1¼0, x2¼5, Z*¼40. The bound has been updated

with the higher value. Stopping the algorithm now would result in a

2.5% optimality gap.

8. Solve L2 and get x1¼x2¼3, Z¼39. Since this objective value is lower

than the current bound, we can fathom it. As there are no more

unfathomed branches, the algorithm terminates.
For larger instances, or for mHAPP and selective HAPP with destination

choice (Kang and Recker, 2013; Chow, 2014), customized algorithms are

needed. As noted in Kang and Recker (2013), numerous algorithms have

been developed over the years to solve large-scale pickup and delivery prob-

lems with time windows, as reviewed in Cordeau and Laporte (2003). For

example, problems with up to 2500 locations have been successfully solved



158 Informed Urban Transport Systems
in the literature. For problems with destination selection, a set of zones

accessible to a household within their space-time prism (Miller, 1991)

may range up to 100 zones or so in practice. Therefore this is well within

the range to solve.

Dumas et al. (1991) proposed a dynamic programming-based solution

method intended to solve capacitated fleet routing. It decomposes the rout-

ing problem into a restricted master problem and a shortest path subproblem

that uses the dual variables from the restricted master problem. The HAPP

model class, and particularly the mHAPP model, cannot be solved exactly

using this approach because the objective function may include objectives

that are nonadditive across links (Eqs. (4.2d)–(4.2g)) with soft arrival times

having early and late penalties. As such, the dynamic programming approach

would not be able to account for these trade-offs when recursively adding

new links to a sequence. The method in Kang andRecker (2013) is designed

for hard time windows with only link-additive costs (Eqs. (4.2b)–(4.2c)) in
the objective. Finding an effective exact algorithm for large-scale mHAPP

(and its selective version, mSHARP (Chow, 2014)) remains an open

research challenge.

We turn to heuristics for now. Chow (2014) proposed a genetic algo-

rithm (GA) to obtain a solution for these types of problems. A GA is a

type of stochastic search algorithm that randomly generates new solutions

based on pruning “generations” of solutions based on fitness and evolu-

tion. It has been shown to converge as the number iterations approach

infinity, but the rate of convergence is highly dependent on the problem

structure, dimensionality, and parametric design of the algorithm. As

such, it is not possible to ascertain the optimality of a solution after a finite

number of iterations.

Nonetheless, it has been shown to be effective in generating good quality

vehicle routing solutions (Baker and Ayechew, 2003) and is adopted here as

the de facto algorithm for large-scale instances. GA is also used in MATSim

to find good fitting schedules for individuals in the synthetic population. The

GA from Chow (2014) is shown in Algorithm 4.2.
Algorithm 4.2 Genetic Algorithm for Selective HAPP
(G-SHARP) for Single Individual Household
Input: HAPPmodel parameters, GA parameters: population size E, number

of generations G, initial population activity choice threshold Δ, mutation

rate θ, infeasible solution penalty λ.



Initialization

1. Generate E�N+ percentiles μ using Latin Hypercube Sampling (see

Chow et al., 2010a)

2. For p�E and u2N+, if μ[p,u]>4, Ymu[p]≔1

3. For u2N�, if Ym,u�jN+j[p], Ymu[p]≔1

Generate random feasible sequences for binary variables

4. Ωp≔ randperm[N+] (Ωp ¼ pth sequence in E)

5. For u2N�, if Ωp[u]<Ωp[u�jN+j), randomly reassign to occur after

Ωp[u�jN+j]
6. For 1� i�jΩp j,

a. XΩp[i],Ωp[i+1][p]≔1, XO,Ωp[1]
[p]≔1, XΩp[jΩpj],D[p]≔1

Optimize the continuous variable subproblem given a set of feasible binary variables

7. T [p]≔LP[X[p]]

8. penalty p½ �≔λ
P

u2N + max Tu� bu, 0½ �+Pu2N + max au�Tu, 0½ �� �
9. Update objective value �U[X,T,Y,penalty] for each p�E

GA updates: population crossbreed, mutate, selection via fitness, and repeat

10. For 2� g�G,

a. For p�E, Ωp,g≔ crossbreed[Ωp1,g�1,Ωp2,g�1] as per Tasgetiren and

Smith (2000)

b. For m2M and if qm>0,

i. Randomly select u2Nm
+ so that

P
u2N +

m
Ymu p, g½ � ¼ qm

c. For u2N+,

i. if Ymu[p, g]¼1 and rand< θX
m

qm +1
, Ymu[p, g]≔0

d. Randomly select w2Nm
+, Ymw[p, g]≔1

e. For u2N+,

i. If Ymu[p, g]¼1, Ym,u+jN+j[p, g]≔1, else Ym,u+jN+j[p, g]≔0

f. For u2N�, ifΩp,g[u]<Ωp,g[u�jN+j], randomly reassign to occur after

Ωp,g[u�jN+j]
g. For 1� i�jΩp,g j,

i. XΩp,g[i], Ωp,g[i+1][p, g]≔1, XO, Ωp,g[1]
[p, g]≔1, XΩp,g[jΩpj], D[p, g]≔1

h. T[p, g]≔LP[X[p, g]]

i. penalty p½ �≔λ
P

u2N + max Tu� bu, 0½ �+Pu2N + max au�Tu, 0½ �� �
j. Update objective value �U[X,T,Y,penalty] for each p�E

k. Merge best E values from sort of {�U[1 :E, g]}[{�U[1 :E, g�1]}

Output: X, T, Y
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The binary variable Ymu indicates whether an activity u is visited for

activity type m. The parameter qm is a quota of how many activities of type

m need to be visited. The randperm term in step 4 refers to random sequence

generation. The LP term in step 8 refers to solving the linear program for
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arrival times T under goal arrival constraints, travel times, and fixed route

sequence X. This overcomes the objectives that are not additive across links.

The penalty term in step 9 stores the penalty for exceeding the hard time

windows, as activities can have both goal arrivals and hard time windows.

Although this algorithm is designed for the G-SHARP model in Chow

(2014), it can be readily adapted to handle the mHAPP model and its selec-

tive variant as well. The objective needs to bemodified and the LP also needs

to be modified to include the additional constraints for the transport nodes

and the continuous parking duration variables Q. The random selection

must include the transport nodes.

The algorithm has been tested in the following computational example.

For a single user household lives in zone 81 of a 100-zone grid shown. Based

on the parameters for the population and for the household, its activity

schedule is obtained with Algorithm 4.2 withG¼40. Schedules for two sce-

narios are solved for: a base scenario (A) and a scenario (B) where the utility

of discretionary activities is doubled. These are shown in Fig. 4.6.

In Scenario A, the user chooses to work (in the steady state) at zone 16.

The user goes to zone 28 for lunch at 12:31p.m. before heading back to

work at 1:36p.m. The lunch arrival time is earlier than her desired time

of 12:36p.m. due to scheduling conflicts. She returns home by 6:11p.m.

without visiting any discretionary activity. In Scenario B, the increased

utility for discretionary activities affords the user a visit to zone 36 for a

discretionary activity after work.
4.4 MARKET SCHEDULE EQUILIBRIUM FOR A TRANSPORT
SYSTEM

So far in this chapter, the modeling of activity schedules focuses on individ-

ual decision-making. When considering the interaction of a market of users

with the mobility providers, it is necessary to evaluate the market schedule

equilibrium. We define market schedule equilibrium in this context as

follows.

Definition 4.3 The market schedule equilibrium for a multimodal transport

system is a steady state in which the market aggregation of constrained choices,

P ijC½ �, for a schedule i among schedule choice set C does not exceed link load capac-

ities in the system,
P

i2J δi,uwP ijC½ � � kuw, where δi,uw is a variable indicating

schedule i contributes to the maximum load on link (u,w) associated with facilities

u2{O,D,Λ}, w2{O,D,Λ}, and kuw is the link capacity.
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Fig. 4.6 Solutions of example in Chow (2014) for a single household using Algorithm
4.2, for (A) a baseline scenario and (B) a scenario where discretionary activity utility is
doubled. (Source: Chow, 2014.)
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Two challenges need to be addressed to obtain the market schedule equi-

librium. First, a method is needed to aggregate individual schedule choices

into market flows. Second, the outcome of these flows needs to reflect the

effects of binding capacities in the time-space network. Amethod developed

by Chow and Djavadian (2015) is described in Section 4.4.1 to address these

two challenges. Lastly, the practical application of these concepts is captured

by MATSim’s use of a day-to-day adjustment process (see Djavadian and

Chow, 2017b) to model equilibration of scheduling decisions (through a

genetic algorithm rescheduling procedure) and within-day traffic dynamics

using cellular automata. An illustration of the tool in evaluating a change in

headway for a transit line in New York City is shown in Section 4.4.2.
4.4.1 The Aggregation Problem
The choice of each user in the market is dependent on network attributes

such as travel time, travel cost, schedule delay, and so on, as shown earlier

in Eqs. (4.2)–(4.15). In theory, the utility maximization in the HAPP

model is equivalent to the utility maximization in a schedule choice

model (Recker, 2001). Indeed, the pickup and delivery problem itself

can be formulated as a set covering problem in which the master problem

is to choose a schedule from a set of implicitly enumerated schedules

(Dumas et al., 1991; Kang and Recker, 2013), which further reinforces

this connection. The market schedule equilibrium problem can be

decomposed into sampling-based mHAPP subproblems and a restricted

master problem as illustrated in Fig. 4.7. The components are explained

in more detail later.

In the mHAPPmodels, users change schedules when the weights of their

objectives, β, and arrival time constraints, g, are varied. As a result, the sched-

ule choice problem for a population cannot be modeled with utility func-

tions with fixed objective coefficients and arrival time constraints across the

population and only random unobserved disturbances like in multinomial

logit models. Two different users are distinguished by different values of

β and g, which means a schedule model needs to exhibit random coefficients

across the population. This can be addressed using a mixed logit model struc-

ture (Hensher and Greene, 2003). In the mixed logit model, the utility is

defined by Eq. (4.16).

Uji¼ β0iZji + εji (4.16)

whereUji is the utility of user i 2 ℙ choosing schedule j2Ci,Ci is the schedule
choice set available to user i 2 ℙ, Zji[X,T,Y,Q] is a vector of objective values
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Fig. 4.7 Overview of decomposition approach to obtaining market schedule
equilibrium.
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described inEq. (4.2) pertaining to a specific schedule j,β is a vector of normally

distributed variates pertaining to the objectives, and εj is a Gumbel variate.

The probability of a user i choosing an alternative j is determined by

Eq. (4.17).

Pi jjCi½ � ¼
ð
s

Pi jjCi,βs½ �ds (4.17)

where Pi jjCi,βs½ � ¼ exp β0sZjið Þ
Σl exp β0sZlið Þ. The integral in Eq. (4.17) can be
numerically approximated by sampling values of βs for a set S, s2S, and
taking the sample average of the simulated probability shown in Eq. (4.18).
Normally for K-dimensional vectors of βs with covariance matrix, sam-
pling can be accomplished using Cholesky decomposition (see Train,
2009, and Appendix D). In the case of mHAPP models, the parameters
of each agent’s utility function are estimated using inverse optimization,
which is discussed in Chapter 5. Since we have estimated values for each
agent, they can be used directly as the sample draws without having to
newly sample using the Cholesky decomposition method.

Pi jjCið Þ� 1

Sj j
X
s2S

Pi jjCi,βs,Xji

� �
(4.18)
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This model approach is illustrated in a generic example in Exercise 4.3.
Exercise 4.3
Consider a mode choice model in which the utility for mode j for user i is defined as

Uji¼θ(βcost�Costj+βtimeTimej)+εji, where εji is Gumbel distributed, θ¼0.2,

and βcost	N[�3,0.22] and βtime	N[�1,0.12], where βcost and βtime are

independent from each other. Compare the average probability of choosing

alternative A (with 95% confidence interval) for this model against an MNL

model among the choices:

Alternative A: cost¼$5, time¼30min

Alternative B: cost¼$15, time¼15min

Based on a simulation of 500 independent samples, the average probability

of choosing alternative A lies between [94.1%,94.6%] with 95% confidence.

An MNL model based on average values of the coefficients has the

following probability:

Pi Að Þ¼ exp 0:2 �3�5�1�30ð Þð Þ
exp 0:2 �3�5�1�30ð Þð Þ+ exp 0:2 �3�15�1�15ð Þð Þ

¼ 95:3%
Using the mixed logit modeling framework, the market demand for a

schedule is P ijC½ � ¼Pi jjCi½ � ℙj j. Link load capacity (not to be confused

with flow capacity) constraints are based on the maximum load of a link

facility (u,w), which is derived according to dynamic network loading.

This is determined by first defining the start and end times at which the

maximum link load occurs: φuw
a and φuw

b . These times are dependent on

the aggregated population flows assigned to each schedule according to

cumulative arrivals and departures of all scheduled populations. For exam-

ple, arrival of flows assigned to schedule j occurs at time Tju (the arrival

time of schedule j at node u). Departure occurs at time Tju+ tuw. Based

on these cumulative arrivals and departures, the start of the time range

where the load is maximum is denoted φuw
a , and the end is φuw

b . Once this

range [φuw
a ,φuw

b ] is known, a dependent indicator function δuwj[φuw
a ,φuw

b ]

(mentioned in Definition 4.3) is defined to equal 1 if a schedule j falls

within the time range for link (u,w).

Definition 4.4 The indicator function δuwj[φuw
a ,φuw

b ] δuwj¼1 if Tju+

tuw<φuw
b and Tju>φuw

a .
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This concept is illustrated in Exercise 4.4.
Exercise 4.4
Three schedules make use of a link (u,w) with travel time tuw¼30 min: j¼1 with

flow of 300 arriving at time T1u¼8 a. m., j¼2 with flow of 400 arriving at time

T2u¼8 :15 a. m., and j¼3 with flow of 500 arriving at time T3u¼8 :30 a. m.

Determine the maximum load on this link, the time range of max load, and indicate

which of the three schedules contribute to that max load.

Noting that each set of flows that arrive stay on the link for 30min due to

the travel time, a cumulative diagram can graphically show the period of

maximum load. This is presented in Table 4.2 and Fig. 4.8.

Table 4.2 Cumulative arrivals and departures on link (u,w) for Exercise 4.4
Time Arrival load Departure load Load

7:45a.m. 0 0 0

8:00a.m. 0 0 0

8:00a.m. 300 0 300

8:15a.m. 300 0 300

8:15a.m. 700 0 700

8:30a.m. 700 0 700

8:30a.m. 1200 300 900

8:45a.m. 1200 300 900

8:45a.m. 1200 700 500

9:00a.m. 1200 700 500

9:00a.m. 1200 1200 0

9:15a.m. 1200 1200 0

0

200

400

600

800

1000

1200

1400

7:26 a.m. 7:40 a.m. 7:55 a.m. 8:09 a.m. 8:24 a.m. 8:38 a.m. 8:52 a.m. 9:07 a.m. 9:21 a.m.

Lo
ad

Time

Arrivals Departures

Fig. 4.8 Cumulative diagram of arrivals and departures onto link (u,w) for Exercise 4.4.



The maximum load is 900 and occurs between 8:30a.m. and 8:45a.m.

This means we set φuw
a ¼8 :30 a. m. and φuw

b ¼8 :45 a. m. For this range,

only schedules j¼{2,3} contribute to the load. Therefore δuw1¼0,

δuw2¼1, δuw3¼1.
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The indicator function is used to determine the feasibility of a schedule

assignment for a population. The constraint δi,uwP ijC½ � � kuw has a

corresponding capacity dual price λuw where the following complementary

slackness condition exists: if δi,uwP ijC½ �< kuw, then λuw¼0, and if λuw>0,

then δi,uwP ijC½ � ¼ kuw.

Keeping λuw, φuw
a , φuw

b fixed, the effect of binding capacity is used to solve

the set of mHAPP subproblems for each sampled individual. For these cases,

the travel cost objective
P

u, wð Þ cuwXuw in Eq. (4.2) is replaced withP
u, wð Þ c

0
uwXuw, where

P
u, wð Þ c

0
uwXuw ¼

P
u, wð Þ cuwXuw +

P
u, wð Þ λuwY

c
uw.

The binary variable Yuw
c is used to apply the dual price for a link if the

mHAPP solution traverses link (u,w) during the time interval [φuw
a ,φuw

b ].

This is accomplished by adding the following constraints in

Eq. (4.19)–(4.22) to each mHAPP model.

Trs
u �φa

uw� cuw +MYa
uw + 1�Xrs

uw

� �M, 8 r, sð Þ, u, wð Þ (4.19)

Trs
u + 1�Xrs

uw

� �M�φb
uw�MYb

uw, 8 r, sð Þ, u, wð Þ (4.20)

Yc
uw +1�Ya

uw +Yb
uw, 8 u, wð Þ (4.21)

Ya
uw,Y

b
uw,Y

c
uw 2 0, 1f g, 8 u, wð Þ (4.22)

Finally, because the indicator variable δi,uw is endogenous to the market
schedule equilibrium problem, convergence cannot be guaranteed by sim-

ply iterating the procedure shown in Fig. 4.7. Instead, a fixed point

algorithm is needed to assure a fixed schedule choice set, assigned choices,

time ranges for maximum loads, and link capacity dual prices. We adopt a

Method of Successive Averages for convenience, although more

efficient algorithms can also be used as discussed in Chapter 3. Algorithm

4.3 is shown as follows and illustrated in Exercise 4.5 from Chow and

Djavadian (2015).



Algorithm 4.3 (Chow and Djavadian, 2015). Decomposition
Algorithm for Mixed Logit Market Schedule Equilibrium
With Sampled mHAPP Choice Set Generation
Input: calibrated mHAPP models (Hi) for i2S, population activity demand

characteristics W

1. Initialize with n¼1, restricted choice set C0
in ¼ argminHif

λuw ¼ 0½ �gi2S.
2. Aggregate using Eq. (4.18) to obtain market schedule assignment fji

n,

perform dynamic loading, and update time range [φuw
a,n,φuw

b,n] for each

link with binding capacity.

3. Solve restricted master problem, maxλ
P

u, wð Þ λuw Puw C0½ ��kuwð Þ
� �

to

update link capacity dual prices λuw.
4. Update C0

i,n+1 ¼C0
in[ argminHi λuw ¼ 0½ �f gi2S.

5. Determine auxiliary primal population flows ζji.
a. Identify all schedules impacted by the updated time range of binding

capacity, δuwj[φuw
an ,φuw

bn ].

b. Fit the flows of the impacted schedules of individuals such that the

total flow is equal or less than the link capacities, using the mixed

logit distribution in Eq. (4.18).

c. Fit the remaining flowsaccordingto themixed logitdistributionamong

the remaining schedules not impacted by the capacity effect, if any.

6. Perform MSA update of the schedule assignments:

f n+1
ji ¼ 1

n+1
ζji +

n
n+1

f nji .

7. IfMSA stopping criteria reached, stop, else let n¼n+1 and go to step 2.

Output: implicitly enumerated schedule choice set Ci
0, assignment onto

these schedules, fji, and link capacity dual prices λuw.

Exercise 4.5
(Chow and Djavadian, 2015). Obtain the market schedule equilibrium for the

following system with population activity scheduling. An activity and transport

system is shown in Fig. 4.9, Table 4.3, and Table 4.4 representing a simplified

view of 1000 individuals living in suburban residences (zone 0) accessing a central

business district for work (zone 1). There are four transport nodes: node 6 and

node 7 are parking facilities; node 8 and node 9 are transit stations. Transit line

headways are set at 10min; parking facilities charge $4 plus $0.01 per minute.

There are three classes of users: class 1 (250 people) has objective coefficients

β1¼{3,1,3,0, 0,0.8,0.2} corresponding to Eqs. (4.2b)–(4.2g) (note that Eq.

4.2e has 2 terms, first for automobile mode and second for transit mode, both set

to 0), goal arrival for activity 1 is g11¼540 min, and for activity 2 it is

g12¼720 min. For class 2 (250 people), the objective coefficients are the same

β2¼β1, but goal arrival to activity 1 is g21¼510 min. Class 3 (500 people)

has β3¼{3,1, 3,0,200,0.8,0.2} (which implies a high preference for transit)

and the same goal arrival times as class 1. Link (0,6) has a load capacity of 200 users.
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Table 4.3 Activity data for Exercise 4.5

Activity
node

Duration
(min)

Time to
open (min)

Time to
close (min)

Early
arrival
penalty

Late arrival
penalty

1 480 360 720 0.4 2.4

2 30 600 1230 0 0

Shopping

Home
(also
3,4,5)

Parking
lot 2

CBD

1

7

8

0

2

6

9

Parking
lot 1

Transit
station 2

Transit
station 1

Fig. 4.9 Activity and transport system for Exercise 4.5 (driving: {(0, 7), (0,6), (6,7)}, transit:
(8, 9), walking: {(0, 2), (0, 8), (2, 8), (2,7), (1,6), (1,9)}). (Source: Chow and Djavadian, 2015.)

Table 4.4 mHAPP network data for Exercise 4.5
Link ID r s u w Cost Time Link ID r s u w Cost Time

1 0 1 0 1 0 500 28 1 3 1 6 0 7

2 0 2 0 2 0 200 29 1 3 6 3 7.2 45

3 1 2 1 2 0 350 30 1 3 1 9 0 12

4 1 3 1 3 0 500 31 1 3 9 8 3 50

5 1 4 1 4 0 500 32 1 3 8 3 0 6

6 2 l 2 1 0 350 33 1 4 1 6 0 7

7 2 3 2 3 0 200 34 1 4 6 4 7.2 45

8 2 4 2 4 0 200 35 1 4 1 9 0 12

9 3 2 3 2 0 200 36 1 4 9 8 3 50

10 3 4 3 4 0 0 37 1 4 8 4 0 6

11 3 5 3 5 0 0 38 2 1 2 7 0 5

12 4 1 4 1 0 500 39 2 1 7 6 4.8 30

13 4 3 4 3 0 0 40 2 1 6 1 0 7

14 4 5 4 5 0 0 41 2 1 2 8 0 10

15 0 1 0 6 7.2 45 42 2 1 8 9 3 50

16 0 1 6 1 0 7 43 2 1 9 1 0 12

17 0 1 0 8 0 0 44 2 3 2 7 0 5

18 0 1 8 9 3 50 45 2 3 7 3 3.2 20

19 0 1 9 1 0 12 46 2 4 2 7 0 5

20 0 2 0 7 3.2 20 47 2 4 7 4 3.2 20

21 0 2 7 2 0 5 48 3 2 3 7 3.2 20

22 1 2 1 6 0 7 49 3 2 7 2 0 5
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Initially solving the mHAPP model for the three classes of users without

consideration of capacity, we get the following routes (arrival time)

sequences:

Class 1: 0 (488) – 6 (533) – 1 (540) – 6 (1027) – 7 (1057) – 2 (1062) – 7
(1097) – 4 – 3 – 5 (1117)

Class 2: 0 (458) – 6 (503) – 1 (510) – 6 (997) – 7 (1027) – 2 (1032) – 7

(1067) – 4 – 3 – 5 (1087)

Class 3: 0 (462) – 8 (468) – 9 (523) – 1 (540) – 9 (1032) – 8 (1087) – 3

(1098) – 7 (1118) – 2 (1123) – 7 (1158) – 4 – 5 (1178)

Based on this assignment, however, the dynamic network loading shows

that link (0,6) load capacity is violated because a maximum load of 500 users

occurs between 8:08a.m. and 8:23a.m. Based on Algorithm 4.3 with a

stopping tolerance of 0.001, it converges after 79 iterations as shown in

Fig. 4.10. Note that this objective value is the capacity-relaxed lower bound.

The final equilibrium market flows based on mixed logit assignment are

presented in Table 4.5.

The presence of the load capacity redistributes the travel costs of the

population in this example. The total disutility of the market schedule

equilibrium increases from 671,010 (when uncapacitated) to 675,455,

which is equivalent to 1350.91 disutility per user. The cumulative

diagram for link (0,6) is shown in Fig. 4.11.

Table 4.4 mHAPP network data for Exercise 4.5—contd

Link ID r s u w Cost Time Link ID r s u w Cost Time

23 1 2 6 7 4.8 30 50 4 1 4 6 7.2 45

21 1 2 7 2 0 5 51 4 1 6 1 0 7

25 1 2 1 9 0 12 52 4 1 4 8 0 6

26 1 2 9 8 3 50 53 4 1 8 9 3 50

27 1 2 8 2 0 10 54 4 1 9 1 0 12

Fig. 4.10 Algorithm 4.3 convergence for Exercise 4.5. (Source: Chow and Djavadian,
2015.)
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Table 4.5 Market schedule equilibrium assignment
Class Schedule Route Arrival times (min) Flows

1 1 (initial) 0-6-1-6-7-

2-7-4-3-5

488-533-540-1027-1057-

1062-1097-1117

102.137

2 0-6-1-6-7-

2-7-4-3-5

413-533-540-1027-1057-

1062-1097-1117

34.199

3 0-6-1-6-7-

2-7-3-4-5

443-533-540-1027-1057-

1062-1097-1117

32.300

4 0-8-9-1-9-

8-3-7-2-

7-4-5

462-468-523-540-1032-

1087-1098-1118-1123-

1158-1178

66.484

5 0-6-1-6-7-

2-7-3-4-5

368-533-540-1027-1057-

1062-1097-1117

14.880

2 1 (initial) 0-6-1-6-7-

2-7-4-3-5

458-503-510-997-1027-

1032-1067-1087

97.803

2 0-6-1-6-7-

2-7-3-4-5

413-503-510-997-1027-

1032-1067-1087

66.494

3 0-6-1-6-7-

2-7-3-4-5

368-503-510-997-1027-

1032-1067-1087

66.463

4 0-6-1-6-7-

2-7-3-4-5

443-503-510-997-1027-

1032-1067-1087

19.239

3 1 (initial) 0-8-9-1-9-

8-3-7-2-

7-4-5

462-468-523-540-1032-

1087-1098-1118-1123-

1158-1178

500

Fig. 4.11 Cumulative diagram (A) without link capacity and (B) with link capacity.
(Source: Chow and Djavadian, 2015.)
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4.4.2 Integration With MATSim
The prior sections provide a theory of heterogeneous market activity sched-

uling behavior in response to different multimodal systems designs. Activity

scheduling modeling of market schedule equilibrium is available in practice
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using tools like MATSim. MATSim uses agent simulation of day-to-day

adjustments to capture the equilibrium interaction (shown by Djavadian

and Chow, 2017b, to be an agent-based stochastic user equilibrium)

between a system design and market activity scheduling. The drawback is

that sensitivity analyses of the market schedule equilibrium performance

measures with respect to different system or agent parameters cannot be

quantified analytically.

MATSim has been used in recent research studies to evaluate the market

schedule equilibrium for different MaaS technologies. Neumann and Nagel

(2013) evaluated the effect of changes in public transit service frequencies on

user activity scheduling. Boesch et al. (2016), Bischoff and Maciejewski

(2016), and H€orl et al. (2017) used MATSim to evaluate autonomous taxis.

Balac et al. (2017) modeled the effect of parking pricing policies on a free-

floating car-sharing system in Zurich. The tool is illustrated in Exercise 4.6.
Exercise 4.6
Use MATSim to evaluate the effect of a 50% headway reduction for the downtown

“A” line to Lefferts Blvd on riders in New York using input data files located on

GitHub https://github.com/BUILTNYU/Elsevierbook/tree/master/

Data%20Files.

The data on GitHub includes the following files:

• finalnetwork.xml: This consists of the road network for the five boroughs

in New York, obtained from OpenStreetMap.

• config.xml: The config file provides the basic parameters of the scenario

used to run the simulation. 10 days are simulated.

• population3.xml: The population file contains the travel plans for each

agent and includes activity types, locations, and end times. We

generated this file from NYMTC’s 2010/2011 Household Travel

Survey by filtering the trips that started and ended in one of the five

boroughs, leading to 8487 agents in total.

• vehicle.xml: The vehicle file is also generated from the historical GTFS

data and used along with the schedule file. It can be used to set the

vehicle capacities, for example. In this example, we did not modify

the capacity, so it remains at 50 persons per vehicle (although trains

should have much higher capacity).

• finalschedule.xml: This includes the subway schedule data obtained from

GTFS. It includes transit stops, routes, and departure times of each

subway line in both weekday and weekend, with a total of 26 lines.

• finalschedule-half.xml: This is the modified schedule based on half the

headway of the original schedule for line A to Lefferts Blvd.

The network and population data are visualized in Fig. 4.12.

https://github.com/BUILTNYU/Elsevierbook/tree/master/Data%20Files
https://github.com/BUILTNYU/Elsevierbook/tree/master/Data%20Files


Two scenarios need to be run, taking an average of 16min on an Intel

Core i7-6700 CPU with 3.40GHz running on a 64-bit Windows

10 operating system with 16GB RAM to run 10days of iterations. In the

first scenario, the following script is run in MATSim shown in Fig. 4.13.

For the second scenario, the “finalschedule.xml” is replaced with the

“finalschedule-half.xml.”

The schedule file includes all the subway lines in NYC. The A line to

Lefferts Boulevard is examined. The line has 30 stations as presented in

Table 4.6.

Fig. 4.12 MATSim input data: (A) transit line schedule from GTFS overlaid on a road
network from OpenStreetMaps and (B) activity zones corresponding to NYMTC
household travel survey.
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Without changing the default parameters in MATSim, the social welfare

values before and after the headway reduction are shown in Fig. 4.14.

MATSim generates multiple plans per agent and assigns them stochastically

to each plan via a discrete choice model. The “EXECUTED” trajectories

in Fig. 4.14 indicate the average score overall in all the plans available to

each agent, whereas “BEST” trajectories indicate the maximum utility

plans. Ten days are simulated for each scenario. The headway reduction

for the one downtown A line to Lefferts Boulevard has minimal impact on

the social welfare of the population.

Fig. 4.13 Schedule file that needs to be modified for scenario analysis.

Table 4.6 Stations on the A-Lefferts Blvd line
ID Station name ID Station name ID Station name

1 Inwood—207St 11 34St—Penn Station 21 Utica Av

2 Dyckman St 12 14St 22 Broadway Jct

3 190St 13 W 4St 23 Euclid Av

4 181St 14 Canal St 24 Grant Av

5 175St 15 Chambers St 25 80St

6 168St 16 Fulton St 26 88St

7 145St 17 High St 27 Rockaway

Blvd

8 125St 18 Jay St—MetroTech 28 104St

9 59St—

Columbus

Circle

19 Hoyt—Schermerhorn

Sts

29 111St

10 42St—Port

Authority Bus

Terminal

20 Nostrand Av 30 Ozone

Park—

Lefferts

Blvd
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Furthermore, intuition suggests that reducing headway should improve

level of service by reducing average wait time, leading to an increase of

ridership on the altered line. This is not the case here, however. A plot

of the ridership from 6:59a.m. to 10:02p.m. is obtained before and after

the headway reduction shown in Fig. 4.15. It shows the number of

passengers onboard the line when measured after departing each station.

The multiagent simulation can reveal an impact that is not entirely trivial
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Fig. 4.14 Comparison of distribution of welfare measure for users of the system before
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Transit stop load by time

Transit stop load by time
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Fig. 4.16 Comparison of distribution of time of day arrivals onto the A line at the W. 4th
Station (Station 13) before and after headway reduction.
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to predict. While stations 2–15 have an increase in ridership, stations 16–30
see a reduction in ridership.

A deeper analysis of the results suggests the A line shares some of the

same routes as other subway lines particularly around the W. 4th Station

(station 13). The result is that reducing headway can cause the subways

to overcrowd, leading to more delays in some sections. The additional

delays cause the ridership demand to decrease. Such a result would not

be anticipated using a simple analytical model.

Lastly, we can observe a change in the distribution of the passenger load

on the line by time of day, made possible because of the passenger

scheduling consideration in the simulation. This is shown in Fig. 4.16.
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MATSim and mHAPP share some commonalities: they are both based

on utility maximization and they both have GA-based solution algorithms to

find schedules. The mHAPP modeling framework represents the analytical

approach while MATSim represents the simulation-based approach to

assigning market schedules onto a transport system. Despite the differences

in implementation, there are advantages to integrate both models together.

Several use cases are discussed here.
Use Cases
(1) Parameter estimation:MATSim is based on having a synthetic pop-

ulation with activity schedule preferences. To estimate the parameters

for MATSim activity scheduling, mHAPP models for a sample of users

can be calibrated as discussed in Chapter 5 and used to then create a

consistent synthetic population.

(2) Generating initial schedules for new scenarios: While MATSim

can use the surveyed schedules from the data as a starting point for

the GA to analyze local perturbations in the system, it may not be able

to identify good initial solutions for new scenarios in which data is una-

vailable. For example, having an autonomous vehicle ridesharing

feeder for last mile service may result in significant changes in schedule

that are not apparent (e.g., leaving the car at home, visiting different

destinations, changing trip chain patterns) if applying a GA from the

base scenario schedules. In those cases, mHAPP can be used to optimize

schedules for a user sample that take system capacities into account.

These schedules can serve as the initial population for the GA to cross-

breed to obtain better solutions.
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(3) Sampling elasticity: One of the drawbacks of an agent-based simu-

lation is that elasticities cannot be analytically derived. In this case,

mHAPP model framework can be used to fit to a sample of users to

obtain sampled elasticities for those users, while relying on MATSim

to provide population-level metrics.

(4) Sampling suboptimality of MATSim solutions: Another draw-

back of MATSim is the reliance on a heuristic (GA) to obtain new

schedules for the population. A modeler cannot tell how suboptimal

is a solution. The mHAPP model can be used in parallel to solve the

schedules for a user sample to compare to the GA solution of the same

sample of users. That way, it is possible to approximate the suboptim-

ality of the population-level solutions.

The benefits of integration go both ways. The mHAPP framework can ben-

efit from the MATSim outputs by using the simulated travel times between

different activity nodes to capture congestion effects. The use cases presented

here have not yet been tested and remain open research items.

4.5 URBAN FREIGHT ACTIVITY ANALYSIS

While the activity scheduling argument has been made primarily for passen-

ger travel, it is even more important for evaluating urban freight delivery

demand. Urban freight is important because it plays such a significant role

in economic and environmental sustainability (Steenhof et al., 2006; Lee

et al., 2009; Chow et al., 2010b). In many ways, the argument for evaluating

scheduling response over congestion response is even more pertinent to

urban freight because the trucks typically represent only a subset of the

whole population, so they do not contribute as significantly to congestion

effects of shared road space. In addition, their decisions tend to be at a tactical

level for one part of a long chain of trips. As a result, their route level deci-

sions based on congestions may not be very elastic. On the other hand,

scheduling changes can contribute significantly to the decisions of the trucks,

as illustrated empirically with off-hour delivery policy tests in New York

(Holguı́n-Veras et al., 2011).

Urban public agencies have placed more emphasis on designing systems

(e.g., Crainic et al., 2004) and policies to facilitate urban freight. Similar to

MaaS, cities are seeing a growth in a number of urban delivery service strat-

egies: truck on-street delivery policies (Amer and Chow, 2017), allocation

of downtown hubs (Muñuzuri et al., 2012), provision of real-time informa-

tion systems (Taniguchi and Shimamoto, 2004), same day deliveries (Voccia
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et al., 2017), crowdshipping (Miller et al., 2017), use of public lockers to

reduce return trips (Morganti et al., 2014), drone deliveries (Murray and

Chu, 2015), and more.

All these operations require changes in how urban space is shared with

passenger mobility and have environmental and social impacts on the built

environment. Policymakers therefore need to evaluate the effects of urban

freight systems on users of those systems: shippers, carriers, receivers, and

end users. A review of urban freight demand modeling is provided by Comi

et al. (2012). Early models of urban freight were purely statistical truck count

or truck trip forecasts (Chow et al., 2010b). However, urban freight deliv-

eries are not simply OD trips like commuter trips. Instead, vehicles tend to

conduct trip chains to drop off goods to multiple destinations (Langevin

et al., 1996). Boerkamps et al. (2000) and Wisetjindawat et al. (2006) devel-

oped some of the first models that incorporate these more complex shipper

behavior and spatial distribution patterns. Several studies have since pro-

posed choice models for different components of the truck activity sched-

uling: Hunt and Stefan (2007), Russo and Comi (2010), and Ruan et al.

(2012). More recent efforts use multiagent simulations to capture the com-

plex and heterogeneous interactions between multiple agents: Holmgren

et al. (2012), VanHeerden and Joubert (2014) (as an extension ofMATSim).

The mHAPP framework is also applicable to urban freight in terms of

evaluating market schedule equilibrium using analytical utility maximization

modeling. Since the original HAPP model was derived from logistics rout-

ing discipline, application of mHAPP framework to urban freight is straight-

forward. An example is presented here from You et al. (2016) to illustrate its

applicability.

A hypothetical freight activity system is shown in Fig. 4.17 with symmet-

ric travel times for all OD pairs shown. Durations of activities (goods pickup,

drop-off ) at zone 2, 3, and 4 are 30min. A market of 1000 single-truck firms

serve this network, each belonging to one of two classes. Class 1 (600 firms)

trucks are observed to take the following node sequence (and arrival time):

1(8 :30 a. m.)�2(9 a. m.)�3(10 a. m.)�1(11 :30 a. m.). Class 2 (400 firms)

trucks are observed to take: 1 (8 :15 a. m.)�2 (8 :45 a. m.)�4(10 a.

m.)�1(10 :30 a. m.).

The truck firms are assumed to behave according to vehicle routing

problems with the following objective function:

maxU ¼
X
u2N

βu
X
w2N

Xwu�βtt TD�TOð Þ�
X
u2N

βeuP
e
u�
X
u2N

βluP
l
u



Fig. 4.17 Freight activity system. (Source: You et al., 2016.)
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where the variables and parameters are defined earlier in the chapter. Both
classes have the following homogeneous parameters: g2¼9 a. m.,

g3¼ g4¼10 a. m., β2
e ¼β3

e ¼β4
e ¼1, β2

l ¼β3
l ¼β4

l ¼4. The remaining

parameters are calibrated to have minimum variance from a common prior,

resulting in β2¼β4¼15 for both classes. The trade-off is that trucks choos-

ing zone 4 earn the additional utility of 15 but suffer from being 15min early

to the location and waiting.

Substitution effects can be measured just like random utility models. For

example, visiting zone 2 and zone 4 is equivalent to arriving early by 15min

or late by 3.75min.

Spatial-temporal scenarios can be analyzed. If link (2,3) travel time

increases from 30 to 45min, the model predicts that 60% of the trucks would

reschedule to the following sequence: 1(8 :15 a.m.)�2(8 :45 a.m.)�
3(10 a.m.)�1(11 :30a.m.).
RESEARCH AND DESIGN CHALLENGES

The following are open-ended challenges that sometimes refer to real data

sets. Readers are encouraged to try to tackle the problems, and post their

designs or solutions on the following GitHub page, https://github.com/

BUILTNYU/Elsevierbook/tree/master/Chapter%204.

(4.1) Turn on Location History on your Google Maps (or equivalent

service) (https://www.androidcentral.com/how-view-your-

location-history-google-maps). Track your movements for a week

or longer. Based on the activity patterns on there, estimatemodels of

departure time choice, “next destination” choice, and activity dura-

tion based on methods summarized in Table 4.1. How accurate is

the model?

https://www.androidcentral.com/how-view-your-location-history-google-maps
https://www.androidcentral.com/how-view-your-location-history-google-maps
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(4.2) Write a program to construct the mHAPPmodel as a mixed integer

linear program and test it on the different users in the example in

Exercise 4.1. Use a commercial solver of your choice (CPLEX,

Gurobi, Julia, MATLAB, etc.).

(4.3) For Challenge 4.2, write a branch and bound script in your language

of choice to solve the mHAPPmodel instead of using a commercial

solver. Compare objective values, solution variables, and computa-

tion times.

(4.4) For Challenge 4.2, now implement the GA in Algorithm 4.2. Com-

pare objective values, solution variables, and computation times.

(4.5) Using one of the programmed solution algorithms, revisit your col-

lected data from Challenge 4.1. Try to see if you can calibrate the

parameters of the mHAPP model such that your observed move-

ments on a particular day would be optimal. Does the solution

match?

(4.6) Download the schedule of a bus route (https://transitfeeds.com/)

and daily ridership (http://web.mta.info/nyct/facts/ridership/

ridership_busMTA.htm) in NYC. Download the traffic analysis

zones from which the route passes through. Using the

2010/2011 NYMTC Household Travel Survey (https://www.

nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-

11-Travel-Survey), create a stop-level OD matrix by time of day

that fits the daily ridership. Knowing the bus capacity (or assuming

a value of 75 passengers per bus), design a multimodal market sched-

ule equilibrium model for this system and predict the change in

arrival time distribution when:
a. Ridership demand is doubled;

b. Travel time increases by 50%.
(4.7) Gomentum Station (http://gomentumstation.net/) is testing the

use of autonomous vehicle fleet (EZ10) to provide first and last mile

service to residents of San Ramon, California, to a local BART

transit station: http://gomentumstation.net/autonomous-vehicles

-now-being-tested-on-san-ramon-streets-danvillle-sanramon/.
Put together a plan to collect data and design an mHAPP model

for such a system.What are the key activity scheduling elasticities of

interest?
(4.8) Create a MATSim model of NYC using the 2010/2011 NYMTC

Household Travel Survey (https://www.nymtc.org/DATA-

AND-MODELING/Travel-Surveys/2010-11-Travel-Survey)

https://transitfeeds.com/
http://web.mta.info/nyct/facts/ridership/ridership_busMTA.htm
http://web.mta.info/nyct/facts/ridership/ridership_busMTA.htm
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
http://gomentumstation.net/
http://gomentumstation.net/autonomous-vehicles-now-being-tested-on-san-ramon-streets-danvillle-sanramon/
http://gomentumstation.net/autonomous-vehicles-now-being-tested-on-san-ramon-streets-danvillle-sanramon/
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
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data and the network files from https://github.com/BUILTNYU/

Elsevierbook/tree/master/Data%20Files.
a. Use the model to evaluate the effect of the congestion pricing

plan proposed by Fix NYC: https://ny.curbed.com/2018/3/

14/17117204/new-york-congestion-pricing-cuomo-subway-

uber.

b. Use the model to evaluate the effect of closing the subways

between midnight to 5a.m. and replacing it with a fleet of

on-demand shuttle buses: https://www.linkedin.com/pulse/

how-close-down-nyc-subway-from-12am-5am-without-

shutting-joseph-chow/
(4.9) Construct a synthetic region with zones. Synthesize a population of

1000 individuals residing in this region, including their parameters

to solve an mHAPP model. Solve the mHAPP model for the base

case for these 1000 individuals and obtain measures such as depar-

ture time distributions, number of trips, modes used, travel disutil-

ities, and so on. Now randomly sample 100 individuals from this

group. Use the mixed logit model to forecast the population behav-

ior based on the 100-person sample. How accurate is it? Create a

new scenario where a new mode option is made available. Solve

the population-level market schedule equilibrium and compare that

to the prediction using only the 100-person sample.

(4.10) Create anmHAPP extension inMATSim that would have mHAPP

parameters defined for a sample of the population. This sample

would be solved to obtain a distribution of responses in a scenario.

The distribution can then be used to feed the initial solutions for

MATSim in evaluating the new scenario. Evaluate the effectiveness

of this approach.

https://github.com/BUILTNYU/Elsevierbook/tree/master/Data%20Files
https://github.com/BUILTNYU/Elsevierbook/tree/master/Data%20Files
https://ny.curbed.com/2018/3/14/17117204/new-york-congestion-pricing-cuomo-subway-uber
https://ny.curbed.com/2018/3/14/17117204/new-york-congestion-pricing-cuomo-subway-uber
https://ny.curbed.com/2018/3/14/17117204/new-york-congestion-pricing-cuomo-subway-uber
https://www.linkedin.com/pulse/how-close-down-nyc-subway-from-12am-5am-without-shutting-joseph-chow/
https://www.linkedin.com/pulse/how-close-down-nyc-subway-from-12am-5am-without-shutting-joseph-chow/
https://www.linkedin.com/pulse/how-close-down-nyc-subway-from-12am-5am-without-shutting-joseph-chow/


CHAPTER 5

Inverse Transportation Problems
5.1 INTRODUCTION

As important as it is to model the mechanics of interaction between system

operators, infrastructure, and travelers, it is just as important to accurately

and precisely measure the attributes of the transport system. Themodels pre-

sented in Chapters 3 and 4 are only as accurate as the calibration of the system

attributes to properly reflect reality. Attributes are divided into two types:

(1) parameters that differentiate one instance of a system from another,

and (2) discrete operating states in the system derived under various ranges

of parameters. For example, a system where line capacity is doubled would

behave differently from the original system. Whether a service line is oper-

ating at capacity is a state that depends on the line flow and the capacity

parameters.

Transport system attributes are particularly difficult to measure due to

several reasons. Many of the parameters are highly dynamic and transient;

the speeds and travel times of travelers on various roadways can fluctuate

over time and depend on exogenous transient variables like weather condi-

tions or whether an incident has occurred. Some parameters are defined by

aggregation of individual agent parameters with speed and travel times as

good examples. A population of 1000 people traveling on a road may each

have different speeds with a population-level speed distribution across that

population. Some system attributes are latent or unobservable. For example,

travel demand from an origin zone to a destination zone is generally not

directly observable; surveys may be conducted from a sample from which

population values are then estimated. Similarly, utility that a traveler gains

from making a trip is a latent attribute.

General inference of attributes is beyond the scope of this book. Instead,

we are interested in estimating attributes (parameters and states) pertaining to

the mechanics of an urban transport system, based on different types of infor-

mation: different aggregations of those attributes, historical observations,

and/or observations of other attributes related to those mechanics. Methods

to infer attributes from observations of other variables fall under the science

of inverse problems (Tarantola, 2005). If there is a modelM that transforms a
185
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Fig. 5.1 Illustration of a state change in the Nguyen-Dupuis network that leads to a
change in observed flows. (Source: Xu et al., 2017.)

186 Informed Urban Transport Systems
set of parameters θ to a set of outputs X as X¼M(θ), then the inverse model

deals with estimating a set of parameter estimates θ̂ based on observed out-

puts x as θ̂¼M�1 xð Þ.
To illustrate the significance of this problem, consider the state change in

Fig. 5.1 of the classic Nguyen-Dupuis network (Nguyen and Dupuis, 1984)

in which the set of link flows changes from the left to the right. The links are

numbered in parentheses next to the link travel costs (in minutes). The larger

size font values correspond to the path flow: 600 travelers along a path des-

ignated by nodes (4,5,6,7,8,2) on the left network, for example. The

change from one state on the left to the next on the right is due to a change

in the link 7 capacity. Based on estimation from sample data (e.g., Alexander

et al., 2015), we can estimate the total system travel times (68,400 on left,

70,000 on right) and observe that there is a difference in flow on links 3,

4, 5, 7, 8, 9, 10, 11, 12, 14, and 15. Estimating attributes that can explain

why the state change occurs, however, requires more structured inference

methods that consider the mechanics of the network flows.

As discussed in Chapter 2, the rise of Big Data and IoT has completely

altered the ways we can measure attributes of the urban transport system.

Information may be obtained from individual level and in much larger sam-

ples in a real-time setting. This means that the system attributes can be mea-

sured much more precisely and at a more disaggregate level over time.

Historically, inference models have been based on econometric methods

that involve building upmodels from assumptions of relationships to identify

cause/effect relationships for trade-off analysis. In machine learning, infer-

ence of system attributes is assumed to be a repeated procedure in which

pattern recognition and classification of the system state and parameters

evolve over time (hybrids that combine machine learning and econometrics
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exist as well, and generally there are parallel methods used in both). This is

suited to the availability of Big Data in which information can be obtained

either in real time and/or from a significant portion of the population.

Hence the name of Part C of the book (for this chapter and Chapter 6)

includes learning.

The other major component of Part C is the reference to public infor-

mation. Because learning techniques make use of more individual informa-

tion than ever before, it also means that the issue of user and operator privacy

will only heighten over time. The term privacy refers to the behavioral resis-

tance to sharing information with others. For organizations, privacy is due to

competition, whereas for individuals there can be many other reasons.

Chapter 6 deals with identifying methods to mitigate these concerns.

In this chapter, we start off with an overview of standard applications of

machine learning in transport.We argue that generic machine learning tech-

niques do not fully capture the unique structure of urban transport systems:

the interaction between selfish users and operators, the dependency of users

on system attributes and vice versa, and the dependency between different

components of the transport system. This leads to the introduction of inverse

transportation problems in which the parameters of systems governing the

flow of people and goods on a network are estimated using inverse models.
5.2 MACHINE LEARNING APPLICATIONS IN URBAN
TRANSPORT

Machine learning techniques have been applied to numerous urban trans-

port problems. Comprehensively reviewing them all would be beyond

the scope of this chapter. Illustrative examples from recent years are given

to paint a picture of how extensively Big Data and IoT benefits have per-

meated transport analysis.

To guide this overview, a taxonomy of different types of machine learn-

ing methods from Brownlee (2013) is adopted and presented in Table 5.1.

Machine learning methods can also be classified by learning style: supervised

learning, unsupervised learning, or semisupervised learning.

Regression algorithms refer to methods to fit relationships between vari-

ables allowing for a measure of error. Instance-based algorithms, also called

memory-based learning or winner-take-all methods, classify based on his-

torical data and compare new data using similarity measures. Regularization

algorithms incorporate penalties (the regularization) to favor simpler models.

Decision tree algorithms fit classifications to the data according to a tree



Table 5.1 Machine learning methods by similarity compiled by Brownlee (2013)
Method Examples

Regression algorithms Ordinary least squares regression (OLSR)

Linear regression

Logistic regression

Stepwise regression

Multivariate adaptive regression splines

(MARS)

Locally estimated scatterplot smoothing

(LOESS)

Instance-based algorithms k-Nearest neighbor (kNN)

Learning vector quantization (LVQ)

Self-organizing map (SOM)

Locally weighted learning (LWL)

Regularization algorithms Ridge regression

Least absolute shrinkage and selection operator

(LASSO)

Elastic net

Least-angle regression (LARS)

Decision tree algorithms Classification and regression tree (CART)

Iterative dichotomiser 3 (ID3)

C4.5 and C5.0

Chi-squared automatic interaction detection

(CHAID)

Decision stump

M5

Conditional decision tree

Bayesian algorithms Naı̈ve Bayes

Gaussian naı̈ve Bayes

Multinomial naı̈ve Bayes

Averaged one-dependence estimators (AODE)

Bayesian belief network (BBN)

Bayesian network (BN)

Clustering algorithm k-means

k-medians

Expectation maximization (EM)

Hierarchical clustering

Association rule learning

algorithms

Apriori algorithm

Eclat algorithm

Artificial neural network

algorithms

Perceptron

Backpropagation

Hopfield network

Radial basis function network (RBFN)
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Table 5.1 Machine learning methods by similarity compiled by
Brownlee (2013)—cont’d
Method Examples

Deep learning algorithms Deep Boltzmann machine (DBM)

Deep belief networks (DBN)

Convolutional neural network (CNN)

Stacked auto-encoders

Dimensionality reduction

algorithms

Principal component analysis (PCA)

Principal component regression (PCR)

Partial least squares regression (PLSR)

Sammon mapping

Multidimensional scaling (MDS)

Projection pursuit

Linear discriminant analysis (LDA)

Mixture discriminant analysis (MDA)

Quadratic discriminant analysis (QDA)

Flexible discriminant analysis (FDA)

Ensemble algorithms Boosting

Bootstrapped aggregation (Bagging)

AdaBoost

Stacked generalization (blending)

Gradient boosting machines (GBM)

Gradient boosted regression trees (GBRT)

Random forest

Other algorithms Support vector machines (SVM)
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structure. Bayesian algorithms make use of prior distributions to obtain pos-

terior distributions using Bayes’ theorem. Clustering algorithms are used to

identify the underlying structure of the data based on commonality. Asso-

ciation rule learning algorithms infer rules that would best explain observed

relationships between variables in the data. Artificial neural network algo-

rithms are variants of regression methods that connect different variables

together in a way to mimic biological neural networks. Deep learning algo-

rithms are more complex variations that includemultiple layers. Dimension-

ality reduction algorithms are like clustering methods. They classify data by

finding ways to reduce the dimensionality. Ensemble algorithms find ways to

combine multiple other models to make use of their combined predictions.

These algorithms are particularly effective for problems where certain

models perform better under certain conditions than others, and automat-

ically assigning the right model to attack a problem by recognizing the con-

dition would improve the overall prediction. Bishop (2006) provides a good

introduction to different machine learning methods as well.



Table 5.2 Machine learning applications in urban transport

Reference
Machine learning
method Urban transport application

Allahviranloo and

Recker (2013)

Support vector

machines

Activity pattern prediction

Cai et al. (2016) k-nearest neighbor Short-term traffic

forecasting

Kumar et al. (2014) Neural network Traffic noise modeling

Li et al. (2014) LASSO, ridge

regression

Freeway traffic state

estimation

Luque-Baena et al.

(2015)

Self-organizing map Vehicle detection in traffic

monitoring

Lv et al. (2015) Stacked auto-

encoder

Traffic flow prediction

Ma et al. (2015) Boltzmann machine Network congestion

prediction

Ma et al. (2017a) Bayesian network Mode choice
€Ozdamar and Demir

(2012)

Hierarchical

clustering

Disaster relief

Rashidi and

Mohammadian (2011)

Decision tree Household trip forecast

Regue and Recker

(2014)

Gradient boosting

machines

Bike-sharing demand

prediction

Yu and Abdel-Aty (2014) Random forest Crash injury severity

prediction
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Table 5.2 provides an illustrative list of studies conducted in urban trans-

port using machine learning methods. Consider the case of Bayesian net-

work modeling to predict mode choice in Ma et al. (2017a). In that

study, 44% of the workforce in Luxembourg are cross-border commuters

coming from France, Germany, or Belgium. To design transport alternatives

for commuters, it is important to understand the explicit relationships

between different factors. These relationships are highly nonlinear, which

suggests a Bayesian network (BN) approach might be effective in teasing

out their contributions to the choice. Based on a hill climbing algorithm

and structural restrictions, the authors come up with a set of marginal prob-

ability tables for the BN model in Fig. 5.2.

Machine learning techniques have been found to be generally more

accurate predictors than econometric models, although they are more likely

to run the risk of overfitting to a data set such that generalizations are harder

to make. Given these trade-offs of learning the parameters and states of an

urban transport system over time, these methods are effective.



Fig. 5.2 Bayesian network model of Luxembourg commuter mode choice. (Source: Ma et al., 2017a.)
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Nonetheless, the question of effectiveness brings us back to the example

shown in Fig. 5.1. Many transport system attributes are related to route deci-

sions of travelers and logistics decisions by operators to minimize operating

costs. One series of algorithms not included in Table 5.1 are mathematical

programming algorithms, which refer to machine learning algorithms that

assume the behavior of a system is governed by one or more mathematical

programming models. It is particularly relevant to transport networks

because of two qualities in network inference. First, state changes can

involve system parameters like link capacities due to weather or incidents.

Second, route decisions are governed by behavioral mechanisms like route

choice behavior. If we can correctly blend the behavioral rules used by trav-

elers and operators into the inference procedure, it would make the infer-

ence problem more efficient and able to predict effects of structural changes

to the network (e.g., when a public agency sets up a new route to serve

passengers).

Inference in a network context has a long history. The simplest net-

work inference methods relate an observable set of attributes to the desired

parameters directly through network structure, for example, link flow is

the sum of the proportions of all OD flows that use that link (Van Zuylen

andWillumsen, 1980), absent of any route decision sensitivity. Route sen-

sitivity is modeled by explicitly mapping observed variables like link counts

to latent path flows and mapping those path flows to desired parameters

like OD flows (e.g., Vardi, 1996; Tebaldi and West, 1998). Other

researchers modeled the route choice behavior by inserting it into the

inverse models: Cascetta et al. (1996), Vovsha and Bekhor (1998), Srini-

vasan and Mahmassani (2000), Dia (2002), Frejinger and Bierlaire (2007),

Ben-Elia and Shiftan (2010), Gao (2012), and Fosgerau et al. (2013). Mar-

kovian models (Akamatsu, 1996) have been introduced to overcome route

enumeration. Nonenumerative route behavior mechanisms integrated

with network structure have also been proposed (Yang et al., 1992; Ashok

and Ben-Akiva, 2002).

One emerging machine learning technique is based on the notion of

inverse optimization. In this method, the behavior of operators and users

is assumed to follow a mathematical programming model in addition to the

observed data. Based on observations of outcomes and prior distributions

of the parameters, new posterior parameters are estimated in a Bayesian

learning context. The next section delves into different types of inverse

optimization models along with a review of recent developments in

this area.



193Inverse Transportation Problems
5.3 INVERSE TRANSPORTATION PROBLEMS

The first inverse optimization model was proposed by Burton and Toint

(1992) for the inverse shortest path problem and was further generalized

by Ahuja and Orlin (2001) to any inverse linear programming problem.

Since many transportation problems can be classified as mathematical pro-

gramming problems, specific applications of inverse optimization to trans-

portation problems are regarded as inverse transportation problems.

There have been several advances and applications in inverse optimiza-

tion (IO) since then. Table 5.3, based on Xu et al. (2017), provides a sum-

mary of these advances. In terms of methodological advances, Wang (2009)
Table 5.3 Inverse optimization advances and applications
Methodological advances New applications

Burton and

Toint

(1992)

Inverse shortest path Day et al.

(2002)

Network

calibration

Ahuja and

Orlin

(2001)

Inverse linear program Burkard et al.

(2004)

Inverse median

problem

Wang (2009) Inverse integer program Agarwal and

Ergun (2008)

Mechanism

design

G€uler and
Hamacher

(2010)

Link capacities in

minimum cost flow

problem

Brucker and

Shakhlevich

(2009)

Inverse

scheduling

Zhang and

Zhang

(2010)

Inverse nonlinear

program

Bertsimas et al.

(2012)

Financial

portfolio

management

Chow and

Recker

(2012)

Multiagent IO, inverse

VRP with side

constraints

Birge et al.

(2017)

Electricity

market

structure

Aswani et al.

(2015)

Noisy data bilevel

problem

Chow et al.

(2014)

Inverse traffic

assignment

Bertsimas

et al.

(2015)

Inverse variational

inequality

Chan et al.

(2014)

Cancer therapy

Esfahani et al.

(2015)

Incomplete info robust

problem

You et al.

(2016)

Urban truck

forecasting

Chan and Lee

(2017)

Multiobjective Pareto

set

Hong et al.

(2017)

Mixed logit

estimation

Xu et al.

(2017)

Latent link capacity

effects
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proposed a solution method based on a cutting plane algorithm to solve the

inverse mixed integer linear programming problem. G€uler and Hamacher

(2010) proposed an IO model for estimating link capacities for minimum

cost flow problems. Zhang and Zhang (2010) proposed an inverse quadratic

program. Chow and Recker (2012) proposed an inverse vehicle routing

problem that includes side constraint estimation. Bertsimas et al. (2015) pro-

posed an inverse variational inequality to estimate the parameters that would

lead to observed patterns under equilibrium. Aswani et al. (2015) proposed a

bilevel model to estimate parameters allowing for noisy data. Esfahani et al.

(2015) modeled the noisy information problem as a robust optimization

model. Chan and Lee (2017) proposed the use of inverse optimization to

estimate the Pareto set for a multiobjective convex optimization problem.

Xu et al. (2017) proposed a multiagent IO framework to estimate hetero-

geneous parameters across a population and to infer latent network param-

eters like capacity effects.

Applications include network calibration (Day et al., 2002), facility loca-

tion (Burkard et al., 2004), scheduling (Brucker and Shakhlevich, 2009),

mechanism design for forming alliances between multiple network opera-

tors in a multicommodity flow problem (Agarwal and Ergun, 2008), finan-

cial portfolio management (Bertsimas et al., 2012), electricity market

inference (Birge et al., 2017), inverse traffic assignment (Chow et al.,

2014), cancer therapy (Chan et al., 2014), urban truck forecasting (You

et al., 2016), and mixed logit estimation for transit route choice modeling

(Hong et al., 2017).

In the following subsections, different types of IO models are intro-

duced, followed by examples in corresponding transportation applications.
5.3.1 Inverse Linear Programming
Consider first the linear programming problem under matrix notation: min

{cTx :Ax�b,x�0}. The n-dimensional vector x is a set of decision variables,

c is an n-dimensional vector of objective coefficients,A is anm�n constraint

matrix, and b is an m-dimensional vector of side constraint values.

In the basic inverse optimization problem, a researcher observes x* and

has a prior distribution of the coefficients, c0. Based on this information, they

seek to update a posterior value of c such that x* is an optimal solution by

perturbing it minimally from c0 in L1 norm. This is expressed mathematically

in Eq. (5.1).
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min
c

c0� cj j : x*¼ argmin cTx :Ax� b, x� 0
� �

(5.1)

The L1 norm minimization is used because inverse problems are gener-
ally ill-posed problems (variants also exist for L∞-norm). For a given obser-

vation or set of observations, there are an infinite set of solutions that fit to

them. Selection rules are used to regularize the problem to obtain a unique

solution that is physically meaningful and stable. The L1 norm minimization

can provide such regularity for inverse problems (Tenorio, 2001). This

ensures that a unique solution can be obtained given a prior c0. Ahuja and

Orlin (2001) showed that Eq. (5.1) can be reformulated as an LP. This is

done by introducing two nonnegative decision variable vectors e and f such

that their difference is equal to c0� c: c0� c¼ e� f, where c¼ c0� e+ f. The

problem in Eq. (5.1) is reformulated using strong duality and dual feasibility

conditions with dual variable y of the original LP and weights w, as shown in

Eq. (5.2).

min
y,e, f

wT e+wT f (5.2a)

Subject to
ATy� c0� e+ f (5.2b)

bTy¼ c0� e+ fð ÞTx* (5.2c)

y,e, f � 0 (5.2d)

Minimum positive (f ) or negative (e) perturbations are achieved by
ensuring that the solution’s dual problem is feasible via Eq. (5.2b) and the

dual objective value is equal to the primal objective value—strong

duality—via Eq. (5.2c). The model is illustrated in Exercise 5.1.
Exercise 5.1
Consider the following network in Fig. 5.3, which has prior travel times labeled on

each link. You run a Google Maps search from node 1 to node 6 and it returns a path

along links [(1,2), (2, 5), (5,3), (3,6)]. Formulate and solve the inverse shortest path

(only allow positive differences f, c¼ c0+ f, to represent congestion effects) based on L1
norm with weights w¼ 1

c0
(which seeks relative perturbations) to infer the congestion

effect taking place for Google to make such a recommendation.



The LP is a shortest path problem which has equality constraints for the

flow conservation. This is expressed as follows.

min
x

Z¼
X
i, jð Þ

cijxij

Subject to

x12 + x14 � 1

�x12�x42 + x25 + x23 � 0

�x23�x53 + x36 � 0

�x14 + x42 + x45 � 0

�x25�x45 + x53 + x56 � 0

�x56�x36 ��1

An optimum solution based on the prior c0 using simplex algorithm is

the path [(1,2), (2,3), (3, 6)], which is clearly different from the observed

path. The observed path implies x*¼ [1,0,0,1,0,0, 0,1,1]. The inverse

shortest path as specified is as follows.

min
f

W ¼ f12

10
+
f14

10
+
f23

10
+
f25

10
+
f36

10
+
f42

13
+
f45

10
+
f53

13
+
f56

10

Subject to

y1� y2 � 10+ f12

y1� y4 � 10+ f14

y2� y3 � 10+ f23

y2� y5 � 10+ f25

y3� y6 � 10+ f36

�y2 + y4 � 13+ f42

y4� y5 � 10+ f45

�y3 + y5 � 13+ f53

y5� y6 � 10+ f56

y1� y6 ¼ 10+ f12 + 10+ f25 + 10+ f36 + 13+ f53

f � 0

1 2 3

4 5 6

10

10

13

10

10

10

13 10

10

Fig. 5.3 Sample network for Exercise 5.1.
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The dual variable y is not constrained to be nonnegative because the

shortest path constraints are meant to be equality constraints. The

solution to the inverse shortest path problem is c23* ¼10+13¼23 and

c56* ¼10+13¼23 with an objective value of W*¼2.6. This suggests the

least perturbing (and hence most likely) scenario is one where congestion

occurs at links (2,3) and (5,6) to lead Google to suggest its route.

What happens if the true perturbation was much different? For example,

if the true c23* ¼100, then repeated observations from different shortest path

queries for differentODpairs and parameter updates should continually push

the value of c23* up either until it reaches 100 or a value in between for which

the network does not recognize any difference in effect. For example, if all

shortest paths for every OD pair get perturbed the same way for any value

60� c23* �100, the IO would also not distinguish between those values. In

that sense, IO is not trying to estimate a true parameter value but is instead

searching for a parameter that has the best fitting network effect.

Regarding the repeated learning, this is essentially a deterministic Bayesian

learning framework. Stochastic Bayesian learning is also possible with

inverse optimization for a population of heterogeneous agents with their

own respective models, which we see in Section 5.4.
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Exercise 5.1 illustrates one use of IO: it can infer parameters in a third-party

system (such as Google) as a way of reverse engineering their known informa-

tion, beliefs, or operating policy, which has strong implications onwhy private

operators have concerns for sharing data with the public. This concept is

explored further in Chapter 6. There are many other applications as well.

IO can be used to monitor one’s own system for unexpected deviations or

inconsistencies inpolicy,whichcanbeuseful for identifying incidents in a com-

plex systemor for catchingagentswithin the systemthat areoperatingoutof the

norm. It can be used to measure parameters as revealed preferences, such as in

inferring revealed objective weights of a multiobjective optimization as

explored inChan et al. (2014). It can be used tomeasure latent parameters such

as capacity effects, which is illustrated further in this chapter. And of course, IO

can also be used in an online Bayesian learning context to update one’s system

based on observations of outputs impacted by uncontrolled parameters.
5.3.2 Inverse Integer Programming
Like inverse linear programming, inverse integer programming (IP) has many

applications in transport systems.Many transport logistics systems are based on

integer programming: routing, scheduling, and facility location, for example.

The challenge with inverse IP is that the strong duality condition in

Eq. (5.2c) no longer holds because of the presence of a duality gap

(Gomory, 1958; Wolsey, 1981). Gomory’s (1958) cutting plane algorithm

(i.e., the “Gomory cut”) has been used to address duality gap in solving IP
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problems, and Wang (2009) showed that it can also be used to solve inverse

IP problems. Algorithm 5.1 is shown here.
Algorithm 5.1: Wang's (2009) Cutting Plan Algorithm for
Solving the Inverse Integer Programming Problem
Inputs: observed decision variables of original IP x*, parameters (A,b, I) of

IP maxx cTx :Ax� b, x� 0, xi 2ℤ, 8i2 If g , prior objective coefficients c0
0. Initiate an empty set S ¼fg of constraints.

1. Solve Eq. (5.3) and let (y*, e*, f *) be an optimal solution (for

minimization IPs Eq. (5.3c) would be less than or equal to instead):

min

y, e, f
wT e+wT f (5.3a)

Subject to

ATy� c0� e+ f (5.3b)

c0� e+ fð ÞTx*� c0� e+ fð ÞTx�s
, 8x�s 2S (5.3c)

y,e, f � 0 (5.3d)

Note: other constraints may be added to this to ensure that the

constraints in the original IP are met. For example, if c�0 is needed

to work, then the inverse problem should include constraints c0� e

+ f�0.

2. x
�¼ argmaxx c0� e*+ f *ð ÞTx :Ax� b, x� 0, xi 2ℤ, 8i2 I

� �
.

If c0� e*+ f *ð ÞTx*� c0� e*+ f *ð ÞT x
�
, then stop, and c*¼ c0� e*+ f*.

Otherwise, S≔S[ x
�� �

and go to 1.

Outputs: Estimated posterior objective coefficients c*.
Note that although the inverse IP solution does include dual prices as

well, they may not have any economic interpretation (as discussed by Gom-

ory) if they are based on binding constraints created from the cuts. Wang

(2009) proved that the algorithm converges in finite iterations.

To demonstrate this algorithm, we apply this to a variant Dial-a-Ride

problem (see Chapter 7). The model we consider is shown in Eq. (5.4),

modified from Cordeau and Laporte (2007). We incorporate weighted

objectives for ride time and wait time (as pickup time).

minZ¼ γ
X
k2V

X
i2N

X
j2N

cijXijk + α
X
i2P

Ri + β
X
i2P

Ti (5.4a)

Subject to
 X
k2V

X
j2N

Xijk¼ 1, 8i2P (5.4b)
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X
j2N

X0kjk¼
X
j2N

Xj,2n+1,k, 8k2V (5.4c)

X
j2N

X0kjk� 1, 8k2V (5.4d)

X
j2N

Xijk ¼
X
j2N

Xn+ i, jk, 8i2P,k2V (5.4e)

X
j2N

Xjik ¼
X
j2N

Xijk, 8i2P[D,k2V (5.4f)

Ti�Tj ��di� tij + 1�Xijk

� �
M , 8i, j2N ,k2V (5.4g)

Wi�Wj ��qj + 1�Xijk

� �
M , 8i, j2N ,k2V (5.4h)

Tn+ i�Ti�Ri� di, 8i2P (5.4i)

0�Wi� u, 8i2N (5.4j)

Xijk 2 0, 1f g (5.4k)

ti,n+1 �Ri �Rmax (5.4l)

0�Ti �Tmax (5.4m)

where P¼{1,…,n} is the set of pickup locations, D¼{n+1,…, 2n} is
the set of drop-off locations, vehicle “depots” are {01,…0jVj, 2n+1},

N is the set of all nodes, qi, i2P, is the group size (assumed to be 1

for this example), di is the service duration (loading/unloading/waiting),

u is vehicle capacity, cij is the travel cost, tij is the travel time, Rmax is the

maximum ride time, α is a weight that is assigned to the minimizing ride

time objective, Xijk is the route decision of vehicle k, Ti, i2{P,D}, is the

start of service at node i, Wi is the load upon leaving node i, and Ri, i2P,

is the ride time of pickup i. Eq. (5.4a) is a weighted objective function

including operator travel time, passenger ride time, and wait time. Eqs.

(5.4b)–(5.4f ) are flow conservation constraints that ensure at least one

vehicle is assigned to serve the passengers. Eq. (5.4g) sets the arrival times

and acts as subtour elimination constraints. Eq. (5.4h) captures the vehicle

load at each stop. Eq. (5.4i) determines the ride time for each passenger.

Eq. (5.4j) is a vehicle capacity constraint. The remainder are boundary

constraints and binary constraints.

Exercise 5.2 illustrates how IO can be used to reverse engineer mobility

companies’ routing algorithms. The IP and LP solutions to this example are

obtained using commercial solvers from MATLAB. Other popular solvers

include Gurobi (free for academics), CPLEX, and AMPL.



Exercise 5.2
Consider a single microtransit shuttle shown in Fig. 5.4 serving three customers

making simultaneous requests, each with a pickup and a drop-off location on a

Euclidean space. The vehicle is assumed to have capacity of u¼2 passengers. An

open tour is assumed (ci,2n+1¼ ti,2n+1¼08 i2N), travel costs are equivalent to

travel times (cijk¼ tijk), and dwell times at each stop is di¼2, and

Rmax¼Tmax¼1440.

Assuming a prior value of α0¼β0¼1 and γ�1, Eq. (5.4) produces the

following route (0,3P, 2P, 3D, 2D, 1P, 1D) (shown as a series of dashed arrows).

However, the shuttle is observed to take route (0,1P, 1D, 3P, 3D, 2P, 2D)

(shown as a series of solid arrows) instead. Use Algorithm 5.1 to solve the inverse

IP under L1 norm to estimate (α,β) to fit this observation.

Let us denote x*¼ [X*,T*,W*,R*] to reflect the observed

(0,1P, 1D, 3P, 3D, 2P, 2D) and associated decision variables. We seek

min
α,β

α0�αj j+ β0�βj j : x*¼ argmin
X
k2V

X
i2N

X
j2N

cijXijk + α
X
i2P

Ri

(

+ β
X
i2P

Ti :Ax� b, x� 0,X 2ℤ+g

where A is the original constraint matrix for Eqs. (5.4b)–(5.4m) and b is a

vector of the original right side constraint values. We define

α0�α¼ eα� fα and β0�β¼ eβ� fβ, and set

Fig. 5.4 Example dial-a-ride problem for Exercise 5.2.
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d α, β½ � ¼

c1
…

α0� eα + fα
…

β0� eβ + fβ
…

cn

2
666666664

3
777777775
, where c1…cn are the coefficients of the original

model that are not being perturbed. To initiate Algorithm 5.1, we set S¼
fg and solve the following LP:

min
y,e, f

eα + fα + eβ + fβ

Subject to

ATy� d

α0� eα + fα � 0

β0� eβ + fβ � 0

e, f � 0

The additional constraints α0� eα+ fα�0 and β0� eβ+ fβ�0 ensure that

the coefficients cannot go negative as the IP would not work, and y is left

unbounded since the original IP has equality constraints.

The solution obtained is eβ¼1, which implies a α
�1 ¼ 1 and β

�
1 ¼ 1�1¼

0 in the first iteration. The values are plugged back in to Eqs. (5.10)–(5.22) to

obtain x
�1. The condition is checked: d α

�1, β
�
1

h iT
x*� d α

�1, β
�
1

h iT
x
�1. In this

case, the inequality is switched to “�” because the original IP objective is a

minimization problem. We get d α
�1, β

�
1

h iT
x*¼ 75:5592 and

d α
�1, β

�
1

h iT
x
�1 ¼ 72:0039. Since the inequality is not satisfied, we add x

�1 to

the set of cutting planes: S ¼ x
�1
� �

. The new LP that is solved is as follows:

min
y,e, f

eα + fα + eβ + fβ

Subject to

ATy� d

α0� eα + fα � 0

β0� eβ + fβ � 0

�2:9284eβ +2:9284fβ +6:5774eα�6:5774fα ��6:4838

e, f � 0
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The new constraint is from the cutting plane due to x
�1. Based on this LP,

we obtain α
�2 ¼ 1+ 0:5405¼ 1:5405 and β

�
2 ¼ 1�1¼ 0. The stopping

condition is still not met: d α
�2, β

�
2

h iT
x*¼ 91:2120 and

d α
�2, β

�
2

h iT
x
�2 ¼ 89:8970. It takes two more iterations to reach

α*¼ α
�4 ¼ 2:1255 and β*¼ β

�
4 ¼ 0:0245 with IP objective value of

d α
�4, β

�
4

h iT
x*¼ d α

�4, β
�
4

h iT
x
�4 ¼ 110:195. The total perturbation is

eα*+ f α*+ eβ*+ f β*¼2.101.

Although we obtain parameters that can achieve the same objective

value, it does not mean that the optimal decision variables under the

optimal learned parameters are the same as the observed decision

variables. However, the solution is highly informative. This example

shows that the observed pattern suggests this operator values ride time

objective much more than wait time objective: in this case, nearly 100

times more preferred given the prior.

Another useful metric is the objective value. We see that the observed

solution has an objective value of 110.195, whereas the model with the

prior parameters has an objective value of 151.642. This difference can be

used to help a third party infer an operator’s policies. For example, the

reduced objective values suggest that the operator’s policy is effectively less

constrained than the prior model. While we do not know the specific

operational policy or algorithm, we can use this information to help infer

the operator’s latent policy. By testing two different policies on the prior

model, we might see that one candidate policy leads to an objective of

130 while another to 115. The latter policy, in this case, is quantifiably

more likely to be the one in use.
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The inverse IP can be used to estimate parameters of different IP models

in an online learning framework. One example is the calibration of the

HAPP/mHAPP models discussed in Chapter 4. Chow and Recker

(2012) investigated the effectiveness of this method from observations of

travel diary data for different households. Travel diary data is extracted from

the 2001 California Household Travel Survey for residents of Orange

County, CA. The activity locations and road network from the OCTA

Model are shown in Fig. 5.5. Based on the travel survey data, median arrival

times to different activity types from the population are shown in Table 5.4.

The median arrival times are used as prior goal arrival times from which

individual goal arrival times are jointly estimated along with weights of the

multiobjective utility function for an individual household. Since goal



Fig. 5.5 OCTAM Network and activity locations of households in Orange County, CA,
from the 2001 California Household Travel Survey. (Source: Chow and Recker, 2012.)
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arrival times are side constraint values, an exogenous early and late arrival

penalty is assumed for everyone in the population, as shown in Eq. (5.5)

added to the HAPP model.

minẐ +
X
u2P

euZe,u +
X
u2P

luZl,u (5.5a)

Subject to
Tu +Ze,u�Zl,u ¼ gu, 8u2P (5.5b)

Ze,u,Zl,u� 0, 8u2P (5.5c)

Ẑ is the original HAPP model objective without arrival delay costs. The set
P includes activities that need to be conducted. eu and lu are the exogenous

penalty rates for being early or late from the goal arrival time gu, respectively.

Ze,u and Zl,u are deviations from the goal arrival time. Based on the structure

of the constraints, the Ze,u and Zl,u are treated as the “parameters” for esti-

mation in the inverse HAPP with the priors set to zero and gu is a latent goal

arrival time per activity for the household. For example, a prior value of early

arrival deviation is defined as Ze,u
0 ¼max(0, gu

0�Tu*), where gu
0 is the prior

from Table 5.4 and Tu* is the observed arrival time at the activity. Similar

logic applies to derivingZl,u
0 ¼max(0,Tu*� gu

0). The posterior side constraint



Table 5.4 Median arrival times by activity type from 2001 California Household
Travel Survey

Activity
Median
arrival time Activity

Median
arrival time

Work at home 11:45a.m. Childcare, daycare,

after school

9:36a.m.

Eat/prepare meal at

home

3:00p.m. Eat out 1:34p.m.

Watch TV/videos at

home

4:30p.m. Medical 11:55 a.m.

Shop by phone/TV/

internet at home

2:25p.m. Fitness activities 2:45p.m.

Exercise at home 8:30a.m. Recreational

(vacation, camp)

12:20p.m.

Other at home 3:00a.m. Entertainment

(movies, club, bar)

5:32p.m.

Wait for/get on vehicle 1:40p.m. Visit friends/relatives 3:00p.m.

Leave/park a vehicle 11:06 a.m. Community

meetings, civic

event

3:25p.m.

Boarding airplane, rail,

intercity bus

11:16 a.m. Occasional volunteer

work

11:41 a.m.

Alighting airplane, rail,

intercity bus

3:30p.m. Church, temple,

religious meeting

5:30p.m.

Pick up someone or get

picked up

3:00p.m. Buy gas 1:35p.m.

Drop off someone or

get dropped off

8:30a.m. Incidental shopping

(groceries)

2:09p.m.

Work 8:10a.m. Major shopping 1:50p.m.

Work-related 11:30 a.m. ATM, bank, post

office, utilities

1:00p.m.

School (preK to 12) 8:00a.m. Other personal/

household

1:05p.m.

School (college,

vocational)

9:50a.m. Accompany another

for activity

2:02p.m.
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gu is then estimated by leaving it as a decision variable in the inverse opti-

mization problem and adding the constraint from Eq. (5.6) (modified from

Eq. 5.5b) into Eq. (5.3).

T ∗
u + Z0

e,u� eZeu + fZeu
� �� Z0

l,u� eZlu + fZeu
� �¼ gu, 8u2P (5.6)

The variables eZeu, fZeu, eZlu, fZlu are the perturbation variables from the
prior deviation values. This allows the side constraint gu to be estimated
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simultaneously as the objective coefficients. This method can be applied to any

side constraint variable that is related to objective variables through an equality

constraint and constitutes one of the key contributions of Chow and Recker

(2012).

To illustrate this, consider an activity in which the median or average goal

arrival time from the population is shown to be 9a.m. A sampled individual is

observed to arrive at 9:25a.m.We do not knowwhat their goal arrival time is.

It could be the same as the population average, or it could be 9:30a.m., or any

other time. Based on these values, the prior deviations are set to Zl,u
0 ¼max

(0,9 :30�9)¼30 min and Ze,u
0 ¼max(0,9�9:30)¼0. Suppose based on

the observed pattern we find that eZeu* ¼ fZeu* ¼ eZlu* ¼0 and fZeu* ¼10 min. This

implies that for this individual, gu*¼9:15 a. m. , Ze,u* ¼0, Zl,u* ¼10 min. The

result is interpreted as the individual preferring to arrive at 9:15a.m. but due to

the mix of scheduling preferences and travel disutilities they end up arriving

10min late to this activity. This structure gives much more flexibility to infer

heterogeneous goal arrivals and schedule deviations.

Household record no. 1048899 from the survey data is shown to have a

single-vehicle household member leave home at 7:35a.m., arrive at work at

8:10a.m., go eat at 1:00p.m., go shopping at 3:35p.m., and return home for

dinner at 4:50p.m. Solving the inverse HAPP with goal arrival time estima-

tion as formulated in Chow andRecker (2012) with Algorithm 5.1 leads to a

converged solution after 10 iterations, taking 4.015 s on a 64-bit Intel Core

i7 CPU with 2.67GHz, 4GB RAM, Windows 7 operating system with a

CPLEX IP solver.We call this solution the InvHAPPb (the “b” is to indicate

the estimation of side constraints).

By comparison, a set of uninformed parameters is one where all the

objective coefficients are set to 1. The solution to this problem is noted

as “Indifferent” to indicate a lack of difference in objective weights. Lastly,

the inverse HAPP can also be estimated without allowing for estimation of

the side constraints. We call this estimated solution the “InvHAPPSTW”

which indicates a conventional inverse HAPP with soft time windows.

A comparison of schedules generated by HAPP using the three estimated

sets of parameters alongside the observed schedule is shown in Fig. 5.6.

By not calibrating the parameters, the resulting output schedule is most dif-

ferent from the observed schedule. Estimating the objective coefficients

without allowing side constraint estimates leads to a similar schedule but

the timing ends up differing.

Another application of inverse IP is on urban truck routing, which is dis-

cussed in Section 4.5. When observing truck route patterns, a public agency

is interested in learning the parameters used by the truck operators. This



Observed
InvHAPPb

InvHAPPSTW

Indifferent

8:10

Home Shop Lunch Work

13:00

15:35

16:50

2:59

Fig. 5.6 Comparison of HAPP outputs based on different parameters. (Source: Chow and
Recker, 2012.)
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leads to a learning problem that can be modeled as an inverse VRP like the

inverse DARP shown earlier in Exercise 5.2.

Youet al. (2016) conducted a case study of the drayage truck activity near

the San Pedro Bay Ports in Southern California. Sample truck GPS data

from 2010 was collected with sample trajectory data shown in Fig. 5.7.

In one example based on the truck GPS data, You et al. (2016) examined

the increased difficulty of estimating a fleet of multiple vehicles simulta-

neously. This is conducted by taking a fleet of two trucks (denoted A and

B) making various trips over a day. When isolated as individual agents,

the inverse VRP can perfectly reproduce the observed patterns. However,

when considering the management of the two trucks as one agent operator,

the inverse VRP is less able to exactly capture the observed pattern. This is

summarized in Fig. 5.8.
5.3.3 Inverse Nonlinear Programming
A third category of IO is with nonlinear programming (NLP) problems. In

these problems, the dual conditions used in the IO methodology are

replaced with more generalized Karush-Kuhn-Tucker (KKT) optimality

conditions. The nonlinear traffic assignment problem in Eq. (3.3) in

Chapter 3 is used as a representative example of nonlinear convex optimi-

zation models.

In the inverse traffic assignment problem, it is assumed that we observe

path flows vkrs* and corresponding link flows xa* for a network G[N,A] with

OD demand W. The inverse problem is to determine the set of parameters

θa�0 (e.g., capacity effects) of the link performance function ca[xa;θa] for



Fig. 5.7 Sample GPS data from drayage trucks out of the San Pedro Bay Ports. (Source:
You et al., 2016.)
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link a2A such that the observed flows are optimal (i.e., in a user equilib-

rium). In Eq. (3.3), the constraint (3.3c), xa¼
P

k2K
P

r, sð Þ2W δakrsvkrs, is
purely definitional and can be left out of the constrained primal problem.

In that case, only one set of Lagrange multipliers are needed, μrs, for each
of the OD pairs (r, s) pertaining to each demand equality constraint in

Eq. (3.3b). Let us define lk as the set of links that form path k. The inverse

traffic assignment problem is as shown in Eq. (5.7) based on the derivation in

Chow et al. (2014).
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Fig. 5.8 Comparison of inverse VRP results for individual and fleet of two vehicles.
(Source: You et al., 2016.)
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min
μ,e, f

X
a2A

wa ea + fað Þ (5.7a)

Subject to
X
a2lk

ca x∗a v∗krs
� �

; θ0a � ea + fa
� ��μrs � 0, v∗krs ¼ 0, 8k, r, sð Þ 2W (5.7b)

X
a2lk

ca x∗a v∗krs
� �

; θ0a � ea + fa
� ��μrs ¼ 0, v∗krs > 0, 8k, r, sð Þ 2W (5.7c)

θ0a� ea + fa� 0, 8a2A (5.7d)

ea, fa� 0, 8a2A (5.7e)

In this model Eq. (5.7b) represents the set of KKT conditions related to
the demand constraints like the duality conditions used as constraints in the

inverse LP. The optimal Lagrange multiplier μrs* found from solving this

model represents the equilibrium travel time for OD (r, s). If there is no flow

on an observed path it implies the cost
P

a2lk ca x∗a v∗krs
� �

; θ0a � ea + fa
� �

> μrs,
whereas flow suggests the cost

P
a2lk ca x∗a v∗krs

� �
; θ0a � ea + fa

� �¼ μrs as shown
in Eqs. (5.7b)–(5.7c). These two sets of constraints are equivalent to
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Wardrop’s user equilibrium principle as discussed in Chapter 3. Eq. (5.7d) is

used to regularize the model like in Exercise 5.2 so that the posterior param-

eter remains nonnegative.

We illustrate this with the following Exercise 5.3.
Exercise 5.3
Consider a simple traffic network shown in Fig. 5.9 where the link performance

function is the BPR function ca ¼ c0a 1+ 0:15
xa

θa

� 	4
 !

for each link

a2A. The total demand for (O,D) is 10units, ca
0¼ (10,20,25), the observed

path flows are xa¼ vk¼ (3.583,4.645,1.772), and the prior capacity effect

parameters are θa
0¼ (3, 3,3). Estimate θa to ensure the observed flows are under

user equilibrium.

Since there is flow on all three paths, the inverse problem is formulated

as follows.

min
μ,e, f

e1 + f1 + e2 + f2 + e3 + f3ð Þ
Subject to

10 1+ 0:15
3:583

3� e1 + f1

� 	4
 !

�μ¼ 0

20 1+ 0:15
4:645

3� e2 + f2

� 	4
 !

�μ¼ 0

25 1+ 0:15
1:772

3� e3 + f3

� 	4
 !

�μrs ¼ 0

O D

Link 1 

Link 2

Link 3

Fig. 5.9 Sample network for Exercise 5.3.



3� e1 + f1 � 0

3� e2 + f2 � 0

3� e3 + f3 � 0

e1,e2, e3, f1, f2, f3 � 0

Solving this problem in MATLAB with a commercial interior point

algorithm results in θa*¼ (2,4, 3) which matches the actual parameters

that generated these observations.
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The inverse traffic assignment problem can infer parameters for infra-

structure facilities where they are not readily observable. In general, link

performance functions for static traffic assignment problems do not reflect

realistic traffic flow characteristics with physical queueing, capacity, and

spillback effects. Instead, the parameters are ambiguously defined to capture

relative effects of congestion on a road. This is a well-known issue (Boyce

et al., 1981) with no straightforward translation of number of links and road-

way types to the practical capacity parameter. Boyce and Zhang (1997) con-

sider three types of calibration for assignment models: using priors from

other studies, solving for the constraint-based parameters, or applying a sta-

tistical estimation procedure. The calibration problem is even more signif-

icant with freight assignment because freight facilities are operated by port

authorities or freight operators and therefore are less observable to public

road agencies.

A case study of air freight in California was conducted by Chow et al.

(2014). There were 13 major airports in California as shown in Fig. 5.10.

Data from the Freight Analysis Framework, Bureau of Transportation Sta-

tistics, and Federal Aviation Administration were used to obtain observed air

flows and prior capacity parameters for 2007. Using the inverse optimiza-

tion, the following parameters were calibrated for the airports in 2007 in

Table 5.5.

Based on the calibration, the accuracy of the resulting assignmentwasmea-

sured using a root mean squared error. A validation using 2010 data was also

performed. A summary of the results is shown in Table 5.6. The transfer times



Fig. 5.10 Thirteen major airports in California. (Source: Chow et al., 2014.)
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fit the 4–5h average time frame suggested byOhashi et al. (2005). Due to con-

gestion the load and unload times for the trucks delivering to the airports

increased to over 2h. The payloads and percent empty flows are reasonable

values as well. The flows suggest that changes in the airline markets led to

a reduction of empty flows from 22% down to 13%.
5.4 MULTIAGENT INVERSE TRANSPORTATION PROBLEMS

Up until now the IO methods involve a single model and observations of

decision variable outputs of that model. In many instances, observations

are not made at the aggregate level, but come from individual behavioral

agent decisions. This dichotomy between a system model and learning

through agent observations is an important distinction. First, IO methods

require system observations, but obtaining that information from individual

agents result in heterogeneous inputs. The result is that additional estimation



Table 5.5 Prior and calibrated capacity parameters for freight flows in the airports
in California in 2007

Airports
Prior capacity parameter
(ktons)

Calibrated capacity
parameter (% +/2)

MHR 188.552 83.623 (�56%)

SMF 216.952 105.678 (�51%)

OAK 1206.393 569.303 (�53%)

SFO 162.667 256.138 (+57%)

SJC 119.722 124.030 (+4%)

FAT 20.074 39.323 (+96%)

BUR 104.518 98.166 (�6%)

ONT 1153.375 688.197 (�40%)

LAX 588.748 1196.158 (+103%)

LGB 140.010 104.493 (�25%)

RIV 17.329 56.230 (+224%)

SNA 25.390 109.096 (+330%)

SAN 102.246 208.264 (+104%)

Table 5.6 Summary of model calibration and validation
Measures 2007 2010

RMSE of inbound/outbound flows 4.631 (11.7%) 8.746 (15.0%)

Average transfer time (h) 4.116 4.067

Average load/unload time (h) 2.256 1.616

Truck vehicle volume (ktons) 1538 1256

Truck payload (commodity tons/

vehicle tons)

66.8% 67.8%

Aircraft volume (ktons) 60 44

Aircraft payload (commodity tons/

vehicle tons)

78.5% 86.8%

Truck empty % 33.2% 32.2%

Aircraft empty % 21.5% 13.2%
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of system aggregation from agent observations is needed, which leads to

increased inefficiencies. Second, the resulting information from agent obser-

vations may not be consistent with the system model when inferring system

parameters. This limitation is evident in the IO literature, where most efforts

have focused on systems with learning from the same system level

observations.

Recent studies have tried to address these points by using noisy obser-

vations. Aswani et al. (2015) set up a bilevel problem to estimate from noisy

data, and Esfahani et al. (2015) modeled the noisy information problem as a

robust optimization model. Both approaches explain the heterogeneity with
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stochastic variables to allow suboptimal observations. However, this leads to

discrepancies with mechanistic assumptions in the prevailing system model

(i.e., it may lead to an observation that is not optimal with respect to their

own preferences). The limitation of those IO methods to using system

observations is also in computational efficiency. For example, G€uler and
Hamacher (2010) proposed an IO model to infer link capacities for a min-

imum cost flow problem from observed flows. They conclude that the

model is NP-hard.

Chow and Recker (2012) proposed a multiagent framework for IO

where a sample of individuals’ trip scheduling data is obtained and used

to infer parameters of the HAPP models for every agent. Parameters of mul-

tiple agents are estimated such that the mean of their parameters is a fixed

point. This leads to a learning process for heterogeneous parameters of a sys-

temmodel where individually calibrated optimization models correspond to

observations as optimal solutions.
5.4.1 Model and Solution Method
Consider a networkG(N,A) that receives observations from a population P

of agents behaviorally seeking to travel from an origin ri2N to a destination

si2N, 8 i2P according to a shortest path in terms of additive link costs. Each

agent i2P has a perception of parameters in a subnetwork gi	G; these vary-

ing perceptions are reflected in heterogeneous parameters at the system

level.

In the basic multiagent inverse transportation problem framework, let

us assume there are no congestion or capacity effects, and only heteroge-

neous link costs are present. In other words, each link cost ca, a2A, is

described by a distribution over P such that an agent’s perceived values

of ca, i justify their revealed route choice xi*. Parameter learning is achieved

with a set of inverse shortest path problems ϕ�1(gi, c0,xi*), one for each

agent, constrained to have an invariant common prior, as illustrated in

Fig. 5.11 and in Eq. (5.8), where ϕ[gi, ci] is a shortest path problem with

subgraph gi and perceived link costs ci.

min
c0, ci

c0� cij j : x∗i ¼ argminx ϕ gi, ci½ �� �
, 8i2P (5.8a)

Subject to
c0¼ 1

Pj j
X
i2P

ci (5.8b)
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Fig. 5.11 Multiagent inverse optimization as a fixed-point problem.
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The constraint in Eq. (5.8b) interprets the prior as a common prior among
the population. The common prior serves to regularize the estimation of the

parameters across the population to minimize variance. The term common

prior was first defined by Harsanyi (1967) for Bayesian games with incom-

plete information.

Definition 5.1 A common prior is an assumption that multiple players in a

Bayesian game with incomplete information exhibit prior beliefs that are drawn from

a commonly observed source of information, that is, there exists “common knowledge”

that everyone knows, and everyone know that everyone knows it.

Feinberg (2000) showed if players do not agree to disagree then a com-

mon prior always exists and is unique. This assumption is held for these mul-

tiagent inverse transportation problems and allows for formulating the fixed

point to relate the common prior to the posteriors.

The common prior is a latent vector for some parameters and observable

for others. For example, the common prior for goal arrival times is observ-

able as presented by Table 5.4. For latent common priors, Eq. (5.8b) is used

to estimate the vector as a fixed point. The fixed point in Eq. (5.8) can be

reached by any convergent iterative algorithm. The Method of Successive

Averages from Chapter 3 is considered here.

Algorithm 5.2 is convergent as shown in Theorem 5.1.

Theorem 5.1 (Chow and Recker, 2012). The Method of Successive Averages

applied to Eq. (5.8), where ϕ[gi, ci] is a mathematical programming problem, con-
verges to a unique invariant common prior.



Algorithm 5.2: (Xu et al., 2017). MSA-Based Algorithm to Solve
Eq. (5.8) for a Population With Latent Common Prior Vector
Inputs: an initial common prior c0, subgraphs for every agent in the

population gi, stopping criterion

0. Initialize c0
1¼ c0 and set n¼1.

1. For each agent i2P, solve an inverse shortest path problem ci
n¼ϕ�1(gi,

c0
n,xi*).

2. Set average to μn ¼ 1
Pj j
P

i2P c
n
i .

3. Update common prior: cn+1
0 ¼ n

n+1
cn0 +

1
n+1

μn. Set n¼n+1 and go to

step 1 if stopping criterion not reached.

Outputs: Invariant common prior c0*, optimal posterior ci* for every agent i

for which Eq. (5.8b) is satisfied
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Proof Since the prior represents a set of objective weights and the weights

are finite and relative, there always exists a bounded range of parameters for

which Eq. (5.8b) is satisfied. MSA exhibits the property of Law of Large

Numbers and will always converge to an expected point given a bounded

range. Since the common prior always exists and is unique, and is defined

as the set of beliefs that converge upon the expected values of the population,

this is a sufficient condition for convergence to the invariant common

prior. ▪

Let us graphically illustrate this convergent property of Algorithm 5.2

with Fig. 5.12. In the figure, we show a one-dimensional parameter (relative

to a second parameter). Suppose there are six agents whose parameters fall

into the fixed ranges represented by each bar. As this illustration shows, the
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Fig. 5.12 Illustration of Algorithm 5.2.



216 Informed Urban Transport Systems
estimated values of c4,c5,c6 will remain the same every iteration since the prior

is coming from the left. As a result, the MSA will eventually converge to a

fixed point somewhere between these values and the right edge of i¼1.

Now that we have an algorithm to estimate parameters and invariant

common prior, let us reexamine the example from Section 4.5 involving

the urban truck deliveries shown in Fig. 4.17 taken from You et al.

(2016). There are two classes of truck agents and for a given prior the optimal

parameters for the inverse optimization can be obtained by inspection. The

results of the estimated values and MSA updates for the first six iterations are

presented in Table 5.7.

In each iteration, each class finds an inverse optimal solution based on

perturbation from the posterior of the previous iteration as the current prior

to replicate the observed patterns. For example, in iteration 1 with prior

(1,1,1,1), class 1 inverse optimal parameters are (1,1,1,0.011), while for

class 2 they are (15,0,15,0). The weighted average (3/5 for class 1, 2/5

for class 2) is then μ1¼ (6.6,0.6,6.6,0.007). The first iterationMSA involves

taking 1/2 of the weighted average and the prior, resulting in

c0
2¼ (3.8,0.8,3.8,0.503).

The fixed points for both classes coincide at (15,0,15,0), which makes

sense because at those values the objective values for both classes are equal,

and hence variance is minimized at zero. The sampled sequences can then be

aggregated into a time-of-day seed ODmatrix from which iterative propor-

tional fitting can be applied to expand the matrix to the population level.

Elasticities and trade-offs for the population can then be made. For

example, increasing 15min of early schedule arrival corresponds to an

increase of 1 visit to zone 2 or zone 4. The start times are bound to the sched-

ule constraints of each firm. Furthermore, trips between zones are directly

dependent on one another for each class, as tours can be distinguished.

Compared to models in the literature, the proposed method allows pol-

icymakers to assess the impacts of policies like PierPass or off-peak deliveries

(simply as additional schedule constraints on the calibrated operators), effects

of additional congestion from commuters as modifiers to the travel time/cost

parameters, and additional facility investments as either changes in utilities of

existing zones or additional candidate zones.
5.4.2 Comparing Methodology Against Mixed Logit Model
As discussed under Section 4.4, a sample S
P of the populationmay be used

to infer the fixed point and distribution of the heterogeneous parameters. In

such a case, the invariant common prior is a sample prior for the whole



Table 5.7 Illustration of parameter estimation using Algorithm 5.2 for example from Section 4.5

Iter.

Class 1 Class 2 MSA posterior

β2 β3 β4 βtt β2 β3 β4 βtt β2 β3 β4 βtt

0 1 1 1 1

1 1 1 1 0.011 15 0 15 0 3.8 0.8 3.8 0.503

2 2.28 2.28 3.8 0.025 15 0 15 0 4.989 0.989 5.293 0.341

3 1.059 5.293 5.293 0.035 15 0 15 0 5.401 1.536 6.264 0.261

4 3.758 3.758 6.264 0.042 15 0 15 0 5.972 1.68 6.963 0.214

5 1.393 6.963 6.963 0.046 15 0 15 0 6.116 2.096 7.499 0.183

6 4.499 4.499 7.499 0.05 15 0 15 0 6.485 2.182 7.927 0.161

…

Fixed point 15 0 15 0 15 0 15 0 15 0 15 0
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Table 5.8 Scenarios evaluated in example
No. Scenario Model

1 Baseline Multinomial logit

2 Mixed multinomial logit

3 Shortest path problems calibrated with

Algorithm 5.2

4 Link 3 removed Multinomial logit

5 Shortest path problems calibrated with

Algorithm 5.2
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population and the posteriors obtained for every agent is a sample of a dis-

tribution representing the whole population. The effectiveness of this

approach is demonstrated in a series of examples from Xu et al. (2017) in

which agent route choice is modeled using this multiagent approach and

compared to a route choice model based on discrete choice.

There are two objectives. The first is to illustrate the capability of the

proposed method to capture heterogeneity of users’ preferences at one net-

work level (link costs) even when observations are made at another level

(route choice). This objective is achieved by using a simple network with

enumerated paths and simulated link costs that vary across the population.

These link cost variations reflect different traffic and environmental condi-

tions (e.g., weather and road surface conditions) present during each user’s

trip, while observable route choices may be obtained from GPS, phone, or

transit smart card data (to varying degrees). Link cost heterogeneity is

reflected in distributions of the link costs across the population.

The secondobjective is to demonstrate how themethod can better handle

structural changes in the underlying network. This is accomplished by apply-

ing the estimated models on a scenario where one of the links is removed.

To give the resultsmore context, we estimate two discrete choicemodels:

an aggregate multinomial logit model for route choice, and a mixed
Exercise 5.4
Consider a network shown in Fig. 5.13 labeled with five links and four nodes, where

the perceived link costs of 500 agents traveling from node 1 to node 4 are simulated as

shown in Test Set 1 at the following link: https://github.com/BUILTNYU/

Network-learning-via-multi-agent-inverse-transportation-problems. The perceived

link costs are assumed to be independent of each other. Based on the simulated per-

ceived costs, the observed routes are shared with a researcher. An initial common prior

of c0¼0.5 is assumed for all links. Estimate the parameters using the multiagent

https://github.com/BUILTNYU/Network-learning-via-multi-agent-inverse-transportation-problems
https://github.com/BUILTNYU/Network-learning-via-multi-agent-inverse-transportation-problems


inverse shortest path problem and compare the procedure with the multinomial and

mixed logit models of route choice in accurately estimating the route flows.

There are three paths in this example as indicated by the following link

sequences: (1,4), (2,5), (1,3,5). Based on the simulated link costs of the 500

samples we observe 48% choose path (1,4), 48% choose path (2,5), and the

remaining 4% choose (1,3,5). For Algorithm 5.2, a tolerance of 0.001 of the

maximum change in the common prior is used as the stopping condition.

Since there are three routes, there are only two degrees of freedom for link

costs to vary, so we do not expect estimated distributions to reflect more

than two discrete alternatives.

For the aggregate multinomial and mixed logit models, the utility

functions are based on route costs to be consistent with the route

choices. For the logit models, the average path costs are assumed to be

known as the explanatory path cost variable Xj for each alternative

j. Uj¼βjXj+εj is an aggregate utility function that is dependent only on

the same average path cost variables for everyone. X2 is set to be the

utility of path 2 (2,5) relative to path 1 (1, 4): X2¼ c2+ c5� c1� c4, while

X3 is the utility of path 3 (1, 3,5) relative to path 1: X3¼ c3+ c5� c4. In

this mixed logit model, the βj is normally distributed.

We first estimated the parameters from the data using the multiagent IO.

Algorithm 5.2was employedwith the convergence shown in Fig. 5.14. Based

on a tolerance of 0.001, the algorithm terminated after 22 iterations of

the MSA.

Fig. 5.15 illustrates how the multiagent IO outputs a distribution of

link costs across the population based on observation of their route

choices and the reliance on the normative route choice behavior in the

inverse transportation problem. The values are {0.489, 0.498,0.009,

(0.490,0.493), (0.481,0.484)} corresponding to links 1–5. The link costs

ended up being homogeneous for the first three links and split over two

different values for the remaining two links. This reflects how even a

network with only two degrees of freedom in information can lead to an

estimation of heterogeneous link costs.

1

2

3

4

1

2

3

4

5

Fig. 5.13 Test network with node and link IDs.
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For context, the route choices are modeled using multinomial and

mixed logit models in R using the average route costs as the explanatory

variables. The estimated multinomial logit model has a log-likelihood

value of �417.24. The McFadden R2 (ρ2) value is 0.240. For the mixed

logit model, a sampling of 100 simulated Halton draws was used to

obtain the results. Using the Broyden-Fletcher-Goldfarb-Shanno (BFGS)

method, the algorithm converged to an estimate after four iterations. For

the mixed logit model, the log-likelihood value is LL¼ �417.23 and

ρ2¼0.240. The estimated coefficients are presented in Table 5.9.

Since the two networks do not have the same link cost distributions, a

direct comparison of the results is not expected. However, the results clarify

the value of the multiagent inverse transportation problems when

interpreted alongside one another.

• While the multiagent IO method endogenously obtained the average

link costs, the discrete choice models required prior information about

the average path costs in order to be estimated.

• The discrete choice models clearly do not provide estimates of link-

level parameters, much less link-level heterogeneity.

• The estimated results suggest that the standard deviations of the mixed

logit model (and hence the distribution assumption for taste variation in

path costs) are statistically insignificant (t-stat of 0.0081). Despite there
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Fig. 5.14 Convergence of Algorithm 5.2 on test network. (Source: Xu et al., 2017.)
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Fig. 5.15 Output distribution of posterior link costs across the population of
500 simulated agents for link 1 (top) to link 5 (bottom). (Source: Xu et al., 2017.)

Table 5.9 Estimated parameters and significance tests for multinomial and
mixed multinomial logit model
Variable Estimate Standard error t-Statistic

Multinomial logit

X �4.93040 0.44997 �10.957***

Mixed logit

X �4.93848 2.08812 �2.3650*
sd. X 0.18917 23.22305 0.0081

*P-value < 0.05.
***P-value < 0.001.
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being path-level variation in perceived costs, it is difficult to capture this

heterogeneity using the mixed logit model for this example.

• The multiagent IO correctly fits agent route choice to obtain 100% fit

to the data of 48% for path 1, 48% for path 2, and 4% for path 3. On the

other hand, the estimated shares from MNL are 50.2% for path 1,

45.7% for path 2, and 4.1% for path 3.

Exercise 5.5
For the same network in Exercise 5.4, compare the prediction of route choices using the

multiagent IO and the multinomial logit model when link 3 is closed.

Under the new scenario, the estimatedmodels are applied to validate their

accuracy in terms of total route shares compared to the simulated ground

truth. When link 3 is closed, the alternative path 3 no longer exists, and

there are only two routes left to choose from. Under these scenarios, the

simulated observed routes show that 50% of the travelers take path 1.

The shortest path assignment using the link costs estimated with the

multiagent inverse optimization indicates with 100% fit the optimality of

the observed choices. For context, the statistical models show some error

as reported in Table 5.10.

Table 5.10 Estimated shares (MNL) vs actual shares of route choices when link 3
is closed
Alternatives Estimated shares Actual shares Error

Path 1 0.524 0.5 0.024

Path 2 0.476 0.5 0.024
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multinomial logitmodel that allows distributions in the path cost taste param-

eter. In total, the following scenarios presented in Table 5.8 are evaluated in

Exercises 5.4 and 5.5. Parameter estimation is run for the first three scenarios.

5.4.3 Case Study: California Household Travel Survey
How well does the multiagent IO method fit to real data? This question is

addressed with a continuation of the case study of southern California

household travel survey data from Chow and Recker (2012) shown in

Fig. 5.5. The earlier example only considered the IO fitting of one house-

hold and did not address the ability to fit objective coefficients and goal

arrival times of a population of households jointly with their latent objective

common priors. We extract 78 household samples from the data that
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conducted four activities or less. Out of these 78 households, 65 are single-

vehicle households while 13 are two-vehicle households. Carpooling is

ignored in this example. These samples are used to compare the goodness

of fit of the multiagent IO for the HAPP model.

To measure how well each inverse model fits the observed activity

schedule data, two goodness-of-fit measures are defined. Both measures rep-

resent the ratio of the squared error between inverse estimated values against

observed patterns, to the squared error of the HAPPmodel with uninformed

priors (e.g., c0
0�1) against observed patterns. For example, a measure of 0.5

suggests that the multiagent IO model parameters are twice as accurate as a

model with uninformed priors. The first measure shown in Eq. (5.9a) is

based on matching aggregated OD trip patterns (ρOD
2 ) while the second

shown in Eq. (5.9b) is based on matching activity arrival time patterns

(ρT
2 ). Note that P+ is the set of activities (excluding drop-off at home)

whereas P is the population of agents.

ρ2OD ¼ 1�

X
u, wð Þ

X
i2P

Xobs
uw, i�

X
i2P

X
HAPP c*i½ �
uw, i

 !2

X
u, wð Þ

X
i2P

Xobs
uw, i�

X
i2P

X
HAPP c00½ �
uw, i

 !2
(5.9a)

ρ2T ¼ 1�

X
i2P

X
u2P +

Tobs
i,u �T

HAPP c*i½ �
i,u

� 	 !2

X
i2P

X
u2P +

Tobs
i,u �T

HAPP c00½ �
i,u

� 	 !2
(5.9b)
Table 5.11 Comparison of uninformed prior vs optimal invariant common prior

Travel time
Return home
delay Length of day

Uninformed prior (c0
0) 1 1 1

Mean of posterior (c1) 1.0752 0.6995 0.1972

Std. dev. posterior (s. d.

(c1))

0.6064 0.4562 0.3449

Invariant common

prior (c0*)
1.2287 0.2715 0.0598

Mean of posterior (c*) 1.2831 0.2059 0.0606

Std. dev. posterior

(s. d. (c*))
0.4421 (�27%) 0.1151 (�75%) 0.1631 (�53%)



Table 5.12 Comparison of performance measures
SSE: HAPP[c0

0] SSE: HAPP[c1] SSE: HAPP[c*] ρ2[c0
0] ρ2[c1] ρ2[c*]

OD 128 8 10 0 0.938 0.922

T 6.5813�107 2.9052�107 4.3910�105 0 0.559 0.993
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Three objective coefficients are estimated: travel time, return home
delay, and length of day outside home. The performance of the estimated

HAPP models for the 78 households is summarized in Tables 5.11 and

5.12. Table 5.11 shows the parameters of the objective coefficients based

on perturbing them from an uninformed prior compared to those that are

perturbed from the invariant common prior found using Algorithm 5.2.

The variance of the estimated parameters across the population drops signif-

icantly due to finding the invariant common prior to perturb from.

Table 5.12 presents the computed performance measures from Eq. (5.9).

The HAPP model with posterior parameters c* is compared to a base HAPP

model with completely uninformed priors as the parameters (c0
0) and a HAPP

model with posterior parameters perturbed from that uninformed prior (c1).

These results indicate the model with both calibrated common prior and

posteriors performs accurately on both space and time dimensions.
5.5 NETWORK LEARNING

In this last section, the multiagent IO learning framework is applied to infer

latent network attributes from which only a sample of agent route observa-

tions is available. Onemajor advantage of this approach is that leveraging the

information from agent behavior reduces the reliance on having to estimate

the population data like conventional methods.

5.5.1 Methodology
Consider a capacitated multicommodity flow problem in Eqs. (5.10a)–
(5.10d), where M is the set of commodities and u¼{ua2A} is a vector of

capacity constraints for a subset of links in the network.

min
x

X
m

cTxm (5.10a)

Subject to
Axm ¼ bm, 8m2M (5.10b)
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X
m2M

xm� u (5.10c)

xm� 0, 8m2M (5.10d)

Eq. (5.10b) is flow conservation constraints for each commodity m2M.
Eq. (5.10c) is the set of capacity constraints for the vector of link flows bundled

from the individual commodities. The inverse problem to infer the values of u

from observed xm and other network parameters is NP-hard (G€uler and

Hamacher, 2010). Instead of tackling this inverse problem directly, we seek

dual prices w corresponding to the constraints in Eq. (5.10c). A value of

wa¼0 means that a link a2A is not operating at capacity ua, while wa>0

reflects the impact of a binding capacity on agents’ route choices. In other

words, we do not concern ourselves with finding capacity, but instead with

finding the effects of the capacity and its interaction with the agents.

In this problem, we assume link costs are not heterogeneous and are

known in advance. Each agent has a perceived value of the dual price of

the capacitated links. The capacitated problem can be decomposed into a

master problem for determining optimal dual prices and unconstrained sub-

problems for each commodity. The dual price is reflected within each

agent’s shortest path problem through the Partial Dualization Theorem

(Ahuja et al., 1993): the w corresponding to Eq. (5.10c) in the multicom-

modity flow problem is equivalent to a w for the uncapacitated shortest path

problem of each agent i2P as shown in Eq. (5.11).

min
xi

c +wð ÞTxi (5.11)

By relying on this relationship, we introduce a multiagent inverse trans-
portation problem to infer the network dual prices. Each agent solves an

IO where there is a common prior dual price vector w0. We define two non-

negative decision variables ei and fi for each agent such thatw0�wi¼ ei� fi, and

solve Eqs. (5.12a)–(5.12e) for each agent subject to Eq. (5.12f ) for all agents.

In other words, route dependencies are captured by bundle constraints such as

capacity (Eq. 5.10c). With decomposition, the original problem is decom-

posed into individual shortest path problems where the costs in the objective

are updated to reflect the dual price obtained from the restricted master prob-

lem (Eq. 5.11). In the inverse problem, the requirement for a common prior

(Eq. 5.12f) ensures the solution fits the bundling constraints.

min
yi,ei, fi

ei + fi, 8i2P (5.12a)

Subject to



226 Informed Urban Transport Systems
ATyi� c +w0� ei + fi, 8i2P (5.12b)

bTyi¼ c +w0� ei + fið ÞTx∗i , 8i2P (5.12c)

w0� ei + fi � 0, 8i2P (5.12d)

ei, fi � 0, 8i2P (5.12e)

w0¼ 1

Pj j
X
i2P

wi (5.12f)

Eqs. (5.12a)–(5.12c) are the standard inverse LP equations. Eq. (5.12d) is the

nonnegativity constraint for the estimated posterior dual price. In the case of

taking the inverse shortest path, there are equality constraints so the dual vari-

ables for that problem are unbounded. The following theorems can be made.

Theorem 5.2 (Xu et al., 2017). The problem shown in Eqs. (5.12a)–(5.12f )
has a unique solution in a common prior dual price vector for all capacitated links, and

this vector is the same for all agents, i.e., w0¼wi8 i2P.

Proof A multicommodity flow problem solution has a unique set of dual

prices (Ahuja et al., 1993). This homogeneity occurs because the dual price

is a lower bound threshold for everyone, and the highest value price is the

one kept. This can be illustrated with two agents A and B sharing a link a.

Suppose agent A would leave link a if the dual price was wA. This means any

value of w�wA would incentivize agent A to leave link a. Now suppose

agent B has a dual price of wB>wA. Any common prior price wA�w0<wB

would not be fixed, because agent B would perturb up toward wB while

agent A would be indifferent, until the common prior and final prices

become fixed at w0¼wB, and both agent A and B share the same wB. ▪

Theorem 5.3 (Xu et al., 2017). The unique inverse optimal parameters to Eqs.

(5.12a)–(5.12f ) can be reached by starting with an initial guess at w0
1¼0 and then

following a basic iterative update of wn+1
0 ≔ 1

Pj j
P

i2P w
n
i without having to resort

to convergent algorithms like MSA.

Proof Since w0
1¼0 represents the lower boundary, in each iteration n the

updated average of w0
nwould always be increasing due to the lower threshold

condition explained in the Proposition 1 proof. This means a basic iterative

update of letting wn+1
0 ≔ 1

Pj j
P

i2P w
n
i is monotonically increasing. Therefore

it is guaranteed to reach the unique solution. ▪

Let us call the variant Algorithm 5.2 with the wn+1
0 ≔ 1

Pj j
P

i2P w
n
i update

as Algorithm 5.2A.
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Theorem 5.4 (Xu et al., 2017). The unique inverse optimal parameters to Eqs.

(5.12a)–(5.12f ) can be reached in polynomial time using the basic iterative update

from Algorithm 5.2A.

Proof Each run of the agent IO problem is an LP which is polynomial time

solvable. The number of iterations of the iterative update is finite. This can

be shown in a worst-case scenario; suppose out of jP j agents, jP j�1 of

them all exhibit dual price of 0 for a particular link while one agent i has

a dual price of wi>0. In this case, in each iteration all the jP j�1 agents

would keep setting the w’s to 0 and agent i’s to wi. This means in the worst

case the average will always be increasing by wi

Pj j as a finite step size until the

optimum is reached. ▪
Exercise 5.6
Consider three link flows observed in the network in Fig. 5.16, x¼
{100,200,100}. We can assume there are three groups of homogeneous agents,

agent group 1 choosing link 1, agent group 2 choosing link 2, and agent group 3

choosing link 3. Each agent group seeks a dual price to explain their link choice,

resulting in nine values of w (for each agent and each link), and three values of

w0. Illustrate two iterations of Algorithm 5.2A.

The algorithm is initiated by setting w0
1¼{0,0,0}. An inverse shortest

path problem is run for each agent. For agent group 1, w1
1¼{0,0,0} because

they are already traveling on the shortest path with dual prices at zero. For

agent group 2 to choose link 2, a value of w2
1¼{1,0, 0} is needed. Lastly for

agent group 3 to choose link 3, a value of w3
1¼{3,2,0} is needed. At the end

of this iteration, the weighted average of the three agents is taken as the new

prior: w2
0 ¼ 200 + 300

400
, 200
400

, 0
� �¼ 5

4
, 1
2
, 0

� �
. If this is advanced a second

iteration, we get w2
1 ¼ 5

4
, 1
2
, 0

� �
,w2

2 ¼ 3
2
, 1
2
, 0

� �
, and w3

2¼{3,2,0}. These

lead to a new prior w3
0 ¼ 125 + 300+ 300ð Þ

400
, 50+ 100 + 200

400
, 0

n o
¼ 29

16
, 7
8
, 0

� �
. By

inspection we can see that the dual prices approach

w0*¼w1*¼w2*¼w3*¼{3,2, 0}.

Fig. 5.16 Toy network used for illustrating methodology.
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These properties of the methodology signify the effectiveness of using

agent observations to learn network parameters. Exercise 5.6 illustrates

the properties of the method.
5.5.2 Example of Nguyen-Dupuis Network
In this example, we conduct a parameter recovery test using the Nguyen-

Dupuis (1984) network shown in Fig. 5.17 to illustrate the effectiveness

of the method. The standard demand and link cost parameters from the

Nguyen-Dupuis network are assumed: 400 travelers for OD (1,2), 600 trav-

elers for OD (4,2), 800 travelers for OD (1,3), and 200 travelers for OD

(4,3). By design, the paths in the Nguyen-Dupuis network can be easily

enumerated. Initial capacities of 400 at link 1 and 800 at link 7 are assumed.

We generate a set of simulated route choice observations. Paths are ran-

domly drawn with probability equal to the percent flow on that path from

the solution to the multicommodity flow problem. The data set is fully

accessible as Test Set 3 on https://github.com/BUILTNYU/Network-

learning-via-multi-agent-inverse-transportation-problems. Although the

multicommodity flow problem may require an integer solution, an

LP-relaxed solution is obtained in this case, revealing dual prices of

w1*¼7 and w7*¼5. We show how the methodology can reproduce these

parameters.

Based on simulated route choices, there are six distinct sets of agents. The

agents are assumed to behave according to a shortest path problem with

latent dual prices that we need to infer.
r

r

s

s

8

211

76

10

13 3

54

1 12

9

(11)  9

9
(15)

6
(14)

11
(19)

10
(12)

9 (16)  8

(8)  13

3
(5)

9
(2)

9
(3)

(6)  9

(1)  7 14
 (17)  7 (18)

5
(7)

(4)
12

5
(9)

(10)  9

(13)

Fig. 5.17 Nguyen-Dupuis network.
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The inverse shortest path problem ϕ�1(g1,w0
1,x1*) is illustrated as follows

for an agent going from node 1 to node 2 from a prior of w0
1¼ [0, 0]. Because

the shortest path constraints are equality constraints, the dual prices here are

unbounded.

minϕ�1 ¼ en1,1 + f n1,1 + en1,7 + f n1,7

Subject to
�y1 + y5� 7+wn
0,1� en1,1 + f n1,1

�y1 + y12 � 9

�y4 + y5 � 9

�y4 + y9� 12

�y5 + y6 � 3

�y5 + y9 � 9

�y6 + y7� 5+wn
0,7� en1,7 + f n1,7

�y6 + y10� 13

�y7 + y8 � 5

�y7 + y11 � 9

+y2� y8� 9

�y9 + y10� 10

�y9 + y13 � 9

�y10 + y11 � 6

+y2� y11� 9

y3�y11� 8

y6�y12� 7

y8� y12 � 14

y3� y13 � 11

en1,1� f n1,1 �wn
0,1

en1,7� f n1,7 �wn
0,7

�400y1 + 400y2¼ 400 9+ 9+ 14ð Þ
e, f � 0
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Fig. 5.18 Convergence of dual prices using Algorithm 5.2A. (Source: Xu et al., 2017.)
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Based on running Algorithm 5.2A we get the following convergence of
the dual price parameters for those two links shown in Fig. 5.18.

The methodology can be applied to network monitoring in an online

learning setting. Data is received in real time from one agent at a time (with

equal time intervals; conversely, we can view this as a system monitor draw-

ing a sample with a steady frequency). After each agent observation, an

update is conducted of the network dual price parameters to learn of any

changes in the network.

To illustrate this, we assume the first 100 observations of the network

operate under the initial state with unobservable link 7 capacity of 800. After

100 observations, the link 7 capacity drops to 500 for the next 100 obser-

vations. In this state, the hidden dual prices are found to be w1**¼7 and

w7**¼6. Finally, for the last 100 observations the capacity returns to 800.

The data is summarized in Fig. 5.19 and accessible on the same GitHub link

asTest Set 4. The boundaries where the link capacity changes state are shown

as vertical gray lines while the observations of path choice are shown as the

points.

In this case, each update uses the posterior of the previous update as its

prior for the dual prices.We get the following trajectory of the posterior dual

prices shown in Fig. 5.20 as an example of how the monitored dual prices

change over the 300 sequential observations.

The result shows that the proposed method is indeed sensitive to regime

changes in this example, even as there is a learning period after each state

change. The learning rate depends on the likelihood of the right observation

that comes along to reveal the need for a change. For example, the change to
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the 500 capacity state does not impact the monitoring of the dual price

immediately. It is not until a new route observation of path 13, indicating

a detour in route because of the decreased capacity, does the dual price shift.

As a result, the sampling rate is important. The routes are also important.

In this case, the monitoring system is able to detect a shift back and forth

because the 500 capacity state leads to a different set of routes than the

800 capacity state. If the routes remain the same, no changemay be detected.



Fig. 5.21 Queens freeway network. (Source: Xu et al., 2017.)

232 Informed Urban Transport Systems
5.5.3 Case Study: Google Maps Queries in Queens, New York
We illustrate network learning using a real data example from Xu et al.

(2017). A highway network from Queens in New York City is shown

in Fig. 5.21 overlaid upon a Google Maps image. The network is

designed to have two entries/exits for each of the four cardinal directions.

On June 5, 2017, a series of shortest paths were queried from Google Maps

API based on Google’s real-time travel times.

As congestion occurred in the network, the effects of the capacity on

shifting routes were recognized by the network learning algorithm. The dual

prices reflect links that became more congested with binding capacity effects

that resulted in route diversions as shown in Fig. 5.22. Themagnitudes of the

dual prices give a relative measure of the insufficient capacity in the link with

respect to other links. For a qualitative comparison, snapshots of the shortest

paths found in Google Maps were made every half hour in Fig. 5.23 and

compared to a snapshot of the multiagent IO output dual prices in Fig. 5.24.

Conclusions are drawn from this illustrative example.

• Network system attributes like link dual prices can be updated using only

samples of individual route observations, without need to estimate total link

or path flows. This demonstrates the significance of this methodology in

being able to cheaply monitor a transportation network’s system perfor-

mance over time.



Fig. 5.22 Link dual price trajectories obtained from online network learning. (Source:
Xu et al., 2017.)
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• The changes show that the inference model is indeed sensitive to changes

in the system. As traffic increases from 6:30a.m. to 9:30a.m. in the study

period resulting in more spillbacks and incidents impacting link capacities,

the set of dual prices steadily increases on average as shown in Fig. 5.22.

A visual comparison between Figs. 5.23 and 5.24 indicates similarities in

positive dual prices where congestion occurs. For example, the 7:00a.m.

screenshot shows that the segment between nodes 4 and 5 is highly con-

gested and that is interpreted correctly in Fig. 5.24. The 7:30a.m. screenshot

reveals the alternative path traversing the link between nodes 8 and S1 is

congested, which is captured correctly in the inference model. The

8:30a.m. screenshot indicates congestion between nodes 5 and 7, which

is also captured by the model. This delay lingers through 9:30a.m. and is

properly captured as well by the inference model.
RESEARCH AND DESIGN CHALLENGES

The following are open-ended challenges that sometimes refer to real data

sets. Readers are encouraged to try to tackle the problems and post their



Fig. 5.23 Half-hour interval screenshots of Google Maps real-time shortest path queries (Xu et al., 2017).
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Fig. 5.24 Snapshots of multiagent IO output dual prices at every half hour with nonzero prices represented by heavier arrows. (Source:
Xu et al., 2017.)
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designs or solutions on the following GitHub page, https://github.com/

BUILTNYU/Elsevierbook/tree/master/Chapter%205.

(5.1) Pick two machine learning methods from Table 5.1 and apply them

to two different steps in the Four Step Model for a household travel

survey/employment data for a region of your choice. Compare

strengths and limitations of the trained models.

(5.2) Write a program to solve an inverse LP with L1 norm and test it on

the network in Exercise 5.1.

(5.3) In the many-to-many assignment game, buyers are matched to

sellers to maximize the payoff awarded as shown as follows (see

Roth & Sotomayor, 1990):

max
X
i2P

X
j2Q

aijxij

Subject to
 X
i2P

xij � qj, 8j2Q

X

j2Q

xij �wi, 8i2P

xij 2 0, 1f g, 8j2Q, 8i2P
whereQ is the set of sellers, P is the set of buyers, aij is the payoff for a
match, qj is a maximum number of matches for seller j2Q, wi is the
maximumnumberofmatches for buyer i2P, andxij is a variable indi-
cating a match between buyer i and seller j. If aij¼max(0,Uij� cj)
where cj is the cost of production, design an inverse optimization
program to learn the value of Uij.
(5.4) Download a bike GPS trace from Openstreetmap (or something

similar): https://www.openstreetmap.org/user/absinthologue/

traces/2651853.
Hypothesize a set of objectives that this user might have in their

route choice criteria (e.g., travel time, scenic, safety, elevation

change, etc.) where the data can be obtained. Solve an inverse short-

est path problem with L1 norm from a diffuse prior to learn the

objective weights revealed by the route.
(5.5) Take the NYC yellow taxi data (http://www.nyc.gov/html/tlc/

html/about/trip_record_data.shtml) and identify the idle vehicle

movements. Use this data to prepare a data set of destination choice

for idle vehicles. Specify a utility function with random coefficients

across the population. Use Eq. (5.8) with anMSA-type algorithm like

https://www.openstreetmap.org/user/absinthologue/traces/2651853
https://www.openstreetmap.org/user/absinthologue/traces/2651853
http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml
http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml
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Algorithm5.2, startingwith adiffuse commonprior, to finda setofpos-

terior values of coefficients for each taxi underL1 normwith an invari-

ant common prior. Compare the distribution of the coefficients with

the parameters of a mixed logit model estimated using AlgorithmD.2.

(5.6) Create a simplified road network of a region of your choice in the

United States such that nodes have corresponding geocodes in the

region. For a weekday from 6a.m. to 12p.m., sample Google Maps

queries of real time travel times and routes from one random node

to another node in that network every 10min. Using this informa-

tion, update the dual price of the links in the simplified road net-

work (see Exercise 5.1). Note down when Google Maps updates

with incidents on the road network. Can effects of the incidents

be measured in terms of the link dual prices?

(5.7) Implement Algorithm 5.1 in a program of your choice and test it

using the inverse DARP in Exercise 5.2.

(5.8) Use Algorithm 5.1 to solve inverse facility location problem to infer

the demand hi in the p-median problem (see Eq. 7.8) for observed

Starbucks locations in a region of your choice. Use census tracts as

the demand zones. Specify a linear regression model where the

inverse optimal hi are the dependent variables and infer coefficients

of the variables (e.g., income level, population, population of cer-

tain age groups, number of employees of certain industries, etc.) to

infer Starbucks store location strategy.

(5.9) Download a GPS trajectory of trucks from the Shenzhen data set

(http://www-users.cs.umn.edu/�tianhe/BIGDATA/). Fit a mul-

tiobjective single-vehicle routing problem to this data that includes

arrival time windows for destinations belonging to each zone

(assume all destinations in a zone are homogeneous).

(5.10) For the inverse DARP, create random instances where the inverse

DARP is solved with increasingly larger fleet size from 1 to 5 vehi-

cles. Evaluate the performance of the inverse optimization as a func-

tion of the fleet size.

(5.11) For the household travel survey in NYC (https://www.

nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-

11-Travel-Survey), sample n¼50, 100, 200, 500 households.
a. For each set, solve inverse HAPP.

b. Evaluate the consistency and sample distribution of the popula-

tion parameters as the sample size increases.

c. Evaluate the consistency of time of day OD matrices based on

aggregation of the sampled trips to population level.

http://www-users.cs.umn.edu/~tianhe/BIGDATA/
http://www-users.cs.umn.edu/~tianhe/BIGDATA/
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
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d. Evaluate the consistency of the predicted time of day ODmatri-

ces across different sample sizes when travel times in the region

increase by 20%.
(5.12) Eq. (5.7) is an inverse traffic assignment problem under user equi-

librium. Derive an inverse system optimal traffic assignment prob-

lem. For the Sioux Falls network, solve the UE and SO solutions.

Randomize a weight α such that the simulated observation of link

flows is Xobs¼αXUE+(1�α)XSO. Can the inverse traffic assign-

ment problems be used to infer α? The term can be used to infer

the degree of centrality in the traffic flow and can be applied to

determine, for example, howmuch centrality there is in truck flows

due to alliances between carriers.

(5.13) For the mHAPP model in Challenge 4.5, use inverse mHAPP to

calibrate the parameters and compare the results to Challenge 4.5.

(5.14) Create a coarse multimodal network to represent borough

level activity in NYC. In this system, construct an mHAPP

model to model users’ mode choices throughout the day. Sam-

ple from the household travel survey in NYC (https://www.

nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-

11-Travel-Survey) and estimate mHAPP parameters.
a. Use these parameters to create a synthetic population for each

borough in NYC. Compare the results to a population synthesis

tool like Doppelganger (https://github.com/sidewalklabs/

doppelganger).

b. Calibrate a MATSim model for the same data. Compare the

MATSim performance for a new system scenario (such as add-

ing a new transit station and line) (i) without mHAPP support

and (ii) with the use of similarly calibrated mHAPP to synthesize

an initial population of activity schedules to feed the day-to-day

adjustment. Is there an improvement in convergence rate?

c. For the scenario in Challenge 5.14b, use mHAPP to estimate the

population distribution of the elasticities to the new system

changes.

https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://www.nymtc.org/DATA-AND-MODELING/Travel-Surveys/2010-11-Travel-Survey
https://github.com/sidewalklabs/doppelganger
https://github.com/sidewalklabs/doppelganger


CHAPTER 6

Privacy in Learning
6.1 INTRODUCTION

Chapter 5 and this chapter deal with “Learning from Public Information.”

While Chapter 5 covers learning, this chapter deals with the latter: public

information. The implication of using information from the public or infor-

mation made available to the public is that the data is susceptible to privacy

concerns. Due to privacy awareness, users, and operators may be less willing

to share the data with the public. For users, sharing data with the public

makes it easier for their identities to be stolen or for personal information

to be made available to the wrong people. Operators, on the other hand,

worry about competitors getting a hold of information that can be used

to reverse engineer their operational policies, as illustrated in Section 5.3.2.

Despite these concerns, there are also many benefits to sharing more data

to the public in a smart cities setting. As noted in Section 2.2, smart cities

involve several dimensions that involve data gathering from the public to

fuel knowledge creation. The advantages of smart cities are inherently

connected to the type of data that users and operators are wary of sharing.

Privacy preservation is arguably one of the biggest current obstacles in

making smart cities truly viable.

There are many variations of the privacy preservation problem. In the

case of users, anonymity in the presence of many other users’ data is desired.

As an example, one privacy preservation tactic is the requirement to aggre-

gate user survey data to a zone level so that the identity of a user cannot be

revealed. In the case of operators, data cannot reveal too much information

about the operator’s operating designs. An example is when ride-hail oper-

ators provide only passenger pickup information at a zone level so that there

is insufficient information to learn the services’ pricing, dispatch, and routing

algorithms.

This chapter deals with both types of data sharing privacy preservation:

user privacy and operator privacy. Because user privacy focuses on hiding

the identity of a record within a database of records, a technique called
239
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“differential privacy” is introduced and applied to two types of user data:

survey data and revealed location data. Operator privacy deals with hiding

certain pieces of information. However, this can be too restrictive if the

shared data is incomplete and the public agencies are unable to apply the data

to practical uses. A newmethod is introduced involving diffusion of the data

objects to mimic the anonymity objective in differential privacy. Instead of

providing incomplete data, an operator has the option to provide messy or

biased data that lessens the reliability of reverse engineered information.

Several applications of operator privacy are explored: vehicle assignment

decisions (to protect idle vehicle repositioning algorithms), scheduling

decisions involving continuous time variables, route decisions, and tour

decisions.

Lastly, the chapter examines the implications of having a privacy preser-

vation model in place. Learning models become less accurate and other

modeling and system design decisions that depend on the learning weaken.

However, more analytics would also be possible because of the use of

privacy preservation models. We look at network learning implications.
6.2 USER PRIVACY

One of the prevailing methods in user privacy preservation is differential

privacy (Dwork et al., 2006; Dwork, 2008). Differential privacy involves

applying a function K to a database that randomizes the data in such a way

that the aggregate data output has at most E difference when one element

of the database is removed. By ensuring this, users can participate in the data-

base without fear of being identified because the difference between the fil-

tered databases with and without their data would be nominal (less than E).
The motivation for this type of privacy definition is explained in Dwork

et al. (2006). She showed that it is impossible to provide a privacy measure

on a database such that an adversary with access to it cannot learn a user’s

information. This is because the availability of auxiliary information (e.g.,

“Person X is two inches shorter than the average population height”) in

combination with the database access would reveal the individual’s informa-

tion, whereas access only to the auxiliary information would not. An alter-

native objective that can provide a measure of privacy is to instead minimize

“the increase in risk of identification” due to participation in a database. The

differential privacy theory was the culmination of several other studies

conducted by the authors: Dwork and Nissim (2004), Blum et al. (2005),

and Dwork et al. (2006).
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Differential privacy has been applied to several different fields including

transport. Chen et al. (2012) studied the use of differential privacy to pro-

tect transit smart card data in Montreal. Le Ny and Pappas (2014) designed

filters for user data in ITS and smart grid systems to control for privacy.

Dong et al. (2015) considered the challenges of incorporating privacy in

travelers’ origins and destinations in analyzing the routing game in a

population.
6.2.1 Differential Privacy
A formal definition of differential privacy is given by Dwork et al. (2006).

Definition 6.1 (Dwork et al., 2006). A randomized function K gives

E-differential privacy if for all data sets D1 and D2 differing on at most one element,

and all S�Range K½ �,

Pr K D1½ � 2 S½ � � eEPr K D2½ � 2 S½ � (6.1)

The condition in Eq. (6.1) can be defined as a combination of a deter-
ministic function f and a noise. We further define a “L1 sensitivity” of the

function f as follows.

Definition 6.2 (Dwork et al., 2006). The L1 sensitivity of a function f :

Dn!ℝd is the smallest number S[f] such that for all x, x0 2Dn :k f [x]�
f[x0]k1�S[ f ].

As shown in Dwork et al. (2006), a random filter K defined in Eq. (6.2)

with Laplace distributed noise having standard deviation
S f½ �
E is

E-differentially private.

K D½ � ¼ f D½ �+Y , Y �Lap
S f½ �
E

� �
(6.2)

Lap[b] is a Laplace distribution with the probability density function
shown in Eq. (6.3) with mean μ¼0 and standard deviation b.

fL xj μ,b½ � ¼ 1

2b
exp � x�μj j

b

� �
(6.3)

The concept is illustrated by Zumel (2015) andmodified for Exercise 6.1.



Exercise 6.1
Consider two data sets S and S0:

S¼ 0, 0, 0,…, 0f g 100 zerosð Þ
S0 ¼ 1, 0, 0,…, 0f g 1 one, 99 zerosð Þ

Using a function f[x2S]¼μS, determine a differentially private filter with

E¼1.

Case I : deterministic filterK D2 S½ � ¼ μS

In this case, K D2 S½ � ¼ 0 and K D2 S0½ � ¼ 0:01. This filter is not

E-differentially private because an adversary can simply define a threshold

T¼0.005 such that all queries can immediately determine which set the

datum belongs to.

Case II :K D2 S½ � ¼ μS +Y , Y �Lap Dj μ¼ 0,b¼ 0:01½ �
In this case, S[f]¼0.01 since it is the gap between the two data sets, and

based on Eq. (6.2) the necessary standard deviation should be b¼S[f]/

E¼0.01. The noise would yield the following shown in Fig. 6.1.

We then verify if the noise is sufficient to meet the condition in Eq.

(6.1), which we set as Diff¼ eEPr[x2S2]�Pr[x2S1]�0. This is

presented in Table 6.1 where Pr[x2S1] and Pr[x2S2] are obtained from

Eq. (6.3) where μ¼0 for S1 and μ¼0.01 for S2.

For a range of values of x, we see that the differences of Eq. (6.1) are

either equal to or greater than zero. Hence this is differentially

indistinguishable for E¼1. This means that someone trying to discern

whether a value x belongs to either S1 or S2 would see that they are

probabilistically nearly identical (off by a factor of at most eE).
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Fig. 6.1 Laplace distributed noise added to functions of values from S and S0.
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Table 6.1 Illustration of the differential privacy criterion evaluation
x Pr[x2S1] Pr[x2S2] Diff x Pr[x2S1] Pr[x2S2] Diff

�0.10 0.00227 0.000835 0 0.01 18.39397 50 117.5201

�0.09 0.00617 0.00227 0 0.02 6.766764 18.39397 43.23324

�0.08 0.016773 0.00617 0 0.03 2.489353 6.766764 15.90462

�0.07 0.045594 0.016773 0 0.04 0.915782 2.489353 5.850982

�0.06 0.123938 0.045594 0 0.05 0.336897 0.915782 2.152456

�0.05 0.336897 0.123938 0 0.06 0.123938 0.336897 0.791844

�0.04 0.915782 0.336897 0 0.07 0.045594 0.123938 0.291303

�0.03 2.489353 0.915782 0 0.08 0.016773 0.045594 0.107164

�0.02 6.766764 2.489353 0 0.09 0.00617 0.016773 0.039424

�0.01 18.39397 6.766764 0 0.10 0.00227 0.00617 0.014503

0 50 18.39397 0
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The Laplace distributed noise can be simulated using an inverse

cumulative distribution function (inverse CDF). The CDF is

FL xj μ,b½ � ¼ 1
2
exp x�μ

b

� �
if x<μ and FL xj μ,b½ � ¼ 1� 1

2
exp �x�μ

b

� �
if x�μ.

The inverse CDF is shown in Eq. (6.4), where x
�
is the simulated value of

x2S and r2 [0, 1] is a random draw.

x
�¼

b ln 2r½ �+ μ, r<
1

2

�b ln 2 1� rð Þ½ �+ μ, r � 1

2

8><
>: (6.4)

Transport applications for differential privacy are divided into two pri-
mary categories. The first consists of travel-related survey stated preference

data that users take, such as household travel surveys, OD surveys, or reviews

of mobility services or activities. The second consists of revealed preference

data obtained frommonitoring or tracking individuals and primarily relate to

their locations and time. For example, this could include cellphone location

data, license plate tracking, transit smart card data, and so on. One example

of each is illustrated in the following two sections.
6.2.2 User Survey Data
For survey data, one of the primary applications is behavioral modeling using

discrete choicemodels. Almost nomajor studies have been conducted in differ-

ential privacy applications in user participation in data sets for choice modeling.

Individuals are typically surveyed on certain travel choices (e.g., mode,

route, destination, departure time) alongwith attributes of the alternatives per-

taining to the individual and individual-specific characteristics such as income,

employment, vehicle ownership, and so on. Income is particularly of interest

because when discrete choice models control for income, the estimated

parameter associated with that variable can be used to estimate the expected

consumer surplus of the set of options for that individual. For a discrete choice

model with multinomial logit specification, the consumer surplus becomes

CSn¼ 1
α ln

P
i expVin, where CSn ($) is the consumer surplus for individual

n, Vin is the systematic utility of the discrete choice model pertaining to alter-

native i for individualn, andα is themarginal utility of incomederived from the

estimated model. TheCSn is such because the utility functions have Gumbel-

distributed disturbances which feature such a property for expectedmaximum

of multiple i.i.d. Gumbel distributions (see Appendix D).

For transportation planning purposes, it is often very important to be able

to estimate the consumer surplus for each individual and use that to forecast

the benefits to the population. However, people are hesitant to share their
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actual income due to privacy concerns and may only answer a survey with

income brackets, which complicates themodelwith categorical variables that

do not allow for direct interpretation of theαwithout loss of information. For

example, the USNational Household Travel Survey uses income levels sep-

arated every $5K up to $80K, which has a $20K bracket followed by one

bracket for $100K+.

What happens if we ask for users to report actual incomes and require

that data requests for this data set pull E-differentially private income values

for an individual instead of the actual income? How biased would the esti-

mated consumer surplus be under different values of E? This is illustrated in

the Exercise 6.2.
Exercise 6.2
Consider a sample of 20 individuals choosing between Auto and Transit modes, where

a binary logit model has the following systematic utility for Auto: VAuto,

n¼ �0.4868+0.01719In and VTransit,n¼0, where In is income ($1000s). The
values are presented in Table 6.2.

Table 6.2 Sample of 20 individual incomes to illustrate effect of
differential privacy on consumer surplus

Individual
Original
income Choice

Original
Vin CSn

1 $7936 Auto �0.3503 $31,013
2 $27,101 Auto �0.0208 $39,710
3 $402,476 Auto 6.4335 $374,258
4 $27,101 Auto �0.0208 $39,710
5 $37,061 Transit 0.1504 $44,852
6 $67,081 Auto 0.6666 $62,870
7 $47,207 Auto 0.3249 $50,524
8 $97,161 Transit 1.1838 $84,381
9 $27,101 Transit �0.0208 $39,710
10 $147,130 Auto 2.0430 $125,908
11 $41,979 Auto 0.2350 $47,547
12 $17,338 Transit �0.1887 $35,084
13 $92,033 Auto 1.0956 $80,496
14 $12,317 Transit �0.2750 $32,863
15 $32,058 Auto 0.0644 $42,216
16 $220,267 Auto 3.3005 $194,061
17 $41,979 Transit 0.2350 $47,547
18 $32,058 Transit 0.0644 $42,216
19 $22,162 Auto �0.1057 $37,319
20 $17,338 Transit �0.1887 $35,084
Total $1,487,369



Simulate the effect that a differential privacy filter with E¼{1000,100} would

have on the standard error for the estimated consumer surplus for this sample.

For K D½ � ¼ f D½ �+Y in Eq. (6.2), set f to be equal to the original

income. In that case, the L1 sensitivity is S[f]¼394,540 and the standard

deviation is b¼394,540/E. For each E, 10 simulations are sampled for

each of the 20 individuals using Eq. (6.4). One sample set of filtered data

for each E is shown in Fig. 6.2.

The results of the estimated parameters and consumer surplus for each

simulated set of income values are presented in Table 6.3. It also includes the

averages of the standard errors for the parameters and total consumer

surplus. The true βASC¼ �0.4868, βI¼0.01719,
P

CS¼$1,487,369 for

this population of 20 individuals. As E decreases from a requirement of

1000 to a requirement of 100 for the income data, a greater amount of

randomization is needed. Because of the increased randomization, the

standard errors of both estimated parameters and consumer surplus all

increase by about five times even as the sample averages of the βASC,
βI,

P
CS remain close to the true values. This example illustrates how an

agency can use the differential privacy to control for the privacy of the

survey participants’ data subject to a choice model’s reliability requirements.
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Fig. 6.2 Illustration of filtered income data according to E¼ {1000,100}.
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Table 6.3 Summary of 10 simulated queries of income data with differential privacy for E¼ {1000,100}

Simulation

e51000 e5100

β
�
ASC β

�
I

P
n CS

�
n β

�
ASC β

�
I

P
n CS

�
n

1 �0.4899 0.01735 $1,481,215 �0.4622 0.01632 $1,539,995
2 �0.4758 0.01689 $1,503,453 �0.4139 0.01597 $1,559,014
3 �0.4879 0.01723 $1,486,767 �0.4487 0.01716 $1,482,739
4 �0.4822 0.01705 $1,494,186 �0.4402 0.01688 $1,508,441
5 �0.4937 0.01727 $1,483,964 �0.4971 0.01738 $1,486,615
6 �0.4875 0.01718 $1,488,157 �0.4495 0.01643 $1,531,023
7 �0.4839 0.01709 $1,494,836 �0.5037 0.01849 $1,447,404
8 �0.4866 0.01713 $1,487,744 �0.4087 0.01538 $1,594,220
9 �0.5028 0.01750 $1,471,318 �0.4231 0.01619 $1,547,216
10 �0.4805 0.01701 $1,496,411 �0.4818 0.01743 $1,472,058
Average �0.4871 0.01717 $1,488,805 �0.4529 0.01676 $1,516,873
Standard error 0.002367 5.59�10�5 $2849 0.01055 2.82�10�4 $14,298
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6.2.3 User Location Data
Revealed user location data is a much more studied topic with differential

privacy applications in transportation. Examples include Dong et al. (2015),

who studied user OD locations obtained from Google route queries; Chen

et al. (2012), who applied the method to transit smart card transactions; and

Aı̈vodji et al. (2016), who managed user privacy while sharing their location

data for ridesharing purposes. The revealed information may be due to some

system-wide monitoring for users of the system. People are especially sen-

sitive about the privacy of their locations in time.

To demonstrate the application of differential privacy in this setting,

another example is introduced here where individuals’ OD zones are filtered

such that a different neighboring zone may be selected randomly. Like in

Exercise 6.2, a simulation of the noise is used to numerically evaluate the

relationship between the design parameter E and the resulting standard error
of a travel demand model data object: the average trip length of travelers

often used in calibrating trip distribution forecast models (see Ortuzar and

Willumsen, 2002). In the case of zone locations, a discrete probability mass

function is necessary. One such is derived proportionately to the PDF as a

function of distance from the original zone, as illustrated with Exercise 6.3.
Exercise 6.3
Consider a region of five zones with centroids shown in Fig. 6.3 with the travel time

(minutes) matrix and 20 samples of OD locations. Determine the effect that

differential privacy with E¼5 would have on the trip distribution and average trip

length.

From the original data, the average trip length is L¼43.3 min. For the

noise, a discretized form of the Laplace distribution is used, where each zone

has a probability that is proportional to the Laplace distribution and the sum

of zone probabilities add to one. A value of S[f]¼78 is used. Based on the

discretized Laplace distribution, the following discrete probability mass

functions for the relocation noise from one zone to another zone are

shown in Fig. 6.4.

Ten simulations are generated for each origin and destination of each of

the 20 samples, as presented in Table 6.4. The trip distribution matrix

becomes more diffused as shown in Fig. 6.5.

The sample average of the average trip length is L¼ 42:0 min and

standard error is εL¼0.939 min, compared to the true value of L¼43.3.
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Fig. 6.3 Spatial distribution and travel times between zone centroids, and
20 sample OD locations.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1 2 3 4 5

P
r(

zo
ne

)

From 1 From 2 From 3 From 4 From 5

Fig. 6.4 Distributions of location noise by origin zone for E¼5.

249Privacy in Learning



Table 6.4 Simulated origins and destinations
O1 D1 O2 D2 O3 D3 O4 D4 O5 D5 O6 D6 O7 D7 O8 D8 O9 D9 O10 D10

1 5 2 5 1 5 4 5 2 5 1 5 1 5 1 5 2 5 1 5

5 1 5 1 5 1 5 1 5 3 5 1 5 1 5 2 5 3 5 4

4 4 4 1 4 1 1 4 4 3 4 4 4 1 4 2 4 4 2 1

3 3 1 3 3 2 3 3 3 3 3 3 2 3 3 3 3 3 5 3

5 1 5 4 5 1 5 1 5 4 5 4 5 4 5 4 5 4 5 4

5 3 3 3 3 4 5 4 1 3 1 3 3 3 3 3 3 5 5 3

5 5 5 1 3 5 3 2 5 5 5 3 5 5 5 5 5 5 5 5

3 2 3 2 3 2 2 3 3 2 5 2 1 2 3 2 3 2 3 2

5 3 3 3 5 3 5 3 5 3 5 3 5 3 5 3 5 3 5 3

2 3 2 3 1 3 2 3 2 3 2 4 2 3 2 3 2 3 2 3

3 1 3 1 3 4 3 1 3 1 3 1 3 1 3 2 3 3 4 1

5 2 5 2 5 2 5 2 5 2 5 2 3 3 5 2 5 2 5 1

1 2 2 2 1 2 1 2 3 2 1 2 1 2 1 2 4 2 3 2

1 3 1 3 3 3 4 3 4 3 1 3 1 3 1 3 2 3 1 1

2 2 2 3 1 3 2 3 2 3 2 3 1 3 2 1 2 3 2 3

1 5 4 5 1 5 1 5 1 5 2 5 1 5 3 5 2 5 1 5

3 1 5 4 3 3 5 4 5 4 5 4 5 4 5 4 5 2 5 4

2 4 2 4 2 4 2 4 2 4 1 4 2 4 2 4 1 4 2 4

1 4 1 1 1 4 1 4 1 3 1 4 1 4 1 4 1 1 1 4

3 3 3 3 3 3 3 3 3 3 3 3 2 3 3 3 3 2 3 3
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6.3 OPERATOR COMPETITIVE PRIVACY CONTROL

Whereas the central question in user privacy is whether a user would par-

ticipate in a database, operator privacy is driven by the goal of willingly shar-

ing some data with a collaborator to achieve some benefit such that the data

also becomes accessible to one or more adversaries. With a public collabo-

rator, it is assumed that the data used for any public benefits would also

require opening that data to the broad public. There is a need to stay com-

petitive by restricting the amount of shared information to minimize the risk

of adversarial strategies successfully reverse engineering the operator’s

policies. The trade-off leads to an information control problem (Sankar

et al., 2011; Dong et al., 2015). An example of this type of privacy control

is in Tsai et al. (2015), who proposed to share biased network link costs such

that up toK shortest paths would all be equivalent in length. In this way they

can achieve k-anonymity (Sweeney, 2002) in shortest path information.

A k-anonymous privacy control strategy involves filtering a data object

(e.g., a tour, a route, a location, a dynamic fare price charged) such that the

true object cannot be distinguished fromK�1 other objects. It acts as a kind

of data diffusion. The objective of such data diffusion is to make the original

data object sufficiently anonymous while maintaining accuracy in aspects

that are useful to the receiver. In this section several classes of k-anonymous

operator privacy control strategies are explored. The material is drawn

primarily from He et al. (2017) and He and Chow (2018) but also

expanded upon.
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6.3.1 k-Anonymous Diffusion Models
The general framework of k-anonymous diffusion models has two compo-

nents. The first deals with generating the K data objects. The second deals

with constructing a filter to maximize the anonymity of the original among

the objects. As an information-theoretic control problem, the objective of

entropy maximization can be used to generate the objects and design the

filter (Sun et al., 2013). When unconstrained, entropy maximization

allocates the likelihood of different data sets equally. Consider the entropy

maximization objective in Eq. (6.5) (see Wilson, 1967).

maxE¼�
X
i

xi lnxi (6.5)

In an allocation problem (such as designing the probabilistic flows of a
privacy filter) over K objects, the optimum without any additional informa-

tion is to allocate xi ¼ 1
k
, 8 i¼1,…, k. For example, ifK¼3, the allocation of

x1¼ x2¼ x3 ¼ 1
3
yields E*¼1.0986. This solution can serve as an upper

bound for constrained problems with K¼3.

A two-step procedure is used to design the filter K for an original data

object y1 subject to some accuracy requirement Δ for the information Ω
provided by the filtered data objects K y1½ �. The first step (let us call it

SP1) generates a set ofK data objects {yk}k�K that would maximize entropy.

The second step (let us call it SP2) assigns the diffusion {xk}k�K of the

original data object to the set {yk}k�K to ensure that constrained entropy

is maximized subject to a noisy desired information Ω
� K y1½ �½ � being within

the accuracy requirement shown in Eq. (6.6).

Ω
� K y1½ �½ � �Δ (6.6)

The framework is shown in Fig. 6.6 where an iterative process removes
unused data objects and adds them to a set U in each iteration to seek new

objects in SP1. The loop continues until the final output only has xk>0.

Note that limx!0x lnx¼ 0.

The solution quality can be measured by how much harder it is for an

adversary to learn the operator’s policies based on K anonymous data points

instead. In Chapter 5, it is shown that parameters of an optimization model

can be learned as a function of the inverse model: θ̂¼M�1 y1; θ0½ � where y1
is some observed decision variables, M is the model operated by the oper-

ator, θ0 is the prior information on the operator’s model parameters, and θ̂ is
a deterministic estimate. Under the k-anonymous diffusion model, the

{xk}-diffused data objects {yk}k�K become a sample of “observed” variables,



Fig. 6.6 Framework for k-anonymous diffusion models.
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and the estimate of θ̂ becomes a sampled value with a standard error εθ.
This standard error is a measure of performance of the diffusion model:

the objective is to maximize this error εθ given a desired Δ.
The data objects yk have so far been defined vaguely. In practice, there

are many different potential data objects to diffuse. Some of these are

explored in the following sections: vehicle assignment decisions, routes,

and tours.
6.3.2 k-Anonymous Vehicle Assignment Diffusion Model
In many mobility service systems, there is a need to reposition or rebalance

idle vehicles (see Sayarshad and Chow, 2017). In many cases the type of

rebalancing algorithm employed can make or break a service. Several exam-

ples of such systems that failed are shown in Chapter 1. In some cases, a factor

for the failure may be due to the effectiveness of the algorithm. As such, the

algorithm is a trade secret in which a mobility operator seeks to protect from

adversaries.

Assignment of idle vehicles in its most basic form can be structured as a

Koopmans-Hitchcock Transportation Problem (Samuelson, 1952) in which

all nodes are either origins or destinations. Revealing the flows, like with the

NYC taxi data, allows adversaries to infer several different parameters:

• Demand and utility of a destination zone relative to other destination

zones

• Perceived travel times between OD pairs

• Inference of the weight between current costs and future expected costs

for algorithms that consider look ahead opportunity costs (see Sayarshad

and Chow, 2015)
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• If and how the repositioning considers spatial constraints or preferences

(e.g., cruising vs waiting)

• If and how the repositioning considers en route matching with

passengers

Given all these potential targets for adversarial learning, it makes sense that

private operators may not wish to share the details. Indeed, companies like

Uber have been hesitant to share “drop-off to pickup” portions of their

operational data. Public agencies, on the other hand, benefit from such dis-

aggregate data:

• Spatial and temporal distribution of empty trips which help infer multi-

modal trip demand

• Distribution of empty trip miles which impact congestion without

directly providing transport service

If the operators are required to, they might consider using a k-anonymous

diffusion model framework. One model under this framework is to control

for privacy while ensuring that the filtered data’s average empty trip miles are

similar to the original empty trip miles.

The data object in this case is a set of flows, given known supply and

demand quantities at each node, and travel costs between each OD pair.

He and Chow (2018) introduced a method to generate network optimi-

zation data objects by using a link-based cost minimization objective.

The link costs are artificially constructed to avoid repeating their usage

in other data objects in a set K
�
. Consider a network in Fig. 6.7A with six

nodes organized with three supply nodes on the left of one unit supply

each and three demand nodes on the right with one unit demand each.

The arrows indicate the original flows that the operator wishes to

anonymize.
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Fig. 6.7 (A) Original flows, (B) outcome assignment to minimize repeating the original
flows, and (C) the outcome assignment to minimize repeating the combined flows on
the left.
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The three configurations in Fig. 6.7 represent different data objects. Each

time a new data object is generated, the flows get added to a cost matrix. For

example, the iterative updates to the cost matrix in Fig. 6.7 are shown as

follows.

Based on original assignment in Fig. 6.7A:
Algorithm 6.1: k
Inputs: Original ass

average trip cost Δ,
1. K

�
≔ y1f g,Y ¼f

2. while k<K

a. ck≔f K
�h i

b. Solve for yk
c1 D1 D2 D3
-Anonym
ignment v

nodes des

y1g, k≔1

+1 from E

m

ous Veh
ector y1,

ignated as

, U≔{ }

q. (6.7) as

in
X
i, jð Þ

ckijy
icle Assig
link cost

origins O

an LP

k+1, ij
S1
 1
 0
 0
S2
 0
 0
 1
S3
 0
 1
 0
After Fig. 6.7B:
c2 D1 D2 D3
S1
 1
 1
 0
S2
 1
 0
 1
S3
 0
 1
 1
After Fig. 6.7C:
c3 D1 D2 D3
S1
 1
 1
 1
S2
 1
 1
 1
S3
 1
 1
 1
After the data objects are generated (designated as SP1 in Fig. 6.6), they

are used to determine the probability of being selected. Algorithm 6.1 is

shown here and illustrated with Exercise 6.4.
nment Diffusion
matrix t, tolerance for

or destinations D

(6.7a)



Subject to X
j

yk+1, ij ¼
X
j

y1, ij, i2O (6.7b)

X
j

yk+1, ji ¼
X
j

y1, ji, i2D (6.7c)

yk+1, ij � 0, 8 i, jð Þ (6.7d)

c. Y≔Y[yk+1
d. K

�
≔Y [U

e. k≔k+1

3. Solve for {xk}k�K from Eq. (6.8) as a convex nonlinear program with

linear constraints (Frank-Wolfe algorithm, shown in Chapter 3, can be

used to solve)

max �
X
k

xk lnxk (6.8a)

Subject to X
k

xk ¼ 1 (6.8b)

X
i, jð Þ

tijy1, ij�
X
k

X
i, jð Þ

tijyk, ijxk �Δ (6.8c)

X
k

X
i, jð Þ

tijyk, ijxk�
X
i, jð Þ

tijy1, ij �Δ (6.8d)

xk � 0 (6.8e)

4. if xk>08k�K, go to Step 5, else

a. U≔U[yk0 for all k
0 where xk0 ¼0

b. Y≔YU

c. k≔ jY j
d. K

�
≔Y [U

e. go to Step 2

5. Randomize the order of the K data objects and their corresponding

probabilities

Outputs: K sets of OD flow patterns yk, corresponding probabilities xk.

Exercise 6.4
Consider an example with three origins and three destinations with travel times

presented in Table 6.5, which may represent an idle taxi relocation over an

interval of 1h. Suppose the original flow configurations are y1,11¼50,y1,13¼50,

y1,23¼150, y1,32¼200. Design a 4-anonymous diffusion of the flow for

different values of Δ.
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Three iterations of solving Eq. (6.7) with updated ck results in the

following matrices.

Based on the set of yk, the probabilities as they vary by Δ (in veh-min)

are shown in Fig. 6.8. A value of Δ¼900 has an average trip length

tolerance of 2min/veh since there are 450 trips.

Fig. 6.8 illustrates how as the accuracy tolerance Δ increases up to 1475,

the probabilities change until they converge upon the upper bound when all

the probabilities are equal. Based on the rate of convergence, it is also clear

that assignment y2 is the most different from the original assignment. This

makes sense because of the method employed in generating that assignment

by perturbing as far from the original solution as possible. For values of Δ
below 600, the solution is to keep only the original assignment without any

diffuse results. In that case, the algorithm would remove the other unused

assignments and add them to set U before generating new assignments. If K

Table 6.5 Travel times and demand
tij (min) D1 D2 D3 Supply

O1 4 17 11 100

O2 18 7 6 150

O3 13 13 21 200

Demand 50 200 200 450

y1 D1 D2 D3 cij
1 D1 D2 D3

O1 50 0 50 O1 50 0 50

O2 0 0 150 O2 0 0 150

O3 0 200 0 O3 0 200 0

y2 D1 D2 D3 cij
2 D1 D2 D3

O1 0 100 0 O1 50 100 50

O2 50 100 0 O2 50 100 150

O3 0 0 200 O3 0 200 200

y3 D1 D2 D3 cij
3 D1 D2 D3

O1 0 0 100 O1 50 100 150

O2 0 150 0 O2 50 250 150

O3 50 50 100 O3 50 250 300

y2 D1 D2 D3

O1 0 100 0

O2 0 0 150

O3 50 100 50
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were to be increased beyond 4, we should also see more assignments

generated earlier that would be closer in accuracy to the original such

that lower values of Δ might be able to obtain diffuse results.
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Fig. 6.8 Shift of probabilities from maximum probability for origin flows to
unconstrained maximum entropy.
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The exercise illustrates several categories of k-anonymous diffusions.
Definition 6.3 A nonanonymous diffusion is a set of data objects in which the

error tolerance Δ prevents the original data object from diffusing to other data objects.

Definition 6.4 A perfectly anonymous diffusion is a set of data objects in which

the error toleranceΔ is sufficiently high that the upper bound entropy is reached. In this

scenario, all data objects are equally likely to occur.

The algorithm can be applied to different data sets where assignment of

vehicles from origins to destinations is to be anonymized. It can also be tested

on data sets where this information is available: NYC taxi data, bike share

data, or commodity flow data, among others.
6.3.3 k-Anonymous Tour Diffusion Model
A second type of data diffusion is with tours for routing operations. Many

private operations compete using custom vehicle routing algorithms:

mobility-on-demand services, trucking companies, among others. As

shown in Section 5.3, given routing data it is straightforward for an adversary
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to reverse engineer either the specific routing policies or equivalent policies

that result in the same or similar observed patterns. To be specific, the

following types of parameters can be inferred using tour data:

• Identification and prioritization of different routing objectives, for

example, travel times or route length, passenger wait times, passenger

total journey times, or vehicle utilization

• Identification of dispatch criteria and constraints

• Existence and value of hard time windows or penalties for soft time

windows

• Importance placed on minimizing future costs in a dynamic algorithm

• Presence and value of constraints to limit amount of passenger detours

• Value of destinations in profitable tour problems in which destinations

are chosen among a set of candidates

Public agencies can benefit from such data. Anonymous tour data can be

designed to be accurate regarding one or more different variables:

• Zonal spatial demand distribution or OD distribution

• Average passenger journey (wait time plus travel time) or in-vehicle

travel time

• Vehicle miles traveled and passenger miles traveled

A similar k-anonymous diffusion model can be used to protect the privacy of

tour data using the same framework shown in Fig. 6.6. He and Chow (2018)

proposed such a model where the data object is the set of tours for a fleet of

vehicles. The observable variables are assumed to be the set of pickup and

drop-off locations and the travel times between them, the vehicle fleet size,

and the vehicle capacities. Algorithm 6.2 is shown for this model, where the

privacy control is set to ensure that the filtered data’s average passenger travel

time is similar to the original value.
Algorithm 6.2: k-Anonymous Tour Diffusion
Inputs: Original tour set y1 with true average passenger travel time τ, node
pair travel time matrix t, tolerance for average passenger travel time error Δ,
passenger requests as pickups O¼{1,…,n} and drop-offs D¼
{n+1,…, 2n}, a fleet V, initial vehicle locations {0v}v2V (N¼{O,D,

{0v}}), a desired number of tours K

1. K
�
≔ y1f g,Y ¼ y1f g, k≔1, U≔{ }

2. while k<K

a. ck≔f K
�h i

, where the function f is based on counting the number of

visits made to each node pair in K
�



b. Solve for yk+1 from Eq. (6.9) as a dial-a-ride problem (adapted from

Eq. 5.4)

min
X
i, jð Þ

ckijyk+1, ij (6.9a)

Subject to X
v2V

X
j2N

yijv ¼ 1, 8i2O (6.9b)

X
j2N

y0v jv ¼
X
j2N

yj,2n+1,v, 8v2V (6.9c)

X
j2N

y0v jv � 1, 8v2V (6.9d)

X
j2N

yijv ¼
X
j2N

yn+ i, jv, 8i2O,v2V (6.9e)

X
j2N

yjiv ¼
X
j2N

yijv, 8i2O[D,v2V (6.9f)

Ti�Tj ��di� tij + 1� yijv
� �

M , 8i, j2N ,v2V (6.9g)

Wi�Wj ��qj + 1� yijv
� �

M , 8i, j2N ,v2V (6.9h)

Tn+ i�Ti�Ri � di, 8i2O (6.9i)

0�Wi � u, 8i2N (6.9j)

yijv 2 0, 1f g (6.9k)

ti,n+1 �Ri �Rmax (6.9l)

0�Ti �Tmax (6.9m)

c. Y≔Y[yk+1
d. K

�
≔Y [U

e. k≔k+1

3. Solve for {xk}k�K from Eq. (6.10) as a convex nonlinear program with

linear constraints (Frank-Wolfe algorithm, shown in Chapter 3, can be

used)

max �
X
k

xk lnxk (6.10a)
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Subject to

X
k2K

xk � Vj j (6.10b)

X
k2K

δjkxk � 1, 8j2O (6.10c)

X
k2K

tj+ n,k� tjk
� �

xk� τj
X
kEK

xk �Δ
X
kEK

xk, 8j2O (6.10d)

�
X
k2K

tj+ n,k� tjk
� �

xk + τj
X
kEK

xk �Δ
X
kEK

xk, 8j2O (6.10e)

xk � 0 (6.10f)

where δjk is 1 when node j is visited by tour k, otherwise 0; and tjk is the

arrival time at node j via tour k.

4. if xk>08k�K, go to Step 5, else

a. U≔U[yk0 for all k
0 where xk0 ¼0

b. Y≔YU

c. k≔ jY j
d. K

�
≔Y [U

e. go to Step 2

5. Randomize the order of the K data objects and their corresponding

probabilities

Outputs: K sets of tours yk, corresponding probabilities xk.
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To better understand the properties of this model, let us examine an

illustrative example with a single vehicle fleet serving three passengers (six

nodes) as shown in Fig. 6.9. The coordinates are to the nearest whole

number shown while the travel time is simply defined as the Euclidean

distance between two points in the graph in Fig. 6.9A. Exercises 6.5

(from He et al., 2017) through 6.6 (He and Chow, 2018) are based on

this figure.

Based on the example, we define another type of solution that exists:

a binding feasible data object diffusion. In a binding feasible data object

diffusion, the maximum number of feasible objects with xk>0 is less

than the desired K objects. According to this definition, the solution

to Exercise 6.5 is binding for K¼90 since not all the 90 tours generate

xk>0.



Node Arrival time
0 0
2 3
1 5.828
3 8.657
5 12.262
4 15.425
6 19.548
0 33.001

Passenger True travel time
Passenger 1 true travel time ( t4 – t1) 9.597 
Passenger 2 true travel time ( t5 – t2) 9.262 
Passenger 3 true travel time ( t6 – t3) 10.892 
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(B)

Dwell time at each node: di = 0
Vehicle capacity: u = 3
Load at each pickup: qj = 1
Max ride time and arrival time: 1440

(C)
Fig. 6.9 (A) Example tour, with (B) true vehicle arrival times and passenger travel times,
and (C) other known parameters. ((A) Source: He et al., 2017.)

Exercise 6.5
For the data object in Fig. 6.9, enumerate all possible tours and find the optimal

diffusion constrained with Δ¼0.1. Identify the unused tours, if any.

First, the travel times between each node pair are obtained and

presented in Table 6.6.

There is a total of 6 ! ¼720 possible sequences of the six nodes.

However, the number of feasible tours considering the precedence

constraint reduces to 90 tours. If we enumerate them and sort them from

shortest length to longest length, there is no need to solve the data object

generation subproblem in Eq. (6.9). We just solve Eq. (6.10) for the

90 tours and obtain the solution in Fig. 6.10.

In this solution there are clearly several tours that are allocated negligible

probability of occurrence. Tour no. 84 and 85 are two examples. This shows

Table 6.6 Travel times for Exercise 6.5
OD 0 1 2 3 4 5

0

1 2.236

2 3.000 2.828

3 5.000 2.828 4.000

4 10.000 8.062 7.810 5.385

5 8.602 6.403 7.280 3.606 3.162

6 10.817 8.944 8.485 6.325 1.000 4.123
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that it is possible under constrained circumstances for an entropy

maximizing k-anonymization model to remove a subset of objects. In

Algorithm 6.2, these unselected objects are removed from the set and

assigned to U and the remaining tours are used to initiate another

iteration of Eq. (6.9) to generate up to K tours.
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Fig. 6.10 Diffusion of (0,2,1,3,5,4,6,0) into 90 tours with Δ¼0.1. (Source: He
et al., 2017.)
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Definition 6.5 A binding feasible data object diffusion is a scenario where the

optimal diffusion makes use of every single feasible data object in the set S of all feasible

objects where jS j<K.

In the next exercise we explore the value of using the tour generation

subproblem in Eq. (6.9). Instead of using the subproblem, one can naively

use a k-best TSP (e.g., Van der Poort et al., 1999) or VRP algorithm to

generate a set of shortest tours. However, Fig. 6.10 clearly shows that the

shortest tours (on the left-hand side in the sorted list of tours) are not always

the best tours to assign the diffusion probabilities. A tour generation

subproblem needs to select tours that maximize the entropy. Knowing that

entropy maximization seeks to spread out as differently as possible, the

subproblem in Algorithm 6.2 does so by imposing a cost on legs used by

prior select tours. This concept is illustrated in Exercise 6.6.



Exercise 6.6
Apply Algorithm 6.2 to the data object in Fig. 6.9 for K¼1,…, 10 underΔ¼0.1

and compare the change in entropy of the tour generation with (1) a naı̈ve tour

generation based on shortest tour length and (2) the unconstrained diffusion.

We iteratively solve the k-anonymous tour diffusion model for K¼1,

…, 10 under the 10 shortest tours and under 10 tours found through

Algorithm 6.2. For Algorithm 6.2, the solution (prior to randomizing the

order in Step 5) when K¼10 is shown in Fig. 6.11.

Fig. 6.11 shows how the diffusion leads to a wide assortment of results

where the artificial average passenger time does fall within the constraint.

When the number of tours is iteratively increased for each problem from

1 to 10, the entropy value for Algorithm 6.2 is plotted in Fig. 6.12 along

with the naı̈ve tour generation approach and the upper bound obtained

for the unconstrained entropy.
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There are two takeaways from this comparison. First, neither tour

generation approach reaches the upper bound based on entropy

maximization under an unconstrained setting, which is expected. Over

the course of the 10 tours, the average performance of Algorithm 6.2

leads to a higher performing entropy rate, cutting the gap with the upper

bound by approximating half (58% of gap covered for cases when it is

better).

Second, when the number of tours is few, the tour generation may end

up having multiple nonunique solutions to choose from (since most link

costs would be zero) and the algorithm may end up choosing a solution

that is not a good fit with the Δ tolerance. As the number of tours

increases, the risk of nonunique tours generated is overridden by the

increased diversity in tours. Nonetheless, this shows that while the

objective of the tour generation step does indeed seek to maximize

entropy, it does not guarantee optimality.
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Ultimately the impact of the privacy protection is to increase the noise

around the parameters that one wishes to protect. For example, in the case of

tour diffusion models one might be interested in protecting the identifica-

tion of the objective parameters of the DARPmodel being used. The impact

on the resulting model is discussed further in Section 6.4.
6.4 NETWORK LEARNING WITH PRIVACY AWARENESS

The prior sections dealt with how private operators and users would protect

their data from public agencies and public use. For this paradigm to work

effectively, what the public agencies learn from the shared data needs to

be sufficiently accurate. The Δ are not parameters generally decided by

the private operators; they are design parameters set as requirements by

the public agencies to ensure some accuracy is achievable.

Designing the appropriateΔ depends on what kind of learning the public

agency seeks. As pointed out in Dwork (2008), learning from E-differentially
private data (what she calls privately agnostic learning) may not be efficient. It is

likely the case also for k-anonymous diffused data. This is still a generally

new area, so at this point only some guidelines are put forth with sketches

of potential applications.

At the fundamental level, the public agency can use sensitivity analysis to

identify parameter error thresholds for which the reliability of the learning is

no longer useful. For example, the problemmay be OD estimation based on

privacy-protected probe vehicle data. If the public agency has a desired
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reliability constraint, they can then solve a problem to maximizeΔ such that

the OD estimation with the reliability constraint is binding.

Armed with this information (presumably from both the private opera-

tors and public agencies), the next step is for the decision-makers to agree to

a set Δ. Game theory can be a useful application here (e.g., Liu et al., 2013).

Looking at the two decision-makers as the players, the convergence to a

common set of agreed tolerance parameters can be modeled as a noncoop-

erative game to identify Nash equilibria. This would help the decision-

makers set achievable goals and identify opportunities to collaborate and

share information to overcome undesirable equilibria.

A more complex scenario may involve dynamic learning and flexible

adaptation of the tolerance. For example, perhaps some anonymized real-

time data is shared with the public. The level of tolerance may be subject

to change in response to the size of the market, the power of the private

operator with respect to its adversaries, the threat level over time, and so

on. Perhaps traveler location data is less susceptible to inference when the

traveler is in an outlier setting like traveling in another city. In those cases,

perhaps the tolerance level may be reduced. Dynamic privacy control may

be able to exploit information much more efficiently by taking advantage of

such opportunities. In those cases, Markov decision processes can be

designed to optimally update the tolerance level over time.

From the user perspective, privacy remains a very heterogeneous issue

that also depends on human behavior and risk aversion (Savage and Wald-

man, 2015; Dogruel et al., 2017). Public agencies need to have a better

understanding of users’ value of privacy and develop policies that are cog-

nizant of that value. These include pricing or incentivization schemes or

designing more integrated public involvement in the management of the

transport services in the future.

We illustrate network learning as discussed in Chapter 5 with the obser-

vation of a diffused route set instead of a single route. In this case, an observer

receives a set of paths {yik} instead of a single path yi on the ith observation.

The inverse problem cannot simply be converted from an inverse shortest

path problem to an inverse multicommodity flow problem because some

of the randomly generate paths are artificially generated and may not actually

reflect the same link capacity state as the true state during the observation of

the data object.

Instead, each of the K paths needs to be used individually in an

inverse shortest path problem as shown in Eqs. (5.12a)–(5.12e), like
the online learning example in Section 5.5.2. This is illustrated with

Exercise 6.7.



Exercise 6.7
Suppose we have received K¼2 paths, where path 1 is y1¼ [4, 5,6,7,8,2] and

path 2 is y2¼ [4,5, 9,10,11,2] with diffusion of x1¼0.70 and x2¼0.30 as

shown in Fig. 6.13. Plot the 95% confidence interval of the posterior dual price

of link 7 as a function of the prior of link 7.

The distribution of the inverse optimized dual price depends on the

prior. The y1 is the uncapacitated shortest path for OD (4,2), so it can

essentially be any value. If the prior dual price of link 7 happens to be

w7
0¼7, then the posterior w7

∗jw0
7¼7, y1¼7 as well. For y2, however, the

dual price must be 12 or higher. Therefore w7
∗jw0

7¼7,y2¼12. This yields an

average of w∗
7jw0

7¼7 ¼ 7 0:7ð Þ+12 0:3ð Þ¼ 8:5. A plot of the inverse

optimal dual prices and the weighted average as a function of the prior

for link 7 is shown in Fig. 6.14
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along with the discrete values. The plot shows that by simply introducing

one extra path with arbitrary diffusion probabilities, the reliability of efforts

to reverse engineer the state of the network can become considerably

clouded.

The plot suggests that the network learning using k-anonymous diffused

data can be done, although the reliability of the results depends not only on

the generated tours but also on the prior information.
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RESEARCH AND DESIGN CHALLENGES

The following are open-ended challenges that sometimes refer to real data

sets. Readers are encouraged to try to tackle the problems, and post their

designs or solutions on the following GitHub page, https://github.com/

BUILTNYU/Elsevierbook/tree/master/Chapter%206.

(6.1) Take the NYC taxi data (http://www.nyc.gov/html/tlc/html/

about/trip_record_data.shtml) and:
a. Create an app that applies a differential privacy filter with specified

E to anonymize queried pickup and drop-off locations of users.

b. Generate a K-anonymous tour diffusion set for a randomly sam-

pled set of taxi tours. Evaluate the goodness of fit measures of a

destination choice model for idle taxis (which can currently be

reverse engineered using the taxi data, see Challenge 5.5) when

the data is diffused. How much less reliable is the taxi destination

choice model outcome?
(6.2) Design and evaluate a differential privacy filter for the timestamps of

the Foursquare check-in data in NYC (https://sites.google.com/

site/yangdingqi/home/foursquare-dataset).

(6.3) Take Citi Bike data (https://www.citibikenyc.com/system-data) of

stations at midnight to stations at 6a.m. to represent nightly rebalan-

cing patterns. Determine the error tolerance needed to allow for

perfectly anonymized diffusion.

(6.4) For a population of size P, a traditional household travel survey of

size conducted with a sample of S has a sample error of εS. If the com-

plete population was to share data but the database would be setup to

be differentially private, what E would be needed to have an equiv-

alent sample error? How does this result depend on the variable of

interest?

http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml
http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml
https://sites.google.com/site/yangdingqi/home/foursquare-dataset
https://sites.google.com/site/yangdingqi/home/foursquare-dataset
https://www.citibikenyc.com/system-data
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(6.5) The Commodity Flow Survey (https://www.bts.gov/product/

commodity-flow-survey) publishes commodity flow data aggregated

up to 132 freight analysis zones across the country (2.6 zones per

state). Using differential privacy considerations for firm location

identity, design an average zone size that would be sufficiently

private.

(6.6) Download 1 week of your ownGoogle timeline data and select a Δ in

accuracy of travel times and generate a 5-anonymous tour diffusion.

(6.7) Synthesize a 3-passenger pickup/drop-off problem instance with an

open tour and show how the distribution of α, β, γ in Eq. (5.4)

change when the number of tours and Δ change.

(6.8) Take the data from Challenge 5.6. Compare the estimated link dual

price distributions when the routes are diffused into 5-anonymous

routes.

(6.9) Conduct a survey to obtain willingness to share one’s location data in

exchange for a discount on toll pricing or transit fare. Considering the

user’s choice to share data, design a fare discount that would maxi-

mize consumer surplus.

https://www.bts.gov/product/commodity-flow-survey
https://www.bts.gov/product/commodity-flow-survey


CHAPTER 7

Network Design
7.1 INTRODUCTION

The last section of this book covers the design and operation of transport

systems in a network. Network design has a long history with pervasive

applications in transport, telecommunications, the Internet, logistics, eco-

nomics, and more. As demonstrated in Chapter 3 with examples like Braess’

Paradox, effects of changes in a network setting can be counterintuitive and

cannot be trivially assumed. As a result, any optimization in a network set-

ting needs to consider these network effects, whether it is highway expan-

sion, toll pricing, station setting, or setting system-wide policies such as idle

vehicle relocation, dispatch, or routing.

In the era of smart cities, the problem of operating and managing a trans-

port system in an urban network is more topical than ever. Autonomous

vehicle fleets need algorithms to link their sensed information with routing

policies to serve users efficiently. Dynamic on-street parking pricing systems

inevitably impact the spatial preferences of cruising users which affect the

congestion levels in arterial networks. Bus holding strategies need to con-

sider the effects on passengers upstream and downstream as well as those

making transfers to and from other lines. E-hail taxi services need to predict

spatial patterns of both the users and other competing taxis. Bikeshare incen-

tivization programs need to predict the spatial-temporal demand for bikes

and offer sufficient incentives to users to encourage them to return bikes

to desired locations. Public electric vehicle charging stations need to be

located where they best serve electric vehicle fleets. Subway arrival time

information panels impact the arrival times and routes taken by transit pas-

sengers. It is clear from these examples that the biggest challenges and most

compelling content tackled in this book lie with these last two chapters.

Despite the broadness of the topic, it can be divided into two categories.

The first, covered in this chapter, dealswith the range of static network design

models found in the literature: first covering capacitated networks without

congestion effects, then on networks with congestion effects, and lastly on

networks with multiple operators. Chapter 8 covers more data-driven net-

work design problems (NDPs) that involve real-time information, online
273
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decision-making, and anticipatory actions. Many of the examples stated

previously under smart cities fall under the latter chapter, although the

fundamental network optimization structures are explored in this chapter.

Before moving forward, one final comment is made about the objective

of network optimization models. In the prior chapters, optimization model-

ing is used to get to some solution state, whether that is a descriptive equi-

librium state or to support a privacy-aware data sharing mechanism. In these

last two chapters, the models are supporting decisions to make changes to the

network itself. It is important to stress two points. First, model formulations

only describe the conditions under which a state would be considered opti-

mal; solutions need to be obtained by applying a solution algorithm. Second,

even though it is tempting to take the results directly and apply them to a

system, these are still ultimately just simplified models of reality. As models,

the purpose is not to provide unfettered decision support, even for auto-

mated systems that rely on these outputs, but to provide practitioners with

a framework to analyze trade-offs in designing solutions. Outputs of net-

work design models should never be treated as final decisions, but instead

should serve as starting points from which other rules and policies are fitted

to serve realistic requirements. This is, in fact, one of the key roles of trans-

portation systems engineers needed even in an age of automation and data-

driven decision-making.
7.2 NETWORK DESIGN PROBLEMS

What is network design? It is a process of optimizing some objective or set of

objectives for a system by making changes to its network structure. Due to

the dependencies between components of the system, it is characterized as a

type of network G(N,A) of links A and nodes N serving demand

W¼O�D�M for origins O, destinations D, and commodities M. The

demand is characterized by the need for some users or commodities to be

transported from one node to another or to be picked up or dropped off

at a node. Supply is characterized by the network G. Even nonnetwork

problems can be described as networks (e.g., scheduling).

Changes to a network come in many ways. They may involve construc-

tion of links, routes, or tours. They may involve changing link capacities,

link costs, link congestion effects, node locations, node service rates, or

scheduled departure times of lines on a route. Changes may also be state-

dependent policies as opposed to deterministic decisions. Objectives of a

network design problem may involve transport costs for the route or for

the commodities. They may involve arrival time reliability or may ensure

users are equitably transported and have adequate access to mobility.
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The decision variables may be flow of passengers, goods, energy, informa-

tion, or security risks, among others.

Magnanti and Wong (1984) formulate the network design problem in

the most generic mold in Eq. (7.1).

min
x,y

ϕ x, y½ � (7.1a)

Subject to
X
j2N

xmij �
X
j2N

xmji ¼
wm, i¼O m½ �
�wm, i¼D m½ �, 8m2M

0, otherwise

8<
: (7.1b)

xij �
X
m2M

xmij �Kijyij, 8 i, jð Þ 2A (7.1c)

x, yð Þ 2 S (7.1d)

xmij � 0, yij 2 0, 1f g, 8 i, jð Þ 2A,m2M (7.1e)

In this problem, there is an objective function ϕ in terms of two sets of
decision variables: x is the set of link flows on the network and y is the set of

control variables. The objective may be minimizing cost, maximizing profit,

maximizing social welfare, maximizing equity, minimizing disruption risk,

and so on. The flow vector x is divided into different links (i, j)2A as well as

different commodities m2M. wm is demand for commodity m, Kij is a link

capacity, and S is a set of constraints characterizing a specific NDP.One con-

straint may be related to budget for resources. Another may pertain to user

equilibrium route assignment behavior leading to a mathematical program

with equilibrium constraints (MPEC).

NDPs can be divided into groups of several well-known problems.

Magnanti and Wong (1984) provided a detailed list to which several others

are added to obtain Table 7.1.

Because network design models only present the framework of the opti-

mization problem, it is also important to discuss solution algorithms that can

be used to effectively obtain solutions. The models themselves exhibit cer-

tain structures for which certain solution methods outperform others. For

example, constrained continuous optimization problems can be either linear

or nonlinear, and for the nonlinear problems they can be convex or noncon-

vex. Discrete problems may be classified as NP-hard complexity, which

means that the time to determine whether a solution is optimal is nonpoly-

nomial time scalable. An Euler diagram of the types of problems by compu-

tational complexity is shown in Fig. 7.1.

Problems proven to be NP-hard cannot be efficiently solved exactly for

any practical instance. In such cases, heuristics are needed. Since heuristics



Table 7.1 Network design problems covered in this chapter
Type Problem Example applications(s)

Single level Minimum spanning tree Railway route design

Traveling salesman

problem

Mobile traffic sensor deployment

Vehicle routing problem Dial-a-Ride, microtransit

Facility location

problem

Bus stop location, electric vehicle

charging, idle vehicle

rebalancing

Line planning problem Transit line and frequency design

Bilevel Discrete NDP Link investments, cordon

location

Continuous NDP Toll pricing, capacity expansion

Activity-based NDP Park and ride facilities, V2G

Multiple

operators

Symbiotic NDP Bike share, last mile service

design

Network Design Game Car-sharing companies

Privacy-Aware NDP DOT policy design using e-hail

company shared data

NP-hard NP-hard

P = NP

P = NP =
NP-complete

NP-complete

C
om

pl
ex

ity

NP

P

P ¹ NP

Fig. 7.1 Types of problems by complexity. (Source: CC Image courtesy of B. Esfahbod on
Wikipedia.)
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cannot ensure an optimal solution, the quality of a heuristic is determined by

the combination of computational efficiency and some measure of subop-

timality. The suboptimality may be an analytical worst-case bound or a com-

putational worst-case bound. For algorithms that lack an analytical

expression for this bound, tests are conducted over a range of instances to

sample the algorithm effectiveness.



Table 7.2 Popular software packages for solving network design problems
Software Link Notes

AMPL https://ampl.com/ Temporary versions

available for students

CPLEX https://www.ibm.com/products/

ilog-cplex-optimization-studio

Free version available to

academics through

“Academic Initiative”

GAMS https://www.gams.com/

Google

OR-Tools

https://developers.google.com/

optimization/

This is an interface to

existing solvers

Gurobi http://www.gurobi.com/ Free version available to

academics through

Academic License

Julia https://julialang.org/ Open source

LINGO https://www.lindo.com/index.

php/products/lingo-and-

optimization-modeling

Trial version available

MATLAB https://www.mathworks.com/

products/matlab.html

NumPy http://www.numpy.org/ Python is open source

R https://cran.r-project.org/web/

views/Optimization.html

R is open source
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Because NDPs can generally be classified under certain types of optimi-

zation problems, model solutions can be obtained using commercial soft-

ware running generic algorithms. For example, a traveling salesman

problem (TSP) can be formulated as an integer programming problem, in

which case standard integer programming algorithms like Branch and

Bound algorithm can be used to obtain a solution. More efficient exact

algorithms customized for the TSP also exist, and a commercial solver

may possess those algorithms in its library if the problem can be identified

as a TSP. Some of the most popular software packages are listed in Table 7.2.
7.2.1 Minimum Spanning Trees
In a complete graph (where every node is connected to every other node), a

tree is a subgraph that connects a set of nodes n together such that the number

of links is equal to n�1 (which implies no cycles can be formed). A spanning

tree is a tree that connects to all nodes in a graph. A minimum spanning tree

(MST) is one that uses the minimum sum of link costs
P

i, jð Þ cijxij, where cij is
the cost of connecting a link (i, j) and xij is a binary variable that indicates

whether an undirected link is formed in the subgraph. The MST is the

simplest of the class of NDPs shown in Magnanti and Wong (1984).

https://ampl.com/
https://www.ibm.com/products/ilog-cplex-optimization-studio
https://www.ibm.com/products/ilog-cplex-optimization-studio
https://www.gams.com/
https://developers.google.com/optimization/
https://developers.google.com/optimization/
http://www.gurobi.com/
https://julialang.org/
https://www.lindo.com/index.php/products/lingo-and-optimization-modeling
https://www.lindo.com/index.php/products/lingo-and-optimization-modeling
https://www.lindo.com/index.php/products/lingo-and-optimization-modeling
https://www.mathworks.com/products/matlab.html
https://www.mathworks.com/products/matlab.html
http://www.numpy.org/
https://cran.r-project.org/web/views/Optimization.html
https://cran.r-project.org/web/views/Optimization.html
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The problem has great importance because it describes a problem of con-

structing a network that connects all nodes together at a minimum cost. It

has been used to design telecommunications networks. In the context of

transport, it can be used to design transit skeleton routes to ensure all nodes

are covered. It can be used to identify critical nodes in a network based

on lowest cost connectivity to other nodes in a network. It is also used in

constructing tours, as we shall see later.

The problem can be formulated as an integer programming problem

as shown in Eq. (7.2), where N is the set of nodes.

min
x

ϕ¼
X

i, jð Þ2N�N

cijxij (7.2a)

Subject to
X
i, jð Þ2N�N

xij ¼ Nj j�1 (7.2b)

X
i, jð Þ2S�S

xij � Sj j�1, 8S�N (7.2c)

xij 2 0, 1f g, 8 i, jð Þ 2N �N (7.2d)

Eq. (7.2b) ensures that the number of links is exactly equal to number of
nodes minus one. Eq. (7.2c) ensures that every possible subtour is made

infeasible. For example, a network with 4 nodes would have the following

constraints (only the 3-node cases are shown since 2-node cases are already

covered by Eq. (7.2d)):

x12 + x13 + x23� 2

x12 + x14 + x24� 2

x13 + x14 + x34� 2

x23 + x24 + x34� 2

This is an especially cumbersome formulation to setup to solve because
it requires explicit enumeration of all possible subtours. In the case of 5

nodes, there needs to be 10+10+5¼25 subtours to eliminate. However,

this problem is not NP-hard, and one of the simplest exact solution

methods was proposed by Prim (1957) (for constructing a nationwide
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telecommunications network) that is solvable in O(n2), as shown in

Algorithm 7.1.
Algorithm 7.1: Prim's (1957). Algorithm to Find the Minimum
Spanning Tree
Inputs: A complete graph G[N,A] with link costs cij, (i, j)2A

1. Select any starting node n1 and add to g[n,a], where n1¼n

2. Select the node n0 closest to the spanning tree (at node n00), to join the

tree: n≔n[n0, a≔a[ (n0,n00)
3. Repeat 2 until all nodes have joined tree

Outputs: Subgraph g[n,a.]
Despite being a “greedy” algorithm that is typically a heuristic, the

unique structure of this problem guarantees an optimal solution. This is illus-

trated in Exercise 7.1.
Exercise 7.1
Given the network shown in Fig. 7.2, use Prim’s Algorithm to obtain a solution

starting from node 4.

Starting fromnode4,Prim’sAlgorithmhas the following steps inFig. 7.3.
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Fig. 7.4 Illustration of the Steiner Tree Problem.
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Variants of the MST quickly become more complex. For example, trees

with shorter lengths can be constructed if additional nodes are allowed. Con-

sider the following example fromLarson andOdoni (four nodes arranged in a

square space with each node 1 unit distant from its closest two neighbors).

AMST (due to symmetry there aremultiple optima) is three links connecting

the four nodes for a total cost of ϕ¼3. However, if additional nodes are

allowed, it is possible to insert two nodes such that the total length is now

ϕ¼ 1+
ffiffiffi
3

p 	 2:73, as shown in Fig. 7.4. This variant is called a Steiner Tree
Problem and can be used to identify new stops/stations for transit services.

The problem is also known to be NP-complete (Garey and Johnson, 1977).

7.2.2 Traveling Salesman Problems
Perhaps one of themost famous transportation and computer science problems

is the traveling salesman problem (TSP). The problem involves finding a min-

imum cost Hamiltonian cycle that begins at a given node in a network, visits all

members of a specified set of nodes on the network once, and returns to the

initial node. Its popularity is due to the surprising complexity of the seemingly

simple problem, its numerous applications, and the basis of one of itsmost well-

known heuristics to key concepts in graph theory. For example, the vehicle

routing problem is a generalization of the TSP. Many scheduling and routing

applications boil down to a TSP as a basic case. The problem is formulated as an

integer programming problem by Miller et al. (1960) shown in Eq. (7.3).

min
x

ϕ¼
X
0�i�n

X
j 6¼i

cijxij (7.3a)

Subject to
Xn
i¼0, i 6¼j

xij ¼ 1, 81� j� n (7.3b)
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Xn
i¼0, i 6¼j

xji¼ 1, 81� j� n (7.3c)

ui�uj + pxij � p�1, 81� i 6¼ j� n (7.3d)

xij 2 0, 1f g (7.3e)

ui� 0 (7.3f)

where n is the number of nodes to visit, p is an arbitrary number such that
p�n, node 0 is the depot, and ui is a dummy variable used for subtour elim-

ination. Eq. (7.3b), (7.3c) ensure that one unit of flow visits every node. Eq.

(7.3d) is a subtour elimination constraint applied to each potential link in the

network. The constraint forces the gap between the ui to follow a certain

direction so that revisiting a prior node is no longer possible. The equation

can also be modified slightly to serve as an arrival time constraint.

While exact solutions can be obtained using integer programming algo-

rithms, the model has been shown to be NP-hard with a dynamic program-

ming exact algorithm having a complexity ofO(n22n) (Held and Karp, 1962).

Due to the complexity, heuristics are needed for practical solutions.

Christofides (1976) proposed one such heuristic and proved a worst-case

bound for it. The heuristic is based on the construction of an “Euler tour”

and knowledge of Euler’s Theorem. An Euler tour is a cycle that traverses

every link on a connected graph exactly once. An Euler path is a path which

traverses every link on a connected graph exactly once. The origin of Euler’s

Theorem comes from 1736 when Euler tackled the “K€onigsberg Bridge

Problem” shown in Fig. 7.5.
c
C

B

A D

a

b

f

e

d

g

Fig. 7.5 Seven bridges of K€onigsberg. (Source: Wikipedia Commons: https://commons.
wikimedia.org/wiki/File:The_Seven_Bridges_of_K%C3%B6nigsberg.)
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The problem is to find a tour that would cross every bridge exactly once.

Euler proved that there is no solution to this problem, and thus laid the foun-

dations for graph theory.

Theorem 7.1 (Euler’s Theorem). A connected graph G possesses an Euler tour

(Euler path) if and only if G contains exactly zero (exactly two) nodes of odd degree.

The degree of a node is defined as the number of links connecting

to/from it (links are undirected). Christofides proposed a heuristic algorithm

that exploited this information to solve the TSP by constructing an Euler

tour from aminimum spanning tree. Algorithm 7.2 is shown here. Note that

L[
] is a length operator applied to a set of links.
Algorithm 7.2: Christofides (1976). Algorithm to Find aHeuristic
Solution for the TSP
Inputs: A complete graph G(N,A) with link costs cij, (i, j)2A

1. Find a minimum spanning tree for the set of nodes N. Call this tree T.

2. Let n0 be the number of odd-degree nodes (which will always be even).

Find a minimum length match between these nodes. Let the graph of

pairwise matches be M. Define H¼M[T.

3. From Euler’s Theorem, H should have an Eulerian tour. Draw

this tour.

4. Apply triangle inequality to remove links traversed twice.

Outputs: A tour H with worst-case bound of length L H½ �< 3
2
L TST½ �,

where TST is the optimal tour.
The worst-case bound is proven by Christofides (1976) as follows. Sup-

pose we know the TST. Since TST covers n nodes and visits each once, if we

remove one link, we have a spanning tree (let us call it TST 0). Since T is a

minimum spanning tree, then the following relationship between T and

TST is true:

L T½ � �L TST 0½ �<L TST½ �
Nowconsider the set of odd-degree nodes n0 set onTST. The casewhere
the length of thematchedodd-degree nodes (let us call thatM0) ismaximum is

if all the nodes are odd-degree. In that case, the length of all odd degree nodes

is at most half of L[TST]: L M 0½ � � L TST½ �
2

. Since M is not restricted to be on

TST, then L M½ � �L M 0½ � � L TST½ �
2

. This is illustrated in Fig. 7.6.
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degree from MST
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nodes on TST

Minimum matching
not restricted to TST

Fig. 7.6 Illustration of worst-case matched odd-degree node lengths.
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Finally, since L[H]¼L[M]+L[T], where L M½ � � L TST½ �
2

and L[T]<L[-

TST], then the following is true:

L H½ � ¼L M½ �+L T½ �<L TST½ �
2

+L TST½ � ¼ 3

2
L TST½ �

The heuristic has a complexity ofO(n3). It turns out to be a very practical
method since it has a guaranteed performance bound. Exercise 7.2 illustrates

the algorithm and the model.
Exercise 7.2
Given the network shown in Fig. 7.2, find the TST using integer programming and

show that Algorithm 7.2 satisfies the 3
2
L TST½ � worst-case bound.

The problem is small enough that it can be solved even in Excel using

Solver. Note that “node 0” in the formulation in Eq. (7.3) corresponds to

node 1 in Fig. 7.2 and n¼7. It takes 17 iterations of the branch and bound

leading to the solution showninFig.7.7,whichhas a lengthofL[TST]¼21.16.
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Fig. 7.7 Optimal solution to TSP using integer programming.



Now we apply the first three steps of Algorithm 7.2. The first step is

constructing the MST, which is shown in Fig. 7.3. The second step is to

identify the odd-degree nodes and to connect them pairwise in a

minimal fashion. The odd-degree nodes are circled and the minimal

matching subgraph is shown as the set of dashed lines in Fig. 7.8.

Based on the union of the two subgraphs, an Eulerian tour can be

constructed: H¼ (1, 5,8,2,5,4,3,7, 6,1). While further improvements

can be made in Step 4, Christofides’ bound applies to H. As we can see,

L[H]¼22.99, which is 108.6% of the L[TST], well within the 150% bound.
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Fig. 7.8 Eulerian tour obtained using Algorithm 7.2.

285Network Design
Solution methods for TSP are not restricted to this heuristic or to IP

solution methods. Laporte (1992a) provides a review of other algorithms

in the literature. In addition to the Christofides’ heuristic, there are various

tour construction and improvement heuristics as well. Two construction

heuristics are the nearest neighbor heuristic and the insertion heuristic. In

the nearest neighbor heuristic, the next nearest nodes are iteratively added

to the sequence without regard for where in the sequence to insert them.

The insertion heuristic, on the other hand, adds nodes from a list and checks

each segment of the sequence to find the lowest cost insertion. Several

iterations of the nearest neighbor heuristic are illustrated using Fig. 7.2 exam-

ple in Fig. 7.9.
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Another popular tour improvement heuristic is the k-opt heuristic (Lin,

1965; Lin and Kernighan, 1973). For a given tour, the algorithm iteratively

checks k segments to consider swapping ends. For example, consider an

existing tour H¼ (1,2,3,4,5,1). A 2-opt algorithm considers swapping

(2,3) with (4,5). If (1, 4,5,2,3,1) has a shorter length, a swap is made.

This repeats through every possible combination of swaps.

There are numerous variants of TSP. One such is the m-TSP, which

assigns m tours to serve the network. This can be done by creating m copies

of the original depot node and linking them together with infinite cost links.

The resulting problem becomes equivalent to a single-vehicle TSP and

algorithms can be applied as before.

Another variant is the arc routing problem (also called the Chinese

Postman Problem), which requires having a server visit every link on a con-

nected graph at least once. This has many applications: waste pickup, parcel

deliveries, and so on. Golden and Wong (1981) formulated the capacitated

arc routing problem, and one of its more recent applications is in commercial

drone deployment for traffic monitoring (Chow, 2016b).

Other increasingly important variants are the profitable tour problem

(Feillet et al., 2005) and the generalized TSP (Srivastava et al., 1969).

The profitable tour problem allows a server to visit only a subset of nodes

where each visit entails some profit earned. Constraining the profits or

the maximum length of the tour leads to other variants like the prize-

collecting TSP and the orienteering problem. Generalized TSPs identify

clusters of nodes such that visiting only one node in each cluster is sufficient.

In urban mobility, activity recommendation systems for automated vehicles

may operate as generalized profitable tour problems. Chow and Liu (2012)

define a hierarchy of use cases based on the degree of complexity.
Use Case 1: shortest path—one origin and one destination

“How do I get to the In-n-Out at University Center, Irvine,

California, for lunch?”

Use Case 2: activity selection problem—sequence is set but node needs

to be selected

“Where can I get gas on my way home from work?”

Use Case 3: TSP—nodes are set but sequence needs to be selected

“What is the best sequence to visit Hollywood Boulevard, Santa

Monica Pier, and Little Tokyo?”

Use Case 4: generalized prize collecting TSP—both nodes and

sequence need to be set, but number of nodes is given

“I have time to visit three tourist attractions and then have Ethiopian

food for dinner in Washington DC. Where should I go?”
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Use Case 5: generalized profitable tour problem—number of nodes,

their selection, and sequence all need to be set

“I am in Paris for a day and I want to see as many sights as possible.

Where should I go?”
For mobility services, another important variant is the TSPwith pickups and

drop-offs. In this case, a single vehicle needs to be routed such that each pas-

senger has a pickup location as well as a drop-off location (Mosheiov, 1994).

A feasible solution should satisfy the precedence constraints.
7.2.3 Vehicle Routing Problems
When the m-TSP includes vehicle capacities and arrival time constraints, it

generalizes to a vehicle routing problem (VRP). Originally proposed as a

“truck dispatching problem” (Dantzig and Ramser, 1959), the VRP has

become one of the most studied topics in combinatorial optimization

(Laporte, 1992b; Toth and Vigo, 2002). Many of the MaaS operations

depend on solutions of VRPs or their variants to set routes, schedules,

and dispatch decisions. Despite the applicability of the model, exact solution

methods cannot consistently solve problems beyond 50–100 nodes or so.

A standard model formulation based on three indices (vehicle-origin-

destination) for route flow based on Fisher and Jaikumar (1981) is shown

in Eq. (7.4). Consider a set of nodes N for n customers with a depot at node

0 and K vehicles in the fleet.

Decision variables:
Xijk2{0,1} is 1 if vehicle k traverses route (i, j), 0 otherwise

Yik2{0,1} is 1 if vehicle k serves node i, 0 otherwise

Ti�0 is arrival time at node i
Parameters:
uk is the capacity of vehicle k

cij is the objective travel cost of route (i, j)

tij is the travel time of route (i, j)

di is the dwell time at node i

qi is the demand at node i

M is an arbitrarily big number
min
X,Y ,T

ϕ¼
X
i2N

X
j 6¼i

X
k�K

cijXijk (7.4a)

Subject to X

i2Nn0

qiYik � uk, 8k�K (7.4b)



289Network Design
X
k�K

Yik¼ 1, 8i¼ 1,…,n (7.4c)

X
j2N

Xijk ¼Yik, 8i2N ,k�K (7.4d)

X
j2N

Xjik ¼Yik, 8i2N ,k�K (7.4e)

Ti�Tj ��tij� di + 1�Xijk

� �
M , 8i, j¼ 1,…,n, k�K (7.4f)

xijk 2 0, 1f g, 8i, j2N , k�K (7.4g)

Yik � 0, 8i¼ 1,…,n, k�K (7.4h)

Ti � 0, 8i¼ 1,…n (7.4i)

Eq. (7.4b) enforces the vehicle capacity. Eq. (7.4c) makes sure every
node is visited by some vehicle. Eqs. (7.4d) and (7.4e) ensure flow conser-

vation. Eq. (7.4f ) tracks the arrival times at each node and serves as subtour

elimination constraints. Other constraints can also be considered. For exam-

ple, hard time windows can be represented by Eq. (7.5), where (ai, bi) rep-

resent the time window for arrival (VRPTW).

ai �Ti � bi, 8i¼ 1,…,n (7.5)

Soft time windows (or goal arrival times, when ai¼bi) with penalties can
be implemented with the addition of the following term in the objective

function:
P

i peiτ
e
i + pliτ

l
i

� �
and setting the following constraints in Eq. (7.6).

Ti + τei � ai, 8i¼ 1,…,n (7.6a)

Ti� τli � bi, 8i¼ 1,…,n (7.6b)

τei ,τ
l
i � 0, 8i¼ 1,…,n (7.6c)

where τi
e and τi

l are the early and late deviations from the early or late time
windows for each node, and pi
e and pi

l are the early and late penalty rates for

deviation from timewindows, indexed by node. For example, for user activ-

ity scheduling (see Chapter 4), late arrival to work nodes is generally much

more consequential than late arrival to shopping.

Since the VRP is a generalization of the TSP, it is also NP-hard. Clarke

and Wright (1964) proposed a heuristic based on a “savings method” in

which pair-wise trip chains are ranked by how much they would save in

travel costs. The ranked trip chains are then used to iteratively inform which

node to sequence. The pair-wise chains act as a form of initial gradient to

determine descent direction for the selection of next nodes. The heuristic

is shown in Algorithm 7.3 and illustrated in Exercise 7.3.



Algorithm 7.3: (Clarke-Wright, 1964). Heuristic to Obtain a
Solution to the VRP
Inputs: K vehicles, set of nodes N with travel costs cij, (i, j)2N�N, i 6¼ j,

vehicle capacities uk
1. Initiate with n vehicles to serve n customers directly from and back to a

depot

2. For every pair of nodes (i, j), compute savings: sij¼ c0i+ c0j� cij (for more

complicated VRPs with other objective functions, this would have to be

altered to represent the savings in the objective function)

3. Rank the node pairs (i, j) in descending order of savings sij
4. For each sij, add to a route if no route constraints are violated and if

either of these three conditions are met:

a. Neither i nor j have already been assigned to a route, in which case a

new route is initiated including both,

b. Exactly one of the two points (i or j) has already been included in an

existing route and that point is not interior to that route, in which

case link (i, j) is added to that route,

c. Both i and j have already been included in two different existing routes

and neither point is interior to its route, inwhich case the two routes are

merged.

5. If the list is not exhausted, return to start of Step 4. Otherwise, stop.

Any points not assigned to a route during Step 4 must be served as a

direct route from node 0.

Outputs: a set of routes Xijk and their computed arrival times Ti

Exercise 7.3
Given the instance in Fig. 7.10, solve the VRP for a 2-vehicle fleet using integer

programming. Compare the result to the solution obtained using Algorithm 7.3.
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Fig. 7.10 Instance for Exercise 7.3.
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Formulating this problem as an integer program as shown in Eq. (7.4),

there are 84 binary variables, 20 continuous variables, 62 inequality

constraints, and 35 equality constraints. The solution is shown in Fig.

7.11. The objective value is ϕ¼48.61.

Algorithm 7.3 is demonstrated. First, for each pair of nodes the savings is

computed and sorted in descending order as presented in Table 7.3.

Fig. 7.11 Optimal solution obtained by integer programming.

Table 7.3 Sorted savings for all node pairs in descending order
(i, j) c0i c0j cij sij

(5,6) 9.531 9.152 3.663 15.02

(3,6) 4.984 9.152 4.168 9.968

(3,5) 4.984 9.531 5.271 9.244

(1,2) 2.278 10.861 9.057 4.082

(4,5) 2.347 9.531 7.831 4.047

(4,6) 2.347 9.152 8.272 3.227

(3,4) 4.984 2.347 4.351 2.98

(2,4) 10.861 2.347 12.582 0.626

Continued
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1. Construct route 1: (5, 6), with load of 4+3¼7

2. Add node 3 to route 1: (5,6,3), with load 7+3¼10. This route is at

capacity.

3. Skip (3, 5) since both nodes are already added.

4. Create new route 2: (1,2) with load 1+5¼6.

5. Skip (4,5), (4, 6), (3,4): they all have one node that is not feasible to

append to an existing route.

6. Add node 4 to route 2: (1,2,4) with load 6+2¼8. All nodes are

added now.

The solution using Algorithm 7.3 is optimal in this case.

Table 7.3 Sorted savings for all node pairs in descending order—contd

(i, j) c0i c0j cij sij

(1,6) 2.278 9.152 10.813 0.617

(1,3) 2.278 4.984 6.732 0.53

(1,5) 2.278 9.531 11.631 0.178

(2,6) 10.861 9.152 19.863 0.15

(2,3) 10.861 4.984 15.745 0.1

(2,5) 10.861 9.531 20.337 0.055

(1,4) 2.278 2.347 4.595 0.03
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There are a great number of variations on theVRP and its formulation. For

example, Balinski and Quandt (1964) proposed a set partitioning formulation

that is based on enumerated tours instead of constructing them from routes.

This is expressed in Eq. (7.7) where J is the set of all possible routes for n nodes.

min
y

ϕ¼
X
j2J

cjyj (7.7a)

Subject to
 X
j2J

aijyj ¼ 1, 8i¼ 1,…,n (7.7b)

X
1�i�n

aijqiyj � uj, 8j2 J (7.7c)

yj 2 0, 1f g (7.7d)
In this formulation, cj is the cost of operating tour j2 J, yj is equal to 1 if
tour j is operated, uj is the vehicle capacity, qi is the demand at node i, and aij
is an indicator parameter set to 1 if tour j covers node i. Eq. (7.7b) ensures

that every node is covered by one tour. Eq. (7.7c) is the vehicle capacity

constraint. Arrival times are predefined by the tours.
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Although this alternative formulation requires tour enumeration, there are

implicit enumeration methods that can efficiently generate a restricted tour set

thatconverges ina finitenumberof iterations.Onesuchapproach iscolumngen-

erationwith shortestpath subproblems form-TSP(Desrosierset al., 1984)and for

VRPTW and pickup and delivery problems (PDPTW) (Dumas et al., 1991).

Other algorithms include sweep algorithms and cluster first, route second

(or vice versa) algorithms.

One of the most relevant variants of the VRP is the dial-a-ride problem

(DARP), which is a subset of the pickup and delivery problem (PDP).

DARP was first studied by Wilson et al. (1969), which they called CARS

(Computer Aided Routing System) at the time. A formulation of DARP is

shown in Eq. (5.4) in Chapter 5 already, so it is not included here. To illus-

trate DARP, consider Exercise 7.4.
Exercise 7.4
Given the same network in Fig. 7.10, assume now that the six nodes correspond to

three individual passengers with pickups at (1,2,3) and corresponding drop-offs at

(4,5,6). If vehicle capacity is 2 and fleet size is 2, α¼β¼0, γ¼1, di¼0.5,

and L¼1.5, determine the optimal solution using integer programming.

Fig. 7.12 Optimal solution to DARP example.



There are now 72 binary variables, 18 continuous variables, 23 equality

constraints, and 156 inequality constraints. Excel Solver is unable to solve

this problem, although MATLAB (through the intlinprog function on

default options) can solve the problem. The solution is shown in Fig.

7.12 with a final objective value of ϕ¼60.18 with one vehicle serving

route (0, 2,1,4,5,0) and a second vehicle serving route (0,3,6,0).
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A few other VRP variants are worth mentioning here. In parallel with

the profitable tour problems, there are also selective VRPs (see Allahviranloo

et al., 2014; Chow, 2016b). In these problems, only a subset of nodes may be

visited depending on the profit earned. A second variant that is highly appli-

cable toMaaS setting is the VRPwith transfers (Cort�es et al., 2010). As more

multimodal services are implemented, transfers for passengers will become a

crucial trade-off consideration. Related to this variant is the VRP with split

deliveries, where the demand at a node can be met by multiple vehicles

(Dror and Trudeau, 1989). When considering VRP over time (or multiple

periods) with inventory costs, the inventory routing problem (Dror et al.,

1985) is an important variant with applications in user activity scheduling

(Chow and Nurumbetova, 2015) and sensor deployment (Chow, 2016b).
7.2.4 Facility Location Problems
The facility location problem deals with locating supply nodes in a network

to serve nearby demand nodes in a way that minimizes access costs. Like the

VRP, facility location problems have numerous applications in economics

(locating businesses), emergency response, transport (idle vehicles, transit

stations, freight terminals), sensor deployment, among others.

Also like the VRP, there are many different subclasses of facility location

problems. Owen and Daskin (1998) provide a comprehensive review of the

history and taxonomy of these problems. Its early foundations emerged from

graph theory, where Hakimi (1964) showed that location problems can be

solved by finding the solutions on the nodes of the connected graph (as

opposed to anywhere in the space of the connected graph).

Theorem 7.2 (Hakimi, 1964). An absolute median of a connected graph is

always at a vertex.

This understanding encouraged the study of location problems using graph

theory and integer programming. Different subclasses of problems emerged.
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1. Median problems—minimize the average distance traveled by users to

get to the closest facility

2. Coverage problems—maximize coverage for a set maximum distance

traveled by users to the closest facility

3. Center problems—minimize the maximum distance traveled by users to

get to the closest facility

The p-median problem is shown as an integer program for a set of nodes N

in Eq. (7.8) based on notation from ReVelle and Swain (1970).
xj is 1 if locate at node j, 0 otherwise

yij is 1 if demand at node i is served by node j, 0 otherwise

hi is the demand at node i

dij is the distance between node i and j

P is the number of facilities
min
x,y

ϕ¼
X
i2N

X
j2N

hidijyij (7.8a)

Subject to
X
j2N

xj ¼P (7.8b)

X
j2N

yij ¼ 1 (7.8c)

yij�xj � 0, 8i2N , j2N (7.8d)

xj, yij 2 0, 1f g (7.8e)

On general networks the problem is NP-complete. For fixed values of P,� �

the problem can be solved in polynomial time since there are

Nj j
P

com-

binations (see Owen and Daskin, 1998). Nevertheless, the computational

burden can be costly, and as a result, heuristics have been introduced to solve

p-median problems more efficiently. One greedy heuristic was introduced

by Teitz and Bart (1968) and improved upon by Larson and Odoni (1981),

which uses the information from updated 1-median solutions to iteratively

insert facilities to the solution set. The heuristic is shown in Algorithm 7.4

and illustrated in Exercise 7.5.



Algorithm 7.4: (Teitz and Bart, 1968; Larson and Odoni, 1981).
Greedy Heuristic for p-Median Problem
Inputs: a graph G(N,A) with demand hi, distances dij, and P facility budget

1. Let m¼1. Find 1-median of the graph:

a. Multiply the ith row of the distance matrix by hi to obtain hidijmatrix

b. For each column j, compute sum of all terms in column. The node j*
corresponding to the column with the minimum sum of terms is the

location for the 1-median.

Let 1-median be set at node j*: set xj*¼1

2. Facility addition. Add a new facility by choosing among the nodes

where xj¼0 which maximizes the possible improvement in the

objective function
P

i2N
P

j2N hidijyij. Let that be j*, and set xj*¼1.

Let m¼m+1.

3. Solution improvement. Consider substitution, one at a time, of each

node in S with a node that is not in S.

4. If m¼P, stop. Otherwise, go to step 2.

Outputs: xj, yij
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There are also the center-based location problems. One example

is the set covering problem shown in Eq. (7.9) for a graph with node set N.
xj is 1 if locate at node j2N, 0 otherwise

cj is the fixed cost of locating a facility at node j

dij is the distance between node i and j

s is the maximum acceptable service distance

Ni is the set of nodes j within an acceptable distance from node i, that is,

Ni¼{j jdij� s}
min
x

ϕ¼
X
j2N

cjxj (7.9a)

Subject to
 X
j2Ni

xj � 1, 8i (7.9b)

xj 2 0, 1f g (7.9c)

The formulation does not explicitly show coverage—it is hidden behind
the definition of Ni. This means when setting this problem up, the set of Ni

needs to be determined based on a given value of s for each node i. The larger

the value of s, the more nodes a facility can cover, and as a result the less

facilities needed to cover all nodes. This is illustrated in Exercise 7.6.



Exercise 7.5
For the instance shown in Fig. 7.13, compare the integer programming solution to the p-median problem for P¼3 and P¼2. Solve the

3-median problem using Algorithm 7.4 and compare.

The problem is formulated as an integer program for the two cases and solved using Excel Solver. The solutions are shown

in Fig. 7.14, where the arrows are used to indicate the yij coverage variables and the circles are used to indicate the location

decisions xj. For P¼2, ϕ¼43.53, and when P¼3, ϕ¼21.57.
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Fig. 7.13 Instance for Exercise 7.5.
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The solutions indicate that even switching from two facilities to three facilities can significantly alter the optimal

configuration of the facilities. This illustrates why Algorithm 7.4 is a heuristic that does not guarantee an optimal solution.

Using Algorithm 7.4, three iterations are made. We start with locating the first facility, as indicated by the column with the

bolded sum.

hidij 1 2 3 4 5 6 7

1 0.00 2.34 2.36 0.54 2.71 1.94 3.30

2 4.67 0.00 9.26 4.47 6.44 1.08 8.23

3 18.87 37.05 0.00 21.73 35.09 34.25 36.64

4 4.33 17.88 21.73 0.00 17.34 14.04 22.37

5 27.05 32.21 43.87 21.68 0.00 27.12 9.03

6 13.55 3.79 29.97 12.28 18.98 0.00 25.16

7 16.50 20.56 22.90 13.98 4.51 17.97 0.00

Sum 84.98 113.83 130.08 74.68 85.07 96.40 104.72

Summing across each column, the lowest objective value is obtained with a facility at node 4. We remove that column and

update the table with himin[dij,di4].

himin [dij,di4] 1 2 3 4 5 6 7

1 0.00 0.54 0.54 0.54 0.54 0.54

2 4.47 0.00 4.47 4.47 1.08 4.47

3 18.87 21.73 0.00 21.73 21.73 21.73

4 0.00 0.00 0.00 0.00 0.00 0.00

5 21.68 21.68 21.68 0.00 21.68 9.03

6 12.28 3.79 12.28 12.28 0.00 12.28

7 13.98 13.98 13.98 4.51 13.98 0.00

Sum 71.28 61.71 52.95 43.53 59.01 48.05
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For the third facility, we update the table with himin[dij,di4,di5].

hi min [dij,di4,di5] 1 2 3 4 5 6 7

1 0.00 0.54 0.54 0.54 0.54

2 4.47 0.00 4.47 1.08 4.47

3 18.87 21.73 0.00 21.73 21.73

4 0.00 0.00 0.00 0.00 0.00

5 0.00 0.00 0.00 0.00 0.00

6 12.28 3.79 12.28 0.00 12.28

7 4.51 4.51 4.51 4.51 0.00

Sum 40.14 30.57 21.81 27.86 39.02

Using Algorithm 7.4, the solution is x3¼x4¼x5¼1, which has an objective value of ϕ¼21.81, 1.1% higher than the

optimum.
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Exercise 7.6
For the network in Fig. 7.13, assume that the fixed cost of all nodes is cj¼1.

Compare the solution when s¼1 and when s¼2.

When s¼1, we have the following sets:

N1 ¼ 1, 4f g,N2 ¼ 2, 6f g,N3 ¼ 3f g,N4 ¼ 1, 4f g,N5 ¼ 5, 7f g,
N6 ¼ 2, 6f g,N7 ¼ 5, 7f g
When s¼2, the sets change:

N1 ¼ 1, 4, 6f g,N2 ¼ 2, 6f g,N3 ¼ 3f g,N4 ¼ 1, 4, 6f g,N5 ¼ 5, 7f g,
N6 ¼ 2, 4, 6f g,N7 ¼ 5, 7f g
The solutions are shown in Fig. 7.15. When s¼1, the optimal solution

is to locate at {1,2,3,5}, and when the threshold increases to s¼2, the

solution changes to {3,5,6}.
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Fig. 7.15 Optimal solutions to set covering problem with s¼1, s¼2.
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For urban areas with many demand nodes, it is not always cost effective

to provide 100% coverage as required in the set covering problem. An alter-

native model is the maximal covering location problem (MCLP) proposed

by Church and ReVelle (1974). In this model, the decision-maker is

bounded by a budget on the number of facilities to deploy with the objective

of maximizing coverage for a given distance threshold.

The model formulation is shown in Eq. (7.10).
xj is 1 if a facility is located at node j, 0 otherwise

yi is 1 if a node i is covered, 0 otherwise

hi is the demand at node i

P is the number of facilities available
max
x,y

ϕ¼
X
i2N

hiyi (7.10a)

Subject to
yi�
X
j2Ni

xj � 0, 8i2N (7.10b)

X
j2N

xj �P (7.10c)

xj 2 0, 1f g, j2N (7.10d)

yi 2 0, 1f g, i2N (7.10e)

Eq. (7.10b) ensures that coverage is only possible if a facility within the
threshold of a demand node is opened for service. Eq. (7.10c) is the budget

constraint.Ni is defined in the same way as in Eq. (7.9) asNi¼{j jdij� s}. An

illustration of the model is shown in Exercise 7.7.
Exercise 7.7
For the instance in Fig. 7.13, considering s¼{1,2} and P¼{2,3}, show how the

solution of located facilities differs using the MCLP formulation.

The integer programming problem is solved for each of the four cases

and presented in Table 7.4.

The solutions show how sensitive the model is to threshold definitions

and budgetary constraints.



Table 7.4 Solutions to MCLP for Exercise 7.7
s P xi51 ϕ

1 2 {1,5} 24

2 2 {5,6} 33

1 3 {1,2,5} 33

2 3 {3,5,6} 41
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The MCLP is known to be NP-hard (Megiddo et al., 1983) on general

networks. Church and Velle (1974) proposed a greedy algorithm and a

branch and bound algorithm for the integer programming formulation.

Geoffrion and Bride (1978) proposed a Lagrangian relaxation method that

has become widely used in location problems.

Location problems are highly applicable to relocation or rebalancing of

empty or idle servers. For example, emergency services like positioning fire

engines can improve their service times using relocationmodels (Kolesar and

Walker, 1974). Airtankers for wildfires make use of relocation strategies

(Chow and Regan, 2011a). Taxis need to relocate to serve new customers

(Sayarshad and Chow, 2017). While relocation problems can be highly

complex to involve look-ahead and real-time data, at the core it is about

a fundamental trade-off between improving coverage/service by reposition-

ing servers versus taking on the cost of the relocation.

The basic problem is quite similar to a standard location problem. One

difference is that when the model is run, servers are already located on the

network under a certain configuration. Based on new demand, a p-median

objective may involve replacing Eq. (7.8a) with Eq. (7.11).

min
x,y,w

ϕ¼
X
i2N

X
j2N

hidijyij + θ
X
i2N

X
j2N

rijwij (7.11)

In this objective, the wij is a flow of idle servers from current locations xi
0

to new locations xjwith relocation costs rij and a conversion factor θ to com-

pare against service coverage costs. yij is a binary variable for whether a node i

with demand hi is covered by node j at distance dij. In addition to this change

in objective, new transportation problem constraints need to be added as

shown in Eq. (7.12). The relocation problem is illustrated in Exercise 7.8.X
j2N

wij ¼ x0i , 8i2N (7.12a)

X
i2N

wij ¼ xj, 8j2N (7.12b)



Exercise 7.8
For the instance in Fig. 7.13, assume the demand is for the prior time interval with a

current deployment of x4t¼x5t¼1. If the demand shows that it has now changed to

the following, compare the solution with and without relocation costs (set θrij¼10 for

all (i, j)).

The values x4t¼x5t¼1 are treated as x4,t+1
0 ¼x5,t+1

0 ¼1. Solving the

relocation problem without and with relocation costs using Excel Solver,

the solution is presented in Table 7.5.

These results illustrate the sensitivity of the relocation modeling to

different relocation costs relative to coverage costs. Without relocation

costs, the decision-maker is free to locate the servers anywhere in the

new time step. With relocation costs, however, it is more optimal to

leave the server at node 4 in place.

Table 7.5 Server locations at time t and t+1 (without andwith relocation costs)
Node: 1 2 3 4 5 6 7

xjt 0 0 0 1 1 0 0

xj,t+1 (rij¼0) 0 0 1 0 0 1 0

xj,t+1 (θrij¼10) 0 0 1 1 0 0 0

Node: 1 2 3 4 5 6 7

hit 1 2 8 8 10 7 5

hi, t+1 3 4 13 5 7 10 3
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wij � 0 (7.12c)

There are many other variants to facility location problems. Location
problems can be combined with routing problems as location routing prob-

lems (Perl and Daskin, 1985). In such problems the routing depends on the

location of the depot(s), and vice versa. In transit route design, a problem

called the maximum covering shortest path problem considers design of

shortest paths such that the nodes covered by the shortest path also cover

nearby demand nodes. Similar to that problem is the covering salesman

problem in which tours are designed such that each node that they cover

also covers nearby demand nodes (Current and Schilling, 1989).

For locating refueling or recharging stations, the flow interception

problem assumes demand is not from nodes but from shortest paths



Fig. 7.16 Facility location based on (A) nodes, (B) flow, and (C) itinerary intercept.
(Source: Jung et al., 2014.)
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between OD pairs. In this case, flow interception locates facilities that

“intercept” as many paths as possible (Hodgson, 1990; Berman et al.,

1992). Kim and Kuby (2012) relaxed the coverage requirement so that

paths between OD pairs can deviate in a minimal manner to be served

by the facilities. In Jung et al. (2014), a classification of different types of

interception is made as shown in Fig. 7.16. The most complex version,

itinerary intercept, is tackled in Kang et al. (2013) and Kang and Recker

(2014). Jung et al. (2014) solved the itinerary interception as a simulation-

based optimization problem.

One last area of facility location that requires some discussion is the mat-

ter of queueing. So far, the location problem formulations presented all

assume one facility can cover all demand without any capacity or congestion

delay. This is not the case for many services: emergency medical services,

idle taxis or bikeshare, and so on. In addition, queueing costs can be used

to approximate future operating costs for dynamic relocation models with

look-ahead (Sayarshad and Chow, 2017). When considering queueing,

it implies that more than one server can be colocated at a node and

that one server may be busy serving one or more customers when a new

customer requires service. Facility location with queueing differs from mul-

tiserver queueing network analysis as the latter ignores coverage require-

ments for demand nodes.

Queue delay is a well-known issue, but earlier attempts to address it

explicitly are computationally expensive. One example is the hypercube

queueing model (Larson, 1974) which is a finite state continuous time Mar-

kov process. Berman and Odoni (1982) studied the relocation problem

under this setting, modeling the service time as a generalized distribution

(M/G/1 queue) (Berman et al., 1985).
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Daskin (1983) proposed a simpler model extension of the MCLP that

includes a likelihood (exogenously defined, however) of being busy for each

server, called the maximum expected covering location model (MEXCLP).

Marianov and ReVelle (1994, 1996) endogenized the likelihood by formu-

lating equivalent integer linear programming problems. Marianov and Serra

(2002) proposed a set covering version of the problem, which Sayarshad and

Chow (2017) adapted to a median-based problem. That mixed integer linear

programming formulation is shown in Eq. (7.13) as a relocation problem

with queueing delay.
yij is 1 if customer arrivals in node i are served by node j

xjm is 1 if there is an mth server located at node j

wij is the flow of servers from node i to node j

si is a dummy variable for the surplus of servers based in the current idle

server configuration xj
0

dj is a dummy variable for the demand of servers due to the current server

locations xj
0

hi is the arrival rate at node i assumed to follow a Poisson distribution

μj is a service rate for a server at node j, where the service time is assumed

to be under an exponential distribution

cij is the access cost of a customer at node i to a server at node j

rij is the cost of relocating an idle server from node i to node j

θ is a conversion factor

Cj is the maximum possible number of vehicles at node j

P is the number of idle servers
min
x,y,w,d, s

ϕ¼
X
i2N

X
j2N

hicijyij + θ
X
i2N

X
j2N

rijwij (7.13a)

Subject to
 X
j

yij ¼ 1, 8i2N (7.13b)

xjm� xj,m�1, 8j2N , m¼ 2,…,Cj (7.13c)

yij � xj1, 8i, j2N (7.13d)

X
j2N

XCj

m¼1

xjm¼P (7.13e)

X
j2N

wij ¼ si, 8i2N (7.13f)
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X
i2N

wij ¼ dj, 8j2N (7.13g)

�dj +
XCj

m¼1

xjm� x0j , 8j2N (7.13h)

�si�
XCj

m¼1

xjm��x0j , 8j2N (7.13i)

X
i2N

hiyij � μj xj1ραj1 +
XCj

m¼2

xjm ραjm�ραj,m�1

� � !
, 8j2N (7.13j)

xjm, yij 2 0, 1f g (7.13k)

dj, sj, wij � 0 (7.13l)

The original objective (and the measure to evaluate solutions by) should
be Eq. (7.14). However, this objective is nonconvex. Eq. (7.13) circumvents

the nonconvexity by acknowledging that intensity values are constant for

a given number of servers and desired reliability measures α and b as shown

in Eq. (7.15). The value of ρ can be solved for every possible value ofm prior

to setting up the model by minimizing ρ such that Eq. (7.15) remains

satisfied.

min
x,y,w,d, s

ϕ¼
X
i2N

X
j2N

hicijyij + θ
X
i2N

X
j2N

rijwij +
X
j2N

X
i

hiyij

μj
X
m

xjm�
X
i

hiyij

(7.14)

Xm�1

k¼0

m�kð Þm!mb

k!

� �
1

ρm+ b+1�k

� �
� 1

1�α
(7.15)

Eq. (7.13b) ensures each demand node is served. Eq. (7.13c) requires that
an mth server is located before the (m+1)th is located there. Eq. (7.13d)

requires that there is at least one server at node j before it can cover any

nodes. Eq. (7.13e) is a budget constraint. Eqs. (7.13f )–(7.13i) are the

transportation problem constraints for relocation. Eq. (7.13j) is a recursive,

piecewise linearized computation of the intensity constraint for queueing

delay. After a solution is obtained, its performance is measured using

Eq. (7.14). An illustration is shown in Exercise 7.9.



Exercise 7.9
(from Sayarshad and Chow, 2017). Consider an application with idle carshare

relocation. A complete graph of four nodes with P¼2, θ¼0.2, x0¼ (1,1,0,0),

relocation costs r21¼0.043, r31¼0.032, r41¼0.049, r32¼0.030, r42¼0.073,

r43¼0.077, and service distances of c21¼0.950, c31¼1.265, c41¼0.638,

c32¼0.773, c42¼1.473, c43¼0.950. The passenger arrival rates are

h¼ (4,3,5,6). Suppose node 4 is shown to present the most opportunity for

located servers to serve customers, due to a combination of customer origin-

destination patterns (e.g., node 4 may have many short trips that start and end

near node 4), resulting in the following service rates: μ¼ (8,10,9, 25). Compare

objective value of Eq. (7.14) for the relocation model without queue delay and the

model with queue delay (α¼0.95, b¼0) in Eq. (7.13).

For thequeuedelayconsideration, thevaluesofραjm inEq. (7.13j)need tobe
computed beforehand. For example, sinceP¼2,we can solvem¼1 andm¼2:

m¼ 1,α¼ 0:95,b¼ 0 : ρ¼ 0:2236

m¼ 2,α¼ 0:95,b¼ 0 : ρ¼ 0:3162

These values of ρ are then input to Eq. (7.13). The solutions are shown

in Fig. 7.17.

Fig. 7.17 Solutions to (A) relocation ignoring queue delay and (B) relocation
with queue delay.
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When ignoring queue delay, the objective is ϕ¼13.55, of which the

realized queue delay makes up a cost of 8.67. In this solution, the

decision-maker does not anticipate the higher service rate for trips being

made at node 4 and decides that the immediate costs (4.89) are more

important, resulting in keeping one vehicle at node 3 and one at node 4.

When queue delay is accounted for, the objective value is now

ϕ¼12.31, of which queue delay cost is only 0.56 and most of the cost is

due to immediate costs borne by the fleet (11.75). This is due to

anticipating that node 4 will tend to have higher service rate and the

fleet directs both idles vehicles there.
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7.2.5 Line Planning Problems
Line planning problems are another class of network design problems that

can be formulated without any congestion considerations in user routing

(although variants also exist that consider transit passenger queue delay or

crowding). These problems pertain to setting transit routes and their service

frequencies on an existing network in which stations/stops are known in

advance. An illustration of two feasible solutions to this problem for a sample

instance is shown in Fig. 7.18, where qst is demand from origin s to
Fig. 7.18 Illustration of line planning problem.
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destination t, κ is vehicle capacity, di is dwell time at node i, f is frequency

(vehicles/h), TT is total travel time, and VHT is vehicle hours traveled.

In the example in Fig. 7.18, two alternative solutions have different

routes and frequencies, resulting in different passenger travel times and

vehicle hours traveled. In these solutions, passengers fromnode 1may be split

between lines A and B according to hyperpath assignment (see Chapter 3).

However, the travel times between line A and line B are so far apart for both

scenarios that there is never an advantage to take line B over line A from node

1. In some of the line planning literature (e.g., Bornd€orfer et al., 2007), the
hyperpaths are referred to as “system splits.” A review of line planning prob-

lems is provided by Desaulniers and Hickman (2007) as “transit network

design” and by Sch€obel (2012). Themodel is shown to beNP-hard (Sch€obel
and Scholl, 2006).

Early studies in line planning problems, for example, Lampkin and Saal-

mans (1967) and Silman et al. (1974), tried to set shortest routes between

endpoints. One general procedure that emerged to overcome the complex-

ity was to split the problem into a two-step process to first identify a set of

transit lines through a network and then to select frequencies. The initial

skeleton route may be set using MST, TSP, or covering salesman problems

like discussed in prior sections. Given a network, frequency may be set as

shown in Eq. (7.16).

min
X
i

X
j

DijTij f½ � (7.16a)

Subject to
X
r

RTr fr �F (7.16b)

where Dij is a fixed OD demand from i to j, Tij is the travel time, RTr is the
round-trip time of a route r, F is a maximum fleet size, and fr is a frequency

decision variable.

Hasselstr€om (1981) proposed a 2-stage problem where the routes and

frequencies are solved in the first stage and the passenger assignment is deter-

mined in the second stage. Demand is not fixed but is instead set as a function

of travel cost as shown in Eq. (7.17).

max
X
i

X
j

Dij (7.17a)
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Subject to
Dij ¼Kije
�βCij f½ �, 8i, j (7.17b)X

r

cr fr �C (7.17c)

X
r

frδrs �Δs, 8s (7.17d)

fr 2F (7.17e)

where Kij is a constant demand parameter; β is a cost parameter for the
demand function; Cij is a generalized cost function that includes wait time,

transfer time, and in-vehicle travel time; F is a set of candidate frequencies;

C is an operating cost budget; cr is the unit vehicle cost of operating route r;

and Δs is a minimum service frequency requirement for a zone s. The costs

Cij are dependent on passenger assignment for a given set of routes and

frequencies.

Bornd€orfer et al. (2007) developed an exact solution method for the line

planning problem with fixed demand based on column generation. The

model formulation from that study is shown in Eq. (7.18). The model is

defined on a multimodal graph G(V,E), where E¼E1[…[EM for M

modes, and each edge e2Ei can be replaced with two antiparallel links a

and a. Demand exists for each OD pair (s, t)2W.
yk is the flow of passengers on a path k2Kst, where Kst is the set of paths

from origin s to destination t

fl is the frequency of line l2L

qst is the demand from node s to node t

xl2{0,1} is a decision to use line l2L

τk is the passenger traveling time on path k

ci
f is the line fixed cost for mode i, and cl

f≔ ci
f is the fixed cost of a line

ce
o is the line operating cost on an edge e2Ei, and c

o
l≔
P

e2l c
o
e is the oper-

ating cost of the line

Λe is the frequency bound for edge e

Fl is the frequency bound for a line

δak is an indicator for whether a path k uses link a

γal is an indicator for whether a line l uses link a
min
x,y, f

ϕ¼
X
k2K

τkyk +
X
l2L

c
f
l xl + col fl

� �
(7.18a)
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Subject to
 X
k2Kst

yk¼ qst, 8 s, tð Þ 2W (7.18b)

X
k2K

δakyk�
X
l2L

γalκl fl � 0, 8a2A (7.18c)

X
l

γalfl +
X
l

γalfl �Λe, 8e2E (7.18d)

fl �Flxl, 8l 2L (7.18e)

xl 2 0, 1f g, 8l2L (7.18f)

fl � 0, 8l2L (7.18g)

yk� 0, 8k2K (7.18h)

The objective function minimizes passenger travel costs in the first term
and operator costs in the second term. Eq. (7.18b) ensures passenger flows

meet the demand. Eq. (7.18c) ensures there are enough lines to meet the

passenger flows. Eqs. (7.18d) and (7.18e) ensure that the frequencies do

not exceed an upper threshold at the edge and line levels. Eq. (7.18e) also

acts to link the line selection with the frequencies. A line planning problem

is illustrated in Exercise 7.10.
Exercise 7.10
For the example in Fig. 7.18, find the optimal solution using the formulation

in Eq. (7.18).

Since no upper thresholds are specified, Eq. (7.18d) is not used in this

problem. By arbitrarily setting a large value for the upper line frequencies

Fl¼1000, the solution to this problem can be obtained.

Lines opened, frequencies:

1, 4ð Þ,10=h
1, 2, 4ð Þ,5=h
1, 3, 4ð Þ,20=h

Passenger path flows: y*1, 4¼100, y*3, 4¼200, y*2, 4¼50

Objective value: ϕ*¼171.1167 h



This result suggests it is optimal to run an express line from node 1 to

node 4 while also running a local line (at a lower frequency) from node 1

through 2 to 4. If only the local line were operated, the frequency would for

(1,2,4) would need to be 15, resulting in a higher objective value of

172.7833h.
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To handle line planning problems, routes on which vehicles can be

arranged should be constructed. Although this procedure is relatively

simple in small networks and can be done manually as shown in

Fig. 7.18, it is not as easy for more realistic networks. Ceder and Wilson

(1986) proposed an enumeration method to generate such lines. The

route generation method from Ceder and Wilson (1986) is provided

here. The origin-based algorithm iteratively expands routes and inspects

their feasibility based on the difference in travel time between the route

and the shortest path from the origin. If this difference falls within a tol-

erable threshold, the route is elongated by a link and evaluated again,

until the threshold is reached. The heuristic is shown in Algorithm 7.5.
Algorithm 7.5: (Ceder and Wilson, 1986). Route Generation
Heuristic for Line Planning
Inputs: for a graph G(N,A) with n nodes, demand W, travel times tij,

allowable delay ratio D, direct passenger-hour matrix P, P[i, j]¼ tijW[i, j],

maximum allowable travel time M, M[i, j]¼ tijD[i, j], set of possible route

terminals T

1. Initiate: Rank terminals in descending order by
P

j2N P q, j½ � for each
q2T, route set Kq≔{ }

2. For q¼1 : jT j,
a. For each node n2N from increasing order of adjacency from q,

i. If n is adjacent to q,

1. Add route kqn≔Kq[kqn if route travel time c[kqn]�M[q,n]

ii. Else

1. For each existing route ending at a node n
0
adjacent to n

a. Extend kqn0 to create a new route kqn if travel time c[kqn] is

within themaximum allowable travel time: c[kqn]�M[q,n]

b. Add route kqn≔Kq[kqn
Outputs: {Kq}q2T



Consider Exercise 7.11.
Exercise 7.11
Consider the network shown in Fig. 7.19. Use Algorithm 7.5 to construct routes for

a single terminal at node 3 if D[i, j]¼1.3 for all (i, j).

Running the algorithm produces Table 7.6, where the “Directness

measure” for each (q,n) is the excess passenger hours beyond P[q,n]. It

produces 14 feasible routes that fit within the 1.3 ratio.

Fig. 7.19 Input data for Exercise 7.11.

Table 7.6 Solution to Exercise 7.11

Terminal
1st
node

2nd
node

3rd
node

4th
node

Directness
measure

3 2 0

3 6 0

3 2 1 0

3 6 5 0

3 6 9 0

3 2 1 4 408

3 6 5 4 0

3 6 5 8 5280

3 6 9 8 0

3 2 1 4 7 1860

3 2 5 4 7 12,530

3 6 5 4 7 914

3 6 5 8 7 14,195

3 6 9 8 7 0
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7.3 BILEVEL NETWORK DESIGN

Among NDPs there is a notorious subclass of problems that is even more

complex: bilevel network design problems. These problems deal with

two explicit sets of decision-makers: an operator making changes to a net-

work, and a set of travelers who are acting selfishly in response to those

changes. This is called a Stackelberg game in which there is a leader and

a set of followers.

A Stackelberg game differs from a Cournot-Nash game in which all the

players are acting simultaneously to select a quantity without any knowledge

of the other player’s decision. To appreciate the impact of this asymmetric

information flow (allowing the followers to know in advance the decisions

of the leader, and for the leader to anticipate that), consider the Exercise 7.12

from Gibbons (1992).
Exercise 7.12
(Gibbons, 1992). Consider a duopoly of two firms i and j producing the same

product and seeking to maximize profits. The price is a function of the total

quantity produced by both firms: p[q1,q2]¼ a�q1�q2 if 0<q1+ q2< a, and 0

otherwise. Unit costs are the same: ci[qi]¼ cqi, where c< a. Compare the

Cournot-Nash Equilibrium to the Stackelberg equilibrium where firm 1 is a

leader and firm 2 is a follower.

In the Cournot-Nash equilibrium, each firm is optimizing their profit

subject to the optimal decision of the other player. This is shown as:

max
qi

qi a� qi + q∗j
� �

� c
� �

where qj* is constant in that expression. The optimum can be found using

first-order condition:

a�2q∗i � q∗j � c¼ 0

q∗i ¼
1

2
a� q∗j � c
� �

Since the two firms are identical, there is a systemof two equationswith two

unknowns.We can substitute in the q2* into the equation for q1* and solve for it.

q∗1 ¼
1

2
a�1

2
a� q∗1� c
� �� c

� �

q∗1 ¼ q∗2 ¼
a� c

3



In the case of a Stackelberg equilibrium, now firm 2 observes q1* prior to
choosing q2*. This can be determined by backward induction. Firm 2 seeks

to maximize the following:

max
q2

q2 a� q1 + q2ð Þ� cð Þ

This leads to an optimal response function depending on q1:

R2 q1½ � ¼ a� q1� c

2

In this case, there is no equilibrium of repeated best responses; it stops at

the best response of the leader:

max
q1

q1 a� q1 +
a� q1� c

2

� �
� c

� �
¼ q1 a� q1� cð Þ

2

The optimum is:

q∗1 ¼
a� c

2
,q∗2 ¼R2 q∗1

	 
¼ a� c

4

By requiring firm 2 to act as a follower to firm 1, firm 2 becomes worse

off than in the Cournot-Nash equilibrium.
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Many public resource allocation problems can be regarded as Stackelberg

games, particularly in urban transport with congestion effects. Examples of

transport network design problems include road capacity expansion, toll

pricing, allocation of managed lanes, electric charging infrastructure, and

more. Such problems have been studied early on (Steenbrink, 1974;

LeBlanc, 1975). Several major subclasses of these problems have since

evolved, some of which are comprehensively discussed in Yang and Bell

(1998). Before reviewing these subclasses, a more in-depth discussion of

the complexity of Stackelberg games in a network setting, and general trends

for solution strategies, is warranted.

A Stackelberg game can be represented by a bilevel programming

problem (Marcotte, 1986). Consider the following generic formulation

shown in Eq. (7.19), based on Bard (2013).

min
x

F x, y½ � (7.19a)
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Subject to
G x, y½ � � 0 (7.19b)

min
y

f x, y½ � (7.19c)

Subject to
g x, y½ � � 0 (7.19d)

x,y� 0 (7.19e)

This model class is shown to be NP-hard (Bard, 1991) and nonconvex
(Bard andMoore, 1990).Worse yet, it is even possible for a problem to have

no solution at all, as illustrated in the following problem in Eq. (7.20) from

Bard (2013).

Upper level:

min
x

F ¼ 2x1 + 4x2ð Þy1 + 3x1 + x2ð Þy2
Subject to

x1 + x2¼ 1

x1� 0,x2� 0

(7.20a)

Lower level:
min
y

f ¼ �x1�3x2ð Þy1 + �4x1 + 2x2ð Þy2
Subject to

y1 + y2¼ 1

y1 � 0,y2� 0

(7.20b)

The lower level problem can be written with y[x], and then substituted
into the upper level problem. The result is the following function shown in

Fig. 7.20, of which there is no minimum point. From the right-hand side,

the solution suggests a minimum occurs at x1¼0.25. However, when it is

exactly at that point, the value of F depends solely on the follower’s choice,

who is indifferent to any point of 0�y1�1.

For bilevel NDPs, a typical expression for the upper level objective to

minimize is shown in Eq. (7.21), while the lower level problem is a user

equilibrium as shown in Eq. (3.3) in Chapter 3. The control variables in

Eq. (7.19) may impact the definition of the links (A[u]) or the link cost func-

tions (ca[xa;u]). The link flows xa are based on the lower level problem. Some

models use a budget constraint, for example,
P

a daua�B, while others may
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Fig. 7.20 Illustration of a bilevel problem in Eq. (7.20) with no solution.
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incorporate the budget into the objective, for example, ga¼ λ
P

a daua,

where λ is a multiplier to convert the budget cost to the objective value.

F ¼
X
a2A u½ �

ca xa; u½ �xa + gað Þ (7.21)

Researchers have searched for ways to address bilevel problems. One
common technique is applicable to bilevel linear problems where there

are no integer decisions in the lower level problem. In such cases, one strat-

egy is to identify the optimality conditions for the lower level problem and

add those conditions as constraints to the upper level problem, effectively

collapsing the problem into a single level problem (Candler and Townsley,

1982; Hansen et al., 1992). In the case that the lower level problem is non-

linear but still continuous, KKT optimality conditions can be used to refor-

mulate the model as a single level problem (Bard and Moore, 1990). For

nonlinear lower level problems whose solutions can be captured with such

complementary slackness conditions (e.g., traffic assignment problem), a

penalty or gap function approach can be used. The complementary slackness

of the lower level problem is added to the upper level problem objective

with a penalty (Marcotte and Zhu, 1996). In the case where the lower level

problem involves integer programming, one approach is to use the convex

hull of the lower level problem solution space as a continuous approximation

(G€umus and Floudas, 2005). Another approach is to decompose the lower

level problem into subproblems (Saharidis and Ierapetritou, 2009).

In addition to these techniques,manymetaheuristics havebeenused forbile-

vel network design problems: simulated annealing (Friesz et al., 1992), genetic

algorithm (Chen and Yang, 2004), ant colony optimization (Poorzahedy and



Fig. 7.21 Four steps to surrogate-based NDP: (A) generate sample solutions, (B) fit a
surrogate model to the samples, (C) ensure feasibility of sample solutions, (D) select
new solution using surrogate model. (Source: Chow et al., 2010a.)
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Abulghasemi, 2005), surrogate-based optimization methods (Chow et al.,

2010a), among others. Surrogate-based optimization is a computationally effi-

cientway touse surrogatemodels (e.g., radial basis functions) to approximate the

objective function of the originalNDP so that descent directions can be cheaply

evaluated. The procedure is graphically illustrated in Fig. 7.21.

The following sections only serve to introduce the problems and their

nuances; for a comprehensive review, readers are referred to Farahani

et al. (2013).
7.3.1 Discrete Network Design Problems
In the discrete network design problem, the upper level is a discrete optimi-

zation problem of setting binary variables ua2{0,1} for a link a2A such that

link flow is constrained as xa�Mua. This type of problem was first solved by

LeBlanc (1975) using a branch and bound method. Due to the presence of

Braess’ Paradox, lower bounds have to rely on a system optimal solution,

which is not a tight bound. Furthermore, as the problem is nonconvex

due to the bilevel structure, the solution is only a local optimum (Gao

et al., 2005). Global solution methods rely on approximation techniques,

such as one using system optimal behavior to generate increasingly tighter



Algorithm 7.6: (LeBlanc, 1975). A Branch and Bound Algorithm
for Discrete Network Design
Inputs: directed graph G(N,A), link cost functions ca[xa], a2A, set of

potential links S, budget B, link investment costs da, a2S

0. Initiate with i¼1, Ii
0¼{ }, Ii

1¼{ }, Ii¼S, and z¼∞, fathomed

branches R¼{ }

1. Solve the lower bound (SO with ua¼0, a2 I0, ua¼1, a2 I1[ I), set at

zi, where i is the node number in the branch and bound tree (with i¼1

as the root, and its children are 2i and 2i+1)

2. Bound: If z� zi, fathom this node’s branches

3. Solve UE at node i to obtain link flows xi, and set objective value

z¼ ci[xi]xi. If z< z, update z≔z.

4. Branch: If all nodes are fathomed, stop; Else, for an unclosed node i,

pick a next binary variable a2 Ii, and set I2i
0 ≔ Ii

0[{a}, I2i
1 ≔ Ii

1,

I2i+1
0 ≔ Ii

0, I2i+1
1 ≔ Ii

1[{a}, and I2i≔ Ii\{a}, I2i+1≔ Ii\{a}. If budget is

exceeded for branch j, fathom that branch: R≔R[{j}. Proceed

down an open branch, set that new node as i, and go to step 1.

Outputs: link investments ua*, a2S, resulting user equilibrium link flows xa*.
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lower bounds (Wang et al., 2013). LeBlanc’s branch and bound algorithm is

introduced in Algorithm 7.6 and illustrated in Exercise 7.13.
Exercise 7.13
Illustrate two layers of branches of Algorithm 7.6 on the network shown in Fig. 7.22.

1
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Links 1 through 6 exist
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Upper level objective: minimize total cost
Lower level program: fixed demand user equilibrium
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Fig. 7.22 Network used for Exercise 7.12.



Initiate with i¼1, Ii
0¼{ }, Ii

1¼{ }, Ii¼S, z¼∞, R¼{ }.

At the root node, we just solve the lower bound SO (with all links

invested) and UE (with no links invested) first. We obtain the SO

solution with all links open as z1 ¼ 323:33.
When all potential links are closed, the UE solution is z¼ 1120.

Since there is a gap, we branch out to nodes 2 and 3 using link 7: u7¼0

for i¼2 and u7¼1 for i¼3.

At i¼2, the lower bound with u7¼0 is z2 ¼ 389:48. UE is the same as

i¼1. Branches for 4 and 5 are created for link 8.

At i¼3, the lower bound with u7¼1 is the same as for i¼1:

z3 ¼ 323:33, while the objective under UE flows updates the upper

bound to z¼ 990.

At i¼4, the lower bound with u7¼u8¼0 is z4 ¼ 599:73.
At i¼5, the lower bound is z5 ¼ 389:48, while the upper bound is

z¼ 720, which we set as the new bound.

At i¼6, the lower bound is z6 ¼ 469:73.
Finally, at i¼7, the lower bound remains at z7 ¼ 323:33 while the

upper bound is newly set at z¼ 663:75.
At this point, node 7 is already at the budget constraint and no further

branches can proceed from here. So far no lower bound has been fathomed,

so nodes 4, 5, and 6 can all be branched. The current solution after seven

nodes has an objective value ϕ¼663.75 with a decision to invest in links

7 and 8. We also know this solution can be improved at most by a

41.3% reduction in cost by branching from node 5. This is one of the

criticisms of this method, that the gap from the defined lower bound is

generally not a tight bound. A summary of the branching is shown in

Fig. 7.23.

Fig. 7.23 Two layers of Algorithm 7.6 on Exercise 7.13.
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7.3.2 Continuous Network Design Problems
Continuous NDPs (CNDPs) involve continuous investment decision var-

iables, which may be nonlinear objective functions. CNDPs may also

involve discrete variables, in which case they are called mixed NDPs.

Two examples of continuous decision variables are shown in Eq. (7.22).

In this equation, a link performance function is defined based on the

BPR function (see Chapter 3). It is augmented to allow for changes to

the function through a decrease in congestion rate by increasing highway

capacity (ua) or by applying a toll (υa). Other continuous variables include

signal control, speed control, inflow control, reserve capacity allocation,

and more.

ca¼ ca0 1 + 0:15
xa

Ka + ua

� �4
 !

+ υa (7.22)

Steenbrink (1974) proposed one of the earliest algorithms to solve the
CNDP by iteratively fixing the value of the upper level and lower level

decision variables and solving for the other until a fixed set of variables

is reached. This method, called the Iterative Optimization Algorithm,

converges to a Cournot-Nash equilibrium, however (Yang and Bell,

1998). Abdulaal and LeBlanc (1979) formally defined the CNDP and pro-

posed a Hooke-Jeeves heuristic to obtain a solution. Suwansirikul et al.

(1987) proposed an “equilibrium decomposed optimization” heuristic

which is found to be more effective than the Hooke-Jeeves method. Yang

et al. (1994) proposed a sensitivity analysis-based heuristic to obtain a local

optimal solution.

More recently, global optimization approaches have been proposed to

solve CNDP. Gao et al. (2007) converted the CNDP into a single level

problem by expressing the upper level objective as a gap function based

on the variational inequality converted from the lower level problem.

A Method of Successive Averages was used to reach the global optimum.

Li et al. (2012a) also applied a gap function to convert the CNDP into a sin-

gle level problem but apply cutting plane algorithms to solve the reformu-

lated problem. TheMSA-based gap function method from Gao et al. (2007)

is shown in Algorithm 7.7.



Algorithm 7.7: (Gao et al., 2007). A Gap Function Algorithm
for Continuous Network Design
Inputs: directed graphG(N,A), link cost functions ca[xa], a2A, set of potential

links S, budget parameters Ga

1. Initiate with u0 and u1, and let n¼1. Determine x*[u0].
2. Determine upper level objective gradient. Fix the upper level variables

u¼un, solve the following problem to obtain x*[un] by implementing

the user equilibrium assignment procedure in Eq. (7.23)

w un½ � ¼ min
x

X
a2A

Zxa u½ �

0

ca v, ua½ �dv (7.23a)

Subject to X
k

hrsk ¼ qrs, 8 r, sð Þ 2W (7.23b)

hrsk � 0, 8 r, sð Þ 2W ,k2Krs (7.23c)

xa ¼
X
r, sð Þ2W

X
k2Krs

δrsakh
rs
k , 8a2A (7.23d)

where Eqs. (7.23b)–(7.23d) are the user equilibrium constraints corresponding

to Eq. (3.3). Compute ruw[u
n] based on Eq. (7.24).

∂w

∂ua
¼
X
a2A

Zx∗a u½ �

0

∂

∂ua
ca v, ua½ �dv (7.24)

Compute ruF[u
n,x*[un]] based on Eq. (7.25). The second term on the

right-hand side is identical for each ua.
Δxa u½ �
Δua is obtained from the current and

prior iterations.

∂F

∂ua
¼ ∂w

∂ua
+
X
a2A

x∗a u½ �
dca xa, ua½ �

dxa

����
xa¼x∗a u½ �

Δxa u½ �
Δua

 !
+

Zx∗a u½ �

0

v
d2ca v, ua½ �
dvdua

dv (7.25)

3. Solve the LP in Eq. (7.26) to obtain an auxiliary solution u
�n.

min
u
�n

ruF un, x* un½ �½ �T u
�n�un
� �

Subject to X
a2S

Ga ua½ � �B

ua � 0, 8a2 S (7.26)

4. Convergence check and update. If ruF un, x* un½ �½ �T u
�n�un
	 


< E, stop.
Otherwise, let un+1 ¼ un + 1

n+1
u
�n�un
� �

,n¼ n+1, and go to step 2.

Outputs: continuous link decision variables ua* and link flows xa*.
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Let us illustrate Algorithm 7.7 in Exercise 7.14 with the network from

the prior example.

Algorithm 7.7 seems effective with capacity expansion. Initial attempts

to apply this method to toll pricing were not successful.
Exercise 7.14
Consider a simple example with one OD with demand q¼10 and two parallel links

with average costs c1 ¼ 2+ 2x1
1+ u1

and c2 ¼ 5+ x2
1+ u2

, where (u1,u2) are capacity

expansions that reduce the rate of congestion. Without any capacity expansion,

the total cost is ϕ0¼106.6667. Apply one iteration of Algorithm 7.6 from

initial points of (u1
0,u2

0)¼ (0,0) and (u1
1,u2

1)¼ (2, 3) with a budget of u1+u2�5.

Iteration 1:

Initiate with u0¼ (0,0), u1¼ (2,3). Let n¼1.

Solve the UE to obtain the link flows. We get x1¼ (6, 4) and ϕ1¼60.

∂c1 x1, u1½ �
∂u1

¼� 2x1

1 + u1ð Þ2

∂c2 x2, u2½ �
∂u2

¼� x2

1 + u2ð Þ2

∂w

∂u1
¼� x21

1 + u1ð Þ2 ¼� 62

1 + 2ð Þ2 ¼�4

∂w

∂u2
¼� x22

1 + u2ð Þ2 ¼� 42

2 1+ 3ð Þ2 ¼�0:5

dc1 x1, u1½ �
dx1

¼ 2

1+ u1
¼ 2

3

dc2 x2, u2½ �
dx2

¼ 1

1+ u2
¼ 1

4

From u0 we can compute a difference:

Δx1 u1½ �
Δu1

¼ 6�4:33

2�0
¼ 0:83

Δx2 u2½ �
Δu2

¼ 4�5:67

3�0
¼�0:56

Zx∗1 u½ �

0

v
dc1 v, u1½ �
dvdu1

dv¼�
ð6

0

2v

1+ u1ð Þ2
 !

dv¼�36

9
¼�4



Zx∗2 u½ �

0

v
dc2 v, u2½ �
dvdu2

dv¼�
ð4

0

v

1+ u2ð Þ2 dv¼� 8

16
¼�0:5

This is plugged into the gradient approximation:

∂F

∂u11
¼�4+ 6

2

3

� �
0:83ð Þ+4

1

4

� �
�0:56ð Þ

� �
�4¼�5:22

∂F

∂u12
¼�0:5+ 6

2

3

� �
0:83ð Þ+4

1

4

� �
�0:56ð Þ

� �
�0:5¼ 1:78

The following LP is solved:

min
u
�1

�5:22u
�1

1 + 1:78u
�1

2 : u
�1

1 + u
�1

5 � 5,u
�1

a � 0

The optimum solution is u
�1

1 ¼ 5,u
�1

5 ¼ 0

MSA update: u21 ¼ 2+ 1
2
5�2ð Þ¼ 3:5,u22 ¼ 3+ 1

2
0�3ð Þ¼ 1:5, resulting

in x1
2¼8.29, x2

2¼1.71, ϕ2¼56.84.
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Due to the computational cost of CNDPs, surrogate-based methods

are especially effective because they are designed for high-dimensional

problems with continuous decision variables (Regis and Shoemaker,

2007). For example, the algorithm proposed in Chow et al. (2010a) is

shown to take only 35% of the time of a genetic algorithm to reach the

best solution found for the Anaheim network with 31 investment links.

Other surrogate-based methods have also been proposed for mixed NDPs

that have both continuous and discrete variables (Chen et al., 2015;

Rodriguez-Roman, 2018).
7.3.3 Activity-Based Network Design
The last class of bilevel NDPs was proposed more recently. Kang et al.

(2013) argue for the importance of evaluating network designs where a het-

erogeneous population of users have demand to schedule their daily activ-

ities (see Chapter 4). Methodologically, activity-based NDPs (AB-NDPs)

are like location routing problems in the location and routing literature (Perl

and Daskin, 1985). Discrete decisions are made by a network design-maker,
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followed by responses in routing to reflect sensitivities in users’ activity

scheduling.

AB-NDPs are important in many applications: locating limited fueling

infrastructure (Kang and Recker, 2014), designing multimodal transport

facilities (Chow and Djavadian, 2015), and designing vehicle-to-grid

(V2G) pricing schedules (Nourinejad et al., 2016), to name a few.

The structure of an AB-NDP is like a discrete NDP. The upper level is a

discrete optimization problem while the lower level is a measure of popu-

lation scheduling responses. The lower level problem can be represented in

several ways.

• Representative sample schedule responses: if there are no capacity or

congestion effects, and only heterogeneity of travelers is needed, a set

of mHAPP models (see Chapter 4) can be solved for each sample house-

hold or individual. An example is shown in Kang et al. (2013).

• Population-level schedule responses with homogeneous taste prefer-

ences: in the case congestion or capacity effects at certain bottlenecks

are desired, a quasidynamic user equilibrium model like in Lam and

Yin (2001) can be applied. An example is shown in Nourinejad et al.

(2016).

• Population-level schedule responses with heterogeneous taste prefer-

ences: in the case where capacity effects are desired as well as individual

variations in scheduling or travel preferences, a mixed logit model of

schedule choice that is calibrated usingmHAPPmodels can be used. This

has not been applied yet, but it was discussed in Chow and Djavadian

(2015).

We expand on the last method. Amodeler is assumed to have calibrated a set

S of mHAPP models beforehand. The AB-NDP then involves finding an

upper level solution such that the followers in aggregate behave within

the capacity effects. A branch and bound method like LeBlanc’s (1975)

can be applied here as well; the difference is that since Braess’ Paradox does

not exist when there is no congestion effect, the lower bound should be

tighter than in the discrete NDP. The customized method is presented in

Algorithm 7.8, althoughmore rigorous testing will need to be done in future

research.



Algorithm 7.8: A Branch and Bound Algorithm for Activity-
Based Network Design With Heterogeneous Population
Inputs: directed activity and infrastructure graphG(N,A),N¼Z[Λwhere

Z are activity zones and Λ¼Λ1[…[ΛM are M transport nodes, link cost

functions ca[xa], a2A, capacities κa on links serving transport nodes, J

schedule alternatives, set S of individuals, set of potential discrete

multimodal projects P (can alter capacity, add links, etc.), budget B, link

investment costs dp, p2P

0. Initiate with i¼1, Ii
0¼{ }, Ii

1¼{ }, Ii¼S, and z¼�∞, fathomed

branches R¼{ }

1. Solve the upper (since this is utility maximization) bound (ϕ with

up¼0, p2 I0, up¼1, p2 I1[ I), set at zi, where i is the node number

in the branch and bound tree (with i¼1 as the root, and its children

are 2i and 2i+1). Objective can be defined as maximizing consumer

surplus (see Small and Rosen, 1981) in Eq. (7.27):

maxϕ¼
X
n2S

1

αn
ln
X
i2J

exp Vin up
	 
	 


Subject to X
p2P

dpup �B (7.27)

where the values of Vin[up] are sampled from the mHAPP models. Because

parameters βn are defined for each sample, there is no need to simulate

probability.

2. Bound: If zi � z, fathom this node’s branches

3. Solve Eq. (7.27) with only the present projects Ii
1 confirmed at node i. If

z< z, update z≔z.

4. Branch: If all nodes are fathomed, stop; Else, for an unclosed node i,

pick a next binary variable a2 Ii, and set I2i
0 ≔ Ii

0[{a}, I2i
1 ≔ Ii

1,

I2i+1
0 ≔ Ii

0, I2i+1
1 ≔ Ii

1[{a}, and I2i≔ Ii\{a}, I2i+1≔ Ii\{a}. If budget is

exceeded for branch j, fathom that branch: R≔R[{j}. Proceed

down an open branch, set that new node as i, and go to step 1.

Outputs: link investments up*, p2P, resulting schedule flows xj*, j2 J

327Network Design



328 Informed Urban Transport Systems
The algorithm is demonstrated in the Exercise 7.15.
Exercise 7.15
Consider the example in Fig. 7.24. There is a budget to locate two identical facilities

among three candidate locations (5, 6, 7) each with a capacity of 100 visitors. Visiting

these facilities yield a utility. Tours originate from two nodes, 1 (pop. 700) and 2

(pop. 300), with a mandatory visit to node 3 and optional visit to node 4 (no

capacity). There are two classes of users, with 50/50 split living in node 1 and a

20/80 split in node 2. Run the initial iteration of Algorithm 7.8 to seek the

welfare maximizing allocation of facilities.

This is a stylized version of activity-based NDP. Arrival times are

ignored; the focus is only on tours. Node 3 represents a downtown work

neighborhood while nodes 4–7 represent optional activities that add

value to a user’s tour. Although there are only two classes representing

the population of 1000, in practice there should be hundreds or

thousands of sample trajectories from many different home zones

representing a population. The two classes differ in the value that the

users place in those secondary activities. Although they are all treated the

same for one class in this example, in practice different activity

destinations may have different values to different people.

First we solve the base alternative where none of the facilities are

available to users.

Node 1, class 1: (1,3, 1), V131,1¼ �8.06, population: 350

Node 1, class 2: (1,3, 4,1), V1341, 2¼ �5.6, population: 350

Node 2, class 1: (2,3, 4,2), V2342, 1¼ �7.14, population: 60

Node 2, class 2: (2,3, 4,2), V2342, 2¼ �4.14, population: 240

Lower bound:
P

n Pn ln
P

i exp Vinð Þ¼�6203

1

1

5.22

3.54

1.80

5.66

4.00

3.61

2.50

3.04

1.80

4.74

4.03

2.55 1.80

4.53

5.41

3.20

2.92 2.50

1.00

1.12

4.03

Cost 2

2

3

4

5

6

7

3 4 5 6 7

Fig. 7.24 Example for Exercise 7.15.



Now we solve the upper bound where all three facilities are available and

the alternative routes are added to the base scenario. The capacity-

constrained mixed logit solution is shown as follows.

Node 1, class 1:

(1,3,1), V131,1¼ �8.06, population: 350

Node 1, class 2:

(1,3,4,1), V1341, 2¼ �5.6, population: 350

Node 2, class 1:

(2,3,4,2), V2342, 1¼ �7.14, population: 60

Node 2, class 2:

(2,3,4,2), V2342, 2¼ �4.14, population: 140

(2,4,5,7,3,6,2), V2457362,2�w5�w6�w7¼12.86�9.44�4.08�3.48¼
�4.14, population: 100 (binding)

Upper bound:
P

n Pn ln
P

i exp Vinð Þ¼�4503

The upper bound consumer surplus assumes that a subset of the 140

population has access to both (2,3,4,2) and (2,4,5,7,3, 6,2). This subset

is based on the outcome that 100 of them would choose

(2,4,5,7,3, 6,2). Because the market share is practically 100%, the subset

itself is also 100.

The lower bound and upper bound solutions after the initial iteration

are shown in Fig. 7.25. Due to the presence of capacities in the three

new nodes, only the class 2 population (with the higher utility per visit)

can use the three nodes. Furthermore, only the class 2 population

residing in node 2 has the convenience to chain node 4 and all the other

nodes together. In solving the lower level problem in the upper bound,

we also produce dual prices for each of the added facility capacities:

w5¼9.44, w6¼4.08, w7¼3.48. This reflects the popularity of node 5 in

more of the routes due to its centrality in location.

One layer of branches would have one branch with y5¼0 and another

with y5¼1, where yj is the decision to invest in node j.

1

3

4

2

1

3

4

5

6

7

2

Lower bound: CS = – 6203 Upper bound: CS = – 4503

350

350

200 100

350

350

200

Fig. 7.25 Lower (0, 0,0) and upper bound (1,1,1) solutions at the root node.
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7.4 NETWORK DESIGN UNDER COEXISTING SYSTEMS

The prior network design models assume network improvements are made

by a single decision-maker without considering other operators in the same

region. This is an important problem in a MaaS system since its definition

implies interactions between multiple operators. Other operators that either

act in direct competition or provide complementary mobility service impact

the decisions of the operator. For example, expansion of a bike-sharing sys-

tem can depend on the design of a nearby public transit service even if they

are not directly competing for service. On the other hand, two e-hail ser-

vices operating in the same region would have to consider the strategies of

their adversary. This section covers different aspects of this setting. Consider

the following definitions of coexistence and interaction.

Definition 7.1 A set G of g networks Gn[Nn,An], 1�n� g, serving commodities

Wn, coexist if there is (a) a nonempty set of commodities Γ�W1\…\Wg for each

network, (b) a nonempty set of nodesΛ�N1\…\Ng, or (c) a nonempty set of links

Υ�A1\…\Ag.

Definition 7.2 Coexisting networks interact if the performance of a network, ϕn,

1�n� g, depends on the strategies of other networks ϕn[y�n], where y�n denotes

decision variables of networks other than n.

Definition 7.1 implies three classes of mechanisms for interaction

between coexisting networks, either based on shared demand, shared nodes,

or shared links. For example, multimodal travelers using multiple transport

services are examples of the first class. Airports where freight and passenger

flows share the same facility are examples of the second class. Link-based

interactions include railways that run freight and passenger services on

the same track, or roadway used by both passenger vehicles and buses.

Definition 7.2 provides a broad definition of interaction that does not

depend on the availability of information to each operator or timing of

decisions made.

Research on interactions between transport network operators emerged in

the 1980s as a period of deregulation in some industries. For example, Harker

(1988) devised a generalized Nash equilibrium model to evaluate the feasibil-

ity of private mass transit markets in the United States. Other types of inter-

actions have also been considered. Yang and Woo (2000) and Zhang et al.

(2011b) proposedNash and Stackelberg gamemodels to evaluate competition

between two toll pricing firms. Adler et al. (2010) examined the interactions

between airlines and high-speed rail in intercity travel. Logi and Ritchie

(2002) tackled coordination between multiple traffic management centers.
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Chow and Sayarshad (2014) introduced the concept of symbiotic network

design in which case two or more agents are not necessarily in direct compe-

tition but their operations do impact one another.

The first part introduces general problems dealing with multiple coex-

isting operators and classifies different categories of problems that arise. Net-

work design games are then introduced as applications of game theory in a

network setting. Lastly, when multiple operators need to work together,

network design problems need to consider privacy awareness in sharing

information between the operators.
7.4.1 Symbiotic Network Design
Broadly speaking, two or more network operators may coexist on the same

network such that their decisions impact one another. Depending on the

type of interaction, different games may ensue. For example, two operators

that compete within the same time horizon for passengers may be viewed as

a Nash game. On the other hand, there may be interactions where there is a

sequence of multiple decisions, different time scales in decisions (e.g., one

decision-maker makes one tactical decision while another makes multiple

decisions in that same time frame), different degrees of information sharing,

and more, that makes it difficult to have consistent approach to analyzing

policies that relate to these interactions.

Chow and Sayarshad (2014) proposed a more general framework in

which the impacts of interactions between operators can be quantified so

that, evenwithout having to evaluate the interdependencies of the decisions,

one can classify those decisions and provide guidance on policies such as sub-

sidization, integrated fares, integrated schedules and transfers, shared user

information, or shared facilities, among others.

The framework is based on the use of multiobjective optimization and

Pareto optimality techniques to classify operator strategies under a frame-

work of symbiosis. Multiobjective optimization is normally applied to a sin-

gle decision-maker facing multiple objectives in an optimization problem,

resulting in the need for dominance criteria like Pareto optimality to com-

pare solutions (see Current and Marsh, 1993; Mordukhovich, 2004; Chow

and Regan, 2014). Symbiosis is a biological phenomenon that refers to the

coexistence of two different living organisms that form persistent associa-

tions (see Douglas, 2010). Examples of symbiosis in nature include sea anem-

ones and hermit crabs, African oxpeckers with herd mammals, and bees and

orchids. In the context of network design, symbiosis takes on the following

interpretation.
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Definition 7.3 Coexisting networks are symbiotic if changing the design of one

network from one state to another changes the performance of the other coexisting net-

works. Symbiotic networks are purely mutualistic if changing the design of one network

to improve (degrade) its performance results in an improvement (degradation) in the

other coexisting networks. Symbiotic networks are parasitic if changing the design

of one network to improve (degrade) its performance results in a degradation (improve-

ment) in the other coexisting networks.

The symbiotic extension of Eq. (7.1) is shown in Eq. (7.28).

min
x,y

ϕ1 x, y1; y2,…, yg
	 


…

min
x,y

ϕg x, yg; y1,…, yg�1

	 
 (7.28a)

Subject to
X
j2Nn

xmij �
X
j2Nn

xmji ¼
wm, i¼O m½ �
�wm, i¼D m½ �, 8m2M

0, otherwise

8<
: (7.28b)

xij �
X
m2M

xmij �Kijyijn, 8 i, jð Þ 2A, 1� n� g (7.28c)

x, ynf g1�n�g

� �
2 S (7.28d)

xmij � 0, yijn 2 0, 1f g, 8 i, jð Þ 2A,m2M (7.28e)

Interactions within this framework that are interpreted as specific types of
games have specific constraints sets S. The symbiotic framework can then be

used to identify the type of relationship that a strategy falls under, as illus-

trated in the regions of the Pareto optimal set in Fig. 7.26.

In the figure, two symbiotic operators are illustrated, designated as a Host

and a Guest, both seeking to minimize objective values from an initial state

that they share. A design strategy proposed by the Guest can be parasitic to

the Host if it improves the Guest at the Host’s expense. Solutions on the

mutualistic strategies are attainable in a cooperative environment. If the

two operators are noncooperative and information is not readily shared, then

dominated strategies may be produced. As an example, in the Prisoner’s

Dilemma the Nash equilibrium constraint imposed on the choices of the

two prisoners results in a Pareto optimal solution at the worst option. This

is because the other three choices are simply not feasible solutions as defined.



(A) (B)
Fig. 7.26 (A) Regions for classifying symbiotic network design strategies and (B) impact
of network expansion and contraction. (Source: Chow and Sayarshad, 2014.)
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The framework allows network operators to negotiate. If the Guest

operator considers a parasitic strategy, the Host operator may counter with

modifications to that strategy to keep the solution mutualistic. These coun-

ters include infusing the investment with a subsidy or in proposing a fare

bundling policy where a mutualistic strategy can be attained. The frame-

work is illustrated in Exercise 7.16 from Chow and Sayarshad (2014).
Exercise 7.16
Consider the example in Fig. 7.27 originally analyzed by Zhang et al. (2011b).

There are two operators, α and β, each managing three nodes. Four pairs of OD

demand are served: (2,1), (2,6), (5,1), (5,6). If both operators seek to

maximize social welfare of their own residents by imposing tolls—operator α on

link 2, operator β on link 7—there are four scenarios that arise. When there are

no tolls, the social welfare (SWα,SWβ) is (7.398�107,1.137�108). If only

operator α implements an optimal toll for itself, the social welfare is

(7.687�107,1.127�108). If both operators implement tolls competitively, the

unique Nash equilibrium lies at (7.671�107,1.164�108). If the two operators

cooperate, they get (7.670�107,1.165�108). Plot these strategy objective

values in the multiobjective objective space and discuss using the symbiotic framework.



The solutions are plotted in the objective space and shown in Fig.7.28.

Several conclusions can be made. When considering only the toll pricing of

one operator, the strategy is parasitic to the other operator. If operator α
were to consider this strategy, operator β may counter either by setting

their own toll or by some other strategy. Two-region competition is

mutualistic in this example and quite close to the cooperative strategy.
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Fig. 7.28 Objective space of the alternative solutions. (Source: Chow and
Sayarshad, 2014.)
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Fig. 7.27 Example network for Exercise 7.16.
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7.4.2 Network Design Games
Network design games refer to the diverse group of problems within network

design involving theequilibriumofcooperativeornoncooperative interactions

betweenoperators.Due to the fragmentednatureof differentNDPs, gamevar-

iants haveemerged specifically tuned to those subproblems.For example, com-

petitive facility locationwas studied as early as inHotelling (1929).These games
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involvemultiple decision-makers setting facilities acknowledging that compet-

itors’ decisions will impact the outcome. Ghosh and Craig (1983) considered

competitive facility location under a dynamic setting where competitors relo-

cate in response tonewstrategic locations.DePalmaet al. (1989) added random

utilities to the demand. Mallozzi (2007) considered multiple competitors with

multiple facilities. In a survey by Plastria (2001), the difference between simul-

taneous entry games and sequential entry games is distinguished.

On the spanning tree front, many of the studies focus on cooperative

games. Bird (1976) applied cooperative game theory to allocate costs to dif-

ferent network operators choosing to share their built links with the coali-

tion. Cardinal et al. (2011) considered a Stackelberg game variant where one

player sets prices to lease out usage of their portions of a tree while the fol-

lower player then optimizes a minimum spanning tree in response. Cost

allocation on Steiner tree games has also been considered (Megiddo, 1978).

A similar history of research occurred for network flow problems, where

cooperative games were proposed for networks in which one multiple oper-

ators owned different links in the network. A coalition that forms between

these operators is used to allow flow from an origin to destination. Examples

include Kalai and Zemel (1982), Granot and Granot (1992), Markakis and

Saberi (2005), and Potters et al. (2006). The focus of these studies has been

on tight regions for stability in such games, such as the nucleolus, and on

expanding it to different variations of network flow problems.

In the case of bilevel network design games, Harker (1988) showed that

noncooperative games between multiple transit operators cannot guarantee

unique equilibria. Fernandez and Marcotte (1992) used a quasivariational

inequality formulation to obtain solutions. Applications have been studied

for frequency setting (Zubieta, 1998), fare setting (Zhou et al., 2005), fleet

sizing (Li et al., 2008), and market entry and exit strategies (Li et al., 2012b).

A good example to illustrate the complexity of the noncooperative NDP

is in competitive toll road capacity and price design for two operators m and

n handling single links each, in Yang andWoo (2000). Suppose the toll price

τi for operator i’s link is incorporated into the elastic demand variant of the

Beckmann formulation as shown in Eq. (7.29), where ti is the travel time on

operator i’s toll road, yi is a capacity parameter (e.g., the denominator in the

BPR function), xi is the link flow, β is a conversion of tolls to travel time

savings, qw is a demand for OD w2W, Dw
�1 is an inverse of the demand

function Dw[uw], and uw is the generalized travel cost for OD pair w2W.

min
X
a

Zxa
0

ta ω½ �dω+
X
i

Zxi
0

ti ω, yi½ �+ βτið Þdω�
X
w

Zqw
0

D�1
w ω½ �dω

(7.29)



336 Informed Urban Transport Systems
Operator i’s objective function and capacity construction cost function
are captured by Eqs. (7.30a) and (7.30b), respectively. The term κ is a pro-
portionality parameter.

max
τi,yi

πi τ, y½ � ¼ xi τ, y½ �τi�αIi yi½ � (7.30a)

Ii¼ κt0i yi (7.30b)

Under Nash equilibrium for the two operators, Eq. (7.26) would impose
the user equilibrium constraints in set S as well as first-order conditions for

each firm obtained from their individual objective functions (Eq. (7.26a)). In

this example shown in Exercise 7.17, a base network may be altered to have

either toll roads operated by the competitors in a “substitutable” fashion or

in a “complementary” fashion.
Exercise 7.17
(Yang andWoo, 2000). For each of the two network scenarios shown in Fig. 7.29,

identify one set of stable equilibria capacities, tolls, resulting profits, and welfare gain.

One set of equilibria is shown for each scenario in Table 7.7. As this

solution shows, the profits of the operators can vary significantly

(A)

(B)

a

Link t0_a [h] C_a [vph]

0.4 3000
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4000

–

–

–

–

0.6

0.8

0.4

0.3

0.4

1

b

c

m1

m2

n2

n1

Fig. 7.29 Example with (A) substitutable toll roads and (B) complementary toll
roads.



depending on the design. Neither operator is at their desired maximum

profit and the suboptimal welfare gain due to competition is also noted.

Table 7.7 Example equilibrium solutions
Substitutable
(A)

Complementary
(B)

Capacity Operator m 6401.00 3798.10

Operator n 5000.10 7301.00

Toll Operator m 16.00 9.20

Operator n 17.90 18.70

Profit Operator m 18,907.85 12,908.96

Operator n 39,463.99 62,711.04

Welfare gain (%SO) 229,904.30 (79%) 296,352.00 (98%)

Social optimum (SO) 291,813.20 302,840.70
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7.4.3 Privacy-Aware Network Design
In a symbiotic network setting such as smart cities, collaboration between

operators without sacrificing competitive privacy of one’s data is an impor-

tant topic. Network design problems are only as useful as the input param-

eters. Those parameters, in turn, depend on distributed input data shared by

other private operators in a MaaS setting. With competitive privacy aware-

ness, data may be filtered through a third-party platform to other parties in

exchange for shared usage of the platform for feeding one’s own operations.

Data would be treated as secure commodities that operators trade with each

other in an anonymized format, using systems similar to cryptocurrency plat-

forms. Learning and privacy control models (see Chapters 5 and 6) may be

used to maximize usage of the data without sacrificing a platform contrib-

utor’s privacy. An example is to use the private data shared by multiple oper-

ators to train a neural network model without sharing that data across the

platform to other operators. In turn, each operator makes use of the trained

model as their data inputs (e.g., Chen and Zhong, 2009; Bansal et al., 2011).

It has been shown to have significant application in the healthcare industry

due to privacy concerns in medical records.

As far as methods for privacy-aware network design, this remains an open

problem. However, given its importance, this section is used to highlight

some near-term research questions that should be addressed.
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• Since privacy control for sharing data from private operators depend on

needs of public agencies (the Δ in Chapter 6), there needs to be an inte-

grated network design model where input parameters are functions of

distributed databases with the Δ as a decision variable.

• There also needs to be an understanding of the value of privacy as this

varies by operator and user. Some initial efforts (Savage and Waldman,

2015; Hirschprung et al., 2016) suggest a wide range of values that also

depend heavily on context.

• For multiple operators considering sharing data, there needs to be a

cooperative game model in which data is explicitly valued. In such a sce-

nario, the benefit to having a shared database formed from a data sharing

coalition may be greater than the risk of loss of data privacy.

• Cryptocurrency system designs should be investigated for constructing a

data-oriented platform for MaaS. The platform should include a learning

model so that the sum is greater than the parts.

• Privacy-aware network design algorithms need to be evaluated in terms

of statistical reliability as it scales with availability of data, similar to how

computational performance is measured.
RESEARCH AND DESIGN CHALLENGES

The following are open-ended challenges that sometimes refer to real data

sets. Readers are encouraged to try to tackle the problems, and post their

designs or solutions on the following GitHub page, https://github.com/

BUILTNYU/Elsevierbook/tree/master/Chapter%207.

(7.1) Download the set of stops from a local bus network of your choice

(https://transitfeeds.com/). Write a program for Algorithm 7.1 and

apply it to the bus stops. Create a set of routes from the MST. Find

ridership numbers for the stops (e.g., in NYC the daily route level

bus ridership can be found at http://web.mta.info/nyct/facts/

ridership/#chart_b, from which estimated stop-level ridership

can be assumed). For these routes, assign frequencies using Eq.

(7.16). Compare the networks and sample travel times for random

stop pairs. For automated travel time queries, you can use the fol-

lowing code: https://github.com/BUILTNYU/Google-Map-

API-Query-Program-and-Documentation.

(7.2) Write a program for Algorithm 7.2 to solve TSPs. Test it on a tour

of the 59 national parks in the United States (http://www.

randalolson.com/2016/07/30/the-optimal-u-s-national-parks-

centennial-road-trip/).

https://transitfeeds.com/
http://web.mta.info/nyct/facts/ridership/#chart_b
http://web.mta.info/nyct/facts/ridership/#chart_b
https://github.com/BUILTNYU/Google-Map-API-Query-Program-and-Documentation
https://github.com/BUILTNYU/Google-Map-API-Query-Program-and-Documentation
http://www.randalolson.com/2016/07/30/the-optimal-u-s-national-parks-centennial-road-trip/
http://www.randalolson.com/2016/07/30/the-optimal-u-s-national-parks-centennial-road-trip/
http://www.randalolson.com/2016/07/30/the-optimal-u-s-national-parks-centennial-road-trip/
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(7.3) Pick out a food type of your preference (Chinese, Italian, etc.). Use

Yelp (https://www.yelp.com/) to query the top 10 locations in

your vicinity and 10 dessert locations. Formulate a problem to visit

one of each set of destinations to minimize travel time while max-

imizing accrued Yelp ratings. Try different weight values between

the two objectives and interpret the resulting solutions.

(7.4) Implement Algorithm 7.3 to solve VRPs. Test the code on several of

Solomon’s test instances forVRPs (onehost site is at SINTEF:https://

www.sintef.no/projectweb/top/vrptw/solomon-benchmark/100-

customers/).

(7.5) Randomly generate 8 nodes on a 10 by 10 unit Euclidean space and

randomize the demand from each node between 1 and 10units.

Find a p-median solution for three facilities using the integer pro-

gramming formulation and compare that to Algorithm 7.4.

(7.6) For the solution of the randomly generated example in Challenge

7.5, suppose in the next period the demand for the 8 nodes are

changed to a new set of randomly generated values between 1

and 10. Find an optimal relocation plan using the formulation in

Eqs. (7.11) and (7.12) where θrij is set equal to the Euclidean

distance.

(7.7) Develop an online program using Eq. (7.13) to direct idle e-hail

vehicles to zones to minimize the amount of time it takes to match

with a customer. For a given set of zones, request data in each zone

is available from prior periods. This information is used to approx-

imate the demand in a current period. Service rate μj is the number

of passenger pickups in each zone per period. The vehicles in each

zone are treated as servers. As the size of the problem may be quite

large, assume an LP relaxation of the model (see Sayarshad and

Chow, 2017).

(7.8) Based on the smart card data in http://www-users.cs.umn.

edu/�tianhe/BIGDATA/, use the OD demand data to design fre-

quencies using the same total fleet size. Is the solution the same?

(7.9) For the same data set in Challenge 7.8, apply Algorithm 7.5 to gen-

erate a new set of routes and obtain a solution to Eq. (7.18).

(7.10) Program Algorithm 7.6 and run it to solve the discrete network

design problem for the Sioux Falls network (https://github.com/

bstabler/TransportationNetworks) in the same way conducted by

LeBlanc.

https://www.yelp.com/
https://www.sintef.no/projectweb/top/vrptw/solomon-benchmark/100-customers/
https://www.sintef.no/projectweb/top/vrptw/solomon-benchmark/100-customers/
https://www.sintef.no/projectweb/top/vrptw/solomon-benchmark/100-customers/
http://www-users.cs.umn.edu/~tianhe/BIGDATA/
http://www-users.cs.umn.edu/~tianhe/BIGDATA/
http://www-users.cs.umn.edu/~tianhe/BIGDATA/
https://github.com/bstabler/TransportationNetworks
https://github.com/bstabler/TransportationNetworks
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(7.11) For the same Sioux Falls network with continuous design variables,

compare the solution of the IOA approach from Steenbrink (1974)

with Algorithm 7.7. Show how one solution is a Cournot-Nash

equilibrium and the other is a Stackelberg equilibrium.

(7.12) For the synthesized region in Challenge 4.9, formulate an NDP that

either improves capacity or adds new links and/or station to a sys-

tem. Use Algorithm 7.8 to optimize the AB-NDP.

(7.13) Design one coexisting networks example involving parking garages

setting their capacities and prices along with a bus operator. Is the

relationship between the two mutualistic or parasitic? Propose one

interaction strategy between the two and evaluate the strategy.

(7.14) Consider the PATH train and the NYCT subway lines that connect

directly to the PATH train in NYC. Model their timetabling deci-

sions and integrated fare package as a network flow game that takes

transfers into account. Is there a stable outcome for them to

cooperate?

(7.15) Formulate a privacy-aware NDP and construct an example to illus-

trate its solution.



CHAPTER 8

Network Portfolio Management
8.1 INTRODUCTION

Chapter 7 introduced network design methods, which are essentially

resource allocation problems in a network setting.While resource allocation

problems are notoriously difficult in a network because of the inherent

dependencies between allocation decisions, they become even more com-

plex under a setting of uncertainty. Nevertheless, with smart cities and real-

time information afforded by the Internet of Things (IoT), the ability to

effectively allocate resources in a network using real-time data under uncer-

tainty is more urgently demanded than ever before. Prominent examples in

urban transport include fleet management for MaaS (routing, dispatch, idle

vehicle rebalancing), adaptive traffic control, bus bunching operations, and

urban freight information systems. This chapter deals with such decisions,

often made dynamically, under an uncertain environment.

Systematic management of multiple projects over time is called

“portfolio management.” More specifically, Cooper et al. (1998) define

portfolio management as follows.

Definition 8.1 (Cooper et al., 1998). Portfolio management is a dynamic

decision process, whereby a business’s list of active new products (and R&D) projects

is constantly updated and revised. In this process, new projects are evaluated, selected,

and prioritized; existing projects may be accelerated, killed, or deprioritized; and

resources are allocated and reallocated to the active projects. The portfolio decision pro-

cess is characterized by uncertain and changing information, dynamic opportunities,

multiple goals and strategic considerations, interdependence among projects, and mul-

tiple decision-makers and locations.

Portfolio management and dynamic decision processes, in general, are

highly complex. Due to this complexity and reach, different disciplines have

focused on aspects of this problem. For example, mechanical and electrical

engineers study control theory, which focuses on continuous time and deci-

sions with stationary random variables. In finance and project management,

real options theory emphasizes timing and value of decisions with nonsta-

tionary random variables. In operations research, stochastic optimization
341
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emphasizes large-dimensional decision variables but tends to limit the ran-

dom processes to simple discrete distributions (Powell, 2011).

Many of these subfields in portfolio management also assume that infor-

mation is exogenous to the dynamic decision-making. However, this is not

the case in smart cities. Autonomous vehicles act as both service providers

and sensors; dispatch and routing decisions therefore should affect informa-

tion availability in the future. Similarly, many data-driven services

(e.g., location-based services or mobility-on-demand) rely on data from

users, but allocating too much of the effort to exploration could limit the

effectiveness of providing good service to those users. For example, a

mobility-on-demand service needs to predict a user’s travel preferences,

and efforts to learn those preferences by using surveys or recommender sys-

tems (Adomavicius and Tuzhilin, 2005) to offer options to users may require

testing out unknown preferences at the risk of poor performance. This is due

to the fundamental trade-offs that need to be made between exploration and

exploitation (Powell and Ryzhov, 2012). This chapter touches upon that

subject as well.
8.2 DECISION-MAKING UNDER UNCERTAINTY

Uncertainty deals with variables where partial or incomplete information is

available, at least up until some point in time, and typically involves decisions

that need to be made under that setting. It includes fuzzy variables that deal

with the possibility of events and stochastic processes that deal with proba-

bilities (see Allahviranloo et al., 2014). Given such an immense topic, we

focus only on stochastic processes and pertaining to the decision theory.

An example of a stochastic variable is shown in Fig. 8.1.

Many decisions are made prior to the realization of uncertainty. Fig. 8.1A

and B shows the probability density function and cumulative distribution

functions of a random variable that has a triangular distribution. More

complex variants involve functions of random variables and the outcome

of prior decisions.

A classic example of decision-making based on a stochastic variable is the

newsvendor problem (Arrow et al., 1951). In the problem, demand D is a

random variable with a cumulative distribution function FD[d], q is the deci-

sion for stock quantity, c is the unit cost of production, and p is the price sold.

If the realized demand d is less than the stock, then the revenue is pd. When

demand is greater than the stock, the revenue is pq. The expected profit is

E[P]¼E[pmin[q,D]]� cq.
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Fig. 8.1 Examples of stochastic variables: (A) a probability density function of a random
variable with a triangular distribution and (B) corresponding cumulative distribution
function of triangular distribution.
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In the marketing literature the optimal stock quantity is known to be set

based on the “critical fractile” as shown in Eq. (8.1). Exercise 8.1 illustrates

this concept.
Exercise 8.1
Consider the example CDF in Fig. 8.1B. If that represents demand FD, and

c¼$10 and p¼$15, determine the optimal stock and expected profit.

The optimal stock quantity should be:

q∗ ¼ F�1
D

1

3

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3

� �
70ð Þ

s
¼ 4:83



The expected profit when fD[x] is the triangular distribution from 0 to

10 with peak at 7 and q*<7 is:

E P∗½ � ¼
Zq∗

0

px� cq∗ð ÞfD x½ �dx+
Z10

q∗

pq∗� cq∗ð ÞfD x½ �dx¼ 11:961

The first term captures the case when there is enough stock to cover

demand (and turns out to equal zero in the optimum), and the latter

term is for the case when demand exceeds supply.
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q∗¼F�1
D

p� c

p

� �
(8.1)

Any decision problem needs to deal with three elements: the random
state variables that describe the state of the system, control variables (actions)

that the decision-maker sets, and a policy that the decision-maker uses to set

control variables based on the state of the system. An optimal policy is one

where the expected value of the objective is optimized over all possible states

and likelihoods. In the example in Exercise 8.1, the stock quantity is the

control variable, the demand is a state variable, and the optimal policy is

to set the stock quantity based on Eq. (8.1). A suboptimal policy for this

example could have been “q¼ 10
3
regardless of state,” for example.

If the decision is repeated multiple times using new and independent

outcomes of D, each time the revealed value of the decision will vary.

For example, in one instance dt¼2, in which case the realized profit ϕt is

ϕt¼30�4.83(10)¼ �18.3. The policy is optimal because if the event is

performed multiple times, as it approaches infinity the expected profit,

limT!∞
1
T

PT
t¼0ϕt

� �
, is optimized.

In more complex decision problems, the state variable at time t is depen-

dent on the state variable in the previous time t�1. These are called sequen-

tial decision problems. In such problems, the sequential state dependency is

modeled with a state transition function St+1¼SM[St,at,Wt+1], where

St is a state at step t, at is the action or control taken at step t, and Wt+1 is

newly received exogenous information.

The optimal policy problem is to select a policy π such that the expected

value over all relevant time steps T is maximized, that is, Eq. (8.2) (Powell,

2011), where γt is a discount rate at step t and At
π is the optimal action under

policy π as a function of the state St.

max
π

Eπ
XT
t¼0

γtϕπ
t St,A

π
t St½ �	 
" #

(8.2)
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Bellman’s (1957) efforts to simplify sequential problems using recursive

functions can be applied to Eq. (8.2). In this case, the recursive form of Eq.

(8.2) conditional on state St, called the Bellman Equation, is shown in Eq.

(8.3) as an optimal policy.

Vt St½ � ¼ max
at2At

ϕt St, at½ �+ γE Vt+1 St+1 St, at,Wt+1½ �½ �j St½ �ð Þ, t<T (8.3)

The optimal policy seeks an action at at time step t to maximize the value
Vt, which depends on the sum of the immediate payoff ϕt and a discounted

conditional expectation of Vt+1 given St. The strategy to solving Eq. (8.3)

depends on if the horizon T is finite or infinite. For example, an infinite

horizon problem may involve finding a fixed point for Vt and using that

to determine the optimal action. In a finite horizon problem, a typical strat-

egy is to start from step T and proceed backwards to get the optimal decision

at t. Let us demonstrate the fixed horizon problem with Exercise 8.2.
Exercise 8.2
Consider a server allocation problem over two periods (T¼1) with no discounting

to minimize total user delay. There are three servers available to assign to one of two

queues, where sti is the number of servers at queue i in period t. Users choose which

queue to enter simultaneously as the server allocation decision in that period; once

chosen, the user does not have the option to switch or balk. In the initial period,

two users are equally likely to choose either queue to be served, where nti is the

number of users choosing queue i in period t. Let wti be the average delay

experienced at queue i in period t, and set equal to wti ¼ nti
sti
, sti > 0, and

wti¼10 if sti¼0. In subsequent periods users choose a queue probabilistically

based on the delays reported in the previous period:

Pr ij i, jf g½ �t+1 ¼ 1

1+ exp wti�wtjð Þ. Using Eq. (8.3) determine the optimal

decision at the first period.

In this problem, the decision of the operator in the first period signals to

the users for the second period decision. In each period, there are three user

states: {(0, 2), (1,1), (2,0)}. For each user state there are four decisions for

server allocation: {(0, 3), (1,2), (2,1), (3, 0)}. If a backward recursion is

sought, we need to first determine the delays for the 12 combinations of

action and state:

1 : n1 ¼ 0, 2ð Þ, s1 ¼ 0, 3ð Þ :w1 ¼ 10,
2

3

� �
! Pr 1½ �2 ¼ 0, Pr 2½ �2 ¼ 1

2 : n1 ¼ 0, 2ð Þ, s1 ¼ 1, 2ð Þ :w1 ¼ 0, 1ð Þ! Pr 1½ �2 ¼ 73%, Pr 2½ �2 ¼ 27%

3 : n1 ¼ 0, 2ð Þ, s1 ¼ 2, 1ð Þ :w1 ¼ 0, 2ð Þ! Pr 1½ �2 ¼ 88%, Pr 2½ �2 ¼ 12%



4 : n1 ¼ 0, 2ð Þ, s1 ¼ 3, 0ð Þ :w1 ¼ 0, 10ð Þ! Pr 1½ �2 ¼ 1, Pr 2½ �2 ¼ 0

5 : n1 ¼ 1, 1ð Þ, s1 ¼ 0, 3ð Þ :w1 ¼ 10,
1

3

� �
! Pr 1½ �2 ¼ 0, Pr 2½ �2 ¼ 1

6 : n1 ¼ 1, 1ð Þ, s1 ¼ 1, 2ð Þ :w1 ¼ 1,
1

2

� �
! Pr 1½ �2 ¼ 38%, Pr 2½ �2 ¼ 62%

7 : n1 ¼ 1, 1ð Þ, s1 ¼ 2, 1ð Þ :w1 ¼ 1

2
, 1

� �
! Pr 1½ �2 ¼ 62%, Pr 2½ �2 ¼ 38%

8 : n1 ¼ 1, 1ð Þ, s1 ¼ 3, 0ð Þ :w1 ¼ 1

3
, 10

� �
! Pr 1½ �2 ¼ 1, Pr 2½ �2 ¼ 0

9 : n1 ¼ 2, 0ð Þ, s1 ¼ 0, 3ð Þ :w1 ¼ 10, 0ð Þ! Pr 1½ �2 ¼ 0, Pr 2½ �2 ¼ 1

10 : n1 ¼ 2, 0ð Þ, s1 ¼ 1, 2ð Þ :w1 ¼ 2, 0ð Þ! Pr 1½ �2 ¼ 12%, Pr 2½ �2 ¼ 88%

11 : n1 ¼ 2, 0ð Þ, s1 ¼ 2, 1ð Þ :w1 ¼ 1, 0ð Þ! Pr 1½ �2 ¼ 27%, Pr 2½ �2 ¼ 73%

12 : n1 ¼ 2, 0ð Þ, s1 ¼ 3, 0ð Þ :w1 ¼ 2

3
, 10

� �
! Pr 1½ �2 ¼ 1, Pr 2½ �2 ¼ 0

For each of these 12 branches, we can now determine the probabilities

for each of the three user states and select the action that minimizes expected

delay, where expected delay is ϕt ¼
P

s2St ps nt1wt1 + nt2wt2ð Þ and ps is

probability of a state occurring. This is presented in Table 8.1.

The optimal policy for the operator is to allocate either to (1,2) or (2,1)

in the initial period. This results in only branches {2, 3, 6, 7, 10, 11} being

active for the second stage. Depending on the choices of the users, the

operator would choose either (1,2) or (2,1) again.

The second period decisions based on (0,3) or (3,0) outcomes in period 1

have better performance than the other period 2 branches. However, the cost

in the first periodϕ1* is too risky to beworth signaling to the passengers to keep
those branches open. If the penalty cost of havingno serverwas lower, then it is

potentially better to seek either (0,3) or (3,0) as solutions instead.
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The example illustrates a well-known issue in sequential decision prob-

lems: as the number of dimensions in the problem increases, the computa-

tional complexity increases exponentially. Powell (2011) calls the issue the

three curses of dimensionality.

Definition 8.1 (Powell, 2011). The three curses of dimensionality with

sequential decision problems involve:

• State space: if the state variable St has I dimensions, and if Sti can take on

L possible values, then there may be LI different states.

• Outcome space: The random variable Wt may have J dimensions. If Wtj can take

on M outcomes, then the outcome space may take on up to MJ outcomes.
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• Action space: The decision vector xt might have K dimensions. If xtk can take on

N outcomes, the feasible space may involve NK options.

Powell (2011) describes four broad categories of policies with varying treat-

ment of the curses of dimensionality. For the approximation categories, the

types of methods can further break down into lookup table policies, para-

metric policies, and nonparametric policies.

• Myopic policies: no look-ahead

• Look-ahead policies: directly solving an approximation of the problem

over a rolling horizon, for example, tree search, rollout heuristics

• Policy function approximations: using an approximation function to

mimic the desired policy, for example, Q-learning uses lookup tables

to assign rewards to state-action pairs

• Value function approximations: using an approximation function to esti-

mate the value function to solve the Bellman equation based on it

For example, the Least Squares Monte Carlo simulation (LSM) from

Longstaff and Schwartz (2001) discussed later is a value function approxima-

tion method that uses nonparametric kernel regression to estimate the

expected value on an independently sampled path.

Sequential decision problems also work for stochastic processes.

A stochastic process is a function of time and may exhibit nonstationary

mean and variance. A classic example of a stochastic process is the random

walk. An agent starts at x¼0 at time t¼0, and each unit of time there is a

50% probability of increasing x by one or decreasing it by one. The random

variable Xt is the location of the agent after t units. Although the expected

value remains 0 for all t>0, the variance increases over time. Stochastic pro-

cesses where the expected value does not change but the variance increases

over time are called martingales. Martingales are used to explain the concept

of “gambler’s ruin,” where strategies to increase bets to compensate for prior

losses eventually lead to a gambler’s loss if they have a finite pool to bet from.

The following discussion is drawn from Øksendal (1992).

One type of martingale is the Wiener process W[t], which is also a limit

of the random walk as the size of each time step approaches zero. It is a type

of L�evy process, which is a stochastic process with independent stationary

increments. In other words, the outcome of one increment in the Wiener

process at time t is independent of the outcome at any other time s 6¼ t.

A Wiener process exhibits the following properties: W[t]�W[s], t> s, is

Gaussian with mean of 0 and variance t� s.

Brownian motion is a type of Wiener process that includes deterministic

trends defined by a linear drift rate. It can be expressed as a stochastic



Table 8.1 Summary of solution for Exercise 8.2
1 2 3 4 5 6 7 8 9 10 11 12

a2* (0,3) (2,1) (2,1) (3,0) (0,3) (1,2) (2,1) (3,0) (0,3) (1,2) (1,2) (3,0)

V2* 1.33 1.65 1.77 1.33 1.33 1.70 1.70 1.33 1.33 1.77 1.65 1.33

(0,3) (1,2) (2,1) (3,0)

ϕ1 10.50 2.25 2.25 10.50

V1 11.83 3.96 3.96 11.83
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differential equation (SDE) inEq. (8.4a) and as a geometric Brownianmotion

(GBM) in Eq. (8.4b). The drift μ parameter determines the trend of themean

over time. The volatility σ parameter determines howmuch the process may

fluctuate over time. The term dW is an increment in a Wiener process.

dX ¼ μ dt+ σ dW (8.4a)

dX ¼ μX dt+ σX dW (8.4b)

In GBM, X[t]�X[s], t> s, is lognormally distributed. A GBM trajectory
over time is illustrated in Fig. 8.2. Two realizations of the stochastic process

are simulated from an initial value of x[0]¼100 and μ¼0.1, σ¼0.4. The

realizations are shown for t¼ [0,5] followed by a projection of the expected

value and 95% confidence interval of the distribution for t¼ (5,6]. The ana-

lytic solution to Eq. (8.4b) can be obtained using the Ito integral resulting in

Eq. (8.5).

X t½ � ¼X 0½ �exp μ�σ2

2

� �
t + σW t½ �

� �
(8.5)

The expected value of this process is E[X[t]]¼X[0] exp(μt) and the var-
iance is Var[X[t]]¼X[0]2 exp(2μt)(exp(σ2t)�1). The probability density

function forX is defined in Eq. (8.6). The GBMparameters can be estimated

using the maximum likelihood method.

fX x; μ, σ, x0, t½ � ¼ 1ffiffiffiffiffi
2π

p 1

xσ
ffiffi
t

p exp �
lnx� lnx0� μ�σ2

2

� �
t

� �2

2σ2t

0
BBB@

1
CCCA
(8.6)

Trajectories are simulated by applying Eq. (8.7) recursively forward in
discrete time steps of size h, where zt is a random draw from a standard nor-

mal variate.

x t+ h½ � ¼ x t½ �exp σ
ffiffiffi
h

p
zt + μh

� �
(8.7)

The GBM is used as the underlying state variable for sequential decision
problems involving states that span a range of continuous values over long

periods of time, such as population or demand growth for a technology. In

addition to the GBM, other stochastic processes include the Ornstein-

Uhlenbeck (O-U)process, also called amean-reverting process, and thePois-

son jump process for modeling discrete jumps in state variables. The O-U
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Fig. 8.2 Examples of stochastic processes: (A) first and (B) second instances of a
simulation (t¼ [0,5]) and projection (t¼ (5, 6]) of a geometric Brownian motion with
μ¼0.1, σ¼0.4.
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process is a stationary process that is designed for variables that have fluctua-

tionswith somedegreeof inertia but donot tend todiverge froma fixedvalue.

These include hourly or daily traffic patterns, weather, and other similar

events. The SDE for theO-Uprocess is shown in Eq. (8.8), where θ is amean

reversion rate, μ is the long-term mean, and σ is the volatility.

dx¼ θ μ�xð Þ dt+ σ dW (8.8)
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The solution to Eq. (8.8) is given by Eq. (8.9) along with the expected
value and variance in Eqs. (8.10a) and (8.10b) (see Tsekrekos, 2010).

x t½ � ¼ x 0½ �exp � θ+
1

2
σ2

� �
t+ σW

� �
+

θμ

θ+
1

2
σ2

1� exp � θ+
1

2
σ2

� �
t

� �� �

(8.9)

E x t½ �½ � ¼ μ+ x 0½ ��μð Þexp �θtð Þ (8.10a)

Var x t½ �½ � ¼ μ2σ2

2θ�σ2

� exp �2θtð Þ x 0½ ��μð Þ2 + 2μσ2 x 0½ ��μð Þ
θ�σ2

exp �θtð Þ

+
2θ2 x 0½ ��μð Þ2�θσ2x 0½ � 3x 0½ ��2μð Þ+ σ4x 0½ �2

θ�σ2ð Þ 2θ�σ2ð Þ exp � 2θ�σ2
� �

t
� �

(8.10b)

Stochastic processes are used to model sequential decision problems
where the underlying state variables are dependent on prior values and rep-

resent continuous, real numbers. One such problem is the optimal stopping

problem: as a decision-maker monitors a state variable over time, at what

point should they decide to make an irreversible decision with asymmetric

costs? A stop can mean investing in a high cost capital investment or tech-

nology, stopping a program with high start-up costs, switching an operation

with high switching costs, and so on.

Before discussing in further detail in the next section, we present a classic

example of the optimal stopping problem: the secretary problem. In this

problem, an employer is looking to hire the best secretary out of n candidates

but must interview each sequentially and decide after the interview whether

to stop the search and hire that candidate (see Bruss, 1984). It is assumed

that each candidate can be ranked unambiguously once interviewed relative

to other candidates interviewed thus far. The objective is to design a

policy that would maximize the expected ranking of the applicant from

the group.

It is found that the best policy is to reject the first n
e
applicants, and then

accept the first applicant afterward that is better than all prior candidates.

This policy can find the top candidate 37% of the time regardless of the num-

ber of applicants. Bruss (1984) provides a proof of the optimal policy.
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8.3 OPTIMAL TIMING UNDER UNCERTAINTY: REAL
OPTIONS METHODS

For more complex optimal timing problems involving stochastic processes,

one can use real options theory.

Definition 8.2 (Trigeorgis, 1996). Real options involve discretionary decisions

or rights, with no obligation, to acquire or exchange an asset for a specified alternative

price. The ability to value real options (e.g., to defer, expand, contract, abandon,

switch use, or otherwise alter a capital investment) has brought a revolution to modern

corporate resource allocation.

In project and investment appraisal, the classic approach of “net pre-

sent value” (NPV) determines the expected benefits and costs of different

alternatives, subject to discounting over time, to select the alternative

with the best expected performance. This perspective is flawed because

all alternatives are treated as commitments in the present time, even if

they have not yet been invested in and may not have to be built until

the future. A real options perspective differs from this view because

the investment under uncertainty is viewed as an opportunity instead

of a commitment. To illustrate, a project that is invested in right away

might yield an expected profit over its lifetime of �$10M in present dol-

lars. NPV analysis would reject this project. However, in an uncertain

environment, there may be a 30% chance that sometime in the next

5 years the valuation of the project becomes a present value profit of

$100M. In that case, the best option may be to defer to the project to

monitor the stochastic variable(s).

In the context of transportation network investments, Chow et al.

(2011) (expanded from Luehrman, 1998) show how the change in perspec-

tive from NPV analysis to real options significantly expands the decision

space, as shown in Fig. 8.3. The decision space for traditional NPV is com-

posed of only regions 1 (yes) and 6 (no). By allowing for opportunities

from monitoring under uncertainty, the decision space expand beyond

yes/no decisions to other regions (2—maybe now, 3—probably later,

4—maybe later, 5—probably never) for a much richer set of decisions

for each project. The spectrum of decision outcomes also correspond in

a network context to potential benefits of network synergies and growth

as illustrated in Fig. 8.3.

The added opportunity value is quantified as flexibility. Exercise 8.3

illustrates the value of such flexibility.



Fig. 8.3 Expanding the NPV decision space (top region) to four other regions as
opportunities. (Source: Chow et al., 2011.)

Exercise 8.3
An investment has a net profit P, which has a triangular distribution with the three

vertices at (�y, 0,y). If the investor can purchase an option contract that gives them

the right to purchase the investment after the outcome of the underlying investment is

known, what is the equilibrium price of that contract?

Under a commitment perspective, the expected profit of the investment

is 0. Under the option setting, the investor only pays a fee x to purchase the

right to buy the investment after the underlying uncertainty is revealed. If

the investment falls in the loss region, the investor can choose not to

purchase the investment and lose only x. If the investment is positive, the

investor can gain as much as y�x. This trade-off is illustrated in Fig. 8.4.
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As a triangular distribution, the maximum value of the PDF for the

commitment at 0 is 1/y.

The expected profit in this case is 50% a loss of �x and a 50% gain of
1
6
y�x

� �
, where 1

6
y is the conditional expectation of the right-hand side of

the triangular distribution prior to including the fee. The total expected

profit is therefore:

E P½ � ¼ 1

12
y�x

where 1
12
y is called the option premium because that is the difference from the

option value (which is also 1
12
y) and theNPV. If this option were to be traded,

the equilibrium value of the contract is determined from the fixed point:

x∗ ¼ 1

12
y�x∗ ! x∗ ¼ y

24

If x∗ < y

24
, it is worth it for the investor to purchase the option. If x∗ ¼ y

24
,

the investor is indifferent between the option contract and investing in the

commitment.

This value would change over time if the distribution is time dependent

and/or if revealing the uncertainty is a function of time (as it is in most cases).

For example, in American and European financial options, the option

contract has an expiration date. The closer it gets to the expiration date,

the smaller the variance in the distribution. As variance decreases, the

premium due to flexibility also decreases. If the option is “in the money”

prior to expiration, it would be the value of the investment, whereas if it

is “out of the money” it approaches zero.

Probability

Profit/loss

Fig. 8.4 Distributions of profit under commitment (solid) and option (dashed)
investments.
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Trigeorgis (1996) illustrates this relationship between NPV, option and

premium in Eq. (8.11). The static NPV is the traditional value. The

expanded NPV is the option value and measures the opportunity to invest
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including the flexibility to set the decision to a later time. Option premiums

form the difference, and along with the expanded NPVs, are always

nonnegative.

Expanded NPV ¼ Static NPV +OptionPremiums (8.11)

Real options theory is essentially about solving sequential decision prob-
lems applied in a continuous time setting with an emphasis on quantifying

the value function for different types of decisions. Dixit and Pindyck (1994)

illustrate an analytical solution for an infinite horizon optimal stopping prob-

lem for an investment in which the present value of the project if implemen-

ted, R, is a GBM.

First consider the deterministic case where the revenue evolves as noted in

Eq. (8.12) with initial project value R[0]¼R0 and μ as the value growth rate.

R t½ � ¼R0e
μt (8.12)

The project costs an amount I to be invested in and there is a discount
rate ρ, ρ>μ. The value V[R] of the investment opportunity for a current

value of R is shown in Eq. (8.13).

V R½ � ¼ Reμt� Ið Þe�ρt (8.13)

If μ�0, then the optimal decision is to invest ifR� I>0. If 0<μ<ρ, the

deterministic optimum can be found by first-order condition for Eq. (8.13)

as shown in Eq. (8.14).

dV

dt
¼� ρ�μð ÞRe� ρ�μð Þt∗ + ρIe�ρt∗ ¼ 0 (8.14)

Solving for t*, we get t*¼ 1
μ ln ρI

ρ�μð ÞR
� �

. Substituting this into Eq. (8.12)
we obtain the critical R* in Eq. (8.15).

R*¼ ρI

ρ�μ
(8.15)

The solution is clearly only dependent on the difference ρ�μ. By further

substituting the optimal time into Eq. (8.13), the value of the investment

opportunity is shown in Eq. (8.16).

V R½ � ¼
μI

ρ�μ

� �
ρ�μð ÞR
ρI

� �
ρ
μ, R�R*

R� I , R>R*

8<
: (8.16)

In the case where R is now a GBM, the investment opportunity is a real
option with a valueV[R]. The Bellman equation is derived for an increment

in time dt by setting the total expected option value ρVdt equal to the

expected rate of value appreciation, E[dV], in Eq. (8.17).
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ρVdt¼E dV½ � (8.17)

Using Ito’s Lemma and substituting the GBM for dV leads to Eq. (8.18).
1

2
σ2R2V 00 R½ �+ μRV 0 R½ ��ρV ¼ 0 (8.18)

Eq. (8.18) is solved by Dixit and Pindyck (1994) using the initial condi-
tion (V[0]¼0), value matching boundary condition (V[R*]¼R*� I), and

“smooth-pasting” condition (V 0[R*]¼1). The option value is shown in Eq.

(8.19) with critical revenue in Eq. (8.20).

V R½ � ¼ARb (8.19a)

A¼ b�1ð Þb�1

bbIb�1
(8.19b)

b¼ 1

2
� μ

σ2
+

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ

σ2
�1

2

� �2

+
2ρ

σ2

s
(8.19c)

R*¼ bI

b�1
(8.20)

Consider Exercise 8.4 to illustrate the model.
Exercise 8.4
For a candidate project in which its present value evolves as a GBM with

μ¼0.1, σ¼0.4 with discount rate ρ¼0.12 and I¼$100, plot the option value as
a function of the project value and identify the critical revenue. Compare this to a

second project with value following GBM with μ¼0.05, σ¼0.2.

Plugging in the parameters we obtain the following:

b¼ 1:106

A¼ 0:432

R∗ ¼ $1042:44

The value of R* happens to be over 10 times higher than I. This means

that when monitoring the revenue, it is only worth investing the present

value of $100 when R>R*¼$1042.44. The value of the investment

opportunity at the critical revenue is V*¼$942.44 for the optimal timing

policy. Under NPV analysis, the critical project value is simply $100. The
significant gap between the investment cost and the critical project value

under uncertainty is because of the combination of a relatively high

volatility and low difference between the mean growth rate and discount

rate. For example, when σ!0, R*!$600 and V*!$500. A value of

ρ¼0.139 yields the same critical project value and option value.



WhenR¼$10, the net present value isNPV¼10�100¼ �$90,which
suggests not investing in the project. However, the presence of uncertainty

makes this option still of value in monitoring, since V[10]¼$5.52. This
means even if the current project value is only $10, under the current

settings the opportunity to invest in this project is worth $5.52. The

option value suggests a deferral premium of $5.52� (�$90)¼$95.52.
Consider a second project for comparison inwhich its project value is also

a GBM with halved parameter values μ¼0.05, σ¼0.2. Its critical project

value is R2*¼$223.19 (V2*¼$123.19). If the first project has a value of

R1¼$110 (V1¼$78.34) while the second has value of R2¼$150
(V2¼$59.97), under NPV both would be worth investing immediately

but the second project would be chosen over the first. Using real option

valuation, the optimal decision is to defer both projects, but rank project 1

over project 2 as having over 30% more promise. If, after 1 year both

project values then evolve to $500, the decision is now to invest

immediately in project 2 (V2¼$531.15>R2*), which should result in

27% higher option value than to continue deferring project 1

(V1¼$418.13). The reasoning is that the likelihood for project 2 to reach

$500 from $150 is quite low compared to project 1’s rise from $110 to

$500, but if it does happen it is now worth much more. The range of

option values is shown for both projects in the plot in Fig. 8.5.

To further illustrate this point, consider project 1 with R¼$500. The
value of the policy at $418.13 can be verified with Monte Carlo simulation.

If different sample paths were generated from $500 such that the time when

R*¼$1042.44 is crossed (some may occur so far in the future that the

present value is $0), and then to discount the project back to time 0, the

average over all those sample path discounted values should approach

$418.13 as the number of sample paths approaches infinity. This is left to

the reader to verify.
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Fig. 8.5 Plot of project value R and the corresponding option value V for two
projects.
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Analytical solutions are more difficult to attain when the project value is a

more complex function of an underlying asset. If the option value V of a

project whose value R[Q] is a function of an underlying stochastic process

Q, the relationship between V and R needs to be derived. As pointed out in

Dixit and Pindyck (1994), however, it is possible instead to relateR andV to

Q separately, and then to tie them back together as boundary conditions

under the optimal exercise threshold. We construct an artificial portfolio

relating V to Q in the second-order differential equation in Eq. (8.21) with

a solution V[Q]¼A1Q
b1+A2Q

b2.

1

2
σ2Q2F

0 0
Q½ �+ r�δð ÞQV 0 Q½ �� rV Q½ �+Q¼ 0 (8.21)

With the absorbing zero condition for GBMs we assume A2. The value-
matching (V[Q*]¼R[Q*]� I) and “smooth-pasting” conditions

(V 0[Q*]¼R0[Q*]) then lead to the solution in Eq. (8.22) where b1 needs

to be determined.

V Q½ � ¼A1Q
b1 (8.22a)

A1¼ b1�1ð Þb1�1

δb1ð Þb1I b1�1
(8.22b)

Q*¼ b1δI

b1�1
(8.22c)

R*¼ b1I

b1�1
(8.22d)

For example, in network design the system performance can be treated as
the project value, but that value can depend on a set of OD demand that

evolves over time as GBM. This is especially problematic in the case for

transportation projects that can exhibit complex nonlinear properties due

to congestion effects. Examples of analytical models in real options for trans-

portation include Galera and Soliño (2010) for valuation of highway conces-

sions and Li et al. (2015) for transit technology selection and timing.

Despite these studies, in general many optimal timing decisions require

numerical methods to solve, especially when considering finite horizons,

complex project value functions, and multidimension stochastic processes.

Three types of methods are described in Trigeorgis (1996): finite difference,

binomial lattice, and Monte Carlo simulation.

Finite difference methods (Brennan and Schwartz, 1977) require estab-

lishing a differential equation to relate the option value to the stochastic



359Network Portfolio Management
variables and then using discrete finite difference methods to numerically

approximate the solution. While Guo et al. (2017) optimize switching

options for real-time transport operations in an infinite horizon, they also

must use finite difference to compute the value of the derivative of one

of the terms in the system of equations.

Binomial lattice (Cox et al., 1979) divides the evolution of a stochastic

process into discrete branches. By increasing the number of intervals up to

the time horizon, the solution to the binomial tree converges to the true solu-

tion. This method is very effective for problems dealing with single- or low-

dimensional stochastic processes. Several studies have applied binomial lattice

method to transport problems: for example, Garvin andCheah (2004) used it

to evaluate Build-Operate-Transfer infrastructure projects and Vodopivec

andMiller-Hooks (2017) used it to determine the optimal time to outsource

on-demand mobility to nearby taxis under travel time uncertainty.

The third type is Monte Carlo simulation (Boyle, 1977). The original

method involves simulation of multiple branching paths as look-ahead pol-

icies like with finite difference and binomial lattice method. Longstaff and

Schwartz (2001)proposed a more computationally efficient simulation

method called Least Squares Monte Carlo simulation (LSM), which gener-

ates independent sample paths and uses least squares regression to link their

results together in valuations. It is a value function approximation policy

based on nonparametric, kernel regression. The advantage of this approach

is that it evaluates option values based on high-dimensional stochastic pro-

cesses in a computationally efficient manner. Gamba (2002) proposed an

extension of LSM to multiple interacting options under three stylized set-

tings. Several studies have used LSM to obtain the option value: Zhao

et al. (2004) for highway development, Chow andRegan (2011b) for timing

network design investments, Chow and Regan (2011c) for timing multiple

options within a network, Zheng and Chen (2016) for optimizing fleet

replacement decisions under fuel price uncertainty, and Chow (2016b)

for selecting routes to deploy a fleet of UAVs over time.

The LSM algorithm is a Monte Carlo simulation-based approximate

dynamic programmingmethod for determining the optimal policy for a tim-

ing problem. It simulates independent sample paths of the stochastic processes

up to a finite horizon and then uses backward recursion to evaluate the Bell-

man equation in each discretized time step and sample path. The conditional

expectation of the value function at each time step is approximated by con-

structing a basis function using the payoff at each sample path with positive

option value as independent variables and then estimating the parameters
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of thebasis functionusing least squares.Theestimatedmodel is then applied to

the time step and sample path payoff value to approximate the value function.

Different basis functions canbeused, includingLaguerre,Hermite, Legendre,

Chebyshev, Gegenbauer, and Jacobi polynomials. The Laguerre polynomial

is shown in Eq. (8.23a) and the Hermite polynomial in Eq. (8.23b).

Lm x½ � ¼ e�
x
2
ex

m!

dm

dxm
xme�x½ � (8.23a)

Lm x½ � ¼
Xm
k¼0

�1ð Þmex
2

2
dm

dxm
e�

x2

2 (8.23b)

Algorithm 8.1 is presented as follows.
Algorithm 8.1: (Longstaff and Schwartz, 2001). Least Squares
Monte Carlo Simulation (LSM) Algorithm
Inputs: GBM Q with μ, σ; initial values Q[0], R[Q[0]]; investment cost I;

finite horizon T and number of time step n; payoff function R[Q]; discount

rate ρ; number of radial basis functions m for a chosen basis function L

1. Simulate P sample paths Q̂ ω, t½ � and compute R Q̂ ω, t½ �	 

where ω�P,

t�n, and a time step has length h¼T/n.

2. For t¼n

a. Compute R Q̂ ω, n½ �	 

for each path ω�P.

b. Let V̂ ω, n½ �≔max R Q̂ ω, n½ �	 
� I , 0
� �

c. Let t≔ t�1.

3. For 0< t<n

a. For each 1�ω�P

i. Construct a weighted sum of basis functions for each sample

path where V̂ ω, t +1½ �> 0 as shown in Eq. (8.24), and

estimate âtj using least squares method.

e�ρhE V̂ t+1½ �jω	 
¼Xm
j¼0

atjLj R Q̂ ω, t½ �	 
	 

(8.24)

ii. If R Q̂ ω, t½ �	 
�R>
Pm

j¼0â
t
jLj R Q̂ ω, t½ �	 
	 


1. Update stopping decision: D̂ ω, t½ �≔1, D̂ ω, s½ �≔0 8 s> t

2. V̂ ω, t½ �≔R Q̂ ω, t½ �	 

iii. Else

1. D̂ ω, t½ � ¼ 0

2. V̂ ω, t½ �≔Pm
j¼0â

t
jLj R Q ω, t½ �½ �½ �

b. Let t≔ t�1.



4. For t¼0

a. Option value is determined as in Eq. (8.25).

V Q 0½ �½ �≔max R Q 0½ �½ �� I ,
1

P

XP
ω¼1

Xn
τ¼1

e�ρτV̂ ω, τ½ �D̂ ω, τ½ �
 !

(8.25)

b. Optimal decision is: D[0]¼1 (invest now) if V[Q[0]]¼R[Q[0]]� I

else D[0]¼0 (defer).

Outputs: V[Q[0]], D[0]
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Longstaff and Schwartz (2001) partially proved that LSM converges

asymptotically to the unbiased estimator of the true option value, although

there is a tendency to have low bias for small values of m and high bias for

small values of P (Garcı́a, 2003). Stentoft (2004) further proved that the LSM

approximation converges to the true value as P!∞ ifm¼m[P] is increasing

in P such that m!∞ and m3

P
! 0. The LSM algorithm is illustrated in

Exercise 8.5 for a highway setting.
Exercise 8.5
You are considering building a two-lane toll road running parallel to an existing six-

lane highway (three in each direction). Peak hour travel demand Q is assumed to be a

GBM that varies over the years with μ¼0.05, σ¼0.20, and Q[0]¼6000. The

existing highway has a link cost of ce ¼ 30 1+ 0:15
xe

6000

� �4� �
. The new toll road

with $5 toll would have a link cost of ct ¼ 30 1+ 0:15
xt

2000

� �4� �
+15. Flow

distribution is based on user equilibrium. The annual revenue is 14,600xt,

resulting in a present value of R¼ 14;600xt
ρ�μ , where ρ¼0.12. The investment cost

(including present value of operating costs) is I¼$100M. For a horizon of

5years, using n¼10, P¼100, and m¼3, use Algorithm 8.1 to determine the

Hermite polynomial regression model for estimating the continuation value at

t¼9 and illustrate its use for two sample paths.

Due to the size of the R and V, they are in units of $M.

For m¼3, the Hermite polynomials are: {1,x,x2�1,x3�3x}

From the simulation, only 12 of the 100 sample paths are in the money

at t¼9. The attributes of these 12 “in-the-money” paths (where

R Q̂ ω, 9½ �	 
� I > 0) are summarized in Table 8.2.



By discounting the simulated option values at t¼10 by one h¼0.5 and

setting them as the dependent variables, we estimate the regression model

for the weighted sum of Hermite polynomials:

e�ρhE V̂ 10½ �jR Q̂ ω, 9½ �	 
	 
¼137:869+ 1:384R Q̂ ω, 9½ �	 

� 7:830�10�4
� �

R Q̂ ω, 9½ �	 
2�1
� �

+ 1:020�10�5
� �

R Q̂ ω, 9½ �	 
3�3R Q̂ ω, 9½ �	 
� �

Byusing only in-the-money variables, itmakes sure only the reliable paths

are used to estimate the model in each time step. The estimated regression is

used to evaluate stopping and continuation. Let us take path ω¼1 as an

example. In that path, R Q̂ 1, 9½ �	 
� I ¼ $189:183M if invested in at t¼9.

If the decision-maker chooses to continue to defer, the expected present

value of continuation is e�ρhE V̂ 10½ �jR Q̂ 1, 9½ �	 
	 
¼ $129:027M. The

optimal decision in that casewould be to stop:D[1,9]¼1, V̂ 1, 9½ � ¼ 129:027.
On the other hand, consider path ω¼4. R Q̂ 4, 9½ �	 
� I ¼ $21:801M,

while e�ρhE V̂ 10½ �jR Q̂ 4, 9½ �	 
	 
¼ $208:580M. For that path, the optimal

decision is to defer: D 4, 9½ � ¼ 0,V̂ 4, 10½ � ¼ 208:580. These are updated

for each sample path and then the algorithm moves down to the next

time step.

Table 8.2 Twelve “in-the-money” simulated path values for t¼ {9,10}

Path Q̂[ω, 9] ($M) xt[ω, 9] R Q̂ ω, 9½ �	 

$Mð Þ V̂[ω, 10] ($M)

1 9630.625 1386.494 289.183 185.549

2 10,620.570 1981.785 413.344 0

3 11,912.808 2543.027 530.403 315.531

4 8695.595 583.978 121.801 257.843

5 9708.690 1441.963 300.752 37.075

6 8969.642 843.290 175.886 281.392

7 8832.981 715.821 149.300 76.154

8 9742.846 1465.686 305.700 291.421

9 9453.056 1253.592 261.463 100.104

10 13,474.514 3084.621 643.364 509.458

11 8683.227 571.962 119.295 246.187

12 11,636.501 2435.127 507.898 97.234
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In the case when an investment involves a bundle of network component

improvements, a deferral strategy in optimal timing carries an additional value

to redesign thenetwork (ChowandRegan, 2011b).Thisoptionhas a premium

value to redesign because a decision-maker who chooses to defer will have an

option in the future to select a different design. An illustration is shown for the

classic benchmark SiouxFalls network inFig. 8.6.When theoption to invest in

anoptimaldesignunderbaseyear state is extended toallowfor investmentsover

a 5-year horizon, the value of the option includes both the option to defer

(without option to change design) plus the option to redesign.

Another application in a network design context is to consider sequential

optimization of fleet deployment. The objective can be setup to have a prof-

itable or selective component (e.g., Feillet et al., 2005). In that case, there is a

term in the objective for minimizing travel disutility and another term for

minimizing disutility of visiting a node or link. By not visiting a node or link,

the risk of a subsequent failure is increased like in inventory problems. The

risk can be estimated using LSM. Chow (2016b) implemented an algorithm

with this feature to manage UAV fleet deployment to monitor a traffic net-

work where prolonged lack of monitoring can lead to increased costs when

an incident occurs.
8.4 OPERATING MODE SWITCHING UNDER UNCERTAINTY

In the prior section, the timing decisions are assumed to be practically irre-

versible in the sense that doing so would incur significant additional costs.

Capital investment projects make good use cases for deferral strategy and

sometimes may be combined with other strategies such as expansion, con-

traction, and abandonment.

Many other strategies, however, can involve switching from one mode

to another and back again. Such strategies typically involve data-driven real-

time operations. Examples in transport include peak period policies that are

switched off when during off-peak periods, turning on and off ramp meter-

ing, surge pricing, and activating local bus stops based on demand rates.

Switching is also an optimal timing problem, but more complicated than

the stopping problem because it is compounding multiple options (a random

number of switches over a given time interval, where the timing of the first

one impacts the timing of the subsequent ones) instead of considering only

one. The use of switching options is best illustrated with Fig. 8.7 from

Guo et al. (2017).

In the figure, a decision-maker chooses to operate either flexible or fixed

route last mile transit as a function of ridership demand density. There exists



Fig. 8.6 (A) Sioux Falls network with candidate links and (B) comparison of deferral with redesign (Network Investment Deferral Option
(NIDO)) to deferral only as function of σ. (Source: Chow and Regan, 2011b.)
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Fig. 8.7 Illustration of market switching. (Source: Guo et al., 2017.)
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ademanddensity thresholdoverwhich fixedroute service ismorecost effective

(Chang and Schonfeld, 1991).When there is no switching cost, there is a single

threshold marked by the dotted horizontal line corresponding to Q*. For
example, even the first time the price exceeds the line for a moment at

T¼4, it makes sense to switch to fixed route service. However, when there

is a switching cost underuncertainty, an additional buffer exists because thevol-

atility of the stochastic process leads to a high risk of having to switch back the

first time the line is passed. The buffer shown by the gap betweenQL andQH

captures that risk.The effect of theuncertainty on this buffer is called hysteresis.

The resulting model provides a decision-maker with analytic thresholds to

optimize decisions onwhen to switch: to go from flexible service to fixed route

servicewhen density rises aboveQH and to go from fixed route service to flex-

ible service when density descends belowQL. The switching option problem

determines the values of these two thresholds and the resulting option value of

having the flexibility to switch according to them. In the real options literature

the problem is also called the market entry and exit problem.

In the case where an asset value evolves as a GBM, Dixit (1989) shows a

closed-form solution for the market entry-exit problem. In this problem, a

decision-maker chooses to switch from an “inactive” mode (call it Mode 0)
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to an “active” mode (call it Mode 1) at a switching cost of k and a switching

cost of l for vice versa. The parameters μ, σ, ρ are as defined earlier. While in

Mode 1, a variable cost w is incurred to produce one unit of output. At t¼0

the initial price is P0. Let V0[P] be the value function for operating in

Mode 0, while V1[P] be for Mode 1. Using Ito’s lemma on the asset equi-

librium condition, where the expected capital gain E
dV0 P½ �
dt

h i
is set equal to

the normal return ρV0[P], the differential equation for Mode 0 is Eq. (8.26).

1

2
σ2P2V 00

0 P½ �+ μPV 0
0 P½ ��ρV0 P½ � ¼ 0 (8.26)

The right-hand side is zero because this is assumed to be the “inactive”
mode with no operating profit. In the case of a two modes with operating

profit, a relative difference can be used to setMode 0 to be 0. For theMode 1

case, with the operating profit, the differential equation in Eq. (8.27)

includes the term on the right.

1

2
σ2P2V 00

1 P½ �+ μPV 0
1 P½ ��ρV1 P½ � ¼w�P (8.27)

Both differential equations are linear and have the same homogeneous
part. The solutions become Eq. (8.28), where the parameters β and α in

Eq. (8.29) are dependent on m� 2μ
σ2 and r� 2ρ

σ2.

V0 P½ � ¼A0P
�α +B0P

β (8.28a)

V1 P½ � ¼A1P
�α +B1P

β +
P

ρ�μ
�w

ρ

� �
(8.28b)

β¼ 1�mð Þ+ 1�mð Þ2 + 4r
� �1

2

2
(8.29a)

�α¼ 1�mð Þ� 1�mð Þ2 + 4r
� �1

2

2
(8.29b)

The term P
ρ�μ� w

ρ is the value of keeping Mode 1 operating indefinitely,� �

which is also equivalent to E

R∞
0

Pt�wð Þe�ρtdt . Using boundary conditions

it is possible to setA0¼B1¼0 and to assume thatA1�0 andB0�0. Then the



367Network Portfolio Management
value matching and smooth pasting conditions are used to obtain four equa-

tions in Eq. (8.30) that need to be solved simultaneously to obtainA1,B0, PL,

PH, where PH is the optimal price threshold to switch fromMode 0 toMode

1 and PL is the optimal threshold to switch from Mode 1 to Mode 0.

A1P
�α
L +

PL

ρ�μ
�w

ρ
¼B0P

β
L� l (8.30a)

A1P
�α
H +

PH

ρ�μ
�w

ρ
¼B0P

β
H + k (8.30b)

�A1αP
�α�1
L +

1

ρ�μ
¼B0βP

β�1
L (8.30c)

�A1αP
�α�1
H +

1

ρ�μ
¼B0βP

β�1
H (8.30d)

The primary trade-offs in this model is whether to operate inMode 1 at a
cost wwhen there is a profit that depends on a stochastic process, considering

nonzero switching costs. To gain some intuition on the behavior of this

model, consider the following transportation application in Exercise 8.6.
Exercise 8.6
Consider a data-driven HOT or truck-toll lane on a highway corridor. Mode 0 is to

treat all three lanes in one direction as general-purpose lanes. Mode 1 is to operate the

leftmost lane into an HOT lane with a normalized operating cost equivalent to

w¼$1 per unit time due to reduced general-purpose capacity. If the normalized

revenue from traffic, Q, is the underlying asset with μ¼0, σ¼0.1, discount rate

ρ¼0.15, and switching costs (in units of vehicles per hour) due to inconvenience

of l¼k¼$2, determine the thresholds and option values of the two modes for an

initial value Q0¼$0.75 and time step h¼0.1. Simulate two trajectories from a

base of $0.75 and graphically compare the outcomes using the policy. Conduct

sensitivity analysis for σ, ρ, w on the optimal thresholds.

For convenience, we use units of k veh h. The four equations are solved

using fsolve in MATLAB. Based on the inputs, the results are QL¼$0.585,
QH¼$1.558, V0¼$0.022, V1¼ �$1.444. A comparison of two

trajectories is shown in Fig. 8.8.



The figure shows how for Q2, the HOT lane is activated when it passes

QH after 133 time steps and would stay on until it descends below QL after

390 time steps. For Q1, however, it never breaks above QH over this 500-

step interval so in that outcome there would be no switching from all

general-purpose lanes. A sensitivity test is conducted for several

parameters and summarized in Table 8.3.

By increasing volatility, the buffer between the lower and upper

thresholds increases. When the discount rate decreases, it acts like a

decrease in volatility. A reduction of operating cost reduces both

thresholds and increases both option values.
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Fig. 8.8 Comparison of two trajectories (Q1, Q2) from an initial point
Q0¼$0.75.

Table 8.3 Summary of sensitivity analysis for Exercise 8.6
QL QH V0 [0.750] V1 [0.750]

Base $0.585 $1.558 $0.022 �$1.444
σ¼0.2 $0.500 $1.844 $0.193 �$1.118
ρ¼0.1 $0.648 $1.487 $0.096 �$1.627
w¼0.8 $0.417 $1.319 $0.049 �$0.304
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The methodology can also be applied to an operational setting. In that

case, it may make more sense to use an O-U process (Eq. (8.8)) to describe

the underlying asset to capture time of day fluctuations. The drawback of

using O-U process, however, is that the E
R∞
0

Pt�wð Þe�ρtdt

� �
term cannot

be analytically determined and needs to be numerically computed using

finite difference (Guo et al., 2017). On the other hand, it makes it possible

to construct thresholds for some interesting operations. Applications of O-U

switching options include dry bulk-wet bulk shipping (Sødal et al., 2008)

and transit fleet operating mode (Guo et al., 2017).

One of the challenges with using an O-U process is that the general solu-

tion to the stochastic processes shown in Eqs. (8.26) and (8.27) involves a

confluent hypergeometric function, also called a Kummer function. For

example, Eq. (8.31) represents the general solution to V0[Q] while Eq.

(8.32) represents the Kummer function. The asymptotic expression is shown

in Sødal et al. (2008) to be equal to Eq. (8.32). The parameter γ0 is a root in
Eq. (8.31b), w0 is obtained from Eq. (8.31c), and x is obtained from Eq.

(8.31d).

V0 Q½ � ¼ A0H �γ0, w0, x½ �+B0

2μθ

σ2Q

� �1�w0

H 1� γ0�w0, 2�w0, x½ �
" #

Qγ0

(8.31a)

�γ2 + 1+
2θ

σ2

� �
γ +

2ρ

σ2
¼ 0 (8.31b)

w0¼ 2�2γ +
2θ

σ2
(8.31c)

x¼ 2μθ

σ2Q
(8.31d)

H γ, w, x½ � ¼ 1+
γ

w
x+

γ γ +1ð Þx2
w w+1ð Þ2! +

γ γ +1ð Þ γ +2ð Þx3
w w+1ð Þ w+2ð Þ3! +… (8.32)

lim
x!∞

H γ, w, x½ � ¼Γ w½ �
Γ γ½ � e

xxγ�w (8.33)

Without going into much more detail (readers are referred to Guo et al.,
2017, for specifics), one can then determine optimal thresholds for switching



Table 8.4 Summary of fixed-flexible switching example for Fig. 8.7 in Guo et al. (2017)
Variables Values

Initial demand density Q[0] 32 trips/mi2/h

Discount rate ρ 7%

0:1 switching cost k $10
1:0 switching cost l $10
Reversion rate θ 0.2

Mean μ 40 trips/mi2/h

Volatility σ 7 trips/mi2/h

Fixed transit inputs Fleet size Fc 5 veh

Headway hc 0.42h

Vehicle size Sc 75 seats/veh

Route spacing r 1.41 mi

Total cost per time step Csc 2881.1

Flexible transit inputs Fleet size Ff 58 veh

Headway hf 0.08h

Vehicle size Sf 7 seats/veh

Service zone area A 2.85 mi2

Total cost per time step Csf $2881.1
Option valuation Incremental savings of fixed

versus flexible Φ
$1.9

Expected cumulative savings

Et

R∞
t

Φ Q½ �e�ρ s�tð Þds
� � �$39.4

V0[Q[0]] $23.5
V1[Q[0]] $17.4
QL 28.7 trips/mi2/h

QH 41.8 trips/mi2/h
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between two operating modes. For example, Fig. 8.7 illustrates the switch-

ing option for a last mile service between fixed route transit and flexible ser-

vice based on real-time demand density data. That figure corresponds to

variables in Table 8.4.

The parameters for the fixed transit and flexible transit pertain to cost

functions derived in Chang and Schonfeld (1991), who showed that under

those circumstances there exists a single demand density threshold over

which it is better to operate fixed route transit. By optimizing the costs rel-

ative to decision variables like fleet size and headway, the incremental costs

Csc and Csf can be determined. These are used to determine the difference

between costs acting as a savings function for fixed route transit as “Mode 1”

(relative to no savings for flexible route as the “Mode 0”). The output

thresholds show QL ¼ 28:7 trips

mi2h
and QH ¼ 41:8 trips

mi2h
. Since V0>V1 when
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Q 0½ � ¼ 32
trips

mi2h
, it is better to operate in flexible service mode. If Q[t] even-

tually rises above 41:8 trips

mi2h
, it would then make sense to pay the switching

cost and switch to fixed transit operating mode. The expected cumulative

savings support this decision: operating in fixed transit mode indefinitely

would incur a negative cost savings of $39.4 net present value.
8.5 SEQUENTIAL NETWORK DESIGN AND TIMING

Let us now revisit network design models discussed in Chapter 7. In the con-

text of smart cities, a range of different models and algorithms have been

developed using data to improve network design and timing decisions under

uncertainty with look-ahead policies and rolling horizons. Examples include

dynamic vehicle routing problems (e.g., Spivey and Powell, 2004; Mitrovi�c-
Mini�c et al., 2004; Thomas and White, 2004; Ichoua et al., 2006), dynamic

pricing and routing (Figliozzi et al., 2007; Sayarshad and Chow, 2015), adap-

tive discrete network design (Chow and Regan, 2011c), among others. The

greatest opportunity of smart cities lies in such tools to solve sequential net-

work design problems because they allow decision-makers to leverage the Big

Data. However, these problems also prove to be the most challenging.

The primary challenge is that the curse of dimensionality is further exac-

erbated in network settings because of interdependencies between links. In

real options terminology, network design is analogous to multioption prob-

lems where each network improvement is an option that influences the

other candidate options. Clearly there are no closed-form solutions for such

problems, and in general they are intractable. Although these problems can-

not be solved optimally, Chow and Regan (2011c) proposed a policy that

serves as a lower bound to the option value maximizing problem.

In the sequential network design and timing problem, at a current time

t¼0 with remaining budget I, the decision-maker needs to make a set of

binary network design decisions Yt for a set of projects J: Yt,i¼1 if project

i2 J is to be invested in at time t, and Yi¼0 if it is to be deferred. The prob-

lem assumes a finite time horizon T; any project that is deferred at t¼T is

rejected. The performance of a network at time t with design vector Yt is

defined as the expected net present value of the performance, R[Yt,Qt],

without any other expected changes. If a set of design decisions leads to

an annual savings of ($1M)e0.05t, for example, and the discount rate is

ρ¼10%, then the NPV is R Yt,Qt½ � ¼ $1M
0:10�0:05¼ $20M. By combining tim-

ing with the network design, the decision-maker may end up seeing their
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options all expire by the time horizon, or they may see only a subset that

costs less than the budget I invested in.

For the sequential network design and timing problem for a set of net-

work projects J at time t, the set of options can be equivalently represented as

a sum of options ordered in a sequence η plus the option of changing the

sequence in a future time s> t. li[η] refers to the project index in J corre-

sponding to the ith project in sequence η. For example, if there are three pro-

jects such that J¼{1,2,3}, and a sequence η¼ (2,3,1), then Yl2[η]¼1 means

that project 3 is invested in.

There exists an optimal sequence η* of options from which the option

value can be expressed in Eq. (8.34). For a given sequence η, the i th pro-
ject (denoted i[n]) is only allowed to be invested in if the (i�1)th project

is also invested in. V[St] is the expanded NPV, or option value, for a

given state at time t. FD is the premium associated with having the flex-

ibility to defer the ith project. FL is the premium associated with the flex-

ibility to invest in subsequent projects in the sequence. This premium

captures the network interdependencies. FLS is the premium associated

with the flexibility to change the sequence of noncommitted projects

in the future.

V St½ � ¼
X
i2J

NPV i η*½ �j St½ �+
X
i2J

FD i η*½ �j St½ �+FL i η*½ �j St½ �� �
+FLS η*, St½ �

(8.34)

Since the overall network design and timing value cannot be solved for,
the Chow-Regan (CR) policy is proposed to obtain a lower bound as

shown in Definition 8.4.

Definition 8.4 TheCR policy obtains the optimal policy for a lower bound value,

denoted VCR[St], expressed as Eq. (8.35).

VCR St½ � ¼
X
i2J

NPV i η*½ �j St½ �+
X
i2J

FD i η*½ �j St½ �+FL i η*½ �j St½ �� �
(8.35)

The CR policy can be solved by enumerating the sequences and using a
multioption LSM algorithm proposed by Gamba (2002) to find the option

value for each sequence. The idea of the approach is to constrain the original

problem to require sequencing to obtain a solution which is then applied to

the original problem. The algorithm from Chow and Regan (2011c) is

shown in Algorithm 8.2.



Algorithm 8.2: (Chow and Regan, 2011c). Sequence
Enumeration and Multioption LSM to Obtain CR Policy
Inputs: network G[N,A] with demand W; network design vector Y with

investment costs C; network performance function R[Yt,Qt]; GBM Q

with μ, σ; initial values Q[0], R[Q[0]]; investment cost I; finite horizon

T and number of time step n; discount rate ρ; number of radial basis

functions m for a chosen basis function L

1. Simulate P sample paths Q̂ ω, t½ � from a stochastic process (e.g. Eq.

(8.7)).

2. Enumerate the setΘ of budget-feasible sequences; for a given sequence

of candidate projects η, only keep the first i projects such thatPi
j¼1Clj η½ � � I .

3. For each sequence η2Θ,
a. Compute πli η½ � ¼R Yt, li η½ �, Q̂ ω, t½ �	 
�R Yt, li�1 η½ �, Q̂ ω, t½ �	 


for each i,

where ω�P, t�n, and a time step has length h¼T/n

b. For t¼n

i. For each 1�ω�P,

1. For i from jη j to 1,

a. Let V̂ li ω, n½ �≔max πli η½ � �
Pi

j¼1Clj η½ � + V̂ li+1
ω, n½ �, 0

� �
ii. Let t≔ t�1.

c. For t from n to 1

i. For i from jη j to 1,

1. Construct a weighted sum of basis functions for each sample

path where V̂ li ω, t+1½ �> 0 as shown in Eq. (8.36), and

estimate âtj using least squares method.

e�ρhE V̂ li t+1½ �j ω	 
¼Xm
j¼0

atjLj πli η½ �
	 


(8.36)

2. For each 1�ω�P

a. If πli η½ � �
Pi

j¼1Clj η½ � + V̂ li+1
ω, t½ �>Pm

j¼0â
t
jLj πli η½ �
	 


i. Update stopping decision: D̂li ω, t½ �≔1

ii. V̂ li ω, t½ �≔πli η½ � �
Pi

j¼1Clj η½ � + V̂ li+1
ω, t½ �

b. Else

i. D̂lj ω, t½ �≔0 8 j�i

ii. V̂ li ω, t½ �≔Pm
j¼0â

t
jLj πli η½ �
	 


ii. Let t≔ t�1.

d. For t¼0

i. Sequence-conditional option value is determined as in Eq.

(8.37).
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Vli Q 0½ �½ �≔max πli η½ � �
Xi

j¼1

Clj η½ � + V̂ li+ 1
ω, t½ �,

 

1

P

XP
ω¼1

Xn
τ¼1

e�ρτV̂ li ω, τ½ �D̂li ω, τ½ �
!

(8.37)

ii. Optimal decision is: Dli
[0]¼1 (invest now) if Vli Q 0½ �½ � ¼ πli η½ � �Pi

j¼1Clj η½ � + V̂ li+1
ω, t½ � else Dlj

[0]¼0,8 j�i (defer).

4. Select η* : {argmaxη Vl1[η][Q[0]]};

a. let Vj[Q[0]]≔Vli[η*][Q[0]],8 j2 J, j¼ li[η*]
b. let Dj[Q[0]]≔Dli[η*][Q[0]],8 j2 J, j¼ li[η*]

Outputs: Vj[Q[0]], Dj[0],8 j2 J (note the sequence is not kept—only the

final option values and decisions).
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Proof of convergence to CR policy follows from Gamba (2002) and

Longstaff and Schwartz (2001) and detailed in Chow and Sayarshad

(2016). The algorithm is demonstrated in Exercise 8.7.
Exercise 8.7
Consider a single OD demand from node O to node D shown in Fig. 8.9, with three

parallel links with different link performance functions, where yi is a binary variable

indicating whether a link is improved:

c1 ¼ 30+
x1

100 + 50y1

c2 ¼ 40+
x2

200 + 100y2

c3 ¼ 50+
x3

400 + 200y3

The graph in Fig. 8.9 suggests there are different flows where one link is preferred

over the others. The network agency has a budget to support up to two link investments.

The network performance (since we are interested in relative comparisonwe can leave out

the conversion from peak hour traffic to annual savings) is measured as:

R Q½ � ¼ TTT0 Q½ ��TTTy Q½ �� �
ρ�μ

where TTT0 is the total system travel time without any investments, TTTy is the

total system travel time with network improvements, and ρ¼0.10. Initial OD



demand is Q[0]¼11,000 and evolves as a GBM with μ¼0, σ¼0.2. The agency

has a 2-year time horizon with the option to decide only at the end of each year (total

of three points in time where decisions can be made), on which link to invest, after

which the budget expires. Use Algorithm 8.2 (with P¼20 sample paths,

T¼2, n¼2, and m¼3 with Hermite polynomials) to suggest a decision to be

made at time 0 and justify.

After simulating 2 time steps with 20 paths we get the following sample

paths for Q̂ p, t½ � along with the computed equilibrium TTT0[p, t] in

Table 8.5.

With a budget of two projects, there are six possible project sequences:

(1,2), (2,1), (1, 3), (3, 1), (2,3), (3,2). The steps for (1,2) are broken down

here for illustrative purposes.

First calculate R[Y0,l1
, 11,000]¼220K, R[Y0,l2

, 11,000]¼453K. This

means building only link 1 improvement would net a present value
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Fig. 8.9 (A) Single OD, three-link example with (B) a plot of the base link cost
functions and (C) simulated trajectories of Q over a 2-year horizon.
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savings of 220K, whereas adding link 2 would increase that amount to

453K. The marginal value of link 1 project is πl1[0]¼220K while for link

2 project it is πl2[0]¼233K. This is done for both time steps. At the final

time step, the option value for project 2 is simply πl2[p, 2] while for

project 1 it is πl1[p, 1]+Vl2
[p, 2], as presented in Table 8.6.

For time step 1, we use kernel regression with Hermite polynomials:

{1,x,x2�1,x3�3x}. Based on these independent variables where

x¼πli[p, 1] and the dependent variables are e�ρE[Vli
[p, 2]jπli[p, 1]). For

example, with project 2 we get:

e�ρE Vl2 p, 2½ �j πl2 p, 1½ �½ Þ ¼ 1801:957

�20:849 πl2 p, 1½ �ð Þ+ 0:081 πl2 p, 1½ �2�1
� �

� 9:5�10�5
� �

πl2 p, 1½ �323πl2 p, 1½ �� �

This continuation value, e�ρE[Vl2
[p, 2]jπl2[p, 1]), is compared against

the value of exercising. For project 2 the value of exercising in each

sample path is πl2[p, 1], whereas for project 1 it is equal to

πl1[p, 1]+Vl2
[p, 1]. If πl1[p, 1]+Vl2

[p, 1]> e�ρE[Vl2
[p, 2]jπl2[p, 1]), then the

option is exercised at time and path. The option values, their

continuation values, and the decision values are presented in Table 8.7.

Table 8.5 Simulation of 20 sample paths
ω Q[ω, 1] Q[ω, 2] TTT0[ω, 1] TTT0[ω, 2]

1 11,918.22 8310.446 730,727 466,696.2

2 13,523.6 18,277.64 860,170.8 1,286,684

3 12,070.06 13,881.24 742,654.8 890,010.7

4 12,534.71 11,867.43 779,564.5 726,752

5 11,916.52 9855.489 730,593.8 575,215.4

6 12,259.11 8460.147 757,597.4 476,912.4

7 9771.734 6978.685 569,157.9 378,630.4

8 8484.843 10,216.52 478,603.9 601,556.3

9 12,180.21 11,074.52 751,348.2 665,650.3

10 15,291.5 10,627.79 1,011,238 632,016.2

11 10,666.04 10,042.1 634,873.6 588,784.3

12 12,714.3 14,993.95 793,995.6 985,187.5

13 9207.324 9160.194 528,859.8 525,536

14 10,703.08 11,537.56 637,644.5 701,114.1

15 12,282.82 14,098.43 759,478.5 908,310.5

16 9766.49 10,722.35 568,779.3 639,088.3

17 11,914.06 9786.104 730,401.2 570,195.8

18 8687.566 8680.444 492,554.8 492,062.7

19 15,602.63 14,370.21 1,038,748 931,399.6

20 11,484.21 9866.02 696,996.5 575,978.5
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Table 8.6 Exercise values for each option in sequence
ω πl1[p, 1] πl2[p, 1] πl1[p, 2] πl2[p, 2] Vl1[p, 2] Vl2[p, 2]

1 248,786.9 269,552.3 144,921.9 140,924.9 285,846.8 140,924.9

2 302,975.1 339,916.6 492,236.6 595,711.6 1,087,948 595,711.6

3 253,701.9 275,861.3 315,715.6 356,693.4 672,409 356,693.4

4 269,015.4 295,617 247,152.7 267,458.1 514,610.8 267,458.1

5 248,732.1 269,482 186,367.2 191,010.8 377,378 191,010.8

6 259,882.7 283,817.3 148,738.6 145,450.1 294,188.8 145,450.1

7 184,003.9 188,103.7 112,846.6 103,762.8 216,609.3 103,762.8

8 149,372.4 146,203.4 196,707.1 203,793.9 400,501 203,793.9

9 257,294.7 280,483 222,276.4 235,813.8 458,090.3 235,813.8

10 368,328.7 426,759 208,788.3 218,853.9 427,642.2 218,853.9

11 209,928.3 220,281.5 191,680.8 197,567.2 389,248 197,567.2

12 275,044.3 303,434.2 356,912.6 411,456.6 768,369.2 411,456.6

13 168,426.7 169,087.3 167,153.4 167,544.5 334,698 167,544.5

14 211,034.8 221,668.2 236,658.1 254,053.8 490,711.9 254,053.8

15 260,662.6 284,823 323,571.6 367,077.6 690,649.2 367,077.6

16 183,856.4 187,922.4 211,611.8 222,391.7 434,003.5 222,391.7

17 248,652.9 269,380.5 184,408.4 188,600.9 373,009.4 188,600.9

18 154,618.5 152,459.2 154,432.9 152,237.2 306,670.1 152,237.2

19 380,446.2 443,056.9 333,528.8 380,280.2 713,809 380,280.2

20 234,980.1 251,917.8 186,665.3 191,377.9 378,043.1 191,377.9
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At present time, the value of exercising project 2 is 233Kwhile deferring

would have an expected value of 252K. Therefore the option value of

project 2 is 252K. Project 1’s exercise value is then equal to the marginal

value (220K) plus the option value of project 2, resulting in 472K. This is

less than the value of deferring project 1 altogether (477K). Based on the

volatility, it is better to defer project 1 and project 2 as it nets a value of

477K. The other sequences are evaluated similarly and all the exercise,

deferral, option values and decisions are summarized in Table 8.8.

The sequence with maximum project 1 value (which captures the

options of subsequent projects) is (2,3) with a decision to defer both

projects. The option to time and invest in any two links in this

network is therefore at least as high as 498K. At a future year, all

sequences that consider feasible combinations of all three links would be

evaluated again as the current sequencing is not actually committed to.

If it turned out to be (1,3) instead, then the CR policy decision would

have been to invest in link 1 and defer the rest to evaluate between

links 2 and 3 in the future.

Table 8.7 Exercise decisions
ω Dl1[p, 1] Dl2[p, 1] Dl1[p, 2] Dl2[p, 2]

1 1 1 0 0

2 0 0 1 1

3 1 1 0 0

4 1 1 0 0

5 1 1 0 0

6 1 1 0 0

7 1 1 0 0

8 0 0 1 1

9 1 1 0 0

10 1 1 0 0

11 1 1 0 0

12 1 0 0 1

13 1 1 0 0

14 1 1 0 0

15 1 1 0 0

16 1 1 0 0

17 1 1 0 0

18 0 0 1 1

19 1 1 0 0

20 1 1 0 0
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Table 8.8 Summary of exercise, deferral, option values, and decisions for each sequence in whole
Second project
exercise

Second project
deferral

Project 2
option

First project
exercise

First project
deferral

Project 1
option Decision

(1,2) 232,941 252,055 252,055 472,055 476,525 476,525 Defer 1,2

(1,3) 185,263 222,901 222,901 442,901 434,036 442,901 Exercise

1, defer 3

(2,1) 177,941 185,101 185,101 460,101 481,604 481,604 Defer 2, 1

(2,3) 165,000 198,521 198,521 473,521 497,837 497,837 Defer 2, 3

(3,1) 160,819 164,557 164,557 409,002 450,396 450,396 Defer 3, 1

(3,2) 195,556 206,351 206,351 450,796 492,190 492,190 Defer 3, 2

Final 198,521 497,837 Defer 2, 3
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Table 8.9 Summary of CR policy decisions as a function of σ
Volatility σ Timing/design decisions Lower bound option value ($M)

0.05 Exercise all 19.61

0.25 Exercise 1, 5; defer 2, 3, 4 19.95

0.30 Exercise 1, 5; defer 2,3, 4 20.80

0.35 Exercise 1, 5; defer 2,3, 4 21.56

0.40 Defer all 24.71
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TheCRpolicy is applied to the Sioux Falls network in Chow andRegan

(2011c) with a horizon of 5years to choose among the five pairs of bidirec-

tional links to invest in. In that example, there are 552 OD pairs (r, s) evolv-

ing as independent GBMs with μrs¼0 and uniform σrs�σ. A budget of

$5.5M is used where each project has its own cost. A discount rate of

ρ¼0.06 is used. For Algorithm 8.2, there were P¼500 sample paths,

n¼T¼5, and Hermite polynomials were used for the kernel regression

with m¼5. The results are presented in Table 8.9.

One major drawback of Algorithm 8.2 is that it relies on sequence enu-

meration which limits valuation to only a small numbers of budget-feasible

projects. For five projects, there are 5 ! ¼120 permutations, whereas for

10 projects there are 10 ! ¼3,628,800 permutations.

One way to overcome this drawback was proposed by Chow and

Sayarshad (2016). The concept is that the option value is based on selecting

the highest option value among all sequences Θ. If only a sample of options

are independently selected at random, it is possible to approximate the max-

imum by fitting an extreme value distribution—a Weibull distribution—as

shown in Eq. (8.38). The parameter φ is for location of the distribution and δ
is for scaling.

FW y; φ, δ½ � ¼ 1� exp � y

φ

� �δ
 !

, y> 0 (8.38)

If the distribution can be fit to the samples, then the distribution of the
maximum of the population is known to be Weibull distributed as well

(Gumbel, 1958), as shown as FMW[y;φ,δ] in Eq. (8.39). Then if a sample

S of sequences are used to obtain option valuesVs,s2S, the distribution pro-

vides a probabilistic measure of where the CR policy option value lies.

FMW y; φ, δ½ � ¼ 1� exp � y

φ

� �δ
 ! ! Θj j

, y> 0 (8.39)

One can use maximum likelihood estimation (see Balakrishnan and
Kateri, 2008) to estimate the parameters by solving first for δ̂ in Eq.

(8.40a) and then for φ̂ in Eq. (8.40b).
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Sj j
δ̂
� Sj j
XSj j

i¼1

yδ̂i

XSj j

j¼1

yδ̂j lnyj +
XSj j

j¼1

lnyj ¼ 0 (8.40a)

φ̂¼ 1

Sj j
XSj j

j¼1

yδ̂j

 !
1

δ̂ (8.40b)

Although with this approach one does not know the decisions under the
CR policy, one at least can measure how close the sampled sequence option

values are to the CR policy value. In turn, the cumulative distribution of the

CR policy value can be cheaply evaluated for different sequential NDPs to

easily compare methodologies as a “reference policy.” Compared to other

measures such as competitive ratios (Karp, 1992),myopic policies, andperfect

hindsightmeasures, theCRpolicy is sensitive to the rate atwhich information

is revealedover time (information sensitivity) and cancapturevalue from flex-

ibility (network effectmeasurable). Amyopic policy or perfect hindsight pol-

icy, on the other hand, cannot distinguish between one network instance in

which information significantly helps anticipative look-ahead versus another

instance in which it does not. The result is that comparing performances of

algorithms against those insensitive reference policies cannot be extrapolated

to other instances, whereas the CR policy does.

The CR policyWeibull distribution is illustrated in Exercise 8.8 to show

how it can be used to compare algorithms.
Exercise 8.8
Adynamic routing algorithmoperated inCityAearns an operator a present value of 1030.

A competitor algorithm operated in City B earns that operator a present value of 3700.

Randomly sampled route sequences constructed to serve demand data obtained in City

A and City B are used to estimate parameters for Weibull distributions:

δ̂A ¼ 200, φ̂A ¼ 1000, ΘAj j ¼ 10000, δ̂B ¼ 30, φ̂B ¼ 3500, ΘBj j ¼ 300. How

well is Algorithm A to perform compared to Algorithm B if they were to be operated in

the same city?

This is a very typical question asked in smart cities settings: which

algorithm is more effective? Comparison based on performances in two

different settings is difficult to be done. For example, it seems operator B is

netting a higher profit than operator A, but is this because it is more

effective or because of the structure of the demand in city B is more

supportive of the algorithm? By using the CR policy as a third-party

reference policy it is possible to rank the two algorithms’ performance



relative to a third-party reference: in terms of percentile on the CR-Weibull

distribution.

We compute the percentiles that AlgorithmA and Algorithm B perform

relative to the CR policy Weibull distribution. Based on the demand data,

sampled sequences, and determining the option values from timing those

sequences, the parameters for the CR-Weibull distributions are shown

for the two cities and plotted in Fig. 8.10. The figure suggests that City

B’s network naturally supports a higher value from the dynamic design

and timing decisions. This can be due to the structure, information

propagation, and demand patterns in City B.

FMW ,A y; φ, δ½ � ¼ 1� exp � y

1000

� �200� �� �10;000

FMW ,B y; φ, δ½ � ¼ 1� exp � y

3500

� �30� �� �300

The CR-Weibull distribution provides a reference policy to compare

the two algorithms. For example, Algorithm A operates on the 100

percentile of the CR-Weibull distribution (at 1030�1000
1000

¼ 3% above the

50 percentile). Algorithm A is able to exploit the premium value of the

flexibility to adapt the design (sequence) to new information, which is

missing in the CR policy. Meanwhile, Algorithm B operates on the 22.2

percentile of the CR policy. A head-to-head comparison in the same

city is likely to see Algorithm A outperforming Algorithm B.

By using a reference policy we can draw this conclusion without having

to setup an expensive field experiment comparing the two directly.
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Fig. 8.10 Comparison of the CR-Weibull distributions for City A (FA) and
City B (FB).
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Fig. 8.11 Simulation of Hyyti€a et al. (2012) dynamic dispatch policy. (Source: Chow and
Sayarshad, 2016.)
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The reference policy is further applied by Chow and Sayarshad (2016) to

evaluate the Hyyti€a et al. (2012) queueing-based policy along with a myopic

policy. A random instance is simulated as illustrated in Fig. 8.11 where the

policy is applied to route and dispatch a fleet of vehicles to pick passengers

up. Three scenarios are simulated. The first one is the base scenario. The

second one considers double the demand rate. The third considers half

the vehicle capacity serving the base scenario demand. The option value per-

formance is measured as cost (and temporarily offset to be positive to esti-

mate the Weibull parameters). The results are summarized in Fig. 8.12.

Several interesting conclusions can be drawn. In the three cases tested,

the nonmyopic policy from Hyyti€a et al. (2012) performs about the same

as the myopic policy. This may be because of the lack of adequate parameter

tuning necessary to improvement performance, as shown inMa et al. (2018).

The values are at least better than the purely randomly generated sample

sequence solutions, which should make sense. As demand is increased from

Scenario A to Scenario B, we see the CR-Weibull distribution increasing in
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cost which suggests there is an increase in network effects on vehicle dispatch

and routing. This makes sense since the increase demand puts a greater strain

on the available capacity. The demand doubling places less of a strain than

halving the capacity, however, as that increases the CR-Weibull distribution

of the cost further up. Although the performance of the Hyyti€a policy

appears to be roughly the same cost throughout all three scenarios, a different

conclusion can be drawn when viewed relative to the reference policy. In

scenario A, the Hyyti€a policy significantly underperforms the CR policy. In

scenario B, however, it improves over the CR policy. This suggests that the

increased demand allows the Hyyti€a policy to flourish more and gain option

value from the flexibility to adjust routing plans.

Sequential NDP is a young and exciting field due to its many applica-

tions in urban mobility and potential enhancements from artificial intelli-

gence and optimal learning. For example, the prior material in this chapter

all assumes that data is freely made available to an operator. However, in

the case of a setting with very limited information and highly autonomous

systems (e.g., shared autonomous vehicles—see Mahmassani, 2016), vehi-

cles act both as servers and sensors. In that case, navigating them over a

network is not just a decision to optimize service to users but it is also a

decision to position sensors to learn about the evolution of the network.

There remains very little research in this area of combining network

optimization models with optimal learning.

Traditional learning models that consider these trade-offs in resource

allocation for exploitation and exploration include multiarmed bandit

problems (e.g., Li et al., 2010). These models assume that the underlying

distribution is unknown and requires resources to sample the options over

multiple trials. Each sample also acts to serve the user or decision-maker as

they earn a reward. Toomuch exploration can lead to a poor rate of rewards.

These models generally use a measure of regret to compare multiarmed

bandit algorithms. A drawback of the approaches is that they do not consider

nonstationary stochastic processes very well and may be hampered by highly

contextual trials.

Another area is the dynamic route navigation to optimally learn the net-

work states. One example is Ryzhov and Powell (2011). These algorithms

use Bayesian inferencing to rank and select routes to traverse over time.

It will not be long before we see self-adapting bus routes that expand

over a city to both serve users and to learn the ridership demand efficiently

over time. By then perhaps truly smart cities will not be so far beyond

our reach.
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RESEARCH AND DESIGN CHALLENGES

The following are open-ended challenges that sometimes refer to real data

sets. Readers are encouraged to try to tackle the problems, and post their

designs or solutions on the following GitHub page, https://github.com/

BUILTNYU/Elsevierbook/tree/master/Chapter%208.

(8.1) Propose a dynamic pricing plan for a local city on-street parking that

assumes the number of parking spaces is monitored every hour. Dis-

cuss how you would model the demand each hour and what data

needs to be collected.

(8.2) Fit a GBM to a stock of your choice. Forecast the probability of the

stock exceeding 20% of its current price in the next 7days, 30days,

and 1year.

(8.3) Fit an O-Umodel to the daily average weather temperature in your

local city and another one for a city 50–100miles nearby. Deter-

mine the correlation between the daily average weathers between

the two cities. Simulate 500 sample paths of the 7-day forecast joint

temperatures between the two cities using Cholesky decomposition

(see Appendix D) and compare the simulations of the correlated

variables to the independent moments defined in Eq. (8.10).

(8.4) Use real option theory to compare option value of investing in a

heavy rail system, a light rail system, or a bus system for a local city,

assuming an underlying GBM for ridership demand. How does this

comparison change if it was based on NPV instead?

(8.5) For the Sioux Falls network example in Chow and Regan (2011b),

determine the risk-neutral rate μ for an equivalent project with val-

uationR¼R0e
μtwhereR0 is the current annual value of investment

and R is the projected annual value in year t. If the option value of

such a project was evaluated under an infinite horizon, how does

that compare to the finite horizon option value in the study?

(8.6) Verify the point made at the end of Exercise 8.4 using Monte Carlo

simulation.

(8.7) Complete Exercise 8.5 to determine the option value and optimal

policy timing the toll road investment.

(8.8) For the example in Challenge 8.4, consider having two of the tech-

nologies as options. Determine the threshold ridership demand

values to switch between a lower capacity service to the higher

capacity service and vice versa.
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(8.9) Take a look at the list of project sections for the California High

Speed Rail:
https://www.buildhsr.com/maps/.

Use the CR policy to stage the sections based on intercity

demand data that you can find. State any assumptions you make.

Evaluate the quality of your policy using simulation.
(8.10) As discussed in Chapter 1, car sharing was not very successful in San

Diego but was profitable in Seattle. Using travel demand data that

you can obtain from the two cities, assume the same car-sharing

mode choice model for each city specified toward travel costs, dis-

tance of trips, and access distance to nearest car-sharing location.

Sample random sequences of zones where car-sharing stations

would be placed and solve for the optimal timing based on each

fixed sequence. Use these sequenced values to estimate the CDF

of the CR policy for each city. If car-sharing works well in Seattle

and not in San Diego, the hypothesis is that the CR policy value in

San Diego is much worse than in Seattle. Can this be verified?

https://www.buildhsr.com/maps/
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Appendices
The book is written for an audience that is assumed to have some basic

knowledge in certain areas: systems engineering, queueing analysis, and dis-

crete choice modeling. Those without such information can make use of

these appendices drawn from various lecture notes. Some topic areas such

as probability and GIS are assumed to be widely known from both traditional

transportation disciplines and smart cities audiences that they are not

reviewed here.
Appendix A: Rankings of Transportation Research at Universities

around the World

Appendix B: Systems Engineering

Appendix C: Queueing Analysis

Appendix D: Discrete Choice Modeling
A RANKINGS OF TRANSPORTATION RESEARCH
AT UNIVERSITIES AROUND THE WORLD

See Table A.1.

This table compares the Scopus h-index of transportation research by

academic institution, as searched onNovember 18, 2016. The methodology

is described in Chow (2016a) and includes more than just urban transport

systems research. The left side shows top rankings for all time while the right

side shows top rankings from recent research. The range of h-indices sug-

gests an institution with research within a 10-year period having an h-index

in the range of high 20s–30s would be highly ranked worldwide. Readers

interested in this type of bibliometric analysis for the transportation field

should also look at Najmi et al. (2016).
413



Table A.1 Transportation research h-index rankings by institution for (left) all years up to 2016, and (right) for papers published in 2007–16
h-Index from publications over all years to 2016 h-Index from publications in 2007–16

Institution h-Index Country Institution h-Index Country

1 UC Berkeley 65 United States 1 UC Berkeley 39 United States

2 U. Montreal 61 Canada 2 TU Delft 37 Netherlands

3 UT Austin 57 United States 3 University of Sydney 33 Australia

4 MIT 56 United States 4 UT Austin 32 United States

5 UC Davis 52 United States 5 U. British Columbia 31 Canada

5 HKUST 52 China 5 National U. Singapore 31 Singapore

7 U. Sydney 48 Australia 7 HK Polytechnic 30 China

7 UMN Twin Cities 48 United States 7 Georgia Tech 30 United States

9 U. Leeds 47 United Kingdom 9 U. Leeds 29 United Kingdom

10 TU Delft 46 Netherlands 9 MIT 29 United States

11 Georgia Tech 45 United States 9 UMN Twin Cities 29 United States

12 UC Irvine 43 United States 9 U. Waterloo 29 Canada

12 U. College London 43 United Kingdom 9 U. Montreal 29 Canada

12 Ohio State 43 United States 14 Texas A&M College

Station

28 United States

15 UMD-College Park 42 United States 14 Tsinghua U. 28 China

15 HK Polytechnic 42 China 14 UC Davis 28 United States

15 U. Washington Seattle 42 United States 14 HKUST 28 China

18 Texas A&M College

Station

40 United States 18 Monash U. 27 Australia

18 Virginia Tech 40 United States 19 Virginia Tech 26 United States

18 National U. Singapore 40 Singapore 19 UMD-College Park 26 United States

18 U. Waterloo 40 Canada 19 NTU Athens 26 Greece
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22 U. British Columbia 39 Canada 19 Arizona State U. 26 United States

22 Northwestern 39 United States 23 Purdue U. 25 United States

24 U. Michigan 38 United States 23 U. College London 25 United Kingdom

24 U. Toronto 38 Canada 23 U. Toronto 25 Canada

26 Purdue U. 37 United States 23 Queensland U. Tech. 25 Australia

26 Monash U. 37 Australia 23 U. Florida 25 United States

26 U. Hong Kong 37 China 23 U. Hong Kong 25 China

26 Imperial College

London

37 United Kingdom 23 National Cheng

Kung U.

25 Taiwan

30 NTU Athens 35 Greece 23 EPFL 25 Switzerland

415
A
ppendices



416 Appendices
B SYSTEMS ENGINEERING

Definitions of systems and systems engineering are provided by the Interna-

tional Council on Systems Engineering (INCOSE).

Definition B.1 A system is a construct or collection of different elements that

together produce results not obtainable by the elements alone.

Definition B.2 Systems engineering is a methodical, disciplined approach for the

design, realization, technical management, operations, and retirement of a system.

The systems engineering approach features several components linked in

a process diagram shown in Bahill and Gissing (1998) in Fig. B.1. The key

features are a focus on customer needs and requirements, a general break-

down of the system into components and integrated backup to the system

level (the so-called V model (USDOT, 2007)), and having a continuous

reevaluation or feedback loop in place.

The components contribute to an overall life cycle for the “systems engi-

neering process.” Blanchard et al. (1998) identify six steps to this process:
Customer 
needs

Outputs

State the 
problem Reevaluate

Investigate 
alternatives

Model the 
system

Integrate

Launch the 
system

Assess 
performance

Reevaluate

Reevaluate

Reevaluate

Reevaluate

Reevaluate

Fig. B.1 Systems engineering process.
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(1) Conceptual design: moving from client needs to identifying functional

requirements and constraints

(2) Preliminary design: specifying the functional flow of the system and

designing the parameters

(3) Detailed design and development: evaluating, prototyping, and testing

the system against the client needs

(4) Production and/or construction: producing the system and making it

operational

(5) Utilization and support: maintaining the system during its operation

(6) Phaseout and disposal

Systems engineers are especially needed in the first three steps of the process,

with the research and development focusing more on the first step. Any new

system that is to be deployed, particularly intelligent transportation systems,

should go through those steps with a systems engineer to ensure that a func-

tional prototype of a system considers all the component interactions,

addresses all the client needs as specified, and does so in a manner that is mea-

surably effective (often against a benchmark system).

The conceptual design step includes a feasibility study to assess the needs,

convert them into system operational requirements, and to identify a set of

functions needed to address those requirements. It is breaking up the system

into individual components, one for each function. Due to the potential

complexity of systems, there needs to be a clear way to communicate the

structure of a system and its components between different stakeholders

throughout the process.

The Unified Modeling Language (UML) (see Ambler, 2017) has

emerged as one of the more popular tools for communicating system

designs. Currently UML is at version 2.x and consists of a series of 13 dia-

grams used to describe various aspects of a system. These are listed in

Table B.1 from Ambler (2017).

For identifying the needs and relating them to high-level functions, a use

case diagram and a class diagram are effective tools. The use case diagram

provides an overview of essentially the scope of the system and consists of

four types of objects: “use cases,” “actors,” “relationships,” and “system

boundary boxes.” Use cases are the reasons for a system to exist, which drive

the derivation of the user needs. The U.S. National ITS Architecture calls

these “service packages.” The relationships and boundary boxes identify

high-level interactions that exist between specific use cases and actors.

A use case diagram is typically drawn by first listing out all the actors (some

stick figure icon), followed by ovals representing different system use cases



Table B.1 UML diagrams (Ambler, 2017)
Diagram Description

Activity diagram Depicts high-level business processes, including data flow,

or to model the logic of complex logic within a system.

Class diagram Shows a collection of static model elements such as classes

and types, their contents, and their relationships.

Communication

diagram

Shows instances of classes, their interrelationships, and the

message flow between them. Communication diagrams

typically focus on the structural organization of objects

that send and receive messages.

Component diagram Depicts the components that compose an application,

system, or enterprise. The components, their

interrelationships, interactions, and their public

interfaces are depicted.

Composite structure

diagram

Depicts the internal structure of a classifier (such as a class,

component, or use case), including the interaction

points of the classifier to other parts of the system.

Deployment

diagram

Shows the execution architecture of systems. This

includes nodes, either hardware or software execution

environments, as well as the middleware connecting

them.

Interaction

overview diagram

A variant of an activity diagram which overviews the

control flow within a system or business process.

Object diagram Depicts objects and their relationships at a point in time,

typically a special case of either a class diagram or a

communication diagram.

Package diagram Shows howmodel elements are organized into packages as

well as the dependencies between packages.

Sequence diagram Models the sequential logic, in effect the time ordering of

messages between classifiers.

State machine

diagram

Describes the states an object or interaction may be in, as

well as the transitions between states.

Timing diagram Depicts the change in state or condition of a classifier

instance or role over time.

Use case diagram Shows use cases, actors, and their interrelationships.
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(these should all be actions involving how an actor, which includes the sys-

tem itself, may use the system in some way). Boundary boxes may be used to

classify distinct subsystems. Lines are drawn to connect actors to the use cases

that impact them directly. Arrows can be used to connect use cases with each

other with some association, such as having Use Case A <<extend>> to

Use Case B (an arrow is then drawn from B to A).

http://AgileModeling.com/artifacts/activityDiagram.htm
http://AgileModeling.com/artifacts/classDiagram.htm
http://AgileModeling.com/artifacts/communicationDiagram.htm
http://AgileModeling.com/artifacts/communicationDiagram.htm
http://AgileModeling.com/artifacts/componentDiagram.htm
http://AgileModeling.com/artifacts/compositeStructureDiagram.htm
http://AgileModeling.com/artifacts/compositeStructureDiagram.htm
http://AgileModeling.com/artifacts/deploymentDiagram.htm
http://AgileModeling.com/artifacts/deploymentDiagram.htm
http://AgileModeling.com/artifacts/interactionOverviewDiagram.htm
http://AgileModeling.com/artifacts/interactionOverviewDiagram.htm
http://AgileModeling.com/artifacts/objectDiagram.htm
http://AgileModeling.com/artifacts/packageDiagram.htm
http://AgileModeling.com/artifacts/sequenceDiagram.htm
http://AgileModeling.com/artifacts/stateMachineDiagram.htm
http://AgileModeling.com/artifacts/stateMachineDiagram.htm
http://AgileModeling.com/artifacts/timingDiagram.htm
http://AgileModeling.com/artifacts/useCaseDiagram.htm
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As an example, consider two alternative systems for bus ticketing: a road-

side ticketing kiosk and a ticketing kiosk on the bus. Use case diagrams for

the two alternative fare payment systems are shown in Fig. B.2. This figure

illustrates how there is no dependency on boarding wait time to the use case

of fare payment for roadside ticketing and no tying up the bus driver.

The class diagram is designed to further break out the different classes in

the system and to capture their relationships (e.g., inheritance, aggregation,

association), operations, and attributes. There are two types of class dia-

grams: conceptual and design level diagrams. A conceptual diagram can

be used at the conceptual and preliminary design stages and expand to a more

detailed design class diagram in the detailed design stage. Whereas the use

case diagram identifies the relationships needed, the class diagram helps to

identify the key variables needed to relate the variables. It is especially useful

when designing data-oriented systems. Classes are distinct objects of which

multiple instances may exist. The classes of interest are defined by rectangles.

Variables of interest within a class are identified within a connected rectan-

gle. Aggregation is represented with a triangular icon separating the root to

the branches. Other relationships are expressed using arrows with an action

phrase describing the relationship. Specific numbers (e.g., many to one)
Passengers

Bus driver

Pay fare

Verify ticket

Wait during 
boarding

Passengers

Fare inspector

Pay fare

Verify ticket
Wait during 

boarding

(A)

(B)

Fig. B.2 Use case diagrams for (A) on-bus fare ticketing and (B) roadside fare ticketing.
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and types of queue disciplines are noted on the ends of the arrows corre-

sponding to the class.

Following on the roadside ticketing example in Fig. B.2, a conceptual

class diagram at this stage for the roadside ticketing may look something like

Fig. B.3. Even for the same system, different class diagrams may exist. The

design of the diagram itself depends on what aspects of the system most con-

cerns the client. In the roadside ticketing example, the key trade-off is the

change in bus dwell time and the automation of the fare payment for pas-

sengers. In this case, those elements are highlighted more (with the ticket

queue and bus queue classes). If the focus was on how passengers would

pay the system, that aspect of the system might be expanded further instead.

A class diagram provides a good entry into the preliminary design stage.

In this stage, the emphasis is on carving the different functions and subsys-

tems needed to serve the use cases for the different classes defined. During

preliminary design, the functions are designed to ensure data flows between

subsystems are properly captured and constraints are met. Trade-off analyzes

are conducted between function parameters. At this stage it may be useful to

use mathematical models to support the design and trade-off analysis. For
User

Fare-beater MetroCard

Xfer qualified
Balance

Ticket 
queue

Customer
Owns

Ticket

Purchases
Waits on

Wait time
length

Time issued
cost

{ordered 
FIFO}

Bus queue
Waits on

{SIRO} 

Fig. B.3 A conceptual diagram for the roadside bus ticketing system.
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example, mathematical programming models may be employed to capture

constraints and determine what would be suitable decision variables to

achieve specific objectives.

Traditionally, “functional flow” diagrams are used to express the rela-

tionships between different functions and to capture the data flow require-

ments. Under the UML framework, other diagrams also can be used. One

such diagram is the activity diagram. Each diagram is drawn to fulfill a use

case and shows the logic between different functions to handle the use case.

Functions are defined using rounded rectangles and two circles (one all black

and one partially blackened) to define the start and end of a use case inter-

action. Triangles can be used to capture aggregation of components and dia-

monds are used to define decision nodes to split the logic path. Conditions

for the decisions are captured in italicized brackets. Mutually exclusive activ-

ity sequences are captured using bars.

An example of an activity diagram is shown for the “Pay Fare” use case in

Fig. B.4.

While the diagrams so far explain the functional relationships in a system,

they do not describe the physical relationships. A deployment diagram, also

known as a technical architecture diagram and a physical diagram, does that.

A deployment diagram identifies the physical objects in the system (e.g.,

server, vehicles, various centers where data is stored), the functions that

are stored within them, and the data that flows between them. An example

from the ARC-IT V8.1 National ITS Architecture from the US DOT is

shown in Fig. B.5. In this example of the transit fare collection management
Insert 
metrocard

Insert cash

User

System

Issue ticket

Check 
transferred Deduct fare

Return 
change

Receive 
ticket

[Yes]

[No]

Fig. B.4 An activity diagram with swimlanes for Pay Fare use case in roadside ticketing.



Fig. B.5 A deployment diagram of the PT04 Transit Fare Collection Management use case. (Source: Iteris, 2018.)
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use case, physical objects like the transit management center, financial cen-

ter, and transit vehicle onboard equipment (OBE) are listed as rectangles.

Functions are listed as rectangles within these rectangles (e.g., TIC Data

Collection). Data flows are captured by the arrows.

At the end of preliminary design, a systems engineer should have a clear

set of diagrams that describe the use cases, how they are served by various

functions and data flows, and the physical objects that run the functions.

Trade-offs should have been conducted to understand the feasible design

spaces and their sensitivities to different parameters. If decision support

involves some optimization model, then the models should be clearly

formulated.

In the detailed design stage, a systems engineer goes through the process

of designing all the parameters of the system and testing the effectiveness of

the system to different performance measures. Much of the testing at this

stage may be based on a prototype or in a simulation or model environment.

This is very much an iterative process where parameters are set for a given

design and evaluated. After evaluating several design alternatives, a preferred

system design alternative is chosen. Example performance measures in

transportation are presented in Table B.2, which is a selection taken from

Iteris (2018).
Table B.2 Selection of ITS performance measures
Object category Performance measure

Arterial management: delay Control delay seconds per vehicle.

Arterial management: reliability The buffer index (represents the extra time

(buffer) travelers add to their average

travel time when planning trips to arrive

on-time 95% of the time).

Emergency/incident management:

incident duration

Mean roadway clearance time per

incident.

Emergency/incident management:

traveler information

Time to alert motorists of an incident/

emergency.

Emergency/incident management:

use of technology

Number of regional roadway miles

covered by ITS-related assets in use for

incident detection.

Environment: clean air and climate

change

Fine particulate (PM2.5) emissions—tons

per day

Environment: clean air and climate

change

Carbon dioxide emissions—tons per day

Freeway management: HOV lanes Share of freeway network with HOV

lanes.

Continued



Table B.2 Selection of ITS performance measures—cont’d

Object category Performance measure

Freeway management: pricing and

tolling

Percentage of drivers with ETC

transponders.

Freeway management:

transportation management

centers

Percent of regional transportation system

monitored by the TMC for real-time

performance.

Freight management: border

crossing

Average border crossing time for freight at

international borders per year.

Freight management: detours and

routing

Percent of detours of freeways and major

arterials that can accommodate

commercial vehicles.

Freight management: intermodal

facilities

Average duration of delays per month at

intermodal facilities.

Preservation: preserve existing

infrastructure

Pavement condition index

Safety: vehicle crashes and fatalities Total fatalities per X VMT.

Special event management: mode

shift from SOV

Percent of special event attendees utilizing

park and ride lots each year for selected

events.

System efficiency: energy

consumption

Excess fuel consumed (total or per capita).

System efficiency: vehicle miles

traveled

Average VMT per capita per day, per

week, or per year.

System options: bicycle and

pedestrian accessibility and

efficiency

Percent of roadways with bicycle and

pedestrian facilities.

System options: modal options for

individuals with disabilities

The percent of transit stops with ADA

provisions.

System reliability: transit on-time

performance

On-time performance of transit.

Transit operations and

management: automated fare

collection

Percent of total transfers performed with

automated fare cards.

Transit operations and

management: loading standards

Duration of standee time.

Transit operations and

management: transit signal

priority

Travel time delay on routes with queue

jumping and automated vehicle location

in use.

Travel demand management:

commuter shuttle service

Percent of residents in region receiving

marketing material on shuttle service

opportunities.

Travel demand management:

parking management

Capacity of park and ride lots.

Travel weather management:

clearance time (weather-related

debris)

Average time to clear selected surface

transportation facilities of weather-

related debris after weather impact.

Work zone management: extent of

congestion

Length of average andmaximum queues in

work zones.
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In addition to these performance measures, in transport system design

involving algorithms other measures include computational efficiency, opti-

mality of the design with respect to some desired objective, and data require-

ments as they relate to privacy.

Based on a set of alternative designs and performance measures, a care-

fully prepared test plan is needed to evaluate each system design’s perfor-

mance. For many systems, the testing must be first conducted in a

simulation environment before being deployed in a field pilot.

A simulation-based test plan should lay out the following:

• Simulation rules:The underlying simulation rules and how they reflect

or ignore real-world conditions that would be resolved in a field pilot.

A simulation that incorporates feedback from human participants has

“human-in-the-loop” characteristics while one that incorporates feed-

back from physical components (e.g., scale models or control device)

has “hardware-in-the-loop” features.

• Common random elements: The random elements within the sim-

ulation that are shared by all scenarios.

• Performance measures and experimental design: The measures of

performance used to evaluate all scenarios plus the design of the exper-

iment to evaluating each scenario (e.g., number of simulation runs, dura-

tion of cold start, or sampling methodology).

• The set of scenarios and how they correspond to specific system designs

within the simulation environment; one should be a benchmark alterna-

tive in which data from the real world is used to calibrate.

As an example, in detailed design of a fare payment system, one may be

interested in comparing the passenger wait time under two designs: one sys-

tem where payment is made onboard a bus and a second where payment is

made at a roadside kiosk. A test plan could then involve:

• Simulation rules: a specified period length where there is a specified pas-

senger arrival rate, in which each passenger seeks to board the next bus

arriving at a fixed headway and a random load of onboard passengers

with a random number alighting. Enforcement is assumed to take place.

This simulation design ignores network effects (delays would impact

downstream headways and passenger arrivals).

• Common random elements: arrival rates, number of passengers onboard,

percent of them alighting. Other random elements may be different pop-

ulation groups such as number of handicapped individuals or passengers

who may be potential fare-beaters. Distributions should be specified,

whether there are correlations or not, and justified for each element.
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• Performance measures: dwell time for onboard passengers, time to board

for passengers at the stop, number of fare-beaters missed. The test plan

should define the experimental design: in this case, one might specify

running 100 instances of the simulation and using the performance

measures sampled from those 100 instances to construct a distribution.

• The two design alternatives are specified as the scenarios. Assuming the

onboard fare payment is the benchmark alternative, data from the real

world is used to calibrate this scenario and the common random

elements. Then the new design alternatives are specified accordingly.
C QUEUEING ANALYSIS

C.1 Markov Chains
Transport systems are naturally queueing systems since they involve limited

capacity service operated over time. Queueing analysis involves the study of

the congestion effects within this limited capacity environment, typically

under a steady-state setting.

Before covering queueing, an introduction needs to be made of the sys-

tem setting. Queues form in a dynamic system where the state is character-

ized by number of people in the system or queue. While the future state is

unknown, its distribution can be discerned from the current state. Under

such systems, states transition from one to another with a certain probability.

The transitions between states are governed by stochastic processes which is

called aMarkov process (Markov chain) under continuous (discrete) time. In

a Markov chain, the probability of the next system state is dependent on the

current system state, that is, P[Xt+1¼ j jXt¼ i]. The material on Markov

chains is generally referenced from Grinstead and Snell (2012) unless stated

otherwise.

Definition C.1 Markov chains are stochastic processes where the probability of a

state at t+1 only depends on the state at t.

A subset of Markov chains has transition probabilities that do not change

over time, for each i and j, P[Xt+1¼ j jXt¼ i]¼P[X1¼ j jX0¼ i],8 t¼1, 2,

…. These are stationary probabilities, and the subset is called a stationary

Markov chain.

One example of a stationary transition matrix is for weather. Consider

the matrix shown in Table C.1. In this system there are three states,

{Sunny,Cloudy,Rain}, and they change from 1 day t to the next. This tran-

sition matrix can be estimated from data to reflect the numbers within.



Table C.1 Example transition matrix
Sunny [t+1] Cloudy [t+1] Rain [t+1]

Sunny [t] 0.6 0.3 0.1

Cloudy [t] 0.4 0.4 0.2

Rain [t] 0.2 0.4 0.4
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In this weather system, if today it is sunny then the likelihood of it being

sunny again the next day is 60%.

The transition probabilities can also be visualized as a state transition dia-

gram, shown in Fig. C.1. Each oval represents a state while the arrows rep-

resent the transition probabilities. A state j that has a transition probability

pjj¼1 is called an absorbing state.

The transition probabilities, which are conditional probabilities, can be

used to understand limiting characteristics of the system. First, the condi-

tional probabilities may extend to n time steps. Let Pij
[n]¼P[Xt+n¼ j jXt¼ i].

The probability distribution can be iteratively expanded as follows.

p
n½ �
ij ¼

XM
k¼1

pikp
n�1½ �
kj ¼

XM
k¼1

pik
XM
k¼1

pikp
n�2½ �
kj ¼…

This is called theChapman-Kolmogorov equations (see Hillier et al., 2012),
which are stated formally in Eq. (C.1).

p
n½ �
ij ¼

XM
k¼1

p
m½ �
ik p

n�m½ �
kj , 8i¼ 1,…,M , j¼ 1,…,M , anym¼ 1,2,…,n�1

(C.1)

If, for example, n¼2 time steps and a Markov transition matrix of size
2½ � P 1½ �
M¼2, then pij ¼ 2
k¼1pikpkj ¼ pi1p1j + pi2p2j. This is also equivalent to pij

2.

We can therefore state Eq. (C.2) to examine probability distributions

at some future time step.

P n½ � ¼Pn (C.2)
Sunny Cloudy Rain 

0.60 

0.30 

0.20 

0.40 

0.40 

0.20 

0.10 

0.40 0.40 

Fig. C.1 Example state transition diagram.
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In the steady state, there are two types of outcomes. In the first type, the
Markov chain has one or more absorbing states and the system eventually

ends up in those states. In the second type, the Markov chain is ergodic if

it is possible to eventually go from every state to every other state. Further-

more, a regular chain is an ergodic chain in which there exists n such that

pij
n>0 for all i, j. A regular Markov chain has a limiting matrixW represent-

ing the steady-state distribution in each state.

For the first type of limiting scenario, Markov chains can be used to

answer questions like the probability that the process ends up in a certain

absorbing state, the mean time to be absorbed, and the mean number of

times the process ends up in a transient state. Answers to these questions

can be obtained by first rearranging the transition probability matrix into

the transient states followed by the absorbing states as shown in

Eq. (C.3). The matrixQ is the set of transition probabilities for the transient

states, R is for the absorbing states, and I is an identity matrix.

P¼ Q R

0 I

� �
(C.3)

Then N¼ (I�Q)�1 is called the “fundamental matrix” of P. The nij of
N gives the expected number of times that the process is in transient

state j if started in transient state i. If we define c as a column vector of

all 1’s, then ti, where t¼Nc, denotes the expected number of steps taken

before the chain is absorbed if it starts in state i. If B¼NR, then bij of

B gives the probability of being absorbed by state j if the process starts

at state i.

For ergodic and regular Markov chains, as n!∞ the matrix Pn!W.

We know that the limiting matrix is reached when all the row vectors

are the same. In the example with the weather, it takes n¼12 for all the

row vectors to be the same:

W ¼
0:4516 0:3548 0:1935
0:4516 0:3548 0:1935
0:4516 0:3548 0:1935

2
4

3
5

The 1�M row vector w can also be found by solving the following fixed
point problem shown in Eq. (C.4).

w¼wPXM
j¼1

wj ¼ 1 (C.4)
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This may be solved as follows:
PT � I

11�M

� �
wT ¼ 0M�1

1

� �

C.2 Queues
A length of a queue can be viewed as a type of continuous time Markov

process, where there is a probability for each value from zero to infinity.

Queueing analysis was first conducted by Erlang (1909) by using state

balance equations to determine queue delays. The following terminology

is used to characterize a queue.

• a[t]¼number of arrivals in system

• c[t]¼number of service completions

• N[t]¼a[t]� c[t]¼number of users in system at time τ
• ta[i]¼ arrival time of user i

• tb[i]¼time of service beginning for user i

• tc[i]¼ time of service end for user i

• wq[i]¼ tb[i]� ta[i]¼wait time in queue for user i

• w[i]¼ tc[i]� ta[i]¼total time in system for user i

• W (Wq)¼average wait time of all users in the system (queue)

• l t½ � ¼ Ðt
0

N τ½ �dτ is the total number of users served in [0, τ]

• L (Lq)¼average number of people in the system (queue)

• λ¼ mean number of arrivals per unit time

• μ¼ mean number of service completions per unit time

• ρ¼ λ
μ¼ utilization ratio

Queues share some common characteristics. A queue discipline defines

the rules used in clearing a queue. Examples include FIFO (first-in-

first-out), LIFO (last-in-first-out), and SIRO (served in random order).

A queue has user arrivals that follow a certain distribution. The service

rate also follows a certain distribution and may be more than one server

operating for a single queue. The queue may have a maximum capacity

over which new users do not enter the system (they balk). The wait time

is based on a combination of random arrivals, service times, and structure

of the queue.

To make things easier for describe queues, Kendall (1951) came up with

a notation in the format A/B/m/k, where A is a distribution of the user

interarrival time (M if Markov with negative exponential arrivals,D if deter-

ministic, and G if it is a general distribution). B is the service time
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distribution. The m denotes the number of parallel servers and k is the queue

capacity. An example is M/M/2/3, which means the arrival and service

times are negative exponential distributions with two parallel servers and

a maximum queue of three people allowed.

In queueing analysis, the objective is in general to estimate the steady-

state properties of the queue (length and delay) under an alternative queue

design. In the case of certain simple queues, more detailed information can

be derived. Little (1961) proved one fundamental relationship in all queues

in Eq. (C.5).

L¼ λW (C.5)

The proof, in short, is to express the average number of users per time as
L¼ l τ½ �
τ , which can be further expanded to

l τ½ �
τ ¼ a τ½ �

τ
l τ½ �
a τ½ �. The first part

a τ½ �
τ is the

arrival rate λ; the second part
l τ½ �
a τ½ � is the average wait time W.

We can examine the simplest queue, M/M/1 as a first-come-first-serve

(FCFS) discipline, using Larson and Odoni (1981) as reference. This type of

queue is also called a birth-and-death process, a type of continuous time

Markov process in which the state variable is a number ranging from zero

to infinity. The state transition diagram is illustrated in Fig. C.2. It shows

that at state n, the next state is either at n+1 or n�1.

In the case of M/M/1, the λi¼λj¼λ and the service rates are similarly

identical across all states, μi¼μj¼μ. We want to obtain a steady-state prob-

ability of the system being in a specific state. First we acknowledge that the

conditional probability is to increase or decrease by one unit is either λΔt or
μΔt due to the nature of Poisson processes (in an increment in time only one

event can be processed, with a probability of occurrence equal to the rate).

Then we can get an expression for there to be no transition occurring by the

next time step.

P N t+Δt½ � ¼ njN t½ � ¼ n½ � ¼ 1�λΔt�μΔt
0 

 

1    

 

… 

 

 

  

  

  

 

Fig. C.2 State transition diagram of a birth-and-death process, of which the M/M/1
model is one.
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For small Δt and using Pn(t)¼P[N(t)¼n] we can setup a balance equa-
tion at state n. At t+Δt, the state n can only occur if the prior state was n and
it did not change, or if the prior state was n+1 and one user was served, or if

it was n�1 and one user arrived. This is expressed as follows.

Pn t+Δtð Þ¼Pn+1 tð ÞμΔt +Pn tð Þ 1� λ+ μð ÞΔt½ �+Pn�1 tð ÞλΔt
Dividing by Δt and taking the limit as Δt!0, we get the following
expression in Eq. (C.6).

dPn tð Þ
dt

¼Pn+1 tð Þμ� λ+ μð ÞPn tð Þ+Pn�1 tð Þλ (C.6)

We can use the boundary condition. When n¼0:
dP0 tð Þ
dt

¼P1 tð Þμ�λP0 tð Þ

Since we are evaluating the steady state, we can set
dP0 tð Þ
dt

¼ 0 and remove
the time subscripts.

μP1 ¼ λP0

A further balance under steady-state equilibrium requires that any cross
section between two states is stable:

λPn ¼ μPn+1, for n¼ 0,1,2,3…

These are called balance equations. By substituting the terms recursively, it
leads to Eq. (C.7).

Pn¼ λn

μn
P0¼KnP0 (C.7)

We know that sum of probabilities has to be equal to 1:
X∞
n¼0

Pn¼ 1+
X∞
n¼1

Kn

 !
P0¼ 1

P0¼ 1

1+
λ

μ

� �
+

λ

μ

� �2

+…

The denominator is just a geometric series where:
1+ ar + ar2 + ar3 +…¼ a

1� r
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Substituting that in, we get Eq. (C.8).
P0¼ 1

1

1� λ

μ

0
BB@

1
CCA

¼ 1� λ

μ
¼ 1�ρ (C.8a)

Pn ¼ ρn 1�ρð Þ (C.8b)

The other steady-state measures can be derived (see Hillier et al., 2012)
and shown in Eq. (C.9). Note that essentially if we know Lq we can obtain

the rest: Wq ¼ Lq

λ ,W ¼Wq +
1
μ ,L¼Lq +

λ
μ :

L¼
X∞
n¼0

nPn ¼ ρ

1�ρ
¼ λ

μ�λ
(C.9a)

W ¼
X∞
n¼0

n+1

μ
Pn ¼ 1

μ 1�ρð Þ¼
1

μ� λ
(C.9b)

Lq¼L� 1�P0ð Þ¼ ρ2

1�ρ
¼ λ2

μ μ�λð Þ (C.9c)

Wq¼
X∞
n¼0

n

μ
Pn ¼ ρ

μ 1�ρð Þ¼
λ

μ μ� λð Þ (C.9d)

The probability density function for the wait time is shown in
Eq. (C.10).

fw t½ � ¼ μ� λð Þe� μ�λð Þt, for t� 0 (C.10)

To illustrate, if a fueling station has 10 vehicles arriving per hour and the
average service time is 5min, then the probability to be served in less than

2min is:

FW 0:033½ � ¼ 1� e� 12�10ð Þ 0:033ð Þ ¼ 6:4%

The average queue length is Lq¼ 102

12 2ð Þ ¼ 4:17 vehicles.
For M/M/m queues with more than one server, where ρ¼ λ
mμ< 1, the

birth-and-death process can still be used to evaluate the state probabilities

and wait time as well. The state probabilities are shown in Eq. (C.11).

The intuition with the fragmented terms is due to the probabilities being

different when the number of servers is not all busy versus when they are.
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P0¼
Xm�1

n¼0

λ

μ

� �n

n!
+

λ

μ

� �m

m!

1

1� λ

mμ

0
BB@

1
CCA

2
664

3
775
�1

(C.11a)

Pn¼

λ

μ

� �n

n!
P0, 0� n�m

λ

μ

� �n

m!mn�m
P0, n�m

8>>>>>><
>>>>>>:

(C.11b)

The average length of queue and CDF of the wait time are shown in
Eq. (C.12).

Lq¼
P0

λ

μ

� �m

ρ

m! 1�ρð Þ2 (C.12a)

FW tð Þ¼ 1� e�μt 1+

P0

λ

μ

� �m

m! 1�ρð Þ
1� e

�μt m�1� λ
μ

� �

m�1� λ

μ

0
BB@

1
CCA

2
664

3
775, t� 0 (C.12b)

In the earlier example with the fuel station, if an extra pump is added,
the average queue length drops from 4.17 vehicles down to

Lq¼
0:4118ð Þ

10

12

� �2

0:4167ð Þ

2 1�0:4167ð Þ2 ¼ 0:1751 vehicles.

In the case where there is a finite capacity k where additional users

arriving would balk, and assuming m�k, the state probabilities are shown

in Eq. (C.13).

P0¼
Xm
n¼0

λ

μ

� �n

n!
+

λ

μ

� �s

m!

Xk

n¼m+1

λ

mμ

� �n�m

2
664

3
775
�1

(C.13a)

Pn¼

λ

μ

� �n

n!
P0, 0� n�m

λ

μ

� �n

m!mn�m
P0, m� n� k

8>>>>>><
>>>>>>:

(C.13b)
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The steady-state performance measures are shown in Eq. (C.14).

Because of the capacity, the value of L is not obtained in the same way as

earlier. The wait times Wq, W are obtained using an effective arrival rate

λ shown in Eq. (C.14c).

Lq¼
P0

λ

μ

� �m

ρ

m! 1�ρð Þ2 1�ρk�m� k�mð Þρk�m 1�ρð Þ� 	
(C.14a)

L¼
Xm�1

n¼0
nPn +Lq +m 1�

Xm�1

n¼0
Pn

� �
(C.14b)

λ¼
X∞

n¼0
λnPn ¼ λ 1�Pkð Þ (C.14c)

For the fueling station example, a comparison can be made between an
M/M/1 design and an M/M/1/1 design in Fig. C.3.

Many queues do not operate with exponentially distributed service

times. For example, a single shuttle mobility-on-demand service may have

exponential user arrivals but service time may not fit an exponential distri-

bution. M/G/1 queues fall under this category. If the mean service time 1/μ
and its variance σ2 can be observed, then P0¼1�ρ. For the queue length
there is a formula derived by Pollaczek-Khintchine (P-K) shown in

Eq. (C.15).
0

0.1

0.2

0.3

0.4

0.5

0.6

0 1 2 3 4 5 6 7+

P
ro

b
ab

ili
ty

Number in system

M/M/1 M/M/1/1

Fig. C.3 Comparison of the state probabilities for M/M/1 and M/M/1/1 queues.
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Lq ¼ λ2σ2 + ρ2

2 1�ρð Þ (C.15)

The other performance measures can be obtained similarly to the M/M/
m queue.

C.3 Spatial Queues and Queue Networks
In an urban transport context, queues typically evolve over a space or a net-

work. With spatial queues, Larson and Odoni (1981) describe a hypercube

model to evaluate a set of m servers over a space. A simpler model can be

deployed when it is just one server under some simplifying assumptions

for a last mile application. Consider the rectangular region shown in

Fig. C.4.

In the single shuttle case, we can make some simplifying assumptions:

user arrivals follow a Poisson process with λ and are uniformly distributed

over the rectangular region, a vehicle starts from the depot to pickup a pas-

senger and returns to the depot to complete the service. We assume dwell

timeZ at the location of the user pickup is independently distributed as fZ[z].

Then this is simply an M/G/1 queue and its performance measures can be

determined if the mean and variance of the service rate can be estimated.

Let us define the service time S as a function of the random distance to

the location divided intoDx,Dy for the x- and y-coordinates. Then the ser-

vice time is shown in Eq. (C.16).

S¼ 2
Dx

vx
+
Dy

vy

� �
+Z (C.16)
Depot 

Fig. C.4 Region for a spatial queue analysis with a single shuttle based at a
central depot.
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Dx is a function of the uniformly distributed location X between [0,X0]

and vx, vy are speeds. The cumulative probability ofDx can be defined as the

following joint probability:

P Dx� yð Þ¼ X�X0

2
� y

� �
\ X0

2
�X � y

� �

The CDF is FDx
yð Þ¼ 2y

X0
, 0� y� X0

2
, and taking the derivative we get
fDx
yð Þ¼ 2

X0
. Knowing the PDF we can derive the first and second moments:

E Dx½ � ¼
ðX0=2

0

2y

X0

dy¼X0

4

V Dx½ � ¼E D2
x

� 	� E Dx½ �ð Þ2¼X2
0

12
�X2

0

16
¼X2

0

48

The y-axis distance moments are analogously constructed. This leads to
the following values of the mean service time and variance in Eq. (C.17),

where z is the mean dwell time and σZ
2 is its variance.

1

μ
¼E S½ � ¼ 2

X0

4vx
+

Y0

4vy

� �
+ z (C.17a)

σ2S ¼ 4
σ2Dx

v2x
+
σ2Dy

v2y

 !
+ σ2Z ¼ 1

12

X2
0

v2x
+
Y 2
0

v2y

 !
+ σ2Z (C.17b)

As an example, consider a fire dispatch problem where a single fire truck
serves a 20-block by 20-block neighborhood. Service requires going to the

site of the fire, clearing out the fire, and returning to depot before heading

out for the next job. The speed of transport is 10mph–200blocks/h. Time at

the site is normally distributed with mean of 20min and standard deviation

of 5min. Fires occur at a rate of one per hour as a Poisson process.

The average service time is:

1

μ
¼E S½ � ¼ 2

20

4 200ð Þ +
20

4 200ð Þ
� �

+
1

3

� �
¼ 0:433 h! μ¼ 2:308=h

Variance of service time is:
σ2S ¼
1

12

202

2002
+

202

2002

� �
+

1

12

� �2

¼ 0:008611h2
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Now we can apply the P-K formula:
Lq¼ λ2σ2 + ρ2

2 1�ρð Þ ¼
12 0:008611ð Þ+0:43332Þ

2 1�0:4333ð Þ ¼ 0:1732

Wq¼Lq

λ
¼ 0:1732h¼ 10:39min before response

The Lq suggests that at any time there is 0.1732 of a fire that is unat-
tended. The Wq suggests a response time on average of 10–11min before

the fire truck even starts driving toward the site of the fire.

The last topic in queueing analysis is considering multiple queues that

feed each other in a network. For example, consider the network shown

in Fig. C.5. In this network, there are three queues and inflows aj into

the network at those queues are j. For example, there is one user arriving

per minute to queue no. 1. After completing a queue, passengers are distrib-

uted to other queues or to exit the network. When the queues within this

network operate as M/M/m queues, the problem is called a Jackson network,

named after Jackson (1957).

Under steady state, each queue in such a network behaves as an indepen-

dent M/M/m queue with arrival rate shown in Eq. (C.18) if mjμj>λj. A set

of balance equations results from the equation, which are used to solve for
1 

2 

3 

1/min 

4/min 

3/min  

1 server, 
10/min 

2 servers, 
10/min 

1 server, 
10/min 

10% 

60% 

30% 

10% 

30% 

60% 

40% 

40% 

20% 

Fig. C.5 Example of a queue network.
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the effective λj at each node. Once those are known, the standard perfor-

mance measures are determined independently.

λj ¼ aj +
Xm
i¼1

λipij (C.18)

In addition to marginal probabilities of the individual queues, joint prob-
abilities (e.g., probability of having two customers at node 1, one customer

at node 2, and three or more customers at node 3) can be obtained as a prod-

uct of independent probabilities. The expected number of users in the

network is obtained by adding up all the average Lj’s. The expected wait

time in the network is obtained using Little’s formula in Eq. (C.19).

W ¼ LX
ai

(C.19)

To illustrate, consider the example in Fig. C.5. The following balance
equations are solved to determine the effective arrival rates to each node,

which is λ¼ (I�PT)(a) in matrix form.

λ1¼ 1+ 0:1λ2 + 0:4λ3

λ2¼ 4+ 0:6λ1 + 0:4λ3

λ3¼ 3+ 0:3λ1 + 0:3λ2

Solving the balance equations we get λ¼ [5,10,7.5]. Now all the prop-
erties of the individual queues and the network can be derived. For example,

the probability that all servers are idle at the same time is:

P 0, 0, 0ð Þ¼ 1

2

1

3

� �
1

4

� �
¼ 1

24

The average number of users in the network requires first finding each of
the number of users in the queues.

L1 ¼ λ1
μ1�λ1

¼ 5

10�5
¼ 1

L2 ¼
P2 0ð Þ λ2

μ2

� �s

ρ2

s! 1�ρ2ð Þ2 +
λ2
μ2

¼
1

3

� �
10

10

� �2
10

20

� �

2 1�10

20

� �2
+
10

10
¼ 4

3

L3¼ λ1
μ1� λ1

¼ 7:5

10�7:5
¼ 3



439Appendices
Summing them up we get L¼ 16
3
¼ 5:333. Lastly, we can determine the

expected wait time going through the network as:

W ¼ L

a1 + a2 + a3
¼ 16

3 1+ 4+ 3ð Þ¼
2

3
min

These are only wait times at those queues and do not include the
deterministic travel times between queues.
D DISCRETE CHOICE MODELING

D.1 Consumer Theory
Discrete choice models are used to explain the distribution of behavior of

consumers of alternative products or services. As a model of consumer

behavior, we first discuss consumer theory. Five assumptions are made about

how consumers treat goods (Kanafani, 1983).

(1) Each consumer has a choice on quantity of different products

consumed.

(2) Every good possess characteristics that give satisfaction, that is, utility,

to a consumer. Utility is therefore derived from the characteristics of

goods, not the goods themselves.

(3) Each consumer has consistent preference structure that is transitive.

If one prefers A over B, and B over C, then they also prefer A over C.

(4) Consumers are insatiable: more is always better than less.

(5) Choice is limited by a budget constraint due to resource expenditures

needed to consume. These expenditures may be money, time in a day,

and so on.

Under these assumptions, consumers are presented with a bundle ofm goods

X¼{x1,…,xm} in which they compare to another bundle of goods Y.

If bundle X is preferred over bundle Y, X�Y. Consumers are assumed to

choose the bundle that is most preferred. The quantity of satisfaction for

a bundle is measured with utility, a unitless measure of preference. If

X�Y, then U[X]>U[Y].

Mathematical operations can be applied to utility. It is a relative measure

in the sense that if U[X]>U[Y] then U[X]+C>U[Y]+C and γU[X]>γU
[Y]. The amount consumed is bound by the resource expenditure con-

straint. The utility that an individual can earn from a bundle can be

represented by isoutility curves. An example is shown in Fig. D.1. All

points on one curve would earn the individual the same amount of utility.

Under a fixed resource expenditure budget represented budget, the

maximum utility is obtained from the isoutility curve that just touches



Fig. D.1 Illustration of isoutility curves and resource expenditure budget (straight line).
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the budget. Isoutility curves are generally convex; if they are concave, it

would mean the individual prefers consuming only one good over the others.

A common functional form to fit to an isoutility curve is the Cobb-

Douglas function in Eq. (D.1).

U x1,…, xm½ � ¼ bxa11 …xamm (D.1)

If an individual’s utility for different products can be calibrated, then
trade-offs can be analyzed using marginal utility in Eq. (D.2a) and marginal

rate of substitution in Eq. (D.2b).

MUi ¼ ∂U

∂xi
(D.2a)

MRSi, j ¼MUi

MUj

(D.2b)

Changes in consumption patterns can be explained as the sum of two
effects. One is the substitution effect which captures the change in consump-

tion mix under the same isoutility curve. The second is the income effect

which captures the change in isoutility curve under the same consumption

mix. The latter effect reflects a change in an individual’s spending capacity.

An individual’s demand function can then be derived from the isoutility

curves. Consider the case of two products. The demand function for a single

product X1 can be determined by holding the second quantity X2 fixed and

varying the price. For a fixed budget B, there is an optimal quantityQi cor-

responding to each price Pi. When the prices and quantities of the product



441Appendices
are plotted the result is the individual’s demand curve for product X1. This

demand curve accounts for the individual’s preferences for other goods

under a fixed budget (Fig. D.2).

If all the individual demand curves are known, the market demand is

simply the sum of all the individual functions. Classical demand analysis uses

observed market quantities sold and prices along with other independent

population variables to estimate market demand functions. However, this

approach does not capture the underlying individual behaviors.
D.2 Random Utility Models: Multinomial Logit
An alternative approach is based on the random utility model (see Manski,

1977), which acknowledges that there are observable and unobservable por-

tions of individual decision-making. By modeling the unobservable portion

as a part of a population distribution for the choice, it is possible to construct

a stochastic model of individual utility.

Consider a setC of J choices from which each member n of a population

of N individuals selects an alternative i2Cn (where Cn�C is a subset of
X2

X1B B B
P1

P1

Q1 Q2 Q3

P2

P2

P3

P3

Price

Quantity

Fig. D.2 Derivation of individual demand function from utility curves.
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choices available to n) that maximizes their utilityUin. The utility function is

specified as shown in Eq. (D.3), whereXin is a vector of observable attributes

related to alternative i, andVin is a function (typically linear in parameters) of

the observable attributes capturing the representative utility. The variate εin is a
disturbance specific to individual n for alternative i and is assumed to be i.i.d.

with respect to other individuals. The attributes Xin may be further catego-

rized into alternative specific attributes (e.g., travel cost for a mode being

chosen) and individual-specific attributes (e.g., individual’s income).

Uin ¼Vin Xin½ �+ εin (D.3)

An individual n is modeled to choose i over j if Uin>Ujn. A utility
function may look like the following:

Uin¼ βi0 + βi1Xin1 +…+ βikXink + εin

Since utilities are relative and choice only matters regardless of the
difference, only J�1 alternatives have an alternative-specific constant.

The probability of an individual choosing an alternative is then expressed

in Eq. (D.4).

Pn ijCn½ � ¼ Pr Uin � max
j

Ujn, 8j2Cn

� �
(D.4)

For certain distributions of εin, it turns out that the expression in
Eq. (D.4) is conveniently structured. McFadden (1974) showed that when

εin follows a Gumbel distribution, a Type 1 extreme value distribution, the

result leads to simplified expression. A Gumbel distribution has a PDF and

CDF as shown in Eq. (D.5), where η is a location parameter and μ is a pos-

itive scale parameter. The mean is η+γ/μ, where γ is the Euler constant

(	0.577), and the variance is π2

6μ2.

f ε½ � ¼ μe�μ ε�ηð Þ exp �e�μ ε�ηð Þ
h i

(D.5a)

F ε½ � ¼ exp �e�μ ε�ηð Þ
h i

,μ> 0 (D.5b)

Gumbel variates exhibit several features. First, if ε is a Gumbel variate,
and α and V are scalar constants, then an affine function αε+V is Gumbel

with parameters αη+V , μ
α


 �
. As an extreme value distribution, Gumbel

distribution exhibits a feature like the Weibull distribution. If εin and εjn
are independent Gumbel variates with parameters (ηi,μ) and (ηj,μ), the
distribution of max[εin,εjn] is also Gumbel distributed, with parameters
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1
μ ln eμηi + eμηjð Þ, μ
� �

. The relationship is extendable to more than two var-

iates: the max of J of Gumbel variates is also a Gumbel variate with param-

eters 1
μ ln

P
j2J e

μηj
� �

, μ
� �

. This means that the max expression in Eq. (D.4)

is Gumbel distributed since the utilities are Gumbel variates as affine func-

tions of ε. Finally, if εn¼εjn�εin for two independent Gumbel variates, then

εn is logistically distributed as shown in Eq. (D.6). This means in Eq. (D.4),

the comparison of Uin and max j Ujn can be represented as a logistic variate.

Typically, the parameter β depends on μ, so we can simplify and set μ¼1 to

estimate β relative to that value.With μ¼1, each Gumbel variate has a mean

of E[εin]¼γ and standard deviation std εin½ � ¼ πffiffi
6

p . The difference εn¼εjn�εin

has mean of E[εn]¼0 and standard deviation std εn½ � ¼ πffiffi
3

p .

F εnð Þ¼ 1

1+ e�μεn
(D.6)

Domencich and McFadden (1975) demonstrate the derivation in more
detail for linear-in-parameters utility functions, leading to Eq. (D.7) for the

probability of an individual n choosing an alternative i2 Jn.

Pn i½ � ¼ eβxinX
j2C

eβxjn
¼ 1

1+
X

j2C, j 6¼i

eβxjn�βxin
(D.7)

Many practitioners use the term “logistic regression” synonymously with
the MNL model. MNL model refers to a more generalized structure where

each alternative’s utility function can be different. This was originally called a

“conditional logit” by McFadden and is more generalized than logistic

regression. Logistic regression only has one equation (Un) so every alterna-

tive is required to have the same utility function. However, it is mechani-

cally possible to use one utility function to incorporate all alternative-specific

variables and to treat the nonalternative variables as zero. In this way, tools

like the mlogit package (Croissant, 2012) in R can be used to estimate MNL

models.

The MNL model is also convenient because of its similarity to the nor-

mal distribution but with fatter tails. To illustrate the difference, a binary

choice example is modeled with three different distributions for εn: a uni-
form distribution, a normal distribution, and a logistic distribution. The

result spanning over [�10,10] is shown in Fig. D.3. The logistic distribution

has a distinct S-shape curve. Because of the shape, elasticities tend to bemore
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significant when the market share is closer to the 50 percentile. This can be

illustrated with the derivation for the elasticity.

The elasticity of the probability of choosing an alternative with respect to

an attribute xink is shown here for a binary logit example.

ePn i½ �,xink ¼
∂Pn i½ �
∂xink

xink

Pn i½ �
� �

,wherePn i½ � ¼ 1

1+
X
j 6¼i

exp βjxjn�βixin
� �

¼ �
�βik

X
j 6¼i

exp βjxjn�βixin
� �

1+
X
j 6¼i

exp βjxjn�βixin
� � !2

2
666664

3
777775

xink

Pn i½ �
� �

¼ βik
xink

Pn i½ �
� �

X
j 6¼i

exp βjxjn�βixin
� �

+1�1

1+
X
j 6¼i

exp βjxjn�βixin
� � !2

¼ βik
xink

Pn i½ �
� �

Pn i½ ��Pn i½ �2

 �
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After simplifying, we get the following expression for direct elasticity
with respect to an attribute in the alternative. This is shown to work for

the general MNL case as well.

ePn i½ �,xink ¼ βikxink 1�Pn i½ �ð Þ (D.8)

A cross elasticity of the probability of choosing alternative i with respect
to change in an attribute xjnk for alternative j can similarly be derived, leading

to the expression in Eq. (D.9).

ePn i½ �, xjnk ¼�Pn j½ �βjkxjnk (D.9)

Marginal rates of substitution can also be computed in closed form espe-
cially with linear utility functions. For example, if a model is specified to

have some measure of travel time (TVTi) and cost (Costi), that is,

Vi¼…+βTVTTVTi+βCostCosti+…, then the value of time (VOT) in

$/h is as shown in Eq. (D.10).

VOT ¼
∂Vi

∂Timei

� �

∂Vi

∂Costi

¼ βTVT
βCost

(D.10)

While the MNL model has convenient closed form expressions for the
probability and elasticities, it assumes that disturbances of each alternative for

one individual are independent from each other. This leads to the fallacy of

Independence of Irrelevant Alternatives (IIA). IIA can be illustrated with a class

“Red Bus/Blue Bus” example.

Suppose there are two modes available: car and bus, each with equal rep-

resentative utilities Vcar¼Vbus¼1. The market share is 50% each, and the

ratio of mode choice is
Pn car½ �
Pn bus½ � ¼ 1. Due to IIA, this ratio remains the same

regardless of what other alternatives are added. This means if we wanted

to analyze a scenario where the buses are all painted red and we double

the fleet with another set of blue buses that perform in the exact same

way, then technically both sets of buses would have Vbluebus¼Vredbus¼1.

However, in that case we would end up with Pn[car]¼Pn[bluebus]¼
Pn[redbus]¼33.3%. This means that having essentially the same option in

a different color reduces the mode share of “car” from 50% to 33.3% under

the MNL model. Similar issues arise when modeling route choice when

there are overlapping routes.
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D.3 Random Utility Models: Probit, GEV, Mixed Logit
To address these issues, other types of random utility models have been pro-

posed. A natural assumption is to use a normal distribution (called probit

models). Probit models capture correlations between alternatives. For exam-

ple, for the binary probit case, the error of the difference between two

dimensions of a multivariate normal variate is distributed as in

Eq. (D.11a), where σ12 is the correlation between the two dimensions. Then

the probability of choosing alternative 1 over alternative 2 is shown in

Eq. (D.11b).

ε21n¼ ε2n� ε1n	N 0, σ22 + σ11�2σ12½ � (D.11a)

Pn 1½ � ¼ Pr ε21n �V1n�V2n½ � ¼Φ
V1n�V2nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σ22 + σ11�2σ12
p
� �

(D.11b)

For more than two alternatives, however, the multinomial probit is trou-
blesome to compute the probability Pn[i] because we need to compute the

Pr[εj1n�V1n�maxVjn]. This requires solving multidimensional integrals

where the outer integral is a function of the inner integrals when there

are correlations. To overcome this challenge, approximation methods have

been proposed like the Clark method (Daganzo et al., 1977). However, the

method has been shown to be a very poor approximation in some cases. The

more popular approach that has emerged in recent years with the support of

increasing computational power is simulated integrals.

One approach attributed to Geweke (1989), Hajivassiliou and McFad-

den (1998), and Keane (1990) is the GHK simulator. To use the GHK sim-

ulator, first the Cholesky decomposition is conducted on the covariance

matrix Ω
	
1 (utility differences from alternative 1) to obtain Cholesky factors

L1, where Ω
	
1¼L1L

T
1 and L1 is a lower triangular matrix. Cholesky factor-

ization in Matlab is done via the function chol. Then the utility functions can

be converted into the following equivalent set:

U
	

1in ¼V
	

1in + c11η1

U
	

2in ¼V
	

2in + c21η1 + c22η2

U
	

3in ¼V
	

3in + c31η1 + c32η2 + c33η3

…

The advantage of this equivalent set is that the ηi disturbances are all inde-

pendent standard normal variates now, and the utilities can be simulated
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using a recursive approach. This approach can be used to simulate any mul-

tivariate normal distribution. Once this set of equivalent decomposed func-

tions is obtained, the GHK simulator is run as shown in Algorithm D.1.
Algorithm D.1 GHK Simulator (See Train, 2009)
1. Calculate Pr η1 <�V

	
1in

c11

h i
¼Φ �V

	
1in

c11

h i

2. Draw standard uniform μ1
r , let ηr1 ¼Φ�1 μr1Φ �V

	
1in

c11

h ih i
.

3. Calculate Φ �V
	

2in + c21ηr1
c22

� �
.

4. Draw standard uniform μ2
r , let ηr2 ¼Φ�1 μr2Φ �V

	
2in + c21ηr1
c22

� �� �
.

5. Calculate Φ �V
	

3in + c31ηr1 + c32ηr2
c33

� �
.

6. Repeat for all alternatives except i.

7. Simulated probability of run r is

�P
r

in ¼Φ �V
	

1in

c11

h i
�Φ �V

	
2in + c21ηr1
c22

� �
�Φ �V

	
3in + c31ηr1 + c32ηr2

c33

� �
�…

8. After R simulated runs, the simulated probability is:
X

�Pin ¼ 1

R r
�P
r

in
For those desiring a more closed form expression, certain dependency

structures can be modeled using more generalized extreme value (GEV) dis-

tributions. This can be done by clustering alternatives into multiple dimen-

sions. For example, the red bus/blue bus problem could be addressed by

splitting the alternatives into two dimensions: the first is across type of mode

(car, bus) and the second is by color of bus (red, blue). The choices are then

joint 2-dimensional choices with the following choice set: {(car), (bus, red),

(bus, blue)}. The utility functions can be modeled with correlations using a

nest structure shown in Fig. D.4.

The overall utility function structure of one of the lower branch alter-

natives is specified as shown:

Ubus,n ¼Vbus +
1

μcolor
ln e μcolorVðredjbusÞ + e μcolorVðbluejbusÞ

 �

+ εbus,n

Ured|bus,n¼V
redj busð Þ + εred bus,n



Fig. D.4 Nested logit example.
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The variable Vbus is used to capture bus attributes that do not pertain to

the color differences. The variable μcolor is a scaling factor to balance the sig-

nificance of the differences at the lower level to the upper level. When

μcolor¼1 it suggests the color differences are just as important as the other

characteristics of the bus relative to car (and flattens the nest into an

MNL). The term 1
μcolor

ln e μcolorVðredjbusÞ + e μcolorVðbluejbusÞð Þ is the expected utility of

the having the options red and blue to choose from (for Gumbel distribution

the expectation of the maximum has this form).

To illustrate this model, consider the same example with Vcar¼Vbus¼1,

but assume μcolor¼1.386 and Vblue|bus¼Vred|bus¼ �0.5. In this case,
1

μcolor
ln e μcolorVðredjbusÞ + e μcolorVðbluejbusÞð Þ ¼ 0 so the colors do not contribute to the

choice of bus versus car. The percent of car remains 50%, bus is also

50%, and given bus, the distribution between red and blue is equally distrib-

uted. Then the overall probability of choosing a red bus is 25%.

In many cases the tastes of a population for different attributes, captured

by β, are not homogeneous. MNL ignores these heterogeneous character-

istics by accounting for differences in the disturbance term εin. However, if a

population tends to exhibit more heterogeneous taste variation in one attri-

bute than another, then the MNL model would fail to model that.

A mixed logit model is a flexible model structure where both the distur-

bance and the β parameters are random with probability density function f

[β jθ] in terms of distribution parameters θ. The discrete analog of the mixed

logit model is the latent class model. When the disturbance is Gumbel dis-

tributed it leads to the mixed multinomial logit model. Different distribu-

tions for β can be used, although the method discussed here assume a

multivariate normal distribution across multiple βink variables with correla-

tions. The probability of choosing an alternative is then determined with

Eq. (D.12).
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Pin ¼
ð∞

�∞

eβ
0xinX
j
eβ

0xjn

0
@

1
Af βj θ½ �dβ (D.12)

As with the multinomial probit model, computation of the integral can
get complicated with multidimensional β, especially with correlations.

A simulated probability approach is shown in Train (2009) (Algorithm D.2).
Algorithm D.2 Simulated Probability of Mixed Multinomial
Logit Model With Normal Distributed Parameters (Train, 2009)
Given β¼{β1,…,βK} with K�1 mean vector b, K�K covariance

matrix W:

1. Determine Cholesky matrix L corresponding to W

2. Simulate R samples
(a) For each sample r, generate η1
r , …, ηK

r as independent standard

normal using Halton draws

(b) Assign β1
r ¼ b1+L[1, 1]η1

r , β2
r ¼ b2+L[2,1]η1

r +L[2,2]η2
r , …,

βK
r ¼ bK+L[K, 1]η1

r +…+L[K,K]ηK
r

(c) Let Pr
in ¼ e βrf g0xinP

j
e
βrf g0xjn P
3. Simulated probability is: �Pn i½ � ¼ 1
R rP

r
in
Halton draws are used to be more statistically efficient in capturing the

parameter space in less samples. Further studies have been done to show that

mixed logit can approximate any random utility model (McFadden and

Train, 2000). Srinivasan and Mahmassani (2005) verified this with approx-

imating probit because the parameters can essentially be scaled up to remove

the effect of the Gumbel disturbance in the mixed MNL model.
D.4 Estimation
The MNL model can be estimated using maximum likelihood estimation.

Given N observations, the likelihood function is shown in Eq. (D.13a),

where yin is a binary observation equal to one if n is observed to choose i,

and zero otherwise. The log-likelihood in Eq. (D.13b) is a more tractable

form to maximize.

L¼ Π
N

n¼1
Π
i2Cn

Pn i½ �yin (D.13a)
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LL¼
XN
n¼1

X
i2Cn

yin lnPn i½ � (D.13b)

Optimal parameters are obtained by using first-order conditions shown
in Eq. (D.14). This is a system of equations that can be solved iteratively

using Newton-Raphson method (see Ben-Akiva and Lerman, 1985).

∂LL

∂βk
¼
XN
n¼1

X
i2Cn

yin xink�
X

j2Cn

eβ
0xjnxjnkX

j2Cn

eβ
0xjn

0
@

1
A¼

XN
n¼1

X
i2Cn

yin�Pn i½ �ð Þxink

¼ 0, 8k
(D.14)

The Hessian can be determined as Eq. (D.15a), where each element is
obtained using Eq. (D.15b).

H ¼

∂
2LL

∂β̂1∂β̂1
⋯

∂
2LL

∂β̂1∂β̂k
⋮ ⋱ ⋮

∂
2LL

∂β̂k∂β̂1
⋯

∂
2LL

∂β̂k∂β̂k

0
BBBB@

1
CCCCA (D.15a)

∂
2LL

∂β̂k∂β̂l
¼�

XN
n¼1

X
i2C

Pn i½ � xink�
X
j2Cn

xjnkPn j½ �
 !

xinl�
X
j2Cn

xjnlPn j½ �
 !

(D.15b)

TheHessian is used to determine the standard errors of the estimated βk
0s.
For example, the covariance of the βk
0s is shown in Eq. (D.16a), which is

used to determine the standard errors in Eq. (D.16b).

Cov β̂
� 	¼�H�1 (D.16a)

s:e:β̂k¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cov β̂

� 	
kk

q
(D.16b)

Two statistical tests can be conducted on the estimated parameters to
evaluate their statistical significance. The first is a t-test to determine the

P-value of statistical significance relative to a null hypothesis of β̂k¼ 0 in

Eq. (D.17a). A P-value of .05 or lower is desired, although in combination

with some other variables it might be beneficial to leave a parameter in even

with slightly higher P-values. The other test is a likelihood ratio test with a

Chi Square test using the test statistic shown in Eq. (D.17b). LL β̂
� 	

is the
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log-likelihood of the model with the estimated parameter(s). LL β̂H
� 	

is the

log-likelihood of the model with the parameters set to zero.

Test statistic :
β̂k

s:e:β̂k
(D.17a)

Test statistic : 2 LL β̂
� 	�LL β̂H

� 	
 �
(D.17b)

The fitness of a model based on the estimated parameters is measured
using “McFadden’s R2,” or the ρ2. There are two forms of ρ2 in Eq. (D.18).

Version 1 : ρ2¼ 1�LL β½ �
LL 0½ � (D.18a)

Version 2 : ρ2¼ 1�LL β½ �
LL c½ � (D.18b)

In R, for example, the second version is computed, whereas in BIO-
GEME it is the first version. To account for large numbers of parameters

(using version 1), one can compute the adjusted ρ2 as shown in Eq. (D.19).

ρ2¼ 1�LL β½ ��K

LL 0½ � (D.19)

D.5 Aggregation, Segmentation, and Revenue Management
For the MNL, the expected value of the maximum utility can be used for

economic interpretation. It is also called a “measure of accessibility” as it

provides a scalar quantity for the expected worth of a set of alternatives.

By itself, the measure is rather meaningless. However, Small and Rosen

(1981) showed how to compute a compensating variation from a change in

the welfare measure for an individual in Eq. (D.20).

ΔCV ¼�1

λ
ln
X
i2C2

n

eμV
2
in � ln

X
i2C1

n

eμV
1
in

2
4

3
5 (D.20)

The λ is a marginal utility of with respect to a measure of cost in the con-
text of the choice. For example, if using discrete choice to model car own-

ership, then λ should be with respect to income. In the case of choices made

at a daily level for commuting, λmay be more appropriately linked to travel

costs expended that day. The negative sign is meant to represent the

willingness to pay for the change to the set of choices available to the user.
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If there is an improvement in expected utility of the set of choices, then the

individual is willing to pay (negative) ΔCV for the change.

With a way of measuring welfare improvements for individuals, there

needs to be a way to aggregate these measures up to the market or popula-

tion. For example, a model is developed to predict the preference for alter-

native i given input variables xn: P(i jxn). Even then, if we estimated this

model from 20,000 New Yorkers, how do we apply it to the 12M New

Yorkers when we do not know the attributes xn of every person in the pop-

ulation? If we know the density function of the choice probability across the

population as p(x), then the market share can be computed as in Eq. (D.21).

W ið Þ¼
ð
x

P ij x½ �p x½ �dx¼E P ij x½ �½ � (D.21)

However, since p(x) is generally unknown, there needs to be a way to
estimate the aggregation of preferences to the market or population level.

Koppelman (1975) classifies five ways to aggregate across individuals.

1. Average individual

2. Classification—same as 1 but with subgroups

3. Statistical differentials—approximate distribution of attributes in

population

4. Explicit integration

5. Sample enumeration—use a sample to represent entire population and

use sample Ŵ i½ � to estimate population W(i)

The most popular method is sample enumeration. IfNS is the size of sample

S for population T, then the predicted share in Eq. (D.22a) would be used to

estimate the population share. With G mutually exclusive and collective

exhaustive segments, each with population Ng, g¼1, …, G, the share can

be computed with Nsg samples from each group in Eq. (D.22b).

Ŵ i½ � ¼ 1

NS

XNS

n¼1

P ij xn½ � (D.22a)

Ŵ i½ � ¼
XG
g¼1

Ng

NT

� �
1

Nsg

� �XNsg

n¼1

P ij xn½ � (D.22b)

One of the advantages of disaggregate demand analysis is the ability to
target strategies for specific individuals or segments. But which segments

are most effective to identify? If a sample is to be divided into three income

segments, two gender segments, and three home location segments, that
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grows to 18 distinct segments. A sample of 2000 observations with 18 seg-

ments would have on average only 100 or fewer observations per segment.

Koppelman and Bhat (2006) show how to decide whether to segment a pop-

ulation using a likelihood ratio test. The test involves dividing the sample

into the hypothesis G segments, estimating the model for each segment as

well as for the pooled data, and determining the LL[βg] for the segments

and LL[β] for the pooled data. Then the likelihood ratio test is shown in

Eq. (D.23), where n¼Pg¼1
G Kg�K is the d.o.f., and K is number of coef-

ficients in the model.

2
XG
g¼1

LL βg

h i
�LL βð Þ

 !
� χ2n (D.23)

Discrete choice models reflect the behavioral response of users of a system.
Beyond the use of thesemodels to forecast the behavior, one can also integrate

the models into system design decisions. For example, if the model includes a

price variable pin for each product i for segment n of S segments, the pricing

can be set to maximize revenue as shown in Eq. (D.24a) or to maximize con-

sumer surplus as in Eq. (D.24b). This is considered revenue management, a topic

that is covered comprehensively in Talluri and Van Ryzin (2004).

max
pin

R¼
X
i2C

XS
n¼1

NnpinPn ij pin½ � (D.24a)

max
pin

CS¼
X
n

Nn

αn
ln
X
j

eVjn pin½ � (D.24b)

For example, consider a market divided into two segments (700 in seg-
ment 1 and 300 in segment 2) drawn from Bierlaire and Lurkin (2017). Two

products are offered, where demand from segment 1 is shown below:

V1n1 ¼�0:65p1 + 0:5

V2n1 ¼�0:65p2

V0n1 ¼ 0

Demand for segment 2 is shown below.
V1n2 ¼�0:1p1 + 0:1

V2n2 ¼�0:1p2

V0n2 ¼ 0
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If the objective is to maximize revenue by setting the prices for the two

products, the problem is highly nonconvex. This can be illustrated by hold-

ing the price of product 2 to p2¼$2 and plotting the revenue for different

values of p1 for the two segments and in total as shown in Fig. D.5. The plot

shows how the total revenue can have multiple local maxima.

Using a local optimization, one solution is p1∗¼$14.66, p2∗¼$14.70,
with revenues of $1.23 for product 1 from segment 1, $0.73 for product

2 from segment 1, $755.65 for product 1 from segment 2, and $682.69
for product 2 from segment 2. The total revenue is $1440.30.

The decision variables can extend to include capacities, operating poli-

cies, among others. A more general problem is the assortment problem, which

determines the products offered and their quantities for consumption. Typ-

ically, the problem may be budget constrained: there are only so much

capacity available to allocate quantities of different products, so a seller

can choose to sell only one product or to differentiate over many different

products with small quantities each. In the assortment problem, the presence

of an alternative is a decision variable. This can be modeled with variable

uin¼1 if product i is made available to segment n and zero otherwise. Then,
0
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Fig. D.5 Illustration of nonconvexity of revenue maximization on two segments with
p2¼$2.
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under a MNL model, the probability of choosing product i is shown in

Eq. (D.25) (see Van Ryzin and Mahajan, 1999).

Pn ijCn½ � ¼ uine
VinX

j2Cujne
Vjn

(D.25)

An example assortment problem is shown below to maximize revenue
(there are many variations):

max
qi,uin

R¼
X
i2C

XS

n¼1
piqi

Subject to

X
n

uinNne
VinX

j2Cujne
Vjn

� qi, 8i2C

X
i

qi�B

uin 2 0, 1f g,qi� 0

whereNn is the population of segment n,B is the capacity, qi is the number of
product i available for sale, and pi and the price of each product.

Consider an example with two segments (700 in segment 1, 300 in seg-

ment 2), with input data shown in Table D.1. There are three products rang-

ing in cost, with the higher cost products being better quality. Segment 1 is

more sensitive to price and less sensitive to the quality than segment 2.

Assume there is a capacity budget of B¼500 units. The decision variables

are which products to offer to each segment and the quantity of each product

offered.

The optimal solution to maximizing revenue is to offer only products 2

and 3 to segment 1 and only product 3 to segment 2. The quantities end up

being 349.81 for product 2 and 150.19 for product 3, with a total revenue of
Table D.1 Input data for assortment problem example
Product

1 2 3

Prices $5 $10 $25
Vin 1 2 3

n¼1 5� pi
2

5� pi
2

5� pi
2

n¼2 3� pi
5

4� pi
5

5� pi
5



456 Appendices
$7252.90. In this case, offering product 1 to either class would dilute the

revenue earned from the other products, so it is not offered at all. Product

2 is also not offered to segment 2 because they are less price sensitive and

more quality sensitive. This illustrates trade-offs that need to be considered

in this type of problem.
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