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Preface 

Electric Machinery and Transformers has been written for students at the juniorlsenior 
level studying various types of electrical machines. Based upon many years of teach- 
ing experience, the textbook is developed in such a way that it provides maximum flex- 
ibility without any loss of continuity from one topic to another. We feel that this 
approach would enable an instructor to easily adapt the material to meet the require- 
ments of a course in electrical machines. For institutions that are on a quarter system 
and offer only one course in electrical machines, we suggest that they concentrate more 
on the hndamenrals and budget the time for the advanced topics. 

The textbook concentrates on the basic operation of each machine and tends to 
minimize the nonessentials. The material presented in each chapter progresses from 
established principles to advanced topics. In the second edition, we included a large 
number of review questions at the end of each chapter. Since the addition of review 
questions has been greatly appreciated by the students, we have kept it intact in the 
third edition as well. Based upon the comments received from students, other instruc- 
tors, and reviewers, we have added substantial amount of new material either to rem- 
edy perceived deficiencies or to further clarify the concepts. We have also changed 
some examples in the text to complement the theoretical development preceding 
each of these examples. In addition, we have also revised some of the exercises at the 
end of each section. As we stated in the second edition, these exercises are expected 
to nurture confidence and enhance the comprehension of the material presented in 
each section. W e  have also revised the problems at the end of each chapter and 
arranged them in such a way that they offer a wide range of challenges for the stu- 
dent. These problems must be treated as an integral part of the learning process and 
the student should use intuitive reasoning to solve them. 

Some of the problems in the text require the solution of nonlinear equations 
and we suggest that the student should be encouraged to solve these problems using 
software packages such as MathCAD@. We have used MathCAD@ to solve almost 
all the examples in this textbook. We encourage the use of a software package because 
it reduces the drudgery of mundane calculations, enables the student to probe fur- 
ther into the intricacies of a machine, and helps the student to focus on “what if” 
types of queries. 
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Our basic philosophy in writing the third edition has not changed. We  felt then 
and we strongly feel now that a superficial treatment of the subject based upon mere 
statements of facts leads only to the memorization of equations which are soon for- 
gotten. In order to motivate the student, we must present the material in a system- 
atic order. In other words, when teaching electric machines our objectives are to 

Explain the physical construction of a machine, 
Shed some light on its windings and their placement, 
Describe the fundamental laws that govern its operation, 
Justify the assumptions imperative to develop the relevant theory, and 
Emphasize its limitations. 

Once the student acquires a clear understanding of a machine, we must then 
develop the necessary equations using as few fundamental laws as possible. Each equa- 
tion should be put in proper perspective by associating it with the machine’s per- 
formance. When the operating principles of a machine are explained properly and 
the corresponding equations are developed from basic laws, the student will learn to 

Appreciate the theoretical development, 
Reduce intimidation, and 
Grasp the powers of reasoning. 

The end result of such a teaching process is that, in the future, the student will 
not hesitate to tackle even more difficult problems with confidence. We have tried 
our best to incorporate this philosophy in the development of the text. 

Our  experience dictates that students tend to view the theoretical development 
as an abstraction and place emphasis on some of the equations, which then become 
“formulas” to them. In order to make the students appreciate the theory, it is, there- 
fore, the instructor’s responsibility to show that the theory can be applied to solve 
practical problems under various conditions. To attain this goal, an instructor must 
dwell on hislher expertise in the subject and highlight other areas of application from 
time to time. This also necessitates the need to stress any new advancements in the 
area when the fundamentals are under discussion. For example, while explaining the 
magnetic force between two current-carrying conductors, an instructor must draw 
attention to magnetically levitated vehicles. 

In writing this text we have assumed that a student has a strong background in 
the areas of linear differential equations, analysis of dc and ac (single- and three- 
phase) electric circuits, the Laplace transforms and their applications, and the elec- 
tromagnetic field theory. 

Chapters 1 and 2 are written to review the important concepts of electric cir- 
cuits and electromagnetic fields. Chapter 1 has been expanded to include the dis- 
cussion of single-phase and three-phase power measurements. The presentation of 
magnetic circuits in Chapter 2 has been further elaborated to ensure that the student 
understands the effects of saturation of magnetic materials on the performance of a 
machine. The nonlinear behavior of magnetic materials due to saturation is, in fact, 
a blessing in disguise for the stable operation of dc generators. 
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Chapter 3 is the heart of this text, as it presents the principles of energy con- 

Analysis of magnetically coupled coils (necessary for the operation of trans- 
formers), 
Induced emf in a coil rotating in a uniform magnetic field (vital for the opera- 
tion of dc machines), 
Induced emf in a coil rotating in a time-varying magnetic field (essential for 
the operation of ac machines), and 
The concept of the revolving field (crucial for the operation of synchronous 
and induction machines). 

Operating principles of single- and three-phase transformers and autotrans- 
formers are described in Chapter 4. The types of losses that occur in transformers 
and the measures to be taken to keep these losses to a minimum for optimal oper- 
ating conditions are explained. The revision of this chapter includes the winding dia- 
grams of various connections of three-phase transformers, the equivalent circuit rep- 
resentation of each connection of an autotransformer, and the exact analysis of 
autotransformers. 

Our  experience in teaching electrical machines points to the fact that the oper- 
ation of motors and generators must be explained separately in order to avoid con- 
fusion. For this reason, Chapters 5 and 6 are devoted to the study of dc generators 
and dc motors, respectively. Chapters 7 and 8 present information on synchronous 
generators and synchronous motors. In addition to explaining the construction, the 
operation, the external characteristics, and the determination of parameters of these 
machines, we have included information on how these machines are wound. This 
information will enable the student to visualize the placement of coils and their inter- 
connections, and the number of parallel paths for the current distribution in the 
machine. 

Chapter 9 explains the construction and the operation of three-phase induction 
motors. The criteria for maximum efficiency, maximum power, and maximum torque 
are developed and the significance of each criterion is emphasized. Also explained in 
this chapter is the effect of rotor resistance on a motor’s performance. Various clas- 
sifications of induction motors are explained. 

Single-phase motors are examined in Chapter 10. Methods to determine the per- 
formance of single-phase induction motors with both windings are also included. 
Some insights into the workings of a shaded-pole motor and a universal motor are 
also included in this chapter. 

Chapter 11 prepares the student to investigate the dynamic behavior of machines. 
A computer program based upon fourth-order Runge-Kutta algorithm is included to 
analyze the dynamics of machines numerically. Since we have used Laplace trans- 
forms in our analysis, a table of Laplace transforms of common functions is included 
in Appendix B for a quick reference. 

Different types of permanent-magnet motors, including brushless dc motors and 

version from one form to another. This chapter includes information o n  the 
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switched reluctance motors, are the topics of discussion in Chapter 12. The perti- 
nent theory to analyze linear induction motors is also included in this chapter. 

Except for expressing the speed in revolutions per minute (rpm), and the power 
output of a motor in terms of horsepower (hp), we have used the International Sys- 
tem of Units (SI) in our presentation. Since the English System of Units is com- 
monly used in the United States of America, the conversion from one system to 
another becomes necessary. T o  this end we have included Appendix A. 

Since the boldface characters are commonly used for vectors and phasor quan- 
tities in most of the books, the instructor has to adopt hidher own notation while 
teaching the course. The problem is compounded when the symbols are not used 
consistently. This causes confusion among students when they try to correlate the 
class notes with the symbols used in the text. In order to eliminate such a confusion, 
we have adopted a consistent notation system in this text. Capital letters are used for 
dc quantities and for the rms values of the ac variables. The  lowercase letters are 
employed for the instantaneous values of time-dependent variables. For representa- 
tions of a vector, a phasor, and a complex quantity we have incorporated an arrow 
(a), a tilde (-), and a caret ( A )  on top of the letters, respectively. 

We have endeavored to write and publish an accurate book. We have used Math- 
CAD@ to solve most of the examples in this book and have rounded the results of 
calculations only for the purpose of displaying them. There may still be some numer- 
ical errors in the book. It is also possible that some sections need further clarifica- 
tion while others may be considered too verbose. We welcome any comments and 
suggestions in this regard and will consider them for future revisions. 
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1.1 Introduction 

Without any reservation or exaggeration, we can say that the availability of energy 
in the electric form has made our lives much more comfortable than ever before 
in the history of mankind. In fact, we may find it very difficult if not impossible 
to function if some of the devices that operate on electricity are suddenly taken 
away from us. Ironically, most of the energy available in the electric form is con- 
verted directly or indirectly from some other form of energy. An example of the 
direct energy conversion process is the conversion of light energy into electric 
energy by solar cells. 

In the indirect energy-conversion process, we may use such resources as oil, 
natural gas, and coal. By burning these fuels we generate heat, which is then 
utilized to produce steam in a boiler. The steam propels the blades of a turbine, 
which in turn rotates the rotor of an electric generator that produces electric 
power. On the other hand, the potential energy of water is converted into me- 
chanical energy by a turbine in a hydroelectric plant. Therefore, what matters the 
most in the indirect energy conversion process is the mechanical energy that must 
be supplied to the rotor of an electric generator. This process may also be referred 
to as an electromechanical energy conversion process owing to the conversion of 
mechanical energy into electric energy. 

The main objective of this book is to discuss the basic principles of electro- 
mechanical energy conversion. Another goal of this text is to highlight the fact 
that the electromechanical energy conversion process is a reversible process. That 
is, we can also transform electric energy into mechanical energy by using a device 
known as an electric motor. 

Economically it has been found advantageous to generate electric power at a 
central location at relatively low-voltage levels, transmit it over a distance via 
transmission lines at comparatively high-voltage levels, and then distribute it to 
consumers, again at low-voltage levels. Raising the voltage level at the generating 
end and lowering it at the consumer’s end are done effectively by means of step- 
up and step-down transformers, respectively. This voltage change is made to 
reduce the electrical losses along the length of the transmission line. Even though 
a transformer does not convert mechanical energy into electric energy or vice 
versa, its study is essential because it plays a major role in the transmission and 
distribution of electric energy. 

The method of treatment adopted for each type of electric machine discussed 
in this book is as follows: 

(a) 
(b) 

(c) 
(d) 

Discuss the construction of the machine 
Explain how the electromagnetic fields interact as a medium in the 
energy transfer process 
Represent the machine by its electric equivalent circuit 
Determine its performance using basic laws of electric circuit theory 
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It is apparent that in order to comprehend electric machines, we must be famil- 
iar with electromagnetic fields and be able to analyze electric circuits. The pur- 
pose of this chapter is to review some of the basic laws of electric circuits. In Chap- 
ter 2 we review the basic laws of electromagnetic field theory and their 
applications. The discussion in this and the next chapter is intended merely as a 
review, and the reader is expected to have some prior knowledge of these 
topics. 

1.2 Direct-Current Circuit Analysis 

The fundamental laws of electric circuit theory are Ohm‘s law, Kirchhoff‘s current 
law, and Kirchhoff’s voltage law. Although all electric circuits can be analyzed by 
applying these laws, the resulting equations become cumbersome as the complex- 
ity of an electric circuit increases. As you are aware, other circuit analysis tech- 
niques, such as the node-voltage method and the mesh-current method, enable us 
to solve complex but practical problems easily. As you will see in the following 
chapters, quite often we wish to determine the current, voltage, and/or power that 
is delivered to some part of a network, which we refer to as the load. In this case, 
we can simplify our analysis by using Thevenin‘s theorem. 

We begin our discussion by stating Ohm’s law, Kirchhoff’s laws, Thevenin’s 
theorem, and the maximum power transfer theorem and then show how we can 
apply them to solve for currents, voltages, and power in a direct-current (dc) 
electric circuit. 

Ohm’s Law 
Ohm’s law states that the voltage drop across a resistor is equal to the product of 
the current through it and its resistance. That is, 

V = IR (1.1) 

where V is the voltage drop across the resistance R and I is the current through it. 
We have used the capital letters for the current and the voltage to indicate that Z 
and Vare time-invariant quantities in a dc circuit. These conventions are in accor- 
dance with those you may have already used in analyzing dc electric circuits. 

Kirchhoff’s Current Law 
The algebraic sum of all the currents at any node in an electric circuit is equal to 
zero. That is, 

I m = 0  
m = l  
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where n is the number of branches forming a node and I ,  is the current in the 
rn th branch. 

Kirchhoff’s Voltage Law 
Kirchhoff’s voltage law states that the algebraic sum of all the voltages around a 
closed path in an electric circuit is zero. That is, 

n c v,=o  
m = l  

where Vm is the voltage across the mth branch in a closed path containing n 
branches. 

The term ”algebraic” in the above statements of Kirchhoff’s laws alerts us 
that we must pay due attention to the directions of the currents at a node and the 
polarities of the voltages in a closed loop. To do so, we follow the standard con- 
ventions and we summarize them below for brevity. 

1. If the currents entering a node are considered positive, then the currents leav- 
ing that node are negative. 

2. If we consider the drop in potential as positive while traversing a closed loop, 
then the rise in potential is negative. 

3. A source delivers power to the circuit if the current through it flows from its 
negative terminal toward the positive terminal. Likewise, a source absorbs 
power (behaves like a sink) if the direction of the current through it is from 
its positive terminal toward the negative terminal. 

Thevenin’s Theorem 
A linear circuit containing any number of sources and elements, when viewed 
from two nodes (terminals), can be replaced by an equivalent voltage source (also 
known as the Thevenin voltage), V,, in series with an equivalent resistance, R, 
(also called Thevenin resistance), where V ,  is the open-circuit voltage between 
the two nodes and R, is the ratio of the open-circuit voltage to the short-circuit 
current. If the electric circuit contains only independent sources, R ,  can be ob- 
tained by looking at the terminals with the voltage sources replaced by short 
circuits and the current sources by open circuits. The open-circuit voltage V, is 
obtained by removing the load and leaving the terminals open. 

Maximum Power Transfer Theorem 
The maximum power transfer theorem states that in a dc electric circuit, maximum 
power transfer takes place when the load resistance is equal to Thevenin’s equiv- 
alent resistance. 
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E X A M P L E  1.1 

Determine the value of the load resistance R, in Figure l . l a  for maximum power 
transfer. What is the maximum power delivered to R,? 

0 S O L U T I O N  

Let us first disconnect the load resistance R, to determine the open-circuit voltage 
Vab, as indicated in Figure 1.lb. 

Applying Kirchhoff 's  voltage law (KVL), we obtain 

(20 + 30) I + 25 - 100 = 0 

or I = 1.5 A 

The open-circuit voltage is 

V ,  = V,, = 100 - 1.5 X 20 = 70 V 

20 R 30 R 

20 R . 30a 

b 

(b) 

Figure 1.1 (a) Circuit for Example 1.1. (b) R ,  removed to obtain Vab 
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RL 70 V 

b 

(4 
Figure 1.1 (c) Thevenin’s equivalent circuit. 

By shorting the independent voltage sources, we obtain Thevenin’s equivalent 
resistance as 

= 1 2 n  
20 X 30 

(20 + 30) 
R ,  = 

Figure l.lc shows the load resistance R ,  connected to Thevenin’s equivalent cir- 
cuit. For the maximum power transfer, R,  = R ,  = 12 R. 

The current through the load resistance is 

70 - - = 2.917 A 
- 24 1 

Finally, the maximum power transferred to the load is 

P, = (2.917)’ X 12 = 102.08 W 

Exercises 

1.1. For the dc circuit shown in Figure E1.1, determine (a) the current through 
each element using the mesh-current method, (b) the voltage at each node 
with reference to node a using the node-voltage method, (c) the power 
supplied by each source, and (d) the power dissipated by each resistor. 
Use Thevenin’s theorem to determine the current through and the power 
dissipated by the 1 5 4  resistance in the circuit shown in Figure El.1. What 
resistance must be placed either in series or in parallel with the 15-R resis- 
tance so that the combination receives the maximum power? 

1.2. 
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15 

8 V  20 R 

I +I? 

a 

Figure El.l Circuit for Exercise 1.1. 

2 R  5R 

Figure E1.3 Circuit for Exercise 1.3. 

1.3. The equivalent circuit of a dc generator connected to a load of 200 R is 
shown in Figure E1.3. Determine E, if the load current is 2 A. E, is called 
the induced electromotive force (emf, or generated voltage) in a dc 
genera tor. 

~ 

1.3 Alternating-Current Circuit Analysis 

Of all the various types of electric motors, alternating-current (ac) motors are by 
far the most popular and most widely used. An ac motor is designed to operate 
as either a single-phase motor or a three-phase motor. In integral-horsepower 
sizes, most motors are designed to operate on a three-phase supply. However, in 
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the fractional-horsepower sizes, the use of the single-phase motor exceeds that of 
the three-phase motor. For this reason, we review single-phase ac circuits in this 
section. Three-phase ac circuits are reviewed in the next section. 

The general expression for the single-phase current waveform as shown in 
Figure 1.2a is 

i ( t )  = I, sin(wt + 8) (1.4) 

where I, is the maximum value or the amplitude of the current, w is the angular 
frequency (in radians/second [rad/s]), and 8 is the initial phase shift. The angular 
frequency w can be expressed as 

where f is the frequency of the current waveform in hertz (Hz). The time required 
to complete one cycle of the waveform is called the time period and is given as 

1 T = -  
f 

(4 (b) 

Figure 1.2 (a) A current waveform. (h) Square of the current waveform. 
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The average value of the periodic current waveform (Figure 1.2a) is 

l T  
Iavg = T 1 i(t) d t  = 0 

The average value of a sinusoidally varying function of the form given in Eq. 

The root-mean-square (rms) or effective value of the current waveform (Figure 
(4) is always zero. 

1.2a) is 

The ,mction ?(t) is sketched in Figure 1.2b, which c-2arly shows that the 
squared wave lies entirely above the zero axis. 

We say that an alternating current has an effective value of 1 A when it pro- 
duces heat in a certain resistance at the same rate that heat is produced in the 
same resistance by 1 A of direct current. Note that the rms value of a sinusoidal 
function is always 70.7% of its maximum value. 

Instantaneous Power 
The power at any given instant is equal to the product of the voltage and the 
current at that instant. That is, 

Let u( t )  = V, cos(ot + a) be the voltage across an element in a circuit and i(t) = 
I, cos(ot + 9) be the current through the element. Then the instantaneous power 
is 

p ( t )  = V J ,  cos(wt + a) cos(wt + 4) (1.10) 

and its average value is 

(1.11) 
1 
2 

P = - V,I, cos(a - 9) = VI cos 8 

where V = V,/fi and I = I, /fi are the rms values of the voltage and the 
current, and 0 = a - + is the angle between them, as shown in Figure 1.3. 
Equation (1.11) states that the average power is equal to the product of the rms 
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t 

I 

Figure 1.3 Voltage, current, and instantaneous power waveforms. 

value of the voltage, the rms value of the current, and the cosine of the angle 
between them. The angle 8 between the voltage and the current is called the power 
factor angle, and cos 0 is referred to as the power factor. 

The power factor is said to be lagging when the current lags the voltage, as 
shown in Figure 1.3. In this case, the circuit is inductive in nature. On the other 
hand, the current leads the voltage for a capacitive circuit and has a leading 
power factor. 

Phasor Analysis 
In the analysis of electric circuits you were introduced to the concept that a sine 
function can be represented by a phasor. Let us first answer the question: What 
is a phasor? 

From Euler's identity, 

where j = m. 
If a source voltage is given as 
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then we can express it as 

11 

where Re stands for the real part of the expression within the brackets. We can 
also write u ( t )  as 

where V is the rms value of u(t) .  Because ~ is simply a constant multiplier and 
w depends upon the frequency of the applied source, we can temporarily drop 
these parameters from consideration. If we assume that Re is also implied, we can 
define a quantity such that 

then 
That is, 

is said to be the phasor representation of v(t) in terms of its rms value. 

If v and are the phasor representations of u(t )  and i(t), then the phasor 
equivalences of Ohm's law for resistance R, inductance L, and capacitance C are 
given in Table 1.1. Note that jwL and l/jwC are the inductive impedance (Z,) and 

Table 1.1: Ohm's Law for R, L, and C 

Circuit Symbol Time-Domain Phasor-Domain 

Resistance, R vR = iR v = iR 

di v, = j w L i  
u, = L -  L i  

Inductance, L dt = i2L 

d V C  i = c -  
dt 

c L  
Capacitance, C ** i = jwcvc 
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the capacitive impedance (Z,) corresponding to the inductance L and the capac- 
itance C. The impedances can also be given as 

Z ,  = jX, = j o L  

- -jxc = -2 and c -  

where X, = oL is the inductive reactance and Xc = l /wC is the capacitive 
reactance. 

Kirchhoff 's voltage and current laws in the phasor form are 

n c v -m = o  
m = l  

and 

5 i m = o  
m = 1 

(1.13) 

(1.14) 

A given circuit with sinusoidally varying sources can be transformed into its 
equivalent circuit in phasor domain and then solved using algebraic manipula- 
tions of complex numbers. Once we have obtained the required circuit variable 
in the phasor form in terms of its rms value, we can reconvert it into its proper 
time-domain representation by multiplying the phasor with d%jwc and con- 
sidering only the real part of it. 

In terms of phasors, we define the complex power as 

-.- s = V1' = P + jQ (1.15) 

where i* is the conjugate of i, P is the real or the average power, and Q is the 
reactive power. For a purely resistive circuit, Q is zero. Q is less than zero for a 
capacitive circuit and greater than zero for an inductive circuit. 
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Im-axis 

Figure 1.4 Complex power diagram. 

The Power Diagram (Triangle) 
We can draw a power diagram by plotting P along the real axis and Q along the 
imaginary axis in the complex plane, as indicated in Figure 1.4, where 0 is the 
power factor angle. 

The Phasor Diagram 
The phasor diagram is a name given to a sketch in a complex plane of the phasor 
voltages and the phasor currents in a given circuit. We exploit the phasor diagrams 
to simplify the analytic work throughout this text. While plotting the phasor 
diagram, the currents and voltages in a circuit are always understood to have their 
own amplitude scales but a common angle scale. 

E X A M P L E  1 . 2  

Find the current in the circuit shown in Figure 1.5a. Draw the power diagram 
and the phasor diagram, and sketch the input voltage and the current in time 
domain. 

S O L U T I O N  

The angular frequency is w = 1000 rad/s. The inductive and capacitive impe- 
dances are 

i, = jiooo x 1 x = j i  R 
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3 R  1 m H  

~ ( t )  = 14.142 cos 1OOOf V 

(4 

Im- axis 

53.13" 
Re-axis 

Re-axis 

(4 (4 

Figure 1.5 (a) Circuit for Example 1.2. (b) Phasor equivalent circuit. (c) Voltage and 
current relationship. (d) Phasor diagram. 
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Im-axis 

(e) 

Figure 1.5 (e) Voltage and current waveforms. ( f )  Power diagram. 

and 

= -  i = - j 5 R  
1000 x 200 x C 

We can now draw the phasor equivalent circuit as shown in Figure 1.5b. The 
impedance of the circuit is 

= 3 + j l  - j5 = 3 - J4 = 5/-53.13"n 

We can now calculate the current in the circuit as 

- 
= 2153.13" A I = - =  - v  

51-53.13" 

The phasor relation between the applied voltage and the current in the circuit is 
illustrated in Figure 1 . 5 ~ .  Note that the current leads the applied voltage by an 
angle of 53.13". 
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The phasor voltage drops in the circuit are 

V R  = iR = 6/53.13" V 

V, = ii, = j2/53.13" = 2/143.13" v 
c, = fiC = -j10/53.13" = lo/-36.87" V and 

The corresponding phasor diagram is shown in Figure 1.5d. 
The expression for the current in the time-domain is 

i(t) = Re[V? 2 ej53.13"ej1000t] = 2.828 cos(1000t + 53.13") A 

'The voltage and current waveforms are sketched in Figure 1.5e. As you can see, 
the current leads the voltage by an angle of 53.13". 

The complex power supplied by the source is 

< = Qf* = [1Ob][2/-53.13"] = 20/-53.13" 

= 12 - j16VA. 

Hence, the apparent power S is 20 VA, the real power P is 12 W, and the reactive 
power Q is - 16 VAR. The power triangle is sketched in Figure 1.5f. 

rn 

Power Factor Correction 

Most of the active loads such as induction motors operating on ac power supply 
have lagging power factors. Any decrease in the power factor results in an increase 
in the current for the same power output. The increase in the current translates 
into an increase in the power loss on the transmission line. As the power factor 
falls below a certain level, the power supply company assesses a power factor 
penalty to offset the additional power loss on the transmission line. 

Because the current in a capacitor leads the voltage drop across it, we can 
connect capacitors in parallel with the inductive load to improve the overall power 
factor. The power requirements of the load remain the same because a capacitor 
does not dissipate power. Power factor improvement with capacitors is called the 
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passive power factor control. Later in this book, we discuss an active power factor 
control that uses synchronous machines. 

E X A M P L E  1 . 3  

A certain load draws a current of 10 A at a lagging power factor of 0.5 from a 
120-V, 60-Hz source. The electric supply company imposes a penalty if the power 
factor drops below 0.8. What size capacitor must be used just to avoid the 
penalty? 

0 S O L U T I O N  

If the supply voltage is = 120/0" V, the current through the load is fL 
= lo/ -  60" A. The phasor diagram for the voltage and the current is shown in 
Figure 1.6a. The complex power absorbed by the load is 

i = Pi; = 1 2 0 0 m  = 600 + jio39.23 VA 

The average power required by the load is 600 W, and the associated reactive 
component of power at 0.5 power factor (pf) lagging is 1039.23 VAR. 

Let us now connect a capacitor across the load, as shown in Figure 1.6b. Let 

11. 

(a) Phasor diagram for rhe volrage and the current 
for Example 1.3 

Figure 1.6a Power factor correction 
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(b) Capacitor connected in parallel with the 
load impedance 

Figure 1.6b Power factor correction. 

ic be the current through the capacitor; then the total current intake from the 
source I" must have a power factor of 0.8 lagging just to avoid the penalty. That 
is, 

Because the average power required from the source should still be 600 W, the 
current supplied by the source is 

= 6.25 A 
600 

120 X 0.8 
I =  

The current through the capacitor is 

ic = i - iL = 6.251-36.870 - io/-60° = j4.91 A 

Thus, the capacitive impedance is 

= -124.44 R or X, = 24.44 R 120 
J4.91 

z, = - 

Hence, the required value of the capacitor is 

= 108.53 pF 
1 

2.rr X 60 X 24.44 
C =  
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Exercises 

1.4. 

1.5. 

1.6. 

1.7. 

A voltage source of v(t) = 169.7 sin(200t + 30") V is impressed across a series 
combination of a resistance of 10 R, an inductance of 10 mH, and a capac- 
itance of 500 pF. Draw the phasor equivalent circuit and determine the cur- 
rent in the circuit, the apparent power, the real power, and the reactive 
power supplied by the source. Sketch the voltage and current waveforms. 
A voltage waveform of v(t) = 325.27 cos(100t) is applied across a series cir- 
cuit consisting of (1) a resistance of 50 R and a capacitance of 100 pF and 
(2) a resistance of 50 f2 and an inductance of 200 mH. For each circuit, draw 
the phasor equivalent circuit, the phasor diagram, the power triangle, and 
the voltage and current waveforms in time-domain. What is the parallel 
equivalent circuit in each case? 
A phasor equivalent circuit is given in Figure E l  .6. Determine the voltage 
at node c with respect to node b using the node-voltage method. Calculate 
the current in each branch using the mesh-current method. What is the 
power supplied by each source? What is the total power dissipated in the 
circuit? Is the total power supplied equal to the total power dissipated? 
In Example 1.3, what size capacitor must be used in order to make the over- 
all power factor to be unity? 

a 

b 

Figure E1.6 Circuit for Exercise 1.6. 
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1.4 Three-Phase Circuits 

This section provides a brief discussion of a balanced three-phase source supply- 
ing power to a balanced three-phase load. In practice, the power is distributed to 
a load via a three-wire transmission line from a remote three-phase generating 
station. A three-phase generator is always designed to act as a balanced three- 
phase source. There is no reason to believe that the three-wire transmission line 
from the generator to the load is not balanced. For unbalanced loads (loads with 
different phase impedances) the mode of analysis is the same as that discussed in 
the preceding section. Only when the load is balanced can we simplify our analysis 
of a three-phase system by representing the three-phase circuit by a per-phase 
equivalent circuit, as explained below. 

Three-Phase Source 
A balanced three-phase source can be visualized as if it were composed of three 
single-phase sources such that (a) the amplitude of each voltage source is the same, 
and (b) each voltage source is 120" out of phase with each of the other two. Each 
source is then said to represent one of the three phases of the three-phase source. 
The three sources can be connected to form either a wye (Y)-connection (Figure 
1.7) or a delta (A)-connection (Figure 1.8). Three-phase voltages for the Y-con- 
nection, in time-domain and in phasor form in terms of their rms values, are 

Figure 1.7 A Y-connected three-phase source. 
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I I - I - IrC I 

A 

Three-phm 
load 

B 

C 

Figure 1.8 A A-connected three-phase source. 

Time-Domain Phasor Form 

u,, = v?v cos of <=> v,, = v& (1.16a) 

Ubn = v?Vcos(of - 120") < = > c b ,  = v/ - 120" (1.16b) 

u,, = v5v cos(wf + 120") <=> v,, = v& (1.16~) 

where V is the rms value of each phase voltage and w is the angular frequency. 
The subscript n indicates that the phase voltages are with respect to the common 
(neutral) terminal n. The voltage waveforms are sketched in Figure 1.9. Note that 
the voltage of phase b lags while the voltage of phase c leads with respect to the 
voltage of phase a.  This is termed a positive or clockwise phase sequence. The 
phase sequence is said to be negative or counterclockwise if the voltage of phase 
b leads while the voltage of phase c lags with respect to the voltage of phase a. 

The line voltages for the positive phase sequence are 

Pa, = v,,, - Gb, ZZ flvm = v6/30" (1.1 7a) 

V,, = V,, - V,, = fiV/-90° = VJ-90" (1.1%) 

v,, = v,, - van = *v& = v,/150" (1.17~) 

where V, = f l V  is the magnitude of the line voltage (or line-to-line voltage). 
Thus, in a Y-connected balanced three-phase system, the magnitude of the line 



22 Review of Electric Circuit Theory 

vnl . 

0 

- v m  

Figure 1.9 Voltage waveforms for the positive phase sequence. 

voltage is fi times the phase voltage. For the positive phase sequence, the line 
voltage leads the phase voltage by 30°, as portrayed by the phasor diagram of 
Figure 1.10. 

Similarly, you can verify that for a Y-connected source, the line voltage lags 
the phase voltage by 30" when the phase sequence is negative. 

As you can see from Figure 1.7, the line current in a Y-connected source is 
the same as the phase current. At node n, the algebraic sum of the currents must 
be zero. Thus, 

For a A-connected source, the phase voltage is the same as the line voltage. 
For the positive phase sequence, the line or the phase voltages are 

and 

(1.18a) 

(1.18b) 

(1.18~) 

Because the sources form a closed loop, the algebraic sum of the voltages must 
be zero, in accordance with Kirchhoff's voltage law. That is, 
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Figure 1. 
sequence. 

0 Phase ant line vc tages for a Y-connecteL source wii 

From Figure 1.8, the line currents are 

the positive phase 

iaA = ib, - i,, = fiib,/-300 = v%/+ - 30" = it/+ - 30" (1.19a) 

where we have assumed that i, = lh, 1 is the rms value of the phase current, 
and I, = V% is the magnitude of the line current. Thus, for a A-connected source, 
the line current is fi times the phase current and lags the phase current by 30' 
for the positive phase sequence, as illustrated in Figure 1.11. The other two line 
currents are 

(1.19b) 

(1.19~) 

In the same way, you can find that the line current leads the phase current 
by 30" when the phase sequence is negative. 

Three-Phase Load 
A three-phase load is said to be balanced if the load impedance of each phase is 
the same. Just like the source voltages, the load impedances can either be Y- or 
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IbB 

Figure 1.11 Relationships between phase and line currents for a A-connected source with 
positive phase sequence. 

A-connected, as shown in Figure 1.12. This gives rise to four possible source-to- 
load connections: Y-Y, Y-A, A-Y, and A-A. If we master how to analyze a Y-Y 
connection, we can analyze them all by making A-Y transformations whenever 
necessary. 

A-to-Y Transformation 
A balanced A-connected load with a phase impedance 2, can" be transformed 
into a balanced Y-connected load with a phase impedance Z, by using the 
following equation. 

" 2, z, = y- 

In a Y-connected load, the line current is the same as the phase current. 
However, when the load is A-connected, the magnitude of the line current is 

times the magnitude of the phase current. The line current leads or lags the 



Thm- 
phase 
source 

Figure 1.12 (a) Y-connected, and (b) A-connected three-phase load. 

25 
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phase current by an angle of 30", depending upon whether the phase sequence is 
negative or positive. 

If we have a balanced three-phase source, balanced loads, and balanced line 
impedances, we can visualize a short circuit between the neutral nodes of the 
source and the load in a Y-Y connected system. Such a visualization permits us 
to reduce the three-phase problem into three single-phase problems, all identical 
except for the consistent difference in phase angle. In other words, once we have 
solved one of the three single-phase problems, we know the solutions to the other 
two. Thus, we work the problem on a per-phase basis, as outlined by the following 
example. 

E X A M P L E  1.4 

A balanced three-phase, 866-V, 60-Hz, Y-connected source feeds a balanced, 
A-connected load via a 100-km long three-wire transmission line. The impedance 
of each wire of the transmission line is 1 + j2  R. The per-phase impedance of the 
load is 177 - j246 R. If the phase sequence is positive, determine the line and the 
phase currents, the power absorbed by the load, and the power dissipated by the 
transmission line. 

0 S O L U T I O N  

By making A-to-Y transformation, Z ,  = 59 - j82 R, we can represent the balanced 
three-phase circuit on a per-phase basis, as shown in Figure 1.13a. The per-phase 
voltage, assuming phase-a as the reference, is 

The total impedance on a per-phase basis is 

= 1 + j 2  + 59 - j82 = 60 - j80 = 100/ -53.13" Q 

The current in the circuit is 

= 5153.13" A 
500 

60 - j80 
I =  

Because the current leads the applied voltage, the power factor (pf ) is leading and 
has a magnitude of 

pf = cos(53.13") = 0.6 (lead) 
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I I R  j 2 ~ 1  I 
d l  I A  

1 
l 

+ I  

I -j82 R 
I I 

I I 
I I 

* !  I *  

n I  I N  
Source I Transmission line 1 Load 

I I 
(a) Per-phase equivalent circuit 

-- 
@- 

a A 1R 12 0 

177 Q -1246R 
C 

+ QBC 
- 

la  12 

.-+5 / 173.13' A 

(b) Currents and voltages in a three-phase circuit 

Figure 1.13 

Because the source is Y-connected, the line current and the phase current for the 
source are the same. Thus, for a positive phase sequence, source currents are 

im = 5/53.13" A 

inb = 5/-66.870 A 

and l,,, = 5/173.13" A 
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as shown in Figure 1.13b. For a A-connected load, the load current iAB is 

1 
= 2.887183.13" A 

'4, = a/ - 300 

Similarly, the other phase currents through the load are 

and 

'The line or phase voltages at the load end are 

Likewise, the other line or phase voltages are 

and 

The average power dissipated in phase AB of the load is 

The power dissipated by each of the other two phases is also 1475.25 W. Thus, the 
total power dissipated by the load is 

PLoad = 3 X 1475.25 = 4425.75 W 

The total power dissipated by the three-wire transmission line is 

PLine = 3 x 52 x 1 = 75 w 

Hence, the total power supplied by the three-phase source is 

pSource = 'Load + 'Line 

= 4425.75 f 75 = 4500.75 W 
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Exercises 

1.8. A balanced three-phase Y-connected source has a line voltage of 208 V and 
feeds two balanced Y-connected loads. The per-phase impedances of the 
two loads are 20 + j 70 R and 50 + j 30 bZ. Calculate the power supplied 
to each load by the source. What is the power factor of each load? What is 
the overall power factor? 
In Exercise 1.8 three A-connected capacitors are connected in parallel with 
the two loads in order to improve the power factor to 0.8 lagging. What 
must be the impedance of each capacitor? What is the size of each capacitor 
if the line frequency is 60 Hz? 
A balanced three-phase A-connected source has a line voltage of 120 V. It 
is connected to a load via a three-wire transmission line. The per-phase 
impedance of the A-connected load is 30 t j120 I]. The impedance of each 
wire of the transmission line is 2 + j4 R. How much power is dissipated 
by the load? By the transmission line? What is the power factor of the load? 
What is the overall power factor? 

1.9. 

1.10. 

1.5 Power and Impedance Measurements 

The last item on our agenda is to review the measurement of power in dc circuits, 
single-phase circuits, and three-phase circuits. Let us examine each case separately. 

Power in a Direct-Current Circuit 

Since both the voltage and the current in a dc circuit are constant, the power 
supplied by the source or dissipated by the load is also constant. If a source of V 
volts supplies a current of 1 amperes to a load, the power supplied by the source 
is equal to the product VI. Therefore, we can determine the power in a dc circuit 
by measuring the voltage and the current by means of a voltmeter and an am- 
meter, respectively. The following example demonstrates how to compute power 
in a dc circuit. 

E X A M P L E  1 . 5  

Consider the circuit shown in Figure 1.14a. Calculate the power dissipated by the 
25-R resistor. Draw a schematic that enables you to measure the power. What are 
the readings on the voltmeter and the ammeter? 



50 R 

R 

100 v 

100 v 

+ 

R 

100 v 

Figure 1.14 (a) Circuit for Example 1.5. (b) An equivalent circuit. (c) Measurements of 
current through and voltage drop across the 25-0 resistor. 

30 



Power and Impedance Measurements 31 

0 S O L U T I O N  

Since the 25-fl resistor is in parallel with a 100-R resistor, we combine them to 
obtain an equivalent resistance of 20 R, as shown in Figure 1.14b. The total resis- 
tance in the circuit is 100 fl. Thus, the current supplied by the source is 1 A. 

The schematic that enables us to measure the power dissipated by the 25-n 
resistance is given in Figure 1 .14~ .  The voltage drop across the 25-42 resistance is 
the same as that across the equivalent resistance of 20 R. That is, V,, = 1 X 20 
= 20 V. Therefore, the voltmeter reading is 20 V. 

The current through the 25-R resistor is I,, = (1 X 20)/25 = 0.8 A. Hence, 
the ammeter reads 0.8 A. 

The power, being the product of measured values of the voltage and the cur- 
rent, is P,, = 20 x 0.8 = 16 W. Thus, the power dissipation by the 25-R resistor 
is 16 W. 

The Wattmeter 

A wattmeter is a single instrument that performs the combined functions of an 
ammeter and a voltmeter. It is calibrated to read the average power directly. It is 
used to measure the average power in ac circuits. The coil that measures the cur- 
rent is called the current coil (CC), and the coil that measures the voltage is known 
as the potential coil or the voltage coil (VC). The like polarity terminals of the 
current and the voltage coils are marked either with dots ( 0 )  or f signs. The sig- 
nificance of these markings is that the current must either enter or leave the like 
polarity terminals at any time. 

Figure 1.15 shows two possible ways to connect the wattmeter in a circuit 
properly. In practice, the current coil has a very small resistance and the poten- 
tial coil carries a very small current. Therefore, each coil dissipates some power, 
however small it may be. If the wattmeter is connected as shown in Figure 1.15a, 
the wattmeter measurement also includes the power dissipated by the potential 
coil. Therefore, even when the load is disconnected completely, the wattmeter still 
measures the power dissipated by its potential coil. In order to measure the small 
amount of power supplied to the load accurately, we must subtract the power 
loss in its potential coil. If we use the connection as shown in Figure 1.15b, our 
power measurement now includes the power loss in the current coil. In our cal- 
culations, however, we always assume an ideal wattmeter; that is, the resistance 
of the current coil is zero and the current through the potential coil is vanishingly 
small. 

Power in a Single-Phase Circuit 

In an ac circuit, both the voltage v(t) and the current i(t) pulsate with time, as 
depicted in Figure 1.3, where i(t) is shown lagging u(t) by an angle 8. Because the 
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I 

Figure 1.15 Wattmeter connections. (b) 

instantaneous power is p ( t )  = v(t) i(t), it pulsates twice as fast. Note that the instan- 
taneous power is positive when u(t) and i(t) are both positive or both negative. 
The instantaneous power is negative only when one of them (voltage or current) 
is positive and the other is negative. Therefore, the power becomes negative twice 
per cycle as shown in Figure 1.3. 

The wattmeter is calibrated to read the average value of the power. If V is the 
rms value of the voltage across the potential coil of the wattmeter, I is the rms 
value of the current through the current coil, and 0 is the phase shift between the 
two, the wattmeter reading is 

P = VI cos 0 (1.20a) 
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The total impedance in the circuit is 

2 = 14.4 + j19.2 + 0.6 + j16.8 = 15 + j36 0 

Thus, the current supplied by the source is 

- 
I =  = 3f -67.38' A 15 + j36 

The ammeter reading is 3 A and the current through the current coil of the 
wattmeter in phasor form is 3/-67.38" A. The voltage drop across the load is 

cL = f& = [3/ -67.38"][14.4 + 119.21 = 72/ - 14.25" V 

The voltmeter reads 72 V, and the phasor voltage across the potential coil of the 
wattmeter is 721 - 14.25" V. 

The reading on the wattmeter is 

P = Re[(72/ - 14.25")(3/67.38")] 

= Re[216/53.13"] = 129.6 W 

Note that P does not account for the power loss on the transmission line. The 
power factor of the load is 

129 6 
0.6 (lag) 

P 
VLI 72 x 3 

pf = case = - = - = 

The corresponding power factor angle is 53.13" (lagging). 
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Figure 1.17 A three-phase four-wire system. 

respectively. The total power is the sum of the three wattmeter readings. In a 
balanced three-phase system, all wattmeters record the same reading. This method 
is suitable only when the load and the source are both Y-connected. 

Two-Wattmeter Method 
When the source and/or the load is A-connected or we do not have access to the 
neutral wire, the circuit is said to represent a three-phase three-wire system and 
the power is usually measured by means of two wattmeters as shown in Figure 
1.18a. In this case, the total power is equal to the algebraic sum of the two watt- 
meter readings whether the three-phase system is balanced or not. For the con- 
nections shown in Figure 1.18a, the readings on wattmeters W, and W, are 

and 

P, = Re[c,,c,J 

P,  = Re[c,,i&] 

(1.22a) 

(1.22b) 

respectively. 
Let us now consider a balanced three-phase system with positive phase se- 

quence. The phasor diagram for the voltages and the currents in the system is 



Thrce-phase 
source 

- 
"& 

(b) 

Figure 1.18 (a) Three-phase three-wire system. (b) Phasor diagram. 
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shown in Figure 1.18b, where the phase voltage Go,, = V& has been assumed as 
the reference voltage. The two wattmeter readings become 

PI = Re[(V%V/ -30")(1/-6)]  = f i V 1  cos(30" + 6) 

P, = Re[(V%V/-90")(1/-6 + 120")l = a V 1  cos (30" - e) 
(1.234 

(1.23b) 

Thus, the total power is 

P = PI + P, = V%V~[COS(~O" + 8) + Cos(30" - 6)] 

= 3Vl cos 8 

= V3V,l, cos 8 

(1.24a) 

(1.24b) 

where V, is the magnitude of the line voltage between any two lines and I, is the 
line current. Note that Vl  cos 0 is the power in each phase of a balanced three- 
phase system. Equation (1.24b) is given in terms of line currents and line voltages 
and is valid for both A- and Y-connected systems. In a Y-connected system, I, = 
1 and V ,  = ~ V .  On the other hand, I, = V'% and V, = V in a A-connected 
system. 

From Eqs. (1.23a) and (1.23b) we can make the following observations. 

(a) 

(b) 

The two wattmeter readings are equal when 8 = 0 or the power factor 
is unity. In this case, the load is purely resistive. 
Wattmeter W, reads zero when 8 = 60" or the power factor is 0.5 lead- 
ing. For all leading power factors below 0.5, wattmeter W, reads 
negative. 
Wattmeter W2 reads zero if 8 = -60" or the power factor is 0.5 lagging. 
For all lagging power factors below 0.5, wattmeter W, reads negative. 
For both leading and lagging power factors above 0.5 but below unity 
both wattmeter readings are positive but not equal. 

(c) 

(d) 

In order to read the negative power using deflection-type wattmeters, we 
usually reverse the connections to the current coil. Electronic wattmeters are de- 
signed to show the minus sign to indicate negative power. 

From Eqs. (1.23a) and (1.23b) we can compute the reactive (or quadrature) 
power Q, and the power factor angle 6 as 

Q = f i ( P 2  - PI) (1.25a) 

and (1.25b) 
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Since the two wattmeters can be connected between any two lines of a three- 
phase system, we can express Eq. (1.25b) in a general form as 

(1.25~) 

where P, is the algebraic difference of the two wattmeter readings and P, is the 
algebraic sum. The sign of the power factor angle 0 can be easily determined from 
the type of load. The power factor angle 8 must be negative for an inductive load 
( R  + jX) and positive for a capacitive load ( R  - jX). 

E X A M P L E  1.7 

A balanced three-phase, 1351-V, 60-Hz, A-connected source with a negative phase 
sequence feeds a balanced Y-connected load with a per-phase impedance of 
360 + jl50 !2 as shown in Figure 1.19a. What are the readings on the two watt- 
meters? Compute the total power and the power factor of the load. 

0 S O L U T I O N  

By transforming a A-connected source into an equivalent Y-connected source, we 
obtain the magnitude of the phase voltage as 

v = - -  1351 - 780 v 
v3 

Assuming phase-a voltage as the reference phasor, we can draw an equiva- 
lent circuit on a per-phase basis, as depicted in Figure 1.19b. The current in the 
circuit is 

- 
I =  78Q = 21-22.62" A 

360 + j150 

Since the current lags the applied voltage by -22.62", the p o w t . ~  I d C W T  angle e IS 

The phasor diagram for the phase and line voltages and currents is sketched 
in Figur: 1.19~ for the negative phase-sequence. Note that I' is equal to the line 
current laA. 

-22.62". 

The reading on wattmeter W, is 

PI = Re[C6,i,*,] = Re[(1351/ -30")(2/22.62")] = 2679.62 W 



(b) ( C i  

Figure 1.19 (a) Circuit for Example 1.7, (b) Per-phase equivalent circuit and (c) Phasor 
diagram. 
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The reading on wattmeter W, is 

P, = R e I ~ , ~ , ]  = Re[(13511-90")(2/142.62")1 = 1640.38 W 

The total power delivered to the load is 

P = 2679.62 + 1640.38 = 4320 W 

Because the readings on both the wattmeters are positive, the power factor 
must be greater than 0.5. In addition, the power factor must be lagging because 
the load is inductive. 

The power factor of the load is 

pf = cos 8 = cos(22.62") = 0.923 (lagging) 

We can verify the total power consumed by the load as 

P = 312R = 3 x 22 x 360 = 4320 W 
H 

Exercises 

1.11. 

1.12. 

1.13. 

Consider the circuit shown in Figure El.11. Calculate the power dissipated 
by the 10-0 resistor. Draw a schematic that enables you to measure the 
power. What are the readings on the voltmeter and the ammeter? 
An equivalent circuit of a 120-V, 60-Hz, single-phase induction motor is 
given in Figure E1.12. Sketch a circuit that assists you in measuring the 
power input to the motor, the current intake by the motor, and the power 
factor of the motor. Find the reading on each meter. 
Three identical impedances of 2373 + jl500 0 are A-connected to a 1732-V, 
60-Hz, A-connected balanced source via a three-wire transmission line. 
Each line can be represented by an equivalent resistance of 75 R as shown 
in Figure E1.14. What must be the readings on the two wattmeters, the volt- 
meter and the ammeter? What is the power factor of the load? Assume that 
the phase sequence is positive. 

Impedance Measurements 

'To determine the performance characteristics of an electrical device such as a 
transformer, a single-phase or a three-phase motor, we need the equivalent cir- 



24 V 

1732-V 
60-Hz 

m u -  
cannected 
bolancui 

thrc*.pbw 
louztr 

i 

Figure E l . l l  

0.5 R @75R 10R 
0 
+ 

120 v p.5 R 

- 
0 

Figure E1.12 

Figure E1.13 
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cuit parameters of that device. On a purely theoretical basis, the design data for 
the device should provide enough information pertaining to these parameters. 
On the other hand, when a physical device is available, it can be tested to deter- 
mine its equivalent circuit parameters. In this section, we explain the procedure 
to obtain series and parallel equivalent circuits of a device. In fact, the procedure 
is so general that we can use it to model any unknown impedance by its series 
and parallel equivalent circuits. From now on, we will simply refer to the 
unknown impedance or the physical device as a load. 

Quite often we already know whether the load is purely resistive, inductive 
(R-L circuit), or capacitive (R-C circuit), and there is no need for further verifi- 
cation. For instance, any electrical device that employs Faraday’s law of induc- 
tion is inductive in nature. Such a device can be represented by a series or a par- 
allel R-L circuit. The equivalent circuits of transformers and induction machines 
are of this category. 

There are, of course, situations in which the nature of the load is not clearly 
evident. For example, a simple series R-L-C circuit can behave either as a purely 
resistive circuit when oL = 1 /oC, an inductive circuit when oL > 1 /oC, or a capac- 
itive circuit when wL < 1 /wC. In this case, we have to determine its nature so that 
we can represent it by its appropriate equivalent circuit. To do so, we can apply 
a sinusoidally varying voltage across the circuit at the desired frequency and dis- 
play the voltage and current waveforms on a dual-display oscilloscope. A circuit 
is purely resistive when the current and voltage waveforms are in phase. If the 
current waveform leads the voltage waveform, it suggests a capacitive circuit. 
Finally, the circuit is inductive when the current waveform lags the voltage wave- 
form. Note that this test is performed simply to determine the nature of the load 
and is not intended to provide precise information on lead or lag. 

We can use a simple experimental setup as shown in Figure 1.20 to determine 
the unknown impedancei. We can apply the rated voltage at the rated frequency 
across the load and measure the current and power. If V, I ,  and P are the read- 
ings of the voltmeter, ammeter, and wattmeter, then the apparent power supplied 
by the source and absorbed by the load is 

s = Vl 

and the power factor angle is 

0 = cos-I ( P I S  ) 

Note that 0 would be (i) zero for a purely resistive circuit, (ii) lagging for an induc- 
tive load, and (iii) leading for a capacitive load. 

When we take the voltage as the reference phasor, such that 
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the current can be expressed in phasor form as 

f =  l& 
= 1 cos 8 f jl sin 8 
= I ,  rt jl, 

where 1, = 1 cos 8 and 1, = 1 sin 8 are the real and imaginary components of cur- 
rent f. Use the plus (+) sign when the current leads the voltage and the minus 
sign when the current lags the voltage. 

If 2, is the series impedance of the load, then 

Z, A V  = = R, f jX, I 
where the plus sign is for the inductive load and the minus sign is for the capac- 
itive load. In a purely resistive load, X ,  would be zero. 

We can also represent the load by its parallel equivalent circuit. In such a cir- 
cuit, the resistive component of the load is in parallel with its reactive compo- 
nent. The current through the resistive component must be 1, because it is in-phase 
with the applied voltage. On the other hand, the current through the reactive com- 
ponent must be 1,. If R, is the equivalent resistance and X, is the equivalent reac- 
tance of the parallel circuit, then 

V x, = - 
4 

where 

x, = OL 

for an inductive load, and 

1 
W C  

xp = - 

for a capacitive load. 
A balanced three-phase load can be tested by connecting it to a balanced three- 

phase source and measuring the line voltage V,, line current lL, and total power 
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P. The experimental setup to measure current, voltage, and total power using the 
two-wattmeter method is given in Figure 1.21. The load can be Y- or A-connected. 
The analysis can be carried out on a per-phase basis assuming that the load is Y- 
connected. Then, we can use A-to-Y transformation to obtain a A-connected cir- 
cuit. Since per-phase analysis of a three-phase circuit is no different than the analy- 
sis of a single-phase circuit, it needs no repetition. 

The following examples illustrate the determination of equivalent circuits for 
single-phase and three-phase loads. 

E X A M P L E  1 . 8  

A circuit consists of series-parallel combinations of unknown resistors, inductors, 
and capacitors. When a 60-Hz voltage was impressed upon the circuit, the volt- 
meter, ammeter, and wattmeter readings were 120 V, 5 A, and 480 W. Using a 
dual-channel oscilloscope, the current was found to lead the applied voltage. Rep- 
resent the unknown circuit by its series and parallel equivalent circuits. 

0 S O L U T I O N  

Since the current leads the applied voltage, the circuit has a leading power factor 
and can be represented by either a series or a parallel R-C circuit. 
The apparent power supplied by the source and absorbed by the circuit is 

S = 120 x 5 = 600 VA 

Thus, the power factor angle is 

8 = cos-I (480/600) = 36.87" (lead) 

When defining phasor voltages and currents in a circuit, it is necessary to choose 
one of the phasors as a zero-phase reference. Hence, choosing the applied volt- 
age as the zero-phase reference, we can express the applied voltage and current 
in the phasor form as 

G = 120 /o" v 

and 

f =  5j36.87" A 
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(a) Series Circuit 

The impedance of the equivalent series circuit is 

= 19.2 - j14.4 0 

The equivalent capacitance of the series circuit is 

= 184.21 pF 1 
25c x 60 x 14.4 

C =  

Thus, the unknown circuit can be represented by an equivalent circuit consisting 
of a 19.24 resistor in series with a 184.21-pF capacitor as shown in Figure 1.22a. 

(b) Parallel Circuit 

The real and imaginary components of the current are 

I, = 5 cos (36.87") = 4 A 

and 

I ,  = 5 sin (36.87') = 3 A 

Hence, 

120 
R = - = 3 0 Q  

p 4  

120 
3 

X p =  - = 4 0 n  
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and, the capacitance of the circuit is 

C =  1 = 66.3 pF 
2n: x 60 x 4 0  

Thus, the parallel equivalent circuit consists of a 30-R resistor in parallel with a 
66.3 pF capacitor as shown in Figure 1.22b. 

E X A M P L E  1 . 9  

A balanced three-phase induction motor consumes 3246 W when the line voltage 
is 208 V and the line current is 10.6 A. Represent the motor by its four equivalent 
circuits. 

0 S O L U T I O N  

(a) Y-Connection 
Assuming that the motor is Y-connected, we can extract the following infoma- 
tion on a per-phase basis from the given test data. 

Per-phase voltage: v+ = 208/v3 120 v 
Per-phase current: 
Per-phase power: 
Per-phase apparent power: 

$+ 1 :66:3 = 1082 W 
S ,  = 120 X 10.6 = 1272 VA 

Since an induction motor has a lagging power factor, the power factor angle is 

0 = c o d  (1082/1272) = 31.72" (lag) 

Using phase-a voltage as the zero-phase reference, we can express the phase volt- 
age and phase current in their phasor forms as 

VAN = 12010"v 

IAN = 10.6/-31.72' A 

Thus, the per-phase series impedance of the motor is 

2, = 120m = 11.32131.72" R 
10.6/-31.72' 

= 9.63 + j5.95 
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The Y-connected, series equivalent circuit of a three-phase induction motor is 
given in Figure 1.23a. 

The real and imaginary components of the current are 

1,. = 10.6 cos (31.72") = 9.017 A 

I, = 10.6 sin (31.72") = 5.573 A 

On a per-phase basis, the components of the parallel equivalent circuit are 

lZo - 13.31 R R p = 9 . 0 1 7 -  
and 

x =-- - 21.53 R 
5.573 

The Y-connected, parallel equivalent circuit of the three-phase induction motor is 
given in Figure 1.23b. 

(b) A-Connection 

Since 

we can simply multiply the per-phase Y-connected impedances by 3 to obtain A- 
connected impedances for both series and parallel connections. The series and 
parallel A-connected equivalent circuits are given in Figure 1.24a and 1.24b, 
respectively. We encourage the students to verify these equivalent circuits using 
the voltage, current, and power readings. 

EXERCISES 

1.14. The current, voltage, and power to a capacitive circuit are measured and 
found to be 3 A, 450 V, and 810 W, respectively. Determine (a) the series 
equivalent circuit and (b) the parallel equivalent circuit. 
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Figure 1.20 Experimental setup to determine the unknown impedance 2. 

Balanced 

three-phase 

SUPP'Y 

a A 

I- 
b 

1 

Balanced 

three-phase 

Y- or A-connected 

Figure 1.21 Experimental setup to determine the equivalent circuit of a three-phase load. 
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19.2 R 

7 I 
184.21 pF 1' 
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Figure 1.22 (a) Series and (b) parallel equivalent circuits for Example 1.8. 
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C 

N 

j21.53 R 13.31 R 

(b) 

Figure 1.23 (a) Series and (b) parallel Y-connected equivalent circuits for Example 1.9. 
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28.89 R 

(a) 

B C 

39.93 n 

(b) 

Figure 1.24 (a) Series and (b) parallel A-connected equivalent circuits for Example 1.9. 
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1.15. The current, voltage, and power factor of a balanced three-phase load are 
measured and found to be 8.66 A, 208 V, and 0.8 lagging, respectively. If 
the load is Y-connected, find (a) the series equivalent circuit and (b) the 
parallel equivalent circuit. 

1.16. Repeat Exercise 1.15 for a A-connected load. 

S U M M A R Y  

In this chapter we reviewed some of the techniques used in analyzing electric 
circuits. We first stated experimental laws of electric circuit theory and then ex- 
plained how to apply them in order to solve dc circuits, single-phase circuits, and 
three-phase circuits. 

The two important theorems, Thevenin’s theorem and the maximum power 
transfer theorem, were stated and applied. 

We reviewed the concept of phasors and explained how a voltage and current 
can be represented in phasor form. Choosing one phasor as a reference, we dem- 
onstrated how a phasor diagram can be drawn and used. The concepts of complex 
power, real power, and reactive power were reviewed. The passive technique of 
power factor correction using capacitors was highlighted. 

Students are usually overwhelmed by three-phase circuits. There seems to be 
something about the three-phase circuits that baffles them. We have attempted to 
take the mystery out of three-phase circuits by explaining the positive and nega- 
tive phase-sequences, the difference between Y- and A-connected circuits, and 
A-to-Y transformations. 

Our experience over the years has indicated that students tend to get per- 
plexed when it comes to connecting a wattmeter in the circuit. By explaining how 
a wattmeter works, we aimed to overcome apprehension about this measuring 
device. We also shed some light on the two-wattmeter method to measure total 
power in a three-phase circuit. 

Some of the important equations presented in this chapter are summarized 
below for easy reference. 

Ohm’s law: = f i  
n 

Kirchhoff‘s current law: 2 ij = 0 
i =  1 

n 

Kirchhoff’s voltage law: f, = 0 
1-1 
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Complex power: 5 = = P + jQ 

Maximum power transfer theorem: 2, = 2; 

Balanced three-phase system 
Positive phase-sequence: em,, = V b ,  cbn = V[0 - 120", ccn = V / 0  + 120" 

Negative phase-sequence: c,, = V,&, c,,, = V / 0  + 120", c,,, = V / 0  - 120" 

Y-connected source: f, = ~ f /  k 30" ( + for positive phase-sequence) 
- - 
I ,  = r 

A-connected source: c, = 

i, = v%/ +- 30" ( - for positive phase-sequence) 

Three-phase power: P = 3Vl cos 0 = d V e l f  cos 0 

Review Questions 

1.1. 

1.2. 

1.3. 

1.4. 

1.5. 
1.6. 
1.7. 

1.8. 

1.9. 

Electrons are passing a reference point on a conductor at the rate of 3 X 

A 60-W bulb carries a current of 0.5 A when connected to a dc source. What 
is the source voltage? What is the total charge that passes through its fila- 
ment in 2 hours? 
A 100-fl resistor is rated at 0.5 W. What is the maximum voltage it can 
safely withstand? What is the maximum current that can safely flow 
through it? Can it safely sustain the maximum current when the maximum 
voltage is applied across it? 
If we expend 1 joule of energy in moving 1 coulomb of charge from one 
point to the other in a circuit, the potential difference between the two 
points is -. 
State the differences between a linear and a nonlinear circuit. 
Can we apply Ohm's law to nonlinear circuits? Justify your answer. 
State Kirchhoff's current and voltage laws. What does the term "algebraic 
sum" mean? 
The current through a resistance when connected to a 24-V battery is 1.2 A. 
Determine the resistance that must be inserted in series to reduce the cur- 
rent to 0.8 A. 
A dc generator can be represented by a voltage source in series with a 
resistance. The open-circuit (no-load) voltage of the generator is 124 V. A 

per hour. What is the current in amperes? 
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1.10. 

1.11. 

1.12. 

1.13. 

1.14. 

1.15. 

1.16. 

1.17. 

1.18. 

1.19. 

1.20. 

1.21. 

1.22. 

1.23. 
1.24. 

load resistance of 24 R draws a current of 5 A. What is the internal resis- 
tance of the generator? 
A dc generator delivers power to a load over a 1.25-Q transmission line. The 
load voltage is 220 V. If the voltage drop in the line is not to exceed 10% of the 
load voltage, what is the maximum power that can be delivered to the load? 
Two parallel resistors carry currents of 2 A and 5 A. If the resistance of one 
is 100 R, what is the resistance of the other? 
How many different values of resistances can be obtained with three re- 
sistors of 1 kR, 5 kR, and 200 R? 
A 1200-W electric heater operates on a 120-V, 60-Hz ac supply. What is the 
rms current through the heater? What is the maximum instantaneous cur- 
rent? What is the resistance of the heater? Sketch v(t) and i(t) curves as a 
function of time. 
A series circuit consists of a resistance of 10 0, an inductance of 0.5 mH, 
and a capacitance of 200 pF. What is the impedance of the circuit at a 
frequency of 60 Hz? Is the impedance inductive or capacitive? 
A 120/ - 30" V voltage source supplies a current of 2/ - 20" A to a load. Is 
the load inductive or capacitive? What is the power factor of the load? 
Compute the average power, reactive power, and apparent power deliv- 
ered to the load. 
An ac circuit can be represented by a voltage source of 25m V in series 
with an impedance of 15 + j20 R. In order to transfer maximum power to 
the load, what must be the load impedance? What is the current in the 
circuit? How much power is transferred to the load? 
The phase-b voltage of a three-phase balanced source is V,, = 
120/ - 60" V. What are the other phase voltages for (a) a positive phase- 
sequence and (b) a negative phase-sequence? 
The line voltage of a balanced three-phase source is V,, = 
17.32/ - 30" kV. What are the phase and line voltages if the phase sequence 
is positive? 
What are the differences between apparent power, real power, and reactive 
power? 
Why do we express apparent power in VA, real power in W, and reactive 
power in VAR? 
A student suggested that she can improve the power factor by connecting 
a resistor instead of a capacitor in parallel with an inductive load. What do 
you think? What are its ramifications? 
In the power factor correction techniques, we always use capacitors in par- 
allel with the load. Why can't we use capacitors in series with the load? 
Why is the power factor correction necessary? 
Is it more economical to use a A-connected capacitor bank instead of a 
Y-connected capacitor bank for power factor correction in three-phase 
circuits? 

- 
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1.25. A student suggests that the power factor of a load can be determined by 
using the two wattmeter readings as 

cos 0 = [ Pl + p2 ] 
V3V,I, 

Under what conditions does the above equation yield the exact power 
factor? 

Problems 

1.1. 

1.2. 

1.3. 

1.4. 

1.5. 

1.6. 

1.7. 

1.8. 

1.9. 

1.10. 

An electric heater takes 576 W when connected to a dc source of a certain 
voltage. If the voltage is increased by lo%, the current through the heater 
is 5.28 A. Compute (a) the original voltage and (b) the resistance of the 
heater. 
A dc motor draws 20 A from a 120-V dc supply. The motor operates 10 
hours each day. If the energy cost is 10 cents per kilowatt-hour (kWh), what 
is the monthly bill for operating this motor? Assume 30 days in a month. 
A remote dc generator (sending end) transmits power over a transmission 
line having a resistance of 0.2 0 to a 10-kW load (receiving end). The load 
voltage is 125 V. What is the voltage at the sending end? How much power 
is lost by the transmission line? 
Obtain the current in each branch of the circuit shown in Figure P1.4 using 
(a) node-voltage method and (b) mesh-current method. 
In the circuit of Figure P1.5, what value of R ,  dissipates a maximum power 
from the circuit? What is the maximum power dissipated by it? 
What is the power dissipated by each resistor in Figure P1.6? How much 
power is supplied by each source? 
Use the superposition theorem to find the current in the 1042 resistance of 
the circuit given in Figure P1.7. 
Find the current through and the voltage drop across each element in the 
circuit shown in Figure P1.8, using (a) node-voltage method and (b) mesh- 
current method. What must be the power rating of each resistor? 
Use the superposition theorem to find the current through the 200-fl resis- 
tance in the circuit given in Figure P1.8. How much power is dissipated by 
it? 
An equivalent circuit of a transformer is given in Figure P1.10. If the load 
impedance is 200 + j300 fl and the load voltage is 120 V, find the applied 
voltage c,. Calculate the power output to the load and power supplied by 
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200 v 

50 V 

Figure P1.4 

Figure P1.5 

1.11. 

1.12. 

the source. What is the efficiency of the transformer? [Hint: Efficiency is 
defined as the ratio of the output power to the input power.] 
A 120-V, 60-Hz source is applied across an inductive load of 100 + j 700 R. 
What is the power factor of the load? What must be the size of the capacitor 
that can be placed in parallel with the load in order to improve the power 
factor to 0.95 lagging? Draw the phasor diagram to illustrate the improve- 
ment in the power factor. 
A certain load takes 10 kW at 0.5 pf lagging when connected to a 230-V, 
60-Hz source. The supply company charges a penalty when the power 
factor falls below 0.8. What size of capacitor must be used in order to avoid 
the penalty? 

10 kR 10 kR 

I00 V 
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1.13. 

1.14. 

1.15. 

1- 
T; 

30 V 

Figure P1.6 

An electric heater takes 1000 W at unity power factor from a 120-V, 60-Hz 
supply. When a single-phase induction motor is connected across the sup- 
ply, the power factor of the total load becomes 0.8 lagging. If the power 
requirement of the motor is 1750 W, what is its power factor? What size of 
capacitor must be connected to improve the power factor to 0.9 lagging? 
Draw the phasor diagram in each case. 
A single-phase generator is at a distance of 100 km from the load. The 
impedance of the transmission line is 2 + j 4  mi2 per kilometer. The load 
requires 10 kW at 860 V. Find the voltage of the generator and the power 
loss in the line when the power factor of the load is (a) unity, (b) 0.8 lag- 
ging, and (c) 0.8 leading. Draw the phasor diagram in each case. 
The current, voltage, and power to an inductive load are measured and 

Figure Pl.7 
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100 R 

1.16. 

1.17. 

1.18. 

1.19. 

40 V 

Figure P1.8 

found to be 10 A, 120 V, and 800 W, respectively. Represent the load by 
(a) a series equivalent circuit and (b) a parallel equivalent circuit. 
The current, voltage, and power factor of a load are measured and found 
to be 5 A, 230 V, and 0.8 leading. Represent the load by (a) a series equiv- 
alent circuit, and (b) a, parallel equivalent circuit. 
A wattmeter is connected in a circuit as shown in Figure P1.17. What must 
be the reading on the wattmeter? 
A 220-V, 60-Hz, Y-connected, balanced three-phase source with a positive 
phase-sequence supplies an unbalanced load as shown in Figure P1.18. 
What is the current in the neutral wire? What is the total power dissipated 
by the load? Draw a schematic that helps measure the power requirement 
of each phase. 
If the neutral wire in Figure P1.18 is disconnected, what must be the current 
in each phase? What are the three-phase voltages? Draw a schematic that 

0.1 R j 0 .22  R 0.2 R j0.44 R 

Figure P1.10 
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120 a 
60 0 

: - j70  n 

Figure Pl.17 

enables you to measure the total power requirement. Is there any change 
in the total power required by the load? 
A balanced three-phase load dissipates 12 kW at a power factor of 0.8 
lagging from a balanced 460-V, WHz, Y-connected three-phase supply. 
For a Y-connected load, obtain an equivalent (a) series circuit and (b) par- 
allel circuit. 

1.20. 

Figure Pl.18 
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1.21. 

1.22. 

1.23. 

1.24. 

1.25. 

1.26. 

A balanced three-phase load dissipates 15 kW at a power factor of 0.8 leading 
from a balanced 208-V, 50-Hz, A-connected source. For a A-connected load, 
obtain an equivalent (a) series circuit and (b) parallel circuit. 
A balanced three-phase load is connected to a balanced three-phase sup- 
ply via a transmission line as shown in Figure P1.22. What must be the 
readings on the two wattmeters, the ammeter, and the voltmeter? What is 
the total power supplied to the load? 
A clever student played a trick on his partner by connecting an electronic 
wattmeter as shown in Figure P1.23. What must be the reading on the 
wattmeter? 
The load on a 460-V, 60-Hz, Y-connected, balanced three-phase source con- 
sists of three equal Y-connected impedances of 100 + jl00 f2 and three 
equal A-connected impedances of 300 - j300 f2. Compute the line current, 
power, and the power factor for the total load. 
A balanced, Y-connected, three-phase, 230-V, 60-Hz source supplies 600 W 
to a Y-connected load at 0.7 pf lagging. Three equal Y-connected capacitors 
are placed in parallel with the load to improve the power factor to 0.85 
lagging. What must be the size of each capacitor? What must be the size 
of each capacitor if they are A-connected? 
A Y-connected load with an impedance of 12 - j15 51 per phase is con- 
nected to a balanced A-connected 208-V, 60-Hz, three-phase, positive 
phase-sequence supply. Determine (a) the line and phase voltages, (b) the 
line and phase currents, and (c) the apparent, active, and reactive powers 
in the load. Draw the phasor diagram and the power diagram. 

Figure P1.22 
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Figure P1.23 

1.27. The total power delivered to a balanced, Y-connected, three-phase load is 
720 kW at a lagging power factor of 0.8. The line voltage at the load is 
3464 V. The impedance of the transmission line is 2.5 + j10.2 Q. What is 
the line voltage at the sending end of the transmission line? How much 
power is dissipated by the transmission line? What is the total power sup- 
plied by the source? Determine the load impedance per phase. 
A balanced Y-connected three-phase source supplies power tp an unbal- 
anced A-connected load. F e  load impedances per phase are Z,, = 40 + 
j30 R, Z,, = 20 R, and Z ,  = 10 + j l 0  R. The line voltage is 173.21 V 
and the phase sequence is positive. Calculate (a) the phase currents, (b) the 
line currents, (c) the power dissipated in each phase, and (d) the total power 
supplied by the source. If the current coils of two wattmeters are connected 
in lines a and b and the potential coils are connected to line c, what must 
be the reading on each wattmeter? Is the power measured by the two watt- 
meters the same as that consumed by the unbalanced load? 
The per-phase impedance of a A-connected load is 150 + j90 R. The power 
to the load is supplied from a Y-connected source via a transmission line. 
The impedance per line is 5 + j l 0  R. The line voltage at the load is 600 V. 
What is the line voltage of the source? What is the total power supplied by 
the source? If the current coils of two wattmeters are connected in lines u 
and c and the potential coils are connected to line b, what must be the 
reading on each wattmeter? Assume positive phase-sequence. 
A balanced three-phase load dissipates 48 kW at a leading power factor of 
0.8. The line voltage at the load is 240 V. Represent the load impedance by 
four equivalent circuits. 
A 1732-V, Y-connected, three-phase source delivers power to two three- 
phase machines connected in parallel. One machine absorbs 240 kVA at a 
leading power factor of 0.8, and the other machine requires 150 kW at a 
lagging power factor of 0.707. What is the current supplied by the source? 

1.28. 

1.29. 

1.30. 

1.31. 
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What is the power supplied by the source? What is the overall power fac- 
tor? Represent each machine by a Y-connected equivalent circuit. 

1.32. A 1732-V, 60-Hz, Y-connected, three-phase source delivers power via a 
transmission line to two machines connected in parallel. The impedance 
per line is 0.5 + j5 R. One machine can be represented by an equivalent A- 
connected per-phase impedance of 150 + j450 R. The other machine is Y- 
connected and has a per-phase impedance of 40 - j320 O. Compute the 
power supplied by the source. What is the power requirement of each 
machine? How much power is dissipated by the transmission line? 

1.33. Repeat Problem 1.32 when a A-connected load with a per-phase impedance 
of 300 0 is connected in parallel with the machines. 

1.34. Repeat Problem 1.32 for a A-connected capacitor bank with an impedance 
of -j1023 O per phase connected in parallel with the machines. What is the 
size of each capacitance? 
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2.1 Introduction 

We can best understand and predict the behavior and characteristics of an elec- 
tric machine if we understand not only its physical construction but also the role 
of the magnetic field in that machine because almost all practical energy conver- 
sion devices use magnetic field as a medium. The magnetic field may be set up 
by a winding (coil) or a permanent magnet. If the magnetic field is produced by 
a winding, it can be either of constant magnitude (dc) or a function of time (ac). 

In transformers, the ac magnetic field helps to transfer energy from the pri- 
mary (input) side to the secondary (output) side. No electrical connection is nec- 
essary between the two sides of the transformer. The energy transfer process is 
based upon the principle of induction. 

However, in dc machines and synchronous machines it is the uniform (con- 
stant) magnetic field that facilitates the conversion of electric energy to mechan- 
ical energy (motor action) or mechanical energy to electrical energy (generator 
action). In fact, we would discover that both motor and generator actions exist 
simultaneously in every electromechanical energy conversion device. In other 
words, one action cannot exist without the other. 

It is therefore evident that the study of electric machines requires a basic 
understanding of electromagnetic fields. The purpose of this chapter is to review 
the basic laws of electromagnetism, with which the reader is expected to have 
some familiarity. A detailed discussion of these laws can be found in any book 
on electromagnetic field theory. 

2.2 Maxwell’s Equations 

The fundamental theory of electromagnetic fields is based on the four Maxwell’s 
equations. These equations are, in fact, generalizations of laws based upon exper- 
iments. Our aim in this chapter is not to trace the history of these experiments but 
to present them in the form that is most useful from the application point of view. 

The four Maxwell’s equations are 

v G = o  or f i i * ~ = o  
4 4 -  

V * D = p  or f D * d s = I  p d v  
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A 

A where E is the electric field intensity in volts/meter (V/m) 
A H is the magnetic field intensity in amperedmeter (A/m) 
--L B is the magnetic flux density in teslas (T) or webers/meter2 (Wb/m2) 
--L D is the electric flux density in coulombs/meter2 (C/m2) 
J is the volume current density in amperes/meter2 (A/m2) 
p is the volume charge density in coulombs/mete6‘ (C/m3). 

However, in Eqs. (2.1~) and (2.ld) u is the volume bounded by a closed surface s. 

which is also known as the equation of continuity. That is, 

In Eqs. (2.la) and (2.lb) s is the open surface bounded by a closed contour c. 

The above equations are tied together by the law of conservation of charge, 

In addition to Maxwell’s equations and the equation of continuity, we must 
include the Lorentz force equation 

which defines the force experienced by a charge q moving with a velocity 
through an electric field Eand a magnetic field 
A We must mention here that x a n d  3 are the fundamental fields and D and 
B are the derived fields. The derived fields are related to the fundamental fields 
through the following constitutive relations 

2 -  4 

D = E E  = E , E ~  E 
A 4  2 

B = p H = prpo H 

(2.4a) 

(2.4b) 

where E is the permittivity, p is the permeability, E, is the dielectric constant, and 
pr is the relative permeability of the medium. e0 and p0 are the permittivity and 
the permeability of free space. 

In the International System (SI) of units, 

farad/meter (F/m) = - 
36n 
10-9 

e0 = 8.854 X (2.5a) 

k0 = 4n  X henry/meter (H/m) (2.5b) 
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Induced Electromotive Force 
Equation (2.la) is a special case of Faraday’s law of induction. It represents the 
induced electromotive force (emf) in a stationary closed loop due to a time rate 
of change of magnetic flux density. That is, 

(2.6) 

Since the closed path is stationary, the induced emf is also known as the trans- 
former emf. For this reason, Eq. (2.6) is called the transformer equation in the 

If a conductor is also moving with a velocity T i n  a magnetic field B, an addi- 
integral form. A 

tional emf will be induced in it, which is given by 

and is known as the motional emf, or the speed voltage. Since this emf is induced 
by the motion of a conductor in a magnetic field, it is also said to be the emf 
induced by flux-cutting action. 

For a closed loop moving in a magnetic field, the total induced emf must be 
equal to the sum of the transformer emf and the motional emf. That is, 

The above equation is a mathematical definition of Faraday’s law of induc- 
tion. It can be written in concise form as 

where 

(2.8b) 

is the total flux passing through the loop. Equation (2.8a) or (2.8b) yields the 
induced emf in a closed loop having only one turn. If there are N turns in the 
loop, the induced emf is N times as much. 

E X A M P L E  2 . 1  

A 1000-turn coil is placed in a magnetic field that varies uniformly from 100 milli- 
webers (mWb) to 20 mWb in 5 seconds (s). Determine the induced emf in the coil. 
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0 S O L U T I O N  

Change in flux: A@ = 20 - 100 = -80 mWb 
Change in time: At = 5 s 

-80 x 10-3 
= 16V 

d@ A@ 
dt At 5 

Induced emf e = - N - = - N - = -1000 X 

E X A M P L E  2 . 2  

A square loop with each side 10 cm in length is immersed in a magnetic field 
intensity of 100 A /m (peak) varying sinusoidally at a frequency of 50 megahertz 
(MHz). The plane of the loop is perpendicular to the direction of the magnetic 
field. A voltmeter is connected in series with the loop. What is the reading of the 
voltmeter? 

0 S O L U T I O N  

Since the loop is stationary, we can use the transformer equation, Eq. (2.6), to 
determine the induced emf in the loop. Let us assume that the magnetic field 
intensity is along the z-axis and the loop is in the xy plane, as shown in Figure 
2.1. Thus, the magnetic field intensity can be expressed as 

A 

H = 100 sin of < A/m 

-Y 

J 

Figure 2.1 Figure for Example 2.1. 
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where o = 2xfandf= 50 MHz and < is the unit vector in the z-direction. Assum- 
ing that the permeability of the medium is the same as that of the free space, the 
magnetic flux density is 

B = 100 po sin of < T 

Since 

A 

__- a - 100 porn cos at < = 100 4Tc 10-7 2n 50 106 cos of < 
a t  

= 39,478.4 cos wt < 
A 

and ds = d x  dy <, the induced emf, from Eq. (2.61, is 
r.05 r.05 

dy = -394.784 cos wt  V J - .05 d x  J - .05 
e = -39,478.4 cos wt 

Since an ac voltmeter reads only the rms value of a time-varying voltage, the 
reading of the voltmeter is 

E = - -  394'784 - 279.15 V 
v5 

E X A M P L E  2 . 3  

A square loop with each side equal to 2a meters (m) is rotating with an angular 
velocity of o radians/second (rad/s) in a magnetic field that varies as B = B, 
sin of < (TI. The axis of the loop is at a right angle to the magnetic field. Deter- 
mine the induced emf in the loop. 

S O L U T I O N  

The position of the loop at any time t is shown in Figure 2.2. The total flux passing 
through the loop is 

2 -  

@ = \ B ds = p B, sin of cos of dx  dy = 2a2B, sin 2wt Wb 
S * - a  
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- a  

Maxwell’s Equations 

X 

t 

(a) (b) 

Figure 2.2 (a) A square loop rotating on its axis in a magnetic field. (b) Cross-section of 
the loop. 

The induced emf, from Eq. (2.8b), is 

d@ 
- = -4wa2BVI cos 2wt V 
dt 

Note that the induced emf in the loop pulsates with twice the angular velocity of 
the loop. 

Ampere’s Law 
Equation (2.lb) is a mathematical definition of Ampere’s law. It states that the 
line integral of a magnetic field intensity around a closed loop is equal to thetot+ 
current enclosed. The total curre$ is the-sum of the conduction current J ds 
and the displacement current b D / a t )  ds. If we limit our discussion to the cur- 
rent flow within a conductor at low frequencies, the displacement current becomes 
negligible and can be dropped. As a consequence, Eq. (2.lb) becomes 

- . . .A-  - 2  t H * dl = \ J * ds = I,,, 
5 

(2.10) 

where IenC is the total current enclosed by the contour c. The following example 
illustrates the application of Ampere’s law. 
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E X A M P L E  2 . 4  

A very long cylindrical conductor of radius b carries a uniformly distributed cur- 
rent I. Determine the magnetic field intensity (a) within the conductor and (b) 
outside the conductor. 

0 S O L U T I O N  

A cylindrical conductor carrying current in the z-direction is shown in Figure 2.3a. 
For a uniform current distribution, the current density is 

P + 
i 
i 

(a) 
A 

\ 
.. /--- 

/ 
1 
I Current 

(b) (4 

Figure 2.3 (a) A very long conductor carrying uniformly distributed current. (b) Closed 
path within the conductor. (c) Closed path outside the conductor. 
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(a) Magnetic field intensity within the cylinder For any radius T such that r 
<e b, as shown in Figure 2.3b, the current enclosed is 

The symmetry of the problem dictates that for a z-directed current, the mag- 
netic field intensity must be in the $ direction. In addition, the magnitude of the 
magnetic field intensity must be the same at any point on a cylinder of radius r. 
Thus, 

- - 2rr 'f H *d l  = H+r dQ, = 2xrH+ 
0 

A/m for r < b  Ir 
2xb2 

H+= - 

(b) Magnetic field intensity outside the cylinder Since the point of observa- 
tion is outside at a radius r, as shown in Figure 2.3c, such that T I b, the total cur- 
rent enclosed is 1. Thus, the magnetic field intensity is 

Ampere's Force Law 
When a charge q moves with a velocity 
by the magnetic field on the charge, from Eq. (2.31, is 

A 

in a magnetic field B, the force exerted 

- 2 -  

F = q v x B  

Because flow of a charge in a conductor constitutes the current in that con- 
ductor, the above equation can also be expressed in terms of the current in a con- 
ductor as 

A 

F =  I I d l x B  (2.11) 
C 
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4 

where I is-the current in the conductor, df is the elemental length of the conduc- 
tor, and B is the external magnetic field in the region. Equation (2.11) is custom- 
arily referred to as Ampere’s force law and is used to compute the developed 
torque in all electric motors. 

It is evident from Eq. (2.11) that the forczexperienced by a current-carrying 
conductor depends upon (a) the strength of B field, cb) the magnitude of the cur- 
rent in the conductor, and (c) the length of the conductor. Since the force acting 
on a conductor is maximum when the magnetic field is perpendicular to the cur- 
rent-carrying conductor, all rotating machines are designed to house current-car- 
rying conductors perpendicular to the magnetic field. 

E X A M P L E  2 . 5  

A straight conductor carrying current I is placed in a uniform magnetic field, as 
shown in Figure 2.4. Determine the force acting on the conductor. 

a S O L I J T I O N  

Note that only a part of the conductor that is exposed to the magnetic field con- 
tributes to the total force experienced by it. That is, 

- b  2 -  

F = I IB dz ( a, x a, 1 = -2BZb < newtons (N) 
-h 

---------+y 

t _.. 
F 

Figure 2.4 Force on a current-carrying conductor in a uniform B field. 
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4- 

whereu,, uy, and c a r e  the unit vectors in the x, y, and z directions. The negative 
sign in the above result indicates that the force on the conductor is acting down- 
ward as indicated in the figure. The magnitude of the force is 2b Bl, where 2b is 
the length of the conductor exposed to the magnetic field. 

Torque on a Current Loop 
In order to develop torque in an electric machine, conductors are joined together 
to form loops. One such loop is shown in Figure 2.5a. The loop is oriented per- 
pendicular to the magnetic field. Using Eq. (2.11) we can determine the force acting 
on each side of the loop. We find that the forces on the opposite sides of the loop 
are equal in magnitude but opposite in direction, as shown. Since the lines of 
action of these forces are the same, the net force acting on the loop is zero. 

Let us now orient the loop in such a way tkat the unit normal to the plane 
(surface) of the loop makes an angle 8 with the B field as shown in Figure 2.5b. 
The force acting on each side is still the same. The lines of action of forces acting 
on each side of length W still coincide. Thus, the net force in the x direction is still 
zero. However, the lines of action of the forces acting on each side of length L do 
not coincide. If the loop is free to rotate along the axis as indicated in the figure, 
these forces tend to rotate the loop in the counterclockwise direction as outlined 
below. 

For a constant magnetic field, the force acting on the top conductor is 

2 4 

Fa = -BlL uY 

and that on the bottom conductor is 

A -  

Since the torque is r x F, the torques on the top and the bottom conductors are 
2 

Ta = BlL(W/2) sin 0 < 
and 

A 

Tb = BIL(W/2) sin 0 < 
Thus, the total torque on the loop is 

A 

T =  BlAsin0 < 
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/ 

f B 
Axis of rotation 

Y 

(b) 

Figure 2.5 (a) A current loop perpendicular to a uniform magnetic field. (b) A current 
loop at an angle with a uniform magnetic field. 
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where A = L W is the area of the loop. This torque tezds to rotate the loop so as 
to make the plane of the loop perpendicular to the B field. In other words, the 
surface normalo  a current-carrying, free to rotate, loop always seeks to align 
itself with the B field. 

If instead of a single-turn loop we had an N-turn coil, the torque acting on 
the coil would have been 

2 

T=BlANs inO < (2.12) 

This is the fundamental equation that governs the development of torque in 
all rotating machines. 

Exercises 

2.1. 

2.2. 

2.3. 

2.4. 

- A -  -..A 

Use Eq. (2.12) to show that T can be expressed as T = m x B where = 
NIA x. 
Two parallel wires are separated by a distance d and carry equal currents 
I in opposite directions. Compute the force per unit length experienced by 
either wire. 
Obtain expressions for the motional emf and the transformer emf induced 
in the square loop of Example 2.3. If the effective resistance of the loop is 
R, determine the torque that must be applied to keep it rotating at a uni- 
form angular velocity of w rad/s. 
If the magnetic field in Example 2.3 is given as B'= B,  < (T), calculate the 
(a) motional emf, (b) transformer emf, and (c) total induced emf. Verify 
your results using Faraday's law of induction. The total resistance in the 
loop is R. Determine the average power dissipated by R and the average 
torque developed if the loop rotates with an angular velocity of w rad/s. 
Show that P = TOvg o. 

2.3 Magnetic Materials and Their Properties 

Let us perform an experiment with a cylindrical coil of length L, usually called a 
solenoid, carrying current 1 as shown in Figure 2.6a. When you solve Problem 2.2, 
you find that the magnetic flux density at the center of the solenoid is twice as 
much as that at either end as illustrated in Figure 2.6b. If we place small samples 
of various substances into this field, we will discover that the magnetic force expe- 
rienced by these samples is maximum near the ends of the solenoid where the 
gradient, dB,/dz, is large. In order to continue the experiment, let us assume that 
we always place the sample at the upper end of the solenoid and observe the force 
experienced by it. Then, our observations reveal that the force on a particular sub- 
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t 
Lines of magnetic flux \lP 

A tightly wound coil 1 
(b) 

Figure 2.6 (a) A solenoid. (b) Graph of the magnetic flux density along the axis of the 
solenoid. 

stance is proportional to the mass of the sample and is independent of its shape 
as long as the sample size is not too large. We also observe that some samples are 
attracted toward the region of stronger field and other samples are repelled. 

Diamagnetic Materials 
Those substances that experience a feeble force of repulsion are called diamag- 
netic. From our experiment we found that bismuth, silver, and copper are dia- 
magnetic materials. 
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The permeability of a diamagnetic material is slightly less than the permeability 
of free space. The permeabilities of some diamagnetic materials are given in 
Table 2.1. 

Table 2.1: Relative Permeabilities of 
Some Diamagnetic Materials 

Material Relative Permeability 

Bismuth 0.999 981 
Beryllium 0.999 987 
Copper 0.999 991 
Methane 0.999 969 
Silver 0.999 980 
Water 0.999 991 

Parmagnetic Materials 
Our experiment also revealed that there are substances that experienced a force 
of attraction. Substances that are pulled toward the center of the solenoid with a 
feeble force are called paramagnetic. These substances exhibit slightly greater per- 
meabilities than that of free space. A list of some paramagnetic materials and their 
relative permeabilities is given in Table 2.2. 

Table 2.2: Relative Permeabilities of 
Some Paramagnetic Materials 

Material Relative Permeability 

Air 
Aluminum 
Oxygen 
Manganese 
Palladium 
Platinum 

1.000 304 
1.000 023 
1.001 330 
1.000 124 
1.000 800 
1.000 014 

Since the force experienced by a paramagnetic or a diamagnetic substance is 
quite feeble, for all practical purposes we can group them together and refer to 
them as nonmagnetic materials. It is a common practice to assume that the per- 
meability of all nonmagnetic materials is the same as that of free space. These 
materials are of no practical use in the construction of magnetic circuits. 
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Ferromagnetic Materials 

Substances like iron were literally sucked in by the magnetic force of attraction 
in our above-mentioned experiment. These substances are called ferromagnetic. 
The magnetic force of attraction experienced by a ferromagnetic material may be 
5000 times that experienced by a paramagnetic material. 

To describe fully the magnetic properties of materials, we need the concept 
of quantum mechanics, which is considered to be beyond the scope of this book. 
However, we can use the theory of magnetic domains containing magnetic dipoles 
to explain ferromagnetism. 

Magnetic Dipoles 

We know that electrons orbit the nucleus at constant speed. Since the current is 
the amount of charge that passes through a given point per second, an orbiting 
electron gives rise to a ring of current. When we multiply the current by the 
surface area enclosed by it, we obtain what is known as an orbital magnetic 
moment. 

An electron is also continually spinning around its own axis at a fixed rate. 
The spinning motion involves circulating charge and bestows an electron with a 
spin magnetic moment. 

The net magnetic moment of the atom is obtained by combining the orbital 
and spin moments of all the electrons by taking into account the directions of 
those moments. The net magnetic moment produces a far field which is similar 
to that produced by a current loop (a magnetic dipole). 

Ferromagnetism 
The behavior of ferromagnetic materials such as iron, cobalt, and nickel can be 
easily explained in terms of magnetic domains. A magnetic domain is a very small 
region in which all the magnetic dipoles are perfectly aligned as depicted in Fig- 
ure 2.7. The direction of alignment of the magnetic dipoles varies from one domain 
to the next. Owing to these random alignments, a virgin material is in a nonmag- 
netized state. 

When the magnetic material is placed in an external magnetic field, all the 
dipoles tend to align along that magnetic field. One way to place the magnetic 
material in a magnetic field is to wind a current-carrying wire around it as indi- 
cated in Figure 2.8. We can expect that some domains in the magnetic material 
were already more or less aligned in the direction of the field. Those domains have 
the tendency to grow in size at the expense of the neighboring domains. The 
growth of a domain merely changes its boundaries. The movement of domain 
boundaries, however, depends upon the grain structure of the material. 
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domains 

Figure 2.7 Random orientation of magnetic dipoles in a nonmagnetized ferromagnetic 
material. 

We can also expect that some domains will rotate their magnetic dipoles in 
the direction of the applied field. As a result, the magnetic flux density within the 
material increases. 

field withkthe material, 
w h i e  can be considered as2n independent variable. The applied H field creates 
the B field. As long as the B field in the material is %eak, the movement of the 
domain walls iGeversible. As we continue increasing H by increasing the current 
in the coil, the B field in the-material becomes strongeLas more magnetic dipoles 
align themselves with the B field. If we measure the B field within the material, 
we find that it increases rather slowly at first, then more rapidly, then very slowly 
again, and finally flattens off as depicted by the solid line in Figure 2.9. The curve 
thus generated is known as the magnetization characteristic or simply the B-H 
curue of a magnetic material. Each magnetic material has its own magnetization 

The current in the coil in Figure 2.8 establishes the 

Figure 2.8 Magnetic field established by a current-carrying coil 
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Figure 2.9 Magnetization characteristic of a ferromagnetic material. 

characteristic. The place where the curve departs from the straight line is know 
as the knee of the curve. The magnetic saturation sets in as we go above the knee. 
'The permeability of the magnetic material at any point on the curve is the ratio 
of B to H at that point. The general behavior of the permeability as a function of 
magnetic flux density is given in Figure 2.10. 

The Hysteresis Loop 
Figure 2.11 shows a technique to determine the magnetization characteristic of a 
magnetic material. Shown in the figure is a ferromagnetic material wound with 
two coils. When a time-varying current source is connected to one coil, it estab- 
lishes a time-varying flux in the ring, which in turn induces an emf in the other 
coil in accordance with Faraday's law of induction. The induced emf in the other 
coil helps determine the changes in the flux and thereby in the magnetic flux 
density inside the ring. In other words, the applied current is a measure of the 
magnetic field intensity (H), and the induced emf is a measure of the magnetic 
flux density ( B )  in the ring. 

When the B-H curve begins leveling off, we assume that almost all of the mag- 
netic_dipoles in the magnetic material have aligned themselves in the direction of 
the B field. At that time, the flux density in the magnetic material is maximum, 
B,, and the material is said to be saturated. The corresponding value of the mag- 
netic field intensity is H,. A magnetic material is said to be fully saturated when 
its permeability becomes almost the same as that of free space. At that flux density, 
the magnetic material behaves no differently from any other nonmagnetic mate- 
rial. Therefore, operating a magnetic material in a fully saturated condition is of 
no interest in the design of electric machines. 
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Figure 2.10 Permeability of silicon-steel as a function of flux density. 

If we now start lowering the H field by decreasing the current in the coil, we 
find that the curve does not retrace itself but follows a different path as shown in 
Figure 2.12. In other words, we find that the B field does not decrease as rapidly 
as it increased. This irreversibility is called hysteresis, which simply means that 
B lags H .  The curve shows that even when the H field is reduced to zero, some 

Figure 2.11 A magnetic circuit with two coils. 



a2 Review of Basic Laws of Electromagnetism 

Figure 2.12 Hysteresis loop. 

magnetic flux density still exists in the material. This is called the remanence or 
the residual flux density, B,. In other words, the magnetic material has been mag- 
netized and acts like a magnet. This is due to the fact that once the magnetic 
domains are aligned in a certain direction in response to an externally applied 
magnetic field, some of them tend to stay that way. The higher the residual flux 
density, the better is the magnetic material for applications requiring permanent 
magnets. A material that retains high residual flux density is said to be a hard 
magnetic material. Hard magnetic materials are used in the design of permanent- 
magnet motors. 

To reduce the flux density in the magnetic material to zero, we must reverse 
the direction of the current in the coil. The value of H that brings B to zero is 
known as coercive force, H,. Any further increase in H in the reverse direction 
causes the magnetic material to be magnetized with the opposite polarity. If we 
now continue to increase H in that direction, the B field increases rapidly at first 
and then flattens off as saturation approaches. The magnitude of the maximum 
flux density in either direction is the same. 

As the H field is brought to zero by decreasing the current in the coil, the 
magnetic flux density in the magnetic material is again equal to its residual mag- 
netism but in the opposite direction. Again, we must reverse the direction of the 
current in the coil in order to bring the magnetic flux density in the magnetic 
material back to zero. The current in the coil is now in the same direction as it 
was at the beginning of the experiment. Any further increase in the current starts 
magnetizing the specimen with the original polarity. 



Magnetic Circuits 83 

We have gone through a complete process of magnetization. The curve so traced 
is known as the hysteresis loop. The shape of the hysteresis loop depends upon 
the type of magnetic material. On the basis of the hysteresis loop, magnetic ma- 
terials can be classified as hard or soft. As mentioned earlier, hard magnetic ma- 
terials exhibit high remanence and large coercive force. Magnetically soft mate- 
rials possess very low remanence and low coercive force and are used in the 
construction of ac machines such as transformers and induction motors, in order 
to minimize hysteresis loss. We discuss hysteresis loss in detail later in this 
chapter. 

2.4 Magnetic Circuits 

Since magnetic flux lines form a closed path and the magnetic flux entering a 
boundary is the same as the magnetic flux leaving a boundary, we can draw an 
analogy between the magnetic flux and the current in a closed conducting circuit. 
In a conducting circuit the current flows exclusively through the conductor with- 
out any leakage through the region surrounding the conductor. On the other hand, 
the magnetic flux cannot be completely confined to follow a given path in a mag- 
netic material. However, if the permeability of the magnetic material is very high 
compared with that of the material surrounding it, such as free space, most of the 
flux is confined to the highly permeable material. This leads to the concentration 
of magnetic flux within a magnetic material with almost negligible flux in the 
region surrounding it. Magnetic shielding is based upon such a behavior of the 
magnetic flux. The channelling of the flux through a highly permeable material is 
very similar to the current flow through a conductor. For this reason, we call the 
path followed by the flux in a magnetic material a magnetic circuit. Magnetic 
circuits form an integral part of such devices as rotating machines, transformers, 
electromagnets, and relays, to name just a few. 

Let us consider a simple magnetic circuit in the form of a toroid wound with 
closely spaced helical winding having N turns as shown in Figure 2.13. The inner 
and the outer radii of the core of the toroid are a and b, respectively. The toroid 
is assumed to have a rectangular cross-section with height h. From the geometry 
of the problem we expect the magnetic field intensity to be in the 4 direction 
inside the core of the toroid. 

Therefore, a t  any radius r such that a 5 r 5 b, we have 

The total current enclosed by the closed path is Nl. In the analysis of magnetic 
circuits, the total current enclosed is commonly referred to as the applied mag- 
netomotive force (mmf). Even though in the SI system of units the turn is a di- 
mensionless quantity, we use ampere-turn (A-t) as the unit of mmf to differentiate 
it from the basic unit of current. 



84 Review of Basic Laws of Elecrrornagnerisrn 

Figure 2.13 A uniformly wound toroidal winding. 

Thus, from Ampere’s law, we have 

Nf 
H, = 

The magnetic flux density within the core is 

(2.13) 

(2.14) 

The total flux in the core is 

When the toroidal core is made of a very highly permeable magnetic material 
and the winding is concentrated over only a small portion of the toroid, a large 
portion of the magnetic flux still circulates through the core. A fraction of the total 
flux produced by the coil does complete its path through the medium surrounding 
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the magnetic circuit and is referred to as the leakage flux as indicated in Figure 
2.14. In the design of magnetic circuits, an attempt is always made to keep the 
leakage flux as small as economically possible. Consequently, in the analysis of 
magnetic circuits, we disregard the leakage flux. 

In the case of a toroid, we find that the magnetic field intensity and thereby 
the magnetic flux density are inversely proportional to the radius of the circular 
path. In other words, the magnetic flux density is maximum at the inner radius 
of the toroid and minimum at the outer radius. In the analysis of magnetic circuits, 
we usually assume that the magnetic flux density is uniform within the magnetic 
material, and its magnitude is equal to the magnetic flux density at the mean 
radius. 

The toroid forms a continuous closed path for the magnetic circuit. However, 
in applications such as rotating machines, the closed path is often broken by an 
air-gap. The magnetic circuit now consists of a highly permeable magnetic ma- 
terial in series with an air-gap as depicted in Figure 2.14. Since it is a series circuit, 
the magnetic flux in the magnetic material is equal to the magnetic flux in the air- 
gap. The spreading of the magnetic flux in the air-gap, known as fringing, is 
inevitable as shown in the figure. However, if the length of the air-gap is very 

/ 

Figure 2.14 A 
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small compared with its other dimensions, most of the flux lines are well con- 
fined between the opposite surfaces of the magnetic core at the air-gap and the 
fringing effect is negligible. 

Thus, in the analysis of magnetic circuits, we usually make the following 
assumptions: 

(a) The magnetic flux is restricted to flow through the magnetic material 
with no leakage. 

(b) There is no spreading or fringing of the magnetic flux in the air-gap 
regions. 

(c) The magnetic flux density is uniform within the magnetic material. 

Let us now consider a magnetic circuit as shown in Figure 2.15. If the coil has 
N turns and carries a current I, the applied mmf is Nl. Thus, 

A -  

% = N l = f  H o d [  

If the magnetic field intensity is considered to be uniform within the magnetic 
material, then the above equation becomes 

H e  = Nl  (2.16) 

where e is the mean length of the magnetic path as indicated in Figure 2.15a. 
The magnetic flux density in the magnetic material is 

where p is the permeability of the magnetic material. 
The flux in the magnetic material is 

ClNrA 2 -  @ = I  B * d s = B A =  
5 e 

where A is the cross-sectional area of the magnetic material. The above equation 
can also be written as 

(2.17) 
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3= NI 

(b) 

Figure 2.15 (a) Magnetic circuit with mean length t? and cross-sectional area A. 
(b) Its equivalent circuit. 
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By considering the magnetic flux and the applied mmf in the magnetic circuit 
analogous to the current and the applied emf in an electric circuit, the quantity in 
the denominator of Eq. (2.17) must be like the resistance in the electric circuit. This 
quantity is defined as the reluctance of the magnetic circuit and is denoted by '3 
and has the units of ampere-turns per weber (A4/ Wb). Thus, 

e 
PA 

a = -  (2.18) 

In terms of reluctance 97, we can rearrange Eq. (2.17) as 

@97 = N l  (2.19) 

Equation (2.19) is known as Ohm's law for the magnetic circuit. Comparing the 
expression for the resistance of a conductor (R = t!/uA) with that for the reluc- 
tance of a magnetic circuit (97 = [ / F A ) ,  we find that the permeability of a mag- 
netic material is analogous to the conductivity of a conductor. The higher the 
permeability of the magnetic material, the lower is its reluctance. For the same 
applied mmf, the flux in a highly permeable material is higher than that in a low- 
permeability material. This result should not surprise us because it is in accor- 
dance with our assumptions. The correlations between the reluctance and the 
resistance, the flux and the current, and the applied mmf and the emf enable us 
to represent the magnetic circuit in terms of an equivalent reluctance circuit as 
shown in Figure 2.15b. 

When the magnetic circuit consists of two or more sections of magnetic ma- 
terial, as portrayed in Figure 2.16a, it can be represented in terms of reluctances 
as shown in Figure 2.16b. The total reluctance can be obtained from series and 
parallel combinations of reluctances of individual sections because the reluctances 
obey the same rules as the resistances. 

If H i  is the magnetic field intensity in the ith section of a magnetic circuit and < is its mean length, then the total mmf drop in the magnetic circuit must be equal 
to the applied mmf. That is, 

n 

C Hiei = N I  (2.20) 
i = l  

This equation is a statement of Kirchhoff's mmf law for a magnetic circuit. 
It appears from Eq. (2.20) that a magnetic circuit can always be analyzed using 

an equivalent reluctance circuit. However, this is true only for a linear magnetic 
circuit. A magnetic circuit is linear if the permeability of each magnetic section 
is constant. For a ferromagnetic material, the permeability is a function of mag- 
netic flux density as explained earlier. When the permeability of a magnetic ma- 
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Figure 2.16 (a) A series-parallel magnetic circuit of uniform thickness. 
(b) Its equivalent circuit. 

terial varies with the flux density, the magnetic circuit is said to be nonlinear. All 
devices using ferromagnetic materials such as iron form nonlinear magnetic 
circuits. 

Magnetic Circuit Problems 
Basically, there are two types of problems pertaining to the analysis of magnetic 
circuits. The first type requires the determination of the applied mmf to establish 
a given flux density in a magnetic circuit. The other problem deals with the cal- 
culation of magnetic flux density and thereby the flux in a magnetic circuit when 
the applied mmf is given. 

For a linear magnetic circuit, the solution to either problem can be obtained 
using the equivalent reluctance circuit because the permeability of the magnetic 
material is constant. 
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In a nonlinear magnetic circuit, it is relatively simple and straightforward to 
determine the required mmf to maintain a certain flux density in the magnetic 
circuit. In this case, we calculate the flux density in each magnetic section and 
then obtain H from the B-H curve. Knowing H, we can determine the mmf drops 
across each magnetic section. The required mmf is simply the sum of the individ- 
ual mmf drops in accordance with Eq. (2.20). 

The second type of problem in a nonlinear circuit may be solved using iter- 
ative technique. In this case, we make an educated guess for the mmf drop in one 
of the magnetic regions and then obtain the total mmf requirements. Then we 
compare the computed mmf with the applied mmf and make another educated 
guess if we are far off. By iterating in this way, we soon arrive at a situation in 
which the error between the calculated mmf and the applied mmf is within per- 
missible limits. What constitutes a permissible limit is another debatable point. In 
our discussion, we use +2% as the permissible limit for the error if it is not 
specified. A computer program can be written to reduce the error even further. 
The following are examples of linear and nonlinear magnetic circuits. 

E X A M P L E  2 . 6  

An electromagnet of square cross-section similar to the one shown in Figure 2.14 
has a tightly wound coil with 1500 turns. The inner and the outer radii of the 
magnetic core are 10 cm and 12 cm, respectively. The length of the air-gap is 1 
cm. If the current in the coil is 4 A and the relative permeability of the magnetic 
material is 1200, determine the flux density in the magnetic circuit. 

0 S O L U T I O N  

Since the permeability of the magnetic material is constant, we can use the reluc- 
tance method to determine the flux density in the core. 

The mean radius is 11 cm, and the mean length of the magnetic path is 

em = 27~ x 11 - 1 = 68.12 cm 

Neglecting the effect of fringing, the cross-sectional area of the magnetic path is 
the same as that of the air-gap. That is 

A,, = A, = 2 X 2 = 4cm2 
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The reluctance of each region is 

68.12 X 
%m = = 1.129 X lo6 A*t/Wb 1200 x 4= x 10-7 x 4 x 10-4 

1 x 10-2 
a* = = 19.894 X lo6 A.t/Wb 

4.rr x 10-7 x 4 x 1 0 - 4  

Total reluctance in the series circuit is 

= am + %* = 21.023 X lo6 A.t/Wb 

Thus, the flux in the magnetic circuit is 

1500 x 4 
21.023 x 10' 

= 285.402 X Wb @ =  

Finally, the flux density in either the air-gap or the magnetic region is 

= 0.714 T 
285.402 x 

x 4 x 10-4 
B = B E  m 

E X A M P L E  2.7 

A series-parallel magnetic circuit with its pertinent dimensions in centimeters is 
given in Figure 2.17. If the flux density in the air-gap is 0.05 T and the relative 
permeability of the magnetic region is 500, calculate the current in the 1000-turn 
coil using the fields approach. 

0 S O L U T I O N  

Since the flux density in the air-gap is given, we can calculate the flux in the air- 
gap. Because the magnetic sections d$and chg are in series with the air-gap, they 
carry the same flux. Thus, we can compute the mmf drop for each of these sec- 
tions as tabulated below. 

fs 0.12 24 0.05 39,788.74 0.5 198.94 
d 4  0.12 24 0.05 79.58 28.0 22.28 
chg 0.12 24 0.05 79.58 31.5 25.07 

Total mmf drop for magnetic sections fg, defi and chg 246.29 
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All dimensions in centimeters 

Figure 2.17 A magnetic circuit for Example 2.7. 

The mmf drop for the region dc is the same as that for the combined regions 
fg, d4,  and chg. Therefore, we can determine the flux in region dc by working back- 
ward. The flux in the region dabc is the sum of the fluxes in regions dc and& 
With such an understanding we can obtain the mmf drop for each of these regions 
as tabulated below. 

Flux Area B H e mmf 
Section (mWb) (cm2) (TI (A.t/m) (cm) ( A 4  

dc 3.48 36 0.967 1539.31 16 246.29 
ad 3.60 16 2.25 3580.99 18 644.58 
ab 3.60 16 2.25 3580.99 16 572.96 
bc 3.60 16 2.25 3580.99 18 644.58 

Total mmf drop €or the magnetic circuit 2108.41 

The current in the coil I = 2108.41/1000 4 2.11 A 

E X A M P L E  2 . 8  

A magnetic circuit with its pertinent dimensions in millimeters is given in Fig- 
ure 2.18. The magnetization characteristic of the magnetic material is shown in 
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Figure 2.18 Magnetic circuit for Example 2.8. 

Figure 2.19. If the magnetic circuit has a uniform thickness of 20 mm and the flux 
density in the air-gap is 1.0 T, find the current in the 500-turn coil. 

0 S O L U T I O N  

Since the permeability of the magnetic material depends upon the flux density, 
we cannot compute the reluctance unless the flux density is known. Problems of 
this type can be easily solved using the fields approach. 

Since the flux density in the air-gap is known, we compute the flux in the air- 
gap as 

= 1.0 x 6 x 20 X lop6 = 0.12 x lop3 Wb 

Since the given magnetic structure forms a series magnetic circuit, the flux in 
each section of the circuit is the same. We can now compute the mmf drop for 
each section as tabulated below: 
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Magnetic field intensity, H(A.r/m) 

Figure 2.19 Magnetization characteristic of a magnetic material. 

Flux Area B H e mmf 
Section (mWb) (mm2) (TI (A.t/m) (mm) ( A 4  

ab 0.12 120 1 .oo 795,774.72 2 1591.55 
bc 0.12 120 1 .oo 850.00 56 47.60 
cd 0.12 160 0.75 650.00 87 56.55 
de 0.12 400 0.30 350.00 134 46.90 
ef 0.12 160 0.75 650.00 87 56.55 
fa 0.12 120 1.00 850.00 76 64.60 

Total mmf drop in the magnetic circuit 1863.75 

Therefore, the current in the 500-turn coil is 

I=-- - 3.73 A 
500 
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E X A M P L E  2 . 9  

A magnetic circuit with its mean lengths and cross-sectional areas is given in 
Figure 2.20. If a 600-turn coil carries a current of 10 A, what is the flux in the series 
magnetic circuit? Use the magnetization curve given in Figure 2.19 for the mag- 
netic material. 

0 S O L U T I O N  

The applied mmf = 600 X 10 = 6000 A-t. Since the magnetic circuit is nonlinear, 
we have to use the iterative method to determine the flux. In the absence of any 
other information, let us assume that 50% of the total mmf drop takes place in the 
air-gap. We can then calculate the total mmf drop as follows: 

First Iteration 

ab 0.942 10 0.942 750,000 0.4 3000 
bc 0.942 10 0.942 780 30.0 234 
cd 0.942 15 0.628 570 20.0 114 
da 0.942 10 0.942 780 30.0 234 

Total mmf drop in the series magnetic circuit 3582 

Figure 2.20 Magnetic circuit for Example 2.9. 
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It is now evident that most of the applied mmf appears as a drop across the 
air-gap. The ratio of the mmf drop across the air-gap to the total mmf drop is 
0.838 (3000/3582). In other words, the mmf drop across the air-gap seems to be 
83.8% of the applied mmf. However, any increase in the mmf drop in the air-gap 
increases the flux density in each magnetic region. Owing to nonlinear magnetic 
behavior, the increase in mmf drop in each magnetic section may also be consid- 
erable. Thus, instead of 83.8% of the total mrnf drop across the air-gap, let us 
assume that the mmf drop is only 80%. Hence, we begin our second iteration with 
an mmf drop of 4800 A4 (0.8 X 6000) across the air-gap. 

Second Iteration 

ab 1.508 10 1.508 1,200,000 0.4 4800.0 
bc 1.508 10 1 .SO8 2,175 30.0 652.5 
cd 1.508 15 1.005 850 20.0 170.0 
da 1.508 10 1.508 2,175 30.0 652.5 

Total mmf drop in the series magnetic circuit 6275.0 

The error is still 4.58% and is not within the desirable limit. From the above 
table, we can conclude that most of the extra mmf drop of 275 A-t is across the 
air-gap. If we reduce the mmf drop across the air-gap to 4600 A4 or so, it is possible 
to bring the error well within ? 2%. Let us perform one more iteration to do so. 

Third Iteration 

ab 1.445 10 1.445 1,150,OOO 0.4 4600 
bc 1.445 10 1.445 1,950 30.0 585 
cd 1.445 15 0.963 820 20.0 164 
da 1.445 10 1.445 1,950 30.0 585 

Total mmf drop in the series magnetic circuit 5934 

The error is now -1.1% and is well within the desirable limit. Therefore, no 
further iteration is necessary. The flux in the magnetic structure is 1.445 mWb. 
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Exercises 

2.5. 

2.6. 

2.7. 

2.8. 

Find the current in the 1000-turn coil for the magnetic circuit given in Fig- 
ure 2.17 using the reluctance method when the relative permeability of the 
magnetic material is 500. Also draw its analogous electric circuit. 
Find the mmf necessary to establish a flux of 10 mWb in a magnetic ring 
of circular cross-section. The inner diameter of the ring is 20 cm and the 
outer diameter is 30 cm. The relative permeability of the magnetic mate- 
rial is 1200. What is the reluctance of the magnetic path? 
The magnetic core with its pertinent dimensions is shown in Figure E2.7. 
The thickness of the magnetic material is 10 cm. What must be the current 
in a 100-turn coil to establish a flux of 6.5 mWb in leg c ? Use the magne- 
tization curve given in Figure 2.19. 
If the 100-turn coil in Figure E2.7 carries a current of 10 A, determine the 
flux in each leg of the magnetic circuit. Use the magnetization curve as 
given in Figure 2.19. 

50 T cm 

5 
:m 

5 cm 

T -- Lcg c 

> > 100 
1.cg b 

L> \ 
turns 

c-- 

5 
'm 

Thickness = 10 cm 

- 

Figure E2.7 Magnetic core with parallel branches. 

2.5 Self and Mutual Inductances 

In Chapter 1 we reviewed circuit analysis techniques that aid us in analyzing an 
energy conversion device because each device can be represented by an equivalent 
electric circuit. 

In this chapter, we found that a magnetic circuit is the heart of each energy 
conversion device. The magnetic circuit consists of a coil or coils wrapped around 
a highly magnetic material. Since the coil is made of a conducting material such 
as copper, it has a finite resistance. In the design of an electric machine, an attempt 
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is always made to keep the resistance of the coil as small as possible in order to 
minimize the power loss in the coil. The resistance of the coil, however small it 
may be, forms a part of the equivalent electric circuit. 

The other part of the equivalent electric circuit stems from the flux in the 
magnetic core of the energy conversion device and its interaction with the coils 
wrapped around it. In this section our aim is to develop mathematical relations 
that enable us to represent a magnetic circuit by self and mutual inductances. 

Self Inductance 
Let us consider a magnetic circuit as shown in Figure 2.21. A changing current in 
the coil establishes a changing magnetic flux in the magnetic material. The chang- 
ing magnetic flux induces an emf in the coil in accordance with Faraday’s law of 
induction. That is, 

d@ 
e =  N- 

dt 
(2.21) 

where CP is the flux in the magnetic circuit, N is the number of turns in the coil, 
and NCP are the flux linkages. Note that we have dropped the negative sign in 
the above equation because we have marked the polarity of the induced emf 
in the coil. Since the induced emf opposes the applied voltage as indicated, it is 
also known as the back emf. 

The self inductance or simply the inductance of a coil is defined as the ratio 
of a differential change in the flux linkages to the differential change in the current. 
That is, 

d@ 
di 

L = N -  

V 

(2.22) 

Figure 2.21 Induced emf in a coil. 







Self and Mutual Inductances 101 

(4 

Figure 2.23 Self and mutual inductance of two coils and their equivalent circuit. 
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of the flux @,, shown in the figure links coil-1 and induces an emf in coil-1. 
That is, 

d@12 - N, 12 d@ 1 di - 
dt di, dt 

di, el = N, - - - M 1 , Z  

where L, is the self inductance of coil-2, 

and 

(2.28) 

(2.29) 

(2.30) 

is called the mutual inductance from coil-2 to coil-1. 
From Eqs. (2.27) and (2.301, we obtain 

di, 

If we write @,, = k,@,, where k, defines the fraction of the flux of coil-1 linking 
coil-2, and a,, = k, a,, where k, determines the portion of the flux of coil-2 linking 
coil-1, then the above equation can be expressed in terms of the self inductances 
as 

(2.31) 

In a linear system, we expect MI, = M,, = M, where M is the mutual in- 
ductance of coils 1 and 2. Equation (2.31) then reduces to 

M = k G  (2.32) 

where k = is known as the coefficient of coupling or the coupling factor 
between the two coils. From our discussion, we realize that k can have values only 
between 0 (magnetically isolated coils) and 1 (tightly coupled coils). For the 
magnetic circuit of Figure 2.23 we see that k + 1 as the leakage flux -+ 0. In order 
to minimize the leakage flux, the two coils are usually wound over each other. 
When more than two coils are coupled together by a common magnetic circuit, 
each pair of coils has a separate coupling coefficient. 

The equivalent circuit of the two coupled coils is given in Figure 2.23~. In 
order to conform to the polarities of the induced emfs in Figures 2.23a and b, we 
have placed a dot on one end (terminal) of each coil. The ramification of this 
convention is that when an increasing current enters the dotted end of one coil, it 
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makes the dotted end of each coil positive with respect to its unmarked end. In 
other words, the dotted ends are like polarity terminals. 

E X A M P L E  2.10 

Two identical 500-turn coils are wound on the same magnetic core. A current 
changing at the rate of 2000 A/s in coil-1 induces a voltage of 20 V in coil-2. What 
is the mutual inductance of this arrangement? If the self inductance of coil-1 is 25 
mH, what percentage of the flux set up by coil-1 links coil-2? 

0 S O L U T I O N  

From Eq. (2.26), the mutual inductance between the coils is 

- 0.01 H 
20 

2000 
M = - -  

Since the two coils are identical, their self inductances must be the same. Then, 
from Eq. (2.32), we have 

M = k a  = kL 

where L,  = L, = 25 mH. Thus, the coefficient of coupling is 

0.01 
0.025 

k = - -  - 0.4 

Hence, with this arrangement of coils, only 40% of the flux produced by coil-1 
links coil-2. 

Exercises 

2.9. 

2.10. 

A coil sets up 100 mWb of flux. Of this total flux, 30 mWb are linked with 
another coil. What is the coefficient of coupling between the two coils? 
The mutual inductance between two coils is 0.5 H. A current waveform as 
shown in Figure E2.10 is applied to one coil. Sketch the induced emf in the 
other coil. If the coefficient of coupling is 0.8 and the two coils are identical, 
determine the self inductance of each coil. 
The coefficient of coupling between two coils is 0.9. The inductance of one 
coil is 2-mH and that of the other is 10 mH. If the open-circuit voltage 

2.11. 
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Figure E2.10 Current waveform for Exercise 2.10. 

induced in a 10-mH coil is 100 cos 200t V, determine the induced voltage 
in the other coil. 
Show that Eq. (2.32) can also be expressed as M = kN,N,9. 2.12. 

2.6 Magnetically Coupled Coils 

Two or more magnetically coupled coils can be connected in series and/or in 
parallel. The effective inductance of the magnetically coupled coils depends not 
only upon the orientation of the coil but also on the direction of the flux produced 
by each coil. A two-winding transformer, an autotransformer, and an induction 
motor are examples of magnetically coupled coils (circuits). We discuss each of 
these topics in greater length later in this book. 

Series Connection 
In a series connection, the magnetically coupled coils can be connected in series 
aiding or series opposing. The coils are said to be connected in series aiding 
when they produce the flux in the same direction. In other words, the total flux 
linking either coil is more than its own flux. 

An equivalent circuit of two coils connected in series aiding is given in Figure 
2.24a. If the current in the circuit at any time t is i ( t ) ,  then the voltage drop across 
each coil is 

di di 
U, = L , -  + M -  

dt dt  

di  di  
u , = L , - + M -  

dt dt  

(2.33) 

(2.34) 
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(b) 

Figure 2.24 Magnetically coupled coils, (a) series aiding and (b) series opposing 

where L,  and L, are the self inductances of coils 1 and 2 and M is the mutual 
inductance between them. To simplify the mathematical development, we have 
ignored the resistance of each coil. 

From Kirchhoff's voltage law, we have 

di u = u, + u2 = [L ,  + L, + 2M] - 
dt 

(2.35) 

Thus, the effective inductance of two coils connected in series aiding is 

Series aiding: L = L, + L, + 2M (2.36) 

On the other hand, when the flux produced by one coiI opposes the flux 
produced by the other coil, the coils are said to be connected in series opposing. 
By following a similar development we can show that the effective inductance of 
a series opposing connection, Figure 2.24b, is 

Series opposing: L = L ,  + L, - 2M (2.37) 
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E X A M P L E  2 . 1 1  

The effective inductances when two coils are connected in series aiding and series 
opposing are 2.38 H and 1.02 H, respectively. If the inductance of one coil is 16 
times the inductance of the other, determine (a) the inductance of each coil, (b) 
the mutual inductance, and (c) the coefficient of coupling. 

0 S O L U T I O N  

From the given information, we have 

and 

L,  + L, + 2M = 2.38 H 

L1 + L, - 2M = 1.02 H 

By adding and subtracting the above equations, we obtain 

L,  + L, = 1.7 H and M = 0.34 H 

Let L,  = 16 L,, then from L,  + L, = 1.7 H, we get 

L,  = 1.6 H and L, = 0.1 H 

The coefficient of coupling is 

= 0.85 
0.34 

d1 .6  X 0.1 
k =  

Parallel Connection 
Two magnetically coupled coils connected in parallel are shown in Figure 2.25. 
Let us assume that the two coils produce the flux in the same direction when the 
currents enter at the dotted terminals. The coils are then said to be connected in 
parallel aiding. If i, and i, are the currents through coils 1 and 2 with inductances 
L, and L,, then the current supplied by the source and their time-rate of change 
are 

i = i, + i, (2.38) 

di di, di, 
- + -  dt dt df 

_ - _  (2.39) 
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Figure 2.25 Magnetically coupled coils connected in parallel-aiding. 

The voltage drop across coil-1 is 

di d i, 
dt dt 

v = L '  + M -  

Substituting for di , /d t  from Eq. (2.39) in the above equation, we obtain 

di di2 
' dt dt [L, - MI - u = L - -  

Similarly, the voltage drop across coil-2 is 

di di, 
dt dt 

u = M -  + [L, - MI- 

Equating Eqs. (2.40) and (2.41) and solving for di /d t ,  we have 

- = [  di L, + L, - 2M 
dt L, - M 

If the equivalent inductance of this arrangement is L, then 

(2.40) 

(2.41) 

(2.42) 

di 
u = L- 

dt 
(2.43) 
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From Eqs. (2.40) and (2.43), we get 

di L,  - M di, _ - _ -  - 
dt  - [ L - J d t  

We now have two expressions, Eqs. (2.42) and (2.44), for the rate of change of 
source current d i l d t .  Since each expression must yield the same rate of change of 
the source current, by equating them and after some rearranging, we obtain 

I L,L, - M’ 
L = [  L ,  + L,  - 2M 

(2.45) 

as the equivalent inductance of two parallel aiding magnetically coupled coils. 

ically coupled coils connected in parallel opposing is 
It is left to the reader to verify that the equivalent inductance of two magnet- 

1 L,LZ - M’ 
L = [  L ,  + L, + 2M 

(2.46) 

E X A M P L E  2 . 1 2  

Two magnetically coupled coils with self inductances of 1.6 H and 0.1 H are con- 
nected in parallel. The mutual inductance is 0.34 H. Calculate the effective induc- 
tance when (a) the coils are connected in parallel aiding and (b) parallel opposing. 

0 S O L U T I O N  

(a) From Eq. (2.45), the effective inductance for the parallel aiding connec- 
tion is 

1.6 X 0.1 - 0.34’ 
1.6 + 0.1 - 2 X 0.34 

L =  = 0.0435 H, or 43.5 mH 

(b) The equivalent inductance for the parallel opposing connection, from 
Eq. (2.46), is 

1.6 X 0.1 - 0.34’ 
L =  = 0.0187 H, or 18.7 mH 

1.6 + 0.1 + 2 X 0.34 
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2.13. 
2.14. 

2.15. 

2.16. 

Verify Eqs. (2.37) and (2.46). 
Two coils with inductances of 2 H and 0.5 H are connected in series aiding. 
If the coefficient of coupling between the coils is 0.4, determine the effective 
inductance of the coils. What is the effective inductance if the coils are 
connected in series opposing? 
The inductances of two coils are 20 mH and 80 mH. The mutual inductance 
of the coils is 4 mH. Determine (a) the coefficient of coupling, (b) the equiv- 
alent inductance when they are connected in series aiding, (c) the equiva- 
lent inductance when they are connected in series opposing, (d) the equiv- 
alent inductance when they are connected in parallel aiding, and (e) the 
equivalent inductance when they are connected in parallel opposing. 
Two coils with inductances of 2 H and 6 H are connected in parallel. The 
equivalent inductance is 1 H. What is the mutual inductance? Are the coils 
connected in parallel aiding or parallel opposing if the coefficient of cou- 
pling is above 50%? What is the coefficient of coupling? 

2.7 Magnetic Losses 

In the analysis of an electric machine we usually divide the losses in the machine 
into three major categories-the copper losses, the mechanical losses, and the mag- 
netic losses. The copper loss takes place in the winding of each machine. The 
mechanical loss arises from the rotation of the rotating part (rotor) of a machine. 
It can be divided into three parts bearing friction, brush friction, and windage 
(wind friction). The two sources of magnetic loss (iron loss or core loss) are the 
eddy-current loss and the hysteresis loss. 

Eddy-Current Loss 
When a time-varying magnetic flux links a coil, it induces an emf in the coil in 
accordance with Faraday’s law of induction. As the coil is wound over a magnetic 
material, an emf is also induced in the magnetic material by the same time-varying 
flux. Since a magnetic material is also a good conductor of electricity, the induced 
emf along a closed path inside the magnetic material sets up a current along that 
path. The location and the path of this current are such that it encloses the mag- 
netic flux that produces it. In fact, there are as many closed paths surrounding the 
magnetic field inside the magnetic material as one can imagine. Figure 2.26a shows 
some of the paths for the induced currents in a solid magnetic material when the 
flux density is increasing with time. Because the swirling pattern of these circu- 
lating currents in a magnetic material resembles the eddy currents of air or water, 
they are called eddy currents. 



Eddy currents , 

Insulated layer 

\ 

- Solid core 

Eddy 
currents 

\ 

Lamination 

(b) 

Figure 2.26 Eddy currents in (a) solid and (b) laminated magnetic core when the current 
in the coil is increasing with time. 

As the flux in the magnetic material increases, so does the induced emf in 
each circular path. The increase in the induced emf results in an increase in the 
eddy current in that path. As a consequence of this current, energy is converted 
into heat in the resistance of the path. By summing up the power loss in each loop 
within the magnetic material, we obtain the total power loss in the magnetic ma- 
terial caused by the eddy currents. This power loss is called eddy-current loss. 

110 
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The eddy currents establish their own magnetic flux, which tends to oppose 
the original magnetic flux. Therefore, the eddy currents not only result in the eddy- 
current loss within the magnetic material but also exert a demagnetization effect 
on the core. Consequently, we have to apply more mmf to produce the same flux 
in the core. The demagnetization increases as we approach the axis of the magnetic 
core. The overall effect of demagnetization is the crowding of the magnetic flux 
toward the outer surface of the magnetic material. This coerces the inner part of 
the core to be magnetically useless. 

The adverse effects of eddy currents can be minimized if the magnetic core 
can be made highly resistive in the direction in which the eddy currents tend to 
flow. We can accomplish this in practice by building up the magnetic core by 
stacking thin pieces of the magnetic materials. The thin piece, known as a lami- 
nation, is coated with varnish or shellac and is commercially available in thick- 
nesses varying from 0.36 mm to 0.70 mm. The thin coating makes one lamination 
fairly well insulated electrically from the other. The magnetic core built with lam- 
inations (Figure 2.26b) forces the eddy currents to follow long and narrow paths 
within each lamination. The net result is the reduced eddy currents in the magnetic 
material. 

If we assume that the flux density varies sinusoidally with time but is uniform 
at any instant over the cross-section of the magnetic core, we can show that the 
average eddy-current loss is 

P, = k,f262B$V (2.47) 

where Pe is the eddy-current loss in watts (W), k, is a constant that depends upon 
the conductivity of the magnetic material, f is the frequency in hertz (Hz), 6 is the 
lamination thickness in meters, B, is the maximum flux density in teslas (T), and 
V is the volume of the magnetic material in cubic meters (m3). 

Hysteresis Loss 
Each time the magnetic material is made to traverse its hysteresis loop, it produces 
a power loss that is commonly referred to as the hysteresis loss. The hysteresis 
loss stems from the molecular friction as the magnetic domains are forced to re- 
verse their directions by the applied mmf. 

After several cycles of magnetization, the hysteresis loop becomes symmet- 
ric as shown in Figure 2.27. The energy per unit volume (energy density) sup- 
plied to the magnetic field when the flux density is changed from -B,  (point a )  to 
€3, (point c)  along the path abc is 

- 2  

w, = H * d B  
r 
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A 

Figure 2.27 Symmetrical hysteresis loop depicting hysteresis loss. 

I-1 

which is simply the hatched area abcdea. As the flux density is now decreased from 
B, (point c) to B, (point e) along the path ce, the energy density released by the 
magnetic field is 

& A  

w2 = Innr H dB 
m 

which is simply the shaded area cdec. We have traced half the hysteresis loop. The 
loss in the energy density during this half of the loop is w, - w2. The other half, 
being identical, results in the same loss in the energy density. Thus, the total loss 
in the energy density is 

1u = 2[w, - w2] (2.48) 

which represents the total area of the hysteresis loop. Equation (2.48) yields the 
loss in energy per unit volume per cycle. 

In general, Eq. (2.48) cannot be evaluated analytically because it is not possible 
to express H as a simple function of 8. However, we can plot the hysteresis to 
some scale and measure its area. 
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By testing various ferromagnetic materials, Charles Steinmetz proposed that 
the hysteresis loss can be expressed as 

P h  = khfB:V (2.49) 

where P h  is the hysteresis loss in watts, kh is a constant that depends upon the 
magnetic material, and n is the Steinmetz exponent. From experiments, it has been 
found that n varies from 1.5 to 2.5. Other quantities are as previously defined. 

The magnetic loss is the sum of the eddy-current loss and the hysteresis loss. 
Note that the hysteresis loss does not depend upon the lamination thickness. For 
a given magnetic material, we can express the magnetic loss as 

P,, = K,f2B$ + K h f B 2  (2.50) 

where K, = keS2V, K h  = khV, and P, is the total magnetic loss. 
If the magnetic losses have to be separated into eddy-current loss and hys- 

teresis loss, we need three independent equations to determine the three unknown 
quantities K,, Kh, and n. To do so, the magnetic losses are measured at two fre- 
quencies and two flux densities as demonstrated by the following example. 

E X A M P L E  2 . 1 3  

The following data were obtained on a thin sheet of silicon steel. Compute the 
hysteresis loss and the eddy-current loss. 

Frequency Flux Density Magnetic Loss 
(W (TI (W/ kg) 

25 1.1 0.4 
25 1.5 0.8 
60 1.1 1.2 

0 SOLLJTION 

Substituting the values in Eq. (2.50), we have 

(2.51) 

(2.52) 

(2.53) 

Subtracting Eq. (2.51) from Eq. (2.53), we get 

K,  = 94.451 X lo-' 
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Substituting for K, in Eqs. (2.51) and (2.52) and solving for n, we obtain 

n = 2.284 

Finally, from Eq. (2.53), Kh = 0.0106. 
The computed eddy-current and hysteresis losses are 

Frequency Flux Density Hysteresis Eddy-Current 
(H4 (T) Loss (W / kg) Loss (W / kg) 

25 1.1 
25 1.5 
60 1.1 

0.329 
0.669 
0.791 

0.071 
0.133 
0.411 

These calculations show that the eddy-current loss is smaller than the hyster- 
esis loss. In a laminated core, the hysteresis loss is usually greater than the eddy- 
current loss. w 

Exercises 

2.17. The eddy-current loss in an induction machine is 200 W and the hystere- 
sis loss is 400 W when operating from a 60-Hz supply. Find the total mag- 
netic loss when the machine is operated from a 50-Hz source with a 
decrease of 10% in the flux density. Assume n = 1.6. 
The following data were obtained on a ring of cast iron. Determine the 
hysteresis and the eddy-current losses at both frequencies and at both flux 
densities. 

2.18. 

Frequency Flux Density Magnetic Loss 
(W (TI (W/kg) 

50 
50 
60 

0.8 
1.2 
0.8 

2.4 
5.2 
3.0 

2.19. A sample of a magnetic material is known to have a hysteresis energy loss 
of 300 joules per cycle per cubic meter when the maximum flux density is 
1.2 T. Find the hysteresis loss in the magnetic material if the flux density 
is 0.8 T, the volume of the magnetic material is 40 cm3, and the frequency 
of operation is 60 Hz. The Steinmetz constant is 1.6. 
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2.20. In a given specimen of a magnetic material, the magnetic loss was 21.6 W 
at a frequency of 2.5 Hz and a flux density of 0.8 T. When the same specimen 
was tested at a frequency of 60 Hz, the magnetic loss increased to 58.4 W 
at the same flux density. What are the hysteresis and eddy-current losses 
at each frequency? The Steinmetz constant is 1.5. 

2.8 Permanent Magnets 

The rapid development of new permanent magnetic materials and their com- 
mercial availability have increased their use in the design of dc and synchronous 
machines. In all machines using permanent magnets to set up the required mag- 
netic flux, it is desirable that the material used for permanent magnets have the 
following characteristics: 

(a) 

(b) 

A large retentivity (residual flux density) so that the magnet is "strong" 
and provides the needed flux 
A large coercivity so that it cannot be easily demagnetized by stray mag- 
netic fields 

An ideal permanent magnetic material exhibits a flat-topped, wide hysteresis 
curve so that the residual magnetism stays at a high level when the applied field 
is removed. In other words, the area enclosed by the hysteresis curve is very large. 
In practice, very few magnetic materials satisfy these requirements. 

t 

Figure 2.28 Demagnetization characteristics of Alnio, ceramic, and rare-earth magnets. 
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A B x H  

maximum energy product 
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( - H x  103A/m) B x  H(kJ/m3) 

Figure 2.29 Typical demagnetization and energy-product curves of a permanent magnet. 

For proper use of a permanent magnet, we concentrate our attention on its 
demagnetization characteristics, that is, the magnetic behavior of a material in the 
second quadrant of the hysteresis loop. Figure 2.28 shows the demagnetization 
characteristics of Alnico, ceramic, and samarium-based rare-earth cobalt magnets. 
As you can see, a dramatic difference exists between the demagnetization curves 
of magnetic materials belonging to different groups of alloys. 

In the design of magnetic circuits using permanent magnets, we may also like 
to operate the magnet where it can supply the maximum energy. As mentioned 
earlier, energy density is simply the area of the hysteresis loop (B - H). This area, 

magnet 

Figure 2.30 A series magnetic circuit using a permanent magnet. 
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usually called the energy product, along with the demagnetization curve, is 
shown in Figure 2.29. The operating point at its maximum energy product level 
is indicated by the dashed line in the figure. 

Figure 2.30 shows a series magnetic circuit that employs a permanent magnet 
to set up the necessary flux in the air-gap region. The L-shaped sections are usually 
made of a highly permeable magnetic material and are needed to channel the flux 
toward the air-gap. The application of Ampere's law to the closed magnetic circuit 
yields 

Hmem + Hse, + Hgeg + H,e, = o (2.54) 

where the subscripts rn, s, and g are used to identify the quantities in the perma- 
nent magnet, steel, and air-gap regions, respectively. In a series magnetic circuit, 
the magnetic flux is essentially the same. Therefore, 

BmAm = BgA8 = B,As 

Because B = p,H, we can write 

B m  Am B m  Am H8 = - 
Po A, Ps A, 

and H, = - 

Equation (2.54) can now be expressed as 

(2.55) 

The above equation is called the operating line, and its intersection with the 
demagnetization curve yields the operating point. If the permeability of the steel 
used for the two L-sections is very high, Eq. (2.55) may then be approximated as 

(2.56) 

Note that H , ,  in the second quadrant of the hysteresis loop, is a negative quantity. 
Therefore, we can drop the negative sign in Eq. (2.56) and take H, to be the 
magnitude of the coercive force corresponding to the flux density B ,  in the 
magnet. 

If the area of the air-gap is the same as that of the magnet, that is, A, = A,, 
then the flux density in the air-gap is equal to the flux density in the magnet (€3, 
= B m ) .  Thus, from Eq. (2.56), we have 

or 

or BgH8Vg = BmHmV,,, (2.57) 
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where Vg and V ,  are the volumes of the air-gap and the magnet, respectively. The 
above equation emphasizes the fact that the energy available in the air gap is 
maximum when the point of operation corresponds to the maximum energy 
product of the magnet. 

E X A M P L E  2 . 1 4  

The physical dimensions of the magnetic circuit of Figure 2.30 are as follows: 
lg = 1 cm, A, = A, = A, = 10 cm2, e, = SO cm, and pr = 500 for steel. What is 
the minimum length of the magnet required to maintain the maximum energy in 
the air-gap? 

0 S O L U T I O N  

Substituting the given values in Eq. (2.55), we have 

9549.3 
B m  H,,, = - - 

em 
(2.58) 

To maintain the maximum energy in the air-gap, the point of operation must 
correspond to the maximum energy product of the magnet. From the demagnet- 
ization and the energy product curves shown in Figure 2.31, we obtain B, = 
0.23 T and Hm = - 144 kA/m. Substituting these values in Eq. (2.58), the minimum 

rn length of the magnet is 1.53 cm. 

Demagnetization curve / 

I I  I I "' I I I W I  I I 

240 200 160 144 120 80 40 0 10 20 3040 
(-H x lo3 Alm) B x H(kJ/m') 

Figure 2.31 Demagnetization and energy-product curves of a magnet for Example 2.14. 
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E X A M P L E  2.15 

Calculate the induced emf in a 10-turn coil rotating at 100 rad/s in a permanent 
magnet system with an axial length of 50 mm as shown in Figure 2.32a. The rotor 
and the yoke are made of an alloy with a relative permeability of 3000. The demag- 
netization curve of the magnet is given in Figure 2.32b. 

0 S O L U T I O N  

Figure 2 .32~  shows that there are two magnetic paths for the flux. From symmetry, 
the flux in each path would be half of the total flux. That is, if Q, is the flux per 
path, the total flux supplied by each magnet is 2Q,. Focusing our attention on one 
magnetic path, we have 

Q, = B,A, = B,A, = BBAg = BOA, (2.59) 

where the subscripts m, s, g, and a are used to identify the magnet, yoke, air-gap, 
and rotor sections of the closed magnetic path. The mean lengths of the magnetic 
sections are: 

Magnet: 

Yoke: 
Air-gap: 

Rotor: 

em = 52 - 42 = 10 mm 

ts = 2.5 + 2.5 i (271. X 54.5/4) = 90.61 mm 

e, = 42 - 40 = 2 mm 

e, = 17.5 + 17.5 +  I IT x 22.5/4) = 70.34 mm 

Rotor 

, Permanent 
magnets 

Yoke 

(4 

Figure 2.32 (a) Magnetic circuit for Example 2.15. 



Flux 
lengths 

(C) 

Figure 2.32 (b) Demagnetization curve of the magnet. (c) Flux distribution and mean 
lengths of the magnetic paths. 

The cross-sectional areas are: 

Magnet: 
Yoke: A, = 5 x 50 = 250 mm2 
Air-gap: 
Rotor: A,, = 35 x 50 = 1750mm2 

A,,, = 50 X (52 + 42)1~/4 = 3691.37mm2 

A, = 50 X (42 + 40)1~/4 = 3220.13mm’ 

120 
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The application of Ampere's law yields 

H,a, + Hgt8 + HReR + Hgeg + H,t, + Hse, = 0 

2H,e, = -[H,e, + H,C, + 2HgCg] or 

The above equation can be expressed in terms of B,, using Eq. (2.59), as 

Substituting the values, we obtain operating line as 

H, = -202,158.28 B ,  

The intersection of the operating line with the demagnetization curve of the mag- 
net yields B, = 0.337 T. 

Hence, the flux per path set up by the magnet is 

@ = B m A ,  = 0.337 x 3691.37 X l op6  = 1.244 X loe3 Wb 

Thus, the total flux supplied by each magnet is 

Gf = 2@ = 2.488mWb 

As the coil is rotating with a uniform angular velocity of 100 rad/s, the flux linking 
the coil is maximum (at) when the plane of the coil is perpendicular to the mag- 
netic flux. O n  the other hand, the flux linking the coil is zero when the plane of 
the coil is parallel to the magnetic field. Therefore, we can write a general expres- 
sion for the flux linking the coil as 

= 2.488 cos lOOf mWb 

From Faraday's law of induction, the induced emf in the 10-turn coil is 

e =  -NL= d@ 2.488 sin l O O t  V 
dt 

H 

Exercises 

2.21. Plot the energy product curve for the rare-earth magnet with its demag- 
netization curve given in Figure 2.28. 
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2.22. Repeat Example 2.15 if the magnets are replaced by rare-earth magnets. 
2.23. A rare-earth magnet is molded in the form of a toroid with a mean diam- 

eter of 20 cm and the cross-sectional area of 2 cm2. What must be the length 
of the air-gap for which the flux density is 0.8 T? 
What must be the induced emf in the coil of Exercise 2.22 if the mmf drops 
in the rotor and the yoke are ignored? Compute the percent error in the 
induced emf as a result of this approximation. 

2.24. 

S U M M A R Y  

In this chapter we reviewed the fundamentals of electromagnetism. We stated the 
four Maxwell‘s equations, which are, in fact, generalizations of laws based upon 
experimental evidence. We introduced the concepts of motional emf and trans- 
former emf. We stated that the total emf induced in a loop that changes its position 
as a function of time when immersed in a time-varying magnetic field is the sum 
of the motional emf and the transformer emf. The induced emf can also be deter- 
mined by means of Faraday’s law of induction. 

When the current is confined to flow in a conductor and the frequency of 
interest is low, the conduction current density is many magnitudes higher than 
the displacement current density. Therefore, we dropped the displacement current 
from our considerations when applying Ampere’s circuital law. 

We used the Lorentz force equation to determine the force experienced by a 
current-carrying conductor. When the current flows through a loop placed in a 
magnetic field, a torque tends to rotate it so as to make the plane of the loop 
perpendicular to the magnetic field. 

We highlighted the differences between diamagnetic, paramagnetic, and fer- 
romagnetic materials. For all practical purposes, diamagnetic and paramagnetic 
materials can be treated as nonmagnetic materials because their permeabilities 
differ very slightly from that of free space. In the study of electric machines it is 
the ferromagnetic materials that are of interest to us. Virtually all ferromagnetic 
materials have nonlinear properties. When subjected to time-varying magnetic 
fields, the ferromagnetic materials contribute to the magnetic losses; the eddy- 
current loss, and the hysteresis loss. The eddy-current loss can be reduced by 
using laminated magnetic core, whereas the hysteresis loss depends upon the 
chemistry of the magnetic material. The hysteresis loss is smaller for soft mag- 
netic materials than for hard magnetic materials. For this reason, we use soft mag- 
netic materials for transformers, induction machines, and synchronous machines. 
Hard magnetic materials, on the other hand, make good permanent magnets and 
are used as the stators for the dc machines. 

We explained in great length how to analyze a magnetic circuit because the 
magnetic circuit is the heart of each electric machine. Each magnetic circuit can 
be represented by an equivalent reluctance circuit. 
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Another important role of a magnetic circuit is to enable us to transport energy 
from one part to another without any direct electric connection. We showed how 
to represent coils by their self and mutual inductances when they share a common 
flux. 

Some of the important equations presented in this chapter are summarized 
below for easy reference. 

Transformer emf e, = - J - ds 
s at 

Motional emf em = ( v  x B )  o d e  f - -  - 
dQ, Total induced emf e = e, + em = -- 
dt 

Ampere’s law H di? = 1 f - -  
- 2 -  

Torque on a loop T = m x B 

N 2  e 
9? P A  

Self inductance: L = - where 9? = - 

Mutual inductance: M = k d L , L ,  

Ohm’s law for a magnetic circuit: 9 = WJt where 9 = NI 

Kirchhoff ’s laws for a magnetic circuit: 

n 

i =  I 

and 
n 

C@;=O 
i = l  
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Inductance of two coupled coils 
Series aiding: 

Series opposing: 

L = L, + L, + 2M 

L = L, + L, - 2M 

L,Lz - M2 
L, + L, - 2M 

Parallel aiding: L = 

L,L, - M 2  
Parallel opposing: L = 

L, + L, + 2M 

2.1. 

2.2. 

2.3. 

2.4. 

2.5. 
2.6. 
2.7. 

2.8. 

2.9. 

2.10. 

2.11. 

2.12. 

2.13. 

2.14. 

State Maxwell’s equations. Give a brief account of each equation and men- 
tion the law on which each equation is based. 
Show that the conduction current in a conductor is very large compared 
with the displacement current. Use copper as the conductor and 60 Hz as 
the power frequency. 
At what frequency is the conduction-current density in copper equal in 
magnitude to the displacementyrrentdensity? 
Does Maxwell’s equation V x E = -aB /d t  completely describe Faraday’s 
law of induction? If not, why not? if yes, explain. 
What is the significance of the transformer equation? 
What is the significance of the motional emf? 
Can the motional emf and the transformer emf take place in a loop at the 
same time? If yes, what must be the conditions? If not, explain why not. 
A very long, hollow conductor carries a current along its axis. What is the 
magnetic field intensity inside the conductor? 
A very long, hollow conductor carries a current in its circumferential di- 
rection. What is the magnetic field insidxit? 
A 10-turn coil is in the xy-plane. The B field is in the z direction and is 
increasing at a rate of 10 T/hr. If the area of the loop is 20 cm2, what is the 
induced emf in the coil? What is the flux linking the loop? 
The plane of a 10-turn coil makes an angle of 60” with the magnetic field. 
If the magnetic flux density is 1.2 T, what is the torque acting on the loop? 
Assume that the area of the loop is 10 cm’. 
A single loop of wire lying in the plane of the paper carries a current in 
the clockwise direction. What effect is noticed if a compass is placed within 
the loop? Has this loop any properties in common with those of a bar 
magnet? 
What are the magnetic losses? How can the eddy-current loss be made 
small? How can the hysteresis loss be reduced? 
Why is it important to make the coefficient of coupling between any two 
coils as close to unity as possible? 
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2.15. 

2.16. 
2.17. 

2.18. 

2.19. 

2.20. 

2.21. 

2.22. 

2.23. 

2.24. 

2.25. 

2.26. 

2.27. 

2.28. 

2.29. 

2.30. 
2.31. 
2.32. 

2.33. 

2.34. 

2.35. 

2.36. 

If the flux in a machine does not vary with time, should the core of that 
machine be laminated? 
Explain ferromagnetism in your own words. 
Why is alnico a better permanent magnet material than ceramic? Which 
has the greater retentivity? 
Why do we have to worry about the leakage flux in magnetic calculations 
whereas in almost all electrical problems leakage current can be ignored? 
What happens to the reluctance of a magnetic circuit when an air-gap is 
cut in it? How does an air-gap affect the inductance of a magnetic circuit? 
Why can’t we always use the reluctance approach to find the flux estab- 
lished by a certain mmf in a magnetic circuit? 
State the condition when the mmf is numerically equal to the current pro- 
ducing it. 
Is it possible to have a flux of 0.5 Wb in a magnetic circuit without having 
a flux density of 0.5 T? 
Is energy required to maintain a steady magnetic field after it has been 
established? 
When a steady current through a coil can establish a certain magnetic field, 
why do we need permanent magnets? 
Why do we need ferromagnetic materials in the design of machines when 
the flux can be established in free space? 
Consider two identical magnetic circuits. One is made of a ferromagnetic 
material with a relative permeability of 1000 and the other uses a nonmag- 
netic material. For the same applied emf, compute the ratio of (a) reluc- 
tances, (b) inductances, (c) magnetic field intensities, (d) magnetic flux den- 
sities, and (e) energy densities. 
What is a magnetic dipole? How can we explain the permeability of mag- 
netic materials in terms of the magnetic dipole moments? 
Explain the terms “retentivity” and “coercivity.” Does high retentivity im- 
ply high coercivity and vice versa? 
After magnetic saturation is reached, is it possible to increase further the 
flux density by increasing the applied mmf ? Explain. 
Why do hard magnetic materials tend to retain high residual flux density? 
Can you think of any useful application of hysteresis? 
If two parallel conductors are carrying currents in the same direction, do 
they experience a force of attraction or repulsion? 
State Faraday’s law of induction. What is the significance of the negative 
sign? 
Is it true that the induced emf in a coil is maximum when the flux linking 
it is maximum? If yes, explain. If not, why not? 
A conductor is moving in a steady magnetic field with a uniform velocity. 
What do you conclude if the induced emf in the conductor is zero? 
A commercially available inductor is rated at 115 V, 0.3 A. If the resistance 
of the coil is neglected, what is its inductance? What happens if the inductor 
is connected across a 115-V dc supply? 
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Problems 

Figure P2.1 A conductor and a loop. 

2.1. 

2.2. 

2.3. 

2.4. 

2.5. 

2.6. 

2.7. 

A rectangular loop carrying current I, is placed close to a straight conductor 
carrying current I, as shown in Figure P2.1. Obtain an expression for the 
magnetic force experienced by the loop. 
A cylinder of radius a and length L wound closely and tightly with N turns 
of very fine wire is said to form a solenoid (inductor). If the wire carries a 
steady current I, find the magnetic flux density at any point on the axis of 
the solenoid. What is the magnetic flux density at the center of the cylinder? 
Also obtain expressions for the magnetic flux density at its ends. 
A rectangular conducting loop has a sliding side moving to the right 
shown in Figure P2.3. The loop is placed in a uniform magnetic field €3, 
which is normal to its plane. Calculate (a) the motional emf, (b) the trans- 
former emf, and (c) the total induced emf. 
Solve Problem 2.3 using Faraday’s law of induction. What must be the 
external force applied to the sliding side to keep it moving with a uniform 
velocity? 
If the magnitude of the zf ie ld  in Problem 2.3 vanes as B, cos at, what is 
the total voltage induced in the rectangular loop? 
A dc generator is constructed by having a metal cart with metallic wheels 
travel around a set of perfectly conducting rails forminn a large circle. The 
rails are L m apart and there is a uniform magnetic B field normal to the 
plane as shown in Figure P2.6. The cart has a mass m. It is driven by a 
rocket engine having a constant thrust F,,. A resistor R is connected as a 
load. Obtain an expression for the current as a function of time. What is 
the current after the generator attains the steady-state condition? 
A conducting wire of length L is pivoted at one end and rotates in the 
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a 

Figure P2.3 Induced emf in a loop with a sliding side. 

2.8. 

2.9. 

xy-plane at an angular velocity a. If a constant B field is directed along the 
t-direction, determine the induced emf between the two ends of the wire. 
Which end of the wire is positive with respect to the other? 
A 200-turn circular coil has a mean area of 10 cm', and the plane of the coil 
makes an angle of 30" with the uniform magnetic flux density of 1.2 T. 
Calculate the torque acting on the coil if it carries a current of 50 A. 
A 10-turn coil, 10 cm X 20 cm, is placed in a magnetic field of 0.8 T. The 
coil carries a current of 15 A and is free to rotate about its long axis. Plot 
the torque experienced by the coil against the displacement angle of the 
coil for one complete rotation. 

Figure P2.6 A direct-current generator. 
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2.10. A DArsonval meter is designed to have a coil of 25 turns mounted in a 
magnetic field of 0.2 T. The coil is 4 cm long and 2.5 cm broad. The restoring 
torque of the meter is accomplished by a spring and is proportional to the 
deflection angle 8. The spring constant is 50 pNm/deg. The scale covers 
50" of arc and is divided into 100 equal parts. Calculate the current through 
the coil (a) per degree of deflection, (b) per scale division, and (c) for full- 
scale deflection. The meter's design is such that the magnetic field is always 
in the radial direction with respect to the axis of the coil. 
A linear conductor with its ends at (-3, -4, 0) m and (5, 12, 0) m carries a 
current of 250 A. If the magnetic flux density in free space is 0.2a, T, 
determine the magnetic force acting on the conductor. 
A metallic rod 1.2 m in length and having a mass of 500 gm is suspended 
by a pair of flexible leads in a magnetic field of 0.9 T as shown in 
Figure P2.12. Determine the current needed to remove the tension in the 
supporting leads. 
A uniformly distributed toroidal coil of 400 turns is wound over an iron 
ring of square cross-section and carries a current of 200 A. The inner radius 
is 10 cm and the outer radius is 12 cm. The relative permeability of the iron 
ring is 1500. Determine (a) the flux in the ring, (b) the reluctance of the 
ring, and (c) the equivalent inductance of the toroid. 
We wish to establish an air-gap flux density of 1.0 T in the magnetic circuit 
shown in Figure 2.14. If A, = A,,, = 40 cm', t, = 0.5 mm, t,,, = 1.2 m, 
N = 100 turns, and pl = 2500, determine the current in the coil using (a) 
the reluctance concept and (b) the field equations. 
Figure P2.15 shows a magnetic circuit made of a magnetic material for 

2.11. 

2.12. 

2.13. 

2.14. 

2.15. 

Fixcd bar 

I '  

Metal rod 
/ 

b- 1 . 2  m -_I 

Figure P2.12 A metal bar suspended with flexible leads. 
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2.16. 

2.17. 

2.18. 

2.19. 

which the magnetization curve given in Figure 2.19 holds. What must be 
the current in the 1600-turn coil to establish a flux density of 0.8 T in the 
air-gap? State all the assumptions. What is the reluctance of each magnetic 
section? Calculate the total reluctance and the inductance of the magnetic 
circuit. All dimensions are in centimeters. 
A magnetic circuit is given in Figure P2.16. What must be the current in 
the 1600-turn coil to set up a flux density of 0.1 T in the air-gap? What is 
the inductance of the magnetic circuit? What is the energy stored in it? All 
dimensions are in centimeters. Assume that magnetic flux density varies 
as B = [1.5H/(750 + H ) ] .  
A magnetic circuit in Figure P2.17 is made of silicon steel, for which the B- 
H relationship is given as B = 2(1 - e-H/500). The outer legs have 500 turns 
each. It is required to establish a flux of 3.6 mWb in the air-gap by apply- 
ing equal currents to both windings. What is the current in each winding? 
The cross-section of a 2-pole dc machine with pertinent dimensions in mil- 
limeters is given in Figure P2.18. Analyze the magnetic circuit and deter- 
mine the required mmf per pole to set up a flux of 5.46 mWb in the air- 
gap. The B-H curve for the magnetic material is given in Figure 2.19. The 
active length (stack length) of the machine is 150 mm. Using the equiva- 
lent reluctance circuit, verify the mmf requirements per pole. 
The magnetic circuit of a 4-pole dc machine with an active length of 56 mm 
is shown in Figure P2.19. Determine the mmf per pole needed to establish 
a flux density of 1.0 T in the air-gap. Assume that the effective arc of the 
air-gap is the same as the width of the pole. Use the B-H relationship as 
given by B = 2.5(1 - e-"/Im). Using the equivalent reluctance circuit, ver- 
ify the mmf requirements per pole. 

0 . 5  

Figure P2.15 Magnetic circuit for Problem 2.15. 
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Figure P2.16 Magnetic circuit for Problem 2.16. 

50 

(All dimensions in centimeters) 

Figure P2.17 Magnetic circuit for Problem 2.17. 
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n Yoke 

- Rotor 

Pole face 

Pole 

Stack length = 150 

Figure P2.18 The magnetic circuit of a two-pole motor for Problem 2.18. 

71 

Figure P2.19 Magnetic circuit of a 4-pole motor for Problem 2.19. 
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2.20. 

2.21. 

2.22. 

2.23. 

2.24. 

2.25. 

2.26. 

2.27. 

2.28. 

2.29. 

2.30. 

An iron ring with a 50-cm mean diameter has a square cross-section of 4 
cm2. It is wound with two coils having 1000 and 400 turns. Calculate (a) 
the self inductance of each coil, and (b) the mutual inductance between 
them. Assume p, = 500. State all the assumptions. 
Two coils having 100 and 500 turns are loosely wound on a magnetic ma- 
terial with a 40-cm2 cross-section and a mean length of 120 cm. Only 60% 
of the flux produced by one coil links the other coil. If the current changes 
linearly from 0 to 100 A in 10 ms in the 100-turn coil, determine the induced 
emf in the 500-turn coil. What is the mutual inductance between them? 
Assume pr = 600. 
Coils A and B are wound on a nonmagnetic core. An emf of 5 V is induced 
in coil-A when the flux linking it changes at the rate of 10 mWb/s. A 
current of 5 A in coil-B causes a flux of 2 mWb to link coil-A. Determine 
the mutual inductance between them. [Note: For a linear magnetic circuit, 
M = N , @ ~ z / I ~  = N2@21/11.I 
Two coils are tightly wound on a magnetic core having a mean length of 
80 cm and a core diameter of 2.4 cm. The relative permeability of the mag- 
netic material is 1000. If the mutual inductance between the coils is 25 mH 
and one coil has 200 turns, determine the number of turns on the other coil. 
A 3-mH coil is magnetically coupled to another 12-mH coil. The coefficient 
of coupling is 0.5. Calculate the effective inductance when the coils are 
connected in (a) series aiding, (b) series opposing, (c) parallel aiding, and 
(d) parallel opposing. 
The effective inductances when two coils are connected in series aiding and 
series opposing are 220 mH and 40 mH. If the inductance of one coil is 2.25 
times the inductance of the other, determine the inductance of each coil, 
the mutual inductance between them, and the coefficient of coupling. 
A coil of inductance 90 mH is magnetically coupled to another coil of in- 
ductance 40 mH. The effective inductance when the two coils are connected 
in parallel aiding is 39.375 mH. When connected in parallel opposing, the 
effective inductance is 7.159 mH. Determine the mutual inductance be- 
tween them. 
For the magnetically coupled circuit shown in Figure P2.27, find the branch 
currents and the power supplied by each source 
For the magnetically coupled circuit given in Figure P2.28, determine (a) 
the current through each coil, 8) the voltage drop across each coil, and (c) 
the power supplied by the source. 
Determine (a) the current in each branch, (b) the voltage drop across each 
coil, and (c) the average power supplied by the source if the coefficient of 
coupling between the two coils in Figure P2.29 is 0.8. 
Coil-1 with a resistance of 0.2 R and a self inductance of 20 mH is tightly 
(k = 1) coupled to coil-2. The resistance and the self inductance of coil-2 
are 0.8 and 80 mH, respectively. Coil-2 is connected to an inductive load 
of 30 R in series with a 20-mH inductance. If the rms value of the impressed 
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Figure P2.27 Circuit for Problem 2.27. 
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2.31. 

2.32. 

2.33. 

voltage on coil-1 is 480 V and its frequency is 2000 rad/s, what is the power 
output (supplied to the load)? What is the power input? Find the efficiency, 
that is, the ratio of power output to power input. 
In the circuit given in Figure P2.31, the switch is closed at t = 0. Determine 
the voltage drop across each coil as a function of time. What is the steady- 
state value of each voltage drop? Determine the energy stored in the mag- 
netic system 1.5 ms after the switch is closed. 
In the circuit given in Figure P2.32, the switch is closed at t = 0. Calculate 
the current in the circuit as a function of time. What is the steady-state 
current in the circuit? Sketch the instantaneous energy in the coupled coils 
as a function of time. 
The eddy-current loss in a machine is 150 W at a frequency of 60 Hz and 
a flux density of 1.2 T. (a) What is the eddy-current loss when the frequency 
is raised to 400 Hz and the f lux density remains unchanged? (b) What is 
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2.34. 

2.35. 

the loss at a frequency of 60 Hz when the flux density is reduced by 25%? 
(c) What is the loss when the flux density is reduced by 25% and the fre- 
quency is raised to 400 Hz? 
The hysteresis loss in a machine is 100 W at a frequency of 50 Hz and a 
flux density of 0.8 T. The Steinmetz coefficient is 1.5. (a) What is the loss if 
the frequency is increased to 400 Hz but the flux density remains the same? 
(b) What is the loss if the frequency remains the same but the flux density 
is increased by 25%? (c) What is the loss if the frequency is raised to 400 Hz 
and the flux density is increased by 25%? 
In order to determine the hysteresis loss in a magnetic material, data points 
were taken through a complete cycle of hysteresis loop and plotted ac- 
cording to the following scales: H: 1 cm = 50 A4 /m, and B: 1 cm = 0.2 T. 
The area of the hysteresis loop is 6.25 cm2. If the test frequency is 60 Hz 
and the volume of the magnetic material is 450 cm3, find the hysteresis loss. 
If the density of the magnetic material is 7.8 X lo3 kg/m3, calculate the 
hysteresis loss in watts/ kg. 

+ v ,  - .i u2 - 
8mH 2mH 

I t I 
100 cos 500t V 

Figure P2.31 Circuit for Problem 2.31. 
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120 a 0.4H 

Figure P2.32 Circuit for Problem 2.32. 

2.36. 

2.37. 

2.38. 

2.39. 

2.40. 

2.41. 

A hysteresis loop is plotted according to the scales 1 cm = 100 A+/m and 
1 cm = 0.1 T. The area of the loop is 20 cm'. Compute the hysteresis loss 
for the specimen in joules per cubic meter per cycle. 
The following data points were taken on a thin sheet of steel. 

Frequency (Hz) Flux Density (TI Magnetic Loss (W/kg) 
50 1 .o 3.60 
50 1.2 4.98 
60 1.0 4.80 

Compute the eddy-current and hysteresis losses in the specimen at (a) 
50 Hz, 1 T, (b) 50 Hz, 1.2 T, (c) 60 Hz, 1 T, and (d) 60 Hz, 1.2 T. 
The following data points were taken on a thin sheet of steel. 

Frequency (Hz) Flux Density (T) Magnetic Loss (Wlkg) 
60 1 .o 1.92 
60 1.5 4.22 

Compute the eddy-current and hysteresis losses in the specimen at both 
flux densities. The Steinmetz coefficient is 1.75. 
A magnetic circuit using two rare-earth magnets is given in Figure P2.39 
with its dimensions in centimeters. The thickness is 5 cm. Find the flux 
density and the total flux in the air-gap if the permeability of the magnetic 
material is infinite. 
Repeat Problem 2.39 if the relative permeability of the magnetic material 
and the rotor is 500. 
A magnetic circuit using rare-earth magnets is shown in Figure P2.41. The 
arc of the magnet subtends an angle of 120", as indicated. The axial length 
is 150 mm. What must be the length of each magnet so that it operates at 
its maximum energy-product level? Assume that there is no mmf drop in 
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Magnetic rnitcrial 

Figure P2.39 

.-.....----- 
10 

Magnetic circuit for Problem 2.39. 

, Yoke 

- Shaft 

-Rotor 

Magnet 

Figure P2.41 Magnetic circuit for Problem 2.41. 
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the rotor and the yoke. What is the induced emf in a 100-turn coil if it 
rotates at an angular velocity of 120 rad/s? What is the frequency of the 
induced voltage? 
If the relative permeability of the magnetic material used for the rotor and 
the yoke in Problem 2.41 is 500 and the length of the magnet is the same 
as computed in Problem 2.41, what is the flux density in the air-gap? Also 
compute the induced emf in the 100-turn coil rotating at 120 rad/s. 
A magnetic circuit using a ceramic magnet is made in the form of a toroid. 
The mean radius of the toroid is 10 cm, and its cross-sectional area is 3 cm2. 
It has an air-gap of 3 cm. Find the flux density and the flux in the air-gap. 
A magnetic circuit using a permanent magnet is made in the form of a 
toroid. The mean radius of the toroid is 8 cm, and the cross-sectional area 
is 2 cm2. The retentivity is 1.6 T, and the coercivity is -80 kA/m. The 
demagnetization curve is basically a straight line. What must be the length 
of the air-gap so that the magnet operates at its maximum energy level? 
What are the flux density and the flux in the air-gap? 
If the air-gap in Problem 2.44 is increased to 4.65 cm, what must be the flux 
density and the flux in the air-gap? 

2.42. 

2.43. 

2.44. 

2.45. 
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3.1 Introduction 

We all know that energy exists in many forms, and we use numerous devices on 
a daily basis that convert one form of energy into another. When we speak of 
electromechanical energy conversion, however, we mean either the conversion of 
electric energy into mechanical energy or vice versa. For example, an electric motor 
converts electric energy into mechanical energy. On the other hand, an electric 
generator transforms mechanical energy to electric energy. In this chapter, our 
aim is to explore the basic principles of electromechanical energy conversion. 

Electromechanical energy conversion is a reversible process except for the 
losses in the system. The term "reversible" implies that the energy can be trans- 
ferred back and forth between the electrical and the mechanical systems. How- 
ever, each time we go through an energy conversion process, some of the energy 
is converted into heat and is lost from the system forever. 

When a current-carrying conductor is placed in a magnetic field, it experiences 
a force that tends to move it. If the conductor is free to move in the direction of 
the magnetic force, the magnetic field aids in the conversion of electric energy into 
mechanical energy. This is essentially the principle of operation of all electric mo- 
tors. On the other hand, if an externally applied force makes the conductor move 
in a direction opposite to the magnetic force, the mechanical energy is converted 
into electric energy. Generator action is based upon this principle. In both cases, 
the magnetic field acts as a medium for the energy conversion. 

The energy transfer process also takes place when the electric field is used as 
the medium. Consider the two oppositely charged plates of a capacitor which are 
separated by a dielectric medium. A force of attraction exists between the two 
plates that tends to move them together. If we let one plate move in the direction 
of the force, we are essentially converting electric energy into mechanical energy. 
On the other hand, if we apply an external force on one plate and try to increase 
the separation between them, we are then converting mechanical energy into elec- 
tric energy. Electrostatic transducers, such as an electrostatic microphone and an 
electrostatic voltmeter, use electrostatic fields for the conversion of energy. 

The conversion of energy from one form into another satisfies the principle 
of conservation of energy. Therefore, the input energy W, is equal to the sum of 
the useful output energy W,, the loss in energy as heat W,, and the change in the 
stored energy in the field W,. That is, 

wi = w, + w, + w, 

The energy flow diagram is shown in Figure 3.1. The output energy and the 
loss in energy are considered positive quantities. The change in the stored energy, 
on the other hand, may be positive or negative, depending upon whether it is 
increasing or decreasing. In the above equation, if Wi represents the electrical 
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Lost energy Stored energy 

Wi 
Input energy Output energy 

Figure 3.1 Energy flow diagram. 

energy input, then W, may be the electric equivalent of the mechanical energy 

The system is said to be conservative or lossless if the loss in energy in the 
output. 

system is zero. In that case, Eq. (3.1) becomes 

Note that there is no such restriction that the input energy has to be either electric 
or mechanical. In fact, in some electric machines, such as a synchronous machine, 
the input energy is both mechanical and electric. The output of a machine is usu- 
ally either mechanical or electric. If the output energy of a system is zero, then the 
input energy must either (a) increase the stored energy of the system, (b) be dis- 
sipated as heat by the system, or (c) both. 

3.2 Electric Field as a Medium 

In the study of electrostatic fields, you may have derived many different equations 
to obtain the electrostatic energy of a charged system. Our aim in this section is 
to show how to calculate the force on one of the objects in a charged system from 
knowledge of the electrostatic energy in that system. 

To simplify our development, let us consider a parallel plate capacitor as 
shown in Figure 3.2. If x is the separation between the platzs and A is the cross- 
sectional area of each plate, then the electric field intensity E (Vim) in the region 
between the plates is 

v -  x “x 
(3.3) 

where V is the potential difference between the plates and <is the unit vector in 
the x-direction. If we assume that the charge is uniformly distributed over each 
plate, then the total charge on the top plate is 
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X 
V(v0lts) 

I 

Figure 3.2 Force of attraction between two charged parallel plates. 

€A Q = D A = - V  
X 

where = E zis the electric flux density (C/m2). 
Then, the capacitance of the parallel-plate capacitor is 

€A c = -  
X 

The electric energy stored in the capacitor is 

1 
2 

w, = -cv2 

(3.4) 

(3.5) 

(3.6) 

A force of attraction exists between the two plates in accordance with Cou- 
lomb’s law. Let us assume that the top plate is fixed and the lower plate is free to 
move. The force of attraction between the two plates tends to move the lower plate 
in the x-direction. If the lower plate moves a distance d x  in time dt ,  then the change 
in the electrostatic energy in the system under lossless conditions, from Eq. (3.2), 
is 

dW, = dW, - dW, (3.7) 

where d We is the change in the stored energy in the capacitor. The change in the 
input energy is 

dWi = V d Q  (3.8) 
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because the electric energy input in time dt is VI dt and d Q  = I dt. The mechanical 
energy output in time dt  is 

dW, = F, d x  (3.9) 

where F, is the electric force acting on the bottom plate. Thus, we can rearrange 
and write Eq. (3.7) as 

F , d x  = V d Q  - d W e  (3.10) 

In an electrostatic system, both the energy stored in the system and the charge 
are functions of the applied voltage and the separation between the plates. There- 
fore, the differential changes in the stored energy and the charge can be written 
as 

aQ aQ dQ = - d x  ax + - d V  av 

(3.11) 

(3.12) 

Substituting Eqs. (3.11) and (3.12) in Eq. (3.10) and dividing both sides by dx, 
we get 

However, F ,  must be independent of the incremental changes in dx and dV because 
they are quite arbitrary. That is, d V l d x  = 0. Consequently, the electric field in- 
tensity in the region between the two plates is constant. Thus, 

(3.13) 

Equation (3.13) is a general equation to determine the force acting on a charged 
body in a charged system when the electric field in the medium is held constant. 
However, for a parallel-plate capacitor, Q = CV and 

From Eq. (3.6), 

awe 1 ac av - -  - - v 2 -  + cv- 
ax 2 ax ax 
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Therefore, for a parallel-plate capacitor, Eq. (3.13) becomes 

(3.14) 

However, from Eq. (3.5), we have 

Substituting for ac/ax in Eq. (3.14), we obtain the force acting on the bottom 
plate as 

(3.15) 

The negative sign highlights the fact that F ,  is a force of attraction. We can consider 
two special cases as follows: 

Case 1 .  An Isolated System 
In this case we are dealing with an isolated system in which the charge is constant. 
Therefore, the rate of change of charge with displacement is zero; That is, 
aQ/dx = 0. Hence, the electric force acting on a conductor, from Eq. (3.13), is 

when the charge is constant. 

(3.16) 

Case 2. 
In this case all of the free charges exist on the surfaces of conductors, and each 
conductor is maintained at a fixed potential by means of external sources of 
energy. In this case, we can write 

System with Fixed Potential 

1 
2 

because W, = - QV in a system of two conductors. 
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We can now express Eq. (3.13) as 

awe 
ax 

F = -  

when the potential is held constant. 

(3.17) 

E X A M P L E  3 . 1  

‘The upper plate of a parallel-plate capacitor is held stationary while the lower 
plate is free to move as shown in Figure 3.3. The surface area of each plate is 20 
cm2, and the separation is 5 mm. Determine the mass of an object suspended from 
the lower plate that keeps it staticnary when the potential difference between the 
two plates is 10 kV. What is the energy stored in the electric field? 

0 S O L U T I O N  

To keep the lower plate stationary, the net force acting on the plate must be zero. 
That is, 

where F, is the magnitude of the electric force of attraction experienced by the 
lower plate. 

t 
mg 

Figure 3.3 A parallel-plate capacitor for Example 3.1. 
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However, F, from Eq. (3.15) is 
2 

F , = - x -  x 20 x 10-4 x 
2 367~ 

= 35.37 X N or 35.37 mN 

35.37 x 10-3 
Hence, m =  = 3.61 x kg or 3.61 g 9.81 

The energy in the system is 

[ lo  x 1o"y 1 € A  10-9 x 20 x 10-4 w - -cv2 = -v2 = 
f - 2  2x 2 x x 5 x 10-3 

E X A M P L E  3.2 

The region between a parallel-plate capacitor is partially filled with a dielectric 
slab, and the capacitor is charged to a potential of V volts. The width of each plate 
is w. The dielectric slab is then withdrawn to the position shown in Figure 3.4. 
Calculate the force tending to pull the slab. 

0 S O L U T I O N  

The electrostatic energy stored in the parallel-plate capacitor is 

1 - -  
2 .  

W e = -  I D * E d v  

2 
1 
2 

= - E,W d [$] [ E , X  + (b  - x ) ]  

I V 

d 

T 

Dielectric 
material 

Figure 3.4 Force acting on a partially-withdrawn dielectric slab in a parallel-plate 
capacitor. 
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Because the potential is held constant, we can use Eq. (3.17) to obtain the force 
acting on the dielectric material as 

Note that the force is in the direction of increasing x. 
rn 

The amount of force developed by an electric system is usually very small 
even when the applied voltage is high and the physical dimensions of the system 
are quite large. When the magnetic field is used as a medium, a system with the 
same physical dimensions develops a force many orders of magnitude higher than 
a system using an electric field as a medium, as explained in the next section. 

Exercises 

3.1. Two parallel plates, each having dimensions of 20 cm by 20 cm, are held 2 
mm apart in air. If the potential difference between the plates is 2 kV, 
determine (a) the energy stored in the capacitor and (b) the force acting on 
each plate. 
What is the magnitude of the force in Example 3.2 if E, = 9, x = 10 cm, 
b = 20 cm, w = 5 cm, d = 2 mm, and the potential difference is 2 kV? 
What is the energy in the system? 

3.2. 

3.3 Magnetic Field as a Medium 

Consider a magnetic circuit with mean length 4 and cross-sectional area A as 
shown in Figure 3.5. Let the current through an N-turn coil be i ( t )  when a voltage 
source u ( t )  is impressed across its terminals. The current i(t) establishes a flux @(t)  
in the magnetic circuit, which induces an electromotive force (emf) e ( t )  in the coil 
in accordance with Faraday’s law of induction. To sustain the flux in the core of 
the magnetic circuit, the applied source must supply electrical energy. In a con- 
servative system, the electrical energy input in time dt is 

dWi = ui dt = -ei dt  

However, the induced emf in the coil is 

dh 
at 

e =  -- 
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Figure ’ 3.5 A 

- I 
I 

L ---- 4----I 
1 

magnetic circuit of mean-length I and cross-sectional area A 

where A = N@ represents the total flux linkages. Therefore, the input energy in 
time interval dt can be written as 

dWi = i d X  = N i d Q  

Hence, the energy input to set up a flux @(t) in an N-turn coil is 

W i =  idA = N id@ (3.18) I I 
In a conservative system with no output energy, the energy supplied by the 

source must be stored in the system as magnetic energy. In a linear system, the 
energy stored in the system is 

where the inductance L is 

NO 
L = -  

1 

Since Ni = Hi! and d@ = A dB, where H is the magnetic field intensity and B 
is the magnetic flux density, we can express Eq. (3.18) as 

Wi = [ A  I H dB (3.20) 
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which yields the energy that must be supplied to set up a flux density B in the 
magnetic core. 

E X A M P L E  3 . 3  

If the relationship between the total flux linkages and the current in the coil for 
the magnetic circuit shown in Figure 3.5 is given as A = 6i/ (2i  + 1) weber-turns 
(Wb.t), determine the energy stored in the magnetic field for 0 5 A 5 2 Wb-t. 

S O L U T I O N  

From the given relationship between the total flux linkages and the current in the 
coil, we obtain 

X 
6 - 2h 

I = - - - - - -  

Thus, the energy stored in the magnetic field, from Eq. (3.18), is 

- 0.648 J 

Let us obtain expressions for the magnetic force in terms of the magnetic 
stored energy. By analogy with the electrostatic force, we now consider the con- 
stant flux and the constant current cases separately. 

Case 1 .  Constant Flux 
Let us say a magnetic circuit is moved by a distance d x  in time dt in a region 
where the flux is held constant. From Eq. (3.18), the energy supplied by the source 
must be zero because the initial and final values of the flux are the same. Then, 
for a conservative system, we have 

F , d x  + dWm = 0 

Consequently, the mechanical force acting on the magnetic circuit is 

(3.21a) 
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when the flux is held constant. This equation clearly shows that the rate of de- 
crease in the stored magnetic energy with respect to the displacement determines 
the force developed by the magnetic device. 

Case 2. Constant Current 

For a change in flux dQ when I is held constant, the energy input from Eq. (3.18) 
is 

dWi = 1 d@ 

Since 

1 
2 

dW,, = - 1 d@ 

the energy input can be expressed as 

dWi = 2dW, 

Thus, for a conservative system 

F ,  d x  + dW,, = 2 dW,, 

Hence, the magnetic force is 

(3.21b) 

when the current is held constant. 
Since the energy W, can be either a function of the current I and the displace- 

ment x[W,(l, x ) ]  or a function of flux @ and the displacement x[W,,,(@, x ) ] ,  a 
convenient way to express Eqs. (3.21a) and (3.21b) is to express them in terms of 
partial derivatives as 
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when the flux is held constant, and 

(3.22b) 

when the current is held constant. 
Let us now express the magnetic force in terms of the inductance of the mag- 

netic circuit. The rate of change of stored magnetic energy, from Eq. (3.19) when 
the flux is constant, is 

Therefore, the magnetic force, from Eq. (3.21a), is 

(3.23) 

We can also show that Eq. (3.23) is valid when the current is held constant. 
This equation is quite simple to use for linear magnetic circuits because we can 
determine the inductance of the magnetic circuit using the reluctance concept. 

Magnetic Circuit with Air-Gap 
In the design of electric machines, the magnetic circuit is often broken by the 
presence of an air-gap. Consider a magnetic circuit shown in Figure 3.6 with two 
air-gaps. The continuity of the flux in the magnetic circuit dictates that a force of 
attraction must exist between the two members of the magnetic circuit. As the 
magnetic force tends to move one magnetic piece closer to the other, the decrease 
in the field energy in the air-gap is responsible for the development of the force. 
The energy in each air-gap, from Eq. (3.20), is 

1 1 
W = - p0H;Ax = - B ~ A x  

g 2  2P0 

where B ,  = poHo is the magnetic flux density in the air-gap. 
The force developed in each air-gap, when the flux 

stant, from Eq. (3.22a), is 
(a = BA) is held con- 

(3.24) 
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Fixed 
member 

X 

Movable t member 

~ 

Figure 3.6 A magnetic circuit with two air-gaps. 

This expression is very similar to the one obtained for the energy conversion 
using the electric field as a medium [Eq. (3.15)]. Once again, the presence of the 
negative sign in the above equation indicates that Fg is a force of attraction per 
air-gap that tends to decrease x .  

E X A M P L E  3 . 4  

The magnetic circuit of Figure 3.7 is excited by a 100-turn coil wound over the 
central leg. Determine the current in the coil that is necessary to keep the movable 
part suspended at a distance of 1 cm. What is the energy stored in the system? 
The relative permeability and the density of the magnetic material are 2000 and 
7.85 g/cm3, respectively. 

0 S O L U T I O N  

Since the permeability of the magnetic material is constant, we can use the reluc- 
tance concept to determine the inductance of the magnetic circuit when the mov- 
able part is at a distance x. An equivalent circuit in terms of the reluctances is 
shown in Figure 3.8. 

The mean length for each of the outer legs including a part of the movable 
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Magnetic 
structure 

A = I cm' 

X + 
1 cm 
_t 

1 1  cm t 

Figure 3.7 A magnetic circuit for Example 3.4. 

part is 15.5 cm. The mean length of the central leg is 5.5 cm. Using 3 = e / p A ,  
we can compute the reluctance of each part as 

and 

9'io = 6.167 X 105H-' 

91g = 7.958 x 109x H-' 

91c = 2.188 X 105H-'  

Figure 3.8 An equivalent reluctance circuit for the magnetic circuit given in Figure 3.7. 
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The applied mmf is B = 100 1 where 1 is the required current in the coil. The total 
reluctance as viewed from the magnetomotive source is 

R = 91c + Rg + 0.5(920 + ag) = 5.272 X lo5 + 11.937 X 109x 

Hence, the inductance is 

N’ 1 
R 52.72 + 1,193,700~ 

L = - =  

The magnetic force acting on the movable part, from Eq. (3.23), is 

1’ 
596,850 

[52.72 + 1,193,700~]~ 
F ,  = - 

The negative sign only highlights the fact that the force is acting in the upward 
direction. Therefore, the magnitude of the force of attraction for x = 1 cm is 

F,,, = 4.15 x 10-312 N 

On the other hand, the force due to gravity experienced by the movable part 
having a volume of 11 cm3 is 

Fg = mg = 7.85 X x 11 X 9.81 = 0.847N 

For the movable part to be stationary, the force of gravity must equal the magnetic 
force. Equating the two forces, we obtain 

1 = 14.28 A 

The inductance of the magnetic circuit at x = 1 cm is 83.4 pH. Thus, the energy 
stored in the magnetic field is 

1 w - - ~ 1 ’  = 0.5 x 83.4 x low6 x 14.28’ = 8.5 mJ 
f - 2  

E X A M P L E  3 . 5  

Determine the minimum amount of current required to keep the magnetic plate 
at a distance of 1 mm from the pole faces of an electromagnet having 1000 turns 
when the torque exerted by the spring at an effective radius of 20 cm is 20 N.m 
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as shown in Figure 3.9. Assume that each pole face is 3 cm square and the mag- 
netomotive force (mmf) requirements for the electromagnet and the magnetic 
plate are negligible in comparison with the air-gap. 

0 S O L U T I O N  

'fie force exerted by the spring on the magnetic plate is 

20 
0.2 

F, = - = 100 N 

To keep the magnetic plate in equilibrium, the electromagnet should exert an 
attractive force of 100 N on the magnetic plate. If the length of the air-gap is x, 
then its reluctance is 

2x 
% =  = 1.768 X 109x H-' 

41F x 10-7 x 9 x 10-4 

The inductance is 

Magnetic plate 

Figure 3.9 A magnetic circuit for Example 3.5. 
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Hence, the magnetic force exerted by the electromagnet, from Eq. (3.23), is 

1 aL 
2 ax 

F ,  = - l2 - = -282.74 X 

Thus, the force of attraction at a distance of x = 1 mm is 282.74 12. By setting the 
force of attraction equal to 100 N, we obtain 

1 = 0.595 A 

Exercises 

3.3. Repeat Example 3.4 using the field concept. [Hint: Assume B, as the flux 
density in the outer legs; then 2B, is the flux density in the central leg. 
Calculate the force acting on the movable part in terms of B,.] 
A magnetic circuit of a plunger is shown in Figure E3.4. Calculate the force 
acting on the plunger when the distance x is 2 cm and the current in the 

3.4. 

20 cm 

1 
I 
1 
I 
I 
I 
1 
I 
I 
I 
I 

I 
I 
I 
I 

Rushing 
P , =  1 

crn 

Airgap 

x - - 

4” -.. 

I I 
I a 

Magnetic matrrial 
u ,  = 2000 

g+ 
I cm f”” 

Cross-sectional area 
of aII parts = s an2 

k-20 cm .I 
Figure E3.4 A magnetic circuit of a plunger for Exercise 3.4. 
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100-turn coil is 5 A. The relative permeability of the magnetic material is 
2000. Assume that the bushing is nonmagnetic. 

3.4 A Coil in a Uniform Magnetic Field 

As pointed out in the preceding chapter, an emf is induced in a coil when it rotates 
in a uniform (constant) magnetic field. In fact, it is the relative motion between 
conductors and the constant magnetic field that is responsible for the induced 
emf. Therefore, it does not matter whether the field is stationary and the coil 
rotates, or the coil is fixed in position and the field is made to rotate. Direct-current 
(dc) machines and synchronous machines are based upon this principle. 

The design of a dc machine calls for the establishment of a stationary magnetic 
field in which the coils rotate. On the other hand, the coils are held stationary and 
the magnetic field rotates in all synchronous machines. For that reason, a syn- 
chronous machine is referred to as an inside-out machine. The advantages and 
drawbacks of each design are covered in detail in the following chapters. 

A rotating machine has two essential parts: a stationary part (stator) and a 
rotating part (rotor). The rotor of a dc machine is usually referred to as an arma- 
ture. The outer diameter of the rotor is smaller than the inner diameter of the 
stator so that it can rotate freely inside the stator. Therefore, a rotating machine is 
a device with one continuous and uniform air-gap. 

Both the stator and the rotor are made from highly permeable magnetic ma- 
terials so that the reluctance of each is negligible compared with the reluctance of 
the air-gap. Hence, almost all the mmf in the magnetic circuit of a rotating machine 
is consumed to establish the required flux in the air-gap. 

The constant magnetic field can be set up by either an electromagnet or a 
permanent magnet. An electromagnet is formed by winding a coil around a mag- 
netic material. A machine with electromagnets is called the wound machine. A 
machine is said to be a permanent magnet (PM) machine when the field is set up 
by permanent magnets. The advantage of a wound machine is that we can control 
the flux in the machine by controlling the current in the coil. The PM machine has 
the advantages that (a) its size is smaller and (b) its efficiency is higher than that 
of a wound machine of the same power rating. For the sake of discussion and 
without any loss of generality, we will use permanent magnets to establish the 
magnetic field. 

Generator Action 

Figure 3.10 shows a cross-section of a single-turn coil being rotated in the clock- 
wise direction in a constant magnetic field set up by two permanent magnets. This 
is an ideal 2-pole machine in which each magnet spans one-half the circumference. 
That is, the maximum possible arc that a pole can subtend in a 2-pole machine is 
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Figure 3.10 A two-pole rotating machine. 

180" (mechanical). We will soon show that (a) the mechanical angle 8, in a 2-pole 
machine is also equal to the electrical angle 8 and (b) the maximum arc a pole can 
subtend is always 180" electrical. 

The two sides of the coil are placed diametrically opposite (180" apart) each 
other. Therefore, when one side of the coil just enters (leaves) the region under 
the north pole, the other does the same under the south pole. When the arc sub- 
tended by the coil is equal to the 180" electrical, it is referred to as a full-pitch coil. 

In a "real" machine, the pole does not subtend an angle of 180" electrical, nor 
is the coil full-pitch. The angle subtended by the pole is usually between 120" and 
135" electrical. This is especially true for the wound machines. When the pitch of 
the coil is less than 180" electrical, it is referred to as a fractional pitch coil. Even 
though it is not shown in Figure 3.10, the periphery of the rotor has a plurality 
of slots. If there are, for example, ten slots per pole on the rotor, the coil may 
span as many as nine slots. In this case, the pitch of the coil is 162" electrical 
(180 X 9/10). 

Let us now rotate the coil in the clockwise direction. When the coil is in po- 
sition as indicated by Figure 3.11a, the flux linking the coil is maximum and its 
rate of change is zero. Therefore, no voltage is induced in the coil. 

As the coil moves to position in Figure 3.11b, the flux linking the coil is re- 
duced. This change in the flux induces an emf in the coil in accordance with 
Faraday's law of induction. To determine the direction of the induced emf, visu- 
alize a resistance connected between the two ends a and b of the coil. There should 
now be a current in the coil. The direction of the current should be such that it 
establishes a magnetic field that opposes the change in the flux passing through 
the coil, Because the flux linking the coil is reducing, the current in the coil must 
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Figure 3.11 A single-turn coil rotating in a magnetic field set up by permanent magnets. 

158 



A Coil in a Uniform Magnetic Field 159 

be from a to b, as indicated in the figure, in order to oppose the reduction in the 
flux passing through the coil. Thus, the induced emf between coil-ends b and a is 
positive . 

Let us now assume that the coil has moved to its vertical position as illustrated 
in Figure 3.11~. The mechanical angle of rotation of the coil is 90". The flux linking 
the coil is minimum. However, the rate of change of flux linking the coil is max- 
imum. Therefore, the induced emf and the current through the resistance are max- 
imum. This can be easily understood by considering the position of the coil just 
before 90". 

Figure 3.11d shows a position when the coil has rotated an angle greater than 
90". Since the flux linking the coil is increasing, the direction of the current in the 
coil due to induced emf should oppose the change. Thus, the current in the coil 
is still from a to b as shown in the figure. As the coil moves toward the position 
shown in Figure 3.11e, the flux linking the coil is increasing and its rate of change 
is decreasing. When the coil attains the position in Figure 3.11e, the flux linking 
the coil is maximum and the induced emf is zero. 

As the conductor a of the coil has moved under the north pole, the induced 
emf in the coil has changed from zero to maximum and then back to zero. The 
rotating coil in a constant magnetic field, therefore, functions as a source of time- 
varying emf. In simple words, the machine under consideration is a 2-pole alter- 
nating-current (ac) generator. 

When a machine is drawn with its poles as shown in Figure 3.12a, it is known 
as the developed diagram. A developed diagram enables us to visualize what is 
happening under each pole. 

If a,, is the flux per pole (Figure 3.12b), the flux linking the coil can be ex- 
pressed as a cosine function (Figure 3.12~). That is, 

Q, = ap cos 8 

where 8 is the angular position of the coil in electrical degrees. Thus, the induced 
emf in the coil is 

where dO/dt  is the angular frequency, o, of the coil. 
above equation as 

e = sin of 

Thus, we can rewrite the 

(3.25) 

In the 2-pole generator under discussion, a positive half-cycle of the induced 
emf is generated when the conductor a rotates under the north pole in the clock- 
wise direction. The other half-cycle is generated when the conductor b moves 
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Figure 3.12 (a) Developed diagram of a two-pole machine. (b) Flux per pole set up by 
the magnets. (c) Flux passing through a coil rotating at a constant speed. (d) Induced emf 
in the coil. 

under the north pole. In other words, one cycle (360" electrical) of the waveform 
is generated when the coil has rotated by one revolution (360" mechanical) as 
depicted in Figure 3.12d. If Om represents the mechanical angle of rotation, then 
O = em in a 2-pole machine. 
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In order to gain access to the rotating terminals and be able to connect a 
resistance so that a current can actually flow through it, the rotating ends of the 
coil are connected to a pair of slip rings as indicated in Figure 3.13. The outer part 
of each slip ring is a conductor to which one end of the coil is connected. The 
inner part of the slip ring is an insulator that insulates its outer part from the shaft 
of the rotor. Spring-loaded brushes ride over the slip rings and provide means for 
external load connections. An alternating current flows through R as the coil is 
made to rotate in a stationary magnetic field. 

When the machine is specifically designed to provide an alternating current 
to the load (an ac generator), we can eliminate the slip rings and brushes by 
mounting the magnets on the rotor and placing the coil inside the slots of the 
stationary member. All ac generators (synchronous generators, or alternators) 
are, in fact, designed in this fashion. Since the emf is now being induced in the 
winding wound on the stationary member, it is quite customary to refer to the 
stator of a synchronous machine as an armature. 

If the two slip rings in Figure 3.13 are replaced by a split ring, as shown in 
Figure 3.14a, the coil-end u is permanently connected to one part of the split ring 
and the coil-end b to the other. As the coil rotates in the stationary magnetic field, 
the upper brush is always connected to the part of the split ring that is negative. 
Thus, the polarity of the upper brush is always negative. On the other hand, the 
lower brush always has a positive polarity. In other words, the current in the load 
resistance is always from A to B. The load current, therefore, is a full-wave rectified 
alternating current as shown in Figure 3.14b. The split-ring mechanism is com- 

Slip 
ring 

Brulhcs 

Figure 3.13 AR elementary generator with slip rings and brushes. 
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Figure 3.14 (a) A split-ring converts an ac generator into a dc generator. (b) The current 
waveform through the load resistance. 

monly referred to as a commutator. Its function is to convert alternating current 
to direct current. This process of conversion is called the commutation process. 
A commutator converts an ac generator into a dc generator. In fact, all dc machines 
have similar construction. 

Multipole Machines 
Figure 3.15a shows a 4-pole machine, where the coil is wound to span a pole. 
Therefore, the distance between the two sides of the coil is one-fourth the circum- 
ference of the rotor. If we now rotate the coil in the clockwise direction, starting 
at the position indicated, we find that there are two complete cycles of induced 
emf per revolution. Thus, 8 is 720" while 8, is still 360". Stated differently, the 
electrical angle of the induced emf is twice as much as the mechanical angle of 
rotation. The flux per pole, the flux linking the coil, and the induced emf in the 
coil are shown in Figures 3.15b, 3.15c, and 3.15d, respectively. 

Figure 3.16 shows a 6-pole machine where the coil now spans one-sixth the 
circumference of the rotor. Once again, the coil spans one pole as shown. There- 
fore, it is a full-pitch coil. As we rotate the coil we expect three cycles of induced 
emf per revolution. Therefore, for 8, = 360", 8 = 1080". In other words, the 
electrical angle of the induced emf is three times the mechanical angle of rotation. 
The flux per pole, the flux linking the coil, and the induced emf are also shown 
in the figure. 
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Figure 3.16 A six-pole ac generator. 
(a) The developed diagram. (b) Flux 
per pole set up by the magnets. 
(c) Flux passing through the coil 
rotating at a constant speed. 
(d) Induced emf in the coil. 
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From the above discussion it is evident that a pair of poles is responsible for 
one cycle of the induced emf. If there are P poles in a machine, then 

P 
2 

8 = - o m  (3.26) 

The above equation establishes a link between the mechanical angle of rotation 
and the angle of the induced emf. This is one of the most important relationships 
in the study of rotating machines. Differentiating Eq. (3.26), we obtain 

P 
2 

w = -om (3.27) 

where w is the angular frequency (rad/s) of the induced emf, and o, is the angular 
velocity (rad/s) of the rotor. By setting w = 2rj, where f is the frequency (Hz) of 
the induced emf, we get 

P 
f = -  

41T wm 
(3.28) 

If the coil is rotating at a speed of N, revolutions per minute (rpm), then the 
angular velocity of rotation is 

We can, therefore, rewrite Eq. (3.28) as 

or 

P 
120 

f = -Nm 

120f N = -  
" P  

(3.29) 

(3.30a) 

(3.30b) 

The maximum value of the induced emf in a single-turn coil, from Eq. (3.25), 
is 

E ,  = QPo 

2TP 
120 

- - --a@I, (3.31) 
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In a dc machine, the average value of the induced voltage in a single-turn 
coil is 

2 
E , = - E  m 

IT 

P 
= -@pw, 

IT 

(3.32) 
P 
30 

= - aPNm 

This is another important equation, and our study of dc machines will begin 
with it. 

Force on a Conductor 
When a current-carrying conductor is placed in a magnetic field, it experiences a 
force that tends to impart motion to the conductor in accordance with the Lorentz 
force equation. That is, 

--L 

where dt'is the length of the current-carrying element and B is the magnetic flux 
density. From the above equation, the force acting on a linear current-carrying 
conductor placed in a magnetic field, as shown in Figure 3.17, is 

4 - 2  

F = i L  x B (3.33) 

where L is the length of the conductor exposed to the magnetic field. 

Motor Action 
Consider a 2-pole machine similar to the one shown in Figure 3.10. Instead of 
rotating the coil, let us inject a current through the coil by connecting it to a 
constant voltage source as shown in Figure 3.18. A current-carrying conductor 
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I T  Conductor 

Figure 3.17 A current-carrying conductor immersed in a magnetic field experiences a 
force as shown. 

immersed in a magnetic field experiences a force as outlined above. For the di- 
rection of the current shown, the force on the upper conductor a of the coil is 

-.-.h 

F = iLB T4 (3.34a) 

where L is the effective length of the conductor. In all machines, the length of the 
magnet (electromagnet) is equal to the length of the conductor. Note that the 

f a= 

V 

rings r t  L Brush 

Figure 3.18 A two-pole dc motor. 
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A 

length of the conductor L is perpendicular to the magnetic flux density B. Simi- 
larly, the force exerted on the conductor b of the coil is 

4 

F = iLB ;+ (3.34b) 

Both forces are acting in the same direction. Therefore, the magnitude of the total 
force experienced by the two conductors is 

F ,  = 2iBL (3.34c) 

The above force exerts a torque on the single-turn coil. That is, 

T, = F , r  = 2BiLr (3.35) 

where r is the radius at which each conductor is located. The resulting torque has 
the tendency to rotate the rotor in the counterclockwise direction. This is known 
as the motor action. 

In order to keep the coil rotating in the clockwise direction (generator action), 
it must be coupled to a prime mover that provides a torque equal to the torque 
developed by the machine. In other words, the external torque applied (T,) must 
be equal and opposite to the internal torque developed (T,). 

As soon as the coil starts rotating in the counterclockwise direction, an emf is 
induced in the coil in accordance with Faraday’s law of induction. The polarity of 
the induced emf is also shown in the figure. In a motor, the induced emf is usually 
referred to as the counter emf or the back emf. The counter emf opposes the 
applied voltage. 

In summary, a current-carrying conductor immersed in a magnetic field al- 
ways experiences a force acting on it (motor action), and a conductor moving in 
a magnetic field has emf induced in it (generator action). In any rotating machine, 
both actions are present at the same time. 

E X A M P L E  3.6 

The rotor of a 4-pole generator is wound with a 100-turn coil. If the flux per pole 
is 4.5 mWb and the rotor turns at a speed of 1800 rpm, determine (a) the frequency 
of the induced emf in the rotor, (b) the maximum value of the induced voltage, 
(c) the rms value of the induced voltage for an ac generator, and (d) the average 
value of the induced voltage in a dc generator. 

0 S O L U T I O N  

2 x 7T x 1800 
60 

= 188.496 rad/s w, = 
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(a) The frequency of the induced emf, from Eq. (3.30a), is 

= 60 Hz or o = 2mf - 377 rad/s 
4 X 1800 

= 120 

(b) The maximum value of the induced emf per turn, from Eq. (3.31), is 

21T x 4 
120 

Em = ___ X 4.5 X X 1800 = 1.6965 V 

Thus, the maximum value of the induced emf in the 100-turn coil is 

Em, = 100 x 1.6965 = 169.65 V 

The effective (rms) value of the induced emf is (c) 

169.65 - 6=s 120 v Em, - Eeff = - - v 5 v ?  

(d) The average value of the induced voltage is 

2 2 
7F mc IT 

E,  = - E = - X 169.65 = 108 V 
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1 Rotor 

F2 

Figure 3.19 Winding arrangement of a three-phase two-pole induction motor. 

When the windings are connected to a balanced three-phase source, we expect 
the currents in all windings to be equal in magnitude but displaced in phase by 
120". The design of each phase winding is such that the spatial distribution of the 
flux in the air-gap due to that phase winding alone is almost sinusoidal. If we 
consider the current in phase-1 as the reference, then the currents in the three 
phases, as shown in Figure 3.20 for a positive phase sequence, are 

i, = I ,  sin wt 

t;! = I,, sin (ot - 120") 

i, = I, sin(ot + 120") 

(3.36a) 

(3.36b) 

(3.36~) 

Figure 3.20 The current waveforms in the stator windings of a three-phase motor. 
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where I, is the amplitude of each phase current, and w = 2nf is the angular 
frequency of the source. Under linear conditions, the flux produced by each cur- 
rent also varies sinusoidally. Therefore, the current waveforms can also be labeled 
the flux waveforms. 

In the discussion that follows we assume that the current flows from S (the 
starting end) of a coil toward F (the finishing end) during the positive half-cycle. 
In other words, during the positive half-cycle the current in a phase coil is in the 
clockwise direction, and it produces a flux that points toward it as viewed from 
the inside of the stator. 

We now consider three instants of time to show that the resultant field is 
constant in magnitude and revolves around the periphery of the rotor at a constant 
speed determined by the frequency of the applied source. 

Instant I (wf = 0): At the outset, the phase currents are 

i, = 0 

i, = -0.8661, 

i, = 0.8661,, 

The positive direction of currents in the coils is shown in Figure 3.21a. If Q, is the 
amplitude of the flux produced by I, (Q 0~ i), then the corresponding flux mag- 
nitudes are 

0, = 0 

0, = 0.866Qm 

Q3 = 0.8660, 

and their directions are as indicated in Figure 3.21a. The angle between a2 and 
Q3 is 60". The resultant flux is 

Qr1 = VQ; + 0; + 20203 cos (60") 

= 1.5Qm (3.37) 

The resultant flux is directed vertically downward inside the motor. A simple 
explanation is provided by the direction of the currents in the windings. Because 
the currents in the two phases are equal in magnitude, the phase coils 2 and 3' 
act as one and form a north pole. On the other hand, the phase coils 3 and 2' join 
together to form a south pole. These are the two north and south poles of a 2-pole, 
three-phase motor at wt  = 0. The magnetic axis is, therefore, along the vertical 
line. 



F2 

(C) 

Figure 3.21 Revolving field in a two-pole three-phase induction motor at three instants 
of time (a) wt = 0", (b) of = 60", and (c) wt = 120". 
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Instant I1 (ot = 60"): One-sixth of the cycle later, the currents are 

i, = 0.8661, 

i, -0.8661, 

i, = 0 

The magnitude of the flux created by either i, or i, is 0.866@,. The positive direc- 
tion of the currents and the fluxes are shown in Figure 3.21b. Once again, we have 
two fluxes, each of magnitude 0.866@,, and 60" apart in time phase. Therefore, the 
resultant flux is 

Qr2 = 1.5@, 

Note that @,, is equal to @rl but its direction is 60" clockwise from Qr1. In other 
words, a 60" advancement in the time phase of the currents has shifted the resul- 
tant flux by 60" electrical in space. Note that phase coils 1' and 2 act as a single 
north pole, and phase coils 2' and 1 behave as a single south pole. It appears as 
if the two magnetic poles have been rotated by 60" electrical in the clockwise 
direction. 

Instant 111 (ot = 120"): One-third of a cycle later, the currents in the phase 
coils are 

i, = 0.8661, 

i, = 0 

i, = -0.8661, 

The magnitude of the flux produced by either i, or i3 is 0.866@,. The positive 
direction of each flux and the current in each coil are shown in Figure 3.21~. By 
combining the two fluxes, we find that the resultant flux is the same in mag- 
nitude as arI and is directed 120" clockwise from Qr1. In other words, a 120" phase 
shift in time-domain has spatially rotated the flux by 120". The phase coils 3 and 
'1' now act as a north pole while coils 1 and 3' behave as a south pole. The two 
poles have now rotated by 120" in the clockwise direction. 

Another 60" later we find that coils 2' and 3 act as a north pole and coils 3' 
and 2 as a south pole. The pole positions have now reversed. In other words, the 
resultant flux with a magnitude of 1.5@3n has rotated by 180" (an arc covered by 
one pole) when each current has undergone a change of one-half cycle. Accord- 
ingly, the resultant field rotates 360" electrical along the periphery of the air-gap 
when the currents undergo one cycle of a change. 

In a 2-pole motor, the time taken by the flux to complete one revolution along 
the periphery of the air-gap is the same as the time period T of the input waveform 
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(T = 1 / f ). Since one revolution in a 4-pole machine is equivalent to 720" electrical, 
the time taken by the flux to complete one rotation is 2T. The time required by 
the flux to revolve once around the air-gap is 3T for a 6-pole motor. If T, is the 
time taken by the flux to revolve along the periphery of a P-pole motor, then 

P 
2 

T , = - T  (3.38) 

If n, is the speed of the revolving field in revolutions per second, more aptly 
referred to as the synchronous speed, then 

(3.39a) 

Equation (3.39a) can also be expressed in revolutions per minute (N,) or ra- 
dians per second (w,) as 

or 

120f N, = - 
P 

47Tf 2 - % = - -  P P "  

(3.39b) 

(3.39c) 

From the above equation it is evident that the synchronous speed of the 
revolving field is constant for a constant frequency source. 

In our discussion we have tacitly assumed that the phase windings are ar- 
ranged in the clockwise direction and the power supply has a positive phase 
sequence. This combination gave birth to a uniform revolving field that revolved 
in the clockwise direction at a constant speed. However, we can force the field to 
revolve in the counterclockwise direction simply by swapping two of the three 
supply connections. 

As the flux rotates, it induces an emf in the coil. Since the coil forms a closed 
loop, the induced emf gives rise to a current in the loop as shown in Figure 3.22. 
A current-carrying conductor immersed in a magnetic field experiences a force 
that tends to move it. In this case, the force acting on each conductor of the loop 
thrusts the rotor to rotate in the direction of the revolving field. Under no-load 
(nothing is coupled to the rotor shaft), the rotor attains a speed slightly less than 
the synchronous speed. The rotor of an induction motor can never rotate at syn- 
chronous speed for the following reason: If the rotor were to rotate at the syn- 
chronous speed, the closed loop on the rotor would encounter a constant flux 
passing through it. Thus, there would be no induced emf in it. In the absence of 
an induced emf, there would be no current in the closed loop and thereby no force 
acting on the conductors. Thus, the rotor would tend to slow down as a result of 
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Revolving field 

IJ \ 

t 
Figure 3.22 Force exerted by the constant revolving field on each conductor of a closed 
loop. 

rotational losses due to friction and windage. As soon as the rotor slows down, it 
experiences a change in the flux that induces an emf and thereby the current in 
the closed loop. The current creates a force on the conductors that tends to increase 
the speed of the rotor. When the steady state is reached, the rotor attains the speed 
at which the torque developed by it is equal and opposite to the applied torque. 
As we increase the load on the motor, the rotor speed falls even further. Therefore, 
the speed of an induction motor depends upon the load on the motor. 

The difference between the synchronous speed and the rotor speed is called 
the slip speed. If N,(w,) is the rotor speed, the slip speed is 

N,. = N, - N, (3.40a) 

or 0, = w, - w, (3.40b) 

If we imagine two points, one on the revolving field and the other on the 
rotor, then the slip speed is simply the relative speed with which the point on the 
revolving field is moving ahead of the point on the rotor. Most often, the slip 
speed is defined in terms of the synchronous speed and is called the per-unit slip 
or slip. That is, 

(3.41) 

In terms of the slip and the synchronous speed, the rotor speed, from the above 
equation, is 
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or 

w,, = (1 - s)w, 

N, = (1 - s)N, 

(3.42a) 

(3.42b) 

E X A M P L E  3 .7  

Calculate the synchronous speed of a 4-pole, 50-Hz, three-phase induction motor. 
What is the percent slip if the rotor rotates at a speed of 1200 rpm? 

0 S O L U T I O N  

= 1500 rpm, or 157.08 rad/s 
120f 120 x 50 - 

4 
Ns=-- P 

1500 - 1200 
= 0.2 

1500 
s =  

Hence, the slip is 0.2, or the percent slip is 20%. 

Revolving Field of a Two-Phase Motor 
Figure 3.23a shows a 2-pole motor whose phase windings are placed in space 
quadrature. The current waveforms in the two windings when connected to a 
balanced two-phase source are given in Figure 3.23b, where phase-1 has been 
assumed as a reference. That is, 

i, = I ,  sin wt 

i, = I, sin (of - 90") = -Im cos wt 

(3.43a) 

(3.43b) 

The corresponding values of the instantaneous fluxes produced by the two 
currents are 

= am sin wt  

a* = -am cos of 

(3.44a) 

(3.44b) 

Once again, the positive direction of the current is .,om S to F. Also, each 
phase winding is so wound that it produces a south pole as viewed from the 
inside of the coil when the current in the coil is in the clockwise direction. 

At the outset, wt = 0, the current in coils 1 and 1' is zero. Therefore, no flux 
is produced by this winding. The current in the second phase winding is maxi- 
mum and flows from F ,  toward s,, as shown in Figure 3.24a. The flux established 
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tS' Phase winding 

loop 

(b) 

Figure 3.23 (a) Winding arrangement of a two-phase, two-pole induction motor. (b) The 
current waveforms in the stator windings. 

by this current is maximum, that is, Orl = Qm, and is directed from coil 2 toward 
coil 2'. Thus, the phase coil 2 acts like a north pole while 2' is a south pole. 

One-eighth of a cycle later, of = 45*, the currents in the two windings are 

i, = 0.7071, 

i, = -0.7071, 

Since the magnitude of the currents in the two windings is the same, the 
magnitude of the flux created by each winding is 0.707@,. The directions of 
the two fluxes are as shown in Figure 3.24b. Since the two fluxes are orthogonal, 
the resultant flux is 

Or, = v(O.707@,J2 + (0.7070,)2 = a,,, (3.45) 
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Figure 3.24 Revolving field in a two-pole, two-phase inductor motor at (a) ot = On, 
(b) wt = 45", and (c) wt = 90". 
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Note that a,, is equal in magnitude to a,, and has advanced spatially by an angle 
of 45", as shown in the figure. It is evident from the figure that the coils 1' and 2 
now act as a north pole, and the coils 2' and 1 form a south pole. A time shift of 
45" has rotated the two poles spatially by 45" in the clockwise direction. 

A quarter-cycle later, wt = 90", the two currents are 

i, = I, 

i, = 0 

At this instant, only the first-phase winding carries a maximum current and 
produces a maximum flux, which is directed from coil 1' toward coil 1, as depicted 
in Figure 3.24~. The resultant flux, Qr3 = Qm, is the same in magnitude as Qr1 but 
leads it in the clockwise direction by an angle of 90". The coil 1' is now a north 
pole and the coil 1 is a south pole. A time-phase increment of 90" in the phase 
currents has rotated the two magnetic poles by 90" electrical spatially. The strength 
of each pole is am. 

If this process is continued, we find that after one complete cycle of currents 
in the two phases of a 2-pole motor, the constant flux has completed one revolution 
around the periphery of the rotor. This situation is similar to what we studied 
earlier for a three-phase induction motor. Thus, all the equations we formulated 
for a three-phase motor are also valid for a two-phase motor. 

Since the flux established by a single-phase winding pulsates in time along the 
same magnetic axis, it does not revolve. Therefore, the minimum number of phases 
must at least be two in order to produce a revolving field of constant magnitude. 

From the above discussion we conclude the following: 

(1) The magnitude of the revolving field in a two-phase motor is constant and is 
equal to a,, where a,fi is the maximum flux produced by either winding. 

(2) The magnitude of the revolving field in a three-phase machine is constant and 
is equal to lSQ,. 

(3) In fact, we can show that the magnitude of the revolving field in an n-phase 
machine is 0.5 n Om. 

(4) The revolving field rotates at a synchronous speed determined by the fre- 
quency of the applied source and the number of poles of the motor. 

(5) The rotor speed can never be equal to the synchronous speed unless the rotor 
is being driven by an external prime mover. 

3.9. A 6-pole, three-phase induction motor operates from a supply whose fre- 
quency is 60 Hz. Calculate (a) the synchronous speed of the revolving field 
and (b) the rotor speed if the percent slip is 5%. 
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3.10. 

3.11. 

Show that the strength of the revolving field for a six-phase machine is 
3@,,, where Om is the maximum flux produced by each phase winding. 
At no-load, the rotor speed of a three-phase induction motor is 895 rpm. 
Determine (a) the number of poles, (b) the frequency of the source, (c) the 
synchronous speed, and (d) the percent slip. 

3.6 Synchronous Motor 

The stator of a polyphase synchronous motor is wound exactly in the same fashion 
as that of a polyphase induction motor. However, the rotor of a synchronous 
motor has two windings. One of the windings is identical to that of an induction 
motor and is referred to as  an induction winding. This winding is in the form of 
closed loops. The other winding, called the field winding, is designed to carry a 
constant (dc) current so as  to produce constant flux in the air-gap as shown in 
Figure 3.25. 

When the stator winding is connected to a polyphase power supply, it pro- 
duces a constant field that revolves around the periphery of the rotor. The field 
winding is not excited at the time of starting. The revolving field induces emf in 
the closed loop, which causes a current to flow. A current-carrying conductor 
immersed in a magnetic field experiences a force that creates the driving torque. 
In a nutshell, the synchronous motor starts as an induction motor. 

v F' Constant field 
\ \  windinv 

r2 Rotor 

Figure 3.25 Winding arrangement of a three-phase synchronous motor with induction 
and constant flux windings on the rotor. 



182 Principles of Electromechanical Energy Conversion 

As soon as the rotor attains a speed in excess of 75% of the synchronous speed, 
the constant current is gradually applied to the field winding on the rotor. The 
magnetic poles thus created on the surface of the rotor “lock up” with the revolv- 
ing field and enable the rotor to “pull up” to the synchronous speed. 

The position of alignment of the magnetic poles depends upon the load on 
the machine. The angle 6 by which the magnetic axis of the rotor lags the magnetic 
axis of the revolving field is called the power angle, or the torque angle. We will 
show later that the power (torque) developed by a synchronous motor is propor- 
tional to sin 6. Thus, under no-load, 6 is almost zero. On the other hand, the torque 
developed is maximum when 6 = 90”. If the applied torque (also known as the 
brake torque) exceeds the maximum torque that a synchronous motor can de- 
velop, it causes the rotor to “pull out” of synchronism. Thus, a synchronous motor 
rotates at its synchronous speed as long as the applied torque is less than the 
maximum torque developed by it. 

It is quite interesting to note that once the rotor starts rotating at the synchro- 
nous speed, the induction winding becomes ineffective because there is no in- 
duced emf in it. However, it does serve another important purpose: It helps to 
stabilize the motor whenever there is a sudden change in the load on the machine. 
We will discuss this attribute of the induction winding in detail in Chapter 8. 

3.7 Reluctance Motor 

The reluctance motor is essentially a synchronous motor whose reluctance changes 
as a function of angular displacement 8. Owing to its constant speed operation, it 
is commonly used in electric clocks, record players, and other precise timing de- 
vices. This motor is usually of a single-phase type and is available in the fractional 
horsepower range. A reluctance motor differs from a synchronous motor in that 
it does not have field winding on the rotor. 

Figure 3.26a shows an elementary, single-phase, 2-pole reluctance motor. In 
order to simplify the theoretical development, we assume that all the reluctance 
of the magnetic circuit is in the air-gap. 

When the angular displacement 6 between the rotor and the stator magnetic 
axes is zero (the direct or d-axis position), the effective air-gap is minimum. The 
reluctance of the magnetic circuit, 

(3.46) 

where g is the effective air-gap and A is the area per pole, is also minimum. 
Consequently, the inductance of the magnetic circuit is maximum because the 
inductance is inversely proportional to the reluctance. 
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When the magnetic axes of the rotor and the stator are at right angles to each 
other (the quadrature or q-axis position), the reluctance is maximum, leading to a 
minimum inductance. As the rotor rotates with a uniform speed q,,, the induc- 
tance goes through maxima and minima as depicted in Figure 3.26b. 

The inductance as a function of 8 can be expressed as 
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The torque developed by a rotating system can be obtained from Eq. (3.23) as 

Thus, the torque exerted on the rotor of a reluctance motor is 

1 
2 

T, = -- i2(Ld - Lq)  sin 28 

(3.48) 

(3.49) 

However, we can express 8 as 

e = wmt + 6 (3.50) 

where 6 is the initial position of the rotor’s magnetic axis with respect to the 
stator’s magnetic axis. The torque experienced by the rotor can now be rewritten 
as 

(3.51) 

It is evident that the initial torque (at t = 0) experienced by the rotor is zero 
if 6 = 0” and is maximum if 6 = 45”. The presence of the negative sign in the 
above equation highlights the fact that the torque tends to align the rotor under 
the nearest pole of the stator and thereby defines the direction of rotation. 

For a sinusoidal variation in the current, 

i = I, cos ot 

the torque developed by the reluctance motor is 

T, = -0.512,(Ld - L4) cos2 of sin(2wmf + 26) 

Using the following trigonometric identities, 

2 cos2a = 1 + cos 2a 

and 2 sin a cos p = sin(a + p) + sin(a - p) 

the torque expression becomes 
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T, = -0.25(Ld - L,)1:,[sin(2wmt + 26) + 0.5 sin(2(w 4- w,)t + 283 
- 0.5 sin{2(w - w,)t - 26}] 

It is obvious from this expression that the average torque developed by the 
reluctance motor is zero unless its speed 0, is equal to w and 6 # n7r, where n = 
0, 1,2, . . . Thus, for the reluctance motor to develop an average torque, its angular 
velocity must be equal to the angular frequency of the source. In other words, the 
motor must rotate at its synchronous speed. The average torque developed at the 
synchronous speed is 

Telavg = -0.125 (Ld - LJ  1; sin 26 

which is maximum when 6 = 45" 

(3.52) 

E X A M P L E  3 . 8  

The current intake of a 2-pole reluctance motor at 60 Hz is 10 A (rms). The min- 
imum and maximum values of the inductances are 2 H and 1 H, respectively. 
Determine (a) the rotor speed and (b) the average torque developed by the motor. 

0 S O L U T I O N  

The rotor speed: w, = w = 27rf = 27r X 60 = 377 rad/s, or 3600 rpm 

The average torque developed by the motor is 

Telavg = -0.125(2 - 1)(10 x  sin 26 

= -25 sin 28 

The average torque developed is 25 N-m when 6 = 45". 

Exercises 

3.12. The inductance of a 2-pole reluctance motor is given as 

L(8) = 5 + 2 cos 28 H 

Determine the torque developed by the motor when the current in the 150- 
turn coil is 5 A and 8 = 25". Compute the minimum and the maximum 
inductance of the motor. Sketch the torque developed as a function of an- 
gular displacement 8. 
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3.13 If the current in the above 2-pole reluctance motor is 5 sin 314t A, deter- 
mine the speed of the motor. Sketch the average torque developed by the 
motor as a function of the initial position of the rotor (6). 

3.8 Electromagnetic Relays 

An electromagnetic relay is primarily a magnetic circuit in which one magnetic 
element is separated from another by an air-gap (or air-gaps). Each magnetic ele- 
ment is usually made of a highly permeable magnetic material so that its reluc- 
tance is insignificant in comparison with the reluctance of the air-gap (or air-gaps). 
One of the two magnetic elements is usually stationary (secured in its place) while 
the other is movable. The movable part of the relay is routinely referred to as an 
armature and is held in its original position by a restraining spring. A well- 
designed coil is wound around the stationary part, which on excitation provides 
the necessary magnetomotive force (mmf) for the operation of the relay. The mag- 
netic circuits with multiple air-gaps similar to those shown in Figures 3.6,3.7, and 
3.9 can be designed to operate as relays. A relay with a single air-gap is shown 
in Figure 3.27. One end of the armature is shown connected by a hinge to the sta- 
tionary part while the other end is held in its position by the spring. 

The design of each relay dictates that there exists a minimum current I, that 
is just sufficient to overcome the restraining force of the spring. If the current in 
the coil is less than I,, the armature stays in its original (inactive) state. To move 
the armature from its original position toward the stationary member, a current 
greater than I, is required. As long as the current in the coil is greater than I,, the 
relay stays in its active state and the air-gap almost disappears. The relay coil is 
usually referred to as the voltage coil when the relay is designed to operate at a 
certain voltage V,. In a voltage-controlled relay, the relay current exceeds I, when 
the voltage across the relay coil is at least V,. On the other hand, a relay coil is 
said to be the current coil when the relay is designed to operate at a certain cur- 
rent, which, of course, must be greater than I,. In addition, a relay may be designed 
in such a way that it is sensitive to variations in voltage, current, or both. Note 
that it is the movement of the armature that is exploited to make (close) or break 
(open) an electrical circuit. 

Based upon its status prior to activation, a relay is often referred to as a Nor- 
mally-Open (NO) relay or a Normally-Closed (NC) relay. The relay shown in Fig- 
ure 3.27 is of NC type because of the short circuit across the two contacts of the 
relay. Although the coil and the contacts are in the same enclosure, they form two 
different circuits and are shown as such for the wiring diagram. The coil is shown 
by a circle with a letter designation for the relay. The same letter is used to des- 
ignate the relay’s contact. From the wiring point of view, normally-closed and 
normally-open relays are shown in Figures 3.28a and 3.28b, respectively. 

A relay, therefore, is simply a controlled switch that makes or breaks an elec- 
tric circuit under predetermined conditions. The coil receives a controlling signal 
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from one electrical circuit and the armature responds by opening or closing 
another electrical circuit. 

A relay can be used to protect an electric device from overcurrent, overvolt- 
age, or thermal overload, to start or stop an electric motor, to switch indicating 
lights on to reveal the status of a particular machine, to remotely control a dan- 
gerously high voltage circuit, etc. 

Figure 3.29 shows the use of an electromagnetic relay to start a single-phase 
induction motor such as a split-phase motor. As explained in Section 3.5, a motor 
develops starting torque if and only if it has, at least, two phase windings with 
their magnetic axes displaced in space quadrature and excited by a two-phase 
source. The first requirement is met by winding each single-phase motor with two 
windings; a main winding and an auxiliary winding. It is the unavailability of a 
two-phase supply that has been responsible for the development of various types 
of single-phase motors. In a split-phase motor, the main winding remains ener- 
gized at all times while the auxiliary winding is disconnected after the motor has 
attained a certain speed. To create a pseudo-two-phase motor, the main winding 
is made highly inductive and the auxiliary winding is highly resistive. When the 
two windings are connected across a single-phase source, the current in the aux- 
iliary winding leads the current in the main winding. The two currents are nei- 
ther equal in magnitude nor do they exhibit 90" phase difference. However, they 
do produce an unbalanced revolving field that imparts rotation (see Chapter 10 
for further information). In most single-phase motors the auxiliary winding is dis- 
connected by an internally mounted, speed-sensitive centrifugal switch. However, 
in hermetically sealed motors used in refrigeration units, it would be impossible 
to service or replace a malfunctioning centrifugal switch. It is for this reason that 
an externally mounted, current-controlled, normally-open relay is used to per- 
form the function of a centrifugal switch. 

The starting current of a split-phase motor is usually 300 to 500% higher than 
its steady-state operating current. It is this high current that activates the relay 
and connects the auxiliary winding to the single-phase source. The current in the 
main winding decreases as the motor gains speed. At a certain speed, the current 
in the main winding falls below the minimum current requirement of the relay 
and the auxiliary winding is disconnected from the source. 

To analyze the magnetic circuit of the relay, given in Figure 3.27, let us neg- 
lect the reluctances of the stationary part and the armature. If x is the length and 
A is the cross-sectional area of the air-gap, then the reluctance of the air-gap is 

where po is the permeability of air. 

circuit would be 
Let i be the current in the N-turn coil, then the inductance of the magnetic 
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Y 

Finally, the magnetic force acting on the armature, from Eq. (3.231, is 

(3.53) 

The presence of the minus sign in the above equation emphasizes that the mag- 
netic force tends to pull the armature toward the stationary element in order to 
decrease the air gap. Note that the magnetic force is directly proportional to the 
square of the current and inversely proportional to the square of the distance 
between the armature and the stationary element. The movement of the armature 
causes the x to decrease and F, to increase. Therefore, the relay action is very 
swift. 

E X A M P L E  3 . 9  

A split-phase motor uses a single air-gap relay of the type shown in Figure 3.27. 
The main-winding current when the motor operates at its rated speed at full-load 
is 4.2 A. The coil has 500 turns. The length and cross-sectional area of the air-gap 
are 2 mm and 2.25 cm2, respectively. If the relay is designed to operate at 150% 
of the rated current of the motor, determine the restraining force of the spring. 

0 S O L U T I O N  

The minimum current needed for activating the relay is 

i = 4.2 x 1.5 = 6.3 A 

The magnitude of the magnetic force acting on the armature, from Eq. (3.53), is 

[ 5:;0:*3 ]' Fm = 4n x x 2.25 x 10'' x 0.5 x 

= 350.69 N 

Thus, the restraining force of the spring must at least be 350 N. 
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Figure 3.27 A normally-open relay. 
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Figure 3.28 Wiring diagrams for (a) normally-closed and (b) normally-open relays. 
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Figure 3.29 A single-phase induction motor with a normally-open relay that operates at the time the motor 
is connected to a single-phase source. 

S U M M A R Y  

In this chapter we have outlined some of the basic energy conversion principles. 
These are the principles that will be used extensively to examine the energy con- 
version processes associated with different types of machines. An important point 
to remember is that the conversion of energy from one form to another satisfies 
the principle of conservation of energy. The input energy is, therefore, always 
equal to the sum of the output energy, the increase in the stored energy, and the 
loss in energy. If the loss in energy is negligible in an energy conversion system, 
it is said to be a lossless system. In a "real-life" system, there is always some loss 
of energy, however small it may be. 
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For the electric energy conversion, we can use either an electric field or the 
magnetic field as a medium. However, the quantity of energy that can be con- 
verted by a device using the electric field as a medium is relatively small. A par- 
allel-plate capacitor is a good example of the energy conversion process that 
uses an electric field as a medium. If V is the potential difference between the 
plates and x is the separation between them, the force of attraction between 
the plates is 

1 ac 
Fe=--V-- 

2 ax 

where the capacitance C is a function of the distance x between the two plates. 
When a large amount of electric energy is required, the magnetic field is the 

medium of choice. The magnetic force acting on one part of the magnetic circuit 
is given in terms of its inductance as 

where the inductance L is a function of linear displacement x .  

torque as 
In a rotational system, the above equation is usually expressed in terms of the 

When a single-turn coil is rotated in a radially directed uniform magnetic 
field, the induced emf in the coil, generator action, is 

e = QPo sin ot 

where 
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is the angular fiequency of the induced emf, P is the number of poles, and om is 
the angular velocity of the rotor. In terms of the frequency of the induced emf, 
the rotor speed in rpm is 

120 f N,=- 
P 

On the other hand, a current-carrying conductor immersed in a magnetic field 
experiences a force given by 

When a conductor is mounted on the periphery of the rotor, the magnetic 
force acting on the conductor exerts a torque on the rotor. This torque has a ten- 
dency to rotate the rotor (motor action). 

When the stator of an induction motor or a synchronous motor is wound with 
a polyphase winding and is excited from a polyphase source, it establishes a mag- 
netic field that rotates at a synchronous speed. For a P-pole motor, the synchro- 
nous speed, in rpm, is 

120 f N, = - 
P 

The strength of the rotating magnetic field is constant and is given as 

n @, = - 
2 

where n is the number of phases in the motor, and a,,, is the maximum flux pro- 
duced by each phase. 

A closed loop (induction winding) placed on the periphery of the rotor of a 
polyphase induction motor causes the rotor to rotate in the direction of the syn- 
chronous speed. The rotor, however, can never rotate at synchronous speed. In 
addition to the induction winding, the rotor of a synchronous motor also has a 
field winding. When the field winding is excited, it enables the rotor to rotate in 
synchronism with the revolving field. 
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For low-torque applications, a reluctance motor is commonly used as a syn- 
chronous motor. The motor develops the torque because its inductance is a func- 
tion of the angular displacement of the rotor. 

Review Questions 

3.1. 

3.2. 

3.3. 

3.4. 

3.5. 
3.6. 
3.7. 
3.8. 
3.9. 

3.10. 

3.11. 

3.12. 

3.13. 

3.14. 

3.15. 

3.16. 

3.17. 

When a moving conductor is placed in a magnetic field, explain why the 
positive charges are forced toward one direction and the negative charges 
toward the other. 
If a conduc&r of length L is moving with a velocity ij‘ in a uniform mag- 
%ticfield B, show that the induced emf between its two ends is e = ( i j ’x 
B) L. 
It v, B, and c a r e  mutually perpendicular, show that the induced emf in 
A- 

~. ~ 

a conductor is e = BLu. 
If 0 is the angle between K a n d  and a is the angle between r a n d  
the plane containing Gand B, show that the induced emf is e = BLv cos a 
sin p. 
Explain the principle of operation of an ac generator. 
Explain the principle of operation of a dc generator. 
Explain the difference between slip rings and a split ring. 
What is a commutator? 
What is the difference between a generator and a motor? 
State Faraday’s law. Is the induced emf in a moving conductor in a mag- 
netic field in accordance with Faraday’s law? 
What is the effect of number of poles on the induced emf in an ac genera- 
tor? 
What is the effect of number of poles on the synchronous speed of the 
revolving field? 
Why is it necessary to have a dc field winding on the rotor of a synchro- 
nous motor? 
Is it possible for a synchronous motor to develop starting torque in the 
absence of an induction winding? 
What is the difference between an induction winding and the field wind- 
ing of a synchronous motor? 
If a current-carrying conductor is pIaced parallel to the magnetic field, will 
it experience a force? Give reasons. 
When a current-carrying conductor is placed in a uniform magnetic field, 
what happens to the field in the vicinity of the conductor? Sketch the field 
lines to explain your answer. 
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3.18. 

3.19. 

3.20. 

3.21. 

3.22. 

3.23. 
3.24. 

3.25. 
3.26. 

3.27. 

3.28. 

3.29. 
3.30. 
3.31. 
3.32. 

Why is there no induced emf in the induction winding of a synchronous 
motor when the motor rotates at its synchronous speed? 
What happens when the speed of a synchronous motor with an induction 
winding tends to decrease from its synchronous value? 
What happens when the speed of a synchronous motor with an induction 
winding tends to increase from its synchronous value? 
If the pole-face area of an electromagnet is decreased slightly, what will 
the effect be on its lifting force? 
If the pole-face area of an electromagnet is increased slightly, what will the 
effect be on its lifting force? 
If a reluctance motor has a round rotor, will it exert torque on the rotor? 
If the field winding of a reluctance motor carries a constant current, will 
there be an average torque developed by the motor? 
What is the nature of the current in the armature coil of a dc generator? 
The induced emf e,, between the two open ends u, b of a coil appears as a 
voltage source v,b for an external circuit that can be connected to the coil. 
Express vab in terms of e,,. 
Explain the development of a revolving field in a three-phase induction 
motor. 
Explain the development of a revolving field in a two-phase induction 
motor. 
Does the field really revolve in a polyphase machine? 
Explain the principle of operation of a reluctance motor. 
Define slip. Explain per-unit slip and percent slip. 
Explain how the rotor of an induction motor develops the torque. 

Problems 

3.1. 

3.2. 

3.3. 

The upper plate of a parallel-plate capacitor is held fixed while the lower 
plate is free to move. The surface area of each plate is 40 cm2. The mass of 
each plate is 8 g. What must be the potential difference between the plates 
to maintain a separation of 4 mm between them? What is the electric energy 
stored in the electric field? 
Two parallel plates each having dimensions of 20 cm X 20 cm are held 5 
mm apart. If the force experienced by each plate is 285 pN, what must be 
the potential difference between them? What is the energy stored in the 
electric field? 
The energy stored in a parallel-plate capacitor is 30 mJ. The potential dif- 
ference between the plates is 50 kV. If the separation between the plates is 
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3.4. 

3.5. 

3.6. 

3.7. 

3.8. 

4 mm, determine (a) the surface area of each plate and (b) the force of attrac- 
tion between them. 
The area of each plate of a parallel-plate capacitor is 50 cm2. The poten- 
tial difference between the plates is 50 kV. The mass of each plate is 
100 g. If the upper plate is fixed while the lower plate is free to move, 
what must be the separation between the two plates to keep them sta- 
tionary? 
The magnetic flux density in hree space is 0.8 T. Compute the energy den- 
sity in the region. 
The energy stored in a magnetic circuit is given as Wm = -5 In h - A. 
What is the relationship between the applied current and the flux linkages? 
Calculate the inductance of the magnetic circuit when the current 
is 2 A. 
Determine the force acting on the movable part in Figure P3.7 when the 
100-turn coil carries a current of 20 A. The relative permeability of the mag- 
netic material is 1000. 
An electromagnet with a relative permeability of 1000 and a uniform 
thickness of 10 cm has the dimensions as given in Figure P3.8. What must 
be the current in the series-connected coils so that the electromagnet is 
on the verge of lifting a ferromagnetic bar having a permeability of 300 and 
a mass of 20 kg? 

, Fixed 

Thickness = 5cm 
* 1 16 

+ill-- 
+ -4 1 I- 16 

(All dimensions in ccntimrrcrs) 

Figure P3.7 Magnetic circuit for Problem 3.7. 
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(All dinicnaions in centimeters) 

Figure P3.8 Electromagnet for Problem 3.8. 

Figure 

(All dimensions in cenrimeters) 

P3.9 Magnetic plunger for Problem 3.9. 
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Thickncrs = 5 cm i 17 

4 

f 
t- la-- 

(All dimensions in ccntimctcrs) 

Figure P3.10 Electromagnet for Problem 3.10. 

T 
10 cm 

10 cm 

Figure P3.12 Magnetic circuit for Problem 3.12. 
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3.9. 

3.10. 

3.11. 

3.12. 

3.13. 

The magnetic circuit of a plunger is shown in Figure P3.9. Determine (a) 
the total flux linkages, (b) the energy stored in the magnetic circuit, and (c) 
the force acting on the plunger. The relative permeability of the magnetic 
material is 1500. 
The 400-turn coil of the electromagnet as shown in Figure P3.10 carries a 
current of 150 sin(377t) A. Sketch the force as a function of time experi- 
enced by the fixed magnetic bar. What is the average value of the force? 
The relative permeability of the magnetic material is 800. 
A U-shaped electromagnet is required to lift an iron bar that is at a distance 
of 1 mm. The cross-sectional area of each pole is 12 cm2. The flux density 
in each air-gap is 0.8 T. If the magnetic material is infinitely permeable, 
what will be the force exerted by the magnet on the iron bar? 
A magnetic circuit with uniform circular cross-section is shown in Figure 
P3.12. Determine (a) the force acting on each pole, (b) the energy stored in 
each air-gap, (c) the energy stored in the magnetic region, and (d) the total 
energy stored in the magnetic circuit. Verify the total energy stored in the 
magnetic circuit using the inductance concept. 
The dimensions of a cylindrical electromagnet in close contact with a 2-cm 
thick iron disc are given in Figure P3.13. The density of iron is 7.85 g/cm3, 
and its relative permeability is 500. The relative permeability of the elec- 
tromagnet is 2000. What must be the current in the 500-turn coil? Also com- 
pute the inductance and the total energy stored in the system. 

Eleccromrgncc 
\ 

I 
Figure P3.13 Cylindrical electromagnet for Problem 3.13. 
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3.14. Determine the number of poles in an ac generator that operates at a speed 
of 2400 rpm and the frequency of the induced voltage is 120 Hz. 

3.15. Determine the speed of rotation if the frequency of the induced emf in a 
12-pole machine is (a) 25 Hz, (b) 50 Hz, (c) 60 Hz, (d) 120 Hz, and (el 400 
Hz. 
A 50-cm long wire passes 20 times a second under the pole-face of a square 
magnet. If each side of the magnet is 20 cm in length and the flux density 
is 0.5 T, find the induced emf in the wire. 
A 200-turn coil is rotating at a speed of 3600 rpm in a 4pole generator. The 
flux per pole is 2 mWb. Determine (a) the frequency of the induced emf, 
(b) the maximum value of the induced emf, (c) the rms value of the induced 
emf in an ac generator, and (d) the average value of the induced emf in a 
dc generator. 
The average value of the induced emf per conductor in a 4-pole dc gener- 
ator is 1.5 V. If the average value of the induced emf is 240 V, find the num- 
ber of turns in the coil. If the coil is rotating at a speed of 800 rpm, what 
is the flux per pole? 
Determine the force exerted on the rotor of a dc machine by a 10-cm long 
conductor when it carries a current of 100 A. The magnetic flux density is 
0.8 T. 

3.20. A copper strip of length L pivoted at one end is freely rotating at an angu- 
lar velocity of o in a uniform magnetic field. If the field is perpendicular 

3.16. 

3.17. 

3.18. 

3.19. 

Figure P3.28 Reluctance motor for Problem 3.28. 



200 Principles of Electromechanical Energy Conversion 

3.21. 

3.22. 

3.23. 

3.24. 

3.25. 

3.26. 

3.27. 

3.28. 

3.29. 

to the plane of the strip and the flux density is B,,, determine the induced 
emf between the two ends of the strip. 

A copper strip of length 2L pivoted at the midpoint is rotating at an angu- 
lar velocity o in a uniform magnetic field. The flux density is B,. The plane 
of the strip is perpendicular to the magnetic field. Determine the induced 
emf (a) between its end points and (b) between the midpoint and one of 
its ends. 

A 4-pole, 230-V, 60-Hz, three-phase induction motor runs at a speed of 1725 
rpm when fully loaded. Determine (a) the synchronous speed in rpm, (b) 
synchronous speed in rps, (c) synchronous speed in rad/s, (d) per-unit slip, 
and (el percent slip. 

A synchronous generator (alternator) has 12 poles and is driven at 600 rpm. 
What is the frequency of the induced emf? 

What must be the number of poles in a synchronous motor so that the 
revolving field rotates at the maximum speed when the frequency is 50 
Hz? 

Repeat Problem 3.24 if the frequency is 60 Hz. 

The rotor of a 6-pole, 50-Hzl 208-Vl three-phase induction motor rotates at 
a speed of 980 rpm. Calculate (a) the synchronous speed, (b) per-unit slip, 
and (c) percent slip. 

A 12-pole, 460-V, 50-Hz induction motor rotates at a percent slip of 3%. 
Determine the rotor speed. 

Derive an expression for the torque of the 2-pole reluctance motor shown 
in Figure P3.28. Assume that (a) all the reluctance of the magnetic circuit 
is in the air-gap, and (b) the effective area of each gap is equal to the area 
of the overlap. Calculate the torque when the 100-turn coil carries 2 A, the 
diameter of the rotor is 15 cm, the length of the motor is 10 cm, the dis- 
placement angle is 30°, and the air-gap length is 2 mm. 

The reluctance of a 2-pole reluctance motor is given by 

R(e) = 1500 - 850 cos 2e H-1 

Determine the torque developed by the motor when the current in the 150- 
turn coil is 5 A. Plot the torque as a function of 0. 
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3.30. The inductance of a 2-pole reluctance motor is given as 

L(0) = 4 + 2 cos 20 + cos 40 H 

Determine the torque developed by the motor when the current in a 200- 
turn coil is 10 A. Sketch the torque developed by the motor as a function 
of 0. 
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Transformers 

- "Cut-away" view of a single-phase transformer. (Courtesy of Squnre D Company) 
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4.1  Introduction 

If we arrange two electrically isolated coils in such a way that the time-varying 
flux due to one of them causes an electromotive force (emf) to be induced in the 
other, they are said to form a transformer. In other words, a transformer is a device 
that involves magnetically coupled coils. If only a fraction of the flux produced 
by one coil links the other, the coils are said to be loosely coupled. In this case, 
the operation of the transformer is not very efficient. 

In order to increase the coupling between the coils, the coils are wound on a 
common core. When the core is made of a nonmagnetic material, the transformer 
is called an air-core transformer. When the core is made of a ferromagnetic ma- 
terial with relatively high permeability, the transformer is referred to as an iron- 
core transformer. A highly permeable magnetic core ensures that (a) almost all 
the flux created by one coil links the other and (b) the reluctance of the magnetic 
path is low. This results in the most efficient operation of a transformer. 

In its simplest form, a transformer consists of two coils that are electrically 
isolated from each other but are wound on the same magnetic core. A time-varying 
current in one coil sets up a time-varying flux in the magnetic core. Owing to the 
high permeability of the core, most of the flux links the other coil and induces a 
time-varying emf (voltage) in that coil. The frequency of the induced emf in the 
other coil is the same as that of the current in the first coil. If the other coil is 
connected to a load, the induced emf in the coil establishes a current in it. Thus, 
the power is transferred from one coil to the other via the magnetic flux in the 
core. 

The coil to which the source supplies the power is called the primary winding. 
The coil that delivers power to the load is called the secondary winding. Either 
winding may be connected to the source and/or the load. 

Since the induced emf in a coil is proportional to the number of turns in a 
coil, it is possible to have a higher voltage across the secondary than the applied 
voltage to the primary. In this case, the transformer is called a step-up transformer. 
A step-up transformer is used to connect a relatively high-voltage transmission 
line to a relatively low-voltage generator. On the other hand, a step-down trans- 
former has a lower voltage on the secondary side. An example of a step-down 
transformer is a welding transformer, the secondary of which is designed to de- 
liver a high load current. 

When the applied voltage to the primary is equal to the induced emf in the 
secondary, the transformer is said to have a one-to-one ratio. A one-to-one ratio 
transformer is used basically for the purpose of electrically isolating the secondary 
side from its primary side. Such a transformer is usually called an isolation trans- 
former. An isolation transformer can be utilized for direct current (dc) isolation. 
That is, if the input voltage on the primary side consists of both dc and alternating 
currrent (ac) components, the voltage on the secondary side will be purely ac in 
nature. 
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4.2 Construction of a Transformer 

In order to keep the core loss to a minimum, the core of a transformer is built up 
of thin laminations of highly permeable ferromagnetic material such as silicon- 
sheet steel. Silicon steel is used because of its nonaging properties and low mag- 
netic losses. The lamination's thickness varies from 0.014 inch to 0.024 inch. A thin 
coating of varnish is applied to both sides of the lamination in order to provide 
high interlamination resistance. The process of cutting the laminations to the 
proper size results in punching and shearing strains. These strains cause an in- 
crease in the core loss. In order to remove the punching and shearing strains, the 
laminations are subjected to high temperatures in a controlled environment for 
some time. It is known as the annealing process. 

Basically two types of construction are in common use for the transformers: 
shell type and core type. In the construction of a shell-type transformer, the two 
windings are usually wound over the same leg of the magnetic core, as shown in 
Figure 4.1. In a core-type transformer, shown in Figure 4.2, each winding may be 
evenly split and wound on both legs of the rectangular core. The nomenclature, 
shell type and core type, is derived from the fact that in a shell-type transformer 
the core encircles the windings, whereas the windings envelop the core in a core- 
type transformer. 

For relatively low power applications with moderate voltage ratings, the 
windings may be wound directly on the core of the transformer. However, for 
high-voltage and/or high-power transformers, the coils are usually form-wound 
and then assembled over the core. 

Both the core loss (hysteresis and eddy-current loss) and the copper loss (elec- 
trical loss) in a transformer generate heat, which, in turn, increases the operating 
temperature of the transformer. For low-power applications, natural air circula- 
tion may be enough to keep the temperature of the transformer within an accept- 

Primary 
winding 

Secondary 
winding 

I Y 

Figure 4.1 Shell-type transformer. 
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Primary 
winding 

Secondary 
winding 

Figure 4.2 Core-type transformer. 

able range. If the temperature increase cannot be controlled by natural air circu- 
lation, a transformer may be cooled by continuously forcing air through its core 
and windings. When forced-air circulation is not enough, a transformer may be 
immersed in a transformer oil, which carries the heat to the walls of the containing 
tank. In order to increase the radiating surface of the tank, cooling fins may be 
welded to the tank or the tank may be built from corrugated sheet steel. These are 
some of the methods used to curb excessive temperature in the transformer. 

4.3 An Ideal Transformer 

A two-winding transformer with each winding acting as a part of a separate elec- 
tric circuit is shown in Figure 4.3. Let N, and N2 be the number of turns in the 
primary and secondary windings. The primary winding is connected to a time- 

r--- @--- 7 

Figure 4.3 An idealized transformer under no load. 
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varying voltage source vl, while the secondary winding is left open. For the sake 
of understanding, let us first consider an idealized transformer in which there are 
no losses and no leakage flux. In other words, we are postulating the following: 

1. The core of the transformer is highly permeable in a sense that it requires 
vanishingly small magnetomotive force (mmf ) to set up the flux 4, as shown 
in the figure. 

2. The core does not exhibit any eddy-current or hysteresis loss. 
3. All the flux is confined to circulate within the core. 
4. The resistance of each winding is negligible. 

According to Faraday’s law of induction, the magnetic flux 4, in the core 
induces an emf el in the primary winding that opposes the applied voltage v,. For 
the polarities of the applied voltage and the induced emf, as indicated in the figure 
for the primary winding, we can write 

d4, 
el = N, - 

dt 

Similarly, the induced emf in the secondary winding is 

d4, 
e2 = N 2 -  

dt 

with its polarity as indicated in the figure. 
In the idealized case assumed, the induced emf’s el and e2 are equal to the 

corresponding terminal voltages v1 and v2, respectively. Thus, from Eqs. (4.1) and 
(4.2), we obtain 

(4.3) 

which states that the ratio of primary to secondary induced emfs is equal to the 
ratio of primary to secondary turns. 

It is a common practice to define the ratio of primary to secondary turns as 
the a-ratio, or the transformation ratio. That is, 

_ -  - a  Nl 
N2 

(4.4) 

Let i2 be the current through the secondary winding when it is connected to 
a load, as shown in Figure 4.4. The magnitude of iz depends upon the load im- 
pedance. However, its direction is such that it tends to weaken the core flux 4, 
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Figure 4.4 An idealized transformer under load. 

and to decrease the induced emf in the primary el. For an idealized transformer, 
e, must always be equal to u, .  In other words, the flux in the core must always be 
equal to its original no-load value. In order to restore the flux in the core to its 
original no-load value, the source u, forces a current i, in the primary winding, 
as indicated in the figure. In accordance with our assumptions, the mmf of the 
primary current N,i, must be equal and opposite to the mmf of the secondary 
N2i2. That is, 

N,i, = N2i2 

or (4.5) 

which states that the primary and the secondary currents are transformed in the 
inverse ratio of turns. 

From Eqs. (4.3) and (4.5), it is evident that 

This equation simply confirms our assumption of no losses in an idealized trans- 
former. It highlights the fact that, at any instant, the power output (delivered to 
the load) is equal to the power input (supplied by the source). 

For sinusoidal variations in the applied voltage, the magnetic flux in the core 
also varies sinusoidally under ideal conditions. If the flux in the core at any instant 
t is given as 

Q, = Qm sin ot 
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where am is the amplitude of the flux and w = 27rf is the angular frequency, then 
the induced emf in the primary is 

e, = N,w@', cos wt 

The above equation can be expressed in phasor form in terms of its root-mean- 
square (rms) or effective value as 

Likewise, the induced emf in the secondary winding is 

From Eqs. (4.7) and (4.8), we get 

(4.7) 

(4.9) 

where v, = 6, and v, = E2 under ideal conditions. From the above equation, it 
is obvious that the induced emfs are in phase. For an idealized transformer, the 
terminal voltages are also in phase. 

From the mmf requirements, we can also deduce that 

(4.10) 

where fl and f, are the currents in phasor form through the primary and secondary 
windings. The above equation dictates that II and I2 must be in phase for an 
idealized transformer. 

Equation (4.6) can also be expressed in terms of phasor quantities as 

v& = v21: (4.11) 

That is, the complex power supplied to the primary winding by the source is 
equal to the complex power delivered to the load by the secondary winding. In 
terms of the apparent powers, the above equation becomes 

VJ, = VJ, (4.12) 
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If 2, is the load impedance on the secondary side, then 

A v, - 1 v1 z - _ _ _ _  
2 -  - i2 a2 il 

1 -  
= - z, 

a2 

or z, = a’i, (4.13) 

where = vl/& is the load impedance as referred to the primary side. Equation 
(4.13) states that the load impedance as seen by the source on the primary side 
is equal to u* times the actual load impedance on the secondary side. This equa- 
tion states that a transformer can also be used for impedance matching. A known 
impedance can be raised or lowered to match the rest of the circuit for maximum 
power transfer. 

Transformer Polarity 
A transformer may have multiple windings that may be connected either in series 
to increase the voltage rating or in parallel to increase the current rating. Before 
the connections are made, however, it is necessary that we know the polarity of 
each winding. By polarity we mean the relative direction of the induced emf in 
each winding. 

Let us examine the transformer shown in Figure 4.4. Let the polarity of the 
time-varying source connected to the primary winding, at any instant, be as in- 
dicated in the figure. Since the induced emf e, in the primary of an idealized 
transformer must be equal and opposite to the applied voltage ul ,  terminal 1 of 
the primary is positive with respect to terminal 2. The wound direction of primary 
winding as shown in the figure is responsible for the clockwise direction of the 
flux Q, in the core of the transformer. This flux must induce in the secondary 
winding an emf e2 that results in the current i2 as indicated. The direction of the 
current i, is such that it produces a flux that opposes the change in the original 
flux Q,. For the wound direction of the secondary winding as depicted in the figure, 
terminal 3 must be positive with respect to terminal 4. Since terminal 3 has the 
same polarity as terminal 1, they are said to follow each other. In other words, 
terminals 1 and 3 are like-polarity terminals. To indicate the like-polarity relation- 
ship, we have placed dots at these terminals. 

Transformer Ratings 
The nameplate of a transformer provides information on the apparent power and 
the voltage-handling capacity of each winding. From the nameplate data of a 
5-kVA, 500/250-V, step-down transformer, we conclude the following: 
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1. 

2. 

3. 

The full-load or nominal power rating of the transformer is 5 kVA. In other 
words, the transformer can deliver 5 kVA on a continuous basis. 
Since it is a step-down transformer, the (nominal) primary voltage is V ,  = 
500 V and the (nominal) secondary voltage is V,  = 250 V. 
The nominal magnitudes of the primary and the secondary currents at full 
load are 

and 

- 1 0 A  
5000 
500 

- 250 

I , = - - - -  

1 5000 - 20 A 

4. Since the information on the number of turns is customarily not given by the 
manufacturer, we determine the a-ratio from the (nominal) terminal voltages 
as 

E X A M P L E  4.1 

The core of a two-winding transformer, as shown in Figure 4.5a, is subjected to a 
magnetic flux variation as indicated in Figure 4.5b. What is the induced emf in 
each winding? 

0 S O L U T I O N  

Since the polarities are already marked on the windings, terminals b and c are 
like-polarity terminals. 
For the time interval from 0 to 0.06 s, the magnetic flux increases linearly as 

@ = 0.15t Wb 

Thus, the induced emf between terminals a and b is 

and the induced emf between terminals c and a’ is 

d@ 
dt 

ecd = Ncd - = 500 X 0.15 = 75 V 



(a) Ideal transformer. 

@(wb) 

0.009 --- 

* t (4  
0 0.06 0.1 0.12 

(b) Flux variations in the core of the transformer shown in part (a). 

-30 

I 

75 

0 0.06 

I * r(d 
0.1 0.12 

(c) Induced voltage e,,b as a function of time. 

I 0.1 0.12 * t(d 
0 0.06 

-225 

(d) Induced voltage cdas a function of time. 

Figure 4.5 An ideal-transformer and related waveforms for Example 4.1. 
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From 0.06 to 0.1 s, the induced emfs are zero, as there is no variation in the 
flux. In the time interval from 0.1 to 0.12 s, the rate of change of the flux is - 0.45 
Wb/s. Hence, the induced emfs are 

and 

The waveforms for the induced emfs are depicted in Figures 4 . 5 ~  and d for the 
primary and the secondary windings, respectively. 

H 

E X A M P L E  4 . 2  

An ideal transformer has a 150-turn primary and 750-turn secondary. The primary 
is connected to a 240-V, 50-Hz source. The secondary winding supplies a load of 
4 A at a lagging power factor (pf ) of 0.8. Determine (a) the a-ratio, (b) the current 
in the primary, (c) the power supplied to the load, and (d) the flux in the core. 

0 S O L U T I O N  

(a) 
(b) 

The a-ratio: u = 150/750 = 0.2 
Since l2 = 4 A, the current in the primary is 

(c) The voltage on the secondary side is 

Thus, the power supplied to the load is 

P, = v2i2 COS e = 1200 x 4 x 0.8 = 3840 w 

(d) The maximum flux in the core is 

240 -- am=---- El - Vl - 
4.4fN1 4.4fN1 4.44 X 50 X 150 

= 7.21 mWb 
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Exercises 

4.1. The magnetic flux density in the core of a 4.4-kVA, 4400/440-V, 50-Hz, 
step-down transformer is 0.8 T (rms). If the induced emf per turn is 10 V, 
determine (a) the primary and secondary turns, (b) the cross-sectional area 
of the core, and (c) the full-load current in each winding. 
A 200-turn coil is immersed in a 60-Hz flux with an effective value of 
4 mWb. Obtain an expression for the instantaneous value of the induced 
emf. If a voltmeter is connected between its two ends, what will be the 
reading on the voltmeter? 
The number of turns in the primary and the secondary of an ideal trans- 
former are 200 and 500, respectively. The transformer is rated at 10 kVA, 
250 V, and 60 Hz on the primary side. The cross-sectional area of the core 
is 40 cm2. If the transformer is operating at full load with a power factor 
of 0.8 lagging, determine (a) the effective flux density in the core, (b) the 
voltage rating of the secondary, (c) the primary and secondary winding 
currents, and (d) the load impedance on the secondary side and as viewed 
from the primary side. 

4.2. 

4.3. 

4.4 A Nonideal Transformer 

In the previous section we placed quite a few restictions to obtain useful rela- 
tions for an idealized transformer. In this section, our aim is to lift those restic- 
tions in order to develop an equivalent circuit for a nonideal transformer. 

Winding Resistances 

However small it may be, each winding has some resistance. Nonetheless, we can 
replace a nonideal transformer with an idealized transformer by including a 
lumped resistance equal to the winding resistance of series with each winding. 
As shown in Figure 4.6, R, and R, are the winding resistances of the primary and 
the secondary, respectively. The inclusion of the winding resistances dictates that 
(a) the power input must be greater than the power output, (b) the terminal volt- 
age is not equal to the induced emf, and (c) the efficiency (the ratio of power out- 
put to power input) of a nonideal transformer is less than 100%. 

Leakage Fluxes 
Not all of the flux created by a winding confines itself to the magnetic core on 
which the winding is wound. Part of the flux, known as the leakage flux, does 
complete its path through air. Therefore, when both windings in a transformer 
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Figure 4.6 An ideal transformer with winding resistances modelled as lumped 
resistances. 

carry currents, each creates its own leakage flux, as illustrated in Figure 4.7. The 
primary leakage flux set up by the primary does not link the secondary. Likewise, 
the secondary leakage flux restricts itself to the secondary and does not link the 
primary. The common flux that circulates in the core and links both windings is 
termed the mutual flux. 

Although a leakage flux is a small fraction of the total flux created by a wind- 
ing, it does affect the performance of a transformer. We can model a winding as 
if it consists of two windings: One winding is responsible to create the leakage 
flux through air, and the other encircles the core. Such hypothetical winding ar- 
rangements are shown in Figure 4.8 for a two-winding transformer. The two wind- 
ings enveloping the core now satisfy the conditions of an idealized transformer. 

The leakage flux associated with either winding is responsible for the voltage 
drop across it. Therefore, we can represent the voltage drop due to the leakage 
flux by a leakage reactance, as discussed in Chapter 2. If XI and X, are the leakage 
reactances of the primary and secondary windings, a real transformer can then be 
represented in terms of an idealized transformer with winding resistances and 
leakage reactances as shown in Figure 4.9. 

Figure 4.7 Transformer with leakage and mutual fluxes. 
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Figure 4.8 Hypothetical windings showing leakage and mutual flux linkages separately. 

Figure 4.9 A nonideal transformer represented in terms of an ideal transformer with 
winding resistances and leakage reactances. 

In the case of a nonideal transformer, 

------ 4 - ?2 - Nl - a  

vl = El + ( R ,  + jXl> rl 
E, 7, N2 

Note that in a nonideal transformer, vl f E, and v2 # E,. The following example 
shows how the terminal voltage and efficiency of such a transformer are calculated. 

E X A M P L E  4 . 3  

A 23-kVA, 2300/230-V, ~O-HZ, step-down transformer has the following resistance 
and leakage-reactance values: R, = 4 a, R, = 0.04 R, X, = 12 R, and X, = 0.12 R. 
The transformer is operating at 75% of its rated load. If the power factor of the 
load is 0.866 leading, determine the efficiency of the transformer. 
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S O L U T I O N  

Since the transformer is operating at 75% of its rated load, the effective value of 
the secondary winding current is 

1, = - 23000 X 0.75 = 75 A 
230 

Assuming the load voltage as a reference, the load current at a leading power 
factor of 0.866, in phasor form, is 

i2 = 7 5 m  A 
The secondary winding impedance is 

2, = R, + j X 2  = 0.04 + j0.12 51 

The induced emf in the secondary winding is 

I?, = c, + I,& = 230 + (75m)(0.04 + j0.12) 

= 228.28712.33" V 
Since the transformation ratio is 

- 10 
2300 
230 

a = - -  

we can determine the induced emf and the current on the primary side as 

El = aE2 = 2282.87L2.33" V - 
i, = '2 = 7 . 5 ~  A 

i, = R, + jx, = 4 + j12 51 

a 

The primary winding impedance is 

Hence, the source voltage must be 

c1 = El + f1il = 2282.8712.33" + (7.5@)(4 + j12) 

= 2 2 6 9 . 5 7 0 m  V 

The power supplied to the load is 

Po = Re[Q&] = Re[230 x 751 - 30'1 = 14,938.94 W 

Pin = Re[c&] = Re[(2269.578&)(7.5/ -30°)] 

The power input is 

= 15,389.14 W 
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The efficiency of the transformer is 

v = - =  14’938.94 = 0.971, or 97.1% 
Pi,, 15,389.14 

Finite Permeability 

The core of a nonideal transformer has finite permeability and core loss. There- 
fore, even when the secondary is left open (no-load condition) the primary wind- 
ing draws some current, known as the excitation current, from the source. It is a 
common practice to assume that the excitation current, I+, is the sum of two cur- 
rents: the core-loss current,I,, and the magnetizing current, r,,,. That is, 

- - I 

I, = I, + I, (4.14) 

The core-loss component of the excitation current accounts for the magnetic 
loss (the hysteresis loss and the eddy-current loss) in the core of a transformer. If 
El is the induced emf on the primary side and R,, is the equivalent core-loss 
resistance, then the core-loss current, I,, is 

(4.15) 

The magnetizing component of the excitation current is responsible to set up 
the mutual flux in the_ core. Since a current-carrying coil forms an inductor, the 
magnetizing current, I,, gives rise to a magnetizing reactance, X,, . Thus, 

(4.16) 

Figure 4.10 Equivalent circuit of a transformer including winding resistances, leakage 
reactance, core-loss resistance, magnetizing reactance, and an ideal transformer. 
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We can now modify the equivalent circuit of Figure 4.9 to include the core- 
loss resistance and the magnetizing reactance. Such a circuit is shown in Figure 
4.10. 

When we increase the load on the transformer, the following sequence of 
events takes place: 

(a) The secondary winding current increases. 
(b) The current supplied by the source increases. 
(C) The voltage drop across the primary winding impedance i, increases. 
(d) The induced emf 2, drops. 
(e) Finally, the mutual flux decreases owing to the decrease in the magnet- 

izing current. 
However, in a well-designed transformer, the decrease in the mutual flux from 

no load to full load is about 1% to 3%. Therefore, for all practical purposes, we 
can assume that El remains substantially the same. In other words, the mutual 
flux is essentially the same under normal loading conditions and thereby there is 
no appreciable change in the excitation current. 

In the equivalent circuit representation of a transformer, the core is rarely 
shown. Sometimes, parallel lines are drawn between the two windings to indicate 
the presence of a magnetic core. We will use such an equivalent circuit represen- 
tation. If the parallel lines between the two windings are missing, our interpre- 
tation is that the core is nonmagnetic. With that understanding, the exact equiv- 
alent circuit of a real transformer is given in Figure 4.11. In this figure, a dashed 
box is also drawn to show that the circuit enclosed by it is the so-called ideal 
transformer. All the ideal-transformer relationships can be applied to this circuit. 
The load current i2 on the secondary side is represented on the primary side as 
'P. 

The excitation current can now be determined as 

12 

a 

- - - -  
I = I , - I  =I,-- 4 P (4.17) 

It is possible to represent a transformer by an equivalent circuit that does not 
employ an ideal transformer. Such equivalent circuits are drawn with reference 

Figure 4.11 An exact equivalent circuit of a real transformer. The coupled-coiled in the 
dashed box represent an ideal transformer with a magnetic core. 
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‘I 
t 

Figure 4.12 The exact equivalent circuit as viewed from the primary side of the 
transformer. 

Figure 4.13 An exact equivalent circuit as viewed from the secondary side of the 
transformer. 

to a given winding. Figure 4.12 shows such an equivalent circuit as viewed from 
the primary side. Note that the circuit elements that were on the secondary side 
in Figure 4.11 have been transformed to the primary side in Figure 4.12. Figure 
4.13 shows the equivalent circuit of the same transformer as referred to the sec- 
ondary side. 

E X A M P L E  4 . 4  

The equivalent core-loss resistance and the magnetizing reactance on the primary 
side of the transformer discussed in Example 4.3 are 20 kR and 15 kR, respectively. 
If the transformer delivers the same load, what is its efficiency? 

0 S O L U T I O N  

From Example 4.3, we have 
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The core-loss, magnetizing, and excitation currents are 

I 

1, = 

I, = 

I, = 

- 

- 

Thus, 

c1 

il = ip + i+ = 7.5& + 0.19/-50.8~ = 7.53/28.570 A 

= i;, + il& = 2282.87/2.33" + (7.53/28.57")(4 + j12) 

= 2271.9/4.71" V 

The power input is 

Pi, = Re[c,c] = 15,645.35 W 

The efficiency of the transformer is 

Po 14,938.94 ' = p,, = 15,645.35 
= 0.955, or 95.5% 

Phasor Diagram 
When a transformer operates under steady-state conditions, an insight into its 
currents, voltages, and phase angles can be obtained by sketching its phasor di- 
agram. Even though a phasor diagram can be developed by using any phasor 
quantity as a reference, we use the load voltage as a reference because quite often 
it is a known quantity. 

Let c2 be the voltag? across the load impedance 2, and i2 be the load cur- 
rent. Depending upon Z,, f2 may be leading,-in phase with, or lagging c2. 
In this particular case, let us assume that f2 lags V, by an angle 8,. We first draw 
a horizontal line from the origin of magnitude V2 to represent the phasor ?,, as 
shown in Figure 4.14. The current 1, is now drawn lagging V,  by 8,. 
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\ 
\ 

Figure 4.14 The phasor diagram of a nonideal transformer as shown in Figure 4.11. 

From the equivalent circuit, Figure 4.11, we have 

We now proceed to construct the phasor diagram foy E,. Since the voltage 
drop i2R, is in phase with i, and it is to be added to V,, we draw a line of 
magnitude 12R2 starting at the tip of V ,  and parallel to I,. The length of the 
line from the origin to the tip of 12R, represents the sum of V2 and i2R2. We 
can now add the voltage drop ji2X2 at the tip of Z2R2 by drawing a line equal to 
its magnitude and leading ?,-by 90". A line from the origin to the tip of j12X2 
represents the magnitude of E,. This completes the phasor diagram for the sec- 
ondary winding. 

Since El = UI?,, the magnitude of the induced emf on the primary side depends 
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JX, 

q 

N,:N,  

Figure 4.15 An approximate equivalent circuit of a transformer embodying an ideal 
transformer. 

upon the a-ratio. Let us assume that the a-ratio is greater than unity. In that case, 
El is greater than i, and can be represented by extending E, as shown. 

The current ';. is in phase with El, and T,,, lags El by 90". These currents are 
drawn from the origin as shown. The sum of these currents yields the excitation 
current I+. The source current I, is now constructed using the currents I+ and IJa,  
as illustrated in the figure. The voltage drop across the primary-winding imped- 
ance 2, = R, + jX, is now added to obtain the phasor vl. The phasor diagram 
is now complete. In this case, the source current 1, lags the source voltage v, 

Phasor diagrams for the exact equivalent circuits as shown in Figures 4.12 and 
by an angle 8. 

4.13 can also be drawn and are left as exercises for the reader. 

Approximate Equivalent Circuits 
In a well-designed transformer, the winding resistances, the leakage reactances, 
and the core loss are kept as low as possible. The low core loss implies high core- 
loss resistance. The high permeability of the core ensures high magnetizing reac- 

Figure 4.16 Approximate equivalent circuit of a transformer as viewed from the primary 
side. 
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Figure 4.17 An approximate equivalent circuit of a transformer as viewed from the 
secondary side. 

tance. Thus, the impedance of the so-called parallel br$nch (Rcl in parallel yith 
jX,,,,) across the primary is very high compared with Z, = R, + jX, and Z, = 
R, + jX2. The high impedance of the parallel branch assures low excitation cur- 
rent. In the analysis of complex power systems, a great deal of simplification can 
be achieve$ by neglecting the excitation current. 

Since Z, is kept low, the voltage drop across it is also low in comparison with 
the applied voltage. Without introducing any appreciable error in our calculations, 
we can assume that the voltage drop across the parallel branch is the same as the 
applied voltage. This assumption allows us to move the parallel branch as indicated 
in Figure 4.15 for the equivalent circuit of a transformer embodying an ideal trans- 
former. This is referred to as the approximate equivalent circuit of a transformer. 

The approximate equivalent circuit as viewed from the primary side is given 
in Figure 4.16, where 

and 

(4.18a) 

(4.18b) 

(4.18~) 

Similarly, Figure 4.17 shows the approximate equivalent circuit as referred to 
the secondary side of the transformer. In this figure, 

i f 2  = ~ e 2  + j x e 2  (4.19a) 

R 
a’ 

Re, = R, + 

xe, = x, + - Xl 
a’ 

(4.19b) 

(4.19~) 

and 

R C ,  R,. = - 
a’ 

X m 1  x = -  
a’ m2 

(4.19d) 

(4.19e) 



224 Transformers 

E X A M P L E  4 . 5  

Analyze the transformer discussed in Examples 4.3 and 4.4 using the approximate 
equivalent circuit as viewed from the primary side. Also sketch its phasor 
diagram. 

0 S O L U T I O N  

V ;  = aV2 = 10 x 2 3 0 0  = 2300@ V 

ip = 7 . 5 m  A 

Re, = R, + a2R2 = 4 + (102)(0.04) = 8 fl 
X,, = X, + a2X2 = 12 + (16)(0.12) = 24 R 

i,, = Re, + jX,, = 8 + j24 fl 

n u s ,  V ,  = V ;  + iP&, = 2 3 0 0 0  + (7.5/3CJ)(8 + j24) = 2 2 6 9 . 5 9 m  v 
The core-loss and magnetizing currents are 

nus ,  i, = ip + i, + i, = 7.5& + o . i i 3 & 0  + 0.151/-85.3~ 

= 7.54/28.6" A 

Hence, the power output, the power input, and the efficiency are 

Po = 

p. = 
in 

Re[(2300b)(7.5/ - 30")l = 14,938.94 W 

Re[(2269.59&>(7.54f - 28.6")l = 15,645.36 W 

14,938.94 ' = 15,645.36 
= 0.955 or 95.5% 

The corresponding phasor diagram is shown in Figure 4.18. 
The reader is encouraged to compare the above results with those obtained 

in Example 4.4 in order to have some awareness of the errors introduced as a 
result of the approximations we have made. 
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aVz=2300V $ R , , = 6 0 V  

Figure 4.18 The phasor diagram of a transformer discussed in Example 4.5. 

Exercises 

4.4. 

4.5. 

4.6. 

A 2.4-kVA, 2400/240-V, 50-Hz, step-down transformer has the following 
parameters: R, = 1.5 a, X ,  = 2.5 R, R, = 0.02 a, X ,  = 0.03 Q, R,, = 6 kR, 
and X,, = 8 kR. It is operating at 80% of its load at unity power factor. 
Using the exact equivalent circuit embodying the ideal transformer, deter- 
mine the efficiency of the transformer. Also sketch its phasor diagram. 
If the transformer in Exercise 4.4 delivers the rated load at 0.8 pf lagging, 
determine its efficiency using the approximate equivalent circuit as viewed 
from the secondary side. Also sketch its phasor diagram. 
If the transformer in Exercise 4.4 operates at 50% of its rated load at a power 
factor of 0.5 leading, compute its efficiency using both exact and approxi- 
mate equivalent circuits as referred to the primary side. Tabulate the per- 
cent errors in the currents, voltages, powers, and efficiency caused by the 
approximation. 

4.5 Voltage Regulation 

Consider a transformer whose primary winding voltage is adjusted so that it de- 
livers the rated load at the rated secondary terminal voltage. If we now remove 
the load, the secondary terminal voltage changes because of the change in the 
voltage drops across the winding resistances and leakage reactances. A quantity 
of interest is the net change in the secondary winding voltage from no load to full 
load for the same primary winding voltage. When the change is expressed as a 
percentage of its rated voltage, it is called the voltage regulation (VR) of the 
transformer. As a percent, it may be written as 

(4.20) 

where V Z N L  and V,,, are the effective values of no-load and full-load voltages at 
the secondary terminals. 

The voltage regulation is like the figure-of-merit of a transformer. For an ideal 
transformer, the voltage regulation is zero. The smaller the voltage regulation, the 
better the operation of the transformer. 
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The expressions for the percent voltage regulation for the approximate equiv- 
alent circuits as viewed from the primary and the secondary sides are 

V ,  - aV2 
VR% = x 100 

av2 
(4.21) 

"1 - - v, 
a 

v2 
(4.22) VR% = x 100 

where V ,  is the full-load voltage on the primary side and V2 is the rated voltage 
at the secondary. 

E X A M P L E  4.6 

A 2.2-kVAI 440/220-V, 5 0 - H ~ ~  step-down transformer has the following parame- 
ters as referred to the primary side: Re, = 3 51, X,, = 4 51, R,, = 2.5 kR, and X,, 
= 2 kn.  The transformer is operating at full load with a power factor of 0.707 
lagging. Determine the efficiency and the voltage regulation of the transformer. 

0 S O L U T I O N  

From the given data, 

For a lagging power factor of 0.707,O = -45" 
Using load voltage as a reference, i, = 101 -45" A. 
Referring to the equivalent circuit, Figure 4.16, we have 

Thus, V1 = c; + ip(~tl + j x , ~  = 440 + (5/-45")(3 + j4) 

= 464.762/0.44" V 
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The core-loss and magnetizing currents are 

The current supplied by the source is 

il = ip + ic + i, = 5/ -45" + 0.186f0.44~ + 0.2321 - 89.560 

= 5.2961 -45.33' A 

The power output, the power input, and the efficiency are 

Po = Re[(440)(5&)] = 1555.63 W 

Pin = Re[ (464.762/0.44")(5.296 f 45.33')l = 1716.91 W 

- 0.906 or 90.6% 
1555.63 

rl=1716.91- 

The voltage regulation is 

464.762 - 440 
440 

X 100 = 5.63% VR% = 

Exercises 

4.7. Determine the voltage regulation of a step-down transformer whose par- 
ameters are given in Exercise 4.4 at full load and 0.8 pf leading. What is 
the full-load efficiency? Use exact equivalent circuit. 
If the transformer discussed in Example 4.6 operates at a power factor of 
0.8 leading, what is its full-load efficiency? What is the voltage regulation? 
A 100-kVA, 13.2/2.2-kV, 50-Hz, step-down transformer has a core-loss 
equivalent resistance of 8 kn and a magnetization reactance of 7 WI. The 
equivalent winding impedance as referred to the primary side is 3 + jlZn. 
If the transformer delivers the rated Ioad at a power factor of 0.707 lag- 
ging, determine its voltage regulation and efficiency. 

4.8. 

4.9. 
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4.6 Maximum Efficiency Criterion 

As defined earlier, the efficiency is simply the ratio of power output to power 
input. In a real transformer, the efficiency is always less than 100% owing to the 
two types of losses: the magnetic loss and the copper loss. 

The magnetic loss, which is commonly referred to as the core loss, consists 
of eddy-current loss and hysteresis loss. For a given flux density and the fi-equency 
of operation, the eddy-current loss can be minimized by using thinner lamina- 
tions. On the other hand, the hysteresis loss depends upon the magnetic charac- 
teristics of the type of steel used for the magnetic core. Since the flux, Qm, in the 
core of a transformer is practically constant for all conditions of load, the core 
(magnetic) loss, P,, is essentially constant. It is for this reason that the core loss 
is often referred to as the fixed loss. 

The copper loss (also known as PR loss or the electric-power loss) comprises 
the power dissipated by the primary and secondary windings. The copper loss, 
Pcu, varies as the square of the current in each winding. Therefore, as the load 
increases, so does the copper loss. That is why the copper loss is also termed the 
variable loss. 

The power output can be obtained simply by subtracting the core loss and the 
copper loss from the power input. This implies that we can also obtain power 
input by adding the core loss and the copper loss to the power output. We can 
highlight the power flow from the input toward the output by a single-line dia- 
gram, called the power-flow diagram. A power-flow diagram of a transformer 
(see Figure 4.11) is shown in Figure 4.19. 

The efficiency of a transformer is zero at no load. It increases with the increase 
in the load and rises to a maximum value. Any further increase in the load actually 
forces the efficiency of a transformer to drop off. Therefore, there exists a definite 
load for which the efficiency of a transformer is maximum. We now proceed to 
determine the criterion for the maximum efficiency of a transformer. 

Let us consider the approximate equivalent circuit of a transformer as viewed 
from the primary side (see Figure 4.16). The equivalent load current and the load 
voltage on the primary side are l,& and aV,. The power output is 

P,, = av2rp COS e 

Figure 4.19 Power-flow diagram of a transformer. 
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and the copper loss is 

229 

If the core loss is Pm,  then the power input is 

Pin = aV,$ cos 0 + P, + $Rel 

Hence the efficiency of the transformer is 

The only variable in the above equation is the load current lp for a given load 
impedance. Therefore, if we differentiate it with respect to lp and set it equal to 
zero, we obtain 

1iqRc-I = P m  (4.23a) 

where lp,, is the load current on the primary side at maximum efficiency. The 
above equation states that the efficiency of a transformer is maximum when the 
copper loss is equal to the core (magnetic) loss. In other words, a transformer 
operates at its maximum efficiency when the copper-loss curve intersects the core- 
loss curve, as depicted in Figure 4.20. 

We can rewrite Eq. (4.23a) as 

(4.23b) 

I 
1 1 1 1 1 1 1 1 1 1 1  + Percent load 

20 40 60 ' I  80 100 120 

Load at maximum efficiency 

Figure 4.20 Losses in a transformer. 
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If Ip,, is the full-load current on the primary side, then the above equation can also 
be written as 

or (4.24) 

where Pcuf1 = l;flRel is the copper loss at full load. 
Multiplying both sides of Eq. (4.24) by the rated load voltage on the primary 

side (aV,), we can obtain the rating of the transformer at maximum efficiency in 
terms of its nominal rating as 

magnetic loss 
VAlrnax.err. = VAlrated J full-load copper loss 

(4.25) 

The volt-ampere rating at maximum efficiency can actually be determined by 
performing tests on the transformer as explained in the ensuing section. 

E X A M P L E  4.7 

A 120-kVA, 2400/240-V, step-down transformer has the following parameters: R, 
= 0.75 0, X1 = 0.8 0, R, = 0.01 0, X, = 0.02 0. The transformer is designed to 
operate at maximum efficiency at 70% of its rated load with 0.8 pf lagging. De- 
termine (a) the kVA rating of the transformer at maximum efficiency, (b) the 
maximum efficiency, (c) the efficiency at full load and 0.8 pf lagging, and (d) the 
equivalent core-loss resistance. 

0 S O L U T I O N  

Let us use the approximate equivalent circuit of the transformer as shown in 
Figure 4.16. The rated voltage across the load as viewed from the primary side is 
2400 V. Thus, the rated load current is 

120,000 
2400 

4 = - -  - 50 A 

The load current at maximum efficiency is 

lpT = 0.71, = 0.7 X 50 = 35 A 
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(a) The kVA rating of the transformer at maximum efficiency is 

Thus, the copper loss at maximum efficiency is 

P,,, = 12(R, + a2R2) = 352(0.75 + 10’ X 0.01) 

= 2143.75 W 

and the core loss is 

P, = PCuq = 2143.75 W 

(b) The power output, the power input, and the efficiency when the trans- 
former delivers the load at maximum efficiency are 

Po = 2400 X 35 x 0.8 = 67,200 W 

P, = Po + P, + Pcuq 

= 67,200 + 2,143.75 + 2,143.75 = 71,487.5 W 

67,200 
71,487.5 

r )=--  - 0.94 or 94% 

(c) The power output, the copper loss, and the efficiency at full load are 

Po = 2400 X 50 X 0.8 = 96,000 W 

P,, = 502 x (0.75 + lo2 X 0.01) = 4,375 W 

= 0.936 or 93.6% 96,000 ‘ = 96,000 + 4,375 + 2,143.75 

(d) The equivalent core-loss resistance at no load is 

24002 
= 2686.88 0 

Rc’ = 2143.75 
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Exercises 

4.10. 

4.11. 

4.12. 

A 24-kVA, 2400/240-V, 50-Hz, step-down transformer has R, = 25 0, X, = 
35 Q, R, = 250 ma,  X, = 350 mQ, and X, = 3 w2. The efficiency of the trans- 
former is maximum when it operates at 80% of its rated load and 0.866 pf 
lagging. Determine (a) its kVA rating at maximum efficiency, (b) the max- 
imum efficiency, (c) the efficiency at full load and 0.866 pf lagging, and (d) 
the equivalent core-loss resistance. 
A 200-kVA transformer has a core loss of 10 kW and a copper loss of 40 kW 
at full load. What is the kVA rating at the maximum efficiency of the trans- 
former? Express the load current at maximum efficiency as a percent of the 
rated current. If the transformer operates at a power factor of 0.8 lagging, 
determine (a) the maximum efficiency and (b) the full-load efficiency of 
the transformer. 
A 24-kVA, 120/480-V, step-up transformer performs at its maximum effi- 
ciency at 75% of its rated load with a unity power factor. The core loss is 
1.2 kW. What is the equivalent winding resistance as referred to the pri- 
mary side? What is the efficiency of the transformer if it delivers the rated 
load at a power factor of 0.9 lagging? 

4.7 Determination of Transformer Parameters 

The equivalent circuit parameters of a transformer can be determined by perform- 
ing two tests: the open-circuit test and the short-circuit test. 

The Open-Circuit Test 
As the name implies, one winding of the transformer is left open while the other 
is excited by applying the rated voltage. The frequency of the applied voltage 
must be the rated frequency of the transformer. Although it does not matter which 
side of the transformer is excited, it is safer to conduct the test on the low-voltage 
side. Another justification for performing the test on the low-voltage side is the 
availability of the low-voltage source in any test facility. 

Figure 4.21 shows the connection diagram for the open-circuit test with am- 
meter, voltmeter, and wattmeter inserted on the low-voltage side. If we assume 
that the power loss under no load in the low-voltage winding is negligible, then 
the corresponding approximate equivalent circuit as viewed from the low-voltage 
side is given in Figure 4.22. From the approximate equivalent of the transformer 
as referred to the low-voltage side (Figure 4.22), it is evident that the source sup- 
plies the excitation current under no load. One component of the excitation current 
is responsible for the core loss, whereas the other is responsible to establish the 
required flux in the magnetic core. In order to measure these values exactly, the 
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Figure 

W 

Rated 
voltage 

(Low-vol tage 
side) 

4.21 A two-winding transformer wired with instruments for open-circuit test. 

W 

Rated 
voltage 

(Low-vol tage 
side) 

4.21 A two-winding transformer wired with instruments for open-circuit test. 

- $ = ; x l t a g e  

(open circuit) 

source voltage must be adjusted carefully to its rated value. Since the only power 
loss in Figure 4.22 is the core loss, the wattmeter measures the core loss in the 
transformer. 

The core-loss component of the excitation current is in phase with the applied 
voltage while the magnetizing current lags the applied voltage by 90", as shown 
in Figure 4.23. If V,,, is the rated voltage applied on the low-voltage side, I,, is the 
excitation current as measured by the ammeter, and P,, is the power recorded by 
the wattmeter, then the apparent power at no-load is 

at a lagging power-factor angle of 

+", = cos-' [?] 

Figure 4.22 The approximate equivalent circuit of a two-winding transformer under 
open-circuit test. 
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Figure 4.23 The phasor diagram of a two-winding transformer under open-circuit test. 

The core-loss and magnetizing currents are 

and 

Thus, the core-loss resistance and the magnetizing reactance as viewed from the 
low-voltage side are 

and 

where 

(4.26) 

(4.27) 

The Short-circuit Test 
This test is designed to determine the winding resistances and leakage reactances. 
The short-circuit test is conducted by placing a short circuit across one winding 
and exciting the other from an alternating-voltage source of the frequency at which 
the transformer is rated. The applied voltage is carefully adjusted so that each 
winding carries a rated current. The rated current in each winding ensures a 
proper simulation of the leakage flux pattern associated with that winding. Since 
the short circuit constrains the power output to be zero, the power input to the 
transformer is low. The low power input at the rated current implies that the 
applied voltage is a small fraction of the rated voltage. Therefore, extreme care 
must be exercised in performing this test. 
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Once again, it does not really matter on which side this test is performed. 
However, the measurement of the rated current suggests that, for safety purposes, 
the test be performed on the high-voltage side. The test arrangement with all 
instruments inserted on the high-voltage side with a short circuit on the low- 
voltage side is shown in Figure 4.24. 

Since the applied voltage is a small fraction of the rated voltage, both the core- 
loss and the magnetizing currents are so small that they can be neglected. In other 
words, the core loss is practically zero and the magnetizing reactance is almost 
infinite. The approximate equivalent circuit of the transformer as viewed from the 
high-voltage side is given in Figure 4.25. In this case, the wattmeter records the 
copper loss at full load. 

If Vsc, I,,, and P,, are the readings on the voltmeter, ammeter, and wattmeter, 
then 

(4.28) 

is the total resistance of the two windings as referred to the high-voltage side. 
The magnitude of the impedance as referred to the high-voltage side is 

z,, = - v s c  (4.29) 

Therefore, the total leakage reactance of the two windings as referred to the high- 
voltage side is 

x,, = v'z~H - R : ~  

Is, 

(4.30) 

If we define the a-ratio as 

Adjust 
voltage 

for 
rated current 
(High-voltage 

side) 

W 

c -  

Low-voltage 
side 

(short circuit) 

Figure 4.24 A two-winding transformer wired for short-circuit test. 
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Figure 4.25 An approximate equivalent circuit of a two-winding transformer under 
short-circuit condition. 

then 

and 

Re, = RH + a2R, 

x,, = x ,  + a*x, 

(4.31) 

(4.32) 

where RH is the resistance of the high-voltage winding, R ,  is the resistance of the 
low-voltage winding, X H  is the leakage reactance of the high-voltage winding, 
and X ,  is the leakage reactance of the low-voltage winding. 

If the transformer is available, we can measure R ,  and R ,  and verify Eq. (4.31). 
However, there is no simple way to separate the two leakage reactances. The same 
is also true for the winding resistances if the transformer is unavailable. If we 
have to segregate the resistances, we will assume that the transformer has been 
designed in such a way that the power loss on the high-voltage side is equal to 
the power loss on the low-voltage side. This is called the optimum design crite- 
rion and under this criterion 

l ; R H  = IER, 

which yields 

R H  = a2R, = 0.5ReH 

Similarly, we can asume that 

XH = a2XL = 0.5X,,  

(4.33) 

(4.34) 

E X A M P L E  4.8 

The following data were obtained from testing a 48-kVA, 4800/240-V, step-down 
transformer: 
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Voltage (V) Current (A) Power (W) 
~ - ~. . - .. 

Open-circuit test: 240 2 120 
Short-circuit test: 150 10 600 

Determine the equivalent circuit of the transformer as viewed from (a) the high- 
voltage side and (b) the low-voltage side. 

0 S O L U T I O N  

Since the open-circuit test must be conducted at the rated terminal voltage, the 
above data indicate that it is performed on the low-voltage side. Thus, the equiv- 
alent core-loss resistance as  referred to the low-voltage side is 

R,, = - 2402 - - 480 R 
120 

The apparent power under no load: So, = V,,l,, = 240 X 2 = 480 VA 
Thus, the reactive power is 

Q,, = V4802 - 120’ = 464.76 VAR 

Hence, the magnetization reactance as referred to the low-voltage side is 

x,, = - 2402 = 123.94 R 
464.76 

The core-loss resistance and the magnetization reactance as referred to the high- 
voltage side are obtained as follows: 

a = 48001240 = 20 

R,, = a2R,L = (202)(480) = 192 kn 
X , n H  = a2X,L = (202)(123.94) = 49.58 kR 

Since the short-circuit current is 10 A, the short-circuit test is performed on the 
high-voltage side. Thus, 

X,, = = 13.75 fi 
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6 f'l 113.75 f'l 
* 

Figure 4.26 The approximate equivalent circuit as viewed from the high-voltage side for 
Example 4.8. 

The winding parameters as referred to the low-voltage side are 

or 15 mR 

XeH 13.75 
a2 202 

X,, = - = - = 0.034 R or 34 mR 

The approximate equivalent circuits as viewed from the high-voltage and the low- 
voltage sides are given in Figures 4.26 and 4.27, respectively. In order to draw an 
exact equivalent circuit, we can segregate the winding resistances and leakage 
reactances using Eqs. (4.33) and (4.34). That is, 

R, = 0.5ReH = 3 R 
X H  = 0.5XeH = 6.88 R 

0.5ReH R --- - 0.0075 R, or 7.5 mR 
a2 

0.5XeH 

L -  

X L  = 7 = 0.0170, or 17mR 

15 mi2 j34mi2 

1 

Figure 4.27 The approximate equivalent circuit as viewed from the low-voltage side for 
Example 4.8. 
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3 R j6.88 R j17mR 7.5 mil  

High-voltage side Low-voltage side 

Figure 4.28 The exact equivalent circuit of a transformer for Example 4.8. 

The exact equivalent circuit incorporating an ideal transformer is shown in 
Figure 4.28. 

Exercises 

4.13. 

4.14. 

4.15. 

The following data were obtained when a 25-kVA, 2300/460-V, 50-Hz 
transformer was tested: 

Voltage (V) Current (A) Power (W) 

Open-circuit test: 460 1.48 460 
Short-circuit test: 108.7 10.87 709 

Determine the approximate equivalent circuit as viewed from (a) the high- 
voltage side and (b) the low-voltage side. Also draw the exact equivalent 
circuit. 
A 25-kVA, 4000/400-V, 60-Hz transformer has the following parameters: 
R, = 18 Q, X, = 25 0, R, = 180 mQ, X, = 250 mQ, R,, = 15 kQ, and 
X,, = 25 kQ. If the open-circuit and short-circuit tests are performed on 
this transformer, what are the readings of the instruments in each case? 
From the data given in Exercise 4.14, determine the rating of the trans- 
former at maximum efficiency. What is the maximum efficiency of the 
transformer at unity power factor? What is the efficiency at full load and 
unity power factor? 

4.8 Per-Unit Computations 

When an electric machine is designed or analyzed using the actual values of its 
parameters, it is not immediately obvious how its performance compares with 
another similar-type machine. However, if we express the parameters of a machine 
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as a per-unit (pu) of a base (or reference) value, we will find that the per-unit 
values of machines of the same type but widely different ratings lie within a 
narrow range. This is one of the main advantages of a per-unit system. 

An electric system has four quantities of interest: voltage, current, apparent 
power, and impedance. If we select base values of any two of them, the base values 
of the remaining two can be calculated. If S, is the apparent base power and v b  

is the base voltage, then the base current and base impedance are 

(4.35) 

(4.36) ' b  
Zb  = 

The actual quantity can now be expressed as a decimal fraction of its base 
value by using the following equation. 

actual quantity 
its base value 

Quantity, pu = (4.37) 

Since the power rating of a transformer is the same on both sides, we can use 
it as one of the base quantities. However, we have to select two base voltages- 
one for the primary side and the other for the secondary side. The two base volt- 
ages must be related by the a-ratio. That is, 

(4.38) 

where vb" and v b ,  are the base voltages on the high- and low-voltage sides of a 
transformer, respectively. 

Since the base voltages have been transformed, the currents and impedances 
are also transformed. In other words, the a-ratio is unity when the parameters of 
a transformer are expressed in terms of their per-unit values. The following ex- 
ample illustrates the analysis of a transformer on a per-unit basis. 

E X A M P L E  4 . 9  

A single-phase generator with an internal impedance of 23 + j92 m a  is connected 
to a load via a 46-kVA, 230/2300-V, step-up transformer, a short transmission line, 
and a 46-kVA, 2300/115-V, step-down transformer. The impedance of the trans- 
mission line is 2.07 + j4.14 0. The parameters of step-up and step-down trans- 
formers are: 
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~ RCH Xll lH 
~~~ _._ - ~~ 

XL 
- ~. 

X" RL 
. - 

R H  ~- __ 
Step-up: 2.3 R 6.9 R 23 rnR 69 mR 13.8 kR 6.9 kR 
Step-down: 2 3  R 6.9 R 5.75 rnR 17.25 mR 11.5 kR 9.2 kR 

Determine (a) the generator voltage, (b) the generator current, and (c) the overall 
efficiency of the system at full load and 0.866 pf lagging. 

0 S O L U T I O N  

The exact equivalent circuit of the system incorporating ideal transformers is given 
in Figure 4.29. The entire system is divided into three regions-A, B, and C, as 
shown. 
Region A: V b A  = 230 v, and sb,q = 46,000 VA 
ThUS, IbA = 46,000/230 = 200 A, and Z b A  = 230/200 = 1.15 
The per-unit impedance of the generator is 

0.023 + 10.092 
1.15 

- = 0.02 + j0.08 Z g p u  - 

The per-unit parameters on the low-voltage winding of the step-up transformer 
are 

0.023 
1.15 

0.069 

R L , p u  = - - - 0.02 

X L p u  = - 1.15 - - 0.06 

I 
16.9 R ' J6.9 R $7.25 mR I 

I 
i92 mR I i69mR 

: 115V 1 Load 
I Step-up 
I transformer 
I 

I 

I 
I I 

I Step-down 
transformer I 

Figure 4.29 A power distribution system of Example 4.9. 
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Region B: VbB = 2300 V, and SbB = 46,000 VA 

The per-unit parameters on the high-voltage side of the step-up transformer are 
ThUS, 1bB == 46,000/2300 = 20 A, and Z b B  = 2300120 = 115 fl 

RH,pu = 115 2.3 - - 0.02 

0.06 
6.9 
115 

XH,pu = - = 

- 6 0  
6900 
115 XrnH, pu - 

The per-unit impedance of the transmission line is 

The per-unit parameters on the high-voltage side of the step-down transformer 
are 

RH,pu = - 2*3 = 0.02 
115 

xH,pu = - 6*9 = 0.06 
115 

11,500 
R c H , p u  = - = 115 

Region C :  v b c  = 115 V, and s b c  = 46,000 VA 

Finally, the per-unit parameters on the low-voltage side of the step-down trans- 
former are 

Thus, Ibc = 46,000/115 = 400 A, and Z b C  = 115/400 = 0.2875 

= 0.02 
0.00575 

RLcpu 0.2875 

0.01725 o.06 
0.2875 

-- - 

Xt+ = - = 





244 Transformers 

(b) The current supplied by the generator is 

Tg = lbAig,p,, = 200 x 1.0361-30.84" = 207.2[-30.84" A 

(c) On a per-unit basis, the rated power output at a 0.866 pf lagging is 

Po,pu = 0.866 

The per-unit power supplied by the generator is 

p i n ,  pu = Re[(1.313/11.08")(1.036/30.84")1 = 1.012 

Hence, the efficiency is 

0.866 
1.012 

r l = - -  - 0.856 or 85.6% 
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The direct electrical connection between the windings ensures that a part of the 
energy is transferred from the primary to the secondary by conduction. The mag- 
netic coupling between the windings guarantees that some of the energy is also 
delivered by induction. 

Autotransformers may be used for almost all applications in which we use a 
two-winding transformer. The only disadvantage in doing so is the loss of elec- 
trical isolation between the high- and low-voltage sides of the autotransformer. 
Listed below are some of the advantages of an autotransformer compared with a 
two-winding transformer. 

1. It is cheaper in first cost than a conventional two-winding transformer of a 
similar rating. 

2. It delivers more power than a two-winding transformer of similar physical 
dimensions. 

3. For a similar power rating, an autotransformer is more efficient than a two- 
winding transformer. 

4. An autotransformer requires lower excitation current than a two-winding 
transformer to establish the same flux in the core. 

We begin our discussion of an autotransformer by connecting an ideal two- 
winding transformer as an autotransformer. In fact, there are four possible ways 
to connect a two-winding transformer as an autotransformer, as shown in Figure 
4.31. 

Let us consider the circuit shown in Figure 4.31a. The two-winding trans- 
former is connected as a step-down autotransformer. Note that the secondary 
winding of the two-winding transformer is now the common winding for the 
autotransformer. Under ideal conditions, 

- - - - 
V,, = El ,  = El + E ,  
I - - 
Vk = E,  = E ,  

where a = N 1 / N 2  is the a-ratio of a two-winding transformer, and aT = 1 + a is 
the a-ratio of the autotransformer under consideration. The a-ratio for the other 
connections should also be computed in the same way. Note that a7 is not the 
same for all connections. 

In an ideal autotransformer, the primary mmf must be equal and opposite to 
the secondary mmf. That is, 
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I 

- 4 6  

(a) (V, + Vz)/ V, step-down (b) Vz/(Vl + V2) step-up 
connection. connection. 

+ 

(c) (V, + V2)/ V, step-down (d) V,/( Vl + VJ step-up 
connection. connection. 

Figure 4.31 Possible ways to connect a two-winding transformer as an autotransformer. 

From this equation, we obtain 

(4.40) 

Thus, the apparent power supplied by an ideal transformer to the load, S,, is 

Soa = Vd, 

= V I a I l a  

= Sina (4.41) 
where Sin# is the apparent power input to the autotransformer. The above equation 
simply highlights the fact that the power input is equal to the power output under 
ideal conditions. 
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Let us now express the apparent output power in terms of the parameters of 
a two-winding transformer. For the configuration under consideration, 

and 

v, = v, 
I, = U T I l ,  = (a + l)Il, 

However, for the rated load, I,, = I,. Thus, 

s, = V,I,(a + 1) 

= V*I,- + - - So[l  + t] 
U 

where So = V,I, is the apparent power output of a two-winding transformer. This 
power is associated with the common winding of the autotransformer. This, there- 
fore, is the power transferred to the load by induction in an autotransformer. The 
rest of the power, So / a  in this case, is conducted directly from the source to the 
load and is called the conduction power. Hence, a two-winding transformer de- 
livers more power when connected as an autotransformer. 

E X A M P L E  4.10 

A 24-kVA, 2400/240-V distribution transformer is to be connected as an autotrans- 
former. For each possible combination, determine (a) the primary winding volt- 
age, (b) the secondary winding voltage, (c) the ratio of transformation, and (d) 
the nominal rating of the autotransformer. 

0 S O L U T I O N  

From the given information for the two-winding transformer, we conclude 

V ,  = 2400 V, V,= 240 V, So = 24 kVA I, = 10 A, and I, = 100 A 

(a) For the autotransformer operation shown in Figure 4.31a, 

V,, = 2400 + 240 = 2640 V 

V ,  = 240 V 

2640 
240 

UT = - = 11 

so, = VJ, = V,,I,, = V J ,  

= 2640 x 10 = 26,400 VA or 26.4 kVA 

Thus, the nominal rating of the autotransformer is 26.4 kVA, 2640/240 V. 
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(b) For the autotransformer connection shown in Figure 4.31b, 

V,, = 240 V 

V ,  = 2400 + 240 = 2640 V 

240 
2640 

UT = - = 0.091 

s, = V,I, = v,r, 
= 2640 X 10 = 26,400 VA or 26.4 kVA 

The nominal rating of the autotransformer is 26.4 kVA, 240/2640 V. 
If an autotransformer connection is as shown in Figure 4.31c, ( c )  

V,, = 240 + 2400 = 2640 V 
V ,  = 2400 V 

2640 
2400 

UT = - = 1.1 

so, = V,l, = V,,l,, = V,,l, 

= 2640 x 100 = 264,000 VA or 264 kVA 

The nominal rating of the autotransformer is 264 kVA, 2640/2400 V. 
Finally, if the autotransformer connection is as shown in Figure 4.31d, (d) 

V,, = 2400 V 

V ,  = 2400 + 240 = 2640 V 

% = - =  2400 0.91 
2640 

s, = V,l, = V& 

= 2640 X 100 = 264,000 VA or 264 kVA 

The nominal rating of the autotransformer is 264 kVA, 2400/2640 V. 
Note that the power rating of a two-winding transformer, when connected as an 
autotransformer (Figure 4 . 3 1 ~  or d), has an 11-fold increase. 

A Nonideal Autotransformer 

An equivalent circuit of a nonideal autotransformer can be obtained by includ- 
ing the winding resistances, the leakage reactances, the core-loss resistance, and 
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netizing reactance, as depicted in Figure 4.32. We can analyze each circuit in Figure 
4.32 as it is drawn or derive an equivalent circuit as viewed from the primary or 
the secondary side by following the techniques used earlier. The equivalent circuit 
as viewed from the primary of the autotransformer for each connection is illus- 
trated in Figure 4.33. The reader is urged to verify each circuit in order to gain 
confidence in making the transformations. 

E X A M P L E  4 . 1 1  

A 720-VA, 360/120-V, two-winding transformer has the following constants: 
R, = 18.9 R, X, = 21.6 R, R, = 2.1 R, X, = 2.4 $2, Rd1 = 8.64 kR, and 
X,, = 6.84 kR. The transformer is connected as a 120/480-V, step-up autotrans- 
former. If the autotransformer delivers the full load at 0.707 pf leading, determine 
its efficiency and voltage regulation. 

S O L U T I O N  

The equivalent circuit of a 120/480-V, step-up transformer is shown in Figure 4.34. 
Its ratio of transformation is 

120 
480 aT = - = 0.25 

The ratio of transformation of a two-winding transformer is 

360 
120 

a = - - - = 3  

Thus, the equivalent core-loss resistance and the magnetizing reactance on the 
low-voltage side are 

8640 
32 

32 

R,, = - = 960 Q 

x,, = - 6840 - - 760 R 

At full load, the load current is 

720 
360 

1, = 1, = - = 2 A 

i , = 2 & A  

i = L = & E = ~ ~ A  
aT 0.25 Pa 

Hence, 



(a) (V, t V2)/ V, step-down 
connection. 

(b) V2/(Vl + 112) step-up 
connection. 

(d) Vl/(Vl + V2)stcp-u~ 
connection. 

Figure 4.32 A two-winding transformer connected as an autotransformer. 
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(a) The equivalent circuit of a (V, + V,)/V, step-down 
autotransformer as viewed from the primary side. 

(b) The equivalent circuit of a V2/(Vl + V2) step-up 
autotransformer as viewed from the primary side. 

(c) The equivalent circuit of a (V,  + V,)/V, step-dowm 
autotransformer as viewed from the primary side. 

(d) The equivalent circuit of a Vl/( V, + V2) step-up 
autotramformer as viewed from the primary side. 

Figure 4.33 The equivalent circuits of an autotransformer. 

25 1 
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- 

Figure 4.34 An exact equivalent circuit of a step-up autotransformer of Example 4.11. 

The current through the common winding is 
- - -  
l,,, = lp,, - 12, = 6 6/45" A - - - 

In addition, EH = aEL = 3E,. 
We can now obtain E L  by applying KVL to the output loop. That is, 

4EL = ih(~H + jx,) + V ,  - icom(RL + jx,) 
= 2 m ( l 8 . 9  + j21.6) + 480 - 6 m ( 2 . 1  + j2.4) 

or EL = 119.74514.57" V 

Thus, V,, = EL + I,,,,,(R~ + jx,) 
= 119.74514.57" + 6,&O(2.1 + j2.4) 

= 121.513/13.63' V 

The core-loss, magnetizing, and excitation currents are 

i,, = fc, + ima = 0.127/13.6~ + 0.160/-76.37~ 

= 0.2041 - 38" A 
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Hence, il, = iPa + iba = 8/43 + 0.204/-380 = 8.027/43.560 A 

Po = Re[c,i:J = Re[480 x 21-45”] = 678.82 W 

P ,  = Re[p,,i:,] = Re[(121.513/13.63”)(8.027/ - 43.56“)] 

= 845.3 W 

678.82 
845.3 

9 = - -  - 0.803 or 80.3%. 

If we now remove the load, the no-load voltage at the secondary of the autotrans- 
former is 

We can now compute the voltage regulation as 

Exercises 

4.19. 

4.20. 

4.21. 

Repeat Example 4.11 if the two-winding transformer is connected as a 480/ 
120-V, step-down autotransformer. 
Repeat Example 4.11 if the two-winding transformer is connected as a 480/ 
360-V, step-down autotransformer. 
Repeat Example 4.1 1 if the two-winding transformer is connected as a 360/ 
480-V, step-up transformer. 

4.10 Three-Phase Transformers 

Since most of the power generated and transmitted over long distances is of the 
three-phase type, we can use three exactly alike singie-phase transformers to form 
a single three-phase transformer. For economic reasons, however, a three-phase 
transformer is designed to have all six windings on a common magnetic core. A 
common magnetic core, three-phase transformer can also be either a core type 
(Figure 4.35) or a shell type (Figure 4.36). 

Since the third harmonic flux created by each winding is in phase, a shell-type 
transformer is preferred because it provides an external path for this flux. In other 



C, Primaries 

C, Secondaries 

Figure 4.35 A core type three-phase transformer. 

< Secondaries 

\ 

I n 
e ,  

I L 

/ 

/ 

Primaries > 
Figure 4.36 A shell-type three-phase transformer. 

254 



Three-Phase Transformers 255 

words, the voltage waveforms are less distorted for a shell-type transformer than 
for a core-type transformer of similar ratings. 

The three windings on either side of a three-phase transformer can be con- 
nected either in wye (Y) or in delta (A). Therefore, a three-phase transformer can 
be connected in four possible ways: Y / Y ,  Y/A, A/Y,  and A/A. Some of the ad- 
vantages and drawbacks of each connection are highlighted below. 

Y/Y Connection 

A Y / Y  connection for the primary and secondary windings of a three-phase trans- 
former is depicted in Figure 4.37. The line-to-line voltage on each side of the three- 
phase transformer is fl times the nominal voltage of the single-phase trans- 
former. The main advantage of a Y / Y  connection is that we have access to the 
neutral terminal on each side and it can be grounded if desired. Without ground- 
ing the neutral terminals, the Y/Y operation is satisfactory only when the three- 
phase load is balanced. The electrical insulation is stressed only to about 58% of 
the line voltage in a Y-connected transformer. 

Since most of the transformers are designed to operate at or above the knee 
of the curve, such a design causes the induced emfs and currents to be distorted. 
The reason is as follows: Although the excitation currents are still 120" out of phase 
with respect to each other, their waveforms are no more sinusoidal. These cur- 
rents, therefore, do not add up to zero. If the neutral is not grounded, these cur- 
rents are forced to add up to zero. Thus, they affect the waveforms of the induced 
emfs. 

A/A Connection 

Figure 4.38 shows the three transformers with the primary and secondary wind- 
ings connected as A/A. The line-to-line voltage on either side is equal to the cor- 

To three-phase source 
A , 

To three-phase source 
h 

ppp 7 
n Neutral 

v 
To three-phase load 
I 

To three-phase load 

Figure 4.37 A Y /Y-connected three-phase 
transformer. transformer. 

Figure 4.38 A A /  A-connected three-phase 
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responding phase voltage. Therefore, this arrangement is useful when the voltages 
are not very high. The advantage of this connection is that even under unbalanced 
loads the three-phase load voltages remain substantially equal. The disadvantage 
of the A/A connection is the absence of a neutral terminal on either side. Another 
drawback is that the electrical insulation is stressed to the line voltage. Therefore, 
a A-connected winding requires more expensive insulation than a Y-connected 
winding for the same power rating. 

A A/A connection can be analyzed theoretically by transforming it into a sim- 
ulated Y/  Y connection using A-to-Y transformations. 

Y/A Connection 
This connection, as shown in Figure 4.39, is very suitable for step-down applica- 
tions. The secondary winding current is about 58% of the load current. On the 
primary side the voltages are from line to neutral, whereas the voltages are from 
line to line on the secondary side. Therefore, the voltage and the current in the 
primary are out of phase with the voltage and the current in the secondary. In a 
Y I A  connection, the distortion in the waveform of the induced voltages is not as 
drastic as it is in a Y /  Y-connected transformer when the neutral is not connected 
to the ground. The reason is that the distorted currents in the primary give rise 
to a circulating current in the A-connected secondary. The circulating current acts 
more like a magnetizing current and tends to correct the distortion. 

A/Y Connection 

This connection, as depicted in Figure 4.40, is proper for a step-up application. 
However, this connection is now being exploited to satisfy the requirements of 

To three-phase source 

n Neutral 

Y 

To three-phase load 

Figure 4.39 A Y /A-connected three-phase transformer. 
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To three-phase source 
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t t f 

Neutral 

To three-phase load 

Figure 4.40 A A/Y-connected three-phase transformer. 

both the three-phase and the single-phase loads. In this case, we use a four-wire 
secondary. The single-phase loads are taken care of by the three line-to-neutral 
circuits. An attempt is invariably made to distribute the single-phase loads almost 
equally among the three phases. 

Analysis of a Three-Phase Transformer 
Under steady-state conditions, a single three-phase transformer operates exactly 
the same way as three single-phase transformers connected together. Therefore, 
in our discussion that follows we assume that we have three identical single-phase 
transformers connected to form a three-phase transformer. Such an understanding 
helps us to develop the per-phase equivalent circuit of a three-phase transformer. 

We also assume that the three-phase transformer delivers a balanced load, 
and the waveforms of the induced emfs are purely sinusoidal. In other words, the 
magnetizing currents are not distorted and there are no third harmonics. 

We can analyze a three-phase transformer in the same way we have analyzed 
a three-phase circuit. That is, we can employ the per-phase equivalent circuit of a 
transformer. A A-connected winding of a three-phase transformer can be ;eplaced 
by an equivalent Y-connected winding using A-to-Y transformation. If .ZA is the 
impedance in a A-connected winding, the equivalent impedance Z, in a 
Y-connected winding is 

(4.42) 
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On the other hand, if QL is the line-to-line voltage in a Y-connected winding, 
the line-to-neutral voltage v,, is 

(4.43) 

where the plus sign is for the negative phase-sequence (counterclockwise) and the 
minus sign is for the positive phase-sequence (clockwise). 

The following examples show how to analyze a system of balanced three- 
phase transformers. Unless it is specified otherwise, we assume that the 
impressed voltages on the primary side follow the positive phase-sequence. 

E X A M P L E  4.12 

A three-phase transformer is assembled by connecting three 720-VA, 360/120-V, 
single-phase transformers. The constants for each transformer are R, = 18.9 a, 
X, = 21.6 Q, R ,  = 2.1 Q, X, = 2.4 0, R,, = 8.64 kQ, and X,, = 6.84 kR. For 
each of the four configurations, determine the nominal voltage and power ratings 
of the three-phase transformer. Draw the winding arrangements and the per- 
phase equivalent circuit for each configuration. 

0 S O L U T I O N  

The power rating of a three-phase transformer for each connection is 

S,, = 3 X 720 = 2160 VA or 2.16 kVA 

(a) For a Y / Y  connection, the nominal values of the line voltages on the 
primary and the secondary sides are 

V,, = d3 X 360 = 623.54V 

V2, = fi X 120 = 207.85 V 

Thus, the nominal ratings of a three-phase transformer are 

2.16-kVA 624/208-V Y/  Y connection 

The winding arrangement and the per-phase equivalent circuit are 
shown in Figures 4.41a and b, respectively. 
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(a) Winding arrangement. phase and line voltages. 

360V1120V 
a = 3  

(b) Per-phase equivalent circuit. 

Figure 4.41 Winding arrangement and per-phase equivalent circuit of a three-phase 
Y/Y-connected transformer. 

(b) The nominal values of the line voltages, for A/A connection, are 

V,, = 360 V 
v,, = 120 v 

Hence, the nominal ratings of a three-phase transformer are 

2.16-kVA 3601120-V A/A connection 

The winding connections, the Y / Y  equivalent representation, and the 
per-phase equivalent circuit are illustrated in Figures 4.42a, b, and c, 
respectively. 
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(c) When the primary and the secondary windings of three single-phase 
transformers are connected to form a three-phase Y / A  connection, the 
nominal ratings of the three-phase transformer are 

2.16-kVA 624/120-V Y/A connection 

The actual winding connections are shown in Figure 4.43a. Since the 
magnetic coupling exists between the two coupled windings of each sin- 
gle-phase transformer, the phase voltages on the primary side (Y con- 
nection) are in-phase with the line voltages on the secondary side (A con- 
nection) and the a-ratio is 3 (360/120). By the same token, the phase 
currents in the A-connected winding on the secondary side are in phase 
with the phase (or line) currents in the Y-connected primary side. 

We can also represent a A-connected secondary winding by its equiv- 
alent Y connection as shown in Figure 4.43b and analyze the three-phase 
transformer on a per-phase basis. Such a per-phase equivalent circuit is 
given in Figure 4.43~. In addition, we can also use the simulated Y/Y 
connection to perform the voltage and current transformations from one 
side of the transformer to the other by redefining the a-ratio simply as 
the ratio of per-phase voltages of the simulated Y /Y connection. In this 
case, the a-ratio is 5.196. It is also clear from Figure 4.43b that the phase 
voltage of the Y-connected primary winding leads the simulated Y-con- 
nected phase voltage of the A-connected winding by 30"for the assumed 
positive phase sequence. With this understanding, we can express El, 
in terms of E,,, in general, as 

E , ,  = aE,,& (4.44) 

where, in this example, a = 5.196. 
As mentioned earlier, the phase current in the A-connected secondary 

winding is in-phase with the phase (or line) current of the Y-connected 
primary winding. However, for the positive phase sequence, the phase 
current of a A-connected winding leads the phase (or line) current of its 
equivalent Y-connected winding by 30". Such a phase shift enables us 
to define the relationship between the currents FpA and rM of the equiv- 
alent Y / Y  connection as 

(4.45) 

(d) When the primary and the secondary windings of the three single-phase 
transformers are connected to form a three-phase A / Y  connection, the 
nominal ratings of the three-phase transformer are 
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2.1 6-kV A 360 / 208-V A / Y connection 

The actual winding connections are shown in Figure 4.44a. Once again, 
as the magnetic coupling exists between the two coupled windings of 
each single-phase transformer, the phase voltages on the secondary side 
(Y connection) are in-phase with the line voltages on the primary side 
(A connection) and the a-ratio is 3 (360/120). Likewise, the phase (or line) 
currents in the Y-connected secondary side are in phase with the phase 
currents in the A-connected primary side. 

We can also represent a A-connected primary winding by its equiva- 
lent Y connection as shown in Figure 4.44b and analyze the three-phase 
transformer on a per-phase basis. Such a per-phase equivalent circuit is 
given in Figure 4.44~. In addition, we can also use the simulated Y/Y 
connection to perform the voltage and current transformations from one 
side of the transformer to the other by defining the a-ratio as the ratio 
of the per-phase voltages of the simulated Y/Y connection. In this case, 
the a-ratio is 1.732. It is also clear from Figure 4.44b that the phase volt- 
age of the actual Y-connected secondary winding leads the phase volt- 
age of the simulated Y-connected primary winding by 30" for the 
assumed positive phase sequence. Thus, for a A / Y  connection of a three- 
phase transformer, the primary winding voltage of its equivalent Y/Y 
connection lags the secondary winding voltage by 30". Thus, we can 
express E,, in terms of E,, as 

E,, = aE,, /-3o" (4.46) 

where, in this example, a = 1.732. 
The phase current of an actual A-connected winding on the primary 

side is in-phase with the phase (or line) current of an actual Ytonnected 
winding on the secondary side. However, for a positive phase sequence, 
the phase current of a A-connected winding leads the phase (or line) cur- 
rent of its equivalent Y-connected winding by 30". Thus, the phase (or 
line) current of an equivalent Y-connected winding on the primary side 
lags the phase current of the actual Y-connected winding on the sec- 
ondary side by 30". Such a phase shift enables us to define the relation- 
ship between currents ipA and ';A as 

ipA = 1 /-3o" 
11 

(4.47) 

The following example illustrates the analysis of a three-phase trans- 
former. 
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(b) Equivalent YIY representation. 
(a) Winding arrangement. 

- 6.3 R j7 .2Q A# j0.8R 0 .7R 

E2n v2, 

$Lv/$Lv 
a = 3  

Figure 4.42 The winding connections, equivalent Y /Y  representation, and per-phase 
equivalent circuit of a A/A connected three-phase transformer. 

(c) Per-phase equivalent circuit. 
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(a) Winding arrangement. 

a2 

c2 

(b) Equivalent YIY representation 

j0.8 R 0 . 7 R  

- 
360 V/" v 

P 
II = 5.196 

(c) Per-phase equivalent circuit 

Figure 4.43 The winding connections, equivalent Y/Y representation, and per-phase 
equivalent circuit of a Y /A  three-phase transformer. 
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a2 

(a) Winding arrangement. 

"I 

1, 

(b) Equivalent Y/Y representation. 

6.3 R j7.2 CZ At A J2.4R 2.1 R 

E2n "2" 

- 
?v/ 120v 

a = 1.732 

(c )  Per-phase equivalent circuit 

Figure 4.44 The winding connections, equivalent Y /Y representation, and per-phase 
equivalent circuit of a A/Y three-phase transformer. 
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E X A M P L E  4 . 1 3  

Three single-phase transformers, each rated at 12 kVA, 120/240 V, 60 Hz, are con- 
nected to form a three-phase, step-up, Y/A connection. The parameters of each 
transformer are R, = 133.5 mR, X ,  = 201 ma,  R, = 39.5 mR, X, = 61.5 mn, R,, = 
240 R, and X,, = 290 R. What are the nominal voItage, current, and power rat- 
ings of the three-phase transformer. When it delivers the rated load at the rated 
voltage and 0.8 pf lagging, determine the line voltages, the line currents, and the 
efficiency of the transformer. 

8 S O L U T I O N  

For each single-phase transformer with a power rating of 12 kVA, the primary 
(120-V side) and the secondary (240-V side) currents are 100 A and 50 A, respec- 
tively. Nominal power rating when the three transformers are connected to form 
a three-phase transformer is 36 kVA. The other nominal ratings of the three-phase 
transformer are tabulated below. 

For the actual YIA connection: 
Primary Secondary 

Phase voltage 120 V 240 V 
Line voltage 208 V 240 V 
Phase current 100 A 50 A 
Line current 100 A 86.6 A 

39.5 m R  j61.5 mR 167 m a  44.5 mR 

Figure 4.45 Per-phase equivalent circuit of a three-phase transformer for Example 4.13. 
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For the equivalent YIY connection: 
Primary Secondary 

Phase voltage 120 V 138.564 V 
Line voltage 208 V 240 V 
Phase current 100 A 86.6 A 
Line current 100 A 86.6 A 

The per-phase equivalent circuit for the Y/Y connection is given in Figure 
4.45. 

Assuming the rated load voltage on a per-phase basis for the equivalent Y/Y 
connection as the reference, then 

v,,, = 138.564/0" V 

For a 0.8 lagging power factor, the load current is 

rm = 86.6/-36.87" A 

The a-ratio of the equivalent Y /Y  transformer is 

a =  120 = 0.866 
138.564 

Thus, from Eq. (4.45), the per-phase current in the primary winding is 

The per-phase voltage induced in the equivalent Y-connected secondary winding 
is 

E,, = V," + fm (0.0445 + j0.067) 

= 138.564 + (86.6/-36.87") (0.0445 + j0.067) 

= 145.147/0.92" V 
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The induced emf in the actual A-connected secondary winding is 

E,, = fi l?,,/30" = 251.4/30.92" V 

The induced emf in the Y-connected primary winding, from Eq. (4.441, is 

E,, = aE,,/30" = 125.7/30.92" V 

We can now compute the per-phase current and voltage on the primary side of 
the Y-connected transformer as 

= 100/-6.87" + (125.7130.92") 
240 j290 

= 100.68/-6.88' A 

v,, = El, + (0.0395 + j0.0615) j lA 

= 125.7/30.92" + (0.0395 + j0.0615) (100.68/-6.88') 

= 132.66/31.98" V 

Hence, the line voltage on the primary side is 

v,, = V3v,,m 

= 229.77/61.98" V 

Total power supplied by the three-phase transformer is 

Po = 3 Re [138.564 x 86.6/36.87"1 

z 28,800 W or 28.8 k W  
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Total power supplied by the three-phase source to the transformer is 

Pin = 3 Re [(132.66/31.98") (100.68/6.88")1 

= 31,200 W or 31.2 kW 

Hence, the efficiency of the three-phase transformer is 

q=--  28.8 - 0.923 or 92.3% 
31.2 

Exercises 

4.22 A 300-kVA, 460-V, balanced three-phase load is supplied by three single- 
phase transformers connected in Y/A to form a three-phase transformer. 
The primary winding of the three-phase transformer is connected to a 4.8- 
kV, three-phase transmission line. Determine (a) the primary voltage, (b) 
the secondary voltage, and (c) the power rating of each transformer. 
Three 2.2-kVA, 440/220-V transformers are connected to form a three- 
phase transformer. Each transformer has the following parameters R, = 1.2 
a, X, = 2 $2, R ,  = 0.3 a, X, = 0.5 0, R,, = 2.2 kn, and X,, = 1.8 162. Deter- 
mine the primary winding voltage and current, the secondary winding 
voltage and current, and the efficiency at full load at 0.707 pf leading for 
each of the four connections. 

4.23 

4.1 1 The Constant-Current Transformer 

'I'hus far we have devoted our attention to the study of constant-potential trans- 
formers, for which the load voltage is essentially constant and the current vanes 
with the load. A transformer of this type is designed to operate at or just above 
the knee of the magnetization curve in order to ensure relatively high perme- 
ability and low initial cost. The two windings are wound on top of each other to 
reduce the leakage fluxes. 

A constant-current transformer, on the other hand, is designed to satisfy the 
constant-current requirement while the voltage drop vanes with the load. In other 
words, the secondary voltage vanes directly with the load in a constant-current 
transformer. 
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Figure 4.46 is an illustration of a constant-current transformer with a fixed 
primary winding and a movable secondary winding. The transformer is designed 
to operate at a relatively high flux density so that the core is highly saturated. A 
saturated core assures low permeability which, in turn, implies high leakage flux. 

The constant-current transformer operates on the principles that (a) a current- 
carrying coil manifests itself as an electromagnet and @) like polarity poles of a 
magnet exhibit a force of repulsion. 

In a constant-current transformer, the current in the primary winding induces 
a current in the secondary winding such that the mmf produced by one winding 
opposes the mmf of the other. In other words, at any instant, the two coils act like 
electromagnets with like polarity poles facing each other. Hence, a force of repul- 
sion is always present between the two windings that makes the secondary wind- 
ing move up or down. 

Let us suppose that the secondary winding is delivering some current to the 
resistive load, as indicated in the figure. Correspondingly, some voltage is induced 

Secondary 
I c.1 ka ge 

I l l l X  \ 

Primary leakagr f lux 

Figure 4.46 A constant-current transformer feeding a variable resistive load. 
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in the secondary coil. If we now decrease the resistance, the following sequence 
of events takes place. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 
8. 

The induced emf in the secondary at its present position results in an increase 
in the current through the resistance. 
An increase in the secondary winding current increases its mmf and, therefore, 
causes the current in the primary winding to increase. 
An increase in mmf boosts the flux associated with each winding, which, in 
turn, makes each winding act as a stronger magnet. 
The increase in the magnetic strength of each magnet causes the secondary 
winding to move up. 
As the secondary winding tends to move up, the flux linking the winding 
decreases because of high leakage flux. 
The decrease in the flux linking the secondary winding decreases the induced 
emf in the winding. 
As the induced emf decreases, so does the current in the secondary winding. 
The secondary winding continues to move up until the secondary current 
drops to its original value. At that time the forces are once again in 
equilibrium. 

Following the same logic, we can say that the secondary winding moves closer 
to the primary if the load resistance is increased. At no load, the secondary 
winding is supported by a mechanical suspension system to rest on the primary 
winding. 

4.12 Instrument Transformers 

Instrument transformers are designed to facilitate the measurements of high cur- 
rents and voltages in a power system with standard but very accurate low-range 
ammeters and voltmeters. They also provide the needed safety in making these 
measurements, as the primary and the secondary windings are electrically iso- 
lated. Instrument transformers are of two kinds current transformers and poten- 
tial transformers. 

The Current Transformer 
The current transformer, as the name suggests, is designed to measure high cur- 
rent in a power system. The primary winding has few turns of heavy wire, 
whereas the secondary has many turns of very fine wire. In a clamp-on type 
current transformer, the current-carrying conductor itself acts as a one-turn pri- 
mary. The wiring arrangements for a wound primary and clamp-on current trans- 
formers are shown in Figure 4.47. It is evident from the figure that a current 
transformer is merely a well-designed step-up transformer. As the voltage is 
stepped up, the current is stepped down. 
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F~~ Current transformer 
primary 

Line current 

- - 

Magnetic 
clamp 

(4 (b) 

Figure 4.47 (a) Current transformer with wound primary. (b) Clamp-on type cur- 
rent transformer. 

The low-range ammeter is connected across the secondary winding. Because 
the internal resistance of an ammeter is almost negligible compared with the wind- 
ing resistance of the secondary, the ammeter can be treated as a short circuit. 
Therefore, the current transformers are always designed to operate under short- 
circuit conditions. The magnetizing current is almost negligible, and the flux den- 
sity in the core is relatively low. Consequently, the core of a current transformer 
never saturates under normal operating conditions. 

The secondary winding of a current transformer should never be left open. 
Otherwise, the current transformer may lose its calibration and yield inaccurate 
reading. The reason is that the primary winding is still carrying current, and no 
secondary current is present to counteract its mmf. The primary winding current 
acts like a magnetizing current and increases the flux in the core. The increased 
flux may saturate and magnetize the core. When the secondary is closed again, 
the hysteresis loop may not be symmetric around the origin but is displaced in 
the direction of residual flux in the core. The increase in the flux causes an increase 
in the magnetizing current, which, in turn, invalidates its calibration. In addition, 
the primary current can produce excessive heat over a period of time and may 
destroy the insulation. Furthermore, the saturation may result in excessively high 
voltage across the secondary. 

A current transformer is usually given a designation like 1OO:l. This simply 
means that if the ammeter measures 1 A, the current in the primary is 100 A. If an 
ammeter connected to a 100:5 transformer registers 2 A, the line current is 40 A. 

The Potential Transformer 
As the name suggests, a potential transformer is used to measure high potential 
difference (voltage) with a standard low-range voltmeter. A potential transformer, 
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I .ow-volrage 
secondary 

Figure 4.48 A potential transformer connected to measure high voltage with stan- 
dard low-range voltmeter. 

therefore, must be of the step-down type. The primary winding has many turns 
and is connected across the high-voltage line. The secondary winding has few 
turns and is connected to a voltmeter. The magnetic core of a potential transformer 
usually has a shell-type construction for better accuracy. In order to provide ad- 
equate protection to the operator, one end of the secondary winding is usually 
grounded as illustrated in Figure 4.48. 

Since a voltmeter behaves more like an open circuit, the power rating of a 
potential transformer is low. Other than that, a potential transformer operates like 
any other constant-potential transformer. The n-ratio is simply the ratio of trans- 
formation. For example, if the voltmeter on a 1OO:l potential transformer reads 
120 V, the line voltage is 12,000 V. Some common ratios of transformation are lO: l ,  
20:1, 100:1, and 120:l. 

The insulation between the two windings presents a major problem in the 
design of potential transformers. The primary winding may, in fact, be wound in 
layers. Each layer is then insulated in order to avoid insulation breakdown. Com- 
monly used insulating materials in potential transformers are oil, oil-impregnated 
paper, sulfur hexafluoride, and epoxy resins. 

E X A M P L E  4 . 1 4  

A typical application employing a 1 O O : l  potential transformer and an 80:5 current 
transformer is shown in Figure 4.49. If the ammeter, voltmeter, and wattmeter 
register 4 A, 110 V, and 352 W, respectively, determine (a) the line current, (b) the 
line voltage, and (c) the power on the transmission line. 
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Figure 4.49 Voltage, current, and power measurements using current and poten- 
tial transformers. 

0 S O L U T I O N  

(a) A designation of 80:5 indicates that the current transformation ratio is 
16:l. A current of 4 A on the ammeter translates into a current of 64 A 
(16 X 4) in the transmission line. 
The voltage transformation ratio is 100:l. Therefore, a voltmeter reading 
of 110 V signifies that the line voltage is 110 X 100 = 11,000 V. 
The power transformation is 100 X 16 = 1600. Thus, the power supplied 
by the transmission line is 563.2 kW (1600 X 352 W). 

(b) 

(c) 

Exercises 

4.24. What must be the readings on the voltmeter, ammeter, and wattmeter, if 
the designation of the current transformer is changed to 100:5 and the volt- 
age transformation ratio is changed to 120:l in Example 4.14? 
Refer to Figure 4.49. The current transformer is 100:5. The potential trans- 
former is 803. If the readings on the instruments are 4.8 A, 60 V, and 260 W, 
calculate (a) the line current, (b) the line voltage, and (c) the power on the 
transmission line. 

4.25. 

S U M M A R Y  

We began our discussion by defining different types of transformers that are being 
used in power systems. The most commonly used transformer is a constant- 
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potential transformer. A constant-potential transformer delivers power at sub- 
stantially constant voltage under normal conditions of loading. 

To develop the theory for a real transformer, we first defined an ideal trans- 
former and then derived the following equations: 

- - 
El = a€, 

1, = al ,  

2, = a22, 

- - 

By including the winding resistances, the leakage reactances, the equivalent 
resistance to represent the core loss, and the equivalent reactance to represent the 
mmf drop in the core, we were able to represent a real transformer by an exact 
equivalent circuit. The exact equivalent circuit included the ideal transformer. 

By transforming impedance from one side to the other, we were also able to 
develop exact equivalent circuits as viewed from the primary and secondary 
sides. 

Based on the fact that the flux in the core stays almost the same under normal 
conditions of loading, we were able to develop the approximate equivalent cir- 
cuits. These approximate circuits were used to experimentally determine the par- 
ameters of a transformer. 

The open-circuit test was conducted by applying the rated voltage on the low- 
voltage side while the high-voltage side was left open. This test allowed us to 
measure the current necessary to account for the hysteresis and the eddy-current 
losses and the current needed to create the magnetic flux in the core. From the 
measurements of power, current, and voltage, we were able to determine 

where 

and 

The short-circuit test was conducted at the rated current on the high-voltage 
side by shorting the low-voltage side. Because the applied voltage was a fraction 
of the rated voltage, we assumed that the excitation current was almost negligible. 
From the measured values of power, voltage, and current, we were able to 
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calculate the equivalent resistance and leakage reactance as referred to the high- 
voltage side. The following equations were used to do so. 

We have also shown that a transformer operates at its maximum efficiency 
when the copper loss is equal to the core (magnetic) loss. That is 

We also analyzed a transformer on a per-unit basis and highlighted its im- 
portance. The per-unit values of machines of the same type and widely different 
ratings fall within a narrow range. 

When we connected the two windings together, the transformer was referred 
to as an autotransformer. We explained the four possible ways of interconnect- 
ing the two windings. An equivalent circuit was developed for each connection. 
We derived expressions to show that a two-winding transformer delivers more 
power when it is connected as an autotransformer. The equations for an ideal 
autotransformer are 

The primary and secondary windings of a three-phase transformer can be 
connected in four possible ways. A three-phase transformer can either be 
designed as a single unit or formed by connecting three single-phase transform- 
ers. We shed some light on the advantages and drawbacks of each connection. 
We stated that a three-phase transformer can be analyzed on a per-phase basis 
by simulating it as a Y/Y connection. 

We gave some insight into the constant-current transformer and the instru- 
ment transformers. The constant-current transformer is designed to supply con- 
stant current to a variable load. The transformer is designed to operate in a highly 
saturated state. The instrument transformers are, in fact, very carefully designed 
constant-potential transformers. They allow us to measure high currents and high 
voltages by using standard low-range meters. 
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Review Questions 

4.1. 
4.2. 
4.3. 

4.4. 

4.5. 
4.6. 
4.7. 
4.8. 
4.9. 

4.10. 

4.11. 

4.12. 

4.13. 

4.14. 

4.15. 

4.16. 

4.17. 
4.18. 
4.19. 

4.20. 
4.21. 
4.22. 
4.23. 
4.24. 
4.25, 

What is a transformer? 
Can a transformer be used to transform direct voltage and direct current? 
In a well-designed transformer, what is the coefficient of coupling between 
the two windings? 
Why is the frequency of the induced emf in the secondary winding of a 
transformer the same as that of the impressed voltage on the primary 
winding? 
What is an ideal transformer? 
What differentiates a core-type transformer from a shell-type transformer? 
What are the drawbacks of using a solid magnetic core for a transformer? 
What is a potential transformer? 
What is the difference between a distribution transformer and a power 
transformer? 
What is the a-ratio, or ratio of transformation? How can the a-ratio be de- 
termined experimentally? 
In a transformer, the primary current is twice as much as the secondary 
current. Is this a step-up or step-down transformer? 
Explain why the primary mmf must be equal and opposite to the secondary 
mmf in an ideal transformer. 
Why does a nonideal transformer draw some current when the secondary 
is open? 
A 22-kVA, 2200/1100-V, step-down ideal transformer delivers a rated load 
at a leading power factor of 0.5. Determine (a) the secondary winding cur- 
rent, (b) the primary winding current, (c) the impedance on the secondary 
side as a parallel combination of resistance and reactance, and (d) the im- 
pedance on the primary side as a series combination of resistance and 
reactance. 
Distinguish between the excitation current, the core-loss current, and the 
magnetizing current. 
What is a leakage flux? How can the leakage flux be minimized? Is it pos- 
sible to have no leakage flux? 
Why is an open circuit test conducted at the rated voltage? 
Outline carefully the procedure for performing the open-circuit test. 
What is the advantage of performing the open-circuit test on the low-volt- 
age side? 
Why is a short-circuit test performed at the rated current? 
Outline carefully the procedure for performing the short-circuit test. 
Why do we prefer to perform the short-circuit test on the high-voltage side? 
Explain why the core loss is not affected by the load. 
Explain why the copper loss varies with the load. 
What is the criterion for maximum efficiency of a transformer? 
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4.26. 

4.27. 
4.28. 

4.29. 
4.30. 

4.31. 

4.32. 

4.33. 
4.34. 

4.35. 

4.36. 

4.37. 

4.38. 
4.39. 

4.40. 
4.41. 

In a distribution transformer, the maximum efficiency occurs at 80% of the 
load. What does this mean? If the operating frequency is increased, what 
happens to the load current at maximum efficiency? 
What is an autotransformer? List its advantages and drawbacks. 
Draw sketches showing how a 22-kVA, 2200/1100-V, two-winding trans- 
former can be connected as an autotransformer. Determine (a) the voltage 
rating, (b) the power rating, (c) the power transferred by conduction, and 
(d) the power transferred by induction. 
What is the significance of a per-unit system? 
Do we have to use the nominal ratings of a transformer as the base 
quantities? 
Using the apparent power and the terminal voltages as the base quantities 
in a 44-kVA, 1100/250-V transformer, determine the other base quantities. 
What is the a-ratio on a per-unit basis? 
What is the importance of polarity markings in a multiwinding 
transformer? 
Explain voltage regulation. 
When a transformer operates at half load, the secondary winding voltage 
is 250 V. At no load, it is 270 V. What is the voltage regulation? 
The no-load voltage is lower than the full-load voltage on the secondary 
side of a transformer. Under what conditions can this happen? 
Write equations to justify that the third harmonics in a three-phase trans- 
former must be in phase. 
Sketch the four possible ways of connecting three single-phase transform- 
ers as a three-phase transformer. State the advantages and drawbacks of 
each connection. 
Why is a shell-type three-phase transformer better than a core-type? 
Explain the procedure for performing the open-circuit and short-circuit 
tests on a three-phase transformer. 
Explain the principle of operation of a constant-current transformer. 
What is the advantage of a clamp-on current transformer? 

Prob I ems 

4.1. A magnetic core carries a flux of 5 sin 314t mWb. Determine the rms value 
of the induced emf in a 100-turn coil wound on the core using (a) Faraday’s 
law and (b) the transformer equation. If the cross-sectional area of the core 
is 25 cm’, what is the effective flux density in the core? 
The effective flux density in the core of a 220/110-V ideal transformer is 
1.2 T. The cross-sectional area of the core is 80 cm2, and the stacking factor 
is 0.93. Calculate the number of turns in the primary and secondary wind- 
ings if the frequency of oscillations is (a) 25 Hz, (b) 50 Hz, (c) 60 Hz, and 
(d) 400 Hz. 

4.2. 
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4.3. 

4.4. 

4.5. 

4.6. 

4.7. 

4.8. 

4.9. 

4.10. 

The cross-sectional area of the core of a 1.2-kVA, 120/208-V, 50-Hz ideal 
transformer is 100 cm2. The primary has 60 tuns.  Calculate (a) the induced 
emf per turn, (b) the number of turns in the secondary, and (c) the effective 
flux density in the core. 
A 12-kVA, 480/120-V, step-down ideal transformer is operating at its full 
load with a 70.7% pf leading. The transformer is designed such that 2 V 
per turn are induced in its windings. Determine (a) the number of turns in 
its primary and secondary windings, (b) the primary and secondary wind- 
ing currents, (c) the power output, and (d) the load impedance on the 
secondary side. Draw the equivalent circuit by representing the load on 
the primary side. 
A 25-kVA transformer has 500 turns on the primary and 50 turns on the 
secondary. If the primary is rated at 2.5 kV, find the rating of the second- 
ary. What is the flux in the core at no load if the operating frequency is 50 
Hz? If the transformer delivers full load at 0.8 pf lending, determine (a) the 
primary and the secondary winding currents, (b) the power output, (c) the 
load impedance on the secondary side, and (d) the load impedance as 
referred to the primary side. 
A power amplifier can be represented by a current source in parallel with 
a 2004 resistance. An 8-R loudspeaker is connected to the power amplifier 
via an audio transformer so that maximum power is transferred to the 
loudspeaker. What must be the a-ratio of the transformer? 
A 48-kVA, 4800/480-V, 60-Hz, step-down transformer is supplying a load 
of 18 kW at the rated voltage and 0.5 pf lagging. Determine the extra load 
that must be connected to the transformer so that it delivers full load at 
the rated voltage with unity power factor. If each load consists of a series 
combination of R, L, and/or C, what are their values? 
An ac generator can be modelled as a voltage source in series with an 
impedance of 0.5 + j l0  SZ. It is connected to a transmission line having an 
equivalent series impedance of 5 + j12 SZ via an ideal step-up transformer 
with an a-ratio of 0.05. An ideal step-down transformer with an a-ratio of 
25 connects the other end of the transmission line to a load impedance of 
30 + j40 0. If the load voltage is 240 V, determine (a) the power supplied 
to the load, (b) the power dissipated by the transmission line, (c) the gen- 
erator voltage, and (d) the power supplied by the generator. 
A 240-kVA, 480/4800-V, step-up transformer has the following constants: 
R, = 2.5 SZ, X, = 5.75 SZ, R,  = 25 m0, X, = 57.5 mSZ. The transformer 
is operating at 50% of its rated load. If the load is purely resistive, determine 
(a) the applied voltage on the primary side, (b) the secondary current, 
(c) the primary current, and (d) the efficiency of the transformer. 
Repeat Problem 4.9 if the core-loss resistance and the magnetizing reac- 
tance on the high-voltage side are 18 kR and 12 k a ,  respectively. What is 
the effective value of the excitation current? 
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4.11. 

4.12. 

4.13. 

4.14. 

4.15. 

4.16. 

4.17. 

4.18. 

4.19. 

4.20. 

4.21. 

4.22. 

4.23. 

A lOO-kVA, 2500/125-V, 50-Hz, step-down transformer has the following 
parameters: Rff = 1.5 fl, X ,  = 2.8 R, R, = 15 mR, X ,  = 20 ma,  R,, = 3 kfl, 
and X,, = 5 kfl. The transformer delivers 85% of the rated load at a 
terminal voltage of 110 V and a power factor of 0.866 lagging. Determine 
(a) the core loss, (b) the copper loss, and (c) the efficiency of the transformer. 

The parameters of a 12-kVA, 120/480-V, 60-Hz, two-winding, step-up 
transformer are R ,  = 0.6 R, X ,  = 1.2 R, R, = 0.1 R, X ,  = 0.3 R, R,, = 3.2 
kR, X,, = 1.2 kn. The transformer is operating at 80% of its load at rated 
terminal voltage and 0.866 pf lagging. Determine the copper losses, the core 
loss, and the efficiency of the transformer. 

Repeat Problem 4.12 if the power factor of the load is 0.866 leading. 

Repeat Problem 4.12 if the power factor of the load is unity. 

A 230-kVA, 2300/230-V, 60-Hz, step-down, two-winding transformer has 
the following parameters R ,  = 1.2 R, X, = 3 R, R ,  = 12 mR, X ,  = 30 mR, 
R,, = 2 kR, X,, = 1.8 kn. If the transformer operates at half load at its 
rated terminal voltage with a unity power factor, what is its efficiency? 
For the transformer of Problem 4.9, determine the voltage regulation when 
the power factor of the load is (a) unity, (b) 0.8 lagging, and (c) 0.8 leading. 
Use the equivalent circuit as referred to the high-voltage side. 

Determine the voltage regulation for the transformer of Problem 4.11 when 
the power factor of the load is (a) unity, (b) 0.707 lagging, and (c) 0.707 
leading. Use the approximate equivalent circuit as referred to the high- 
voltage side. 

For the transformer of Problem 4.15, draw approximate equivalent circuits 
as viewed from (a) the primary side and (b) the secondary side. In each 
case, determine (a) the efficiency and (b) the regulation if the load has a 
lagging power factor of 0.8. 

The transformer of Problem 4.9 is operating at full load and 0.866 pf 
lagging. Determine its voltage regulation and efficiency using the per-unit 
quantities. 

The transformer of Problem 4.11 is operating at full load and 0.85 pf lead- 
ing. Determine its voltage regulation using the per-unit quantities. 

The transformer of Problem 4.15 operates at full load and 0.95 pf leading. 
Determine its voltage regulation and efficiency using the per-unit 
quantities. 

The transformer of Problem 4.12 operates at full load and a power factor 
of 0.9 lagging? What is its voltage regulation? Use the per-unit system. 

A 320-kVA, 240/4800-V, 60-Hz transformer yielded the following infor- 
mation when tested: 



280 'Transformers 

Voltage (V) Current (A) Power (W) 
~- . __ ~ __ 

Open-circuit test: 240 39.5 1200 
Short-circuit test: 195 66.67 3925 

Find the equivalent circuit of the transformer as viewed from (a) the low- 
voltage side and (b) the high-voltage side. 
The following information was obtained when a 60-VA, 120/208-V, 60-Hz 
transformer was tested: 

4.24. 

Voltage (V) Current (mA) Power (W) 
~ _ _  -. __ 

Open-circuit test: 120 25.07 2 
Short-circuit test: 16.85 300 4.7 

Determine the equivalent circuit of the transformer as viewed from (a) the 
low-voltage side and (b) the high-voltage side. Draw the exact equivalent 
circuit embodying an ideal transformer using equal power-loss criterion. 

4.25. The following data were taken for a 46-kVA, 2300/230-V, 60-Hz trans- 
former: 

Voltage (V) Current (A) Power (W) 

Open-circuit test 230 11.2 1150 
Short-circuit test 160 20 1150 

Determine the equivalent circuit of the transformer as viewed from (a) the 
low-voltage side and (b) the high-voltage side. 
The following data were obtained from the tests on a 12-kVA, 480/120-V, 
6O-Hz, two-winding transformer: 

4.26. 

Voltage (V) Current (A) Power (W) 
~ _ _  - - __ -. .. 

Open-circuit test: 120 1.71 72 
Short-circuit test: 73 25 937.5 

Sketch the equivalent circuit of the transformer as viewed from (a) the low- 
voltage side and (b) the high-voltage side. 
Using only the experimental data of Problem 4.23, determine the efficiency 
of the transformer when the power factor at full load is unity. Determine 
the maximum efficiency of the transformer. 
Using only the experimental data of Problem 4.24, determine the efficiency 
of the transformer when the power factor at full load is 0.8 leading. Cal- 
culate the maximum efficiency of the transformer. 

4.27. 

4.28. 
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4.29. 

4.30. 

4.31. 

4.32. 

4.33. 

4.34. 

4.35. 

4.36. 

4.37. 

4.38. 

4.39. 

4.40. 

4.41. 

4.42. 

Use the information given in Problem 4.25 to find the efficiency of the 
transformer when the power factor at full load is 0.8 lagging. 
Using the information given in Problem 4.26, determine the efficiency of 
the transformer when the power factor at  full load is 0.866 lagging. What 
is the maximum efficiency of the transformer? 
If the open-circuit and short-circuit tests are performed on the transformer 
of Problem 4.10, what must be the readings on the meters in each test? 
If the open-circuit and short-circuit tests are performed on the transformer 
of Problem 4.11, what must be the readings on the meters in each test? 
If the open-circuit and short-circuit tests are performed on the transformer 
of Problem 4.12, what must be the readings on the meters in each test? 
An 11-kVA, 220/110-V, 60-Hz, two-winding transformer is connected as a 
step-up autotransformer. Sketch each possibility and determine (a) the 
nominal power rating, (b) the nominal voltage rating, and (c) the power 
transferred by conduction. 
The transformer of Problem 4.34 is connected as a step-down autotrans- 
former. Sketch each possibility and determine (a) the nominal power rating, 
(b) the nominal voltage rating, and (c) the power transferred by conduction. 
The transformer of Problem 4.9 is connected as a 480/5280-V, step-up auto- 
transformer. It is operating at full load with unity power factor. Determine 
the efficiency and the voltage regulation of the autotransformer. 
The two-winding transformer of Problem 4.12 is connected as a 480/600-V, 
step-up autotransformer. It delivers its rated load at a power factor of 0.866 
leading. Determine its efficiency and voltage regulation. 
The two-winding transformer of Problem 4.12 is connected as a 600/480-V, 
step-down autotransformer. Find its efficiency at rated load and 0.866 pf 
leading. What is its voltage regulation? 
The two-winding transformer of Problem 4.12 is connected as a 600/120-V, 
step-down autotransformer. It delivers its rated load at a power factor of 
0.866 leading. Determine its efficiency and voltage regulation. 
The two-winding transformer of Problem 4.12 is connected as a 120/600-V, 
step-up autotransformer. It delivers its rated load at 0.866 pf leading. De- 
termine its efficiency and voltage regulation. 
The two-winding transformer of Problem 4.15 is connected to operate as 
230/2530-V autotransformer. Determine the voltage regulation and effi- 
ciency at rated load when the power factor is 0.8 lagging. Use the equiva- 
lent circuit as referred to the primary side of the autotransformer. 
The two-winding transformer of Problem 4.15 is connected to operate as a 
2300/2530-V autotransformer. Determine the voltage regulation and effi- 
ciency at rated load when the power factor is 0.8 lagging. Use the equiva- 
lent circuit as referred to the primary side of the autotransformer. 



282 Transformers 

4.43. 

4.44. 

4.45. 

4.46. 

4.47. 

4.48. 

4.49. 

4.50. 

4.51. 

The two-winding transformer of Problem 4.15 is connected to operate as a 
2530/230-V autotransformer. Determine the voltage regulation and effi- 
ciency at rated load with 0.8 pf leading. Use the equivalent circuit as re- 
ferred to the primary side of the autotransformer. 
The two-winding transformer of Problem 4.15 is connected to operate as a 
2530/2300-V autotransformer. Determine the voltage regulation and effi- 
ciency at rated load with 0.8 pf leading. Use the equivalent circuit as re- 
ferred to the primary side of the autotransformer. 
Three 60-VA, 120/208-V, single-phase transformers are to be used to form 
a three-phase transformer. For each of the four connections, determine 
(a) the phase voltages, (b) the phase currents, (c) the a-ratio, and (d) the 
power rating. 
Three identical transformers are needed to connect a 6-kVA, 120-V, three- 
phase load to a 4800-V, three-phase transmission line. For a Y/A connection, 
determine (a) the power rating, (b) the voltage rating, and (c) the current 
rating of each transformer. What is the a-ratio? 
A 150-kVA, 2080/208-V, 60-Hz, Y/Y-connected, three-phase, step-down 
transformer consists of three identical single-phase transformers. Each 
transformer has the following parameter values: R,, = 0.45 0, X, = 2.2 R, 
R, = 4.5 ma,  X, = 22 m0, R,, = 10 kSZ, and X,, = 8 kR. The load on 
the transformer is 120 kVA, 90 kW (lagging) at the rated terminal voltage. 
Determine (a) the primary voltage, (b) the efficiency, and (c) the voltage 
regulation of the three-phase transformer. 

If the three transformers of Problem 4.47 are connected in Y/A, what are 
the nominal voltage and power rating of the three-phase transformer? 
When the transformer delivers the rated load at 0.8 pf lagging, determine 
its efficiency and voltage regulation. 
If the three transformers of Problem 4.47 are connected in A I Y ,  determine 
its efficiency and voltage regulation when the power factor is 0.8 lagging. 
What are the nominal voltage and power rating of the three-phase trans- 
former? 
If the three transformers of Problem 4.47 are connected in A/A, what are 
the nominal voltage and power rating of the three-phase transformer? For 
a load of 100 kVA, 70.7 kW (lagging) at the rated voltage, determine (a) the 
primary voltage, (b) the primary and the secondary winding currents, 
(c) the efficiency, and (d) the voltage regulation. 
A three-phase generator is connected to a three-phase load via a 230/2300-V, 
A/Y-connected, three-phase, step-up transformer, a short transmission 
line, and a 2300/230-V, Y/A-connected, step-down transformer. The per- 
phase winding resistance and the leakage reactance as referred to the 
high-voltage side for each transformer are 1.2 0 and 4.8 SZ, respectively. 
The impedance of the transmission line is 2.5 + j2.1 a. The per-phase 
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impedance of the generator is 0.3 + j 1.2 R. If the load is 60 kVA at a 230 V 
and a lagging power factor of 0.9, determine the generator voltage and the 
efficiency of the system. 
A 120:l potential transformer is used for the measurement of the high volt- 
age on a transmission line. If the voltmeter reading is 85 V, what is the 
transmission line voltage? 
An 80:5 current transformer is used for the measurement of the current on 
a transmission line. If the ammeter records 3.5 A, what is the line current? 
Determine the designation of a current transformer so that an ammeter 
with a maximum deflection of 2.5 A can measure a current of 100 A. 
Find the a-ratio of a potential transformer so that a voltmeter with a max- 
imum deflection of 100 V can measure a high voltage of 23 kV. 

4.52. 

4.53. 

4.54. 

4.55. 
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Direct-Current Generators 

- Sectional view of a dc machine showing the commutator and armature arrangement. 
(Courtesy of Bodine Electric Company) 
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5.1 Introduction 

From our discussion in Chapter 3, it should be obvious that there are two types 
of rotating electric energy conversion machines-the direct-current (dc) machines 
and the alternating-current (ac) machines. When a rotating machine converts elec- 
tric energy into mechanical energy, it is called a motor. A generator, on the other 
hand, converts mechanical energy into electric energy. Hence, there are dc motors, 
dc generators, ac motors, and ac generators. A significant portion of this book is 
devoted to the study of these machines. 

The word machine is commonly used to explain features that are common to 
both the motor and the generator. Quite often, a given machine can be operated 
as  either a motor or a generator without making any modifications. This is espe- 
cially true for ail dc machines. 

We commit this chapter entirely to the study of dc generators and reserve 
discussion of dc motors for the next chapter. In addition, we limit our discussion 
to the steady-state performance characteristics of the machine. Transient behavior 
is analyzed in a later chapter. 

In a dc machine, the uniform magnetic flux is established by fixed poles 
mounted on the inside of the stationary member called the stator. We may either 
use permanent magnets as the poles or wind the field windings (excitation coils) 
around the poles. One of the major advantages of a wound machine is that we 
can control the flux in the machine by regulating the direct current in the field 
winding. The winding in which the electromotive force (emf) is induced is wound 
on the rotating member. The rotating member (part) is called the armature and 
the winding is referred to as the armature winding. The armature is mechani- 
cally supported and aligned inside the stator by the end bells as shown in Figure 
5.1. Before we go any further, let us first discuss the construction of a dc machine. 

5.2 Mechanical Construction 

A cross-section of a 4-pole dc machine is shown in Figure 5.2. Only the main 
components of the machine have been identified and are discussed below. 

Stator 

The stator of a dc machine provides the mechanical support for the machine and 
consists of the yoke and the poles (or field poles). The yoke serves the basic 
function of providing a highly permeable path for the magnetic flux. For small 
permanent-magnet (PM) machines, it can be a rolled-ring structure welded at its 
ends. For small wound machines, the field poles and the yoke are punched as one 
unit from thin steel laminations. For large machines, the yoke is built using cast 
steel sections. 
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Figure 5.1 Main features of a dc machine. 
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Figure 5.2 The cross-sectional view of a 4-pole dc machine. 
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The poles are mounted inside the yoke and are properly designed to accom- 
modate the field windings. Most often, the field poles are made of thin laminations 
stacked together. This is done to minimize the magnetic losses due to the poles’ 
proximity to the armature flux. For large machines, the field poles are built sep- 
arately and then bolted to the yoke. A typical field pole and a field winding are 
shown in Figure 5.3. Note that the cross-sectional area of the field pole is smaller 
than that of the pole shoe. This is done (a) to provide sufficient room for the field 
winding and (b) to decrease the mean turn length of the wire and thereby reduce 
its weight and cost. The pole shoe helps to spread the flux in the air-gap region. 

Field Winding 
The field coils are wound on the poles in such a way that the poles alternate in 
their polarity. There are two types of field windings-a shunt field winding and 
a series field winding. The shunt field winding has many turns of fine wire and 
derives its name from the fact that it is connected in parallel with the armature 
winding. A series field winding, as the name implies, is connected in series with 
the armature winding and has comparatively fewer turns of heavy wire. A dc 
machine may have both field windings wound on the same pole. 

A machine with a shunt field winding is called a shunt machine. A series 
machine is wound only with series field winding. A compound machine has both 
windings. When both field windings in a compound machine produce fluxes in 
the same direction, the machine is said to be of the cumulative type. The machine 
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Pole 
shoe 

Figure 5.3 A wound field pole of a dc machine. 
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is of the differential type when the field set up by the shunt field winding is 
opposed by the field established by the series field winding. 

Since the field winding carries a constant current, it dissipates power. By using 
permanent magnets instead of a shunt field winding, we can eliminate the power 
loss and thereby improve the efficiency of the machine. For the same power rating, 
a I'M machine is smaller and lighter than a wound machine. The disadvantage of 
a I'M machine, of course, is its constant flux. 

Armature 
The rotating part of a dc machine, which is shrouded by the fixed poles on the 
stator, is called the armature. The effective length of the armature is usually the 
same as that of the pole. Circular in cross-section, it is made of thin, highly per- 
meable, and electrically insulated steel laminations that are stacked together and 
rigidly mounted on the shaft. High permeability ensures a low reluctance path 
for the magnetic flux, and electrical insulation reduces the eddy currents in the 
armature core. The laminations have axial slots on their periphery to house the 
armature coils (armature winding). Usually an insulated copper wire is used for 
the armature coils owing to its low resistivity. 

Commutator 
The commutator is made of wedge-shaped, hard-drawn copper segments as 
shown in Figure 5.4. It is also rigidly mounted on the shaft as depicted in Figure 
5.1. The copper segments are insulated from one another by sheets of mica. One 
end of two armature coils is electrically connected to a copper segment of the 
commutator. How each coil is connected to the commutator segment defines the 
type of armature winding. There are basically two types of armature windings- 
the lap winding and the wave winding. The armature winding is the heart of a 
dc machine. This is the winding in which the emf is induced (generator action) 
and the torque is developed (motor action). The armature winding, therefore, 
warrants a detailed discussion. That, in fact, is the subject of the next section. 

The commutator is a very well conceived device that serves the function of a 
rectifier. It converts the alternating emf induced in the armature coils into a uni- 
directional voltage. 

Brushes 
Brushes are held in a fixed position on the commutator by means of brush holders. 
An adjustable spring inside the brush holder exerts a constant pressure on the 
brush in order to maintain a proper contact between the brush and the commu- 
tator. The brush pressure should be just right. If the pressure is low, the contact 
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Figure 5.4 Commutator structure. (Courtrsy of Tolrdo Conmufafor Company) 

between the brush and the commutator is poor. The poor contact results in ex- 
cessive sparking and burning of the Commutator. On the other hand, too high a 
pressure results in excessive wear of the brush and overheating of the commutator 
through friction. 

There are many different brush grades, depending upon their composition. A 
brush may be made of carbon, carbon graphite, or a copper-filled carbon mixture. 
The graphite in a brush provides self-lubrication between the brush and the 
commutator. 

Although the brush holders are mounted on the end bell, they are electrically 
insulated from it. A brush is electrically connected to the brush holder by braided 
copper wire called the pigtail. Through these brush holders we can establish an 
electrical connection between the external circuit and the armature coils. 

5.3 Armature Windings 

As mentioned in the previous section, the outer periphery of the armature has a 
plurality of slots into which the coils are either placed or wound. The armature 
slots are usually insulated with "fish" paper to protect the windings. For small 
machines, the coils are directly wound into the armature slots using automatic 
winders. For large machines, the coils are preformed and then inserted into the 
armature slots. Each coil may have many turns of enamel-covered (insulated) 
copper wire. 
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We mentioned in Chapter 3 that the maximum emf is induced in a full-pitch 
coil, that is, when the distance between the two sides of a coil is 180" electrical. 
A full-pitch coil, in other words, implies that when one side is under the center 
of a south pole, the other side must be under the center of the adjacent north pole. 
For 2-pole machines, it is quite tedious to place full-pitch coils. Ln these machines, 
a fractional-pitch coil (coil span less than 180" electrical) is usually employed. 
Another advantage of a fractional-pitch coil is that it uses less copper than the 
full-pitch coil. However, the induced emf is reduced by a factor called the pitch 
factor. 

The most commonly used winding is a two-layer winding. The number of 
coils for a two-layer winding is equal to the number of armature slots. Thus, each 
armature slot has two sides of two different coils. The automatic winders wind 
the two sides of a coil either at the bottom half or the top half of the two slots. 
However, when we place the preformed coils in the slots, one side of a coil is 
placed at the bottom half of a slot and the other side at the top half. This method 
not only results in the symmetric placement of the coils but also ensures that all 
coils are electrically equivalent. 

When the number of slots is not exactly divisible by the number of poles, it 
is not even possible to wind a full-pitch coil. In that case, the maximum possible 
pitch may be used as the fractional pitch of the coil. The maximum pitch of the 
coil can be determined from the following equation 

(9 y = integer value of 

where y is the coil pitch in slots, S is the number of slots in the armature, and P 
is the number of poles in the machine. This equation yields the pitch as an integer 
value of the slots per pole. If we place one side of the coil in slot m, the other side 
must be inserted in slot m + y. 

E X A M P L E  5 . 1  

The armature of a dc machine has ten slots. Calculate the coil pitch for a (a) 2-pole 
winding and (b) 4-pole winding. 

S O L U T I O N  

A 10-slot armature employing two-layer winding requires ten coils. 

(a) For a 2-pole machine, the slots per pole are 

10 
2 

s, = - = 5 slots 

Thus, y = s  
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Since there are five slots per pole and a pole spans 180" electrical, the 
angle from the center of one slot to the next (slot span) is 180/5 = 36" 
electrical. In this case, it is possible to use a full-pitch coil; that is, if we 
place one side of a coil in slot 1, then the other side can be placed in slot 
6 as shown in Figure 5.5a. The second coil goes in slots 2 and 7, the third 
in slots 3 and 8, and so on. Since the number of slots is equal to the 
number of teeth, each coil spans five teeth. Quite often, it is easier to 
count the teeth than the slots. 

Coil 1 

(b) 

Figure 5.5 Placement of coils in a 10-slot armature of a (a) 2-pole and (b) 4pole dc 
machine. 
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(b) For a 4-pole machine, the slots per pole are 

and y = 2 
10 

S = - = 2.5 
p 4  

The slot span in this case is 180/2.5 = 72" electrical. The maximum num- 
ber of slots that the coil can span is two. Hence, the coil pitch is 144" 
electrical. The coils must be inserted in slots 1 and 3, 2 and 4, 3 and 5, 
etc. as shown in Figure 5.5b. 

How we connect the armature winding to the commutator describes the type 
of winding. There are two general types of windings-the lap winding and the 
wave winding. The lap winding is used for low-voltage and high-current ma- 
chines. The wave winding, on the other hand, is employed to satisfy the requi- 
rements of high voltage and low current. 

Each winding is further classified as simplex, duplex, triplex, and so on. We 
limit our discussion to simplex-lap and simplex-wave windings and refer to them 
simply as lap and wave windings. There is no difference between the two types 
for a 2-pole machine. Both require two brushes and have two parallel paths. The 
number of parallel paths of a lap-wound machine is equal to the number of poles. 
However, a wave-wound machine always has two parallel paths, regardless of 
the number of poles. 

Lap Winding 
In a lap-wound machine the two ends of a coil are connected to adjacent com- 
mutator segments. Let us assume that C coils are to be connected to C segments 
of the commutator. If we connect coil 1 to commutator segments 1 and 2, then coil 
2 can be connected to commutator segments 2 and 3. As viewed from the com- 
mutator segments 1 and 3, the two coils are now connected in series. We can now 
connect coil 3 to commutator segments 3 and 4. Following this procedure, we end 
up connecting coil C to commutator segments C and 1. All the windings are now 
connected in series and form a closed loop. The winding is said to close upon 
itself. A polar diagram of a 6-pole, 12-coil dc machine with 12 commutator seg- 
ments is shown in Figure 5.6 with a coil pitch of 2. 

For a clockwise rotation, coil 1 is leaving the north pole and the flux linking the 
coil is decreasing. The indicated direction of the current in coil 1 ensures that the 
flux created by it opposes the decrease in the flux in accordance with Faraday's law 
of induction. On the other hand, the flux linking coil 12 is increasing as it moves 
under the north pole. The direction of the current in this coil must create a flux that 
opposes the increase. Progressing in this manner from one coil to another, we de- 
termine the directions of the currents in all coils. Note that at segments 1,5, and 9, 
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Figure 5.6 A polar-winding diagram of a 6-pole, 12-coil, lap-wound dc machine with 12 
commutator segments. 

both currents are directed away from the commutator. For a dc generator, these 
segments mark the placement of brushes having negative polarity. Segments 3,7, 
and 11 have both currents directed toward them. They, therefore, represent the 
placement of brushes having positive polarity. The potential difference between a 
positive brush at commutator segment 3 and a negative brush at commutator seg- 
ment 1 is equal to the induced emf in coils 1 and 2. In fact, only two coils are con- 
tributing to the potential difference between a positive and a negative brush. Thus, 
the three negative brushes can be electrically connected together to form a single 
connection. Likewise, we can connect the three positive brushes to form a single 
connection. Such an arrangement is shown in Figure 5.7, where each coil is depicted 
by a single loop. It must be borne in mind, however, that each loop represents the 
two sides of a coil that are properly placed in armature slots. Note that there are six 
parallel paths for a 6-pole, lap-wound machine. Each path contributes to one-sixth 
of the armature current. As shown in Figure 5.7, when the armature supplies a cur- 
rent of 12 A, the current in each coil is 2 A. 
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8 1 

7 2 

Figure 5.7 Brush connections and currents in six parallel paths of a lap-wound machine 
of Figure 5.6 when operated as a dc generator. 

If we view each side of a coil as a conductor, then we can determine how 
these conductors are connected in the front (commutator side) and in the back 
(opposite side to the commutator). A part of the polar diagram of Figure 5.6 is 
shown in Figure 5.8. The coil sides have been numbered in the clockwise direction 
beginning with sides in slot 1. For example, the sides of coil 1 have been numbered 
1 and 6, and those of coil 2,3 and 8. Since sides 1 and 6 are connected on the back 
side, the back pitch ( yb) is 5. Side 6 of coil 1 and side 3 of coil 2 are connected to 
commutator segment 2. Thus, the front pitch (yf) is 3. The front pitch and the 
back pitch. must both be odd for the winding to be properly placed in armature 
slots. The difference between the two pitches is always 2. The winding is said 
to be progressive when yb = yf + 2. If yr = yb + 2, the winding is said to be 
retrogressive. A (progressive /retrogressive) winding advances in the (clockwise/ 
counterclockwise) direction when viewed from the commutator side. In our ex- 
ample, the winding is progressive. 

For simplex lap-wound armatures, the front and the back pitches can be com- 
puted as 

2c 1 yf=-- P 
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Figure 5.8 Connections of conductors in a lap-wound machine of Figure 5.6 showing 
front pitch and back pitch. 

and 

for progressive windings, and 

Y f = -  2c + 1  
P 

and 

for retrogressive windings. 
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As viewed from the winding connections made to the commutator segments, 
we observe that the winding advances one commutator segment for each coil. 
Hence, the commutator pitch (yc) is 1. 

It is left to the reader to verify that a 4-pole, lap-wound machine needs four 
brushes and has four parallel paths. In summary, the number of brushes and the 
parallel paths in a lap-wound machine are equal to its number of poles. 

Wave Winding 

The wave winding differs from the lap winding only in the way the coils are 
connected to the commutator segments. In the lap winding, the two ends of a 
coil are connected to adjacent commutator segments (y, = 1). In the wave wind- 
ing, the two ends of a coil are connected to those segments of the commutator 
that are approximately (but not exactly) 360" electrical apart (2-pole pitches). 
This is done to ensure that the entire winding closes onto itself only once. By 
making connections almost 2-pole pitches apart, we are connecting in series only 
those coils that are under the same polarity poles. That is, a coil under one north 
pole is connected to another coil comparably placed under the next north pole, 
and so on. 

For the simplex-wave winding, the number of commutator segments per pole 
should be such that the following are true: 

1. 
2. 

The commutator pitch can be either little more or less than 360" electrical. 
After passing once around the commutator, the last coil should be either 
one segment ahead (progressive) or behind (retrogressive) the starting seg- 
ment. 

The above requirements dictate that the number of commutator segments per 
pair of poles should not be an integer. Since the commutator pitch must be an 
integer, the number of commutator segments for a simplex-wave winding must 
be determined from the following equation: 

c=y, ($ )*1  (5.2) 

where C is the total number of commutator segments, yc is the commutator pitch 
(an integer), and P is the number of poles. The (plus/minus) sign is for the (pro- 
gressive/retrogressive) winding. 
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The above equation can also be written as 

c * 1  
Yc = ~ P 

2 

(5.3) 

E X A M P L E  5 . 2  

The commutator of a 6-pole machine has 35 segments. Determine the commuta- 
tor pitch. Can the coils be connected using both retrogressive and progressive 
windings? 

0 S O L U T I O N  

From Eq. (5.3,) the commutator pitch is 

35 f 1 Y , = Y -  - 12, 11.33 

Since the commutator pitch is an integer only when 1 is added to the commuta- 
tor segments, the coils can be connected only using progressive windings. 

In order to understand the placement of the coils and their connections using 
two-layer, simplex-wave winding, let us consider a g-slot, 4-pole armature with a 
nine-segment commutator as shown in Figure 5.9. The coil pitch is 2 slots. The com- 
mutator pitch can be 4 segments (320" electrical for a retrogressive winding) or 5 
segments (400" electrical for a progressive winding). We have selected a commuta- 
tor pitch of 4 segments in Figure 5.9. This winding arrangement yields a back pitch 
ybof 3 and a front pitch y,of 5. The average pitch is the same as the commutator pitch. 

For a dc generator rotating in the clockwise direction, the direction of the 
currents in the coils is as shown in the figure. The commutator segment 5 marks 
the position of a positive brush and the commutator segment 7, the negative brush. 
Therefore, we need only two brushes to make connections between the external 
circuit and the armature winding. When we trace the winding, we find that coil 
1 is connected to commutator segments 1 and 5. Coil 1 can be depicted as a single 
loop by drawing segments 1 and 5 adjacent to each other as shown in Figure 5.10. 
It is now obvious that there are only two parallel paths: coils 1, 6, 2, and 7 form 



Figure 5.9 A Cpole, 9-slot, wave-wound dc machine operating as a generator. 

5 

4 

Figure 5.10 Rearrangement of commutator segments to show the number of parallel 
paths and the coils connected in series in each path. 
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one parallel path and coils 5,9,.4, 8, and 3 constitute the other parallel path. We 
can, therefore, make a general statement for the wave-wound machine as follows: 
Regardless of the number of poles, a wave winding requires only two brushes 
and has two parallel paths. 

Exercises 

5.1. 

5.2. 

5.3. 

5.4. 

An armature of a 4-pole, lap-wound machine has 12 slots. What are the 
back pitch and the front pitch? Sketch the winding and show the brush 
positions. Also indicate the direction of the current in all coils. 
The commutator of a 6-pole machine has 31 segments. Determine the com- 
mutator pitch, the front pitch, and the back pitch. Can the coils be con- 
nected using both retrogressive wave and progressive windings? 
The commutator of an %pole machine has 39 segments. Determine the 
commutator pitch, the front pitch, and the back pitch. Can the coils be con- 
nected using both retrogressive and progressive wave winding? 
An armature of a 6-pole, lap-wound machine has 72 slots. What are the 
back pitch, the front pitch, and the commutator pitch? Sketch the windings 
and show the brush positions. 

5.4 Induced emf Equation 

When a single-turn coil rotates in a uniform magnetic field, the average value of 
the induced emf, from Section 3.4, is 

P 
E ,  = - @ p w ,  

7F 
(5.4) 

where P is the number of poles in a dc machine, is the flux per pole, and om 
is the angular velocity of the armature. We also obtained an expression for the 
frequency of the induced voltage in the coil as 

P f =  - 
41T wm 

(5.5) 

From the above equation, we can obtain an expression for the armature speed in 
revolutions per minute (rpm) as 

120f N, = - P (5.6) 
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From our discussion in the preceding sections, it must be obvious not only 
that a dc machine has many coils properly wound on the armature but that each 
coil usually has several turns. In addition, the coils are connected in parallel paths: 
two for the wave winding, and P for the lap winding. 

Let N, be the turns per coil, C the total number of coils (slots for a two-layer 
winding), and a the number of parallel paths (a = 2 for wave winding, or a = P 
for the lap winding); then the total turns per parallel path are 

C 
a N, = - N ,  (5.7) 

Note that No represents the turns connected in series between a negative brush 
and a positive brush. Consequently, the average value of the total emf induced 
between the terminals of the two brushes is 

PC 
E, = - N,O,,,@~ 

71A 

Since there are two conductors per turn, the total number of conductors, Z, in 
all the slots of the armature is 

Expressing Eq. (5.8) in terms of the total conductors in the armature slots, we 
obtain 

The above equation for the induced emf in the armature winding is traditionally 
written as 

E ,  = K,@,,o, (5.10) 

where 

Z P  
" h a  

K = -  (5.11) 

is a constant quantity for a given machine and is routinely referred to as the 
machine constant. Equation (5.10) is valid for both dc generators and motors. In 
the case of a dc generator, E ,  is known as the generated emf, or generated voltage. 
It is called the back emf when the dc machine operates as a motor. 
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In the above development, we have tacitly assumed that the magnetic poles 
cover the entire armature periphery. That is, a pole arc subtends an angle of 180" 
electrical. This is a virtual impossibility, especially for a wound machine. How- 
ever, we can design machines in which the poles cover 60% to 80% of the armature 
periphery. This fact can be taken into consideration when computing the flux per 
pole. 

If the armature of a dc generator supplies a constant current I, to an external 
load, the electrical power developed by the generator is 

P d  = €,I, = Ka@pw,,la (5.12) 

An equivalent power must be supplied by the mechanical system (the prime 
mover coupled to the armature). If Td is the average mechanical torque developed 
by the armature of a dc generator, the prime mover must supply an equal amount 
of torque in the opposite direction to keep the armature rotating at a constant 
speed om. Since in a mechanical system the power developed is 

the torque developed, from Eq. (5.12), is 

Td = KaOpIa (5.14) 

Equation (5.13) is also valid for a dc motor in which the electrical power 
supplied to the armature ( P d )  must be balanced by the mechanical power (Tdwm) 
delivered to the load. Equation (5.13), therefore, symbolizes the transition from 
mechanical power to electrical power in a dc generator, or vice versa in a dc motor. 
In the next section, we arrive at the torque expression, Eq. (5.14), from a different 
perspective. 

E X A M P L E  5.3 

A 24-slot, 2-pole dc machine has 18 turns per coil. The average flux density per 
pole is 1 T. The effective length of the machine is 20 cm, and the radius of the 
armature is 10 cm. The magnetic poles are designed to cover 80% of the armature 
periphery. If the armature angular velocity is 183.2 rad/s, determine (a) the in- 
duced emf in the armature winding, (b) the induced emf per coil, (c) the induced 
emf per turn, and (d) the induced emf per conductor. 

0 S O L U T I O N  

For a two-layer winding, the number of coils is the same as the number of ar- 
mature slots. That is, C = 24. N, is given to be 18. 
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Thus, the total armature conductors: Z = 2 X 24 X 18 = 864 
For a 2-pole machine: a = 2 
The actual pole area is 

2 n d  2Tr x 0.1 x 0.2 A , = - -  - = 0.063 m2 
P 2 

and the effective pole area is 

A, = 0.063 x 0.8 = 0.05 m2 

Thus, the effective flux per pole is 

@, = BA, = 1 x 0.05 = 0.05 Wb 

(a) From Eq. (5.11), the machine constant is 

K, = 864 = 137.51 
2Tr x 2 

Hence, the induced emf in the armature winding, from Eq. (5.10), is 

E, = 137.51 x 0.05 x 183.2 = 1259.6 V 

(b) Since there are two parallel paths, the number of coils in each path is 
24/2 = 12. Thus, the induced emf per coil is 

1259.6 
Ecoil = - 12 = 104.97 V 

(c) As there are 18 turns in each coil, the induced emf per turn is 

104.97 
18 

E, ,  = __ - - 5.83 v 

(d) Finally, the induced emf per conductor is 

5.83 
2 

= 2.915 V Econd = - 



Developed Torque 303 

----L .̂-. . . . .. . . - .-- ~ 

Exercises 

5.5. 

5.6. 

5.7. 

5.8. 

A 6-pole dc machine has 360 conductors in its armature slots. Each mag- 
netic pole subtends an arc of 20 cm and has a length of 20 cm. The flux 
density per pole is 0.8 T. The armature speed is 900 rpm. Determine the 
induced emf in the armature if the machine has (a) a lap winding and (b) a 
wave winding. 
The induced emf in a I'M machine is 440 V at 1600 rpm. What is the induced 
emf if the speed is changed to (a) 800 rpm? (b) 1200 rpm? (c) 2000 rpm? 
(d) 3200 rpm? 
The armature of a 4-pole, lap-wound dc generator has 28 slots with ten 
conductors in each slot. The flux per pole is 0.03 Wb and the armature 
speed is 1200 rpm. Calculate (a) the frequency of the induced emf in each 
armature conductor, (b) the induced emf in the armature, (c) the induced 
emf per coil, (d) the induced emf per turn, and (e) the induced emf per 
conductor. 
When the generator of Exercise 5.7 is connected to the load, the current in 
each conductor is 2 A. What is the armature current? What are the power 
and torque developed by the generator? 

5.5 Developed Torque 

In Section 3.4, we obtained an expression for the torque experienced by a single- 
turn, current-carrying coil in a uniform magnetic field as 

T, = 2BiLr (5.15) 

where B is the uniform flux density, i is the current in the coil, L is the effective 
length of each conductor of the coil that is exposed to the magnetic field, and T is 
the radius at which each conductor is located. In the case of a dc machine, L is the 
length (stack height) of the armature and r is its radius. 

Although the current in the coil varies sinusoidally, the current in a conductor 
under a magnetic pole is of the full-wave rectified type. If I ,  is the average value 
of the current, then the average torque acting on a single-turn coil is 

T, = ZBLrl, (5.16) 

Since a dc machine with P poles has C coils connected in parallel paths and 
each coil has N, turns, the total number of turns is CN,. If I, is the average dc 
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current, then la/a is the current in each turn. Hence, the average torque developed 
by a dc machine is 

T d  = Torque developed by one turn X total turns 

If A, is the area of each pole, that is, 

2rrL 
A, = p 

then the torque developed by the dc machine becomes 

PZ 
T - __ BA,la 

- 2 r a  

where 

= Ka@, la 

P Z  K =-- 
a Z I T ~  

(5.17) 

is the machine constant and @, = BA, is the total flux per pole. Equation (5.17) 
is exactly the same as Eq. (5.14), which was obtained from the power developed 
point of view. 

E X A M P L E  5 . 4  

If the armature current of the machine in Example 5.3 is 25 A, determine (a) the 
current in each conductor, (b) the torque developed, and (c) the power developed. 

S O L U T I O N  

(a) 

(b) 

Since there are two parallel paths, the (average) current per conductor 
is 12.5 A. 
The (average) torque developed by the machine, from Eq. (5.17), is 

T d  = 137.51 x 0.05 x 25 = 171.89 N.m 



Magnetization Characteristic of a D C  Machine 305 

(c) The (average) power developed is 

P, = E,f, = 1259.6 X 25 = 31,490 W or 31.49 kW 

The power developed can also be computed as 

P d  = T d u m  = 171.89 x 183.2 31,490 w Or 31.49 kW 

Exercises 

5.9. 

5.10. 

5.11. 

Determine the torque developed by a 6-pole dc machine with 300 conduc- 
tors arranged in a lap winding. The flux per pole is 0.3 Wb. The conductor 
current is 12 A. If the armature speed is 600 rpm, what is the power de- 
veloped? What is the induced emf? 
The armature of a 6-pole dc machine has 126 slots and is wound with five 
turns per coil using lap winding. The induced emf is 440 V at 120 rad/s. 
Determine the flux per pole. If the conductor current is 5 A, what is the 
torque developed? Also determine the average power developed by the 
machine. 
The wave-wound armature of an %pole dc generator has 95 coils. Each coil 
has five turns. The flux per pole is 0.5 Wb. The armature speed is 600 rpm. 
The current per conductor is 20 A. Determine (a) the power developed and 
(b) the torque developed. 

- 
5.6 Magnetization Characteristic of a DC Machine 

The induced emf in the armature winding of a dc machine is directly proportional 
to (a) the flux per pole and (b) the armature speed. Let us assume that the field 
winding of a dc machine is connected to a variable dc source that is capable of 
supplying a desired field current. If the armature circuit is left open and the arma- 
ture is rotated at the rated speed of the machine, then the induced emf in the 
machine can be expressed as 

E, = K I @ p  (5.18) 

where K, = K p ,  is a constant quantity. In other words, the induced emf is directly 
proportional to the flux in the machine. 



306 Direct-Current Generators 

The flux per pole aP depends upon the magnetomotive force (mmf) provided 
by the current $in the field winding. Since the number of turns per pole is fixed, 
the flux per pole is a function of the field current $. That is, 

where kf is a constant of proportionality. 
The induced emf can now be written as 

E,  = K,kf$ (5.20) 

Since the magnetic circuit of a dc machine consists of both linear regions (air- 
gaps) and nonlinear regions (magnetic material for the stator and the armature), 
kf changes with the change in the flux (or flux density) in the machine. To be 
precise, kf decreases as the flux in the machine increases. Simply stated, the 
induced emf E, does not vary linearly with the field current $. 

The relationship between E, and I f  can, however, be determined by measuring 
E, at different values of If at a constant (usually rated) armature speed. When E, 
is plotted as a function of $ (Figure 5.11), the curve is known as the no-load 
characteristic owing to the fact that the armature is not loaded. Since E, is an 
indirect measure of flux (or flux density) per pole and I f  is a measure of the applied 
mmf (ampere-turns per pole), the curve is bound to be similar to the B-H curve 
of the magnetic material. For that reason, the no-load curve is frequently referred 
to as the magnetization curve (characteristic) of a dc machine. 

Air-gap 
/ line / 

Field current +(or field mmf) 

Figure 5.11 Magnetization (no-load) characteristic of a dc machine. 
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Magnetization curves can be experimentally determined for both the increas- 
ing (ascending) and decreasing (descending) values of the field current. The two 
curves should not be expected to overlap owing to hysteresis. In other words, for 
any given value of the field current, the flux in the machine depends upon whether 
the current was increasing or decreasing to reach the value in question. Therefore, 
during the experiment the field current should be varied continuously in one 
direction only. In order to simplify theoretical calculations involving the use of 
the magnetization curve, it is an accepted practice to take the mean of the two 
curves and refer to it as the magnetization curve. 

The induced emf does not start at zero when the field current is zero but at 
some value somewhat greater owing to the residual magnetism from the previous 
operation of the machine. This value of the induced emf is called the residual emf, 
E,. Except for that, the lower part of the magnetization curve is practically a 
straight line. This is due to the fact that the mmf required for the magnetic material 
is almost negligible at small values of flux density in the machine. Stated differ- 
ently, most of the reluctance of the magnetic circuit is in the air-gap. The upper 
part of the curve shows the aftermath of saturation of the magnetic material when 
the flux density in the machine is high. The bending of the curve to the right 
provides evidence that part of the applied mmf is being consumed by the reluc- 
tance of the magnetic material. The rest of the mmf is, of course, necessary to set 
up the flux in the air-gap. By drawing an air-gap line, a line passing through the 
origin and tangent to the magnetization curve, we can always determine the 
needed mmf of the air-gap to set up a given flux (to induce a given emf). The 
remainder of the mmf is required by the magnetic material. 

Since the induced emf is directly proportional to the armature speed, we can 
plot the magnetization curve at any speed by making use of the magnetization 
curve at the rated speed. If E,, is the induced emf at a field current of If when the 
armature is rotating at a speed of wm,, then the induced emf E,, at the same field 
current but at  a speed of w , ~ ~  is 

(5.21) 

For the operation of all self-excited generators, we will show that the satura- 
tion of the magnetic material is, in fact, a blessing in disguise. That is, the bend- 
ing of the magnetization curve to the right is necessary for the successful opera- 
tion of a self-excited generator. 

5.7 Theory of Commutation 

For the successful operation of a dc machine, the induced emf in each conductor 
under a pole must have the same polarity. If the armature winding is carrying 



308 Direct-Current Generators 

current, the current in each conductor under a pole must be directed in the same 
direction. It implies that as the conductor moves from one pole to the next, there 
must be a reversal of the current in that conductor. The conductor and thereby 
the coil in which the current reversal is taking place are said to be commutating. 
The process of reversal of current in a commutating coil is known as commutation. 

Ideally, the process of commutation should be instantaneous, as indicated in 
Figure 5.12a. This can, however, be achieved only if the brush width and the 
commutator segments are infinitesimally small. In practice, not only do the brush 
and the commutator have finite width but the coil also has a finite inductance. 
Therefore, it takes some time for the current reversal to take place, as illustrated 
in Figure 5.12b. 

Figure 5.13a shows a set of eight coils connected to the commutator segments 
of a 2-pole dc generator. The coils g, h, u, and b are under the north pole and form 
one parallel path, while the coils c, d, e, and fare  under the south pole and form 
another parallel path. The current in the coils under the north pole, therefore, is 
in the opposite direction to the current in the coils under the south pole. However, 
the magnitude of the current in each coil is I,. The width of each brush is assumed 
to be equal to the width of the commutator segment. Brush A is riding on com- 
mutator segment 3 while brush B is on segment 7. The current through each brush 
is 21,. As the commutator rotates in the clockwise direction, the leading tip of 

I 

t 

(b) 

Figure 5.12 Current reversal in a coil undergoing commutation with brushes of (a) 
infinitesimal thickness and (b) finite thickness. 
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Figure 5.13 Coils b and f (a) prior to, (b) during, and (c) after the commutation process. 
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brush A comes in contact with commutator segment 2 and shorts coil bas indicated 
in Figure 5.13b. Similarly, the coilfis also short-circuited by brush B. The coils b 
and f are now undergoing commutation. From Figure 5.13b it is evident that the 
current through each brush is still 21,. At this instant, the induced emfs in coils b 
andfare zero because each lies in the plane perpendicular to the flux. However, 
an instant later, the contacts of brushes A and B with commutator segments 3 and 
7 are broken as depicted in Figure 5.13~. Coil b is now a part of the parallel path 
formed by coils c, d, and e, and the direction of the current in the coil has reversed. 
Similarly, coilf has become a part of the parallel path formed by coils a, h, and g, 
and its current has also reversed its direction. The commutation process for coils 
b andfis complete. Coils a and e are now ready for commutation. In a multipole 
machine, the number of coils undergoing commutation at any instant is equal to 
the number of parallel paths when the brush width is the same as the width of 
the commutator segment. 

For a commutation process to be perfect, the reversal of current from its value 
in one direction to an equal value in the other direction must take place during 
the time interval t,. Otherwise, the excess current (difference of the currents in 
coils b and c) prompts a flashover from commutator segment 3 to the trailing tip 
of brush A. Likewise, a flashover also takes place from commutator segment 7 to 
the trailing tip of brush €3. 

When the current reverses its direction during commutation in a straight-line 
fashion as illustrated in Figure 5.12b, the commutation process is said to be linear. 
A linear commutation process is considered to be ideal in the sense that no flash- 
over occurs from the commutator segments to the trailing tips of the brushes. In 
the next section, we discuss methods that allow us to improve commutation under 
varying loads. 

5.8 Armature Reaction 

When there is no current in the armature winding (a no-load condition), the flux 
produced by the field winding is uniformly distributed over the pole faces as 
shown in Figure 5.14a for a 2-pole dc machine. The induced emf in a coil that lies 
in the neutral plane, a plane perpendicular to the field-winding flux, is zero. This, 
therefore, is the neutral position under no load where the brushes must be posi- 
tioned for proper commutation. 

Let us now assume that the 2-pole dc machine is driven by a prime mover in 
the clockwise direction and is, therefore, operating as a generator. The direction 
of the currents in the armature conductors under load is shown in Figure 5.14b. The 
armature flux distribution due to the armature mmf is also shown in the figure. 
The flux distribution due to the field winding is suppressed in order to highlight 
the flux distribution due to the armature mmf. Note that the magnetic axis of the 
armature flux (the quadrature, or q-axis) is perpendicular to the magnetic axis 
of the field-winding flux (direct, or d-axis). Since both fluxes exist at the same time 
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Field flux 

Total distorted flux 

(C) 

Figure 5.14 (a) Flux distribution due to the field-winding only. (b) Flux distribution due 
to armature mmf only. (c) Flux distribution due to the field-winding and the armature 
mmf. 

when the armature is loaded, the resultant flux is distorted as indicated in Figure 
5.14~.  The armature flux has weakened the flux in one-half of the pole and has 
strengthened it in the other half. The armature current has, therefore, displaced 
the magnetic-field axis of the resultant flux in the direction of rotation of the 
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generator. As the neutral plane is perpendicular to the resultant field, it has also 
advanced. The effect of the armature mmf upon the field distribution is called the 
armature reaction. We can get a better picture of what is taking place in the gen- 
erator by looking at its developed diagram. 

The developed diagram of the flux per pole under no load is shown in 
Figure 5.15a. In order to simplify the discussion, let us assume that the con- 
ductors are uniformly distributed over the surface of the armature. Then the ar- 

Armature mmf 

Resultant flux /Saturation effect 

(C) 

Figure 5.15 (a) Flux per pole under no load. (b) MMF and the flux due to armature 
reaction. (c) Resultant flux. 



Armature Reaction 313 

mature mmf under load has a triangular waveform as depicted in Figure 5.15b. 
The flux distribution due to the armature mmf is also a straight line under the 
pole. If the pole arc is less than 180" electrical, the armature flux has a saddle- 
shaped curve in the interpolar region due to its higher reluctance. The resultant 
(total) flux distribution is shown in Figure 5.15~. The distortion in the flux dis- 
tribution at load compared with that at no load is evident. If saturation is low, 
the decrease in the flux in one-half of the pole is accompanied by an equal in- 
crease in the flux in the other half. The net flux per pole, therefore, is the same 
under load as at no load. On the other hand, if the poles were already close to 
the saturation point under no load, the increase in the flux is smaller than the 
decrease, as indicated by the dotted line in Figure 5.15~. In this case, there is a 
net loss in the total flux. For a constant armature speed, the induced emf in the 
armature winding decreases owing to the decrease in the flux when the ar- 
mature is loaded. 

As mentioned earlier, the neutral plane in the generator moves in the direc- 
tion of rotation as the armature is loaded. Because the neutral zone is the ideal 
zone for the coils to undergo commutation, the brushes must be moved accord- 
ingly. Otherwise, the forced commutation results in excessive sparking. As the 
armature flux varies with the load, so does its influence on the flux set up by the 
field winding. Hence, the shift in the neutral plane is a function of the armature 
current. 

The armature reaction has a demagnetizing effect on the machine. The reduc- 
tion in the flux due to armature reaction suggests a substantial loss in the applied 
mmf per pole of the machine. In large machines, the armature reaction may have 
a devastating effect on the machine's performance under full load. Therefore, tech- 
niques must be developed to counteract its demagnetization effect. Some of the 
measures that are being used to combat armature reaction are summarized below: 

1. The brushes may be advanced from their neutral position at no load (geo- 
metrical neutral axis) to the new neutral plane under load. This measure is 
the least expensive. However, it is useful only for constant-load generators. 
Interpoles, or commutating poles as they are sometimes called, are narrow 
poles that may be located in the interpolar region centered along the mechan- 
ical neutral axis of the generator. The interpole windings are permanently 
connected in series with the armature to make them effective for varying 
loads. The interpoles produce flux that opposes the flux due to the armature 
mmf. When the interpole is properly designed, the net flux along the geo- 
metric neutral axis can be brought to zero for any load. Because the interpole 
winding carries armature current, we need only a few turns of comparatively 
heavy wire to provide the necessary interpole mmf. Figure 5.16 shows the 
armature flux distribution with interpoles. 
Another method to nullify the effect of armature reaction is to make use of 
compensating windings. These windings, which also carry the armature cur- 
rent, are placed in the shallow slots cut in the pole faces as shown in 

2. 

3. 
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lnrcrpolc 

Figure 5.16 Interpole windings of a dc generator. 

Figure 5.17 

Field 
winding 

Compensating winding of a dc generator. 

Figure 5.17. Once again, the flux produced by the compensating winding is 
made equal and opposite to the flux established by the armature mmf. 

5.9 Types of DC Generators 

Based upon the method of excitation, dc generators can be divided into two classes 
Separately excited generators and self-excited generators. A PM generator can be 
considered a separately excited generator with constant magnetic flux. 

The field (excitation) current in a separately excited generator is supplied by 
an independent external source. However, a self-excited generator provides its 
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Magnetic Loss 

Since the induced emf in the conductors of the armature alternates with a fre- 
quency determined by the speed of rotation and the number of poles, a magnetic 
loss Pm (hysteresis and the eddy-current) exists in the armature. 

The hysteresis loss depends upon the frequency of the induced emf, the area 
of the hysteresis loop, the magnetic flux density, and the volume of the magnetic 
material. The area of the hysteresis loop is smaller for soft magnetic materials than 
for hard magnetic materials. This is one of the reasons why soft magnetic materials 
are used for electrical machines. 

Although the armature is built using thin laminations, the eddy currents do 
appear in each lamination and produce eddy-current loss. The eddy-current loss 
depends upon the thickness of the lamination, the magnetic flux density, the fre- 
quency of the induced emf, and the volume of the magnetic material. 

A considerable reduction in the magnetic loss can be obtained by operating 
the machine in the linear region at  a low flux density but at the expense of its size 
and initial cost. 

Rotational Losses 
In the analysis of a dc machine, it is a common practice to lump the mechanical 
loss and the magnetic loss together. The sum of the two losses is called the rota- 
tional loss, P,. That is, P, = 

The rotational loss of a dc machine can be determined by running the machine 
as a separately excited motor (to be discussed later) under no load. The armature 
winding voltage should be so adjusted that the induced emf in the armature wind- 
ing is equal to its rated value, En. If V,  is the terminal voltage and R, is the ar- 
mature-winding resistance, then the voltage that must be applied to the armature 
terminals is 

+ Put. 

V,  = V ,  + l,R, (5.23a) 

for the generator and 

V, = V ,  - I,R, (5.23b) 

for the motor. 
Apply V ,  across the armature terminals and adjust the field excitation until 

the machine rotates at its rated speed. Then measure the armature current. Because 
the armature current under no load is a small fraction of its rated value and the 
armature winding resistance is usually very small, we can neglect the power loss 
in the armature winding. As there is no power output, the power supplied to the 
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motor, V,I,, must be equal to the rotational loss in the machine. By subtracting 
the mechanical loss, we can determine the magnetic loss in the machine. 

Copper Losses 
Whenever a current flows in a wire, a copper loss, P,,, is associated with it. The 
copper losses, also known as electrical or 12R losses, can be segregated as follows: 

1. Armature-winding loss 
2. Shunt field-winding loss 
3. Series field-winding loss 
4. Interpole field-winding loss 
5. Compensating field-winding loss 

Stray-Load Loss 
A machine always has some losses that cannot be easily accounted for; they are 
termed stray-load losses. It is suspected that the stray-load losses in dc machines 
are the result of (a) the distorted flux due to armature reaction and (b) short-circuit 
currents in the coils undergoing commutation. As a rule of thumb, the stray-load 
loss is assumed to be 1% of the power output in large machines (above 100 horse- 
power) and can be neglected in small machines. 

Power-Flow Diagram 
In a dc generator, the mechanical energy supplied to the armature by the prime 
mover is converted into electric energy. At the outset, some of the mechanical 
energy is lost as the rotational loss. The mechanical power that is available for 
conversion into electrical power is the difference between the power supplied to 
the shaft and the rotational loss. We refer to the available power as developed 
power. Subtract all the copper losses in the machine from the developed power 
to obtain the power output. If T,  is the torque at the shaft and w, is the angular 
velocity of rotation, then the power output, Po, for a generator is 

Po = Tswm - P, - P," (5.24) 

A typical power-flow diagram for the generator is shown in Figure 5.18. 

Efficiency 
The efficiency of a machine is simply the ratio of its power output to the power 
input. In the case of a separately excited machine, the power lost in the field 
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Figure 5.18 Power-flow diagram of a dc generator. 

winding may also be included in the input power when computing the efficiency 
of the machine. 

5.12 A Separately Excited DC Generator 

As the name suggests, a separately excited dc generator requires an independent 
dc external source for the field winding and for this reason is used primarily in 
(a) laboratory and commercial testing and (b) special regulation sets. The exter- 
nal source can be another dc generator, a controlled or uncontrolled rectifier, or 
simply a battery. 

The equivalent circuit representation under steady-state condition of a sepa- 
rately excited dc generator is given in Figure 5.19. The steady-state condition im- 
plies that no appreciable change occurs in either the armature current or the ar- 
mature speed for a given load. In other words, there is essentially no change in 
the mechanical energy or the magnetic energy of the system. Therefore, there is 
no need to include the inductance of each winding and the inertia of the system 
as part of the equivalent circuit. We include these effects when we discuss the 
dynamics of electric machines in Chapter 11. 

In the equivalent circuit, E, is the induced emf in the armature winding, R, is 
the effective armature-winding resistance which may also include the resistance 
of each brush, I, is the armature current, V ,  is the terminal output voltage, 1, is 

Rh 
/ 

Figure 5.19 An equivalent circuit of a separately excited dc generator. 
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the load current, $ is the field-winding current, Rrw is the field-winding resist- 
ance, Rfi is an external resistance added in series with the field winding to control 
the field current, Nf  is the number of turns per pole for the field winding, and Vf 
is the voltage of an external source. 

The defining equations under steady-state operation are 

and 

(5.25) 

(5.26) 

(5.26a) 

where R, = Rhu + Rfx is the total resistance in the shunt field-winding circuit. 
From Eq. (5.26), the terminal voltage is 

V,  = E, - l,R, (5.27) 

When the field current is held constant and the armature is rotating at a con- 
stant speed, the induced emf in an ideal generator is independent of the armature 
current, as shown by the dotted line in Figure 5.20. As the load current I ,  increases, 
the terminal voltage V ,  decreases, as indicated by the solid line. In the absence of 
the armature reaction, the decrease in V ,  should be linear and equal to the voltage 
drop across R,. However, if the generator is operating near its saturation and is 
not properly compensated for the armature reaction, the armature reaction causes 
a further drop in the terminal voltage. 

A plot of the terminal voltage versus the load current is called the external 
(terminal) characteristic of a dc generator. The external characteristic can be ob- 
tained experimentally by varying the load from no load to as high as 150% of the 

t 

I drop 
I 
I 

0 20 40 60 80 100 120 
Percent of rated load 

Figure 5.20 The external characteristic of a separately excited dc generator. 
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rated load. The terminal voltage at no load, VnL,  is simply E,. If we draw a line 
tangent to the curve at no load, we obtain the terminal characteristic of the ma- 
chine with no armature reaction. The difference between the no-load voltage and 
the tangent line yields l,R, drop. Since 1, is known, we can experimentally deter- 
mine the effective armature-winding resistance. The term “effective” signifies that 
it is not only the resistance of the armature winding but also includes the brush- 
contact resistance. 

E X A M P L E  5 . 5  

A 240-kW, 240-V, 6-p0le, 600-rpm, separately excited generator is delivering the 
rated load at the rated voltage. The generator has R, = 0.01 0, R = 30 0, Vf = 

120 V, Nf = 500 turns per pole, and P, = 10 kW. The demagnetizing mmf due to 
armature reaction is 25% of the armature current. Its magnetization curve is given 
in Figure 5.21. Determine (a) the induced emf at full load, (b) the power developed, 
(c) the torque developed, (d) the applied torque, (e) the efficiency, ( f  ) the external 
resistance in the field winding, and (g) the voltage regulation. 

P 

0 S O L U T I O N  

Since P, = 240 kW and V ,  = 240 V, the full-load current is 

- - _  400 
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~ 
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Field current ($) 

Figure 5.21 Magnetization curve of a dc machine at 600 rpm (N, = 500 turns per pole) 
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(a) At full load, the induced emf is 

Eaf, = V,  + l,R, = 240 + 1000 X 0.01 = 250 V 

(b) Hence, the power developed is 

Pd = Eaf,la = 250 X 1000 = 250,000 W or 250 kW 
 IT X 600 

60 
= 2 0 ~  rad/s w, = 

(c) The torque developed at full load is 

P, 250,000 T - - = - -  - 3978.87 N.m 
0, 20T d -  

(d) The mechanical power input at full load must be 

Thus, the applied torque is 

q=-- 260 Oo0 - 4138.03 N.m 
20T 

(e) From the magnetization curve, the effective field current at full load is 
2.5 A. This is the field current that must circulate in the field winding 
when there is no demagnetization effect of the armature reaction. The 
corresponding mmf is 500 X 2.5 = 1250 A.t/pole. The demagnetizing 
mmf due to the armature reaction is 0.25 X 1000 = 250 A.t/pole. Hence, 
the total mmf that must be provided by the field winding is 1250 + 250 
= 1500 A.t/pole. Thus, the actual field current at full load is 

- 3 A  
1500 

- 500 
1 

The power loss in the field winding is Vf$ = 120 X 3 = 360 W. The 
total power input is 

Pin = Pin- + Vr$ = 260 + 0.36 = 260.36 kW 
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The efficiency of the generator is 

240 
260.36 

-q = - = 0.922 or 92.2% 

( f )  The total resistance in the field-winding circuit is 

120 
R - - = = O R  

J -  3 
Hence, Rfx = 40 - 30 = 10 R 

( g )  At no load, the armature reaction is zero. Thus, the field mmf is 1500 
A.t/pole. From the magnetization curve, the induced emf at no load is 
approximately 266 V. Hence, the voltage regulation is 

266 - 240 X 100 = 10.83% VR% = 
240 

Exercises 

5.12. A 240-V, 40-A, PM dc generator is rated at a speed of 2000 rpm. The ar- 
mature-winding resistance is 0.4 a. The rotational loss is 10% of the power 
developed by the generator at full load. If the generator is operating in the 
linear range, determine (a) the no-load voltage, (b) the voltage regulation, 
(c) the applied torque, and (d) the efficiency of the generator. 
The separately excited generator of Example 5.5 is operating at no load 
with maximum field current. What is the induced emf in the armature? If 
it is loaded gradually until it supplies the rated load, what is the terminal 
voltage? What is the voltage regulation? Also calculate its efficiency and 
the applied torque. 

5.13. 

5.13 A Shunt Generator 

When the field winding of a separately excited generator is connected across the 
armature, the dc generator is called the shunt generator. In this case, the terminal 
voltage is also the field-winding (field) voltage. Under no load, the armature cur- 
rent is equal to the field current. When loaded, the armature current supplies the 
load current and the field current as shown in Figure 5.22. Since the terminal 
voltage can be very high, the resistance of the field circuit must also be high in 
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Figure 5.22 An equivalent circuit of a shunt generator. 

order to keep its power loss to a minimum. Thus, the shunt field winding has a 
large number of turns of relatively fine wire. 

As long as some residual flux remains in the field poles, the shunt generator 
is capable of building up the terminal voltage. The process of voltage buildup is 
summarized below. 

When the generator is rotating at its rated speed, the residual flux in the field 
poles, however small it may be (but it must be there), induces an emf E, in the 
armature winding as shown in Figure 5.23. Because the field winding is connected 
across the armature, the induced emf sends a small current through the field 
winding. If the field winding is properly connected, its mmf sets up a flux that 
aids the residual flux. The total flux per pole increases. The increase in the flux 
per pole increases the induced emf which, in turn, increases the field current. The 

Field resistance 
line 

b 

Field winding current (I,-) 

Figure 5.23 Voltage buildup in a shunt generator. 
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action is therefore cumulative. Does this action continue forever? The answer, of 
course, is no for the following reason: 

The induced emf follows the nonlinear magnetization curve. The current in 
the field winding depends upon the total resistance in the field-winding circuit. 
The relation between the field current and the field voltage is linear, and the slope 
of the curve is simply the resistance in the field-winding circuit. The straight line 
is also known as the field-resistance line. The shunt generator continues to build 
up voltage until the point of intersection of the field-resistance line and the mag- 
netic saturation curve. This voltage is known as the no-load voltage. 

It is very important to realize that the saturation of the magnetic material is 
a blessing in the case of a self-excited generator. Otherwise, the voltage buildup 
would continue indefinitely. We will also show that the saturation is necessary 
for the generator to deliver load. 

If the field winding is connected in such a way that the flux produced by its 
mmf opposes the residual flux, a voltage build-down will occur. This problem 
can be corrected by either reversing the direction of rotation or interchanging the 
field-winding connection to the armature terminals, but not both. 

The value of no-load voltage at the armature terminals depends upon the 
field-circuit resistance. A decrease in the field-circuit resistance causes the shunt 
generator to build up faster to a higher voltage as shown in Figure 5.24. By the 
same token, the voltage buildup slows down and the voltage level falls when the 
field-circuit resistance is increased. The value of the field-circuit resistance that 
makes the field-resistance line tangent to the magnetization curve is called the 
critical (field) resistance. The generator voltage will not build up if the field-cir- 
cuit resistance is greater than or equal to the critical resistance. The speed at which 
the field circuit resistance becomes the critical resistance is called the critical 
speed. 

Critical resistance line 

Figure 5.24 Voltage 

Field winding current (I$ 

buildup for various values of field-circuit resistances. 
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Hence, the voltage buildup will take place in a shunt generator if (a) a residual 
flux exists in the field poles, (b) the field-winding mmf produces the flux that aids 
the residual flux, and (c) the field-circuit resistance is less than the critical 
resistance. 

The equations that govern the operation of a shunt generator under steady- 
state are 

(5.28) 

(5.29) 

and V ,  = ILR, = E, - I,R, (5.30) 

The External Characteristic 
Under no load, the armature current is equal to the field current, which is usually 
a small fraction of the load current. Therefore, the terminal voltage under no-load 
V,, is nearly equal to the induced emf E, owing to the negligible l,R, drop. As 
the load current increases, the terminal voltage decreases for the following 
reasons: 

1.  
2. 
3. 

The increase in l,R, drop 
The demagnetization effect of the armature reaction 
The decrease in the field current due to the drop in the induced emf 

The effect of each of these factors is shown in Figure 5.25. 
For a successful operation, the shunt generator must operate in the saturated 

region. Otherwise, the terminal voltage under load can fall to zero for the follow- 
ing reason: 

Armature 
resistance 

drop 

ARdrop 

Reduction in 
1 field current 

Load current (13 

Figure 5.25 External characteristic of a shunt generator. 
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Suppose the generator is operating in the linear region and there is a 10% 
drop in the terminal voltage as soon as the load draws some current. A 10% drop 
in the terminal voltage results in a 10% drop in the field current which, in turn, 
reduces the flux by 10%. A 10% reduction in the flux decreases the induced emf 
by 10% and causes the terminal voltage to fall even further, and so on. Soon the 
terminal voltage falls to a level (almost zero) that is not able to supply any ap- 
preciable load. The saturation of the magnetic material comes to the rescue. When 
the generator is operating in the saturated region, a 10% drop in the field current 
may result in only a 2% or 3% drop in the flux, and the system stabilizes at a 
terminal voltage somewhat lower than V,, but at a level suitable for successful 
operation. 

As the generator is loaded, the load current increases to a point called the 
break-down point with the decrease in the load resistance. Any further decrease 
in the load resistance results in a decrease in the load current owing to a very 
rapid drop in the terminal voltage. When the load resistance is decreased all the 
way to zero (a short circuit), the field current goes to zero and the current through 
the short circuit is the ratio of the residual voltage and the armature-circuit 
resistance. 

E X A M P L E  5.6  

The magnetization curve of a shunt generator at 1200 rpm is given in Figure 5.26. 
The other parameters are Rfi = 30 R, R, = 0.2 R, Nf = 200 turns/pole, P, = 1200 
W, and the demagnetizing mmf per pole due to armature reaction is 50% of the 
load current. The external field resistance, Rp is adjusted to give a no-load volt- 
age of 170 V. What is Rfi? If the generator supplies a rated load of 100 A, 
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Figure 5.26 The magnetization curve of a dc machine at 1200 rpm (200 turns per pole) 
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determine (a) the terminal voltage, (b) the voltage regulation, and (c) the 
efficiency. 

0 S O L U T I O N  

From the magnetization curve, the field current corresponding to the no-load volt- 
age of 170 V is 3.5 A. The total field-circuit resistance is 

170 
R - - - 48.57 K! 
f - 3.5 - 

Thus, the external resistance in the field-winding circuit is 

R = R R = 48.57 - 30 = 18.57 SZ fx f - f W  

The nonlinear behavior of the induced emf suggests the use of iterations to deter- 
mine the terminal voltage at the rated current of I, = 100 A. The demagnetizing 
mmf is 0.5 X 100 = 50 A.t/pole. 

First iteration: 

the rated load is 
Assuming E ,  = 170 V and the field current is 3.5 A, the terminal voltage at 

V,l = 170 - 103.5 X 0.2 = 149.3 A 

Second iteration: 
The actual and the effective field currents are 

I f 2  = 

$2 = 

149.3 
48.57 
- -  - 3.07 A 

(200 X 3.07 - 50) = 2,82 A 
200 

From the graph, the induced emf is E,, - 165 V. Thus, 

V,2 = 165 - 103.07 X 0.2 = 144.4 V 

Third iteration: 

I f 3 = - -  144'4 - 2.97 A 
48.57 
(200 X 2.97 - 50) 

200 
= 2.72 lfe3 = 
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From the graph, E,, - 163 V. Hence, 

Vf3 = 163 - 102.97 X 0.2 = 142.4 V 

The difference between Vt2 and Vt3 is so small (less than 2%) that no further 
iteration is necessary. 

(a) Thus, Vf = 142.4 V and lf = 142.4/48.57 = 2.93 A when I, = 100 A. 
Thus, = (200 X 2.93 - 50)/200 = 2.68 A. From the magnetization 
curve, E, - 163 V. 

(b) The voltage regulation is 

170 - 142.4 
VR% = X 100 = 19.38% 

142.4 

(c) The power output: Po = 142.4 X 100 = 14,240 W 
The electrical power loss is 

P,,, = (102.93)2 x 0.2 + 2.93’ X 48.57 = 2535.89 W 

The power developed: pd = 14,240 + 2535.89 = 16,775.89 W 

The power input: Pin = 16,775.89 + 1200 = 17,975.89 W 

14,240 
17,975.89 

Hence, the efficiency: q = = 0.7922 or 79.22% 

Note that we could also have calculated the power developed as 

P d  = E,l, = 163 X 102.93 = 16,777.59 w 

Exercises 

5.14. The field-circuit resistance of the shunt generator of Example 5.6 is adjusted 
to 64 R. What is the no-load voltage at its rated speed? If the generator 
operates at 50% of its rated load, determine (a) the terminal voltage, (b) the 
efficiency, and (c) the torque applied. 
A 50-kW, 120-V shunt generator has R, = 0.09 fk, Rfi = 30 SL, RfX = 15 SZ, 
N, = 900 rpm, and P, = 5 kW. The generator is delivering the rated load 
at the rated terminal voltage. Determine (a) the generated emf, (b) the 
torque applied, and (c) the efficiency. Neglect the armature reaction. 

5.15. 
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5.14 A Series Generator 

As the name suggests, the field winding of a series generator is connected in series 
with the armature and the external circuit. Because the series field winding has to 
carry the rated load current, it usually has few turns of heavy wire. 

The equivalent circuit of a series generator is given in Figure 5.27. A variable 
resistance R,, known as the series field diverter, may be connected in shunt with 
the series field winding to control the current through and thereby the flux pro- 
duced by it. 

When the generator is operating under no load, the flux produced by the 
series field winding is zero. Therefore, the terminal voltage of the generator is 
equal to the induced emf due to the residual flux, E,. As soon as the generator 
supplies a load current, the mmf of the series field winding produces a flux that 
aids the residual flux. Therefore, the induced emf, E,, in the armature winding is 
higher when the generator delivers power than that at no load. However, the ter- 
minal voltage, V,, is lower than the induced emf due to (a) the voltage drops 
across the armature resistance, R,, the series field-winding resistance, R,, and (b) 
the demagnetization action of the armature reaction. Since voltage drops across 
the resistances and the armature reaction are functions of the load current, the 
induced emf and thereby the terminal voltage depend upon the load current. 

The magnetization curve for the series generator is obtained by separately 
exciting the series field winding. The terminal voltage corresponding to each point 
on the magnetization curve is less by the amount equal to voltage drops across 
R, and R, when the armature reaction is zero. The terminal voltage drops even 
further when the armature reaction is also present as illustrated in Figure 5.28. 
Once the load current pushes the generator into the saturated region, any further 
increase in its value makes the armature reaction so great as to cause the terminal 

Figure 5.27 An equivalent circuit of a series generator. 
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Figure 5.28 Characteristics of a series generator. 

voltage to drop sharply. In fact, if driven to its extreme, the terminal voltage may 
drop to zero. 

The rising characteristic of a series generator makes it suitable for voltage- 
boosting purposes. Another clear distinction between a shunt generator and a 
series generator is that the shunt generator tends to maintain a constant terminal 
voltage while the series generator has a tendency to supply constant load current. 
In Europe, the Thury system of high-voltage direct-current power transmission 
requires several series generators connected in series and transmitting at constant 
current. 

The basic equations that govern its steady-state operation are 

V ,  = E ,  - I,R, - l,R, 

I s R ,  = IdRd 

1, = I ,  = 1, + I, 

(5.31) 

(5.32) 

(5.33) 

where I ,  is the current in the series field winding, R, is the resistance of the series 
field winding, and l d  is the current in the series field-diverter resistance, R,. 

E X A M P L E  5 . 7  

The induced emf in the linear region of a series generator is given as E,  = 0.41,. 
The generator has R, = 0.03 R and R,  = 0.02 R. It is used as a booster between 
a 240-V station bus-bar and a feeder of 0.25-R resistance. Calculate the voltage 
between the far end of the feeder and the bus-bar at a current of 300 A. 



332 Direct-Current Generators 

0 S O L U T I O N  

In the absence of R,, I, = I, = 300 A. The induced emf is 

E ,  = 0.4 X 300 = 120 V 

The voltage drop across R,, R,, and the feeder is 

Va = 300 x (0.02 + 0.03 + 0.25) = 90 V 

Hence, the voltage between the far end and the bus-bar is 

V ,  = 240 + 120 - 90 = 270 V 

The net increase of 30 V may be beyond the desired limit. The placement of field 
diverter resistance may be necessary to regulate the far-end terminal voltage. 

Exercises 

5.16. 

5.17 

Determine the field diverter resistance that will limit the voltage rise to 5 
volts in Example 5.7. 
The magnetization curve of Figure 5.26 was obtained for a dc shunt gen- 
erator with 200 turns per pole in its shunt field winding. A series field 
winding with 5 turns per pole is added and is operated as a series gener- 
ator. The series field resistance is 0.05 R, and the armature resistance is 0.2 
R. The rotational power loss is 1200 W. When the generator operates at its 
rated speed of 1200 rpm, it supplies a current of 140 A to a bank of lamps 
connected in parallel. If the armature reaction is now equivalent to a 6% 
reduction in the flux, determine (a) the terminal voltage, (b) the power out- 
put, (c) the torque applied, and (d) the efficiency. 

5.1 5 Compound Generators 

The drooping characteristic of a shunt generator and the rising characteristic of a 
series generator provide us enough motivation to theorize the possibility of a 
better external characteristic by fusing the two generators into one. In fact, under 
certain constraints, putting the two generators together is like transforming two 
contentiously different generators into a single well-behaved generator. This is 
done by winding both series and shunt field windings on each pole of the gen- 
erator. When the mmf of the series field is aiding the mmf of the shunt field, it is 
referred to as a cumulative compound generator (Figure 5.29a). Otherwise, it is 
termed a differential compound generator (Figure 5.29b). 
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(4 (b) 

Figure 5.29 Current distributions in the series and the shunt field windings of (a) 
cumulative and (b) differential compound generators. 

When the shunt field winding is connected directly across the armature ter- 
minals, it is called a short-shunt generator. In a short-shunt generator (Figure 
5.30), the series field winding carries the load current in the absence of a field 
diverter resistance. A generator is said to be long shunt when the shunt field 
winding is across the load as indicated in Figure 5.31. We hasten to add that most 

(b) 
(1) 

Figure 5.30 Equivalent circuits of short-shunt (a) cumulative and (b) differential 
compound generators. 
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(4 (b) 

Figure 5.31 Equivalent circuits of long-shunt (a) cumulative and (b) differential com- 
pound generators. 

of the flux is created by the shunt field. The series field mainly provides a control 
over the total flux. Therefore, different levels of compounding can be obtained by 
limiting the current through the series field, as explained in Section 5.14. Three 
distinct degrees of compounding that are of considerable interest are discussed 
below. 

IJndercompound Generator 
When the full-load voltage in a compound generator is somewhat higher than that 
of a shunt generator but still lower than the no-load voltage, it is called an un- 
dercompound generator. The voltage regulation is slightly better than that of the 
shunt generator. 

Flat or Normal Compound Generator 
When the no-load voltage is equal to the full-load voltage, the generator is known 
as a flat compound generator. A flat compound generator is used when the dis- 
tance between the generator and the load is short. In other words, no significant 
voltage drop occurs on the transmission line (called the feeder) connecting the 
generator to the load. 
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Overcompound Generator 
When the full-load voltage is higher than the no-load voltage, the generator is 
said to be overcompound. An overcompound generator is the generator of choice 
when the generator is connected to a load via a long transmission line. The long 
transmission line implies a significant drop in voltage and loss in power over the 
transmission line. 

The usual practice is to design an overcompound generator. The adjustments 
can then be made by channeling the current away from the series field winding 
by using the field diverter resistance. 

The external characteristics of compound generators are given in Figure 5.32. 
For comparison purposes, the external characteristics of other generators are also 
included. 

The fundamental equations that govern the steady-state behavior of short- 
shunt and long-shunt cumulative generators are given below. 

Short-shunt: 

1, = I[* + $ (5.34) 

(5.35) 

V, = E, - I,R, - l,R, (5.36) 

Vf = E ,  - l,R, (5.37) 

mmf = $Nf -I- l s N s  - mmfd (5.38) 

where the (plus/minus) sign is for the (cumulative/differential) compound gen- 
erator, and mmfd is the demagnetizing mmf due to the armature reaction. 
Long-shunt: 

1, = I, + 'r (5.39) 

(5.40) 

Vf = V ,  = E,  - l,R, - lsRs (5.41) 

(5.42) mmf = i jNf  2 I,Ns - mmfd 

E X A M P L E  5 . 8  

A 240-V, short-shunt, cumulative compound generator is rated at 100 A. The shunt 
field current is 3 A. It has an armature resistance of 50 mR, a series field resistance 
of 10 ma,  a field diverter resistance of 40 mR, and a rotational loss of 2 kW. The 
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Figure 5.32 (a) External characteristics of dc generators. (b) Terminal voltage adjusted for 
rated value. 
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generator is connected to the load via a feeder, Rfp, of 30 mR resistance. When the 
generator is supplying the full load at the rated voltage, determine its efficiency. 
Draw the power-flow diagram to show the power distribution. 

0 S O L U T I O N  

Po = 240 x 100 = 24,000 W 

Since $ = 3 A, 1, = 100 + 3 = 103 A 

0.04 
0.04 + 0.01 1, = x 100 = 80 A 

1, = IOO - 80 = 20 A 

E,  = V ,  + lLRfe + l,R, + l,R, 

= 240 + 100 x 0.03 + 80 X 0.01 + 103 X 0.05 = 248.95 V 

Vf = E ,  - l,R, 

= 248.95 - 103 X 0.05 = 243.8 V 

Hence, 
243.8 R - 81.267 R 

f -  3 

Copper losses: 

Armature: 

Series field: I?R, = 802 X 0.01 = 64 W 

Shunt field: 

Diverter resistance: 

Feeder resistance: 

Total copper loss: 

1:R, = 1032 X 0.05 = 530.45 W 

l;Rf = 32 X 81.267 = 731.4 W 

l $ R d  = 20’ X 0.04 = 16 W 

l iRfe  = 100’ X 0.03 = 300 W 

P,, = 530.45 + 64 + 731.4 + 16 + 300 

= 1641.85 W 

Thus, the power developed is 

Pd = Po + P,, = 24,000 + 1,641.85 = 25,641.85 W 

However, the power developed can also be computed as 

P d  = E,I, = 248.95 X 103 = 25,641.85 W 
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P, = 2000 w P, = 1641.85 W 

P;"= 27,641.85 W Po = 24,000 W 

Figure 5.33 Power-flow diagram of a short-shunt compound generator, Example 5.8. 

The power input is 

Pi,, = Pd + P, = 25,641.85 + 2,000 = 27,641.85 W 

Hence, the efficiency is 

Po 24,000 
q = - =  = 0.8682 or 86.82% 

Pi,, 27,641.85 

The power-flow diagram is given in Figure 5.33. 
a 

Exercises 

5.18 A short-shunt compound generator has a terminal voltage of 240 V when 
it delivers 125 A. The shunt-field current is 5 A, the armature resistance is 
25 mR, and the series field resistance is 15 ma.  At its operating speed of 
600 rpm, the rotational loss is 3 kW. Determine its efficiency and the torque 
supplied by the prime mover. Sketch its power flow diagram. 
A long-shunt compound generator has a terminal voltage of 240 V at its 
rated output of 200 A. Its resistances are shunt field 60 a, series field 20 
ma, armature 80 ma, and interpole field 25 ma. The magnetic and mechan- 
ical losses are 1500 W and 250 W, respectively. Sketch its power flow dia- 
gram and determine its efficiency. 
A long-shunt compound generator delivers 75 A at its rated terminal volt- 
age of 230 V. Its other pertinent parameters are R, = 40 mR, R, = 20 ma, 
R, = 80 ma,  and Rf= 115 Q. If there is a I-V drop across each brush, deter- 
mine the induced emf and efficiency. Sketch its power flow diagram. 

5.19 

5.20 

5.16 Maximum Efficiency Criterion 

Either by performing an actual load test on a given machine or just by calculat- 
ing its performance at various loads, we can obtain an efficiency versus load curve. 
It would become evident from this curve that the efficiency increases with load 
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up to some point where it becomes maximum. Any increase in the load thereafter 
causes a decrease in efficiency. It is, therefore, imperative to know at what load 
the effiency of the machine is maximum. Operating the machine at its maximum 
efficiency results in (a) a decrease in the losses in the machine, which, in turn, 
drops the operating temperature of the machine, and (b) a reduction in the oper- 
ating cost of the machine. 

Prior to deriving an expression that determines the load at which a generator 
provides maximum efficiency, let us first take another look at the losses. The losses 
in a generator can be grouped in two categories: fixed losses and variable losses. 
Fixed losses do not vary with the load when the generator is driven at a constant 
speed. The rotational loss falls into this category. Although it is not strictly true 
for self-excited generators, the shunt-field current, $, is taken to be constant. Thus, 
the power loss due to $can also be considered a part of the fixed loss. The variable 
loss, on the other hand, is the loss that varies with the load current. 

For a PM dc generator, the power output is 

and the power input is 

Pin = v, iL + 12Ru + P, 

Hence, the efficiency is 

v* l L  

V,l, + l?Ra + P, r l =  

For the efficiency to be maximum, the rate of change of -q with respect to 112 must 
be zero when 1, -+ l,A,, where I,, is the load current at maximum efficiency. That 
is 

From this we obtain 

lZmR, = P, (5.43) 

Hence, the load current at maximum efficiency for a PM dc generator is 

(5.44) 

The conditions for the maximum efficiency for other generators are as follows: 
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Separately excited: 

Shunt: 

Series: 

Short-shunt: 

Long-shunt : 

lZmRa = P, + IjRf (5.45) 

ZZ,R, = P, + 13(Ra + R f )  (5.46) 

Itm(Ra + Rs) = Pr (5.47) 

lZ,(R, + R,) = P, + lY(Ra + R f )  (5.48) 

1Z,(R, + R,) = P, + Z7(Ra + R, + R f )  (5.49) 

E X A M P L E  5 . 9  

A 50-kW, 120-V, long-shunt compound generator is supplying a load at its max- 
imum efficiency and the rated voltage. The armature resistance is 50 ma,  series 
field resistance is 20 ma,  shunt field resistance is 40 R, and rotational loss is 2 kW. 
What is the maximum efficiency of the generator? 

0 S O L U T I O N  

The shunt field current is 

120 
40 

I f =  - = 3 A 

From Eq. (5.49), we have 

12,(0.05 + 0.02) = 32(0.05 + 0.02 + 40) + 2000 

or I,, = 183.64 A 

Thus, the power output at maximum efficiency is 

Po = 120 X 183.64 = 22,036.8 W 
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The total copper loss is 

P,, = 1f(R, + R,) + l f R f  

= 186.64* X 0.07 + 3' X 40 = 2798.41 W 

The power developed at maximum efficiency is 

P, = Po + P,, = 22,036.8 + 2798.41 = 24,835.21 W 

The power input: P, = 24,835.21 + 2000 = 26,835.21 W 
Hence, the maximum efficiency is 

22,036.8 ' = 26,835.21 
= 0.8211 or 82.11% 

Exercises 

5.21. 

5.22. 

5.23. 

5.24. 

Show that the load current at the maximum efficiency of a separately ex- 
cited generator is given by Eq. (5.45). 
Verify Eq. (5.46) for the load current at the maximum efficiency of a shunt 
generator. 
Show that the load current at the maximum efficiency of a series generator 
is given by Eq. (5.47). 
Derive the expressions for the load current at maximum efficiency of short- 
shunt and long-shunt compound generators. 

S U M M A R Y  

We devoted this chapter entirely to the study of different types of dc generators. 
Most of the principles we have introduced in this chapter are equally applicable 
to dc machines. The main components of a dc machine are the stator, the armature, 
and the commutator. 

The induced emf in the armature winding varies sinusoidally with a frequency 
of 

n 
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However, the commutator rectifies it and we get almost constant voltage output. 
The dc-generated voltage is 

and the torque developed by the generator is 

The prime mover must apply the torque in a direction opposite to the torque 
developed. The applied mechanical energy is then converted into electrical energy. 

The armature is either lap wound or wave wound using a two-layer winding. 
In a lap winding, the two ends of the coil are connected to the adjacent commutator 
segments. The two ends are almost 360" electrical apart in the case of a wave 
winding. The lap winding offers as many parallel paths as there are poles in the 
machine. There are only two parallel paths in a wave-wound machine. 

In order to predict the performance of a machine, we need information on its 
magnetic saturation. This information is usually presented in the form of a mag- 
netization curve. For successful operation of a self-excited generator, the point of 
operation must be in the saturation region. 

The current in the armature winding produces its own flux, which has a de- 
magnetizing effect, called armature reaction, on the machine. Techniques such as 
interpoles and/or cornmutating windings are used to minimize the armature re- 
action. When the machine operates at a constant load, advancing the brushes from 
their geometric neutral axis to the new neutral axis may do the trick. 

There are two basic types of generators: separately excited and self-excited. 
Self-excited generators are further classified as shunt, series, and compound. Ex- 
cept for the overcompound generator, the terminal voltage of all other generators 
fails as a function of the load current. The voltage regulation is simply a measure 
of the change in the terminal voltage at full load. 

The losses in a dc machine reduce its efficiency. We have categorized the losses 
as the rotational loss, the copper loss, and the stray-load loss. The rotational loss 
accounts for the mechanical power loss due to friction and windage, and the mag- 
netic power loss is due to eddy currents and hysteresis. The copper loss accounts 
for all the electrical losses in the machine. When a loss cannot be properly ac- 
counted for, it is considered as a part of the stray-load loss. 

Review Questions 

5.1. 
5.2. 

What is the difference between a generator and a motor? 
Explain the construction of a dc machine. 
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5.3. 

5.4. 
5.5. 

5.6. 
5.7. 
5.8. 

5.9. 

5.10. 

5.11. 

5.12. 

5.13. 

5.14. 

5.15. 

5.16. 

5.17. 

5.18. 

5.19. 

5.20. 

5.21. 

5.22. 

5.23. 

What are the advantages and drawbacks of a PM dc machine in comparison 
with a wound dc machine? 
What is a field winding? Name all the types of field windings. 
Why does a shunt field winding have a large number of turns compared 
with a series field winding? 
Why is the armature resistance kept small? 
Explain the difference between lap winding and wave winding. 
What is the difference between a progressive and a retrogressive wave 
winding? 
The armature of a 4-pole dc machine has 30 slots. Is this motor a good 
candidate for the wave winding? 29 slots? 31 slots? 
The armature of a 6-pole dc machine has 30 slots. Can we employ the wave 
winding? 29 dots? 31 slots? 
What happens to the existing magnetic field when a current-carrying con- 
ductor is placed in it? Draw sketches to explain your answer. 
What must be the minimum cross-sectional area of a field pole in order to 
have the same flux density as in the yoke section? 
The coil pitch of a machine is 5. If one end of the coil is placed in slot 3, 
determine the slot in which the other must be placed. 
The induced emf in a 4-pole, lap-wound dc generator is 240 V. The maxi- 
mum current each armature conductor can supply is 25 A. What is the 
power rating of the generator? 
If the armature coils of the generator in Question 5.14 are reconnected to 
form a wave winding, what are the voltage, current, and power rating of 
the generator? 
In a dc machine the air-gap flux density is 6 kG (10 kG = 1 T), and the 
pole-face area is 3 cm by 5 cm. Determine the flux per pole in the machine. 
A 10-pole, 500-V, lap-wound dc generator is rated at 100 hp. Determine 
the voltage, current, and power rating if it were wave wound. 
What is the frequency of the induced emf in the armature winding of an 
8-pole generator that operates at a speed of 600 rpm? 
Determine the mmf requirements per pole to set up a flux density of 69,000 
lines/in2 in the 0.16-in air-gap of the machine. Assume that the permeabil- 
ity of the magnetic material is infinite. [l T = 64.516 X lo3 lines/in2] 
What are the various types of dc generators? Draw a schematic for each 
generator. Draw a cross-sectional view of each machine and show the ac- 
tual winding connections. 
A series generator requires 620 A+/pole to deliver a load of 105 A. Deter- 
mine the number of turns per pole. 
Calculate the armature current per conductor of a 6-pole, 60-kW, 240-V, 
separately excited dc generator if it is wound using (a) a lap winding and 
(b) a wave winding. 
What is commutation? 
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5.24. 

5.25. 

5.26. 
5.27. 

5.28. 

5.29. 
5.30. 

5.31. 

5.32. 

5.33. 

5.34. 
5.35. 

5.36. 

5.37. 
5.38. 
5.39. 

5.40. 

5.41. 

Explain armature reaction. Cite methods that are commonly used to com- 
pensate the demagnetization effect of armature reaction. 
What is the main cause of sparking at the brushes? Does the sparking take 
place at the leading edge or the trailing edge of a brush? 
What is the meaning of no load? full load? 
Explain voltage regulation. The voltage regulation of generator A is 10% 
and that of generator B is 5%. Which is a better generator? 
Explain the following terms: mechanical losses, magnetic losses, rotational 
loss, copper loss, and stray-load loss. 
How can the magnetic losses be reduced? 
What are the various causes for a failure of a shunt generator to build up? 
What are the remedies? 
Explain the following terms: critical resistance, magnetization (curve) char- 
acteristic, external characteristic (curve), and field-resistance line. 
What is the effect of armature reaction on the external characteristic of a 
dc generator? 
Draw equivalent circuits of different types of dc generators. Explain the 
voltage buildup in each case. 
Why is the series generator called a booster? 
Why are the commutating poles or interpoles connected in series with the 
armature? 
Explain the following terms: long shunt, short shunt, undercompound, flat- 
compound, overcompound, cumulative, and differential. 
What is the importance of a field diverter resistance? 
State the maximum efficiency criterion. What is its significance? 
The induced emf in a separately excited generator is 135 V at no load, while 
terminal voltage at full load is 115. What is its voltage regulation? 
The copper loss at full load in a 25-kW, 120-V dc generator is 2.5 kW. If 
the generator is operating at its maximum efficiency, what is the efficiency 
of the generator? Draw the power-flow diagram. 
A 25-kW, 125-V shunt generator is delivering half load at its rated voltage. 
The operating speed is 1725 rpm. Its efficiency is 85%. What are the total 
losses and the power input to the machine? Draw the power-flow diagram. 
What is the torque applied by the prime mover? 

Problems 

5.1. The armature of a 4-pole, lap-wound machine has 24 slots. Determine the 
slot pitch, the front pitch, and the back pitch. Sketch its polar-winding dia- 
gram and highlight the parallel paths. If the armature current is 200 A, 
what is the current per path? 

5.2. The armature of a 4-pole, lap-wound machine has 12 slots. What are the 
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5.3. 

5.4. 

5.5. 

5.6. 

5.7. 

5.8. 

5.9. 

5.10. 
5.11. 

5.12. 

slot pitch, back pitch, and front pitch? Show the armature windings and 
highlight its four parallel paths. Determine the current per path if the arma- 
ture current is 40 A. 
Sketch a polar-winding diagram for a 8-pole, 72-slot, lap-wound armature. 
Calculate the slot pitch, the front pitch, and the back pitch. If each coil is 
capable of carrying a maximum current of 20 A, what is the maximum cur- 
rent rating of the armature? 
The armature of a 6-pole, lap-wound machine has 36 slots. Determine the 
slot pitch, the front pitch, and the back pitch. Sketch its polar-winding dia- 
gram and highlight the parallel paths. If each coil can carry a current of 12 
A, determine the current rating of the armature. 
Draw a complete polar-winding diagram for a 4-pole, 21-slot, wave-wound 
armature. What are the slot pitch, the front pitch, the back pitch, and the 
commutator pitch? If the rated current of the armature is 80 A, calculate 
the current per path. 
Determine the back pitch, the front pitch, and the commutator pitch for a 
15-slot, 4-pole, wave-wound armature. Sketch its polar-winding diagram. 
If the current per path is 25 A, what is the current rating of the armature? 
Determine the back pitch, the front pitch, and the commutator pitch for an 
13-slot, 4-pole, wave-wound armature. Sketch its polar-winding diagram 
for a retrogressive winding. If the current in each coil is limited to 30 A, 
what is the limitation on the armature current? 

Determine the back pitch, the front pitch, and the commutator pitch for a 
19-slot, 4-pole, wave-wound armature. Sketch its polar-winding diagram. 
If the maximum armature current is 100 A, what is the current rating of 
each coil? 
The armature of a 4-pole, lap-wound machine has 48 slots. There are 10 
conductors per slot. The axial length of the armature is 10.8 cm, and its 
diameter is 25 cm. The pole arc is 15 cm and the flux density per pole is 
1.2 T. If the armature speed is 1200 rpm, determine (a) the induced emf in 
the armature winding, (b) the induced emf per coil, (c) the induced emf 
per turn, and (d) the induced emf in each conductor. What is the frequency 
of the induced emf in the armature winding? 
Repeat Problem 5.9 for a wave-wound machine. 
The armature of a 6-pole, lap-wound machine has 48 coils. Each coil has 
12 turns. The armature is enveloped by a ceramic permanent-magnet ring, 
and the flux density per pole is 0.7 T. The armature is 12 cm in length and 
31.6 cm in diameter. If the armature speed is 900 rpm, determine the in- 
duced emf (a) in the armature, (b) in each coil, and (c) in each conductor. 
Determine the frequency of the induced emf in the armature winding. 
Determine the induced emf in the armature winding if the speed of the 
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armature in Problem 5.11 is changed to (a) 600 rpm, (b) 450 rpm, and 
(c) 1200 rpm. What is the frequency of the induced emf at each speed? 
If the armature current in Problem 5.11 is 30 A, determine (a) the current 
per path, (b) the power developed, and (c) the torque developed. If 90% of 
the mechanical power is converted into electrical power, what must be the 
applied torque of the prime mover? 
The magnetization curve of a 120-kW, 240-V, 4-pole dc machine at its rated 
speed of 600 rpm is approximated as 

5.13. 

5.14. 

24001f 
E ,  = 7.5 + 6sr f  

Plot the magnetization curves for speeds of 600 rpm, 400 rpm, and 300 rpm. 
The field current is restricted to a maximum of 10 A. 
The following data are taken to obtain the magnetization curve of a 15-kW, 
150-V, 6-pole dc machine at its rated speed of 1200 rpm. 

5.15. 

$(A): 0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 
E ,  (V): 6 70 112 130 140 145 149 152 155 157 158 159 

Sketch the magnetization curves for speeds of 1200 rpm and 800 rpm. 
5.16. A PM, lap-wound dc generator has 8 poles, 72 slots, and 6 turns per coil. 

The rated current per conductor is 12.5 A. The no-load terminal voltage at 
1600 rpm is 120 V. Calculate (a) the required flux per pole and (b) the power 
developed. If the machine was wave wound, what would be its rated volt- 
age, armature current, and power? 
A wave-wound dc machine has 4 poles, 71 slots, and 2 turns per coil. The 
armature radius is 25.4 cm, and the length is 20 cm. The pole arc covers 
70% of the armature. The flux density per pole is 0.9 T. The armature speed 
is 560 rpm. For an armature current of 40 A, determine the torque devel- 
oped by the machine. 
The no-load voltage of a PM dc generator at 1800 rpm is 120 V. The ar- 
mature circuit resistance is 0.02 a. The rotational loss at 1800 rpm is 2.5 kW. 
If the generator is rated at 200 A and operates in the linear region, deter- 
mine (a) the terminal voltage, (b) the voltage regulation, (c) the applied 
torque, and (d) the efficiency. 
The generator of Problem 5.18 is operating at half load when the speed is 
adjusted to 1200 rpm. If the rotational loss is proportional to the speed, 
determine the applied torque and the efficiency at half load. 

5.20. A 120-V, 1200-rpm, separately excited dc generator has R, = 0.05 0, 
R& = 50 0, Vf = 120 V, and Nr = 100 turns/pole. The demagnetizing rmnf 

5.17. 

5.18. 

5.19. 
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5.21, 

5.22. 

5.23. 

5.24. 

5.25. 

5.26. 

5.27. 

5.28. 

due to armature reaction is 20% of the load current. The induced emf at no 
load is known to follow the relation 

20009 
5 + 81f E,  = - 

The generator delivers its rated load of 50 A at the rated voltage of 120 V. 
The rotational loss is 850 W. Determine (a) the field-winding resistance, 
(b) an external resistance that must be added in the field circuit, (c) the 
efficiency, and (d) the voltage regulation. 
The dc generator of Problem 5.16 has an armature circuit resistance of 
0.05 0. The rotational loss is 1500 W. Determine (a) the efficiency, (b) the 
torque applied, and (c) the voltage regulation. Neglect the armature reac- 
tion effect. 
The dc machine of Problem 5.17 is connected as a separately excited gen- 
erator. Its parameters are R, = 0.25 R, Rf = 90 R, V, = 90 V, and 
P, = 2 kW. Determine the efficiency and the voltage regulation at the full- 
load current of 40 A. Neglect the armature reaction. 
A 50-kW, 250-V, 600-rpm, separately excited generator has an armature 
resistance of 0.05 a. The generator supplies the rated load at its rated volt- 
age. The field-winding circuit has a resistance of 100 0 and is connected 
across a 200-V source. The rotation loss is 5 kW. Determine the efficiency, 
the applied torque, and the voltage regulation when the armature reaction 
is zero. 
A 230-V, 1800-rpm, 4.6-kW shunt generator has an armature-circuit resis- 
tance of 0.2 R and a field-circuit resistance of 65 a. The induced emf due 
to residual flux is 10 V. If the generator is short-circuited prior to its op- 
eration, what is the short-circuit current? Will there be a voltage buildup? 
The generator of Problem 5.20 is connected as a shunt generator. The field 
current is adjusted so that it delivers the rated load at its rated voltage. 
Determine (a) the external resistance in the field-winding circuit, (b) the 
efficiency, and (c) the voltage regulation. 
A 23-kW, 230-V, 900-rpm shunt generator has 240.5 V induced in its ar- 
mature winding when it delivers the rated load at the rated voltage. The 
field current is 5 A. What is the armature resistance? What is the field- 
circuit resistance? The no-load voltage of the generator is 245 V. What is 
the voltage regulation? Why is the induced emf at the rated load not equal 
to that at no load? 
Determine the value of the critical field-circuit resistance for the magneti- 
zation curve (a) given in Figure 5.21 and (b) given in Figure 5.26. 
The dc machine of Problem 5.15 is delivering the rated load at the rated 
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5.29. 

5.30. 

5.31. 

5.32. 

5.33. 

5.34. 

voltage when connected as a shunt generator at a speed of 1200 rpm. The 
field-circuit resistance is 37.5 Q. The rotational loss is 1800 W. The armature 
reaction is zero. Determine (a) the armature resistance, (b) the voltage reg- 
ulation, and (c) the efficiency. 
An 8-pole, 600-rpm dc shunt generator with 800 wave-connected armature 
conductors supplies a load of 20 A at its rated terminal voltage of 240 V. 
The armature resistance is 0.2 Q, and the field winding resistance is 240 Q. 
The rotational loss is 280 W. Determine (a) the armature current, (b) the 
induced emf, (c) the flux per pole, (d) the torque applied, and (e) the 
efficiency. 
A 4-pole dc shunt generator with a shunt field resistance of 100 Q and an 
armature resistance of 1 Q has 400 lap-connected conductors in its arma- 
ture. The flux per pole is 20 mWb. The rotational loss is 500 W. If a load 
resistance of 10 Q is connected across the armature and the generator is 
driven at 1200 rpm, compute (a) the terminal voltage and (b) the efficiency. 
Neglect the armature reaction. 
The magnetization curve for a 4-pole, llO-V, 1000-rpm shunt generator is 
as follows: 

$(A): 0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 
E ,  (V): 8 60 100 116 120 123 125 126 127 

The resistance of 140 lap-connected conductors in the armature is 0.1 Q. 
Field-winding resistance is 40 0. Determine (a) the no-load voltage, (b) the 
critical resistance, (c) the residual flux, and (d) the speed at which the ma- 
chine fails to build up. 
The generator of Problem 5.31 is supplying a load at its rated terminal 
voltage. The rotational loss is equal to the copper loss. If the flux is reduced 
by 5% owing to the armature reaction, find (a) the load supplied by the 
generator, (b) the applied torque, (c) the voltage regulation, and (d) the 
efficiency. 
A 12-kW, 120-V dc series generator has a series field resistance of 0.05 Q. 
The generated emf is 135 V when the generator delivers the rated load at 
its rated terminal voltage. What is the armature resistance? If the load is 
reduced to 80% of its rated value at the rated voltage, what is the induced 
emf in the armature? If the generated emf is 130 V and the generator is 
supplying 4.167 kW, what is the terminal voltage? 
A series generator is operating in the linear region where the flux is directly 
proportional to the armature current. The armature resistance is 80 mil, 
and the series field-winding resistance is 20 m a .  At a speed of 1200 rpm, 
the terminal voltage is 75 V and the armature current is 20 A. What must 
be the armature current for a terminal voltage of 120 V at 1200 rpm? If it 
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5.35. 

5.36. 

5.37. 
5.38. 

5.39. 

5.40. 

5.41. 

5.42. 

is required to have a terminal voltage of 100 V at an armature current of 
25 A, what must be the armature speed? 
The following data were obtained under no load by exciting the 200-turn 
shunt field winding of a dc generator at a speed of 1200 rpm: 

I,(A): 0 2 4 6 8 10 12 14 16 18 
E, (V): 5 50 90 112 120 125 128 130 131 131.5 

The armature resistance is 50 mn. When connected as a short-shunt com- 
pound generator, the no-load voltage is 120 V. For a flat compound oper- 
ation at the rated load current of 100 A, design a series-field winding with 
its resistance not to exceed 30 mn. 
A 120-V, 6-kW compound generator has armature resistance of 50 ma, 
series-field resistance of 30 ma, and shunt-field resistance of 25 Q. When 
the generator is connected as a long-shunt, calculate its armature current 
and the induced emf. If the rotational loss is 800 W, determine its efficiency. 
Repeat Problem 5.36 when the generator is connected as a long-shunt. 
A shunt generator is converted into a compound generator by adding a 
series-field winding. From the test on the generator with shunt excitation 
only, it is found that (a) a field current of 8 A gives 240 V at no-load and 
(b) that 10 A maintains the same voltage at full-load. If the shunt-field wind- 
ing has 500 turns per pole, determine the number of series turns required. 
State assumptions. 
A 240-V, 48-kW, long-shunt compound generator has a series field resistance 
of 0.04 0 and a shunt field resistance of 200 n. When the generator supplies 
the rated load at the rated voltage, the power input is 54 k. The rotational loss 
is 2.5 kW. Find (a) the armature-circuit resistance and (b) the efficiency. 
A 50-kW, 250-V, 600-rpm, long-shunt compound generator equipped with 
a field diverter resistance delivers the rated load at the rated voltage. The 
armature and series field resistances are 0.05 R and 0.01 SZ, respectively. 
There are 100 turns per pole in the shunt field winding and 2 turns per 
pole in the series field winding. The rotational loss is 4.75 kW. The meas- 
ured currents through the shunt field winding and the diverter resistance 
are 5 A and 41 A, respectively. Determine (a) the series field current, (b) the 
diverter resistance, (c) the efficiency, and (d) the torque applied by the 
prime mover. 
If the generator of Problem 5.40 is reconnected as a short-shunt compound 
generator and delivers the rated load at the rated voltage, what sort of 
adjustments are necessary to maintain the same flux and the power 
developed? 
The data from the open-circuit test on a 30-kW, 150-V, long-shunt cumu- 
lative compound dc generator at 1200 rpm is as follows: 
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5.43. 

5 . 4 .  

$(A): 0.5 1.0 1.5 2.0 2.5 3.0 3.5 
E, (V): 56 112 150 180 200 216 230 

The other parameters are R, = 0.06 R, R, = 0.04 R, Nf = 2000 turns, 
N, = 4 turns. Determine the armature reaction in terms of an equivalent 
field current when the generator supplies a load of 24 kW at 120 V. Deter- 
mine the speed at which the generator must be driven to supply a load of 
20 kW at 200 V. Assume that the armature reaction is proportional to the 
armature current squared. 
A 10-kW, 125-V, long-shunt compound generator has R, = 10 mR, R, = 20 
mR, Rf = 50 R, N, = 5 turns, Nf = 500 turns, and P, = 740 W. Under no-load 
conditions the terminal voltage reduces to 100 V. To make the generator 
flat compound, the series field must produce 300 AWpole. Calculate (a) 
the diverter resistance to accomplish the change, (b) the total mmf per pole 
at full load and at no load, and (c) the efficiency. 
A short-shunt compound generator is designed to supply a load of 75 A 
at 440 V. The other parameters are R, = 0.2 R, R, = 0.5 R, R, = 1.5 n, 4 = 
2.5 A, and P, = 1 kW. Calculate (a) the power developed by the armature, 
(b) all the electrical losses, and (c) the efficiency. Sketch the power-flow 
diagram . 
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- "Cut-away" view of a PM dc motor. (Courtesy of Bodine Electric Company) 
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6.1 Introduction 

In Chapter 5, we stated that a generator is a machine that converts mechanical 
energy into electric energy. When a machine converts electric energy into mechan- 
ical energy, it is called a motor. There is no fundamental difference in either the 
construction or the operation of the two machines. In fact, the same machine may 
be used as a motor or a generator. 

There are basically two types of motors: altemating-current (ac) motors and 
direct-current (dc) motors. An ac motor (discussed in Chapters 9 and 10) converts 
alternating (time-varying) power into mechanical power. When a machine con- 
verts time-invariant power into mechanical power, it is said to be a dc motor. This 
chapter is devoted to the study of dc motors. 

When most of the power being generated, transmitted, and consumed is of 
the ac form, the use of a dc motor requires the installation of extra equipment for 
converting ac into dc. To justify the additional cost of a commutator on one hand 
and the installation of ac-to-dc converters on the other, a dc motor is put into 
service only when its Performance is superior to that of an ac motor. By superior 
performance we simply mean that a dc motor is capable of doing what cannot be 
easily accomplished with an ac motor. For example, a dc motor can develop start- 
ing torque several orders of magnitude higher than a comparable size ac motor. 
A dc motor can operate at speeds that cannot be attained by an ac motor. 

A dc motor is extensively used in control systems as a positioning device 
because its speed as well as its torque can be precisely controlled over a wide 
range. A dc motor is, of course, a logical choice when a dc power source is easily 
available. 

The nominal unit to specify the power output of a dc motor is the horsepower 
(1 hp = 746 W). Direct-current motors are built in sizes ranging from fractional 
horsepower to over 1000 horsepower. Some of the applications of dc motors in- 
clude automobiles, boats, airplanes, computers, printers, robots, electric shavers, 
toys, audio and video cassette recorders, movie cameras, traction motors for rail- 
ways, subway trains and trams, rolling mills, hoist cranes, punch presses, and 
forklifts. 

6.2 Operation of a DC Motor 

Since there is no difference in construction between a dc generator and a dc 
motor, the three types of dc generators discussed in Chapter 5 can also be used 
as dc motors. Therefore, there are three general types of dc motors shunt, series, 
and compound. The permanent-magnet (I'M) motor is a special case of a shunt 
motor with uniform (constant) flux density. We can also have a separately excited 
motor if we use an auxiliary source for the field winding. Because it is not 
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practical to employ two power sources, one for the field winding and the other 
for the armature circuit, a separately excited motor is virtually nonexistent. How- 
ever, a separately excited motor can also be treated as  a special case of a shunt 
motor. 

The principle of operation of a dc motor is explained in detail in Section 3.4. 
A brief review is given here. In a dc motor, a uniform magnetic field is created by 
its poles. The armature conductors are forced to carry current by connecting them 
to a dc power source (supply) as shown in Figure 6.1. The current direction in the 
conductors under each pole is kept the same by the commutator. According to the 
Lorentz force equation, a current-carrying conductor when placed in a magnetic 
field experiences a force that tends to move it. This is essentially the principle of 
operation of a dc motor. All the conductors placed on the periphery of a dc motor 
are subjected to these forces, as shown in the figure. These forces cause the ar- 
mature to rotate in the clockwise direction. Therefore, the armature of a dc motor 
rotates in the direction of the torque developed by the motor. For this reason, 
the torque developed by the motor is called the driving torque. Note that the 
torque developed by the conductors placed on the armature of a dc generator is 
in a direction opposite to its motion. Therefore, it can be labeled the retarding 
torque. 

The magnitude of the average torque developed by these forces must be the 
same in both machines, since it does not matter whether the current is forced 

Figure 6.1 Force experienced by armature conductors in a 2-pole dc motor. 
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through the armature conductors by an external power source or is the result of 
the induced emf in the conductors. Thus, 

where K, = PZ/2.rra is the machine constant, QP is the flux per pole, and 1, is the 
armature current. 

As the armature rotates, each coil on the armature experiences a change in the 
flux passing through its plane. Therefore, an electromotive force (emf) is induced 
in each coil. In accordance with Faraday’s law of induction, the induced emf must 
oppose the current entering the armature. In other words, the induced emf op- 
poses the applied voltage. For this reason, we commonly refer to the induced emf 
in a motor as the back emf or counter emf of the motor. 

The average value of the induced emf at the armature terminals should, how- 
ever, be the same as that for a dc generator because it does not really matter 
whether the armature is being driven by a prime mover or by its own driving 
torque. Thus, 

En = K,<P,w, 

where om is the angular velocity of the armature (rad/s). 

applied voltage across the armature terminals, then the armature current is 
If R is the effective (total) resistance in the armature circuit and V, is the 

Vs - E n  1, = 
R 

This equation can also be written as 

V,  = E ,  + 1,R (6.4) 

Since the resistance of the armature circuit R is usually very small, the voltage 
drop across it is also small in comparison with the back emf En. Therefore, most 
of the applied voltage V, is needed to overcome the back emf E,. It should also 
be evident from the above equation that the back emf in the motor is smaller than 
the applied voltage. 

Starting a DC Motor 
At the time of starting, the back emf in the motor is zero because the armature is 
not rotating. For a small value of the armature-circuit resistance R, the starting 



Operation of a DC Motor 355 

current in the armature will be extremely high if the rated value of V, is impressed 
across the armature terminals. The excessive current can cause permanent damage 
to the armature windings. Thus, a dc motor should never be started at its rated 
voltage. In order to start a dc motor, an external resistance must be added in series 
with the armature circuit, as shown in Figure 6.2 for a I'M motor. The external 
resistance is gradually decreased as the armature comes up to speed. Finally, when 
the armature has attained its normal speed, the external resistance is "cut out" of 
the armature circuit. 

Armature Reaction 
The theory of commutation and armature reaction as outlined in Chapter 5 for dc 
generators is also applicable to dc motors. The only difference is that the direction 
of the current in a conductor under a pole in a dc motor is opposite to that in a 
generator for the same direction of rotation. Therefore, the field created by the 
armature current in a dc motor is opposite in direction to that created by the 
current in the armature of a dc generator. Since the brushes were advanced to 
secure a good commutation in a dc generator, the brushes should be retreated in 
a dc motor. 

If a dc machine has interpoles, the polarities of the interpoles for the dc motor 
must be opposite to those of the dc generator. As the interpoles carry armature 
current and the armature current is already in the opposite direction, the interpole 
polarities are automatically reversed. The same is true for the compensating wind- 
ings. Therefore, no action is needed when a dc generator designed with interpoles 
or compensating windings is used as a dc motor. 

Variable 

"In 

Figure 6.2 Variable resistance inserted in series with the armature circuit during starting 
of a dc (PM) motor. 
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6.3 Speed Regulation 

The armature current of a motor increases with load. For a constant applied volt- 
age, the increase in the armature current results in a decrease in the back emf. The 
reduction in the back emf causes a drop in the speed of the motor. The speed 
regulation is a measure of the change in speed from no load to full load. When 
the change in speed at full load is expressed as a percent of its full-load speed, it 
is called the percent speed regulation (SR0/o). In equation form, the percent speed 
regulation is 

where NmnL (wmnL) is the no-load speed, and NmfL (amfL) is the full-load speed of 
a dc motor. 

As we continue our discussion of dc motors, we will observe that (a) a series 
motor is a variable-speed motor because its speed regulation is very high, (b) a 
shunt motor is essentially a constant-speed motor because its speed regulation is 
very small, and (c) a compound motor is a variable-speed motor because its speed 
regulation is higher than that of the shunt motor. 

6.4 Losses in a DC Motor 

The power input to a dc motor is electrical and the power output is mechanical. 
The difference between the power input and the power output is the power loss. 
A dc motor portrays the same power losses as a dc generator. (For details, refer 
to Section 5.11.) 

When the power is supplied to a motor, a significant portion of that power is 
dissipated by the resistances of the armature and the field windings as copper 
loss. The remainder power (the developed power) is converted by the motor into 
mechanical power. A part of the developed power is consumed by the rotational 
loss. The difference is the net mechanical power available at the shaft of the motor. 
A typical power-flow diagram of a dc motor is shown in Figure 6.3. 

6.5 A Series Motor 

In a series motor the field winding is connected in series with the armature circuit 
as shown in Figure 6.4. We have also included an external resistance R,, in series 
with the armature that can be used either to start the motor and then be shorted 
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Figure 6.3 A typical power-flow diagram of a dc motor. 

or to control the speed of the motor. Since the series field winding carries the rated 
armature current of the motor, it has few turns of heavy wire. As the armature 
current changes with the load, so does the flux produced by the field winding. In 
other words, the flux set up by a series motor is a function of the armature current. 
If the flux per pole can be expressed as 

then the back emf is 

and the torque developed by the series motor is 

From the above equations, it is evident that the back emf in the motor is 
proportional to the armature current, and the torque developed by a series motor 
is proportional to the square of the armature current as long as the motor is 

O m  

Figure 6.4 An equivalent circuit of a series motor with a variable starting resistance. 



358 Direct-Current Motors 

operating in the linear region. As the armature current increases, so does the flux 
produced by it. An increase in the flux enhances the level of saturation in the 
motor. When the motor is saturated, the flux increases only gradually with further 
increase in the armature current. Hence, the torque developed is no longer pro- 
portional to the square of the current. The torque versus armature current char- 
acteristic of a series motor is given in Figure 6.5. 

When a series motor operates under no load, the torque developed by the 
motor is just sufficient to overcome the rotational loss in the machine. Since the 
rotational loss is only a fraction of the full-load torque, the torque developed by 
the machine is very small at no load. From Eq. (6.8), the armature current must 
also be very small. Therefore, the back emf at no load must be nearly equal to the 
applied voltage V,. Since the back emf is also proportional to the armature current 
and the armature current is a small fraction of its rated value, the motor must 
attain a relatively high speed. In fact, it is possible for a series'motor to self-destruct 
under no load owing to centrifugal action. 

As we load the motor, the torque developed by it must increase. The increase 
in the torque necessitates an increase in the armature current. The increase in the 
armature current causes an increase in the voltage drop across the armature-circuit 
resistance, the field-winding resistance, and the external resistance. For a fixed 
applied voltage, the back emf must decrease with load. Since the back emf is also 
proportional to the armature current, the speed of the motor must drop. Figure 
6.6 shows the torque-speed characteristic of a series motor. We will comment on 
the nature of the curve shortly. Also shown in the figure is the power developed 
by a series motor as a function of its speed. 

From the equivalent circuit of Figure 6.4, we have 

E, = V, - Ia(R, + R, + RaX) 

= V, - IaR 

Armature current 

Figure 6.5 Torque developed, power developed, and speed characteristics of a series 
motor as a function of armature current. 
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Speed 

Figure 6.6 Torque and power developed characteristics of a series motor as a hnction of 
speed. 

where R = R, + R, + R,, is the total armature-circuit resistance. Substituting for 
E, from Eq. (6.7), we can obtain an expression for the speed of the motor in terms 
of armature current as 

V ,  - 1,R 
wm = 

Klkf 1, 
(6.9) 

This equation states that the speed of a series motor is practically inversely 
proportional to the armature current. The nature of the speed-current character- 
istic is depicted in Figure 6.5. 

Equation (6.9) can also be rewritten as 

The torque developed, from Eq. (6.8), can now be expressed as 

(6.10) 

(6.11) 

From this equation it is evident that, for all practical purposes, the torque devel- 
oped by a series motor is inversely proportional to the square of its speed. The 
nature of the speed-torque characteristic in Figure 6.6 should now be obvious. A 
series motor provides high torque at low speed and low torque at high speed. For 
this reason, a series motor is suitable for hoists, cranes, electric trains, and a host 
of other applications that require large starting torques. 

Since the torque developed by a series motor is also proportional to the square 
of the applied voltage, the torque developed by it can be controlled by controlling 
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the applied voltage. For example, at a given speed, doubling the applied voltage 
results in quadrupling of the torque. 

The power developed by a series motor is 

P, = EaIa 

= [V, - I,R]Ia 

The power developed by a series motor for a constant applied voltage is max- 
imum when 1, - I , ,  and dPd/dI,  - 0. Thus, differentiating the above equation 
with respect to la and setting it to zero, we obtain 

(6.12) vs 1 = -  
2R am 

The maximum power developed by a series motor is 

172 

(6.13) 

For a stable operation, the operating range of a series motor is well below the 
maximum power developed by it. The power (and the torque developed) as a 
function of armature current are shown in Figure 6.5. 

E X A M P L E  6 . 1  

The magnetization curve of a lO-hp, 220-V series motor is given in Figure 6.7 at 
1200 rpm. The other parameters of the series motor are R, = 0.75 R, Rs = 0.25 R, 
and P, = 1.04 kW. What is the armature current when the motor delivers its rated 
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Figure 6.7 The magnetization curve of a dc motor at 1200 rpm. 
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load at 1200 rpm? What is the efficiency of the motor at full load? What is the 
number of turns per pole? When the load is gradually reduced, the armature 
current decreases to 16.67 A. Determine (a) the new speed of the motor and (b) the 
driving torque. 

0 S O L U T I O N  

The power output: 

The power developed: 

The armature-circuit resistance: 

Since Pd = E,l, = 8500 W and 

Po = 10 X 746 = 7460 W 

Pd = Po + P, = 7460 + 1040 = 8500 W 

R = 0.25 + 0.75 = 1 Ci 
E, = V, - l,R, we have 

E,I, = [V, - l,R] 1, 

Substituting the values, we obtain 

or 

1,’ - 2201, + 8500 = 0 

1, = 50 A 

The power input: Pi, = V,l, = 220 x 50 = 11,000 W 

Hence, v=-- 7460 - 0.6782 or 67.82% 
1 1,000 

The induced emf E, = 220 - 50 X 1 = 170 V 
From the magnetization curve at 1200 rpm, the magnetomotive force (mmf) 

of the series field winding corresponding to a back emf of 170 V is 150 A.t/pole. 
Hence, the turns per pole are 

150 
50 N, = - = 3 turns/pole 

At the reduced load: I,, = 16.67 A 

E,, = 220 - 16.67 X 1 = 203.33 V 
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The mmf of the series winding is 16.67 X 3 = 50 A.t/pole. From the magnetization 
curve, the back emf at 1200 rpm is 90 V. In order to obtain a back emf of 203.33 V 
at the same mmf of 50 A.t/pole, the new speed of the motor is 

203.33 
90 

N,, = - X 1200 = 2711 rpm or o,, = 283.9 rad/s 

The power developed at reduced load: P d n  = 203.33 X 16.67 = 3389.51 W 

- 11.94 N.m 
3389.51 
283.9 

T d n  = - - 

Exercises 

6.1. A series motor develops 20 N.m of torque when the armature current is 
40 A. When the load on the motor is gradually increased, the armature 
current increases to 60 A. If the motor is operating in a linear region, de- 
termine the torque developed by the motor. 
A 240-V series motor takes 80 A when driving its rated load at 600 rpm. 
The other parameters of the motor are Ra = 0.2 fl and R, = 0.3 R. Calculate 
the efficiency if 5% of the power developed is lost as rotational loss. What 
is the horsepower rating of the motor? If a 50% increase in the armature 
current results in a 20% increase in the flux, determine (a) the speed of the 
motor when the armature current is 120 A and (b) the torque developed 
by the motor. 
A series motor operates in the linear region in which the flux is propor- 
tional to the armature current. When the armature current is 12 A, the motor 
speed is 600 rpm. The line voltage is 120 V, the armature resistance is 0.7 
R, and the series field-winding resistance is 0.5 R. What is the torque devel- 
oped by the motor? For the motor to operate at a speed of 2400 rpm, deter- 
mine (a) the armature current and (b) the driving torque. 

6.2. 

6.3. 

6.6 A Shunt Motor 

The equivalent circuit of a shunt motor is shown in Figure 6.8 with a starting 
resistor in the armature circuit. The field winding is connected directly across the 
source. For a constant-source voltage, the flux created by the field winding is 
constant. The torque developed by the motor is 
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Figure 6.8 An equivalent circuit of a shunt motor with a starting resistor in the armature 
circuit. 

where K = Ka@, is a constant quantity. Hence the torque developed by a shunt 
motor is proportional to the armature current as shown in Figure 6.9. 

When the shunt motor is driving a certain load, the back emf of the motor is 

En = V, - laRa (6.15) 

Since En = K a @ p ~ m ,  the operating angular velocity (speed) of the motor is 

t wlo AR 

(6.16) 

Armature current 

Figure 6.9 Torque developed by a shunt motor as a function of armature current with 
armature reaction (AR) and without armature reaction (w/o AR). 
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Although we are developing relationships in terms of the angular velocity a,, 
we still refer to it as the speed of the motor. 

When the load on the motor is increased, the following sequence of events 
takes place: 

(a) The armature current 1, increases to satisfy the demand of increased load. 
(b) The voltage drop across the armature circuit resistance R, increases. 
(c) For a fixed-source voltage, the back emf E, decreases. 
(d) Since the flux is constant when armature reaction is negligible, the de- 

crease in the back emf of the motor is accompanied by a decrease in its 
speed as shown in Figure 6.10 (curve d). 

With the increase in the armature current, the armature reaction becomes 
more significant if the motor is not compensated for it. The increase in the ar- 
mature reaction decreases the flux in the motor, which, in turn, causes an increase 
in the speed. Depending upon the magnetic saturation of the motor and the se- 
verity of the armature reaction, the increase in the speed due to the armature 
reaction may be less than, equal to, or greater than the drop in the speed due to 
the increase in the armature current, as depicted in Figure 6.10 by curves a, b, and 
c, respectively. Curve c is not really desirable, as it may lead to instability of 
operation. We can overcome this undesirable effect by adding few series turns in 
the motor. Such a winding, when included as a part of a shunt motor, is called 
the stabilizing winding. 

Equation (6.16) can also be written as 

(6.17) 

where wmnL = V,/K,Qp is the no-load speed of the motor. This is the speed at 
which the torque developed by the motor is zero. The actual speed of the motor 

t 

7 ~~ 

Armarure current 

Figure 6.10 Speed versus armature current characteristic of a shunt motor. 
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Speed W,"L 

Figure 6.11 Torque developed and power developed as a function of speed of a typical 
shunt motor. 

is bound to be lower than omnL owing to the rotational loss. As R, + 0, the speed 
of a shunt motor om + omnL. In other words, a shunt motor is basically a con- 
stant-speed motor. 

We can also obtain an expression for the torque developed in terms of the 
speed of the motor from Eqs. (6.14) and (6.16) as 

16.18) 

This straight-line relationship, depicted in Figure 6.1 1, is the torque-speed char- 
acteristic of a shunt motor. It simply states that the speed increases as the load 
on the motor decreases. Also plotted in Figure 6.11 is the power developed by 
the machine as a function of its speed. We can show that the power developed 
by a shunt motor is maximum when its speed is equal to 0.50,~~. The corre- 
sponding expression for the maximum power developed by the machine is 

(6.19) 

E X A M P L E  6.2 

A 240-V shunt motor takes a current of 3.5 A on no load. The armature circuit resis- 
tance is 0.5 0 and the shunt-field-winding resistance is 160 Q. When the motor oper- 
ates at full load at 2400 rpm, it takes 24 A. Determine (a) its efficiency at full load, 
(b) torque developed and the useful torque, (c) the no-load speed, and (d) percent 
speed regulation. Sketch the power-flow diagram for each operating condition. 
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0 S O L U T I O N  

No-load condition: 

240 
- 1.5 A - 

Shunt-field current: $nL -160- 
Armature current: 
The back emf 

IonL = 3.5 - 1.5 = 2 A 
EanL = 240 - 2 x 0.4 = 239.2 V 

Power developed: 
Total copper loss: 

Power input: 

At no load, the rotational loss must be equal to the power developed because the 
power output is zero as shown in Figure 6.12a. We also assume that the rotational 
loss remains constant under all load conditions. Thus, P, = 478.4 W. 

PdnL = 239.2 x 2 = 478.4 W 
PcunL = 22 x 0.4 + 240 x 1.5 = 361.6 W 

PinnL = 240 x 3.5 = 840 W 

Full-load condition: 

Power input: 
Armature current: I+ = 24 - 1.5 = 22.5 A 

Power developed: 

Total copper loss: 

Pi+ = 240 x 24 = 5760 W 

Back emf E+ = 240 - 0.4 x 22.5 = 231 V 
Pq = 231 x 22.5 = 5197.5 W 

Pc+ = 240 x 1.5 + 22.52 x 0.4 = 562.5 W 
Power output: P$ = 5197.5 - 478.4 = 4719.1 W 

- 0.8193 or 81.93% Motor efficiency: q = ~ - 

The power-flow diagram for the full-load condition is given in 
Figure 6.12b. 
The torque developed Tq and the useful torque available at the 
shaft Tsp. can be computed as follows 

4719.1 
5760 

(a) 

(b) 

2x x 2400 

60 
ondL = = 80x rad/s 

5197.5 - 20.68 N.m T + = - -  80x 

4719.1 
T = ~ = 18.78 N-m 

@ 80x 



PmnL = 840 w PdnL' 478.4 w 
(a) 

P,,=OW 

P C q  = 526.5 W P, = 478.4 w 

Pdp. = 5197.5 W - L 
c r 

P* = 5760 w Pop. = 4719.1 W 
(b) 

Figure 6.12 Power-flow diagrams at (a) no load and (b) full load for Example 6.2.23. 

(c) For a constant flux in the machine, the back emf is directly proportional 
to the speed of the motor. The full-load speed is given as 2400 rpm. 
Thus, the no-load speed is 

NmnL = 2400 x - 239.2 r+l2&5 rpm 
231 

(d) Speed regulation can be obtained from Eq. (6.5) as 

SR% = 2485 - 2400 x 100 = 3.54% 
2400 

Exercises 

6.4. Verify Eq. (6.19). 
6.5. A 120-V shunt motor takes 4 A when it operates at its no-load speed of 

1200 rpm. Its armature winding resistance is 0.8 Q and the shunt-field 
resistance is 60 R. Determine the efficiency and the speed of the motor 
when it delivers its rated load of 2.4 kW. 
A 220-V shunt motor draws 10 A at 1800 rpm. The armature-circuit resist- 
ance is 0.2 R, and the field-winding resistance is 440 R. The rotational loss 

6.6. 

367 
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is 180 W. Determine (a) the back emf, (b) the driving torque, (c) the shaft 
torque, and (d) the efficiency of the motor. 
If the torque developed by the motor in Exercise 6.6 is 20 N-m, determine 
its (a) speed, (b) line current, and (c) efficiency. Assume that the armature 
reaction is zero and the rotational loss is proportional to the speed. 

6.7. 

6.7 The Compound Motor 

A shunt motor may have an additional series field winding in the same manner 
as a shunt generator. The series field winding may be connected so that the flux 
produced by it aids the flux set up by the shunt field winding, in which case the 
motor is said to be a cumulative compound motor. A motor is said to be differ- 
ential compound when the flux of the series field winding opposes the flux of the 
shunt field winding. In fact, the stabilizing winding discussed in the previous 
section makes a shunt motor to behave like a cumulative compound motor. 

A compound motor may be connected either as a short-shunt motor or a long- 
shunt motor. In a long-shunt motor, the shunt field winding is directly connected 
across the power source as depicted in Figure 6.13b. Therefore, the flux created 
by the shunt field winding is constant under all loading conditions. On the other 
hand, the shunt field winding of a short-shunt compound motor is connected 
directly across the armature terminals as shown in Figure 6.13a. The flux created 
by the shunt field winding of a short-shunt motor decreases (somewhat) with an 
increase in the load owing to the voltage drop across the series field winding. 

Starter resistor 
\ 

Series field 
winding 

Series field 
winding 

(a) (b) 

Figure 6.13 (a) A short-shunt and (b) a long-shunt compound motor. 
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As you may have guessed, the characteristics of a compound motor are a 
combination of the characteristics of a shunt motor and a series motor. As we 
increase the load on a compound motor, the following sequence of events takes 
place: 

1. 

2. 

3. 

The total flux (increases/decreases) owing to the increase in the series- 
winding current for a (cumulative/differential) compound motor. That is, 

Q p  = as,, t kfla (6.20) 

where a,, is the total flux in the motor, GSh is the flux due to the shunt field 
winding, and kfla is the flux produced by the series field winding. Note that 
the minus sign is for the differential compound motor. 
The (increase/decrease) in the flux with an increase in the armature current 
causes the torque to (increase/decrease) at a faster rate in a (cumulative/dif- 
ferential) compound motor than in a shunt motor. This is based on the fact 
that the torque developed by a compound motor is 

(6.21) 

"'he torque versus armature current characteristics of cumulative and differ- 
ential compound motors are shown in Figure 6.14. 
The (increase/decrease) in the flux accompanied by an increase in the volt- 
age drops across the armature circuit and the series field-winding resistances 
causes the motor speed to (decrease/increase) more rapidly than it does in 
a shunt motor. This is so because the motor speed is 

f 
I Cumulative 

Armature current 

(6.22) 

Figure 6.14 Torque-current characteristics of shunt, cumulative compound, and 
differential compound motors. 
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Differential 
compound 

Cumulative 
compound 

Armature current 

Figure 6.15 Speed-current characteristics of shunt, cumulative compound, and 
differential compound motors. 

The speed versus armature current characteristics of cumulative and differ- 
ential compound motors are given in Figure 6.15. 

In a differentially compound motor, the flux decreases with an increase in the 
armature current. Therefore, there is a possibility for a differentially compound 
motor to attain dangerously high speed as the flux due to the series field winding 
approaches the flux created by the shunt field winding. 

A cumulative compound motor has a definite no-load speed, so it does not 
“run away“ like a series motor when the load is removed. It also develops high 
starting torque when the load is suddenly increased. This makes it suitable for 
such applications as rolling mills, shears, and punching presses. It is also a pre- 
ferred motor for applications (such as cranes and elevators) that (a) require high 
starting torque, (b) are prone to sudden load changes, and (c) present a possibility 
of going from full load to no load. 

E X A M P L E  6.3 

‘The shunt motor of Example 6.2 is converted into a long-shunt compound motor 
by adding a series-field winding with a resistance of 0.1 SZ. There is a 12.5% change 
in the total flux when the compound motor develops the same torque. Determine 
the power developed and the speed of the compound motor when it is connected 
as (a) a cumulative compound motor and (b) a differential compound motor. 

0 S O L U T I O N  

Let mP be the flux per pole in the shunt motor when it develops a torque of 20.68 
N-m at a speed of 2400 rpm (80~ rad/s). 

(a) Cumulative compound motor: 
When the series-field winding is connected to form a long-shunt cumu- 
lative compound motor, the total flux per pole in the motor is QPc = 1.125 
QP Since the torque developed is proportional to the product of total 
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flux in the motor and the armature current, the armature current of the 
long-shunt, cumulative compound motor can be computed as 

'aQP 22.5 - 2o A 

QPC 1.125 
--- I,, = - - 

We can now compute the other quantities of interest as 

Back emf E,, = 240 - 20(0.4 + 0.1) = 230 V 
Powder developed: Pd, = 230 x 20 = 4600 W 

Speed: 0, - 4600 - 222.437 rad/s or 2124 rpm 
20.68 

As expected (see Figure 6.151, a cumulative compound motor develops 
the same torque at a lower speed (2124 rpm) than that of a shunt motor 
(2400 rpm). 

For a long-shunt differential compound motor, the total flux per pole in 
the motor is Qpd = 0.875 Qp The armature current of the long-shunt, dif- 
ferential compound motor can be computed as 

(b) Differential compound motor: 

I,, - - - P P  - - - 22.5 - - 25.714 A 
Qpd 0.875 

We can now compute the other quantities of interest as 

Back emf E ,  = 240 - 25.714(0.4 + 0.1) 
= 227.143 V 

Power developed: Pdd = 227.143 x 25.714 = 5840.755 W 

Speed: 
5840.755 

20.68 
- 

"In, - 

= 282.435 rad/s or 2697 rpm 

It is clear from Figure 6.15 that a differential compound motor develops 
the same torque at a higher speed (2697 rpm) than that of a shunt motor 
(2400 rpm). 

Exercises 

6.8. A 230-V, 1800-rpm, long-shunt, cumulative compound motor has a shunt 
field resistance of 460 R, series field resistance of 0.2 R, and armature-circuit 
resistance of 1.3 R. The full-load line current is 10.5 A. The rotational loss is 
5% of the power developed. Compute the efficiency of the motor at full load. 
In the motor of Exercise 6.8, the line current rises to 15.5 A when the load 
is increased. Assume that there is a 20% increase in flux in the motor due 

6.9. 
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to the increase in the line current. Calculate (a) the speed of the motor and 
(b) its efficiency. 

6.8 Methods of Speed Control 

The foremost reason that a dc motor is used extensively in the design of a control 
system is the ease with which its performance can be tailored to meet the demands 
of the system. Stated differently, a dc motor enables us to change its speed at any 
desired torque without making any changes in its construction. 

The two methods that are commonly used to secure speed control are arma- 
ture resistance control and field control. 

Armature Resistance Control 
In this method, the speed control is achieved by inserting a resistance R, in the 
armature circuit of a shunt, series, or compound motor as illustrated in Figure 
6.16. In a shunt or a compound motor, the field winding is connected directly 
across the full-line voltage. The additional resistance in the armature circuit de- 
creases the back emf in the motor for any desired armature current. Since the flux 
in the motor is constant and the torque depends upon the armature current, the 
decrease in the back emf forces a drop in the motor speed. 

We can express the speed of a dc motor in terms of its armature current as 

(6.23) 

where R = R, + R, + R, 

for a series or a compound motor, and 

R = R, + R, 

for a shunt motor. 
It is obvious from the above equation that any increase in the value of the 

control resistance R, decreases the speed of the motor. The armature resistance 
control method, therefore, is suitable to operate the motor at a speed lower than 
its rated speed while delivering the same torque. The speed-torque characteris- 
tics of series, shunt, and compound motors for various values of the control re- 
sistor are depicted in Figure 6.17. In fact, the starting resistors, as we have shown 
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Series field 

(a) 

Series field 

Control 
R, Jesistor 

Shunt field 

(C) 

Figure 6.16 Armature resistance control for (a) series motor, (b) shunt motor, and (c) 
compound motors. 

in the equivalent circuits of dc motors, can also be used for speed-control 
purposes. 

The disadvantages of this method of speed control are the following: 

(a) A considerable power loss in the control resistance R ,  
(b) A loss in the efficiency of the motor 
(c) Poor speed regulation for the shunt and the compound motors 

The armature resistance control method is essentially based upon the reduc- 
tion in the applied voltage across the armature terminals of a dc motor. Therefore, 
it should be possible to control the speed of a dc motor by simply connecting its 
armature to a variable voltage source. This method of speed control is known as 
the Ward-Leonard method and is discussed in the next section. 



374 Direct-Current Moron 

Torque developed 

(a) 

- 
l orque  developed 

Torque developed 

(4 

Figure 6.17 Speed-torque characteristics of (a) series, (b) shunt, and (c) compound 
motors showing the effect of additional resistance in the armature circuit. 

E X A M P L E  6 . 4  

A 120-V, 2400-rpm shunt motor has an armature resistance of 0.4 R and a shunt 
field resistance of 160 0. The motor operates at its rated speed at full load and 
takes 14.75 A. The no-load current is 2 A. When an external resistance of 3.6 R is 
inserted in the armature circuit with no change in the torque developed, calculate 
the motor speed, the power loss in the external resistance, and the efficiency of 
the motor. Assume that the rotational loss is proportional to the speed. 

0 S O L U T I O N  

The field current: If = 120/160 = 0.75 A 



Merhods of Speed Control 

From no-load data: 

la = 2 - 0.75 = 1.25 A 

EanL = 120 - 1.25 X 0.4 = 119.5 V 

PdnL = 119.5 x 1.25 = 149.38 w 

375 

The power developed at no load accounts for the rotational loss in the motor. 

From full-load data: 

lafi = 14.75 - 0.75 = 14 A 

EaF = 120 - 14 X 0.4 = 114.4 V 

Pdfi = 114.4 x 14 = 1601.6 w 
NmfL = 2400 rpm 

Hence, the no-load speed: NmnL = - x 2400 = 2507 rpm 
114.4 

The rotational loss at full load: P ,  = - 2400 X 149.38 = 143 W 
2507 

The power output: POfi = 1601.6 - 143 = 1458.6 W 

The power input: PinfL = 120 x 14.75 = 1770 W 

1458.6 
Thus, the efficiency: q = - = 0.824 or 82.4% 

1770 

With external resistance in the armature circuit and no change in the torque 
developed: 

la, = = 14 A 

E,, = 120 - 14 X (0.4 + 3.6) = 64 V 

Pdn = 64 X 14 = 896 W 

N,, = - 64 x 2400 = 1343 rpm 
114.4 

P,, = - 1343 X 149.38 = 80 W 
2507 
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The power output and the efficiency are 

Po, = 896 - 80 = 816 W 

816 
1770 

-q = - = 0.461 or 46.1% 

Power loss in the external resistance: P ,  = 142 X 3.6 = 705.6 W 

Percent power loss: 705'6 - X 100 = 39.86% 
1770 

It is evident from this example that (a) a large percentage of the power sup- 
plied to the motor is lost in the control resistance, (b) the efficiency has decreased 
considerably, and (c) the speed has been reduced to one-half of its rated value. It 
is left for the reader to verify that there is no change in the torque developed by 
the motor. 

Exercises 

6.10. 

6.11. 

6.12. 

A 240-V, 1800-rpm shunt motor has R, = 2.5 and Rr = 160 R. When it 
operates at full load and its rated speed, it takes 21.5 A from the source. 
What resistance must be placed in series with the armature in order to 
reduce its speed to 450 rpm while the torque developed by the motor re- 
mains the same? 
A 20-hp, 440-V series motor is 87% efficient when it delivers the rated load 
at 900 rpm. The armature-circuit resistance is 0.3 a, and the series field 
resistance is 0.2 a. If an external resistance of 2.5 R is inserted in the ar- 
mature circuit and the load is reduced by 20%, determine the motor speed. 
Assume that the motor operates in the linear region. 
A 120-V series motor takes 20 A when it delivers the rated load at 1600 
rpm. The armature resistance is 0.5 R and the series field resistance is 0.3 
R. Determine the resistance that must be added to obtain the rated torque 
(a) at 1600 rpm and CD) at 1200 rpm. 

Field-Control Method 
Another approach to control the speed of a dc motor involves the control of the 
field current, which in turn controls the flux in the motor. The field current in a 



Methods of Speed Control 377 

shunt motor can be controlled by inserting an external resistor in series with the 
field winding. Because the field current is a very small fraction of the total current 
intake of a shunt motor, the power dissipated by the external resistor is relatively 
small. Therefore, the flux-control method is economically better than the armature- 
resis tance-control method. 

To control the flux in a series motor, a field diverter resistor can be connected 
in parallel with the series field winding. If all the coils in a series field winding 
are connected in series, we can also change the flux in a series motor by connecting 
the coils in parallel. 

The addition of a resistance in series with the shunt field winding or in parallel 
with the series field winding causes the field current and thereby the flux in the 
motor to decrease. Since the speed of a motor is inversely proportional to its flux, 
a decrease in its flux results in an increase in its speed. Thus, the flux-control 
method makes a motor operate at a speed higher than its rated speed. 

As the torque developed by a shunt motor is proportional to the product of 
the armature current and the flux per pole, a decrease in the flux must be accom- 
panied by a corresponding increase in the armature current for the motor to de- 
liver the same torque. This method of speed control is, therefore, not satisfactory 
for compound motors, because any decrease in the flux produced by the shunt 
field winding is offset by an increase in the flux produced by the series field 
winding owing to an increase in the armature current. 

E X A M P L E  6 . 5  

If in the shunt motor of Example 6.4 an external resistance of 80 0 is inserted in 
series with the shunt field winding instead of the armature circuit, determine (a) 
the motor speed, (b) the power loss in the external resistance, and (c) the effi- 
ciency. Assume that the flux is proportional to the square root of the field-wind- 
ing current and the motor develops the same torque. 

0 S O L U T I O N  

The new field-winding current is 

= 0.5 A 
120 

Iffl = 160 + 80 

Let ( D p  be the flux at full load when the field current is 0.75 A, and (DPn be the flux 
when the field current is 0.5 A. The new flux in the motor is 
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For the torque developed to be the same, the new armature current must be 

x 14 = 17.15 A 
I,, = 0 1 

%I 

Thus, the new back emf in the motor is 

En,  = 120 - 17.15 X 0.4 = 113.14 V 

(a) Hence, the new speed of the motor is 

113.14 x 2400 
OPnEn 0.8165 x 114.4 

= 2907 rpm N =-.----- *&an N = 
mn 

cb) The power loss in the external resistance is 

Pfx = 0.5’ X 80 = 20 W 

(c) The power input: Pi, = 120 X (17.15 + 0.5) = 2118 W 
The power developed: Pdn = 113.14 X 17.15 = 1940.35 W 

To determine the efficiency, we need information on the rotational 
losses. The motor is expected to have a lower core loss due to the reduc- 
tion in the flux but higher friction and windage loss due to the increase 
in speed. It is possible that one type of loss may offset the other. If we 
assume that the rotational loss is the same as that at 2400 rpm, then the 
power output is 

Po = 1940.35 - 143 = 1797.35 W 

1797.35 
2118 

r l= - -  - 0.849 or 84.9% Hence, 

Exercises 

6.13. A 220-V shunt motor whose magnetization curve is given below runs at a 
speed of 1200 rpm- The field-winding resistance is 40 R. Determine the 



The Ward-Leonard System 379 

resistance that must be inserted in series with the field winding to increase 
the speed to 1800 rpm at no load. 

$(A): 1 2 3 4 5 6 
QP (mWb): 4.5 8 10 11 11.6 12.2 

6.14. A 120-V series motor runs at 2000 rpm at full load and takes a current of 
12 A. The armature-winding resistance is 0.3 R and the series field resis- 
tance is 0.2 a. A diverter resistance of 0.2 is connected across the series 
field, and the load on the motor is adjusted. If the motor now takes 20 A, 
what is the new speed of the motor? Determine the torque developed in 
each case. 
A 440-V shunt motor has an armature resistance of 0.5 a. The field current 
is 2 A. The motor takes a current of 22 A on full load. Determine the percent 
reduction in its flux if the motor is to develop the same torque at twice the 
speed. 

6.15. 

6.9 The Ward-Leonard System 

A critical examination of the armature-resistance-control method reveals that the 
insertion of an external resistor in series with the armature circuit is equivalent 
to applying a voltage lower than the rated across the armature terminals. It 
should, therefore, be obvious that we can achieve the same effect by actually 
applying a reduced voltage across the armature terminals of a dc motor while 
the voltage across the shunt field winding of a shunt or a compound motor is 
held constant. This method of speed control is known as the armature voltage 
control. The advantage of this method is that it eliminates the excessive power 
loss that is inherently associated with the armature resistance control. The main 
drawback is that it requires two power sources to control the speed of a shunt 
or a compound motor. 

The Ward-Leonard system of speed control is, in fact, based upon the method 
of armature voltage control. To control the speed of a dc motor, this system re- 
quires two generators and an ac motor. The three-phase ac motor acts as a prime 
mover that drives both generators as illustrated in Figure 6.18. One generator, 
called the exciter, provides a constant voltage that is impressed upon the field 
windings of the other separately excited generator and the separately excited mo- 
tor under control as shown. The armature winding of the motor is permanently 
connected to the armature terminals of the other generator, whose voltage can be 
varied by varying its field current. The variable armature voltage provides the 
means by which the motor speed can be controlled. 

The motor speed is high when the generator voltage is high. For the generator 
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Figure 6.18 A Ward-Leonard system of speed control. 

voltage to be high, the total resistance in its field circuit must be low. On the other 
hand, a high resistance in the field circuit of the generator results in low genera- 
tor voltage and thereby low motor speed. In other words, by simply controlling 
the field-winding current of the dc generator, we can achieve an unlimited speed 
control of a dc motor. 

It must be obvious that we need a set of three machines to control the speed 
of a dc motor. The system is expensive but is used where an unusually wide and 
very sensitive speed control is desired. This arrangement offers an excellent step- 
less speed control and is well suited for such applications as passenger elevators, 
colliery winders, and electric excavators, to name just a few. 

E X A M P L E  6 . 6  

A 120-V shunt motor has an armature resistance of 0.3 R and is used as a sepa- 
rately excited motor in a Ward-Leonard system. The field current of the motor is 
adjusted at 1.2 A. The output voltage of the exciter is 120 V. The dc generator has 
200 turns per pole and is running at a speed of 1200 rpm. The magnetization curve 
for the generator is given in Figure 5.26. The field-winding resistance of the gen- 
erator is 30 R, and its armature resistance is 0.2 R. Determine the external resis- 
tance in the field-winding circuit of the generator when the motor develops (a) a 
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torque of 30 Nam at 2000 rpm and takes 50 A and (b) the same torque but at a 
reduced speed of 715 rpm. Neglect the demagnetization effect due to armature 
reaction. 
0 S O L U T I O N  

2000 x 2 x 7T 

60 
= 209.44 rad/s w, = 

The power developed by the motor: Pd = 30 X 209.44 = 6283.2 W 
The back emf of the motor: En, = 6283.2/50 = 125.66 V 
The applied voltage across the armature terminals of the motor is 

V, = 125.66 + 50 X 0.3 = 140.66 V 

The induced emf of the generator must be 

E, = 140.66 + 50 X 0.2 = 150.66 V 

The corresponding field current from the magnetization curve is 
approximately 1.75 A. The total resistance in the field circuit of the dc 
generator is 

I2O - 68.57R Rf=--  1.75 

Thus, the external resistance is 

R,, = 68.57 - 30 = 38.57 R 

(b) Since the torque developed is the same, the armature current of the mo- 
tor must be the same. However, the new back emf of the motor is 

125.66 X 715 
2000 

= 44.92 V Earn, == 

The new voltage across the armature terminals of the motor is 

Vs, = 44.92 + 50 x 0.3 = 59.92 V 
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The new induced emf in the generator must be 

E,, = 59.92 + 50 X 0.2 = 69.92 V 

From the magnetization curve, the corresponding field current is 0.4 A. 
Hence the total resistance in the field circuit of the generator must 
now be 

I2O - 300R 
R f i = - -  0.4 

Thus, the external resistance must now be adjusted to a value of 

R,,, = 300 - 30 = 270 R 
B 

Exercises 

6.16. 

6.17. 

Repeat Example 6.6 if the demagnetization effect of the armature reaction 
is equivalent to 80% of the armature current. 
A series motor with R, = 0.6 R and R, = 0.4 R is used in a Ward-Leonard 
system. The armature terminal voltage of the motor is 280 V when it runs 
at a speed of 2500 rpm and takes 25 A. The motor drives a fan for which 
the torque varies as the square of the speed. If the speed of the motor is to 
be lowered to 2000 rpm, what must be the armature terminal voltage of 
the motor? Assume that the motor is operating in the linear region. The 
magnetization curve given in Figure 5.21 applies to the generator. Deter- 
mine the field current in each case. The armature circuit resistance of the 
generator is 0.8 a. 

6.10 Torque Measurements 

The two methods that are commonly used to measure the torque of a dc motor 
are the prony brake test and the dynamometer test. 

Prony Brake Test 
The most common method to measure the torque and the efficiency of a motor is 
called the prony brake test. The basic arrangement of the test is shown in Figure 
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Scale 

1. - 
Figure 6.19 The prony brake test. 

6.19. In this method, a pulley is mounted on the shaft of the motor that acts as a 
brake drum. A brake band with or without brake blocks is wrapped around the 
brake drum as shown. One end of the brake band may be permanently fastened 
to the torque arm, and the other end can be adjusted by a thumbscrew for tight- 
ening against the surface of the brake drum. For high-horsepower motors, cooling 
of the brake drum may be necessary. 

The brake band is slowly tightened until the motor runs at  its rated speed. 
The tendency of the torque arm to move with the drum is resisted by the force of 
the spring (scale) attached at the far end of the torque arm. The deflection of the 
spring may be calibrated in terms of either force units or torque units. If the 
calibration is done to display the force, the torque is simply the product of the 
force times the effective length of the torque arm. The effective length is simply 
the distance between the center of the pulley and the place where the spring is 
attached. 

In our discussion we have assumed that the torque arm is perfectly horizontal 
before the beginning of the test and the dead (tare) weight of the arm is zero. In 
actual practice, the dead weight of the torque arm must be taken into considera- 
tion, as illustrated by the following example. 

E X A M P L E  6 .7  

A 120-V, 0.75-hp motor is tested at 2400 rpm using the prony brake test. The input 
current is 7 A, and the deflection force on the spring is 4.57 N. The effective length 
of the torque arm is 50 cm, and its dead weight is 0.03 N. Determine the torque 
and the efficiency of the motor. 
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0 S O L U T I O N  

Net force on the spring: F = 4.57 - 0.03 = 4.54 N 
The shaft torque of the motor: T, = 4.54 X 0.5 = 2.27 N-m 
The angular velocity of the shaft is 

2 n  X 2400 
60 

w, = 

The power output: Po = 2.27 X 251.33 = 
The power input: Pin = 120 X 7 = 840 W 
Hence, the efficiency of the motor is 

= 251.33 rad/s 

570.52 W 

570.52 
840 

q = - = 0.679 or 67.9% 

Another variation of the prony brake test is shown in Figure 6.20. The rope is 
wound around the pulley and its ends are attached to two spring balances, as 
shown. For the direction of rotation as shown, the force F ,  is larger than the force 
F,. The net pull at the rim of the pulley is F ,  - F,. The torque at the shaft is 

T, = (F, - F,)a (6.24) 

where u is the radius of the pulley. 

rum) 

Figure 6.20 The rope test. 
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Dynamometer Method 
The drawbacks of the prony brake test are the vibrations caused by the brake 
blocks and the necessity of constantly cooling the brake drum. These drawbacks 
are overcome by a torque-measuring electrical device known as the dynamometer. 
A dynamometer is a dc machine with a separately excited field winding. The only 
difference between a dc motor and a dynamometer is that the stator of the dy- 
namometer is also free to rotate, whereas it is rigid in a dc motor. The machine is 
mounted on low-friction ball bearings. On the outside of the stator of a dyna- 
mometer is fastened a torque arm, the other side of which is attached to a spring 
(scale) as shown in Figure 6.21. 

The armature of the dynamometer is rotated by coupling it to the shaft of the 
motor under test. The rotation of the armature coils in a uniform magnetic field 
results in an induced emf in them (generator action). If the armature circuit is 
completed by connecting the armature coils to a resistive load, a current will flow 
in the armature winding. The magnitude of the current depends upon the induced 
emf and the load resistance. The current-carrying conductors in a uniform mag- 
netic field now experience a force acting on them (motor action). The direction of 
the force is such that it tends to resist the rotation of the armature. Because the 
stator, which houses the field windings, is free to rotate, it is pulled around equally 
by the motor action. The only restraining force acting on the stator is provided by 
the spring, very much like the prony brake test. By controlling the flux in the 
motor, we can control the speed of the motor and make it run at any desired 
speed. 

E X A M P L E  6 . 8  

A 5-hp motor rated at 1200 rpm is tested on a dynamometer whose torque arm is 
40 cm in length. If the scale is calibrated in terms of the force, what must be the 
reading on the scale? 

Figure 6.21 A dynamometer arrangement to test a dc motor. 



386 Direct-Current Motors 

0 S O L U T I O N  

The power output: Po = 5 X 746 = 3730W 
The angular velocity of the shaft is 

2ll x 1200 
60 

= 125.66 rad/s w, = 

The torque available at the shaft is 

- 29.68 N.m 3730 
125.66 

Ts=-- 

The force reading on the scale is 

F = - -  29'68 - 74.2 N 
0.4 

If the scale is calibrated in kilograms, the reading on the scale will be 74.2/9.81 = 
7.564 kg. 

Exercises 

6.18. In a prony brake test of a shunt motor, the ammeter and the voltmeter 
measuring the input quantities read 35 A and 220 V, respectively. The speed 
of the motor is 900 rpm. The balance on a 50-cm scale arm reads 12 kg. The 
dead weight of the arm is 0.8 kg. Determine (a) the power output of the 
motor and (b) the efficiency. 
In a rope brake test, the readings on the two balances are 12.6 kg and 2.4 kg. 
The diameter of the pulley is 20 cm. If the motor speed is 900 rpm, deter- 
mine the horsepower of the motor. 
In a dynamometer test of a shunt motor, the ammeter and voltmeter read- 
ings were 120 V and 20 A. The speed of the motor was 1200 rpm. The 
balance read 3.9 kg. If the length of the torque arm is 40 cm, determine 
(a) the horsepower rating and (b) the efficiency of the motor. 

6.19. 

6.20. 

6.11 Braking or Reversing DC Motors 

In certain applications, it may be necessary to either stop the motor quickly or 
reverse its direction of rotation. The motor may be stopped by using frictional 
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braking. The drawbacks of frictional braking are that the operation is (a) difficult 
to control, (b) dependent upon the braking surface, and (c) far from being smooth. 

Therefore, it is desirable to use other means of stopping and/or reversing the 
direction of rotation of a dc motor. The three commonly employed methods are 
plugging, dynamic braking, and regenerative braking. 

Plugging 
Stopping and/or reversing the direction of a dc motor merely by reversing the 
supply connections to the armature terminals is known as plugging or counter- 
current braking. The field-winding connections for shunt motors are left undis- 
turbed. This method is employed to control the dc motors used in elevators, rolling 
mills, printing presses, and machine tools, to name just a few. 

Just prior to plugging, the back emf in the motor is opposing the applied 
source voltage. Because the armature resistance is usually very small, the back 
emf is almost equal and opposite to the applied voltage. At the instant the motor 
is plugged, the back emf and the applied voltage are in the same direction. Thus, 
the total voltage in the armature circuit is almost twice a s  much as  the applied 
voltage. To protect the motor from a sudden increase in the armature current, an 
external resistance must be added in series with the armature circuit. The circuit 
connections, in their simplest forms, for shunt and series motors are given in 
Figure 6.22. 

As the current in the armature winding reverses direction, it produces a force 
that tends to rotate the armature in a direction opposite to its initial rotation. This 
causes the motor to slow down, stop, and then pick up speed in the opposite 
direction. Plugging, therefore, allows us to reverse the direction of rotation of a 
motor. This technique can also be used to brake the motor by simply disconnecting 
the power from the motor when it comes to rest. As a further safeguard, mechan- 
ical brakes can also be applied when the motor is coming to rest. 

At any time during the plugging action, the armature current is 

(6.25) 

Thus, the braking torque is 

(6.26) 
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Starting resistor 

4 Series field 
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(b) 

Figure 6.22 Plugging of (a) a shunt motor and (b) a series motor. 

where 

‘a’s and K2 = 2 K ,  = 
R + R, R + R, 

For the series motor, the flux also depends upon the armature current, which 
in turn depends upon the motor speed. Since the flux in a shunt motor is con- 
stant, the above equation, for a shunt motor, becomes 
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where 

389 

(6.27) 

From the above equation, it is obvious that even when a shunt motor is reach- 
ing zero speed, there is some braking torque, Tb = K,. If the supply voltage is not 
disconnected at the instant the motor reaches zero speed, it will accelerate in the 
reverse direction. 

Dynamic Braking 
If the armature winding of a dc motor is suddenly disconnected from the source, 
the motor will coast to a stop. The time taken by the motor to come to rest depends 
upon the kinetic energy stored in the rotating system. 

Dynamic braking, on the other hand, makes use of the back emf in the motor 
in order to stop it quickly. If the armature winding, after being disconnected from 
the source, is connected across a variable resistance R, the back emf will produce 
a current in the reverse direction. A current in the reverse direction in the armature 
winding results in a torque that opposes the rotation and forces the motor to come 
to a halt. 

The dynamic braking effect is controlled by varying R. At the time of dynamic 
braking, R is selected to limit the inrush of armature current to about 150% of its 
rated value. As the motor speed falls, so does the induced emf and the current 
through R. Thus, the dynamic braking action is maximum at first and diminishes 
to zero as the motor comes to a stop. Simple circuits illustrating the principle of 
dynamic braking for a shunt and a series motor are given in Figure 6.23. 

At any time during the dynamic braking process, the armature current is 

and the braking torque is 

(6.28) 

Since the flux in a series motor is proportional to the armature current, a, = kflfl, 
the braking torque for a series motor becomes 

(6.29) 
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Figure 6.23 Dynamic braking of (a) a shunt motor and (b) a series motor. 

On the other hand, the braking torque for a shunt motor is 

T b  = &urn (6.30) 

From Eqs. (6.28), (6.29), and (6.30), it is evident that the braking torque van- 
ishes as the motor speed approaches zero. 

Regenerative Braking 
Regenerative braking is used in applications in which the motor speed is likely to 
increase from its rated value. Such applications include electric trains, elevators, 
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cranes, and hoists. Under normal operation of a dc motor, say a permanent-mag- 
net (PM) motor in an electric train, the back emf is slightly less than the applied 
voltage. Note that the back emf in a I'M motor is directly proportional to the motor 
speed. Now assume that the train is going downhill. As the motor speed increases, 
so does the back emf in the motor. If the back emf becomes higher than the applied 
voltage, the current in the armature winding reverses its direction and the motor 
becomes a generator. It sends power back to the source and/or other devices 
operating from the same source. The reversal of armature current produces a 
torque in a direction opposite to the motor speed. Consequently, the motor speed 
falls until the back emf in the motor is less than the applied voltage. The regen- 
erative action not only controls the speed of the motor but also develops power 
that may be used elsewhere. 

E X A M P L E  6 . 9  

A 400-V shunt motor draws 30 A while supplying the rated load at a speed of 100 
rad/s. The armature resistance is 1.0 R and the field-winding resistance is 200 R. 
Determine the external resistance that must be inserted in series with the armature 
circuit so that the armature current does not exceed 150% of its rated value when 
the motor is plugged. Determine the braking torque (a) at the instant of plugging 
and (b) when the motor is approaching zero speed. 

0 S O L U T I O N  

The field current: 

The back emf of the motor: E,  = 400 - 28 x 1 = 372 V 
The total voltage in the armature circuit at the time of plugging is 400 + 372 = 
772 V. The maximum allowable current in the armature is 1.5 X 28 = 42 A. Thus, 
the external resistance in the armature circuit at the instant of plugging must be 

l j  = 400/200 = 2 A 
The armature current: 1, = 30 - 2 = 28A 

772 
42 

R = - - 1 = 17.38 R 

From the rated operation of the motor, we have 

E 372 
= a = - = 3.72 

w, 100 

= 80.96 K@,V, - 3.72 X 400 
R + R,, 17.38 + 1 

K, = - 

- -  - 0.753 
K -aP ( K Q ,  )2 3.722 

- R + R, 18.38 
- 
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Thus, the braking torque, from Eq. (6.27) is 

T, = 80.96 + 0.753 w, 

(a) At the instant of plugging, w, = 100 rad/s, and the braking torque is 

Th = 80.96 + 0.753 X 100 = 156.26 N.m 

(b) When the motor attains zero speed, the braking torque is 80.96 N.m. 
m 

Exercises 

6.21. A 400-V, 600-rpm, 20-hp PM motor is operating at full load. The efficiency 
of the motor is 80%, and the armature resistance is 0.4 SZ. Determine (a) the 
external resistance that must be added in series with the armature resis- 
tance so that the armature current does not exceed twice the full-load cur- 
rent when plugged, (b) the maximum braking torque, and (c) the braking 
torque and the armature current when the motor speed is approaching 
zero. 
Repeat Exercise 6.21 if the motor is to be stopped using dynamic braking. 6.22. 

S U M M A R Y  

We devoted this chapter to the study of dc motors. Even though dc motors are 
not used as widely as ac motors, they do have excellent speed-torque character- 
istics that cannot be duplicated by ac motors. They also offer more flexible and 
precise speed control than their ac counterparts. 

The principle of operation of a dc motor is no different from that of a dc 
generator. The induced emf in a dc motor opposes the applied voltage and for 
this reason is called the back emf. The back emf of the motor adjusts itself de- 
pending upon the torque requirements of the load. Because the back emf is zero 
at the instant of starting a motor, a dc motor should never be started by applying 
a rated voltage across the armature terminals. We must either use a variable volt- 
age or insert a variable resistance in the armature circuit at the time of starting. 

As the load on the motor changes, so does its speed. Therefore, we defined 
the percent speed regulation of a dc motor as 
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During our discussion of dc motors, we observed that a series motor is a 
variable-speed motor while a shunt motor is essentially a constant-speed motor. 
Since the speed regulation of a compound motor is higher than that of a shunt 
motor, it is also considered a variable-speed motor. 

A shunt motor is used in such applications as a grinders, polishers, wood 
planers, and washing machines. Its speed can be adjusted by employing (a) field 
control, (b) armature control, and (c) variable voltage control techniques. An ad- 
justable-speed shunt motor may be found in such applications as lathes, elevators, 
large blowers, and small printing presses. 

A series motor is used in applications such as cranes, turntables, bucket hoists, 
continuous conveyers, and mine hoists. Its speed can be controlled by using the 
same techniques mentioned for the shunt motor. 

A compound motor is used in compressors, rotary presses, punch presses, 
elevators, and stamping machines. Field-control and armature-control methods 
can also be used to control its speed. 

The Ward-Leonard method of speed control, although expensive, is employed 
where an unusually wide and very sensitive speed control is required. It is the 
system of choice for the regenerative braking process. 

We described two methods of testing dc motors, the prony brake test and the 
dynamometer method. The rope test is a slight variation of the prony brake test. 
Shunt and compound motors can also be tested by running them at no load. The 
power input to these machines under no load yields information on the rotational 
losses. 

In order to stop and/or reverse the direction of rotation of a dc motor, we 
employ such methods as plugging, dynamic braking, and regenerative braking. 
Each of these techniques is based upon temporarily converting a motor into a 
generator. The retarding torque of the generator then acts as a brake on the 
machine. 

The plugging technique requires reversal of the supply across the armature 
terminals. The dynamic braking method involves the connection of a suitable re- 
sistance across the armature terminals when the supply is disconnected. When 
the armature current is fed back to the supply, the braking technique is said to be 
regenerative. For regenerative braking, the induced emf in the motor must be 
greater than the line voltage. 

Review Questions 

6.1. 

6.2. 

6.3. 
6.4. Define percent speed regulation. 

Why is the induced emf in a dc motor called the back emf or the counter 
emf? 
Explain why a dc motor should not be started by impressing its rated 
voltage across the armature terminals. 
Explain the armature reaction in a dc motor. 
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6.5. 

6.6. 

6.7. 

6.8. 

6.9. 

6.10. 

6.11. 

6.12. 

6.13. 
6.14. 

6.15. 

6.16. 

6.17. 

6.18. 

6.19. 

6.20. 

6.21. 

6.22. 

The no-load and full-load speeds of a dc motor are 2400 rpm and 2000 rpm, 
respectively. What is the percent speed regulation of the motor? 
What are the two factors responsible for the decrease in the speed when 
the load on a series motor is increased? 
A 4-pole dc motor has 28 slots with two conductors per slot. The back emf 
in its lap-wound armature is 240 V at 1800 rpm. What is the flux per pole 
in the motor? 
A 4-pole dc motor draws 25 A when it is wave wound. Determine the 
armature current for a lap-wound motor delivering the same torque. 
The speed of a dc motor falls from 1200 rpm at no load to 1000 rpm at full 
load. What is the percent speed regulation? 
The speed regulation of a dc motor is 2.5%. If the full-load speed is 
2400 rpm, what is its no-load speed? 
A 120-V dc machine has an armature circuit resistance of 0.8 R. If the full- 
load current is 15 A, determine the induced emf when the machine acts as 
(a) a generator and (b) a motor. 
The armature resistance of a 120-V dc motor is 0.25 R. When operating at 
full load, the armature current is 16 A at 1400 rpm. Determine the speed 
of the motor if the flux is increased by 20% and the armature current is 
26 A. 
What is a shunt motor? Why is it referred to as a constant-speed motor? 
Is it possible for a shunt motor to have full-load speed higher than the no- 
load speed? Give reasons to justify your answer. 
What is a stabilizing winding? How does it affect the operation of a shunt 
motor? 
A 120-V shunt motor takes 10 A at full load. Total electrical losses are 
125 W. Friction and windage loss is 75 W. The core loss is 100 W. Determine 
the efficiency of the motor. Draw its power-flow diagram. What is the nom- 
inal power rating of the motor? 
An electric motor develops 0.75 hp at 1725 rpm. If the pulley has a radius 
of 10 cm, determine the force (a) in newton-meters and (b) in kilograms 
(wt) acting at the rim of the pulley. 
Explain the variation in torque when the load is increased upon (a) a shunt 
motor, (b) a series motor, and (c) a compound motor. 
What is the advantage of a cumulative compound motor over a series 
motor? 
Why does the torque in a differential compound motor decrease with an 
increase in the armature current? 
Why does the speed of a differential compound motor increase with an 
increase in the armature current? 
What happens to the speed-torque characteristic of a cumulative com- 
pound motor if the series winding is shunted with a field diverter 
resistance? 

6.23. What methods are used to reverse the direction of rotation of a dc motor? 
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6.24. 

6.25. 

6.26. 
6.27. 

6.28. 
6.29. 
6.30. 

6.31. 
6.32. 
6.33. 

6.34. 

6.35. 

6.36. 
6.37. 

6.38. 
6.39. 

6.40. 

Does it make sense to speak of the speed regulation of a series motor? How 
about a differential compound motor? 
What is an armature resistance-control method? Can it be used to increase 
the speed of a motor at a given load? 
What are the drawbacks of an armature resistance-control method? 
What is a field-control method? Can it be used to decrease the speed of a 
motor? 
What are the advantages of a field-control method? 
What is the difference between speed control and speed regulation? 
What are the advantages of the Ward-Leonard method of speed control? 
What are its disadvantages? 
Describe the Ward-Leonard method of speed control. 
Sketch and explain the speed-torque characteristics of dc motors. 
What is plugging? Why is it necessary to insert a resistance in the armature 
circuit when plugging a motor? 
When a plugged motor attains zero speed, what is the current in the 
armature? 
What is dynamic braking? What is the armature current in the motor when 
the speed approaches zero? 
Explain regenerative braking. 
Cite methods to control the speed of (a) a shunt motor and (b) a series 
motor. 
Describe (a) the prony brake test and (b) the dynamometer test. 
Force can be measured in either kilograms or newtons. What is the differ- 
ence between the two measurements? 
What is meant by the dead weight of the brake arm? How can it be 
determined? 

Problems 

6.1. 

6.2. 

6.3. 

A lap-wound, 6-pole dc motor has 180 conductors distributed on the ar- 
mature’s surface. If the armature current is 25 A and the flux per pole is 
0.5 Wb, determine the torque developed by the machine. When the motor 
is operating at  900 rpm, what is the back emf? What is the current in each 
conductor? 
The armature winding of a 2-pole motor has 1600 conductors. The flux per 
pole is 50 mWb, and the armature current is 80 A. Determine the torque 
developed by the motor when (a) the armature reaction is zero, and (b) the 
armature reaction results in a 12% drop in the flux. 
The torque developed by a dc motor is 20 N.m when the armature current 
is 25 A. If the flux is reduced by 20% of its original value and the armature 
current is increased by 40% what is the developed torque of the motor? 
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6.4. 

6.5. 

6.6. 

6.7. 

6.8. 

6.9. 

6.10. 

A 125-V, 10-hp series motor delivers the rated load at 2750 rpm. The ar- 
mature-circuit resistance is 0.08 0, and the series field resistance is 0.07 R. 
If the rotational loss is neglected, determine the torque and the efficiency 
of the motor. If the motor is derated to deliver 8 hp at 3200 rpm, what is 
the percent flux reduction in the motor? 
A 230-V, 15-A, dc series motor is rated at 1800 rpm. It has an armature 
resistance of 2.1 0 and a series field resistance of 1.25 R. Under light load, 
the motor draws 5 A from the 230-V source. What is the speed of the motor? 

A 240-V, 900-rpm, dc series motor takes 25 A at full load. The armature 
and field-winding resistances are 0.2 R and 0.3 0, respectively. The rota- 
tional loss is 300 W. Calculate (a) the power developed, (b) the power 
output, (c) the available torque, (d) the copper loss, and (e) the efficiency. 
If the pulley diameter is 20 cm, what is the force exerted by the motor at 
the rim of the pulley? 
A 230-V series motor takes 50 A at a speed of 1200 rpm. The armature 
resistance is 0.4 R and the field-winding resistance is 0.6 R. The motor 
operates in the linear region. When the load is gradually reduced, the cur- 
rent intake is 20 A. What is the percent change in the torque? What is the 
speed of the motor at the reduced load? 
The magnetization curve of a 200-V series motor is given in Figure 6.7 at 1200 
rpm. The other parameters of the motor are R, = 0.2 Q, R, = 0.4 Q, N, = 5 
turns/pole, and P, = 1500 W. The field diverter resistance is 0.6 Q. If the input 
current is 100 A, find (a) the power developed, (b) the power output, ( c )  the 
speed of the motor, (d) the available torque, and (e) the efficiency. 
A fan that requires 8 hp at 700 rpm is coupled directly to a dc series motor. 
Calculate the efficiency of the motor when the supply voltage is 500 V, 
assuming that the power required for the fan varies as the cube of the 
speed. The magnetization curve at 600 rpm is obtained by running the 
motor as a self-excited generator and is given as follows: 

Load current (A): 7 10.5 14 27.5 
Terminal voltage (V): 347 393 434 458 

The resistance of the armature and the field winding is 3.5 a, and the 
rotational loss is 450 W. The rotational loss may be assumed to be constant 
for the speeds corresponding to the above range of currents at normal 
voltage. 
A 6-pole, 3-hp, 120-V, lap-wound shunt motor has 960 conductors in the 
armature winding. The armature resistance is 0.75 R and the flux per pole 
is 10 mWb. The field-winding current is 1.2 A. The rotational power loss 
is 200 W. Calculate (a) the armature current, (b) the torque available at the 
shaft, and (c) the efficiency. 
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6.11. 

6.12. 

6.13. 

6.14. 

6.15. 

6.16. 

6.17. 

6.18. 

A 120-V shunt motor takes 2 A at no load and 7 A when running on full 
load at 1200 rpm. The armature resistance is 0.8 R and the shunt field 
resistance is 240 R. Determine (a) the rotational power loss, (b) the no-load 
speed, (c)  the speed regulation, (d) the power output, and (e) the efficiency. 
A 240-V, 20-hp, 2000-rpm shunt motor has an efficiency of 76% at full load. 
The armature-circuit resistance is 0.2 R. The field current is 1.8 A. Deter- 
mine (a) the full-load line current, (b) the full-load shaft torque, and (c) the 
starter resistance to limit the starting current to 1.5 times the full-load cur- 
rent. What are the no-load speed and the speed regulation of the motor? 
A 230-V shunt motor draws 40 A at full load. The shunt field current is 
2.5 A. The armature-circuit resistance is 0.8 R. The rotational loss is 200 W. 
Determine the power rating and the efficiency of the motor. Sketch its 
power-flow diagram. 
A 230-V shunt motor draws 5 A at a no-load speed of 2400 rpm. The shunt- 
field resistance is 115 R, and the armature resistance is 0.1 0. The motor 
takes 25 A at full load. Determine (a) the rotational loss, (b) the full-load 
speed, (c) the speed regulation, (d) the motor efficiency, and (e) the nominal 
rating of the motor. 
A 4-pole, 120-V shunt motor has 280 lap-wound conductors. It takes 21 A 
at full load and develops a shaft torque of 10 N-m at 1800 rpm. The field- 
winding current is 1 A and the armature resistance is 0.5 0. Calculate (a) the 
flux per pole, (b) the rotational loss, and (c) the efficiency. 
The shunt field winding of a 4-pole, 120-V dc compound motor has 200 
turns per pole and a resistance of 40 R. The series field has 5 turns per pole 
and a resistance of 0.05 a. The armature-circuit resistance is 0.2 0. When 
tested as a shunt motor at full load, it drew 53 A from the 120-V supply. 
The rotational loss was found to be 10% of the power developed by the 
shunt motor at a speed of 1200 rpm. The motor is then connected as a 
long-shunt cumulative compound motor. For the motor to operate at the 
same flux density and speed, determine the external resistance that must 
be added in series with the shunt field winding. Draw the power-flow dia- 
gram for the compound motor and compute its efficiency. 
A long-shunt cumulative compound motor draws 24 A from a 240-V 
supply and runs at 1800 rpm. The armature-circuit resistance is 0.3 0, 
the series field resistance is 0.2 0, and the shunt field resistance is 
120 R. Determine the shaft torque and efficiency when the rotational loss 
is 350 W. 
The magnetization curve of a compound motor is obtained at 600 rpm by 
exciting its shunt field winding only and is given below: 

$(A): 1 2 3 4 5 6 7 8 9 10 
E ,  (V): 39 60 82 95 705 112 120 125 128 130 
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6.19. 

6.20. 

6.21. 

6.22. 

6.23. 

6.24. 

6.25. 

The machine operates as a shunt motor from a 120-V supply and draws 
462 A at full load. Its other parameters are Rr = 20 a, R, = 0.02 a, 
R, = 0.02 0, Nf = 1140 turns per pole, N, = 5 turns/pole, and 
P, = 2.5 kW. The demagnetization effect of the armature reaction is equiv- 
alent to 1 A of shunt field current. Determine (a) the speed, (b) the shaft 
torque, (c) the horsepower rating, and (d) the efficiency of the shunt motor. 

The motor in Problem 6.18 is connected as a long-shunt compound motor. 
For the full-load armature current, determine (a) the speed, (b) the shaft 
torque, and (c) the efficiency. 

The parameters of a 120-V, long-shunt cumulative compound machine are 
R, = 0.2 R, R, = 0.1 0, Rf= 60 R, and P, = 115 W. It draws 52 A and operates 
a load of 30 Nem. Calculate its speed and efficiency. Sketch its power-flow 
diagram. 

A 240-V, 1450-rpm, short-shunt compound motor has R, = 0.4 R, R, = 0.2 
Q, and Rf = 80 Q. It takes 30 A at full load and runs at its rated speed. If 
the rotahonal loss is 500 W, determine the shaft torque and efficiency. 
Sketch its power-flow diagram. 

A 440-V, long-shunt compound motor has R, = 0.5 0, R, = 0.25 a, and 1 
2 A. The full-load speed is 1200 rpm, and the load current is 32 A. 
motor takes 7 A at no load. If the flux drops to 80% of its full-load value, 
determine the no-load speed of the motor. What are the efficiency and the 
horsepower rating of the motor at full load? Assume that the rotational 
loss is constant. 

A 220-V shunt motor has an armature resistance of 0.25 Q. The armature 
takes 5 A at a no-load speed of 2400 rpm. The shunt field current is 1 A. 
What resistance should be connected in series with the armature to reduce 
its speed to 800 rpm at its rated load of 31 A? How much power is lost in 
the control resistance? What is its speed regulation? What is the efficiency 
of the motor? Assume that the rotational loss is proportional to the speed 
of the motor. 

A 440-V shunt motor has R, = 0.75 R and = 1 A. The motor takes 6 A 
at no load and runs at a speed of 1200 rpm. Calculate the rated speed of 
the motor when it delivers the rated load and draws 26 A from the sup- 
ply. Estimate the speed at this load if a resistance of 2.5 R is connected in 
series with the armature. 

A 220-V shunt motor drives a pump whose torque vanes as the square of 
the speed. When the motor runs at 900 rpm, it takes 47 A from the supply. 
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6.26. 

6.27. 

6.28. 

6.29. 

6.30. 

6.31. 

6.32. 

6.33. 

6.34. 

The shunt field current is 2 A, and the armature resistance is 0.5 0. What 
resistance must be inserted in the armature circuit in order to reduce its 
speed to 600 rpm? 
A 500-V series motor has an armature resistance of 0.25 R and a series field 
resistance of 0.15 0. The rated current is 60 A. What resistance must be 
inserted in the armature circuit in order to obtain a starting torque equal 
to 300% of its rated value? What is the armature current at no load? Assume 
that the motor operation is linear. 
A series motor with a total resistance in the armature circuit of 1.5 SZ takes 
30 A from a 440-V supply. If the load torque varies as the cube of the speed, 
calculate the resistance required to reduce the speed by 20%. 
A 120-V shunt motor has a full-load speed of 1800 rpm and takes a cur- 
rent of 51 A. The shunt field current is l A, and the armature resistance is 
0.2 0. How much resistance should be inserted in series with the armature 
circuit so that the motor develops a torque of 15 N-m at a speed of 1500 
rpm? 
A 240-V series motor develops a torque of 120 N-m at a speed of 900 rpm. 
The armature-winding resistance is 0.2 R and the series field-winding 
resistance is 0.1 R. For a constant torque load, find the new speed of the 
motor when a diverter resistance of 0.1 SZ is placed across the series field 
winding. 
A 120-V shunt motor has R, = 0.25 R and Rfi  = 80 R. The motor takes 4 A 
at a no-load speed of 1500 rpm. If the motor is to develop a torque of 20 
N-m at a speed of 2000 rpm, determine the external resistance that must 
be added in series with the field winding. If the rotational loss is propor- 
tional to the speed, determine the efficiency and the horsepower rating of 
the motor at 2000 rpm. 
A 240-V series motor has R, = 0.3 R and R, = 0.2 R. It takes 50 A when 
running at 900 rpm. Determine the speed at which the motor runs when 
the series field is shunted by a diverter resistance of 0.2 R and the torque 
developed is increased by 50%. 
A 120-V shunt motor takes 3 A at no load and runs at 600 rpm. The arma- 
ture resistance is 0.5 R and the shunt-field resistance is 120 R. Calculate 
the speed of the motor when it operates at full load and takes a current of 
25 A. Assume that the armature reaction weakens the field by 5%. 
A 120-V shunt motor is tested using the prony brake test and the follow- 
ing data are recorded Torque arm length = 75 cm, initial tare = 1.25 N, bal- 
ance reading = 9.5 N at 1000 rpm, and line current = 7.5 A. Calculate the 
torque and the efficiency of the motor. 
The effective reading of the balance in a brake test is 40 kg. The torque arm 
length is 30 cm. The speed of the motor is 720 rpm. If the motor takes 46 
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6.35. 

6.36. 

6.37. 

6.38. 

6.39. 

6.40. 

A from a 220-V supply, determine (a) the shaft torque, @) the efficiency, 
and (c) the horsepower rating of the motor. 
The following data were obtained by performing a load test of a dc motor 
using a brake drum spring balance readings 3 kg and 15 kg, diameter of 
the drum 50 cm, motor speed 750 rpm, applied voltage 120 V, and line cur- 
rent 25 A. Determine the efficiency of the motor. 
The load on one side of the spring was 20 kg and on the other side was 5 
kg at a speed of 960 rpm. The diameter of the brake drum was 50 cm. The 
motor drew 36 A from a 120-V supply. Calculate (a) the shaft torque, (b) the 
efficiency, and (c) the horsepower of the motor. 
A rope test arrangement is shown in Figure P6.37. If the drum speed is 
600 rpm, determine the horsepower of the motor. 
A 39-hp, 440-V, PM motor operates at 1000 rpm on full load. The motor 
efficiency is 86.72'/0, and the armature resistance is 0.377 0. The motor is 
being controlled by a suitable Ward-Leonard system. The armature resis- 
tance of the generator is 0.336 0. Determine the induced emf of the gen- 
erator at full load. What is the rotational loss of the motor? For the follow- 
ing problems, assume that both the motor and the generator are operating 
in the linear region, and rotational loss is constant. 
Determine the no-load speed of the motor in Problem 6.38 when no ad- 
justments are made in the field circuit of the generator. 
What must be the percent reduction in the induced emf (or in the field 

T 
25 cm 

_- 

Figure P6.37 Rope test. 
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6.41. 

6.42. 

6.43. 

current) of the generator in Problem 6.38 to obtain a no-load speed of 
1025 rpm? 
What must be the induced emf in the generator if the motor supplies the 
same torque as in Problem 6.38 but at a speed of 750 rpm? What is the 
percent change in the field current of the generator? What will the motor 
speed be under no load? 
A 220-V shunt motor requires 85 A of armature current when it delivers 
the rated load at 2400 rpm. The total resistance in the armature circuit is 
0.5 a. Determine (a) the plugging resistor that will limit the inrush of ar- 
mature current at the time of plugging to 125 A, (b) the maximum braking 
torque, and (c) the braking torque when the speed approaches zero. 
Repeat Problem 6.42 if the motor is to be stopped using the dynamic brak- 
ing technique. 
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Synchronous Generators 

- Photograph of a synchronous generator and its control. (Courtesy of Consumers Power) 
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7.1 Introduction 

Alternating-current (ac) generators are commonly referred to as  synchronous gen- 
erators or alternators. A synchronous machine, whether it is a generator or a 
motor, operates at synchronous speed, that is, at the speed at which the magnetic 
field created by the field coils rotates. We have already elaborated this fact in 
Section 3.5 and obtained an expression for the synchronous speed N, in revolu- 
tions per minute (rpm) as 

120f N = -  
s P  

wherefis the frequency in hertz (Hz) and P is the number of poles in the machine. 
Thus, for a 4-pole synchronous generator to generate power at 60 Hz, its speed of 
rotation must be 1800 rpm. On the other hand, a 4-pole synchronous motor op- 
erating from a 50-Hz source runs at only 1500 rpm. Any attempt to overload the 
synchronous motor may pull it out of synchronism and force it to stop. 

During our discussion of a direct-current (dc) generator we realized that the 
electromotive force (emf) induced in its armature coils is of the alternating type. 
Therefore, we can convert a dc generator to an ac generator by (a) replacing its 
commutator with a set of slip rings and (b) rotating the armature at a constant 
(synchronous) speed. The idea is novel but is not put into practice for the reasons 
we will mention shortly. 

We also recall that the relative motion of a conductor with respect to the 
magnetic flux in a machine is responsible for the induced emf in that conductor. 
In other words, from the induced emf point of view it really does not matter 
whether the conductors (coils) rotate in a stationary magnetic field or a rotating 
magnetic field links a stationary conductor (coil). The former arrangement is pre- 
ferred for dc generators and was discussed in Chapter 5,  whereas the latter is 
more suitable for synchronous generators and is the topic of this chapter. Thus, 
the stationary member (stator) of a synchronous generator is commissioned as an 
armature, and the rotating member (rotor) carries the field winding to provide 
the required flux. There are numerous reasons for such an "inside-out'' construc- 
tion of a synchronous generator, some of which are listed below. 

1. Most synchronous generators are built in much larger sizes than their dc coun- 
terparts. An increase in power capacity of a generator requires thicker con- 
ductors in its armature winding to carry high currents and to minimize copper 
losses. Deeper slots are therefore needed to house thicker conductors. Because 
the stator can be made large enough with fewer limitations, it inadvertently 
becomes the preferred member to house the armature conductors. 
Since the output of a synchronous generator is of the alternating type, the 
armature conductors in the stator can be directly connected to the transmis- 
sion line. This eliminates the need for slip rings for ac power output. 

2. 
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3. 

4. 

5. 

Since most of the heat is produced by the armature winding, an outer station- 
ary member can be cooled more efficiently than an inner rotating member. 
Since the armature winding of a synchronous machine is more involved than 
the field winding, it is easier to construct it on the stationary member. 
Since the induced emf in the armature winding is quite high, it is easier to 
insulate it when it is wound inside the stationary member rather than the 
rotating member. A rigid frame also enables us to brace the armature winding 
more securely. 
The placement of a low-power field winding on the rotor presents no deterrent 
to the inside-out construction of a synchronous generator. The power to the 
field winding can be supplied via slip rings. If the field is supplied by per- 
manent magnets, the slip rings can also be dispensed with. 

6. 

7.2 Construction of a Synchronous Machine 

The basic components of a synchronous machine are the stator, which houses the 
armature conductors, and a rotor, which provides the necessary field as outlined 
below. 

Stator 
The stator, also known as the armature, of a synchronous machine is made of thin 
laminations of highly permeable steel in order to reduce the core losses. The stator 
laminations are held together by a stator frame. The frame may be of cast iron or 
fabricated from mild steel plates. The frame is designed not to carry the flux but 
to provide mechanical support to the synchronous generator. The inside of the 
stator has a plurality of slots that are intended to accommodate thick armature 
conductors (coils or windings). The armature conductors are symmetrically ar- 
ranged to form a balanced polyphase winding. To this end, the number of slots 
per pole per phase must be an integer. The induced emf per phase in large syn- 
chronous generators is in kilovolts (kV) with a power handling capacity in mega- 
volt-amperes (MVA). 

The axial length of the stator core is comparatively short for slow-speed, large- 
diameter generators. These generators have many poles and are left open on both 
ends for self-cooling. They are installed at locations where hydroelectric power 
generation is possible. 

The axial length of high-speed generators having 2 or 4 poles can be many 
times its diameter. These generators require forced air circulation for cooling and 
are totally enclosed. They are used when the rotors are driven by gas or steam 
turbines. 
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Salient pole 

\ 
\ 

\ 

Figure 7.1 A salient pole rotor. 

coils 

/ 

Rotor 
Two types of rotors are used in the design of synchronous generators, the cylin- 
drical rotor and a salient-pole rotor. The rotor is rotated at the synchronous speed 
by a prime mover such as a steam turbine. The rotor has as many poles as the 
stator, and the rotor winding carries dc current so as to produce constant flux per 
pole. The field winding usually receives its power from a 115- or 230-V dc gen- 
erator. The dc generator may be driven either by the same prime mover driving 
the synchronous generator or by a separate electric motor. 

The salient-pole rotor is used in low- and medium-speed generators because 
the windage loss is small at these speeds. It consists of an even set of outward 
projecting laminated poles. Each pole is dovetailed so that it fits into a wedge- 
shaped recess or is bolted onto a magnetic wheel called the spider. The field wind- 
ing is placed around each pole, as indicated in Figure 7.1. The poles must alternate 
in polarity. 

The cylindrical rotor is employed in a 2- or 4-pole, high-speed turbo-generator. 
It is made of a smooth solid forged steel cylinder with a number of slots on its 
outer periphery. These slots are designed to accommodate the field coils, as shown 
in Figure 7.2. The cylindrical construction offers the following benefits: 

1. 
2. 
3. 

It results in a quiet operation at high speed. 
It provides better balance than the salient-pole rotor. 
It reduces the windage loss. 

7.3 Armature Windings 

The stators (armatures) of most synchronous generators are wound with three 
distinct and independent windings to generate three-phase power. Each winding 
is said to represent one phase of a three-phase generator. The three windings are 
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Figure 7.2 A 4-pole cylindrical rotor. 

exactly alike in shape and form but are displaced from each other by exactly 120" 
electrical in order to ensure that the induced emfs in these windings are exactly 
120" in time phase. The three-phase windings may be connected to form either a 
star (Y) or a delta (A) connection. If the windings are internally connected to form 
a Y connection, the neutral point is also brought out so that it can be properly 
grounded for safe operation. 

The double-layer winding is often used to wind the armature of a synchro- 
nous generator. As you may recall, a double-layer winding requires as many iden- 
tical coils as there are slots in the stator. One side of each coil is placed at the bot- 
tom half of a slot, and the other side of the same coil fills the top half of another 
slot. In order to place the coils in this fashion, the coils must be prewound on the 
winding forms and then inserted into the slots. 

The number of coils per phase (or the number of slots per phase for a double- 
layer winding) must be an integer. Since the coils must be distributed equally 
among the poles, the number of coils (slots) per pole per phase must also be an 
integer. In other words, if S is the number of slots in the armature, P is the number 
of poles, and 9 is the number of phases, then the number of coils per pole per 
phase is 

where n must be an integer. The number of coils per pole per phase, n, is usually 
referred to as a phase group or phase belt. When the stator of a three-phase, 
4-pole synchronous generator has 24 slots, the number of coils in each phase group 
is 2. There are 12 phase groups (poles x phases). All coils in a phase group (2 in 
this case) are connected in series. 
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Each coil in a phase group can be wound as a full-pitch coil. In other words, 
each coil in the armature can be made to span 180" electrical. Since the induced 
emfs in both sides of a full-pitch coil at any time are exactly in phase, theoretical 
yearning mandates the placement of full-pitch coils from the induced emf point 
of view. However, a full-pitch coil is rarely used. Instead, the generators are 
wound with fractional-pitch coils for the following reasons: 

1. 

2. 

3. 

A properly designed fractional-pitch coil reduces the distorting harmonics 
and produces a truer sinusoidal waveform. 
A fractional-pitch coil shortens the end connections of the windings and 
thereby not only saves copper but also reduces the copper loss in the coil. 
A shorter coil is easier to manage and reduces the end-turn build-up on both 
sides of the stator's stack. This slims down the overall length of the generator 
and minimizes the flux leakages. 
The elimination of high-frequency harmonics also cuts down the magnetic 
losses in the generator. 

The drawback of a fractional-pitch coil is that the induced emf in it is smaller 
than in a full-pitch coil. The reason is that the total flux linking the fractional-pitch 
coil is smaller than that of the full-pitch coil. The ratio of the flux linking the 
fractional pitch coil to the flux that would link a full-pitch coil is called the pitch 
factor. Later, we will develop an equation to determine the pitch factor. 

To illustrate the placement of the phase windings in the slots of a synchronous 
generator, we make the following assumptions: 

4. 

(a) All coils are identical. 
(b) 

(c) 

Each coil is a fractional-pitch coil as long as a phase group contains more 
than one coil. All the coils in a phase group are connected in series. 
Each phase group spans 180" electrical (one full pitch). Thus, the n coils 
in a phase group must be placed in such a way that the beginning end 
of the first coil is under the beginning of a pole and the finishing end of 
the nth coil is under the trailing end of the pole. 

The electrical angle from the center of one slot to the center of an adjacent slot 
is known as the slot span or  slot pitch. The coil span or coil pitch, the number 
of slots spanned by each coil, can be expressed in terms of either electrical degrees 
or the number of slots, as illustrated by the following example. 

E X A M P L E  7 . 1  

A three-phase, '&pole, synchronous generator has 24 slots. Determine the slot 
pitch, the coil pitch, and the number of coils in a phase group. Sketch the place- 
ment of the coils for one of the phases. 
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0 S O L U T I O N  

Since there are 24 slots in the stator, the number of coils for a double-layer winding 
is also 24. The number of coils per phase is 24/3 = 8. The number of coils 
per pole per phase (phase group) is 8/4 = 2. Thus, n = 2. The number of slots 
(coils) per pole is 24/4 = 6. Since a pole spans 180" electrical, the slot span (y) is 
180/6 = 30" electrical. In other words, the electrical angle from the center of one 
slot to the center of an adjacent slot is 30". 

The placement of coils for one phase of a 4-pole synchronous generator is 
shown in Figure 7.3. The slots are numbered for convenience from 1 to 24. The 
pole span for phase group A, includes only half of slot 1 and half of slot 7. The 
starting end of coil 1, s,,  is placed in slot 1. The starting end of coil 2, s2, must be 
placed in slot 2. Since there are only two coils in a phase group, the finishing end 
of coil 2, f,, must be placed in slot 7 because the pole span is 6 slots. Another way 
to determine the pole span is to count the number of teeth. Because the number 
of teeth spanned by a coil is the same as the number of slots spanned by it, a pole 
must span 6 teeth. There are exactly 6 teeth between slot 1 and slot 7. Once we 
have determined where to place the finishing end of coil 2, we immediately know 
where to place the finishing end of coil 1. It must go in slot 6 because all coils 
are identical. Note that each coil spans 5 slots or 5 teeth. Thus, the coil pitch is 
30" X 5 = 150" electrical. 

The phase group A, begins where the phase group A, ends. Thus, the starting 
end of coil 1 for phase group A,  must be placed in slot 7, and so on. 

Figure 7.4 shows another way to determine the placement of the coils and 
thereby the coil pitch. It is referred to as the developed diagram. 

-Phase group, n = 2 

Figure 7.3 Phase A coils for the 4-pole, three-phase, 24-slot stator of Example 7.1. 
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n = 2  

409 

Figure 7.4 A developed diagram indicates the placement of phase A coils for the 4-pole, 
three-phase, 24-slot stator of Example 7.1. 

Exercises 

7.1. The stator of a three-phase, 60-Hz, %pole synchronous generator has 48 
slots. Determine (a) the speed of the rotor, (b) the number of coils in a 
phase group, (c) the coil pitch, and (d) the slot pitch. Sketch the complete 
winding arrangement of the stator. 
A 54-slot stator of a synchronous generator is wound for three-phase, 
50-Hz, 6-pole applications. Determine (a) the number of coils in a phase 
group, (b) the slots per pole, (c) the slot span, (d) the coil span, and (e) the 
speed at which the rotor must be rotated. 

7.2. 

7.4 Pitch Factor 

Owing to the spatial distribution of field windings on each pole of a cylindrical 
rotor, we can approximate the flux density emanating from the surface of a pole 
as 

B =  B ,  cos 0 (7.3) 

where B ,  is the maximum flux density per pole, as shown in Figure 7.5. The total 
flux linking a full-pitch coil is 

where 

2Lrd0 ds = LrdO, = - P 
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B 

Figure 7.5 Maximum flux linking a fractional-pitch coil. 

L is the axial length of the coil (rotor), r is radius of the rotor, and P is the number 
of poles. For a full-pitch coil, 8 varies from -  IT/^ to ~ / 2 .  Evaluating the integral, 
we obtain 

4LrB, 
Qp = p (7.4) 

Let us now assume that the coil span for a fractional-pitch coil is p. The flux 
linking the coil is maximum when the coil is symmetrically placed along the mag- 
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netic axis of the pole, as illustrated in Figure,7.5. Thus, the maximum flux linking 
the coil is 

dB 
B ,  cos 8 2Lr - P 

a, sin (p/2) = a P k p  (7.5) 

where kp = sin (p/2) is the pitch factor and kp 5 1. If e, is the induced emf in a 
full-pitch coil, then the induced emf in the fractional-pitch coil will be kpe,. We 
will use this fact later when we compute the induced emf in each phase group of 
a synchronous generator. 

E X A M P L E  7.2 

Calculate the pitch factor for a 48-slot, 4-pole, three-phase winding. 

0 S O L U T I O N  

The number of slots pet pole is 48/4 = 12. Thus, the slot span is 180/12 = 15" 
electrical. 
The number of coils in a phase group is 

- 4  
48 

4 x 3  
n = - -  

Since there are 12 slots per pole and 4 coils in a phase group, one side of coil 1 
must be placed in slot 1 and the other side in slot 10. Thus, the coil span is 9 slots 
or 9 x 15" = 135" electrical, as illustrated in Figure 7.6. 
The pitch factor is 

kp = sin (135"/2) = 0.924 

Thus, the induced emf in each fractional-pitch coil is 92.4% of the induced emf in 
a full-pitch coil. 
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n = 4  

Figure 7.6 Developed diagram for the 4-pole, 48-slot, three-phase stator of Example 7.2. 

Exercises 

7.3. 

7.4. 

A 72-slot stator has a 4-pole, three-phase winding. Determine its coil pitch 
and the pitch factor. How many coils are in each phase group? 
Calculate the pitch factors for the following three-phase windings: (a) 36- 
slot, 4-pole, (b) 36-slot, 6-pole, and (c) 72-slot, 6-pole. Illustrate the place- 
ment of coils by sketches. 

7.5 Distribution Factor 

h order to make the induced emf approach a sinusoidal function, there are always 
more than one coil in a phase group. These coils are connected in series as  depicted 
by the winding diagrams. Since the coils are displaced spatially from each other, 
the induced emfs in these coils are not in phase. If E, is the induced emf in one 
coil and n is the number of coils in a phase group, the induced emf in the phase 
group E ,  is 

E ,  = k,nE, 

where kd is called the distribution factor and kd I 1.The distribution factor is unity 
only when all the coils are placed in the same slots. Since that defies the purpose 
of obtaining a sinusoidal waveform, the distribution factor is always less than 
unity. 

In order to verify Eq. (7.6), let us assume that there are n coils connected in 
series to form a phase group and the root-mean-square (rms) value of the induced 
emf in each coil is E,. Since the coils are distributed, the induced emf in each coil 
is out of phase with the next by the slot pitch y, as shown in Figure 7.7. Since the 
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Figure 7.7 Phasor diagram for the induced emf in a phase group. 

angle subtended by each phase-voltage phasor is y, the total angle for the phase 
group is ny. Therefore, we can write 

and 

1 
2 
- E ,  = L sin ( y )  
- E,  = L sin (:) 1 
2 

From the above equations, we obtain 

Epg - sin (ny/2) - n sin (n- 
E, sin (y/2) n sin (y 

- - - 

Thus, the induced emf per phase group is 

sin (ny/2) 
E ,  = n n sin (y/2) E,  = nk 

where 

is the distribution factor. 
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E X A M P L E  7 . 3  

Calculate the distribution factor for a l08-slot, 12-pole, three-phase winding. 

S O L U T I O N  

The number of coils in a phase group is 

- 3  
108 

12 x 3 
n = - -  

Since there are 108/12 = 9 slots per pole, the slot span, in electrical degrees, is 

The distribution factor, from Eq. (7.8), is 

sin (3 x 20/2) 
3 sin (20/2) 

kd = = 0.96 

Exercises 

7.5. 
7.6. 

Determine the distribution factor for a 72-slot, 4-pole, three-phase winding. 
Compute the distribution factor for a 120-slot, %pole, three-phase winding. 

7.6 Winding Connections 

In order to explain the winding connections, let us scrutinize the phase windings 
of a 6-pole, three-phase stator (armature) of a synchronous generator with a 
salient-pole rotor, as depicted in Figure 7.8. Each phase group is indicated by a 
single coil. For a clockwise rotation and the positive phase sequence, phases B and 
C are displaced by 120" and 240" electrical with respect to phase A for each of the 
6 poles. The polarity of the induced emf in each phase group at one instant of 
time is marked by a dot (a). The six phase groups for each of the three phases can 
be connected in three distinct ways. Let us now consider only one of the three 
phases. The other two phases are connected in exactly the same way. 

The magnitude of the induced emf at any time in each phase group of phase 
A is the same. We can establish a series connection simply by connecting all six 
phase groups in series, as indicated in Figure 7.9a. The generated voltage per 
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Figure 7.8 Phase windings of a three-phase, &pole armature. 

phase (phase voltage) is six times the induced emf in each phase group, but there 
is only one current path. In general, if E ,  is the induced emf in a phase group 
and P is the number of poles, the phase voltage is PE,. For a synchronous gen- 
erator to be connected to a high-voltage transmission line, this is the preferred 
connection. 

The three phase groups under the north poles can be connected in series. 
Similarly, we can connect the three phase groups under the south poles in series. 
The two groups can then be connected in parallel, as indicated in Figure 7.9b. The 
phase voltage is one-half of the series connection, but the current-carrying capacity 
is twice as much. 

We can also establish a parallel connection by connecting all the phase groups 
in parallel, as indicated in Figure 7.9~. The phase voltage is simply equal to the 
induced emf in a phase group, but there are six parallel paths. 

In general, for a synchronous generator having P poles and a parallel paths, 
the phase voltage, E,, is 

The two terminals, the starting end and the finishing end, of each phase are 
brought out to form either a Y or a A connection. If the generator is to be connected 
to a high-voltage transmission line, the preferred connection is the Y connection. 



416 Synchronous Generators 

A3 A5 

- 61 

(d 

Figure 7.9 Winding connections for phase A (a) series connection, (b) series-parallel 
connection, and (c) parallel connection. 

E X A M P L E  7.4 

Show the placement of each phase winding and the winding connections for a 
24-slot, 4-polef three-phase (a) Y-connected and (b) A-connected synchronous 
generator. 

0 S O L U T I O N  

There are 6 slots per pole and the slot span is 30" electrical. There are two coils in 
a phase group, and the coil spans 5 slots. Thus, the coil pitch is 150" electrical. 

The starting ends of the two coils for phase group A, are placed in slots 1 and 
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Figure 7.10 Placement of phase windings A, B, and C for a 24-slot, 4-pole, three-phase 
synchronous generator. 

2, while the finishing ends are inserted in slots 6 and 7, as shown in Figure 7.10a. 
The finishing end f, is internally connected to starting end s2 to form a phase 
group. If the phase group A, is under the north pole, the phase group A, is also 
under the north pole. At the same time the phase groups A, and A, are under the 
south poles. Thus, if the induced emf in the phase group A,, that is, the voltage 
between s1 and f2, is positive, the same is true for the phase group A,. However, 
the induced emf in phase groups A, and A, has the opposite polarity. With this 
understanding, we can connect the four phase groups in series to form a series 
connection, as illustrated in Figure 7.10a. 

In order to displace phase group B ,  by 120" electrical from the phase group 
A,, the starting end of its first coil must be inserted in slot 5, as indicated in Figure 
7.10b. In other words, each phase group is displaced 4 slots to the right. The phase 
groups for phase B can be connected in the same fashion as we did for phase A. 

The starting end of the first coil for phase C must be placed in slot 9 in order 
to achieve a phase difference of 240" electrical with respect to phase A. The rest 
of the connections are shown in Figure 7.10~. 

Figure 7.11 shows how the phase windings can be connected to a Y and a A 
connection. 

B 
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(b) 

Figure 7.11 (a) Y-connected, and (b) A-connected armature of a three-phase synchronous 
genera tor. 

Exercises 

7.7. Show the placement of each phase winding and the winding connections 
for a 36-slot, 6-pole, three-phase (a) Y-connected and (b) A-connected syn- 
chronous generator. Assume series connection. 
Show the placement of each phase winding and the winding connections 
for a 12-slot, 2-pole, three-phase (a) Y-connected and (b) A-connected syn- 
chronous generator. Assume series connection. 

7.8. 

7.7 Induced emf Equation 

Let us assume that the total flux emanating per pole of a round rotor revolving 
at an angular velocity of w, is QP. The maximum flux linking the fractional pitch 
coil is a, k, where kp = sin (p/2) is the pitch factor and p is the coil span in 
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electrical degrees. As the flux revolves, the flux linking the coil at any time t can 
be expressed as 

Qc = Qpkp cos wt (7.10) 

where o = 2nf is the angular frequency in rad/s. 
For a coil with N, turns, the induced emf in the coil, from Faraday's law is 

e, = Nckpw@, sin of (7.11) 

The maximum value of the induced emf is 

Em = Nckpw@'p 
and its rms value is 

(7.12) 

1 
E,  = - Em v2 

= 4.44f N, kPap (7.13) 

where the factor V ' h  has been approximated as 4.44. 
Since a phase group usually has more than one coil connected in series and 

each coil is displaced by a slot pitch, the induced emf in the phase group, from 
Eq. (7.7),  is 

E ,  = nkdE, = 4.44 nN,k,k,f@, (7.14) 

where n is the number of coils in a phase group and k, is the distribution factor 
as given by Eq. (7.8).  For a given generator, the product k,k, is constant and is 
referred to as the winding factor. That is, the winding factor, k,, is 

The rms value of the induced emf in each phase group can be expressed in terms 
of the winding factor as 

E ,  = 4.44 nN,k,fQ, (7.16) 

For a generator having P poles and a parallel paths, the induced emf per phase 
(phase voltage) is 

(7.17) 
P 
a 

E, = - 4.44 nN,k,fQ, 
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The factor PnNJa in the above equation represents the actual number of turns 
per phase connected in series when there are a parallel paths. By taking into ac- 
count the winding factor, k,, we can define the effective turns per phase as 

PnN, k, 
a 

N ,  = - (7.18) 

Finally, we obtain an expression for the per-phase (no-load) voltage as 

E, = 4.44 fN,@, (7.19) 

Note that Eq. (7.19) is very similar to the one obtained for a transformer. In the 
case of a transformer, the effective number of turns is the same as the actual 
number of turns because each transformer winding consists of one coil that em- 
braces the total flux in the magnetic core. The winding factor for a synchronous 
generator could also have been unity if (a) we used a full-pitch coil and (b) all the 
coils in a phase group were placed in the same slots. 

E X A M P L E  7 . 5  

Each coil of a double-layer wound, 16-pole, 144-slot, three-phase, Y-connected, 
synchronous generator has 10 turns. The rotor is driven at a speed of 375 rpm. 
The flux per pole is 25 mWb. Each phase winding is connected in two parallel 
paths. Determine (a) the frequency of the induced emf, (b) the phase voltage, and 
(c) the line voltage. 

8 S O L U T I O N  

Since there are as many coils as there are slots in the armature for a double-layer 
winding, the number of coils in a phase group is 

- 3  
144 

16 X 3 
n = - -  

The number of slots per pole: S, = 14/16 = 9 
Thus, the slot-span: y = 180/9 = 20" electrical. Since there are 9 slots per pole 
and 3 coils in a phase group, each coil must span 7 slots. Hence, the coil pitch is 
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20 x 7 = 140" electrical. We can now compute the pitch factor, the distribution 
factor, and the winding factor as 

kp = sin (140/2) = 0.94 

sin (3 x 20/2) 
- 3 x sin (20/2) 

k -  = 0.96 

k, = 0.94 X 0.96 = 0.902 

The effective turns per phase are 

16 x 3 x 10 x 0.902 
2 

= 216.48 N ,  = 

(a) The frequency of the generated voltage is 

375 X 16 
= 50Hz 

= 120 

(b) The rms value of the generated voltage per phase is 

E, = 4.44 X 50 X 216.48 X 0.025 = 1201.46 V 

(c) The rms value of the line voltage is 

E L  = fl X 1201.46 - 2081 V 

Exercises 

7.9. A 4-pole, 36-slot, 60-Hz, three-phase, Y-connected, synchronous generator 
has 10 turns per coil. The flux per pole is 50 mWb. For a series connection, 
determine (a) the synchronous speed, (b) the per-phase voltage, and (c) the 
line voltage. 
The no-load (line) voltage of a 6-pole, 72-slot, 1200-rpm, three-phase, 
Y-connected, synchronous generator is 1732 V. There are 10 conductors per 
slot. For a series connection, determine (a) the frequency of the induced 
emf and (b) the flux per pole. 

7.10. 
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7.8 The Equivalent Circuit 

During our discussion of dc generators, we discerned that the terminal voltage of 
a dc generator is smaller than the generated voltage owing to (a) the voltage drop 
across its armature winding and (b) the decrease in the armature flux caused by 
the armature reaction. However, the terminal voltage of an ac generator depends 
upon the load and may be larger or smaller than the generated voltage. In fact, 
we aim to show that the terminal voltage may actually be higher than the gen- 
erated voltage when the power factor (pf) is leading. For unity and lagging power 
factors, the terminal voltage is smaller than the generated voltage. 

Armature Resistance Voltage Drop 
Let E, be the per-phase generated voltage of a synchronous generator and I, the 
per-phase current supplied by_ it to the load. If R, is the per-phase resistance 
of the armature winding, then I,R, is the voltage drop across it. The i,R, voltage 
drop is in phase with the load current i,. Since R, also causes a power loss in the 
generator, it is kept as small as possible, especially for large machines. 

Armature Leakage-Reactance Voltage Drop 
The current 1, in the armature winding produces a flux. A part of the flux, the 
so-called leakage flux, links the armature winding only and gives rise to a leak- 
age reactance X,. The leakage reactance causes a voltage drop j f a X a ,  which leads 
i, by 90". The phasor diagrams depicting relationships between the per-phase 
generated voltage E,, the per-phase terminal voltage p,, and the voltage drops i, R, 
and j f ,Xa  for three types of loads are shown in Figure 7.12. 

Armature Reaction 
The flux produced by the armature winding reacts with the flux set up by the 
poles on the rotor, causing the total flux to change. Such an interaction between 
the two fluxes is known as the armature reaction. To understand the effect of 
armature reaction on the terminal voltage of a synchronous generator, let us ex- 
amine a sequence of events when the generator delivers a load at a unity power 
factor. 

(a) If ( D p  is the flux per pole in the generator under no load, then the gen- 
erated voltage E,  must lag ( D p  by 90", as shown in Figure 7.13. 

(b) Since the power factor is unity, the phase current f, is in phase with the 
terminal phase voltage c,. 
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I -If I 

( C )  

Figure 7.12 (a) The per-phase equivalent circuit of a synchronous generator without 
armature reaction while depicting the revolving field produced by the rotor. The phasor 
diagrams for a (b) lagging pf, (c) unity pf, and (d) leading pf. 

(C) As the phase current fa passes through the armature winding, its mag- 
netomotive force (mmf) produces a flux aar which is in phase with 
I,. The effective flux ae per pole in the generator is the algebraic sum of 
the two fluxes; that is, ae = QP + 
The flux aar, in turn, induces an emf Ear in the armature winding. Ear is 
called the armature reaction emf. The armature reaction emf Ear lags the 

as shown in the figure. 
(d) 
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Figure 7.13 Phasor diagram depicting the effect of armature reaction when the power 
factor is unity. 

flux a,, by 90". Hence the effective generated voltage per-phase Ee is the 
algebraic sum of the no-load voltage E, and the armature reaction emf 
Ear. That is, fe = E, + Enre  An equivalent circuit showing the armature 
reaction emf is given in Figure 7.14. 
The per-phase terminal voltage c, is obtained by subtracting the voltage 
drops f,R, and $,X, from E,. In other words, 

E, = v, + ?,(R, + jX,) 

(e) 

(7.20) 

From the phasor diagram, it should be obvious that the armature reaction has 
reduced the effective flux per pole when the power factor of the load is unity. 
Also, the terminal voltage is smaller than the generated voltage. 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

VJ I 

Rotor Armature 

Figure 7.14 A per-phase equivalent circuit showing the induced emf in the armature 
winding due to the armature reaction. 



Figure 7.15 The phasor diagram showing the effect of armature reaction when the power 
factor is lagging. 

By following the above sequence of events, we can obtain the phasor diagrams 
for the lagging (Figure 7.15) and the leading (Figure 7.16) power factors. From 
these figures it is evident that the resultant flux is (smaller/larger) with armature 
reaction for the (lagging/leading) power factor than without it. In addition, 
the terminal voltage p, is (higher/lower) than the generated voltage I?, when 
the power factor is (leading/lagging). Since the flux per pole a,, is different for 
each of the three load conditions, the field current If must be adjusted each time 
the load is changed. 

Since the armature reaction emf E,, lags the current i, by 90°, we can also 
express it as 

- - 
E,, = - jIaX m (7.21) 

where X,, a constant of proportionality, is known as the magnetization reactance. 

Figure 7.16 The phasor diagram showing the effect of armature reaction when the power 
factor of the load is leading. 

425 
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Both the magnetization reactance and the leakage reactance are present at the 
same time. It is rather difficult to separate one reactance from the other. For this 
reason, the two reactances are combined together and the sum 

x, = x, + x, (7.22) 

is called the synchronous reactance. The synchronous reactance is usually very 
large compared with the resistance of the armature winding. We can now define 
the synchronous impedance on a per-phase basis as 

Z,  = R, + jX, (7.23) 

The Equivalent Circuit and Phasor Diagrams 
The exact equivalent circuit of a synchronous generator on a per-phase basis 
embodying the synchronous reactance is given in Figure 7.17. The per-phase ter- 
minal voltage is 

- I I - - I  

V, = E ,  - I,(R, + jX,) = E,  - l , Z ,  (7.24) 

and the corresponding phasor diagrams for three types of loads are given in 
Figure 7.17. 

Voltage Regulation 
The voltage regulation of a synchronous generator is defined as the ratio of the 
change in the terminal voltage from no load to full load to the full-load voltage. 
Since E, is the no-load voltage and V, is the terminal voltage at full load, the per- 
cent voltage regulation is 

x 100 E a  - Va 
Va 

VR% = (7.25) 

E X A M P L E  7.6 

A 9-kVA, 208-V, three-phase, Y-connected, synchronous generator has a winding 
resistance of 0.1 Rlphase and a synchronous reactance of 5.6 R/phase. Determine 
its voltage regulation when the power factor of the load is (a) 80% lagging, 
(b) unity, and (c) 80% leading. 
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Figure 7.17 (a) The per-phase equivalent circuit of a synchronous generator with 
armature reaction and the corresponding phasor diagrams for (b) lagging, (c) unity, and 
(d) leading pf loads. 

0 S O L U T I O N  

Since the voltage regulation is defined only at full load, we assume that the gen- 
erator is delivering full load at its rated voltage. Thus, 

208 v, = -=  12ov v3 
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The rms value of the per-phase current at full load is 

= 25A 
9000 

120 x 3 
1, = 

(a) For a lagging power factor of 0.8, 9 = -36.87' 

2, = 120 + (0.1 + j5.6) x 25/-36.87" 

= 233.77128.21" V 

233.77 - 120 
120 

VR% = X 100 = 94.8% 

(b) For a unity power factor, 8 = 0" 

E, = 120 + (0.1 + j5.6) X 25,@ 

= 186.03/48.81' V 

186.03 - 120 
120 

VR% = X 100 = 55.03% 

(c) For a leading power factor of 0.8, 8 = 36.87" 

E, = 120 + (0.1 + j5.6) x 25136.87" 

= 119.69/71.49' V 

119.69 - 120 
120 

VR% = x 100 = -0.26% 

EXERCISES 

7.11. The synchronous impedance of a 13.2-kVAI 440-V, A-connected, three- 
phase, synchronous generator is 1 + j l0  Q/phase. Calculate the voltage 
regulation when the generator supplies the full load at a power factor of 
(a) 0.866 lagging, (b) unity, and (c) 0.866 leading. 
A three-phase, Y-connected, synchronous generator supplies a rated load 
of 12 MW at a power factor of 0.8 lagging. The synchronous impedance is 
0.2 f j2  fl/phase. If the terminal (line) voltage is 11 kV, calculate the no- 
load line voltage. What is the voltage regulation? 
A 60-kVA, three-phase, SO-Hz, Y-connected, synchronous generator is de- 

7.12. 

7.13. 
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signed to supply a full load at 480 V. The power factor of the load is 0.9 
lagging. The synchronous impedance is 0.15 + j1.3 Wphase. Determine the 
voltage regulation of the generator. 

7.9  Power Relationships 

The rotor of a synchronous generator is connected to a prime mover which may, 
in fact, be a dc motor, a steam turbine, a gas turbine, a diesel engine, or the like. 
If the prime mover exerts a torque T, at the shaft at an angular velocity of q, the 
mechanical power supplied to the rotor is TpS. Consequently, the mechanical 
power input to the generator is 

The dc power input to a wound rotor is Vf 4, where Vf is the dc voltage across 
the field winding and +is the dc current through it. Thus, the total power input is 

Pin = Tsws + VfIf  (7.26b) 

The losses in a synchronous generator consist of rotational loss (mechanical 
loss and magnetic loss), the copper loss in the armature winding, the field-exci- 
tation loss in the field winding, and the stray-load loss, if any. We subtract the 
rotational loss, the fieid-winding loss, and the stray-load loss from the input power 
to obtain the power developed by the armature. By subtracting the copper losses 
in the armature from the developed power, we obtain the output power of a syn- 
chronous generator, as illustrated by the power-flow diagram of Figure 7.18. 

If V, is the per-phase load voltage, I, is the per-phase load current, and 0 is the 
phase angle between V, and la, the power output of a synchronous generator is 

Po = 3Vala cos 0 (7.27) 

The copper loss in the armature winding is 

P,, = 31:R, (7.28) 

Pin = Tsws + Vyf "inm = Tsws 'd  po = 3vn4 cos e 
Figure 7.18 Power-flow diagram of a synchronous generator. 
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If P, is the rotational loss of a synchronous generator and Pst is the stray-load loss, 
then the power input is 

P, = 3Vala cos 8 + 31;Ra + P, + PSt + Vf$ (7.29) 

Since the rotor revolves at a constant speed, the rotational loss is constant. The 
field-winding loss is constant. Assuming the stray-load loss to be a constant, we 
can group these losses together and treat them as a constant loss. Thus, the con- 
stant loss is 

lJc = P, + Pst + Vf$ (7.30) 

Since the copper loss in the armature depends upon the load current, it is consid- 
ered a variable loss. 

The efficiency of the generator is 

(7.31) 

From the above equation we obtain a condition for the maximum efficiency as 

31:Ra = P, (7.32) 

Approximate Power Relationship 
As mentioned earlier, the per-phase armature-winding resistance of a synchro- 
nous generator is usually very small and can be neglected in comparison with its 
synchronous reactance. The approximate equivalent circuit and a corresponding 
phasor diagram for a lagging load are given in Figure 7.19. Note that the terminal- 

f=jlt & &  

z, v, 
- 

Id', / 
'4 

\ 

Figure 7.19 An approximate equivalent circuit of a synchronous generator and its phasor 
diagram for a lagging pf load. 
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phase voltage- f, has been taken as a reference and the per-phase generated volt- 
age E, leads V, by an angle 6.  The phase current f, lags V, by an angle @. Thus, 

and 

E, = E, cos 6 + j E ,  sin 6 

I, = I, cos 0 - jl, sin 8 
- 

where E, and I ,  are the rms values of i, and f,. 
The per-phase terminal voltage is 

- - - 
V, = E, - j1,XS 

or 

E, sin 6 E, cos 6 - V, --- - x, x, 

Thus, 
E, sin 6 

I, cos 0 = ~ 

XS 

Hence, the approximate power output of the generator is 

Po = 3V,1, cos 0 

3V,E, sin 8 - - 
XS 

(7.33) 

(7.34) 

(7.35) 

When a synchronous generator operates at a constant speed with a constant field 
current, X, and I?, are both constants. V, is the terminal voltage, which is usually 
held constant. Thus, the power output of the generator varies as sin 6 where 6 is 
the angle from Qg to E, and is called the power angle. Equation (7.35) is known 
as the power-angle relation. This relation is also shown in the power-angle curve 
of Figure 7.20. In the development of Eq. (7.35) we have tacitly assumed a round 
rotor. For a salient-pole rotor, the curve is somewhat modified and is indicated 
by the dashed curve. Later in this chapter, we will develop a relationship between 
the power-angle and the power output for salient-pole rotors. 

For a given amount of field current and a certain terminal voltage, the maxi- 
mum power output Porn (or developed Pdm) of a synchronous generator is 

4 
(7.36) 
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fd 

t 
Salient-pole 
/ 

Figure 7.20 Power developed as a function of power-angle for a cylindrical rotor (solid) 
and a salient-pole rotor (dashed). 

The torque developed, from Eq. (7.35), is 

3V,E, sin 6 
Td = 

XSWS 

(7.37) 

Since the torque developed is also proportional to sin 6, the angle 6 is also referred 
to as the torque angle. The torque developed by a synchronous generator opposes 
the torque applied by the prime mover. 

The maximum torque developed by the synchronous generator, from Eq. 
(7.36), is 

(7.38) 

E X A M P L E  7 . 7  

A 9-kVA, 208-V, 1200-rpm, three-phase, 60-Hz, Y-connected, synchronous gener- 
ator has a field-winding resistance of 4.5 0. The armature-winding impedance is 
0.3 + j5 R/phase. When the generator operates at its full load and 0.8 pf lagging, 
the field-winding current is 5 A. The rotational loss is 500 W. Determine (a) the 
voltage regulation, (b) the efficiency of the generator, and (c) the torque applied 
by the prime mover. 

0 S O L U T I O N  

The per-phase terminal voltage: V, = 208 /G = 120 V 
The per-phase apparent power of the generator is 9/3 = 3 kVA. Hence the rated 
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current on a per-phase basis is 3000/120 = 25 A. For a lagging power factor of 
0.8, 

I:, = 25/ - 36.87" A 

Hence, the per-phase generated voltage is 

Ea = 120 + (0.3 + j5) X 25/-36.87" 

= 222.534125.414" V 

(a) The voltage regulation is 

222.534 - 120 
120 

X 100 = 85.45% VR% = 

(b) The power output: Po = 3 x 120 x 25 x 0.8 = 7200 W 
The copper loss: P,, = 3 x 252 X 0.3 = 562.5 W 
The power developed: Pd = 7200 + 562.5 = 7762.5 W 
We can also compute the power developed as 

Pd = 3 x Re[222.534/25.414o x 25/36.87"] = 7762.4 W 

The constant loss: P, = 500 + 52 X 4.5 = 612.5 W 
Hence, the total power input: Pi, = 7762.5 + 612.5 = 8375 W 
The efficiency of the generator is 

7200 
8375 

-q = - = 0.86 or 86% 

(c) The angular velocity of the prime mover is 

27r x 1200 
60 

w, = = 401~ rad/s 

The mechanical power in terms of the electrical power input is 
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Hence, the torque applied by the prime mover is 

8262.5 
401~ 

T, = - = 65.75 N-m 
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Air-gap line 

'/I $7 

Field currenr 

Figure 7.22 Open-circuit and short-circuit characteristics of a synchronous generator. 

shorted lines. The field current is gradually increased and the corresponding value 
of the current is recorded. The maximum armature current under short circuit 
should not exceed twice the rated current of the generator. From the recorded data 
we can compute the per-phase short-circuit current. When the per-phase short- 
circuit current is plotted as a function of the field current, the graph is called the 
short-circuit characteristic (SCC for short) of a generator. For convenience, the 
OCC and SCC are plotted on the same graph, as shown in Figure 7.22. 

Since the terminal voltage under short-circuit condition is zero, the per-phase 
generated voltage must be equal to the voltage drop across the synchronous im- 
pedance. To calculate the per-phase synchronous impedance from the OCC and 
SCC of a synchronous generator at its rated voltage, the procedure is as follows: 

Figure 7.23 Circuit diagram to perform 

b 

short-circuit test. 
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1. Find the value of the field current (G) that gives the rated per-phase voltage 
(VanL) from the OCC of the generator. 

2. Find the value of the short-circuit current (Isc) from the SCC for the same value 
of the field current, Ij+. 

3. The magnitude of the synchronous impedance is equal to the open-circuit 
voltage divided by the short-circuit current. That is, 

V n n L  z, = 7 (7.40) 
IS, 

Since the resistance of each phase winding of the armature is already known 
from the resistance test, the synchronous reactance of the generator is 

x, = (7.41) 

From the OCC and SCC we can, in fact, plot the synchronous impedance as a 
function of the field current. A typical plot is given in Figure 7.24. As long as the 
flux density is below the knee of the saturation curve (the flux is proportional to 
the applied mmf), the synchronous impedance is fairly constant and is referred 
to as the unsaturated synchronous impedance. As the generator operates above 
the knee of its saturation curve, the generated voltage is smaller than what it 
would have been without saturation. Consequently, the saturated synchronous 
impedance is smaller than its unsaturated value. Both the unsaturated and satu- 
rated synchronous impedances can be determined from Figure 7.22 at the rated 
voltage of the generator. The air-gap line gives the necessary field current lj-, at 
the rated voltage VnnL for the unsaturated synchronous impedance and the cor- 
responding short-circuit current I a l .  Thus, the magnitude of the unsaturated syn- 
chronous impedance is 

Field current 

Figure 7.24 Synchronous impedance as a function of the field current. 
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and the magnitude of the (saturated) synchronous impedance has already been 
determined in Eq. (7.40). 

It must, therefore, be evident that the synchronous impedance of a synchro- 
nous generator may vary considerably from light load to full load. For our cal- 
culations, we assume that Z, is constant and its value corresponds to the rated no- 
load voltage. 

E X A M P L E  7 . 8  

A 500-kVA, 2300-V, three-phase, Y-connected, synchronous generator is operated 
at its rated speed to obtain its rated no-load voltage. When a short circuit is estab- 
lished the phase current is 150 A. The average resistance of each phase is 0.5 R. 
Determine the synchronous reactance per phase. Using the per-unit system, deter- 
mine the percent voltage regulation when the generator delivers the rated load 
at its rated voltage and 0.8 pf lagging. 

0 S O L U T I O N  

The open-circuit phase voltage: VanL = 2 3 0 0 / d  = 1327.91 V 
The short-circuit phase current: I,, = 150 A 

Thus 

and 

1327.91 
150 

Z s = - - -  - 8.85 C! 

X, = V8.852 - 0.52 = 8.84 R 

The rated (full-load) current is 

500,000 
3 X 1327.91 

1, = = 125.51 A 

Let us use the per-phase voltage and the rated current as the base values. That is, 

1327.91 
125.51 

Z - ~ = 10.58 R b -  
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The per-unit quantities when the generator operates at its rated load are 

I,,, = I/ -36.87" 

Pap, = 1/0" 

0.5 + j8.84 
10.58 

= 0.047 + j0.836 zspu = 

Hence, in,, = 1 + (0.047 + j0.836) x 1/-36.87" 

= 1 . 6 6 7 m  

Thus, the generated voltage per phase is 

En = 1327.91 X 1.667/22.6" = 2213.63/22.6" V 

In terms of the per-unit values, the percent voltage regulation is 

VR% = (1.667 - 1) X 100 = 66.7% 

Exercises 

7.17. 

7.18. 

7.19. 

In a three-phase, Y-connected, 750-kVA, 1732-V, synchronous generator a 
field current of 20 A at the rated speed produces a current of 300 A on 
short circuit and a voltage of 1732 V on open circuit. The resistance between 
any two terminals of the generator is 0.8 R. Determine the synchronous 
reactance of the generator. The rotational loss is 20 kW. Using the per-unit 
system, determine the voltage regulation and the efficiency of the generator 
when it delivers the rated load at its rated voltage and unity power factor. 
The test data obtained at the rated speed on a three-phase, Y-connected, 
synchronous generator are given as follows: 
Short-circuit test: Field current = 1.2 A 

Open-circuit test: Field current = 1.2 A 

The per-phase winding resistance is 1.2 a. Determine the synchronous im- 
pedance of the generator. 
A 2-MVA, 4400-V, 25-Hz, Y-connected, three-phase, synchronous generator 
is tested at its rated speed of 500 rpm. The open-circuit voltage and the 
short-circuit current are 4800 V and 260 A, respectively, when the field 
current is 15 A. The generator is designed to have a resistive voltage drop 

Short-circuit current = 25 A 

Open-circuit voltage = 440 V 
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of 5% of its rated voltage per phase. Determine the synchronous impe- 
dance. Using the per-unit system, find the voltage regulation when the 
generator delivers the rated load at the rated voltage and unity power 
factor. How many poles are in the generator? 

7.1 1 The External Characteristic 

The external characteristic of a synchronous generator shows the variation of the 
terminal voltage with the load of an independent generator. An independent gen- 
erator is a generator (which may be driven by a gasoline engine at a constant 
speed) capable of supplying electrical energy independently. Its terminal voltage 
varies with the load. If the excitation current is held constant, then the generated 
voltage per phase, I?,, will be constant. 

From the approximate equivalent circuit (Figure 7.19), the terminal voltage is 

- 
V,  = E ,  - j l o X s  (7.43) 

Since E, and X ,  are constant, the terminal voltage c, depends upon the mag- 
nitude of the load-current and its power factor. Although the magnitude of the 
phase voltage E, is constant, its phase (the power angle) is free to change. It should, 
therefore, be obvious that the locus of must be a circle. Let us now explore the 
changes in cnas a function of load with unity, lagging, and leading power factors. 

Unity Power Factor 
For a purely resistive load,& = R,, the terminal voltage va and the load-current 7, 
are in phase. The increase in the load-current causes (a) the voltage drop across the 
synchronous reactance to increase, (b) the power angle to increase, and (c) the ter- 
minal voltage to decrease, as illustrated in Figure 7.25. It should be kept in mind 
that when phasor diagrams are drawn, the current scale is usually different than 
the voltage scale. The external characteristic-that is, the terminal voltage as a 
function of the load for the unity power factor-is shown in Figure 7.26. 

Lagging Power Factor 
For an inductive load, i, = R, + jX,, the load-current lags the terminal voltage 
by an angle 8. For a given power-factor angle 8, the increase in the load-current 
results in the decrease in the terminal voltage, as shown in Figure 7.27. However, 
for a constant magnitude of the load-current, the terminal voltage decreases even 
further with the decrease in the power factor, as shown in Figure 7.28. The external 
characteristics for two lagging power factors are given in Figure 7.26. 
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Figure 7.25 Effect of resistive loading on the terminal voltage of an independent 
synchronous generator for (a) small and (b) large armature currents. 
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Figure 7.26 External characteristics of a synchronous generator under various load 
conditions. 
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Figure 7.27 Effect of inductive loading on the terminal voltage of an independent 
synchronous generator for (a) small and (b) large load currents. 
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Figure 7.28 Effect of lagging power factor on the terminal voltage of an independent 
synchronous generator for (a) small and (b) large power factor angles. 
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Leading Power Factor 
For a capacitive load, Z, = R ,  - jX, the load-current leads the terminal voltage 
by an angle 8. The phasor diagrams for small and large armature currents for a 
given power-factor angle 0 are sketched in Figure 7.29. It is evident from Figure 
7.29 that the terminal voltage increases with the increase in the load-current. Fig- 
ure 7.30 shows the phasor diagrams for small and large power-factor angles for 
the same magnitude of the load-current. It is evident that the terminal voltage 
increases even further with an increase in the power-factor angle. 

For a generator operating independently we can adjust the field (excitation) 
current under each load in such a way that the generator delivers the rated load 

/ 
/ 
I 
I 
1 
\ I 
\ / 
\ / 
\ / 
\ / 
\ / 
\ / 

/ ----' \. 

/ 
/ 

I 
I 
I 
I I "0 

\ I 

(b) 

Figure 7.29 Effect of capacitive loading on the terminal voltage of an independent 
synchronous generator for (a) small and (b) large load currents. 
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Figure 7.30 Effect of leading power factor on the terminal voltage of an independent 
synchronous generator for (a) small and (b) large power factor angles. 

at its rated terminal voltage. If we now vary the load-current without making any 
further adjustments in the excitation current, we observe the following: 
1. For a resistive load, the terminal voltage increases with the decrease in the 

load-current. 
2. For an inductive load, the terminal voltage also increases with the decrease 

in the load-current. However, the increase is larger for an inductive load than 
a resistive load. 
For a capacitive load, the terminal voltage decreases with the decrease in the 
line current. 
The external characteristics of an independent generator adjusted to operate 

3. 

at its rated voltage and the load are plotted in Figure 7.31. 
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(Unity  1-1 

Load currendphase 

Figure 7.31 External characteristics of an independent synchronous generator adjusted to 
operate at the rated load under various load conditions. 

7 .  I 2  Salient-Pole Synchronous Generator 

The foregoing analysis of a synchronous generator is satisfactory only when the 
rotor has a cylindrical construction. A cylindrical rotor presents an almost uni- 
form air-gap, and the variation in the air-gap reluctance around its periphery 
owing to the slots is negligible. On the other hand, a salient-pole rotor has a larger 
air-gap in the region between the poles than in the region just above the poles, 
as is evident from Figure 7.32. We, therefore, expect that the reluctances of the 
two regions in a salient-pole generator differ significantly. In order to account for 
this difference, the synchronous reactance is split into two reactances. The com- 
ponent of the synchronous reactance along the pole-axis (the d-axis) is commonly 
called the direct-axis synchronous reactance Xd, and the other component along 
the axis between the poles (the q-axis) is called the quadrature-axis synchronous 
reactance Xq.  The armature current fa is also resolved into two components the 
direct component rd and the quadrature component Tq. The direct component 
Id produces the field along the d-axis and lags Ea by 90". The quadrature compo- 
nent rq produces the field along the q-axis and is in phase with E,. 
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'2' g u i s  

Figure 7.32 A 2-pole, salient-pole synchronous generator. 

If Ea is the per-phase generated voltage under no load and Ed and Eq are the 
induced emfs in the armature winding by the current components i d  and fq, re- 
spectively, then the per-phase terminal voltage of the generator is 

We can, however, express the induced emfs i d  and iq in terms of x d  and X q  as 

and 

Substituting the above expressions in Eq. (7.44), we obtain 

E, = Pa +- I,R, + jidxd + jiqxq 

If we express j i d x d  as 

(7.45) 

(7.46) 

(7.47) 
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then 

where 

and 

(7.48a) 

(7.48b) 

(7.484 

Based upon t ese equations, we can represent the salient-pc,d syncdonous 
generator with an equivalent circuit as shown in Figure 7.33. If we consider EL as 
the effective generated emf (excitation voltage), then the equivalent circuit of a 
salient-pole generator is similar to that of a round-rotor generator. 

The phasor diagram for a load with a lagging power factor based upon Eq. 
(7.48a) is given in Figure 7.34a. Since is in phase with ia, the phase angle by 

(C) 

Figure 7.33 Equivalent-circuit representations of a salient-pole synchronous generator. 
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d-axis 
/ 

d-axis E. 

(b) 

Figure 7.34 (a) Phasor diagram of a salient-pole synchronous generator having finite 
armature-winding resistance and lagging power factor. (b) Phasor diagram of a salient- 
pole synchronous generator with neglible armature-winding resistance and lagging 
power factor. 

which leads the terminal voltage c, is the power angle 6. Therefore, we can 
use Eq. (7.48b) to determine the power angle 6 when the terminal voltage, the 
load-current, and the parameters of the generator are known. The generated volt- 
age per phase E, can then be determined from Eq. (7.48~). From the phasor dia- 
gram we can also obtain the following equation to determine the power angle 6. 

lux, cos 8 - l,R, sin 8 

V, + J,(Ro cos 9 + X, sin 8)  
tan 6 = (7.49) 
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We can now obtain expressions i d  and i, in terms of I, as 

i d  = I, sin (6 + 0) /ti - 90" 

iq = I, cos (6 + 0) &3 

(7.50a) 

(7.50b) 

where I, is the rms value of the armature current. 
The power output can now be computed as 

Po = 3 Re[c,i,*] = 3 Re[c,(i: + i;)] 
= 3 v , [ I d  sin 6 + I, cos 61 (7.51) 

When the armature resistance is so small that it can be neglected, the power 
output is the same as the power developed. The phasor diagram for a load with 
a lagging power factor is given in Figure 7.34. From this phasor diagram, we 
obtain 

and 

Thus, 

V, sin 6 
I, = - x, 

E, - V,  cos 6 
xd 

Id = 

I,X, cos 0 
tan 6 = 

V, + IaXq  sin 0 

(7.52a) 

(7.52b) 

(7.53) 

Substituting for Id and I, in Eq. (7.51), we obtain an expression for the power 
developed (output) as 
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The first term in the above equation is the same as that obtained for a cylin- 
drical-rotor generator. It represents the power due to the field excitation (gener- 
ated voltage En). The second term highlights the effect of saliency. It represents 
the reluctance power and is independent of the field excitation. Thus, a salient- 
pole generator can deliver higher power than a cylindrical-rotor generator at a 
power angle less than 90" for the same terminal and excitation voltages. 

The torque developed by a salient-pole generator is 

(7.55) 

The torque developed by a salient-pole generator as a function of torque angle 
6 is plotted in Figure 7.35. The variation in the excitation torque (first term) and 
the reluctance torque (second term) are also indicated. 

E X A M P L E  7 . 9  

A 70-MVA, 13.8-kV, 60-Hz, Y-connected, three-phase, salient-pole, synchronous 
generator has X ,  = 1.83 0, and X, = 1.21 0. It delivers the rated load at 0.8 pf 
lagging. The armature resistance is negligible. Determine (a) the voltage regulation 
and (b) the power developed by the generator. 

Td Salient-pole 
4 / 

Reluctance torque 

Figure 7.35 Torque developed by a salient-pole synchronous generator as a function of 
torque angle. 
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0 S O L U T I O N  

On a per-phase basis, the rms values of the terminal voltage and the load-current 
are 

v,=-- 13J800 - 7967.43 V 
v3 
70 x lo6 

1, = = 2928.59 A 
x 13,800 

The power factor angle: 6 = - cos- '(0.8) = - 36.87' 
From Eq. (7.53), we have 

or 

2928.59 X 1.21 X 0.8 
7967.43 + 2928.59 X 1.21 X 0.6 

tan 6 = 

= 0.28 

6 = 15.69' 

If we assume va as the reference phasor (Figure 7.341, then E, leads va by 15.69" 
and ra lags va by 36.87'. Thus, 

c, = 7967.43& V 
i, = 2928.59f - 36.87" A 

The d- and q-axis currents are 

id = 1, sin(52.56")/ -74.31" = 2325.27/ -74.31" A 

iq = 1, cos(52.56')(15.69" = 1780.38f 15.69' A 

The generated voltage per phase, from Eq. (7.47), is 

E, = 7967.43k + (2325.27/ - 74.31')( j1.83) + (1780.38(15.69")( j1.21) - 11,925.8/15.69' V 
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Thus, the percent voltage regulation is 

11,925.8 - 7967.43 
7967.43 

VRo/o = X 100 = 49.68% 

Since the power developed is the same as the power output, the power developed 
is 

Pd = Po = 3 X 7967.43 X 2928.59 X 0.8 

= 56MW 

We could also have used Eq. (7.54) to determine the power developed by a salient- 
pole synchronous generator when its armature-winding resistance is negligible. 

m 

Exercises 

7.20. The d-axis and the q-axis reactances on a per-unit basis of a salient-pole 
synchronous generator are 0.92 and 0.54, respectively. The armature resis- 
tance is negligible. When the generator delivers its rated load at 0.8 pf 
lagging and rated terminal voltage, determine (a) the voltage regulation 
and (b) the per-unit power developed by the generator. 
The d-axis and the q-axis reactances on a per-unit basis of a salient-pole 
synchronous generator are 0.8 and 0.6, respectively. The armature resis- 
tance is negligible. When the generator delivers its rated load at unity 
power factor and rated terminal voltage, determine (a) the voltage regu- 
lation and (b) the per-unit power developed by the generator. 

7.21. 

7.13 Parallel Operation of Synchronous Generators 

The generation of electric power, its transmission, and its distribution must be 
conducted in an efficient and reliable way at a reasonable cost with the least 
number of interruptions. By "efficient" we mean that an alternator must operate 
not only at its maximum efficiency, but the efficiency must be maximum at or 
near its full load. As the demand for electric energy can fluctuate from a light 
load to a heavy load and vice versa several times during the day, it is almost 
impossible to operate a single alternator at its maximum efficiency at all times. 
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The term "reliable" implies that consumers must not be conscious of a loss in 
electric power at any time. A single alternator cannot ensure such a reliable op- 
eration owing to the possibility of its failure or a deliberate shut-off for periodic 
inspection. Therefore, a single alternator supplying a variable load cannot be 
very efficient, cost-effective, and reliable. 

To guarantee reliability and the continuity of electric service, it becomes nec- 
essary to generate electric power at a central location where several alternators 
can be connected in parallel to meet the power demand. When the demand is 
light, some of the alternators can be taken off line while the other alternators are 
operating at their maximum efficiencies. As the demand increases, another alter- 
nator can be put on line without causing any service interruption. Not only are 
all the alternators at one location connected in parallel to a common line known 
as an infinite bus but there may be many power generating stations feeding the 
same bus. Thus, there is hardly a change in either the voltage or the frequency of 
the infinite bus. Therefore, the following requirements have to be satisfied prior 
to connecting an alternator to the infinite bus. 

1. 

2. 

3. 

The line voltage of the (incoming) alternator must be equal to the constant 
voltage of the infinite bus. 
The frequency of the incoming alternator must be exactly equal to that of the 
infinite bus. 
The phase sequence of the incoming alternator must be identical to the phase 
sequence of the infinite bus. 

Figure 7.36 shows a wiring diagram for the parallel operation of two alter- 
nators. Alternator A is already connected to the infinite bus and is supplying the 
load. In order to meet the increased load demand, let us now bring alternator B 
on line. 

Step 1: Alternator B is driven at or near its rated speed, and the field current is 
raised to a level at which its no-load voltage is nearly equal to that of the grid. 
The no-load voltage is checked by placing a voltmeter between any two lines of 
the incoming alternator, as shown in the figure when the circuit breaker is in the 
open position. 
Step 2: To verify the phase sequence, three lamps are connected asymmetrically 
as shown. When the phase sequence of alternator B is the same as that of 
alternator A (or the grid), lamp L,  is dark while the other two lamps glow brightly. 
If the phase sequence is not proper, the three lamps become bright or dark 
simultaneously. 
Step 3: When the phase sequence is proper and the frequency of the incoming 
generator is exactly equal to that of the grid, lamp L,  stays dark while the other 
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Figure 7.36 A wiring diagram for the parallel operation of two alternators. 

lamps stay bright. Any small mismatch in the frequency forces the three lamps to 
go from dark to bright in a sequential order. In addition to the lamps to check the 
condition for synchronism, a device called a synchroscope (Figure 7.37) is also 
connected across one of the phases. The synchroscope is shown connected across 
phase u in Figure 7.36. The synchroscope measures the phase angle between the 
a phases of the incoming alternator B and the grid. When the two frequencies are 
the same and the phase sequence is proper, the phase difference between the two 

Figure 7.37 A synchroscope. 



Parallel Operation of Synchronous Generators 455 

u phases must be zero. This corresponds to the vertically up position of the syn- 
chroscope's pointer. The slow clockwise rotation of the synchroscope's pointer 
indicates that the phase u of alternator B is moving ahead of phase a of the grid. 
In other words, the frequency (and therefore the speed) of alternator B is slightly 
greater than that of the infinite bus, and vice versa for the counterclockwise ro- 
tation. The speed is altered by controlling the mechanical input to the alternator. 
Step 4 Alternator B is ready to be put into service by closing the circuit breaker 
when (a) the line voltage of incoming alternator B is equal to that of the infinite 
grid, (b) lamp L ,  is dark while the other two lamps are bright, and (c) the syn- 
chroscope pointer is pointing vertically up (zero phase-difference position). 

Once the circuit breaker is closed, alternator B is on line. At this time, it is 
neither receiving nor delivering power. This is referred to as the floating stage of 
the alternator (Figure 7.38a). 

Frequency 

Frequency 

A B 

(b) 

Figure 7.38 (a) Alternator A supplies the load while B is floating. (b) Alternator B shares 
the load with A. 
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Loading the Alternator 
Increasing the field current (excitation) of alternator B changes the power factor 
of the alternator, as explained below. On the other hand, increasing the mechanical 
power input to alternator B tends to increase its speed and thereby its frequency. 
Since the frequency of the alternator is fixed by the infinite bus and cannot be 
changed, the alternator begins supplying the load as indicated in Figure 7.38b. 
Thus, some of the load on alternator A can be transferred to alternator B by simply 
increasing the mechanical power input to alternator B and simultaneously de- 
creasing the mechanical power input to alternator A. 

When both alternators are on line and the load demand is decreasing, it may 
become feasible to shut off one of the alternators. To do so, the entire load of the 
alternator that is to be taken off the line must be transferred to the other by revers- 
ing the above-mentioned process. The circuit breaker is opened when the alter- 
nator attains the floating stage. 

The V Curves 

Let us assume that a cylindrical rotor synchronous generator is connected to an 
infinite bus and is delivering power at a lagging power factor. The corresponding 
phasor diagram is shown in Figure 7.39 when its armature winding resistance is 
neglected. The power developed by the synchronous generator is 

3E,V, sin6 
P,  = 

XS 

In the absence of the winding resistance, the power output is exactly equal to the 
power developed. Let us assume that $ is the necessary field current to generate 
the per-phase voltage E,. 

Figure 7.39 Loci of 1, and E, when the synchronous generator delivers constant power. 
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Let us now reduce the field current but keep the power output of the generator 
the same as before. Since V, is held constant by the infinite bus and X, is constant, 
the same power output implies that the product E, sin6 must remain the same. 
However, a reduction in the field current must reduce the generated voltage 
E,. A reduction in E,  for the same power output suggests that the ppwer angle 6 
must increase. This means that the tip of generated voltage phasor E, must move 
along the horizontal line, as shown in Figure 7.39. A reduction in E,  and an in- 
crease in 6 are now evident from the figure. 

The power output is also given as 

Po = 3Vala cos 0 

For the power output to be the same when V, is constant, I, cos0 must also be 
constant. In other words, the projection of the current phasor onto v, must be the 
same even when + has been reduced. Thus, the tip of the current phasor must 
move along the vertical line in Figure 7.39. The phasor diagram for a reduced field 
current is shown by the dashed lines in Figure 7.39. Note the decrease in the power 
factor angle or the improvement in the power factor. 

If we keep on reducing the field current l j  and therefore E,, the following 
sequence of events occurs: 

(a) 
(b) 

6 keeps on increasing until it becomes 90". 
The power factor angle continues changing from lagging to unity and 
finally to leading. 

From Figure 7.39 it is obvious that as long as the power factor is changing 
from lagging to unity, the armature current is decreasing. The armature current 
is minimum when the power factor is unity. As the power factor changes from 
unity to leading, the armature current starts increasing again. The change in the 
armature current as a function of the field current is given in Figure 7.40. Because 

t 

Lagging 
* I ,  

I 

Figure 7.40 V curves for a synchronous generator. 
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of the shape of the curve, it is called the V curve. We can plot similar V curves for 
different values of power output. As the power output of the generator increases, 
the field current If corresponding to the unity power factor also increases. Do you 
know why? 

Parallel Operation of Two Synchronous Generators 
Figure 7.41 shows two synchronous generators with identical speed-torque char- 
5cteristics connected in parallel. If ?, is the terminal voltage, iL is the load current, 
Z L  is the load impedywe, inl and fa, are the armature currents, E,, and E,, are the 
generated voltages, Z,, and Z,, are the synchronous impedances on a per-phase 
basis, then 

and Ea2 = i,,i,, + iLiL (7.57a) 

(7.5%) = i,,(iiS2 + 2,) + i,,iL 
Manipulating the above equations, we obtain 

(7.58) 

(7.59) 

(7.61) 

We can use these equations to determine how the load is being shared by the 
two synchronous generators, as illustrated by the following example. 

E X A M P L E  7.10 

Two three-phase, Y-connected, synchronous generators have per-phase generated 
voltages of 12Om V and 120m V under no load, and reactances of j5 Q/phase 
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Figure 7.41 Two synchronous generators connected in parallel. 

and j 8  R/phase, respectively. They are connected in parallel to a load impedance 
of 4 + j3 R/phase. Determine (a) the per-phase terminal voltage, (b) the armature 
current of each generator, (c) the power supplied by each generator, and (d) the 
total power output. 

0 S O L U T I O N  

On a per-phase basis: gal = 1 2 0 m  V Ea2 = 120m V 

is, = j 5  R is2 = j 8  R 2, = 4 + j3  = 5f36.87" R 

(a) From Eq. (7.61), the terminal voltage on a per-phase basis is 

(b) The armature current for each generator is 

The load current: i, = 9.36/ - 51.17" + 7.31/ - 32.06" 

The power output of each generator is 
= 16.441 - 42.8" A 

(c) 

Pol = 3 Re[(82.17[ -5.93")(9.36/51.17")] = 1624.68 W 

Po2 = 3 Re[(82.171/ - 5.93")(7.311/32.06")] = 1617.82 W 
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(d) The total power output is 

Po = 1624.68 + 1617.82 = 3242.5 W 

Exercises 

7.22. 

7.23. 

7.24. 

When the two generators connected in parallel in Example 7.10 are oper- 
ating under no load, what is the circulating current in the two generators? 
Also compute the no-load terminal voltage. 
Two Y-connected, three-phase, synchronous generators supply a load of 
415.68 kW at a terminal voltage of 3000 V and a lagging power factor of 
0.8. The synchronous impedance of generator A is 0.5 + j5 R/phase and 
that of generator B is 0.2 + jl0 R/phase. The field excitation and the 
mechanical power input of generator A are so adjusted that it delivers half 
the power at a unity power factor. Determine (a) the current, (b) the power 
factor, (c) the per-phase generated voltage, and (d) the power angle of each 
generator. 
If the load is removed without making any adjustments to the generators 
in Exercise 7.23, what is the circulating current at no load? Also calculate 
the no-load line voltage. 

S U M M A R Y  

In this chapter, we explained the mechanical construction and electrical operation 
o f  an ac generator, which we referred to as an alternator or synchronous generator. 
The rotor, which may be of either the cylindrical type or the salient-pole type, 
houses the dc field winding and is driven by a prime mover at its synchronous 
speed. The synchronous speed, in revolutions per minute (rpm), is given as 

Since the stator houses the three-phase windings of the alternator, it is also 
referred to as an armature. The winding is usually of the double-layer type. The 
number of coils in a phase group is given as 

In order to reduce copper and end-turn buildup, a fractional-pitch winding is 
commonly used. The fraction by which the flux linking the coil has been reduced 
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as a result of fractional-pitch winidng is called the pitch factor. If p is the coil 
span, the pitch factor is 

kp = sin(p/2) 

Since the coils in a phase group are connected in series and are displaced 
spatially from each other, the induced emf in one coil is out of phase with that of 
the next coil by an angle equal to slot span (y). To account for the reduction in the 
induced emf in a phase group, we defined the distribution factor as 

If E, is the rms value of the induced emf in each coil, the induced emf in a 
phase group is 

However, the rms value of the induced emf in each coil, from Faraday’s law 
of induction, is 

E ,  = 4.44 N ,  f k p O p  

where kpOp is the maximum flux that links the coil with N, number of turns. 

be connected in u parallel paths. Hence, the phase voltage is 
Since there are P phase groups for each of the three phases, these groups can 

E,  = 4.44fNeaP 

where 

is the effective number of turns in each phase and k, = k,k, is the winding factor. 
The current in each phase winding gives rise to a leakage reactance X, and 

the magnetization reactance X, due to the armature reaction. The synchronous 
reactance is simply the sum of the two reactances; that is, X, = X, + X,. The 
winding resistance R, of each phase winding is the same. Thus, if ?, is the 
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per-phase terminal voltage and fa is the armature current, then for the round-rotor 
a1 terna tor 

for the salient-pole alternator when 

where 

To minimize the power loss in the armature winding, R, is so small that for 
large alternators it can be neglected. In that case, the power output of an alternator 
is the same as the power developed. That is 

is along E, and id lags E ,  by 90". 

3V, E ,  sin 6 
X S  

Po = Pd = 

for a round-rotor alternator, and 

for a salient-pole alternator. 

for a stable operation, the power angle is usually small. 
The power developed is maximum when the power angle 6 is 90". However, 

The percent voltage regulation of the alternator was defined as 

At a location where the power is being generated, many alternators are con- 
nected in parallel to an infinite bus. The terminal voltage and the frequency of the 
bus are fixed. The power supplied by an alternator to a load via an infinite bus 
can be (increased/decreased) by (increasing/decreasing) its mechanical power in- 
put. By changing its field excitation we can control the power factor of the alter- 
nator. If lf is the field current corresponding to the unity power factor for a certain 
load on the alternator, the (leading/lagging) power factor can be obtained by 
making the field current (smaller/larger) than $. 
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Review Questions 

7.1. 
7.2. 
7.3. 
7.4. 
7.5. 
7.6. 
7.7. 

7.8. 

7.9. 

7.10. 
7.11. 

7.12. 

7.13. 

7.14. 

7.15. 

7.16. 

7.17. 
7.18. 

7.19. 

7.20. 

7.21. 

7.22. 
7.23. 

What is the difference between a dc generator and an ac generator? 
Explain how a dc generator can be converted into an ac generator. 
Can an ac generator be operated at any speed? 
What are the advantages of inside-out construction of an ac generator? 
Why is an ac generator usually referred to as a synchronous generator? 
What is synchronous speed? 
Calculate the synchronous speed of a 60-Hz ac generator when it has (a) 2 
poles, (b) 4 poles, (c) 6 poles, (d) 8 poles, and (e) 12 poles. 
The synchronous speed of a 12-pole generator is 500 rpm. What is the 
frequency of its operation? 
Determine the number of poles of a 60-Hz generator when its rotor speed 
is (a) 600 rpm, (b) 400 rpm, and (c) 150 rpm. 
Explain the construction of an ac generator. 
Cite the differences between a cylindrical and a salient-pole rotor. Enu- 
merate the advantages and drawbacks of each rotor type. 
What is a full-pitch winding? Is it feasible to wind an ac generator using 
full-pitch winding? What are its advantages and disadvantages? 
What is a fractional-pitch winding? What are its advantages and 
shortcomings? 
Explain the following terms: pitch factor, phase belt, distribution factor, 
winding factor, phase voltage, and line voltage. 
What is a double-layer winding? If the stator (armature) of an ac generator 
has 144 slots, how many coils are required for the double-layer winding? 
A 48-slot, %pole, three-phase generator is wound using the double-layer 
winding. Determine the pitch factor, the distribution factor, the winding 
factor, the phase voltage, and the line voltage. 
Repeat Question 7.16 if the generator has 72 slots. 
What is meant by the number of parallel paths? The phase windings in 
Questions 7.16 and 7.17 are connected in two parallel paths. Calculate the 
effective turns in each phase. 
A 25-Hz, three-phase alternator is designed to operate at 1500 rpm. There 
are 4 coils per pole per phase. Determine the number of slots in the ar- 
mature. How many poles must the alternator have? 
A 6-pole, three-phase alternator has 72 slots. Determine its pitch factor, its 
distribution factor, and the winding factor. 
A three-phase, A-connected alternator supplies a rated load of 13 A at 
2300 V. The power delivered to a balanced load is 40 kW. Determine the 
phase voltage, phase current, power per phase, and power factor. 
Define voltage regulation. What does it mean? 
Two alternators are designed to supply the same rated load at the rated 
voltage. The voltage regulation of one alternator is 20% while that of the 
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7.24. 
7.25. 

7.26. 

7.27. 

7.28. 
7.29. 
7.30. 

7.31. 
7.32. 
7.33. 

7.34. 

7.35. 

7.36. 

7.37. 
7.38. 

7.39. 

7.40. 

other is 25%. Which alternator is better suited for a continuous operation 
at the rated load? 
Under what loading condition can the voltage regulation be negative? 
Does the terminal voltage increase or decrease when the load is removed 
for a positive voltage regulation? 
Why is the armature-winding resistance of a synchronous generator kept 
as small as possible? 
Define leakage reactance, synchronous reactance, and synchronous 
impedance. 
Explain clearly how an open-circuit test is performed. 
Describe clearly the procedure to perform the short-circuit test. 
List all the conditions that must be fulfilled before one alternator can be 
connected in parallel with another. 
Why must the alternators be connected in parallel? 
What is an infinite bus or grid? 
Why is the d-axis reactance larger than the q-axis reactance in a salient-pole 
a1 ternator? 
Explain the nature of the external characteristics of a synchronous gener- 
ator for unity, leading, and lagging power factors. 
Since the power developed is maximum when the power angle is 90°, give 
reasons why an alternator is never operated at that power angle. 
Draw the phasor diagram for a salient-pole alternator when the power 
factor of the load is (a) unity and (b) leading. 
What is a V curve? 
Why does the field current increase with the increase in the load when the 
power factor is unity? Answer using phasor diagrams. 
What is a synchroscope? What is its function? Can you explain its 
operation? 
What is the importance of the air-gap line? 

Problems 

7.1. A 96-slot, 16-pole, 60-Hz, three-phase, Y-connected, synchronous generator 
has 6 turns per coil. The flux per pole is 21 mWb. Determine (a) the syn- 
chronous speed, (b) the number of coils in a phase group, (c) the coil pitch, 
(d) the slot span, (e) the generated voltage per phase, and ( f )  the line volt- 
age. Sketch the winding arrangement for a phase group. Assume series 
connection. 
A 4-pole, three-phase, 60-Hz, Y-connected, synchronous generator has 4 
slots per pole per phase. There are 6 conductors per slot. The flux per pole 
is 51 mWb. Calculate the phase and the line voltages. Show the placement 
of coils for a phase group. Assume series connection. 

7.2. 
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7.3. 

7.4. 

7.5. 

7.6. 

7.7. 

7.8. 

7.9. 

7.10. 

7.11. 

7.12. 

A three-phase, A-connected, 16-pole, synchronous generator has 144 slots 
with 10 conductors per slot. The flux per pole is 83.3 mWb, and the speed 
is 375 rpm. Determine the phase and the line voltages if each winding is 
connected in two parallel paths. 
A 6-pole, 25-Hz, three-phase, Y-connected, synchronous generator has 36 
slots. There are 17 turns per coil, and the flux per pole is 94.8 mWb. Find 
the line voltage if there are two parallel paths. Sketch the placement of all 
coils and show the winding connections. 
An 8-pole, 60-Hz, Y-connected, three-phase generator has 48 slots. There 
are 6 turns per coil. The rotor radius is 40 cm and the pole length is 80 cm. 
The maximum flux density per pole is 1.2 T. Compute the line voltage for 
a series connection. 
A three-phase, 12-pole, synchronous generator is required to generate a no- 
load voltage of 5.6 kV per phase at SO Hz. The flux per pole is 194 mWb. 
The stator has 108 slots. Determine the number of turns per coil for a series 
connection. 
A 20-pole, Y-connected, three-phase, 400-Hz alternator has 3 coils per phase 
group. Each coil has 2 turns and the flux per pole is 23 mWb. The coils are 
connected in two parallel groups. Determine (a) the rotor speed, (b) the 
number of slots in the armature, (c) the winding factor, (d) the per-phase 
voltage, and (el the line voltage. 
A three-phase, Y-connected alternator delivers a rated load of SO A at 230 
V with 0.8 pf leading. When the load is removed, the terminal voltage is 
found to be 280 /30" V. Calculate (a) the synchronous impedance per phase 
and (b) the voltage regulation. 
A 110-V, three-phase, Y-connected, %pole, 48-slot, 6000-rpm, double-layer 
wound, synchronous generator has 12 turns per coil. If one side of the coil 
is in slot 1, the other side is in slot 6. There are 4 parallel paths. When the 
generator delivers the rated load at a line voltage of 110 V, the voltage 
regulation is 5%. What is the flux per pole? 
A 10-kVA, 380-V, 60-Hz, 2-pole, three-phase, Y-connected, synchronous 
generator delivers the rated load at 0.8 pf lagging. The synchronous im- 
pedance is 1.2 + j4  R/phase. Determine (a) the synchronous speed, (b) the 
generated voltage per phase, and (c) the efficiency if the fixed loss is 1 kW. 
A 120-kVA, I-kV, A-connected, three-phase, synchronous generator has a 
winding resistance of 1.5 (1 per phase and a synchronous reactance of 15 l2 
per phase. If the fixed loss is 1500 W, determine (a) the voltage regulation 
and (b) the efficiency when the generator delivers the rated load at 0.707 
pf lagging. 
A 1732-V, 120-kVA, Y-connected, three-phase, synchronous generator has 
a synchronous reactance of 1.2 R/phase. It supplies the rated load at 0.9 pf 
leading. The fixed loss is 5% of the power developed. Determine (a) the 
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7.13. 

7.14. 

7.15. 

7.1 6. 

7.17. 

7.18. 

7.19. 

7.20. 

7.21. 

generated voltage, (b) the power angle, (c) the voltage regulation, and 
(d) the efficiency. Draw the phasor and power-flow diagrams. 
Modify the expressions for the pitch factor and the distribution factor to 
include the effect of harmonics. 
A three-phase, Y-connected, 72-slotI %pole, 6 0 - H ~  360-rpm generator has 
5 turns per coil. The flux per pole has a fundamental component of 120 
mWb, third harmonic component of 40 mWb, and fifth harmonic compo- 
nent of 10 mWb. Calculate the rms value of the induced emf per phase. 
The no-load voltage of a Y-connected synchronous generator is 3464 V. 
When the generator delivers the rated load of 432 kW at 0.8 pf lagging, the 
terminal voltage is 3117.69 V. If the armature winding resistance is negli- 
gible, determine the synchronous reactance of the generator. When the load 
is changed to 80 + j60 fJ/phase, determine the terminal (line) voltage. 
A 72-kVA, 208-V, Y -connected, three-phase synchronous generator delivers 
the rated load at 0.866 pf lagging. The armature winding resistance is 20 
mR/phase. The core loss is 800 W. The friction and the windage loss is 350 
W. The field winding is connected across a 120-V dc source and the field 
current is 5.5 A. Calculate the efficiency of the generator. 
A 25-kVA, 480-V, three-phase, 60-Hz, synchronous generator has a syn- 
chronous reactance of 8 Q/phase. The fixed loss is 1.5 kW. When the gen- 
erator delivers full load at a power factor of 0.8 leading, determine its 
efficiency. What is the maximum power developed by the machine? Ne- 
glect the winding resistance. 
A balanced A-connected load is connected to a 3.6-kVA, 208-V, 
Y-connected, three-phase, synchronous generator via a three-wire trans- 
mission line. The impedance per line is 0.5 + j 5  0. The synchronous im- 
pedance of the generator is 0.25 + j4 R/phase. The fixed losses are 175 W. 
When the generator delivers the rated load at the rated voltage and 0.8 pf 
lagging, determine (a) its efficiency, (b) the voltage regulation, and (c) the 
load impedance per phase. 
A balanced Y-connected load is connected to a 7.2-kVA, 208-V, 
A-connected, three-phase, synchronous generator via a three-wire trans- 
mission line. The impedance per line is 0.4 + 12.4 a. The synchronous 
impedance per phase is 0.3 + j6 R. The fixed loss is 140 W. When the 
generator delivers full load at its rated voltage and 0.8 pf leading, deter- 
mine (a) the voltage regulation, (b) the efficiency, and (c) the load impe- 
dance per phase. 
A 1732-V, 300-kVA, Y-connected, synchronous generator has a synchro- 
nous impedance of 0.5 + j4 fl/phase. Determine the power factor of the 
load that yields zero voltage regulation. 
A 230-kVA, 1100-V, A-connected, three-phase, synchronous generator has 
an average resistance of 0.3 fl between any two of its terminals. With a 
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7.22. 

7.23. 

7.24. 

7.25. 

7.26. 
7.27. 

particular field excitation and at its rated speed, the no-load voltage was 
1100 V and the short-circuit current in each line was 121.24 A. Determine 
the synchronous impedance of the generator. If the rotational loss is 12 kW 
and the generator delivers the rated load at 0.866 pf lagging, determine its 
voltage regulation and efficiency using the per-unit system. 
A 6-MVA, 6.6-kV, Y-connected, 2-pole, 50-Hz turbo-generator has an av- 
erage resistance of 0.45 R between any two lines. With a certain field cur- 
rent and at its rated speed, the open-circuit voltage was 8 kV and the short- 
circuit current was 800 A. Find the voltage regulation of the generator on 
full load at unity power factor. 
A 4.8-kV, three-phase, Y-connected, synchronous generator is rated at 50 A. 
The winding tesistance is 0.8 Ct/phase. When driven at its rated speed with 
a certain field current, the open-circuit voltage was 480 V and the short- 
circuit current was 50 A. What is its voltage regulation at 0.8 pf leading? 
A lOOO-kVA, 2400-V, 60-Hz, Y-connected, three-phase alternator has an 
armature resistance of 0.5 SZ between any two of its lines. A field current 
of 25 A at the rated speed produces a short-circuit current of 240 A and an 
open-circuit voltage of 1800 V. Calculate the percent voltage regulation at 
full load and 0.707 pf lagging. 
A 10.8-kVA, 208-V, Y-connected, three-phase, synchronous generator 
supplies the rated load at 0.8 pf lagging. The synchronous impedance is 
0.5 f j5 dI/phase. The field-winding resistance is 20 R. Its per-phase OCC 
a t  the rated speed is given as 

24009 
7.5 + 6.5$ 

E ,  = 

If the rotational loss is 1.2 kW, determine the voltage regulation and the 
efficiency of the generator. If the field voltage is 120 V (dc), what must be 
the external resistance in the field-winding circuit? 
Repeat Problem 7.25 if the power factor of the load is 0.8 leading. 
A 9-kVA, 208-V, 60-Hz, Y-connected, three-phase alternator has a syn- 
chronous impedance of 0.1 + j3 Q/phase. The field-winding resistance is 
25 and the field voltage is 120 V (dc). The per-phase OCC curve at its rated 
speed is given as follows 

l j  (A): 0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 
E ,  (V): 0 90 140 185 209 223 230 236 238 248 250 

If the rotational loss is 800 W, determine the voltage regulation and the 
efficiency of the generator when it supplies the rated load at 0.9 pf lagging. 
What must be the external resistance in the field-winding circuit? 
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7.28. 
7.29. 

7.30. 
7.31. 

7.32. 

7.33. 

7.34. 

7.35. 

7.36. 

7.37. 
7.38. 

Repeat Problem 7.27 if the power factor is 0.9 leading. 
A 500-V, 150-kVA, A-connected, three-phase alternator has an effective re- 
sistance of 0.2 R between its two lines. A field current of 12 A produces a 
short-circuit current of 173.2 A and an open-circuit voltage of 450 V. Cal- 
culate the full-load voltage regulation when the power factor is unity. 
Modify Eq. (7.35) to include the effect of armature resistance. 
A 300-kVA, 500-V, A-connected, three-phase, synchronous generator draws 
a field current of 2 A to maintain the rated current under short-circuit 
condition. For the same field current, the open-circuit voltage is 572 V. 
Determine the synchronous reactance of the generator if its winding resis- 
tance is negligible. What is its voltage regulation when the generator de- 
livers the rated load at 0.707 pf lagging and rated terminal voltage? 
A 5-MVA, 6.6-kV, 60-Hz, three-phase, Y-connected generator has the OCC 
given as follows: 

If(A): 10 15 20 25 30 
E,  (kV): 4.5 6.6 7.5 8.25 8.95 

A field current of 20 A is needed to circulate a full-load current on short 
circuit. The armature-winding resistance is 1.2 a/phase, the field-winding 
resistance is 500 R, and the rotational loss is 250 kW. Determine the power 
angle, the voltage regulation, and the efficiency when the generator deliv- 
ers the rated load at unity power factor and rated terminal voltage. 
A 4160-V, 3.5-MVA, 60-Hz, three-phase, Y-connected, salient-pole genera- 
tor has a d-axis reactance of 2.75 R/phase and a q-axis reactance of 1.8 
R/phase. The armature-winding resistance is negligible. If the generator 
delivers the rated load at 0.8 pf lagging, determine the voltage regulation 
and the power developed by the generator. 
The per-unit d-axis and q-axis reactances of a salient-pole generator are 0.75 
and 0.5, respectively. The armature-winding resistance is negligible. De- 
termine the voltage regulation if the generator delivers the rated load at 
0.866 pf lagging. 
Repeat Problem 7.34 if the per-unit armature-winding resistance is 0.02 
R/phase. 
A three-phase, 3.3-kV, Y-connected, salient-pole generator delivers 900 kW 
at unity power factor. The d-axis and q-axis synchronous reactances are 
1.2 fl/phase and 0.8 R/phase, respectively. The armature-winding resis- 
tance is negligible. Determine the percent voltage regulation. 
Repeat Problem 7.36 if the armature-winding resistance is 0.2 Rlphase. 
Two identical three-phase, Y-connected, synchronous generators are con- 
nected in parallel to equally share a load of 900 kW at 11 kV and 0.8 pf 
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lagging. The synchronous impedance of each generator is 0.5 + j l0 
R/phase. The field current of one generator is adjusted so that its armature 
current is 25 A at a lagging power factor. Determine (a) the armature cur- 
rent of the other generator, (b) the power factor of each generator, (c) the 
per-phase generated voltage, and (d) the power angle of each generator. 
What is the circulating current under no load? 

7.39. Two three-phase, Y-connected, synchronous generators have induced volt- 
ages of 480 jOo V and 480 j15" V. The synchronous impedance of each gen- 
erator is 0.2 + j8 Wphase. When the generators are connected in parallel 
to a load impedance of 24 Wphase, determine (a) the terminal voltage, (b) 
the armature currents, and (c) the power delivered by each generator. Com- 
pute the circulating current under no load. 
Two three-phase, Y-connected, synchronous generators operate in parallel 
to supply a lighting load of 480 kW and a motor load of 240 kW at 0.8 pf 
lagging. The mechanical input and the field excitation of one generator are 
adjusted so that it supplies 240 kW at 0.9 pf lagging. Find the load and the 
power factor of the other generator. 

7.40. 
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Synchronous Motors 

- A synchronous motor with a gear drive. (Courtesy of Bodine Electric Company) 

470 
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8.1 Introduction 

A synchronous motor, as the name suggests, runs under steady-state conditions 
at a fixed speed called the synchronous speed. The synchronous speed, as dis- 
cussed in the preceding chapter, depends only upon (a) the frequency of the ap- 
plied voltage and (b) the number of poles in the machine. In other words, the 
speed of a synchronous motor is independent of the load as long as the load is 
within the capability of the motor. If the load torque exceeds the maximum torque 
that can be developed by the motor, the motor simply comes to rest and the 
average torque developed by it is zero. For this reason, a synchronous motor is 
not inherently self-starting. Therefore, it must be brought up almost to its syn- 
chronous speed by some auxiliary means before it can be synchronized to the 

Because of its constant speed-torque characteristic, a small synchronous motor 
is used as a timing device. A large synchronous motor may be used not only to 
drive a certain load but also to improve the overall power factor (pf) of an indus- 
trial plant because it can be operated at a leading power factor. However, when 
a synchronous motor is operated at no load just to improve the power factor, it is 
usually referred to as a synchronous condenser. 

A synchronous motor can be either a single-phase or a polyphase motor. Only 
three-phase synchronous motors are discussed in this chapter, but the develop- 
ment is valid for any polyphase synchronous motor. 

supply. 

8.2 Construction and Operation of a Synchronous Motor 

The armature of a synchronous motor is exactly the same as that of a synchronous 
generator. It has a large number of slots that are designed to house the three 
identical, double-layer phase windings. The phase windings are spatially dis- 
placed by 120" electrical from one another and are excited by a balanced three- 
phase source. As outlined in Section 3.5, the phase windings upon excitation pro- 
duce a uniform magnetic field that rotates along the periphery of the air-gap at 
the synchronous speed. If Q m  is the maximum value of the flux produced by the 
maximum current I, in each phase, the strength of the uniform revolving magnetic 
field [from Chapter 3, Eq. (3.37)], is 

The synchronous speed in revolutions per minute (rpm) at which the flux revolves 
around the periphery of the air-gap [Chapter 3, Eq. (3.39)] is 

120f 
N ,  = - 

P 
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where f is the frequency of the three-phase power source and P is the number of 
poles in the motor. 

The rotor of the synchronous motor has a field winding that produces the 
constant flux in the motor in exactly the same fashion as it does in a synchronous 
generator. Once the field winding is excited by a direct-current (dc) source, it 
produces alternate poles on the surface of the rotor. Thus far, it must be obvious 
that there is no difference between a synchronous motor and a synchronous 
generator. 

Let us now assume that the rotor is at rest (standstill condition) and the field 
winding is excited to produce alternate poles on its periphery. The revolving field 
created by the armature can be visualized as if two magnets, a north pole and a 
south pole, are rotating at a constant (synchronous) speed just above the poles of 
the rotor. When the south pole of the revolving field is just above the north pole 
of the rotor, the force of attraction between them tends to move the rotor in the 
direction of the revolving field. Owing to the heavy mass of the rotor, it takes time 
before it can start moving, but by then the revolving field has reversed its polarity. 
Now the force of repulsion between the two like polarity poles tends to move the 
rotor in the opposite direction. As the rotor tries to rotate in the opposite direction, 
the revolving field has reversed its polarity once again. Thus, each pole on the 
rotor is acted upon by a rapidly reversing force of equal magnitude in both di- 
rections. The average torque thus developed by the rotor is zero. Therefore, a 
synchronous motor is not self-starting. Hence, to start a synchronous motor we 
must either provide some means for it to develop starting torque by itself or drive 
the rotor at nearly its synchronous speed by another prime mover and then syn- 
chronize it by exciting the field winding. 

To make a synchronous motor self-starting, an additional winding known as 
the damper winding (the induction winding or the amortisseur winding) is pro- 
vided in the pole faces of the motor. The damper winding, also called a squirrel- 
cage winding, is a short-circuit winding. For small machines, a squirrel-cage wind- 
ing requires the placement of the rotor laminations in a mold and then forcing of 
the molten conducting material (often aluminum) into the slots. The mold has 
cavities on either side of the rotor, which are filled by the molten conducting 
material at the same time. The conducting material from one end of the slot to the 
other forms a conducting bar. The conducting bars are shorted by the end rings 
as shown in Figure 8.1. The entire one-piece construction looks like a squirrel cage 
and hence the name. For large machines, the squirrel-cage winding may be formed 
by driving metal bars into the slots one at a time and then shorting them with 
annular conducting strips on both ends. 

The damper winding in a synchronous motor may also be of the wound-rotor 
type. The wound-rotor winding is used when we want to (a) control the speed of 
the motor and (b) develop high starting torque. A three-phase winding with as 
many poles as there are in the armature is placed in the rotor slots. One end of 
the three-phase windings is internally connected to form a common node while 
the other ends are connected to the slip rings. External resistance can then be 
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End 
rings 

Figure 8.1 A squirrel-cage damper winding. 

included in series with each phase winding, as shown in Figure 8.2, in order to 
increase the starting torque (see Chapter 9 for details). 

In any case, the damper winding forms a closed loop. The uniform revolving 
field induces an electromotive force (emf) in the damper winding which, in turn, 
results in an induced current in it. As explained in Chapter 3, the induced current 
exerts a torque on the damper-winding conductors and forces them to rotate in 
the direction of the revolving field. Under no load, the rotor speed is almost (but 
not exactly) equal to the synchronous speed of the motor. This, in fact, is the 
principle of operation of an induction motor, as explained in Chapter 3. A syn- 
chronous motor is, therefore, brought to its no-load speed as an induction motor. 

During the rotor acceleration period, the field winding must be shorted 
through an appropriate bank of resistors. The field winding should never be left 

I ,  I 

resistance - Three-phasr 
damper winding 

Figure 8.2 Three-phase damper winding on the rotor of a synchronous motor. 
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open because it can develop high voltage, just like the secondary winding of a 
step-up transformer. Once the rotor attains a steady speed, the short circuit is 
removed and the field winding is energized by connecting it to a dc source. The 
field poles thus formed on the rotor's periphery pull the rotor in step with the 
revolving field. In other words, the strong field poles are locked in step with the 
revolving poles of opposite polarity created by the armature winding (armature 
poles). The motor is then said to be synchronized. The damper winding becomes 
ineffective when the rotor rotates at synchronous speed. 

At no load, the magnetic axes of the armature poles and the rotor poles are 
nearly aligned, as shown in Figure 8.3a. The magnetic lines of force are perpen- 
dicular to the rotor surface. Thus, they exert no torque on the rotor. The rotor 
poles start slipping behind the armature poles as the load on the motor is in- 
creased, as depicted in Figure 8.3b. The magnetic lines of force then have a com- 
ponent parallel to the armature surface and exert a force on the rotor. The angle, 
more appropriately the power angle, between the two magnetic axes keeps in- 
creasing with increasing load on the motor. The motor reaches an unstable region 
at about 60" electrical of angular displacement between the magnetic axes. Any 
further increase in the load may pull the motor out of synchronism. 

The damper winding not only enables a synchronous motor to develop the 
starting torque but also serves another useful purpose. It tends to minimize motor 
hunting. Hunting comprises the successive overshoots and undershoots in the 
motor speed due to sudden changes in the load. When the load on a synchronous 
motor is changed suddenly, it takes time for the motor to adjust its power angle 

I 
I N  

(a) (b) 

Figure 8.3 Magnetic lines of force (a) at no load and (b) at some load between the 
revolving field and the rotor of a synchronous motor. 
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owing to its inertia. During these power-angle adjustments, the speed of the motor 
fluctuates above and below its synchronous speed. These changes in speed induce 
current in the damper winding, thereby creating a torque that opposes the change. 
For example, when the load on the motor is suddenly increased, the rotor tends 
to slow down owing to an increase in the applied torque. As soon as it slows 
down, the current induced in the damper-winding conductors exerts an acceler- 
ating force on the rotor in the direction of its rotation. On the other hand, if the 
load is suddenly reduced, the inertia of the motor tends to increase the rotor speed. 
Again, a current is induced in the damper-winding conductors. However, the 
induced current is in the opposite direction now. Thus, it creates a torque in the 
opposite direction and forces the rotor to slow down. It is possible for hunting to 
become intolerably severe if the motor is not equipped with a damper winding. 

8.3 Equivalent Circuit of a Synchronous Motor 

As the rotor turns at the synchronous speed, so does the constant flux produced 
by the direct current in the field winding. The rotor flux induces an emf in the 
armature winding just like the generator action we discussed in Chapter 7. On the 
other hand, the current in each phase winding gives rise to (a) a leakage flux that 
links the phase winding only and (b) the armature reaction. Following the pro- 
cedure discussed in the preceding chapter, the effects of leakage flux and the 
armature reaction can be assimilated in the equivalent circuit as leakage and mag- 
netization reactances. Because both effects occur simultaneously, the two reac- 
tances can be replaced by either a single synchronous reactance X, for a round- 
rotor synchronous motor or the d- and q-axis synchronous reactances X, and X7 
for the salient-pole motor. 

Round-Rotor Synchronous Motor 
We can now draw the equivalent circuit of a round-rotor synchronous motor on 
a per-phase basis, as shown in Figure 8.4, where R, and X, are the per-phase 

Figure 8.4 The per-phase equivalent circuit of a round-rotor synchronous motor. 
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winding resistance and synchronous reactance, respectively. From the equivalent 
circuit, we can write 

V ,  = E, + i,R, + jinxs 

or 

One of the most important aspects of a synchronous motor is that it can be 
operated at either lagging, unity, or leading power factor simply by controlling 
its field current. We will have more to say about this in a later section. At this 
moment, our aim is to draw its phasor diagram when it operates at any power 
factor. These phasor diagrams are given in Figure 8.5, where the per-phase applied 
voltage has been taken as a reference. From these phasor diagrams, it is apparent 
that the per-phase excitation voltage lags the applied voltage. In other words, the 
power angle 8 is a negative quantity. 

Just like the alternator, the synchronous motor is also a doubly fed machine. 

E, 
(4 

Figure 8.5 Phasor diagrams for (a) lagging pf, (b) unity pf, and (c) leading pf of a round- 
rotor synchronous motor. 
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Figure 8.6 Power-flow diagram of a synchronous motor. 

However, both power inputs are electrical in nature. Thus, the average power 
input to the machine is 

P ,  = 3V,l, cos 0 + Vr$ (8.5) 

where 0 is the power-factor angle between the applied voltage and the armature- 
winding current, and V,$ represents the dc power supplied to the field winding, 
which simply materializes as  a power loss. This power loss can be avoided by 
installing permanent magnets on the surface of the rotor. 

The copper (electrical) loss in a synchronous motor takes place in the armature 
winding. If the power loss in the field winding is known, it  can also be included 
as a part of the copper loss. Thus, the total copper loss in a synchronous motor is 

Pc,, = 31:R, + V,$ (8.6) 

By subtracting the copper loss from the power input, we obtain the power devel- 
oped by a round-rotor synchronous motor as  

P, = 3V,la cos 0 - 31;Ra (8.7) 

If o, is the synchronous angular velocity (rad/s) of the motor, the torque devel- 
oped by the motor is 

We subtract the rotational losses and the stray-load losses, if there are any, from 
the power developed to obtain the power output, 0,. Since the power output is 
mechanical, it is an accepted practice to express it in terms of horsepower. 
Figure 8.6 shows a typical power-flow diagram for a synchronous motor. 

E X A M P L E  8.1 

A 10-hp, 230-V, 60-Hz, three-phase, Y-connected, synchronous motor delivers full 
load at a power factor of 0.707 leading. The synchronous reactance of the motor 
is j5 Rlphase. The rotational loss is 230 W and the field-winding loss is 70 W. 
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Calculate the generated voltage and the efficiency of the motor. Neglect the 
armature-winding resistance. 

0 S O L U T I O N  

The power output: 
The power developed Pd = Po + P, = 7460 + 230 = 7690 W 
Since there is no copper loss in the armature winding, the power supplied by the 
230-V alternating-current (ac) source is 7690 W. Hence, the armature current is 

Po = 10 X 746 = 7460 W 

- 27.3 A 
7690 

fi x 230 x 0.707 
la = 

Total power input: Pin = 7690 + 70 = 7760 W 

Hence, - 0.961 or 96.1% 3 = - -  
7460 
7760 

If we assume the per-phase applied voltage as a reference, then 

and 

?, = 132.79b V 

fa  = 27.3& A 

The generated voltage per phase is 

Ea = 132.79b - (27.3&)(j5) 

= 248.8 f - 22.8" V 

Salient-Pole Synchronous Motor 
The equivalent circuit of a round-rotor synchronous motor is exactly the same as 
that of a round-rotor synchronous generator except for the direction of the phase 
current ia. By analogy, we can obtain the equivalent circuit of a salient-pole syn- 
chronous motor, as shown in Figure 8.7. The polarities of the induced emfs in the 
d- and q-axis have been reversed to account for the change in the direction of the 
phase current. From Figure 8.7a, we can express the excitation voltage per phase 
as 
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I -  

- 

(4 

Figure 8.7 Per-phase equivalent circuit representations of a salient-pole synchronous 
motor. 

If we define i: as 

- - I €A = V, - I,R, - j laX9 (8.10) 

then Eq. (8.9) can be expressed as 

is = Lf: - j i d ( X d  - X 9 )  (8.11) 

The equivalent circuits of Figure 8.7b and c arebased upon Eqs. (8.11) and (&lo), 
respectively. Also, note that the phase angle of €: is the same as that of in, which, 
in fact, is the power angle. Thus, Eq. (8.10) can be used to compute (a) the power 
angle 6 if it is not known and (b) the power developed by the motor. That is, 

Pd = 3Re[i:i:] (8.12) 

The power developed can also be computed from Eq. (8.7). 
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-$dXd 

(4 
Figure 8.8 Phasor diagrams for a (a) lagging pf, (b) unity pf, and (c) leading pf of a 
salient-pole synchronous motor. 

If we write Eq. (8.11) as 

Ei = E, + ] f d ( x d  - xq) (8.13) 

then can be referred to as the effective excitation voltage. It represents the 
induced emf in the armature winding of a synchronous motor when the effect 
of saliency is taken into consideration. 4s expected, when x d  = Xq (round rotor), 
i: = i,. In fact, the excitation voltage E,  need not be computed unless it is nec- 
essary to identify the induced emf per phase in the rjrmature winding due to the 
rotor flux per pole. The same can be said for Id and Iq. In any case, we can sketch 
the phasor diagrams (Figure 8.8) for a salient-pole synchronous motor depicting 
both & and & when the power factor is either lagging, unity, or leading. 

E X A M P L E  8 . 2  

A 480-V, three-phase, Y-connected, salient-pole, synchronous motor is operating 
at its full load and draws a current of 50 A at a unity power factor. The d- and 
q-axis reactances are 3.5 fl/phase and 2.5 R/phase, respectively. The armature- 
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winding resistance is 0.5 R/phase. Determine (a) the excitation voltage of the 
motor and (b) the power developed by it. 

0 S O L U T I O N  

Assuming the per-phase applied voltage as a reference, we have 

480 v, = - = 277.128 V fi 
f, = 50/0" A 

- I - I 

Thus, EL = V, - I,R, - j I f l X q  

= 277.128 - 50 x 0.5 - j50 X 2.5 = 281.4131 -26.37" 

Hence, the power angle is 

6 = -26.37" 

From the phasor diagram (Figure 829, the d-axis current is 

id = 50 X sin (26.37")/90" - 26.37" 

= 22.208163.63" A 

Thus, the excitation voltage on a per-phase basis is 

E, = Ei - jid(Xd - xq)  
= 281.413[ -26.37" - j(22.208/63.63")(3.5 - 2.5) 

= 303.621( - 26.37" V 

Finally, the rms value of the excitation voltage from line to line is 

E L  = lh x 303.621 = 525.89 V 

The power developed by the motor is 

p d  = 3Re[kic] = 3Re[(281.413/ -26.37")(50)] 

= 37.82 kW 
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Check P d  = 3[Re(Vai:) - IaR,] 
= 3[Re(277.128 X 50) - 50’ X 0.51 

= 37.82 kW 

Exercises 

8.1. A 2-hp, 120-V, 4-pole, three-phase, Y-connected, synchronous motor has a 
synchronous impedance of 0.2 + j6 Q/phase. The friction and windage 
loss is 20 W, the core loss is 35 W, and the field-winding loss is 30 W. 
Determine the power angle and the efficiency of the motor when it delivers 
the rated power at a unity power factor. 
A 5-hp, 208-V, 60-Hz, 6-pole, three-phase, Y-connected, salient-pole, syn- 
chronous motor delivers the rated power at 0.8 pf lagging. If X, = 2.5 
R/phase, X, = 1.7 Wphase, and P, = 260 W, determine (a) the excitation 
voltage, (b) the power angle, (c) the power developed, (d) the torque devel- 
oped, and (e) the efficiency of the motor. 

8.2. 

8.4 Power Expressions 

In this section, our aim is to obtain expressions for the power developed in terms 
of the applied voltage, the excitation voltage, and the power angle by both the 
round-rotor and salient-pole synchronous motors. 

Round-Rotor Synchronous Motor 
From the equivalent circuit of a round-rotor synchronous motor (Figure 8.4), we 
obtain an expression for the phase current as 

The power developed is 

(8.14) 
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where Z, = R, + j X ,  (8.15) 

is the synchronous impedance. Note that Z :  =i,iI. 
If the applied voltage is taken as a reference phasor-that is,va = V,Ln_"-then 

where 6 is now the magnitude of the power angle by which the excitation voltage 
E, lags the applied voltage en. 

Equation (8.14) can thus be written as 

(8.16) 

Equation (8.16) yields an exact expression for the power developed by a round- 
rotor synchronous motor. When the armature-winding resistance is so small that 
it can be neglected, the above equation can be approximated as 

3E,Vn sin 6 
P, = 

XS 
(8.17) 

and the corresponding torque developed by a round-rotor synchronous motor is 

(8.18) 

The power (or torque) developed by a round-rotor synchronous motor de- 
pends upon the power angle and the excitation voltage when the applied voltage 
is held constant. When the field excitation is reduced to zero, the power (or torque) 
developed is also zero. In other words, if the field winding is accidently open- 
circuited, the motor stalls. From the above equations, it is also evident that the 
power (or torque) developed by a round-rotor synchronous motor is maximum 
when E, lags c, by 90". 

E X A M P L E  8 . 3  

A 440-V, three-phase, A-connected, synchronous motor has a synchronous reac- 
tance of 36 R/phase. Its armature-winding resistance is negligible. When the mo- 
tor runs at a speed of 188.5 rad/s, it consumes 9 kW and the excitation voltage is 
560 V. Determine (a) the power factor, (b) the power angle, (c) the line-to-line 
excitation voltage for a positive phase sequence, and (d) the torque developed by 
the motor. 
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0 S O L U T I O N  

Taking the per-phase supply voltage as a reference, we write 

440 V ,  = - 2 5 4 D  V v3 

Using A-Y transformation, the equivalent per-phase reactance of a Y-connected, 
synchronous motor is X, = 36/3 = 12 a, and the per-phase excitation voltage is 
E, = 5 6 0 / f i  = 323.32V.Thus, 

9000 x 12 
3 x 254 x 323.32 

- = 0.438 => 6 = -26" p, x, sin 181 = - - 
3V,E, 

Hence, E, = 323.321 - 26" V. 

nous motor is 
The phase current (or the line current) in an equivalent Y-connected, synchro- 

- V ,  - E, - 254 - 323.32/ -26" = 12.2M A - 1, = ____ 
iXs j12 

(a) 
(b) 
(c) 

The power factor: pf = cos (14.48") = 0.97 (lead) 
The power angle: 6 = - 26" electrical 
For a positive phase sequence, the line-to-line excitation voltage is 

and the line-to-line applied voltage is 

(d) Since the power developed is given, the torque developed is 

P d  - 9000 - -  - 47.75 N-m rd = 0, - 188.5 

Salient-Pole Synchronous Motor 
By comparing the equivalent circuit of a round-rotor synchronous motor (Figure 
8.4) with that of a salient-pole synchronous motor (Figure 8.7c), the approximate 



Power Expressions 485 

expression for the power developed by a salient-pole synchronous motor can be 
obtained, by modifying Eq. (8.17), as 

(8.19) 

From the phasor diagrams (Figure 8.8) we can write 

where the plus (+ ) sign is for a lagging power factor and the minus sign is for 
the unity or leading power factor. Eliminating EL in Eq. (8.19), we obtain 

3V,E, sin 6 
P d  = 

x9 

[ x i T ~ : ] [ E a  I d x , ]  (8.21) + 3V, sin 6 
3VaEn sin 8 - - 

' d  

However, from the phasor diagrams, we have 

Substituting Eq. (8.22) in Eq. (8.21), we obtain an approximate expression for the 
power developed by a salient-pole synchronous motor as 

(8.23) 

From the above equation, it is obvious that a salient-pole motor can still de- 
velop power (or torque) even when the field excitation is reduced to zero. The 
reason, of course, is the saliency of the rotor structure. In other words, even when 
the field winding is open-circuited, the motor keeps on operating at its synchro- 
nous speed as long as the load on the motor is less than or equal to the power 
developed by it owing to its saliency. On the other hand, when x d  = X q  = X,, 
Eq. (8.23) reduces to Eq. (8.17) for a round-rotor synchronous motor. 

If we write Eq. (8.23) as 

p d  = A sin 6 + B sin 26 (8.24a) 
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where 

Xli - xq A = - - -  3va E, and B = 3V: [ ] xd 2xd xq 

then the power developed owing to the field excitation is 

Pdf = A sin 6 (8.24b) 

and the power developed due to the saliency of the rotor is 

pds = B Sin 28 (8.24~) 

When the applied voltage and the field excitation are held constant, the con- 
dition for the power developed to be maximum can be obtained by setting dPd/dS 
to zero. This done, the power developed is maximum when 8 --+ 8, where 

(8.25) I-" + : + 32B2 1 6, = -cos-l 

Note that we have included a minus sign in the above equation to ensure that the 
induced emf in a synchronous motor always lags the applied voltage. 

E X A M P L E  8.4 

A 208-V, 60-Hz, three-phase, Y-connected, salient-pole, synchronous motor op- 
erates at full load and draws a current of 40 A at 0.8 pf lagging. The d- and q-axis 
reactances are 2.7 Q/phase and 1.7 Q/phase, respectively. The armature-winding 
resistance is negligible, and the rotational loss is 5% of the power developed by 
the motor. Determine (a) the excitation voltage, (b) the power developed due to 
the field excitation, (c) the power developed due to saliency of the motor, (d) the 
total power developed, (e) the efficiency of the motor, and (f ) the maximum power 
developed by the motor. 

0 S O L U T I O N  

va = 120D V and = 401 -36.87' A 

- - - 
Ei = V ,  - jIaXq 

= 120 - j1.7 X 40/-36.87" 

= 96.083/ - 34.48' V 
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Thus, the absolute value of the power angle S is 34.48". 

(Y = 10 - 6) = 2.39" 

i d  = sin (Y / - 34.48" - 90" 

= 40 X sin(2.39")/-124.48" 

= 1.668/ - 124.48" A 

(a) The per-phase excitation voltage is 
- - I 

E,  = E: - j l d ( x d  - Xq) 
= 96.083/ -34.48" - j1.668/ - 124.48" X (2.7 - 1.7) 

= 94.415/ - 34.48" V 

(b) The power developed due to the field excitation, P d p  is 

3 X 120 X 94.415 X sin(34.48") 
2.7 

= 7126.68 W pdf = 

(c) The power developed due to saliency of the motor, Pds, is 

(2.7 - 1.7) s h ( 2  X 34.48") x 3 x 1202 = 4392.14 W 
2 x 2.7 x 1.7 pds  = 

(d) The total power developed is 

p,, = p d f  + p d s  a 11,519 w 
Check: 

P d  = 3Re[&i:] 

= 3Re[96.083/ - 34.48" X 40/36.87"] 11,520 W 

(e) The rotation loss: P, = 0.05 x 11,519 = 576 W 

The power input: Pi,, = 3 Re[c,i,*] 
= 3 Re[120 x 40[36.87"] 

= 11,520 W 
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As expected, the power input is equal to the power developed when the 
armature-winding resistance is neglected. 

The power output: Po = 11,520 - 576 = 10,944 W 

Hence, the efficiency of the motor is 

- 0.95 or 95% v=-- 10,944 
11,520 

( f )  From Eq. (8.24), 

3 x 120 x 94.415 
A =  n n  = 12,588.67 

3(2.7 - 1.7) B =  x 1202 = 4705.88 
2 x 2.7 x 1.7 

P, = 12,588.67 sin 6 + 4,705.88 sin 26 

From Eq. (8.25), 6, = -63.4' 
Finally, the maximum power developed is 

P,, = 12,588.67 sin (63.4') + 4,705.88 sin (2 x 63.4") 

= 15,024 W 

Exercises 

8.3. 
8.4. 

8.5. 

Verify Eq. (8.25). 
A 20-hp, 480-V, 60-Hz, 12-pole, three-phase, Y-connected, salient-pole, syn- 
chronous motor delivers the rated load at a unity power factor. The d- and 
q-axis synchronous reactances are 1.5 O/phase and 0.9 fl/phase, respec- 
tively. The rotational power loss is 800 W. The armature-winding resistance 
is negligible. Determine (a) the excitation voltage, (b) the power angle, 
(c) the power developed due to the field excitation, (d) the power devel- 
oped due to the saliency of the motor, (e) the total power developed, ( f )  the 
torque developed, (g) the maximum power developed, and (h) the effi- 
ciency of the motor. 
If the motor in Exercise 8.4 is connected to a 480-V, three-phase source via 
a three-wire transmission line with a reactance of 2.5 O/line, determine the 
power angle and the power developed by the motor. 
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8.5 Exact Condition for Maximum Power 

The power developed by a round-rotor synchronous motor depends upon the ter- 
minal voltage, its synchronous impedance, the excitation voltage, and the power 
angle. The synchronous impedance is constant as long as the motor operates in 
the linear region. The terminal voltage is constant when the motor is connected 
to an infinite bus. If the field excitation is held constant, the excitation voltage is 
also constant. Under these constraints, the change in the power developed must 
be accompanied by a change in the power angle. Thus, the power developed is 
maximum when 6 -+ 6, and dP,/dG = 0. Differentiating Eq. (8.16) with respect to 
6 and setting it to zero, we obtain 

- R ,  sin 6 ,  + X ,  cos 6,= 0 

or 

xs tan 6, = - 
Ra 

(8.26) 

which clearly indicates that the power angle 6,  -+ -90" when R, -+ 0. This is in 
harmony with Eq. (8.18). 

Substituting Eq. (8.26) in Eq. (8.16) and after some simplifications, we obtain 
an expression for the per-phase maximum power developed, P d m a ,  as 

When R, -+ 0, the above expression simplifies to 

(8.27a) 

(8.2%) 

Note that Eq. (8.27) yields the maximum power for a given value of E,. How- 
ever, E, can be varied by varying the field excitation. Therefore, Pdma (increases/ 
decreases) as E, (increases/decreases) with an (increaseldecrease) in the field ex- 
citation. By differentiating Eq. (8.27a) with respect to E, (dPd,,/dE,) and setting it 
to zero, we obtain an equation for E, as 

(8.28) 
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This is the value of the excitation voltage that gives the maximum power devel- 
oped by a round-rotor synchronous motor. We hasten to add that this is not the 
maximum value of the excitation voltage. 

Substituting Eq. (8.28) in Eq. (8.27), we obtain the per-phase maximum power 
developed as 

(8.29) 

Equation (8.27a) can also be written as 

Solving for E,, we obtain 

Corresponding to the per-phase maximum power developed, Pdm, there are two 
values of the excitation voltage E, as given by the above equation. These values 
are said to represent the excitation limits for any load on the motor. 

We can also obtain the criterion for the per-phase maximum power developed 
as a function of E, for fixed values of V,, Z,, and 6 by differentiating Eq. (8.16) 
with respect to E, and setting it to zero. By doing so, we obtain 

1 R, cos 6 + X, sin 6 (8.31) 

Substitution of Eq. (8.31) in Eq. (8.16) yields the maximum power developed as 

However, from the impedance triangle (Figure 8.9), 

(8.32) 

and 

R, = Z, cos + 
x, = z, sin + 



Exact Condition for Maximum Power 49 1 

i 
R'? 

Figure 8.9 Impedance triangle for the synchronous impedance of a round-rotor 
synchronous motor. 

Substituting for R, and X, in Eq. (8.32), we obtain the maximum power developed 
as 

(8.33) 

From the above equation it is evident that Pdma is maximum when 6 = 9. When 
6 = +, Eqs. (8.31) and (8.33) reduce to Eqs. (8.28) and (8.29), respectively. 

E X A M P L E  8 . 5  

A 120-V, 60-Hz, three-phase, Y-connected, round-rotor, synchronous motor has 
an armature-winding resistance of 0.5 + j3 Rlphase. The motor takes a current 
of 10 A at 0.8 pf leading when operating at a certain field current. The load is 
gradually increased until the motor develops the maximum torque while the field 
current is held constant. Determine the new line current, the power factor, and 
the torque developed by the motor. 

0 S O L U T I O N  

Initial operation: 

Zs = 0.5 + j3 = 3.04/80.54" R 

e, = 69.28& V 

ial = 10/36.87" A 

Eol = V, - iol& = 87.54/-17.96" V 

Operation at maximum power: 
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The power angle associated with the maximum torque is 

6 ,  = tan-' [&] = 80.54" (lag) 

Ea2 = 87.541 - 80.54" V 

The line current is 

- 69.28 - 87.54[ - 80.54" - 33.66/ - 22.98" A 
0.5 + j 3  la2 = 

The per-phase maximum power developed by the motor is 

Pdmn = Re[ (87.541 - 80.54")(33.66/22.98")] 

= 1580 W/phase 

The total power developed by the motor is 

P d m  = 3Pdma = 4740 W 

We can verify the per-phase maximum power developed by using Eq. (8.27a) as 

69.28 X 87.54 
87.54* X 0.5 ~ 1580 W/phase - 

3.04 3. 042 Pdma = 

Exercises 

8.6. A 440-V, 60-Hz, 4-pole, three-phase, A-connected, synchronous motor has 
a synchronous impedance of 1.2 + j 8  n/phase. The field current is adjusted 
so that the excitation voltage is 560 V. When the motor develops the max- 
imum power, determine (a) the line current, (b) the power factor, (c) the 
torque angle, (d) the maximum power developed, and (e) the maximum 
torque developed. 
A 208-V, 50-Hz, 12-pole, three-phase, Y-connected, synchronous motor has 
a synchronous impedance of 0.75 + j7.5 n/phase. The field excitation is 
so adjusted that the motor takes 25 A on full load at unity power factor. 
The rotational loss is 1.2 kW. If the field excitation is held constant, calculate 
(a) the line current, (b) the power factor, (c) the maximum power devel- 
oped, (d) the maximum power output, (e) the maximum shaft torque, and 
( f )  the efficiency. 

8.7. 
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8.6 Effect of Excitation 

No-Load Condition 

In order to discern the effect of excitation on the behavior of a synchronous motor, 
we assume that the motor is ideal in the sense that (a) it has no armature-winding 
resistance, and (b) there are no rotational losses. We also assume that the motor 
is connected to an infinite bus so that its terminal voltage is constant and there is 
no change in its frequency. The operation of an ideal motor at no load requires 
no armature current. For this to happen, the applied voltage must be equal and 
opposite to the excitation voltage. Since the motor rotates at a constant speed and 
the frequency of the applied source is also constant, the excitation voltage can be 
changed only by changing the excitation (field-winding) current. When the exci- 
tation current is adjusted to obtain the excitation voltage equal in magnitude to 
the applied voltage, it is referred to as normal (100%) excitation. Since there is no 
power developed by the motor, the power angle 6 must be zero, as illustrated in 
Figure 8.10a. 

If the excitation current is increased beyond what is needed for normal exci- 
tation, the magnitude of the excitation voltage increases and the motor is said to 
be overexcited. The difference between the applied voltage and the excitation 
voltage is responsible for the armature current in the motor. We can express the 
armature current as 

(8.34) 

Figure 8.10 Operation of a synchronous motor at no load for (a) normal excitation, 
(b) overexcitation, and (c) underexcitation. 
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Since E, > c,, the armature current leads the phasor En - q, by 90". The mag- 
nitude of armature current depends upon the level of overexcitation. Since the 
power output (developed) is zero at no load, the power angle 6 must still be zero, 
as shown in Figure 8.10b. However, the complex power input to the motor is 

S, = -j3VR1, (8.35) 

where V ,  and 1, are the effective values of the applied (terminal) voltage and the 
armature current. The complex power is purely reactive, and the presence of the 
minus sign highlights the fact that the motor behaves as a capacitor when it is 
overexcited. When an overexcited synchronous motor operates at no load, it is 
customary to refer to it as a synchronous condenser. It is used in this fashion to 
improve the overall power factor of a plant. We will shed more light on its func- 
tion as a synchronous condenser in the next section. 

When the field current is below its normal value, the motor is said to be 
underexcited. In this case, the excitation voltage is smaller than the terminal volt- 
age, and the current in the armature winding is 

(8.36) 

Since ca is greater than E, and the power angle 6 must still be zero, the presence 
of - j  in the above equation indicates that the current is lagging the applied voltage 
by 90°, as depicted in Figure 8.10~. The complex power input to the motor 

S, = j3V,l, (8.37) 

is purely inductive. Thus, an underexcited synchronous motor behaves like an 
inductor. If used in this way, a synchronous motor may be called a synchronous 
inductor. 

From the above discussion, it must be obvious that a change in the level of 
excitation affects the reactive power only when the motor operates at no load. 
There is no change in the average (real) power either supplied to or developed by 
the motor. The change in the average power can be accomplished only by varying 
the load on the motor. 

Load Condition 
Let us now examine the condition when an ideal synchronous motor is supplying 
some load. The power developed by a round-rotor synchronous motor is 

3V,E, sin 6 
P d  = 

xs 
(8.38) 
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Since V, and X, are constants and P, is held constant, E, sin 6 must also be constant. 
As E, changes with a change in the field excitation, the power angle 6 must also 
change in such a way that E, sin 6 is constant. In other words, the locus of the tip 
of E, must trace a line parallel to c,, as shown in Figure 8.11. 

A change in the excitation voltage is also accompanied by a change in the 
armature current because 

(8.39) 

However, the power developed by an ideal motor is also equal to the power input 
to the motor. That is 

P, = 3v,1, COS e (8.40) 

Since the power output of the motor is constant, the power input to the motor 
must also be constant. For that reason, 1, cos 8 must be constant. As the magni- 
tude of the armature current changes with the change inEa, the power-factor angle 
0 adjusts itself in such a way that the product 1, cos 8 remains constant. This is 
possible when the locus of the tip of fa traces a line perpendicular tov,, as illus- 
trated in Figure 8.11. 

V Curves 
We can make the following observations when the level of excitation is changed 
gradually from underexcitation to overexcitation for a constant power output 

1. The armature current is minimum when it is in phase with the terminal volt- 
age; that is, the power factor is unity. 

I , ,  Locus for constant power 

E,, Locus for constant power 

Figure 8.11 Constant power loci of armature current and excitation voltage. 
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Figure 8.12 V 

Field-winding current 'I 

curves for a synchronous motor. 

2. 

3. 

The power factor is lagging when the motor is underexcited. In this case, the 
motor behaves like an inductive load. 
The power factor is leading when the motor is overexcited. The operation of 
an overexcited synchronous motor is analogous to that of a capacitive load. 
Once again, the motor can be used not only to deliver a load torque but also 
to improve the power factor of the three-phase power supply. 

When the magnitude of the armature current is plotted as  a function of the 
excitation current for various load conditions, we obtain a set of nested curves, 
the so-called V curves, as shown in Figure 8.12. These curves are very similar to 
those obtained for synchronous generators in the preceding chapter. The only 
difference is that the power factor is lagging when the motor is underexcited and 
leading when it is overexcited. 

We can also plot the variations in the power factor as a function of the exci- 
tation current, as depicted in Figure 8.13. Note the sharpness in the curve at no 
load compared with that at full load. Do you know why? 

E X A M P L E  8 . 6  

A 208-V, Y-connected, three-phase, synchronous motor has a synchronous reac- 
tance of 4 O/phase and negligible armature-winding resistance. At a certain load 
the motor takes 7.2 kW at 0.8 pf lagging. If the power developed by the motor 
remains the same while the excitation voltage is increased by 50% by raising the 
field excitation, determine (a) the new armature current and (b) the power factor. 
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I 
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Full load 

Partial load 

" 
Field-winding current 

Figure 8.13 Power-factor characteristic of a synchronous motor. 

-+ If 

S O L l J T I O N  

= 25 A 
7200 

3 x 120 x 0.8 
I, = 

Thus, in = 25/-36.87" A 

En = 1 2 0 D  - j4 X 251-36.87" 

= 1 OO/ - 53.13' V 

The new excitation voltage: En, = 100 X 1.5 = 150 V 

If 6, is the new torque angle, then 

7200 x 4 
sin 6, = = 0.533 => 6, = -32.23' 

3 X 120 X 150 

Hence, the new armature current is 

.. 120 - 150 /-32.23' 
'an = = 20.073 /4.92" A 

j4 
and the new power factor is 

pf = cos(4.92) = 0.996(leading) 
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Exercises 

8.8. 

8.9. 

8.10. 

A 208-V, three-phase, Y-connected, synchronous motor takes 7.2 kW at 
0.8 pf leading. The synchronous reactance of the motor is 4 fl/phase and 
the armature-winding resistance is negligible. If the field excitation is ad- 
justed to decrease the excitation voltage by 50% while the load on the motor 
remains the same, determine (a) the new torque angle, (b) the armature 
current, and (c) the power factor. 
Repeat Exercise 8.8 when the field excitation is adjusted to obtain a unity 
power factor. What is the change in the excitation voltage? 
Plot the V-curve for the motor in Exercise 8.8 by varying the power factor 
from 0.5 lagging to 0.5 leading. Assume E, = loo$, where $ is the field- 
winding current. 

8.7 Power Factor Correction 

In an electrical system in which fluorescent lamps are used for lighting and in- 
duction motors are used as workhorses, the overall power factor of the system is 
low. Since the total power supplied by an infinite bus to the load is 3V,I, cos 8, a 
decrease in the power factor cos 8 or an increase in the power-factor angle 9 is 
accompanied by an increase in the current I,. For the same load, the increase in 
the current owing to the decrease in the power factor results not only in a greater 
voltage drop over the transmission line but also in greater power losses. For this 
reason, a utility company usually charges a higher rate to a customer for main- 
taining a power factor lower than 50%. 

Since an overexcited synchronous motor takes power with a leading power 
factor, it behaves like a capacitor. Advantage is taken of this fact in order to 
improve the overall power factor of an electrical system. To do so, a high-effi- 
ciency synchronous motor is placed in parallel with the rest of the load. A syn- 
chronous motor may be installed to replace an induction motor and also to 
improve the power factor. Simply by changing the excitation current, the power 
factor of a synchronous motor can be varied from lagging to leading or vice versa. 

When a synchronous motor is intentionally built without any shaft extension 
just to improve the power factor, it is commonly called the synchronous con- 
denser (capacitor). Such a motor requires very little real (average) power for its 
own rotational loss but supplies the needed reactive power with a leading power 
factor. 

Although it may seem very logical to improve the overall power factor of an 
electrical system to unity to minimize energy consumption, it is customarily not 
done because such a correction imposes high reactive power requirements on the 
synchronous motor. It may not be economically viable to install such a synchro- 
nous motor. Therefore, in most of the cases the reactive power supplied by the 
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synchronous motor is smaller than the reactive power demand of the rest of the 
electrica! system. 

Let S, = P, + j Q ,  be tbe complex power required by an electrical system as 
shown in Figure 8.14, and S, = P ,  - jQ, be the complex power intake of the 
synchronous motor. The overall power requirements are 

it = PL + p ,  + i(QL - (2,) (8.41a) 

(8.41 b) = Pt + iQt 

In light of our earlier discussion, Q, 5 QL. The overall power factor is 

(8.42) p, pf = - s, 

where S, = lit I. As long as Q, I QL, the overall power factor, although improved 
by the addition of a synchronous motor, is still lagging, as  depicted by the power 
triangles in Figure 8.15. 

E X A M P L E  8.7 

A manufacturing plant uses 100 kVA at 0.6 pf lagging under normal operation. A 
synchronous motor is added to the system to improve the overall power factor. 
The power required by the synchronous motor is 10 kW. Determine the overall 
power factor when the synchronous motor operates at 0.5 pf leading. What must 
be the power factor of the motor to improve the overall power factor to 0.9 
lagging? 
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0 S O L U T I O N  

For the load: 0,- = ~oSK~(0.6) = 53.13" (lag) 

iL = 100/53.13' = 60 + j80 kVA 

For the synchronous motor: 0, = cos-'(0.5) = 60" (lead) 

10 
0.5 

S,, = - = 20 kVA 

Thus, $,, = 201-60' = 10 - j17.32 kVA 

The overall power requirements are 

$ = 60 + 10 + j(80 - 17.32) 

= 70 + j62.68 

= 93.96141.84" kVA 

and the power factor is 

pf = cos (41.84') = 0.74 lagging 

For the power factor to be 0.9 lagging, Of = 25.84' (lag). The real (average) power 
requirement is still 70 kW, and the corresponding apparent power must be 
70/0.9 = 77.778 LVA. Thus, 

st = 77.778L25.84' = 70 + j33.9 kVA 

For no change in the power requirements of the load, the new power demand on 
the motor is 

$,, = (70 + j33.9) - (60 + j80) 

= 10 - j46.1 

= 47.1721 - 77.76' kVA 

Hence, the power factor of the motor is 

pf = cos(77.76) = 0.21 (lead) 
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Figure 8.15 Power triangles for (a) load, (b) synchronous motor, and (c) improved load 
on the three-phase, power source. 

Exercises 

8.11. The power consumption of a factory is 2000 kVA at 0.45 pf lagging. A 
synchronous motor is added to raise the power factor to 0.8 lagging. If the 
power intake of the motor is 100 kW, determine the power factor and the 
kVA rating of the motor. 
A factory load of 360 kW at a power factor of 0.6 lagging includes an 
induction motor delivering 50 hp at an efficiency of 80% and 0.866 pf lag- 
ging. When the induction motor is replaced by a synchronous motor of the 
same horsepower and efficiency, the power factor becomes 0.8 lagging. 
Determine the kVA rating and the power factor of the motor. 

8.12. 

S U M M A R Y  

A synchronous motor is electrically the same as a synchronous generator. How- 
ever, it is not self-starting. When the motor is equipped with a damper winding, 
it develops a starting torque owing to the induced current in its damper winding. 
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The damper winding may be either a three-phase winding or a squirrel-cage wind- 
ing. When the motor attains a speed nearly equal to its synchronous speed, the 
field winding is excited and the motor pulls into synchronism. Once the motor 
attains its synchronous speed, the damper winding becomes ineffective. The 
motor keeps on rotating at its synchronous speed as long as the load torque is 
less than the pull-out torque. The pull-out torque is the maximum torque the 
motor can handle without pulling out of synchronism. 

The equations for the power (or torque) developed by a synchronous motor 
are the same as those for a synchronous generator. The only difference is that the 
motor rotates in the same direction as the torque it develops. On the other hand, 
the generator is forced to rotate by the prime mover in a direction opposite to the 
torque developed. 

For any given load, a synchronous motor can be made to operate at either a 
lagging power factor, unity power factor, or a leading power factor. The field 
current (and thereby the excitation voltage) that results in the armature current in 
phase with the terminal voltage (unity power factor) at any load is known as the 
normal excitation. A decrease in the field current gives rise to underexcitation 
and a lagging power factor. Likewise, an increase in the field current from its 
normal value results in overexcitation and a leading power factor. 

An overexcited synchronous motor with a leading power factor is not only 
used as a motor to supply the needed mechanical power but also acts as a power 
factor correction device. In fact, there are some synchronous motors called syn- 
chronous condensers that are designed just to control the power factor. 

Review Questions 

8.1. 

8.2. 
8.3. 

8.4. 

8.5. 

8.6. 
8.7. 

8.8. 

What is the difference between a synchronous motor and a synchronous 
generator? 
What is a damper winding? How does it help to minimize hunting? 
If a synchronous generator is equipped with a damper winding, what effect 
does it have on the operation of the generator? 
What is the effect of the change in the excitation current on the motor 
speed? 
How does the change in the excitation current affect the power factor of a 
synchronous motor? Explain, succinctly, what happens when the field ex- 
citation is (a) increased and (b) decreased. 
Explain, briefly, the operation of a synchronous motor. 
A synchronous motor is operating at a unity power factor. What must be 
done to make the motor operate at a leading power factor? 
A synchronous machine is operating from an infinite bus. The excitation 
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8.9. 

8.10. 

8.11. 
8.12. 

8.13. 

8.14. 

8.15. 

8.16. 

8.17. 

8.18. 

8.19. 

8.20. 

8.21. 

8.22. 

8.23. 

8.24. 

voltage leads the bus voltage by 15" and the phase current lags the terminal 
voltage by 36.87". If the armature-winding resistance is negligible, is the 
machine acting as a motor or a generator? What are the effects on the power 
angle, the power factor, and the power developed when the field current 
is increased? 
The armature current increases with an increase in the field current of a 
synchronous motor. What is the initial power-factor angle? What is the 
effect on the torque angle? 
A synchronous motor is operating at its full load. The armature current 
decreases with an increase in the field current. Does the armature current 
lead or lag the terminal voltage? 
Why does the power angle lag in a synchronous motor? 
When a synchronous motor is loaded, what happens to the magnetic axis 
of the rotor with respect to the magnetic axis of the revolving field? 
Is it possible for a single-phase, synchronous motor to establish a revolving 
field? 
Is it possible for a two-phase, synchronous motor to set up a revolving 
field? 
Is there any difference between a synchronous motor and a synchronous 
condenser? 
Why is it necessary to improve the overall power factor of a manufacturing 
plant? 
Why does the field current increase with the increase in the load on a 
synchronous motor in order to keep it operating at unity power factor? 
If the excitation current is held constant and the load on the synchronous 
motor is increased, what happens to the power factor of the motor? 
A lOO-hp, 90% efficient, synchronous motor delivers the full load at 0.707 pf 
leading. What is the power input to the motor? What is its kVA require- 
ment? Sketch its power triangle. 
A machine uses 500 kW at 0.8 pf lagging. What sort of a load does the 
machine represent? What is the kVA requirement of this machine? Draw 
its power triangle. 
A 200-hp, 80% efficient, synchronous motor operates at full load and takes 
600 kVA from the supply. What is the power factor of the motor? What 
must be done to reduce its kVA requirements? 
The angle between the magnetic axes of the rotor and the revolving field 
of a 12-pole, 50-Hz, three-phase, synchronous motor is 2.5" mechanical. 
What is the power angle of the motor? 
Why does the armature current increase with the increase in the load on a 
synchronous motor even when there is no change in its field excitation? 
A synchronous motor is operating at a unity power factor (normal excita- 
tion) under a certain load. If the load is increased, explain why the current 
changes faster than the power factor. 
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Problems 

8.1. 

8.2. 

8.3. 

8.4. 

8.5. 

8.6. 

8.7. 

8.8. 

8.9. 

A 220-V, three-phase, Y-connected, synchronous motor has a synchronous 
impedance of 0.25 + j2.5 Rlphase. The motor delivers the rated load of 
80 A at 0.707 pf leading. Determine (a) the excitation voltage, (b) the power 
angle, and (c) the power developed by the motor. 
The synchronous impedance of a 22-kV, 50-A, three-phase, Y-connected 
synchronous motor is 0.5 + j12 fl/phase. The motor operates at full load 
and 0.866 pf lagging. The field-winding resistance is 25 R and the field 
current at full load is 40 A. The rotational loss is 20 kW. Determine (a) the 
power angle, (b) the excitation voltage, and (c) the efficiency of the motor. 
A 450-kVA, 2080-V, 50-Hz, 6-pole, three-phase, Y-connected, synchronous 
motor has a synchronous impedance of 1 + jl5Wphase. When the motor 
is fully loaded at 0.866 pf leading, determine (a) the excitation voltage, (b) 
the power angle, (c) the power developed, and (d) the torque developed. 
A 2200-V, 60-Hz, three-phase, Y-connected, &pole, synchronous motor has 
a synchronous impedance of 0.8 + j8Wphase. At no load the field excita- 
tion is adjusted so that the excitation voltage is equal in magnitude to the 
applied voltage. When the motor is loaded, the power angle is 22" electri- 
cal (lagging). Compute the torque developed by the motor. 
The synchronous reactance of a 1000-V, A-connected, three-phase, syn- 
chronous motor is 9 Q/phase. When the motor operates at a certain load, 
the power input is 138 k W  and the excitation voltage is 1200 V (line to line). 
If the armature-winding resistance is negligible, determine (a) the line cur- 
rent and (b) the power factor. 
The synchronous impedance of a 2200-V, three-phase, Y-connected syn- 
chronous motor is j3 R/phase. At a certain load, the power input to the 
motor is 762 kW and the excitation voltage is 2600 V. If the rotational loss 
is 50 kW, determine (a) the power angle, (b) the power factor, and (c) the 
efficiency of the motor. 
A lOO-hp, 2300-V, 50-Hz, three-phase, A-connected, synchronous motor 
delivers full load at 0.8 pf leading. The synchronous reactance is 12 n/phase 
and the armature-winding resistance is negligible. The rotational loss is 3 
kW and the field-excitation loss is 1.5 kW. Determine (a) the armature cur- 
rent, (b) the power angle, and (c) the motor efficiency. 
A 10-hp, 208-V, 6 0 - H ~  6-pole, three-phase, Y-connected, synchronous 
motor has a synchronous impedance of 0.25 + j3.5 R/phase. The friction 
and windage loss is 450 W, the core loss is 250 W, and the field-excitation 
loss is 100 W. Determine (a) the armature current, (b) the torque angle, (c) 
the shaft torque, and (d) the efficiency when the motor operates at full load 
with a unity power factor. 
A 460-V, three-phase, Y-connected, synchronous motor consumes 20 kW 
for a certain load at 1200 rpm. The excitation voltage is 580 V. The syn- 
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8.10. 

8.11. 

8.12. 

8.13. 

8.14. 

8.15. 

8.16. 

chronous reactance is 5 Wphase and the armature-winding resistance is 
negligible. Calculate the line current and the torque developed by the 
motor. Determine its efficiency when the rotational loss is 2 kW. Neglect 
the power loss in the field winding. 

A 208-V, A-connected, synchronous motor takes 30 A from the infinite bus 
(supply) at full load and 0.866 pf leading. The synchronous impedance of 
the motor is 0.5 + j6 R/phase. Determine the power developed by the 
motor. What is the maximum power developed by the motor when the 
field excitation is held constant? 

A three-phase synchronous motor is connected to a three-phase synchro- 
nous generator. Obtain an expression for the power developed by the syn- 
chronous motor in terms of the per-phase no-load voltages of the generator 
Ego and the motor Em,, the synchronous reactances of the generator Xsg and 
the motor X,,, and the power angles of the generator and the motor 6,. 

A 500-V, three-phase, Y-connected, salient-pole, synchronous motor oper- 
ates at full load and draws a current of 30 A at 0.8 pf leading. The d- and 
q-axis synchronous reactances are 1.85 R/phase and 1.2 R/phase, respec- 
tively. The armature-winding resistance is 0.25 fl/phase. The rotational loss 
is 5% of the power developed at full load. Determine (a) the excitation 
voltage, (b) the torque angle, (c) the total power developed, and (d) the 
efficiency of the motor. 

The d- and q-axis synchronous reactances of a salient-pole motor are 1.0 
per unit and 0.7 per unit. The armature-winding resistance is negligible. 
The torque angle is 30". The motor operates at its rated terminal voltage, 
and the excitation voltage is 1.2 per unit. What is the ratio of the power 
developed due to saliency to the total power developed by the motor? If 
the power factor is unity, what is the per-unit current intake of the motor? 

A 460-V, 60-Hz, 12-pole, three-phase, Y-connected, synchronous motor 
operates at full load with 0.8 pf lagging. The full-load current is 15 A. The 
armature-winding resistance is 0.2 Wphase, the d-axis synchronous reac- 
tance is 15 Wphase, and the q-axis synchronous reactance is 8 Wphase. 
The rotational power loss is 1.5 kW. Determine (a) the torque angle, (b) 
the shaft torque, and (c) the efficiency of the motor. 

Repeat Problem 8.14 when the armature-winding resistance is negligible. 
Also compute the maximum power developed by the motor. 

A 208-V, three-phase, Y-connected, synchronous motor has a synchronous 
impedance of 0.4 + j 4  fl/phase. The motor takes 30 A on full load at a 
unity power factor. If the field current is held constant and the load is 
gradually increased until the motor develops the maximum torque, deter- 
mine (a) the new power factor, (b) the torque angle, and (c) the power 
developed by the motor. Also determine the excitation limits for the exci- 
tation voltage. 
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I ,  " 1 vv v " 

8.17. 

8.18. 

8.19. 

8.20. 

8.21. 

8.22. 

8.23. 

8.24. 

8.25. 

A 2080-V, %pole, 50-Hz, three-phase, Y-connected, synchronous motor has 
a synchronous impedance of 0.4 + j8  fl/phase. The field current is adjusted 
to obtain an excitation voltage of 1732 V on full load. What is the maximum 
torque the motor can deliver before it pulls out of synchronism? Also de- 
termine (a) the torque angle, (b) the armature current, (c) the power factor, 
and (d) the excitation limits. 
A 208-V, three-phase, Y-connected, synchronous motor has a synchronous 
impedance of 0.25 + j5 fl/phase. The motor operates at its lower excitation 
limit and delivers a maximum power of 15 kW. Determine (a) the torque 
angle, (b) the excitation voltage, (c) the line current, (d) the power factor, 
and (e) the efficiency. 
A 2300-V, Y-connected, three-phase, synchronous motor has a synchronous 
impedance of 0.2 + j l0 fl/phase. The motor takes 40 A at 0.8 pf lagging 
on full load. The field current is adjusted in such a way that the motor 
develops maximum power without any significant change in its power 
angle. Determine (a) the new excitation voltage, (b) the power angle, (c) the 
line current, (d) the power factor, and (e) the maximum power developed. 
Repeat Problem 8.19 if the field excitation is held constant and the load on 
the motor is increased until it develops the maximum power. 
The synchronous reactance of a 2200-V, three-phase, Y-connected, synchro- 
nous motor is 8 fl/phase and the armature-winding resistance is negligible. 
At full load, the motor takes 90 kW at 0.8 pf leading. If the load torque is 
held constant but the field excitation is increased by 30%, determine (a) the 
new torque angle, (b) the armature current, and (c) the power factor. 
Obtain the V curve for the synchronous motor of Problem 8.21 at its full 
load. Assume that the excitation voltage per phase is 500 times the field 
current. Vary the power factor from 0.5 lagging to 0.5 leading. 
A 460-V, Y-connected, three-phase, synchronous motor takes 30 kW at full 
load when the power factor is unity. The synchronous reactance is 
4 R/phase and the winding resistance is negligible. For a constant power 
output at 0.8 pf leading, what must be the change in the excitation voltage? 
What are the new power, angle, armature current, and power factor? 
A 4160-V, three-phase, Y-connected source supplies power to two induc- 
tive loads connected in parallel via a three-wire transmission line. Load A 
is Y-connected and has an impedance of 30 + j40 R/phase. Load B is A- 
connected and has an impedance of 150 + j360 R/phase. For each load, 
determine (a) the current, power, and power factor, (b) the total power sup- 
plied by the source, and (c) the power factor of the combined load. A Y- 
connected synchronous motor that takes 30 kW at 0.2 pf leading is con- 
nected in parallel with the source. What is the current intake of the motor? 
What is the overall power factor? 
A comuanv is exuendinp: 500 kVA at 0.45 uf lanaine: on a rermlar basis. A 
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8.26. 

8.27. 

8.28. 

300-kVAR synchronous condenser is placed in parallel with the supply in 
order to improve the power factor. Determine the new power factor. 
A 2.4-MVA load operates at an average power factor of 0.6 lagging. What 
must be the kVA rating and the power factor of a synchronous condenser 
in order to obtain an overall power factor of (a) 0.85 lagging and (b) unity? 
The winding resistance of the synchronous condenser is negligible, and the 
rotational loss is 24 kW. What conclusions can be drawn by comparing the 
kVA ratings of the synchronous machine? 
The average power requirement of a plant is 1500 kVA at a power factor 
of 0.707 lagging. A 200-hp, 90% efficient, synchronous motor is added to 
operate a new assembly line. When the motor operates at its rated load 
and takes 300 kVA with a leading power factor, what is the overall power 
factor of the plant? 
A load takes 3 MVA at 0.5 pf lagging. A 400-hp, 80% efficient, synchro- 
nous motor is installed. When the motor operates at its rated load, the over- 
all power factor improves to 0.866 lagging. Determine the kVA rating and 
the power factor of the motor. 



9 C H A P T E R  

Polyphase Induction 
Motors 

- Sectional view of a three-phase, high efficiency, induction motor. (Courtesy, MagneTek) 

508 



Construction 509 

9.1 Introduction 

The direct-current (dc) and synchronous motors we have discussed thus far have 
one thing in common: both are the doubly-fed type. These motors have direct 
current in their field windings and alternating current (ac) in their armature wind- 
ings. Since the electrical power is delivered directly to the armature of a dc motor 
via a commutator, it can also be referred to as a conduction motor. 

We now consider a motor in which the rotor receives its power not by con- 
duction but by induction and is therefore called an induction motor. A winding 
that receives its power exclusively by induction constitutes a transformer. There- 
fore, an induction motor is a transformer with a rotating secondary winding. From 
the above discussion, the following must be evident: 

1. An induction motor is a singly-fed motor. Therefore, it does not require a 
commutator, slip-rings, or brushes. In fact, there are no moving contacts 
between the stator and the rotor. This results in a motor that is rugged, reli- 
able, and almost maintenance free. 
The absence of brushes eliminates the electrical loss due to the brush voltage 
drop and the mechanical loss due to friction between the brushes and com- 
mutator or the slip-rings. Thus, an induction motor has a relatively high effi- 
ciency. 
An induction motor carries alternating current in both the stator and the rotor 
windings. 
An induction motor is a rotating transformer in which the secondary winding 
receives energy by induction while it rotates. 

There are two basic types of induction motors: single-phase induction motors 
and polyphase induction motors. Single-phase induction motors are favored for 
domestic applications. A large number of these motors are built in the fractional- 
horsepower range. We will discuss single-phase induction motors in Chapter 10. 
On the other hand, polyphase induction motors cover the entire spectrum of 
horsepower ratings and are preferably installed at locations where a polyphase 
power source is easily accessible. 

Owing to the widespread generation and transmission of three-phase power, 
most polyphase induction motors are of the three-phase type. In this chapter, we 
confine our discussion exclusively to three-phase induction motors. The theoret- 
ical development, however, can be easily extended to an n-phase induction motor 
where n 2 2. 

2. 

3. 

4. 

9.2 Construction 

The essential components of an induction motor are a stator and a rotor. 



510 Polyphase Induction Motors 

Stator 

The outer (stationary) member of an induction motor is called the stator and is 
formed by stacking thin-slotted, highly permeable steel laminations inside a steel 
or cast-iron frame. The frame provides mechanical support to the motor. Although 
the frame is made of a magnetic material, it is not designed to carry magnetic flux. 

Identical coils are wound (or placed) into the slots and then connected to form 
a balanced three-phase winding. For further insight on the placement of the coils 
and their internal connections, refer to Chapter 7. 

Rotor 
The rotor is also composed of thin-slotted, highly permeable steel laminations that 
are pressed together onto a shaft. There are two types of rotors: a squirrel-cage 
rotor and a wound rotor. 

The squirrel-cage rotor is commonly used when the load requires little start- 
ing torque. For small motors, such a winding is molded by forcing a molten con- 
ducting material (quite often, aluminum) into the slots in a die-casting process. 
Circular rings called the end-rings are also formed on both sides of the stack. 
These end-rings short-circuit the bars on both ends of the rotor, as explained in 
Chapter 8, where we referred to the squirrel-cage winding as a damper winding. 
For large motors, the squirrel-cage winding is formed by inserting heavy con- 
ducting bars (usually of copper, aluminum, or their alloys) into the slots and then 
welding or bolting them to the end-rings. 

Each pair of poles has as many rotor phases as there are bars because each 
bar behaves independently of the other. It is a common practice to skew the rotor 
laminations to reduce cogging and electrical noise in the motor. We will have 
more to say about it in a later section. 

It becomes necessary to use a wound rotor when the load requires a high 
starting torque. A wound rotor must have as many poles and phases as the stator. 
In fact, the placement of coils in a wound rotor is no different from that in the 
stator. The three-phase windings on the rotor are internally connected to form an 
internal neutral connection. The other three ends are connected to the slip-rings, 
as explained in Chapter 8. With the brushes riding on the slip-rings, we can add 
external resistances in the rotor circuit. In this way the total resistance in the rotor 
circuit can be controlled. By controlling the resistance in the rotor circuit we are, 
in fact, controlling the torque developed by the motor. We will show that the 
speed at which an induction motor develops the maximum torque (called the 
breakdown speed) depends upon the rotor resistance. As the rotor resistance 
increases, the breakdown speed decreases. Therefore, it is possible to obtain max- 
imum torque at starting (zero speed) by inserting just the right amount of resis- 
tance in the rotor circuit. However, a wound-rotor induction motor is more ex- 
pensive and less efficient than a squirrel-cage induction motor of the same rating. 
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For these reasons, a wound-rotor induction motor is used only when a squirrel- 
cage induction motor cannot deliver the high starting torque demanded by the 
load. 

9.3 Principle of Operation 

When the stator winding of a three-phase induction motor is connected to a three- 
phase power source, it produces a magnetic field that (a) is constant in magnitude 
and (b) revolves around the periphery of the rotor at the synchronous speed. The 
details of how the revolving field is produced and the torque is developed are 
given in Chapter 3. A brief review is presented here. 

If f is the frequency of the current in the stator winding and P is the number 
of poles, the synchronous speed of the revolving field is 

120f 
N,  = - 

P 

in revolutions per minute (rpm), or 

4vf 
0, = - 

P 

(9.la) 

(9.lb) 

in radians per second. 
The revolving field induces electromotive force (emf) in the rotor winding. 

Since the rotor winding forms a closed loop, the induced emf in each coil gives 
rise to an induced current in that coil. When a current-carrying coil is immersed 
in a magnetic field, it experiences a force (or torque) that tends to rotate it. The 
torque thus developed is called the starting torque. If the load torque is less than 
the starting torque, the rotor starts rotating. The force developed and thereby the 
rotation of the rotor are in the same direction as the revolving field. This is in 
accordance with Faraday’s law of induction. Under no load, the rotor soon 
achieves a speed nearly equal to the synchronous speed. However, the rotor can 
never rotate at the synchronous speed because the rotor coils would appear sta- 
tionary with respect to the revolving field and there would be no induced emf in 
them. In the absence of an induced emf in the rotor coils, there would be no current 
in the rotor conductors and consequently no force would be experienced by them. 
In the absence of a force, the rotor would tend to slow down. As soon as the rotor 
slows down, the induction process takes over again. In summary, the rotor re- 
ceives its power by induction only when there is a relative motion between the 
rotor speed and the revolving field. Since the rotor rotates at a speed lower than 
the synchronous speed of the revolving field, an induction motor is also called an 
asynchronous motor. 
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Let N, (or w,) be the rotor speed at a certain load. With respect to the motor, 
the revolving field is moving ahead at a relative speed of 

or 

N ,  = N, - N ,  

0, = ws - w, 

(9.2a) 

(9.2b) 

The relative speed is also called the slip speed. This is the speed with which the 
rotor is slipping behind a point on a fictitious revolving pole in order to produce 
torque. However, it is a common practice to express slip speed in terms of the slip 
(s), which is a ratio of the slip speed to the synchronous speed. That is, 

or 
N, - N ,  W, - W, - - s =  
N, 0, 

(9.3) 

Although the above equation yields the slip on a per-unit basis, it is customary 

In terms of the synchronous speed and the per-unit slip, we can express the 
to express it as a percentage of synchronous speed (percent slip). 

rotor speed as 

or 

(9.4a) 

(9.4b) 

When the rotor is stationary, the per-unit slip is 1 and the rotor appears exactly 
like a short-circuited secondary winding of a transformer. The frequency of the 
induced emf in the rotor winding is the same as that of the revolving field. How- 
ever, when the rotor rotates, it is the relative speed of the rotor Nr (or mr) that is 
responsible for the induced emf in its windings. Thus, the frequency of the induced 
emf in the rotor is 

= Sf (9.5) 

The above equation highlights the fact that the rotor frequency depends upon the 
slip of the motor. At standstill, the slip is 1 and the rotor frequency is the same as 
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that of the revolving field. However, the rotor frequency decreases with the de- 
crease in the slip. As the slip approaches zero, so does the rotor frequency. An 
induction motor usually operates at low slip. Hence the frequency of the induced 
emf in the rotor is low. For this reason, the core loss in the rotor magnetic circuit 
is most often ignored. 

E X A M P L E  9 . 1  

A 208-V, 60-Hz, 4-pole, three-phase induction motor has a full-load speed of 
1755 rpm. Calculate (a) its synchronous speed, (b) the slip, and (c) the rotor 
frequency. 

0 S O L U T I O N  

(a) The synchronous speed of the induction motor is 

120 X 60 
4 = 1800 rpm Ns = 

(b) At full load, the slip is 

1800 - 1755 
1800 

= 0.025 or 2.5% s =  

(c) The rotor frequency at full load is 

f r  = 0.025 x 60 = 1.5 HZ 

Exercises 

9.1. The rotor speed of a 440-V, 50-Hz, 8-pole, three-phase induction motor is 
720 rpm. Determine (a) the synchronous speed, (b) the slip, and (c) the 
rotor frequency. 
If the rotor frequency of a 6-pole, 50-Hz, three-phase induction motor is 
3 Hz, determine (a) the slip and (b) the rotor speed. 
The magnetic field produced by a three-phase induction motor revolves at 
a speed of 900 rpm. If the frequency of the applied voltage is 60 Hz, de- 
termine the number of poles in the motor. When the rotor turns at a speed 
of 800 rpm, what is the percent slip of the motor? 

9.2. 

9.3. 
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9.4 Development of an Equivalent Circuit 

When a balanced three-phase induction motor is excited by a balanced three-phase 
source, the currents in the phase windings must be equal in magnitude and 120" 
electrical apart in phase. The same must be true for the currents in the rotor wind- 
ings as the energy is transferred across the air-gap from the stator to the rotor by 
induction. However, the frequency of the induced emf in the rotor is proportional 
to its slip [Eq. (9.5)]. Since the stator and the rotor windings are coupled induc- 
tively, an induction motor resembles a three-phase transformer with a rotating 
secondary winding. The similarity becomes even more striking when the rotor is 
at rest (blocked-rotor condition, s = 1). Thus, a three-phase induction motor can 
be represented on a per-phase basis by an equivalent circuit at any slip s as de- 
picted in Figure 9.1. In this figure, 

PI = applied voltage on a per-phase basis 
R, = per-phase stator winding resistance 
L,  = per-phase stator winding leakage inductance 
XI = 27rfL, = per-phase stator winding leakage reactance 
R, = per-phase rotor winding resistance 
L, = per-phase rotor winding leakage inductance 
x, = 27rfLb = per-phase rotor winding leakage reactance under blocked- 

X, = 2rsfL6 = s X ,  = per-phase rotor winding leakage reactance at slip s. 
X, = per-phase magnetization reactance 
R, = per-phase equivalent core-loss resistance 
N, = actual turns per phase of the stator winding 
N2 = actual turns per phase of the rotor winding 
k,, = winding factor for the stator winding 
kw2 = winding factor for the rotor.winding 
am = amplitude of the per-phase flux 
El = 4.44fNlk,,@, = per-phase induced emf in the stator winding 

rotor condition (s = 1) 

d :  1 

Figure 9.1 Per-phase equivalent circuit of a balanced three-phase induction motor. 
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E b  = 4.44fN2kw2@, = per-phase induced emf in the rotor winding under 
blocked-rotor condition (s = 1) 

E ,  = sEb = per-phase induced emf in the rotor winding at slip s 
I, = per-phase rotor winding current 
I, = per-phase current supplied by the source 

= I, + I, = per-phase excitation current 
I, = per-phase core-loss current 
I, = per-phase magnetization current 

From the per-phase equivalent circuit (Figure 9.1), it is evident that the current 

- I 

- 
.. - -  

- 

in the rotor circuit is 

Based upon the above equation, we can develop another circuit of an induc- 
tion motor as given in Figure 9.2. In this circuit, the hypothetical resistance RJs  
in the rotor circuit is called the effective resistance. The effective resistance is the 
same as the actual rotor resistance when the rotor is at rest (standstill or blocked- 
rotor condition). On the other hand, when the slip approaches zero under no-load 
condition, the effective resistance is very high (RJs  -+ m). 

By defining the ratio of transformation, the a-ratio, as 

R, - $-y{Fj.m 
v, 2, 1 R J  - - 

[In 

Figure 9.2 Modified equivalent circuit of a balanced three-phase motor on a per-phase 
basis. 
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we can represent the induction motor by its per-phase equivalent circuit as re- 
ferred to the stator. Such an equivalent circuit is shown in Figure 9.3, where 

and 

For this equivalent circuit 

R, = a2Rr 

x, = a2Xb 

.. I r  1, = ; 

(9.8a) 

(9.8b) 

(9.8~) 

- i2R2 
E, = - S + jf2x2 

where 

The per-phase stator winding current and the applied voltage are 

and 

- - 
I ,  = I, + I, 

v, = E, + i,(R, + jX,) 

The equivalent circuit of the rotor in Figure 9.3 is in terms of the hypothetical 
resistance RJs .  In this circuit, I:R,/s represents the per-phase power delivered to 

Figure 9.3 Per-phase equivalent circuit of a balanced three-phase induction motor as 
referred to the stator side. 
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the rotor. However, the per-phase copper loss in the rotor must be 1:R2. Thus, the 
per-phase power developed by the motor is 

or 
R2 I - s  
- S = R, + R, [y] (9.9) 

The above equation establishes the fact that the hypothetical resistance R,/s 
can be divided into two components: the actual resistance of the rotor R, and an 
additional resistance R, [(l - s)/s]. The additional resistance is called the load 
resistance or the dynamic resistance. The load resistance depends upon the speed 
of the motor and is said to represent the load on the motor because the mechanical 
power developed by the motor is proportional to it. In other words, the load 
resistance is the electrical equivalent of a mechanical load on the motor. 

An equivalent circuit of an induction motor in terms of the load resistance is 
given in Figure 9.4. This circuit is proclaimed as the exact equivalent circuit of a 
balanced three-phase induction motor on a per-phase basis. 

Power Relations 
Since the load resistance varies with the slip and the slip adjusts itself to the 
mechanical load on the motor, the power delivered to the load resistance is equiv- 
alent to the power developed by the motor. Thus, the performance of the motor 
at any slip can be determined from its equivalent circuit, as given in Figure 9.4. 

For a balanced three-phase induction motor 

P ,  = 3VJ, cos 0 (9.10) 

Figure 9.4 The equivalent circuit of Figure 9.3 modified to show the rotor and the load 
resistances. 
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where 6 is the phase difference between the applied voltage c1 and the stator 
winding current il. Since the power input is electrical in nature, we must account 
for the electrical losses first. The immediate electrical loss that must be taken into 
consideration is the stator copper loss. 

The total stator copper loss is 

If the core loss is modeled by an equivalent core-loss resistance, as shown in the 
figure, we must also take into account the total core loss (magnetic loss) as 

P, = 312R, (9.12) 

The net power that is crossing the air-gap and is transported to the rotor by 
electromagnetic induction is called the air-gap power. In this case, the air-gap 
power is 

The air-gap power must also equal the power delivered to the hypothetical resis- 
tance RJs. That is, 

31;R2 P,  = - 
S 

The electrical power loss in the rotor circuit is 

Hence, the power developed by the motor is 

where 

31:(1 - s)R, - - = (1 - S)P,, = SP,, 
S 

(9.13b) 

(9.14) 

(9.15) 

is the per-unit (normalized) speed of the motor. 



Figure 9.5 Power-flow diagram when the core loss is (a) simulated by R,, and (b) treated 
as a part of the rotational loss. 

The electromagnetic torque developed by the motor is 

(9.16) 

By subtracting the rotational loss from the power developed, we obtain the power 
output of the motor as 

Po = Pd - P ,  (9.17) 

Since the core loss has .already been accounted for, the rotational loss includes 
the friction and windage loss P f i  and the stray-load loss Psi. The corresponding 
power-flow diagram is given in Figure 9.5a. When the core loss P, is also con- 
sidered a part of the rotational loss, the core-loss resistance R, in Figure 9.4 must 
be omitted, then Eq. (9.13a) becomes Pas = Pin - Psc,. The power-flow diagram 
when the core loss is a part of the rotational loss is given in Figure 9.5b. 

Speed-Torque Characteristic 
Equation (9.16) reveals that the torque developed by an induction motor is directly 
proportional to the square of the current in the rotor circuit and the equivalent 
hypothetical resistance of the rotor. However, the two quantities, the rotor cur- 
rent and the hypothetical rotor resistance, are inversely related to each other. For 
instance, if the rotor resistance is increased, we expect the torque developed by 
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the motor to increase linearly. But any increase in the rotor resistance is accom- 
panied by a decrease in the rotor current for the same induced emf in the rotor. 
A decrease in the rotor current causes a reduction in the torque developed. 
Whether the overall torque developed increases or decreases depends upon which 
parameter plays a dominant role. 

Let us examine the entire speed-torque characteristic of the motor. At stand- 
still, the rotor slip is unity and the effective rotor resistance is R,. The magnitude 
of the rotor current, from Figure 9.3, is 

El I -  ,-- (9.18) 

Note that the rotor winding resistance R, is usually very small compared with its 
leakage reactance X,. That is, R, << X,. 
‘The starting torque developed by the motor is 

(9.19) 

As the rotor starts rotating, an increase in its speed is accompanied by a de- 
crease in its slip. As s decreases, R,/s increases. As long as R,/s is smaller than 
X,, the reduction in the rotor current is minimal. Thus, in this speed range, the 
rotor current may be approximated as 

(9.20) 

Since the rotor current is almost constant, the torque developed by the motor 
increases with the increase in the effective resistance R,/s. Thus, the torque de- 
veloped by the motor keeps increasing with the decrease in the slip as long as the 
rotor resistance has little influence on the rotor current. 

When the slip falls below a certain value called the breakdown slip sb, the 
hypothetical resistance becomes the dominating factor. In this range, R J s  >> X, 
and the rotor current can be approximated as 

(9.21) 

The torque developed by the motor is now proportional to the slip s. As the slip 
decreases, so does the torque developed. At no load, the slip is almost zero, the 
hypothetical rotor resistance is nearly infinite, the rotor current is approximately 
zero, and the torque developed is virtually zero. With this understanding, we are 
able to sketch the speed-torque curve of an induction motor. Such a curve is de- 
picted in Figure 9.6. 
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T Breakdown 

is 

torque 

1.0 0.8 0.6 0.4sb 0.2 0 

Per-unir slip 

Figure 9.6 Typical speed-torque characteristic of a three-phase induction motor. 

E X A M P L E  9 . 2  

A 6-pole, 230-V, 6 0 - H ~ ~  Y-connected, three-phase induction motor has the follow- 
ing parameters on a per-phase basis: R ,  = 0.5 R, R, = 0.25 R, X, = 0.75 R, 
X, = 0.5 R, X,,, = 100 R, and R, = 500 R. The friction and windage loss is 150 W. 
Determine the efficiency of the motor at its rated slip of 2.5%. 

0 S O L U T I O N  

The synchronous speed of the motor is 

= 1200 rpm or w, = 125.66 rad/s 
(120 X 60) 

6 
N, = 

The per-phase applied voltage is 

230 
V ,  = - = 132.791 V v3 

The effective rotor impedance as referred to the stator is 

0'25 + j0.5 = 10 + j0.5 R Z ,  = - + jX, = - 
S 0.025 

,. R2 

The stator winding impedance is 

2, = R, + jX, = 0.5 + j0.75 R 

?ince R,, jX,, and 2, are in parallel, we can compute the equivalent impedance 
Z ,  as 

1 
l +  

1 
- + -  

1 
& 500 1100 10 + j0.5 

= 0.102 - j0.015 S 

or ie = 9.619 + j1.417 R 
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Hence, the total input impedance is 

2, = 2, + 2, = 10.119 + j2.167 

- v  
Zin 

The stator current: I ,  = 4 = 12.832/ - 12.09" A 

The power factor: pf = cos (12.09") = 0.978 lagging 

Power input: Pin = 3Vll, cos 0 = 4998.54 W 

Stator copper loss: Psce = 31:R, = 246.99 W 

El = GI - il& = 124.763/ -3.71' V 

- 
E 

Core-loss current: fc = = 0.25/ - 3.71' A 
R C  

- 
Magnetization current: f,,, = E, = 1.2481 -93.71" A 

i L  

Excitation current: f+ = ic + i, = 1.273/ -82.38" A 

Hence, the rotor current: f .  = il - f+ = 12.4611 - 6.59" A 

Core loss: P ,  = 31pRc = 93.75 W 

Air-gap power: Pa8 = Pin - Psce - P ,  = 4657.8 W 

Rotor copper loss: Prce = 31;R, = 116.46 W 

Power developed: Pd = P, - Prce = 4541.34 W 

Power output Po = Pd - 150 = 4391.34 W 

D 
Efficiency: q = 1D = 0.879 or 87.9% 

Pin  
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P o  P o  
"In (1 - S)", 

Shaft torque: T, = - = 

4391.34 
= 35.84 N.m - - 

(1 - 0.025) X 125.66 

Exercises 

9.4. A 10-hp, 4-pole, 440-V, 60-Hz, Y-connected, three-phase induction motor 
runs at 1725 rpm on full load. The stator copper loss is 212 W, and the 
rotational loss is 340 W. Determine (a) the power developed, (b) the air- 
gap power, (c) the rotor copper loss, (d) the total power input, and (e) the 
efficiency of the motor. What is the shaft torque? 
A 2-hp, 120-V, 60-Hz, 4-pole, Y-connected, three-phase induction motor 
operates at 1650 rpm on full load. The rotor impedance at standstill is 0.02 
+ j0.06 Rlphase. Determine the rotor current if the rotational loss is 160 W. 
What is the magnitude of the induced emf in the rotor? 
A 208-V, 50-Hz, 12-pole, Y-connected, three-phase induction motor has a 
stator impedance of 0.1 + j0.3 Wphase and a rotor impedance of 0.06 + 
j0.8 R/phase at standstill. The core-loss resistance is 150 R/phase, and the 
magnetization reactance is 750 Wphase. The friction and windage loss is 
2 kW. When the motor operates at its full-load slip of 5%, determine (a) 
the power input, (b) the stator copper loss, (c> the rotor copper loss, (d) the 
air-gap power, (e) the power developed, (f) the power output, (g) the effi- 
ciency, (h) the shaft torque, and (i) the horsepower rating of the motor. 

9.5. 

9.6. 

9.5 An Approximate Equivalent Circuit 

A well-designed three-phase induction motor usually meets most of the following 
guidelines: 

1. The stator winding resistance is kept small in order to reduce the stator copper 
loss. 

2. The stator winding leakage reactance is minimized by reducing the mean-tum 
length of each coil. 
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+ ( 1  -1) 

Figure 9.7 An approximate equivalent circuit on a per-phase basis of a balanced three- 
phase induction motor. 

3. 

4. 

Thin laminations of low-loss steel are used to cut down the core loss. Thus, 
the equivalent core-loss resistance is usually high. 
The permeability of steel selected for laminations is high, and the operating 
flux density in the motor is kept below the knee of the magnetization curve. 
Thus, the magnetization reactance is usually high. 

An induction motor conforming to the above stipulations can be represented 
by an approximate equivalent circuit, as shown in Figure 9.7. In this case, we have 
placed the parallel branch (the excitation circuit) across the power source. We 
admit that the analysis of an induction motor using the approximate equivalent 
circuit is somewhat inaccurate, but the inaccuracy is negligible for a well-designed 
motor. On the other hand, the approximate equivalent circuit not only simplifies 
the analysis but also aids in comprehending various characteristics of the motor. 
For instance, we use the approximate equivalent circuit to determine the speed at 
which (a) the torque developed is maximum, (b) the power developed is maxi- 
mum, and (c) the motor efficiency is maximum. Prior to proceeding further, let 
us examine the error introduced when an induction motor is analyzed using an 
approximate equivalent circuit. 

E X A M P L E  9 . 3  

Using the data of Example 9.2 and the approximate equivalent circuit, determine 
the efficiency of the motor at its rated slip. 

0 S O L U T I O N  

- 132.791 
Core-loss current: I ,  = ~ = 0.266 A 

500 
- 132.791 

Magnetization current: I,, = - - - -j1.328 A 
jl00 
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The equivalent impedance of the series circuit is 

R 2, = R, + + j ( X ,  + X,) = 10.5 + j1.25 R 
s 

Hence, the rotor current is 

- 1 32.79 1 
l2 = = 12.558/ - 6.79" A 

10.5 + j1.25 

The per-phase current supplied by the source is 

il = i2 + ic + i,,, = 13.043/-12.45" A 

Power input: Pi,, = 3Re[132.791 X 13.043/12.45"] 

= 5073.79 W 

Stator copper loss: Psce = 31;R, = 236.56 W 

Rotor copper loss: Prce = 31$R2 = 118.28 W 

Core loss: P ,  = 31:R, = 106.13 W 

Power output: Po = Pi,, - Psce - P,, - P ,  - 150 

= 4462.82 W 

- 0.8796 or 87.96% Finally, the efficiency: 3 = ~ - 
4462.82 
5073.79 

Exercises 

9.7. 
9.8. 

Redo Exercise 9.6 using the approximate equivalent circuit. 
The equivalent circuit parameters of a 208-V, ~O-HZ, 6-p0le, Y-connected, 
three-phase induction motor in ohms/phase are R, = 0.21, R, = 0.33, 
X ,  = 0.6, X, = 0.6, R, = 210, and X, = 450. When the motor runs at a 
slip of 5% on full load, determine the torque developed by the motor using 
the approximate equivalent circuit. What is the starting torque developed 
by the motor? 
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9.6 Maximum Power Criterion 

From the equivalent circuit as 

- 
I, = 

where 

and 

given in Figure 9.7, the rotor current is 

Ql (9.22) 
Re + jX, + R,(1 - s)/s 

Re = R, + R, 

x, = x, + x, 

The power developed by the three-phase induction motor, from Eq. (9.15), is 

3V:Rz(1 - S ) / S  

R: + X: + [R,(1 - s) /s ] ’  + 2R,R,(1 - S ) / S  
P, = (9.23) 

From the above equation it is evident that the power developed by a three- 
phase induction motor is a function of slip. Therefore, we can determine the slip 
sp  at which the power developed by the motor is maximum by differentiating the 
above equation and setting the derivative equal to zero. After differentiating and 
canceling most of the terms, we obtain 

or (9.24) 

RZ z, = - (1 - s p )  
sP 

where Z,  is the magnitude of the equivalent impedance of the stator and the rotor 
windings at rest. That is 

z, = IR, + ix,l (9.25) 

Equation (9.24) states that the power developed by a three-phase induction 
motor is maximum when the equivalent load (dynamic) resistance is equal to the 
magnitude of the standstill impedance of the motor. This, of course, is the well- 
known result we obtained from the maximum power transfer theorem during 
the study of electrical circuit theory. 
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From Eq. (9.24) we obtain the slip at which the induction motor develops 
maximum power as 

R, s =  
R, + Z, (9.26) 

Substituting for the slip in Eq. (9.23)’ we obtain an expression for the maximum 
power developed by a three-phase induction motor as 

Pdm = 3 [A] 
2 Re + Z, (9.27) 

The net power output, however, is less than the power developed by an 
amount equal to the rotational loss of the motor. 

E X A M P L E  9 . 4  

A 120-V, 60-Hz, 6-pole, A-connected, three-phase induction motor has a stator 
impedance of 0.1 + j0.15 R/phase and an equivalent rotor impedance of 0.2 + 
j0.25 fl/phase at standstill. Find the maximum power developed by the motor 
and the slip at which it occurs. What is the corresponding value of the torque 
developed by the motor? 

0 S O L U T I O N  

i, = R, + jx, = R, + R, + j(x, + x,) 
= 0.1 + 0.2 + j(0.15 + 0.25) = 0.5153.13’ K? 

From Eq. (9.26), the slip at which the motor develops maximum power is 

0.2 
0.2 + 0.5 

s =  = 0.286 or 28.6% 

The maximum power developed by the motor is 

= 27,000 W or 27 kW 3 x 120, 
‘dm = 2(0.3 + 0.5) 
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The synchronous speed of the motor is 

= 1200 rpm or 125.66 rad/s 
120 X 60 

6 
N, = 

The motor speed: w, = (1 - sp)w, = (1 - 0.286)125.664 = 89.72 rad/s 

Thus, the torque developed by the motor is 

T d = - - -  pdm - 27’000 -- - 300.94 N-m 
w, 89.72 

Exercises 

9.9. 

9.10. 

A MO-V, 50-Hz, %pole, three-phase, A-connected induction motor has a 
stator impedance of 0.05 + j0.25 Rjphase and an equivalent rotor impe- 
dance of 0.15 + 10.35 Rjphase at standstill. Determine (a) the slip at which 
the motor develops maximum power, (b) the maximum power developed 
by the motor, and (c )  the corresponding value of the torque developed. 
A 208-V, 60-Hz, 4-pole, three-phase, Y-connected induction motor has the 
following constants in ohms/phase: R ,  = 0.08, XI = 0.5, R, = 0.1, 
X ,  = 0.6. Determine the slip at which the motor develops maximum power. 
What is the maximum power developed by the motor? What is the corre- 
sponding torque developed by the motor? 

9.7 Maximum Torque Criterion 

The torque developed by a three-phase induction motor, from Eq. (9.23), is 

(9.28) 

where Re = R, + R, and X, = XI + X,. 
Differentiating the above equation with respect to s and setting it equal to 
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T 

n t R2 

0 0.2 0.4 0.6 0.8 1.0 

Per-unit speed- 

Figure 9.8 Effect of rotor resistance on the breakdown slip. 

zero, we obtain an expression for the breakdown slip sb at which the motor de- 
velops the maximum (breakdown) torque as 

(9.29) 

Note that the breakdown slip is directly proportional to the rotor resistance. Since 
the rotor resistance can be easily adjusted in a wound-rotor induction motor by 
means of an external resistor, we can obtain the maximum torque at any desired 
speed, including the zero speed (starting). Substituting the above expression for 
the breakdown slip in Eq. (9.28), we obtain an expression for the maximum torque 
developed by the motor as 

1 1 

2% R ,  + V R ;  + (XI + X# 
Tdm = 3v: [ (9.30) 

Note that the maximum torque developed by the motor is independent of the 
rotor resistance. In other words, the motor develops the same maximum torque 
regardless of its rotor resistance. The rotor resistance affects only the breakdown 
slip (or breakdown speed) at which the torque is maximum, as illustrated in Fig- 
ure 9.8. 

E X A M P L E  9 . 5  

Using the data of Example 9.4, determine (a) the breakdown slip, (b) the break- 
down torque, and (c) the corresponding power developed by the motor. 

0 S O L U T I O N  

The motor parameters given in Example 9.4 are 

R ,  = 0.1 R, X, = 0.15 R, R, = 0.2 0, X ,  = 0.25 R, V, = 120 V 
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The breakdown slip from Eq. (9.29) is 

= 0.485 0.2 
d0.1’ + (0.15 + 0.25)’ 

sb  = 

From Eq. (9.30), the maximum (breakdown) torque developed by the motor is 

1 1 
0.1 + qO.1’ + (0.15 + 0.25)2 Tdm = 

= 335.52 N-m 

The power developed by the motor at the breakdown slip is 

p d  = Tdm(1 - sb)% 

= 335.52(1 - 0.485)125.66 = 21.71 kW 
a 

When we compare the expressions for the breakdown slip, Eq. (9.29), with the 
slip at which the motor develops maximum power, Eq. (9.26), we find that the 
denominator in Eq. (9.26) is larger than that in Eq. (9.29). In other words, the motor 
develops maximum power at a slip lower than that at which it develops maximum 
torque (sp < s b ) .  

Further Approximations 
When the stator impedance is so small that it can be neglected in comparison with 
the rotor impedance at standstill, we obtain a very useful expression for the break- 
down slip, from Eq. (9.29), as 

(9.31) 

This equation states that the breakdown slip is simply a ratio of rotor resistance 
to rotor reactance. When the rotor resistance is made equal to the rotor reactance, 
the breakdown slip is unity. In this case, the motor develops the maximum torque 
at starting. 

The approximate expression for the breakdown torque, Eq. (9.30), becomes 

(9.32) 
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In order to use Eq. (9.32), the induction motor must operate at a very low slip. 
In fact, most three-phase induction motors operate below a slip of 5%, and the 
approximate relationship can be used to estimate the maximum torque developed 
by the motor. 

The rotor current at any speed when the stator impedance is neglected is 

The torque developed by the motor at any slip s is 

= [  3v: 3" 
(R2/s)' + Xz SO, 

(9.33) 

(9.34) 

The ratio of the torque developed at any slip s to the breakdown torque is 

(9.35) 

This is a very useful, albeit approximate, relation that can be used to determine 
the torque developed at any slip s once the breakdown torque T d m  and the break- 
down slip s b  are known. 

E X A M P L E  9 . 6  

A 208-V, 60-Hz, 8-pole, Y-connected, three-phase wound-rotor induction motor 
has negligible stator impedance and a rotor impedance of 0.02 + j0.08 n/phase 
at standstill. Determine the breakdown slip and the breakdown torque. What is 
the starting torque developed by the motor? If the starting torque of the motor 
has to be 80% of the maximum torque, determine the external resistance that must 
be added in series with the rotor. 

0 SOL1JTION 

120 X 60 
8 = 900 rpm or w, = 94.248 rad/s N, = 
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The motor speed: N, = (1 - sb)Ns = (1 - 0.25)900 = 675 rpm 

From Eq. (9.32), 
v, = 120v 

I2O2 [E] = 2861.782 N.m 
Tdm = 2 X 94.248 0.02 

From Eq. (9.35), the starting torque (s = 1) in terms of the maximum torque is 

2 x 1 x 0.25 
1 + 0.25’ Ts = Tdm = 0.47 Tdrn 

Since the starting torque is only 47% of the maximum torque, we must add some 
resistance to the rotor circuit. As the rotor resistance is increased, the breakdown 
slip also increases. If sbn is the new breakdown slip, then 

Since s = 1 at starting and TJT,,,, = 0.8, the above equation yields 

s:,, - 2 . 5 ~ ~ ~  + 1 = 0 

The two roots of the above quadratic equation are 2 and 0.5. Hence, the new 
breakdown slip must be 0.5. The corresponding value of the rotor resistance, from 
Eq. (9.31), is 

RZn = sbnX2 = 0.5 X 0.08 = 0.04 0 

Thus, the external resistance that must be added in each phase in series with the 
rotor resistance is 0.02 R. 

H 

Exercises 

9.11. 

9.12. 

Compute the breakdown slip and the breakdown torque of the motor of 
Exercise 9.9. What is the corresponding power developed by the motor? 
Using the data of Exercise 9.10, calculate (a) the breakdown speed, (b) the 
breakdown torque, and (c) the power developed by the motor at its break- 
down slip. 
The rotor impedance at standstill of a three-phase, Y-connected, 208-Vj 9.13. 
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60-Hz, 8-pole, wound-rotor induction motor is 0.1 + j0.5 Q/phase. Deter- 
mine the breakdown slip, the breakdown torque, and the power developed 
by the motor. What is the starting torque of this motor? Determine the 
resistance that must be inserted in series with the rotor circuit so that the 
starting torque is 50% of the maximum torque. 

- 
9.8 Maximum Efficiency Criterion 

When the core loss is considered a part of the rotational loss the power input to 
the motor using the approximate equivalent circuit, is 

Pi,, = 3V,I, cos 0 (9.36) 

where 0 is the power-factor angle between the applied voltage v, and the rotor 
current ';. 

The power output is 

Po = 3V1l2 cos 0 - 31;(R, + R2) - P, (9.37) 

The motor efficiency is 

3V112 cos 0 - 31:(R, + R,) - P, 
r l =  (9.38) 

Differentiating q with respect to I, and setting the derivative equal to zero, we 
obtain 

3V11, cos 0 

31:(R, + R,) = P, (9.39) 

as the criterion for the maximum efficiency of an induction motor. It simply states 
that the efficiency of an induction motor is maximum when the sum of the stator 
and the rotor copper losses is equal to the rotational loss. 

9.9 Some Irnportant Conclusions 

Prior to proceeding further, let us pause and make the following observations 
regarding the torque developed, the rotor current, and the motor efficiency. 

The Torque Developed 
When the motor is operating at or near its rated slip, which is usually less than 
lo%, the hypothetical rotor resistance is considerably greater than the rotor 
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leakage reactance. That is, R,/s >> X,. We can, therefore, approximate Eq. 
(9.34) as 

(9.40) 

1. The torque developed by the motor is proportional to the slip when the ap- 
plied voltage and rotor resistance are held constant. In this linear range, the 
ratio of torques developed is equal to the ratio of the slips. 
The torque developed is inversely proportional to the rotor resistance at a 
given slip when the applied voltage is kept the same. In other words, the 
torque developed at any slip can be adjusted by varying the rotor resistance. 
This can be easily accomplished in a wound-rotor motor. 
At a definite value of slip and rotor resistance, the torque developed by the 
motor is directly proportional to the square of the applied voltage. 
For a constant-torque operation under fixed applied voltage, the motor slip is 
directly proportional to the rotor resistance. 

2. 

3. 

4. 

The Rotor Current 
From Eq. (9.33) it is obvious that the rotor current is directly proportional to the 
applied voltage as long as the rotor resistance and the slip are held the same. 

When R,/s >> X,, the rotor current can be approximated as 

VIS 
12 = R, (9.41) 

(a) 

(b) 

The rotor current varies linearly with the slip when the motor operates 
at low slip. 
The rotor current varies inversely with the rotor resistance. 

The Motor Efficiency 
For an ideal motor we can assume that (a) the stator copper loss is negligible and 
(b) the rotational loss is zero. In this case, the air-gap power is equal to the power 
input. That is, Pi, = P,. However, the power developed is Pd = (1 - s) Pag = 
SPag, where S is the per-unit speed. Since the rotational loss is zero, the power 
output is equal to the power developed. Hence, the motor efficiency under the 
ideal conditions is 

q = l - s = S  (9.42) 
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The above equation places a maximum limit on the efficiency of a three-phase 
induction motor. This equation highlights the fact that if a motor is operating at 
60% of its synchronous speed, the maximum efficiency under the ideal conditions 
(theoretically possible) is 6O0/0. Thus, the higher the speed of operation, the higher 
the efficiency. For example, a motor operating at 5% slip can theoretically have 
an efficiency of 95%. 

E X A M P L E  9 . 7  

A 230-V, 60-Hz, 4-pole, A-connected, three-phase induction motor operates at a 
full-load speed of 1710 rpm. The power developed at this speed is 2 hp and the 
rotor current is 4.5 A. If the supply voltage fluctuates k lo%, determine (a) the 
torque range and (b) the current range. 

0 S O L U T I O N  

120 x 60 
4 = 1800 rpm N, = 

1800 - 1710 
1 800 

= 0.05 s =  

2 x TT X 1710 
60 

= 179.07 rad/s 0, = 

The torque developed at the rated voltage of 230 V is 

2 X 746 
179.07 

T d  = = 8.33 N.m 

When the supply voltage is down by lo%, the torque developed by the motor is 
2 

0.9 x 230 
TdL = [ 230 ] 

The corresponding rotor current is 

0.9 X 230 
f 2 L  = 4.5 [ 230 ] 

= 6.75 N-m 

= 4.05 A 

Similarly, when the supply voltage is up by lo%, the torque developed by the 
motor is 
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and the rotor current is 

12H = 4.5 x 1.1 = 4.95 A 

Hence, the torque varies from 6.75 N-m to 10.08 N.m, and the rotor current fluc- 
tuates between 4.05 A and 4.95 A. 

Exercises 

9.14. A 440-V, 50-Hz, 4-pole, Y-connected, three-phase induction motor runs at 
a slip of 5% on full load and develops a power of 10 hp. The slip falls to 
2% when the motor is lightly loaded. Determine the torque developed and 
the power output of the motor when it runs at (a) full load and (b) light 
load. 
A 660-V, 60-Hz, Y-connected, 6-pole, three-phase induction motor runs at 
1125 rpm on full load and develops a power of 10 hp. The unregulated 
supply voltage fluctuates from 600 to 720 V. What is the torque range of 
the motor if the speed is held constant? What is the speed range for the 
motor to develop the same torque? 

9.15. 

9.10 Equivalent Circuit Parameters 

The equivalent circuit parameters and the performance of a three-phase induction 
motor can be determined by performing four tests. These are (a) the stator- 
resistance test, (b) the blocked-rotor test, (c) the no-load test, and (d) the load test. 

The Stator-Resistance Test 
This test is performed to determine the resistance of each phase winding of the 
stator. Let R be the dc value of the resistance between any two terminals of 
the motor; then the per-phase resistance is 

R, = 0.5 R 

R, = 1.5 R 

for Yconnection 

for Aconnection 

The measured value of the resistance may be multiplied by a factor ranging 
from 1.05 to 1.25 in order to convert it from its dc value to its ac value. This is 
done to account for the skin effect. The multiplying factor may be debatable at 



Equivalent Circuit Parameters 537 

power frequencies of 50 or 60 Hz, but it does become significant for a motor 
operating at a frequency of 400 Hz. 

The Blocked-Rotor Test 
This test, also called the locked-rotor test, is very similar to the short-circuit test 
of a transformer. In this case, the rotor is held stationary by applying external 
torque to the shaft. The stator field winding is connected to a variable three-phase 
supply. The voltage is carefully increased from zero to a level at which the motor 
draws the rated current. At this time, the readings of the line current, the applied 
line voltage, and the power input are taken by using the two-wattmeter method, 
as illustrated in Figure 9.9. 

Since the rotor-circuit impedance is relatively small under blocked-rotor con- 
dition (s = l), the applied voltage is considerably lower than the rated voltage of 
the motor. Thus, the excitation current is quite small and can be neglected. Under 
this assumption, the approximate equivalent circuit of the motor is given in 
Figure 9.10 on a per-phase basis. The total series impedance is 

Z,  = R, + R, + j(Xl + X,) = Re + j X ,  (9.43) 

Let vb,, Ibr, and Pb,  be the applied voltage, the rated current, and the power 
input on a per-phase basis under the blocked-rotor condition; then 

Three-phase 
power 
source 

A. a 

Figure 9.9 Typical connections to perform test on a three-phase induction motor. 
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Figure 9.10 An approximate per-phase equivalent circuit of an induction motor under 
blocked-rotor condition. 

Since R, is already known from the stator-resistance test, the equivalent rotor 
resistance is 

R, = Re - R, (9.45) 

However, 

Therefore, 

x, = 

(9.46) 

(9.47) 

It is rather difficult to isolate the leakage reactances XI and X2. For all practical 
purposes, these reactances are usually assumed to be equal. That is 

Xi = X2 = 0.5Xe (9.48) 

The No-Load Test 
In this case the rated voltage is impressed upon the stator windings and the motor 
operates freely without any load. This test, therefore, is similar to the open-circuit 
test on the transformer except that friction and windage loss is associated with an 
induction motor. Since the slip is nearly zero, the impedance of the rotor circuit 
is almost infinite. The per-phase approximate equivalent circuit of the motor with 
the rotor circuit open is shown in Figure 9.11. 

Let W,, I,, and V ,  be the power input, the input current, and the rated 
applied voltage on a per-phase basis under no-load condition. In order to repre- 
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Figure 9.11 An approximate per-phase equivalent circuit of an induction motor under 
no-load condition. 

sent the core loss by an equivalent resistance R,, we must subtract the friction and 
windage loss from the power input. 

The friction and windage loss can be measured by coupling the motor under 
test to another motor with a calibrated output and running it at the no-load speed 
of the induction motor. Let P@ be the friction and windage loss on a per-phase 
basis. Then, the power loss in 4, is 

Hence, the core-loss resistance is 

V $  
Po, 

R, = - 

The power factor under no load is 

The magnetization reactance is 

voc 

1, sin oo, x, = 

The magnetization reactance can also be computed as follows: 

(9.50) 

(9.51) 

(9.52a) 
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and 
(9.52b) 

When using the two-wattmeter method to measure the power under no load, 
the reading on one wattmeter may actually be negative because the power factor 
of the motor under no load may be less than 0.5. If this is the case, the total power 
input is simply the difference of the two wattmeter readings. 

The Load Test 

To experimentally determine the speed-torque characteristics and the efficiency 
of an induction motor, couple the motor to a dynamometer and connect the three- 
phase stator windings to a balanced three-phase power source. If need be, the 
direction of rotation may be reversed by interchanging any two supply terminals. 
Starting from the no-load condition, the load is slowly increased and the corre- 
sponding readings for the motor speed, the shaft torque, the power input, the 
applied voltage, and the line current are recorded. From these data, the motor 
performance as a function of motor speed (or slip) can be computed. Using ana- 
log-to-digital converters, the data can be stored on a magnetic disk for further 
manipulations. 

E X A M P L E  9 .8  

The test data on a 208-V, 60-Hz, 4-pole, Y-connected, three-phase induction motor 
rated at 1710 rpm are as follows: 
The stator resistance (dc) between any two terminals = 2.4 Q 

No-Load Test Blocked-Rotor Test 

Power input 450 W 59.4 w 
Line current 1.562 A 2.77 A 
Line voltage 208 v 27 V 

Friction and windage loss = 18 W 
Compute the equivalent circuit parameters of the motor. 

0 S O L U T I O N  

For a Y-connected motor, the per-phase resistance of the stator winding is 

2.4 
2 

R, = - = 1.2 0 
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450 
3 

No-load test: W,, = - = 150 W 

- 6 W  
18 
3 

Pfio=-- 

Po, = 150 - 6 = 144 W 

208 voc = - = 120 v v3 
1, = 1.562 A 

The core-loss resistance is 

R c = - -  I2O2 - 100 a 
144 

The apparent power input (per phase) is 

So, = V,,l, = 120 X 1.562 = 187.44 VA 

Thus, the power factor is 

Woc 150 cos e, = - - - - 0.8 
So, 187.44 

sin e,, = = 0.6 

The magnetization current: I ,  = I,, sin O,, = 1.562 X 0.6 = 0.937 A 

voc 120 X = - = - % 1 2 8 Q  
I, 0.937 m 

Blocked-rotor test: vb, = - 27 = 15.588 V v3 

19.8 R e = - -  2.772 - 2.58 fl 

R, = Re - R, = 2.58 - 1.2 = 1.38 fl 
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15.588 
2.77 

& = - -  - 5.627 Q 

Thus, 

X, = V5.627, - 2.58, = 5 Q 

X ,  = X, = 2.5 Q 

Exercises 

9.16. 

9.17. 

Using the equivalent circuit parameters of Example 9.8, determine the shaft 
torque and the efficiency of the motor at its rated speed. 
The following data were obtained on a 230-V, 60-Hz, 4-pole, Y-connected, 
three-phase induction motor: 
No-load test: power input = 130 W, line current = 0.45 A at the rated 
voltage. 
Blocked-rotor test: power input = 65 W, line current = 1.2 A at a reduced 
voltage of 47 V. 
The friction and windage loss is 15 W, and the stator winding resistance 
between any two lines is 4.1 Q. Calculate the equivalent circuit parameters 
of the motor. 

9.11 Starting of Induction Motors 

At the time of starting, the rotor speed is zero and the per-unit slip is unity. There- 
fore, the starting current, from the approximate equivalent circuit given in Figure 
9.7, is 

(9.53) 

where R, = R, + R, and X ,  = X, + X,. The corresponding value of the starting 
torque is 

(9.54) 

Since the effective rotor resistance, R,, is very small at the time of starting 
compared with its value at rated slip, R,/s, the starting current may be as much 
as 400% to 800% of the full-load current. On the other hand, the starting torque 
may only be 200% to 350% of the full-load torque. Such a high starting current is 
usually unacceptable because it results in an excessive line voltage drop which, 
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in turn, may affect the operation of other machines operating on the same power 
source. 

Since the starting current is directly proportional to the applied voltage, Eq. 
(9.53) suggests that the starting current can be reduced by impressing a low volt- 
age across motor terminals at the time of starting. However, it is evident from Eq. 
(9.54) that a decrease in the applied voltage results in a decline in the starting 
torque. Therefore, we can employ the low-voltage starting only for those appli- 
cations that do not require high starting torques. For instance, a fan load requires 
almost no starting torque except for the loss due to friction. The induction motor 
driving a fan load can be started using low-voltage starting. 

The starting current can also be decreased by increasing the rotor resistance. 
As mentioned earlier, an increase in the rotor resistance also results in an increase 
in the starting torque which, of course, is desired for those loads requiring high 
starting torques. However, a high rotor resistance (a) reduces the torque devel- 
oped at full load, (b) produces high rotor copper loss, and (c) causes a reduction 
in motor efficiency at full load. These drawbacks, however, do not represent a 
problem for wound-rotor motors. For these motors, we can easily incorporate high 
external resistance in series with the rotor windings at the time of starting and 
remove it when the motor operates at full load. 

For rotors using squirrelcage winding (die-cast rotors), the change in resis- 
tance from a high value at starting to a low value at full load is accomplished by 
using quite a few different designs, as shown in Figure 9.12. In each design, the 
underlying principle is to achieve a high rotor resistance at starting and a low 
rotor resistance at the rated speed. At starting, the frequency of the rotor is the 
same as the frequency of the applied source. At full load, however, the rotor 
frequency is very low (usually less than 10 Hz). Thus, the skin effect is more 
pronounced at starting than at full load. Hence, the rotor resistance is higher at 
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Figure 9.12 (a) Deep-bar and (b) double-cage rotors. 
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. cage 

Figure 9.13 Per-phase equivalent circuit of a double-cage induction motor. 

starting than at full load owing to the skin effect alone. Also, as the currents are 
induced in the rotor bars, they produce a secondary magnetic field. Part of the 
secondary magnetic field links only the rotor conductor and manifests itself as 
the leakage flux. The leakage flux increases as we move radially away from the 
air-gap toward the shaft, and is quite significant at starting. Thus, in a multicage 
rotor at starting, the inner cage presents a high leakage reactance compared with 
the outer cage. Owing to the high leakage reactance of the inner cage, the rotor 
current tends to confine itself in the outer cage. If the cross-sectional area of the 
outer cage is smaller than that of the inner cage, it presents a comparatively high 
resistance at starting. When the motor operates at full load, the rotor frequency 
is low. Thereby, the leakage flux is low. In this case, the current tends to distrib- 
ute equally among all the cages. As a result, the rotor resistance is low. 

The approximate equivalent circuit of a double-cage induction motor is given 
in Figure 9.13. The subscripts o and i correspond to the outer and the inner cage 
of a double-cage rotor shown in Figure 9.12b. The change in the speed-torque 
curve for a single-cage to a double-cage rotor is depicted in Figure 9.14. 

Td 

Double-cage 

Per-unit slip 

Figure 9.14 Speed-torque characteristics for single-cage and double-cage rotors. 
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c: B 

End- ' \  
Laminations Rotor 

bars rings Shafrs 

Figure 9.15 (a) Unskewed and (b) skewed rotor bars. 

Another technique that is commonly used to increase the rotor resistance and 
lessen the effects of harmonics in an induction motor is called skewing. In this 
case, the rotor bars are skewed with respect to the rotor shaft, as illustrated in 
Figure 9.15. Skew is usually given in terms of bars. The minimum skew must be 
one bar to avoid cogging. Skews of more than one bar are commonly used. 

E X A M P L E  9 . 9  

The impedances of the inner cage and the outer cage rotors of a double-cage, three- 
phase, 4-poIe induction motor are 0.2 + j0.8 O/phase and 0.6 + j0.2 fklphase, 
respectively. Determine the ratio of the torques developed by the two cages (a) at 
standstill and (b) at 2% slip. 

0 S O L U T I O N  

Since the stator winding impedance, the core-loss resistance, and the magnetiza- 
tion reactance are not given, the approximate circuit neglecting these impedances 
is given in Figure 9.16. The rotor currents in the inner and the outer cages are 

- - 1. = v, 

- Q* 
' 0.2/s + j0.8 

0.61s + j0.2 
1, = and 
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v, CL I 
- j0.8n ‘0 j0.20, 

Figure 9.16 Equivalent circuit for Example 9.9. 

The torque developed by a three-phase induction motor is 

Thus, the ratio of the torques developed by the outer and inner cages is 

2R (0.2/s)’ + 0.8’ 0.6 x -  
Ti I$, (0.6/s)’ + 0.22 0.2 
To - 10 0 - - _  (9.55) 

Substituting s = 1 in Eq. (9.55), we obtain To in terms of Ti as 

To = 5.1 Ti 

Thus, the torque developed by the outer cage is five times the torque developed 
by the inner cage. 

However, substituting s = 0.02 in Eq. (9.55), we get 

or 

To = 0.34Ti 

Ti = 2.98To 

The inner cage is most effective at a slip of 2% because it develops nearly three 
times as much torque as the outer cage. 
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EXERCISES 

9.18. The stator winding resistance of the double-cage induction motor of Ex- 
ample 9.9 is 2.1 + j8.3 fl/phase. Find the starting torque developed by the 
motor if the phase voltage is 110 V, 60 Hz. 
A double-cage, three-phase, 6-pole, Y-connected induction motor has an 
inner cage impedance of 0.1 + j0.6 fl/phase and an outer cage impedance 
of 0.4 + j0.l fl/phase. Determine the ratio of the torque developed by the 
two cages at (a) standstill and (b) 5% slip. What is the slip at which the 
torque developed by the two cages is the same? 
If the motor in Exercise 9.19 is connected across a 230-V power source and 
has a stator impedance of 1.5 + j2.5 fl/phase, obtain the torque developed 
by the motor at standstill. 

9.19. 

9.20. 

9.12 Rotor Impedance Transformation 

Thus far we have tacitly assumed for both the squirrel-cage and wound rotors 
that the rotor circuit impedance can be transformed to the stator side in terms of 
an a-ratio. The a-ratio was defined on a per-phase basis as the ratio of the effective 
turns in the stator winding to the effective turns in the rotor winding. That is 

(9.56) 

For a wound rotor having the same number of poles and phases as that of 
the stator winding, the total turns per phase N 2  and the winding factor kw2 can 
be calculated the same way as that for the stator winding. However, the problem 
is somewhat more perplexing for the squirrel-cage (die-cast) rotor. Let us sup- 
pose that there are P poles in the stator and Q bars on the rotor. Let us assume 
that one of the bars is under the middle of the north pole of the stator at any 
given time. Another bar also exists which is in the middle of the adjacent south 
pole. The induced emf in both bars is maximum but of opposite polarity. Thus, 
these two bars carry the maximum current and can be visualized as if they form 
a single turn. Hence, the total number of turns on the rotor is Q/2. The emfs are 
also induced in other bars. If the flux is distributed sinusoidally, the induced 
emfs and thereby the induced currents also follow the same pattern. However, 
the root-mean-square (rms) value of the induced emf in each turn is the same. 
Since each turn is offset by one slot on the rotor, the induced emf in each bar is 
offset by that angle. Therefore, we can assume that each turn is equivalent to a 
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phase group, and there are Q/2 phase groups in all. Since there are Q bars and 
P poles, the number of bars per pole is Q/P.  As each bar identifies a different 
phase group, the number of bars per pole is then equivalent to the number of 
phases m2 on the rotor. That is 

Q 
m2 = - 

P 
(9.57) 

This realization highlights the fact that the number of bars per pole per phase is 
1. Stated differently, the number of turns per pole per phase is 1/2. Now we can 
determine the total number of turns per phase by multiplying the number of turns 
per pole per phase by the number of poles. That is, 

(9.58) 
P N2 = 5 

Since the two bars that are displaced by 180" electrical form a turn, the winding 
factor is unity because (a) the pitch factor is unity as each turn is a full-pitch turn 
and (b) the distribution factor is unity as there is only one turn in each phase 
group. 

Since we are trying to transform the rotor circuit elements to the stator side, 
let m, be the number of phases on the stator side, E, the induced emf, and l2 the 
equivalent rotor current. For the equivalent representation to be valid, the appar- 
ent power associated with the rotor circuit on the rotor side must be the same for 
the equivalent rotor circuit as referred to the stator side. Thus, 

(9.59) 

where Ebar is the induced emf in the rotor bar and Ibar is the induced current. 

Hence, 
Since the induced emf on the stator side is El, E 2  must be equal to El. 

(9.60) 

Also the rotor copper loss prior to and after the transformation must be equal. 
That is, 

m11$R2 = m212bar Rbar (9.61) 

(9.62) 

where Rbar is the resistance of a rotor bar. 
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Finally, the magnetic energy stored in the rotor leakage inductance before and 
after the transformation must also be the same. Therefore, 

(9.63) 

where X,,, is the leakage reactance of each rotor bar. 
Equations (9.62) and (9.63) outline how the actual rotor parameters for a squir- 

rel-cage rotor can be transformed into equivalent rotor parameters on the stator 
side. R, and X, are the rotor resistance and leakage reactance that we have used 
in the equivalent circuit of an induction motor. From the above equations, it is 
evident that the a-ratio is 

Note that for a wound rotor m, = m2. 

(9.64) 

E X A M P L E  9 . 1 0  

A $-pole, 36-slot, double-layer wound, three-phase induction motor has 10 t u n s  
per coil in the stator winding and a squirrel-cage rotor with 48 bars. The resistance 
and reactance of each bar are 20 pi2 and 2 msZ, respectively. Determine the equiv- 
alent rotor impedance as referred to the stator on a per-phase basis. 

0 S O L U T I O N  

The number of coils for a double-layer wound stator is 36. The coils per pole per 
phase are n = 3 [36/(4 X 3)). The pole span is 36/4 = 9 slots. The slot span is 
180/9 = 20" electrical. The coil pitch is 7 slots, 140" electrical, and can be deter- 
mined from the developed diagram. The pitch factor is kp, = sin (140/2) = 0.94. 
The distribution factor is 



550 Polyphase Induction Motors 

The winding factor for the stator is k,, = 0.94 X 0.96 = 0.9. Total tuns per phase 
are 10 X 36/3 = 120. It is assumed that all coils in a phase are connected in series. 

For the rotor, k,, = 1. The number of phases m2 = Q/P = 12. Turns per phase 
are N, = P/2 = 2. Thus, the a-ratio, from Eq. (9.64), is 

Hence, the rotor parameters as referred to the stator are 

and 

R, = 27, x 20 X 

X, = 27, x 2 x 

= 14.58mfl 

= 1.458 R 

EXERCISES 

9.21. In a wound-rotor induction motor the stator winding has twice as many 
turns as the rotor winding. The winding distribution factor for the stator 
is 0.85 and that for the rotor is 0.8. The actual impedance of the rotor on 
the rotor side at standstill is 0.18 + j0.25 O/phase. What is the rotor im- 
pedance as referred to the stator side? 
A 6-pole, 36-slot, double-layer wound, three-phase induction motor has 20 
turns per coil and a squirrel-cage rotor with 48 bars. Each bar has a resis- 
tance of 15 ~LQ and a reactance of 1.2 mR. Determine the equivalent circuit 
parameters of the rotor as referred to the stator side. 

9.22. 

9.13 Speed Control of Induction Motors 

It was pointed out in the preceding sections that the speed of an induction motor 
for a stable operation must be higher than the speed at which it develops maxi- 
mum torque. In other words, the slip at full load must be less than the breakdown 
slip. For an induction motor having a low rotor resistance, the breakdown slip is 
usually less than 10%. For such a motor, the speed regulation may be within 5%. 
For all practical purposes, we can refer to a low-resistance induction motor as a 
constant-speed motor. Therefore, we must devise some methods in order to vary 
its operating speed. 

We already know that the synchronous speed is directly proportional to the 
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frequency of the applied power source and inversely proportional to the number 
of poles; the motor speed at any slip is 

120f 
N,  = - (1 - S) P (9.65) 

From this equation it is evident that the operating speed of an induction motor 
can be controlled by changing the frequency of the applied voltage source and/or 
the number of poles. Speed can also be controlled by either changing the applied 
voltage, the armature resistance, or introducing an external emf in the rotor circuit. 
Some of these methods are discussed below. 

Frequency Control 
The operating speed of an induction motor can be increased or decreased by in- 
creasing or decreasing the frequency of the applied voltage source. This method 
enables us to obtain a wide variation in the operating speed of an induction motor. 
The only requirement is that we must have a variable-frequency supply. To main- 
tain constant flux density and thereby the maximum torque developed, the ap- 
plied voltage must be varied in direct proportion to the frequency. This is due to 
the fact that the induced emf in the stator winding is directly proportional to the 
frequency. The speed-torque characteristics of an induction motor at four different 
frequencies are given in Figure 9.17. Also shown in the figure is a typical load 
curve. At each frequency the motor operates at a speed at which the load line 
intersects the speed-torque characteristic for that frequency. 

Changing Stator Poles 
This method is quite suitable for an induction motor with a squirrel-cage rotor. 
In this case, the stator can be wound with two or more entirely independent 

Speed 

Figure 9.17 Speed-torque characteristics for various frequencies and adjusted supply 
voltages. 
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windings. Each winding corresponds to a different number of poles and therefore 
different synchronous speed. At any time, only one winding is in operation. All 
other windings are disconnected. For example, an induction motor wound for 4 
and 6 poles at a frequency of 60 Hz can operate either at a synchronous speed of 
1800 rpm ($-pole operation) or at  1200 rpm (6-pole operation). This method of 
speed control, although somewhat limited, is very simple, provides good speed 
regulation, and ensures high efficiency at either speed setting. Use has been made 
of this method in the design of traction motors, elevator motors, and small motor 
driving machine tools. 

An induction motor is usually wound such that the current in each phase 
winding produces alternate poles. Thus, the four coils for each phase of a 4-pole 
induction motor produce two north poles and two south poles, with a south pole 
located between the two north poles and vice versa. However, if the phase coils 
are reconnected to produce either four north poles or four south poles, the winding 
is said to constitute a consequent-pole winding. Between any two like poles an 
unlike pole is induced by the continuity of the magnetic field lines. Thus, a 4-pole 
motor when reconnected as a consequent-pole motor behaves like an %pole motor. 
Therefore, by simply reconnecting the phase windings on an induction motor, a 
speed in the ratio of 2:l can be accomplished by a single winding. 

Rotor Resistance Control 
We have already discussed the effect of changes in the rotor resistance on the 
speed-torque characteristic of an induction motor. This method of speed control 
is suitable only for wound-rotor induction motors. The operating speed of the 
motor can be decreased by adding external resistance in the rotor circuit. How- 
ever, an increase in the rotor resistance causes (a) an increase in the rotor copper 
loss, (b) an increase in the operating temperature of the motor, and (c) a reduction 
in the motor efficiency. Because of these drawbacks, this method of speed control 
can be used only for short periods. 

Stator Voltage Control 
Since the torque developed by the motor is proportional to the square of the 
applied voltage, the (reduction/augmentation) in operating speed of an induction 
motor can be achieved by (reducing/augmenting) the applied voltage. The speed- 
torque characteristics for two values of the applied voltage are depicted in 
Figure 9.18. The method is very convenient to use but is very limited in its scope 
because to achieve an appreciable change in speed a relatively large change in the 
applied voltage is required. 

Injecting an EMF in the Rotor Circuit 
The speed of a wound-rotor induction motor can also be changed by injecting an 
emf in the rotor circuit, as shown in Figure 9.19. For proper operation, the fre- 
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Speed 

Figure 9.18 Speed-torque characteristics as a function of supply voltage. 

quency of the injected emf must be equal to the rotor frequency. However, there 
is no restriction on the phase of the injected emf. If the injected emf is in phase 
with the induced emf in the rotor, the rotor current increases. In this case, the 
rotor circuit manifests itself as if it has a low resistance. On the other hand, if 
the injected emf is in phase opposition to the induced emf in the rotor circuit, the 
rotor current decreases. The decrease in the rotor current is analogous to the in- 
crease in the rotor resistance. Thus, changing the phase of the injected voltage is 
equivalent to changing the rotor resistance. The change in the rotor resistance is 
accompanied by the change in the operating speed of the motor. Further control 
in the speed can also be achieved by varying the magnitude of the injected emf. 

Figure 9.19 An equivalent circuit of an induction motor with an external source in the 
rotor circuit. 
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9.14 Types of Induction Motors 

The National Electrical Manufacturers Association (IWMA) has categorized 
squirrel-cage induction motors into six different types by assigning them the letter 
designations A through F. Each letter designation is intended to satisfy the re- 
quirements of a certain application. 

Class A Motors 
A class A motor is considered a standard motor and is suitable for constant-speed 
applications. The motor can be started by applying the rated voltage. It develops 
a starting torque of 125% to 175% of full-load torque. The starting current at the 
rated voltage is 5 to 7 times the rated current. The full-load slip is usually less 
than 5% because the rotor resistance is relatively low. The speed regulation is 2% 
to 4%. The rotor bars are placed close to the surface of the rotor laminations in 
order to reduce the leakage reactance. These motors drive low-inertia loads and 
possess high accelerations. They are employed in such applications as fans, blow- 
ers, centrifugal type pumps, and machine tools. 

Class B Motors 
A class B motor is considered a general-purpose motor and can be started by 
applying the rated voltage. The rotor resistance for a class B motor is somewhat 
higher than for a class A motor. The rotor conductors are placed deeper in the 
slots than for the class A motor. Therefore, the rotor reactance of a class B motor 
is higher than that of a class A motor. The increase in the rotor reactance reduces 
the starting torque, whereas an increase in the rotor resistance increases the start- 
ing torque. Thus, the starting torque range for a class B motor is almost the same 
as that of the class A motor. Owing to the increase in reactance, the starting current 
is about 4.5 to 5.5 times the full-load current. The low starting current and almost 
the same starting torque make class B motors appropriate for class A applications 
as well. Therefore, class B motors can be substituted in all applications using class 
A motors. The speed regulation for class B motors is 3% to 5%. 

Class C Motors 
A class C motor usually has a double-cage rotor and is designed for full-voltage 
starting. The high-resistance rotor limits the starting current to 3.5 to 5 times the 
full-load current. The starting torque is 200% to 275% of the full-load torque. The 
speed regulation is 4% to 5%. Class C motors are used in applications that require 



Summary 555 

high starting torques, such as compression pumps, crushers, boring mills, con- 
veyor equipment, textile machinery, and wood-working equipment. 

Class D Motors 
A class D motor is a high-resistance motor capable of developing a starting torque 
of 250% to 300% of the rated torque. The high rotor resistance is created by using 
high-resistance alloys for the rotor bars and by reducing the cross-sectional area 
of the bar. Depending upon the design, the starting current may be 3 to 8 times 
the rated current. The efficiency of a class D motor is lower than that of those 
discussed above. The speed regulation may be as high as 10%. These motors are 
used in such applications as bulldozers, shearing machines, punch presses, stamp- 
ing machines, laundry equipment, and hoists. 

Class E Motors 
Class E motors in general have low starting torque and operate at low slip at rated 
load. The starting current is relatively low for motors below 7.5 horsepower. These 
motors may be started at rated voltage. However, for motors above 7.5 horse- 
power the starting current may be high enough to require a low-voltage starting 
circuit. 

Class F Motors 
A class F motor is usually a double-cage motor. It is a low-torque motor and 
requires the lowest amount of starting current of all motors. The starting torque 
is usually 1.25 times the rated torque, whereas the starting current is 2 to 4 times 
the rated current. The speed regulation is over 5%. These motors can be started 
by applying the rated voltage. They are designed to replace class B motors and 
are built in sizes above 25 horsepower. 

S U M M A R Y  

In this chapter we shed some light on a three-phase induction motor, which es- 
sentially consists of a stator and a rotor. The stator is wound using double-layer 
winding just like the stator of a synchronous machine. There are two types of 
rotors: a squirrel-cage rotor and a wound rotor. A wound rotor, although expen- 
sive, is wound for the same number of poles as  the stator. It provides means to 
add external resistance in series with the rotor circuit. A squirrel-cage rotor uses 
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bars in the slots that are shorted at either end by the end-rings. For a low-horse- 
power motor, the bars and the end-rings are formed in a die-casting process. 

When the three-phase stator winding is connected to a balanced three-phase 
source, it sets up a revolving field that rotates around the periphery of the rotor 
at the synchronous speed given by the following equation: 

120f N, = - P 

where f is the frequency of the applied voltage source and P is the number of 
poles in the stator. 

The uniform revolving field induces emf in the rotor conductors. Since the 
rotor winding forms a closed circuit, the induced emf gives rise to a current in 
the rotor conductors. The interaction of the current in the rotor conductors with 
the magnetic field in the motor creates a torque in accordance with the Lorentz 
force equation. Therefore, the rotor starts rotating and attains a speed slightly less 
than the synchronous speed. For this reason, an induction motor is also called an 
asynchronous motor. The difference between the synchronous speed and the rotor 
speed is called the slip speed. The per-unit slip is then defined as 

By using the transformer analogy we developed an equivalent circuit of an 
induction motor as referred to the stator side. The rotor circuit parameters were 
transformed to the stator side by using the a-ratio given as 

where m, and m2 are the number of phases, k,, and kw2 are the winding factors, 
and N1 and N2 are the number of turns in each phase of the stator and the rotor 
windings. For squirrel-cage rotor, k ,  = 1, m2 = Q/P, and N2 = P/2, where Q is 
the number of bars in the rotor. For a wound-rotor induction motor rn, = m2. 

We defined R,(1 - s)/s as the dynamic (or effective) resistance because the 
power developed is proportional to it. Note that R, is the rotor resistance. From 
the per-phase equivalent circuit, we can compute the power input as 
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where V, and I, are the per-phase applied voltage and the input current. 0 is the 
power factor angle between the two. 

The stator copper loss can be computed as 

P,e = 31:RI 

If I, is the core-loss current through R,, the core loss is 

P, = 3lpR, 

The air-gap power is 

The rotor copper loss is 

Prce = 3I;Rz 

Hence, the power developed is 

The torque developed is 

Using the approximate equivalent circuit, we found out that the efficiency of 
an induction motor is maximum when 

31;[R, + R2] = P ,  

The motor develops maximum torque at a slip known as the breakdown slip 
such that 
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where X ,  = X, + X,. The expression for the maximum torque developed is 

When the stator winding impedance is negligible, the approximate expressions 
for the breakdown slip and the breakdown torque are 

If T d  is the torque developed at a slip s, then 

The power developed by an induction motor is maximum when 

where Z, = IR, + jXe (  and Re = R, + R,. 
The maximum power developed by the motor is 

The motor circuit parameters can be determined by performing the blocked-rotor 
test, the no-load test, and the stator-resistance test. From the blocked-rotor test 

where Pbr and I,, are the per-phase power input and the current. The test is con- 
ducted when the rotor is held stationary and the motor draws the rated current 
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from a carefully applied low voltage, Vbra The magnitude of the stator and the 
rotor winding impedance is 

Thus, 
lbr  

x, = 

The individual values of the leakage reactances are 

XI = X, = 0.5X, 

and the rotor resistance is R,  = Re - R,. 
The no-load test is conducted at the rated voltage when the rotor is free to rotate 
without load. If W,,, Ioc, and V ,  are the power input, the current, and the applied 
voltage on a per-phase basis, then 

Poc = WO, - PfW$ 

where Pfib is the per-phase friction and windage loss. 
The core-loss resistance is 

V:C 
poc 

Rc = - 

The magnetization reactance is 

where 

We have also examined the effect of changes in the rotor resistance on the speed- 
torque characteristic of an induction motor. An increase in the rotor resistance 
increases the starting torque, reduces the starting current, and enables the oper- 
ation of the motor at a somewhat lower speed. In a wound motor, the rotor resis- 
tance is increased by adding external resistance to the rotor circuit via slip-rings. 
In a squirrel-cage induction motor, the change in the rotor resistance is realized 
by using a multicage rotor. 

We also examined various schemes that enable us to control the speed of an 
induction motor. Some of the methods we have discussed are frequency control, 
changing stator poles, rotor resistance control, stator voltage control, and injecting 
an emf in the rotor circuit. 
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Review Questions 

9.1. 
9.2. 
9.3. 
9.4. 

9.5. 

9.6. 

9.7. 
9.8. 
9.9. 

9.10. 

9.11. 
9.12. 
9.13. 

9.14. 

9.15. 

9.16. 
9.17. 
9.18. 
9.19. 
9.20. 
9.21. 
9.22. 
9.23. 
9.24. 

9.25. 

9.26. 

9.27. 

9.28. 

Explain the principle of operation of an induction motor. 
Describe the construction of a squirrel-cage induction motor. 
Explain the construction of a wound-rotor induction motor. 
What are the advantages and drawbacks of a wound-rotor induction 
motor? 
What are the advantages and drawbacks of a squirrel-cage induction 
motor? 
At what speed does the revolving field rotate in an induction motor? How 
can it be determined? 
Explain why an induction motor cannot operate at its synchronous speed. 
Explain slip speed, per-unit speed, per-unit slip, and percent slip. 
What is the rotor frequency when the rotor is (a) locked and (b) rotates at 
5% slip? 
Define starting torque, breakdown torque, breakdown slip, rated torque, 
torque developed, and shaft torque. 
How can you minimize the rotor reactance? 
Describe the no-load test, blocked-rotor test, and stator-resistance test. 
Define stator copper loss, rotor copper loss, air-gap power, dynamic resis- 
tance, and effective rotor resistance. 
What losses are measured by (a) the no-load test and (b) the blocked-rotor 
test? 
What are the various techniques used to control the speed of induction 
motors? 
What are the various classes of squirrel-cage induction motors? 
List several applications for each class of squirrel-cage induction motor. 
How can the starting current be controlled in a wound motor? 
Cite possible reasons why a three-phase induction motor fails to start. 
Why is an induction motor called an asynchronous motor? 
How can the direction of a three-phase induction motor be reversed? 
What happens to the speed of an induction motor if the load is increased? 
What is a consequent-pole winding? 
What happens when a 6-pole induction motor is reconnected as a conse- 
quent-pole motor? 
What is the effect of increase in rotor reactance on the starting current? the 
maximum torque? 
Explain the nature of the speed-torque characteristic of an induction 
motor. 
What happens to the speed-torque characteristic of an induction motor if 
the rotor resistance is increased? 
How does the increase in the rotor resistance affect the breakdown slip? 
the starting torque? the breakdown torque? 
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9.29. 

9.30. 

Is it always possible to start an induction motor by applying the rated 
voltage? 
Is it possible for an induction motor to operate as an induction generator? 
If yes, how can it be done? 

Problems 

9.1. The frequency of the induced emf in the secondary winding of an %pole, 
three-phase induction motor is 10 Hz. At what speed does the magneto- 
motive force (mmf) of the secondary revolve with respect to the secondary 
winding? 
A 2-pole, 230-V, 50-Hz, three-phase induction motor operates at a speed of 
2800 rpm. Determine (a) the per-unit slip and (b) the frequency of the 
induced emf in the rotor. 
A 12-pole, 440-V, 400-Hz, three-phase induction motor is designed to op- 
erate at a slip of 5% on full load. Determine (a) the rated speed, (b) the 
rotor frequency, and (c) the speed of the rotor revolving field relative to 
the rotor. 
A three-phase induction motor operates at a slip of 3% and has a rotor 
copper loss of 300 W. The rotational loss is 1500 W. Determine (a) the air- 
gap power and (b) the power output. If the rotor impedance is 0.2 + 
jO.8 Rlphase, what is the magnitude of the induced emf per phase in the 
rotor? 
A 10-hp, 6-pole, 440-V, 60-Hz, A-connected, three-phase induction motor 
is designed to operate at 3% slip on full load. The rotational loss is 4% of 
the power output. When the motor operates at full load, determine (a) the 
rotor copper loss, (b) the air-gap power, (c) the power developed, and 
(d) the shaft torque. 
A 4-hp, 230-V, 60-Hz, 6-pole, three-phase, Y-connected, induction motor 
operates at 1050 rpm on full load. The rotational loss is 300 W. Determine 
the per-phase rotor resistance if the rotor current is not to exceed 100 A. 

The per-phase equivalent circuit parameters of a 208-V, 4-pole, 60-Hz, 
three-phase, Y-connected, induction motor are R, = 0.4 SZ, XI = 0.8 R, 
R, = 0.3 a, X ,  = 0.9 0, and X,, = 40 Q. The core loss is 45 W, and the 
friction and windage loss is 160 W. When the motor operates at a slip of 
5%, determine (a) the input current, (b) the power input, (c) the air-gap 
power, (d) the power developed, (e) the power output, ( f )  the shaft torque, 
and (9) the efficiency of the motor. Draw its power-flow diagram. 
Calculate the starting torque developed by the motor of Problem 9.7. 
A 4-pole, 230-V, 60-Hz, Y-connected, three-phase induction motor has the 
following parameters on a per-phase basis: R, = 10.12 R, X ,  = 38.61 R, 

9.2. 

9.3. 

9.4. 

9.5. 

9.6. 

9.7. 

9.8. 
9.9. 
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9.10. 

9.11. 

9.12. 

9.13. 

9.14. 

9.15. 

9.16. 

9.17. 

9.18. 

9.19. 

R, = 21.97 SZ, X, = 11.56 Q, and X ,  = 432.48 Q. The core loss is 10.72 W, 
and the friction and windage loss is 5.9 W. When the motor operates at its 
rated speed of 1550 rpm, determine (a) the stator current, (b) the magnet- 
ization current, (c) the rotor current, (d) the power input, (e) the stator 
copper loss, ( f )  the rotor copper loss, (g) the power output, (h) the shaft 
torque, and ( i )  the efficiency. 
Plot the speed versus torque, power input versus speed, and power de- 
veloped versus speed characteristics of the induction motor of Problem 9.9. 
What is the starting torque? Also determine the power input and the power 
developed at the time of starting. 
A 230-V, 60-Hz, 6-pole, Y-connected, three-phase induction motor has the 
following parameters in ohms/phase as referred to the stator: R ,  = 12.5, 
XI = 21.3, R, = 28.6, X, = 13.6, R, = 4200, and X ,  = 1800. The friction 
and windage loss is 3% of the power developed. If the motor speed is 1125 
rpm, determine (a) the power input, (b) the stator copper loss, (c) the rotor 
copper loss, (d) the air-gap power, (e) the power developed, ( f )  the shaft 
torque, and (g) its efficiency. 
A 440-V, 60-Hz, $-pole, A-connected, three-phase induction motor has the 
following parameters in ohms/phase: R, = 0.3, XI = 0.9, R, = 0.6, 
X ,  = 0.9, R, = 150, X,, = 60. If the rotational loss is 4% of the power 
developed, determine the efficiency of the motor when it runs at 4% slip. 
Using the data of Problem 9.7, calculate (a) the slip at which the motor 
develops maximum power, (b) the maximum power developed by the mo- 
tor, and (c) the corresponding torque developed. 
Calculate the slip at which the motor of Problem 9.9 develops maximum 
power. What is the maximum power developed by the motor? What is the 
torque developed by the motor at that slip? 
Using the data of Problem 9.11, calculate (a) the slip at which the motor 
develops maximum power, (b) the maximum power developed, and (c) the 
associated torque developed by the motor. 
Calculate the maximum power developed by the motor of Problem 9.12. 
What is the torque developed by it at that slip? 
Using the data of Problem 9.7, calculate (a) the slip at which the motor 
develops maximum torque, (b) the maximum torque developed by the 
motor, and (c) the corresponding power developed. 
Calculate the slip at which the motor of Problem 9.9 develops maximum 
torque. What is the maximum torque developed by the motor? What is the 
power developed by the motor at that slip? 
Using the data of Problem 9.11, calculate (a) the slip at which the motor 
develops maximum torque, (b) the maximum torque developed, and (c) the 
associated power developed by the motor. 
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9.20. 

9.21. 

9.22. 

9.23. 

9.24. 

9.25. 

9.26. 

9.27. 

9.28. 

Calculate the maximum torque developed by the motor of Problem 9.12. 
What is the power developed by it at that slip? 
A 6-pole, 60-Hz, Y-connected, three-phase induction motor develops a 
maximum torque of 250 N.m at a speed of 720 rpm. The rotor resistance is 
0.4 fl/phase, and the stator winding impedance is negligible. Determine 
the torque developed by the motor when it operates at a speed of 1125 rpm. 
A 6-pole, 50-Hz, A-connected, three-phase induction motor has a rotor im- 
pedance of 0.05 + j0.5 R/phase. The stator winding impedance is negli- 
gible. Determine the additional resistance required in the rotor circuit so 
that it develops maximum torque at starting. 
An &pole, 230-V, 60-Hz, A-connected, three-phase induction motor has a 
rotor impedance of 0.025 + j0.l K?/phase. The stator winding impedance 
is negligible. Determine (a) the speed at which the motor develops the 
maximum torque, (b) the maximum torque of the motor, and (c) the start- 
ing torque as a percentage of maximum torque. What additional resistance 
must be inserted in the rotor circuit to make the starting torque equal to 
75% of the maximum torque? 
A 120-V, 60-Hz, 6-pole, three-phase induction motor operates at a speed of 
1050 rpm on full load and develops 5 hp. Under reduced load the speed 
increases to 1125 rpm. Determine the torque and the power developed by 
the motor at reduced load. 
An %pole, 50-Hz, 208-V, A-connected, three-phase induction motor devel- 
ops 20 hp at full-load slip of 5%. Determine the torque and the power 
developed at the same slip when a reduced voltage of 120 V is applied. 
What must be the new slip for the motor to develop the same torque? 
The starting current of a 208-V, three-phase, A-connected, induction motor 
is 120 A when the rated voltage is applied to the stator windings. Determine 
the starting current when the applied voltage is reduced to 120 V. If the 
starting current is not to exceed 50 A, what must be the applied voltage? 
The following test data were obtained on a 460-V, 60-Hz, A-connected, 
three-phase induction motor: 
No-load test: power input = 380 W, line current = 1.15 A at rated voltage. 
Blocked-rotor test: power input = 14.7 W, line current = 2.1 A at the line 
voltage of 21 V. 
The friction and windage loss is 21 W, and the winding resistance between 
any two lines is 1.2 SZ. Determine (a) the equivalent circuit parameters of 
the motor and (b) its efficiency at a slip of WO. 
The following test data apply to a 208-V, $-pole, Y-connected, three-phase 
induction motor: Running without load at its rated voltage, the line cur- 
rent and the power input are 2 A and 360 W. With blocked rotor the 
current is 20 A and power input is 600 W when the applied voltage is 
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9.29. 

9.30. 

9.31. 

9.32. 

9.33. 

9.34. 

30 V. The friction and windage loss is 36 W. The resistance between any two 
lines is 0.2 W. Obtain the equivalent circuit parameters of the motor. 
A 440-V, 4-pole, Y-connected, three-phase induction motor gave the follow- 
ing readings when tested: 
No load: 440 V, 6.2 A, power factor = 0.1 lagging 
Blocked-rotor test: 100 V, 12.5 A, 750 W 
The winding resistance between any two lines = 1.2 a. The friction and 
windage loss is 30 W. Determine the equivalent circuit parameters of the 
motor. 
The following are the test results on a 440-V, 50-Hz, slip-ring, three-phase, 
Y-connected, induction motor: 
No load: 440 V, 7.5 A, 1350 W (including 650-W friction and windage loss) 
Blocked-rotor test: 100 V, 32 A, 1800 W. The stator and rotor copper losses 
are equal under blocked-rotor condition. 
Determine the equivalent circuit parameters of the motor. 
The equivalent impedances of the inner and outer cages of a 4-pole, 60-Hz, 
Y-connected, three-phase induction motor are 0.5 + j2 fl/phase and 
2 + j0.5 Cl/phase at standstill. Calculate the ratio of torques developed by 
the two cages (a) at starting and (b) at 4% slip. 
If the stator winding impedance of the motor in Problem 9.31 is 
1 + j 3  fl/phase and the applied voltage is 208 V, determine the torque 
developed (a) at starting and (b) at 4% slip. 
The inner and outer cages of a rotor have standstill impedances of 
0.5 + j4 Sllphase and 2.6 + j1.2 fl/phase. Find the ratio of the torques 
developed by the two cages (a) at starting and (b) at a slip of 0.05. 
The outer and inner cages of a double-cage induction motor have standstill 
impedances of 2.6 + j2 O/phase and 1.8 + j 3  fl/phase. If the full-load slip 
is 5%, determine the ratio of the starting torque to the full-load torque. 
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- "Cut-away" view of a single-phase, PSC, induction motor. (Courtesy of MagneTek) 
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10.1 Introduction 

In the preceding chapter we shed light on the operation of a three-phase induction 
motor. It employs an ingenious scheme of placing three identical phase windings 
120" electrical in space phase with respect to each other. When these windings are 
excited by a balanced three-phase power source, they set up a uniform magnetic 
field that revolves around the rotor periphery at synchronous speed. The flux- 
cutting action induces an electromotive force (emf) and thereby a current in the 
rotor conductors. The interaction of the rotor current and the revolving magnetic 
field causes the rotor to rotate at a speed somewhat lower than the synchronous 
speed of the motor. 

What happens when one of the three phases of the source is not connected to 
the motor? Is the rotor able to start from its standstill position and take up some 
mechanical load? In fact, we have already answered this question in Chapter 3. 
The motor behaves more like a two-phase motor and produces a revolving field 
that induces an emf and the current in the rotor conductors. The motor develops 
a starting torque and forces the rotor to rotate. 

Let us go one step further. What happens if only one of the three phases is ex- 
cited? At this time you may be surprised to know that if the rotor is already rotating, 
it continues to rotate in that direction. However, if the motor is at rest and then one 
of the three phases of the motor is excited by a single-phase source, the rotor buzzes 
but does not rotate. Hence, a motor operating on a single phase is not capable of 
developing the starting torque. We will explain why this is so in the next section. 

A motor that operates on a single-phase source is called a single-phase in- 
duction motor. A single-phase induction motor requires only one single-phase 
winding to keep the motor running. However, such a motor is not self-starting. 
Therefore, we must provide some external means to start a single-phase induction 
motor. Most single-phase induction motors are built in the fractional-horsepower 
range and are used in heating, cooling, and ventilating systems. 

A properly designed direct-current (dc) series motor can be made to operate 
on both dc and alternating-current (ac) sources. For this reason, it is appropriately 
called a universal motor. These motors operate at relatively high speeds and are 
an integral part of such units as vacuum cleaners, food blenders, and portable 
electric tools such as saws and routers. 

In this chapter we deal with many different types of single-phase induction 
motors. The operation of the universal motor is also explained. We have reserved 
another chapter for the study of specialty motors. We begin our study by explain- 
ing how a single-phase motor runs. 

10.2 Single-Phase Induction Motor 

In Chapter 3 we made it clear that in order to make the motor self-starting there 
must at least be two phase windings placed in space quadrature and excited by a 
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two-phase source. This fact plays a major role in the design of all single-phase 
induction motors, as discussed later. 

A cross-sectional view of a 2-pole, single-phase induction motor with a 
squirrel-cage rotor is given in Figure 10.1. For clarity, we have placed the rotor 
conductors on the outer periphery of the rotor. In an actual motor, the rotor con- 
ductors are embedded in the rotor slots. 

Let us suppose that the supply voltage is increasing in the positive direction 
and causes a current in the stator (field) windings, as indicated in Figure 10.1, 
while the rotor is at rest. The current in each winding produces a magnetic field 
that is also increasing in the upward direction. Since two rotor conductors that 
are 180" electrical apart form a closed loop, the rotor conductors can then be paired 
as shown. Let us examine one of the closed loops, say the loop formed by con- 
ductors 2 and 2'. The flux passing through this loop induces an emf and thereby 
a current in this loop. The direction of the current in the loop is such that it 
produces a magnetic flux which tends to oppose the increase in the magnetic flux 
set up in the windings. For this to happen, the current must flow out of conductor 
2 and into conductor 2', as shown by the dot and the cross, respectively. Ln the 
same way, we can determine the currents in the other conductors. Each current- 
carrying conductor must experience a force in accordance with the Lorentz force 
equation. The direction of the force acting on each conductor is also indicated in 
Figure 10.1. The forces experienced by conductors 1, 2, 3, and 4 in unison with 

Connecting wires 

Figure 10.1 A 2-pole, single-phase induction motor. 
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conductors l', 2', 3', and 4' tend to rotate the rotor in the counterclockwise direc- 
tion. However, the rotation is opposed by the forces acting on the remaining con- 
ductors. The symmetric placement of the rotor conductors ensures that the motor 
develops equal torque in both directions and the net torque developed by it is 
zero. Hence the rotor remains in its standstill position. 

As mentioned earlier, if the rotor is made to rotate in any direction while the 
single-phase winding is excited, the motor develops torque in that direction. Two 
theories have been put forth to explain this experimental fact: the double 
revolving-field theory and the cross-field theory. In this book, we confine our 
discussion to the double revolving-field theory. 

Double Revolving-Field Theory 
According to this theory, a magnetic field that pulsates in time but is stationary 
in space can be resolved into two revolving magnetic fields that are equal in 
magnitude but revolve in opposite directions. Let us consider the standstill con- 
dition of the rotor again. The magnetic field produced by the motor pulsates up 
and down with time, and at any instant its magnitude may be given as 

B = B ,  cos of (10.1) 

where B, is the maximum flux density in the motor. 
The flux density B can be resolved into two components B ,  and B,  such that 

the magnitude of B ,  is equal to the magnitude of B,. Thus, B, = B, = 0.5 B. If we 
assume that B ,  rotates in the clockwise direction, the direction of rotation of B, is 
counterclockwise, as illustrated in Figure 10.2. 

We now have two revolving fields of constant but equal magnitude rotating 
synchronously in opposite directions. An emf is induced in the rotor circuit owing 
to each revolving field. The polarity of the induced emf in the rotor due to one 
revolving field is in opposition to the other. Thus, the rotor currents induced by 
the two revolving fields circulate in opposite directions. However, at standstill, 
the slip in either direction is the same (s = 1) and so is the rotor impedance. 
Therefore, the starting currents in the rotor conductors are equal and opposite. In 
other words, the starting torque developed by each revolving field is the same. 
Since the direction of the starting torque developed by one revolving field opposes 
the other, the net torque developed by the motor is zero. This is the same conclu- 
sion we arrived at before. However, we have gained some insight into the oper- 
ation of a single-phase induction motor according to the double revolving-field 
theory. We can look upon a single-phase induction motor as if it consists of two 
motors with a common stator winding but with rotors revolving in opposite di- 
rections. At standstill the two rotors develop equal torques in opposite directions, 
and the net torque developed is zero. With that understanding we can develop 
an equivalent circuit of a single-phase induction motor at standstill, as shown in 
Figure 10.3. Note that the magnetization reactance and the rotor impedance at 
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Figure 10.2 Resolution of a pulsating vector into two equal and oppositely revolving 
vectors. 
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Figure 10.3 An equivalent circuit of a single-phase induction motor at rest. 
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standstill have been resolved into two sections to highlight the effect of two 
coupled rotors. For the sake of simplicity we treat core loss as a part of the rota- 
tional loss. The core-loss resistance is, therefore, omitted from the equivalent cir- 
cuit. If the core-loss resistance is known, it can be placed across the power source 
as we did for the approximate equivalent circuit of a transformer or a three-phase 
induction motor. 

One section of the rotor circuit is usually referred to as the forward branch, 
and the other is called the backward branch. When the motor rotates, say in the 
clockwise direction, the forward branch represents the effect of the revolving field 
in that direction. In this case, the backward branch corresponds to the rotor circuit 
associated with the counterclockwise revolving field. At standstill, both branches 
have the same impedance. The rotor circuit currents are also the same, and the 
same is true for the torques developed. Thus, when the rotor is at rest, the net 
torque developed by it is zero. We usually speak of torque developed by a branch. 
What we really mean is the torque developed by the rotor resistance in that par- 
ticular branch. 

Let us now assume that the rotor is rotating in the clockwise direction with 
a speed Nm. The magnetic field revolving in the clockwise direction has a syn- 
chronous speed of N, (N, = 12(?f/P). The synchronous speed of the revolving field 
in the counterclockwise direction is then -Ns. The per-unit slip in the forward 
(clockwise) direction is 

The per-unit slip in the backward (counterclockwise) direction is 

(10.2) 

(10.3) 

Note that at standstill, N, = 0 and s = sb = 1. 
We can now incorporate the effect of slips in the forward and the backward 

rotor branches as we did for the three-phase induction motor. The modified equiv- 
alent circuit is given in Figure 10.4. 

In our discussion of three-phase induction motors we found that the torque 
developed is proportional to the effective resistance in the rotor branch. At stand- 
still, s = sb = 1, the effective resistance in both branches of Figure 10.4 is the same. 
Thus, the torque developed by the two rotors is equal in magnitude but opposite 
in direction. That explains why there is no starting torque in a single-phase in- 
duction motor. On the other hand, let us now assume that the rotor is rotating 
with a slip s such that s < 1. The effective rotor resistance, RJs, in the forward 
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Figure 10.4 An equivalent circuit of a single-phase induction motor at any slip s. 

branch is greater than that in the backward branch, RJ(2 - s). Thus, the torque 
developed by the forward branch is higher than that developed by the backward 
branch. The resultant torque is in the forward direction, and it tends to maintain 
the rotation in that direction. Thus, once a single-phase induction motor is made 
to rotate in any direction by applying an external torque, it continues rotating in 
that direction as long as the load torque is less than the maximum net torque 
developed by it. 

E X A M P L E  10.1 

A 115-V, 60-Hz, 4-pole, single-phase induction motor is rotating in the clockwise 
direction at a speed of 1710 rpm. Determine its per-unit slip (a) in the direction of 
rotation and (b) in the opposite direction. If the rotor resistance at standstill is 
12.5 a, determine the effective rotor resistance in each branch. 

0 S O L U T I O N  

= 1800 rpm 
120 X 60 

4 N, = 
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(a) Slip in the forward direction is 

= 0.05 or 5% 
1800 - 1710 

1800 
s =  

(b) Slip in the backward direction is 

sb = 2 - 0.05 = 1.95 or 195% 

The effective rotor resistances are 

0.5R2 0.5 X 12.5 
S 0.05 

Forward branch: - - - = 125 R 

0.5R2 0.5 X 12.5 
sb 1.95 

Backward branch - - - = 3.205 n 

Exercises 

10.1. A 230-V, 50-Hz, 2-pole, single-phase induction motor is designed to operate 
at a slip of 3%. Determine the slip in the other direction. What is the speed 
of the motor in the direction of rotation? If the rotor resistance at standstill 
is 2.1 a, what is the effective resistance at the rated slip in either direction? 
The rotor resistance of a 208-V, SO-Hz, &pole, single-phase induction motor 
at standstill is 1.6 n. When the motor rotates at a slip of 5%, determine 
(a) its speed, (b) the effective rotor resistance in the forward branch, and 
(c) the effective rotor resistance in the backward branch. 

10.2. 

10.3 Analysis of a Single-Phase Induction Motor 

From the equivalent circuit of a single-phase induction motor (Figure 10.4), we 
obtain 

as the effective impedance of the forward branch and 

(10.4) 

(10.5) 
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as the effective impedanc? of the backward branch. The simplified equivalent 
circuit -in terms of Zr and Z ,  is given in Figure 10.5. 

If Z, = R, + jX, is the impedance of the stator winding, the input impedance 
is 

ii, = i, + if + i, (10.6) 

The stator winding current is 

(10.7) 

The power input is 

Pin = Re[c,i:J = V,I, cos 8 (10.8) 

where 8 is the power-factor angle by which the current il lags the applied voltage 
V, . The stator copper loss is 

Psce = (10.9) 

When we subtract the stator copper loss from the total power input, we are 
left with the air-gap power. However, the air-gap power is distributed between 

Rf 
Forward 
branch 

c- 

ixf 

Rb 

Backward 
branch 

Figure 10.5 Simplified equivalent circuit of a single-phase induction motor. 
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the two air-gap powers: one due to the forward revolving field and the other due 
to the backward revolving field. In order to determine the air-gap power associ- 
ated with each revolving field, we have to determine the rotor currents in both 
branches. If i2f is the rotor current in the forward branch, then 

Similarly, the rotor current in the backward branch f 2 b  is 

(10.11) 

Hence, the air-gap powers due to the forward and backward revolving fields are 

(1 0.12a) 

(1 0.13a) 

Since Rf and Rb are the equivalent resistances in the forward and backward 
branches of the rotor circuit, the power transferred to the rotor must also be con- 
sumed by these resistances. In other words, we can also compute the air-gap 
powers as 

P a g f  = 1 ; R f  (10.12b) 

for the forward branch and 

pagb = (10.13b) 

for the backward branch. 
The net air-gap power is 

= - Pa,qb 

The mechanical power developed by the motor is 

p d  = (1 - s)pOg = Tdo, = T d ( 1  - s)o, 

Hence, the torque developed by the single-phase motor is 

Pa.3 Td = - 
0 s  

The power available at the shaft is 

(1 0.14) 

(10.15) 

(1 0.16) 

Po = P, - P, (10.17) 
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where P, is the rotational loss of the motor. In this case, the rotational loss con- 
sists of the friction and windage loss, the core loss, and the stray-load loss. 
The load (shaft) torque of the motor is 

P o  T, = - 
o m  

(10.18) 

Finally, the motor efficiency is the ratio of the power available at the shaft Po to 
the total power input Pi,,. 

We could also have computed the torque developed by the forward and the 
backward revolving fields as 

The net torque developed by the motor is 

(10.19) 

(10.20) 

(10.21) 

The two expressions of torque developed, Eq. (10.16) and Eq. (10.21), are iden- 
tical. We can use either expression to compute Td. 

The torques developed, Tdf and Tdb, are plotted in Figure 10.6. These curves 
are also extended into the region of negative speed. This is usually done to show 

I =  2 I =  1 5 -  0 
Slip _I) 

Figure 10.6 Speed-torque characteristic of a single-phase induction motor. 



576 Single-Phase Motors 

the torque that must be overcome when the motor is driven in the backward 
direction by a prime mover. 

The following example illustrates how to use the above equations to determine 
the performance of a single-phase induction motor. 

E X A M P L E  1 0 . 2  

A 120-V, 60-Hz, 1/3-hp, 4-pole, single-phase induction motor has the following 
circuit parameters: R, = 2.5 0, X, = 1.25 0, R, = 3.75 0, X, = 1.25 0, and 
X, = 65 R. The motor runs at a speed of 1710 rpm and has a core loss of 25 W. 
The friction and windage loss is 2 W. Determine the shaft torque and the efficiency 
of the motor. 

0 S O L U T I O N  

120 X 60 
4 

= 1800 rpm N, = 

1800 - 1710 
= 0.05 

1800 
s =  

j65[(3.75/1.95) + j1.2510.5 
- (3.75/1.95) + j(1.25 + 65) 

i -  = 0.925 + jO .64  R 

ii, = 2.5 + j1.25 + 15.822 + j18.524 + 0.925 + j0.64 

= 19.247 + 120.414 R 

- 
= 4.2771 - 46.69' A 

120 
19.247 + j20.414 

I ,  = 

P, = Re[120 X 4.277f46.69'1 = 352.1 W 

4.277f -46.69' = 2 . 7 7 8 m  A 
165 i -  

2f - (3.75/0.05) + j(1.25 + 65) 
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- 
4.277/ - 46.69" = 4.195/ - 45.02" A 

j65 
IZb = (3.75/1.95) + j(1.25 + 65) 

We can compute the air-gap powers using the rotor current as 

3.75 
0.05 

3.75 
1.95 

Pagf = 2.778' X 0.5 X - = 289.4 W 

P,, = 4.195* X 0.5 X - = 16.9 W 

The air-gap powers can also be determined from Eqs. (10.12b) and (10.13b) as 

and 

Pagf = 4.277' X 15.822 = 289.4 W 

Pa@ = 4.2772 x 0.925 = 16.9 w 

Thus, the net air-gap power is 

P, = 289.4 - 16.9 = 272.5 W 

The gross power developed is 

P, = (1 - 0.05) X 272.5 = 258.9 W 

The net power output is 

Po = 258.9 - 25 - 2 = 231.9 W 

231.9 
352.1 

Efficiency: q = - - - 0.6586 or 65.86O/0 

2n X 1710 
60 

231.9 
179.071 

= 179.071 rad/s 0, = 

- 1.295 N.m Ts=-- 
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Exercises 

10.3. A 6-pole, 120-V, 60-Hz, single-phase induction motor has R, = 2.4 0, 
X, = 3.6 0, R, = 1.6 0, X, = 3.6 a, and X, = 75 a. If the motor slip at 
full load is 5%, determine (a) the motor speed, (b) the effective rotor resis- 
tance in the forward branch, (c) the effectiye rotor resistance in the back- 
ward branch, (d) the forward impedance Zp (e) the backward impedance 
f,, ( f )  the shaft torque, and (g) the motor efficiency. Assume that the ro- 
tational loss is 5% of the power developed. 
A 4-pole, 110-V, 50-Hz, single-phase induction motor has R, = 2 a, 
X ,  = 2.8 0, R, = 3.8 f1, X, = 2.8 a, and X, = 60 0. The rotational loss 
is 20 W. Determine the shaft torque and the motor efficiency when the slip 
is 4%. 

10.4. 

10.4 Types of Single-Phase Induction Motors 

Each single-phase induction motor derives its name from the method used to 
make it self-starting. Some of the motors discussed in this section are split-phase 
motor, capacitor-start motor, capacitor-start capacitor-run motor, and permanent 
split-capacitor motor. Another induction motor discussed later in this chapter is 
called the shaded-pole motor. 

For an induction motor to be self-starting, it must have at least two phase 
windings in space quadrature and must be excited by a two-phase source, as 
detailed in Chapter 3. The currents in the two phase windings are 90" electrical 
out of phase with each other. The placement of the two phase windings in space 
quadrature in a single-phase motor is no problem. However, the artificial creation 
of a second phase requires some basic understanding of resistive, inductive, and 
capacitive networks. Let us now examine how the second phase is created in each 
induction motor. 

Split-Phase Motor 
This is one of the most widely used induction motors for mechanical applications 
in the fractional horsepower range. The motor employs two separate windings 
that are placed in space quadrature and are connected in parallel to a single-phase 
source. One winding, known as  the main winding, has a low resistance and high 
inductance. This winding carries current and establishes the needed flux at the 
rated speed. The second winding, called the auxiliary winding, has a high resis- 
tance and low inductance. This winding is disconnected from the supply when 
the motor attains a speed of nearly 75% of its synchronous speed. A centrifugal 
switch is commonly used to disconnect the auxiliary winding from the source at 
a predetermined speed. The disconnection is necessary to avoid the excessive 
power loss in the auxiliary winding at full load. 
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At the time of starting, the two windings draw currents from the supply. The 
main-winding current lags the applied voltage by almost 90" owing to its high 
inductance (large number of turns) and low resistance (large wire size). The 
auxiliary-winding current is essentially in phase with the applied voltage owing 
to its high resistance (small wire size) and low inductance (few number of turns). 

As you may suspect, the main-winding current does not lag exactly by 90", 
nor is auxiliary-winding current precisely in phase with the applied voltage. In 
addition, the two phase-winding currents may also not be equal in magnitude. In 
a well-designed split-phase motor, the phase difference between the two currents 
may be as high as 60". It is from this phase-splitting action that the split-phase 
motor derives its name. 

Since the two phase-windings are wound in space quadrature and carry out- 
of-phase currents, they set up an unbalanced revolving field. It is this revolving 
field, albeit unbalanced, that enables the motor to start. 

The starting torque developed by a split-phase motor is typically 150% to 
200% of the full-load torque. The starting current is about 6 to 8 times the full- 
load current. The schematic representation of a split-phase motor is given in Fig- 
ure 10.7 along with its typical speed-torque characteristic. Note the drop in torque 
at the time the auxiliary winding is disconnected from the supply. 

Capaci tor4 tart Motor 
In a capacitor-start motor a capacitor is included in series with the auxiliary wind- 
ing. If the capacitor value is properly chosen, it is possible to design a capacitor- 
start motor such that the main-winding current lags the auxiliary-winding current 

winding 

Auxiliary 
winding 

Rotation 

t Both windings 

25 50 75 100 
Percent speed 

(b) 

Figure 10.7 (a) Schematic representation and (b) speed-torque characteristic of a split- 
phase motor. 
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by exactly 90". Therefore, the starting torque developed by a capacitor motor can 
be as good as that of any polyphase motor. 

Once again, the auxiliary winding and the capacitor are disconnected at about 
75% of the synchronous speed. Therefore, at the rated speed the capacitor-start 
motor operates only on the main winding like a split-phase induction motor. The 
need for an external capacitor makes the capacitor-start motor somewhat more 
expensive than a split-phase motor. However, a capacitor-start motor is used 
when the starting torque requirements are 4 to 5 times the rated torque. Such a 
high starting torque is not within the realm of a split-phase motor. Since the ca- 
pacitor is used only during starting, its duty cycle is very intermittent. Thus, an 
inexpensive and relatively small ac electrolytic-type capacitor can be used for all 
capacitor-start motors. A schematic representation of a capacitor-start motor and 
its speed-torque characteristic are given in Figure 10.8. 

Capacitor-Start Capacitor-Run Motor 
Although the split-phase and capacitor-start motors are designed to satisfy the 
rated load requirements, they have low power factor at the rated speed. The lower 
the power factor, the higher the power input for the same power output. Thus, 
the efficiency of a single-phase motor is lower than that of a polyphase induction 
motor of the same size. For example, the efficiency of a capacitor-start or a split- 
phase single-phase motor is usually 50% to 60% in the fractional horsepower 
range. On the other hand, for the same application, a three-phase induction motor 
may have an efficiency of 70%) to 80%. 

The efficiency of a single-phase induction motor can be improved by employ- 
ing another capacitor when the motor runs at the rated speed. This led to the 

Rotation 

aJ 

? 400 
B 
-0 a 300 - - - 5 200 
0 

1 R o r h  windinas - 

/' 
I ' M a i n  . 

/ - winding-  -\ ,Load line 

25 50 75 100 
Percent of speed 

(b) 

Figure 10.8 (a) Schematic representation and (b) speed-torque characteristic of a cap-start 
motor. 
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development of a capacitor-start capacitor-run (CSCR) motor. Since this motor 
requires two capacitors, it is also known as the two-value capacitor motor. One 
capacitor is selected on the basis of starting torque requirements (the start capac- 
itor), whereas the other capacitor is picked for the running performance (the run 
capacitor). The auxiliary winding stays in circuit at all times, but the centrifugal 
switch helps in switching from the start capacitor to the run capacitor at about 
75% of the synchronous speed. The start capacitor is of the ac electrolytic type, 
whereas the run capacitor is of an ac oil type rated for continuous operation. Since 
both windings are active at the rated speed, the run capacitor can be selected to 
make the winding currents truly in quadrature with each other. Thus, a CSCR 
motor acts like a two-phase motor both at the time of starting and at its rated 
speed. Although the CSCR motor is more expensive because it uses two different 
capacitors, it has relatively high efficiency at full load compared with a split-phase 
or capacitor-start motor. A schematic representation of a CSCR motor and its 
speed-torque characteristic are given in Figure 10.9. 

I . 

3 h Rotor n\ , T c a  

Auxiliary 

(a) 

100 - 

25 50 75 100 
Percent of speed 

(b) 

Figure 10.9 (a) Schematic representation and (b) speed-torque characteristic of a cap-start 
cap-run motor. 
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Permanent Split-Capacitor Motor 
A less expensive version of a CSCR motor is called a permanent split-capacitor 
(PSC) motor. A PSC motor uses the same capacitor for both starting and full load. 
Since the auxiliary winding and the capacitor stay in the circuit as long as the 
motor operates, there is no need for a centrifugal switch. For this reason, the motor 
length is smaller than for the other types discussed above. The capacitor is usually 
selected to obtain high efficiency at the rated load. Since the capacitor is not prop- 
erly matched to develop optimal starting torque, the starting torque of a PSC 
motor is lower than that of a CSCR motor. PSC motors are, therefore, suitable for 
blower applications with minimal starting torque requirements. These motors are 
also good candidates for applications that require frequent starts. Other types of 
motors discussed above tend to overheat when started frequently, and this may 
badly affect the reliability of the entire system. With fewer rotating parts, a PSC 

Auxiliary 

25 50 75 100 
Percent of speed 

(b) 

Figure 10.10 (a) Schematic representation and (b) speed-torque characteristic of a 
permanent-split capacitor motor. 
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motor is usually quieter and has a high efficiency at full load. The schematic 
representation of a PSC motor and its speed-torque characteristic are given in 
Figure 10.10. 

10.5 Analysis of a Single-Phase Motor Using Both Windings 

We already know how to determine the performance of a single-phase motor 
running on the main winding only. This analysis can be used to determine the 
performance at full load of a split-phase or a capacitor-start induction motor. 
However, the analysis of a single-phase motor is not complete without knowledge 
of its starting torque. The questions that still remain unanswered are the following: 

What is the starting torque developed by a split-phase or a capacitor- 
start motor? 
What is the voltage drop across the capacitor at starting? Is it within the 
maximum allowable limits? 
What is the current in-rush at the time of starting the motor? Does it 
cause severe fluctuations on the line? 
How can we determine the performance of a motor that uses both wind- 
ings at all times? 
How does the switching of a capacitor from one value to another affect 
the performance of the motor prior to and immediately thereafter? 

It must be clear by now that we cannot answer these questions based upon 
the information obtained from the single-winding analysis. Therefore, our analysis 
must include both windings. 

Before proceeding further, some assumptions that are commonly accepted in 
this area are as follows: 

1. The main and the auxiliary windings are in space quadrature with each other. 
This assumption implies that the flux produced by one winding does not 
induce an emf in the other winding. In other words, no transformer action 
exists between the two windings. 
If we define the a-ratio as the ratio of the effective number of turns in the 
auxiliary winding to the effective number of turns in the main winding, then 
the leakage reactance, the magnetization reactance, and the rotor resistance 
for the auxiliary winding can be defined in terms of the main-winding param- 
eters and the a-ratio. 

3. When both main and the auxiliary windings are excited, they produce their 
own forward and backward revolving fields. Consequently, there are four 
revolving fields in a two-winding single-phase motor. 
Each winding can be represented by an equivalent circuit with two parallel 
branches, one for the forward branch and the other for the backward branch. 
A revolving field induces emf in both windings. It does not really matter 

(a) 

(b) 

(c) 

(d) 

(e) 

2. 

4. 

5. 
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which winding sets up that revolving field. In other words, the forward and 
the backward revolving fields of the auxiliary winding induce emfs in the 
main winding and vice versa. It is common to refer to these induced emfs as 
the speed voltages. 
We assume that the main winding is displaced forward in space by 90" elec- 
trical with respect to the auxiliary winding. The forward field created by the 
auxiliary winding induces an emf in the main winding that lags by 90" the 
emf induced by the same field in the auxiliary winding. This is a very impor- 
tant concept and must be clearly understood in order to properly account for 
the induced emfs in one winding by the revolving fields of the other winding. 

The above assumptions allow us to represent a two-winding single-phase 

6.  

motor by an equivalent circuit, as given in Figure 10.11, where 

Forward 

4 
t 

Forward 

i 

branch 
Main Auxiliary 

Figure 10.11 Equivalent circuit of a PSC motor. 
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R, = resistance of the main winding 
X, = leakage reactance of the main winding 
a = ratio of effective turns in the auxiliary winding to effective turns in 

R,  = rotor resistance as referred to the main winding at standstill 
X, = rotor leakage reactance as referred to the main winding 
X,,, = the magnetization reactance of the motor as referred to the main 

R, = resistance of the auxiliary winding 
El = induced emf in the forward branch of the main winding by the 
- 
E, = induced emf in the backward branch of the main winding by the 
- 

E ,  = induced emf in the forward branch of the auxiliary winding by the 
- 
E, = induced emf in the backward branch of the auxiliary winding by the 

the main winding 

winding 

forward revolving field of the auxiliary winding 

backward revolving field of the auxiliary winding 

forward revolving field of the main winding 

backward revolving field of the main winding 

The other parameters of the auxiliary winding have been defined in terms of 
the a-ratio. The equivalent circuit shown applies strictly to a PSC motor. We re- 
place the capacitor impedance, - jXc,  by a short circuit if we want to analyze a 
split-phase motor. For a CSCR motor, - j X ,  has two different values, one for the 
start capacitor and the other for the run capacitor. In summary, 

For a split-phase motor 

Z,  = R, (10.22a) 

and the auxiliary winding is in circuit for speeds below the operating 
speed of the centrifugal switch. Thereafter the motor operates on the 
main winding only. 
For a capacitor-start motor 

Z ,  = R, - jX,, (10.22b) 

where X,, is the reactance of the start capacitor. The auxiliary winding 
is included in the analysis as long as the speed is less than the operating 
speed of the centrifugal switch. After that the motor operates only on 
the main winding. 
For a CSCR motor 

(10.22c) 
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as long as the motor speed is below the operating speed of the centrifugal 
switch. Thereafter, 

Z ,  = R, - jX,, (10.22d) 

where X, is the reactance of the run capacitor. 
(d) For a PSC motor 

Z, = R, - jX, (10.22e) 

where X, is the reactance of the capacitor in the auxiliary circuit. In this 
case, both windings are in circuit at all times. 

The forward and backward impedances of the main winding are 

(10.23) 

A simplified equivalent circuit in terms of 2, and i b  of a two-winding single- 

The induced emfs in the main winding by its forward and backward revolving 
phase induction motor is given in Figure 10.12. 

fields are 

(10.25) 

(10.26) 

The induced emf in the auxiliary winding by its forward and backward revolving 
fields are 

(10.27) 

(10.28) 

Since the main winding is displaced 90" electrical ahead of the auxiliary wind- 
ing, the induced emf in the main winding by the forward revolving field of the 
auxiliary winding must lag by 90" the induced emf in the auxiliary. In addition, 
the induced emf in the main winding must be l /a  times the induced emf in the 
auxiliary. That is, 

- - A  . 1  - 
a 

E ,  = - 1 -  Ep = - j a I Z  2 f  (10.29) 



Analysis of a Single-Phase Motor Using Both Windings 587 

Main 

+ 

I 

Auxiliary 

Figure 10.12 Simplified version of Figure 10.1 1. 

By the same token, the induced emf in the main winding by the backward re- 
volving field set up by the auxiliary winding must lead by 90" the emf it induces 
in the auxiliary winding. Thus, 

-,. 
(1 0.30) . I  - E2 = J E ,  = ja12Zb 

Similarly, the induced emfs in the forward and backward branches of the auxiliary 
winding by the forward and backward revolving fields of the main winding are 

- - A  

E,  = jal,Z, 

E, = -jal,Zb 
- - 1  

(10.31) 

(10.32) 

Since all the induced emfs are now known, the application of Kirchhoff's 
voltage law to the coupled circuit yields 

+ jx,) + Elm + i,, + El + E2 = V, 
f2(& + ja'x,) + Efa + i b a  + E3 + E4 = V, 

(10.33) 

(10.34) 
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After substituting for the induced emfs, we can express the above equations in 
concise form as 

i,i,, + f2iI2 = V1 
f*i21 + f2i2, = V1 

(1 0.35) 

(10.36) 

where 211 = R1 + 21 + i b  + iX1 

i,, = -ja[i1 - i,] 
i,, = ju[if - i b ]  
i,, = 2, + 2[i, + i, + jXJ 

(10.37a) 

(10.3%) 

(10.37~) 

(1 0.37d) 

The currents in the main and the auxiliary windings are 

The line current is 

iL = il 

The power supplied to the motor is 

Pi,, = Re[c,ft] 

+ r; 

= VJ, cos 0 

(10.38) 

(10.39) 

(10.40) 

(10.41) 

where 0 is the power-factor angle by which the line current lags the applied 
voltage. 

The stator copper losses for both the windings are 

Psce = l:Rl + I$Ra (10.42) 

By subtracting the stator copper losses from the power supplied to the motor, we 
obtain the air-gap power. The air-gap power is distributed among the four re- 
volving fields in the motor. We can also write an expression for the air-gap power 
just as we did for the motor operating on the main winding only. However, we 
have to take into account the presence of speed voltages and the power associated 
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with them. On this basis, the air-gap power developed by the forward revolving 
field of the main winding is 

Similarly, the air-gap power produced by the forward revolving field of the aux- 
iliary winding is 

(10.44) 

The net air-gap power due to both forward revolving fields is 

p a g f  = p a g f i  + pagfa  

= (I: + a2Zq)Rf + 2al,12Rf sin 8 (10.45) 

where il = ll/t31, f2 = Z2b2, and 8 = 6, - 6, (10.46) 

By the same token, the air-gap power developed by the backward revolving fields 
is 

(10.47) 

Hence, the net air-gap power developed by the motor is 

At standstill (i.e., the blocked-rotor condition, or at the time of starting) the per- 
unit slip of the motor is unity. The rotor impedance in the forward and the back- 
ward branches is the same. The net air-gap power developed by the motor, from 
the above equation when Rf = Rb, is 

Pags = 4u1,Z2Rf sin 0 (10.49) 

Note that the net power developed at the time of starting is proportional to 
the sine of the angle between the currents in the two windings. The power de- 
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veloped is maximum when the 8 is 90". For split-phase motors, 8 may be as low 
as 30" and as high as 60". For capacitor motors, 8 is usually close to 90". This is 
why a capacitor motor can develop more starting torque than a split-phase motor 
of the same size. 

E X A M P L E  1 0 . 3  

A 230-V, SO-Hz, 6-pole, single-phase PSC motor is rated at 940 rpm. The equivalent 
circuit parameters for the motor are R, = 34.14 R, X, = 35.9 a, R, = 149.78 a, 
X, = 29.32 R, X ,  = 248.59 R, R, = 23.25 a, a = 1.73, and C = 4 p,F, rated at 
440 V. The core loss is 19.88 W, and the friction and windage loss is 1.9 W. De- 
termine (a) the line current, (b) the power input, (c) the efficiency, (d) the shaft 
torque, (e) the voltage drop across the capacitor, and ( f )  the starting torque. 

0 S O L U T I O N  

= 1000 rpm 
120 x 50 

6 
N, = 

1000 - 940 
1000 

0.06 and s b  = 2 - 0.06 = 1.94 s =  

2a X 940 
60 

= 98.437 rad/s %l = 

= 795.78 0 
lo6 

2a X 50 X 4 
x, = 

j248.59[23.25/0.06 + 129.321 
23.25/0.06 + j(29.32 + 248.59) 

Zf = 0.5 X = 52.655 + j86.532 &I 

j248.59[23.25/1.94 + j29.321 
23.25/1.94 + j(29.32 + 248.59) 

2, = 0.5 x = 4.786 + j13.32 fl 

Z,, = R, + jX, + Zf + zb = 91.58 + j135.751 R 

i,, = -ja(if - 2,) = 126.657 - j82.813 R 

i,, = -iI2 = -126.657 + j82.813 fl 

i,, = a2@ + i b  + jx,] + R, - jx, = 321.693 - j389.49 R 

Substituting c, = 2 3 0 B  in Eqs. (10.38) and (10.39), we obtain 

il = 0.904/ -49.47" A 

i2 = o.559/2i.7i0 A 
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(a) Thus, the line current: fL = fl + f, = 1.207/ - 23.48" A 

(b) The power input: Pin = 230 X 1.207 X cos (23.48") = 254.561 W 

Let us compute the air-gap powers developed by the forward and backward fields 
as 

Power developed: Pd = (1 - s)Pag = (1 - 0.06)178.942 = 168.206 W 

Power output: Po = 168.206 - 19.88 - 1.9 = 146.426 W 

146.426 
254.561 

(c) Efficiency: q = - - - 0.575 or 57.5% 

Po 146.426 
om 98.437 (d) Shaft torque: T, = - = ~ - - 1.488 N-m 

(e) The capacitor voltage: pc = -&XC = -j(0.559/21.71") 795.78 

= 444.6661 - 68.30" V 

Since the voltage drop across the capacitor is higher than its normal rating of 
440 V, for continuous operation either the capacitor with a higher voltage rating 
must be used or the windings must be redesigned. 

( f )  For the starting torque, s = 1 and Sb = 1. Using these values and follow- 
ing the above steps, we obtain 

2 - i  f - b - - 9.237 + j13.886 

i,, = 52.614 + j63.672 s1 

z,, = z,, = 0 s1 

i,, = 205.07 - j605.215 s1 
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From Eqs. (10.38) and (10.39), the main- and the auxiliary-winding currents at 
standstill are 

v 
z,, 
v 
z 2 2  

TI, = = 2.785/-50.43" A 

f2s = r?- = 0.36171.28" A 

i L s  = I; + T2 = 2.613/-43.70" A 

Pi,, = 434.529 W Pflgf = 102.452 W Pflgb = 47.952 W 

2 7  x 1000 
60 

= 104.72 rad/s Pflg = 54.497 w w, = 

- 0.52 N.m Hence, starting torque developed: T, = - - 54.497 
104.72 

Note that the starting torque is only 1/3 of the full-load torque. For this reason, a 
PSC motor is usually employed in blower applications. 

H 

Exercises 

10.5. A 120-V, 60-Hz, Cpole, single-phase, capacitor-start motor has a main- 
winding impedance of 6 + j50 R and an auxiliary-winding impedance of 
5 + j25 R. The rotor impedance at standstill is 8 + j5 R. The magnetization 
reactance is 150 R. If the starting capacitor is 100 pF, determine the start- 
ing torque developed by the motor. 
What is the torque developed by the motor in Exercise 10.5 when it oper- 
ates at a full-load speed of 1575 rpm? Determine its efficiency if the rota- 
tional loss is 10 W. Note that the motor runs on the main winding only at 
its rated speed. 

10.6. 

10.6 'resting Single-Phase Motors 

The methods to determine the winding resistances of the main, R,, and the aux- 
iliary winding, R,, are not discussed in this section because we can use any method 
that can accurately determine the resistances of these windings. The other equiv- 
alent circuit parameters of a single-phase induction motor can be determined by 
performing the blocked-rotor and the no-load tests. 
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Blocked-Rotor Test 
The blocked-rotor test is performed with the rotor held at standstill by exciting 
one winding at a time while the other winding is left open. The test arrangement 
with the auxiliary winding open is shown in Figure 10.13. The test is performed 
by adjusting the applied voltage until the main winding carries the rated current. 
Since the slip at standstill in either direction is unity, the rotor circuit impedance 
is usually much smaller than the magnetization reactance. Therefore, for the 
blocked-rotor test we can use the approximate equivalent circuit of the main wind- 
ing without the magnetization reactance, as depicted in Figure 10.14. 

(a) Auxiliary winding open 
Let Vb,, Ibmr and Pb,  be the measured values of the applied voltage, 

the main-winding current, and the power supplied to the motor under 
blocked-rotor condition. The magnitude of the input impedance is 

(1 0.50) Vbni 
zbm = - 

Ibm 

The total resistance in the circuit is 

Thus, the total reactance is 

AC 
source 

Auxiliary 

(10.51) 

(1 0.52) 

Figure 10.13 Experimental setup for blocked-rotor test with auxiliary winding open. 
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if x2 

ji x2 

Figure 10.14 Approximate equivalent circuit as viewed from the main winding under 
blocked-rotor condition. 

From the approximate equivalent circuit (Figure 10.14), we have 

and 

(10.53) 

(10.54) 

Since the main-winding resistance is already known, the rotor resistance 
at standstill, from Eq. (10.53), is 

To separate the leakage reactances of the main winding and the rotor, 
we once again make the same assumption that they are equal. That is, 

(10.56) 

(b) Main winding open 
We can also perform the blocked-rotor test by exciting the auxiliary 

winding with the main winding open. Let P,, V,, and I, be the power 
input, the applied voltage, and the current in the auxiliary winding when 
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the rotor is at standstill. The total resistance of the auxiliary winding can 
now be computed as 

(10.57) 

Since the rotor winding resistance is already known, we can compute 
the rotor resistance as referred to the auxiliary winding as 

R, = Rb,, - R, (10.58) 

We can now determine the a-ratio, the ratio of effective turns in the 
auxiliary winding to the main winding, by the square root of the ratio 
of the rotor resistance as viewed from the auxiliary winding to the value 
of the rotor resistance as viewed from the main winding. Thus, 

a = ?< (10.59) 

No-Load Test with Auxiliary Winding Open 
In the three-phase induction motor operating under no load, we neglected the 
copper loss in the rotor circuit because it was assumed to be very small. In fact, 
we considered the rotor branch an open circuit because of very low slip at no load. 
In a single-phase motor running on main winding only, the no-load slip is con- 
siderably higher than that for a three-phase motor. If we still assume that the slip 
under no load is almost zero and replace the rotor circuit of the forward branch 
with an open circuit under no load, the error introduced in the calculation of the 
motor parameters based upon this test is somewhat greater than that for the three- 
phase motor. Making such an assumption, however, does simplify the equivalent 
circuit of the main winding under no load with auxiliary winding open. Such an 
equivalent circuit is given in Figure 10.15. 

Let VnL, In,, and P,, be the measured values of the rated applied voltage, the 
current, and the power intake by the motor under no-load condition. Then the 
no-load impedance is 

z n L  = -  Vn, (10.60) 
1"L 

The equivalent resistance under no load is 

(10.61) 
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4 ixl - i”, 

Figure 10.15 Approximate equivalent circuit as referred to the main winding under no- 
load condition (s = 0). 

Hence, the no-lo A reactance is 

(10.62) 

However, from the equivalent circuit (Figure 10.15), we have 

X,, = XI + 0.5Xm + 0.5X2 

Since XI = X, = 0.5Xb, 

XI + 0.5X2 = 0.75Xb, 

Thus, from Eq. (10.62), the magnetization reactance is 

x, = 2x,, - l.SXb, (10.63) 

Finally, the rotational loss is 

P, = P,, - 1:,(R, + 0.25R.$ (10.64) 

All the parameters of a single-phase induction motor are now known. Using 
these parameters we can now compute the torque developed, the power input, 
the power output, the winding currents, the line current, and the efficiency of the 
motor at any slip. 
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E X A M P L E  10.4 

A 115-V, 60432, single-phase, split-phase induction motor is tested to yield the 
following data. 

Voltage ( V )  Current (A) Power (W) 
~ ~ _ _  . .  - - . __ - __ __ __ __ . - - - - - __ - - 
With auxiliary winding open 

No-load test 115 3.2 55.17 
Blocked-rotor test 25 3.72 86.23 

Blocked-rotor test 121 1.21 145.35 
With main winding open 

The main-winding resistance is 2.5 R and the auxiliary-winding resistance is 
100 0. Determine the equivalent circuit parameters of the motor. 

S O L U T I O N  

From the blocked-rotor test on the main winding with the auxiliary winding open, 
we obtain 

- 6.72 fl 25 
3.72 

z,, = - - 

86.23 
3.722 

R,, = - - - 6.23 0 

Thus, 

and 

X,, = d6.722 - 6.232 = 2.52 0 

XI = X2 = 0.5 X 2.52 = 1.26 R 

R, = 6.23 - 2.5 = 3.73 R 

From the no-load test data on the main winding with auxiliary winding open, we 
have 

115 
3.2 

z,, = - = 35.94 R 

55.17 
R,, = 3.22 = 5.39 0 

x,, = q35.942 - 5.392 = 35.53 n 
Hence, X, = 2 X 35.53 - 0.75 X 2.52 = 69.17 sl 

and P, = 55.17 - 3.2*(2.5 + 0.25 x 3.73) = 20 W 
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From the blocked-rotor test on the auxiliary winding with the main winding open, 
we get 

121 
1.2 

Z, = - = 100.83 R 

145.35 
1.2* 

R, = - = 100.94 R 

R, = 100.94 - 100 = 0.94R 

Finally, the a-ratio is 

a = = 0.5 

Exercises 

10.7. A 230-V, 60432, single-phase, CSCR motor is tested to yield the following 
data. 

Voltage (V) Current (A) Power (W) 

With auxiliary winding open 
No-load test 230 2.2 63.1 
Blocked-rotor test 120 8.22 743.1 

Blocked-rotor test 201 2.08 309.7 
With main winding open 

The main-winding resistance is 6 R and the auxiliary-winding resistance 
is 38 R. Determine the equivalent circuit parameters of the motor. 
A 230-V, 60-Hz, reversible, garage door, PSC motor is tested as follows 
with the auxiliary winding open: 
Blocked-rotor test: 230 V, 2.16 A, 406.84 W 
No-load test: 230 V, 1.45 A, 138.52 W 
Since the two windings are identical for a reversible motor, the a-ratio is 
unity and the resistance of each winding is 42.4 R. Determine the equiva- 
lent circuit parameters of the motor. 

10.8. 

10.7 Shaded-Pole Motor 

When the auxiliary winding of a single-phase induction motor is in the form of a 
copper ring, it is called the shaded-pole motor. Most often, a shaded-pole motor 
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has a salient-pole construction similar to the stator of a dc machine. The pole is, 
however, always laminated to minimize the core loss. The pole is physically 
divided into two sections. A heavy, short-circuited copper ring, called the shad- 
ing coil, is placed around the smaller section, as shown in Figure 10.16. This sec- 
tion usually covers one-third the pole arc and is called the shaded part of the 
pole. The larger section is logically referred to as the unshaded part. The main 
winding surrounds the entire pole, as shown in the figure. The rotor is die-cast, 
just like the rotor of any other single-phase induction motor. 

As you may have already construed, a shaded-pole motor is very simple in 
construction and is the least expensive for fractional horsepower applications. 
Since it does not require a centrifugal switch, it is not only rugged but also very 
reliable in its operation. To keep the cost low, a shaded-pole motor usually oper- 
ates in the magnetic saturation region. This is one of the reasons why the effi- 
ciency of a shaded-pole motor is low compared with that of other types of induc- 
tion motors. These motors develop low starting torque and are suitable for blower 
applications. Shaded-pole motors are usually built to satisfy the load requirements 
up to 1/3 horsepower. 

Principle of Operation 
Let us now examine how the shading coil helps a shaded-pole motor to set up a 
revolving field. To do so, we consider changes in the flux produced by the main 
winding at three time intervals: 

(a) 
(b) 
(c) 

Any change in the flux in each pole of the motor is responsible for an induced 
emf in the shading coil in accordance with Faraday's law of induction. Since the 
shading coil forms a closed loop having a very small resistance, a large current is 

When the flux is increasing from zero to maximum 
When the flux is almost maximum 
When the flux is decreasing from maximum to zero 

\y. winding Squirrel-cage 
rotor 

Rotor 
\L"lC, 

Unshaded 

Figure 10.16 A shaded-pole motor. 



600 Single-Phase Motors 

induced in the shading coil. The direction of the current is such that it always 
creates a magnetic field that opposes the change in the flux in the shaded region 
of the pole. With this understanding, let us now analyze the effect of the shading 
coils during the time intervals mentioned above. 

Interval a: During this time interval the flux in the pole is increasing and so 
is the current induced in the shading coil. The shading coil produces a flux that 
opposes the increase in the flux linking the coil. As a result, most of the flux flows 
through the unshaded part of the pole, as shown in Figure 10.17. The magnetic 
axis of the flux is then the center of the unshaded section of the pole. 

Interval b: During this time interval the magnetic flux in the pole is near its 
maximum value. Therefore, the rate of change of flux is almost zero. Hence, the 
induced emf and the current in the shading coil are zero. As a result, the flux 
distributes itself uniformly through the entire pole. The magnetic axis, therefore, 
moves to the center of the pole. This shift in magnetic axis has the same effect as 
the physical motion (rotation) of the pole. 

Interval c: During this time interval the magnetic flux produced by the main 
winding begins to decrease. The current induced in the shading coil reverses its 
direction in order to oppose the decrease in the flux. In other words, the shading 
coil produces the flux that tends to prevent a decrease in the flux produced by the 
main winding. As a result, most of the flux is confined in the shaded region of 
the pole. The magnetic axis of the flux has now moved to the center of the shaded 
region. 

Note that without the shading coil, the center of the magnetic axis would 
always be at the center of the pole. The presence of the shading coil forces the flux 
to shift its magnetic axis from the unshaded region to the shaded region. The shift 
is gradual and has the effect of revolving magnetic poles. In other words, the 
magnetic field revolves from the unshaded part toward the shaded part of the 

Figure 10.17 Shading-pole action during the positive half cycle of a flux waveform. 
a, w t  < n/2: Almost all the flux passing through unshaded region; b, wt  = n/2: No 
shading action, flux is uniformly distributed over the entire pole; c, wt > n/2: Most of 
the flux is passing through the shaded region. 
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motor. The revolving field, however, is neither continuous nor uniform. Conse- 
quently, the torque developed by the motor in not uniform but vanes from instant 
to instant. 

Since the rotor follows the revolving field, the direction of rotation of a shaded- 
pole motor cannot be reversed once the motor is built. To have a reversible motor, 
we must place two shading coils on both sides of the pole and selectively short 
one of them. 

To increase the starting torque, the leading edge of the shaded-pole motor 
may have a wider air-gap than the rest of the pole. It has been found that if a part 
of the pole face has a wider gap than the remainder of the pole, the motor devel- 
ops some starting torque without the auxiliary winding. Such a motor is called a 
reluctance start motor. Adding the reluctance feature to a shaded-pole motor 
increases its starting torque. This feature is commonly employed in the design of 
a shaded-pole motor. 

A typical speed-torque characteristic of a shaded-pole motor is given in Fig- 
ure 10.18. Take another look at this curve. It clearly shows one of the important 
drawbacks of a shaded-pole motor; the third harmonic dip. To cancel some of the 
third-harmonic effect, we can use a relatively high-resistance rotor. However, any 
increase in the rotor resistance is accompanied not only by a decrease in the oper- 
ating speed of the motor but also by a drop of motor efficiency. 

The analysis of a shaded-pole motor is quite involved and is not within the 
scope of this book. However, for the benefit of those readers who are interested 
in exploring further, we refer them to an IEEE publication, “Revolving-Field Anal- 
ysis of a Shaded-pole Motor” by Bhag S. Guru, IEEE Trans., Power Apparatus and 
Systems, Vol. 102, No. 4, pp. 918-927, April 1983. This publication provides (a) a 
complete theoretical development including the harmonics analysis and non- 
quadrature placement of the shading coil with respect to the main winding, (b) all 
the necessary design equations, (c) a step-by-step procedure to develop a com- 
puter program for analyzing/designing a shaded-pole motor, and (d) a long list 
of major publications on the subject. 

Breakdown 
Y 

-g 200 
0 - 

torque 

Starting torque 
, Load line 

point 

I I I \ I  * 
25  50 75 I00 

Percenr of speed 

Figure 10.18 Speed-torque characteristic of a shaded-pole motor. 
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10.8 Universal Motor 

A dc series motor specifically designed for ac operation is usually referred to as 
a universal motor. A universal motor is wound and connected just like a dc series 
motor. That is, the field winding is connected in series with the armature wind- 
ing. However, some modifications are necessary to transform a dc series motor 
into a universal motor. We discuss these modifications later. Let us first explore 
how a dc series motor can operate on an ac source. 

Principle of Operation 

When a series motor is operated from a dc source, the current is unidirectional 
in both the field and the armature windings. Therefore, the flux produced by each 
pole and the direction of the current in the armature conductors under that pole 
remain in the same direction at all times. Hence, the torque developed by the 
motor is constant. 

When a series motor is connected to an ac source, the current in the field and 
the armature windings reverses its direction every half cycle, as shown in Figure 
10.19 for a two-pole series motor. 

During the positive half cycle (Figure 10.19a), the flux produced by the field 
winding is from right to left. For the marked direction of the current in the ar- 
mature conductors, the motor develops a torque in the counterclockwise direction. 
During the negative half cycle (Figure 10.19b), the applied voltage has reversed 
its polarity. Consequently, the current has reversed its direction. As a result, the 

t 

Main 
flux 

(4 (b) 

Figure 10.19 Current and flux directions in a universal motor during (a) the positive and 
(b) the negative half cycles. 
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flux produced by the poles is now directed from left to right. Since the reversal 
in the current in the armature conductors is also accompanied by reversal in the 
direction of flux in the motor, the direction of the torque developed by the motor 
remains unchanged. Hence, the motor continues its rotation in the counterclock- 
wise direction. 

If K, is the machine constant, i, is the current through the field and the ar- 
mature windings at any instant, and aP is the flux per pole at that instant, the 
instantaneous torque developed by the motor is K,i,Op. When the motor operates 
in the linear region (below the knee of the magnetization curve), the flux Op must 
be proportional to the field current i,. When the permeability of the magnetic core 
is relatively high, the presence of the air-gaps ensures that for all practical pur- 
poses the flux Op is in phase with the current i,. Thus, the instantaneous torque 
developed by the motor is proportional to the square of the armature current, as 
shown in Figure 10.20. In other words, the average value of the torque developed 
is proportional to the root-mean-square (rms) value of the current. It is obvious 
from Figure 10.20 that the torque developed by the universal motor varies with 
twice the frequency of the ac source. Such pulsations in torque cause vibrations 
and make the motor noisy. 

Figure 10.21 shows the equivalent circuit, the phasor diagram, and the speed- 
torque characteristics of a universal motor. The back emf E, ,  the winding current 
I,, and the flux per pole QP are in phase with each other as shown. R, and X, are 
the resistance and the reactance of the series field winding. R, and X, are the 
resistance and the reactance of the armature winding. 

Design Considerations 
1. When a series motor is to be designed as a universal motor, its poles and yoke 

must be laminated in order to minimize the core loss produced in them by 
the alternating flux. If a series motor with an unlaminated stator is connected 
to an ac supply, it quickly overheats owing to excessive core loss. 

Figure 10.20 The current and the torque developed by a universal motor. 
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100 200 300 400 
Percent of full-load torque 

(C) 

Figure 10.21 (a) Equivalent circuit of a universal motor, (b) phasor diagram, and (c) 
typical speed-torque characteristic. 

2. Under steady-state operation of a dc series motor, the inductances of the series 
field and armature windings have little effect on its performance. However, 
the motor exhibits reactive voltage drops across these inductances when con- 
nected to an ac source. The high reactive voltage drops have a two-fold effect: 
(a) reducing the current in the circuit for the same applied voltage, and 
(b) lowering the power factor of the motor. The reactive voltage drop across 
the series field winding is made small by using fewer series field turns. 

3. The decrease in the number of turns in the series field winding reduces the 
flux in the motor. This loss in flux is compensated by an increase in the number 
of armature conductors. 

4. The increase in the armature conductors results in an increase in the armature 
reaction. The armature reaction can, however, be reduced by adding compen- 
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sating windings in the motor. A universal motor with a conductively coupled 
compensating winding is shown in Figure 10.22a. The corresponding phasor 
diagram (Figure 10.22b) shows the improvement in the power factor. 
Under ac operation, an emf is induced by transformer action in the coils un- 
dergoing commutation. This induced emf (a) causes extra sparking at the 
brushes, (b) reduces brush life, and (c) results in more wear and tear of the 
commutator. To reduce these harmful effects, the number of commutator seg- 
ments is increased and high-resistance brushes are used in universal motors. 
One may ask a very logical question: With all these drawbacks, why do we 

use a universal motor? Some of the reasons are given below: 
1. A universal motor is needed when it is required to operate with complete 

satisfaction on dc and ac supply. 
2. The universal motor satisfies the requirements when we need a motor to op- 

erate on ac supply at a speed in excess of 3600 rpm (2-pole induction motor 
operating at 60 Hz). Since the power developed is proportional to the motor 
speed, a high-speed motor develops more power for the same size than a low- 
speed motor. 

3. When we need a motor that automatically adjusts its speed under load, the 
universal motor is suitable for that purpose. Its speed is high when the load 
is light and low when the load is heavy. 

5. 

I d 4  4 
(a) (b) 

Figure 10.22 (a) Equivalent circuit and (b) phasor diagram for a conductively 
compensated universal motor. 
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In light of the above reasons, a universal motor is used quite extensively in 
the fractional horsepower range. Some applications that require variation in speed 
with load are saws and routers, sewing machines, portable machine tools, and 
vacuum cleaners. 

E X A M P L E  1 0 . 5  

A 120-V, 60-Hz, 2-pole, universal motor operates at a speed of 8000 rpm on full 
load and draws a current of 17.58 A at a lagging power factor of 0.912. The im- 
pedance of the series field winding is 0.65 + j1.2 0. The impedance of the ar- 
mature winding is 1.36 + j1.6 R. Determine (a) the induced emf in the armature, 
(b) the power output, (c) the shaft torque, and (d) the efficiency if the rotational 
loss is 80 W. 

0 S O L U T I O N  

(a) From the equivalent circuit of the motor (Figure 10.21b), we have 

E, = V, - f , ( ~ ~  + R, + jx, + jx,) 
= 120 - 17.58/-24.22"[0.65 + 1.36 + j(1.2 + 1.6)] 

= 74.1/ - 24.22" V 

As expected, the induced emf is in phase with the armature current. 
The power developed by the motor is (b) 

Pd = Re[E,f,*] = 74.1 X 17.58 = 1302.68 W 

The power output: Po = P, - P,, = 1302.68 - 80 = 1222.68 W 

(c) From the rated speed of the motor, we obtain 

2.rr x 8000 
60 

= 837.76 rad/s w, = 

Hence, the shaft torque: T, = 1222.681837.76 = 1.46 N.m 

(d) The power input is 

Pi,, = 120 X 17.58 X 0.912 = 1923.96 W 

The efficiency: q = 1222.6811923.96 = 0.636 or 63.6% 
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Exercises 

10.9. A 240-V, ~O-HZ, 2-pole, universal motor operates at a speed of 15000 rpm 
on full load and draws a current of 6.5 A at 0.94 pf lagging. The motor 
parameters are R, = 6.15 Q, X, = 9.4 R, R, = 4.55 Q, and X, = 3.2 R. 
Calculate (a) the induced emf of the motor, (b) the shaft torque, and (c) the 
efficiency if the rotational loss is 65 W. 

10.10. If the motor of Exercise 10.9 draws a current of 12.81 A at 0.74 pf lagging 
when its load is increased, determine the operating speed of the motor. 
Assume that the motor is operating in the linear region. 

S U M M A R Y  

In this chapter we examined three different types of ac motors: the single-phase 
induction motor, the shaded-pole motor, and the universal motor. 

We explained with the help of the double revolving-field theory that a single- 
phase induction motor continues rotating even when the flux is established by a 
single (main) winding. The split-phase motor and the capacitor-start motor op- 
erate on a single winding when the operating speed is usually above 75% of its 
synchronous speed. Based upon the double revolving-field theory, we were able 
to represent these motors by their equivalent circuits. The rotor circuit was re- 
solved into two equivalent circuits: one for the forward revolving field and the 
other for the backward revolving field. 

For a single-phase induction motor to develop starting torque, it requires an 
auxiliary winding. This winding is usually placed in space quadrature with 
respect to the main winding. 

In a split-phase motor, the phase difference between the currents in the two 
windings and thereby between the fluxes produced by them is obtained by making 
the auxiliary winding highly resistive while the main winding is highly inductive. 
A phase difference of as high as 60" electrical can be obtained for a well-designed 
split-phase motor. 

In a capacitor motor, the phase difference is created by including a capacitor 
in series with the auxiliary winding. For a properly designed capacitor motor, the 
phase difference of nearly 90" electrical can be obtained at the time of starting. 
Thus, a capacitor motor comes close to a two-phase motor. 

The power developed and the efficiency of a capacitor motor can be improved 
by retaining the auxiliary winding in the circuit at all times. Motors that fall into 
this category are permanent split-capacitor (PSC) motors and capacitor-start 
capacitor-run (CSCR) motors. 

A CSCR motor uses two capacitors: One capacitor is optimized to develop 
high starting torque while the other is picked on the basis of high efficiency. The 
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selection of the capacitor for a PSC motor is based upon a compromise between 
the starting torque and its full-load efficiency. 

The auxiliary winding of a shaded-pole motor consists of a shorted copper 
ring. Most often, the two windings are not in space quadrature. The currents in 
the two windings set up an unbalanced revolving field, and the motor develops 
some starting torque. In order to increase the starting torque, most shaded-pole 
motors have a graded air-gap region. 

The universal motor is a series dc motor properly designed for ac operation. 
The motor is capable of operating on both dc and ac supply. The performance, 
however, is better when the motor operates on the dc supply. Compensating 
winding may be used to improve the power factor. 

The equivalent circuit parameters of an induction motor can be obtained by 
performing the blocked-rotor and no-load tests. When the blocked-rotor test is 
performed with the auxiliary winding open, we obtain the rotor resistance, the 
leakage reactance of the main winding, and the leakage reactance of the rotor. By 
performing the blocked-rotor test with the main winding open, we obtain the 
a-ratio. Performing the no-load test with the auxiliary winding open yields the 
magnetization reactance and the rotational loss. 

Review Questions 

10.1. 

10.2. 

10.3. 

10.4. 

10.5. 

10.6. 

10.7. 
10.8. 

10.9. 

10.10. 
10.11. 

10.12. 

Describe the construction of the following motors: split-phase motor, ca- 
pacitor motor, shaded-pole motor, and universal motor. 
Explain the principle of operation of a split-phase motor, a capacitor motor, 
a shaded-pole motor, and a universal motor. 
Why do we refer to the split-phase motor, capacitor motor, and shaded- 
pole motor as induction motors? 
Is a universal motor also an induction motor? Give reasons to justify your 
answer. 
State some of the practical applications of universal motors other than those 
given in this text. 
Is it always possible to replace a shaded-pole motor with other types of 
induction motors? 
Can the direction of rotation of a shaded-pole motor be reversed? 
How can the direction of rotation of a split-phase or a capacitor motor be 
reversed? 
Why is it necessary to "cut off" the auxiliary winding from the circuit when 
a split-phase motor is operating at full load? What would happen if the 
centrifugal switch failed? 
Why is a capacitor motor better than a split-phase motor? 
Why is a capacitor-start capacitor-run motor better than a permanent split- 
capacitor motor? 
What is the effect of armature reaction on the speed of a universal motor? 
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10.13. Why does a universal motor perform better on dc than ac supply? 
10.14. What happens to the power factor of a universal motor when the load is 

10.15. What happens to the speed of a universal motor when the load is 

10.16. Is i t  possible for a universal motor to self-destruct under no load? 
10.17. A 1/3-hp, 12O-V, 60-Hz, shaded-pole motor takes 830 W at its full-load slip 

of 8%. Calculate (a) the speed and (b) the efficiency of the motor. 
10.18. Determine the number of poles, the forward slip, and the backward slip 

for the following motors: (a) 1140 rpm, 60 Hz, (b) 1440 rpm, 50 Hz, and 
(c) 3200 rpm, 60 Hz. 

10.19. How can a universal motor be reversed? Make a sketch using a double- 
pole double-throw (DPDT) switch. 

10.20. Sketch a reversible shaded-pole motor. 
10.21. When the operating speed of a motor under all conditions is less than 

3600 rpm, is it still better to use a universal motor than an induction motor? 

increased? 

increased ? 

Problems 

10.1. 

10.2. 

10.3. 

10.4. 

10.5. 

10.6. 

A 120-V, 60-Hz, 2-pole, single-phase induction motor operates at a slip of 
4% and has a rotor resistance of 2.4 R at standstill. Determine (a) the speed 
of the motor, (b) the effective rotor resistance in the forward branch, and 
(c) the effective rotor resistance in the backward branch. 
The effective rotor resistance of a 120-V, 50-Hz, 6-pole, single-phase induc- 
tion motor in the forward branch at a slip of 5% is 120 a. What is the rotor 
resistance at standstill? What is the effective resistance in the backward 
branch? What is the operating speed of the motor? 
A 230-V, 60-Hz, 6-pole, single-phase induction motor has a stator imped- 
ance of 1.5 + j3 R and a rotor impedance of 2 + j3 R at standstill. The 
magnetization reactance is 50 il. If the rotational loss is 150 W at a slip of 
5'%, determine the efficiency and the shaft torque of the motor. 
A 208-V, 50-Hz, 4-pole, single-phase induction motor has R, = 2.5 0, 
XI = 2.9 (1, R, = 2.1 ll, X ,  = 2.6 a, and X,,, = 42 R. If the friction, windage, 
and core loss is 50 W at a slip of 4%, determine the efficiency and the torque 
of the motor. 
A 115-V, 60-Hz, &pole, single-phase induction motor operates at a speed 
of 1050 rpm and has R, = 3.8 fl, XI = 5.9 fl, R, = 4.2 a, X ,  = 5.9 a, and 
X,,, = 70.8 ll. Determine the torque and the efficiency of the motor if the 
rotational loss is 25 W. 
Plot the speed-torque curve, current versus speed, efficiency versus 
speed, and power output versus speed characteristics of the single-phase 
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induction motor of Problem 10.5. Assume that the rotational loss is pro- 
portional to the motor speed. 

10.7. A 230-V, 60-Hz, $-pole, two-value capacitor motor is rated at 1710 rpm. 
The motor parameters are R, = 30 R, X ,  = 36 R, R, = 24 a, X, = 30 a, 
R, = 120 R, X,,, = 250 R, a = 1.75, start capacitor = 8 pF, and run capacitor 
= 4 pF. The rotational loss at full load is 25 W. Determine the shaft-torque 
and the efficiency at full load. What is the starting torque developed by the 
motor? 

10.8. Plot the speed-torque curve and speed-efficiency characteristic for the 
motor of Problem 10.7. Assume that (a) the switching action takes place at 
75% of the synchronous speed and (b) the rotational loss is proportional 
to the speed. 

10.9. A 115-V, 60-Hz, 6-pole, CSCR motor is rated at 1152 rpm. The motor par- 
ameters are R,  = 20 R, X, = 32 0, R, = 22 0, X, = 32 R, R, = 55 SZ, 
X, = 210 R, a = 1.8, start capacitor = 8 pF, and run capacitor = 5 pF. 
The rotational loss is 10 W. Determine the shaft-torque and the efficiency 
a t  full load. What is the starting torque developed by the motor? 

10.10. Plot the speed-torque curve and the speed-efficiency characteristic for the 
motor of Problem 10.9. Assume that (a) the switching action takes place at 
75% of the synchronous speed and (b) the rotational loss is proportional 
to the speed. 

10.11. A llS-V, 60-Hz, 6-pole, CSCR motor is rated at 1120 rpm. The motor param- 
eters are XI = 6 0, XI = 4.8 a, R, = 5 R, X, = 3.3 R, R, = 38 R, 
X,n = 51 a, a = 2.6, start capacitor = 20 pF, and run capacitor = 10 pF. 
The rotational loss is 28 W. Determine the shaft-torque and the efficiency 
at full load. What is the starting torque developed by the motor? 

10.12. Plot the speed-torque curve and the speed-efficiency characteristic for the 
motor of Problem 10.11. Assume that (a) the switching action takes place 
at 75% of the synchronous speed and (b) the rotational loss is proportional 
to the speed. 

10.13. A 115-V, 60-Hz, 2-pole, CSCR motor is rated at 3325 rpm. The motor param- 
eters are R, = 16 R, X, = 12 n, R, = 11 R, X ,  = 6.8 R, R, = 26 R, 
X, = 120 a, a = 1.2, start capacitor = 25 pF, and run capacitor = 10 pF. 
The rotational loss is 10 W. Determine the shaft-torque and the efficiency 
at full load. What is the starting torque developed by the motor? 

'10.14. Plot the speed-torque curve and the speed-efficiency characteristic for the 
motor of Problem 10.13. Assume that (a) the switching action takes place 
at 75% of the synchronous speed and (b) the rotational loss is proportional 
to the speed. 

10.15. A 220-V, 60-Hz, 4-pole, PSC motor is rated at 1710 rpm. The motor param- 
eters are R, = 20 a, X, = 30 0, R, = 24 a, X ,  = 30 R, R, = 60 a, 
X,, = 200 0, Q = 1.5, and C = 4 pF. The rotational loss at full load is 20 W. 



Problems 61 1 

Determine the shaft torque and the efficiency at full load. What is the start- 
ing torque developed by the motor? 

10.16. Plot the speed-torque curve and the speed-efficiency characteristic for the 
motor of Problem 10.15. Assume that the rotational loss is proportional to 
the speed. 

10.17. A 230-V, 60-Hz, 6-pole, PSC motor is rated at 1152 rpm. The motor param- 
eters are R, = 15 R, XI = 42 R, R, = 22 0, X, = 42 R, R, = 25 R, 
X, = 180 R, u = 1.4, and C = 7.5 KF. The rotational loss is 10 W. Determine 
the shaft torque and the efficiency at full load. What is the starting torque 
developed by the motor? 

10.18. Plot the speed-torque curve and the speed-efficiency characteristic for the 
motor of Problem 10.17. Assume that the rotational loss is proportional to 
the speed. 

10.19. A 120-V, 60-Hz, 6-pole, PSC motor is rated at 1120 rpm. The motor param- 
eters are R, = 5 R, X, = 5.8 R, R, = 7 0, X, = 5.8 R, R, = 12 R, 
X, = 80 0, a = 2, and C = 10 p,F. The rotational loss is 20 W. Determine 
the shaft torque and the efficiency at full load. What is the starting torque 
developed by the motor? 

10.20. Plot the speed-torque curve and the speed-efficiency characteristic for the 
motor of Problem 10.19. Assume that the rotational loss is proportional to 
the speed. 

10.21. A 115-V, 6O-Hz, 2-poie, reversible PSC motor is rated at 3325 rpm. The 
motor parameters are R ,  = 4 0, XI = 8 61, R, = 15 R, X, = 8 R, R, = 4 R, 
X, = 120 0, u = 1, and C = 10 pF. Neglect the rotational loss. Determine 
the shaft torque and the efficiency at full load. What is the starting torque 
developed by the motor? 

10.22. A 208-V, 50-Hz, 4-pole, split-phase induction motor has X, = 12.5 dZ, 
XI = 25 fl ,  R, = 25 i2, X, = 25 fZ, R, = 280 0, a = 0.5, and X,, = 150 0. 
If the friction, windage, and core loss is 20 W at a speed of 1400 rpm, 
determine the efficiency and the torque of the motor. What is the starting 
torque developed by the motor? The switching speed is 75% of the syn- 
chronous speed. 

10.23. Sketch the speed torque and speed-efficiency curves for the motor of Prob- 
lem 10.22. Assume that the rotational loss is proportional to the speed. 

10.24. A 120-V, 60-Hz, 4-pole, split-phase induction motor has R,  = 6.5 dZ, 
X, = 12.5 62, R, = 15 0, X ,  = 12.5 R, R, = 120 R, u = 0.5, and X,, = 
150 I]. If the friction, windage, and core loss is 25 W at a speed of 1650 rpm, 
determine the efficiency and the torque of the motor. What is the starting 
torque developed by the motor? The switching speed is 75% of the syn- 
chronous speed. 

10.25. Sketch the speed-torque and speed-efficiency curves for the motor of Prob- 
lem 10.24. Assume that the rotational loss is proportional to the speed. 
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10.26. 

10.27. 

10.28. 

10.29. 

10.30. 

10.31 

10.32. 

10.33. 

A 120-V, 60-Hz, 4-pole, capacitor-start induction motor has R,  = 5 R, 
X, = 12 R, R, = 20 a, X, = 12 R, R, = 20 R, a = 1.5, and X, = 200 R. 
The value of the start capacitor is 20 pF. If the friction, windage, and core 
loss is 20 W at a speed of 1650 rpm, determine the efficiency and the torque 
of the motor. What is the starting torque developed by the motor? The 
switching speed is 75% of the synchronous speed. 
Sketch the speed-torque and the speed-efficiency curves for the motor of 
Problem 10.26. Assume that (a) the rotational loss is proportional to the 
speed and (b) the switching action takes place at 75% of the synchronous 
speed. 
A 230-V, 60-Hz, 6-pole, capacitor-start motor is rated at 1152 rpm. The 
motor parameters are R ,  = 10 R, XI = 22 R, R, = 20 R, X, = 22 R, 
R, = 18 R, X ,  = 220 R, u = 1.8, and start capacitor = 8 pF. The rotational 
loss is 10 W. Determine the shaft torque and the efficiency at full load. 
What is the starting torque developed by the motor? 
Plot the speed-torque curve and the speed-efficiency characteristic for the 
motor of Problem 10.28. Assume that (a) the switching action takes place 
at 75% of the synchronous speed and (b) the rotational loss is proportional 
to speed. 
A 4-pole, 120-V, 60-Hz, capacitor-start motor is tested to yield the following 
data: 
No-load test with auxiliary open: 120 V, 2.7 A, 56 W 
Blocked-rotor test with auxiliary open: 120 V, 15 A, 1175 W 
Blocked-rotor test with main open: 120 V, 5.2 A, 503.4 W 
The main-winding resistance is 2.5 fl and the auxiliary-winding resistance 
is 12.5 R. Determine the equivalent circuit parameters of the motor. 
A 208-V, $-pole, 50-Hz, reversible, PSC motor, when tested with auxiliary 
winding open, gave the following results: 
No-load test: 208 V, 3.8 A, 96 W 
Blocked-rotor test: 80 V, 8 A, 420 W 
For a reversible motor to develop the same torque in either direction of 
rotation at full load, the main and the auxiliary windings are identical 
(a = 1). The resistance of each winding is 3.8 R. Determine the equivalent 
circuit parameters of the motor. 
Calculate the torque developed and the efficiency of the motor of Problem 
10.31 at a slip of 5%. What is the rated speed of the motor? What must be 
the voltage rating of the capacitor if the motor uses a 5-pF capacitor? 
The following test results were obtained from a 120-V, 60-Hz, split-phase 
motor: 
Main-winding resistance: 3.5 R 
Auxiliary-winding resistance: 140 R 
Blocked-rotor test with auxiliarv oDen: 96.8 V. 10 A. 600 W 

J 1  
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No-load test with auxiliary open: 120 V, 2.5 A, 45 W 
Blocked-rotor test with main open: 120 V, 0.85 A, 102.2 W 
Compute the equivalent circuit parameters of the motor. 

iliary winding open, gave the following results: 
No-load test: 120 V, 1.2 A, 60 W 
Blocked-rotor test: 90 V, 5 A, 420 W 
For a reversible motor to develop the same torque in either direction of 
rotation at full load, the main and the auxiliary windings are identical 
(a = 1). The resistance of each winding is 15 (1. Determine the equivalent 
'circuit parameters of the motor. 

10.35. Calculate the torque developed and the efficiency of the motor of Problem 
10.34 at a slip of 4%. What is the rated speed of the motor? What must be 
the voltage rating of the capacitor if the motor uses a 7.5-pF capacitor? 

10.36. A llO-V, 60-Hz, 2-pole, universal motor operates at a speed of 12,500 rpm 
on full load and draws a current of 5 A at 0.74 pf lagging. The motor 
parameters are R, = 0.5 R, X ,  = 2.235 R, R, = 5.2 R, and X ,  = 12.563 R. 
Calculate (a) the induced emf in the armature, (b) the shaft torque, and 
(c) the efficiency of the motor. 

10.37. If the motor of Problem 10.36 draws a current of 5.65 A at a power factor 
of 0.65 lagging when the load is increased, determine (a) the operating 
speed of the motor, (b) the power output, and (c) the shaft torque. Assume 
that the rotational loss is proportional to the motor speed. 

10.34. A 120-V, 6-pole, 50-Hz, reversible, PSC motor, when tested with the aux- 

. 
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- 
1 1 . 1  Introduction 

The discussion of electric machines presented in the preceding chapters was lim- 
ited to the steady-state operating conditions. That is, the machine has either been 
running at a given condition for a long time or adjusting from one operating con- 
dition to another very slowly so that the energy imbalance between the electrical 
and mechanical elements would be insignificant during the transition period. 
However, when the change from one operating condition to another is sudden, 
changes in the stored magnetic energy and the stored mechanical energy in terms 
of the inertia of the rotating members do not occur instantaneously. As a result, 
a finite time, known as the transient (dynamic) period, is needed to restore the 
energy balance from the initial to the final conditions. For example, if the applied 
voltage to a motor changes suddenly, the machine will undergo a transient period 
prior to attaining its new steady-state condition. In fact, such events occur quite 
often when machines are driven by electronic drives, as they generate periodic 
discontinuous voltage and current waveforms.O Another condition that may cause 
a change in the dynamic equilibrium of a machine is a sudden change in its load. 

In Chapter 2 we pointed out that the magnetization characteristic of a mag- 
netic material deviates from a straight line relationship at high values of magnetic 
flux density. It simply means that the permeability of a magnetic material is 
dependent upon the flux density in it. Only at low flux densities, where the mag- 
netization characteristic follows a fairly straight-line relationship, the permeabil- 
ity of the magnetic material can be considered as constant. In this straight-line 
(linear) region, the flux density in the magnetic material is directly proportional 
to the applied magnetomotive force (mmf). For instance, a 10% increase in the 
applied mmf gives rise to an almost 10% increase in the flux density or the flux 
in the magnetic material. A machine that operates in the linear region of its mag- 
netization characteristic can be treated as a linear device. For such a machine, it 
is possible to obtain a closed-form solution to characterize its behavior under all 
operating conditions (steady-state or transient). 

As the applied mmf is increased, a point is reached at which the flux density 
in the magnetic material begins to deviate from the linear relationship. This is the 
point, called the knee of the magnetization curve, at which the magnetic material 
begins to saturate. Subsequent increase in the applied mmf results in further sat- 
uration of the magnetic material. In this region, the permeability of the magnetic 
material depends greatly upon the flux density in it. As the flux density increases 
the permeability decreases. When the magnetic material becomes completely sat- 
urated, the permeability of the magnetic material approaches that of the air and 
the magnetic material behaves almost like a nonmagnetic material. It is quite dif- 
ficult if not impossible to obtain a closed-form solution for a machine that oper- 
ates in the saturated (nonlinear) region. We can, however, determine the behav- 
ior of a machine that operates in the saturated region by using various numerical 
techniques. One such technique based upon the forth-order Runge-Kutta algo- 
rithm is described later in this chapter. 

We can also approximate the magnetization characteristic of a machine by 
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many piecewise linear segments. The operation of the machine in each segment 
can then be deemed linear. Under such linear approximations, it is possible to 
obtain an approximate closed-form solution of a machine using differential equa- 
tions or Laplace transformation techniques. In this chapter, we have used the 
Laplace transformation technique to shed light on the dynamic behavior of direct- 
current (dc) machines. 

11.2 DC Machine Dynamics 

When a voltage is suddeniy applied across the field winding of a dc generator, 
the current in the field winding builds up slowly from zero to its final steady- 
state value owing to the high inductance of the field winding. An exactly similar 
situation takes place when the generator is coupled to a prime mover. It takes 
time for the speed of the armature of a generator to change from zero to its rated 
value. How does a dc generator behave when the load is removed suddenly or 
the generator develops a short-circuit? To answer these questions, we have to 
understand the dynamic behavior of a dc generator. 

Similar questions can also be raised for a dc motor. For example: What happens 
when the voltage is suddenly applied across the armature winding of a dc motor? 
How long does it take for the current to reach its steady-state value? How fast does 
it readjust its speed when the torque is changed suddenly? To answer some of these 
questions, let us first reexamine the steady-state behavior of a dc motor. 

We already know the governing equations for the torque developed by and 
the angular velocity of a separately excited or a shunt motor under steady-state 
condition as 

and 

where K, is the machine constant, I, is the armature current, QP is the flux per pole, 
R, is the effective resistance of the armature circuit, and V, is the source voltage. 

From these equations, it is obvious that the motor speed depends upon the 
applied voltage V,, the effective armature resistance R,, and the flux per pole QP 
The flux per pole is controlled by increasing or decreasing the shunt-field wind- 
ing current +. The build-up of current $ depends upon the resistance Rf and the 
inductance Lf of the field winding. As you may have guessed, it seems as if there 
are three ways to control the speed of a dc motor while it supplies the required 
torque. However, controlling the speed by changing either the applied voltage V ,  
and/or the effective resistance of the armature circuit R, is regarded as one method 
of speed control. This method is generally called the armature-control method. 
When the speed of a dc motor is controlled by changing the flux in the motor, it 
is referred to as the field-control method. What follows is a discussion of the 
dynamic behavior of a dc motor when these methods are used for speed control. 
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Figure 11.1 A separately excited dc motor with a constant field current. 

Armature-Controlled DC Motors 

The switch S connects a separately excited dc motor to a dc voltage supply, as 
shown in Figure 11.1. Owing to the sudden application of the armature voltage, 
the motor experiences a transient state whose duration is essentially governed by 
the parameters of the motor and the load. When the field current is kept constant 
or it is a permanent magnet motor, we can mathematically represent the varia- 
tion of the armature current by the following first-order differential equation: 

di$) 
dt 

R,i,(t) + L, - + Ko,(t) = V, (11.1) 

where R, and L, are the armature resistance and inductance, respectively. In this 
model ia(t) is the armature current while V,  is the applied voltage across the motor 
terminals. In Eq. (11.1) K o , ( t )  is the back electromotive force (emf) of the motor 
(e,), where K = &aDp is a constant because of uniform field current +, and o,(t) is 
the angular velocity of the rotor. 

Similarly, the torque developed by the motor can be expressed as 

(11.2) 

Here, Ki,(t) is the developed torque (Td), and TL is the load torque. In this 
equation D and J are the viscous friction coefficient and the moment of inertia of 
the rotating members, respectively. Equations (11.1) and (11.2) can be rearranged 
in the matrix form as 
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In the above equations the dynamics of a dc motor with a constant excitation is 
expressed in the state-space form, where w,(t) and i,(t) constitute the state vari- 
ables and V, and TL are the input variables. 

The solutions of the above equations provide us with the variations of the 
motor speed, om, and the armature current, i,, as a function of time. Since Eqs. 
(11.1) and (11.2) are a set of linear differential equations, they can be solved either 
by Laplace transformation technique or by a numerical method. In this chapter 
we use both techniques to determine w,(f) and #). 

Laplace Transformation Method 
Laplace transformation allows us to transform linear differential equations into 
algebraic equations. 

Taking the Laplace transform of Eqs. (11.1) and (11.2), we obtain 

R,I,(s) + sL,l,(s) + Kn,(s) = Vs(s) + L,i,(O) (11.4) 

and 

where I,(s), a&), V,(s) and TL(s) are the Laplace transforms of i,(f), w,(f), V,, and 
T,, respectively. On the other hand, i,(O) and o,(O) are the initial values of the 
armature current and the angular velocity of the motor at t = 0. 

When we solve Eqs. (11.4) and (11.5) simultaneously, we get 

and 

If the motor is at standstill when it is energized at t = 0, i,(O) and w,(O) are 
zero. Consequently, Eqs. (11.6) and (11.7) become 

(11.8) 
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The inverse Laplace transforms of Eqs. (11.6) and (11.7) or Eqs. (11.8) and 
(11.9) yield the motor speed and the armature current in time domain, as illus- 
trated by the following examples. 

E X A M P L E  1 1 . 1  

A 240-V, permanent magnet, dc motor takes 2 A whenever it operates at no load. 
Its armature winding resistance and inductance are 1.43 R and 10.4 mH, respec- 
tively. The flux per pole is 5 mWb and the motor constant K,, is 360. The moment 
of inertia is 0.068 kg.m2. If the motor is suddenly connected to a 240-V dc source 
while operating at no load, determine its speed and armature current as a func- 
tion of time. 

0 S O L U T I O N  

The no-load data of the motor helps us determine the friction coefficient, D, as 
outlined below 
Since the motor requires 2 A at no load, its no-load speed is 

240- = 131.74 rad/s 0, = 
360 5 10-3 

At no load, the developed torque 

Td = 360 x 5 x x 2 = 3.6 N-m 

is primarily for the rotational losses. The friction coefficient D can then be calcu- 
lated as 

3.6 
131.74 

D=-- - 0.027 N-m-s 

Prior to the application of armature voltage the motor speed and armature 
current are zero. That is, at t = 0, w,(O) = 0 and i,,(O) = 0. In addition, the load 
torque is zero because the motor operates at no load. 

From Eq. (11.81, we get 

240 
1.8 ~ 

S 

OJs) = 

(0.027 + 0.068s) (1.43 + 10.4 x lW3s) + 1.8* 
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610,859.72 
S ( S  + 79.84) (S + 58.10) 

A = s  

Dynamics of Electric Machines 

or 

= 131.74 
s=o 

610859.72 
s(s2 + 137.89s + 4636.04) 

Q,(s) = 

610,859.72 
(S + 5 8 . 1 0 ) ~ ( ~  + 79.84) 

B = (s + 58.10) 

In order to determine the inverse Laplace transform of n,,,(s), we expand n,(s) 
into partial fractions as 

= 351.87 
s=-s.lo 

C + A B 
s s + 79.84 s + 58.10 

QJs) = - + 

610,859.72 

(S + 79 .84)~ (~  + 58.10) 
c = (s + 79.84) 

where A, B, and C can now be determined by the root-substitution method. Thus, 

= -483.56 
s s m . ~  

Finally, we can take the inverse Laplace transform of 

483.56 - 131.74 351.87 
n,(s) = ~ + 

S s + 79.84 s + 58.10 

and get the angular velocity in rad/s as 

o,(t) = 131.74 + 351.87e-79.&p' - 483.56e-58.'0t for t > 0 

The graph of o,(t) is given in Figure 11.2. 
From Eq. (11.91, the Laplace transform of the armature current is 

23,076.92s + 9162.9 
s(s2 + 137.89s + 4636.04) 

I&s) = 
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Figure 11.2 The motor speed as a function of time. 

In terms of its partial fraction expansion, I,$) can be written as 

1056 - 2 1054 

s s + 58.10 s + 79.84 
I&S) = - + 

Finally, we obtain the armature current as 

i&t) = 2 + 1054e-58.10t - 1056e-79.84' for t > 0 

which is shown graphically in Figure 11.3. 
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Figure 11.3 The armature current as a function of time. 
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E X A M P L E  1 1 . 2  

The motor given in Example 11.1 is coupled to a load having a torque of 18.58 
N-m. Determine the variation of the motor speed as a function of time after the 
motor is suddenly energized at its rated voltage at t = 0. 

0 S O L U T I O N  

Since the voltage is applied to the armature circuit at t = 0, the initial speed and 
the armature current are both zero. 
From Eq. (11.81, 

240 1858 1.8 - - - (1.43 + 10.4 x 10"s) 

(0.027 + 0.068s) (1.43 + 10.4 x 10"s) + 1B2 

S S 
n,(s) = 

or 

573,289.87 + s274.02 
s(s2 + 137.89s + 4636.04) 

n,(s) = 

465.90 - 123.66 342.29 + - -- 
S s + 79.84 s + 58.10 

The inverse Laplace transform of n,(s) yields 

o,(t) = 123.66 + 342.29 e-79.843t - 465.90e-58.'0' for t > 0 

The Laplace transform of the armature current is calculated from Eq. (11.9) as 

56,447.963 + ~23,076.923 
s(s2 + 137.89s + 4636.04) 

1, (s) = 

or in terms of its partial-fraction expansion as 

1015 + 12.18 1027 - 
S s + 79.84 s + 58.10 
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Figure 11.4 The variations in (a) the motor speed and (b) armature current as a function 
of time. 

The inverse Laplace transform of Z,(s) yields 

ia(t) = 12.18 - 1027e-79.&1' + 1015e58.10' for t > 0 

The variations in motor speed and armature current as a function of time are 
given in Figure 11.4. 

For all practical purposes, the motor attains its steady-state operation after 
five time constants. Thus, this motor takes approximately 86.06 ms (based upon 
the largest time constant) to achieve its steady state. 

E X A M P L E  1 1 . 3  

The motor studied in Example 11.1 is suddenly energized with its rated voltage 
at t = 0 when it was at rest and coupled to a linear load of TL = 0.1 om. 
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(a) 

(b) 

Determine the variation of the motor speed as a function of time for 
t 2  0. 
Calculate the time needed to achieve the steady state. 

0 S O L U T I O N  

(a) Since the motor was at rest before it was energized at t = 0, the initial 
speed and the initial armature current are zero. Thus, from Eq. (11.8) 
with T,(s) = 0.1 Q,(s), we get 

1.8 (240/s) - 0.1RJ1.43 + 10.4 x 10-3s) 

(0.027 + 0.068s) (1.43 + 10.4 x 10-3s) + 1B2 
QJs) = 

and after grouping the terms, we obtain 

610,859.729 
s(s2 + 139.37s + 4838.24) 

R,(s) = 

The roots of the polynomial in the denominator are 

s, = 0, s2 = -73.946, and s3 = -65.392 

Thus, in terms of partial-fraction expansion, n,(s) can be written as 

1092 - 126.256 956.776 
n,"(s) = + 

S s + 73.946 s + 65.392 

The inverse Laplace transform yields, for t > 0 

o,(t) = 126.256 + 956.776e-73.9461 - 1092e45.392t rad/s 

The variation of the speed with time is also given in graphic form in 
Figure 11.5a. From Eq. (11.9), we can calculate the Laplace transform of 
the armature current as 

23,076.92s + 43,099.55 
s(s2 + 139.37s + 4838.24) 

I,(S) = 

or in partial-fraction expansion form as 

2606 + 8.908 2615 I,(s) = - - 
S s + 73.946 s + 65.392 
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Finally, we can obtain i,(t> from the inverse Laplace transform as 

i,(t) = 8.908 - 2615e-73.946t + 2606e-65.392t rad/s for t>O 

Figure 1 1 . 5 b  illustrates the variation of the armature current as a func- 
tion of time. 
The largest time constant of the above exponential terms is (b) 

1 

65 .392  
T = - = 0.0153 s 

To achieve a steady state, the time taken should, at least, be 57.  Hence, 

t = 5 x 0.0153 = 0.0765 s = 76.5 ms 

is the time needed to reach the steady state. 

In Examples 11 .1 ,11 .2 ,  and 11.3,  we deliberately used the same motor to give 
you the opportunity to observe the responses of the same motor under different 
operating conditions. 
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Figure 11.5 The variations in (a) the motor speed and (b) armature current as a function 
of time. 
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Exercises 

11.1. 

11.2. 

The armature winding of the motor given in Example 11.1 can withstand 
twice its rated current for 6 ms. Determine the amount of resistance to be 
connected in series with the armature winding for a safe start-up at no 
load. 
A 240-V, 2-hp, 850-rpm permanent-magnet (PM) dc motor operates at its 
rated conditions for a long time. The motor constant is 625 and the flux per 
pole is 4 mWb. Detemine the variation of speed and the armature current 
as a function of time if the load is suddenly removed from its shaft. The 
armature resistance and inductance are 2.6 R and 19 mH, respectively. The 
moment of inertia of the motor is 0.08 kg.m2 while the friction coefficient 
D is 0.011 N-mss. 

Field-Controlled DC Motors 

In an armature-controlled dc motor we kept the field current at a constant level 
and changed the supply voltage to adjust the motor speed to below its rated speed. 
In a field-controlled dc motor, however, we will change the field current in order 
to obtain a motor speed higher than its rated speed. 

Let us consider the separately excited dc motor, shown in Figure 11.6, oper- 
ating in the linear region of its magnetization characteristic so that the flux pro- 
duced by the motor is proportional to the field current (i.e, Qp = k&). Conse- 
quently, the back emf and the developed torque in the motor can be expressed 
as 

E ,  = K,Q,o, = K i o Tf m 
(1 1 .lOa) 

(11.1Ob) 

where, K, = K,Kf is a constant of proportionality. 
As the field voltage, Vf, or total resistance, Rf, in the field circuit is adjusted 

to change the field current, $, the following equation governs the variation of if: 

(11.11) 
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~~~~ 

Figure 11.6 A separately-excited dc motor with a change in its field voltage at t = 0. 

where Lf is the inductance of the field circuit as shown in Figure 11.6. 

the equahons below: 
As 1 changes, so do the back emf and the developed torque as described by 

f .  

and 

(1 1.12a) 

In Eqs. (ll.ll), (ll.l2a), and (11.12b), we note that om(t), i,W, and $ ( t )  are the 
state variables since they dictate the energy storage in the moment of inertia of 
the rotor and in the inductances of the armature and field windings, respectively. 
Also, it is clear that Eqs. (11.12a) and (11.12b) are nonlinear because of the prod- 
ucts of the state variables in these equations. As a result, the Laplace transform 
approach would not be appropriate to get closed-form solutions for oJt) and i,W. 
However, a simplifying assumption can be made to linearize these equations. 
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In an electric motor, the time constant of the electric circuit is much smaller 
than the time constant dependent upon its mechanical members. Therefore, it can 
be considered that the time constant of the field circuit is much smaller than the 
mechanical time constant of the motor. In other words, the variation of the motor 
speed and thereby the back emf will be much slower than the variation of the 
field current with time. Thus, we can assume that the field current has already 
achieved its new steady-state value (constant current) before the armature (rotor) 
responds to the changes in the field current. Ln this case Eqs. (11.12a) and (11.12b) 
become linear equations as 

and 
di,(t) 

dt 
R,i,(t) + L, ~ + KTlfom(t) = V ,  

(1 1.13a) 

(11.13b) 

where , is the steady-state value of 
field current. 

after the change has taken p c e  in the 

Now, to obtain the dynamic response of the motor, we can use the Laplace 

Solving these equations, we get 

(1 1.14a) 

(1 1.14b) 

(11.14~) 

(1 I. 15) 

(1 1.16) 
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and 
Vf (s) + Lf $ ( O )  

$(s) = 
Rf + sLf 

629 

(11.17) 

The following example shows the use of these equations to predict the dynamic 
response of a dc motor when the flux is adjusted. 

E X A M P L E  1 1 . 4  

A 240-V, 12-hp, separately excited dc motor operating on a load of 15 N-m in 
the linear region of its magnetization characteristic has the following param- 
eters R, = 0.28 a, La = 2.81 mH, Rf = 320 a, Lf = 2 H, J = 0.087 kgm2, D = 0.02 
N-ms, and KT = 1.03. Determine the variation of the motor speed, armature cur- 
rent, and field current as a function of time when the field voltage is suddenly 
reduced from 240 V to 192 V a t = 0. 

a S O L I J T I O N  

Since the motor has been operating at steady state on a load of TL = 15 N.m before 
the field voltage is suddenly changed, we have to evaluate first the initial condi- 
tions on o,(t), z,(t), and Yt)  from Eqs. (ll.ll), (11.12a), and (11.12b) as applied at 
steady state for t < 0, 

Simultaneous solution of the above equations yields 

o,(O) = 300.79 rad/s, i,(O) = 27.2 A, and $(O)  = 0.75 A 

When the field voltage is reduced to 192 V suddenly, the field current will 
drop from 0.75 A to a steady-state value of I = 192/320 = 0.6 A after a short 

transform of the angular velocity, armature current, and field current as 
duration. Using Eqs. (11.14a1, (11.14b), and (11. i 4c), we can determine the Laplace 

300(s2 + 99.80s + 1960.82) 
s(s2 + 100.03s + 1581.73) 

a,(d = 
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27.14(s2 + 708.58s + 2116.01) 
s(s2 + 100.03s + 1581.73) 

I$) = 

0.75(s + 128) 
s(s + 160) 

$(s) = 

or 

94.868 - 24.16 + 371.9 
Q,(s) = - 

S s + 80.079 s + 19.816 

262.513 + 36.307 271.582 
I#) = ___ - 

S s + 80.079 s + 19.816 

0.6 0.15 
$(s) = - + 

s s + 160 

in partial fraction expansion form. Taking the inverse Laplace transform yields 

w,(t) = 371.9 + 24.16e-80.079t - 94.868e--19.816' 

i , ( f )  = 36.307 - 271 .582e-80.079' + 262.513e-'9.816' 

$0) = 0.6 + 0.15e-lmf 

as the variation of the angular velocity, armature current, and field current, respec- 
tively. The waveforms are given in Figures 11.7, 11.8a, and 11.8b. From Figure 
11.7, it is clear that the field current attains its steady state at about 30 ms whereas 
it takes about 300 ms for the speed and thereby the armature current to do so. 
This is in accordance with our assumption that the mechanical response is slug- 
gish in comparison with the electrical response that resulted in the change of 
states. Another important fact that can be observed from this problem is that the 
armature current increases to a peak, which is well over the motor rating. Again 
this is mainly due to the mechanical time constant of the motor that does not 
allow a rapid change in the back emf of the motor. Therefore, it is recommended 
that the field current be gradually varied so that high currents will not take place 
in the armature circuit. Lastly, you can notice that the final value of the armature 
current is higher than what we had before the field current was reduced. The rea- 
son is that the mechanical losses increased significantly with increasing motor 
speed leading to a higher torque demand. Consequently, the increase in devel- 
oped torque caused an increase in armature current. 
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Figure 11.7 The field current as a function of time. 
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Figure 11.8 The variations in (a) the motor speed and (b) armature current as a function 
of time. 
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Exercises 

11.3. 

11.4. 

A 24-V, 3000-rpm, 50-W, 70% efficient, separately excited dc motor operates 
at its rated conditions. If the speed is reduced to 1500 rpm at constant load 
and the time allowed to restore the steady state is 2 ms, determine the 
moment of inertia for this motor. The resistance of the armature winding 
is 5 n. The armature inductance and the effect of saturation are negligible. 
Assume a viscous friction coefficient of 0.001 N-m-s. 
To run the motor given in Exercise 11.3 at 4000 rpm at no load, calculate 
(a) the total resistance in the field circuit and (b) the time taken to reach 
the steady state. The rated field voltage is 24 V, and the field-winding resis- 
tance and inductance are 250 R and 100 mH, respectively. The flux per pole 
is given as O,, = O.l$ .  

Dynamics of DC Generators 
A separately excited dc generator delivering power to a static load is shown in 
Figure 11.9. Once again, we assume that the generator operates in the linear region. 
To determine the dynamic behavior of the generator with respect to the changes 
in the armature and field currents, a considerable simplification can be achieved 
by making an assumption that the shaft speed is practically constant. 
During the transient state, the field voltage is 

+ i s  + I:] Load 

( 1 1.18) 

Figure 11.9 Equivalent circuit of a separately excited dc generator. 
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and the generated voltage is 

(1 1.19) 

However, the generated voltage can be expressed as 

ea(f) = K & ( f )  (1 1.20) 

where Ke = K , K f o ,  is a constant of proportionality. By substituting Eq. (11.20) 
into Eq. (11.19), we obtain 

Equations (11.18) and (11.21) can be written in the matrix form as 

- =I - O ]  1 

Lf 

(1 1.22) 

In the above set of equations, the armature and field currents are the state variables 
and Vf is the input variable. 

With zero initial conditions, Eqs. (11.20) and (11.21) can be expressed in La- 
place transform as 

and 

K,$(s) = (R, + RL + sL, + sLL)I,(s) (1 1.24) 
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From these equations we obtain 

Vf (4 
I f ( ' )  = Rr + sL, 

and 

(1 1.25) 

(11.26) 

E X A M P L E  1 1 . 5  

A separately excited dc generator operating at 1500 rpm has the following para- 
meters: Rf = 3 0, Lf = 25 mH, and K, = 30 V/A. If a dc voltage of 120 V is 
suddenly applied to the field winding under no load, determine (a) the field cur- 
rent and the generated voltage as a function of time, (b) the approximate time to 
reach the steady-state condition, and (c) the steady-state values of the field current 
and induced voltage. 

0 S O L U T I O N  

(a) From Eq. (11.25) 

120 

40 40 
s s + 120 

- - _ -  - 

Therefore, the field current is 

if(t) = 40(1 - e-'*O') A for t 2 0  

and the generated voltage is 

e,(t) = K&(t)  = 1200(1 - e-120t) V for t 2 0 

The graphs of if and e, are shown in Figures 11.10 and 11.11, respectively. 
For all practical purposes, the field current attains its steady-state value (b) 



DC Machine Dynamics 635 

Figure 11.10 The field current as a function of time. 

Figure 11.11 The induced voltage as a function of time. 

after five time constants. Thus, the time required to reach the steady 
state is 

5 
120 

T = - = 0.0417 s or 41.7 ms 

(c) The final values of the field current and the induced (no-load) voltage 
are lj  = 40 A and E ,  = 1200 V, respectively. 

Exercise 

11.5. Develop a mathematical model that represents the dynamic state of a dc 
generator driving a dc motor. Set up the differential equations in the matrix 
form. Neglect the saturation of the magnetic core, and assume that the 
motor field current and the generator speed are constant. 
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Numerical Analysis of DC Motor Dynamics 

Thus far we obtained the closed-form solution for the dynamic response of dc 
motors using the Laplace transform technique. We resort to a numerical method 
to obtain the dynamic response when the machine is operating under nonlinear 
conditions. In this section, our aim is to investigate the dynamic response of dc 
machines by solving the differential equations numerically employing the fourth- 
order Runge-Kutta algorithm. Prior to its application, a brief description of the 
Runge-Kutta algorithm is given. 

Fourth-Order Runge-Kutta Algorithm 
Consider a set of first-order differential equations given in matrix form as 

dyO = Ax(t) + Bg(t)  
dt  

(1 1.27) 

where x ( t )  is a state-variable vector (column matrix) and g(t) is the input-variable 
vect0r.A and B are constant coefficient matrices that include the parameters of 
the system. The solution of Eq. (11.27) can be given at discrete instants of time as 
follows: 

K ,  + 2& + 2& + g4 
6 X , + l  = xfl + - (11.28) 

where gn and xfl + are the values of the state-variable vector at instants of n and 
n + 1, respectively. El, K 2 ,  K 3 ,  and K4 are constant vectors computed at discrete 
instants of time as outlined next. 

then 

(11.29) 

(11.30a) 

(1 1.30b) 

(1 1.30~) 

(1 1.30d) 
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& 
Figure 11.12 Flow chart for the Runge-Kutta algorithm. 

where h is the step length, which is defined as the time between two discrete 
instants. The step length is highly dependent on the time constants of the system. 
In general, h is chosen less than the smallest time constant of the system in order 
to maintain the stability of the numerical method. Figure 11.12 shows the flow 
chart of the algorithm, and a sample Fortran program is given in Figure 11.13. 
There are, in all, five sets of inputs to the program matrices A and B, the input 
variables, and the values for the step length and the total response time. 

The Runge-Kutta algorithm is so general that it can be used to solve a set of 
first-order linear and/or nonlinear differential equations. The following example 
illustrates the application of the Runge-Kutta method for a linear system. 
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Figure 11.13 Computer program to solve the state equations. 
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E X A M P L E  1 1 . 6  

The parameters of a 240-V, PM motor are R, = 0.3 a, La = 2 mH, K = 0.8, 
J = 0.0678 kg-m2. Determine the motor speed and the armature current as a func- 
tion of time when the motor is subjected to a torque of 100 N-m after 200 ms of 
starting at no load. Consider a step length of 0.01 s and observe the response for 
a period of 0.5 s. Neglect the frictional losses and assume that the motor operates 
in the linear region. 

0 S O L U T I O N  

From Eq. (11.3), for t < 200 ms, we have 

-14.75 0 
A = [ ""] 

-400 -150 

with initial values of wm(0) = 0 and i,(t) = 0. 
For t > 200 ms, 

The computed speed and armature current waveforms are shown in Figures 11.14 
and 11.15, respectively. 
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Figure 11.14 The motor speed as a function 
of time. 
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Figure 11.15 The armature current as a 
function of time. 



Dynamics of Electric Machines 

Exercises 

11.6. 

11.7. 

A separately excited dc generator is connected to the armature of a sepa- 
rately excited dc motor. The entire system is at standstill. At t = 0, the field 
winding of the generator is connected to a 240-V supply as it rotates at 
1500 rpm. The motor operates at no load when its field winding cames 
1 A. The parameters of the generator are R, = 1.5 R, L, = 11 mH, = 0.07 
kgm2, and KO = 360, Rf = 90 R, Lf = 100 mH. The flux per pole in the 
generator varies as 0.2 9 The motor parameters are R, = 7 R, Lo = 15 mH, 
I = 0.08 kgm2, K = 5.5, and D = 0.015 N-m-s. Write the computer program 
to predict the armature current and speed of the motor. 
The motor given in Example 11.6 drives a fan whose speed-torque char- 
acteristic can be approximated as TL = 0.5 m,. Write a computer program 
to determine the motor speed and its armature current. 

1 1.3 Synchronous Generator Dynamics 

Whenever there is a sudden change in the torque applied to the rotor or in the 
current supplied by the generator, a finite time is needed by the generator before 
it attains its new steady-state condition. The operation of the generator during 
this finite period is termed transient operation. There are, in fact, two types of 
transient operations of a synchronous generator, an electrical transient and a 
mechanical transient. 

Electrical Transients 

The most severe transient that may occur in a synchronous generator is the 
development of a sudden short circuit across its three terminals. When such a 
short circuit takes place on a generator that has been operating at the synchro- 
nous speed under no load, the current in each phase, shown in Figure 11.16, 
is sustained by the generated voltage E ,  of the machine. It may be surprising 
from Figure 11.16 that each phase current has a decaying dc component even 
though only ac voltages are present in the armature circuit. The reason for this is 
that the machine tries to maintain constant flux linkages for each of the three 
phases. Another observation from Figure 11.16 is that the waveforms are not 
symmetric about the zero axis. 

However, a symmetric waveform can be obtained by subtracting the dc com- 
ponent, as illustrated in Figure 11.17. It is a common practice to examine the wave- 
form by dividing it into three periods-the subtransient period, the transient 
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Figure 11.16 Phase currents in the armature winding after a sudden three-phase short 
circuit across the terminals of a synchronous generator operating at no load. 

period, and the steady-state period. During the subtransient period, the current 
decrement is very rapid and it lasts only few cycles. The transient period, on the 
other hand, covers a longer time with a slower rate of decrease in the current. 
Finally, during the steady-state period the current is determined by the gener- 
ated voltage and the synchronous reactance of the machine. All three periods of 
the exponentially decaying envelope of the symmetric short-circuit current are 
shown in Figure 11.18 using a semilog graph. We can now determine the equiv- 
alent reactances that control the current during the substransient and transient 
periods. 
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Figure 11.17 Symmetric short-circuit current. 

In order to simplify the theoretical development, let us assume that the gen- 
erator operates in the linear region of its magnetization characteristic and the 
winding resistances are negligible. Also, we assume that the machine does not 
carry any damper winding. Just prior to the short circuit, the total flux linkages 
of the field winding are 
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(Logarithmic 
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current 
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Figure 11.18 Semi-log graph of the envelope of the symmetric short-circuit current. 
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where lf is the field current and Lf is the effective inductance of the field winding. 
Equation (11.31) can also be written as 

Af = (L,f + L p f  (11.32) 

after representing the effective inductance has the sum of the leakage inductance 
Ly of the field winding and the mutual inductance Llrf between the field and the 
armature windings. Since the generator has been operating under no load before 
the short circuit, the flux linkage due to the armature winding is 

A, = 0 (1 1.33) 

When a three-phase short circuit occurs across the armature terminals at f = 0, 
the magnetic axes of the field winding and armature winding, for example phase- 
a, are considered to be orthogonal, in accordance with Eq. (11.33) as indicated in 
Figure 11.19. After a short time the rotor attains a certain angular position a with 
respect to the magnetic axis of phase-a winding and causes currents of i, and Z, + 
$ in phase-a and the field winding, respectively, in order to maintain the same 
total flux linkages. The flux linkages for phase-a can be expressed as 

Xu = i,(L,, + LUf)  + (If + $)Luf sin (90" - a) = 0 (1 1.34) 

where L,, is the leakage inductance of phase-a. 

Phase-a 
winding 

axis 

t 
a 

a' 

f' f 

Field winding axis 

Figure 11.19 The relative positions of the phase and field windings at the inception 
(t = 0) of a short circuit. 
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The flux linkages associated with the field winding are 

Af = (If + + Laf)  + Lnfi, sin(90" - a) (1 1.35) 

From Eqs. (11.32), (11.34), and (11.35), it can be shown that 

L&LY + Lor) sin(90" - a) 
LZfsin2(90" - a) - (Ls + L,f)(L,, + Lq) 1, = (1 1.36) 

and 

L;sin2(900 - a)$ 
L$ sin2(9Oo - a) - (LI/  + Laf)(LI, + Laf)  

l f =  - (1 1.37) 

The most severe transient condition takes place when the currents are maxi- 
mum. From the preceding equations, the currents are maximum when a = 0. 
Thus, corresponding to the most severe condition, 

and 

(11.38) 

(1 1.39) 

Equation (11.38) can be used to determine the transient reactance of the synchro- 
nous generatsr that governs its behavior during the transient period. Multiplying 
both the numerator and the denominator of Eq. (11.38) by 02, and after some 
simplifications, we obtain 

(11.40) 

where E, = $daf = IfXafis the generated voltage prior to the short circuit under 
no-load condition. The transient reactance can be defined as the ratio of no-load 
voltage to the short-circuit current during the transient period, or 

(11.41) 
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Figure 11.20 Equivalent circuit of the transient reactance. 

and its equivalent-circuit representation is given in Figure 11.20. Note that E ,  and 
i, are the peak values of the generated voltage and the armature current. 

In the previous development we assumed no damper winding on the rotor. 
If we take the effect of the damper winding into consideration, with the similar 
approach we used to develop the transient reactance, we obtain 

(11.42) 

which is referred to as the subtransient reactance. In this expression, i, is the 
current that corresponds to the subtransient period, and x/d is the leakage reac- 
tance of the damper winding and can be included in the equivalent circuit, as 
shown in Figure 11.21. It is evident from Figures 11.20 and 11.21 that Xi is smaller 
than Xi. Therefore, during the first few cycles after the short circuit has developed, 
the armature current is very large and we refer to this current as the subtransient 
current, and its root-mean-square (rms) value is given as 

(1 1.43) 

Figure 11.21 Equivalent circuit of the subtransient reactance. 
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The end of the subtransient period marks the beginning of the transient period, 
and the rms value of the transient current is 

(11.44) 

The transient period lasts typically for another seven to ten cycles. The transient 
current is followed by the steady-state current controlled by the synchronous re- 
actance of the machine, and its rms value is 

1 -E, 
- V5xs (1 1.45) 

It must be borne in mind that our discussion of electrical transients assumes 
that all three phases of the synchronous generator developed the short circuit at 
the same time. If the short circuit occurs on only one or two phases, the nature of 
the response is more complex and is beyond the scope of this book. 

E X A M P L E  1 1 . 7  

The per-unit parameters of a 6 0 - H ~ ~  71,500-kVA, 13,800-V, cos 8 = 0.8 synchro- 
nous generator are X4 = 0.57 pu, X I ,  = 0.125 pu, Xv = 0.239 pu, and XI, = 0.172 
pu. Calculate the rms values of the symmetric subtransient and transient currents 
if a three-phase short circuit occurs across the armature terminals while the 
machine has been running at no load. 

0 S O L I J T I O N  

To calculate the subtransient short-circuit current we have to determine the sub- 
transient reactance first from Eq. (11.42) as 

0.57 X 0.239 X 0.172 
(0.239 X 0.172) + (0.57 X 0.172) + (0.57 X 0.239) 

X: = 0.125 + = 0.21 pu 

The generated voltage, E, = 1 pu occurs at the rated rms voltage right before the 
short circuit. Thus, 

= 4.76 pu 1 
0.21 

I; = - 
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Similarly, we can obtain the transient reactance from Eq. (11.41) as 

0.57 X 0.239 
0.57 + 0.239 

XA = 0.125 + = 0.29 pu 

and the transient current as 
1 I' - - = 3.4s pu 

- 0.29 

The above currents are all normalized with respect to the rated values of the 
generator. Hence, if we calculate the rated current, we can determine the subtran- 
sient and transient currents in amperes as 

1: = 4.76 X 2991.34 = 14,238.79 A 

1: = 3.45 x 2991.34 = 10,320.14 A 

Mechanical Transients 

Let us now examine the mechanical transient in a synchronous generator that 
may be caused by a major disturbance such as an electrical transient occumng 
across its armature terminals. Although a mechanical transient develops slowly 
due to high inertia, it is one of the most dangerous transients because it can self- 
destruct the generator. 

Let us imagine that a synchronous generator is connected to an infinite bus- 
bar* and is supplying the required power. Under steady-state conditions, its ter- 
minal voltage and the frequency are the same as that of the bus-bar. Therefore, 
it must be rotated at its synchronous speed by a prime mover. Any attempt to 
increase the speed of the generator translates into electrical power developed by 
it. Therefore, under steady-state conditions, the power output of the generator is 
equal to the power input when the losses are neglected. 

Let us now consider that there is a sudden change in the power supplied by 
the generator. A sudden change in power developed requires a sudden change 
in the power angle 6. However, 6 cannot change suddenly because of rotor iner- 
tia. This gives rise to a situation in which the input power is not equal to the out- 
put power. The difference between the input and output powers causes a change 
in the kinetic energy of the rotor, which, in turn, affects its speed. During this 
transient period, the rotor either slows down or speeds up until the input and 
the output powers are again equal. When that happens, the rotor regains its syn- 
chronous speed. A similar phenomenon of speed adjustments also takes place 
when a sudden short-circuit develops across generator terminals. 

* An infinite bus-bar is a bus that has a constant voltage at a constant frequency. 
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During the transient state, the torque in the machine can be expressed as 

(1 1.46) 

where T, is the mechanical torque applied to the generator and T d  (t) is the torque 
developed in the synchronous generator at a given time. 

In the absence of rotational losses, Eq. (11.46) can be rewritten as 

or 

(1 1.47) 

where w,(t) = d0,/dt and 8, is the angular displacement of the rotor with respect 
to a stationary reference frame. O , ( t )  can be mathematically expressed as 

e,(t) = w,t + 8,(t) (1 1.48) 

where 8,(t) is the power angle at any time t. 

Differentiating the above equation twice, we obtain 

d28,( t )  - d28,(t) 
dt2 d t 2  

Equation (11.47) can now be written as 

Multiplying both sides of Eq. (11.50) by the rotor speed, o,(t), we get 

(1 1.49) 

(11.50) 
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or 
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(11.51) 

3V E -> 
xs where Pdm - 

is the maximum power developed by a round-rotor synchronous generator, as 
discussed in Chapter 7. Note that ]wm(t )  is the angular momentum, M(f). 

Equation (11.51) can be expressed in terms of per-unit quantities with respect 
to the rated power of the synchronous generator, S,, as 

Let us define the inertia constant for the generator as 

(1 1.52) 

(1 1.53) 

In Eq. (11.53), the synchronous speed has been replaced by the rotor speed with- 
out introducing any significant error. By doing so, we are assuming that the angu- 
lar momentum is constant. In terms of the inertia constant of the generator, Eq. 
(11.52) can be expressed as 

(1 1.54) 

where p ,  and pdm are the per-unit powers. Equation (11.54) is a second-order non- 
linear differential equation and is referred to as the swing equation in terms of 
the per-unit quantities. It helps us determine the stability of the synchronous gen- 
erator during the transient state. The swing equation can be solved numerically 
using the fourth-order Runge-Kutta algorithm described earlier. For the sake of 
simplicity, the swing equation can be linearized by approximating sin 8,(t) by 
6,(t) as long as 6,(t) is a small angle. 

Equal-Area Criterion 
The equal-area criterion is another method commonly employed to determine the 
stability of a synchronous generator during a transient state. 

The power developed by a round-rotor synchronous generator is shown as a 
function of power angle in Figure 11.22. Let us  assume that the generator operates 
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t 

Figure 11.22 Power developed in a round-rotor synchronous generator as a function of 
power angle. 

at a power po corresponding to power angle 6,. For a lossless machine, the mechan- 
ical power input must be the same as the power output or the power developed 
under steady state. If a sudden three-phase short circuit occurs, the power devel- 
oped will become zero as the machine is disconnected from the busbar by the 
automatic protection system. After the inception of the short circuit, Eq. (11.54) 
has to be modified as 

(11.55) 

since the prime mover is still supplying mechanical power to the generator. The 
above equation yields 

It is apparent that the shaft speed is higher than the synchronous speed and 
increases with time, suggesting that the machine can run away. If the short circuit 
is not cleared within a short period of time (approximately six cycles or so) and 
the generator is not reconnected to the bus-bar, the generator may self-destruct. 
The variation in power angle, from Eq. (11.56), is 

0, 

4H 6,(t) = 6, + - pmt* (11.57) 

where So is the power angle at the time short-circuit occurs. 
If the fault is cleared at an instant t,, the generator will start developing power 

at a higher level than the prefault state, since 6,(t,) is greater than 6, as is evi- 
dent from Eq. (11.57). This causes the rotor to slow down. 

From Eq. (11.48), 

(1 1.58) 
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and the swing equation can be rearranged as 

2H dw,(t) 
- P m  - P d  w, dt 

(1 1.59) 

Multiplying both sides of Eq. (11.59) by d6,(t)/dt and then substituting Eq. (11.58) 
for S,(t)/dt to the left side yields 

(11.60) 

By integrating Eq. (11.60), we obtain 

or 

where wml is the angular velocity prior to the inception of the short circuit, and 
wm2 is the angular velocity corresponding to the maximum value of ti2 after the 
short circuit has been cleared. Since there is no change in the power angle before 
the fault occurs, from Eq. (11.58) wml = 0,. On the other hand, at the maximum 
value of the power angle ti,, dS,/dt  = 0. Thus from Eq. (11.58) w,,* = w,. 

Hence from Eq. (11.61), 

(11.62) 

We can rearrange Eq. (11.62) and write 

where 6, is the power angle at the instant, t,, when the fault is cleared. Equation 
(11.63) clearly indicates that the area A,  of Figure 11.22 corresponding to the left 
side of the equation is equal to the area A,  of Figure 11.22 equivalent to the right 
side. 
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E X A M P L E  1 1 . 8  

A lOOO-kVA, 4.6-kVI 60-Hz, 4-pole synchronous generator delivers 0.9 pu of aver- 
age power at a power angle of 18" when a three-phase short circuit develops across 
its terminals. Calculate (a) the per-unit power generated by the generator when 
the fault is cleared four cycles after its inception and (b) the critical time to clear 
the fault in order not to lose the stability. The inertia constant is given as 10 J/VA. 

0 S O L U T I O N  

The synchronous speed of the machine is N, = 
60 x 120 

4 
= 1800 rpm 

27r X 1800 
60 

= 188.5 rad/s ws = 

0.9 
sin 18" 

P d m  = 7 - - 2.91 PU 

The fault-clearing time is four cycles; thus t, = 4(1/60) = 66.68 ms. The initial 
rotor angle is 6, = 18" = 0.314 rad. The rotor angle at the time the fault is cleared, 
from Eq. (11.57), is 

6,(66.68 ms) = 0.314 + ___ 18''' x 0.9 x (66.68 x 
4 x 10 

= 0.333 rad or 19.07" 

(a) The power generated is 

Pd = 2.91 sin 19.07" = 0.95 pu 

(b) After the fault's occurrence, the developed power pd for the left and 
right sides of the equal-area criterion given in Eq. (11.63) becomes pd = 
0 and p,, = pdm sin 6,, respectively. 

or Pm 

Pdm 
cos 6, = - (6, - 6,) + cos 6, 
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where 6, = r - 6, from Figure 11.22. 

Hence, 
0.9 
2.91 

cos tic = - (2.83 - 0.314) + cos(2.83) = -0. 

and SC = 100" or 1.745 rad 

By using Eq. (11.57), the critical fault-clearing time can be obtained as 

4 x 10 
f ,  = (6, - 6,) 4H = J(1.745 - 0.314) J %Pm 188.5 x 0.9 

= 0.581 s 

Exercises 

11.8. Derive Eq. (11.42) when the damper winding is present on the rotor and 
its leakage reactance is given as XI,. 

11.9. A 30-MVA, 13-kV, 60-Hz hydrogenerator (synchronous generator used in 
hydroplants) has X, = 1.0 pu, XA = 0.35 pu, and X: = 0.25 pu. The re- 
actances are normalized based on the ratings of the generator. This gen- 
erator delivers rated power to a load at the rated voltage with a lagging 
power factor of 0.85. (a) Calculate the current in the armature winding. 
(b) Calculate the subtransient and transient currents in the armature wind- 
ing when a sudden three-phase short circuit occurs across the terminals of 
the generator. 

11.10. A 6O-Hz, 50-MVA, 12.5-kV, 4-pole synchronous generator with an inertia 
constant of H = 10 J/VA is delivering the rated power at a lagging power 
factor of 0.8. The load on the generator suddenly reduces to 20% of its rated 
value owing to a fault in the system. Calculate the accelerating torque after 
the fault. Neglect the losses and assume constant power input to the 
generator. 

S U M M A R Y  

When the operating condition of an electric machine changes suddenly, the 
machine cannot respond to the change instantaneously due to its inertia. Thus, it 
undergoes a transient (dynamic) state to readjust the energy balance from the time 
of the inception of the change to the time when the final steady state is achieved. 
The transient may be due to a sudden change in load and/or voltage. 
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The study of transients in electric machines is often complicated by their com- 
plex nature. However, some plausible simplifying assumptions reduce the com- 
plexity of the study significantly. Here, we assume that the machine is operating 
within the linear region of its magnetization characteristic. In that case, saturation 
of the magnetic core is not taken into consideration, which otherwise makes the 
study a nonlinear problem. 

The transient response of a dc machine is exponential in nature and, for all 
practical purposes, disappears after five time constants. To determine the transient 
response in a dc machine analytically, the Laplace transform method appears to 
be a very useful technique. However, the method cannot be used if the operation 
with saturation is the main concern. Numerical methods, on the other hand, can 
solve both the linear and nonlinear problems. One of the numerical methods to 
study electric machine dynamics is based upon the fourth-order Runge-Kutta 
algorithm. 

The most severe transient that may occur in a synchronous generator is the 
development of a sudden three-phase short circuit across its terminals. In the 
event of such a short circuit, the current in the armature winding indicates a 
damped oscillatory nature. The first few cycles of the short-circuit current wave- 
form denote the subtransient period, and the corresponding current is the sub- 
transient current. The second period of the short-circuit current waveform is 
known as the transient period, and its current is called the transient current. 
Finally, the steady-state current occurs after the transient period is over. In syn- 
chronous generator models we can use subtransient, transient, and synchronous 
reactances for the three regimes of short-circuit current. 

When the terminal conditions change suddenly on a synchronous generator, 
the rotor is not able to respond at the same time, and a mechanical transient on 
the machine occurs. Although mechanical transients on synchronous generators 
are the slowest, they are the most important because the machine may self- 
destruct. Following a mechanical transient, the power angle varies as a function 
of time and is modeled by a second-order differential equation often referred to 
as the swing equation. If the cause for the mechanical transient is cleared within 
a short period of time (several cycles), the machine does not lose its stability during 
the transient state, which otherwise may lead the machine to overspeed and to 
damage the rotor permanently. Equal-area criterion is a useful tool to determine 
the transient stability of a synchronous generator. 

Review Questions 

11.1. What is the reason for a transient state in an electric machine? 
11.2. What can cause a transient in an electric machine? 
11.3. How can we model a separately excited dc motor to analyze its transient 

(dynamic) response? 
11.4. Why does the saturation make the analysis of dc machines more difficult? 
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11.5. What are the state variables and input variables in the linear dynamic rep- 
resentation of a separately excited dc motor? 

11.6. Why may the phase currents be asymmetric in a synchronous generator 
during the initial stage of a three-phase short circuit? 

11.7. What are the subtransient, transient, and steady-state periods after the oc- 
currence of a three-phase short circuit in a synchronous generator? 

11.8. How does the damper winding contribute to the short-circuit current? 
11.9. The excitation of a synchronous generator is accomplished by placing per- 

manent magnets on the rotor. In the presence of the damper winding on 
the rotor, comment on whether the steady state is achieved more rapidly 
or more slowly than in a synchronous generator with a conventional field 
winding when a three-phase short circuit occurs in the machine. 

11.10. Would it be safe to operate a synchronous generator with a power angle 
of 90" at steady state? 

-- I I._ " 

Problems 

11.1. A 250-V, 7 . 5 - h ~ ~  separately excited dc motor is rated at 1500 rpm. The arma- 
ture resistance and the inductance are 0.8 R and 9 mH, respectively. The 
constant K = K,O, is 1.6, while the moment of inertia of the rotating sys- 
tem is 0.15 kg.m2. Determine the armature current and the motor speed as 
a function of time when the armature is subjected to the rated voltage under 
no load. Neglect the effects of saturation and the frictional losses. 

11.2. The motor given in Problem 11.1 has been operating in steady-state con- 
dition at no load. Suddenly it is subjected to a torque of 5 N-m. Determine 
the decrease in speed of the motor as a function of time. What is the speed 
after the motor reaches the steady state? 

11.3. A 380-V, 2-hp, 85% efficient, separately excited dc motor has the following 
parameters R, = 12 S Z ,  L, = 110 mH, Rf = 400 R, Lf = 1.5 H, K O  = 5, 
and = 0.098 kg.m2. The characteristic of the mechanical load is given 
by TL = 1 . 0 5 ~ ~ .  Determine the torque developed by the motor as a func- 
tion of time when the armature circuit is suddenly subjected to the rated 
voltage. Neglect the saturation and the frictional losses. 

11.4. The motor-load system given in Problem 11.3 has been operating under a 
steady-state condition at its rated values. Determine the variations in the 
field current and the speed if the armature current is kept constant and the 
field voltage is suddenly reduced to 200 V. Neglect the frictional losses and 
consider O,, = O.Oli,. 

11.5. The speed of a 10-hp, 240-V, separately excited dc motor operating on a 
load of 8 N.m is to be increased by weakaning the field using a series resis- 
tor bank in the field circuit as shown in Figure P11.5. Each resistor in the 
bank is equipped with a shunt normally-closed switch. Resistors are con- 

? P  
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nected in series with the field winding one by one to achieve the ultimate 
speed without causing any dangerous increase in the armature current dur- 
ing the transient state. (a) Calculate the switching instants if the resistors 
are taken into the circuit at the minimum times to the steady state, and (b) 
determine the variation of the speed, armature current, and field current 
when all the resistors are connected one by one starting with the smallest 
resistor. Motor parameters are given as follows R, = 0.3 R, 1, = 3 mH, J = 
0.09 kg.m2, D = 0.015 N.m.s, K, = 1.02, Rf = 300 Q, and Lf = 1.8 H. 

11.6. A 440-V, 10-kW, separately excited dc generator has the following data R, 
= 3 R, 1, = 80 mH, Rf = 400 R, L - 2 H, &I$= 2.6, and 1 = 0.09 kgm2. The f -  armature connected to a load with a resistance of 75 SZ and an inductance 
of 20 mH was being driven at a speed of 1500 rpm when the rated voltage 
was suddenly applied to the field circuit. Determine the variations in the 
field and armature currents. Neglect the frictional losses and the effect of 
saturation. 

11.7. A 120-V, I-hp, 200-rpm, PM dc motor is suddenly subjected to its rated 
voltage and a load torque of 8 N-m. Develop the state equations for the 
state variables i, and o . The machine parameters are R, = 1 st, L, = 8 mH, 

11.8. Compute the instant at which the motor given in Problem 11.6 reaches its 

K = 3, and = 0.3 kg-m i . Neglect the frictional losses and saturation. 

steady state by using the fourth-order Runge-Kutta algorithm. 

55 R 

25R 

240 V I 

Figure P11.5 The separately excited dc motor for Problem 11.5. 
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11.9. Repeat Problems 11.7 and 11.8 if the motor is loaded with a linear load of 

11.10. A 4.6-kV, lOOO-kVA, round-rotor synchronous generator with subtransient 
and transient reactances of 80 Q and 160 0, respectively, experiences a 
three-phase short circuit across its terminals while operating at no load. (a) 
Calculate the per-unit reactances. (b) Calculate the subtransient and tran- 
sient short-circuit currents per unit and in amperes. 

11.11. A 60-Hz, 30-MVA, 7.8-kV, synchronous generator has the following perunit 
parameters X4 = 0.32 pu, X l f  = 0.18 pu, and XI,, = 0.13 pu. The generator 
experiences a three-phase short circuit at its terminals while operating at 
no load. The subtransient short-circuit current is measured as 11,150 A. 
Calculate the leakage reactance of the armature. 

11.12. A 1250-V, lOO-kVA, synchronous generator operates a synchronous motor 
at its rated values of 25 kVA, 1000 V with a leading power factor of 0.9. 
The subtransient reactances of the generator and the motor are 0.2 pu and 
0.15 pu, respectively. Calculate the fault currents if a three-phase short cir- 
cuit occurs across the generator terminals. 

13.13. A 5-MVA, 6.3-kV, 60-Hz, 4-pole synchronous generator experiences a three- 
phase short circuit at its terminals while delivering an average power of 
0.8 pu with a power factor of 15". The inertia constant of the synchronous 
generator is 8 J/VA. (a) Calculate the critical fault-clearing power angle. 
(b) Calculate the critical faultclearing time. 

TL = 1.20,. 
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Special-Purpose Electric 
Machines 

- Sectionat view of a brushless dc motor. (Courtesy of Bodine EIectric Company) 
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- 
12.1 Introduction 

This chapter is devoted to the study of special-purpose electric machines. 
Although all electric machines have the same basic principle of operation, spe- 
cial-purpose machines have some features that distinguish them from conven- 
tional machines. 

It is not our intention to discuss all kinds of special-purpose machines in one 
chapter; rather, an attempt is made to introduce the basic operating principles of 
some special-purpose machines that are being used extensively in home, recre- 
ational, and industrial applications. 

With the proliferation of power electronic circuits and digital control systems, 
precise speed and position control can be achieved in conjunction with special- 
purpose electric machines such as permanent-magnet (PM) motors, step motors, 
switched-reluctance motors, brushless direct-current (dc) motors, hysteresis 
motors, and linear motors. Some of these devices find applications in computer 
peripheral equipment or in process-control systems whereas others can be used 
in devices such as home appliances. For example, step motors are employed exten- 
sively in computers where precise positioning is required, as in the case of a mag- 
netic head for a disk drive. For applications that demand constant-speed drives, 
brushless dc motors offer excellent characteristics. Switched-reluctance motors, 
on the other hand, find applications where we traditionally use dc or induction 
motors. 

In the following sections we discuss the construction, operating principles, 
and characteristics of each of the above-mentioned special-purpose electric 
machines. 

12.2 Permanent-Magnet Motors 

The development of new permanent-magnet materials has made PM motors a 
viable substitute for a shunt (dc) motor. In a PM motor the poles are made of 
permanent magnets, as shown in Figure 12.1. Although dc motors up to 75 hp 
have been designed with permanent magnets, the major application of permanent 
magnets is confined to fractional-horsepower motors for economic reasons. In a 
conventional dc motor with a wound-field circuit, flux per pole depends on the 
current through the field winding and can be controlled. However, flux in a I'M 
motor is essentially constant and depends on the point of operation, as explained 
in Chapter 2. 

For the same power output, a PM motor has higher efficiency and requires 
less material than a wound dc motor of the same ratings. However, the design of 
a PM motor should be such that the effect of demagnetization due to armature 
reaction, which is maximum at standstill, is as small as economically possible. 

Since the flux in a PM motor is fixed, the speed- and current-torque 
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agnets 

ture 

(a) (b) 

Figure 12.1 (a) Cross-sectional view of a PM motor; (b) equivalent circuit. 

characteristics are basically straight lines, as shown in Figure 12.2. Mathematically, 
these relations can be expressed as 

and 

1 
1, = - 

KaOp Td 

(12.1) 

(12.2) 

where K,, V,, Op, R,, and Td are the machine constant, supply voltage, flux per 
pole, resistance of the armature winding, and developed torque. 

Figure 12.2 Speed- and current-torque characteristics of a PM motor. 
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Figure 12.3 Operating characteristics for different supply voltages. 

The speed-torque characteristic of a PM motor can be controlled by changing 
either the supply voltage or the effective resistance of the armature circuit. The 
change in the supply voltage varies the no-load speed of the motor without af- 
fecting the slope of the characteristic. Thus for different supply voltages, a set of 
parallel speed-torque characteristics can be obtained, as illustrated in Figure 12.3. 
On the other hand, with the change in the effective resistance of the armature 
circuit, the slope of the curve is controlled and the no-load speed of the motor 
remains the same, as indicated in Figure 12.4. Using magnets with different flux 
densities and the same cross-sectional areas, or vice versa, there are almost infinite 
possibilities for designing a PM motor for a given operating condition, as shown 
in Figure 12.5. From the same figure we can also conclude that an increase in 
blocked-rotor torque can be achieved only at the expense of a lower no-load speed. 

Figure 12.4 Operating characteristics for different resistances of armature circuit. 



662 Special-Purpose Electric Machines 

i I '\.. Operating point - 1 

Figure 12.5 Operating characteristics for different fluxes in a PM motor. 

EXAMPLE 1 2 . 1  

A PM motor operates at a magnetic flux of 4 mWb. The armature resistance is 
0.8 R and the applied voltage is 40 V. If the motor load is 1.2 N-m, determine 
(a) the speed of the motor and (b) the torque developed under a blocked-rotor 
condition. The motor constant K, is 95. 

0 S O L U T I O N  

(a) By using Eq. (12.1), we can obtain 

0.8 X 1.2 
(95 X 0.004)2 

- = 98.62 rad/s 
40 

95 X 0.004 
w, = 

or 
98.62 x 60 

21T 
N ,  = - 942 rpm 

(b) For the blocked-rotor condition om = 0. Hence, 

0.8 Td 
(95 X 0.004)2 

- 40 
95 X 0.004 

O =  

or Td = 19 N-m 
a 

EXAMPLE 1 2 . 2  

Calculate the magnetic flux in a 200-W, 100-V PM motor operating at 1500 rpm. 
The motor constant is 85, the armature resistance is 2 R, and the rotational loss is 
15 W. 
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0 S O L U T I O N  

2 r  X 1500 
60 

= 157.08 rad/s 0, = 

663 

Since the power developed is pd = 200 + 15 = 215 W, the developed torque 
becomes 

215 T - - = 1.37N-m 
- 157.08 

From Eq. (12.1) we can write 

or 

@; - 0.0075@., + 2.41 X lop6 = 0 

QP = 7.16mWb 
H 

As explained in Chapter 2, the operating point of a permanent magnet de- 
pends on the permeance of the magnetic circuit. The point of intersection of the 
operating line and the demagnetization curve determines the flux density in 
the magnetic circuit. The same situation takes place also in PM motors as long as 
the demagnetization effect of the armature reaction is neglected. 

Let us assume that the point of operation for a PM motor is marked by X in 
Figure 12.6 when the effect of armature reaction is not considered. However, no 
matter what, the demagnetization effect of armature reaction should be included 
to determine the proper operating point of the magnet even though PM motors 

-Hd -H,  

Figure 12.6 Demagnetization effect in a PM motor. 
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are designed with relatively large air-gaps to minimize the armature reaction. In 
this case the operating line moves to the left, as shown in Figure 12.6, where Har 
corresponds to the magnetic field intensity due to the armature. Thus, the actual 
operating point of the motor moves to point Y. From the figure, we can conclude 
that the useful magnetic flux density decreases with the increase in armature 
reaction. 

The demagnetization effect in a PM motor due to the armature reaction is 
maximum under blocked-rotor condition. In order to study its effect, we consider 
the intrinsic demagnetization curve as given in Figure 12.7. This curve can be 
extracted from the normal demagnetization curve using Bi = B, + k&, where 
Bi is the intrinsic flux density. Here, B, and H, are the normal flux density and 
the corresponding field intensity, respectively. Figure 12.7 also highlights that if 
Ha, exceeds the intrinsic coercive force Hci, the magnet in the PM motor is com- 
pletely demagnetized. 

Let us assume that the load line of a PM motor with no armature current 
intersects the demagnetization curve at point X, as illustrated in Figure 12.8. With 
an increase in armature current, the point of operation shifts to Y owing to ar- 
mature reaction. We would expect the operating point to move back to X again 
as soon as the armature current is switched off. This, in fact, is not so, and the 
new operating point will be Z on the original operating line. The line from Y to 
Z is known as the recoil line. The recoil line is approximately parallel to the slope 
of the demagnetization curve at point B,. The overall influence of the armature 
reaction is a reduction in the operating flux density in the motor. However, if 
ceramic magnets are used, the reduction is insignificant, as the demagnetization 
curve is essentially a straight line. 

The effect of temperature should also be taken into consideration when de- 
signing a PM motor. Figure 12.9 illustrates the changes in the demagnetization 
characteristic at two different temperatures. As the temperature increases, the re- 
sidual flux density in the magnet decreases and the intrinsic coercive force in- 

i 

Figure 12.7 Intrinsic operating point of the trailing tip of the magnet during start or stall. 
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Figure 12.8 Recoil effect on the operation of a PM motor. 

f 

-Hr2 + I  0 

Figure 12.9 Temperature effect on the intrinsic curve. 

creases. On the other hand, the lower the temperature, the more pronounced the 
demagnetization effect of the armature reaction. 

Exercises 

12.1. A 0.5-hp, 120-V, 2-pole, 70% efficient PM motor utilizes samarium-based 
permanent magnets. Its ideal no-load speed is 1000 rpm, and armature 
resistance is 1.5 Q. The pole length and the average radius of the motor are 
55 mm and 45 mm, respectively. Determine the operating line of the motor 
if all the losses except the copper loss are negligible. Consider the motor 
constant to be 80. 
A 100-V, 2-pole, PM dc motor with Alnico magnets drives a load of 0.25 hp 12.2. 
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at an efficiency of 72%. When the motor operates at no load, its speed is 
1000 rpm. The pole length and the average radius of the magnets are 65 mm 
and 55 mm, respectively, and the resistance of the armature circuit is 1.2 R. 
Determine the operating line of the motor. The demagnetization charac- 
teristic of the Alnico magnet is given in Figure 2.28. K ,  is 65. 

12.3 Step Motors 

Step motors, also known as stepping or stepper motors, are essentially incremental 
motion devices. A step motor receives a rectangular pulse train and responds by 
rotating its shaft a certain number of degrees as dictated by the number of pulses 
in the pulse train. Usually the pulse train is controlled by means of a microcom- 
puter or an electronic circuit. As a result, a step motor is very much compatible 
with digital electronic circuits and may form an interface between a microcom- 
puter and a mechanical system. Since the motion in a step motor is generally gov- 
erned by counting the number of pulses, no feedback loops and sensors are needed 
for its control. Therefore, step motors are suitable for position control in an open 
loop system. They are relatively inexpensive and simple in construction and can 
be made to step in equal increments in either direction. Step motors are excellent 
candidates for such applications as printers, XY plotters, electric typewriters, con- 
trol of floppy disk drives, robots, and numerical control of machine tools. Some 
of the drawbacks of step motors are that they do not offer the flexibility of adjust- 
ing the angle of advance, and their step response may be oscillatory in nature 
with a considerable overshoot. Step motors can be classified into three broad cat- 
egories-variable-reluctance, permanent-magnet, and hybrid. 

Variable-Reluctance Step Motors 

Variable-reluctance step motors operate on the same principle as a reluctance 
motor, which was explained in Chapter 3. The principle involves the minimiza- 
tion of the reluctance along the path of the applied magnetic field, as shown in 
Figure 12.10. 

The stator of a variable-reluctance step motor consists of a single stack of steel 
laminations with phase windings wound on each stator tooth, as illustrated in 
Figure 12.11. The rotor, which is also made of a stack of steel laminations, does 
not carry any winding. In order to make only one set of stator and rotor teeth 
align, the number of teeth in the rotor is made different from that of the stator. 
The step motor in Figure 12.11 has six stator teeth and four rotor teeth. The sta- 
tor windings are excited at different times, leading to a multiphase stator wind- 
ing. The stator of the step motor shown in Figure 12.11 has three phases-A, B, 
and C, with teeth 1 and 4,2 and 5, and 3 and 6, respectively. 

In Figure 12.11a, rotor teeth 1 and 2 are aligned with stator teeth 1 and 4 when 
phase-A winding is excited by a constant current. As long as phase-A is energized 
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I T 

q axis 

Figure 12.10 (a) Magnetic circuit with a freely rotating member, (b) reluctance as a 
function of position, and (c )  minimum reluctance, equilibrium, or no rotation position. 

while all the other phases are not, the rotor is stationary and counteracts the torque 
caused by the mechanical load on the shaft. Since the angle between the magnetic 
axis of phase-B or -C and the axis of rotor teeth 3 and 4 is 30", if phase-A is switched 
off and phase43 winding is excited, this time rotor teeth 4 and 3 align under stator 
teeth 3 and 6, leading to 30" of displacement of the rotor. Finally, if we excite 
phase-C winding after de-energizing phaseS, the rotor rotates another 30" and 
aligns with phase-C, as shown in Figure 12.11~. The rotor can be made to rotate 
continuously in the clockwise direction by following the switching sequence de- 
scribed above. To achieve a counterclockwise rotation, however, phases should 
be sequentially switched in the order of A, C, B. Figure 12.12 illustrates the phase 
voltages applied to the variable-reluctance step motor discussed, and Table 12.1 
shows the proper switching sequence for a clockwise rotation. For this particular 
motor, applied voltage must have at least five cycles for one revolution. 



(4 
Figure 12.11 Variable-reludance step motor. 
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Figure 12.12 Phase-voltage waveforms for a variable-reluctance motor. 

On 

Table 12.1: Switching Sequence for a Variable- 
Reluctance Motor. "1" and "0" correspond to 
positive and zero current in a phase winding, 
respectively. 

Phase 

Cycle A B C Position 8" 

1 1 
0 
0 

2 1 
0 
0 

3 1 
0 
0 

4 1 
0 
0 

5 1 

0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 

0 
0 
1 
0 
0 
1 
0 
0 
1 
0 
0 
1 
0 

0 
30 
60 
90 

120 
150 
180 
210 
240 
270 
300 
330 
360 
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The step angle, 6, for a variable-reluctance step motor is determined by 

(12.3) 

where n and p are the number of phases and the number of rotor teeth (poles), 
respectively. 

Permanent-Magnet Step Motors 

A I'M step motor differs from its variable-reluctance counterpart in that its rotor 
is made of permanent magnets. The stator construction of a PM step motor is the 
same as that of a variable-reluctance step motor. A two-phase, 2-pole-rotor I'M 
step motor is illustrated in Figure 12.13. In this motor the rotor is radially mag- 
netized so that the rotor poles align with the appropriate stator teeth. 

When phase-A winding is excited by a constant current, as shown in Figure 
12.13a, tooth 1 acts as a south pole. This makes the north pole of the PM rotor 
align with the south pole of the stator. Later in time, phase-A is de-energized 
while the phase4 winding is activated as shown in Figure 12.13b, causing a 90" 
displacement in the counterclockwise direction to align the rotor's north pole with 
stator tooth 2. If we reverse the polarity of the applied current and start exciting 
phase-A again, the rotor will further rotate 90" along the counterclockwise direc- 
tion, this time to align the rotor's north pole with the stator tooth 3 (Figure 12.13~). 
So far the motor has completed one-half revolution, and with the continuation of 
the appropriate switching, the rotor continues to rotate and completes its revo- 
lution. Figure 12.14 illustrates the input waveforms to phase-A and phase-B of a 
two-phase step motor, while Table 12.2 describes the switching sequence for one 
full revolution of the motor. 

Table 12.2: Switching Sequence for a Two- 
Phase PM Step Motor. "1," "-1," and "0" 
correspond to positive, negative, and zero 
current in a phase winding, respectively. 

Phase 
~ _ _ _ _  

Cycle A B Position 6" 

+ 1 0 0 
0 1 90 

- 1  0 180 
0 - 1  270 

+ 1 0 360 

- -_ - - __ ~- - 

- 



Figure 12.13 Two-phase permanent magnet step motor. 

VA 

1-q o f f ,  , off pq ~t 

lo. F, O f f ,  , Off p-] ~ 

On 

VE 

t 
On 

Figure 12.14 Applied voltage waveforms for a two-phase PM step motor. 
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A B I -  

I 

Soft Soft 
iron iron 

A-A B-B 

Figure 12.15 Various views of a hybrid step motor. 

Hybrid Step Motors 

The stator construction of a hybrid step motor is no different from that of a vari- 
able-reluctance or a I'M step motor. However, the rotor construction integrates 
the design of the rotors of a variable-reluctance and a I'M step motor. The rotor 
of a hybrid step motor consists of two identical stacks of soft iron as well as an 
axially magnetized round permanent magnet. Soft iron stacks are attached to the 
north and south poles of the permanent magnet, as shown in Figure 12.15. The 
rotor teeth are machined on the soft iron stacks. Thus the rotor teeth on one end 
become the north pole, while those at the other end become the south pole. The 
rotor teeth at both north and south poles are displaced in angle for the proper 
alignment of the rotor pole with that of the stator, as shown in Figure 12.15. The 
operating mode of the hybrid step motor is very similar to that of a I'M step motor. 

Torque-Speed Characteristic 
Step motors are generally used in a range from 1 W to about 3 hp, and their step 
sizes vary from approximately 0.72" to 90". However, the most common step sizes 
are 1.8", 7.5", and 15". 
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Figure 12.16 Speed-torque characteristic of a step motor. 

Since a step motor rotates when a series of pulses is applied to its phase wind- 
ings, the duration of each pulse should be sufficiently long to accurately rotate 
the motor at the desired speed. If the pulse duration is too short, the rotor will 
miss the steps and be unable to follow the applied pulses accurately. Thus either 
the motor will not rotate or the required speed will not be achieved. To avoid 
such an undesirable operation, usually the pulse duration is selected so that it is 
greater than the inertial time-constant of the combination of the rotor and the 
mechanical load. Therefore, it is expected that a large motor with a high moment 
of inertia requires a slower pulse rate for accurate operation. 

The pull-in torque characteristic shown in Figure 12.16 illustrates the per- 
missible range of rate of steps for a given load and a motor in order not to miss 
a step. When the motor achieves its steady-state operation, the speed is uniform 
and no starting and stopping take place at each step. We can load the motor up 
to a limit, which is defined by the pull-out torque characteristic shown in Figure 
12.16. Above that torque level the motor starts missing the steps, thereby losing 
speed. 

12.4 Switched-Reluctance Motors 

In principle, a switched-reluctance motor operates like a Variable-reluctance 
step motor discussed in the previous section. However, the operation differs 
mainly in the complicated control mechanism of the motor. In order to develop 
torque in the motor, the rotor position should be determined by sensors so 
that the excitation timing of the phase windings is precise. Although its con- 
struction is one of the simplest possible among electric machines, because of the 
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complexities involved in the control and electric drive circuitry, switched-reluc- 
tance motors have not been able to find widespread applications for a long time. 
However, with the introduction of new power electronic and microelectronic 
switching circuits, the control and drive circuitry of a switched reluctance motor 
have become economically justifiable for many applications where traditionally 
dc or induction motors have been used. 

A switched-reluctance motor has a wound stator but has no windings on its 
rotor, which is made of soft magnetic material as shown in Figure 12.17. The 
change in reluctance around the periphery of the stator forces the rotor poles to 
align with those of the stator. Consequently, torque develops in the motor and 
rotation takes place. 

The total flux linkages of phase-A in Figure 12.17 is 1, = L,(O)i, and of phase- 
B is hb = Lb(0)ib, with the assumption that the magnetic materials are infinitely 
permeable. Since the magnetic axes of both windings are orthogonal, no mutual 
flux linkages are expected between them. 

The co-energy in the motor is 

1 1 
W = - L,(Q)i: + - Lb(t3)ii 2 2 

and the developed torque is 

Magnetic axis 
of P h a s e 4  Axis of + rotor 

(12.4) 

Figure 12.17 Schematic diagram of a switched-reluctance motor in its simplest form. 
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(12.5) 

From Eq. (12.5) we can conclude that the developed torque in the motor is inde- 
pendent of the direction of the supply current because it is proportional to the 
square of the phase currents. However, the initial rotor position has a significant 
impact on the developed torque and rotation. Thus, a reliable rotor position sen- 
sor and a control circuitry are necessary to energize the motor at the proper instant 
to rotate it in the desired direction. 

12.5 Brushless DC Motors 

Owing to their inherent characteristics, as discussed in previous chapters, dc mo- 
tors find considerable applications where controlling a system is a primary objec- 
tive. However, electric arcs produced by the mechanical commutator-brush ar- 
rangement are a major disadvantage and limit the operating speed and voltage. 
A motor that retains the characteristics of a dc motor but eliminates the commu- 
tator and the brushes is called a brushless dc motor. 

Figure 12.18 Schematic of a brushless dc motor that indicates the operating principle. 
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Figure 12.19 Speed-torque characteristic of a brushless dc motor. 

A brushless dc motor consists of a multiphase winding wound on a nonsalient 
stator and a radially magnetized PM rotor. Figure 12.18 is a schematic diagram 
of a brushless dc motor. The multiphase winding may be a single coil or distrib- 
uted over the pole span. Direct voltage or alternating voltage is applied to indi- 
vidual phase windings through a sequential switching operation to achieve the 
necessary commutation to impart rotation. The switching is done electronically 
using power transistors or thyristors. For example, if winding 1 is energized, the 
PM rotor aligns with the magnetic field produced by winding 1. When winding 
1 is switched off while winding 2 is turned on, the rotor is made to rotate to line 
up with the magnetic field of winding 2. As can be seen, the operation of a brush- 
less dc motor is very similar to that of a PM step motor. The major difference is 
the timing of the switching operation, which is determined by the rotor position 
to provide the synchronism between the magnetic field of the permanent magnet 
and the magnetic field produced by the phase windings. The rotor position can 
be detected by using either Hall-effect or photoelectric devices. The signal gen- 
erated by the rotor position sensor is sent to a logic circuit to make the decision 
for the switching, and then an appropriate signal triggers the power circuit to 
excite the respective phase winding. The control of the magnitude and the rate of 
switching of the phase currents essentially determine the speed-torque charac- 
teristic of a brushless dc motor, which is shown in Figure 12.19. 

12.6 Hysteresis Motors 

Hysteresis motors utilize the property of hysteresis of magnetic materials to de- 
velop torque. The stator may have a uniformly distributed three-phase or single- 
phase winding. In a single-phase hysteresis motor, the stator winding is connected 
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as a permanent split capacitor (PSC) motor. The capacitor is selected in such a 
way that a balanced two-phase condition can be approximately achieved, so that 
almost a uniform rotating field can be established in the motor. The rotor is a solid 
hard magnetic material with no teeth or windings. Figure 12.20 is a schematic dia- 
gram of a hysteresis motor with two-phase windings. 

When the stator winding is excited, a rotating field is set up in the air-gap of 
the motor that revolves at the synchronous speed. The rotating field magnetizes 
the rotor and induces as many poles on its periphery as there are in the stator. 
Owing to the large hysteresis loss in the rotor, the magnetic flux developed in the 
rotor lags the stator magnetomotive force (mmf). Thus a rotor angle, 6, takes place 
between the rotor and stator magnetic axes. Figure 12.20b illustrates the relative 
positions of the rotor and the stator magnetic axes for a 2-pole hysteresis motor. 
The greater the loss due to hysteresis, the larger the angle between the magnetic 
axes of the rotor and the stator. Because of the tendency of the magnetic poles of 
the rotor to align themselves with those of the stator, a finite torque, called hys- 
teresis torque, is produced. This torque is proportional to the product of the rotor 
flux and the stator mmf and the sine of the rotor angle 6. Thus, it should be noted 
that a rotor with a large hysteresis loop results in a higher hysteresis torque. 

Since the rotor is a solid magnetic material, eddy currents are induced in the 
rotor by the magnetic field of the stator as long as there is a relative motion be- 
tween the stator magnetic field and the rotor. These eddy currents produce their 
own magnetic fields and thereby their own torque, which further enhances the 
total torque developed by the motor. The torque due to the eddy currents is pro- 
portional to the slip of the motor, and it is maximum at standstill and zero when 
the synchronous speed is reached. 

Rotor 
Stator 

Figure 12.20 (a) Schematic of a hysteresis motor; (b) Flux distribution showing hysteresis 
effect. 
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Torque 

t 

Figure 12.21 Speed-torque characteristic of a hysteresis motor. 

When the motor is excited at a certain voltage while it has been at standstill, 
a constant torque is developed by the motor, and if it is greater than the torque 
required by the load, the motor will start rotating. With the fixed applied volt- 
age, the hysteresis torque remains almost constant over the entire speed range of 
the motor up to the synchronous speed because the rotor angle, 6, essentially 
depends on the rotor material. However, with the influence of the eddy-current 
torque, a slight reduction in the total developed torque is observed as the motor 
speed increases. After synchronous speed is achieved, the motor adjusts its rotor 
angle, 6, so that the required torque can be developed by the motor. A typical 
torque-speed characteristic of a hysteresis motor is shown in Figure 12.21. From 
this figure it can be observed that the torque developed is maximum at standstill. 
Thus the starting torque is never a problem in hysteresis motors. Furthermore, 
because the developed torque is almost uniform from standstill to synchronous 
speed, a hysteresis motor can accelerate a high-inertia load. 

12.7 Linear Induction Motors 

So far we have examined the fundamental operating principles of electric 
machines that produce rotation or circular motion. During the last few decades, 
extensive research in the area of propulsion has led to the development of linear 
motors. Theoretically each type of rotating machine may find a linear counter- 
part. However, it is the linear induction motor that is being used in a broad spec- 
trum of such industrial applications as high-speed ground transportation, sliding 
door systems, curtain pullers, and conveyors. 

If an induction motor is cut and laid flat, a linear induction motor is obtained. 
The stator and rotor of the rotating motor correspond to the primary and second- 
ary sides, respectively, of the linear induction motor. The primary side consists of 
a magnetic core with a three-phase winding, and the secondary side may be just 
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a metal sheet or a three-phase winding wound around a magnetic core. The basic 
difference between a linear induction motor and its rotating counterpart is that 
the latter exhibits endless air-gap and magnetic structure, whereas the former is 
open-ended owing to the finite lengths of the primary and secondary sides. Also, 
the angular velocity becomes linear velocity, and the torque becomes the thrust 
in a linear induction motor. In order to maintain a constant thrust (force) over a 
considerable distance, one side is kept shorter than the other. For example, in high- 
speed ground transportation, a short primary and a long secondary are being 
used. In such a system, the primary is an integral part of the vehicle, whereas the 
track manifests as the secondary. 

A linear induction motor may be single-sided or double-sided, as shown in 
Figure 12.22. In order to reduce the total reluctance of the magnetic path in a 
single-sided linear induction motor with a metal sheet as the secondary winding, 
the metal sheet is backed by a ferromagnetic material such as iron. 

When the supply voltage is applied to the primary winding of a three-phase 
linear induction motor, the magnetic field produced in the air-gap region travels 
at the synchronous speed. The interaction of the magnetic field with the induced 
currents in the secondary exerts a thrust on the secondary to move in the same 
direction if the primary is held stationary. On the other hand, if the secondary 
side is stationary and the primary is free to move, the primary will move in the 
direction opposite to that of the magnetic field. 

Let us consider the simplified schematic diagram for a linear induction motor 
shown in Figure 12.23. In this figure, only one phase winding, say phased, of the 
three-phase primary winding is shown. The N-turn phase winding experiences 
an mmf of NI, as indicated in Figure 12.23b. If we focus our attention only on the 
fundamental of the mmf waveform, we get 

2 2T 
nm A 

?+a = k,, - Ni, cos - z (12.6) 

Primary 
winding 

backing 

(a) 

(b) 

Figure 12.22 (a) Single-sided and (b) double-sided linear induction motors. 
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Figure 12.23 Schematic diagram of a linear induction motor and its mmf waveform. 

where k, is the winding factor, in is the instantaneous value of the fundamental 
current in phase-a, A is the wavelength of the field (in essence it is the winding 
pitch), n is the number of periods over the length of the motor, and z is an arbitrary 
location in the linear motor. Each phase winding is displaced from the others by 
a distance of A/3 and excited by a balanced three-phase supply of angular fre- 
quency w. Thus the net mmf in the motor consists of only a forward-traveling 
wave component a s  given by 

where 

2 
F ,  = - k a l ,  

nn  

(12.7) 

(12.8) 

The synchronous velocity of the traveling mmf can be determined by setting the 
argument of the cosine term of Eq. (12.7) to some constant K 

2n 
wt - - 2  = K 

h 
(12.9) 
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and then differentiating Eq. (12.9) with respect to t to obtain us as 

dz OX 
dt 27~ 

u = - = -  (12.10) 

or 

V, = Xf (12.11) 

where f is the operating frequency of the supply. Equation (12.11) can also be 
expressed in terms of the pole pitch T as 

v, = 27f (1 2.12) 

Both Eqs. (12.11) and (12.12) suggest that the synchronous velocity is independent 
of the number of poles in the primary winding. Moreover, the number of poles 
need not be an even number. 

Similar to the rotating induction motors, the slip in a linear induction motor 
is defined as 

(12.13) 

where u,, is the velocity of the motor. 
The power and thrust in a linear induction motor can be calculated by using 

the same equivalent circuit employed for its rotating counterpart. Thus, the air- 
gap power, Px, is 

r 
Pg = 31; (1 2.14) 

S 

the developed power, Pd, is 

P d  = (1 - s)Pg 

and the developed thrust, Fd,  is 

(12.15) 

(12.16) 
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Velocity 

I 

Figure 12.24 Typical velocity versus thrust characteristic of a linear induction motor. 

The speed-torque characteristic of a conventional induction motor is equivalent 
to the velocity-thrust characteristic of a linear induction motor shown in Figure 
12.24. The velocity in a linear induction motor decreases rapidly with the increas- 
ing thrust, as can be observed from Figure 12.24. For this reason these motors 
often operate with low slip, leading to a relatively low efficiency. 

A linear induction motor displays a phenomenon known as end effects 
because of its open-ended construction. The end effects can be classified as static 
and dynamic. Static end-effect occurs solely because of the asymmetric geometry 
of the primary. In this case, the mutual inductances of the phase windings are not 
equal to one another. This results in asymmetric flux distribution in the air-gap 
region and gives rise to unequal induced voltages in the phase windings. The 
dynamic end effect occurs as a result of the relative motion of the primary side 
with respect to the secondary. As the primary moves over the secondary, at every 
instant a new secondary conductor is brought under the leading edge of the pri- 
mary, while another secondary conductor is leaving the trailing edge of the pri- 
mary. The conductor coming under the leading edge opposes the magnetic flux 
in the air-gap, while the conductor leaving the trailing edge tries to sustain the 
flux. Therefore, the flux distribution is distorted. It’s weaker in the leading edge 
region as compared to the trailing edge region. Furthermore, the conductor leav- 
ing the trailing edge, although still carrying the current and contributing to the 
losses, does not contribute to the trust. Therefore, the increased losses in the sec- 
ondary reduce the efficiency of the motor. 

E X A M P L E  12.3 

The pole pitch of a linear induction motor is 0.5 m, and the frequency of the 
applied three-phase voltage is 60 Hz. The speed of the primary side of the motor 
is 200 h / h ,  and the developed thrust is 100 kN. Calculate the developed power 
by the motor and the copper loss in the secondary side. 
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0 S O L U T I O N  

The speed of the motor 

200 x 103 
= 55.55 m/s 

3600 
u, = 

The developed power 

pd = F d u ,  = 100 x lo3 x 55.55 = 5555 x io3w 
Pd = 5555 kW 

The synchronous speed of the motor is 

V ,  = 2$= 2 x 0.5 x 60 = 60 m/s 

Slip for this operating condition is 

U, - U, 60 - 55.55 
s = - =  = 0.074 

us 60 

Copper loss in the secondary side is 

P,,, = 313, = F d S U ,  = 100 x lo3 x 0.074 x 60 = 444,000 w 
or P,,, = 444 kW 

Exercises 

12.3. A linear induction motor with a pole pitch of 50 cm is used on a trolley 
that travels a distance of 10 km. The resistance and the current of the sec- 
ondary side as referred to the primary are determined to be 4 R and 500 A, 
respectively. Determine the developed thrust by the motor when the slip 
is 25% while operating at 60 Hz. 
A 660-V (line), 50-Hz linear induction motor drives a vehicle a slip of 20%. 
The motor has 5 poles and the pole pitch is 30 cm. The parameters of its 
equivalent circuit are: 

12.4. 

Primary side: r1 = 0.15 R, x1 = 0.5 R 
Secondary side: r2 = 0.3 R, x2 = 0.3 R 
Magnetizing reactance: X, = 3 R 

Determine (a) the synchronous speed, (b) the power delivered to the load, 
(c) the thrust, (d) the input current, and (e) the power factor. Neglect the 
core losses. 
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S U M M A R Y  

Recent developments in the area of power electronics technology and digital con- 
trol systems have facilitated the use of special-purpose motors for the accurate 
control of speed and/or position. The special-purpose motors studied in this chap- 
ter are permanent-magnet (PM) motors, step motors, switched-reluctance motors, 
brushless dc motors, and linear induction motors. These motors find a wide va- 
riety of applications ranging from computer peripheral equipment to high-speed 
ground transportation and process control. 

PM motors operate as  separately excited dc motors except that they do not 
have a field winding. Instead, a PM motor has permanent magnets to set up the 
necessary magnetic field for the electromechanical energy conversion. However, 
special care should be taken in order not to demagnetize the magnets by exceeding 
their coercive force due to the armature reaction. 

A step motor is an incremental motion device and is widely used in computer 
peripherals. Its rotation is dictated by the number of pulses applied to the stator 
winding. Thus, no feedback loops or sensors are required for its operation. The 
step response of a step motor may be oscillatory. The three kinds of step motors 
are variable-reluctance, permanent-magnet, and hybrid. 

A switched-reluctance motor operates similarly to the variable-reluctance step 
motor. However, a sensor accurately detects the position of the rotor to maintain 
precise timing of the phase windings for a given operating condition. Switched- 
reluctance motors have found widespread applications where ac or dc motors 
have traditionally been employed. 

Brushless dc motors do not exhibit the disadvantages of conventional dc 
motors because they do not have the commutator-brush arrangement. Yet their 
performance characteristics are very similar to those of a conventional dc shunt 
motor. Construction of a brushless dc motor is similar to the construction of a PM 
step motor. However, in a brushless dc motor, the rotor position is accurately 
sensed by a sensor in order to properly time the switching of the stator windings. 
Hall-effect or optoelectronic devices are used to sense the rotor position in a brush- 
less dc motor. 

A hysteresis motor is a synchronous motor that uses the hysteresis property 
of magnetic materials to develop the torque. The torque developed by a hystere- 
sis motor is inherently higher at any speed other than the synchronous speed. 
Consequently, the starting torque is never a problem for a hysteresis motor. 

Even though each type of rotating machine can find its linear counterpart, the 
linear induction motor is the one that covers a wide spectrum of applications such 
as high-speed ground transportation, conveyors, and sliding doors. A linear 
induction motor has a primary and a secondary side. The primary consists of a 
three-phase winding and a magnetic core, and the secondary is either a metal 
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sheet or a three-phase winding wound around a magnetic core. For high-speed 
ground transportation, a short primary (the vehicle) and a long secondary (the 
track) are used. The synchronous velocity u, can be calculated from u, = 27f, 
where T is the pole pitch (m) and f is the frequency (Hz) of the applied three- 
phase voltage. The developed thrust, on the other hand, is Fd = pd/u,, where 
pd(w) is the developed power and u, (m/s) is the velocity of the motor. 

Review Questions 
12.1. 
12.2. 

12.3. 
12.4. 
12.5. 
12.6. 
12.7. 
12.8. 

12.9. 

12.10. 

12.11. 
12.12. 

12.13. 
12.14. 
12.15. 
12.16. 
12.17. 
12.18. 
12.19. 
12.20. 

Why is the efficiency of a PM motor higher than that of a wound dc motor? 
Why does the useful magnetic flux density decrease in a PM motor while 
it is operating under a load? 
Under what conditions can a PM motor be completely demagnetized? 
What is the recoil line in a PM motor? 
How does the temperature affect the operation of a PM motor? 
How does a step motor operate? 
What are the different kinds of step motors? 
What is the expression for the step angle of a variable-reluctance step 
motor? 
What is the basic difference between a PM and a variable-reluctance step 
motor? 
What is the difference between a variable-reluctance step motor and a 
switched-reluctance motor? 
In what kind of applications can one use a switched-reluctance motor? 
What is the difference between the PM step motor and a brushless dc 
motor? 
How does the speed vary in a brushless dc motor with changing torque? 
Explain the operating principle of a hysteresis motor. 
What is the hysteresis torque? 
Is a hysteresis motor a synchronous motor? 
How does a linear induction motor operate? 
How is the synchronous velocity expressed in a linear induction motor? 
How does the slip vary as a function of thrust in a linear induction motor? 
Can a backward-traveling field be supported in a three-phase linear in- 
duction motor? Give reasons. 

Problems 

12.1. A 20-V, PM dc motor develops a torque of 1 N-m at the rated voltage. The 
magnetic flux in the motor is 2 mWb. The armature resistance is 0.93 R, 
and the motor constant is 95. Calculate the operating speed of the motor. 
Neglect the rotational losses. 
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12.2. What is the armature current of the motor given in Problem 12.1 under the 
blocked-rotor condition? 

12.3. Determine the magnitude of the applied voltage when the motor given in 
Problem 12.1 develops a torque of 10 N-m under blocked-rotor condition. 

12.4. A 100-V, PM dc motor operates at 1200 rpm and the rated voltage. The flux 
per pole due to the magnets is 1.5 mWb, and the armature resistance is 
0.7 R. Determine the developed torque if the motor constant is 82. Neglect 
the rotational losses. 

12.5. A 12-V, 2-pole, PM dc motor manufactured with ceramic magnets drives 
a load of 0.134 hp with an efficiency of 54%. The ideal no-load speed of the 
motor is 800 rpm, and the armature resistance is 2 Q. Determine the op- 
erating line of the motor if the pole length and the average radius are 35 mm 
and 25 mm, respectively. The motor constant is 75, and all the losses are 
assumed to be negligible except the copper loss. The demagnetization 
curve is given in Figure 2.28. 

12.6. Determine the performance of the motor given in Problem 12.5 if samar- 
ium-based rare-earth magnets are substituted for the ceramic magnets 
without changing the dimensions of the motor. 

12.7. Determine the magnetic flux in a 120-V, 1-hp, PM motor operating at a 
speed of 1500 rpm. The motor constant is 85, the armature resistance is 
0.7 R, and the rotational losses are SO W. 

12.8. A 120-V, PM dc motor operates at a speed of 400 rad/s at no load. If the 
resistance of the armature circuit is 1.3 R, determine the speed of the motor 
when the load demands 5 N-m at SO V. Draw the speed-torque character- 
istics for both 50-V and 100-V operations. Assume that the motor maintains 
constant magnetic flux with no rotational losses. 

12.9. A three-phase linear induction motor has a pole pitch of 1 m. Determine 
the velocity of the resultant traveling mmf wave if the motor is excited by 
a three-phase supply having a frequency of 50 Hz. 

12.10. The synchronous speed, the operating frequency, and the peak current of 
a linear induction motor are 10 m/s, 60 Hz, and 10 A, respectively. Deter- 
mine the net mmf traveling wave if the number of turns per phase is 300 
with 3 winding factor of 0.9. Assume that the number of periods over thc 
length of the motor is 2. 

12.11. A linear induction motor drives a conveyor belt at a speed of 20 km/h with 
a slip of 20% at 60 Hz and develops a thrust of 200 N. (a) Determine the 
pole pitch of the motor. (b) Calculate the power developed by the motor. 
(c) Calculate the amount of copper loss in the secondary side. 

12.12. A 2300-V, 60-Hz, 10-MW linear induction motor has 0.8 pf lagging while 
operating with a slip of 30% and an efficiency of 72%. The pole pitch of 
the motor is 60 cm. If the magnetizing current is 15% of the applied cur- 
rent and lags the applied voltage by an angle of 88", determine the devel- 
oped thrust by the motor, and the winding resistance of the secondary as 
referred to the primary. Neglect the core, friction, and windage losses. 



A P P E N D I X  A 

- 
System of Units 

Although the use of the International System of Units (SI) has become more and 
more prevalent in all areas of electrical engineering, English units are still widely 
used throughout the profession in dealing with electric machines. For example, it 
is easy to say that the speed of the motor is 1500 rpm (revolutions per minute) 
rather than saying 157 rad/s (radians per second). Similarly, a 0.25-hp (horse- 
power) motor is very rarely referred to as a 187-W (watt) motor. However, most 
equations in this book are given in SI units, and it sometimes becomes necessary 
to convert from one unit to another. In the International System of Units, the units 
of length, mass, and time are meter (m), kilogram (kg), and second (s), respec- 
tively. The basic unit of the charge is expressed in coulombs (C). The current is 
the time rate of change of charge and is expressed in amperes (A). Thus, 
1 A = 1 C/s. Among other fundamental units are the unit of temperature, kelvins 
(K), and the luminous intensity, candelas (cd). In the English system of units, force 
is expressed in pounds, length in inches or feet, torque in foot-pounds, and time 
in seconds. The conversion from one unit to the other is given in Table A.l. 

The units for other quantities that we refer to in this book are given in Table 
A.2. These are known as the derived units, as they can be expressed in terms of 
the basic units. For example, the fundamental unit of power is the watt (W). It is 
the rate at which work is done or energy is expended. Thus, the watt is defined 
as 1 J/s. On the other hand, joule (J) is the fundamental unit of work. A joule is 
the work done by a constant force of 1 newton (N) applied through a distance of 
1 meter (m). Hence, 1 joule is equivalent to 1 newton-meter (N-m). Above all, 
1 newton is the force required to accelerate a mass of 1 kilogram by 1 meter per 
second per second. That is, 1 N = 1 kg-m/s2. Note that the newton is expressed 
in terms of the basic units. Therefore, we can now express joules and watts in 
terms of the basic units. 
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TableA.l Unit Conversion Factors 

From Multiply by To obtain 

gilbert 
ampere turns/cm 
ampere turns/in 
oersted 
lines (maxwells) 
lines/cm2 (gauss) 
lines/in2 
webers/m* (tesla) 
webers/m2 
inch 
feet 
meter 
square inch 
square inch 
ounce 
pound 
pound-force 
ounce-force 
newton 
newton-meter 
newton-meter 
revolutions/minute 
horsepower 
watts/pound 

0.79577 
2.54 
39.37 
79.577 
10.-8 
6.4516 
0.155 X 

6.4516 X lo4 

2.54 
30.48 
100 
6.4516 
1.27324 
28.35 
0.4536 
4.4482 
0.27801 
3.597 
141.62 
0.73757 
2n/60 
746 
2.205 

104 

ampere turns (A-t) 
ampere tums/inch 
ampere tums/meter 
ampere tums/meter 
webers (Wb) 
Iines/in2 
webers/m2 (T) 
lines/in2 
lines/cm2 
centimeter (cm) 
cm 
cm 
square cm 
circular mils 
gram 
kilogram 
newton 
newton 
ounce-force 
ounce-inch 
pound-feet 
radians/second 
watt 
watts/kilogram 
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TableA.2 Derived Units for Some Quantities 

Symbol Quantity Unit Abbreviation 

Y 

C 
Q 
P 
G 

I 
f 
E 
D 
V 
E 
W 
F 
f 
z, 
L 
a) 
B 

H 
9 
CL 

P 
x, x 
3 
R, r 
B 
T 

v, v 
W 

w 

U 

E 

U 

admittance 
angular frequency 
capacitance 
charge 
charge density 
conductance 
conductivity 
current density 
dielectric constant 
electric field intensity 
electric flux density 
electric potential 
electromotive force 
energy 
force 
frequency 
impedance 
inductance 
magnetic flux 
magnetic flux density 

magnetic field intensity 
magnetomotive force 
permeability 
permittivity 
power 
reactance 
reluctance 
resistance 
susceptance 
torque 
velocity 
voltage 
work (energy) 

siemens 
radianlsecond 
farad 
coulomb 
coulomb/metes 
siemens 
siemenslmeter 
amperelmete? 
dimensionless 
volt/meter 
coulomb/mete? 
volt 
volt 
joule 
newton 
hertz 
ohm 
henry 
weber 
weberlmete? 
tesla 
ampere-tum/meter 
ampere-turn 
henrylmeter 
faradlmeter 
watt 
ohm 
henry-.' 
ohm 
siemens 
newton-meter 
meterlsecond 
volt 
joule 

S 
rad/s 
F 
C 
C/m3 
S 
S/m 
A/m2 
- 

VIm 
C/m2 
V 
V 
J 
N 
Hz 
R 
H 
wb 
wb/m2 
T 
A-t/m 
A-t 
HIm 
F/m 
W 
R 
H-' 
R 
S 
N-m 

V 
m/s 

J 
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The Laplace Transform 

The Laplace transform of a single-valued function f ( f )  is defined as 

where s = u + jo is a complex number. In order to include the switching action 
or a unit impulse function at t = 0, the lower limit is usually taken as 0-. 

To obtain the function f ( t )  from F(s), we may use the inverse Laplace trans- 
form defined as 

where L!?-’[F(s)] is read as the “inverse Laplace transform of F(s).” 
The integration in Eq. (8.2) is not easy to perform because it requires knowl- 

edge of functions of complex variables and is avoided. Since there exists a one-to- 
one correlation between f ( t )  and F(s), we use a “look-up” table for the Laplace 
transforms. For this reason, the Laplace transforms for some of the well-known 
functions are given in Table 8.1. 
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Table B.l Laplace Transforms of Some Functions 

691 

1 

S 

S" 

e-" 

1 
s + a  

n! 
(s + a)"+* 

52 - p2 

P 
5-2 - p2 

F(s + a) 

S 

e-"'F(s) 

;F  a (:) 

u( t )  

u(t - a) 

tu(t) 

t"u(t)  

( t  - a)u(t - a) 

tu(t - a) 

sin wt 

cos wt 

e-"' sin wt 

e-"' cos wt 

tf (0 

t"f ( t )  

1 

e-m 

- 
S 

S 

1 
S2 

n! 

- 

- 
S n + l  

e-as 
- 

S2 

w 
52 + w2 

s2 + w2 

(s + a)2 + w2 

(s + a)2 + w2 

S 

w 

s + a  

dF(4 
ds 

- -  

d"F(s) (-1y - 
dS" 

d f ( 0  - 1 s'F(s) - sf(O-) - - 
dt 
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