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PREFACE

PURPOSE

This book has been written primarily as a textbook for a

graduate course in physical/chemical treatment processes for

water and wastewater. However, it should also be useful to

working environmental engineers in providing a thorough

and cohesive understanding of processes that would not be

easily achieved by reading journal articles. While some

introductory material is given for each subject, this book

has been written with the assumption that the reader has had

previous exposure, by classworkor experience,with standard

water and wastewater treatment processes. To illustrate spe-

cific applications, examples are woven throughout this book

andproblems are given at the endof each chapter. This book is

divided into four parts, as explained below.

ORGANIZATION

Part I: Chapters 1–4. This part of this book describes the

fundamental tools for investigating and studying water and

wastewater treatment processes. It sets the stage for the

subsequent chapters by presenting the background that is

common to the analysis and understanding of many treat-

ment processes. At the end of this section, the reader should

have an advanced understanding of how mass balances are

used in continuous flow systems in which reactions occur,

and thereby will be able to understand and predict the

changes in water quality that occur in such reactors. Details

of the construction of mass balances are presented in

Chapter 1; descriptions of flow characteristics are given

in Chapter 2; the study of reaction kinetics is introduced

in Chapter 3; and the material in the first three chapters is

synthesized in Chapter 4. These chapters are written in a

completely generic manner (i.e., with little attention to the

application of the material to specific processes of interest in

water and wastewater treatment) to emphasize that the

material is usable in a wide variety of situations.

Part II: Chapters 5–10. This part of the book describes

processes for removing soluble contaminants fromwater (or,

in a few cases, inserting chemicals of interest into water).

The processes are used in various applications, from treat-

ment of municipal and industrial wastes to the production of

drinking water or high-purity industrial process water. All

the major processes that are used broadly to remove soluble

contaminants are covered in this section or in the membrane

chapter that ends this book. In each case, the emphasis is on

fundamental understanding of the process dynamics through

an analysis of batch (no flow) systems, followed by the

interplay between the reaction kinetics and the flow char-

acteristics of systems in which these processes are often

carried out. The effects of process variables (i.e., hydraulic,

equilibrium, and kinetic) on process design and process

performance are emphasized.

The order of these chapters is such that they build on each

other, and on the earlier chapters. Gas transfer is covered in

Chapters 5 and 6, because it is usually independent of other

processes (even if they happen simultaneously) and it builds

directly on the earlier fundamental chapters. Gas transfer

is one of the few common processes for which design is

always closely related to theory, and so the analysis can be

quite fundamental and still provide a picture of how gas

transfer is achieved in real-engineered systems. Adsorption

(Chapters 7 and 8) has many similarities to gas transfer and

is often considered as a possible alternative process to gas

stripping for the removal of specific contaminants, so it is

presented next. For both gas transfer and adsorption, two

chapters are provided, with the first describing the
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underlying fundamental science and the second presenting

the application in water treatment engineering.

Precipitation (Chapter 9) relies (in part) on adsorption and

creates particles that must be removed in subsequent

processes (that are covered in the third part of this book).

Chemical oxidation (and, to a lesser extent, reduction)

(Chapter 10) is widely used for the destruction of organic

compounds and the transformation of objectionable inor-

ganics to less toxic species; the use of so-called advanced

oxidation processes is expanding rapidly in the field and will

continue to do so in future years.Disinfection (the inactivation

of microorganisms) relies directly on oxidation processes and

is included in the chapter on oxidation and reduction.

Part III: Chapters 11–14. This part of the book focuses on

processes for removing particulate materials from water.

Many contaminants of water are particles to begin with, are

made into particles by precipitation, or are associated with

particles by adsorption; hence, particle removal processes

are used to remove contaminants that came into the treat-

ment system as soluble materials as well as to remove those

that entered as particles. Chapter 11 describes the funda-

mentals that are common to all the particle removal pro-

cesses, such as properties of particles and interactions of

particle surfaces with chemicals in solution that determine

much of particle behavior and particle–particle interactions.

Particle removal processes are intrinsically physical/chem-

ical processes—the chemistry of all these processes is

essentially identical and is therefore covered in this chapter.

This chapter also draws heavily on the chapters on adsorp-

tion and precipitation, as the chemistry of particle removal

processes relies on these phenomena. Subsequently, the

chapters on flocculation (Chapter 12), gravity separations

(Chapter 13), and granular media filtration (Chapter 14)

emphasize the physical aspects of these processes. These

processes (or some subset of them) are often performed in

series, and the order of the chapters reflects the order of their

appearance in a treatment train.

Part IV: Chapter 15. An extensive chapter on membrane

processes ends this book; membrane processes are used to

remove both soluble and particulate materials. Rather than

divide this material into separate chapters so that they could

be incorporated into Parts II and III, we thought that this

subject should stand alone and be treated in a unified way.

The distinction between “what is a particle” and “what is a

soluble entity” is blurry, and the continuum of membrane

processes does not force one to make an arbitrary dividing

line between them.

APPROACH

The approach throughout this book is to elucidate the funda-

mentals of physical/chemical treatment processes for water

and wastewater, that is, to provide the basis for understanding

that underlies the application of these processes in various

treatment systems. Our belief is that fundamental understand-

ing requires both a conceptual or qualitative picture of each

process and a mathematical description of the process.

Throughout this book, we have related the conceptual and

mathematical descriptions. The level of mathematical treat-

ment is, in a few cases, sophisticated but always accessible to

beginning graduate students and to professionals with a

Master’s degree. Different people have different ways of

learning with respect to the conceptual/mathematical contin-

uum—some learn the concepts through the mathematics,

others learn to appreciate the mathematical description

only because they see the concepts first. It has been our

goal to write this book in such a way that both these types

of learners can reach a deep level of understanding of these

processes. Detailed examples are provided throughout this

book to illustrate the linkage between the mathematical and

conceptual approaches to this understanding.

We also believe that the best practical knowledge is a

good understanding of theory. When a process is not work-

ing properly, or when conditions have changed since the

time of design, a good understanding of the fundamental

theory is often the only guide for changing the operation to

solve the problem. When faced with a new problem that is

not envisioned today (and very few of the current hot topics

in environmental engineering were envisioned 15–25 years

ago when many professionals were graduate students), a

good understanding of theory is the place to start developing

a solution.

Throughout this book, we have used a consistent

approach. After the generic description of mass balances

in continuous flow systems in Part I, the processes described

in every subsequent chapter are explained and analyzed by

writing the relevant mass balance for the process, reactor

geometry, and flow pattern under consideration. Our goal is

to equip readers with this tool, so that as a question arises

about how some process will work, they can generate and

solve an appropriate mass balance that helps to answer that

question. While the details of the mass balances and associ-

ated solutions vary for different unit processes, the approach

is consistent. After describing the common ways in which

each process is configured, the role of different variables in

achieving the process objectives is discussed. Each chapter

also gives the reader an overview of the ways in which the

process is used in water and wastewater treatment.

In writing this book, one of us would write a first draft of a

chapter or section and then the other would comment or edit;

the process went back and forth until both of us were

satisfied. That is, the tasks of writing and editing were

mutually shared throughout the production of this book.

In light of this process, the author order for this book was

chosen as alphabetical.

xxii PREFACE



HOW TO USE THIS BOOK?

This book is too long to complete in a one-semester (or

one-quarter) course. Professors need to choose how to use

this book in one or two courses, and how it will fit into a

broader curriculum for environmental engineering students

interested in treatment processes. The material in Part I is

covered in greater depth than is done in most curricula, but

still can be covered in depth within approximately four to

five weeks. Part I can be combined with either Part II or

with Parts III and IV to form a full semester course. Much

of the material that is in Part II is closely related to what is

taught in many Water Chemistry courses, and so it is best if

students studying Part II have already taken such a course,

or are taking it simultaneously. Although the order of

the chapters is purposeful, Part III (and to a lesser extent,

Part IV) can be studied independently of Part II without too

much difficulty.

MARK M. BENJAMIN

University of Washington–Seattle

DESMOND F. LAWLER

University of Texas at Austin
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1
MASS BALANCES

1.1 Introduction: The mass balance concept
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concentration gradient

1.3 The mass balance for a system with flow and concentration
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1.4 The differential form of the three-dimensional mass balance

1.5 Summary

References

Problems

1.1 INTRODUCTION: THEMASS BALANCE

CONCEPT

This book deals with the analysis of physical and chemical

processes that alter water quality in aquatic systems. The

primary systems of interest are the reactors used in water and

wastewater treatment operations, although the principles

apply equally well to natural aquatic systems, such as rivers,

lakes, and oceans.

The first part of this book (Chapters 1–4) deals with

reaction engineering and reactor analysis. These terms refer

to the overall process of characterizing how the physical

features of a system (e.g., volume, mixing characteristics,

layout) combine with chemical factors (reaction rates, equi-

librium relationships) to control the extent to which a

reaction proceeds. In this definition, the word reactor is

not restricted to engineered systems, but rather refers to any

region of space where a reaction is occurring. Thus, a reactor

may be as small as a single water droplet or as large as

an entire lake. Reactor analysis is an essential step in

predicting how a system responds to varying input rates

or concentrations, in deciding how big a reactor must be to

accomplish a predefined treatment objective, or in compar-

ing different design options. Whatever the specific goal, the

analysis consists of writing one or more mass balance

equations, determining the values of the parameters in these

equations, and then solving the equations for the quantities

of interest.

A mass balance is an accounting tool that is used to keep

track of howmuch of a substance is present in a given region of

space at a given time. In other words, it is a formal statement of

the principle of conservation of mass. When analyzing water

chemistry problems, mass balances are frequently written to

apply the principle of conservation ofmass to systems inwhich

there is no gradient of concentration with respect to time or

distance. In such cases, the mass balance states that all the

components that were originally added to the systemmust still

be there once equilibrium is attained, even though theymight be

present in a different form. By combining mass balances with

the relationships expressed by equilibrium constants and the

charge balance, we can determine the speciation of the chemi-

cal components of the system at equilibrium.

In this book, mass balances are used most often to

characterize systems in which concentrations are a function

of time or location, and the mass balance equations are most

frequently written in terms of the time derivative of mass.

That is, rather than equating the total amount of a species i in

the system before and after equilibration, the mass balances

describe the rates at which i enters, exits, reacts, and

accumulates in the system. In words,

Rate of change

of mass of i

stored in the

system

¼
Rate at which

i enters the

system from

outside

�
Rate at which

i exits the

system to

the outside

þ
Rate at which

i is generated

inside the

reactor

�
Rate at which

i is destroyed

inside the

reactor

This statement is a valid representation of the principle of

conservation of mass and is applicable to any item in any

reactor. The space defining the reactor (i.e., the space over

which the mass balance is being written) is referred to as the

control volume (CV). To convert the previous statement into

3
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a mathematical form that is applicable to a specific system of

interest, it is necessary to

(1) Identify the substance for which the balance is to be

written (i.e., what is i?).

(2) Define the system boundaries so that it is clear

whether a given molecule of i is inside or outside

the CV.

(3) Establish all the ways that i can enter or exit the CV.

(4) Establish all the ways that i can be created or

destroyed within the CV.

In carrying out the first two steps, the importance of being

precise when identifying both the item of interest and the

boundaries of the system deserves emphasis. For instance, if

a mass balance is being written for copper, is it a mass

balance on total copper, dissolved copper, or free, uncom-

plexed cupric ion? If the system is a lake, does it include only

the aqueous phase above the bottom sediment, or all the

material in the water column (solution and suspended sol-

ids)? Does it include a portion of the interstitial solution in

the lake bed or any rooted aquatic plants? Choosing the

system boundaries to include or exclude any of these items is

acceptable, and we could write a valid mass balance for any

of these choices. However, depending on what we hope to

learn by solving the mass balance, one set of system

boundaries might be more useful than another.

Three choices for the system boundaries for amass balance

characterizing a water treatment process are shown in Figure

1-1. The flow diagram shown is used in the conventional

activated sludge process for biological treatment of waste-

water, and also for certain precipitation processes inwater and

wastewater treatment operations (specifically, precipitation

processes that incorporate sludge recycle). The boundaries

shown in Figure 1-1a isolate the tankwhere the key biological

or chemical conversions occur, those shown in Figure 1-1b

isolate the portion of the systemwhere solid/liquid separation

is accomplished, and those shown in Figure 1-1c encompass

the entire treatment system. As noted in the previous para-

graph, a validmass balance could bewritten using any of these

choices for the system boundaries, but the type of information

that could be derived by solving the mass balance would be

different in each case. A numerical example demonstrating

this point is presented at the end of this section.

Conceptually, the third and fourth steps needed to write a

mass balance are straightforward. In most systems, the only

way in which a substance can enter or leave a system is by

physical movement (transport), and the only way in which it

can be formed or destroyed inside the system is by chemical

reactions (including biochemical and nuclear reactions as

special types of chemical reactions).

Physical transport processes include advection, diffusion,

and dispersion, all of which can move molecules across the

system boundaries either into or out of the CV. Advection, or

bulk flow, is flow in response to a driving force (e.g., a

pressure gradient) that acts on all molecules in a region of

space to move them in a given direction. This process

contrasts with diffusion, which is the net effect of random

molecular movement caused by the molecules’ thermal-

kinetic energy. Although the diffusive motion of any indi-

vidual molecule is random, when the random motion of all

the molecules is coupled with a concentration gradient, the

net effect is transport in the direction that diminishes local

concentration differences.

Dispersion might be considered as a cross between

advection and diffusion. When a force is applied to a fluid,

different portions of the fluid tend to move at different

velocities. In laminar flow in a pipe, the parabolic distribu-

tion of velocities leads to some molecules of fluid (and any

chemicals in that fluid) advancing through the pipe faster

than others; in this case, the velocity is a well-defined

(a)

(b)

Q Q − Qw

(c)

Q Q − Qw

Q Q − Qw

Qr

Qw

Qr

Qw

Qr

Qw

FIGURE 1-1. Three different choices (indicated by the broken

lines) for the boundaries of the control volume for a mass balance in

a system consisting of a reactor and a settling basin, with recycle of

settled solids to the reactor influent. Q, Qr, and Qw are the influent

flow rate, the flow rate of the recycle stream, and the flow rate of the

waste (sludge) stream, respectively.
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function of distance from the wall. In laminar flow in porous

media, packets of fluid pass through some pores quickly and

other pores much more slowly, leading to differences in the

rate of transport of chemicals by different packets. In

contrast to the situation in pipes, the velocity profile in

the latter situation does not bear any well-defined relation-

ship to location in the flow pattern. The same statement is

true in turbulent flow, in which eddies form and transport

mass from one point to another; in this case, the velocity of

each packet of fluid is characterized by fluctuations around a

mean value, although the mean velocity of the bulk fluid

might remain constant.

In all the systems described above, the portion of the

transport of mass that is different from the average advective

transport is attributed to dispersion. In cases where disper-

sive transport is dominated by random fluctuations in veloc-

ity (such as the latter two situations described in the

preceding paragraph), it can be modeled and analyzed

identically to diffusion, with packets of water in dispersive

mixing being the analogs of molecules in diffusive mixing.

A thorough description of dispersion, especially as it applies

to porous media, is given by Bear (1979).

Chemical reactions can also alter the mass of i in the

region of space enclosed by the system boundaries. How-

ever, in the case of chemical reactions, the key processes are

creation of i from other molecules, or conversion of i into

other molecules, within (as opposed to across) the system

boundaries.

Based on the preceding discussion, the determination of

whether or not a transport or reaction process should be

included in a mass balance on i for a specific situation can be

made by applying two simple rules:

(1) Terms describing physical transport are included in the

mass balance if and only if they cause i to cross the

system boundaries. If a molecule of i moves from one

point to another strictlywithinor strictly outside theCV,

such movement is not reflected in the mass balance.

(2) Terms describing chemical reactions in which i

participates are included if the reactions occur within

the system boundaries and are excluded if they occur

outside the system boundaries.

An easy way to decide whether a physical transport

process should be included in a mass balance expression

is to imagine that the system is enclosed in a permeable

balloon. If the process carries molecules of i across the

surface of the balloon, it must be included in the mass

balance; on the other hand, if it causes molecules of i to

move around either inside or outside the balloon, but does

not carry i across the surface, it should not be included.

Tounderstand thebasic principle and the essential simplicity

of a mass balance, it might be useful to consider an analogy

between a mass balance and the accounting that applies to a

savings account.Whenbalancing a savings account,we need to

consider deposits and withdrawals, which might be considered

as physical transfers of money from/to the external world. On

the other hand, interest payments and fees paid for the bank’s

services might be considered as transfers that occur internally

in the bank. While it may be convenient to separate these two

groups of transactions when analyzing an account, it is also

true that a dollar deposited and a dollar of interest are

indistinguishable once they are in the account. Similarly, in

a chemicalmass balance, amolecule of i that enters the system

by physically crossing a system boundary is indistinguishable

from one that is generated internally in the system by a

reaction. Thus, if a molecule of i is found in the system at

some time, is it neither necessary, nor in general is it possible,

to decide how the molecule got there. All that is known about

the molecule, and all that matters, is that it is there.

Once the steps listed above are completed, the system is

fully defined, and it should be possible to write a detailed

mass balance (in words) that characterizes i in the system.

Such a mass balance will have terms that fit into the

categories shown in the following statement, but which

are more detailed and system-specific.

Rate of change

of the amount of

i stored within

the system

¼
Net rate

ðin�outÞ at
which i enters

by advection

þ
Net rate

ðin�outÞ at which i
enters by diffusion

and dispersion

þ
Net rate

ðformation�destructionÞ
at which i is created by

chemical reaction

For instance, the flow scheme shown in Figure 1-1a might

be used in a water softening process, in which soluble

calcium (all of which we assume to be Ca2þ) is removed

from solution as a CaCO3(s) precipitate. A mass balance on

Ca2þ in such a system, with system boundaries chosen to

enclose only the precipitation reactor, might be expressed as

follows:

Rate of

change of

mass of

Ca2þin the

reactor

¼

Rate at which

Ca2þ enters into
the mixed

influent=
recycle stream

�

Rate at which

Ca2þ leaves in

the effluent

from the

reactor

þ

Rate at which Ca2þ

enters the reactor by

diffusion and dispersion

at the points where the

inlet and outlet pipes

connect to the reactor

�
Rate at which

Ca2þ precipitates

to form CaCO3ðsÞ
in the reactor
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In some systems, it is useful to write two or more mass

balances with different system boundaries. In many such

cases, an input term for one set of boundaries is an output

term for another. For instance, in a system where volatile

organic compounds (VOCs) are being stripped from solution

by a gas, the rate at which VOCs leave the liquid equals the

rate at which they enter the gas, so terms representing this

transfer have the same magnitude but different signs in mass

balances on the two phases.

Although the qualitative mass balances described above

are of some value, to be truly useful they must be converted

into quantitative mathematical expressions and solved, so

that we can compute the concentration of i explicitly as a

function of time and/or location. The steps needed to carry

out this conversion are detailed in the remainder of the

chapter, where mathematical expressions are derived for

each of the terms in the mass balance. With the aid of these

expressions, it is possible to identify the physical/chemical

factors that control a given process, evaluate these factors in

an existing system, and/or use the information to design a

process to accomplish a desired goal.

A Note on Dimensions. Since mass balances for the

systems of interest describe rates at which material enters

or leaves the system, the appropriate dimensions for all

terms in the mass balance are mass/time. By using these

dimensions, mass balances can be written even for systems

in which the volume, pressure, temperature, or shape are

variable. In some cases, it is convenient to divide all terms in

the mass balance by the system volume, so that they have

dimensions of mass per unit volume per time or, equivalently,

concentration per time. In this book, we refer to the mass

balances written in the latter way as volume-normalized

mass balances.

In a few cases, an equation essentially identical to a mass

balance is written on a basis other than mass. The most

common such equations represent an accounting based on

numbers, such as the number of particles in a suspension.

The dimensions for these equations are specific to the item

of interest; for example, for a particle number balance, the

dimensions of each term are time�1, or, for a volume-

normalized number balance, (volume� time)�1.

& EXAMPLE 1-1. A common approach to soften water

is to adjust the chemistry of the solution to cause CaCO3(s) to

precipitate. As noted previously, such processes often utilize a

flow scheme like that shown in Figure 1-1. New solids are

generated in the main reaction tank, and then the solids are

separated from solution in a settling tank. However, rather than

discarding all of the solids, a fraction of the settled sludge is

returned to the reaction tank to provide seed crystals ontowhich

more solid can precipitate. The advantages of this operating

scheme are discussed in Chapter 9. The relevant reaction is

Ca2þ þ CO 2�
3 ! CaCO3ðsÞ

A proposed water softening process will treat a flow of

3.0m3/s. The objective is to induce precipitation of

CaCO3(s) to reduce the dissolved Ca2þ concentration

from 150 to 40mg/L. The influent contains no CaCO3(s).

The settling step is expected to be very efficient, so the

CaCO3(s) concentration in the treated effluent is negligible.

Figure 1-2, which is a specific version of the more general

Figure 1-1, shows some flow streams labeled and some

potentially useful control volume (CV) boundaries identi-

fied. The flow rates at the indicated points are as follows:

Q1 ¼ 3000 L/s; Q2 ¼ 3240 L/s; Q3 ¼ 3240 L/s;

Q4 ¼ 2916 L/s; Q5 ¼ 324 L/s; Q6 ¼ 84L/s; Q7 ¼ 240L/s

Assuming that the water volumes in the various tanks, the

water flow rates, and the concentrations of all the chemicals

in the system are steady over time, write mass balances using

appropriate CVs to determine the concentration of CaCO3(s)

solids (mg/L) in the pipe between the main reactor and the

settling basin (pipe 3), the pipe leading to the sludge

processing facility (pipe 6), and the pipe conveying recycled

solids to the main reaction vessel (pipe 7). Assume also that

the precipitation reaction occurs only in the reactor, and not

in the settling tank.

Solution. The CaCO3(s) concentrations (which we repre-

sent as cs) at locations 1 and 4 are given as zero. Given this

information, the location of interest where it is easiest to

calculate cs is point 6, based on amass balance onCaCO3(s) in

control volume CVb (because only one of the three streams

crossing the boundary of CVb contains CaCO3(s).

Themass balance states that the rate of change of the mass

of CaCO3(s) stored in the CV equals the rate at which

CaCO3(s) enters the CV, minus the rate at which it exits

the CV, plus the rate at which it is generated inside the CV.

In this case, the rate at which CaCO3(s) enters or leaves in

any stream i can be expressed asQics,i. Because the system is

specified to be operating with steady volumes and

3 

5 
7 

6 

4 2 1 

CVb

CVa CVc

FIGURE 1-2. Various control volumes for mass balances that are

useful for solving the example problem.
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concentrations throughout, the mass of CaCO3(s) in the CV

is not changing, so the mass balance on CaCO3(s) in CVb can

be written as follows:

Rate of change of mass

of CaCO3ðsÞ stored in CVb

� �

¼ Q1cs;1 � Q4cs;4 � Q6cs;6 þ Rate of CaCO3ðsÞ
generation in CVb

� �

Q6cs;6 ¼ Rate of CaCO3ðsÞ
generation in CVb

� �

By our assumption, the only place where CaCO3(s) is

generated by chemical precipitation in CVb is the main

reaction tank. Because we have information about the rates

at which Ca2þ enters and leaves CVb, and because we can

relate the loss of Ca2þ to the production of CaCO3(s) via the

reaction stoichiometry, it is convenient to proceed by writing

a mass balance on Ca2þ in CVb, as follows:

Rate of change of

mass of Ca2þ in CVb

�
¼ Q1cCa2þ;1 � Q4cCa2þ;4 � Q6cCa2þ;6

�

þ Rate of appearance of Ca2þ

in CVb by precipitation

� �

The mass of Ca2þ stored in the reactor is not changing

over time, so the term on the left is zero. Furthermore, all

the Q and c terms on the right are given in the problem

statement. (Because no chemical reaction occurs in the

settling basin, the concentration of Ca2þ in both streams

leaving that basin is the target concentration of 40mg/L.)

Also, because we know that Ca2þ is removed from solution

by the precipitation reaction, it is convenient to write the

final term in the previous equation as a subtraction of the

rate of loss of Ca2þ in the CV. Making this change and

substituting the known values into the previous equation,

we obtain

0 ¼ 3000L/sð Þ 150mg/Lð Þ � 2916L/sð Þ 40mg/Lð Þ

� 84L/sð Þ 40mg/Lð Þ � Rate of loss of Ca2þ in

CVb by precipitation

� �

Rate of loss of Ca2þ in

CVb by precipitation

� �
¼ 330; 000mg/s ¼ 330 g/s

Noting that the molecular weights of Ca2þ and CaCO3(s)

are 40 and 100, respectively, we compute the rate of

CaCO3(s) generation as follows:

Rate of CaCO3ðsÞ generation ¼ 330 g=s Ca2þ
� � 100 g CaCO3ðsÞ

40 g Ca2þ

¼ 825 g=s CaCO3ðsÞ generated

Inserting this value into the mass balance on CaCO3(s)

derived previously, we can find cs,6 as

Q6cs;6 ¼ Rate of CaCO3ðsÞ
generation in CVb

� �

cs;6 ¼ 825 g/s

84 L/s
¼ 9:82 g/L

We can find cs,3 by a mass balance on CaCO3(s) using

CVc, as follows:

Rate of change of mass

of CaCO3ðsÞ in CVc

� �
¼ Q3cs;3 � Q4cs;4 � Q5cs;5

þ Rate of generation of CaCO3ðsÞ
in CVc by precipitation

� �

Because the splitting of the flow stream at the junction of

points 5, 6, and 7 does not involve any redistribution of

solids, the solid concentrations in all three of these streams

are the same; that is, cs,5¼ cs,6¼ cs,7¼ 9.82 g/L. Substituting

these equalities into the mass balance, we find

0 ¼ 3240 L/sð Þcs;3 � 2916 L/sð Þ 0:0 g/Lð Þ
� 324L/sð Þ 9:82 g/Lð Þ þ 0

cs;3 ¼ 0:982 g/L ¼ 982mg/L &

1.2 THE MASS BALANCE FOR A SYSTEM

WITH UNIDIRECTIONAL FLOW AND

CONCENTRATION GRADIENT

In this section, we derive a mathematical expression for a

mass balance on a substance i in a CVwith only one inlet and

one outlet through which water flows directly into or out

of the system, as shown schematically in Figure 1-3.

FIGURE 1-3. Schematicrepresentationofthecontrolvolume,flow

pattern (solid arrows), andconcentrationgradients (dashed arrows) in

a hypothetical system in which the flow and the concentration gradi-

ents are perpendicular to the boundaries at the inlet and outlet.
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Furthermore, the water is assumed to be well-mixed in the

direction perpendicular to the flow as it crosses the system

boundary; for example, if the flow is in theþx direction, the

concentration of i may vary in the x direction, but not in

the y�z plane at the inlet or outlet. These assumptions are

reasonable for many real systems, such as a mixed-tank

reactor with inflow and outflow through pipes, a tubular

reactor with no internal axial mixing (a plug flow reactor), or

a section of a river. No constraints are placed on the

geometrical shape of the system or on the gradients that

might exist inside it, as long as the gradients at the bounda-

ries are exclusively in the direction of bulk flow.

The Storage Term

The mass of i present (stored) in any differentially small

volume element dV (¼dxdydz) within the system equals the

product of the concentration of i in that volume element and

the volume, or cdV.1 To determine the total mass of i in the

entire CV, it is necessary to sum the mass of i in all these

differential volumes; that is, to integrate this term over the

entire volume

Mass of i in volumeV ¼
Z

c dV (1-1)

The derivative of this quantity with respect to time gives

the rate of change of the amount of i stored in volume V.

Thus, the storage term in the mass balance can be repre-

sented as

Rate of change of mass of i in volumeV ¼ @

@t

Z
c dV

(1-2)

In both engineered reactors and natural systems, condi-

tions are often encountered in which one of two simplifica-

tions applies to the storage term. First, in many systems, the

concentration of the substance of interest is approximately

uniform throughout the CV; such systems are sometimes

referred to as well-mixed, although the condition can some-

times be met without physical mixing. Examples include

tanks where concentrated chemical reagents (e.g., acids or

bases, alum in coagulation processes, or hypochlorite spe-

cies in disinfection processes) are added to and, ideally,

dispersed rapidly throughout the solution by intensive,

mechanically induced mixing. In other cases, the water in

a tank is thoroughly mixed by rising gas bubbles when air or

another gas (e.g., pure oxygen, ozone, or carbon dioxide) is

injected to dissolve the injected gas or strip a volatile

contaminant from the solution. In such systems, the right

side of Equation 1-2 can be written as Vðdc=dtÞ þ cðdV=dtÞ.
Furthermore, in many such cases, the volume of the system

is constant, in which case the expression simplifies to

V(dc=dt). (If the system volume is constant but the concen-

tration varies from one location to the next, the integral can

be written as
R ð@c=@tÞdV , but this modification does not

substantially ease the evaluation of the term.)

Second, many systems operate under conditions in

which their composition and volume are approximately

invariant over time (although the composition might vary

as a function of location). In these systems, which are

referred to as being at steady state, the storage term (i.e.,

the term describing the rate of change of the mass of i in

the CV) is zero. The form of the storage term in the

general case and for various simplifications is shown in

Table 1-1.

& EXAMPLE 1-2. Downstream of the point where

wastewater is discharged into a small river, a contaminant

decays in such a way that its concentration can be approxi-

mated by the equation c(x)¼ c(0)=(1þ kc(0)x), where c is

the contaminant concentration, x is the distance down-

stream, and k is a constant characterizing the reactivity

of the contaminant. If the contaminant concentration in the

river at the discharge point is 2mg/L and k¼ 3(mg/L)�1

km�1, howmuch contaminant is stored in the 5-km segment

of the river downstream of the plant? Over this stretch, the

river has an approximately uniform cross-sectional area of

A¼ 24m2.

Solution. To determine the mass of contaminant stored in

the river, we can define a CV that is bounded by the cross-

section of the river and a distance dx in the direction of flow.

The volume of water in this differential section is therefore

Adx, and the mass of contaminant stored in the section is

c(x)Adx. Designating the concentration at the upstreamendof

TABLE 1-1. Expressions for the Storage Term in

Mass Balance Equations

Rate of Change of Mass of i in Volume V ¼

General case
@

@t

Z
c dV

Concentration independent of location (well-mixed) V
dc

dt
þ c

dV

dt

Concentration independent of location, and system

volume fixed
V
dc

dt

Concentration and volume constant over time

(steady state)

0

1 Throughout this chapter, mass balances are written for an arbitrary

constituent of interest, i. To minimize clutter, the concentration of this

constituent is written simply as c, rather than ci; a similar convention applies

to other parameters characterizing i.
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the region of interest (i.e., c(0)) as co, themass of contaminant

in the entire 5-km segment can be computed by integrating

this function over the length of the segment; that is

M ¼
Z5 km

x¼0

c xð ÞAdx

¼ A

Z5 km

x¼0

co

1þ kcox
dx

¼ A

k
ln 1þ kcox½ �5 km0

¼ A

k
ln
1þ kco 5 kmð Þ
1þ kco 0 kmð Þ ¼

A

k
ln 1þ kco 5 kmð Þf g

Inserting the known values of A, k, and co, and several

conversion factors

M ¼ 24m2

3 mg/Lð Þ�1
km�1

103 m

km

103 L

m3

1 kg

106 mg

ln 1þ 3 mg/Lð Þ�1
km�1

� �
2mg/Lð Þ 5 kmð Þ

h i
¼ 27:5 kg &

& EXAMPLE 1-3. The first step in many water and

wastewater treatment processes often involves nothing

more than mixing the incoming water thoroughly with water

that arrivedearlier in a largemixing tank.Thisprocess, known

as equalization, mitigates temporal variations in the compo-

sitionof thewater thatentersdownstreamreactorsand thereby

eases process control.

(a) Consider an equalization tank in an industrial waste-

water treatment plant that contains 500m3 of water

with a Cu2þ concentration of 65mg/L. One of the

process lines feeding the tank is online, so that the

incoming water contains 125mg/L Cu2þ. If the flow
rate into and out of the tank is 6m3/min, what is the

rate of change of themass of Cu2þ stored in the tank;

that is, what would be the value of the storage term

in amass balance onCu2þ in the equalization tank at

the given time?

(b) The tank is intended to prevent the Cu2þ concentra-

tion in the exiting water from fluctuating at a rate

greater than 1mg/L-min. Is it achieving this objec-

tive at the instant in question?

Solution.
(a) We can compute the desired values by writing a mass

balance on Cu2þ, using the space occupied by all the

water in the tank as the CV:

Rate of

change of

mass of

Cu2þ in the

tank

¼
Rate at which

Cu2þ enters in

the influent to

the tank

�
Rate at which

Cu2þ leaves in

the tank

effluent

þ

Rate at which Cu2þ

enters the reactor by

diffusion and dispersion

across the inlet and

outlet pipes

þ

Rate at which

Cu2þ is

generated by

reactions in the

tank

Because the flow rates into and out of the tank are

equal and the Cu2þ concentration is uniform through-

out the tank (because the water is thoroughly mixed),

we can use the simplification shown in the third row

of Table 1-1 to represent the storage term, as follows:

Rate of change of mass of Cu2þ in tank ¼ V
dcCu2þ

dt

In the systemof interest, Cu2þ does not participate in

any chemical reaction, and the mass rates at which it

enters and leaves the tank by advection areQcCu2þ;in and

QcCu2þ;out, respectively. Themass balance can therefore

be written in a mathematical form as follows:

V
dcCu2þ

dt
¼QcCu2þ;in � QcCu2þ;out ¼ QðcCu2þ;in � cCu2þ;outÞ

¼ 6m3/min 125mg/L� 65mg/Lð Þ
� 1000 L

m3

� �
1 kg

106 mg

� �
¼ 0:36 kg/min

The value of the storage term (i.e., the term on the

left of the above equation) is therefore

Rate of change of

mass of Cu2þ in tank

� �
¼ V

dcCu2þ

dt
¼ 0:36 kg/min

(b) The rate of change of the Cu2þ concentration is

computed by dividing the storage term in the mass

balance by the liquid volume as

dcCu2þ

dt
¼

V
dcCu2þ

dt
V

¼ 3:6� 105 mg/min

500m3

1m3

1000 L

¼ 0:72mg/L-min

The result indicates that the equalization process is

working well: even though the influent contains

60mg/L more Cu2þ than the water in the tank, the

Cu2þ concentration in the water leaving the tank and

entering the downstream treatment processes is chang-

ing at a rate of <1mg/L-min; that is, it is meeting the

equalization objective. &
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The Advective Term

Whereas the storage term in the mass balance describes

changes inside the control volume, the terms for physical

transport (advection, diffusion, and dispersion) describe

processes at the boundaries. As noted previously, movement

of fluid inside the CV does not transport i into or out of the

CV and is therefore not reflected in the physical transport

terms of the mass balance.

The volumetric rate (Q, volume/time) at which fluid

crosses a boundary is given by the product of the velocity

component perpendicular to the boundary (v?) and the area

(A) of the boundary. In the simplified system in which the

flow is perpendicular to the boundary, the volumetric flow

rates into and out of the system are Qin¼ vinAin and Qout¼
voutAout, respectively. The rate at which a substance i that is

dissolved or suspended in the water crosses the boundary by

advection is the product of the volumetric flow rate and the

concentration of i in the water; that is, vinAincin or Qincin at

the inlet, and voutAoutcout or Qoutcout at the outlet. (Recall

that, in the simplified case, cin and cout are assumed to be

uniform across the areas Ain and Aout, respectively. This

assumption is implicit in the preceding expressions.) Note

that the products vAc and Qc have the desired dimensions of

mass per time. The net advective term in the mass balance

for the simplified case is therefore

Net rate of transport of i into CV by advection

¼ vinAincin � voutAoutcout (1-3)

¼ Qincin � Qoutcout (1-4)

The product cv is called the advective flux, often desig-

nated Jadv.
2 The advective flux represents the mass of i being

advected in the direction of interest (in this case, the direc-

tion of bulk flow) per unit cross-sectional area per unit time.

That is, if an imaginary flat surface of unit area were placed

perpendicular to the direction of interest, the advective flux

would indicate the mass of i passing through that surface per

unit time as a result of the flow.

This result can be extended to a system containing

multiple inlets and outlets by including an additional, similar

term in the expression for each advective input or output.

Net rate of transport of i into CV by advection

¼
X
inlets

Qincin �
X
outlets

Qoutcout (1-5)

It is worth noting that advection can affect the amount of i

stored in the CVonly if the mass rates of inflow and outflow

of i differ. That is, substance imight be entering and leaving

at very large rates, but unless these rates are different, there

is no net effect on the amount of i in the system.

In many applications, advection is the only process that

has a significant effect on the mass of a substance stored in

the CV, such as at the junction of two pipes or channels, or

when a single stream is divided into components. In such

cases, the advective term is the only one that appears on the

right side of the mass balance.

Consider, for example, a CV that encloses the junction of

two pipes, as shown in Figure 1-4. The CV, indicated in the

figure by the dotted box, includes the entire zone where

the two streams mix, as well as a small portion of each

pipe outside the mixing zone. We will evaluate the mass

balances on water and on a conservative (nonreactive)

substance i in the water, assuming that the system is at

steady state over the time frame of the analysis.

The mass balance for water in this control region contains

no dispersion or reaction terms, since these terms are

unimportant for water.3 By the assumption of steady state,

the mass of water in the CVis constant, so the storage term in

the mass balance is also zero, leaving only the advective

terms in the mass balance. Formally, the mass balance for

water is written as follows:

Rate of change

of mass of water

stored in the

CV

2
664

3
775 ¼

Rate at which water

enters the CV

by advection in

both influent streams

2
664

3
775

�
Rate at which water

leaves the CV

by advection in

the effluent stream

2
664

3
775

Z
V

@r

@t
dV ¼ 0 ¼ rQ1 þ rQ2 � rQ3 (1-6)

Q3, c3Q 1
2

31, c1

Q2, c2

FIGURE 1-4. Schematic diagram for the junction of two streams.

2 Formally, both the velocity and flux are vectors, related by Jadv ¼ cv.

However, since we are considering only flow in a single direction in this

analysis, the direction is accounted for most simply by the signs on the terms

(plus sign for input, and minus sign for output).

3 The reaction term is unimportant, because the water undergoes no reaction

that significantly affects the mass of water in the system. Similarly,

dispersion is unimportant, since no gradient exists in the concentration

of water. Thus, even though dispersive mixing of the water might be

substantial, it has no effect on the concentration of water anywhere in

the system.
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(This equation is based on the assumption that the volumet-

ric flow rate of the entire solution can be equated with the

volumetric flow rate of the water; that is, that water mol-

ecules account for essentially 100% of the volume of the

solution. This assumption is virtually always valid for the

systems of interest in environmental engineering.) Cancel-

ing the density of water from all terms, the equation reduces

to the simple and fully expected result:

Q3 ¼ Q1 þ Q2 (1-7)

Consider next the mass balance on i. Because i is stipu-

lated to be nonreactive, the reaction term in the mass balance

is zero. While some dispersion certainly occurs at the

junction, the net transport of i across the boundaries of

the CV by dispersion is likely to be negligible in comparison

to that by advection, so the dispersion term in the mass

balance can be ignored. Finally, since the system is at steady

state, the storage term is also zero. Under these conditions,

the mass balance on i can be written as follows:

Rate of change

of mass of i

stored in the

CV

2
664

3
775 ¼

Rate at which i

enters the CV

by advection in

both influent streams

2
664

3
775

�
Rate at which i

leaves the CV

by advection in

the effluent stream

2
664

3
775

Z
V

@c

@t
dV ¼ 0 ¼ Q1c1 þ Q2c2 � Q3c3 (1-8)

c3 ¼ Q1c1 þ Q2c2

Q3

¼ Q1c1 þ Q2c2

Q1 þ Q2

(1-9)

This result is likely to be familiar. The idea is, in fact, no

different from what is used to describe mixing problems in

elementary school mathematics, such as finding the cost of

mixed nuts when the cost and proportion of each component

are known. What is valuable here is to see that this well-

known result can be obtained formally using the mass

balance tool. The discussion also makes clear the assump-

tions that have to be met for the result to be valid, namely

that the reaction, dispersion, and storage terms in the mass

balance are all negligibly small in comparison to the advec-

tion term. These assumptions are not necessarily met in all

cases of a junction of two streams, so we must be careful

when applying Equation 1-9. For example, when free chlo-

rine is used to disinfect a potable water or wastewater, a

portion of the chlorine reacts almost instantaneously with

some constituents of the water. As a result, the mass rate at

which chlorine exits the mixing zone is less than the rate at

which it is added, even if the water remains in the mixing

zone for only an extremely short time.

Note that this analysis does not require the concentration to

be the same everywhere in the CV for the result to be valid;

indeed, the inclusion in the CVof a small portion of the water

upstream of the mixing zone in pipes 1 and 2 ensures that this

condition is not met. The only requirement is that the mixing

of the streams be negligible before the water crosses the

influent planes (points 1 and 2 in the figure), and complete

before the water crosses the effluent plane (point 3).

& EXAMPLE1-4. Asuspension flowing at 0.5m3/s is to

be dosedwith a polymeric coagulant to induce large numbers

of small, suspended particles to grow into fewer, larger ones.

The coagulant is present in a stock solution at a concentration

of 1000mg/L, and it is to be dosed at a rate that yields a

concentration of 0.3mg/L in the mixed solution. What flow

rate of stock solution is required?

Solution. The mixing process is, in effect, mixing at a

junction, and hence can be analyzed using Equation 1-8.

Referring to the water undergoing treatment as stream 1, the

coagulant stock solution as stream 2, and the mixed solution

as stream 3, the mass balance on coagulant is

0 ¼ Q1c1 þ Q2c2 � Q3c3 ¼ Q1c1 þ Q2c2 � Q1 þ Q2ð Þc3
In this case,Q2 is expected to be much less thanQ1; hence

we can make the approximation that Q1 þ Q2 � Q1. Substi-

tuting the approximation and the given values and rearrang-

ing, we obtain

Q2 ¼
Q1 c3 � c1ð Þ

c2

¼ 0:5m3/sð Þ ð0:3� 0:0Þmg/Lð Þ
1000mg/L

¼ 0:15� 10�3 m3/s ¼ 0:15 L/s

Note that the assumption that Q2 is negligible in compar-

ison to Q1 is valid. &

The Diffusion and Dispersion Terms

Diffusion occurs because, even in a fluid that is stagnant at

the macroscopic level, motion occurs at the molecular level.

Molecules of water and all solutes in the water are in

constant (small-scale) motion. The concentration of water

molecules is essentially the same at all locations in the

solution, so the small-scale motion of these molecules tends

to be equal in all directions and to have no noticeable effect

on the solution composition at any point. However, the

concentration of a solute might be different at different

locations. If the solute concentration differs in adjacent

packets of fluid, random motion of these molecules is likely

to cause more of them to move from the high-concentration
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to the low-concentration packet than vice versa, leading to a

net movement of solute toward the low-concentration

region. Over time, this motion tends to diminish differences

in the solute concentration throughout the solution.

Similarly, in a flowing fluid, different molecules of fluid

(and solute) flow at different rates, even if on a larger scale

the fluid flow is uniform and steady. As noted previously, in

laminar flow, fluid velocity tends to vary spatially across a

plane perpendicular to the net flow, and this variation causes

mass transport to be different from that described by the

average advection. Turbulence also causes different mole-

cules in the same solution to move at different velocities,

in this case because of temporal variations of velocity

around the mean at any point (or plane). In all these

situations, the mass transport that is not captured by the

average advective term is described by dispersion. Both time

averaging (in the case of turbulence) and spatial averaging

(in laminar flow) of the microscopic motions across a plane

often lead to terms that are identical in form to those that

describe molecular diffusion; here, we do not distinguish

among the various phenomena that lead to this dispersion.

The classic work of Taylor (1953, 1954) defined the disper-

sion in both laminar and turbulent flow. A succinct descrip-

tion of these phenomena is given by Holley4 (1969), while a

more thorough analysis and application to flow through

porous media is given by Bear (1972, 1979).

Similar to advection, transport of i by diffusion and

dispersion is described in terms of fluxes. According to

Fick’s law, the diffusive flux of a substance in any direction

equals the negative product of the local concentration gra-

dient of that substance and a diffusion coefficient or diffu-

sivity, D.5 By analogy, the dispersive flux in any given

direction equals the negative product of the concentration

gradient and a dispersion coefficient or dispersivity, e. Both

D and e have dimensions of length squared per time. Except

in very quiescent systems (e.g., the bottom of a quiet lake,

the stagnant fluid in biofilms, or the pores inside granular

activated carbon particles), the dispersion coefficient, e, is

generally much greater than the diffusion coefficient, D.

The diffusion coefficient depends on the particular sub-

stance being considered, and, in general, would be written as

Di. On the other hand, e depends on the hydrodynamic

characteristics of the system and applies equally to all

substances in the water. However, because the intensity of

dispersion might be different in different directions, e

depends on the direction of interest. For this simplified

analysis, we are assuming that a concentration gradient

exists only in the x direction, as shown schematically in

Figure 1-5. For such a case, we can write6

Flux in þx direction due to diffusion � Jdiff;x ¼ �D
@c

@x
(1-10)

Flux in þx direction due to dispersion � Jdisp;x ¼ �ex
@c

@x
(1-11)

Flux in þx direction due to combined diffusion and

dispersion � Jdiff;x þ Jdisp;x � JD;x ¼ � Dþ exð Þ @c
@x
(1-12)

where JD;x is the combined diffusive and dispersive flux in

the x direction.

The concentration gradient @c=@x is positive if the

concentration increases in the þx direction. Similarly,

flux is defined as positive if material moves in the þx

direction. The negative sign in Equations 1-10–1-12 indi-

cates that the direction of the diffusive and dispersive fluxes

is opposite to the direction of the concentration gradient;

that is, concentration increasing in the downstream (þx)

direction leads to net diffusion and dispersion in the

upstream (�x) direction.

The mass rate of input of i into the CV by diffusion and

dispersion is the product of the flux and the appropriate area

Net rate of transport of i into CV via diffusion/dispersion

¼ JD;xA
� 	

inlet
� JD;xA
� 	

outlet
(1-13a)

¼ � Dþ exð Þ @c
@x

A

� �
inlet

� Dþ exð Þ @c
@x

A

� �
outlet


 �

(1-13b)

¼ � Dþ exð Þ @c

@x
A

� �
inlet

� @c

@x
A

� �
outlet


 �
(1-13c)

¼ Dþ exð Þ @c

@x
A

� �
outlet

� @c

@x
A

� �
inlet


 �
(1-13d)

Note that the equality of Equations 1-13b and 1-13c relies

on the assumption that the diffusion and dispersion coeffi-

cients are the same at the outlet as at the inlet. This assumption

might be acceptable for flow through engineered systemswith

similar inlet and outlet structures, but many other situations

exist in which the assumption does not apply.

4Holley reserves the term diffusion for time-averaged processes and the

term dispersion for spatially averaged processes, but this distinction is not

used universally. In this book, we reserve the word diffusion to refer to

molecular diffusion of any chemical in water, and dispersion to refer to any

process related to fluid motion that causes transport down a concentration

gradient.
5When considering solutes, this statement assumes that the direction of

decreasing concentration is also the direction of decreasing chemical

activity, which is almost always true in aqueous systems.

6 Although the dispersivity ex could vary with location (e.g., as a function of

x in a reactor with flow in the x direction), we assume here that it is constant.
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Equation 1-13 indicates that the net transport of i into the

CV by diffusion and dispersion equals the diffusive=dispersive
transport in the þx direction at the inlet minus that in the þx

direction at the outlet. Note that this statement does not imply

that diffusion anddispersionmust be into theCVat the inlet and

out of it at the outlet. It is entirely possible for @c=@x to be

positive at the inlet point, in which case the diffusion/ disper-

sion term would be negative; that is, out of the CV. Thus, the

words inlet and outlet in Equation 1-13 describe locations

where the bulk flow enters or leaves and where the area and

concentration gradient must be evaluated to determine the

diffusive/dispersive flux; they do not imply that diffusive/

dispersive transport must be in any particular direction.

In many situations, we are interested in a CV that is

differentially thick in the x direction and that has equal areas

bounding it at its two ends (in the y–z plane). In such a case,

Equation 1-13d can be rewritten as follows:

Net rate of transport of i into the CV via diffusion/

dispersion ¼ Dþ exð ÞA @c

@x

� �
xþdx

� @c

@x

� �
x


 �
(1-14)

From the definition of the derivative, ð@c=@xÞxþdx �
ð@c=@xÞx ¼ ð@=@xÞð@c=@xÞdx ¼ ð@2c=@x2Þdx, so that

Net rate of transport of i into the CV via diffusion/

dispersion ¼ Dþ exð ÞA @2c

@x2
dx (1-15)

& EXAMPLE 1-5. Assume that, at the bottom of a deep

lake, the sediment surface is flat and the water is quiescent.

This region of the lake has become anaerobic, and phosphate

species are being released from the sediment as a result of

microbial activity. The pH of the lake is 8.8, causing almost

all the phosphate to be present as the species HPO 2�
4 .

Assume that the concentration of this species at the sediment

surface is approximately steady at 1.0mg/L as P.7 Under the

ambient conditions, the diffusion coefficient of HPO 2�
4 is

1.2� 10�5 cm2/s. Assuming that the HPO 2�
4 does not partic-

ipate in any chemical reactions in thewater near the sediment,

and that cP in the water column is negligible at time t¼ 0,

compute the concentration of HPO 2�
4 and the flux of this

species into thewater thereafter, as a function of location and

time. The water column can be considered deep enough that

thephosphate species donot reach the topof the stagnant zone

in the time frame of interest.

Solution. Choosing a CV that is differentially thick in

the vertical direction (which we define as the x direction for

this problem), a mass balance on the total dissolved phos-

phate includes only the diffusive term on the right, because

the phosphate species are nonreactive and are not brought

into or out of the CV by flow. Dropping the subscript on c,

and noting that Adx¼ dV, the mass balance can be written

and simplified as follows:

dV
@c

@t
¼ AD

@2c

@x2
dx (1-16)

@c

@t
¼ D

@2c

@x2
(1-17)

Equation 1-17 describes how the changes in the concen-

tration of a nonreactive material over distance and time are

related in a stagnant solution. Because the differential

equation is first order in time and second order in space,

we need an initial condition and two boundary conditions to

nt
ra

tio
n,

 c

Direction of flux

C
on

ce
n

Distance, x

dc/dx

FIGURE 1-5. Schematic showing a (positive) concentration gradient (dc/dx> 0), leading to flux in

the �x direction.

7 This terminology indicates that the concentration of HPO2�
4 molecules in

the water is such that the water contains 1.0mg/L of P.
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solve it. For this problem, these equations are written as

Initial condition: cðx; 0Þ ¼ 0

Boundary conditions : cð0; t > 0Þ ¼ co ¼ 1:0mg=L

cð1; tÞ ¼ 0

Even with the simplifying assumptions that the water is

stagnant and the phosphate is nonreactive, this is not an easy

problem to solve. The solution, which is developed in many

textbooks on differential equations (see, e.g., Kreyszig,

1993), can be expressed as follows:

cðx; tÞ ¼ co 1� erf
xffiffiffiffiffiffiffiffi
4Dt

p

 �� �

¼ co erfc
xffiffiffiffiffiffiffiffi
4Dt

p

 �

(1-18)

where erfðzÞ � 2=
ffiffiffiffi
p

pð Þ R z

0
e�u2du and erfcðzÞ � 1� erfðzÞ.

The function erf(z) is known as the error function, the

gaussian distribution, or the probability integral. The func-

tion erfc(z) is known as the complementary error function

and equals the same integral as erf(z), except integrated from

z to1, rather than from 0 to z. Values of these functions are

widely tabulated and are available in many spreadsheet

programs. Using such a program, we can determine for a

given system (i.e., a given value of D) the concentration

profile (c(x)) at a given time t, the concentration variation

over time (c(t)) at a given location x, or c(x, t) for selected

values of x and t. Some results of such calculations are

shown in Figure 1-6. The concentration gradient is steep at

short times and distances, and it becomes flatter and extends

farther into the water column at later times. Note that

molecular diffusion is an extremely slow process for mixing

a constituent into a solution. For example, even after

30 days, dissolved phosphate is barely detectable a mere

20 cm from its source.

The flux out of the sediment is given by the product of the

diffusivity and the concentration gradient as

Flux ¼ Jdiff ¼ �D
dc

dx
(1-19)

¼ �Dco
d

dx
1� erf

xffiffiffiffiffiffiffiffi
4Dt

p

 �� �

¼ Dco
d

dx
erf

xffiffiffiffiffiffiffiffi
4Dt

p

 �� �

(1-20a)

which is equivalent to

Jdiff ¼ Dco
d

dx

2ffiffiffiffi
p

p
Zx= ffiffiffiffiffiffi

4Dt
p

0

exp �u2
 �

du

0
B@

1
CA (1-20b)

Using Leibniz’s rule for differentiating an integral,8 we can

rewrite Equation 1-20b as

Jdiff ¼ Dc0
2ffiffiffiffi
p

p exp � x2

4Dt

� �
d

dx

xffiffiffiffiffiffiffiffi
4Dt

p
� �

(1-21)

and, at x¼ 0,

Jdiff;x¼0 ¼ Dc0
2ffiffiffiffi
p

p ð1:0Þ 1ffiffiffiffiffiffiffiffi
4Dt

p
� �

¼ c0

ffiffiffiffiffi
D

pt

r
(1-22)

Inserting values into this expression, we find the follow-

ing fluxes at the interface at times corresponding to the four

curves in the plot:

Time Flux at x¼ 0 (mg/m2 d)

1 h 28.14

1 d 5.74

30 d 1.05

1 y 0.30 &

Diffusion and dispersion are extremely important in many

natural and engineered environmental processes. In particu-

lar, diffusion controls the behavior of solutes in systems, or

parts of systems, where advection is minimal, such as in the

0.7
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1.0

Time = 1 y

0.0
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C
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tio

n 
(m

g/
L)

30 d

1 d

1 h

2520151050

Distance from sediment surface (cm)

FIGURE 1-6. Concentration profile as a function of time and

distance for unidirectional diffusion of a nonreactive contaminant

(HPO2�
4 , in the current example) into stagnant water. The concen-

tration of HPO 2�
4 at the sediment surface is assumed to be constant

at 1.0mg/L.

8 This rule is given by Beyer (1987) as @
R bðyÞ
aðyÞ f z; yð Þdzð Þ=@y ¼R bðyÞ

aðyÞ @f z; yð Þ=@yð Þdzþ f b yð Þ; yð Þ @a=@yð Þ � f a yð Þ; yð Þ @b=@yð Þ. For the

application here, we define h � x=
ffiffiffiffiffiffiffiffi
4Dt

p
, and use Liebniz’s rule with

y¼h, z¼u, and the limits of integration a(y)¼0 and b(y)¼h.
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deep sediments of lakes and in the interior of porous

particles (e.g., granules of activated carbon, which is used

to collect many contaminants from solution via adsorption).

Similarly, dispersion can control the spreading of solutes

upstream and downstream along the length of a river and in

reactors that have nearly uniform flow in one direction.

Reactors that are designed to be plug flow reactors (with

exactly uniform flow in the axial direction) often do not

achieve that ideal, in which case dispersion can control the

longitudinal mixing in the reactor. Such reactors include

packed beds that are used to carry out adsorption of solutes

and filtration of particles, and tanks used for water

disinfection.

In many other commonly encountered situations, on the

other hand, diffusion and dispersion are negligible. In

particular, in CVs that are large and that connect with

regions outside the system across relatively little surface

area, the diffusion/dispersion term can often be ignored. The

most common such systems are large tanks receiving influ-

ent and discharging effluent through pipes in which thewater

velocity is rapid. In some systems, these flows are not even

continuous with the water in the tank (e.g., if the influent

enters by being discharged from a free flowing pipe above

the water level). In such cases, advection carries molecules

across the system boundaries much more rapidly than

diffusion and dispersion do; as a result, diffusion and

dispersion can be ignored.

The Chemical Reaction Term

The final term in the mass balance represents the net rate of

change of i due to chemical reactions in the CV. Contrary to

advection, diffusion, and dispersion, chemical reactions

affect the mass balance only if they occur inside the CV,

rather than across its boundaries.

Conventionally, the rate of a reaction in a homogeneous

phase is normalized to the volume and is given as rV, the

amount of i being formed per unit volume per time. Thus,

in any differentially small region dV of the CV, the rate

of formation of i by reaction is rVdV. If i is being destroyed

by chemical reaction, then r is negative. The rate at

which the mass of i changes in the entire CV as a result

of homogeneous chemical reactions is obtained by sum-

ming the rates applicable in all the dV-sized regions

within the volume; that is, by integrating over the

entire CV

Net rate of change of mass of i in CV by homogeneous

reactions ¼
Z

rVdV (1-23)

Many reactions that are important for water quality occur

at the interface between two phases. Examples of such

reactions include the transfer of gases into and out of

solution, precipitation and dissolution of solid phases, cor-

rosion of water distribution pipes, and the adsorption from

solution of trace compounds onto the surfaces of activated

carbon or minerals. Depending on the geometry and other

characteristics of the system, the interfacial surfaces at

which reactions occur might all be at the boundary of the

CVor distributed throughout the CV. The former case would

apply, for instance, if we chose a single droplet of water as

the CV for the analysis of gas transfer in a spray aeration

system (a system in which water droplets are sprayed into

the air to enhance transfer of oxygen into the water). On the

other hand, when analyzing the adsorption of pesticides onto

powdered activated carbon in a well-mixed, batch system,

the most appropriate CV might be a portion of fluid with a

representative amount of activated carbon dispersed in it, in

which case the interfacial area is distributed throughout

the CV.

When interfacial reactions are important in a mass

balance analysis, it is often convenient to normalize their

rates to the amount of surface area in the system, rather

than to the system volume. That is, the rate of a reaction

occurring at a surface might be quantified by a term ri,s,

indicating the rate at which i is being created per unit

amount of surface area present. Thus, ri,s would have

dimensions of mass per area per time. The corresponding

term in the mass balance would then be ri,sadV, where a is

the surface area concentration in the system (surface area

per unit volume).

Writing the terms for homogeneous and interfacial

reactions individually, the net rate of formation of i by

chemical reactions in the CV is

Net rate of change of mass of i in CV by chemical

reactions ¼
Z

rV þ rsað ÞdV (1-24)

Recall that a system in which the composition is uniform

throughout the CV is referred to as being well-mixed. Since

the rates of chemical reactions depend on the system com-

position, the reaction rate is also spatially uniform in well-

mixed systems; that is, it does not depend on the location.

In such cases, the reaction terms can be taken out of the

integral, leading to the following simpler form:

Net rate of change of mass of i in a well-mixed CV by

chemical reactions¼ rV þ rsað ÞV (1-25)

Each term in Equations 1-24 and 1-25 might be a com-

posite of several others, each of which represents the rate of

a single reaction by which i is generated or destroyed within

the CV. For example, in a given CV, oxygen might be

consumed by a chemical reaction with ferrous iron and

by a biochemical reaction with degradable organic matter
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(mediated by organisms), and it might simultaneously enter

the solution by transfer from injected air bubbles. Each of

these reactions would be included individually in the mass

balance on oxygen, as a component of the term shown

generically above as the (single) reaction term.

The symbol r is used as a generic descriptor of the overall

reaction rate of i in mass balances. However, the rate of each

reaction that is occurring in the system is characterized by a

distinct dependence on the concentrations of the reactants,

solution temperature, pH, and other parameters. An example

of such a relationship, and how it can be used in a mass

balance, is provided below. Reaction rate expressions are the

major focus of Chapter 3.

& EXAMPLE 1-6. When drinking water is disinfected

with chlorine-containing compounds (especially hypo-

chlorous acid and hypochlorite ion [HOCl and OCl�, respec-
tively]), chlorinated organic compounds such as chloroform

(CHCl3) and chloro-acetic acid (CHxCl3�xCOOH) are gen-

erated. The organic reactants in this process comprise a

diverse collection of molecules referred to as natural

organic matter (NOM), and the chlorinated products of

the reaction are referred to as disinfection byproducts

(DBPs).

The kinetics of DBP formation is complex, both because

of the diversity of the NOM molecules and because the

disinfectant can simultaneously participate in many other

reactions that do not form DBPs. Nevertheless, a number

of mathematical models have been proposed to describe

the kinetics, especially for the formation of CHCl3. One

such model suggests that the rate of CHCl3 formation

can be approximated by a function of the form

rCHCl3 ¼ kðNOMÞðHOClÞ3, where (NOM) and (HOCl)

are the concentrations of NOM and HOCl, respectively,

and k is an empirical constant. Chloroform is essentially

inert in water.

The following data have been collected in a batch treat-

ment test, under conditions where k is estimated to have a

value of 3.0� 10�6 (mg/L)�3min�1. Estimate the CHCl3
concentration in the solution at t¼ 1 h.

t (min) 0 5 10 20 30 40 50 60

NOM (mg/L) 5.2 5.0 4.9 4.9 4.9 4.9 4.9 4.9

HOCl (mg/L) 7.0 5.1 4.8 4.4 4.0 3.7 3.4 3.2

Solution. The data for the NOM and HOCl concentra-

tions are plotted in Figure 1-7a, and the corresponding rate

of formation of CHCl3 at each time (computed from the

given expression for rCHCl3 ) is plotted in Figure 1-7b.

Since the only process that is affecting the CHCl3
concentration in solution is the reaction, and since that

concentration is uniform throughout the solution, the

mass balance on CHCl3 can be expressed as follows:

V
dcCHCl3

dt
¼ VrCHCl3

Zc60 min

c0

dcCHCl3 ¼
Z60 min

0

rCHCl3dt

cCHCl3; 60 min ¼
Z60 min

0

rCHCl3dt

Thus, the concentration of CHCl3 in the solution at t¼
60min can be computed as the time integral of the formation

rate over the period from 0 to 60min. Although this integral

cannot be evaluated analytically, it can be evaluated as the

area under the curve in Figure 1-7b. The result is that, at

t¼ 60min, cCHCl3 ¼ 0.073mg/L¼ 73mg/L. &
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FIGURE 1-7. Conditions in an example, batch system under-

going chlorination. (a) Reactant concentrations; (b) the rate of

chloroform formation, calculated as k(NOM)(HOCl)3.
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Combining the Terms into the Overall Mass Balance

The overall mass balance for a system with unidirectional

flow, a concentration gradient only in the direction of flow,

and only one inlet and one outlet can be written by combin-

ing the terms described in the preceding sections for the

individual processes as

@

@t

Z
cdV ¼ Qincin � Qoutcout þ Dþ exð Þ



A
@c

@x

� �
outlet

� A
@c

@x

� �
inlet

�
þ
Z

rV þ rsað ÞdV (1-26)

Although Equation 1-26 is applicable to any system with

unidirectional flow, it is often quite daunting to use. Fortu-

nately, the criteria for applying several of the simplifications

described in the discussion of the individual terms are often

met in systems of interest. Some mass balances in these

cases are summarized in Table 1-2. (Note that, although the

CVs for these equations are written as V, the equations might

be applied to differential-sized CVs, dV.)

& EXAMPLE 1-7. The amount of dissolved oxygen

(DO) that would be consumed by microbial oxidation of the

biodegradable organic matter in a solution is referred to as the

biochemical oxygen demand of the solution and is commonly

symbolizedby the letterL.Note that, althoughL is ameasure of

the concentration of organics in the water, it is expressed in

terms of the concentration of oxygen that would be consumed

if the organics decayed. Over time, if the organics in solution

are actually degraded, and if no biodegradable inputs enter the

solution, the biochemical oxygen demand remaining in the

solution declines; that is,L decreases over time. The rate of this

decline is commonly represented as follows:

rL ¼ �kdL

Consider a well-mixed lake (no concentration gradients

in the lake) with volume 5� 108 L that is fed by a stream

flowing at 2.4� 107 L/d. The stream contains 8mg/L of DO

and an amount of biodegradable organic matter that corre-

sponds to L¼ 10mg/L. Waste from a small municipality

(L¼ 95mg/L, DO¼ 0mg/L) flows into the lake at a rate of

4.8� 106 L/d. The value of kd in the lake is 0.10 d�1.

In addition to the input of oxygen via the stream, oxygen

can enter the lake from the atmosphere at a rate given by the

expression rO2
¼ kr DO

� � DOð Þ, where kr is a constant

known as the reaeration constant, and DO� is the saturation
(equilibrium) value of DO in thewater. For the given system,

kr¼ 0.05 d�1 and DO�¼ 11.2mg/L. The values of DO and L

in the lake are approximately constant over time, and

diffusion and dispersion contribute negligibly to the trans-

port of either substance into or out of the lake. The system is

shown schematically in Figure 1-8.

(a) Write mass balances on biochemical oxygen

demand and oxygen in the lake and determine the

values of L and DO.

(b) Compute the rate (kg/d) at which each individual

process (advection, reaeration, biological reaction)

increases or decreases DO and L in the lake.

Known : Q1 ¼ 2:4� 107 L/d Q3 ¼ Q1 þ Q2 ¼ 2:88� 107 L/d

DO1 ¼ 8mg/L DO3 ¼ ?

L1 ¼ 10mg/L L3 ¼ ?

Q2 ¼ 4:8� 106 L/d V ¼ 5� 108 L

DO2 ¼ 0mg/L kd ¼ 0:10 d�1

L2 ¼ 95mg/L DO� ¼ 11:2mg/L

kr ¼ 0:05 d�1

Lin lake ¼ ?

DOin lake ¼ ?

Solution.

(a) This system is at steady state and is well-mixed, so it

meets the criteria for using Equation 1-28. Substitut-

ing the appropriate expression for the reaction term,

the mass balance on biochemical oxygen demand is

0 ¼ Q1L1 þ Q2L2 � Q3L3 � kdVLin lake

Note that the reaction is taking place in the lake, so

the L that is used to compute rL is the concentration

TABLE 1-2. Simplified Mass Balances Applicable to Many

Systems of Interest

Well-mixed reactor with fixed volume

V
dc

dt
¼ Q cin � coutð Þ þ rV þ rsað ÞV (1-27)

Well-mixed reactor with fixed volume, at steady state

0 ¼ Q cin � coutð Þ þ rV þ rsað ÞV (1-28)

Plug flow reactor (negligible axial diffusion), at steady state

0 ¼ Q cin � coutð Þ þ R
rV þ rsað ÞdV (1-29)

Well-mixed batch reactor (no flow) with fixed volume

V
dc

dt
¼ rV þ rsað ÞV (1-30)

Q1 (stream),
L1, DO1

Q2 (waste),
L2, DO2

Q3, L3, DO3V, kd

Lin lake

DOin lake, kr

FIGURE 1-8. Schematic showing the inflows and outflow from

the lake in the example system.
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in the lake. On the other hand, the advective terms

describe processes at the inlets and outlet, so the

concentrations used to compute these terms are the

concentrations at the system boundaries. However,

because the lake is well-mixed, L in the outlet stream

(L3) equals that in the lake (Lin lake). Using L3 to

represent both these quantities, we obtain

0 ¼ 2:4� 107 L/d
� �

10mg/Lð Þ þ 4:8� 106 L/d
� �

95mg/Lð Þ
� 2:88� 107 L/d
� �

L3 � 0:10 d�1
� �

5� 108 L
� �

L3

L3 ¼
2:4� 107 L/d
� �

10mg/Lð Þ þ 4:8� 106 L/d
� �

95mg/Lð Þ
2:88� 107 L/d
� �þ 0:10 d�1

� �
5� 108 L
� �

L3¼ Lin lake¼ 8.83mg/L

The mass balance on oxygen is almost identical in

form to the mass balance on L, except that the

reaeration reaction provides a pathway for oxygen

to enter the system (and therefore an additional term in

the mass balance) that does not apply to L. Because of

the definition of the oxygen demand, the term in the

mass balance on DO that accounts for DO consump-

tion by the biodegradation reaction is identical to the

term in the mass balance on L for consumption of

L. The mass balance on DO is therefore

Rate of change

of mass of DO

stored in the lake

¼
Net rate ðin�outÞ
at which oxygen

enters by advection

þ
Rate at which

oxygen is generated

by biochemical

reactions ð< 0Þ
þ

Rate at which oxygen

transfers into lake water

from the air ð> 0Þ

d

dt
DOin lakeð ÞV½ � ¼ Q1 DO1ð Þ þ Q2 DO2ð Þ � Q3 DO3ð Þ
� kd Lin lakeð ÞV þ kr DO

� � DOin lakeð ÞV

Applying the assumptions of complete mixing (DOin

lake¼DO3) and steady state, the equation becomes

0 ¼ Q1 DO1ð Þ þ Q2 DO2ð Þ � Q3 DO3ð Þ � kd L3ð ÞV
þ kr DO

� � DO3ð ÞV
All the values in the above equation except DO3 are

known. Substituting these values and solving for

DO3, we obtain

0 ¼ 2:4� 107 L/d
� �

8mg/Lð Þ þ 4:8� 106 L/d
� �

0mg/Lð Þ
� 2:88� 107 L/d
� �

DO3ð Þ
� 0:1 d�1
� �

8:83mg/Lð Þ 5� 108 L
� �

þ 0:05 d�1
� �

11:2mg/L� DO3ð Þ 5� 108 L
� �

DO3 ¼ DOin lake ¼ 0:57mg/L

(b) The rates of the various terms in the mass balance are

computed as follows:

Advective inflow of biochemical oxygen demand:

Q1 L1ð Þ þ Q2 L2ð Þ ¼ ½ð2:4� 107 L/dÞð10 mg/LÞ
þ ð4:8� 106 L/dÞð95 mg/LÞ� ½10�6 kg/mg�
¼ 240 kg/dþ 456 kg/d ¼ 696 kg/d

Advective outflow of biochemical oxygen demand:

Q3 L3ð Þ ¼ ð2:88� 107 L/dÞð8:83mg/LÞ ð10�6 kg/mgÞ
¼ 254 kg/d

Rate of L utilization (i.e., the rate of DO utilization

by biochemical reactions). (Note that, because rL is

defined to be positive when L increases, the rate of

utilization of biochemical oxygen demand is defined

as �rLV.):

�rLV ¼ kdðLin lakeÞV
¼ ð0:10 d�1Þ ð8:83mg/LÞ ð5� 108 LÞ
¼ 4:42� 108 mg/d ¼ 442 kg/d

Advective inflow of O2:

Q1 DO1ð Þ þ Q2 DO2ð Þ ¼ ð2:4� 107 L/dÞ ð8mg/LÞ
ð10�6 kg/mgÞ ¼ 192 kg/d

Advective outflow of O2:

Q3 DO3ð Þ ¼ ð2:88� 107 L/dÞ ð0:57mg/LÞð10�6 kg/mgÞ
¼ 16 kg/d

Rate of reaeration:

rrV ¼ krðDO� � DOÞV
¼ ð0:05 d�1Þð11:2� 0:57mg/LÞð5� 108 LÞ
¼ 2:66� 108 mg/d ¼ 266 kg/d

The terms in the mass balance equations for L and DO, in

kg/d, are summarized schematically in Figure 1-9. &

The Differential Form of the One-Dimensional
Mass Balance

The overall mass balance derived in the preceding sections is

conceptually satisfying and is useful in many applications.

However, in some systems, we are more interested in the rate

of change of the concentration of i at a single location than in

the rate of change of the mass of i stored in a specified

volume. We can convert Equation 1-26 into a form that is

applicable at a unique location by writing it for a CV that is

of differential length, dx. In that case, the cross-sectional
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areas at the inlet and outlet can be assumed to equal one

another (Ainlet¼Aoutlet¼A). Also, Qin must equal Qout, and

we can write both as Avx. Making these substitutions,

writing dV as Adx, and dividing by A yields

@

@t

Z
c dx ¼ vxcin � vxcout þ Dþ exð Þ @c

@x

� �
outlet

� @c

@x

� �
inlet


 �

þ
Z

rV þ rsað Þdx (1-31)

Then, since the distance from the inlet to the outlet is dx,

we can write cin–cout as �dc or, equivalently, �ð@c=@xÞdx.
Similarly, f½@c=@c�outlet � ½@c=@c�inletg can be written as

ð@=@xÞ½@c=@x�dx, yielding

@

@t

Z
c dx ¼ �vx

@c

@x
dxþ Dþ exð Þ @

@x

@c

@x

� �
 �
dxþ

Z
rV þ rsað Þdx

@

@t

Z
c dx ¼ �vx

@c

@x
dxþ Dþ exð Þ @

2c

@x2
dxþ

Z
rV þ rsað Þdx

(1-32)

Finally, differentiating both sides with respect to x, we

obtain:

d

dx

@

@t

Z
c dx

� �
¼ �vx

@c

@x
þ Dþ exð Þ @

2c

@x2
þ d

dx

Z
rV þ rsað Þdx

(1-33)

@c

@t
¼ �vx

@c

@x
þ Dþ eð Þ @

2c

@x2
þ rV þ rsað Þ (1-34)

Equation 1-34 is known as the one-dimensional advective

diffusion equation. As suggested above, it is the mass

balance on a differential volume in a system in which

concentration varies in only one dimension, and for this

reason it is sometimes referred to as the mass balance “at a

point.” The equation is often the most convenient starting

point for analyzing systems with unidirectional flow. If the

initial and boundary conditions of the system are known,

the equation can be integrated over the length of the reactor

(x values from 0 to L) to determine the concentration profile

as a function of location in the system.

& EXAMPLE 1-8. Consider a plug flow reactor with

uniformcross-section (i.e., onewithflowinonlyonedirection

and negligible mixing in that direction), so that the solution

has a uniform concentration perpendicular to the flow direc-

tion. A reaction is occurring in the solution at a rate given

by rV ¼ �kc, and no surface reactions are occurring.

Determine the relationship between the influent and effluent

concentrations, if the system is at steady state.

Solution. To solve this problem, it is convenient to use

Equation 1-34.

@c

@t
¼ �v

@c

@x
þ ðDþ eÞ @

2c

@x2
þ ðrV þ rsaÞ (1-34)

where x is the direction of flow. Steady state indicates that

@c=@t ¼ 0, and the assumptions of plug flow and negligible

axial diffusion indicate that the middle term on the right side

of the equation is zero. Therefore, for the given situation, the

equation can be simplified as follows:

0 ¼ �v
@c

@x
� kc (1-35)

dc

dx
¼ � k

v
c (1-36)

The partial differential operator in Equation 1-35 has been

converted into an ordinary differential in Equation 1-36,

because ci is a function of only one variable (x). Equation

1-36 can be rearranged and integrated between the inlet

(x¼ 0), where the concentration is cin, and the outlet (x¼ L),

where the concentration is cout

Zcout
cin

dc

c
¼ � k

v

ZL

0

dx (1-37)

ln
cout

cin
¼ � k1L

v
(1-38)

cout ¼ cin exp � k1L

v

� �
(1-39)

Multiplying the numerator and denominator of the expo-

nential argument in Equation 1-39 by the cross-sectional

area of the reactor, A, and noting that LA is the volume of

the reactor (V), and vA is the volumetric flow rate (Q),

we obtain

cout ¼ cin exp � k1L

v

� �
¼ cin exp � kLA

vA

� �
¼ cin exp � kV

Q

� �

cout ¼ cin exp �ktð Þ (1-40)

(a)

254
Outlet

456
Waste

240
Stream

442
Bioactivity

Lake

442
Bioactivity

0
Waste

16
Outlet

Lake

192
Stream

266
Reaeration

(b)

FIGURE 1-9. Contributions of various terms in the mass balance

on (a) biochemical oxygen demand and (b) dissolved oxygen for

the lake described in Example 1-7. Solid lines represent advective

processes, and broken lines represent reactions. All numbers

represent mass rates in kg/d.
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where t is the hydraulic detention time, V=Q, equal to the

amount of time that the fluid resides in the reactor. The signifi-

cance of this term is discussed in detail in Chapter 2. &

1.3 THE MASS BALANCE FOR A SYSTEMWITH

FLOW AND CONCENTRATION GRADIENTS IN

ARBITRARY DIRECTIONS

The Advection Term

We next consider how we can extend the preceding analysis

to a system in which the flow can approach the surface at an

arbitrary angle, and the concentration gradients causing

diffusion and dispersive flux are not necessarily perpendic-

ular to the boundary of the CV. Such a system is shown

schematically in Figure 1-10. In this system, mass is capable

of entering and leaving the CV across any point on its

surface, and the bulk water flow is allowed to approach

the CV from any angle. The analysis of such a system is

broadly applicable, but the generality of the analysis

unavoidably introduces greater mathematical complexity

than is present in the case of unidirectional flow.

Consider first the advective flux in such a system. As in

the simpler system, that flux is given by the product v?c.
However, in this system, it is possible that only a portion of

the flow will be perpendicular to the system boundary; that

is, v? might be less than v. To quantify the relationship

between v and v?, consider a differentially small region dA

on the surface of the CV, and define the angle between the

direction of flow (advection) and a line perpendicular to and

directed into the surface as uSAd, as shown in Figure 1-11.

The velocity vector near dA can be divided into three

orthogonal components, two of which are parallel to the

boundary, while the third is perpendicular to it. The compo-

nents of flow parallel to the boundary cannot cross it, so the

only component that is relevant for the mass balance is the

perpendicular component. Mathematically, the magnitude of

this component equals the product of the magnitude of v and

the cosine of the angle uSAd

v? ¼ v cos uSAd (1-41)

The volumetric flow rate crossing dA and entering the CV

is the product of the velocity component perpendicular to

and into the CV and the area dA; that is,

dQin ¼ v cos uSAd dA (1-42)

Note that, if the actual bulk flow is perpendicular to dA,

the angle uSAd is 0. In this case, cos uSAd is 1.0, and the entire

flow enters the CV. This situation applies to the simplified

one-dimensional model discussed in Section 1-2. Similarly,

if uSAd¼ 180�, cos uSAd equals �1.0; in that case, the

magnitude of v cosuSAd equals that of the bulk velocity,

but the sign is negative, indicating that flow is directly

out of the CV (this applies to the outflow in the simplified

model). For any other value of uSAd, the component of the

flow perpendicular to and therefore crossing the system

boundary is less than the entire flow. Thus, the product

v cosuSAddA yields a value that indicates both the magnitude

of the flow that is crossing the boundary of the CV and the

direction in which that fluid transfer is occurring.

As noted in the prior discussion of the simplified system,

the rate at which a substance i enters the CV by advection

across a patch dA is the product of the concentration of i in

the water and the volumetric flow rate across that area. Thus,

for the more general case under consideration here, the rate

at which i enters the CV by advection is given by

cv cos uSAddA. Since c can never be negative, the direction

of solute advection is always the same as the direction of

FIGURE 1-10. Schematic representation of a control volume,

flow pattern (solid arrows), and concentration gradients (dashed

arrows) in a system with an arbitrary boundary shape and with the

flow direction and the direction of the concentration gradient

bearing no simple relationship with the shape of the surface.

θSAd 

(i) 

Velocity, v 

(ii) 

(iii) 

FIGURE 1-11. Definition diagram for a system in which flow

can approach the boundary of the control volume from arbitrary

directions. The flow toward the surface (broken line) can be repre-

sented as a combination of a component perpendicular to the surface

(i) and two components parallel to the surface (ii and iii).
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bulk fluid advection and is incorporated into the result by

virtue of the sign of the computed value (positive for transfer

into the CV, negative for transfer out of it).

To compute the overall rate of advective transport of i into

the CV, the value of cv cosuSAddA must be computed for all

patches of surface enclosing that volume, and summed (i.e.,

integrated), as follows:

Net rate of transport of i into CV by advection

¼
I

cv cos uSAddA (1-43)

¼
I

Jadv cos uSAddA ð1-44Þ

The circle on the integral sign indicates that the integra-

tion is carried out around a surface that completely encloses

the CV. The dimensions of c, v, and A are mass per volume,

length per time, and area, respectively, giving a product with

dimensions of mass per time, as required.

Equation 1-43 is often written in a slightly different form,

using vector notation. To understand the alternative form,

recall that a spatial vector A can be decomposed into the

sum of components in the x, y, and z directions as:

A � axiþ ayjþ azk, where ax, ay, and az, are the magni-

tudes of the vector in the three directions, and i, j, and k are

unit vectors in these directions. The magnitude of A can be

computed as A �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2x þ a2y þ a2z

q
.9

Recall also that the dot product of two vectors is a scalar

whose value equals the product of the magnitudes of the two

vectors and the cosine of the angle between them

A 	 B ¼ AB cosa (1-45)

If a vectorm is defined whose magnitude is 1.0 and whose

direction is perpendicular to and directed into the surface of

the CV, the dot product of the velocity vector with m is

v 	m ¼ vð1:0Þ cos uSAd ¼ v cos uSAd (1-46)

Thus, Equation 1-43 could be written in vector form as

Net rate of transport of i into CV by advection ¼
I

cv 	m dA

(1-47)

By convention, however, the vector defining the perpen-

dicular to the surface is assigned a magnitude of 1.0 and a

direction out of the surface. It is called the outwardly

directed unit normal and is designated n. Since m¼ –n,
v 	m ¼ �v 	 n, and the conventional way of writing the

advective term in the mass balance using vector notation

is

Net rate of transport of i into CV by advection ¼
I

cv 	 n dA
(1-48)

The product cv is the vector representation of the advective
flux of i, Jadv. Jadv characterizes the mass of i transported

across a unit area per unit time in the direction of flow (i.e., the

direction of v). The product ndA is sometimes written as dA,
defined as a vector with magnitude equal to dA and direction

perpendicular to and directed out of the surface. Thus, a few

alternative forms of Equation 1-48 are as follows:

Net rate of transport of i into CV by advection

¼
I

cv 	 dA (1-49a)

¼ �
I

Jadv 	 ndA (1-49b)

¼ �
I

Jadv 	 dA (1-49c)

The various forms for representing the advective term in

mass balances, both for the general case and the simplified

systemwith unidirectional flow, are summarized in Table 1-3.

The Diffusion and Dispersion Terms

Consider now the diffusive and dispersive fluxes for the

general case represented in Figure 1-10. In this case, the

concentration of i may vary in all directions, rather than just

in the direction perpendicular to the boundary, so diffusion

and dispersion can occur in all directions as well. Further-

more, whereas the diffusion coefficient is the same in all

TABLE 1-3. Summary of Equations Describing Advective

Transport Into a Control Volume

Net rate of transport of i into control volume by advection ¼
Arbitrary surface shape and flow pattern Flow directly into and out of

control volume across a flat

boundary

Geometric or scalar representationI
cv cos uSAddA ð1-43Þ

P
inlets

Qincin �
P

outlets

Qoutcout (1-5)

I
Jadv cos uSAddA ð1-44Þ

Vector representation

�
I

cv 	 ndA ð1-48Þ

�
I

cv 	 dA ð1-49aÞ

�
I

Jadv 	 ndA ð1-49bÞ

�
I

Jadv 	 dA ð1-49cÞ9 In this book, vectors are shown in bold, and the magnitude of a vector is

shown as the same symbol in normal text.
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directions, the dispersion coefficient is often different in dif-

ferent directions. As a result, the dispersive flux in a given

direction depends on both the concentration gradient and

the dispersion coefficient in that direction, and the maximum

dispersive flux might not be in the direction of either the

maximum concentration gradient or the maximum disper-

sivity; rather, it is always in the direction of the maximum

product of these two terms.

The variation in e with direction complicates the mathe-

matics beyond the scope of this discussion. This mathemat-

ics is presented in many advanced fluid dynamics textbooks

(e.g., Bear, 1972; Domenico and Schwartz, 1990). Here, we

focus on two limiting cases: one in which dispersion is

significant in only one direction (the situation analyzed

previously, yielding the various forms of Equation 1-13),

and the other for so-called isotropic turbulence, in which the

dispersion coefficient is identical in all directions, and the

directions of maximum diffusion and maximum dispersion

are identical. In the latter case, the diffusive, dispersive, and

combined fluxes in any given direction can be computed as

follows:

Jdiff;l ¼ �D
@c

@l
(1-50)

Jdisp;l ¼ �e
@c

@l
(1-51)

JD;l ¼ � Dþ eð Þ @c
@l

(1-52)

where l is a measure of distance in the direction of interest.

As is the case for the advective term, only the components of

these fluxes that are perpendicular to the surface of the CV

and therefore causing i to enter or leave the CV should be

considered in the mass balance. That is, we are interested in

the value of @c=@l along a line normal to the surface of the

CV, which we will refer to as @c=@ln.
If we knew the concentration profile in all directions at a

given location on the CV boundary, and if we knew the

orientation of the surface at that location, we could compute

@c=@ln and the corresponding flux across a differential patch
of surface at the location. By carrying out this process

repeatedly until we have considered the boundary of the

entire CV, we could compute the transport of i into the CVas

follows:

Net rate of transport of i into CV by diffusion and

dispersion¼ �
I

Dþ eð Þ @c
@ln

dA (1-53)

In some cases, the known information is the magnitude

and direction of the maximum concentration gradient at

various locations in the system, rather than the concen-

tration gradient in the direction normal to the surface. In

such a case, we can represent the maximum concentration

gradient as the vector sum of three components, much as

we did for the velocity vector: two components parallel to

the surface, and one perpendicular to it. The component

of the concentration gradient that is perpendicular to the

surface, and that therefore is responsible for all the

diffusive and dispersive transport across the CV bound-

ary, is

@c

@ln
¼ @c

@l0
cos unl0 (1-54)

where @c=@ln is the gradient at the point of interest in the

direction perpendicular to the surface, @c=@l0 is the largest

concentration gradient at that location, and unl0 is the angle

between these two gradients.

Then, substituting Equation 1-54 into Equation 1-53:

Net rate of transport of i into CV by diffusion and

dispersion ¼ �
I

Dþ eð Þ @c
@l0

cos unl 0dA (1-55)

For consistency with the notation used in the equations

derived earlier for advective flux, we subsequently refer to

the angle between the normal to the surface and the steepest

concentration gradient (unl0 ) as uSD; that is

Net rate of transport of i into CV by diffusion and

dispersion ¼ �
I

Dþ eð Þ @c
@l0

cos uSDdA (1-56)

¼
I

JD;maxcos uSDdA (1-57)

where JD;max is the maximum diffusive and dispersive flux in

any direction at the location where the integral is being

evaluated.

The steepest gradient in some property (e.g., concentra-

tion, temperature, or electrical potential) is of interest in a

number of engineering contexts and can be represented

conveniently using vector notation. Specifically, for a prop-

erty P, the vector characterizing the magnitude and direction

of the steepest gradient in P is given the symbolrP and can

be computed as

rP ¼ @P

@x
iþ @P

@y
jþ @P

@z
k (1-58)

In this context, the vector of interest is rc, which has the

magnitude and direction of @c=@l0. The vector n has a

magnitude of unity and a direction perpendicular to the
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surface. Therefore, the dot product of rc and �n is

rc 	 �nð Þ ¼ @c

@l0
cosuSD (1-59)

Substituting this equality into Equation 1-56, we obtain

Net rate of transport of i into CV by diffusion and

dispersion ¼
I

Dþ eð Þrc 	 ndA (1-60)

The product Dþ eð Þrc is the flux in the direction of the

steepest gradient in concentration. Representing this term as

JD;max, we can write Equation 1-60 in the following alterna-

tive form:

Net rate of transport of i into CV by diffusion

¼ �
I

JD;max 	 ndA (1-61)

Several equations derived above for the diffusive and

dispersive terms in the mass balance equation are summa-

rized in Table 1-4.

The Storage and Reaction Terms

Because the storage and reaction terms in the mass balance

describe processes that occur inside the CV rather than at its

boundary, these terms are identical regardless of whether the

direction of flow and the direction of the concentration

gradient are perpendicular to the boundary or not; that is,

they have the same form for the systems as shown in both

Figure 1-3a and 1-3b.

The Overall Mass Balance

The overall mass balance for the system with arbitrary flow

and boundary characteristics, but constant volume and

isotropic turbulence, can therefore be written by combining

the expressions for advective and diffusive/dispersive flux

with those derived earlier for storage and reaction. Two

equivalent forms of the resulting equation are as follows:

Z
@c

@t
dV ¼

I
�cvþ Dþ eð Þrcð Þ 	 ndAþ

Z
V

ðrV þ rsaÞ dV
(1-66)Z

@c

@t
dV ¼ �

I
Jadv þ JD;max

 � 	 ndAþ
Z
V

ðrV þ rsaÞdV
(1-67)

The two types of integrals in Equations 1-66 and 1-67

reflect the distinction between the terms in the mass balance

that account for changes within the CV (the storage and

reaction terms) and those that account for transport of

molecules across the boundaries of the CV (the advection

and dispersion terms). The idea of the volume integrals (for

the storage and reaction terms) is that one moves through the

CV and, in each differential element of volume evaluates

(@c=@t)dV or rdV. All these differential terms are then

summed to get the values of the corresponding integrals.

The idea of the surface integrals (for the advective and

dispersion terms) is that one moves around the surface that

encloses the CV, considering one differential area after

another, and at each area evaluates the local concentration

of i, the gradient of i, and the magnitude and direction of

flow. The appropriate differential terms are then computed

and summed to determine the value of the corresponding

integrated terms.

The equations for the advective and dispersive fluxes of i

in the simplified case can all be derived from these for the

more general case by making appropriate substitutions for

uSAd and uSD and assuming that the velocity and concentra-

tion are uniform across the cross-sections of the inlet and

outlet; that is, in the y and z directions.

TABLE 1-4. Summary of Equations Describing Diffusive and Dispersive Transport Into a Control Volume

Net rate of transport of i into control volume by diffusion and dispersion ¼
Arbitrary surface shape and flow pattern, but isotropic turbulence Flow directly into and out of control volume across a flat boundary

Geometric or scalar representation

�
I

Dþ eð Þ @c
@l0

cos uSDdA ð1-62Þ JDA½ �inlet � JDA½ �outlet ð1-13Þ
I

JD;maxcosuSDdA ð1-63Þ �ðDþ exÞ @c

@x
A

� �
inlet

� @c

@x
A

� �
outlet


 �
(1-13)a

Vector representationI
Dþ eð Þrc 	 ndA ð1-64Þ

�
I

JD;max 	 ndA ð1-65Þ
aAssumes (Dþ e)inlet¼ (Dþ e)outlet
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1.4 THE DIFFERENTIAL FORM OF THE

THREE-DIMENSIONALMASS BALANCE

As is the case for the one-dimensional mass balance, it is

sometimes of interest to shrink the CV to differential

dimensions for mass balances in three-dimensional space.

Equations 1-66 and 1-67 can be converted into such a form

by using a mathematical equality known as the divergence

theorem, which provides a means for relating phenomena at

the boundaries of a surface to quantities in the space that the

surface encloses. This theorem states that, for any vector X

I
X 	 n dA ¼

Z

D	 XdV (1-68)

The symbolr 	 X is a scalar referred to as the divergence

of X and defined as

r 	 X ¼ i 	 @X
@x

þ j 	 @X
@y

þ k 	 @X
@z

(1-69a)

¼ @Xx

@x
þ @Xy

@y
þ @Xz

@z
(1-69b)

where Xx is the x-component of X, and so on. The divergence

operation is, in a way, analogous to the gradient operation:

the gradient operation is applied to a scalar and yields a

vector with the magnitude and direction of the steepest

change in that scalar, whereas the divergence operation is

applied to a vector and yields a scalar with the magnitude

of the steepest change in that vector (and, of course, no

direction, since it is a scalar).10

In essence, the divergence theorem states that any material

that crosses the boundary enclosing a space (the area integral

on the left side of the equation) can be expressed in terms of

the increase in the amount ofmaterial inside the boundary (the

volume integral on the right side). Applying this theorem to

the right side of Equation 1-66, the mass balance can be

rewritten as follows:

Z
@c

@t
dV ¼

I
�cvþ Dþ eð Þ D

cð Þ 	 ndAþ
Z

rV þ rssð ÞdV
(1-66)Z

@c

@t
dV ¼

Z

D	 �cvþ Dþ eð Þ D

cf g þ rV þ rsað Þ½ �dV
(1-70)

The terms on the right side of Equation 1-70 are the same

terms that appear in the mass balances derived previously,

except that now the advective and diffusive/dispersive fluxes

have been converted into a volume basis.

The first term on the right side of Equation 1-70 can be

expanded based on the chain rule, as follows:

r 	 ð�cvÞ ¼ � @ cvxð Þ
@x

þ @ cvy
� �
@y

þ @ cvzð Þ
@z

� �
(1-71)

¼ �c
@vx
@x

þ @vy
@y

þ @vz
@z

� �
� vx

@c

@x
þ vy

@c

@y
þ vz

@c

@z

� �

(1-72)

¼ �c

D	 vð Þ � v

D

cð Þ (1-73)

According to the continuity equation,

D	 v is zero for any
incompressible fluid, such as water, so Equation 1-73 indi-

cates that, for any constituent in an aqueous system11

r 	 ð�cvÞ ¼ �v 	 rv (1-74)

Furthermore, since we are assuming that e is independent

of direction (i.e., we are assuming isotropic dispersion), the

term accounting for transport by diffusion and dispersion in

Equation 1-70 can be written as follows:

r 	 Dþ eð Þrcf g ¼ Dþ eð Þr 	 rc (1-75)

¼ Dþ eð Þr2c (1-76)

where r2c is a scalar known as the Laplacian of c. This

symbol is a short-hand expression for the following

summation:

r2c � @2c

@x2
þ @2c

@y2
þ @2c

@z2
(1-77)

Substituting Equations 1-74 and 1-76 into Equation 1-70,

we obtain

Z
@c

@t
dV ¼

Z
�v 	 rcþ Dþ eð Þr2cþ rV þ rsað Þ� �

dV

(1-78)

By differentiating both sides of Equation 1-78 with

respect to volume, the equation becomes a mass balance

on a differential volume

@c

@t
dV ¼ �v 	 rcþ ðDþ eÞr2cþ ðrV þ rsaÞ

� �
dV

(1-79)

10 See Schey (1973) for a thorough and readable discussion of these

mathematical operations.

11 The continuity equation is a mass balance applied to the fluid (in our case,

water) in a differential control volume of fixed dimensions. The equation

indicates that, since water is incompressible, it cannot accumulate in the

control volume, so it must enter and exit at the same rate. Any decrease in its

velocity in one direction must therefore be compensated by an increase in its

velocity in a different direction. The equation is derived formally in most

texts dealing with fluid mechanics and/or environmental transport pro-

cesses; see, for example, Clark (2009).
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Finally, dividing by dV, we obtain a version of the

volume-normalized mass balance (i.e., an equation for the

rate of change of concentration in a differential CV) that is

commonly referred to as the mass balance at a point.

@c

@t
¼ �v 	 D

cþ ðDþ eÞr2cþ ðrV þ rsaÞ (1-80)

As shown in Equation 1-72, the term v 	 D

c in Equation 1-80
is a scalar equal to vxð@c=@xÞ þ vyð@c=@yÞ þ vzð@c=@zÞ.
This term is very frequently represented as vrc, with the

implicit understanding that n is a vector and that the product
is a dot product. Equation 1-80 is the advective diffusion

equation written for a system in which parameters can vary

in all three spatial dimensions. Similar to Equation 1-34,

Equation 1-80 is sometimes referred to as a mass balance

at a point.

& EXAMPLE 1-9. The HOCl concentration in drinking

water decays as the water flows through the distribution

system, due to reactions with NOM (as described in Example

1-6) and with the pipe walls (HOCl can react with both the

metal and attached biomass). Assume that, in a given system,

theoverall decay rateaccounting for reactionsboth in solution

and on the surface (i.e., rV þ rsa) can be characterized by the

expression rHOCl ¼ �kcHOCl, where k has a value of 0.1 h
�1.

Compare the magnitudes of the net advection and reaction

terms in the mass balance for a 5-km long section of 1-m

diameter pipe in which the flow rate is 1.5m3/s. The

concentration of HOCl entering this section of pipe is

3mg/L. Assume that the pipe section can be characterized

by plug flow and that the system is operating at steady state.

Solution. The most general form of the mass balance on

HOCl for this system is given by Equation 1-26

@

@t

Z
V

c dV ¼ Qincin � Qoutcout þ Dþ exð Þ



A
@c

@x

� �
outlet

� A
@c

@x

� �
inlet

�
þ
Z
V

rV þ rsað ÞdV

However, since the system is at steady state, the rate of

change of HOCl stored in the system (the term on the left

hand side of the mass balance) is zero, and since the system

is characterized by plug flow, the middle term on the right is

zero as well. Noting that Qin¼Qout¼Q, the mass balance

can therefore be simplified as follows:

0 ¼ Qcin � Qcout þ
Z
V

rV þ rsað ÞdV (1-81)

The difference Qcin � Qcout is the net advective term in

the mass balance, and the volume integral is the net reaction

term. Since the pipe behaves as a plug flow reactor and the

reaction rate is directly proportional to the HOCl concen-

tration, we can use the result from Example 1-8 (specifically,

Equation 1-40) to compute cout. To do so, we need to first

find the hydraulic residence time, t. This value is

t ¼ V

Q
¼ pd2=4

� �
L

Q
¼

p 1mð Þ2=4
� �

5000mð Þ
1:5m3/s

1 h

3600 s

� �
¼ 0:73 h

Therefore, cout can be computed as follows:

cout ¼ cinexp �ktð Þ
¼ 3:0mg/Lð Þexp � 0:1 h�1

� �
0:73 hð Þ� 	 ¼ 2:79mg/L

The net advective term in the mass balance is therefore

Net advective term ¼ Q cin � coutð Þ
¼ 1:5m3/sð Þ 103 L/m3

� � ð3:0� 2:79Þmg/Lð Þ
¼ 316mg/s

The net reaction term could be computed formally by

substituting the reaction rate expression (�kcHOCl) for rV þ
rsa and then integrating throughout the pipe volume. How-

ever, Equation 1-81 indicates that the reaction term is just the

opposite of the advection term. This must be the case, since

the system is at steady state (so no HOCl is accumulating in

the CV), and the only factors that affect the HOCl concen-

tration in the CV are advection and reaction. Therefore,

the net reaction term in the CV must be �316mg/s. The

negative sign indicates that the reaction removes HOCl from

the system. &

1.5 SUMMARY

Mass balances are accounting tools that can be used to

identify the relative importance of different processes occur-

ring in a reactor and to predict how the system behaves under

any conditions. The critical steps in writing a mass balance

are identifying the substance for which the balance is to be

written, defining the system boundaries, and establishing all

the ways that the substance can enter or exit the CV or be

created or destroyed within it.

The overall mass balance states that the rate of change of

themass of i stored in theCVis a function of the flow rates into

and out of the CV, the concentration gradient at the boundary

of theCV, the reaction ratewithin theCV, and several physical

variables describing the system (D, e, V). In most cases, the

initial condition of the system is known, and many of the

parameters in the equation relating to the physical properties

of the system are known. Techniques for estimating some of

the physical parameters that are not known in advance are

presented in Chapter 2. Similarly, explicit expressions

describing the reaction rate (r) as a function of concentration

are presented and discussed in Chapter 3.
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In theory, if all the physical parameters and the reaction

rates are characterized, the mass balance equation can be

solved for the concentration of i at any given time and

location. However, even for relatively simple geometries and

reaction rates, solving the mass balance equation can be

formidable, especially if all the terms are significant. The

equation becomes much easier to solve if additional simpli-

fying assumptions can be made. For instance, in many cases

the flows into and out of the reactor are equal, or the system

composition is approximately invariant over time (@c=@t
¼ 0). Sometimes, systems are set up in which several of the

terms in the mass balance are designed to be negligible, to

make it easier to evaluate those that remain. For example,

reactors are conveniently evaluated by passing nonreactive

constituents (tracers) through them, so that the chemical

reaction term is zero (rV¼ rs¼ 0). In other cases, chemical

reactions are conveniently studied in well-mixed batch

systems, where there is no flow and no concentration

gradient, so the net advective, diffusive, and dispersive terms

are all zero. These types of systems are discussed in

Chapters 2 and 3, after which the problem of predicting

the behavior of systems in which all the processes are

occurring is addressed in Chapter 4.

The various forms of the mass balance equation derived

throughout the chapter are summarized in Table 1-5.
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TABLE 1-5. Summary of Mass Balance Equations Derived in this Chapter

Storage term ¼ Net advection term þ Net diffusion/dispersion term þ Net chemical reaction term Eq. no.

Equation describing the rate of change of mass of i in a control volume for one-dimensional flow:

@

@t

Z
cdV ¼ Qincin � Qoutcout þ ðDþ exÞ A

@c

@x

� �
outlet

� A
@c

@x

� �
inlet


 �
þ

Z
rV þ rsað ÞdV (1-26)

Equation describing the rate of change of concentration of i (i.e., the volume-normalized mass balance) at a point for one-dimensional flow:

@c

@t
¼ �vx

@c

@x
þ ðDþ exÞ @

2c

@x2
þ ðrV þ rsaÞ (1-34)

Equations describing the rate of change of mass of i in a control volume for an arbitrary flow pattern:

@

@t

Z
c dV ¼

I
f�cvþ ðDþ eÞrcg 	 n dA þ

Z
rV þ rsað ÞdV (1-66)

@

@t

Z
c dV ¼ �

I
ðJadv þ JD;maxÞ 	 n dA þ

Z
rV þ rsað ÞdV (1-67)

Equation describing the rate of change of concentration of i (i.e., the volume-normalized mass balance) at a point for an arbitrary flow pattern:

@c

@t
¼ �v 	 D

c þ ðDþ eÞr2c þ ðrV þ rsaÞ (1-80)

Equation describing the rate of change of mass of i in a well-mixed reactor with continuous flow, but with fixed volume:

V
dc

dt
¼ Q cin � coutð Þ þ rV þ rsað ÞV (1-27)

Equation describing the rate of change of concentration of i in a well-mixed batch (no flow) reactor:

dc

dt
¼ rV þ rss (1-30)

Equation describing the rate of change of mass of i in a well-mixed reactor with continuous flow at steady state:

0 ¼ Q cin � coutð Þ þ rV þ rsað ÞV (1-28)
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PROBLEMS

1-1. The raw water supply for a community contains

18mg/L total particulate matter. It is to be treated by

addition of 60mg alum (Al2(SO4)3	14H2O) per liter of

water treated. Essentially, all the added alum precipi-

tates represented by the following reaction:

Al2ðSO4Þ3 	 14H2O ! 2AlðOHÞ3ðsÞ þ 3SO 2�
4

þ 6Hþ þ 8H2O

For a total flow of 7500m3/d, compute the daily alum

requirement, the total concentration of suspended sol-

ids in the water following alum addition, and the daily

load of particulate solids requiring disposal (including

both those initially present and those formed during

treatment).

1-2. Manufacturing of electronic chips or wafers requires

ultrapure water (UPW) in substantial quantities; the

primary use of this water is to clean the wafers after

various manufacturing steps. As a result, wafer fabrica-

tion plants have a UPW production plant to supply this

water to the manufacturing plant. Typically, the UPW

plant takes municipal tap water and treats it further to

remove a substantial fraction of the solutes. The UPW

then flows into the manufacturing plant, where it is

contaminated as it is used to clean the wafers. The

typical situation, in which the contaminated water is

collected and discharged without any reuse, is shown

schematically in Figure 1-Pr2a. If the manufacturing

process continuously adds a specific contaminant into

theUPWat a rate _X (mass per time), the keyflows can be

represented as in Figure 1-Pr2b.

It is very expensive to make UPW, and the contami-

nation levels in the manufacturing process are quite

low. Therefore, it makes sense to consider recycling

some of the wastewater back to the start of the UPW

production plant. Under these circumstances,

the schematic would be as shown in Figure 1-Pr2c.

Note that the flow rate of water supplied to the man-

ufacturing plant (Q) remains the same, but the use of

municipal water is decreased (to Q�QR).

(a) Unfortunately, some contaminants that are added

to the water in the chip manufacturing process are

not removed at all in the UPW production plant. As

a result, they accumulate in the system with recycle

until a steady-state condition is achieved. If the

particular chemical that is added at the rate _X is not

removed at all in the UPW treatment, and if it is

also not present at all in the influent (municipal

water), what is the steady-state concentration in the

effluent (cout) in terms of _X and the flow rates

indicated? (Note: We are not concerned in this

problem with the gradual rise of concentration

until this concentration is reached, only with the

ultimate steady-state condition.)

(b) Problems arise if the contaminant concentration

in the influent to the manufacturing step rises

above a critical acceptable level (cacc). Again,

assuming that the contaminant concentration in

the municipal water is zero and that the UPW

system does not remove any of this contaminant,

develop an expression relating the recycle ratio

(R¼QR/Q) to the known quantities Q, cacc, and _X.
(Hint: Develop an expression relating QR,

Q, cacc, and _X first, and then change it to include R.)

(c) If the water used in the manufacturing process is

2500 L/min, _X is 300mg/min, and cacc is 0.2mg/L,

what flow rate of municipal water would have to be

supplied?

1-3. A settling tank has a single influent flow and two

effluent flows, as indicated in Figure 1-Pr3. The

UPW Manufac- 
turing 

Q
cout

Q
cmuni

(a) 

UPW Q
cout

Q
cmuni

(b) 

Q− QR

cout

Q− QR

cmuni

UPW 
Q, cin

QR, cR

(c) 

FIGURE 1-Pr2. Water and contaminant flows in a hypothetical

electronic chip production plant with internal production of ultra-

pure water. (a) Generic flow diagram; (b) flow diagram assuming a

continuous input of contaminant from the chip manufacturing

process; (c) flow diagram from (b), modified to account for recycle

of a portion of the contaminated water back to the inlet of the UPW

production process.
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objective of sedimentation is to make cout be much less

than cin, while making cw much greater than cin. A

primary settling tank in a wastewater treatment plant is

operating under steady-state conditions and has an

influent concentration of 220mg/L of suspended solids,

an effluent concentration (cout) of 45mg/L, and a waste

concentration (cw) of 10,000mg/L. Assume that no

reactions involving these solids occur in the reactor.

(a) If the influent flow rate is 450m3/h, what is the

waste flow rate (Qw)?

(b) What percentage of the influent flow is the waste

flow?

1-4. Water flows into and out of a well-mixed, 1.6� 105-L

tank at a rate of 1000 L/min. The dissolved oxygen

(DO) concentration in the influent is 1.0mg/L. In the

tank, bacteria use the oxygen for metabolism in propor-

tion to theamountofoxygenpresent; that is, theyuse it ata

rate k1(DO), where k1¼ 2� 10�3min�1. Oxygen is dis-

solving intothewaterata rateproportional to thedegreeof

undersaturation; that is, at a rategivenbyk2 DO� � DOð Þ,
where DO� is 10mg/L and k2¼ 4� 10�3min�1. Write

a mass balance for DO in the solution, and find the

steady-state concentration of DO.

1-5. A pond of volume 106 L receives influent stream water

containing 75mg/L soluble organic carbon and 6mg/L

inorganic carbon (H2CO3, HCO
�
3 , and CO

2�
3 ) at a rate

of 0.01m3/s. Advection is much more important than

diffusion or dispersion as a mechanism for transporting

material into and out of the pond. In the pond, 75%

of the incoming organic matter is consumed by

microorganisms, which convert 30% of the ingested

organic carbon into new cellular material and release

70% as CO2 after respiration. The CO2 combines imme-

diately with water to form H2CO3 and then rapidly

becomes distributed among the three inorganic carbon

species listed above, with the distribution dependent on

solution pH. Assume that 50% of the cellular mass is

carbon. The entire system is at steady state.

(a) Write mass balances on total organic carbon

(TOC), dissolved organic carbon (DOC), and total

inorganic carbon (TIC), and compute the steady-

state concentrations of these species.

(b) How much biomass is created per liter of influent?

1-6. In a biological waste treatment system, solids may enter

in the influent, be created or destroyed by biological

growth or decay, and may leave in the effluent. Con-

sider a waste treatment plant treating 1m3/s of an

influent containing 55mg/L of degradable organic

solids. The wastewater also contains 180mg/L of dis-

solved organic carbon (DOC), which may be degraded.

For every gram of dissolved organic matter that is

degraded, the overall reaction converts a portion of

the material into CO2 and H2O, and another portion into

0.4 g of new biomass. Analytically, this biomass and the

degradable solids in the influent are both quantified as

volatile suspended solids (VSS); that is, the degradable

solids in the influent and the new biomass that grows in

the reactor are indistinguishable from one another.

(a) In a particular system, the dissolved organic matter

(i.e., the substrate, S) is removed from solution at

an overall rate (including both the conversion

into CO2 and into new cells) given by

rS ¼ �k1S
2X=ðS2 þ KsÞ, where X is the VSS con-

centration in the reactor. The values of k1,Ks, and X

in the reactor of interest are 8mgDOC/mgVSS d,

110 (mgDOC/L)2, and 120mgVSS/L, respec-

tively. Write a mass balance and compute the

hydraulic detention time, t (i.e., the average

amount of time that water resides in the reactor,

equal to VL=QL) necessary to reduce the concen-

tration of substrate to 3mgDOC/L in a complete

mix reactor operating at steady state.

(b) Solids decay in the reactor at a rate equal to kdX,

where kd is the decay rate constant. Write a mass

balance on VSS and compute the value of kd.

Qin

cin

Qw

cw

Qout

cout

FIGURE 1-Pr3. A settling tank for separating and concentrating

solids, and generating an effluent liquid stream with low solids

concentration.
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2
CONTINUOUS FLOW REACTORS:
HYDRAULIC CHARACTERISTICS

2.1 Introduction

2.2 Residence time distributions

2.3 Ideal reactors

2.4 Nonideal reactors

2.5 Equalization

2.6 Summary

Appendix 2A. Introduction to Laplace transforms as a

method of solving (certain) differential equations

References

Problems

2.1 INTRODUCTION

Most natural and engineered systems inwhich reactions occur

have a continuous flow of water through them. The mixing

patterns in a reactor can make an important difference in the

amount of reaction that occurs and in the composition of the

effluent from the system. The extent of mixing in continuous

flow reactors spans a spectrum. Reactors with absolutely zero

mixing lie at one extreme, and reactors with complete and

instantaneousmixing between the influent and all of thewater

already in the reactor lie at the other. The extremes are

commonly called ideal cases, and the range between the

two ideal cases defines nonideal flow.

In this chapter,we focus strictlyon thehydraulic andmixing

characteristics of continuousflowreactors; that is, no reactions

areconsidered.Withrespect to themassbalancesconsidered in

Chapter 1, the concern is only with the terms for the mass

crossingtheboundaryofthecontrolvolumeandtheconsequent

rate of change of mass within that control volume. In subse-

quent chapters, reactionkinetics are considered, first alone and

thenincombinationwiththeconceptsdevelopedinthischapter,

to analyze systems in which both flow and reaction occur.

A useful way of considering the hydraulic characteristics

(or flow regime) of a continuous flow reactor is to imagine that

we could keep track of all the water that came into the reactor

over an infinitesimally brief period and determine the time

periods for which parts of that aliquot of influent stayed in the

reactor. Wemight find, for example, that 5% of the molecules

stay in the reactor for less than 1min, 15% stay for between 1

and2min, 35%stay for between 2 and3min, and so forth until

the full 100%was accounted for. The same information can be

expressed in a cumulative fashion; that is, 5%of themolecules

that enter at some instant stay in the reactor for less than 1min,

20% stay for less than 2min, 55% stay less than 3min, and so

forth. Such descriptions are called residence time distribu-

tions (RTDs).Much of this chapter is devoted to the subject of

RTDs and what they tell us about the hydraulic or mixing

characteristics of a reactor. An extensive presentation of

RTDs is given by Nauman and Buffham (1983).

In reality, once an aliquot of influent enters the reactor, it is

not possible to distinguish the water molecules in that aliquot

fromwatermolecules that enter earlier or later; that is, it is not

possible to label and keep track of water molecules to carry

out the conceptual experiment just described. However, the

same type of information about the RTD of water can be

obtained by adding tracers into the influent.

Tracer studies are used in water and wastewater treatment

systems primarily to elucidate a reactor’s hydraulic behavior.

Understanding this behavior is important because, as shown in

Chapter 4, the hydraulic characteristics of a reactor can

dramatically influence the treatment efficiency that the reactor

achieves. Thus, for instance, a tracer study might be carried

out to evaluate alternativemodels for themixing that occurs in

a reactor. TheRTDderived from that studymight then be used

to predict the conversion (removal) efficiency that would be

achieved for a particular contaminant in the reactor. Such an

exercise might be carried out, for example, to predict the

maximum contaminant concentration that would occur in an

industrial wastewater treatment plant following an upset that

suddenly dumped the contaminant into the plant influent.

Tracer studies can also be used as diagnostic tools, for

example, to explore whether the reason that a reactor is not
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operating as efficiently as expected might be that the reactor

has an undesirable mixing pattern. Finally, while most

reactors used in water and wastewater treatment are con-

structed with the intention of facilitating a chemical reaction,

some reactors (equalization reactors) are used not to carry out

a chemical reaction, but only to mitigate fluctuations in the

influent flow rate or solution composition. Again, tracer tests

can be used to assess how well that design goal has been met.

Tracer studies require that a reactor already exists, but the

hydraulic characteristics of a reactor are determined by the

design, and therefore are best considered at the time of design

(i.e., before the reactor exists). Until recently, the design of

reactors was based on the experience gathered from existing

reactors; rules of thumb for designing influent and effluent

structures and for placement of baffles were developed over

time.Now, however, the field of computational fluid dynamics

(CFD) has developed to the point that it is becoming common

for the hydraulic characteristics of reactors, and the sensitivity

of those characteristics to possible design alternatives, to be

studied at the time of design. Sophisticated software to

accomplish this task is commercially available. Using that

software, one can generate mathematically the kind of data

that heretofore could only be obtained in a tracer study.

Computational fluid dynamics represents a major advance

in our ability to understand the hydraulic characteristics of

reactors. The concepts of CFD are not developed in this

chapter; however, the concepts in this chapter can be equally

well applied to results obtained from mathematical analysis

(CFD) as from experimental analysis (tracer studies). An

example of how tracer studies and CFD can be used together

has been provided by Grayman et al. (1996) in a study of a

storage reservoir that also served as a disinfection reactor.

The first part of this chapter introduces concepts about

RTDs, mathematical representations of those distributions,

and common ways of introducing tracers into reactors.

Next, the RTDs for the extreme (ideal) conditions of zero

and complete mixing are described, followed by those for

intermediate degrees of mixing (i.e., mixing in nonideal

reactors). Subsequently, the response of nonideal reactors in

tracer studies is investigated, and the techniques for converting

tracer responses to RTDs are presented. Mathematical models

that characterize the nonideal flow reactors with a few param-

eters are then described. The design and evaluation of equal-

ization reactors are discussed in the final section of the chapter.

2.2 RESIDENCE TIME DISTRIBUTIONS

Cumulative and differential RTDs can be given in discrete

terms, as described previously. However, it is usually pref-

erable to define continuous functions that accomplish the

same task; that is, that describe the fraction of the fluid in the

effluent that has been in the reactor less than a certain time

(the cumulative distribution) or the fraction of the fluid that

has stayed in the reactor between any two times, t1 and t2. To

see how such functions can be developed, imagine a system

(a lake, an engineered reactor, or a segment of a river) with

water flowing in and out at the same rate (so that the volume

of water in the system is constant). Assume that the flow is

steady; that is, that it has been flowing in the same way for a

long period and continues flowing in that way for at least the

duration of the test. Imagine further that somehow we could

label all the molecules that enter the system in an infinitesi-

mal time period centered around the time defined as time

zero; call the number of such labeled molecules N1. Finally,

imagine that we could easily detect the labeled molecules as

they left the reactor.

One possible result of such an experiment is shown in

Figure 2-1a, in which the cumulative number of labeled

molecules that have been counted in the effluent, N(t), is

shown as a function of time. The results shown in the figure

suggest that, for this hypothetical system, not many labeled

molecules come out in the early time period, then they come

out more rapidly for a while, and then their appearance at the

detection point slows down once again; eventually, all of

them have come out so that N(t) reaches N1.

The rate at which the labeled molecules come out can be

found as the derivative of the curve shown in Figure 2-1a,

that is, as the limit of DNðtÞ=Dt as Dt approaches zero. This
derivative, evaluated at each time, is shown in Figure 2-1b and

indicates directly that, in the example system, the rate atwhich

the labeled molecules leave the system is small at the earliest

times, higher for intermediate times, and approaches zero at

later times. Since the function described in Figure 2-2b is the

derivative of the function shown in Figure 2-2a, the integral of

the function in Figure 2-2b from time zero to any time t

yields N(t). Taken over all time (from time zero to time

infinity), that integral yields N1.

Normalizing the derivative function shown in Figure 2-2b

by dividing by N1 makes the result independent of the

absolute number of influent molecules that were labeled.

The normalized result is called the exit age distribution of

the system and is given the symbol E(t); that is,

EðtÞ ¼ dN=dt

N1
(2-1)

EðtÞdt ¼ dN

N1
(2-2)

This exit age distribution is shown in Figure 2-1c. E(t) has

dimensions of inverse time. Since dN is the number of labeled

molecules that exit the reactor in the period dt (i.e., between t

and tþ dt), dN/N1 is the fraction of all labeledmolecules that

exit the reactor during this period. Therefore, since all the

labeled molecules entered the reactor at t¼ 0, E(t) dt can be

identified as the fraction of the fluid that has residence time

between t and tþ dt. Correspondingly, the fraction of the fluid
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with residence times between two discrete times is the time

integral of E(t) dt over that time period:

Fraction of fluid in the system with residence time

greater than t1and less than t2 ¼
ðt2
t1

EðtÞ dt (2-3)

Note that, since 100% of the fluid must have a residence

time less than infinity, the integral of E(t) from t¼ 0 to

t¼1 must be one; that is,

ð1

0

EðtÞ dt ¼ 1 (2-4)

Finally, it is useful to describe the cumulative age distri-

bution; that is, the fraction of the fluid with residence time

less than or equal to a given value. This function can be

derived by normalizing the data in Figure 2-1a by dividing

byN1. The result (shown in Figure 2-1d) has the same shape

as that in Figure 2-1a but now has a range from 0 to 1; this

cumulative age distribution is normally given the symbol

F(t) and is dimensionless. From the integral/derivative rela-

tionship described above between the functions shown in

Figure 2-1a and 2-1b, it should be clear thatF(t) is the integral

of E(t) from zero to time t; that is,

FðtÞ ¼
ðt

0

EðtÞ dt (2-5)

The differential and cumulative age distributions; that is,

E(t) and F(t), are useful descriptors of the flow character-

istics (under steady flow conditions) of any system, as shown

subsequently. Although we have not used statistical termi-

nology in developing these functions, those familiar with

statistical analysis will recognize E(t) as a standard proba-

bility density function, and F(t) as a cumulative probability

function. These properties enable one to describe the flow

characteristics in probabilistic terms. For example, we can

say that the probability that a molecule will stay in a reactor

less than time t is F(t), and the probability that a molecule

will stay in the reactor for longer than t1 but less than t2 is the

integral expressed in Equation 2-3.

Tracers

The labeling of the influent water molecules at some instant

and the subsequent measurement over time of those mole-

cules in the effluent are, of course, not possible by any

reasonable means. However, the same type of information

about the RTD can be obtained by introducing a tracer into

the influent water and measuring its concentration in the

effluent over time. Ideally, tracers used to analyze the RTD

of a reactor meet four criteria: their hydraulic behavior is

identical to that of water (e.g., they are neutrally buoyant);

their addition does not change the properties of the solution

(e.g., the viscosity) appreciably; they are nonreactive; and

their concentration in water can be measured well, prefera-

bly at low concentrations. In essence, these characteristics

assure that the molecules of tracer behave identically to

molecules of water in the reactor. However, because the

FIGURE 2-1. Various presentations for the results of a hypo-

thetical experiment to evaluate the passage of labeled water

molecules through a reactor.
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tracer molecules can be differentiated easily from the water

molecules, they serve the same function as the labeled

molecules in the conceptual experiment. They therefore

enable us to determine the differential and cumulative

RTDs, E(t) and F(t), respectively.

Fluoride is a common choice as a tracer in water treatment

plants, because it is often added as a treatment chemical to

protect dental health (and is therefore readily available), and

it is easy to measure accurately. However, it is also reactive

with aluminum, and so is not an appropriate tracer in

coagulation and flocculation facilities where aluminum is

present. Rhodamine, a red dye, is a common choice as a

tracer in wastewater plants, because it is nonreactive, mea-

surable at low concentrations, and not otherwise present in

the water. However, it cannot be used in drinking water

treatment plants, because the color it imparts is unacceptable

in the finished water.

Tracer studies should be done under steady flow condi-

tions, because the various analyses described in the follow-

ing sections assume that the flow pattern remains the same

throughout the duration of the test. Also, it is desirable to

carry out the test under more than one flow condition, for

example, at an average flow and at a nearly maximum flow,

and at various temperatures (times of the year) to see

whether the hydraulic characteristics are substantially

affected by these variables.

In real systems, it is often not possible to meet all of the

various constraints specified in the preceding paragraph, so

the conclusions reached from the studies must be tempered

to recognize the imperfections. In this chapter, however, we

assume that the conditions of the tracer test are ideal. Tracer

studies are usually done by injecting the tracer into the

reactor influent either as a pulse or as a step input. In an ideal

pulse input, a known amount of tracer is put in instantane-

ously; that is, within an infinitesimally short time. The time

at which the tracer is injected is usually defined as time zero.

This input is similar to the labeling of all the molecules that

come into the reactor in an infinitesimally short time as

described earlier. In a step input, the tracer is put into the

reactor at a constant concentration beginning at a defined

instant (usually designated time zero) and continuing (ide-

ally) forever; in reality, “forever” means for a sufficiently

long time that the effluent concentration reaches essentially

the same level as it would if the test were continued

indefinitely.

For quantitative analysis of tracer experiments, it is neces-

sary to describe these two different types of inputs mathemati-

cally. A step input function, starting at time zero and continuing

forever, is shown in Figure 2-2a. Time zero is shown away from

the vertical axis to emphasize that the tracer input is at some

constant value (often zero) for a long time before t¼ 0 and at a

different concentration, cin, for all times thereafter.

A step function whose value jumps from 0 to 1 when the

value of an independent variable z equals z� is called the

Heaviside function of z, applied at z�:

Hz� ðzÞ ¼
0 at z < z�

1 at all other z

�
(2-6)

This function is shown in Figure 2-2b. With this termi-

nology, the most common type of step input tracer test (one

with cin¼ 0 at t< 0) can be described as the product of cin
and the Heaviside function applied at time zero; that is,

cin(t)¼ cinH0(t).

The mathematical definition of the pulse input is a bit

more obscure, as it includes the use of the Dirac delta

function, dz�(z), where z is some variable of interest. This

function, shown graphically in Figure 2-3a, is the derivative

of the Heaviside function. Its value can therefore be equated

to the slope of Figure 2-2b; that is, its value is infinite when

z¼ z� and zero at all other values of z. The dimensions of dz�

are the inverse dimensions of z; for example, if z is time,

dz�(z) has dimensions of 1/time. The integral of the Dirac

function over any interval z1 to z2 is Hz� ðz2Þ � Hz� ðz1Þ. This
difference is 1.0 over any interval that includes z� and is zero
over any interval that does not include it. In symbols, the

C
on

ce
nt

ra
tio

n 
 

Time  

co 

0 
0 

(a) 

0 

1 

H
z*

(z
) 

 

Independent variable z

(b) 

z* 0 

FIGURE 2-2. (a) The input tracer concentration for a step input

test. (b) The Heaviside function of a variable z, applied at z�. The
function in (a) can be described as cinH0(t).

32 CONTINUOUS FLOW REACTORS: HYDRAULIC CHARACTERISTICS



Dirac delta function can be described as follows:

dz� ðzÞ ¼ dHz� ðzÞ
dz

¼ 1 at z ¼ z�

0 at all other z

�
(2-7a)

ðz2
z1

dz� ðzÞdz ¼ Hz� ðz2Þ � Hz� ðz1Þ ¼
1:0 if z1 < z� < z2

0 over any other interval

�

(2-7b)

The Dirac function can also be defined as a limiting

condition: if we imagine a continuous distribution f(z)

defined from z¼�1 to z¼þ1 with an integral over

that range of 1.0, and then imagine gradually shrinking

the range of z values over which f(z) is nonzero (while

the area under the curve remains equal to 1.0), the limit

as that range goes to zero is the delta function, and the value

of z where f(z) 6¼ 0 is z�.
As noted previously, the purpose of tracer tests is to gain

information about the RTDs E(t) and F(t). We next consider

how the concentration profile of tracer in the effluent of a

reactor during a tracer test, whether that input is a pulse or a

step, can be used to determine these RTDs.

Pulse Input Response

Consider the concentration of tracer in the effluent of some

arbitrary reactor that has received a pulse input of mass

Mp,in, so that the profile of the input concentration is as

shown in Figure 2-3b. Assume that the reactor contains a

volume V of water and has been receiving a constant flow

Q for sufficient time that steady flow conditions exist in the

reactor. If we imagine, for example, that this arbitrary

reactor is a large open tank in which the water comes in at

one end and flows out the other, it is reasonable to think

that the influent over some small time period will mix

somewhat with the water that is in the vicinity of the

influent port at that time, but that no tracer will be trans-

ported immediately to the other end of the reactor. A

person taking samples at the effluent will detect no tracer

immediately after the pulse injection; as time proceeds, the

concentration of tracer will rise and subsequently fall.

Eventually all of the tracer injected at time zero will

have exited the reactor and the concentration of tracer

will again be zero. This response of the reactor (cp(t), the

effluent concentration as a function of time)1 is depicted in

Figure 2-4a. The exact shape of the curve depends on the

amount of mixing in the reactor, but that is not our concern

now; it is sufficient to understand that a reactor could

reasonably give the response shown.

We noted previously that E(t) equals the rate at which

labeled molecules of water exit the reactor, normalized to

the total number of labeled molecules injected. The analog

of the number of labeled molecules in the conceptual

experiment is the mass of tracer in the real experiment.

The exit age distribution, E(t), can thus be evaluated as the

rate at which tracer mass exits the reactor (the product of

the flow and effluent concentration) divided by the total

mass of tracer put into the reactor, Mp,in; that is, in

symbols2,3

EðtÞ ¼ Q

Mp;in
cpðtÞ (2-8)

δ z*
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) 
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FIGURE 2-3. (a) The Dirac delta function of a variable z; (b) The

Dirac function characterizing the influent in a pulse input tracer

study.

1 The expression c(t) is used in this text to denote the concentration of a

substance as a function of time. In the current context, c(t) is used for the

time-varying concentration of tracer in the effluent from any reactor. cp(t) is

used to indicate the effluent tracer profile for a pulse input tracer test, and

cs(t) is used to indicate the corresponding profile for a step input tracer test.
2 The normalization can also be based on the total mass of tracer that is

detected over all time in the effluent from the reactor, Mout. The following

derivations are carried out using Mp,in as the normalizing factor. A discus-

sion about potential differences between Mp,in and Mp,out is provided

subsequently.
3 This equation applies if the pulse is input at the time defined as t¼ 0. In

rare cases, t¼ 0 is defined differently, in which case cp(t) in Equation 2-8

must be replaced by cp(t� tp), where tp is the time as which the pulse was

input, so t� tp is the elapsed time since the pulse was injected. In the

remainder of the chapter, unless otherwise noted, the assumption is made

that the pulse is input at t¼ 0.
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The exit age distribution, E(t), is shown for the reactor

under consideration in Figure 2-4b; the shape is identical to

that of cp(t), but the dimensions and values are different.

Equation 2-8 makes clear that E(t) can be thought of as a

normalized response to a pulse input tracer test; the normal-

ization is accomplished by multiplying the (time-varying)

direct response, cp(t), by the (constant) factor Q=Mp;in. By

normalizing the data in this way, we assure that the E(t)

function derived from pulse input tracer tests will be the same,

regardless of the amount of tracer injected, even though the

cp(t) data would differ in the different experiments. Such a

result is essential, since E(t) describes how water flows

through the reactor (at a particular flowrate Q) and is not

intrinsically related to the tracer; tracers are simply a useful

way of determining the flow characteristics of the reactor.

Equation 2-8 is often written in an alternative form by

dividing the numerator and denominator of the fraction by

the reactor volume, V, and rearranging, as follows:

EðtÞ ¼ Q=V

Mp;in=V
cpðtÞ ¼ 1

V=Q

cpðtÞ
Mp;in=V

¼ 1

V=Q

cpðtÞ
co

(2-9)

where co is the nominal tracer concentration that would exist

if all the mass of tracer injected were dispersed throughout

the whole reactor volume. Note that co is a hypothetical

concentration that, except in one special case described later

in the chapter, does not ever actually exist in the reactor.

Based on the various descriptions of E(t) to this point, we

can think of the E(t) function in three equivalent ways. First,

for a sample of the influent, E(t) expresses the differing

amounts of time that molecules of water will stay in the

reactor. If, for example,
Ð 10 min

6 min
EðtÞdt ¼ 0:15, then 15% of

the molecules in any sample of influent will stay in the

reactor between 6 and 10min. Second, for an aliquot of the

effluent, E(t) characterizes the differing amount of time that

the molecules were in the reactor. So, using the same

example, 15% of the molecules in any sample of effluent

were in the reactor between 6 and 10min. Finally, E(t) is a

probability density function so, for the same example, for

any molecule that enters (or is in, or leaves) the reactor, the

probability that the molecule will (or did) stay in the reactor

between 6 and 10min is 15%.

The cumulative age distribution, F(t), can also be devel-

oped from a pulse input tracer test. The cumulative mass of

tracer that has come out of the reactor up to any time t can be

determined by integrating, from time zero to time t, the rate at

which the mass is leaving. The rate at which tracer leaves the

reactor is the product of flow and concentration, so assigning

the symbol Mp(t) to the mass of tracer that has exited the

reactor up until time t, this quantity can be computed as

MpðtÞ ¼ Q

ðt

0

cpðtÞ dt (2-10)

FIGURE 2-4. Experimental results for the tracer effluent con-

centration for a pulse input test, and the corresponding residence

time distributions, in an arbitrary reactor.
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Equation 2-10 is a general expression for any reactor

receiving a pulse input of tracer; for the arbitrary reactor under

consideration, Mp(t) is shown graphically in Figure 2-4c.

Again exploiting the analogy between hypothetical, labeled

watermolecules and the pulse input of tracer, we note thatF(t)

is the fraction of the pulse inputmass (Mp,in) that has exited the

reactor up until time t. Thus, F(t) can be computed as the ratio

of Mp(t) to Mp,in; that is,

FðtÞ ¼ MpðtÞ
Mp;in

¼ Q

Mp;in

ðt

0

cpðtÞ dt ¼
ðt

0

EðtÞ dt (2-11)

where the first two equalities are specific for the pulse input

case, and the equality of F(t) with the final expression on the

right is always true. For the case under consideration, F(t) is

shown in Figure 2-4d; F(t) has the same shape asMp(t) but is

dimensionless and has a maximum value (asymptote) of 1.0.

For a discrete data set, Equation 2-11 can be approxi-

mated using the trapezoidal rule as follows:

FðtiÞ ¼
X
all j�i

EðtjÞ þ Eðtj�1Þ
2

� �
tj � tj�1

� � ¼ X
all j�i

EaveðtjÞDtj

(2-12)

where Eave(tj) is the average value of E(t) over the time

interval Dtj.

Step Input Response

The exit age distribution, E(t), and cumulative age distribu-

tion, F(t), can also be developed using a step input tracer test.

Recall that, in such a test, the input concentration of a

nonreactive tracer is steady at one value prior to time zero

and at a different value at all times after time zero; here, for

convenience, we assume that the change is from c¼ 0 to

c¼ cin. (Although the tracer is added beginning at time zero,

thewater flow is assumed to have been established previously

and to be steady throughout the test period.) Again, our

question is: What is the response of the reactor to this test;

that is, how does the effluent concentration vary with time

after the initiation of the tracer injection into the influent? For

the example reactor whose response to a pulse input of tracer

was described in the previous section, our intuition leads us to

think that no tracer will be found in the effluent immediately,

but the effluent concentration will gradually rise thereafter

from zero to the constant influent concentration. Such a result

is shown graphically in Figure 2-5a.

Any sample of effluent taken after the initiation of the

tracer test can be thought of as a mixture of two parts: one

fraction is water that came in before time zero and contains

no tracer, and the other is water that came in after time zero

and contains tracer at concentration cin. Consider an effluent

sample collected at some time t�. The fraction of the sample

that entered the reactor less than time t� ago (between t¼ 0

and t¼ t�) is, by definition, the value of the cumulative age

distribution for t�; that is, it is F(t�). This fraction of the

sample contained tracer molecules at concentration cin when

it entered the reactor. The other fraction, equal to 1� Fðt�Þ,
came in longer than t� ago (i.e., before t¼ 0), and contained

no tracer when it entered. The tracer concentration in the

sample is the weighted average of the concentrations in the

two fractions:

cðt�Þ ¼ Fðt�Þcin þ 1� Fðt�Þð Þð0Þ ¼ Fðt�Þ cin

FIGURE 2-5. Experimental results for the tracer effluent con-

centration for a step input test, and the corresponding residence

time distributions, in an arbitrary reactor.
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so,

Fðt�Þ ¼ cðt�Þ
cin

(2-13a)

The preceding analysis can, of course, be applied at any

time t, so the relationship between the time record of the

effluent concentration in a 0-to-cin step input tracer test,

cs(t), and the cumulative age distribution, F(t), can be

generalized as

FðtÞ ¼ csðtÞ
cin

(2-13b)

Hence, the F(t) curve can be obtained by normalizing the

effluent concentration curve from a step input tracer, where

the normalization involves simply dividing by the influent

concentration. For the reactor under consideration, F(t) is

shown in Figure 2-5b. Further, from the earlier discussion, it

is clear that E(t) can be obtained as the derivative of F(t), and

that function is shown in Figure 2-5c.

The cumulative age distribution, F(t), has three equivalent

interpretations, analogous to those described previously for

the exit age distribution, E(t). First, F(t) expresses the

anticipated cumulative RTD of the influent water molecules

that enter the reactor. If F(t1)¼ 0.6, for example, 60% of

the water molecules in any sample of influent will stay in the

reactor for a period less than t1. Second, F(t) expresses the

cumulative RTD of the molecules in the effluent. That is, if

F(t1)¼ 0.6, 60% of the water molecules in any sample of

effluent spent a time less than t1 in the reactor, while the rest

(1� Fðt1Þ, or 40%) stayed in the reactor longer than t1.

Finally, F(t) expresses the probability that a single water (or

tracer) molecule stays in the reactor less than a certain time;

for example, if F(t1)¼ 0.6, the probability that a water

molecule stays in the reactor less than t1 is 60%.

We have now seen that both the exit age distribution, E(t),

and the cumulative age distribution, F(t), can be determined

from either pulse or step tracer tests. The E(t) and F(t)

functions describe how water flows through a reactor and

that result is independent of the way in which the tracer test

is conducted. Every sample of water, over all time in a

reactor with steady flow, behaves identically to samples

collected during the tracer test; the tracer test simply allows

us to see and quantify that behavior.

& EXAMPLE 2-1. Apulse input tracer test is conducted

on a reactor with a water volume of 240m3 and a flow rate of

4m3/min. A mass of 10 kg of tracer is added to the reactor at

time zero (pulse input), and the effluent concentration is

recorded every 10min as shown in the following table.

Determine and plot the differential and cumulative age distri-

butions, E(t) and F(t).

Solution. The raw data are plotted in Figure 2-6, and the

calculations needed to computeE(t) andF(t) are summarized

in Table 2-1. E(t) is computed by the substitution of the

appropriate values into Equation 2-8. For example, the value

in Row 3 associated with t¼ 20min is

E 20minð Þ ¼ Q

Mp;in
cpðtÞ

¼ 4m3=min

10 kg

� �
34mg=Lð Þ 1 kg

106 mg

� �
103 L

m3

� �

¼ 0:0136min�1

Column D has no entry in Row 1 because the values in this

column are associated with intervals of time and are shown in

the table at the end of the interval. For example, the entry of

0.100 shown for E(t)Dt at 20min (in cell D3) is the product of

the average value of E(t) during the preceding interval ¼
ð0:0064þ 0:0136Þ=2min�1 and the duration of the time

interval (20� 10min). This value is the approximate area

under theE(t) versus t curve for the interval from10 to 20min.

F(t) is computed as the integral of E(t) from time 0

to t, which is approximated numerically as shown in

Equation 2-12. F(t) values in column E are the running

Time (min) 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

Concentration (mg/L) 0 16 34 40 35 31 26 21 16 12 8 6 3 1 0 0

TABLE 2-1. Spreadsheet Analysis to Convert Pulse Tracer

Data into E(t) and F(t)

A B C D E

Time

(min)

Concentration

(mg/L)

E(t)

(min�1)

Eave(t)Dt
(–)

F(t)

(–)

1 0 0 0 0

2 10 16 0.0064 0.032 0.032

3 20 34 0.0136 0.100 0.132

4 30 40 0.0160 0.148 0.280

5 40 35 0.0140 0.150 0.430

6 50 31 0.0124 0.132 0.562

7 60 26 0.0104 0.114 0.676

8 70 21 0.0084 0.094 0.770

9 80 16 0.0064 0.074 0.844

10 90 12 0.0048 0.056 0.900

11 100 8 0.0032 0.040 0.940

12 110 6 0.0024 0.028 0.968

13 120 3 0.0012 0.018 0.986

14 130 1 0.0004 0.008 0.994

15 140 0 0 0.002 0.996

16 150 0 0 0.000 0.996

SUM 0.996
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sum of the values in column D. The value of F(t) in Row 3,

for example, is the value of F(t) in Row 2 plus the value of

Eave(t)Dt in cell D3. Note that these data do not yield a final
value of F(t)¼ 1.0, although the final value is close to 1.0.

We consider the implications of this outcome subsequently.

E(t) and F(t) are plotted against t in Figure 2-7. &

Statistics of Probability Distributions and the
Mean Hydraulic Detention Time

One important characteristic of the RTD is the mean hydrau-

lic detention time; that is, the average amount of time that

influent molecules spend in the reactor. In this section, we

consider how to determine the mean hydraulic residence

time from RTDs or from tracer tests.

In any system at steady state, each substance within the

system is being replaced at an average rate given by the

amount of the substance in the system divided by the rate at

which it is entering or leaving the system. This is equally

true if the substance of interest is water, another chemical

species, or even people. For instance, if 120 people are in a

department store, and 10 people leave while 10 others enter

every minute, then the number in the store stays steady at

120, and the average length of time that a person stays in the

store is 120 people/(10 people/minute)¼ 12min. Some may

stay longer and some shorter, but 12min is the average.

Similarly, for a fluid moving through a control volume, the

mass of fluid in the system is the product of the density and

the volume (rV), and the rate at which fluid enters or leaves

the system is rQ, so the average hydraulic residence time is

rV=rQ ¼ V=Q. As in the earlier example, some of the fluid

may spend more time than V/Q in the reactor, and some less,

but the average is given by this value.

While the computation of the hydraulic residence time for

a given reactor might appear to be a trivial matter, since V

and Q are usually easy to measure, the evaluation is not as

simple as it might seem. If, for instance, there is dead space

in the corners of the reactor, the volume through which water

actually flows (the effective volume of the reactor, Veff,r,

equal to the total volume minus the volume of the dead

space) would be less than the full, geometric volume of the

reactor. Correspondingly, the mean hydraulic residence time

(¼Veff /Q) would be less than the value computed as V/Q.

Differences between the geometric volume of a reactor

and the volume that is accessible to the fluid can also arise in

other, more subtle ways. One such scenario can be under-

stood most easily by considering the two limiting cases for

diffusive and dispersive transport across the reactor bound-

aries. At one extreme lie the reactors with so-called closed

boundaries, across which no diffusive or dispersive transport

occurs. Such a condition characterizes most engineered

reactors, at least to a close approximation. For instance, if

the reactor of interest is an open tank, and the influent to the

reactor enters via a pipe or through a gate in which the fluid

velocity is relatively high, the possibility that a molecule that

has entered the reactor will recross the reactor boundary and

migrate upstream into the influent solution is virtually nil.

Similarly, the effluent from many reactors, especially in

environmental engineering, flows by gravity, irreversibly,

over a weir, after which it travels to the next treatment

process. In such reactors, the geometric volume is the
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FIGURE 2-6. Tracer output curve for Example 2-1.
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FIGURE 2-7. (a) Differential and (b) cumulative residence time

distribution functions for the example data set.
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maximum volume accessible to the fluid, and V/Q is the

maximum mean hydraulic residence time.

At the other extreme, we sometimes define a region of

space as a conceptual reactor, even though no physical

boundary separates the region from the material outside the

reactor. Examples of such reactors include a stretch of a river

(e.g., downstream of a waste discharge point), a biological

treatment process designed with a “racetrack” geometry, and

a segment of an aquifer. In these reactors with open bounda-

ries, diffusion or dispersionmight transport a constituent that

is initially at the upstream end of the reactor back upstream

and out of the reactor, before advection carries it back into

and through the reactor. Similarly, even after it leaves the

region defined as the reactor, a constituent might be trans-

ported back upstream to spend more time in that space,

before, eventually, leaving it permanently.

Reactors with open boundaries can be characterized by

two different residence times—one describing how long,

on average, the constituents are actually inside the region

defined as the reactor, and another describing the average

amount of time required for a constituent that is initially at

the upstream end of the reactor to leave the reactor for good.

The former value equals Veff /Q, where Veff is again defined

as the volume that is accessible to the fluid within the reactor

boundaries. If all of the geometric volume in the reactor is

accessible, Veff�V.

On the other hand, the residence time defined in the latter

way given earlier is greater than Veff /Q, since it includes

some time that the fluid spends outside the reactor bounda-

ries (either upstream or downstream) before it exits the

reactor permanently. This residence time is important not

only conceptually, but also for a very practical reason

because we cannot prevent molecules from spending time

outside the reactor boundaries as they move from the

upstream to the downstream end of the reactor, this resi-

dence time is the only one that can be determined exper-

imentally in a system with open boundaries.4

The preceding discussion indicates that the mean hydrau-

lic residence time determined experimentally could be either

smaller (if the reactor has dead space) or larger (if the reactor

boundaries are open) than the ratio V/Q. In this text, we use

the Greek letter t to represent the theoretical residence time

of water inside a reactor based on its geometry (V/Q), and t

to represent the experimentally measured mean residence

time. If water flows through the entire volume of the reactor,

if the tracer has been well chosen (i.e., if it really does have

the same mixing characteristics in the reactor as the water

does), if the reactor boundaries are closed, and if the

experimental data are complete and accurate, then t ¼ t.

We next consider how tracer output can be used to compute t

in a reactor receiving steady flow.

The average value of a variable is of interest in statistical

analysis of many types of data, and some of the terms that

appear in the analysis have been given special names. In

particular, if events with various values of x can occur, and if

G(x) is the probability density function describing the

likelihood that a single event will occur with value between

x and xþ dx, the mean value of x is given by

x ¼
Ð1
0

xGðxÞdxÐ1
0

GðxÞdx (2-14)

The term
Ð1
0

xnGðxÞdx is called the nth moment of G, so,

according to Equation 2-14, the mean value of x can be

defined as the first moment of G divided by the zeroth

moment.

The probability density function of residence times in a

reactor was identified earlier as the E(t) function, so the

mean hydraulic detention time in a reactor can be computed

from E(t) or F(t) as follows:

t ¼
Ð1
0

tEðtÞdtÐ1
0

EðtÞdt (2-15)

As shown in Equation 2-8, E(t) can be equated with the

normalized tracer effluent concentration from a pulse input

test. By substituting Equation 2-8 into Equation 2-15, we can

obtain an expression for t in terms of directly measurable

experimental values:

t ¼
Ð1
0

t Q=Mp;in

� �
cpðtÞdtÐ1

0
Q=Mp;in

� �
cpðtÞdt

¼
Ð1
0

tcpðtÞdtÐ1
0

cpðtÞdt
(2-16)

For a discrete data set, Equation 2-16 can be approxi-

mated as follows:

t �
P

all i ti þ ti�1ð Þ=2f g cp;i þ cp;i�1

� �
=2

� �
ti � ti�1ð ÞP

all i cp;i þ cp;i�1

� �
=2

� �
ti � ti�1ð Þ

¼
P

all itave;icp;ave;iDtiP
all icp;ave;iDti

(2-17)

An alternative way of manipulating Equation 2-15 is to

recall that, since the probability of a water molecule having

a residence time between zero and infinity is 100%,Ð1
0

EðtÞdt ¼ 1:0. Therefore, Equation 2-15 can be simpli-

fied to

t ¼
ð1

0

tEðtÞdt ¼ Q

Mp;in

ð1

0

tcpðtÞdt ¼
Ð1
0

tcpðtÞdt
Mp;in=Q

(2-18)

4Keep in mind that the closed and open boundary systems described here

represent limiting cases. In real systems, the upstream and downstream

boundaries need not be identical, and either might be characterized not

simply as open or closed, but by some condition that is between these two

limits.
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or, for the analysis of a discrete data set:

t �
P

all i ti þ ti�1ð Þ=2f g cp;i þ cp;i�1

� �
=2

� �
ti � ti�1ð Þ

Mp;in=Q

¼
P

all itave;icp;i;aveDti

Mp;in=Q
(2-19)

By inspection, Equations 2-16 and 2-18 give the same result

if and only if,

ð1

0

cpðtÞdt ¼ Mp;in

Q
(2-20)

Q

ð1

0

cpðtÞdt ¼ Mp;in (2-21)

The left side of Equation 2-21 is the total mass of tracer

that has exited the reactor over all time, which we designate

Mp,out, and the right side is the total mass of tracer input, so it

is clear that this equality should hold. However, as a practical

matter, the mass of tracer detected in the effluent is often

different from the amount injected. The discrepancy might

arise because sampling was terminated while some tracer

remained in the reactor, because flow and tracer data were

inaccurate or incomplete, or a combination of those and

other reasons. Regardless of the source of the discrepancy,

the point is that the computed value of t can depend on

whether Mp,in (Equation 2-18) or Mp,out (Equation 2-16) is

used in the computation.

The computed values of E(t) and F(t) according to

Equations 2-8 and 2-11 also depend on whether Mp,in or

Mp,out is treated as the total mass of tracer used in the test.

For example, if a tracer test was cut off too early, but all of

the data were accurate, the correct value of F(t) for the last

sample would be less than 1.0. Normalizing Mp(t) by Mp,in

would give the correct values for F(t) at all times and cause

the final, computed value of F(t) to be less than 1.0, and so

would be the logical choice in this case. On the other hand, if

a calibration error caused the measured values of cp(t) to be

in error by a consistent percentage, the evaluation of E(t) or

F(t) using Mp,out(t) for the normalization would correct for

the error and hence would be the best choice. Of course, we

normally do not know whether these types of errors have

occurred, or their magnitude. Therefore, in general, it is a

good idea to carry out the computation in both ways and, if

the results differ by a significant amount, attempting to

determine and correct for the cause of the discrepancy.

All of the expressions for t shown in Equations 2-16 to

2-19 can also be obtained using F(t) instead of E(t), by

making the following substitution in Equation 2-15:

t ¼
Ð1
0

tEðtÞdtÐ1
0

EðtÞdt ¼
Ð1
0

tðdFðtÞ=dtÞdtÐ1
0
ðdFðtÞ=dtÞdt ¼

Ð F 1ð Þ
F 0ð Þ t dFðtÞÐ F 1ð Þ
F 0ð Þ dFðtÞ

¼
Ð F 1ð Þ
F 0ð Þ t dFðtÞ
Fð1Þ � Fð0Þ (2-22)

Since F(1)¼ 1 and F(0)¼ 0, Equation 2-22 can be

simplified for a continuous or a discrete data set, respec-

tively, as follows5:

t ¼
ðFð1Þ

Fð0Þ

t dFðtÞ ¼
ð1

0

t dFðtÞ (2-23)

t �
X
all i

ti þ ti�1

2

	 

FiðtÞ � Fi�1ðtÞð Þ ¼

X
all i

ti;aveDFiðtÞ

(2-24)

In addition to the mean value of a parameter x, it is useful

to have a measure of the spread of values around the mean.

In statistics, this spread is characterized by the variance of x

values, s2
x, which is defined mathematically as the second

moment around the mean divided by the zeroth moment:

s2
x ¼

Ð1
0

x� xð Þ2GðxÞ dxÐ1
0

GðxÞ dx (2-25a)

Variance has the dimensions of x2. The variance can also

be calculated as the difference between the ratio of the

second moment around the axis to the zeroth moment, and

the square of the mean:

s2
x ¼

Ð1
0

x2GðxÞ dxÐ1
0

GðxÞ dx � x2 (2-25b)

Two other functions related to the variance are often

reported as indicators of the spread of a data set. These

functions are the standard deviation (sx) of x, which is

simply the square root of the variance, and the coefficient of

variation (CV) of x, which is the standard deviation divided

by the mean:

CV ¼ sx

x
(2-26)

5As noted earlier, the value of F(t) depends on whether Mp,in or Mp,out is

used in the calculation. If Mp,in is used, the computed value of F(1) might

not be 1.0.
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The variance of the RTD in a reactor can be obtained by

substituting directly into either form of Equation 2-25, with t

replacing x and E replacing G:

s2
RTD ¼

Ð1
0

t� tð Þ2EðtÞ dtÐ1
0

EðtÞ dt ¼
Ð1
0

t2EðtÞ dtÐ1
0

EðtÞ dt � t
2

(2-27)

(The subscript on s2 has been written as RTD to empha-

size that the term being computed is the variance of the RTD

and not the variance of time per se.)

As when we analyzed t, we can substitute ðQ=Mp;inÞcpðtÞ
for E(t) to express the variance directly in terms of exper-

imental values:

s2
RTD ¼

Ð1
0

t� tð Þ2 Q=Mp;in

� �
cpðtÞ dtÐ1

0
Q=Mp;in

� �
cpðtÞ dt

¼
Ð1
0

t� tð Þ2cpðtÞ dtÐ1
0

cpðtÞ dt

¼
Ð1
0

t2cpðtÞ dtÐ1
0

cpðtÞ dt
� t

2
(2-28)

Alternatively, we can take advantage of the fact thatÐ1
0

EðtÞ dt ¼ 1 to rewrite Equation 2-27 as6

s2
RTD ¼

ð1

0

t� tð Þ2EðtÞ dt ¼
ð1

0

t2EðtÞ dt� t
2

(2-29)

Finally, we can write approximate forms of Equations

2-27 and 2-28, based on discrete numerical data, as follows:

s2
RTD �

P
all i ti þ ti�1ð Þ=2f g2 Ei þ Ei�1ð Þ=2f g ti � ti�1ð ÞP

all i Ei þ Ei�1ð Þ=2f g ti � ti�1ð Þ � t
2

¼
P

all it
2
i;aveEi;aveðtiÞDtiP

all iEi;aveðtiÞDti � t
2

(2-30a)

�
X
all i

t2i;aveEi;aveðtiÞDti
 !

� t
2

(2-30b)

s2
RTD �

P
all i ti þ ti�1ð Þ=2f g2 ci þ ci�1ð Þ=2f g ti � ti�1ð ÞP

all i ci þ ci�1ð Þ=2f g ti � ti�1ð Þ � t
2

(2-31a)

�
P

all it
2
i;aveci;aveDtiP

all ici;aveDti
� t

2 (2-31b)

The variance of t has units of time squared. For certain

calculations that are described later in the chapter, it is

convenient to normalize the variance by dividing it by t
2
,

to yield a nondimensional variance:

~s2
RTD � s2

RTD

t
2

(2-32)

& EXAMPLE 2-2. For the reactor characterized by the

tracer output in Example 2-1:

(a) Determine the fraction of the tracer that is recovered

during the course of the experiment.

(b) Determine the mean detention time based on the

concentration in the stream exiting the reactor, and

the variance of the RTD.

(c) Compare the computed mean residence time to the

theoretical mean detention time.

Solution. Information from Example 2-1 is repeated

in Columns A through D in Table 2-2, and Columns E

through J show the calculations needed to determine the

requested parameters. Once again, values that are associ-

ated with the intervals of time are shown at the end of the

interval, so they have no entry in Row 1.

(a) The mass of tracer exiting the reactor in any time

period Dt is QcDt, and the total mass of tracer

recovered during the test is the summation of the

QcDt values over all Dt (see Equation 2-21). Thus,

the fraction of the tracer that was recovered can be

computed as

Mp;out

Mp;in
¼
P

all i Qcp;i;aveDti
Mp;in

¼ Q
P

all i cp;i;aveDti
Mp;in

¼ 4m3=minð2490mg-min=LÞ103 L=m3

ð10 kgÞ106mg=kg

¼ 0:996

This value is necessarily the same as the final value

of F(t), because E(t) and F(t) were calculated

based on Mp,in; that is, E(ti) was calculated as

Q=Mp;in

� �
cpðtiÞ, and F(t) was computed from

those calculated E(t) values. The fact that the

fraction of mass recovered is close to unity sug-

gests (but does not prove) that the tracer study was

well done.

6 The denominator equals F(1). As noted earlier, this value might not equal

1.0 if Mp,in is used in the calculation of E(t) and F(t) values.
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(b) The mean hydraulic residence time can be computed

from either Equation 2-17 or 2-24. Column E provides

incremental values for the denominator of Equation

2-17, and column F provides the corresponding values

for the numerator. The sum of the values in column E

(cell E17) is the zerothmoment of cp(t), and the sum of

the values in column F (cell F17) is the first moment.

According to Equation 2-17, the ratio of these two

values equals the mean hydraulic residence time:

t ¼
P

all ttavecave DtP
all tcave Dt

¼ 123;300ðmg-min2=LÞ
2;490ðmg-min=LÞ ¼ 49:5min

According to Equation 2-24, the mean hydraulic

residence time can also be computed as the summa-

tion, over all time intervals, of the product of the

average value of t during an interval and the incre-

ment in F(t) during that interval. Values of taveDF
are shown in column G of Table 2-2; the summation,

shown in cell G17, is 49.3min, which is close to the

value of t computed by the first method. The slight

discrepancy occurs because Equation 2-24 is based

on the assumption that F(t) reaches 1.0, but the

maximum value of F(t) in this data set is 0.996. If

this fact is accounted for by using Equation 2-22 to

calculate t, and a value of 0.996 is inserted for F(1),

the calculated value of t becomes 49.3min/

0.996¼ 49.5min and the two values agree. If the

tracer analysis were perfect and all of the input tracer

were detected in the effluent, the original two

estimates of t would be identical. Note that the

computed value of t indicates the ratio of the accessi-

ble or effective reactor volume to the flow rate (i.e.,

t ¼ Veff=Q) if the reactor has closed boundaries, but t
is greater than that ratio if the boundaries are open. At

this point, we make no assumption about which, if

either, of those boundary conditions applies.

The variance of the RTD can be calculated as the

second moment around the mean divided by

the zeroth moment (Equations 2-31 and 2-30). The

data needed to evaluate these terms include t, which

was calculated in part (a), and the summation shown

in Row 17 of either column H or I. The calculation

using the data in column I and Equation 2-30b is

s2
RTD �

X
all i

t2i;aveEi;aveðtiÞDti
 !

� t
2

¼ 3211:7min2 � ð49:5minÞ2 ¼ 760min2

(c) The theoretical mean detention time is V/Q, so,

t ¼ 240m3

4m3=min
¼ 60min

Thus, in this (made-up) example, the mean detention

time calculated from the tracer results (t) is only

�83% of the theoretical detention time t, suggesting

that the effective volume of the tank is less than its

geometrical volume. Since essentially all of the

TABLE 2-2. Analysis Spreadsheet to Determine the Mean and Standard Deviation of RTDs

A B C D E F G H I

t

(min)

cðtÞ
(mg/L)

EðtÞ
(min�1)

FðtÞ
(–)

caveDt
(mg-min/L)

tavecaveDt
(mg-min2/L)

taveDFðtÞ
(min)

ðtaveÞ2 caveDtP
all i caveDt

(min
2
)

taveð Þ2EaveðtÞDtP
all i EaveðtÞDt
(min

2
)

1 0 0 0 0

2 10 16 0.0064 0.032 80 400 0.16 0.8 0.8

3 20 34 0.0136 0.132 250 3,750 1.50 22.6 22.6

4 30 40 0.0160 0.280 370 9,250 3.70 92.9 92.9

5 40 35 0.0140 0.430 375 13,125 5.25 184.5 184.5

6 50 31 0.0124 0.562 330 14,850 5.94 268.4 268.4

7 60 26 0.0104 0.676 285 15,675 6.27 346.2 346.2

8 70 21 0.0084 0.770 235 15,275 6.11 398.7 398.7

9 80 16 0.0064 0.844 185 13,875 5.55 417.9 417.9

10 90 12 0.0048 0.900 140 11,900 4.76 406.2 406.2

11 100 8 0.0032 0.940 100 9,500 3.80 362.4 362.4

12 110 6 0.0024 0.968 70 7,350 2.94 309.9 309.9

13 120 3 0.0012 0.986 45 5,175 2.07 239.0 239.0

14 130 1 0.0004 0.994 20 2,500 1.00 125.5 125.5

15 140 0 0 0.996 5 675 0.27 36.6 36.6

16 150 0 0 0.996 0 0 0 0.0 0.0

17 SUM 2490 123,300 49.32 3211.7 3211.7

RESIDENCE TIME DISTRIBUTIONS 41



injected tracerwas recovered, thediscrepancy between

t and t is due to nonideality in the flow pattern and not

to a failure to carry out the test over a long enough

period to allow all the tracer to exit. Therefore, if the

reactor had closed boundaries, we could infer that 17%

of the reactor volume was dead space. &

Having established the conceptual basis for RTDs and

explored some experimental approaches for determining

RTDs and representing themmathematically, we next consider

what those RTDs can tell us about the flow patterns in reactors.

2.3 IDEAL REACTORS

The flow regime of a reactor refers to the amount and

characteristics of internal mixing in the reactor. The two

extremes of mixing intensity are no mixing whatsoever and

complete mixing; continuous flow reactors with these char-

acteristics are known as plug flow reactors (PFRs) and

continuous flow stirred tank reactors (CFSTRs), respec-

tively. CFSTRs are also referred to as completely mixed

reactors (CMRs) or continuous stirred tank reactors (CSTRs).

In CFSTRs, fluid mixing is so intense that, as soon as a

parcel of water enters the system, it mixes with and dilutes

into the water in the entire reactor volume. At the other

extreme of the mixing spectrum are PFRs, in which fluid

moves steadily through the reactor along a defined path,

without mixing at all with parcels of fluid ahead of or behind

it in the axial direction. Mixing in the transverse direction is

often considered complete, in which case there is no con-

centration gradient in that direction; however; that is not a

core feature of the model. Axial diffusion and dispersion are

both negligible in a PFR. Although ideal plug flow might

never be achieved, some reactors and natural systems

approach this behavior. Because no mixing occurs in the

direction of flow, it is reasonable to imagine that each parcel

of fluid in the reactor is physically isolated and behaves as if

it were in a container moving through space without inter-

action with parcels upstream or downstream of it (as on a

conveyor belt). Furthermore, any small parcel of fluid in the

reactor contains molecules that all entered the reactor

together at a specific earlier time. Thus, for instance, pesti-

cides spilled into a river that behaves as an ideal plug flow

systemwould move through the river systemwithout spread-

ing out into or being diluted by water that passed the point of

the spill before or after the spill occurred.

In water and wastewater treatment systems, some reactors

behave closely enough to one of these limiting cases that they

can be modeled as ideal reactors. For instance, some reactors,

such as rapidmix tanks in water treatment plants, are designed

to have intense mixing so that the concentrated chemicals that

are added to the water (e.g., coagulants, acids, bases, or

disinfectant chemicals) are rapidly and uniformly distributed

throughout the tank. Also, the contents of aeration tanks in

activated sludge systems are often thoroughly mixed by

bubbles that are injected through diffusers along the bottom

of the tank and/or by mechanical mixers. These types of

reactors can often be reasonably modeled as CFSTRs. At

the other extreme, packed bed reactors (e.g., activated carbon

adsorption columns, ion exchange columns, gas transfer tow-

ers for stripping or absorption) can often be treated as PFRs.

The CFSTR model is commonly invoked to describe the

hydraulics of intensely mixed tanks, where the primary

objectives are usually to disperse influent chemicals and

to maintain a nearly uniform solution composition through-

out the reactor.7 In such tanks, turbulence is generated in

various ways (e.g., mechanical mixers or intense aeration),

and the contents of the reactors are mixed as the turbulence

dissipates. More detailed discussion of the dynamics of

turbulent mixing in tanks is provided in Chapter 11, where

the importance of mixing for simultaneously dispersing

chemicals and inducing collisions among particles in coag-

ulation/flocculation reactors is explored.

In the following subsections, we determine the RTD for the

two ideal reactor types by determining the expected result of

tracer studies and converting that information into the RTDs.

Plug Flow Reactors

Consider a PFR of volume V that has operated with a steady

flow Q for a substantial period. What would be the response

of the reactor to a pulse input tracer test in which a massMin

of tracer is put into the influent all at once at time zero?

From the conveyor belt description of a PFR given earlier,

it should be obvious that all of the tracer would come out

together after a time equal to the hydraulic residence time, t.

Whereas the average hydraulic residence time t is V/Q for

any reactor, t is the exact residence time of every parcel of

fluid (including the parcel that contains the tracer) for a PFR.

For the described conditions, the output of the reactor

contains the entire mass Min at t¼ t and contains no tracer

at all other times. Thus, in mathematical terms, the mass of

tracer in the output is Min dt(t).

The E(t) and F(t) curves can also be determined easily

based on this discussion. Because no tracer comes out before

t and all of it is out of the reactor after t¼ t, the cumulative

age distribution F(t) is the Heaviside function applied at

t¼ t. Since E(t) is the derivative of F(t), E(t) must be the

Dirac delta applied at t¼ t. Thus,

FðtÞPFR ¼ HtðtÞ (2-33a)

EðtÞPFR ¼ dtðtÞ (2-33b)

These E(t) and F(t) functions are shown in Figure 2-8.

7 Formally, the CFSTR model is also employed to describe mixing at a

junction, where solutions of disparate compositions mix and generate a

different, uniform composition in the fluid that leaves the junction point.
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Although the E(t) and F(t) functions for a PFR can be

inferred based on conceptual arguments alone, it is useful

to consider their derivation mathematically. The derivation

is based on the analysis of a differential control volume

whose area is the cross-sectional area of the reactor, and

whose length in the direction of flow is dx. Two choices for

the boundaries of the control volume are reasonable,

differing based on the frame of reference of the observer.

In one choice, the control volume is a region of space that is

fixed relative to an observer standing outside the reactor.

This frame of reference is referred to as an Eulerian view.

The other choice, called the Lagrangian view, is a region of

space that is at the entrance of the reactor initially and

that moves through the reactor at the average velocity of

the fluid. The control volume in a Lagrangian view can be

thought of as a region of space that is fixed relative to

an observer who is traveling with the fluid. The PFR

system is analyzed in the following subsections using

both approaches.

Pulse Input to a PFR: Fixed Frame of Reference (Eulerian
View) For a control volume fixed in space, as shown in

Figure 2-9, the general mass balance for a tracer passing

through a PFR can be written in words as follows:

Rate of change Rate of input Rate of output

of tracer mass of tracer of tracer

stored in the ¼ mass into � mass from

differential control volume control volume

control volume by advection by advection

The mass balance contains no terms for input and output

by dispersion/diffusion because, by the definition of a PFR,

these terms are zero. The mass balance also lacks a reaction

term, because the substance of interest is a nonreactive

tracer. The volume of the small element of the reactor

shown in Figure 2-9 is ADx, where A is the cross-sectional

area. Translating this general mass balance into symbols

yields,

DðcADxÞ
Dt

¼ Qc� Qðcþ DcÞ (2-34a)

DðcADxÞ
Dt

¼ �QDc (2-34b)

If we divide through by ADx and replace Q/A by the fluid

velocity vx, we can then take the limit asDx andDt approach
zero to obtain the following partial differential equation:

@c

@t
¼ �vx

@c

@x
(2-35)

This differential equation is first order in both time and

space and therefore requires one initial and one boundary

condition. Both of these are contained in the description of

the pulse input as a Dirac delta function at time zero: the

tracer is injected all at once at (x, t)¼ (0, 0) so the concen-

tration at that instant at the influent end is infinite, and zero at

all other locations in the reactor (initial condition); and, the

tracer concentration at the influent end is zero at all other

times (boundary condition).

To use the initial condition, we must define a concentra-

tion associated with the tracer input. In a real test, the tracer

concentration in the input during a small interval around

time zero would be large but finite, since all the tracer would

FIGURE 2-8. Residence time distributions of a plug flow

reactor.
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FIGURE 2-9. Definition diagram for mass balance on a PFR:

Eulerian view.
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be injected in a small volume of influent liquid. In the limit,

this concentration is infinite, because the volume of solu-

tion containing the tracer is assumed to be infinitesimally

small. In that case, the corresponding concentration can be

defined as the massM of the pulse input of tracer divided by

the volume of an arbitrarily small aliquot of water. We

identify this concentration as c00. The characteristics of the
Dirac delta function make the calculus unusual, but the

solution is that the tracer (described by a Dirac delta

function) travels down the length of the reactor at the

velocity vx and therefore reaches the end of the reactor

(x¼ L) at t ¼ L=vx ¼ V=Q ¼ t. The tracer concentration at
any time and location in the reactor output can be described

by the following equation:

cPFRp ðx; tÞ ¼ c00 dx=vxðtÞ (2-36)

When this equation is applied to the effluent (x¼ L), we find

cPFRp;outðtÞ ¼ c00 dtðtÞ (2-37)

The magnitude of the arbitrarily small aliquot of water

turns out to be irrelevant to the result, because the Dirac

function causes cPFRp ðx; tÞ to be infinitely large if t ¼ x=vx
and zero if t is any other value.

No molecule of water (or tracer) spends either more or

less time in a plug flow reactor than t. In probabilistic

terms, we can say that the likelihood is 100% that a

molecule will spend an amount of time equal to V/Q in

the reactor, and the likelihood of it spending an amount of

time other than t is nil. That statement completely defines

the RTD of a PFR.

Pulse Input to a PFR: Moving Frame of Reference
(Lagrangian View) In the Lagrangian view, the frame

of reference is not a fixed point in space but a certain parcel

of the fluid. As noted earlier, we can think of a PFR

something like a conveyor belt; that is, every parcel of fluid

travels through the reactor as if it were a package on a

conveyor belt with no interaction (dispersion/diffusion) with

parcels upstream or downstream. The Lagrangian view of

the system is based on a mass balance in which the control

volume is a differential slice of space that travels from one

end of the reactor to the other at the average fluid velocity.

Mathematically, the Lagrangian viewpoint can be repre-

sented by defining a coordinate system that moves with the

water at velocity vx. Axial distance on this coordinate system

is defined as x�. If the origin of the coordinate system

(x� ¼ 0) is defined to coincide with the point x¼ 0 at

time 0, the translation from values of x (on the fixed

axis) to those of x� at any future time can be made using

the equation: x� ¼ x� vxt (Figure 2-10). The coordinates of

the two ends of the control volume are therefore always

x� ¼ 0 and x� ¼ dx�, no matter how far the control volume

has traveled through the reactor.

The general word mass balance for the moving control

volume, again recognizing the lack of dispersion in a PFR

and the lack of reactivity of the tracer, would be the same as

that for the Eulerian analysis; that is,

Rate of change Rate of input Rate of output

of tracer mass of tracer of tracer

stored in the ¼ mass into � mass from

differential control volume control volume

control volume by advection by advection

However, the Lagrangian view involves converting the

word equation into a mathematical expression using x�,
rather than x, as the distance variable. Since the control

volume is traveling with the fluid, no mass enters or leaves

the control volume by advection, and the entire right side of

mass balance is zero. The mass balance can therefore be

written as follows:

dV
@cðx�; tÞ

@t
¼ 0 (2-38)

Because the control volume is always finite, dV is non-

zero, so this equation can be further simplified as follows:

@cðx�; tÞ
@t

¼ 0 (2-39)

The solution to Equation 2-39 is that c is a function of x�

only, independent of time. The profile at time zero is given

by cðx�; 0Þ ¼ c00 d0ðx�Þ; that is, it is a Dirac delta function

applied at x� ¼ 0. Based on Equation 2-39, though, c(x�,t)
does not change over time, so the concentration profile is

given by c00 d0ðx�Þ at all times; that is,

cPFRp ðx�; tÞ ¼ c00 d0ðx�Þ (2-40)

The result is that cPFRp ðx�; tÞ equals c00 times the Dirac

spike whenever x� ¼ 0, and zero when x� has any nonzero

t

τ

Q

cin

Q

cout

Volume = dV x* = 0 x* = dx

Δt

FIGURE 2-10. Definition diagram for a mass balance on a PFR:

Lagrangian view. The coordinate system moves at the average

velocity of the fluid, so x� ¼ 0 is at the upstream end of the control

volume at all times.
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value. Converting this result back to a function of x (rather

than x�) also converts it to a function of time. Since

x� ¼ x� vxt, c
PFR
p ðx; tÞ equals the product of c00 with the

Dirac spike whenever x� vxt ¼ 0 (i.e., whenever t ¼ x=vx),
and zero at all other times and locations, so

cPFRp ðx; tÞ ¼ c00 dx=vx tð Þ (2-36)

As expected and necessary, the result based on the

Lagrangian view (moving reference) is the same as that

obtained previously (Equation 2-36) with the Eulerian view

(fixed reference).

As noted previously, the response of a PFR to a tracer

input can be deduced easily from a qualitative understanding

of the flow pattern in such reactors; the derivations provided

here are useful as formal proofs of the validity of the

qualitative analysis. More importantly, they serve as a

simple introduction to the Eulerian and Lagrangian view-

points and to the methodology used later in this chapter and

in Chapter 4 to analyze more complex systems, including

reactors with nonnegligible diffusion/dispersion and in

which chemical reactions are taking place.

Continuous Flow Stirred Tank Reactors

Pulse Input to a CFSTR Consider next the response,

cpðtÞ, of a CFSTR to a pulse input of tracer. The reactor

is assumed to have closed boundaries and steady flow. The

situation is described pictorially in Figure 2-11. We focus

first on what happens at time zero. By definition, the

concentration in a CFSTR is the same at all locations,

and the influent is mixed instantaneously with all the fluid

in the reactor. Thus, at time zero, the mass M of tracer is

mixed instantly into the entire volume V, so that the con-

centration at any point in the reactor isM=V ; as indicated in
Equation 2-9, we designate this concentration as co. Because

the effluent is taken from some point in the reactor, the

concentration of the effluent at that instant (time 0) is also co;

that is, cp(0)¼ co.

To determine what happens at all later times, we write a

mass balance on the tracer in the system, defining the system

boundaries to include all the fluid in the tank. The input and

output are the influent and effluent, respectively, and,

because the tracer is nonreactive, the mass balance contains

no reaction term. In any mass balance, diffusion and disper-

sion are relevant only at the boundaries of the control

volume. We assume that tracer transport across the bounda-

ries of the control volume by these mechanisms is negligible

compared to transport by advection, so these terms are

omitted in the mass balance.8 The mass balance can there-

fore be described in words as follows:

Rate of change Rate of input Rate of output

of mass of tracer of tracer

of tracer ¼ mass into � mass from

stored in reactor by reactor by

reactor advection advection

(2-41)

As noted previously, the concentration is the same

everywhere in the system, including in the effluent, so

we can equate the concentration inside the reactor at time t

with cp(t), the effluent concentration at that time. The

mass stored in the reactor at any time is Vcp(t). Also, after

the initial dumping of tracer into the reactor at time zero, no

further additions of tracer are made into the tank, so the

input term (the first term on the right) is zero. Therefore,

in symbols

d VcpðtÞ
� �

dt
¼ 0� QcpðtÞ (2-42)

Because V is a constant, it can be taken outside the

derivative. Separating the variables, dividing by V, and

recognizing that t ¼ V=Q yields

dcpðtÞ
cpðtÞ ¼ � 1

t
dt (2-43)

Integrating Equation 2-43 from zero to an indefinite time

t, we obtain

ðcpðtÞ

cpð0Þ

dcpðtÞ
cpðtÞ ¼ � 1

t

ðt

0

dt (2-44)

V

cp(t )

cp(t )

M@ t = 0

QQ

FIGURE 2-11. Definition diagram for a pulse input tracer test in

a continuous flow stirred tank reactor.

8 As noted previously, a system that has negligible diffusion and dispersion

across the inlet and outlet is said to have closed boundaries. Such a situation

can be assured in a CFSTR by a discontinuity in flow at each location, for

example, by having the inlet and outlet flows discharge freely above the

surface of the reactor and over a weir, respectively.
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With the application of the initial condition that, at time

zero, the (effluent) concentration is co, the solution is as

follows:

ln
cCFSTRp ðtÞ

co
¼ � 1

t
t (2-45a)

or

cCFSTRp ðtÞ ¼ co exp � t

t

	 

(2-45b)

where the superscript has been added to emphasize that

the result applies only for an ideal CFSTR. The results

are shown graphically according to both the arithmetic

(Equation 2-45b) and logarithmic (Equation 2-45a) forms

of the equation in Figure 2-12.

Immediately after the tracer is introduced and mixed

throughout the reactor, the concentration is the highest it

will ever be, because no more tracer is added after that time.

Thereafter, the tracer is continually diluted by the (clean)

influent, leading to a continual decline in the concentration

in the reactor (and in its effluent). After one detention time

(t¼ t), the concentration is still �37% (e�1 ¼ 0:368) of

what it was immediately after the input of tracer. Even after

three detention times (t¼ 3t), it is�5% (e�3 ffi 0:050) of the

initial value. In fact, theoretically, an infinite time is required

to get the last molecules of tracer out of the reactor. This

result contrasts with that for a PFR, for which none of the

tracer exits before time t, and none remains in the reactor

after time t.

Because it predicts the response of a CFSTR to a pulse

input of tracer, Equation 2-45a provides an approach for

testing whether a given reactor actually behaves as a

CFSTR. That is, if experimental data for ln(cp/co) are

plotted against t for an existing reactor, the linearity of the

relationship can serve as an indicator of how closely

the reactor conforms to the CFSTR model—if the rela-

tionship is linear, the model applies, and the negative

slope of the line is the mean hydraulic residence (t), and if

the relationship is not linear, then the model does not

apply.

According to Equation 2-9, we can use the results from a

pulse input tracer test to compute E(t) as the product

1=ðV=QÞð Þ cpðtÞ=co
� �

. Recognizing now that V=Q is the

theoretical hydraulic residence time t, Equation 2-9 can

be rewritten as

EðtÞ ¼ 1

t

cpðtÞ
co

(2-46)

For the particular case of aCFSTR, insertingEquation 2-45b

into Equation 2-46 yields

EðtÞCFSTR ¼ 1

t
e�t=t (2-47)

The mass of tracer that has come out of any reactor

from time zero to any time t (i.e., Mp(t)) is given by

Equation 2-10. For a CFSTR, inserting Equation 2-45b

into Equation 2-10 and integrating the resulting expression

yields the following relationship for Mp(t):

MpðtÞCFSTR ¼ Minð1� e�t=tÞ (2-48)

Finally, we can find the cumulative age distribution, F(t),

as the integral to time t of E(t); for a CFSTR, the result is as

follows:

FðtÞ ¼
ðt

0

E tð Þdt ¼
ðt

0

1

t
exp � t

t

	 

dt ¼ �e�t=t

��t
0
¼ 1� e�t=t

(2-49)

The four functions described in Equations 2-46 to 2-49 for

the CFSTR are plotted in Figure 2-13. Two of the functions,

cp(t) andMp(t), have values that depend on the mass of tracer

input, the volume of the reactor, and the mean hydraulic
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FIGURE 2-12. Response of a CFSTR to a pulse input tracer test.

(a) Arithmetic representation; (b) logarithmic representation.
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residence time (t), while the other two, E(t) and F(t), depend

only on t.

Summarizing these results, the molecules of water (or

any nonreactive substance in the water) that enter a CFSTR

are dispersed immediately throughout the reactor. All of

those molecules are in the reactor in the instant following

their entry. This means that, for tracers, the concentration

is highest at t¼ 0. Molecules (of either water or tracer) that

enter at any one time stay in the reactor for varying

amounts of time. Many of the molecules that enter in

one instant stay in the reactor for only a short time, and

steadily smaller numbers of molecules stay for progres-

sively longer times, with a very small number staying for

extremely long periods. Correspondingly, the probability

of the molecules leaving is highest immediately after their

introduction. As a result, in any sample of the effluent, a

large fraction of the molecules came in a short period ago,

while a much smaller fraction spent a much longer time in

the reactor.

Step Input to a CFSTR We now consider the response of

a CFSTR to a step input of tracer, i.e., cs(t). As always, we

can carry out the analysis by writing a mass balance to

describe the situation for any time after time zero. The

system is again all of the fluid in the reactor, and the

constituent of interest is again the tracer. Recognizing that

the tracer is nonreactive, so that no reaction term is

necessary, the mass balance can be expressed in words

identically as in Equation 2-41:

Rate of change Rate of input Rate of output

of mass of tracer of tracer

of tracer ¼ mass into � mass from

stored in reactor by reactor by

reactor advection advection

(2-41)

To convert this word equation into symbols, we note

again that the mass of tracer in the CFSTR at any time is the

product of the volume (V) and the concentration (c), and the

rate of change of that mass with time is the time derivative

of Vc. The mass input and output are the products of the

constant flow rate (Q) and the influent and effluent con-

centrations (cin and cs(t)), respectively. The concentration

in the effluent is the same as the concentration in the reactor

so we can use cs(t) for both; this situation is a consequence

of the thorough mixing and is unique to a CFSTR. In

symbols

d VcsðtÞð Þ
dt

¼ Qcin � QcsðtÞ (2-50)

Separating the variables, dividing by V, and recognizing

that Q=V ¼ 1=t, we obtain

ðcsðtÞ

csð0Þ

dcsðtÞ
cin � csðtÞ ¼

1

t

ðt

0

dt (2-51)
FIGURE 2-13. CFSTR response to pulse input tracer and exit

age distributions.
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To solve Equation 2-51, we need to know the initial

condition. This condition can be slightly confusing, since

the input concentration undergoes a step change at that

time. The task is to find the concentration in the reactor (or

in the effluent) at that time. As in the case of a pulse input,

the approach is to consider the mass of tracer that enters the

reactor between t¼ 0 and an infinitesimal time dt later. In

the step input case, this mass of tracer equals cinQ dt, so the

concentration of tracer in the reactor at that time (ignoring

mass released in the effluent) is cinQ dt/V. In the limit of dt

approaching 0, this expression for the concentration goes to

zero. Hence, the initial condition is cs(0)¼ 0. The evalua-

tion of the integrals in Equation 2-51 is then straight-

forward. The result, after algebraic manipulation, is as

follows:

cCFSTRs ðtÞ ¼ cinð1� e�t=tÞ (2-52)

The concentration profile indicated by the equation is as

one might anticipate. At time zero, the concentration is zero.

After very long periods (high values of t/t), the concentra-

tion approaches the concentration of the influent. In the

meanwhile, the concentration rises at an ever-decreasing

rate toward the asymptote, cin.

The cumulative age distribution follows directly from the

equation describing the effluent concentration. According to

Equation 2-13, the cumulative age distribution, F(t), is

obtained by dividing cs(t) by cin. Carrying out this normal-

ization yields the same result as for the pulse input test

(Equation 2-49):

FðtÞCFSTR ¼ csðtÞ
cin

¼ 1� e�t=t (2-49)

Finally, the exit age distribution, E(t), can be obtained as

the derivative of F(t), as follows:

EðtÞCFSTR ¼ 1

t
e�t=t (2-47)

where, again, the result is the same as that obtained from the

pulse input, as it must be. Plots of F(t) and E(t) for a CFSTR

have already been presented (Figure 2-13c and 2-13d).

2.4 NONIDEAL REACTORS

Tracer Output from Nonideal Reactors

The two types of ideal reactors that we have described

represent the two ends of the spectrum of mixing/no mixing.

While these ideals are often approached in practice, most

real reactors behave in a way that falls between the extreme

cases; that is, they are nonideal.

As is the case for ideal reactors, many important features

of the hydraulic behavior of nonideal reactors can be

described by their E(t) or F(t) functions. The determination

of these functions as well as other parameters of interest

(e.g., the mean and variance of the RTD) from tracer test data

was demonstrated in Examples 2-1 and 2-2. In the preceding

section, we determined the expected response of ideal

reactors to specific patterns of tracer input. We next address

the more general question: what output profile can be

expected for any arbitrary input of a nonreactive substance

into a reactor? The analysis presented here is adapted from

Levenspiel (1999).

Relating Tracer Input and Output Curves via the Convo-
lution Integral In all cases other than PFRs, flow through a

reactor causes the concentration profile of a conservative

tracer to spread out and flatten, as shown in Figure 2-14a. To

predict the output concentration profile from knowledge of

the input profile, cin(t), for an arbitrary reactor with any

given RTD, it is useful to plot both the input and output

concentration profiles on the same axes, as shown in

Figure 2-14b. Consider the effluent during a small Dt around
time t, as shown. Each molecule of tracer that is in the output

came into the reactor at some time earlier, but later than time

zero. For instance, some part of the tracer that comes out in

the time interval labeled Dt came into the reactor within a

small interval of time (Dt0) that was earlier by an amount

t0; that is, it entered around time t� t0. Stated another

way, the small shaded section of the output in the time

interval Dt represents the same molecules of tracer that

are indicated by the small shaded section of the input in

the time interval Dt0.
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FIGURE 2-14. Transformation of input of conservative sub-

stance as it travels through a reactor system.
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Extending the analysis, we see that the entire output in the

small increment of time Dt is composed of parts of the input

that came in at various times between 0 and t. Therefore, the

total tracer output during time Dt can be obtained by

considering each prior period Dt0, multiplying the concen-

tration of tracer in the input at time t� t0 by the fraction of

that input that stays in the reactor for time t0, and then

summing up the contributions for all possible Dt0 periods.
Translating that sentence to a word equation yields the

following:

Mass of tracer

that comes out

in intervalDt
¼

X
all intervals Dt0

Mass of tracer

that enters during

intervalDt0

0
@

1
A

	
Fraction of input that

stays in the reactor for a

time between t0 and t0 þ Dt0

0
@

1
A (2-53)

The term on the left side of Equation 2-53 is the product of

the flow rate, Q, the (average) effluent concentration in the

time interval Dt, and the time increment Dt; that is, Q cout(t)

Dt. Similarly, the first term within the summation on the

right side is Qcin t� t0ð ÞDt0. The second term within the

summation is E(t0)Dt0. Thus, the equation can be written in

symbols as follows:

QcoutðtÞDt ¼
X

all intervals

Dt0 for t0<t

Qcin t� t0ð ÞDt0 E t0ð ÞDt0f g

(2-54)

Assuming that the entire distribution is broken into

equivalent increments, Dt0 is constant and can be taken

out of the summation on the right. The flow rate is also

constant and so can come out of the summation. The

equation can therefore be simplified as follows:

QcðtÞDt ¼ QDt0
X

all intervals

Dt0 for t0<t

cin t� t0ð ÞE t0ð ÞDt0f g (2-55)

Although the actual times t and t0 are offset from one

another, the durations Dt and Dt0 can be chosen to be

identical, in which case we can divide by that quantity

and by Q and write the equation as

cðtÞ ¼
X

all intervals

Dt0 for t0<t

cin t� t0ð ÞE t0ð ÞDt0f g (2-56)

When the increment is allowed to shrink to infinitesimal

size, the summation can be replaced by an integral, with the

following result:

cðtÞ ¼
ðt0¼t

t0¼0

cinðt� t0Þ Eðt0Þdt0 (2-57)

This integration is a special mathematical operation

known as convolution; in words, we say that c(t) is the

convolution of cin(t) and E(t). The symbol � is used to

represent the convolution process, so, equivalently to Equa-

tion 2-57, we can write,

cðtÞ ¼ cinðtÞ � EðtÞ (2-58)

If E(t) is described only at discrete times, as is usually the

case in tracer tests, a numerical convolution can be per-

formed as described by Equation 2-56. On the other hand,

when the input and RTDs can be described by mathematical

functions, Equation 2-58 can sometimes be solved using

Laplace transforms because of the following property of the

convolution integral9:

L F1ðtÞ � F2ðtÞf g ¼ L F1ðtÞf g 	 L F2ðtÞf g (2-59)

where L FðtÞf g is the Laplace transform of the function

F(t).10 According to Equation 2-59, the Laplace transform of

the convolution integral is the product of the Laplace trans-

forms of the two functions being convolved. This property

means that the integration can be avoided; to find c(t), one

simply looks up the Laplace transforms of cin(t) and of E(t),

multiplies them, and uses Laplace transform tables to find

the inverse transform of that product. An example of this

procedure follows.

& EXAMPLE 2-3. The response of a CFSTR to a step

tracer inputwasdeterminedearlier in this chapter byusing the

appropriate mass balance and initial condition. Derive the

same result using a convolution integral.

Solution. According to Equation 2-58, the effluent con-

centration as a function of time can be found as the convo-

lution of the input (cin) and the E(t) function for a CFSTR,

EðtÞCFSTR ¼ 1=t expð�t=tÞ; that is,

cCFSTRs;out ðtÞ ¼ cin� 1
t
exp � t

t

	 

(2-60)

9A brief explanation of Laplace transforms and some examples of their use

are given in the appendix.
10 By convention, Laplace transform functions are almost always repre-

sented by the symbol f(s), and the function being transformed is written as

F(t). Do not confuse the generic F(t) used here with the cumulative

distribution function, which is also given the symbol F(t).
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Taking the Laplace transform of both sides of this equa-

tion, we obtain,

L coutðtÞf g ¼ L cinð Þf g L
1

t
exp � t

t

	 
� � �
(2-61)

From Laplace transform tables, we find the three propert-

ies or formulas needed here: (1) the Laplace transform of a

constant equals that constant divided by s, (2) the Laplace

transform of the product of a constant and a function equals

the product of the constant and the Laplace transform of

the function, and (3) the Laplace transform of exp(at) is

1=ðs� aÞ. Using these properties yields

L coutðtÞf g ¼ cin

s

1

t

1

s� � 1

t

� � ¼ cin

t

1

s sþ 1

t

� � (2-62)

The inverse transformation requires the use of the second

property noted in the preceding paragraph and the following

inverse transform:

Laplace transform Inverse transform

L FðtÞf g ¼ 1

ðs� aÞðs� bÞ FðtÞ ¼ 1

a� b
eat � ebt
� �

With a¼ 0 and b ¼ �1=t, the inverse transformation

yields

coutðtÞ ¼ cin

t

1

ð1=tÞ e0 � e�t=t
	 


(2-63a)

¼ cin 1� e�t=t
	 


(2-63b)

This result, of course, agrees with that found earlier by

using the mass balance approach. &

Modeling Residence Time Distributions of
Nonideal Reactors

The RTDs E(t) and F(t) characterize the net hydraulic

behavior of a reactor. (One could go into greater detail to

describe the hydraulic behavior in a smaller section inside a

reactor, but the concern here is only for the overall hydraulic

behavior.) Although the numerical results from a tracer test

capture all of the available information about these func-

tions, using the results as a collection of individual data

points is often inconvenient and, more importantly, can

obscure important trends and similarities among different

reactors. To overcome these drawbacks, it is useful to fit the

data to a mathematical model that allows the functions to be

compressed into a few parameters. Because such models

rarely fit the data exactly, modeling usually includes some

loss of information (or loss of precision), but the added

convenience is often deemed to be worth the sacrifice.

Assessing the loss of information by comparing the model

with the data is an important part of the modeling process.

In this section, reactor models are presented in three

categories, although the distinctions among the categories

are somewhat arbitrary. In the first category, models that

consider reactors to have hydraulic characteristics that are

closely related to the ideal reactors (PFRs and CFSTRs) are

presented; these models use the average hydraulic residence

time and one additional parameter to fit the data. In these

models, the idea is to describe the mixing in the reactor

relative to the complete mixing of a CFSTR or the complete

absence of mixing of a PFR as a base case, with the added

fitting parameter describing the extent of deviation from the

idealized conditions. In the second category, models that

include the possibility of dead space in the reactor (i.e.,

space in which the water is stagnant so that the reactor

behaves as if that space were not in the reactor) are pre-

sented. These models are combined with those in the first

category and require two parameters beyond the hydraulic

residence time: one characterizing the amount of dead space

in the reactor and one characterizing the nonideal mixing. In

the third category, more complex models with several

parameters are presented; these models can be used to model

almost any RTD with some stated accuracy. The greatest

attention is on the first category, because these are the most

commonly used models and they satisfy the goal of simpli-

fying the use of E(t) or F(t) most completely. As the models

become more complex, using all of the data for E(t) or F(t)

might become simpler than finding the parameter values and

using the model.

PFR with Dispersion The first model we consider

assumes that the nonideal behavior of a reactor is caused

by (or at least can be described by) some dispersion in a flow

pattern that is nearly that of an ideal PFR. In this model, the

constraint of zero mixing in the axial direction within a PFR

is relaxed by considering dispersion (or, more properly, the

sum of diffusion and dispersion) to be nonzero. To determine

the RTD of such a reactor, one could perform a tracer study

and analyze the results in terms of the Eulerian (fixed frame

of reference) mass balance for the system, as developed in

Chapter 1:

@cðx; tÞ
@x

¼ �vx
@cðx; tÞ

@t
þ D

@2cðx; tÞ
@x2

(2-64)

where vx is the (average) velocity in the axial (x) direction

and D is the sum of the dispersion and diffusion coefficients

(recall that in the vast majority of engineered systems, the

dispersivity is much larger than the diffusivity).

Equation 2-64 applies to any profile for a tracer input into

a PFR with dispersion; the details of the input function for a
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given situation are included in the boundary and initial

conditions. Although we could write those boundary and

initial conditions to solve Equation 2-64 for a particular

situation, the mass balance turns out to be simpler to analyze

if written from a Lagrangian point of view; that is, if written

for a control volume that is moving with the fluid at velocity

vx. Recall that, on the Lagrangian axis, distance is defined

by a variable x�, which is related to x by the equation:

x� ¼ x� vxt. Recall also that, from the Lagrangian view-

point, fluid is not entering or leaving the control volume by

advection, so the advective term can be set to zero. As a result,

the mass balance can be written in terms of x� as follows:

@c x�; tð Þ
@t

¼ D
@2c x�; tð Þ
@x�ð Þ2 (2-65)

which is the equation describing one-dimensional diffusion

and dispersion from a planar source.

It is convenient to transform Equations 2-64 and 2-65 into

dimensionless forms, so that the results can be understood

most generally and are more broadly applicable. To do so,

we can define dimensionless distance, time, and concentra-

tion as follows:

Dimensionless distance ~x: ~x ¼ x

L
(2-66a)

Dimensionless time~t: ~t ¼ t

teff
¼ t

Veff=Q

¼ t

L=vx;eff
(2-66b)

Dimensionless concentration~c: ~c ¼ c

M=Veff

¼ c

co

(2-66c)

where teff, Veff, and vx,eff are the effective mean residence

time, effective volume, and effective velocity, respectively.

These “effective” values have identical meanings to t, V, and

vx, respectively, except that they are computed considering

only the volume or cross-sectional area that is accessible to

the flow, rather than the volume or cross-section computed

based on geometry. Differences between the geometrically

based value and the effective value of each parameter can

arise if some of the reactor volume is dead space, in which

case teff is less than t, Veff is less than V, and vx,eff is greater

than vx; dead space is discussed in more detail later in this

chapter. In the remainder of this section, the subscript eff

is omitted from all these variables for simplicity, but the

variables should all be understood to represent effective

values, rather than values based strictly on geometry; if

the reactor has no dead space, then the geometric and

effective values are identical. Substituting these dimension-

less parameters into Equations 2-64 and 2-65 yields

@~c ~x;~tð Þ
@~t

¼ � @~c ~x;~tð Þ
@~x

þ D

vxL

@2~c ~x;~tð Þ
@~x2

(2-67)

@~c ~x�;~tð Þ
@~t

¼ D

vxL

@2~c ~x�;~tð Þ
@~x�ð Þ2 (2-68)

where ~x� � ~x�~t. The dimensionless termD=vxL appears in
both Equations 2-67 and 2-68 and represents the single

parameter of the model. Following the suggestion of

Levenspiel (1999),D=vxL is referred to here as the dispersion
number.11 The dispersion number gives a relative measure

of the importance of dispersion and advection in the mass

balance equation—the larger the dispersion number, the

more significant dispersion is relative to advection.

Whether written in dimensional or dimensionless form,

the defining equation is first order in time and second order

in space. Therefore, to solve for the concentration profile,

one initial and two boundary conditions are required. For a

pulse input tracer test, the initial condition is described by

the pulse input at time zero at the influent boundary and the

absence of tracer elsewhere in the reactor. The boundary

conditions are much more difficult to specify, and even

subtle changes in those conditions can have a large effect

on the predicted profile. Boundary conditions that have been

proposed for different types of reactor inlet and outlet

arrangements include specification of the flux at the bound-

aries or of the concentration either at the physical boundaries

(the inlet and outlet of the reactor) or at the mathematical

boundaries (~x� ¼ 
1).

As noted previously, reactor boundaries can be open (i.e.,

allow diffusion and dispersion to transport material into or

out of the reactor), closed (do not allow such transport), or

intermediate between these two extremes. For small values

ofD=vxL (less than�0.01), the solutions to the mass balance

equation for different types of boundaries are very similar,

but for larger values of D=vxL, the profiles can depend

strongly on the boundary conditions. Possible boundary

conditions for several types of reactors have been discussed

by Kreft and Zuber (1978), Nauman (1981), and Levenspiel

(1999).

To date, the mass balances have been solved analytically

for only a few cases. For instance, for open boundaries at the

physical limits of the control volume and boundary condi-

tions of zero concentration at ~x� ¼ 
1, the tracer output

concentration following a pulse input can be expressed for

11 In much of the literature on groundwater flow and the hydraulics of

engineered reactors, this idea is expressed in terms of the Peclet number, Pe.

Pe is defined as the inverse of the dispersion number; that is, Pe � vxL=D, so

the importance of dispersion decreases as Pe increases.
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the dimensionless and dimensional formulations as follows

(after Bear, 1972):

~c ~x;~tð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p D=vxLð Þ~t

p exp � ~x�~tð Þ2
4 D=vxLð Þ~t

( )
(2-69)

c x; tð Þ ¼ coffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p D=vxLð Þt=tp exp � x� vxt=Lð Þ2

4 D=vxLð Þ t=tð Þ

( )

(2-70)

These equations give the concentration distribution over

time and space for a pulse input at time zero. They define a

profile that spreads out with a diminishing peak as the

tracer moves through the reactor. For any fixed value of t or
~t, the profile is a gaussian distribution along the distance

axis. A family of curves from this equation, depicting the

spread of tracer as it travels through the reactor, is shown in

Figure 2-15a. The curves represent the tracer concentration

throughout the reactor at different times, so the set of

curves can be thought of as a time series of snapshots of the

tracer profile.

Figure 2-15a describes the tracer concentration as a

function of distance at various times; that is, each curve

is represents a fixed value of time and various values of

distance. Note that, when plotted in this way, the profile is

always symmetric around its peak value. This property is

emphasized by plotting the profile using a Lagrangian

distance scale (Figure 2-15b). However, in an actual tracer

study, the variable that is almost always measured is the

tracer concentration as a function of time at a fixed location

(i.e., in the reactor effluent, at x¼ L). An observer standing

at this point first sees tracer that has been in the system for a

short time and has dispersed downstream to reach the reactor

effluent. Later, the observer sees a higher concentration of

tracer, but this tracer has been in the system longer and has

therefore been subject to more dispersion than the tracer

seen earlier. Still later, after the peak has passed, the

observer sees tracer that has been in the reactor and has

been affected by dispersion for quite a long time. The fact

that the parcels of fluid being observed at different times

have been affected by dispersion to differing extents leads to

a tracer profile that is skewed, with the tracer concentration

increasing more rapidly at early times than it decreases at

later times. A family of curves showing this trend for

different values of D=vxL for a reactor with closed bounda-

ries is presented in Figure 2-16. At low values of D=vxL, the
curves are approximately symmetric and gaussian, but as

D=vxL increases, they become more skewed.

The abscissa of Figure 2-16 is t/t, which can be thought of

as nondimensionalized time, and the ordinate is the product

of tE(t). As indicated by Equation 2-46, tE(t) equals the

ratio c/co for a pulse input tracer test, and hence can be
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FIGURE 2-15. Snapshots of the tracer profile in a pulse input test,

according to the dispersion model for D=vxL¼ 0:002. (a) Concen-
tration as a function of distance using an Eulerian distance axis.

(b)Concentration as a function of distance using aLagrangian distance

axis. Although the curves are computed using the equation for open

boundaries, the dispersion number is small enough that the curves are

good approximations for systems with closed boundaries as well.

FIGURE 2-16. Model exit age distribution for a plug flow reactor

with various amounts of dispersion, for a reactor with closed bounda-

ries. Source: From Levenspiel (1999); reprinted with permission.
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thought of as a nondimensionalized tracer concentration

exiting the reactor. Plotting the data in this way (i.e., with

dimensionless terms on both axes) allows us to characterize

the response of reactors with any hydraulic residence time—

from very short to extremely long—on a single, concise

graph.

As is clear from the preceding discussion, the dispersion

model uses the dispersion number as the single parameter

that specifies where a system lies on the continuum between

plug flow and complete mixing. The larger the dispersion

number, the sooner a tracer can be detected downstream of

its injection point, and the longer it takes for the total mass of

tracer injected to be completely flushed out of the system. In

the limit of extremely large dispersion, the system behaves

very much like a CFSTR. Thus, a true PFR has zero

dispersion, a CFSTR has infinite dispersion, and in the

PFR-with-dispersion model, nonideal reactors can be char-

acterized by various, intermediate amounts of dispersion.

The predicted E(t) function for a PFR with dispersion and

with open boundaries can be determined by specifying that

x¼ L in Equation 2-70 and combining that equation with

Equation 2-9 to obtain the following:

EðtÞopen boundaries

¼ 1

t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p D=vxLð Þðt=tÞp exp � 1� ðt=tÞð Þ2

4 D=vxLð Þðt=tÞ

( )
(2-71)

As noted previously, E(t) for a system with closed bound-

aries is almost identical to that for a system with open

boundaries for small values of D=vxL, so Equation 2-71

is applicable to those systems as well. However, if D=vxL is

larger than �0.01 and the system of interest has closed

boundaries, the E(t) function cannot be expressed analyti-

cally and must be computed numerically.

Using Equation 2-71 or a numerical solution to the mass

balance equation, we can predict the E(t) curve for a reactor

that behaves similar to a PFR with dispersion. Of course, the

conceptual image of a reactor is still highly idealized, albeit

not as idealized as a PFR with no dispersion. In reality, even

reactors in which the flow pattern seems to approximate plug

flow with dispersion have peculiarities that cause localized

mixing beyond that induced by dispersion, or regions where

the dispersion coefficient differs from elsewhere in the

reactor. Therefore, real reactors rarely fit the PFR-with-

dispersion model exactly. As a result, we often face the

task of identifying the dispersion number that provides the

best fit to experimental data and assessing how closely that

best-fit model reproduces the observed behavior.

Traditionally, the approach used to estimate the disper-

sion number that characterizes a reactor’s hydraulics relies

on matching the normalized variance of the RTD based on

experimental (i.e., tracer) data with the normalized variance

based on model calculations, where the normalized vari-

ance, ~s2
RTD, is defined as the ratio of the variance to the

square of the mean residence time. That is, the criterion for

choosing a value of D=vxL to model the reactor’s hydraulics

is that

~s2
RTD;exp’t ¼ ~s2

RTD;model (2-72)

where, for either experimental or model data

~s2
RTD � s2

RTD

t2
(2-73)

(Keep in mind that the value of t in Equation 2-73 is the

effective residence time, defined as the ratio of the flow rate

to the effective volume, not the geometric volume.)

To use this criterion, we first determine the experimental

values of t and s2
RTD;expt directly from tracer data or from

the E(t) curve derived from those data. To obtain the

normalized value of the experimental variance, we need

to divide s2
RTD;expt by t

2. If the reactor of interest has closed

boundaries, then t can be equated to the experimentally

determined t:

tjany reactor with
closed boundaries

¼ t (2-74)

On the other hand, if the reactor has open boundaries, t is

less than t, with the exact relationship depending on how

the mixing across the boundaries occurs. The only open-

boundary case we will consider here is for a PFR with

dispersion, for which the relationship between t and t is

t
����PFRþ disp:model;
open boundaries

¼ V

Q
¼ 1þ 2 D=vxLð Þf g�1

t
(2-75)

Combining Equations 2-74 and 2-75 with the definition

of the normalized variance, the criterion for choosingD=vxL
in PFRs with dispersion and with closed or open boundaries

becomes

PFRþdispersion; closed boundaries:

s2
RTD;exp’t

t
2

¼ ~s2

RTD;PFRþdisp:model;

closed boundaries

(2-76)

PFRþdispersion; open boundaries:

1þ2
D

vxL

� �2s2
RTD;exp’t

t
2

¼ ~s2

RTD;PFRþdisp:model;

open boundaries

(2-77)

Statistical analysis of the model E(t) curves for a PFR

with dispersion yields the following equations for the
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normalized variance in reactors with closed and open bound-

aries, respectively:

~s2

RTD;PFRþdisp: model;
closed boundaries

¼ 2
D

vxL
� 2

D

vxL

� �2

1� exp � vxL

D

� �� �
(2-78)

~s2

RTD;PFRþdisp: model;
open boundaries

¼ 2
D

vxL
þ 8

D

vxL

� �2

(2-79)

Finally, combining Equations 2-76 to 2-79, we obtain

PFRþ dispersion; closed boundaries:

s2
RTD;exp’t

t
2

¼ 2
D

vxL
� 2

D

vxL

� �2

1� exp � vxL

D

� �� �

(2-80)

PFRþ dispersion; open boundaries:

s2
RTD;exp’t

t
2

¼ 2 D=vxLð Þ þ 8 D=vxLð Þ2
1þ 2 D=vxLð Þf g2 (2-81)

Thus, once the experimental data are analyzed to deter-

mine the left side of Equation 2-80 or 2-81, the value of

D=vxL that satisfies the equality can be determined and

used when modeling the reactor as a PFR with dispersion.

To test the goodness-of-fit of the model to the data, a model

E(t) curve for the system can be developed using this

dispersion number, and the curve can be compared with

the experimental E(t) curve. An example of this process for a

closed reactor is provided in the following section; the

corresponding steps for an open system are described in

Problem 2-10.

One consequence of the fact that the open and closed-

boundary cases yield different estimates for the effective

residence time, t, is that they also lead to different estimates

of the volume that is accessible to the flowing water, and

hence different values of co (the mass of tracer added divided

by the accessible volume). Nevertheless, both models yield

the same result when tracer data are converted to an E(t)

curve, based on the following equalities:

EðtÞ ¼ cðtÞ
tco

¼ cðtÞ
ðV=QÞðM=VÞ ¼

Q

M
cðtÞ (2-82)

Since the ratio Q/M is model-independent, Equation 2-82

demonstrates that a given experimental data set of c(t) versus

t corresponds to a unique E(t) versus t curve, regardless of

which model is being tested. The implication is that, even

though the values of t and co depend on whether one is

modeling the system boundaries as open or closed, the

product t co is the same in either case. The value of this

product can be calculated as

cot ¼ M

Q
¼
Ð1
0

Qcdt

Q
¼
ð1

0

cdt �
X
all ti

ci þ ci�1

2

	 

ti � ti�1ð Þ

(2-83)

The E(t) curve predicted using the best-fit value of D=vxL
often replicates the experimental E(t) curve reasonably well.

Several other approaches for estimating D=vxL are also

available, some of which might generate a better match

to the E(t) data. For example, Haas et al. (1997) have argued

that using nonlinear regression to estimate the best-fit values

of t and D=vxL is better than matching the experimental and

theoretical variance, as described previously. Regardless of

which approach is used, it is important to understand that, in

some cases, no value of D=vxL will provide a good fit to the

tracer data; in such cases, we must conclude that the reactor

hydraulics do not conform to the PFR-with-dispersion

model at all.

In cases where the dispersion numberD=vxL is small (say,

<0.01), the underlying concept on which the model is

based—small parcels of water mixing small distances

upstream and downstream in a completely random

manner—might be fairly realistic, and the dispersion

coefficient D can be interpreted as an indicator of the

intensity of that mixing. These cases include most packed

bed reactors (including groundwater systems), pipes flowing

full under turbulent conditions, and open channels with high

length/width and length/depth ratios. Other systems (other

open channels, pipes with laminar flow or not flowing full,

and tanks with or without mechanical agitation) are charac-

terized by larger dispersion numbers. In these systems,

mixing is likely to be dominated by large-scale phenomena,

and the dispersion coefficient has little or no mechanistic

significance. In these cases, the dispersion model is still

frequently applied, but the dispersion number should be

viewed as an empirical fitting parameter that is the only

parameter of significance in the model; a computed diffusion

coefficient has no independent meaning.

& EXAMPLE 2-4. Assuming that the reactor character-

ized by the tracer data in Example 2-1 has closed boundaries,

estimate the dispersion number for the reactor, and compare

the experimental E(t) curve with that predicted by the PFR-

with-dispersion model.

Solution. The variance of t was estimated in

Example 2-2 as 760min2, based on the experimental data.

Dividing this value by t
2
(i.e., 49.52min2) gives a value for

the normalized variance of 0.31. Solving Equation 2-78 by
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trial and error, the dispersion number corresponding to this

value of the normalized variance is 0.19.

The model E(t) curve for a reactor with closed boundaries

and a dispersion number of 0.19 can be developed by inter-

polation of the curves for dispersion numbers of 0.1 and 0.2 in

Figure 2-16, but for our purposes, comparison with the curve

for D=vxL ¼ 0:2 is adequate. Using that curve and substitut-

ing t¼ 49.5min to transform the values on the axes allows us

to plot the E(t) versus t curve that we would obtain for the

example system, if the system followed the dispersion model

exactly. Such a curve is compared with the experimental E(t)

data in Figure 2-17. Themodel prediction follows the general

pattern of the data set, but the match is not excellent. Depend-

ing on how we intend to use the model, the absence of an

excellent fit might or might not be of concern.

To the extent that themodel fails to fit the data, we can infer

that processes other than diffusion and random, eddy disper-

sion contribute tomixing of the fluid in the reactor. Depending

on the intended use of themodel, the discrepancy between the

model and the data might or might not be of concern. &

CFSTRs in Series A second model that is sometimes used

to describe nonideal flow in a reactor represents the reactor

as a series of N equal-sized smaller CFSTRs. To envision the

model, one can imagine installing baffles in a reactor so that

the water follows a path from one part of the reactor to the

next with no possibility of returning to an earlier section.

A schematic representation of the model is shown in

Figure 2-18. With no baffles (Figure 2-18a), the reactor is

a single CFSTR; as already discussed, some molecules of

water appear in the effluent of such a reactor immediately

after they enter.With one baffle, the reactor has two sections.

In such a case, even if each section is well mixed, there is

less overall mixing than in the system without the baffle.

With three baffles, the reactor has four sections (as in

Figure 2-18b), and still less mixing. In such a case, mole-

cules that enter the first section at some instant are unlikely

to mix with those that have been in the system for a long

time, as the latter molecules are predominantly in down-

stream sections.

As thenumberofsections,N, increases, themixingthat takes

place in each CFSTR affects smaller and smaller volumes of

water. At very large N, a parcel of liquid moves through the

series of reactors, mixing minimally with liquid ahead of or

behind it. That is, as N increases, the reactor behaves increas-

ingly like a PFR. This model is, logically enough, excellent at

fitting tracer data for reactors that have real baffles (as, for

example, disinfection reactors frequently do), but it is also

useful for fitting tracer data for reactors with no physical

baffles. In the latter case, the hydraulic equivalent of physical

baffles might be provided by the combined effects of the

arrangement of entry ports, the momentum of fluid entering

the reactor, and the details of the effluent collection system.

A guide to the derivation of the expressions for E(t) and

F(t) for thismodel is provided in Problem2-4 at the endof this

chapter. The results for any integer value of N are as follows:

EðtÞ ¼ 1

t

NN

ðN � 1Þ!
t

t

	 
N�1

exp �Nt

t

� �
(2-84)

FðtÞ ¼ 1� exp �Nt

t

� �XN
i¼1

1

ði � 1Þ!
Nt

t

� �i�1

(2-85a)

or

FðtÞ ¼ 1� exp �Nt

t

� �
� Nt

t
exp �Nt

t

� �
� 1

2!

Nt

t

� �2

	 exp �Nt

t

� �
� � � � � 1

ðN � 1Þ!
Nt

t

� �N�1

exp �Nt

t

� �

(2-85b)
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FIGURE 2-17. Experimental E(t) values for the example data

set, and predicted E(t) curve based on the PFR-with-dispersion,

closed boundary model, with D=vxL¼ 0:2.
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FIGURE 2-18. (a) A single CFSTR with volume V, and (b) the

same tank divided into four equal-sized (V/4) CFSTRs in series.
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where t is the hydraulic detention time of the complete tank

and N is the (conceptual) number of tanks into which the

complete tank is divided.

Families of curves for both the exit age distribution, E(t),

and the cumulative age distribution, F(t), are shown for

different values of N in Figure 2-19. For generality (i.e., to

make the curves independent of t), the dimensionless prod-

uct t E(t) is used as the ordinate in Figure 2-19a; according

to Equation 2-9, this ordinate is equivalent to cpðtÞ=co, where
co ¼ Mp;in=V . Hence this ordinate can be thought of as a

dimensionless concentration for a pulse input tracer test. As

N increases, both distributions shift from the RTD charac-

terizing a CFSTR (N¼ 1) to that characterizing a PFR

(N¼1).

To use the CFSTRs-in-series model, the parameter N

must be determined. Haas et al. (1997) suggested that the

best means to fit the model is to use nonlinear regression

directly with the data to find the best values of t and N.

However, as in the case of the dispersion model, it is more

common to use the normalized variance of the data from a

tracer test to find a value of N. The variance of the

residence time in a system consisting of N CFSTRs in

series can be computed by substituting Equation 2-84 into

Equation 2-27. Integration of the resulting equation yields

the following theoretical relationship between N and the

normalized variance of t:

N ¼ t
2

s2
RTD

¼ 1

~s2
RTD

(2-86)

CFSTRs have closed boundaries by definition, since, if

they did not, the complete mixing would extend indefi-

nitely in the direction(s) where the boundary was open.

Therefore, according to Equation 2-76, t ¼ t for such

reactors, and the normalized variance can be computed

by dividing the absolute variance by t
2
. The use of this

approach for estimating N is demonstrated in the following

example.

& EXAMPLE2-5. Estimate thebest-fitnumberofequal-

sized CFSTRs in series tomodel the data in Example 2-1, and

compare the model-predicted E(t) curvewith the experimen-

tal E(t) curve, as was done in Example 2-4 for the PFR-with-

dispersion model.

Solution. The normalized variance of the experimental

E(t) curve was determined to be 0.31 in Example 2-4. The

best-fit number of equal-sized CFSTRs in series is the

inverse of this number, or 3.22. While the number of

CFSTRs in a real system would obviously have to be an

integer, this is not necessarily a restriction for a hypothetical

system. That is, if our goal is simply to use the CFSTRs-in-

series model to describe the tracer pattern from the real

reactor as best, we can in a compact form, treating N as a

continuous variable might be acceptable.

Equation 2-84 gives the value of E(t) for N ideal CFSTRs

in series; for comparison with experimental data, however, t

should be substituted for t. Thus, the E(t) curve for 3.22

CFSTRs can be estimated by the following modification of

Equation 2-84, with N¼ 3.22:

EðtÞ ¼ 1

t

NN

ðN � 1Þ!
t

t

	 
N�1

e�Nt=t (2-87)

The value of (N� 1)! is defined only for integral values of

N. However, a continuous function that is closely related to

(N� 1)! has been identified that allows one, in essence, to

estimate values of (N� 1)! when N is not an integer. This

function, called the gamma function, G(x), has the property
that, if x is an integer G(x)¼ (N� 1)!. Thus, for instance,

G(5)¼ 4!. The value of G(3.22), therefore, is a good approx-
imation of 2.22!. Values of G(x) are available in

most spreadsheet programs, from which we can find

FIGURE 2-19. Residence time distribution for the CFSTRs-in-

series model, for various values ofN. As noted previously, t/t can be

thought of as dimensionless time, and tE(t) can be thought of as the

dimensionless concentration exiting a reactor in a pulse tracer test.
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G(3.22)¼ 2.47. By inserting this value into Equation 2-87

for ðN � 1Þ!, along with the value of t computed in Exam-

ple 2-1, we can calculate the expected E(t) curve for

N¼ 3.22. The E(t) curves for N values of 3.00 and 3.22 are

compared with the experimentally determined E(t) values in

Figure 2-20. The curves for N¼ 3 and N¼ 3.22 are not

substantially different from one another, and both match the

experimental data quite well. Thus, for this particular (hypo-

thetical) data set, theCFSTRs-in-seriesmodel appears tomatch

the experimental data significantly better than the PFR-with-

dispersion model, when both models are constrained to match

the experimental mean hydraulic detention time. &

Modeling Short-Circuiting and Dead Space The preced-

ing discussion describes how various degrees of mixing in a

system might be represented, based on the implicit assump-

tions that all the fluid participates in the same flow pattern

and that the entire volume of the reactor is involved in that

flow pattern. However, either of these assumptions might not

be valid in a given reactor. Two specific cases can be

identified in which these assumptions are violated, and

the terms dead space and short-circuiting are used to

describe these cases.

Dead space is the simpler of the two cases to describe. As

the name implies, this condition means that some part of the

available space in the reactor is not used. The water in that

portion of the reactor is essentially stagnant, and that portion

of the reactor might as well be filled with concrete as with

water. The effective volume of a reactor with dead space is

less than the actual volume, and the entire flow passes

through the effective volume. When this problem occurs,

it usually is associated with corners or other specific regions

of tanks where mixing is very poor. It can also occur because

of differences in the density between the influent and water

already in the tank, a situation that is most likely to occur in

tanks with no mechanical mixing, such as tanks designed for

sedimentation. If the influent water is at a different temper-

ature and therefore has a different density than the water in

the reactor, it can sink to the bottom or float across the top of

the water in the tank, reducing the effective volume of the

reactor.

In reactors with closed boundaries, dead space is directly

quantifiable from tracer studies. In any such reactor, if all of

the volume is used in the flow pattern (regardless of that flow

pattern), the mean detention time of the tracer, t, should

equal the theoretical detention time, t ¼ V tot=Qð Þ. In a

reactor with dead space, the entire flow Q passes through

the effective reactor volume, Veff, where Veff<Vtot. The

dead space, Vdead, is the difference between the total and

effective volumes; that is,

Vdead ¼ V total � Veff (2-88)

Then, since t equals Veff=Q, by definition

t

t
¼ Veff=Q

V tot=Q
¼ Veff

V tot

(2-89)

The fractional dead space, m, is defined as Vdead=V tot and

can thus be determined from tracer information as follows:

m ¼ 1� Veff

V tot

¼ 1� t

t
(2-90)

& EXAMPLE2-6. The results of a pulse input tracer test

on a reactor with closed boundaries, using a dye as the tracer,

are provided in the following table.Thevolumeofwater in the

reactor is 50m3, and the influent and effluent flow rates during

the test were both 0.1m3/min.

Time (h) 0 1 2 3 4

Dye concentration

(mg/L)

35 31.6 24.1 21.6 17.9

Time (h) 5 6 7 8 9 10

Dye concentration

(mg/L)

17.2 13.8 11.9 11.1 9.1 7.6

(a) Determine whether the reactor behaves as a

CFSTR.

(b) Estimate the mean hydraulic residence time in the

reactor based on: (i) the volume and flow rate,

(ii) Equation 2-45b, and (iii) Equation 2-17. Discuss

the different estimates and indicate the one that you

find most trustworthy.
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FIGURE 2-20. Experimental E(t) curve and model curves for the

same data using the CFSTRs-in-series model.
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Solution.

(a) Whether a reactor behaves as a CFSTR can be

determined by comparing the outcome of a tracer

test with the expected outcome for an ideal CFSTR.

According to Equation 2-45a, a plot of ln c(t) versus

t for an ideal CFSTR should be linear with a slope of

�1=t and an intercept of ln co. The data are plotted

using semilogarithmic coordinates in Figure 2-21

and are seen to fit the straight line expectation quite

well. The best-fit slope is �0.149/h, corresponding

to a hydraulic residence time of 6.7 h.

(b) The theoretical mean hydraulic residence time of a

reactor is V/Q, which for this reactor is 500min, or

8.33 h. The residence time computed according to

Equation 2-45 is the result obtained in part (a); that

is, 6.7 h. A numerical estimate of the residence time,

based on Equation 2-17, suggests that the residence

time is smaller still: only 3.8 h. These values are very

different from one another, so it is important to

determine which one, if any, is right.

A reasonable hypothesis for the difference between

the first estimate (based on geometry) and the other

two is that the effective volume of the reactor is

significantly less than the total volume; that is, that

some portion of the reactor is not participating in the

mixing regime. As a result, the total flow is passing

through only a portion of the geometric volume,

causing the actual residence time to be less than

that calculated based on the system geometry.

The explanation for the difference between the

estimates of t using Equations 2-45 and 2-17 is a bit

more subtle, and is based on the fact that the

graphical approach is based on the change in tracer

concentration during the period of analysis, whereas

the numerical method represents an attempt to

integrate the tracer data over the entire time period.

That is, the numerical approach involves approxi-

mating the values of
Ð1
0

ct dt and
Ð1
0

c dt as

Ptmax

0 ct dt and
Ptmax

0 c dt, respectively. The approxi-

mation of the integrals as summations turns out to be

acceptable; the problem arises from the fact that the

summation must extend to t¼1, or at least to the

time at which (nearly) all the tracer has exited the

reactor. From the fact that the tracer concentration in

the final sample is >20% of co, it is clear that this

requirement is not met. The data at long residence

times have a disproportionate effect on the estima-

tion of t, so that computing t without sufficient data

at long times can lead to a severe underestimate.

In contrast, the graphical approach to estimating t

(or a corresponding numerical approach) relies on the

existing data rather than a simulated integration to

long times, and therefore is not subject to the same

bias. The result highlights the greater reliability of this

latter approach. It also suggests that, if we have to use

a numerical integration to estimate t, it is probably

worthwhile to extrapolate the data to an estimated

timewhen all the tracer has exited the reactor; such an

extrapolation certainly introduces some error, but it is

still likely to improve the estimate of t. &

Short-circuiting is a term that has been used with less

precision than dead space. Generally, it means that at least

some of the fluid follows a different path through the reactor

than the intended one and exits after a shorter-than-desired

residence time.Here,we use the term to describe a situation in

which the system behaves as though the effective volume of

the reactor is divided into two or more sections in parallel.

Short-circuiting can occur, for instance, in packed bed

reactors when some portion of the flow travels along the

walls of the reactor while the rest travels through the packed

bed. In open reactors, the influent distribution system might

direct a substantial portion of the flow through a small

segment of the reactor, and a smaller portion through a larger

segment; the former portion would be the short-circuiting

portion of the flow. Similarly, theweir system that controls the

effluentmight draw a substantial portion of the flow through a

small portion of the reactor, creating an imbalance in the

spread of the flow throughout the reactor volume.

If flow through a reactor can, in fact, be represented as a

composite of two or more distinct portions, then at least one

portion of the flowwill almost certainlyhave ameanhydraulic

residence longer than the value characterizing the overall

reactor (toverall), and another portion will have a mean resi-

dence time shorter than toverall. The portion(s) with mean

residence time shorter thantoverall is said tobe short-circuiting.

Note that, in a CFSTR, a portion of the influent exits after

a very short time due to random mixing processes. However,

according to the definition used here, this scenario would not

be described as short-circuiting, because that term is used

only to describe situations in which a portion of the influent

is envisioned to follow a defined, nonrandom path through

the reactor to the effluent port.
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PFRs in Parallel and Series: Segregated Flow and Early
Versus Late Mixing Often, mixing patterns are more

complex than those represented by any of the models

described above. In such cases, a more complex network

of ideal reactors must be used to model mixing in the real

reactor. One conceptual approach for modeling complex

mixing is to restrict the model network to several PFRs in

parallel. Theoretically, one could define a different PFR for

each parcel of water entering, and thereby accurately model

the exit age distribution of virtually any real system.12 A

schematic showing a reactor that is represented by five PFRs

in parallel, with various amounts of flow entering the

reactors is shown in Figure 2-22.

The E(t) curve for the model system represented in

Figure 2-22 is a linear summation of the E(t) curves for the

individual reactors, weighted according to the flows through

those reactors. That is, if 30% of the flow into the overall

reactor could be modeled as though it passed through a PFR

with a residence time of 10min, then in a pulse input tracer test,

30% of the tracer input would enter that portion of the reactor

and exit as a spike 10min later. Others of the hypothetical

reactorswould contribute to theE(t) curve at times correspond-

ing to their respective residence times, with the contributions

reflecting the fraction of the flow passing through each

segment. The result is an E(t) function for the model system

consisting of five spikes, as shown in Figure 2-23a.

It is not possible to identify a set ofQi and ti values for the

hypothetical reactors that would cause the E(t) function for

the model system to match that of the experimental system,

because the model E(t) curve comprises a series of infinitely

high and thin spikes. However, an appropriate set ofQi and ti
values can be chosen so that the model F(t) curve is well

matched to the experimental F(t) curve. As can be seen in

Figure 2-23b, the F(t) curve for the model system consists of

a stair-step plot; the height of each step corresponds to

Qi/Qtot, and the location of the step on the abscissa corre-

sponds to ti. It should be apparent that we could model any

empirical F(t) curve to any chosen degree of accuracy by

using enough model PFRs in parallel. Thus, the PFRs-in-

parallel model can represent either of the ideal extremes of

mixing. A true PFR is represented as a single PFR that has

residence time t and receives all the flow. On the other hand,

an ideal CFSTR is represented as an infinite number of

PFRs; if the PFRs were assigned equally spaced values of ti,
the fraction of the flow through the reactors would decrease

exponentially with increasing ti. The model can also repre-

sent degrees of mixing that are intermediate between these

two extremes or much more complex mixing patterns.

While the PFRs-in-parallel model is more flexible than

the models discussed previously in terms of its ability to

model a wide range of tracer output curves, it also has

significant drawbacks. The two models of ideal reactors

(ideal PFRs or CFSTRs) are each characterized by a single
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FIGURE 2-22. Schematic of PFRs-in-parallel model. The mean-

ing of the dashed lines is discussed in the text.
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FIGURE 2-23. A residence time distribution modeled as five

PFRs in parallel. (a) E(t) curves; (b) F(t) curves. The values of ti
correspond to the residence times in the model reactors. The spikes

in (a) are infinitely thin and high. The area under each spike in

(a) and the height of each step in (b) equal the fraction of the total

flow that passes through the corresponding reactor.

12 This statement is valid only if parcels of fluid that enter the reactor remain

as coherent, distinct parcels until they leave it. This situation is known as

segregated flow, and is discussed in more detail later in this section.
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parameter, t. The PFR-with-dispersion and CFSTRs-in-

series models each add an adjustable parameter (dispersion

number or number of equal-sized CFSTRs in series) to

incorporate and characterize the degree of nonideality. In

contrast, the PFRs-in-parallel model contains an arbitrarily

large number of fitting parameters: the volume and flow rate

through each of the hypothetical reactors. Because of this,

the PFRs-in-parallel model has the advantage that it is

capable of modeling the RTD in any reactor and the dis-

advantage that it is more complex and has more parameters

to be evaluated than the other models presented here.

It is instructive to redraw Figure 2-22 so that the various

sections of reactors that operate in parallel are merged;

that is, each group of reactor sections enclosed in dotted

lines in Figure 2-22 is treated as a single PFR. In such a case,

the conceptual picture of the system is converted to a group

of PFRs in series (Figure 2-24a). However, only a portion of

the flow exiting each reactor enters the subsequent reactor;

the remainder of the flow is shunted directly to the effluent of

the entire reactor network, where it mixes with the flow that

has passed through the other reactors. The RTDs for the

reactors shown in Figures 2-22 and 2-24a are identical: in

each case, the influent water enters the entire reactor system,

portions of the water exit the system at various times

thereafter, and all the portions are mixed at the most down-

stream point in the system.

PFRs can be combined in yet another way to yield the

same tracer response as the systems characterized in

Figures 2-22 and 2-24a. Specifically, Figure 2-24b describes

a reactor system that is very similar to that of Figure 2-24a,

but differs in a subtle way. In Figure 2-24a, all of the flow

enters the system together, and portions of the flow are then

steadily withdrawn and shunted past the downstream part of

the system to the outlet. In contrast, in Figure 2-24b, portions

of the influent are shunted past the upstream part of the

system, and all the flow exits the system together. In fact, the

system described by Figure 2-24b is simply the system

described by Figure 2-24a run in reverse. If we eliminate

the space between the various reactors, we see that

Figure 2-24a can be described as a single PFR with

multiple outlets placed along the length of the reactor,

and Figure 2-24b can be described as a single PFR with

multiple inlets (Figure 2-25). Once again, either purely

conceptual arguments or a mathematical analysis can be

applied to predict the tracer response of these systems. The

conclusion is that the E(t) functions for all the systems in

Figures 2-22, 2-24, and 2-25 are identical.

In the system with multiple outlets along the reactor

length (which is equivalent to a system with several inde-

pendent PFRs in parallel), the separate flow streams are

mixed at the latest possible point (the final effluent point).

This model is sometimes referred to as the complete segre-

gation or segregated flow model. In contrast, in the system

with multiple inlets (Figure 2-24b or 2-25b), the streams are
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FIGURE 2-24. PFRs in series with multiple (a) output or (b)

input points. The Roman numerals refer to the segments enclosed in

dashed lines in Figure 2-22; each combination of segments

enclosed by a dashed line in Figure 2-22 is represented as an

individual PFR in Figure 2-24a. The roman numerals in (b) indicate

reactors that have the same volumes and flow rates as the corre-

sponding reactors in (a), for example, reactors I and I0 have the

same volume and flow rate.
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FIGURE 2-25. Representations of Figure 2-24a and 2-24b,

respectively, as single reactors with multiple outlets or inlets.

Subparts a and b represent complete segregation and maximum

mixedness, respectively. The broken lines inside the reactor indi-

cate the ends of the (conceptual) subreactor sections.

60 CONTINUOUS FLOW REACTORS: HYDRAULIC CHARACTERISTICS



mixed at the earliest possible point that is consistent with the

tracer data; this system is sometimes referred to as the

maximummixednessmodel. As shown in Chapter 4, despite

responding identically in tracer tests, these systems some-

times behave quite differently if the input is a reactive

substance. The conceptual description of a CFSTR, in which

the influent is instantly and completely mixed with all the

fluid in the reactor, is a maximum mixedness model.

& EXAMPLE2-7. Describe the parameters of a model

reactor system containing five PFRs in parallel that might

be a reasonable representation of the reactor described in

Example 2-1. Compare the model-predicted E(t) and F(t)

curves with the corresponding experimental curves, as was

done earlier for the PFR-with-dispersion and CFSTRs-in-

series models.

Solution. As in the previous approaches for modeling

the experimental data, the goal is to define a model system

that has RTD functions similar to the experimental ones.

However, unlike those approaches, the use of the PFRs in

parallel model does not involve use of the variance of E(t)

curve. The expected tracer output from a group of five

PFRs in parallel is simply five spikes, each infinitely high

and infinitely thin. Clearly, no matter how we configure the

model system, an E(t) curve that consists of five such

spikes and values of zero at all other times will not match

the experimental E(t) curve.

The best approach for carrying out the modeling exer-

cise is to try to match the predicted and experimental F(t)

curves, rather than the E(t) curves. The F(t) curve for the

model system will be a stair–step function, because each

model PFR contributes tracer to the effluent only at its

residence time. The fraction of the total tracer that enters a

given reactor i in the model system is Qi/Qtot. Therefore, F

(t) of the model system will be zero at all times less than t1,
where t1 is the shortest hydraulic residence time of any

reactor in the system. At t¼ t1, F(t) will jump to a value

equal to Q1/Qtot, where it will remain until t¼ t2, the

second shortest residence time of the five reactors. At

that time, F(t) will instantly increase to (Q1þQ2)/Qtot.

This pattern will continue until t equals the longest

residence time of the five PFRs, at which point F(t)

becomes 1.0.

The modeling approach is therefore to draw the exper-

imental F(t) curve and to overlay a second curve that

consists of five steps. The time and height of these steps

can be chosen to provide the best match to the experimental

data; often an eyeball fit is satisfactory. Such a plot is shown

in Figure 2-26.

The times of the five vertical increases in F(t) correspond

to the residence times of the five model reactors, and the

increase in F(t) at each step indicates the fraction of the total

flow that passes through the corresponding conceptual

reactor. The model parameters can therefore be summarized

as follows:

Reactor No. t (min) Qi /Qtot

1 18 0.24

2 35 0.21

3 48 0.17

4 64 0.20

5 96 0.18

The model E(t) curve is shown in Figure 2-27. Although

the E(t) curve for the model system does not match the

experimental curve well, the F(t) curves are reasonably well

matched. It should be apparent that by increasing the number

of hypothetical reactors being considered, we could improve

the fit of the model F(t) curve to the point where it provided

an extremely good fit to the data, but the E(t) curves could

never be made to match. Note, however, that the inclusion

of each additional reactor requires the assignment of two

additional fitting parameters. &
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Nonequivalent CFSTRs in Series Complex mixing can

be modeled in numerous other ways. For instance, one might

add flexibility to the CFSTR-in-series model by allowing the

individual reactors to havedifferent volumes. In such amodel,

the volume of each reactor would have to be specified, rather

than just the total number of hypothetical reactors.Ultimately,

nomatter how complex the hydraulic flow pattern in a reactor,

it can always be represented by some combination ofCFSTRs

and PFRs, in some combination of parallel and series con-

nections.However, identifying a network of such reactors that

is both physically reasonable and leads to a mathematically

tractable mass balance can be difficult. Furthermore, with

each additional component in the model system, additional

fitting parameters need to be used to describe it, and the use of

more than three or four fitting parameters is rarely justified by

available data, unless the physical structure of the reactor

provides support for the proposed model.

Simple Indices of Hydraulic Behavior As an alternative

to characterizing the complete RTD of a reactor by the E(t)

and F(t) functions, simpler approaches are sometimes used,

in cases where detailed information about the RTD is not

essential. For instance, in some circumstances, the times

associated with specific values of the cumulative age distri-

bution are adequate to convey the information of interest

about the hydraulic behavior of the reactor. The most

common of these indicators are the times associated with

F(t) equaling 0.1, 0.5, and 0.9; these times are often desig-

nated as T10, T50, and T90, respectively, where the fractional

values of F(t) are converted to percentages when presented

as the subscripts of the times, T. Various ratios of these

values, to each other or to t, are also sometimes used. For

example, the Morrill index (Morrill, 1932) is the ratio

T90=T10. This parameter was first used in a study of sedi-

mentation tanks, but it is useful as an indicator of the disper-

sion characteristics of any reactor. The minimum value of 1.0

represents a reactor with nearly plug flow, and, in general,

higher values suggest a reactor with more mixing. Some

investigators have also used the inverse of this ratio.

Currently, the most common simple indicator of the

hydraulic characteristics of a reactor is the value of T10
and the associated ratio T10=t. This ratio indicates how

quickly (relative to the theoretical detention time) 10% of

the water that enters at some instant leaves the reactor.

Values of this ratio that are less than, say, 0.3 indicate a

large amount of mixing and/or short-circuiting, whereas

values greater than, say, 0.7 indicate a reactor in which

little or no water makes it quickly from the influent to the

effluent. The theoretically maximum value of the ratio is 1.0,

which corresponds to a PFR. Hence, this ratio can give one a

rough sense of the entire RTD.

In current U.S. drinking water regulations (Federal Regis-

ter, 1989), the value of T10 is used as part of a calculation to

determinewhether a treatment plant is meeting the regulatory

requirement for disinfection. The relationship to disinfection

is discussed in Chapters 4 and 10, but the regulation, in

essence, considers any disinfection reactor as if it were a

PFR with detention time equal to T10. Such a characterization

is an oversimplification of the reality, but it is very convenient

for purposes of enforcement. TheGuidanceManual (USEPA,

1991) that accompanies the regulation includes estimates for

the T10=t ratio for various types of reactors.

& EXAMPLE 2-8. Find the values of T10=t, T50=t, and
theMorrill Index, T90=T10, for a PFR, a single CFSTR, and a

single tank that behaves as three CFSTRs in series.

Solution. For a PFR, T10¼ T50¼ T90¼ t, so all of the

ratios equal 1.0. For a single CFSTR, according to Equa-

tion 2-49,

FðtÞ ¼ 1� exp � t

t

	 


and therefore t=t ¼ �ln 1� FðtÞð Þ. For F(t) equal to 0.1,

0.5, and 0.9, the resulting values for t=t are shown in

Table 2-3.

For the reactor that behaves as three CFSTRs in series,

according to Equation 2-85,

FðtÞ ¼ 1� e�3t=t � 3t

t
e�3t=t � 9t2

2t2
e�3t=t

1� FðtÞ ¼ e�3t=t
	 


1þ 3t

t
þ 9t2

2t2

� �

Trial and error solution of this equation for the required

values of F(t) yields the values shown in Table 2-3. The

results indicate that the 3-CFSTR reactor is intermediary

between the two ideal reactors, as expected. &

2.5 EQUALIZATION

The principles described in this chapter are applied directly in

equalization, a pretreatment process sometimes used in water

and wastewater treatment plants. Equalization is the process

of reducing or eliminating temporal fluctuations in the water

TABLE 2-3. Values for Indicators of Nonideal Flow for

Specific Reactors

Reactor Type

T10

t

T50

t

T90

t

T90

T10

(Morrill Index)

Plug flow 1 1 1 1

CFSTR 0.105 0.693 2.30 21.9

One reactor as three

CFSTRs in series

0.367 0.891 1.77 4.82
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flow rate and/or the concentration of some constituent. For

flow equalization, a tank in which the fluid volume can vary

with time is used to dampen the flow fluctuations. The most

common application is to equalize the influent variations in

wastewater flow13; ideally, the effluent flow from this tank is

the average flow. When the influent flow is greater than the

average flow, the amount of water stored in the tank increases

and,when the influent flow is less than average, thewater level

decreases. Similarly, for concentration equalization of a

conservative chemical, a CFSTR with constant volume can

dampen the concentration variations. When the influent con-

centration is greater than the concentration in the tank, the

concentration in the tank (and its effluent) increases, but it

remains less than that of the influent. When the influent

concentration is less than that in the tank, the concentration

in the tank decreases, while remaining greater than that of the

influent. When equalization of both flow and concentration is

required, a CFSTR with varying water volume is used.

Equalization is a pretreatment process; that is, it accom-

plishes no treatment (removal of pollutants) itself. As a result,

its use can only be justified based on the effect of variation of

flow or influent concentration on downstream treatment

processes. For example, fluctuations in the flow rate will

lead to fluctuation in the mean detention time (and the entire

RTD) and therefore might adversely affect the removal

efficiency; such a possibility is considered in Chapter 4.

Also, changes in the influent concentration will change the

effluent concentration in most treatment processes, as is

demonstrated for specific processes in subsequent chapters.

Equalization can dampen (or, ideally, eliminate) these effects.

Equalization can also make operation of treatment processes

simpler, particularlywhen a chemicalmust be fed to a process

in stoichiometric proportion to the mass flux of a pollutant

in the influent. The design question is: How large must the

equalization volume be to reduce the fluctuations in the flow

or concentration to acceptable levels. To address this issue, the

effect of time-variant influent conditions on subsequent treat-

ment processes must be assessed.

Flow Equalization

When considering flow equalization, the composition of

the influent is irrelevant; the mass balance of interest is for

water alone. The mass balance is written using the entire

reactor as the control volume. In words, the mass balance is

as follows:

Rate of change Mass rate Mass rate

of mass of at which water at which

water in ¼ in enters � water exits

the reactor the reactor the reactor

Translating into symbols

drLVðtÞ
dt

¼ rL QinðtÞ � rL QoutðtÞ (2-91)

where rL is the density of water. Recognizing that this

density is a constant converts Equation 2-91 into a volume

balance for water in the tank:

dVðtÞ
dt

¼ QinðtÞ � QoutðtÞ (2-92)

Aswritten,V,Qin, andQout are all functionsof time.Thegoal

of flow equalization is to fixQout at a constant value, namely its

averagevalue over some time period, t0. The choice of that time

period depends on the situation. For an industrywith large flow

variations over short cycles, a several hour period might be a

satisfactory choice for t0. For plants with a diurnal cycle, a 24-h
period is likely the best choice. For industries with negligible

flow on weekends, storing water for the weekend (especially,

for example, to keep a microorganism population alive in a

biological treatment facility) might necessitate a choice of

several days or a week as the averaging period. Once that

choice is made (and assuming data are available), the determi-

nation of the average flow is straightforward.

Assuming that equalization works perfectly, Qout can be

set at the (constant) average flow (Qave) over the selected

period. With that substitution, Equation 2-92 can be rear-

ranged as follows:

ðVðtÞ

Vð0Þ

dV ¼
ðt

0

QinðtÞdt� Qave

ðt

0

dt (2-93)

Upon integration, the result is

VðtÞ � Vð0Þ ¼
ðt

0

QinðtÞdt� Qavet (2-94a)

VðtÞ ¼ Vð0Þ þ
ðt

0

QinðtÞdt� Qavet (2-94b)

In words, Equation 2-94b states that the volume of water

in the reactor at time t is the volume present at time zero,

plus the cumulative volume of water input to the reactor

since time zero, minus the cumulative volume of water taken

out of the reactor since time zero. The design problem is to

find the maximum value of V(t) and provide that much

storage capacity. Because the choice of time zero is arbitrary

13 Flow equalization is also common in drinking water plants. In that case,

the equalization is generally placed after the treatment train, meaning that

the influent flow (from the treatment processes) is constant and the effluent

flow varies in response to demand of customers in the distribution system.

These post-treatment equalization tanks are both at the plant and in the

distribution system. Elevated storage tanks are an example of such equal-

ization facilities. The wastewater problem (varying influent flow, constant

effluent flow) is used throughout the following analysis, but the end result

(with a change in subscripts for in and out) is equally valid for the drinking

water situation (constant inflow, varying outflow).
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in a continuous flow reactor, V(0) is also unknown and

reflects the history prior to that time.

Both sides of Equation 2-94a represent the cumulative

difference between the input and output from (the arbitrary)

time zero to time t. If a set of flowvalues at various times (i.e., a

data set describing Qin(t) vs. t) is available, the cumulative

difference can be calculated using the right side of the equation.

When the cumulative difference is positive, the basin contains

more water than at time zero, and when the cumulative

difference is negative, the basin has lesswater than at time zero.

Equalization can only be accomplished if the basin had

enoughwater at timezero tooffset the largest cumulativewater

deficit during the time period under consideration; otherwise

thebasinwould bedry at some time, and the outflowcould only

equal the inflow.Hence, theminimumacceptablevalue ofV(0)

equals the maximum cumulative deficit during the period

under consideration. This value can be computed as

Vð0Þmin ¼ ðCumulative outflow� Cumulative inflowÞmax

¼ Qavet�
ðt

0

QinðtÞdt
0
@

1
A
max

(2-95)

With V(0)min determined as in Equation 2-95, V(t) at all

other times can be calculated from Equation 2-94b and

will always be �0. The maximum value of V(t) from this

calculation represents the required capacity of the basin to

meet the equalization objective. This value, which we

designate as Veq’n,min, is the design value that we are seeking:

Veq’n;min ¼ VðtÞð Þmax ¼ Vð0Þmin þ
ðt

0

QinðtÞdt� Qavet

0
@

1
A
max

(2-96)

& EXAMPLE 2-9. Consider a small industry with a

varying production of wastewater. To discharge to the local

publicly owned treatment works (POTW), the flow must be

equalized before entrance to the sewer. A typical set of hourly

flow rates for 1 day (midnight to midnight) is shown in

columns A and B of the spreadsheet shown in Table 2-4.

What is the minimum volume of the equalization tank

needed to allow the industry to discharge its waste at a

steady rate on a day with typical flows?

TABLE 2-4. Spreadsheet for Design of Flow Equalization Basin in Example 2-9

A B C D E F G

Time

(h)

Instantaneous

Flow Rate

(m3/h)

Average Flow

During Previous

Hour

(m3/h)

Cumulative

Volume Input

Since t¼ 0

(m3)

Cumulative

Volume Output

Since t¼ 0

(m3)

Cumulative Input

Minus Output

(m3)

V(t)

(m3)

0 8 0.0 0.0 0.0 42.5

1 8 8.0 8.0 14.0 �6.0 36.5

2 5 6.5 14.5 28.0 �13.5 29.0

3 7 6.0 20.5 42.0 �21.5 21.0

4 8 7.5 28.0 56.0 �28.0 14.5

5 9 8.5 36.5 70.0 �33.5 9.0

6 10 9.5 46.0 84.0 �38.0 4.5

7 11 10.5 56.5 98.0 �41.5 1.0

8 15 13.0 69.5 112.0 �42.5 0.0

9 16 15.5 85.0 126.0 �41.0 1.5

10 19 17.5 102.5 140.0 �37.5 5.0

11 19 19.0 121.5 154.0 �32.5 10.0

12 19 19.0 140.5 168.0 �27.5 15.0

13 20 19.5 160.0 182.0 �22.0 20.5

14 20 20.0 180.0 196.0 �16.0 26.5

15 20 20.0 200.0 210.0 �10.0 32.5

16 20 20.0 220.0 224.0 �4.0 38.5

17 22 21.0 241.0 238.0 3.0 45.5

18 18 20.0 261.0 252.0 9.0 51.0

19 17 17.5 278.5 266.0 12.5 55.0

20 13 15.0 293.5 280.0 13.5 56.0

21 13 13.0 306.5 294.0 12.5 55.0

22 11 12.0 318.5 308.0 10.5 53.0

23 8 9.5 328.0 322.0 6.0 48.5

24 8 8.0 336.0 336.0 0.0 42.5
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Solution. The cumulative input
�Pi

j¼1 Qin;jDtj
�
of the

flows is shown in column D of Table 2-4. The final value,

336m3, can be used to calculate the average flow, which is

14.0m3/h.

Since the goal is to maintain a steady output rate, the

effluent flow is fixed at Qave. The cumulative output

volume is therefore Qavet, which is shown in column E.

The differences between the cumulative input and output

volumes; that is, the values associated with the right side

of Equation 2-94a, are shown in column F. These values

are negative for the first several hours because the influent

flow is less than the average (i.e., effluent) flow during

these times. The maximum negative and maximum posi-

tive values in column F are �42.5m3 at t¼ 8 h and

13.5m3 at t¼ 20 h, respectively. Thus, at least 42.5m3

of water had to be present at time zero to allow the desired

flow rate to be maintained through the whole period, and

after t¼ 20 h, there will be 13.5m3 more water in the tank

than at time zero. The sum of these volumes is the required

design volume (56.0m3). A tank with this volume would

be able to maintain a constant flow rate of 14.0m3/h

despite the fluctuating influent flows, if this pattern of

the flow variation was repeated daily. The same result can

be obtained from a plot of the data in column F, as shown

in Figure 2-28.

If, at time zero, the tank contained the minimum accept-

able value of 42.5m3 of water, the volume of water in the

tank at subsequent times could be computed according to

Equation 2-94b. This information is shown in column G of

the spreadsheet. Note that the required equalization volume

is the maximum value in this column. &

As noted earlier, in most situations, flow patterns are

somewhat cyclical, although the period of the cycle might be

anywhere from hours to many days. The flow patterns will

not be the same in every cycle, and therefore the required

volume to equalize the flows will also vary. In such a case

(again assuming data are available), one can carry out the

analysis for a large number (N) of time periods. For each

time period, a different value for the required volume is

obtained. These values of required volumes can be rank-

ordered from lowest to highest. Thus, if 25 cases have been

analyzed, 25 values of the required volume (V) would have

been computed, associated with k values of 1 to 25; the

smallest value of V is assigned a k value of 1, the next

smallest value of V is assigned a k value of 2, and so forth.

The rank number (k) is then converted to a fraction f by

dividing it by Nþ 1 (26 in the example system), and that

fraction is interpreted as the probability that a given

equalization volume will be required. For example, the

third lowest value of V (821m3) has a k of 3, so the

corresponding f value (¼ k/(Nþ 1)) is 0.115. The inter-

pretation is that an equalization volume of 821m3 will

provide the desired amount of equalization 11.5% of the

time. (The addition of one to N in the denominator is a

common technique used in statistics to account for the fact

that the available data might not include the most extreme

condition that will ever occur. That is, using a value of

Nþ 1 in the denominator assures that f never reaches

100%, thereby allowing for the possibility that the

required volume might exceed the largest value required

in the past.)

A graph is then prepared showing f versus the required

volume, V.14 Using such a graph, the design can be

statistically based. For example, if the objective is to

be able to equalize the flow 90% of the time, the required

volume is the value of V corresponding to f¼ 0.9. One

might also use statistical techniques to attempt to predict

the likelihood of extreme flows that are even larger or

smaller than those during the period for which data are

available.

& EXAMPLE 2-10. The wastewater flows entering a

municipal treatment plant were recorded at 15-min inter-

vals. Twenty-eight days of data were analyzed to find the

required volume necessary to completely equalize the

flow for each day, using the methodology shown in the

previous example. The 28 values of V required are shown

in Table 2-5, rank ordered from lowest to highest. (Note

that this ranking is unlikely to correspond to the temporal

sequence.) Find the volumes that would be required to

equalize the flow for 80, 85, 90, and 95% of the cases.

Solution. The rank number for each case needs to be

converted into a fraction (or percentage) of cases with
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required volume less than the value for that case, using the

convention that the fraction is computed as the rank divided

by Nþ 1. For example, since the value of 878m3 is ranked

seventh of the 28 cases, the associated fraction is 7/29 or

0.241. This means that 24.1% of the cases have a required

volume less than or equal to 878m3, so that providing this

much equalization volume will allow the flow to be equal-

ized 24.1% of all days. The data analyzed in this way are

plotted in Figure 2-29a; because the data of interest are those

associated with the upper portion of the data, those data are

replotted in Figure 2-29b.

To find the volumes required for each specified fraction (or

percentage), horizontal lines are drawn from given fractions

on the ordinate to the graphed data, and then vertical lines are

drawn from that point to the abscissa to find the associated

volumes. The four required values are shown on the figure.

Note that, in these real data from awastewater plant in Texas,

the highest value for required volume in this 28-day period

(3292m3, the last value in the table) is more than twice as

high as the second highest value. In the analysis, the effect

is a dramatic difference between the volumes required to

equalize for 90% versus 95% of the cases. This result points

out the problem of using a small data set; data for several

months rather than 4 weeks should be used. &

Concentration Equalization

Many wastewater treatment plants experience broad varia-

tions in the influent concentration. Because any CFSTR

contains a mixture of the water and contaminants that

came into the tank at all previous times (in proportions

described by the exponentially decaying E(t) distribution),

CFSTRs tend to equalize the concentration; that is, the

variation in concentration is less in the effluent than in

the influent. This fact, intrinsically true for any CFSTR,

has led to the use of CFSTRs as designed concentration

equalization facilities (Novotny and Englande, 1974). In the

analysis that follows, the constituent of interest is considered

nonreactive in the equalization facility. That same constitu-

ent is, generally, reactive in some subsequent treatment

process, in which the chemical, physical, or biological

conditions might be different from those in the equalization

tank. If the species is in fact reactive in the equalization

facility, ignoring the reactivity should lead to a somewhat

conservative design, which is usually an acceptable result.
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FIGURE 2-29. Probabilistic analysis of the equalization volume

requirements. (a) A cumulative frequency plot for the required

equalization volume for a wastewater treatment plant; (b) The

upper portion of the curve in (a), and lines showing the equalization

volume requirement for four specific probabilities.

TABLE 2-5. Rank-ordered Required Volumes for Flow Equalization in Example 2-10

Rank

Required

Volume

(m3) Rank

Required

Volume

(m3) Rank

Required

Volume

(m3) Rank

Required

Volume

(m3)

1 746 8 908 15 976 22 1193

2 777 9 962 16 977 23 1243

3 821 10 963 17 993 24 1280

4 869 11 966 18 1006 25 1287

5 872 12 969 19 1026 26 1348

6 874 13 972 20 1035 27 1438

7 878 14 974 21 1178 28 3292
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The extent of concentration equalization that is accom-

plished in a CFSTR can be determined using the approach

described in the preceding section for the response of

CFSTRs to tracer inputs. For instance, consider a situation

in which the flow is reasonably constant and the influent

concentration to a CFSTR suddenly jumps to a new value.

Imagine, for now, that the new influent concentration (c2)

remains constant for some time period. If the instant of the

change is defined as time zero, the concentration in the tank

at the instant the influent changes is c(0), and this value

reflects the previous history of the influent to the tank. The

mass balance on the CFSTR for any time after time zero is

dVcout

dt
¼ Qc2 � Qcout (2-97)

Dividing by V and noting that Q/V¼ 1/t, this equation

yields

dcout

dt
¼ 1

t
c2 � 1

t
cout (2-98a)

dcout

dt
þ 1

t
cout ¼ 1

t
c2 (2-98b)

Rearranging and taking the Laplace transform of both

sides (from the appendix), we obtain

s f ðsÞ � coutð0Þ½  þ 1

t
f ðsÞ ¼ 1

t
c2

1

s
(2-99)

where f(s) is the Laplace transform of cout(t). Rearranging

again, f(s) is found to be

f ðsÞ ¼ coutð0Þ 1

sþ 1

t

þ 1

t
c2

1

s sþ 1

t

� � (2-100)

Taking the inverse Laplace transform yields

cðtÞ ¼ cð0Þ exp � t

t

	 

þ c2 1� exp � t

t

	 
h i
(2-101)

Equation 2-101 describes the change in the concentration

over time of the effluent concentration from the reactor.

Examining the two terms on the right side is instructive. The

first term is identical to the response of a CFSTR to a pulse

input of a tracer (Equation 2-45b) with the mass of tracer

sufficient to yield the concentration c(0) throughout the

reactor at time zero. That term alone would characterize a

CFSTR that contained tracer at a concentration c(0) at

time zero, and that received tracer-free influent from that

time forward. The second term on the right side is identical

to the response of a CFSTR that contained no tracer at time

zero and that is then subjected to a step input of tracer

(Equation 2-52) at concentration c2. Overall, the response of

the CFSTR shown in Equation 2-101 is the superposition of

these two responses—the exponential die-off of the existing

concentration and the rise toward the asymptote defined by

the new influent concentration.

Equation 2-101 can be used, with minor alteration, to

predict the changes in concentration in the effluent of a

CFSTR that is receiving a time-varying input of a conserv-

ative substance. If input data are available at discrete times,

the average input concentration for an interval Dt can be

calculated and represented as cin,Dt. The concentration in the

CFSTR at the end of that interval (time tþDt) will reflect
the decline of the concentration present at the start of the

interval (time t) and the increase associated with the influent

during the interval; that is,

cðtþ DtÞ ¼ cðtÞexp �Dt

t

� �
þ cin;Dt 1� exp �Dt

t

� � �

(2-102)

Equation 2-102 is a recursive equation; that is, the concen-

tration at one time is calculated based on the conditions in the

tank at the previous discrete time and the influent during the

interval. The equation is used successively to step through time.

To begin the analysis of concentration equalization in a

CFSTR receiving a time-varying influent, we choose an arbi-

trary concentration that is assumed to exist in the tank at time

zero (c(0)); a long-term average might be a reasonable choice,

but any value that is in the range of possible influent concentra-

tionsisacceptable.Since thisvalue isanarbitraryguess, though,

we would want to discard the concentrations computed for the

firstfewreactorhydraulicdetentiontimeswhenmakingadesign

decision, to avoid any significant influence of that choice.

For a given situation, the key design decision is the choice

of t. The analysis involves straightforward spreadsheet

work. First, the influent concentrations and associated times

are entered, and the time intervals of interest (Dt values) are
selected. The average influent concentration during each

interval is then calculated. Finally, an initial concentration is

guessed, a trial hydraulic detention time (t) is chosen, and

Equation 2-102 is used recursively to calculate the expected

effluent concentrations over time. Different values of t are

used until a predetermined criterion for the variation of the

effluent concentration is attained. Possible criteria include

not exceeding a maximum difference between the high and

low values in the entire data set or in any chosen time period,

a maximum standard deviation, or a maximum coefficient of

variation (standard deviation divided by the mean).

& EXAMPLE2-11. The influent concentration of a con-

taminantduringa24-hperiodvaries as shown inTable2-6; the

data are instantaneous values taken every hour. Assuming

the flow rates into and out of the reactor are constant, and that
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the data shown in the table are typical of every day, determine

the detention time required for a completely mixed equal-

ization tanktoreducethecoefficientofvariationof theeffluent

to less than 10%.

Solution. Because the flow rates in and out are constant,

the volume of water in the reactor is constant. The influent

concentration during each hour can be approximated as the

average of the values at the beginning and end of the hour.

So, for example, the influent throughout the first hour is

taken to be 152.5mg/L. (Note, this step would not be

necessary if the data were taken as composite samples.)

To initiate the calculations, assumptions about the concen-

tration in the reactor at time zero and the hydraulic detention

time are required. Any choices are okay; for the calculations

here, values of 180mg/L and 2 h have been chosen. Since data

are available at 1-h intervals, we use this value asDt. Then, we
can use Equation 2-102 to find the concentration at the end of

any time interval based on the concentration at the beginning of

the interval. For instance, using t¼ 0 as the beginning of an

interval,wefind the concentrationafter thefirst hour as follows:

cðtþ DtÞ ¼ cðtÞexp �Dt

t

� �
þ cin;Dt 1� exp �Dt

t

� � �

cð1 hÞ ¼ 180mg=Lð Þexp � 1 h

2 h

� �

þ 152:5mg=Lð Þ 1� exp � 1 h

2 h

� �� �

¼ 169:2mg=L

The effluent concentration for each successive time is

found using the same equation iteratively. Because the data

are considered to be representative of every day, the spread-

sheet can be continued for 48 or 72 h, repeating the data for

each 24-h period. In that way, the choice of the starting

concentration becomes irrelevant in the second or third 24-h

period. Using one of these later 24-h periods, the mean and

standard deviation of the effluent concentrations can be

found, and then the coefficient of variation (CV, the ratio

of the standard deviation to the mean).

The results of a spreadsheet analysis to determine the CV

for various hydraulic detention times are summarized in

Table 2-7 and Figure 2-30. The data in the table indicate that

the minimum detention time to accomplish the goal is 2.65 h.

The figure shows the temporal variations of the influent and

effluent concentrations for various detention times; the

heavy line is for the final result of t¼ 2.65 h. The influent

data cycle several times in the 24-h period, leading to this

small requirement for the detention time; a much longer

detention timewould be required if the 24-h period exhibited

just one diurnal cycle. &

The approach to concentration equalization given here is

completely general and therefore can be applied in any

situation. A more restrictive situation, but one that is often

reasonably approximated in wastewater flows, is also

instructive. Consider a situation where the flow is reasonably

constant and the variation in concentration over time can be

adequately described as a sine function. The concentration

in such an influent is expressed mathematically as follows:

cinðtÞ ¼ cave þ campsinðvtÞ (2-103)

where cave is the average concentration in the influent, camp

is the amplitude of the variation, and v is the frequency of

FIGURE 2-30. Concentration equalization for the example data

set, using a CFSTR with a few detention times.

TABLE 2-6. Time-Varying Influent Concentrations for

Example 2-11

Time

(h)

Concen-

tration

(mg/L)

Time

(h)

Concen-

tration

(mg/L)

Time

(h)

Concen-

tration

(mg/L)

0 155 9 322 17 285

1 150 10 180 18 145

2 225 11 95 19 105

3 315 12 160 20 190

4 210 13 255 21 280

5 155 14 280 22 195

6 95 15 210 23 110

7 200 16 130 24 155

8 275

TABLE 2-7. Summary of the Effects of Different Detention

Times in Equalization Reactor

Influent t¼ 1 h t¼ 2 h t¼ 2.65 h t¼ 3 h t¼ 5 h

Mean, c

(mg/L)

196.8 196.8 196.8 196.8 196.8 196.8

SD, s

(mg/L)

54.4 37.9 24.3 19.6 17.7 14.0

CV (—) 0.28 0.19 0.12 0.10 0.09 0.07
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the sine function. The frequency, v, is defined as 2p=T ,
where T is the period. If such an influent enters a CFSTR, it

can be shown15 that the effluent concentration varies as

follows:

coutðtÞ ¼ cave þ campffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2t2

p sin vt� arctanðvtÞð Þ (2-104)

Equation 2-104 indicates that the effluent concentration

has the same long-term average concentration as the influent

(because no reactions are considered to occur) and that it

also has a sine variation like the influent. However, the

amplitude of the sine curve is reduced by a factor offfiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2t2

p
, and the entire sine function is offset in time

from the influent’s sine function by the arctangent term. An

example of these effects is shown in Figure 2-31. Results

for two choices of the design detention time, t, are shown.

Generally, the offset of the effluent sine curve is

unimportant; what is valuable is the reduction of the ampli-

tude. For the examples shown in the figure, the amplitudes

after equalization are 69 and 54% of the original amplitude

with the 4- and 6-h detention times, respectively.

If the desired reduction in the amplitude is known, the

required detention time can be calculated directly from

camp;new

camp;orig
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ v2t2
p (2-105)

If almost complete equalization is necessary, the time lag

between the sine functions for the influent and effluent can

be made to be half the period, so that blending a fraction of

the unequalized influent with the equalization tank effluent

results in a further reduction of the variation. This option,

however, requires a large equalization volume. In a more

general sense, the results in the figure demonstrate that the

concentration in the effluent increases when the concentra-

tion of the influent is greater than that in the tank, and vice

versa; that is, the maxima and minima of the effluent curves

occur at the intersections with the influent curve.

Concurrent Flow and Concentration Equalization

Some situations, especially those encountered in industrial

wastewater treatment, require that both flow and concentra-

tion be equalized; that is, the variation in each is unaccept-

ably high. The approach to equalization analysis and design

in such situations is a combination of the methods described

for each separately. Concentration equalization occurs nat-

urally in any CFSTR. Therefore, if a tank designed for flow

equalization is provided with mixing, concentration equal-

ization will occur to some degree at all times except when

the tank is (nearly) empty. How much equalization occurs

can be predicted by Equation 2-102, except in this case, the

detention time is no longer a constant; that is t¼ t(t). At any

instant (or small interval), the mean hydraulic detention time

is the ratio of the volume of water in the tank (V(t), from

Equation 2-94b) and the effluent flow rate (Qave).

If a preliminary design volume is determined based on

flow equalization alone, V(t) can be calculated as shown in

Example 2-9. The time-varying value of the hydraulic

residence time, t(t), can then be computed as V(t)/Qave,

and Equation 2-106 (which is just Equation 2-102 modified

to include the possibility that t values depend on t can be

used recursively to compute c(t) throughout the period of

flow and concentration variation:

cðtþ DtÞ ¼ cðtÞexp � Dt

tðtÞ
� �

þ cin;Dt 1� exp � Dt

tðtÞ
� �� �

(2-106)

If the concentration equalization that results naturally from

flow equalization is insufficient, then a greater equalization

volume must be allowed for in design, such that the tank is

never completely emptied. The value of V(t) for such a tank

equals the value for the minimum-size flow equalization tank

(i.e., a tank that is designed for flow equalization alone) plus

the incremental volume to improve the concentration equal-

ization. That is,V(t) in the larger tank equalsV(t) as computed

in columnFof the spreadsheet inExample 2-9, plus a constant

value Vxc, the extra volume added for concentration equal-

ization. Various values of Vxc can be considered, and the

concentration versus time profile for each can be computed
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FIGURE 2-31. Concentration equalization of a sinusoidal

influent.

15 The solution is reasonably straightforward using Laplace transforms. The

mass balance, as before, yields: dcout=dt ¼ ð1=tÞcin � ð1=tÞcout. To solve

the equation, one needs to choose an initial condition. With the choice that

c(0)¼ cave, the solution contains a third term not shown in Equation 2-104.

That extra term is cð0Þvt expð�t=tÞ=ð1þ v2t2Þ. The exponential decay

with time makes this term infinitesimally small after a few periods and

therefore irrelevant from the point of view of design, which is concerned

with what happens over the long term.
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according to Equation 2-106 until an acceptable degree of

concentration equalization is achieved.

& EXAMPLE2-12. Anindustryproducesawastestream
that has a flow variation similar to that described in

Example 2-9, and a concentration variation similar to that

described inExample2-11.Assumingan initial concentration

in the system of 100mg/L, compare the fluctuations in the

influent concentration with those in the effluent for basin

volumesof56.0m3(theminimumforflowequalizationalone,

as per Example 2-9), 75m3, and 150m3.

Solution. The three scenarios are characterized in

Figure 2-32, based on the application of Equation 2-106

to the given data. The results shown are for the expected

concentrations during day 2, for an assumed concentration

of 155mg/L at the beginning of day 1. By focusing on the

second day of operation, the effect of the arbitrary assump-

tion regarding the concentration at the beginning of day 1 is

virtually eliminated. Larger equalization volume clearly

leads to more damping of the concentration. In the scenarios

shown, the ratios of the maximum to the minimum concen-

tration are 3.4, 2.2, 1.6, and 1.1 for equalization volumes 0,

56.5, 75, and 150m3, respectively. &

When designing for either flow or concentration equal-

ization, it is unwise to assume that a short period of

observation will include the most extreme conditions ever

experienced, so the preliminary data collection should be

conducted over a large enough time span that these extremes

are likely to be approached. If the flow and concentration

vary in a somewhat regular pattern, the analysis can be

conducted for each cycle to yield a value of the correspond-

ing required volume for that cycle. These values can then be

rank-ordered and converted to a cumulative probability

distribution, as described previously for flow equalization

alone, and the design value can be chosen on the basis of a

predetermined objective stated in statistical terms.

When designing for simultaneous equalization of flow

and concentration, the required volume depends on varia-

tions in both flow and concentration, and the risk that use of a

small amount of data in the analysis will lead to an under-

estimate of the required equalization volume might be even

higher than when designing for only one of these objectives.

If the data for flow and concentration are negatively corre-

lated (one increases when the other decreases), the design

for flow equalization is likely to be sufficient for concentra-

tion equalization. If the data for these two variables are

positively correlated, additional volume for concentration

equalization is likely to be necessary, but the risk in the

analysis is not much higher than in the flow equalization

case. That is, the range of required volumes will be equally

well characterized with the same number of data points.

However, if the variations in flow and concentration are not

correlated, the risk that a small number of data points will

not characterize the variation in required volume rises—the

data are less likely to include the extreme cases in which

concentration is high when the flow is high and/or the

volume in the tank is low. In this case, the designer needs

to use a much greater number of data points in the analysis

(if available), include a larger safety factor, design for a

stricter objective, or use some combination of these

approaches to ensure that the design meets the objectives.

2.6 SUMMARY

Various ways to evaluate and model the hydraulic character-

istics (or mixing intensity) of reactors with continuous,

steady flow have been presented in this chapter. The

extremes of mixing intensity are represented as ideal reactor

types: in an ideal plug flow reactor (PFR), there is zero

mixing in the axial direction, and in an ideal continuous flow

stirred tank reactor (CFSTR), the mixing is infinitely

intense. Both ideal and nonideal reactors can be character-

ized by their RTDs (the exit age distribution, E(t), and/or the

cumulative age distribution, F(t)).

Nonideal reactors can sometimes be modeled quite well

either by modifying the assumptions applicable to the ideal

reactors or by representing the nonideal reactor as a linked

network of ideal reactors. The models used most often to

represent nonideal reactors include

1. A PFR with dispersion

2. A number of equal-sized CFSTRs in series

3. A combination of a few CFSTRs and PFRs connected

in series and/or parallel, perhaps with dead space

included

4. A network of several of PFRs in parallel or in series

with multiple inlets and outlets.
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FIGURE 2-32. Concentration equalization in the system

described in Examples 2-9 and 2-10.
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The advantage of mathematical modeling is that it can

reduce a large data set to a function that can be characterized

using only a few parameters. For ideal reactors (CFSTRs and

PFRs), a single parameter (t) is sufficient to describe the

reactor hydraulics completely. For the first two models for

nonideality listed above, one additional parameter is

needed. In the latter two models, the number of parame-

ters needed increases by two for each additional model

reactor used to represent the system. At some level of

complexity, the advantage of modeling becomes small in

comparison to the empirical E(t) or F(t) data (obtained

from tracer tests).

The predicted tracer output curve using the best-fit values

of the defining parameters for each model can be compared

with the actual output curve. If a model gives a good fit, then

one might infer that the hydraulics of the reactor have been

characterized reasonably well. If the chosen models do not

give a good match to the experimental output, the conclusion

is that the actual flow pattern in the reactor is not similar to

the model flow patterns investigated, and others may have

to be postulated.

The decision regarding the number of fitting parameters

to be used is a judgment which must be made based on the

reliability of the RTD data, the need for an accurate repre-

sentation, and the cost of improving the fit. However, in

carrying out the analysis and interpreting the result, one

must keep in mind that each of the mathematical models is

based on a physical model of the flow pattern. If the physical

model is correct, the results predicted by the mathematical

model will fit the experimental ones. There may also be

incorrect models of the physical process which nevertheless

fit the tracer data quite well. No one model is universally

better than the others; the best model is the one that gives a

sufficiently accurate representation of the reactor behavior

for the intended use.

Some real reactors often closely approximate one of the

ideal cases. Rapid mix basins and flocculators are usually

small open reactors with sufficient mixing to approximate a

CFSTR. Packed beds (adsorption or ion exchange columns,

deep bed filters, and perhaps even stripping towers) are close

to being PFRs, although they are likely to have a small

amount of dispersion. On the other hand, many reactors are

nonideal. Aeration basins have intense mixing induced by

the air movement or by mechanical aerators, but this mixing

is usually relatively local, and such basins might be modeled

as a small number of CFSTRs in series. Baffled reactors,

such as disinfection chambers, might also act as a number of

CFSTRs in series. Reactors (or pipes or channels) with a

high ratio of length towidth (or depth) will approximate plug

flow, although some dispersion is likely. For accurate

description, tracer studies and the types of analyses pre-

sented in this chapter are necessary.

Analysis of reactor hydraulics is directly applicable to the

design of reactors for flow and/or concentration equalization.

In such situations, the varying water volume stored in the

equalization basin can allow a steady flow of water to

downstream processes, even if the influent flow rate varies

significantly. Similarly, the dilution of influent into a

substantial volume of water collected during earlier times

dampens the fluctuations in the composition of the feed to

the downstream processes. Although equalization accom-

plishes no pollutant removal by itself, it can greatly facili-

tate smooth operation of the pollutant removal steps that

follow it.

APPENDIX 2A. INTRODUCTION TO LAPLACE

TRANSFORMS AS AMETHOD OF SOLVING

(CERTAIN) DIFFERENTIAL EQUATIONS

The process of using Laplace transforms for solving differ-

ential equations is similar to the well-known process

of using logarithms to solve exponential problems.

(Unfortunately, in this age of spreadsheets, some readers

might be a bit rusty on the logarithm transform process, but

the analogy is still useful.) Consider the following expo-

nential equation:

xa ¼ b

where a and b are known and x is the unknown. To solve, we

take the logarithmic transform of both sides of the equation

to obtain

log xa ¼ log b

With this equation, we can say that we have transformed

the problem onto the logarithmic plane. We then use the

properties of logarithms to find

a log x ¼ log b

and do algebra to find the solution on this logarithmic plane:

log x ¼ log b

a

Finally, we do the inverse transformation (i.e., take the

antilog) to find the solution on the normal plane:

x ¼ antilog
log b

a

For example, following each of these steps to find the

value of x in the equation:

x3:7 ¼ 196:4

leads to the result x¼ 4.17.
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The Laplace process for solving differential equations is

similar to this logarithm process. We start with a differential

equation in F(t); F(t) here is any (qualifying) function of

time and not specifically the cumulative age distribution.

The choice of this symbol for the function is perhaps

unfortunate in this chapter, but its use by mathematicians

is almost universal, and so it is used here for consistency with

published mathematical tables. After taking the Laplace

transorm of both sides of the equation, we have an algebraic

equation in the Laplace transform of F(t), usually written

alternately as either L FðtÞf g or f(s); the meaning of s is

explained shortly. We then do algebra on the Laplace plane

to solve for f(s), and finally perform the inverse Laplace

transformation, often written as L�1, to find F(t).

The Laplace transform is defined as follows:

L FðtÞf g � f ðsÞ �
ð1

t¼0

e�stFðtÞ dt

where s is a number sufficiently large to make the integral

converge (i.e., s is not a variable), F(t) must be continuous (or

piecewise continuous) for all t> 0, and F(t) must be bounded

near t¼ 0. This transformation lends itself to situations in

which F(t) is defined for t� 0 (but not for t< 0).

Fortunately, it is rarely necessary to use the definition and

carry out the integration to apply Laplace transforms.

Operations with Laplace transforms and transforms of

many common functions have been tabulated; a convenient

(although small) listing is given in the CRC Standard

Mathematical Tables (Beyer, 1987), and several other list-

ings are available in mathematical reference books.

The three most common operations (at least for the use

associated with tracers in environmental systems) are easily

derived from the definition. They are as follows:

L A FðtÞf g ¼ A f ðsÞ (2A-1)

That is, the Laplace transform of the product of a constant

(A) and a function (F(t)) is the product of that constant and

the Laplace transform of the function.

L F1ðtÞ þ F2ðtÞf g ¼ f 1ðsÞ þ f 2ðsÞ (2A-2)

That is, the Laplace transform of a sum is the sum of the

associated Laplace transforms.

L F0ðtÞf g ¼ L
dFðtÞ
dt

� �
¼ s f ðsÞ � Fðþ0Þ (2A-3)

That is, the Laplace transform of the derivative of a function

is the product of s and the Laplace transform of the function,

minus the value of the function at time zero. (The þ0 means

that, if there is a discontinuity at zero, the limit as t

approaches zero from positive t is used.) It is this operation

that allows one to solve differential equations, because the

transform of the time derivative of F(t) is a function of F(t)

and not of the differential of F(t).

A fourth operation is also often useful and was noted in

the text, namely

L F1ðtÞ � F2ðtÞf g ¼ L

ðt

0

F1ðt� tÞF2ðtÞdt
8<
:

9=
; ¼ f 1ðsÞf 2ðsÞ

(2A-4)

That is, the Laplace transform of the convolution of two

functions is the product of the Laplace transforms of the

two functions.

A short listing of Laplace transforms of common func-

tions is given in Table 2-A1; again, the reader is referred to

the CRC Standard Mathematical Tables or other reference

books for additional listings.

Notes: G(k), which appears in transforms 5 and 9, is an

integral function that, for positivevalues ofk, is closely related

TABLE 2A-1. Laplace Transform of Common Functions

Number Function (F(t))

Laplace Transform

of Function (f(s))

1 1
1

s

2 t
1

s2

3
tn�1

ðn� 1Þ! ðn ¼ 1; 2; . . .Þ 1

sn

4
1ffiffiffiffiffi
pt

p 1ffiffi
s

p

5 tk�1 ðk > 0Þ
GðkÞ
sk

6 eat
1

s� a

7 teat
1

ðs� aÞ2

8
1

ðn� 1Þ! t
n�1 eat ðn ¼ 1; 2; . . .Þ 1

ðs� aÞn

9 tk�1eat (k> 0)
GðkÞ

ðs� aÞk

10
1

a� b
eat � ebt
� � 1

ðs� aÞ ðs� bÞ

11
1

a� b
aeat � bebt
� � s

ðs� aÞ ðs� bÞ

12
ðb�cÞeatþðc�aÞebtþða�bÞect

ða�bÞðb�cÞðc�aÞ
1

ðs� aÞ ðs� bÞ ðs� cÞ

13
1

a
sinðatÞ 1

s2 þ a2
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to the factorial function. The formal definition and values of

this function can be found in mathematical handbooks.

Examples of the Use of Laplace Transforms

& EXAMPLE 2A-1. CFSTR with Pulse Input of
Conservative Tracer at t¼ 0 The mass balance for this

situation has been described in this chapter as follows:

V
dc

dt
¼ Qð0Þ � Qc

The reaction term is zero (the tracer is chosen to be

nonreactive) and c is a function of time. As indicated, the

input concentration is zero after time zero. Dividing by

the volume of the reactor, V, yields

dc

dt
¼ � 1

t
c

Taking the Laplace transform of each side gives

s f ðsÞ � cð0Þ ¼ 1

t
f ðsÞ

where the concentration in the reactor at time zero, co, equals

Min=V . Rearranging and factoring yields

f ðsÞ sþ 1

t

� �
¼ co

Solving for f(s), the solution on the Laplace plane, gives

f ðsÞ ¼ co
1

sþ ð1=tÞ
Using transform 6 from Table 2-A1 with the value of

a ¼ �1=t, and recognizing that the constant co will carry

through into the equation during the inverse transformation

(operation 1 shown earlier) yields the following:

cðtÞ ¼ co e
�t=t

This result is, of course, the same as that found by

straightforward integration and shown in the chapter. The

value here is in recognizing the utility and simplicity of the

Laplace transform method. &

& EXAMPLE 2A-2. CFSTR with Step Input of Con-
servative Tracer at Time Zero The mass balance for this

situation (also given in this chapter) is

V
dc

dt
¼ Qcin � Qc

where again c is a function of time, defined for all positive

values of t, so the Laplace transform method is useful.

After dividing by V, recognizing that Q=V ¼ 1=t, and

rearranging, this equation becomes

dc

dt
þ 1

t
c ¼ cin

t

Taking the Laplace transform of both sides of this equation

yields

s f ðsÞ � cð0Þ þ 1

t
f ðsÞ ¼ cin

t

1

s

Recognizing that the concentration of tracer in the reactor

at time zero is zero (i.e., c(0)¼ 0) and rearranging yields the

solution on the Laplace plane:

f ðsÞ ¼ cin

t

1

s sþ 1

t

� �

Finally, applying transform 10 with a¼ 0 and b ¼ �1=t
gives the solution as

cðtÞ ¼ cin

t

1

0þ 1

t

� � e0t � e�t=t
	 


¼ cin 1� e�t=t
	 


Of course, the solution is the same as derived earlier in two

different ways (direct integration of the differential equation

for the mass balance and by convolution of the E(t) function

for the CFSTR and the input function). In comparison with

the integration method, the Laplace transform method is

easier primarily because, after the transformation, the solu-

tion is found via algebra rather than calculus. For more

complex problems, this benefit is even more apparent than

in the two examples given here. The CFSTRs-in-series

problem (Problem 2-4) or the sinusoidal concentration

equalization problem are examples where the solution meth-

odology using Laplace transforms is considerably easier than

other methods (e.g., the integrating factor method). &
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PROBLEMS

2-1. Show that the average detention time that tracer stays

in a continuous flow stirred tank reactor (CFSTR) is

the same as the hydraulic detention time; that is, that

tCFSTR ¼ t. Use either the response of a CFSTR to a

pulse input tracer test, cp(t), or the exit age distribu-

tion, E(t), as the starting point for this derivation.

2-2. (a) For a single CFSTR, at what value of t/t is the

concentration of the effluent 85% of the initial

concentration in a pulse input tracer test?

(b) For the same system as in part (a), at what value

of t/t is the total mass of tracer that has left the

reactor 85% of the mass initially injected?

(c) For a single CFSTR, at what value of t/t is the

concentration of the effluent 85% of the influent

concentration in a step input tracer test?

2-3. The discussion of step-change tracer studies in this

chapter focuses on systems in which the reactor is

initially free of tracer, and a finite concentration of

tracer is injected starting at time zero (and continuing

indefinitely). However, the same principles apply if

the concentration throughout the reactor before the

step change is any finite value (designated here as

cin,old), and the step change in the influent concentra-

tion is to any other value (greater than or less than

cin,old). A graph describing such a situation for a case

is shown in Figure 2-Pr3.

(a) For an arbitrary reactor with some intermediate

amount of mixing (not a CFSTR and not a PFR),

sketch a plausible graph showing the tracer

effluent concentration as a function of time

(i.e., cout(t)), for a tracer input pattern like

that shown in the graph. Show the influent tracer

profile on the graph as well, for reference.

(b) For the arbitrary reactor considered in part (a),

develop an expression for the cumulative age

distribution, F(t), in terms of cin,old, cin,new,

and cout(t). Note that this expression must reflect

the characteristics of any cumulative distribu-

tion; that is, F(t) must increase monotonically

from 0 to 1 as t goes from 0 to 1. Make sure

your answer to part (b) is consistent with your

sketch in part (a).

(c) Derive an expression for cout(t) for a single

CFSTR under the conditions of a “step down”

tracer study as depicted in the figure.

(d) Use the expression developed in part (b) to

convert your answer from part (c) into the

cumulative age distribution, F(t), for a CFSTR.

Compare your result with Equation 2-49 in the

text, and explain the observation.

(e) Use the expression developed in part (d) to derive

the exit age distribution, E(t), for a CFSTR.

2-4. You are the owner of a company that makes a

chemical product in a large CFSTR with a theoretical

detention time t. Production has not been as good as

you had hoped. An engineer hired to help solve

problems in the plant suggests installing baffles in

the reactor, effectively dividing it into a series of

CFSTRs.

In
flu

en
t c

on
ce

nt
ra

tio
n

Time, t
0

c in,old

c in,new

FIGURE 2-Pr3. Influent tracer concentration profile for a down-

ward step change.
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(a) Write out the mass balance and the resulting

equation describing the effluent concentration

as a function of time for a pulse input tracer test

before any baffles are installed.

(b) Repeat part (a) for the concentration of the

effluent from the tank once one baffle has been

installed, dividing the tank into two identical

CFSTRs. (Hints: The response of the first com-

partment to the pulse input is similar to that

obtained in part (a), but you must revise your

answer to account for the smaller volume. The

revised result for the output from the first com-

partment constitutes the input to the second

compartment. The solution for the concentration

in the second compartment is most easily

obtained using the convolution process described

in the chapter and represents the response of the

full, two-compartment reactor to the pulse input.)

(c) Repeatpart (a) for theconcentrationof theeffluent

fromthe tankonce twobaffleshavebeen installed,

dividing the tank into three identical CFSTRs.

(d) Generalize your answers from parts (b) and (c)

to develop the equation for a case where the tank

is divided into N tanks.

(e) Assume that the detention time in the tank is

60min, and that the amount of tracer injected is

enough to cause the initial concentration in the

unbaffled tank to be 100mg/L. Plot, on a single

graph, the effluent tracer concentration as a

function of time for the cases of zero, one,

and four baffles (corresponding to one, two,

and five tanks in series), for t¼ 0 to 200min.

2-5. A reactor has an overall hydraulic residence time (t)

of 45min, based on the total volume of water in the

reactor and the total flow through it. The reactor can

be reasonably represented as three ideal reactors in

parallel. One of the conceptual reactors, accounting

for 10% of the tank volume, is “nearly dead” space;

this portion of the tank is completely mixed and has a

residence time of 6t. Another portion of the tank is

occupied by short-circuiting flow; 30% of the influent

flow passes through this unmixed (plug flow) section,

with a residence time of 0.1t. The remaining flow

passes through the rest of the reactor volume and is

well mixed.

(a) Draw a flowsheet to model the overall reactor,

showing the volume, residence time, and fraction

of the flow through each portion of the reactor.

(b) Write the equation and draw a curve showing

E(t) versus t for the reactor.

(c) What fraction of the water that enters the reactor

stays there for a time t< t?

2-6. Determine and plot the E(t) curve for a reactor system

consisting of two CFSTRs in series, with hydraulic

detention times of 1 h and 2 h, respectively. Compare

the result with that for the same reactors in the reverse

order. (Hint: write the mass balances for two CFSTRs

in series with arbitrary mean residence times t1 and

t2, to obtain a differential equation for the concen-

tration exiting the second reactor. Solve the differen-

tial equation either analytically using Laplace

transforms or numerically, and then convert the cal-

culated cfinal versus t data to E(t) versus t.)

2-7. A hydraulic study of the flow-through characteristics

of a sedimentation basin was made using NaCl as a

tracer by injecting a pulse input of salt at the inlet and

measuring the salt concentration at the outlet. The

results of the study are shown in the following table:

Time (min)

Concentration of NaCl

(mg/L at Outlet)

0 0

10 Trace

20 40

30 130

45 100

60 70

75 54

90 44

105 37

120 30

135 22

150 14

165 9

180 5

Note: The performance of this system is investigated further in the

problems at the end of Chapter 4.

(a) Plot c(t), E(t), and F(t) versus time. What is the

value of t based on these data?

(b) Determine appropriate values of the adjustable

parameters for each of the following four physi-

cal models of the system, and prepare a sum-

mary table showing your results. Note that, for

the last model, a wide variety of answers could

be considered acceptable, so briefly justify the

choices that you make.

(i) PFR with dispersion, for open boundaries.

(ii) PFR with dispersion, for closed boundaries.

(iii) N equal-sized CFSTRs in series.

(iv) Seven ideal PFRs in parallel.

(c) On a single graph, plot E(t) versus t curves for

the model systems characterized in parts (i),
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(iii), and (iv) in part (b). On the same graph,

sketch a corresponding curve for the model in

part (ii), based on Figure 2-16. Add the exper-

imental E(t) data to the graph. (Hint: co can be

found by writing an expression for Min as a

function of co, writing another expression for

Mout in terms of the (known) effluent tracer

concentrations, and assuming that Min¼Mout.)

Prepare a second graph showing F(t) versus t for

each of the models, along with the experimental

F(t) data. Based on these graphs, would you

choose one of these models to represent the

data? If so, which one? If not, what other model

might you test?

2-8. A stretch of a river can be modeled as a PFR with

dispersion and open boundaries, with a dispersion

number of 0.01. The river discharges into a lake that

can be considered to be well-mixed, with a residence

time of 1 d.

(a) A nondegradable contaminant is released into

the river for 2 h, causing the concentration in the

river water at the discharge point, after mixing

across the river cross-section, to be 200mg/L
during the discharge period. The theoretical

mean hydraulic residence time in the river

between the release point and the lake (triver)

is 6 h. As a first approximation, you decide to

model the input as a pulse that contains all the

mass that was actually discharged over the full

release period, with the pulse entering the river

at a time corresponding to the middle of the

actual discharge. Estimate the time and magni-

tude of the peak in the contaminant concentra-

tions entering and exiting the lake for this

modeling approach, defining t¼ 0 as the time

at the beginning of the contaminant discharge.

(Note that the time of the model, input pulse is

not necessarily t¼ 0. Consider how footnote 3

applies in this case.)

(b) What are the normalized variances of the con-

centration profiles entering and leaving the lake

for the scenario described in part (a), based on

your simulation?What is the theoretical value of

the normalized variance at the entrance to the

lake based on the PFR-with-dispersion model?

(c) According to your model, how long after the

beginning of the contaminant release will it be

before 95% of the contaminant has passed

through the whole system?

(d) To test whether your simplification of the input

function is acceptable, conduct a sensitivity

analysis by modeling the input as 12 sequential

pulses at 10-min intervals, rather than as a single

pulse. In your model, assume the pulses are

uniformly distributed at t¼ 5, 15, 25, . . . ,

115min, and that each pulse contains one-

twelfth of the total contaminant mass. The total

concentration at any time at the point where the

river discharges into the lake can be computed

as the summation of the concentrations associ-

ated with the 12 simulated pulses. Briefly com-

pare your results for parts (a) and (d).

2-9. In a number of situations, a real reactor might be

modeled as a combination of two, linked reactors.

For instance, in a stratified lake, the epilimnion and

hypolimnion might have quite different composi-

tions and reaction characteristics, yet have some

continuous, relatively low level of water exchange

between them across the thermocline. Similarly,

engineered reactors often have zones in corners or

along edges that are largely, but not completely,

isolated from the core.

Consider such a reactor whose total volume is

100m3. Of this volume, 80m3 is a well-mixed core

zone, and 20m3 is in a separate zone that is well-

mixed itself but is not thoroughly mixed with the

core. The flow pattern is such that the flow of

5m3/min into and out of the reactor enters and leaves

through pipes that are in the core zone. The exchange

of fluid between the core and secondary zones is at a

steady rate of about 0.1m3/min. (Note: the perform-

ance of this system is investigated further in the

problems at the end of Chapter 4.)

Ten grams of a tracer is injected as a pulse into the

inlet pipe at t¼ 0. Write the mass balance equations

describing the concentration of tracer in each part of

the reactor as a function of time, and calculate and

plot those concentrations from t¼ 0 until the time

when 9.9 g of tracer has exited the overall reactor.

Show the results for both reactors on the same graph.

Discuss briefly the significance of the point of inter-

section of the two lines. (Hint: the mass balances

yield two simultaneous differential equations that can

be solved simultaneously, once the initial conditions

are established. Once the equations are identified,

they can be solved in several ways, including numer-

ically, direct integration, or integration in Laplace

space. To solve the problems by either of the latter

two approaches, it is easiest to combine the two first-

order differential equations to obtain a single, second-

order differential equation.)

2-10. Assume that you obtained the tracer output data

shown in Example 2-1, but you thought the reactor

conformed more closely to the open boundary than

the closed boundary case.
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(a) What values would you estimate for t and

D=vxL for the reactor in that case?

(b) Generate a predicted tracer output curve for the

pulse input that was injected, using the model

parameter values determined in part (a). Note that

the appropriate value of co to use in the model

calculations is themass of tracer added divided by

the effective volume of the reactor (not the geo-

metric volume). How well does the PFR-with-

dispersion model reproduce the experimental?

2-11. (a) Derive theE(t) function for a set of two reactors in

series: a CFSTR with mean hydraulic residence

time t1 followed by a PFRwith residence time t2.

(b) Repeat part (a) for the same reactors, but in the

reverse order.

2-12. Rebhun and Argaman (1965) considered a reactor that

exhibits nonideal flow to be conceptually divided into a

dead space fraction (m) and an effective fraction

(1�m), and further that the effective fraction consists

of a plug flow fraction ( p) and a completely mixed

(CFSTR) fraction (1� p). The cumulative age distri-

bution resulting from this model is as follows:

FðtÞ ¼ 1� exp � 1

ð1� pÞð1�mÞ
t

t
� pð1�mÞ

n o �

(a) Consider a continuous flow stirred tank reactor

with a volume VCFSTR and a steady flow Q. A

step input tracer test is carried out on this

reactor. Sketch a graph and give an equation

to describe the response (effluent concentration

as a function of time) of this reactor.

(b) Now consider a PFR with volume VPFR that is

added in series after the CFSTR described in part

(a). Sketch a graph andgive an equation to describe

the response of this second reactor when the step

input of tracer is added to the first reactor. Account

properly for the definition of time zero.

(c) With the proper normalization, convert your

answer to part (b) into the cumulative age

distribution, F(t).

(d) Consider the two reactors in series to have a

total volume V. A fraction (p) of that volume is

in the PFR, and the rest is in the CFSTR. Use the

symbol t for the theoretical detention time of

the two-reactor system. Make the necessary

adjustments to your equation to express F(t)

in terms of t, t, and p.

(e) Finally, assume that, in addition to the volume

V, there is space in the reactor system where

water sits undisturbed by the flow; that is, dead

space. Of the total volume V (dead space vol-

ume, plug flow volume, and CFSTR volume),

the dead space fraction is called m. Considering

this total volume, make the necessary adjust-

ments to your equation to arrive at the equation

shown by Rebhun and Argaman.

(f) To fit this model to data from a tracer test, one

can plot lnð1� FðtÞÞ versus t=t. Show how

the slope and abscissa intercept (as distinct

from the usual ordinate intercept) can be used

to evaluate the model parameters.

2-13. In tracer tests on any reactor other than an ideal PFR,

some of the tracer will remain in the reactor indefinitely,

at least in theory. In such cases, it is often unclear exactly

how long one should collect and analyze the data to get a

good estimate of the true residence time.

Consider a tracer test on an ideal CFSTR with an

average hydraulic residence time of 60min.

(a) Determine the average hydraulic residence time

that you would compute based on the tracer

output, if you collected perfect data starting at

t¼ 0, but stopped collecting data at various

times up to 10t. Recalling that t can be com-

puted from the tracer data based on eitherMin or

Mout as the measure of total tracer used in the

test, carry out the calculations twice—once

using Min and once using Mout.

(b) How long would you have to collect data in

order to compute a value of t that is within 10%

of t, if the analytical data were perfect?

(c) If a systematic error occurred in the measure-

ments of tracer concentrations such that all the

measured values were 5% lower than the true

values, how would the calculated values of t

differ from those computed in part (a)?

2-14. The data shown in the following table are from a pulse

input tracer study of an aerobic sludge digester for

which the design mean hydraulic residence time is

several weeks. The work was conducted by Monteith

and Stephens (1981). A schematic showing the con-

ceptual model they used to represent the digester

is provided in Figure 2-Pr14. The total reactor

volume (V) is assumed to be distributed between

an active portion through which the flow passes,

and an inactive portion (dead space). Furthermore,

the active portion of the reactor comprises two parts:

some of the water passes through a well-mixed

(CFSTR) part of the reactor, while the rest is

short-circuiting fluid that passes through the reactor

as a plug and does not mix with the other fluid. The

fractions of the total flow Q that are well mixed and

that short-circuit through the reactor are designated
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fQ,m and fQ,sc, respectively. Correspondingly, the

fractions of the total volume that are occupied by

the mixed fluid, the short-circuiting fluid, and the

dead space are designated fV,m, fV,sc, and fV,d, respec-

tively. Recall that co¼Min/V.

t/t c/co t/t c/co

0.05a 1.78 0.38 0.33

0.05a 1.02 0.44 0.32

0.05a 0.79 0.47 0.29

0.05a 0.53 0.63 0.26

0.05a 0.53 0.78 0.15

0.05a 0.53 0.84 0.14

0.17 0.47 1.00 0.12

0.26 0.40 1.05 0.13

aThese samples were the first ones collected. They were

collected in the order shown (top to bottom) at various times

during the first sampling date, at t/t near 0.05.

(a) Why do you think such vastly different tracer

output concentrations were observed over a

relatively short sampling period after the tracer

was injected (the first six data points)?

(b) Recall that, for any tracer output curve,
Ð t2
t1
Qc dt

is the total mass of tracer exiting the reactor

from time t1 to time t2. Manipulate that integral

to obtain an expression for
Ð t2
t1
ðc=coÞðdt=tÞ,

which is the expression that the authors used

in their analysis. What value would you expect

to obtain for
Ð1
0
ðc=coÞdt=t?

(c) Write a mass balance around the well-mixed

portion of the reactor, and develop an expression

for the tracer concentration exiting that portion

of the reactor (i.e., cm(t)) in terms of t, co, fV,m,

and fQ,m, where t is the overall mean hydraulic

residence time in the reactor.

(d) Write another mass balance, this time around

the point where the short-circuiting fluid joins

the fluid that has passed through the mixed

portion of the reactor, and develop an expression

for the concentration of tracer exiting the entire

reactor as a function of time (c(t)), in terms of

the parameters used in part (c), plus fV,sc and fV.d.

Note that this is the concentration that would be

detected by the investigators, who sampled a

mixture of whatever water exited the reactor.

(e) Estimate the value of the integral
Ð1
0
ðc=coÞdt=t

for the experimental data. To do this, you will

need to extrapolate the given data back to time

zero and forward to times well beyond when the

investigators stopped collecting data; oneway to

do this is to use the equation you developed in

part (d). You will also need to estimate the

(finite) area under the curve at short times,

when the data indicate a very large rate of

change in c. Why is the experimental value ofÐ1
0
ðc=coÞdt=t different from the expected value

determined in part (b)?

(f) Use the experimental data in conjunctionwith the

equation you developed in part (d) to estimate the

values of fQ,m, fV,m, and fQ,sc in the digester.

(g) It is not clear whether the investigators captured

the peak of the tracer output as the short-circuit-

ing fluid exited the system. Using your results

from parts (e) and (f), and assuming that the

peak can be approximated as a square wave with

a width of 0.05 (i.e., a fixed value of c/co over a

duration corresponding toDt/t¼ 0.05), evaluate

whether they did.

2-15. During an 8-h testing period, an industrial plant pro-

duces wastewater at a rate and with a contaminant

concentration that varies as shown in the following

table.

Time

(h)

Average

Flow

(m3/h)

Average

Concentration

(mg/L)

0–1 11 109

1–2 12 121

2–3 14 140

3–4 18 164

4–5 20 202

5–6 25 201

6–7 50 124

7–8 10 112

(a) How large a tank is required to achieve complete

flow equalization? Plot the volume of water in

such tank as a function of time, using 5-min

intervals.

(b) What is the long-term average contaminant

concentration in the wastewater?

Qsc = fQ,sc Q

Qm = fQ,m Q

Vsc = f V,sc V

Vm = fV,m V

Vd  = fV,d V

QQ

FIGURE 2-Pr14. Model representation of flow in a reactor with

a well-mixed zone, short-circuiting, and dead space.
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(c) The treatment process works best if the maxi-

mum concentration entering the process is no

more than 50% greater than the minimum

concentration (i.e., cmax/cmin� 1.5). If the

flow equalization tank is a CFSTR, will it

achieve this degree of concentration equaliza-

tion? If not, approximately how large must the

tank be to do so?

(d) What is the key assumption that was implicit in

the analysis carried out in parts (a) and (c),

regarding the flow rates and concentrations

during the periods other than the test period?

How might you modify your design decision to

take this fact into account?

2-16. Water treatment plants usually include a storage tank

or reservoir (called a clearwell) onsite, where fully

treated water is stored before being pumped into the

distribution system. The clearwell provides equal-

ization capacity so that the plant can treat water at a

steady rate and distribute it in response to unsteady

demand.

Design a clearwell for a water treatment plant that

has to meet a daily demand cycle similar to that

shown in Figure 2-Pr16. The demand is low in the

late evening and overnight, increases linearly during

the morning, remains constant through the work day,

and then decreases linearly in the evening. Find the

minimum storage capacity that will allow the plant to

be operated with a steady flow.

2-17. In Example 2-11, the analysis was carried out by

assuming that the initial concentration in the tank was

180mg/L. Using the detention time determined in

that example, compare the predicted concentrations

in the tank during a 24-h period, using 100, 180, and

400mg/L as assumed initial concentrations. What do

you conclude from the comparison?

FIGURE 2-Pr16. Daily water demand pattern to be considered in

the design of a clearwell.
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3.1 INTRODUCTION

The goal of a mass balance analysis is to describe the mass or

concentration of a substance as a function of time and

location in a given physical system. Ultimately, for the

mass balance equation to be solvable, each of its terms

must be reduced to a form in which time and location are the

only independent variables, and mass or concentration is the

only dependent variable.

In Chapter 1, the various terms that appear in mass balance

equations were introduced, and some approaches for simplify-

ing the mass balance were presented. It was shown that the

storage term (@(cV)=@t) can be simplified to Vdc=dt if the
system is well-mixed (so that c is independent of location) and

the volume is constant, and that it can be assigned a value of

zero if the system is at steady state. Also, the advective and

diffusive=dispersive terms in the mass balance were each

segregated into two parts—one describing the concentration

gradient (rc) and the other characterizing the physical=chem-

ical properties of the system, utilizing parameters such asQ, V,

D, and e.
In this chapter, we focus on the reaction term in the mass

balance equation, exploring ways in which that term can be

evaluated from experimental data and models for how

the term depends on system composition and temperature.

In the mass balances shown in Chapter 1, the reaction term

was usually written in a generic way as VrA, with rA repre-

senting the rate of formation of species A per unit volume of

solution per unit time. Note that, because the constituents

participating in any reactionmust react in proportions defined

by the reaction stoichiometry, the reaction rate of any other

constituent in the reaction can be related to rA. That is, for a

reaction aAþ bB! pP, if rA, rB, and rP are expressed on a

molar basis (e.g.,mol=Lmin), theymust be related as follows:

� 1

a
rA ¼ � 1

b
rB ¼ 1

p
rP (3-1a)

rA ¼ a

b
rB ¼ � a

p
rP (3-1b)

Thus, by characterizing rA as a function of system com-

position and temperature, we are implicitly characterizing

rB and rP as well.

The chapter begins with an introduction to fundamental

concepts and terminology that are used to describe reaction

kinetics, followed by a discussion of the approaches that are

commonly used to evaluate reaction kinetics empirically.

The presentation focuses on the conversion of raw exper-

imental data into mathematical expressions that can be used

to model reaction kinetics, thereby allowing the rate of

reaction to be predicted for conditions that have not been

studied directly. The types of reactions that are explored in

this section gradually increase in complexity, from single,

irreversible reactions to overall reactions that might include

multiple and=or reversible steps. In the process of describing
these reactions, the idea of a characteristic reaction time is

introduced, and the linkage between the kinetics of revers-

ible reactions and the equilibrium constant for those

reactions is explained. In the final section, the dependence

of reaction rates on temperature is described.

Many textbooks have been written devoted to reaction

kinetics and reactor engineering. Excellent texts that con-

sider reaction kinetics primarily in the context of basic

chemical and chemical engineering systems include those

by Levenspiel (1999) and Hill (1977). Applications of

81

Water Quality Engineering: Physical/Chemical Treatment Processes, First Edition. By Mark M. Benjamin, Desmond F. Lawler.
� 2013 John Wiley & Sons, Inc. Published 2013 by John Wiley & Sons, Inc.



kinetics to environmental systems are introduced in many

water chemistry texts (e.g., Stumm and Morgan, 1996;

Morel and Hering, 1993; Benjamin, 2010), and are covered

at a more advanced level in texts devoted specifically to that

topic (e.g., Brezonik, 1994; Stumm, 1990).

Whereas Chapter 2 emphasized the hydrodynamics of

reactors without regard to any reaction that occurs in them,

this chapter emphasizes the kinetics of chemical reactions

without regard to the hydrodynamics of the reactor in which

the reaction is occurring. (The mixing pattern in the reactor is

important for evaluating the kinetics, but the resulting rate

expression applies to reactors with any hydrodynamic charac-

teristics.) This emphasis is possible because reactions are

inherently molecular-scale processes. That is, when molecules

collide and react, their direct interaction is independent of the

macroscale mixing that might be occurring in the reactor.

While it is convenient to study reactor hydrodynamics and

reaction kinetics independently, ultimately both factors are

critical for determining the extent to which a given reaction

proceeds in a given reactor. We explore the interactions

between these factors in subsequent chapters, where mass

balances that apply to specific types of water and wastewater

treatment processes (in which flow, mixing, and chemical

reactions occur simultaneously) are explored.

& EXAMPLE 3-1. Hexavalent chromium (i.e., Cr in

the þ6 oxidation state, commonly represented as Cr(VI)) is

found inmany industrialwastes at substantial concentrations,

andisa tracecontaminant insomegroundwater.The treatment

of these wastes often involves reduction of the Cr(VI) to

trivalent Cr (i.e., Cr(III)), in which state the metal is very

likely to precipitate as chromium hydroxide (Cr(OH)3(s)).

This treatment approach is attractive both because Cr(III) is

much less of a health hazard than Cr(VI) and because the

precipitated Cr(OH)3(s) can be removed from the system

by settling and=or filtration.
The dominant form of Cr(VI) in mildly acidic, dilute

wastes is as the bichromate ion, HCrO4
�. Reaction of this

ion with Fe2þ (ferrous) ions can generate Cr(OH)3(s) and

Fe(OH)3(s) via the reaction

HCrO4
� þ 3 Fe2þ þ 8H2O! 3 FeðOHÞ3ðsÞ

þ CrðOHÞ3ðsÞ þ 5Hþ

(a) How are the rates of reaction of HCrO4
�, Fe2þ, and

Hþ related to one another?

(b) If rHCrO4
� by this reaction is �10�5mol=L s, what is

the rate at which alkalinity is being destroyed by the

reaction, in equiv=L? (Note: each mole of Hþ

produced destroys one equivalent of alkalinity.)

Solution.

(a) The rates of reaction of HCrO4
�, Fe2þ, and Hþ are

linked by the reaction stoichiometry. Applying

Equation 3-1b to the reaction of interest, with

HCrO4
�, Fe2þ, and Hþ identified as A, B, and P,

respectively, we can write

rHCrO4
� ¼ 1

3
rFe2þ ¼ � 1

5
rHþ

(b) If rHCrO4
� ¼ �10�5ðmol/L sÞ, rHþ is þ5�10�5

ðmol/L sÞ. Since one equivalent of alkalinity is

destroyed per equivalent of Hþ produced,

rAlk;equiv=L ¼ �rHþ;mol/Lð1equiv=mol HþÞ ¼ �5�
10�5ðequiv=L sÞ. &

3.2 FUNDAMENTALS

Terminology

The step-by-step sequence of molecular collisions that

converts reactants to products in a chemical reaction is

called the reaction mechanism or reaction pathway, and

each step in that sequence is called an elementary reaction.

Thus, if a reaction AþB! P occurs by a collision between

one molecule of A and one molecule of B to form one

molecule of P, that reaction is elementary. At first glance, it

might seem that all reactions of interest would be elemen-

tary. However, to the contrary, most overall reactions of

interest are nonelementary. That is, the reaction mechanism

consists of two or more elementary reactions, and the

products that can be detected and measured at the macro-

scopic scale are not formed directly from the reactants in the

manner expressed by the overall reaction stoichiometry.

Nonelementary reactions are discussed in detail shortly.

For elementary reactions, the reaction rate expression is

related directly to the stoichiometry. Specifically, if the

reaction AþB! P is elementary, the reaction rate is propor-

tional to the chemical activities and=or concentrations of the
reactants, as given by the following, equivalent expressions:

rA ¼ rB ¼ �rP ¼ �k0aAaB (3-2a)

¼ �k0 gA

cA

cA;std:state

� �
gB

cB

cB;std:state

� �
(3-2b)

where k0 is a constant that depends on solution composition

and temperature, with dimensions of mass=volume-time

(e.g., mol=Lmin) ai is the chemical activity of species i,

dimensionless g i is the activity coefficient of i, dimension-

less ci;std:state is the concentration of i in the standard state,

mass=volume (e.g., mol=L)
The concentration terms inEquation 3-2b are often isolated

from the rest of the terms on the right side by combining the

latter terms into a composite parameter, k, as follows:

rA ¼ rB ¼ �rP ¼ �kcAcB (3-3)

where k � gAgB=ðcA;std:statecB;std:state
�
k0, with dimensions of

time-volume=mass (e.g., min L=mol). gA and gB depend
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primarily on the bulk composition of the solution (particu-

larly, its ionic strength), so if that composition is approxi-

mately constant, k is constant as well.

Both k0 and k are called reaction rate constants. The

choice of representing the reaction rate expression in terms

of chemical activities (Equation 3-2a) or concentrations

(Equation 3-2b) (or, for that matter, as a mixture of concen-

trations and activities) is somewhat arbitrary. Use of con-

centration-based values is more common, but the activity-

based values are more convenient in a few applications. In

particular, if water is a reactant in an elementary reaction, it

is common to write the rate expression in terms of the

activity of water (aH2O, which has a value of �1.0 under

virtually all conditions of interest) rather than its concentra-

tion (cH2O, which has a value of �55.6mol=L).
The standard state concentrations cA;std:state and cB;std:state

always have values of 1.0; they are included in Equation 3-2b

(and therefore appear in the definition of k) only for consist-

ency with thermodynamic conventions, which require that

the activity of any species be dimensionless. For reactions

involving only dissolved species in ideal solutions (in which

case g i¼ 1.0 for all constituents), the numerical values of the

concentration and activity are identical, so the distinction

between k and k0 becomes unimportant; in nonideal solu-

tions, the values of both k and k0 depend on the ionic strength
of the solution. Unless otherwise specified, the ideal solution

assumption is made throughout this text.1,2

The reaction 2A! P can be written equivalently as

Aþ A! P. According to Equation 3-2, then, if this

reaction were elementary, the reaction rate of A would be

rA ¼ �kcAcA ¼ �kc2A (3-4)

Extending this reasoning, we can write the following rate

expression for any elementary reaction with the generic

stoichiometry aAþ bBþ cC! pP

rA ¼ �kcaAcbBccC (3-5)

Although Equation 3-5 is universally accepted as the

general form of the rate expression for an elementary

reaction, theoretical calculations suggest that simultaneous

collisions of three or more molecules are exceedingly rare in

aqueous solutions under normal environmental conditions.

Thus, as a practical matter, all elementary reactions in

aqueous systems are assumed to involve two molecules;

that is, to be bimolecular.

Empirically, the rates of many elementary reactions in

solution can be represented by expressions of the form:

rA ¼ �kcA. At first glance, such an expression would appear
to suggest that the reaction proceeds in the absence of

molecular collisions (because it depends on the concentra-

tion of only a single species raised to the first power). A few

reactions do indeed proceed at a rate that is governed by the

speed of processes occurring within individual molecules,

independent of their collisions with other molecules in the

system. An important example of such a reaction is radio-

active decay, a process that proceeds at the same rate

regardless of intermolecular collision frequencies. However,

in aquatic systems, elementary reactions that have a rate

expressionof the form rA ¼ �kAcA usuallyoccurvia collisions
with water molecules, and the rate expression shown actually

represents a simplification of the true rate expression, which

includes theactivityofwater.Thus, for instance, the true reaction

rate of an acid dissociation process (HAþ H2O!
H3O

þ þ A�) might be rHA ¼ �kHAcHAaH2O, but when this

expression is combined with the assumption that aH2O ¼ 1:0,
the result is rHA ¼ �kHAcHA.

& EXAMPLE 3-2. The hydration of CO2(aq) to form

H2CO3, as shown in the following reaction, is elementary.

CO2ðaqÞ þ H2O! H2CO3

The reaction rate expression can be represented as

rH2CO3
¼ khydcCO2ðaqÞ, with khyd equal to approximately

0.03 s�1. (This rate expression is a simplification of the

more complete expression rH2CO3
¼ khydcCO2ðaqÞaH2O, based

on the assumption that aH2O ¼ 1:0.) Determine the instan-

taneous rate of CO2 hydration in an ideal solution containing

10�5mol=L CO2(aq). Give the result as the fraction of the

CO2(aq) that is being hydrated per second.

Solution. Substituting the initial values into the rate

expression, the rate of hydration is

rH2CO3
¼ khydcCO2ðaqÞ

¼ 0:03 s�1ð Þ 10�5mol=L
� � ¼ 3:00� 10�7mol=L s

Since the initial concentration of CO2(aq) is 10
�5 mol=L,

the fractional rate of hydration is

3� 10�7 ðmol/L sÞ
10�5 ðmol/LÞ ¼ 0:03 s�1 ¼ 3% s�1

Note that, for this simple reaction rate expression (with the

rate directly proportional to the concentration of a single

constituent), the reaction rate constant can be interpreted as

the fractional rate at which the constituent is consumed.&

1 A more detailed discussion of the relationship between concentration and

activity is provided in Chapter 5 and in many water chemistry texts (see, for

example, Water Chemistry, by Benjamin (2010)).
2 The dependence of the rate constants can be explained and modeled, in

large part, using the activated complex theory of reaction kinetics. This

theory is outlined later in the chapter and is discussed in detail in most

physical chemistry textbooks.
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The Kinetics of Elementary Reactions

Frequency of Molecular Collisions The idea that the rate

of an elementary reaction is proportional to the concentrations

of the reacting species, as indicated by Equation 3-3, should

make some intuitive sense. Reactions occur as a result of

molecular collisions, and the rate of collisions between any

two types of molecules is proportional to their respective

concentrations. As a result, the rate of A–B collisions repre-

sents the maximum possible rate at which A and B can react

with one another; in reality, not every collision leads to a

reaction, so the reaction rate is less than the collision rate.

A theoretical analysis of the rate of molecular collisions

in solution, based on work originally done by Smoluchowski

(1917) to model the interactions of colloids, yields the

following equation for the rate of “first encounters” of

uncharged molecules:3

Rate of encounters ¼ 4p lA þ lBð Þ DA þ DBð ÞNAvcAcB=1000

(3-6)

where NAv is Avogadro’s number, li and Di are the radius

and diffusion coefficient of molecule i in cm and cm2=s,
respectively, ci is the concentration of i in mol=L, the factor
of 1000 is the conversion between cm3 and liters, and the rate

of encounters is in mol=L s.4

If the molecules are assumed to behave as hard spheres

moving through a continuum, the diffusion coefficients DA

and DB can be related to the radii of the molecules, via a

relationship known as the Stokes–Einstein equation,

Di ¼ RT

6pNAvm

1

li
(3-7)

where R is the universal gas constant, T is absolute tempera-

ture, and m is the solution viscosity.5,6 Substituting Equation

3-7 into Equation 3-6, the rate of encounters becomes

Rate of encounters ¼ 2RT

3m
2þ l2A þ l2B

lAlB

� �
cAcB

1000
(3-8)

Equation 3-8 expresses themaximum rate of an elementary

reaction between two uncharged species. According to Equa-

tion 3-3, however, the rate of such a reaction can also be

expressed as the product of a rate constant and the concentra-

tions of the reacting species. Thus, the collection of terms

other than cAcB on the right side of Equation 3-8 can be

interpreted as themaximumpossiblevalue of the rate constant

(kmax) for a reaction between two uncharged species; that is,

kmax ¼ 2RT

3m
2þ l2A þ l2B

lAlB

� �
1

1000
(3-9)

For moderate sized, uncharged solutes in aqueous solu-

tions at room temperature, the value of kmax is on the order of

1010 (mol=L)�1s�1. If the reacting species are oppositely

charged ions, their attraction for one another can increase

kmax by up to about an order of magnitude, and if they are

ions with like charges, their mutual repulsion can decrease

kmax by as much as two orders of magnitude. Reactions that

proceed at the rates close to these maximum predicted values

are said to be diffusion-controlled.

& EXAMPLE 3-3. Two constituents of a solution, A

and B, participate in a bimolecular, elementary reaction

at diffusion controlled rates, with a rate constant of

k¼ 3� 1010 (mol=L)�1s�1. In a solution that initially con-

tains 10�3M A and 10�4M B, what is the fractional rate of

destruction of species B?

Solution. Since the reaction is elementary, the rate

expression is

rA ¼ rB ¼ �kcAcB
¼ �3� 1010 ðmol/LÞ�1 s�1 10�3mol=L

� �
10�4mol=L
� �

¼ �3� 103 mol=L s

The rate of destruction of species B is �rB, or 3� 103

mol=L s. Dividing this value by the initial concentration of B

yields the fractional rate of destruction as

rB

cB
¼ 3� 103 ðmol/L sÞ

10�4 ðmol/LÞ ¼ 3� 107 s�1 ¼ 3� 109% s�1

The rate is fantastically rapid, many orders of magni-

tude faster than the rate of hydration of CO2 found in

Example 3-2. &

Energetics of Molecular Collisions Although the meas-

ured reaction rates of some proton-transfer (acid–base)

reactions approach those estimated based on diffusion con-

trol, rate constants for the vast majority of reactions of

interest in water and wastewater treatment are less than

kmax by several orders of magnitude. In such cases, the rate

of the reaction is controlled not only by the frequency of

3 An encounter is an instance in which the two molecules approach one

another closely enough that they can subsequently collide. They then might

remain close together and collide several times, but this is counted as only a

single encounter. It is estimated that, each time dissolved molecules

encounter one another in water at room temperature, they collide �150
times before separating (Brezonik, 1994).
4 See Chemical Kinetics and Process Dynamics in Aquatic Systems, by

Brezonik (1994) for a discussion of the derivation of this equation.
5 The Stokes-Einstein is derived in many textbooks. See, for example,

Diffusion: Mass Transfer in Fluid Systems, by Cussler (1984) or Water

Chemistry, by Benjamin (2010).
6 R has dimensions of energy per mole per degree (temperature). Values of

R in some common units are 1.987 cal/molK, 8.314 J/molK and 0.0821

L-atm/molK.
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collisions, but also by the energy of those collisions. That is,

even though many collisions might occur, relatively few of

them are sufficiently energetic to lead to the rearrangement

of chemical bonds needed to form the product. The rates of

such reactions are referred to as being chemically controlled,

and they are modeled based on the energy transformations

that occur as the reactant molecules approach one another

and interact.

When reactant molecules approach one another, interac-

tions between their electric fields cause the bonds in each

molecule to become strained. This process increases the

chemical potential energy of the molecules. The strain

increases dramatically with decreasing separation. Since

energy is conserved during the interaction, the increase in

chemical potential energy must be balanced by a corre-

sponding decrease in the energy elsewhere in the system. In

this case, the dominant process is the conversion of molec-

ular kinetic energy into chemical potential energy: the

molecules slow down as the distance between them

decreases and the bond strain increases. In the absence of

other factors, the molecules would eventually stop their

mutual approach and begin moving away from one another,

thereby relieving the strain and reconverting the chemical

energy into kinetic energy. From an energy perspective, the

process is identical to that of a ball rolling up an incline,

stopping, and reversing itself.

However, it is possible that, as the original molecular

structures adjust in response to the strain, some bonds will

weaken and others will begin to form. At some critical

point, the original bonds become sufficiently distorted, and

the new bonds form to a sufficient extent, that the strain can

be more easily relieved by rearrangements that form prod-

uct molecules rather than the original reactants. The

amount of energy necessary to bring molecules from far

apart (no interaction) to the critical point (the point where

the strain is equally likely to be relieved by the formation of

products or reformation of reactants) is called the activa-

tion energy, E�. Similarly, the process of reaching the

critical condition is commonly referred to as “overcoming

the activation energy barrier.” Molecules that have partici-

pated in reactions with enough energy to overcome the

activation energy barrier are not identifiable as either the

reactants or the products, but are intermediate species of

negligible stability known as activated complexes. The

overall model is referred to as the activated complex model

or transition state theory.

In addition to the energy of the colliding molecules, the

orientation of the molecules when they collide might be

important in determining whether a reaction occurs. If

the molecules are not spherically symmetric, only a fraction

of all collisions can cause the bonds to distort in a way that

leads to the formation of product, even if the collisions

involve an amount of energy greater than the activation

energy. Thus, the overall rate of reaction depends on the

frequency with which reactant molecules interact, the like-

lihood that the colliding molecules are properly oriented and

have sufficient kinetic energy to form the activated complex,

and the rate at which the activated species is converted into

products.

The mathematical formulation of the model involves

representing the energy path that molecules follow as they

are converted to products. This path is sometimes com-

pared to a landscape, in which energy is initially required

to bring the reactants to the top of a hill (the height of

which represents the activation energy) before they can

progress down the other side to form the product. For a

generic bimolecular reaction between A and B, the acti-

vated complexes are commonly represented as AB�, so the

overall reaction can be represented as Aþ B! AB� ! P.

A schematic of the energy relationships in the transition

from reactants through the high-energy state to products is

shown in Figure 3-1.

In any system, the energy associated with a given

chemical species i is distributed among all the molecules

of that species, with many molecules having a low energy,

and progressively smaller numbers of molecules having

progressively higher energies. A key assumption of the

activated complex model is that, even though the energy of

any given molecule of i changes from one instant to the

next, the distribution of the available energy among mol-

ecules of i is constant (as long as the temperature of the

bulk phase remains constant). That is, the fraction of all

molecules of i that have molar energy greater than some

Reactants

Products

Molecules above this 
energy level are 
activated complexes, 
AB* and P* 

E*A+B→ P

E*P→ A+B

Progression of reaction (reaction coordinate) 

C
he

m
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ΔErxn

FIGURE 3-1. Schematic representation of the transition from

reactants to products according to the activated complex model.

The activated complexes are designated AB� for the forward

reaction and P� for the reverse reaction, but are functionally

indistinguishable.
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specified value E1 is the same at any instant, even though

the specific molecules that meet that criterion changes

from one instant to the next. Furthermore, this energy

distribution is assumed to be consistent with the Boltz-

mann distribution, which is characterized mathematically

as follows:

Probability that a molecule will have

molar energy betweenE and

E þ dE;when the temperature isT

0
B@

1
CA

¼ A
MW

T

� �1=2
E

RT

� �
exp � E

RT

� �
(3-10)

where A is a normalization factor that assures that the sum of

all probabilities equals 1.0. At a given temperature, the pre-

exponential term in Equation 3-10 increases rapidly with

increasing E, whereas the exponential term decreases. The

former trend dominates at low values of E, whereas the trend

in exp �E=RT� �
dominates at higher values, leading to

characteristic energy distributions among molecules like

those shown in Figure 3-2.

Assuming that molecular energy of each reactant in a

system obeys the Boltzmann distribution, then some fraction

of the collisions between reactant molecules will have

sufficient energy (E
�
) to form activated complexes. This

fraction is strongly dependent on the value of E
�
and the

temperature: lower values of E
�
and higher temperatures

allow more collisions to generate activated complexes. If, in

addition to having sufficient energy, the colliding molecules

have the proper orientation, then activated complexes form

and decay to reaction products at a substantial rate.

Based on theoretical considerations that are beyond the

scope of the current discussion, the rate of conversion of

activated complexes to products is believed to be the same for

all activated complexes, regardless of the reaction that is

occurring.7 Therefore, the dependence of the rate constant

on temperature is controlled entirely byE
�
and T, as follows:8

d ln k

dT
¼ E

�

RT2
(3-11)

ln kT2
¼ ln kT1

� E
�

R

1

T2

� 1

T1

� �
(3-12)

Thus, if the rate constant of an elementary reaction is

evaluated at several temperatures, a plot of ln k versus 1=T is

expected to have a slope of E
�
=R, from which E

�
can be

determined. The rate constant at any other temperature can

then be computed using Equation 3-12.

Catalysts operate by providing an alternative mechanism

by which a reaction can occur. In particular, they allow

reactants to be converted to products via a route that has a

lower activation energy than the route that is taken in their

absence. In terms of the energy landscape, a catalyst can be

viewed as making an alternative path available that does not

require quite so much of a climb before arriving at a point on

the downhill slope. In some cases, catalysts can increase the

rate of an overall reaction by many orders of magnitude.

Note, however, that because the reactants and products of a

reaction are the same in the presence or absence of catalysts,

catalysts cannot alter the overall energy change associated

with the reaction. Consequently, they have no effect on the

equilibrium constant for the reaction and do not change the

distribution of reactants and products once equilibrium is

attained. Also, according to Equations 3-11 and 3-12,

because catalysts lower E
�
, they decrease the dependence

of the reaction rate on temperature.

Sometimes, the products of the reaction itself can act as

catalysts. For instance, during the oxidation of ferrous ion

(Fe2þ), ferric hydroxide solids (Fe(OH)3(s)) are often

formed. The surfaces of such oxides can catalyze the

oxidation of the ferrous ions remaining in solution, so the

effective rate constant increases as the reaction proceeds.

Such reactions are called autocatalytic. In other cases, the

products of the reaction may combinewith a reactant to form
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FIGURE 3-2. The Boltzmann distribution of kinetic energy

among molecules at 20�C for a chemical with MW¼ 150. The

cross-hatched area equals the fraction of the molecules that have

kinetic energy between 3 and 6 kJ=mol (for reference, RT at this

temperature is 2.44 kJ=mol.) With increasing MW, the distribution

broadens somewhat, but the mean value of molar kinetic energy

remains constant. With increasing temperature, the curve broadens

and the peak shifts to higher energy, but the change is small over the

range of temperatures in typical environmental systems.

7 Additional information on both the conceptual underpinnings of the

activated complex model and its implications are available in a number

of water chemistry books as well as in virtually all physical chemistry

textbooks.
8 The given equation is an approximation that is applicable if E

� � RT ,

which is valid for virtually any reaction of interest.
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a species that does not participate in the original reaction. In

those cases, the net result is that as product forms, the overall

(apparent) rate constant decreases, and the reaction is said to

be autoretardant.

As noted previously, most overall reactions of interest are

not elementary. As a result, Equations 3-11 and 3-12 are not

directly applicable to many reactions whose temperature

dependence we might wish to characterize. However, the

general form of those equations often applies nevertheless.

We consider the effects of temperature on the rate constants

of overall reactions in more detail later in this chapter.

The Kinetics of Nonelementary Reactions

As has been noted several times, most observable reactions

in water are the net result of several elementary reactions

proceeding in parallel and=or series. In fact, a completely

rigorous analysis would indicate that the net rate of a

reaction can never be fully described by a single, elementary

reaction, since any reaction that is proceeding forward

(A! B) is, in theory, simultaneously proceeding in the

reverse direction (A B).9 In addition to participating in

both the forward and reverse directions of a given reaction, a

chemical might participate in two or more completely

independent reactions simultaneously.

If the dominant reactions affecting a particular species

cause it to be produced by one reaction and consumed by

another, the reactions are said to be sequential, consecutive,

or series reactions. For instance, when trisodium phosphate

(Na3PO4) is added to an acidic solution, the salt dissolves to

release Naþ and PO4
3� ions. Sequential protonation

reactions can then generate HPO4
2�, H2PO4

�, and (if the

solution is sufficiently acidic) H3PO4. In this case, the

reactions are so rapid that we do not normally bother

analyzing their kinetics; rather, we assume that they reach

equilibrium instantly. Nevertheless, it is clear that the

reactions must proceed sequentially, so each step in the

reaction could, in theory, be described by a kinetic

expression.

In many sequential reactions, intermediate species are

formed and then destroyed so rapidly that they are never

present at a detectable level. For instance, in the generic

reaction sequence A! B! P, the intermediate B might be

so unstable that its existence is never noticed. In such a case,

the overall reaction A! P would appear to be the only

reaction occurring, and the rate expressions could be devel-

oped to describe the forward and reverse steps in that overall

reaction. (The expressions would not be rigorously correct,

but the errors might be undetectably small, being related to

small changes in the concentration of B as the reaction

proceeds.) The rate expressions might be adequate for

characterizing the rate of the overall reaction under a

wide variety of circumstances, but they would not be related

to the reaction stoichiometry in the simple way that applies

to elementary reactions (Equations 3-2, 3-4, and 3-5).

If the dominant reactions affecting a species cause it to be

consumed in more than one reaction simultaneously, the

reactions are said to operate in parallel and to be competitive

for that reactant. In the same example systemdiscussed earlier

(addition of Na3PO4 to a solution), if the solution contained

Ca2þ and Fe3þ ions, some PO4
3� ions entering the solution

would react with those ions, while others reacted with Hþ.
Thus, three reactions that convert PO4

3� to other species

would proceed in parallel, and the three cations might be

described as competing with one another for the PO4
3� ions.

Both sequential and parallel reactions abound in environ-

mental engineering. Examples of the former include many

biochemical transformations, such as the oxidation of ammo-

nia to nitrite and then nitrate (Figure 3-3a), as well as many

abiotic reactions, such as the precipitation of metals and

oxidation of sulfides. Similarly, many chemicals undergo

biologically mediated and abiotic reactions in parallel. For

example, dissolved oxygen might participate simultaneously

in biochemical oxidation reactions and the abiotic oxidation

of ferrous and sulfide species (Figure 3-3b).

In many cases, a group of reactions forms a network that

involves both sequential and parallel reactions. One particu-

larly important example of such a network is the chlorination

of natural organicmatter (NOM) to form disinfection byprod-

ucts (DBPs), a process which was described in Example 1-6.

In this process, some of the added hypochlorous acid (HOCl)

reacts with NOM molecules in the system, and other HOCl

molecules oxidize some inorganic species in solution. If any

bromide (Br�) is present, it is oxidized to HOBr, which can

9 The conditions under which an assumption of irreversibility is reasonable

are discussed later in this chapter.

Micro-
organisms 

NH4
+
 + 1.5O2 NO2  + H2O + 2H

+

Micro-
organisms 

NO2  + 0.5O2 NO3

(a) 

O2 (aq) 

+ Degradable 
organics 

+ Fe2+

+ HS

CO2 + biomass 

Fe(OH)3(s) 

S0, SO3
2–, SO4

2–,  
and other species

(b) 

FIGURE 3-3. Examples of sequential and parallel reactions.

(a) Oxidation of ammonia to nitrate in two sequential steps.

(b) Competition for dissolved oxygen among three different

reactions.
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react with NOMmolecules in much the same way that HOCl

does, forming brominated DBPs. Thus, initially, the different

types of NOM molecules and Br� compete for the available

HOCl. Then, once essentially all of theBr� has been oxidized,
HOBr and the remaining HOCl compete for the available

NOM. In addition to these competitive reactions, both the

HOBr and HOCl participate in sequential reactions with

NOM, forming mono-, then di-, and finally tri-halogenated

species. A schematic of a portion of this reaction network is

shown in Figure 3-4.

Power Law and Other Rate Expressions for
Nonelementary Reactions

Often, even if a reaction aAþ bB! pP is not elementary,

the reaction rate of A can be modeled quite well as the

product of a rate constant and the activities or concentrations

of the reactants raised to some power. That is,

rA ¼ �k0aaAabB (3-13a)

rA ¼ �kcaAcbB (3-13b)

where a and b are empirical constants, and

k � k0 ga
Ag

b
B=c

a
A;std:statec

b
B;std:state

� �
.

When the rate expression takes this simple form, the sumof

the exponents ðaþ bÞ is called the overall order of the

reaction, and the reaction is said to be a-order with respect

to A and b-order with respect to B. a and b are not necessarily
integers and are not necessarily the stoichiometric coefficients

of A and B in the reaction. Althoughmany reactions have rate

expressions that take the form ofEquation 3-13, others do not;

in the latter cases, one cannot speak of the reaction order.

It is important to understand the distinction between the

exponents a and b in Equation 3-13, and a and b in Equation

3-5. Whereas the parameters a and b are the stoichiometric

coefficients for the reactants in the elementary chemical

reaction aAþ bB! pP, a and b are simply empirical

constants that allow the experimental rate data to be fit

by a power law equation. If the fit between the data and a

power law expression is satisfactory, then the equation

provides a concise and convenient way to summarize those

data, and we might use it to predict the system behavior

under conditions that have not been studied experimentally.

If the fit is not good, then we have to search for another

mathematical formulation that fits the data better. However,

regardless of the outcome, the overall equation and the

individual exponents have no direct, fundamental interpre-

tation. In particular, if a and b happen to correspond to the

stoichiometric coefficients of the reactants A and B, that

result might mean that the reaction is elementary, or it might

be purely coincidental. On the other hand, if the reaction of

interest is elementary, the exponents in Equations 3-13a and

3-13b must be the stoichiometric coefficients of the reac-

tants in that reaction. As noted earlier, this situation is the

exception rather than the rule for reactions of interest in

environmental engineering.

3.3 KINETICS OF IRREVERSIBLE REACTIONS

The preceding sections define terms and establish the frame-

work for analysis of reaction kinetics. However, in practice,

the central component inmost engineering studies of reaction

kinetics is the determination of the rate expression as a

function of the concentrations of the reactants. The term

reactant is used broadly here to refer to all species whose

concentrations affect the rate of the overall reaction (i.e., all

species that participate in the elementary reactions leading to

the overall reaction), even if those species do not appear in the

net reaction stoichiometry. In this stage of the analysis,

empirical data describing the reaction rate under various

conditions are collected, and an overall rate expression is

proposed and used to predict the reaction kinetics under

different conditions. Those predictions are then tested, and

the proposed rate expression is accepted or modified, as

Int + Br– Sbst
np

Int + Cl–

Sbstp 

IntCl

MCAA

DCAA 

TCAA

MBAA

DBAA 

TBAA

BCAA

DBCAA BDCAA 

IntBr 

Domain of mixed halogenation

IntBr3 IntBr2Cl

IntBr
2

IntBrCl

IntBrCl
2

IntCl
2

IntCl
3

CHBr
3 CHCl

3

CHBrCl
2CHBr

2
Cl

Bromination Chlorination

FIGURE 3-4. Schematic representation of the complexity of the

reactions of HOCl and HOBr with NOM to form halogenated

disinfection byproducts. Sbstp and Sbstnp represent precursor and

nonprecursor NOM molecules, respectively (those that generate

DBPs, and those that generate nonhalogenated products, respec-

tively). Unidentified intermediate species are labeled IntBrxCly,

and some identifiable DBPs are shown as final products. Species

shown as CHBrxCl3�x are trihalomethanes (like chloroform), and

those that have AA as the last two letters are halogenated acetic

acids (e.g., BDCAA is bromo-dichloro-acetic acid). Source: After

Korshin et al. (2004).
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appropriate. In some cases, though not always, an attempt

is made to link the rate expression to the reaction mechanism

(i.e., the elementary reactions that combine to yield theoverall

reaction). Ideally, the cycling between experimental and

modeling efforts continues until the rate expression success-

fully describes the kinetics over a wide range of conditions.

Once the dependence of the reaction rate on reactant

concentrations is established, the effects of other factors on

the reaction rates might be explored. The most important of

these factors is usually temperature. The rest of this

chapter describes approaches for carrying out each of

the analytical components described earlier. The discus-

sion is presented in four sections. The first three sections

focus on the effects of concentration on reaction progress

for irreversible, reversible, and sequential reactions,

respectively; the final section then focuses on the effects

of temperature on reaction rates.

The Mass Balance for Batch Reactors
with Irreversible Reactions

Generally, the information available for analysis of a rate

expression includes the stoichiometry of the overall reaction

and some experimental data describing the concentration

versus time profiles for one or more species that participate

in the reaction. The experiments used to generate the data

may be conducted in any type of reactor. However, the

simplest and most common approach is to characterize the

rate at which the substances of interest are generated or

destroyed in awell-mixed, batch (noflow) reactor. The analysis

of such a reactor involveswriting one ormoremass balances in

which the control volume includes all the fluid in the system,

such as the following.

Rate of change

of the mass

of i stored in the

system

0
BBB@

1
CCCA ¼

Net rate

ðin�outÞ at
which i enters

by advection

0
BBB@

1
CCCA

þ

Net rate

ðin�outÞ at which i
enters by diffusion

by advection and=or dispersion

0
BBB@

1
CCCAþ

Net rate

ðformation�destructionÞ
at which i is created by

chemical reaction

0
BBB@

1
CCCA

Since there is no flow into or out of the reactor, the

advective term is zero, and since the aqueous phase ends at

the boundaries of the control volume, the diffusive term is

zero as well. Applying these ideas and dividing through by

V, the mass balance can be simplified to the following

expression:

V
@ci
@t
¼ Q ci;in � ci;out

� �þ Di þ eð Þ @
2ci

@x2
V þ ri;V þ ri;sa

� �
V

dci

dt
¼ ri (3-14)

where ri ¼ ri;V þ ri;sa.
10

The overall reaction rate, ri, has dimensions of mass per

volume per time and may be either positive (if the reaction

forms the substance under consideration) or negative (if the

reaction destroys it). Unfortunately, the simplicity of Equa-

tion 3-14 leads to a common error whereby the term dci=dt
is substituted for the reaction rate (ri) in other mass balances

(i.e., mass balances for nonbatch systems).While the equality

is valid for a batch system, it is not valid for other systems.

Defining ci as the concentration of i in moles per liter, the

volume-normalized mass balances on A, B, and P in a batch

system where the reaction aAþ bB! pP is the only one

affecting the concentrations of those constituents can be

expressed as follows:

�rA ¼ � dcA

dt
¼ rate of destruction of A (3-15a)

�rB ¼ � dcB

dt
¼ rate of destruction of B (3-15b)

rP ¼ dcP

dt
¼ rate of appearance of P (3-15c)

In the following analysis, it is assumed that the reaction of

interest occurs in a well-mixed batch reactor. It is also

assumed for simplicity that the reaction is irreversible, so

that Equation 3-15 applies. Data from experimental investi-

gations of irreversible reactions are often analyzed by two

techniques, referred to as the integral and differential meth-

ods. These approaches for analyzing kinetics data are

described in the following sections.

The Integral Method of Reaction Rate Analysis

The integral method consists of postulating a rate expres-

sion, substituting it into Equation 3-14, integrating, and

comparing the predicted c versus t response to the exper-

imental one. For instance, if we postulated that a reaction

A!B is first order with respect to A and independent of the

concentration of B (i.e., rA ¼ �k1cA), the differential and

integrated forms of Equation 3-14 would be as follows:

dcA

dt
¼ �k1cA (3-16)

ZcAðtÞ

cAð0Þ

dcA

cA
¼ �k1

Z t

0

dt (3-17)

ln cAðtÞ � ln cAð0Þ ¼ ln
cAðtÞ
cAð0Þ ¼ �k1t (3-18a)

cAðtÞ ¼ cAð0Þexp �k1tð Þ (3-18b)

10 For simplicity, unless otherwise noted, the discussion in this chapter

assumes that the substances of interest do not participate in surface reactions

(ri;s ¼ 0), so ri;V ¼ ri. The extension to include interfacial reactions is

straightforward. Examples including such reactions are provided in subse-

quent chapters.
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where cA(t) is the concentration of A remaining at time t,

and cA(0) is the initial concentration. The result is that the

concentration of A decays exponentially over time, as shown

in Figure 3-5a for a reactant that is present in the initial

solution at a concentration of 100mmol=L. Figure 3-5b

shows the same data plotted as ln cA versus time; according

to Equation 3-18a, such a plot must be linear with a slope of

�k1 and an intercept on the ordinate at ln c(0). Thus, if

we suspected that a reaction was first order with respect to A,

we could plot the experimental data as ln cA(t) versus t. If

the plot was linear (as in Figure 3-5b), the slope would be

identified as �k1, and the reaction could be treated as first

order. If the plot were not linear, we would conclude that

the postulated reaction rate expression was incorrect, and

other rate expressions might be tried.

If the rate expression being tested is of the form

rA ¼ knc
n
A, the prediction of the concentration versus time

profile follows the earlier derivation and is relatively

straightforward. The differential and integrated equations

for such rate expressions are shown in Table 3-1. Algebraic

manipulation of those equations converts them to a form that

expresses the concentration at any time as a function of

initial concentration and reaction time. These expressions

are also shown in Table 3-1, and their use is illustrated in

Example 3-4.

& EXAMPLE 3-4. The oxidation of nitrite ion by

monochloramine (NH2Cl) can proceed via the following

reaction:

NO2
� þ NH2Clþ H2O! NO3

� þ NH4
þ þ Cl�
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FIGURE 3-5. Two plots of the concentration versus time profile

for a first order, irreversible reaction with c(0)¼ 100mmol=L and

k1¼ 0.1min�1. (a) Unmodified data (cA vs t); (b) linearized data

(ln cA(t) vs t).

TABLE 3-1. Differential and Integral Forms of the Reaction Rate Expression for an nth Order Reaction Occurring in a

Batch Reactor

Rate Expression
Reaction

Order Differential Form Integral Form Two Forms of the Solution to the Rate Expressiona

Zero rA¼ dcA

dt
¼�k0

Z
dcA ¼ �k0

Z
dt cAðtÞ � cAð0Þ ¼ �k0t (3-19a) cAðtÞ ¼ cAð0Þ � k0t (3-19b)

One rA¼ dcA

dt
¼�k1cA

Z
dcA

cA
¼ �k1

Z
dt ln

cAðtÞ
cAð0Þ ¼ �k1t

(3-18a) cAðtÞ ¼ cAð0Þexpð�k1tÞ (3-18b)

Two rA¼ dcA

dt
¼�k2c2A

Z
dcA

c2A
¼ �k2

Z
dt

1

cAðtÞ �
1

cAð0Þ ¼ k2t (3-20a) cAðtÞ ¼ 1

cAð0Þ þ k2t

� ��1
(3-20b)

Any n 6¼ 1 rA¼ dcA

dt
¼�kncnA

Z
dcA

cnA
¼ �kn

Z
dt

1

n� 1
cAðtÞ1�n � cAð0Þ1�n
� �

¼ knt (3-21a) cAðtÞ ¼ cAð0Þf g1�n þ n� 1ð Þknt
h i1/ð1�nÞ

(3-21b)

aIn the final row, the expressions shown are valid for any t if n> 1. If n< 1, they are valid only up to t ¼ cA 0ð Þf g1�n= 1� nð Þknð Þ, at which time the computed

value of cA is zero. In reality, for reactions with apparent n values<1, n increases and approaches a value of one as the reactant concentration approaches zero.

Source: Levenspiel (1999).
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In a wastewater solution at pH 7.5 that has been dosed

with excess monochloramine, the rate expression for this

reaction can be approximated as rNO �
2
¼ �kc1:7NO2

� , with

k ¼ 2:3ðL/molÞ0:7 min�1.

(a) If the wastewater initially contains 3.0� 10�5

mol=L NO2
�, how much NO2

� would remain after

30min of reaction in a well-mixed batch reactor?

(b) How much time would be required for 90% of

the NO2
� to be oxidized in the solution described

in part (a), if all other conditions were held

constant?

Solution.

(a) Substituting values into Equation 3-21b, the expres-

sion for the concentration of NO2
� remaining after

30min is

cNO �2 ðtÞ ¼ cNO �2 ð0Þ
� 	1�n þ n� 1ð Þknt
h i1=ð1�nÞ

cNO �2 30minð Þ ¼ 3� 10�5 mol=L
� �1�1:7 þ 1:7� 1ð Þ
h

� 2:3
L0:7

mol0:7min

� �
30minð Þ

i1=ð1�1:7Þ

¼2:86� 10�5 mol=L

Thus, less than 5% of the NO2
� has been oxidized in

30min.

(b) When 90% of the NO2
� has been oxidized, only

10% (or 3� 10�6mol=L) remains. Using Equa-

tion 3-21a, the time required to achieve this amount

of conversion is

t ¼ 1

kn n� 1ð Þ cNO �2 ðtÞ
� 	1�n � cNO �2 ð0Þ

� 	1�nh i

¼ 1

2:3 L0:7=mol0:7 min
� �

1:7� 1ð Þ

� 3� 10�6mol=L
� �1�1:7 � 3� 10�5mol=L

� �1�1:7n o

¼ 3652min 	 2:5d &

Analysis of Reaction Half-Times

Based on the equations in Table 3-1, we could test whether a

reaction was zero order or second order with respect to A by

plotting cA(t) or 1=cA(t) versus t, respectively. If either plot
was linear, that would confirm our hypothesis regarding the

order of the reaction, and the slope of the plot would indicate

the rate constant. Similarly, as shown earlier, we could test

the linearity of a plot of ln cA(t) versus t to determine

whether a reaction was first order. However, in many cases n

is not an integer. In such cases, using Equation 3-21 in

conjunction with a series of guesses for the value of n is

tedious, at best, and might not succeed at all.

An alternative approach for determining n that is often

successful is based on the time required for the concentration

of A to be reduced to one-half of its initial value; that is, the

value of t when cA(t)¼ 0.5cA(0). Defining that time as the

half-time, t1=2, and substituting the expression cA t1=2
� � ¼

0:5cA 0ð Þ into Equations 3-18 to 3-21, we obtain the relation-
ships shown in Table 3-2.

Taking the logarithm of both sides of Equation 3-25, we

obtain

log t1=2 ¼ log
2n�1 � 1

kn n� 1ð Þ cAð0Þ1�n
� �
 �

(3-26)

¼ log k� þ ð1� nÞ log cAð0Þð Þ (3-27)

TABLE 3-2. Expressions for the Time Required for the Concentration of a Substance to Decrease to Half of its

Initial Value for nth Order Reactions Occurring in a Batch Reactor

Reaction Order Integrated Rate Expression Condition at t1=2 Value of t1=2

0 cAðtÞ � cAð0Þ ¼ �k0t 0:5cAð0Þ ¼ k0t1=2 t1=2 ¼ 0:5

k0
cAð0Þ (3-22)

1 ln
cAðtÞ
cAð0Þ ¼ �k1t ln 0:5 ¼ �k1t1=2 t1=2 ¼ ln 2

k1
(3-23)

2
1

cAðtÞ �
1

cAð0Þ ¼ k2t
1

cAð0Þ ¼ k2t1=2 t1=2 ¼ 1

k2cAð0Þ
(3-24)

Any n 6¼ 1
1

n� 1
cAðtÞf g1�n � cAð0Þf g1�n

� �
¼ knt

1

n� 1
0:5cAð0Þf g1�n � cAð0Þf g1�n

� �
¼ knt1=2 t1=2 ¼ 2n�1 � 1

kn n� 1ð Þ cAð0Þf g1�n (3-25)
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Equation 3-27 has been derived for and is directly appli-

cable only in cases where n 6¼ 1. However, comparison of

Equation 3-27 with Equation 3-23 indicates that the former

equation is also applicable to first-order reactions, if k� is
defined differently depending on the order of the reaction.

Specifically, Equation 3-27 is applicable to any reaction that

has power law kinetics if k� is defined as follows:

k� �
2n�1 � 1

kn n� 1ð Þ for all n 6¼ 1

ln 2

k
n ¼ 1

8>><
>>:

(3-28)

Therefore, we can test the hypothesis that a reaction rate is

nth order with respect to a single species by plotting log t1=2
versus log cA(0), for a series of values of cA(0). If the plot is

linear, then the hypothesis is valid, and the slope equals 1� n;

three examples of such a situation are shown in Figure 3-6.

Furthermore, since the concentration defined as cA(0) need

not truly be the concentration at the beginning of the experi-

ment, several data points for a plot of log t1=2 versus log cA(0)

can be obtained from a single experiment. That is, we could

choose several times during a test, define each time as t¼ 0

and the corresponding concentration as cA(0), and then

determine how long it takes from that time for the concentra-

tion of A to decrease by one-half. These data could then be

used to evaluate n. (Also, the choice of cA(t)=cA(0)¼ 0.5 is

arbitrary; in theory, one could derive equally valid results and

evaluate n for any choice of cA(t)=cA(0), although the value of
k� would be different from that shown earlier.)

& EXAMPLE 3-5. The following data were collected in

a batch system in which the reaction A! P was proceeding.

t (min) 0 2 4 6 8 10 15 20

cA, 10
�4M 25 12.9 7.9 5.2 3.6 2.8 1.6 1.0

(a) Assuming that the rate expression is r ¼ kcA
n, find

the value of n.

(b) What is the reaction rate constant?

(c) What concentration of A will be present in solution

after 60min?

Solution.

(a) A plot of cA versus t is shown in Figure 3-7.

According to Equations 3-27 and 3-28, we can test

whether the reaction kinetics are nth order, and if so

determine the value of n, by plotting log t1=2 versus

log c(0). To do so, we pick several times during the

experiment, define each as t¼ 0, and determine how

long it takes for the concentration of A to decrease

by 50%. This approach works fine for t< 10min, but

for later times, it is difficult to determine the half-

time because of the flatness of the curve. If the data

at t> 10min are trustworthy, then we should make

an effort to include them in the analysis. That can be

done by plotting the data as log cA versus t, and

noting that a 50% decrease in cA corresponds to a

decrease of 0.3 units in the value of log cA (because

log 0.5¼�0.3). The data for such a plot are shown

in the following table, and the plot is shown in

Figure 3-8, fromwhich it is clear that the logarithmic

transformation makes the identification of t1=2 at

t> 10min much easier.

t (min) 0 2 4 6 8 10 15 20

log cA �2.60 �2.89 �3.10 �3.28 �3.44 �3.55 �3.80 �4.00

Drawing a smooth curve through the data in

Figure 3-8 and choosing several times throughout

the experiment (not necessarily the times at which

lo
g

t 1
/2

n = 0.4
n = 1.7

−0.7

1.0

n = 1.0

log c (0)

1.0

0.6

FIGURE 3-6. Logarithm of the half-time as a function of the

initial concentration for irreversible reactions with rate expressions

of the type rA ¼ �kncnA, in batch reactors.
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FIGURE 3-7. Plot of unmodified data for Example 3-5.
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the raw data were collected) as starting points, we

can develop Table 3-3.

The values in columns A through C of the table

identify six “initial” conditions. Column A shows

the times associated with these conditions; we des-

ignate these times as tinit,i (i.e., tinit,1, tinit,2, and so

forth.). Columns B and C show the concentrations

(cinit,i) and log cinit,i values present in the solution at

each tinit,i. (Because all concentrations refer to the

species A, the subscript A has been dropped from

those terms.)

The time at which the concentration of A has

declined to 0.5 c(tinit,i) is designated as tfin,i. Values

of tfin,i can be estimated from Figure 3-8 by noting

that, at time tfin,i, log c(tfin,i)¼ log 0.5þ log c(tinit)¼
�0.3þ log cA(tinit). That is, at t¼ tfin,i, log c(tfin,i) is

0.3 units less than log c(tinit,i). Values of tfin,i are

shown in column D of the table. Finally, the various

t1=2 values are computed as tfin,i� tinit,i and are

shown in column E.

A plot of log t1=2 versus log c(tinit) is shown in

Figure 3-9. The data can be reasonably approxi-

mated by a straight line with a slope of �0.5.
Because the slope equals 1� n, the reaction can

be modeled as an nth order reaction with n¼ 1.5.

(b) The log t1=2 versus log c(0) plot developed in part a is,

in essence, a plot of Equation 3-27 for the example

system. Therefore, the y-intercept of the plot can be

equated with logk�. (Note that the intercept is at

the point where log c(0)¼ 0, which is far to the right

of thedata shown inFigure 3-9.) In the current case, that

value is logk�¼�0.98, so k�¼ 10�0.98¼ 0.105. The

value of kn can then be found from Equation 3-28

kn ¼ 2n�1 � 1

k� ðn� 1Þ ¼
20:5 � 1

0:105 0:5ð Þ ¼ 7:91 L/molð Þ0:5 min�1

(c) According to Equation 3-21b, we can find the con-

centration of A remaining at any time by

cAðtÞ ¼ cAð0Þf g1�n þ n� 1ð Þknt
h i1=ð1�nÞ

For the given conditions, cA(0) is 2.5� 10�3

mol=L, n is 1.5, and kn is 7.91 (L=mol)0.5min�1,
yielding a value of cA(60min)¼ 1.51� 10�5mol=L.

&

Kinetics Expressions Containing Terms for the
Concentrations of More Than One Reactive Species

Although direct integration of the rate expression and analy-

sis of the reaction half-time can be used to determine the

reaction order and the rate constant for rate expressions of the

form rA ¼ knc
n
A, many rate expressions include the concen-

trations ofmore than one reactant. In those cases, themethods

described in the preceding section are not directly applicable,

and alternative approaches must be employed.

If we suspect that a rate expression depends on the con-

centrations of two or more species, we can still hypothesize a

rate expression and test the fit of experimental data to the

integrated equation, but the analysis is a bitmore complex. For

instance, if we are interested in the rate of a reaction with
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TABLE 3-3. Estimation of t1=2 for Various Initial
Concentrations in the Example Data Set

A B C D E F

tinit,i

log

c(tinit,i)

log

c(tfin,i) tfin;i

t1=2
(¼ tfin,i� tinit,i)

log

(t1=2)

0 �2.60 �2.90 2.2 2.2 0.35

1.5 �2.82 �3.12 4.1 2.6 0.42

3.0 �3.00 �3.30 6.1 3.1 0.50

5.0 �3.20 �3.50 9.0 4.0 0.60

8.0 �3.44 �3.74 13.7 5.7 0.76

12.0 �3.66 �3.96 19.1 7.1 0.85
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stoichiometry Aþ 2B! 2P, and we hypothesize that the rate

expression has the form rA ¼ �kncaAcbBcgP, the mass balance

on A in a batch reactor would be as follows:

V
dcA

dt
¼ VrA (3-29)

dcA

dt
¼ �kncaAcbBcgP (3-30)

Assuming that the stoichiometry of the overall reaction is

known, we can use the stoichiometric relationships to

express cB and cP in terms of cA and thereby eliminate cB
and cP from the equation. That is, because twomoles of B are

destroyed and two moles of P are generated for each mole of

A that reacts, if all concentrations were expressed in moles

per liter, we could write

cBðtÞ � cBð0Þ ¼ 2ðcAðtÞ � cAð0ÞÞ ¼ 2DcA (3-31a)

cPðtÞ � cPð0Þ ¼ �2ðcAðtÞ � cAð0ÞÞ ¼ �2DcA (3-31b)

Assuming the initial concentrations of all three species

are known, Equations 3-31a and 3-31b can be solved

for cB(t) and cP(t), respectively, and substituted into Equa-

tion 3-30 to yield

dcA

dt
¼ �kncaA cBð0Þ þ 2DcAð Þb cPð0Þ � 2DcAð Þg (3-32)

The resulting equation contains cA as the only time-

varying parameter and could be integrated numerically to

predict cA(t) versus t for any assumed values of a, b, and g.

The predictions could then be compared with experimental

data to see whether the assumed values were acceptable.

Nevertheless, unless we have independent ways of estimat-

ing a, b, and g, the chances of this approach being successful

are small.

One approach for reducing the number of parameters

that we have to guess in this exercise is to carry out the

experiments with such high concentrations of species B

and P that the changes in their concentrations are negligi-

ble compared to their initial concentrations. In this

approach, B and P are referred to as being present in

“great excess,” meaning that the concentration initially

present greatly exceeds the concentration that is destroyed

or generated by the reaction. In that case, the following

approximations apply:

dcA

dt
	 �kncaA cBð0Þð Þb cPð0Þð Þg (3-33)

dcA

dt
	 �k�ncaA (3-34)

where k�n ¼ kn cBð0Þð Þb cPð0Þð Þg . Although the values of b

and g in Equation 3-33 are not necessarily known, they are

constant, and, since cB(0) and cP(0) are also constant, the

product cBð0Þð Þb cPð0Þð Þg can be incorporated into k�n, as
shown. In such a case, the reaction behaves as if it were a

order overall, so it can be integrated and analyzed using the

equations in Table 3-1. Such reactions are sometimes

referred to as being pseudo-a-order.

Once the reaction order with respect to A is determined,

similar experiments can be conducted using great

excesses of A and B, or A and P, to determine the reaction

orders with respect to P and B, respectively. Note that,

even if the dependence on cB and cP is not of the

power law form, this technique can still be used to isolate

and evaluate the dependence of the reaction rate on cA,

if that dependence is consistent with a power law

function.

& EXAMPLE 3-6. Oxidation of sulfide in natural

waters is a complex process, due in part to the large number

of intermediate products and side reactions. For instance, in

addition to the dominant product (sulfate, SO4
2�), the

products of the reaction might include elemental sulfur

(SO), sulfite (SO3
2�), thiosulfate (S2O 2�

3 ), and several other

sulfur species. Nevertheless, Chen and Morris (1972)

reported good agreement of oxidation rates with the follow-

ing empirical equation:

rSðIIÞ ¼ �k c1:34S c0:56O2

where S(II) is the total sulfur in the�II oxidation state; that is,
cS ¼ cH2S þ cHS� þ cS2� . For a solution at pH 7.5, k was

reported to be 11.97 (mol=L)�0.9 h�1.
A batch system contains 2.0� 10�4mol=L total dissolved

sulfide and is buffered at pH 7.5. Assuming the overall

reaction is HS�þ 2O2 ! SO 2�
4 þ Hþ, determine the per-

centage of the initial total sulfide that reacts over a 400-h

reaction period for the following initial concentrations of

dissolved oxygen cO2
0ð Þ½ 
:

(a) 4.0� 10�3mol=L (much more O2 than is required to

oxidize all the sulfide)

(b) 4.0� 10�4mol=L (exactly the concentration of O2

that is required to oxidize all the sulfide)

(c) 3.0� 10�4mol=L (less O2 than is required to oxi-

dize all the sulfide)

Solution.

(a) For the given initial sulfide concentration (cSð0Þ
¼ 2.0� 10�4mol=L), the maximum amount of O2

that could react (based on the stoichiometry) is

4.0� 10�4mol=L, or 10% of cO2
ð0Þ. Under these

circumstances, it is reasonable to assume that cO2
is

approximately constant throughout the experiment
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at the value cO2
ð0Þ. Because the reaction is taking

place in a batch reactor, the mass balance on sulfide

reduces to an equation indicating that the rate of

reaction equals the rate of change of cS:

VrSðIIÞ ¼ V
dcS

dt
¼ �Vk c1:34S c0:56O2

(3-35)

dcS

dt
¼ �k� c1:34S (3-36)

where, for the given conditions, k� ¼ k cO2
ð0Þð Þ0:56.

Inserting the known values,

k� ¼ 11:97 ðmol/LÞ�0:9 h�1
� �

4� 10�3 mol=L
� �0:56

¼ 0:543 ðmol/LÞ�0:34=h
Equation 3-36 has the form of a volume-normal-

ized mass balance for a pseudo-nth-order reaction

occurring in a well-mixed batch system, with

n¼ 1.34. The solution to the equation, after integra-

tion, is given by Equation 3-21b in Table 3-1. Using

the appropriate values for the current problem, we

obtain

cAðtÞ ¼ cAð0Þf g1�n þ n� 1ð Þknt
h i1=ð1�nÞ

(3-21b)

cSð400Þ ¼ cSð0Þð Þ�0:34 þ 0:34 0:543
ðmol/LÞ�0:34

h

 !
ð400 hÞ

" #1=�0:34

¼ 1:67� 10�6 mol=L

% reacted ¼ 2:0� 10�4 mol=Lð Þ � 1:67� 10�6 mol=Lð Þ
2:0� 10�4 mol=Lð Þ 100%

¼ 99:2%

Two moles of O2 are consumed for each mole of S

oxidized, so the amount of O2 reacted is (0.992)

(2.0� 10�4mol=L) (2), or 3.97� 10�4mol=L. This
is approximately 10% of the initial O2 concentration,

so the assumption of constant O2 concentration is

reasonable. If we wanted to be more accurate, we

could resolve the problem using an average, but still

constant O2 concentration equal to 95% of cO2
ð0Þ, or

to be as accurate as possible, we could consider theO2

concentration to vary over time, as described in part c.

(b) The key to solving the problem for the case where

cO2
ð0Þ ¼ 2cSð0Þ is to note that, by stoichiometry,

the amount of O2 consumed (�DcO2
), is twice the

amount of S consumed (�DcS). Thus,
DcO2

¼ 2DcS

cO2
ðtÞ � cO2

ð0Þ ¼ 2 cSðtÞ � cSð0Þð Þ

Substituting the initial values, we obtain

cO2
ðtÞ � 4� 10�4 mol=L ¼ 2 cSðtÞ � 2� 10�4 mol=L

� �
cO2
ðtÞ ¼ 2cSðtÞ

That is, since the initial O2 and S concentrations

are in the stoichiometric ratio, their concentrations

remain in that ratio throughout the course of the

reaction. Substituting this relationship into the mass

balance (Equation 3-35), we obtain

� dcS

dt
¼ k c1:34S c0:56O2

¼ k c1:34S 2cSð Þ0:56

¼ 20:56kc1:90S ¼ k00c1:90
SðIIÞ

where k00 ¼ 20:5611:97 mol/Lð Þ�0:9h�1 ¼ 17:6

mol/Lð Þ�0:9h�1.
Once again, we have a pseudo-nth-order reaction,

in this case with n¼ 1.90, so we can again invoke

Equation 3-21b in Table 3-1. The result is

cSð400Þ ¼ cSð0Þð Þ�0:90 þ 0:90 17:6 ðmol/LÞ�0:90=h
� �

ð400 hÞ
h i1=�0:90

¼ 4:31� 10�5 mol=L

% reacted ¼ 2:0� 10�4 � 4:31� 10�5
� �

mol/L

2:0� 10�4
� 100% ¼ 78%

Note that the extent of oxidation is considerably

less than in part (a) because the concentration of O2

throughout the reaction period is less.

(c) For the conditions specified in this system, the

reactants are not present in their stoichiometric ratio,

and neither reactant can be approximated to be

constant during the course of the reaction. Once

again, the approach is to write and solve the mass

balance on sulfide. However, in this case, the differ-

ential equation cannot be solved analytically. Never-

theless, a numerical solution is possible. Taking

small time steps, the amount of S consumed during

each step can be approximated from the rate expres-

sion, as follows:

� dcS

dt
¼ kc1:34s c0:56O2

DcS 	 �kc1:34S c0:56O2
Dt

Also, by stoichiometry

DcO2
¼ 2DcS

Based on a spreadsheet analysis using one hour time

steps and the recursive equation cSðtþ DtÞ ¼
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cSðtÞ þ DcS, the course of the reaction is followed.

The concentrations of S and O2 as a function of time

are shown in Figure 3-10. After 400 h, cS and cO2
are

6.21� 10�5mol=L and 2.42� 10�5mol=L, respec-
tively, and 69% of the sulfide has reacted. &

The Differential Method of Reaction Rate Analysis

The differential method for analyzing reaction rate expres-

sions is very similar to the integral method, except that the

differential method relies on analysis of dcA=dt, rather than
cA. Differential analysis is generally somewhat less reliable

than integral analysis, because the rate of change of a

constituent is usually more difficult to measure than its

absolute concentration, although modern instrumentation

comes close to eliminating this drawback for many constit-

uents. In any case, differential analysis is sometimes the only

acceptable choice. For instance, if the products of a reaction

alter its rate, it is usually much easier to determine the

dependence of the rate on the reactant concentration in

systems that contain none of the product than in systems

where the product is constantly being generated. To carry out

such an analysis, we can evaluate the initial reaction rate in

experiments at several different initial reactant concentra-

tions. To minimize the effect of product on the reaction rate,

each experiment might have to be terminated shortly after it

began, so the only data available would be the initial rate of

reaction as a function of initial reactant concentration.

Hypothesized rate expressions could be tested by comparing

the data with the appropriate differential form of the rate

expression.

For example, if the hypothesis is that the rate expression

is of the form rA ¼ �kncnA, and the experiment is con-

ducted in a batch system (so rA¼ dcA=dt), the logarithm of

the absolute value of the experimental reaction rate could

be plotted against the logarithm of the initial con-

centration. If the hypothesized rate expression were

correct, the result would be a straight line of slope n

and intercept ln kn

dcA

dt
¼ �kncnA (3-37)

ln � dcA

dt

� �
¼ ln kn þ n ln cA (3-38)

& EXAMPLE 3-7. Luthy and Bruce (1979) studied the

interactions of cyanide, sulfide, and thiocyanate as part of an

investigation of the treatability of wastewater from steel

manufacturing. In their study of the reaction between poly-

sulfide (SxS
2�) and cyanide (CN�) to form a smaller poly-

sulfide molecule (Sx�1S
2�) and thiocyanide (SCN�), they

used the initial rate method to minimize the effects of the

reaction products on reaction kinetics. An idealized, hypo-

thetical reaction of this sort is as follows:

SxS
2� þ CN� ! Sx�1S2� þ SCN�

Both polysulfide and cyanide ions undergo acid=base
reactions in solution. The total dissolved concentrations

of these species (considering all of their acidic and basic

forms) can be written as c SxSð Þtot and c CNð Þtot , respectively. The
researchers chose to write the reaction rate expression in

terms of these total concentrations, rather than the concen-

tration of the individual clients.

The data from an experiment at pH 10 are shown in

Figure 3-11, with rates computed from the thiocyanide pro-

duction during a 5-min period. In each experiment, one of the

reactant concentrations was fixed and the other was varied (as

indicated in the figure legend), and the rate of SCN� formation

was monitored. Assuming that the reaction rate is a power law

function of the concentrations of the reactants ði:e:; rSCN� ¼
kcaCNð Þtotc

b
SxSð ÞtotÞ, estimate the reaction order with respect to

each reactant and the reaction rate constant.
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Solution. The two lines shown in Figure 3-11 indicate the
reaction rate as a function of the polysulfide concentration for

a fixed total cyanide concentration (triangles) and as a func-

tion of the total cyanide concentration for a fixed polysulfide

concentration (squares). The fact that both data sets can be fit

with straight lines on a log–log plot confirms that the rate

expression is of the form hypothesized. The slopes of the two

lines in the graph indicate that the reaction is approximately

0.51 order with respect to total cyanide and 0.87 order with

respect to polysulfide. That is, the data indicate that the

reaction rate can be modeled by the expression

rSCN� ¼ kc0:51CNð Þtotc
0:87
SxSð Þtot (3-39)

Each data point shown provides an independent set of

c CNð Þtot , c SxSð Þtot , and rSCN values that can be used in conjunc-

tion with Equation 3-39 to evaluate k. A plot of rSCN� versus

c0:51CNð Þtotc
0:87
SxSð Þtot is shown in Figure 3-12. The rate constant k

can be estimated as the best-fit value of the slope, equal in

this case to 0.27 (mol=L)�0.38=min. Thus, the rate of forma-

tion of polysulfide can be written as

rSCN� ¼ 0:27
mol/Lð Þ�0:38

min
c0:51CNð Þtotc

0:87
SxSð Þtot

Note that the net rate of formation of SCN� in a batch

system would be determined by combining the preceding

expression with additional ones accounting for the effects of

the reaction products on the rate. &

Analysis of Nonpower-Law Rate Expressions

The preceding discussion and examples suggest various

ways in which the dependence of the rate expression on

individual reactant concentrations might be assessed. Most

of these methods succeed only in cases where the

dependence of the reaction rate on the reactant of interest

is of the power law form. The effect of other non power-law

constituents can be eliminated by causing them to be present

in great excess, but the rate dependence on those reactants

cannot be assessed directly by the methods presented. The

dependence of the reaction rate on the concentrations of such

constituents can only be determined by trial and error.

Often, even if the dependence of the rate expression on a

particular reactant does not follow a power law expression

over the entire concentration range of interest, a power law

expression applies over a limited concentration range. For

instance, the rate expression rA ¼ k1cAcB=ðk2 þ cAÞ can be

approximated as first order with respect to species A if

cA� k2, and zero order with respect to A if cA� k2.
11 In

such cases, the methods outlined in the preceding sections

can be used to evaluate the rate expression in each concen-

tration range of interest.

Characteristic Reaction Times

In some situations, a rough assessment of the time frame over

which a reaction proceeds might be adequate to meet our

needs. Often, the half-time of a reaction (t1=2) can provide

such an indication. For instance, if a reaction has a half-time of

one day, and the time available for the reaction to proceed is

only a few minutes, then we can reasonably presume that the

extent of reaction will be very small. On the other hand, if the

time available for the same reaction to proceed is several

weeks, it will probably progress nearly to its endpoint (either

complete disappearance of reactant or equilibrium between

reactants and products) during that period.

The time required for a reaction to proceed a significant

extent toward its final endpoint is called the characteristic

reaction time, tchar. Because “significant” is an imprecise

term, the quantitative definition of the characteristic time is

somewhat arbitrary; however, the imprecision is acceptable,

because tchar is used only to give a rough idea of how far the

reaction proceeds in a given situation. Although the half-

time of a reaction would be an acceptable definition of the

characteristic time, the most commonly used definitions are

based on slightly different criteria. Defining c(1) as the

concentration of the reactive substance that would be present

after an infinite amount of time passed, the most common

definitions of the characteristic time are as follows:

� Definition 1: The time required for the difference

between the instantaneous concentration (c(t)) and the

ultimate concentration (c(1)) to be reduced to 1=e of

its initial value in a batch reactor; that is, the time at

which cðtÞ � cð1Þj j equals 1=eð Þ cð0Þ � cð1Þj jð Þ.

11 This rate expression, commonly referred to as the Michaelis–Menten

expression, has special significance in biological waste treatment processes

and is derived later in this chapter.

0 0010

0.0004

0.0006

0.0008

0.0010

ra
te

, r
[m

ol
/(

L 
m

in
)] Slope = 0.27 (mol/L)–0.38/min

0.0000

0.0002

0.000 0.001 0.002 0.003 0.004

R
ea

ct
io

n 
r

(c(SxS)tot
)0.87 (c(CN)tot

)0.51, c in mol/L

FIGURE 3-12. The reaction rate versus the product ca
CNð Þtotc

b
SxSð Þtot

for the example data set.

KINETICS OF IRREVERSIBLE REACTIONS 97



� Definition 2: The time that would be required for the

concentration of the reactive substance to reach its

ultimate value (c(1)) in a batch reactor if the reaction

rate stayed at its initial value continuously.

Characteristic times based on the first definition can be

computed for irreversible decay reactions (for which c(1) is

approximately zero) using the equations in Table 3-1. Since

the initial rate of a reaction can be determined from the rate

expression and the initial reactant concentrations, the cal-

culation of the characteristic time according to the second

definition is also straightforward. The resulting equations for

computing the characteristic time of irreversible reactions

with power law rate expressions are shown in Table 3-4, and

an illustration of how these equations might be used is

provided in the following example.

& EXAMPLE 3-8.

(a) Plot the fraction of the initial concentration remain-

ing as a function of time in a well-mixed batch

reactor for irreversible reactions with the following

rate expressions: r1¼�k1c and r2¼�k2c2, with

k1¼ 0.015=min and k2¼ 104.0 L=molmin, respec-

tively. For each reaction, consider c(0) values of

10�3 and 10�6mol=L.

(b) Compute characteristic reaction times for the

reactions described in part a, using each of the

definitions of tchar and each initial condition speci-

fied. Also, determine the fraction of the constituent

that remains after 1, 2, and 10 characteristic times

have elapsed.

Solution.

(a) The fraction remaining versus time profiles for the

various systems can be computed by the following

modifications of Equations 3-18b and 3-20b for the

first and second-order reaction, respectively. The

results are shown in Figure 3-13.

1st order :
c tð Þ
c 0ð Þ ¼ exp �k1tð Þ

2nd order :
c tð Þ
c 0ð Þ ¼

1

1þ k2tc 0ð Þ
The characteristic time for each case of interest can

be computed using the equations in Table 3-4; the

results are shown in Table 3-5. Several points areworth

noting about these results. First, the characteristic time

for the first-order reaction is independent of c(0) and is

the samewhen computed according to either definition.

In contrast, the characteristic time for the second-order

reaction (and, in fact, for all reaction orders other than

one) depends strongly on c(0) and also differs when

calculated according to the two definitions of tchar. In

the current example, tchar becomes dramatically shorter

when c(0) increases. On the other hand, although the

absolute value of tchar for the second-order reaction

changes dramatically when c(0) changes, the fractional

conversion of the reactant after 1, 2, or 10 characteristic

times have elapsed is independent of c(0).

Finally, although the fractional conversion of the

reactant after a given number of characteristic

reaction times does depend on the details of the

rate expression, it is clear that a significant fraction

of the original concentration remains after 1 or 2

characteristic times have elapsed, whereas the reac-

tant is substantially depleted after 10 characteristic

times have elapsed. &

The utility of the tchar concept is that it provides a simple,

unifying framework for comparing and predicting the prog-

ress of vastly different reactions (reactions with different
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tion of time for first and second-order irreversible reactions taking

place in a batch reactor. k1¼ 0.015min�1; k2¼ 104.0 L=molmin.

TABLE 3-4. Characteristic Times of Irreversible nth Order

Reactions

Value of n in r¼ knc
n tchar (Definition 1) tchar (Definition 2)

n¼ 0
cAð0Þ
k0

1� 1

e

� �
cAð0Þ
k0

n¼ 1 k�11 k�11

n¼ 2
e� 1

k2cAð0Þ
1

k2cAð0Þ

n 6¼ 1
en�1 � 1

n� 1

1

kn cAð0Þ½ 
n�1
1

kn cAð0Þ½ 
n�1
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reaction orders, rate constants, rate expressions, and initial

conditions) and for understanding the time frames in which a

reaction can be considered to have proceeded either a negli-

gible amount or nearly to completion. A reaction time equal

to 3tchar is sometimes used as a criterion for making the

latter assumption. However, as shown in Table 3-4 and

Example 3-8, substantially longer times than 3tchar might be

required for an assumption of nearly complete reaction to be

valid in batch systems if the reaction order is greater than one.

Characteristic times can also be defined for physical systems

such as reactors, and for transport processes such as diffusion

and dispersion. Comparison of the characteristic times of

various processes affecting a constituent is a powerful tool

for understanding its behavior, and such comparisons aremade

for increasingly complex systems in subsequent chapters.

& EXAMPLE 3-9. Assume the reactions described in

Example 3-8 are occurring in a continuous flow systemwith a

mean hydraulic residence time, t, of 3.0min. Evaluate quali-

tatively which of the reactions would proceed to a significant

extent, based on their characteristic reaction times.

Solution. The characteristic times of the various reactions

are given in Table 3-4. The characteristic reaction times for the

first-order reactionwith either value of c(0) and for the second-

order reactionwith c(0)¼ 10�6mol=L are>60min. Since the

average amount of time that aliquots of influent spend in the

reactor (i.e., t) is less than 0.05 tchar, the reactions would

probably proceed to a negligible extent in the reactor. In

contrast, for the second-order reaction with c(0)¼ 10�3

mol=L, tchar is less than 0.2min, so the mean amount of

time that water spends in the reactor is >15 tchar. Therefore,

we expect the reactant to be very substantially depleted in that

system. Techniques for computing the exact extent of conver-

sion in these systems are presented in Chapter 4. &

3.4 KINETICS OF REVERSIBLE REACTIONS

To this point, we have focused on approaches for determin-

ing the rate expression for an overall, irreversible reaction.

Such a reaction might be elementary, or it might represent a

network of linked elementary reactions that together can be

described by a single overall rate expression. In this and the

following section, two types of linked reactions—reversible

reactions and sequential reactions—are analyzed. In addi-

tion to introducing a key concept related to sequential

reactions (the rate-limiting step), the analysis illustrates

the conceptual basis for complex rate expressions and the

wide range of overall expressions that can result from

combinations of relatively simple reactions.

Reversible Reactions

A reaction that can proceed along a given pathway can, in all

cases, follow the identical path in the opposite direction. As

a result, all chemical reactions are reversible, at least to some

extent. If a reaction were truly irreversible, it would proceed

until at least one of the reactants was completely depleted.

No such reaction is known, although some reactions do

approach this limit. Rather, reactions proceed until they

reach an equilibrium condition, wherein all reactants and

products are present, but there is no net driving force for the

reaction to proceed in either direction. Thus, when a chemi-

cal reaction is at equilibrium, there is no net generation of

the corresponding reactants or products by that reaction.

The quantitative representation of chemical equilibrium is

the equilibrium constant, Keq. This constant is defined as

the ratio, in a system that has attained equilibrium, of the

chemical activities of the products divided by those of the

reactants, with each term raised to a power corresponding to

its stoichiometric coefficient. The calculation of equilibrium

constants from thermodynamic data and the determination

of the equilibrium condition of a system are central compo-

nents of water chemistry courses and are described in many

textbooks. Note that the term equilibrium and the corre-

sponding constant can be applied only to a reaction and not

to an individual species.

The concept of chemical equilibrium is connected to that of

reaction reversibility, because equilibrium is attained when

the forward and reverse reactions proceed at equal rates,

thereby preventing any net change in the concentrations of

TABLE 3-5. Characteristic Times and the Extent of Reaction for System in Example 3-8

Characteristic Time

(min)

c tð Þ
c 0ð Þ at t¼ tchar

a c tð Þ
c 0ð Þ at t¼ 2 tchar

a c tð Þ
c 0ð Þ at t¼ 10 tchar

a

Reaction

Order, n

c(0)

(mol=L)
�r(0)

(mol=L min)

Definition

1

Definition

2

Definition

1

Definition

2

Definition

1

Definition

2

Definition

1

Definition

2

1 10�3 1.5� 10�5 66.7 66.7 0.368 0.368 0.135 0.135 0.007 0.007

1 10�6 1.5� 10�8 66.7 66.7 0.368 0.368 0.135 0.135 0.007 0.007

2 10�3 10�2 0.172 0.100 0.368 0.500 0.225 0.333 0.055 0.091

2 10�6 10�8 172 100 0.368 0.500 0.225 0.333 0.055 0.091

aIn a well-mixed batch reactor
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reactants or products as a result of the reaction. Consider, for

example, the generic reaction shown in Equation 3-40,

aAþ bB �! �kAP

kPA

pPþ rR (3-40)

If the forward and reverse reactions are elementary, then

the net reaction rate of A is given by Equation 3-41,12

rA ¼ �k0AP aAð Þa aBð Þb þ k0PA aPð Þp aRð Þr (3-41)

At equilibrium, the magnitudes of the forward and reverse

reaction rates are equal, so

k0AP aA;eq
� �a

aB;eq
� �b ¼ k0PA aP;eq

� �p
aR;eq
� �r

(3-42)

k0AP
k0PA
¼ aP;eq
� �p

aR;eq
� �r

aA;eq
� �a

aB;eq
� �b (3-43)

where the subscript eq is included in the activity terms to

indicate that Equations 3-42 and 3-43 are valid only at

equilibrium. Since the right side of Equation 3-43 is defined

as the equilibrium constant for the reaction, the equation can

be written as

k0AP
k0PA
¼ Keq (3-44)

Equation 3-44 indicates that the equilibrium constant for

any elementary reaction equals the ratio of the activity-based

forward and reverse rate constants. Since equilibrium con-

stants are defined in terms of chemical activities, this is one

situation in which the distinction between concentration-

based and activity-based rate constants is important. As

noted earlier, if all the reactants are ideal solutes, the

activity-based and concentration-based rate constants are

identical; in such a case, the equilibrium constant would also

equal the ratio of forward and reverse concentration-based

rate constants (kAP=kPA).

& EXAMPLE 3-10. Hydrofluoric acid (HF) is able to

dissolve oxide layers that develop on aluminum surfaces, and

it is therefore used industrially to clean aluminum parts

before they are painted. Thewaste from such a process might

bemixedwith other streams containing dissolvedmetals, and

the F� ions can bind with those metals to form metal–ligand

complexes. In doing so, the F� replaces a molecule of

water that is bound to the metal, although it is common to

write the reaction without showing the H2O molecules

explicitly, as follows:

Ni2þ þ F� $ NiFþ

The activity-based forward rate constant k0f
� �

for the

formation of the complex in this reaction is 8.4� 103

mol=L s, and the equilibrium constant for the reaction is

Keq¼ 20.

Assuming that the reaction is elementary in each direc-

tion, determine the activity-based rate constant for the

reverse reaction.

In an ideal solution, initially containing 10�3mol=L F�,
and 10�5mol=L of both Ni2þ and NiFþ, what would be the

rates of the forward, reverse, and overall reaction?

Solution.

(a) The activity-based rate constant for the reverse

reaction k0r
� �

can be determined by applying Equa-

tion 3-44 to the given reaction.

k0r ¼
k0f
Keq

¼ 8:4� 103 mol=L s

20
¼ 420mol=L s

(b) In an ideal solution, the activity of each solute has

the same numerical value as its molar concentration,

and that of water is 1.0. The rates of the forward and

reverse reactions for the specified conditions would

therefore be as follows:

rf ¼ k0faNi2þaF�

¼ 8:4� 103 mol=L s
� �

10�3
� �

10�5
� �

¼ 8:4� 10�5 mol=L s

rr ¼ k0raNiFþ

¼ 420mol=L sð Þ 10�5� � ¼ 4:2� 10�3 mol=L s

Thus, for the given conditions, the reverse

reaction would be proceeding 50 times as fast as

the forward reaction, and the net reaction would be

dissociation of NiFþ complexes. Because one NiFþ

complex is formed for each Ni2þ that reacts, the rate
of the forward reaction can be equated with the rate

at which NiFþ is generated by that reaction. The net

rate of the overall reaction is therefore

rNiFþ;net ¼ rf � rr

¼ 8:4� 10�5 � 4:2� 10�3
� �

mol=L s

¼ �4:1� 10�3 mol=L s
&

The relationship shown in Equation 3-44 between the rate

constants and the equilibrium constant applies only for

12 In this text, rate constants are, in general, subscripted to indicate direction

and reversibility of the reaction. For instance, if the reaction is considered

irreversible (A!P), the rate constant is written as kA. If it is reversible

(A$P), the rate constants for the forward and back reactions are written as

kAP and kPA, respectively.
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elementary reactions. For a nonelementary reaction, the

equilibrium constant can still be derived by equating the

forward and reverse reaction rates for the overall reaction

at equilibrium.However, in that case, the relationship between

Keq and the rate constants of the elementary reactions that lead

to the overall reaction is more complex than Equation 3-44.

The approach of a reversible reaction to equilibrium in a

batch reactor can be analyzed following the same procedures

as are used to analyze irreversible reactions in such reactors.

That is, the rate expression for the overall reaction (in this

case, including both the forward and reverse reactions) can

bewritten and integrated. For instance, for a reaction A$ B

in which the forward and reverse reactions are both ele-

mentary, the net rate of reaction of A is

rA ¼ �kABcA þ kBAcB (3-45)

If the reaction is taking place in a batch reactor, and it is

the only reaction affecting the concentration of A, the mass

balance on A in the reactor indicates that dcA=dt equals rA,
as is the case for irreversible reactions. Therefore, the mass

balance on A in the system is

dcA

dt
¼ �kABcA þ kBAcB (3-46)

According to Equation 3-44, the equilibrium constant Keq

is the ratio of the forward and reverse activity-based rate

constants, so Equation 3-45 can be rewritten as follows:

rA ¼ �kABcA þ kAB

Keq

cB (3-47)

rA ¼ �kABcA þ kABc
�
A ¼ kAB c�A � cA

� �
(3-48)

where c�A ¼ cB=Keq. By its definition, c
�
A is the concentration

of A that would be in equilibrium with cB. Thus, c
�
A is a

hypothetical concentration, and it is a variable; that is, it

changes as the concentration of B changes. The expression

in parentheses in Equation 3-48 is the instantaneous differ-

ence between the actual concentration of A and the concen-

tration of A that would be in equilibrium with B at that

instant; that is, it is the instantaneous extent of dis-

equilibrium of the reaction A$ B. Thus, the equation

indicates that the net rate of the reaction is directly propor-

tional to the gap between the current conditions and a

corresponding, hypothetical equilibrium condition.

Equation 3-48 bears a strong resemblance to Equation 3-16,

the mass balance for an irreversible first-order reaction in a

batch reactor. The only difference between the equations is that

the driving force in the case of the reversible reaction is the

extent of disequilibrium, rather than the concentration of A. In

fact, since c�A is zero for an irreversible reaction, the rate

expression for the irreversible reaction (Equation 3-16) is

seen to be a limiting case of the more general expression for

the reversible system (Equation 3-48).

Defining the extent of disequilibrium as ĉAðĉA �
c�A � cAÞ, we can write

dĉA � dc�A � dcA

¼ d
cB

Keq

� �
� dcA

Keq is a constant and can be taken out of the differential.

Also, the reaction stoichiometry requires that dcA ¼ �dcB.
Making that substitution, and then writing the equilibrium

constant as the ratio of the forward and reverse rate con-

stants, we obtain

dĉA ¼ � 1

Keq

dcA � dcA

¼ � 1

Keq

þ 1

� �
dcA ¼ � kBA

kAB
þ 1

� �
dcA (3-49)

By rearranging Equation 3-49, we obtain an expression

for dcA in terms of dĉA

dcA ¼ � kBA

kAB
þ 1

� ��1
dĉA ¼ � kAB

kAB þ kBA
dĉA (3-50)

Finally, by substituting Equation 3-50 into the left side of

Equation 3-46 and the definition of ĉA into the right side,

and integrating, we obtain an expression for the rate at

which a reversible reaction approaches equilibrium in a

batch system:

� kAB

kAB þ kBA

dĉA

dt
¼ kABĉA (3-51)

ẐcAðtÞ

ĉAð0Þ

dĉA

ĉA
¼ � kAB þ kBAð Þ

Z t

0

dt (3-52)

ĉAðtÞ ¼ ĉAð0Þexp � kAB þ kBAð Þtf g (3-53)

Equation 3-53, which applies to first-order reversible

reactions, is analogous to Equation 3-18b for first-order

irreversible reactions. In particular, for irreversible

reactions, the concentration of the reactant undergoes expo-

nential decay, and for reversible reactions, the extent of

disequilibrium undergoes exponential decay. Noting that,

for an irreversible reaction, the concentration of the reactant

is the same as (the absolute value of) the extent of dis-

equilibrium, and the rate of the reverse reaction (kBA) is zero.

We see once again that the equations derived in preceding

sections for irreversible reactions can be viewed as limiting

cases of the more general equations for reversible reactions.

To compute the actual concentrations of A and B at any

time, we can substitute back into Equation 3-53 to replace ĉA
with ðcB=KeqÞ � cA and kBA with kAB=Keq. Then, using a
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mass balance on A to replace cB(t) with cAð0Þ þ
cBð0Þ � cAðtÞ, and carrying out some algebra, we obtain

the following result:

cAðtÞ ¼ cAð0Þ þ cBð0Þ
Keq þ 1

þ KeqcAð0Þ � cBð0Þ
Keq þ 1

exp �Keq þ 1

Keq

kABt

� �

(3-54)

The first term on the right of Equation 3-54 can also be

expressed as cA,eq, the ultimate, equilibrium concentration of

A in the system. The concentration of B at any time can be

found by utilizing the stoichiometry of the reaction in

combination with mass balances on A and B:

cAð0Þ � cAðtÞ ¼ cBðtÞ � cBð0Þ
cBðtÞ ¼ cBð0Þ þ cAð0Þ � cAðtÞ

(3-55)

Although the exact form of the equations for reversible

reactions with other stoichiometries and other rate ex-

pressions is more complex, the rate of approach to equili-

brium is, in all cases, directly dependent on the extent of

disequilibrium. It is important to recognize, however, that

this conclusion applies when comparing the rate of a given

reaction under different conditions. It does not imply that,

when comparing two different reactions, the one farther

from equilibrium will proceed more quickly.

& EXAMPLE 3-11. For the solution described in

Example 3-10b, plot the extent of disequilibrium of the

complex formation reaction (i.e., ĉNiFþ) and the concentra-

tionsofNi2þandNiFþversus time, assuming that the reaction

is occurring in a batch reactor. How close is the reaction to

equilibrium after 1.0 s?

Solution. Formally, Equation 3-53 does not apply to this

situation, because it describes the approach to equilibrium of

a reaction that is first order in both directions, and the

reaction of interest (even in its simpler form) is second

order in at least one direction. However, F� is present in

great excess in the example system—its initial concentration

is 10�3mol=L, and the concentrations of Ni2þ and NiFþ are
only 10�5mol=L, so the F� concentration can change by, at

most,1% as the reaction proceeds. As a result, the reaction

can be considered pseudo-first-order in both directions, with

the following rate expressions:

True Rate

Expression

Simplification=
Approximation

Pseudo-Rate

Expression Pseudo-Rate Constant

Forward

reaction
rf ¼ k0faNi2þ aF� aF� 	 10�3 r�f ¼ k00f aNi2þ k00f ¼ k0faF�

¼ 8400mol=L sð Þ10�3
¼ 8:4mol=L s

Reverse

reaction
rr ¼ k0raNiFþ

If we use the pseudo-first-order rate expression for the

forward reaction in conjunction with the true first-order

rate expression for the reverse reaction, we can apply

Equation 3-53 to solve for the extent of disequilibrium

over time. To do so, we first compute the activity of NiFþ

that would be in equilibrium with Ni2þ and F� at t¼ 0 as

a�
NiFþð0Þ ¼ Keq aNi2þð0Þ½ 
 aF�ð0Þ½ 


¼ 20 10�5
� �

10�3
� � ¼ 2:0� 10�7

By the assumption of ideality, the molar concentration of

NiFþ that would be in equilibrium at t¼ 0 is the same as its

activity; that is, c�
NiFþð0Þ ¼ 2:0� 10�7 ðmol/LÞ. Therefore,

the initial extent of disequilibrium of NiFþ is

ĉNiFþð0Þ ¼ c�
NiFþð0Þ � cNiFþð0Þ

¼ 2:0� 10�7 � 1:0� 10�5

¼ �9:8� 10�6 mol=L

The negative value indicates that the equilibrium concen-

tration of NiFþ is smaller than the initial concentration, so

the NiFþ concentration must decline for the reaction to reach

equilibrium.

The values of ĉNiFþð0Þ, k00f , and k0r can then be inserted into
Equation 3-53 to determine the extent of disequilibrium at

any future time:

ĉNiFþðtÞ ¼ ĉNiFþð0Þexp � k00f þ k0r
� �

t
� 	

The results are plotted in Figure 3-14.

The concentration of Ni2þ as a function of time can be

computed using Equation 3-54, except that, similar to the

situation with the rate constants, we must convert the true

equilibrium constant into a pseudo-equilibrium constant K 00eq
that would apply if the reaction were simply A$ B. We can
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FIGURE 3-14. The extent of disequilibrium of NiFþwith respect
to its formation from Ni2þ and F�, and its dissipation over time, for

the conditions specified in Example 3-11.
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accomplish that as follows.

Keq ¼ aNiFþ

aNi2þaF�
¼ 20

aF� 	 10�3

K 00eq ¼
aNiFþ

aNi2þ
¼ KeqaF� ¼ 0:020

Equation 3-54, modified to apply to the example system,

is shown. We can use that equation to compute cNi2þ , and

then compute cNiFþ by knowing that one NiF
þ ion is lost for

every Ni2þ ion that is generated. The results of these

calculations are shown in Figure 3-15.

cNi2þðtÞ ¼
cNi2þð0Þ þ cNiFþð0Þ

K 00eq þ 1

þ K 00eqcNi2þð0Þ � cNiFþð0Þ
K 00eq þ 1

exp �K 00eq þ 1

K 00eq
k00f t

( )

Figures 3-14 and 3-15 indicate that the system

reaches equilibrium very quickly, consistent with the

usual observations for the formation of simple, inorganic

metal–ligand complexes. At t¼ 1.0 s, the conditions are

indistinguishable from equilibrium, with cNi2þ ¼ 1:96 �
10�5 mol=L, cNiFþ ¼ 3:95� 10�7 mol=L, and cF� still equal
to 10�3mol=L (by assumption). &

Characteristic Times and Limiting Cases
for Reversible Reactions

The characteristic time of either the forward or reverse

direction of a reversible reaction can be defined and quanti-

fied using the approach described previously for irreversible

reactions. However, in the case of a reversible reaction, we

are more often interested in the characteristic time for the

composite of the forward and reverse reactions. In other

words, we are interested in tchar for the approach of ĉAðtÞ to
zero; that is, the approach of the system to equilibrium.

Applying either of the definitions of tchar given previously to

a reaction that is first order in both the forward and reverse

directions, we can use Equation 3-53 to compute tchar for the

overall reaction. The result is compared with tchar for an

irreversible first-order reaction in Table 3-6.

The result indicates that tchar for the overall reaction is

shorter than that for either the forward or reverse reaction in

isolation (1=kAB or 1=kBA, respectively). In many cases, one

of the rate constants is so much larger than the other that the

smaller rate constant can be ignored in the denominator of the

fraction 1= kAB þ kBAð Þ. In that case, the characteristic time

for the overall reaction is approximately equal to the shorter of

the characteristic times of the two individual reactions.

& EXAMPLE 3-12. Consider the progress of a revers-
ible reaction A$ B taking place in a batch reactor with two

different initial conditions: one inwhich cA(0)¼ 100mmol=L
and cB(0)¼ 0mmol=L, and another in which these two

concentrations are reversed. Assume that both the forward

and reverse reactions are first order, with kAB¼ 1min�1 and
kBA¼ 0.1min�1, and that the solutes behave ideally. How

rapidly would these two systems approach equilibrium, and

how does the rate of approach to equilibrium in each system

compare to the rates of the individual reactions?

Solution. The changes in the concentrations of the two

reactants over time in each system can be computed using

Equation 3-54. The equilibrium constant for the reaction,

equal to the ratio of the forward and reverse rate constants, is

Keq¼ 10. For the system with cA(0)¼ 100mmol=L, the

conversion of A to B is rapid initially. However, within a

few minutes, the equilibrium condition (cA¼ 9.1mmol=L,
cB¼ 90.9mmol=L) is approached, and the reaction slows

down to a negligible net rate (Figure 3-16a). The character-

istic time for conversion of A to B is 1min (¼ 1=kAB), so the
fact that the overall reaction is substantially complete in a

few minutes is not surprising.

When the initial conditions are changed to cA(0) ¼
0mmol=L, cB(0)¼ 100mmol=L, the dominant reaction that

proceeds as the system approaches equilibrium is B!A,

TABLE 3-6. Characteristic Times for Unidirectional

(Irreversible) and Bidirectional (Reversible) Reactions

Integrated Rate Expressiona Equation tchar

Irreversible cAðtÞ ¼ cAð0Þexpð�k1tÞ (3-18b)
1

k1

Reversible
ĉAðtÞ ¼ ĉAð0Þ

� exp � kAB þ kBAð Þtf g (3-53)
1

kAB þ kBA

aFor a batch system.
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which has a characteristic time of 10min. Nevertheless, the

approach to equilibrium is just as rapid in this case as in the

previous one (Figure 3-16b). This result is consistent with

the prediction that the characteristic time of the overall

reaction is close to the shorter of the characteristic times

for the forward and reverse reactions, regardless of which

direction the net overall reaction is proceeding.

The results are shown in a slightly different way in

Figure 3-17, in which the extent of disequilibrium ĉAð Þ
and the logarithm of the absolute value of ĉA are plotted

against time. Consistent with Equation 3-53, the semi-

logarithmic plot demonstrates that the extent of dis-

equilibrium decreases by one natural log unit with each

increment of time equal to tchar. &

Simplification of Reaction Rate Expressions for
Limiting Cases

Very Rapid and Very Slow Approach to Equilibrium as
Limiting Cases Based on Equation 3-53, if either the

forward or reverse rate of an equilibrium reaction is very

fast, then it is reasonable to assume that the reaction reaches

equilibrium quickly, perhaps even so quickly that the

approach to equilibrium can be ignored. The most important

reaction in environmental engineering for which this

assumption applies is the dissociation and formation of

water. The elementary forward and reverse reactions

for this overall reaction are both second order:

2H2O$ H3O
þ þ OH�, with forward and reverse concen-

tration-based rate constants of approximately 4:5�
10�7 ðmol=LÞ�1 s�1 and 1:4� 1011 ðmol=LÞ�1 s�1, respec-
tively.13 Using Definition 1 to compute the characteristic

time of a second-order reaction, the characteristic times of

the forward and reverse reactions at pH 7.0 are about 19 h

and 10�4 s, respectively. Although the characteristic time of

13 The ratio kforward/kreverse yields the equilibrium constant based on the

concentration of all species. Defining the activity of water to be 1.0 when its

concentration is 55.5mol=L converts this equilibrium constant into the

conventional value of 10�14.0.
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FIGURE 3-17. The decline in the extent of disequilibrium in the

hypothetical system described in the text, plotted as (a) arithmetic

and (b) logarithmic functions. (The absolute value of the extent of

disequilibrium is shown in part b, since the logarithm of a negative

number is undefined.)
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FIGURE 3-16. Concentration versus time profiles for A and B in

a batch reactor, for the reversible reaction A$ B, with kA¼ 1.0

=min, kB¼ 0.1=min. (a) cA(0)¼ 100mmol=L, and cB(0)¼ 0

mmol=L; (b) cA(0)¼ 0mmol=L, and cB(0)¼ 100mmol=L.
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the reaction forming H2O depends on the exact conditions in

the system, it is always orders of magnitude shorter than the

characteristic time of the dissociation reaction, and therefore

equilibrium is always approached at a rate corresponding to

the characteristic time of the water-forming reaction.

The very short characteristic time of the water-forming

reaction means that Hþ, OH�, and H2O reach equilibrium

with one another very shortly after the concentration of any of

those species changes. Thus, for instance, when a strong acid is

added to an aqueous solution, the pH of the solution decreases,

and the relationship aOH� ¼ ð10�14=aHþÞ applies almost

instantly; after the acid increases the Hþ concentration, it takes
almost no time at all for the OH� concentration to adjust to the
new situation. This assumption allows us to calculate the OH�

concentration in any solution where the pH is known, without

conducting a kinetics analysis. The same assumption applies to

most acid=base reactions, as well as many other reactions of

importance in water and wastewater treatment systems.

At the other extreme, if the characteristic times for both the

forward and reverse directions of a reaction are much longer

than the time available, then the reaction proceeds negligibly

toward equilibrium during that time. We need not conduct a

kinetics analysis in this situation either, because the reacting

species can be treated as nonreactive; that is, inert.

Reaction Quotients, Equilibrium, and the Assumption of
Irreversibility Theassumption that a reaction is irreversible

can simplify kinetics analysis significantly, and such an

assumption is made implicitly for many important reactions

in environmental engineering. For instance, when hypo-

chlorous acid (HOCl) is added to water as a disinfectant, it

can react with contaminants in the water and be converted to

chloride ion (Cl�). Although, in theory, some chloride ions

could revert to HOCl molecules, the rate of such reversion is

negligibly small, and it is never considered in an analysis of

the system. Similarly, it is never considered necessary to

account for the reversion of corroded pipe materials back

to their metallic form, or the spontaneous conversion of

carbon dioxide and water to organic matter (in the absence

of photosynthesis). The dissociation of many strong acids,

bases, and salts (e.g., H2SO4, NaOH, and Al2(SO4)3�xH2O

(alum)), is also commonly treated as being irreversible. In this

section, features of reaction rate expressions and equilibrium

constants that can support an assumption of irreversibility are

explored.

Consider the following generic elementary reaction and

corresponding activity-based rate expression:

aAþ bB �! �kAP

kPA

pPþ rR

rA ¼ �k0APaaAabB þ k0PAa
p
Pa

r
R

(3-56)

If the reaction is not at equilibrium, the net rate of

formation of A is nonzero. Multiplying and dividing the

right side of Equation 3-56 by k0APa
a
Aa

b
B, and then rearrang-

ing, we obtain

rA ¼ �k
0
APa

a
Aa

b
B þ k0PAa

p
Pa

r
R

k0APa
a
Aa

b
B

k0APa
a
Aa

b
B (3-57)

rA ¼ �1þ a
p
Pa

r
R=a

a
Aa

b
B

� �
k0AP=k

0
PA

� �
 !

k0APa
a
Aa

b
B (3-58)

rA ¼ �1þ Q

Keq

� �
k0APa

a
Aa

b
B (3-59)

where Q is the called the reaction quotient and is a ratio of

activities analogous to the equilibrium constant, but not

restricted to equilibrium conditions; that is,

Q ¼ a
p
Pa

r
R

aaAa
b
B

(3-60)

If Q is either much larger or much smaller than Keq, the

system is far from equilibrium; if Q is close to Keq, the

system is near equilibrium; and ifQ equals Keq, the system is

at equilibrium.14 Here, we define the ratioQ=K as the degree

of disequilibrium, thereby distinguishing it from the differ-

ence c� � c, or ĉ, which was defined previously as the extent

of disequilibrium. Both Q=K and ĉ are measures of how far

the system is from an equilibrium condition, and both are

useful in different contexts.

According to Equation 3-59, if Q is either much larger

or much smaller than Keq, the approximations shown in

Table 3-7 apply.

Equations 3-61c and3-62 are the rates of the reverse reaction

alone and the forward reaction alone, respectively (the negative

sign in Equation 3-62 indicates that the net change is disap-

pearance of A). Thus, when the system is far from equilibrium,

the overall rate of reaction can be approximated by the reaction

14 The conventional thermodynamic measure of chemical disequilibrium is

the molar Gibbs energy change associated with the reaction (DGr), which is

directly related to the ratio of Q to Keq: DGr ¼ RT ln Q=Keq

� �
.

TABLE 3-7. Approximate Rate Equations for Systems Far

from Equilibriuma

Q�Keq Q�Keq

rA 	 Q

Keq

k0APa
a
Aa

b
B (3-61a) rA 	 �k0APaaAabB (3-62)

	 a
p
Pa

r
R=a

a
Aa

b
B

k0AP=k
0
PA

k0APa
a
Aa

b
B

(3-61b)

	 k0PAa
p
Pa

r
R

(3-61c)

aFor the overall rate expression rA ¼ �k0APaaAabB þ k0PAa
p
Pa

r
R.
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in only one direction. In other words, a reaction that is

approximately irreversible is one that is far from equilibrium.

The same result can be seen for the specific case of first-order

forward and reverse reactions by letting c�A be either much

larger or much smaller than cA in Equation 3-48.

Note that neither the equilibrium constant (Keq) nor the

instantaneous ratio of reactant activities to product activities

(Q) can, by itself, indicate whether a reaction may be

considered irreversible. Rather, the issue of reversibility

hinges on the ratio of these quantities. Furthermore, because

of certain universal aspects of the relationship between rate

constants and the equilibrium constant, the term in parenthe-

ses in Equation 3-59 appears in the net rate expression not

just for elementary reactions, but for all nonelementary

reactions as well. As a result, the conclusion that reactions

are approximately irreversible if Q is much larger or much

smaller than Keq is also universal; that is, it applies even to

nonelementary reactions.

The earlier discussion indicates that any reaction might

be reversible in some circumstances and approximately

irreversible in others. Although the determination of

whether a reaction can be treated as irreversible depends

on the particular goals of the analysis, in most cases it would

seem reasonable to assume that a reaction is irreversible if,

throughout the time frame of interest, the rate in one

direction is at least one to two orders of magnitude faster

than the rate in the other direction.

& EXAMPLE 3-13. Could the NiFþ dissociation

reaction be treated as irreversible under the conditions eval-

uated in Example 3-10b?

Solution. The analysis in Example 3-10b indicates that

NiFþ dissociation initially proceeds 50 times as fast as NiFþ

formation. Therefore, it might be reasonable to ignore the

NiFþ formation reaction initially and treat the reaction at

that instant as being irreversible. However, as shown in

Example 3-11, the extent of disequilibrium diminishes to

near zero very shortly thereafter. Within 5ms, the reaction

is much closer to equilibrium, and an assumption of

irreversibility would be inappropriate. &

Nearly Complete Reaction as a Limiting Case The equi-

librium condition for some reactions lies so far to one

extreme that they can be considered irreversible under

virtually all conditions of interest in environmental engi-

neering. A few examples of such reactions were cited in the

previous subsection. In such cases, given enough time, the

reaction would proceed until one of the reactants was

almost completely depleted. Therefore, if the equilibrium

condition for a reaction lies far toward the product side,

and if the time frame of interest is much longer than

the characteristic reaction time, the approximation of

complete or stoichiometric reaction applies. This approx-

imation implies that 100% of the added reactant is con-

verted into product (unless, of course, one of the other

reactants runs out first).

The assumption of complete, stoichiometric reaction is

often made when estimating the amounts of solids that form

when precipitation reactions are induced in water or waste-

water treatment systems. For instance, for the purpose of

estimating sludge production, it is often assumed that all the

metal (e.g., copper, zinc, chromium) that is in an industrial

wastewater stream precipitates when the pH is increased to

the range 10–12. All the aluminum or iron that is added to

assist in coagulating the precipitated solids in such systems,

or to facilitate coagulation in drinking water treatment,

is also usually assumed to precipitate, as Al(OH)3(s) or

Fe(OH)3(s). Similarly, many analytical tests are based on the

assumption that the constituent being analyzed reacts com-

pletely with the added reagents.

& EXAMPLE 3-14. Alum is frequently added to water

and wastewater to increase the size of suspended particulate

matter and thereby facilitate its removal by settling or filtra-

tion. Often, much of the aluminum added with the alum

precipitates as Al(OH)3(s) by the reaction shown.

Al3þ þ 3OH� $ AlðOHÞ3ðsÞ

The equilibrium constant for this reaction written with

the reactants and products reversed (i.e., for the dissolution

of Al(OH)3(s)) is referred to as the solubility product

of the solid and is designated Ks0. For Al(OH)3(s),

Ks0¼ 10�31.62.
If the solution pH is known, and if the Al(OH)3(s) that

precipitates is a pure solid (and therefore can be assigned an

activity of 1.0), the solubility product can be used to

compute the activity of free aquo Al3þ ions; that is, aAl3þ .

The equilibrium constants for formation of Al–OH com-

plexes (i.e., soluble species with formulas of Aly(OH)x
3y�x)

can then be used to calculate the activity of these species. At

pH 6.0, the activity of all soluble Al species is approximately

200 times that of Al3þ.
Consider a system in which enough alum is added to a

wastewater to provide a total aluminum concentration

(cAl;tot) of 10mg=L Al to the solution. The alum dissolves

completely, but Al(OH)3(s) then precipitates. The pH of the

wastewater throughout the process is 6.0.

(a) Considering only formation of the hydroxo complexes

(i.e., ignoring other inorganic and all organic com-

plexes), compute Q=Keq for the precipitation reaction

shortly after the alum isfirst added.Assume that, at that

time, all of the alum has dissolved, the Al–OH com-

plexes have formed, and a very small amount of solid
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has precipitated. Do you think that precipitation of Al

(OH)3(s) can be treated as irreversible at this time?

Assume ideal behavior of the solutes.

(b) Precipitation of Al(OH)3(s) is rapid compared to the

hydraulic residence time in the reactor under consid-

eration, so it might be reasonable to assume that the

reaction reaches equilibrium. In that case, do you

think that the precipitation reaction could be treated as

going to completion for the purposes of computing

sludge production?Could the precipitation process be

treated as going to completion for the purposes of

estimating the amount of Al remains in solution?

Solution.

(a) The total molar concentration of Al added to the

solution is

cAltot ¼ 10mol=Lð Þ 1mol Al

27000mg

� �
¼ 3:7� 10�4mol=L

According to the problem statement, shortly after

the alum addition, all of Al added is present as

soluble species, and one two-hundredth of that Al

is present as free Al3þ. Thus, at that time, the

concentration of free aquo Al3þ is cAltot=200, or

1.9� 10�6mol=L.
We are interested in the precipitation reaction, as

shown in the problem statement. The value of Q for

this reaction equals aAlðOHÞ3ðsÞ=aAl3þa
3
OH�

� �
¼

1=aAl3þa
3
OH�

� � ¼ aAl3þa
3
OH�

� ��1
, the value of Keq

is K�1s0 , and, at pH 6.0, aOH� ¼ Kw=aHþ ¼ 10�14:0=
10�6:0 ¼ 10�8:0. Thus, Q=Keq for the reaction is

Q

Keq

¼ aAl3þa
3
OH�

� ��1
K�1s0

¼
1:9� 10�6
� �

10�8:0
� �3h i�1

10þ31:62
¼ 0:013

Since Q is less than Keq, the reaction is not at

equilibrium and will proceed to the right (precipita-

tion of Al(OH)3(s)). The ratio of Q to Keq is almost

two orders of magnitude different from 1.0, meaning

that the degree of disequilibrium is substantial, so it

would be reasonable to treat the initial reaction as

irreversible.

(b) The final equilibrium activity of Al3þ is given by the
solubility product. Because the solution pH is

assumed to remain at 6.0 throughout the process,

aAl3þ at equilibrium can be computed as follows:

Keq ¼ 1

aAl3þa
3
OH�

aAl3þ ¼
1

Keqa
3
OH�
¼ 1

10þ31:62 10�8:0
� �3 ¼ 10�7:62

Again equating the numerical values of aAl3þ

and cAl3þ , we conclude that cAl3þ at equilibrium is

10�7.62mol=L. The final concentration of total dis-

solved aluminum is 200 cAl3þ , or 4.8� 10�6mol=L
(0.13mg=L).

The total dissolved Al concentration at equili-

brium is only 1.3% of the total Al added, so approx-

imately 99% of the Al that was added precipitates.

Thus, the assumption of stoichiometric precipitation

would be a good one, if the reaction really did reach

equilibrium. Keep in mind though, that in a real

system, some of the Al might form soluble com-

plexes with ligands other than OH�, and some

colloidal Al(OH)3(s) might remain suspended in

the effluent. As a result, the concentration of total

Al in the effluent could be substantially greater than

the value computed using the preceding equations.

If the precipitation process were treated as going

to completion to estimate the soluble Al in the

effluent, the estimate of that concentration would

be zero. Whether or not ignoring Al in the effluent

is an acceptable assumption depends on the ulti-

mate use of the information. If we were interested

in potential effects of dissolved Al on the receiving

water, for instance, the assumption might not be

justified, since relatively small additions of Al to

the water might have a significant effect. On the

other hand, when computing the total dissolved

solids (TDS) of the effluent, the contribution of the

Al species would almost certainly be negligible.

Thus, in this example, as always, the validity of an

assumption depends on the context in which the

assumption is made and in which the data are being

interpreted. &

Summary of Limiting Cases The various limiting cases

used to simplify reaction rate expressions are summarized

and compared in Table 3-8.

3.5 KINETICS OF SEQUENTIAL REACTIONS

The progress of an overall reaction that consists of two or

more reactions in series is presented in this section. The

analysis begins with a few numerical simulations, the results

of which allow us to generalize about the behavior of the

reactants at various points in the sequence and the charac-

teristic times of the overall reaction. The results are also used

to identify limiting conditions that might be applicable in

certain situations and that can simplify the mathematical

analysis of the system. Finally, an historically important

overall reaction rate expression is developed based on the

presumed reaction mechanism.
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The Progress of Consecutive Reactions and the
Rate-Controlling Step

As material progresses through a reaction sequence, we can

imagine that, at each step, it encounters a resistance that

prevents it from being converted instantly into the next

species. When chemicals encounter such a sequence of

resistances, they tend to build up immediately upstream of

high-resistance transition points. In this aspect, the process is

identical towater flowing through a series of tanks connected

by pipeswith partially openvalves (Figure 3-18), or traffic on

a road with tollbooths located every few miles. In each of

these systems, material (chemical species, water, or cars)

builds up behind the points where the resistance to progress is

greatest. If the resistance at one point in the sequence is much

greater than that at any other point, that point represents a

bottleneck that limits the rate of the overall process. In the

case of sequential reactions, the reaction imposing the great-

est resistance is called the rate-determining, rate-limiting, or

rate-controlling step. In these cases, greater resistance is

synonymous with increased characteristic time, so the rate-

controlling step can also be defined as the step with the

longest characteristic time.

Consider, for example, the progress of the reaction

sequence A�!kA B�!kB P in a batch reactor, if each reaction

is first order. The rate of change of the concentrations of A,

B, and P in the system can be derived from the corre-

sponding mass balances. In each case, the mass balance

reduces to an equality between the storage and reaction

terms. After dividing by V, these equations can be written

as follows:

dcA

dt
¼ �kAcA (3-63)

dcB

dt
¼ kAcA � kBcB (3-64)

dcP

dt
¼ kBcB (3-65)

Equation 3-63 is identical to the mass balance on A that

would apply if the reaction A! B were taking place in

isolation. The implication is that the reaction of B to form P,

after B has been formed fromA, has no effect on the reaction

rate of A. As a result, species A disappears at the rate derived

previously for first order, irreversible decay; that is,

cAðtÞ ¼ cAð0Þexpð�kAtÞ.
As A is depleted, B forms, so its concentration initially

increases. However, the rate of formation of B is kAcA, and

since cA is steadily decreasing, the rate at which B forms

decreases steadily as well. At the same time, B is being

converted to P at a rate proportional to cB; that is, the rate of

disappearance of B increases as cB increases. Thus, the

overall pattern that develops is that B accumulates initially,

until its rate of formation (kAcA) equals its rate of disap-

pearance (kBcB). From that time on, B disappears more

quickly than it is formed, and cB decreases. Since P is formed

at a rate proportional to cB, P accumulates steadily, and its

rate of accumulation is largest when cB is largest.

Analytical solutions to the mass balances on B and P for

cB(0)¼ cP(0)¼ 0 can be derived by integration of the corre-

sponding rate expressions, yielding:15

cBðtÞ ¼ kAcAð0Þ
kB � kA

exp �kAtð Þ � exp �kBtð Þð Þ (3-66)

cPðtÞ ¼ cAð0Þ
kB � kA

kB 1�exp �kAtð Þf g�kA 1�exp�kBtð Þf gð Þ
(3-67)

The concentration profiles for all three species in a system

with cA(0)¼ 100mmol=L and cB(0)¼ cP(0)¼ 0mmol=L,
and with kA¼ kB¼ 0.1min�1 are shown in Figure 3-19.

The results are consistent with the earlier discussion. In

particular, B accumulates in the system until approximately

15 The equations shown do not apply if kA¼ kB. In that case, the expressions

of the concentrations of B and P are: cB ¼ cA 0ð ÞkAt exp �kAtð Þ and

cP ¼ cA 0ð Þ 1� exp �kAtð Þ � kAt exp �kAtð Þ½ 


TABLE 3-8. Summary of Limiting Cases Under Which the Reaction Rate Expression can be Simplified

Approximation Criteria Effect

Irreversible reaction Forward rate� reverse rate (or vice versa); Simplifies the rate expression in the mass balance

Reaction far from equilibrium

Reaction at equilibrium Forward rate¼ reverse rate; tchar� time

available for reaction

Eliminates the forward and reverse rate terms for a given

reaction from the mass balance, and substitutes the

equilibrium relationship between reactants and products

Stoichiometric or

complete reaction

tchar� time available for reaction, and

equilibrium lies far to product side

Eliminates the forward and reverse rate terms for a given

reaction from mass balance, and substitutes a relationship

based on stoichiometry

Negligible reaction tchar� time available for reaction Eliminates the forward and reverse rate terms for a given

reaction from mass balance, since neither reaction proceeds

to a significant extent
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t¼ 10min, at which time the rates of formation and destruc-

tion of B are equal, and cB¼ 36mmol=L. Continuously

thereafter, B reacts more rapidly than it forms, so its

concentration decreases. The overall reaction is substan-

tially complete (cP¼ 90mmol=L) in about 40min. This

result is consistent with what we might expect based on

the characteristic reaction times, which are 10min for each

of the constituent reactions. That is, we might expect each

reaction to be substantially complete in a time equal to

�3 tchar (i.e., 30min), with the beginning of that time for the

second reaction being delayed until a substantial amount of

B has formed (�1 tchar). In this case, because the character-

istic time is identical for the two reactions, neither reaction

can be said to be rate limiting.

Figures 3-20a and 3-20b show the concentration profiles

for systems with the same initial composition as in Figure

3-19, butwith one of the rate constants increased by a factor of

10, and the other rate constant decreased by the same factor.

Thus, in these systems, the characteristic times are 1min for

FIGURE 3-18. A sequence of tanks, with the rate at which water leaves each tank controlled by a

valve. The rate at which water exits the overall system is controlled by the tightest valve (on the pipe

leaving the third tank in the sequence), behind which water accumulates.
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FIGURE 3-19. Concentration versus time profiles for a sequen-

tial irreversible reaction A! B! P in a batch reactor, with

cA(0)¼ 100mmol=L, and cB(0)¼ cP(0)¼ 0mmol=L, and with

kA¼ kB¼ 0.1=min.
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the faster reaction and 100min for the slower one. The

concentrations are still changing significantly at the end

of the time period shown in Figures 3-20a and 3-20b but,

as in Figure 3-19, they approach values of cA¼ cB¼ 0 and

cP¼ 100mmol=L asymptotically at large t.

In the system in which kA is increased, so that kA� kB,

almost all the A is converted to B before significant amounts

of B are converted into P (Figure 3-20a). As a result, cB
increases rapidly to a value near cA(0), after which the only

relevant reaction is decay of B to P. That is, after a relatively

short reaction time (t< 5min, representing several charac-

teristic reaction times for the reaction A! B, but much less

than one characteristic reaction time for the reaction

B! P), the composition of the system can be approximated

as cA	 0mmol=L, cB	 cA(0), cP	 0mmol=L. Thereafter,
the first reaction can be ignored, and the only reaction of

relevance is the first-order decay of B to P.

The same conclusions can be reached by evaluating

Equations 3-66 and 3-67 with kA� kB. In such a case,

exp(�kAt)� exp(�kBt), and the expressions simplify to

cBðtÞ ¼ cAð0Þexp �kBtð Þ (3-68)

cPðtÞ ¼ cAð0Þ 1� exp �kBtð Þf g (3-69)

Equations 3-68 and 3-69 are those that would apply for a

first order, irreversible reaction in which P is formed from B,

if the initial concentration of B were cA(0). In this case,

conversion of B to P is the rate-limiting step, and the

characteristic time for the overall reaction (i.e., the charac-

teristic time for formation of P) is k�1B .

On the other hand, if kB� kA (Figure 3-20b), then A

decays quite slowly to form B, and B decays almost immedi-

ately to form P. As a result, the qualitative changes in cB
observed in the previous cases still occur (i.e., cB increases,

passes through a maximum when kAcA¼ kBcB, and then

decreases), but the absolute value of the concentration of B

at any time is low. The equations characterizing the concen-

trations ofB andP in this case are as shownbelow. In this case,

the conversion of A to B is the rate-limiting step in the overall

reaction, so the characteristic time for formation of P is k�1A .

cB ¼ kA

kB
cAð0Þexp �kAtð Þ (3-70)

cP ¼ cAð0Þ 1� exp �kAtð Þf g (3-71)

Generalizing the preceding result, when any irreversible

reaction sequence is initiated, the first reaction in the sequence

proceeds at the same rate as if it were the only reaction

occurring. Material then begins accumulating upstream of

each point of resistance in the rest of the sequence; that is,

some of each intermediate species accumulates, providing the

driving force for the next reaction in the sequence. If the

reaction is occurring in a batch reactor, the concentration of

each intermediate increases steadily until the driving force is

sufficient to push material through that step as rapidly as it is

arriving from the upstream step. Thereafter, the rate of arrival

declines (because the initial supply of reactant becomes

depleted), and the concentration of the intermediate

decreases, decreasing the rate at which the subsequent

reaction proceeds. This process continues until essentially

all the material has passed through the whole sequence, and

only the ultimate product of the reaction sequence is present.

The characteristic time of the overall sequence is at least

as long as that of the rate-limiting step. If the characteristic

time of the rate-limiting step is significantly greater than that

of any other step in the sequence, then the characteristic time

of the overall reaction is approximately equal to that of the

rate-limiting step. (Although this point is made by consid-

ering only first-order reactions in the example system, it

applies to other rate expressions as well.)

If the same reaction sequence occurred in a reactor system

with a continuous input of the initial reactant (e.g., a CFSTR

with the reactant present in the influent at some steady
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FIGURE 3-20. Concentration profiles for species A, B, and P for

the same reaction sequence as characterized in Figure 3-19, except

with different rate constants: (a) kA¼ 1.0=min, kB¼ 0.01=min;

(b) kA¼ 0.01=min, kB¼ 1.0=min.
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concentration), each intermediate would be generated con-

tinuously, and thewhole systemwould reach a steady state in

which material was flowing through each step at the same

rate. To achieve that steady-state condition, the concentra-

tion of each intermediate would be large if it preceded a

high-resistance reaction (onewith a long tchar), and small if it

preceded a low-resistance (short tchar) reaction. Again, the

analogy to water flow through a series of tanks is apt.

Regardless of whether the reaction sequence occurs in a

batch reactor or a reactorwith flow, the greatest resistance, the

longest characteristic time, and the greatest accumulation of

material are all associatedwith the rate-limiting step. Inmany

reaction sequences, the resistance associated with the rate-

limiting step is so much greater than that of any other step in

the sequence that it is reasonable to treat the system as though

none of the other reactions impose any resistance at all. In

such a case, intermediate species that precede the reactants for

the rate-limiting step are formed and then depleted relatively

rapidly, so they are all present at low concentrations. On the

other hand, the reactants that participate in the rate-limiting

step accumulate and then move through that step gradually,

until they are eventually depleted.

Species that follow the rate-controlling step react rela-

tively quickly, but they are only supplied at a slow, nearly

steady rate from upstream. As a result, the concentrations of

these species (except the final product in the sequence)

remain low, only building up enough to maintain a reaction

rate approximately equal to that of the rate-controlling step.

Correspondingly, the ultimate product is also formed at that

rate (i.e., the rate of the controlling step). Note that, because

material moves through the rate-controlling step and all

subsequent steps at approximately the same rate, it is not

correct to state that the rate-controlling step is the slowest one

in the sequence.What is true is that the rate-controlling step is

the major impediment to speeding up the reaction; that is,

material could move through the rest of the system faster, if

the rate-limiting step were not holding everything up.

& EXAMPLE3-15. Two reactions proceed in sequence.

In the first, reactants A andB are converted to a productC and

an intermediateD. In the second,D reacts with water to form

product E. Both reactions can be treated as irreversible. The

reaction between species A and B is first order with respect to

each of those species and second order overall, with a rate

constant of kAB¼ 10�3 L=mol s. The subsequent reaction

forming species E is pseudo-first-order, with k¼ 10�2 s�1.

Aþ B! Cþ D rA ¼ �ð10�3 L/mol sÞcAcB
Dþ H2O! E rE ¼ ð10�2=sÞcD

(a) Determine the rate-limiting step for this reaction

sequence in a system in which the initial concentra-

tions of A and B are both 10�2mol=L, and the

system initially contains no C, D, or E.

(b) Verify your conclusion by comparing the production

over time of species E in the initial system and in

systems in which either kAB or kD is increased by a

factor of ten. (The hypothetical cases where the rate

constant is multiplied by ten might be accomplished

by adding catalysts to the system.)

Solution.

(a) The characteristic time of the first reaction can be

computed using the expressions in Table 3-3, since

the initial concentrations of A and B are identical.

Using the first definition for tchar, we find

tchar ¼ en�1 � 1

n� 1

1

knc
n�1
A ð0Þ

¼ e� 1

1

1

kncAð0Þ ¼ 172; 000 s ¼ 47:8 h

Because the conversion of D to E is pseudo-first-

order, its characteristic time is the inverse of the rate

constant, or 100 s. The first reaction is therefore

expected to be rate limiting and to provide almost

all the resistance to formation of product.

(b) The conclusion reached in part (a) is confirmed by

the simulations shown in Figure 3-21, which

shows the results of a numerical integration of

the rate expressions. Increasing the rate constant

of the initial reaction increases the rate of forma-

tion of E dramatically, whereas increasing the rate

constant of the second reaction has a much smaller

effect. &

The Thermodynamics of Sequential Reactions

Asnoted previously, the degree of disequilibriumof a reaction

can be quantified by the ratio of the activity quotient to the

equilibrium constant (Q=Keq). This ratio is related to the
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molar Gibbs energy of the reaction, DGr (kJ=mol of reaction)

by

DGr ¼ RT lnðQ=KeqÞ (3-72)

Thus, the farther a reaction is from equilibrium (i.e., the

closer it is to being irreversible), the larger is the magnitude

of its negative molar Gibbs energy of reaction.16

In a sequence of reactions, the Gibbs energies of the

individual reactions are additive, so DGr for the overall

reaction is the sum of the DGr values of the individual

reactions. Thus, one can say that, in a reaction sequence, the

Gibbs energy of the overall reaction is expended little by

little in pushing material through the various steps. Extend-

ing the metaphor, other things being equal, the larger the

resistance with which an individual step opposes the overall

reaction, the larger the expenditure of Gibbs energy required

to push material through that step. Thus, the reaction farthest

from equilibrium provides the greatest resistance to the

overall reaction.

Since reactions always proceed toward equilibrium, they

always proceed in the direction that causes DGr to approach

zero (andQ=Keq to approach 1.0). This statement applies not

only to the overall sequential reaction, but also to each

individual reaction in the sequence. Thus, it is not possible

for the Gibbs energy released from one step in a reaction

sequence to allow another step to proceed “uphill” or to

“overcome a Gibbs energy barrier.” Such a statement

implies that a chemical reaction proceeds in a nonthermo-

dynamic direction (i.e., away from equilibrium) because the

energy cost of doing so is being paid by another reaction.

What is possible is that a product from one reaction can be

depleted so rapidly by a subsequent reaction that its con-

centration is maintained at a very low level, much lower than

it would be if the downstream reaction were not occurring.

In this way, the Gibbs energy change for each step can be

held at a negative value, so that the driving force for every

reaction is in the forward direction. Such relationships are

the core feature of sequential reactions.

Steady State: Definition and Comparison
with Chemical Equilibrium

A species whose concentration at a given location is not

changing over time is said to be at steady state, and, if the

concentrations of all chemical species in a reactor are

unchanging over time, then the reactor is said to be at steady

state. (Note that the concentrationsmight change frompoint to

point in the reactor; the definition of steady state requires only

that they be constant at each point over time.) In reactors with

flow, steady-state conditions can be established and main-

tained indefinitely. In a batch reactor, the concentrations of all

reactants, intermediates, and products in a reaction sequence

change over time, so a true steady state never develops.

Nevertheless, the concentrations of the intermediates down-

stream of the rate-controlling step change relatively slowly. In

such cases, an approximation is often made that those inter-

mediates are at steady state duringmostof the time the reaction

is proceeding. A classic example of the use of this approxi-

mation is provided in the following section of this chapter.

In many ways, steady state describes a condition for a

particular species that is analogous to the condition that

chemical equilibrium describes for a reaction: in both cases,

an overall process is poised at a stable condition as a result of

ongoing, balanced subprocesses. Because both concepts are

central to the analysis of physical=chemical treatment sys-

tems, and because the distinctions between them are some-

times subtle, it is worth considering a few situations in which

each concept is applied independently.

It was noted previously that the equilibration of water

molecules with Hþ and OH� is so rapid at near-neutral pH

that it can be considered instantaneous. However, this

statement does not imply that the Hþ and OH� concentra-

tions in a system are always at steady state. For instance,

biological processes might consume or generate acidity

continuously in a batch waste treatment process, so that

the concentrations of Hþ and OH� would be constantly

changing; that is, neither species would be at steady

state. The two species would nevertheless be in continuous

equilibrium with one another and with H2O via the asso-

ciation=dissociation reaction for water.

On the other hand, as noted earlier, a species can be at

steady state in a reactor if it is formed and destroyed at equal

rates by different chemical reactions, or if the summation of

the rates at which it is formed by all reactions and the rate at

which it enters the reactor by advection, diffusion, and

dispersion equals the summation of the rates at which it is

destroyed and=or removed from the reactor by the corre-

sponding processes. In many systems, even though one or

more individual species are at steady state, the chemical

reactions in which those species participate are not at

equilibrium.

Thus, a reaction can be at equilibrium even if the con-

centrations of the reactants and products in the system are

changing, and a species can be at steady state even if all the

reactions in which it participates are far from equilibrium.

Additional important examples of steady-state systems are

presented in Chapter 4, where the effects of fluid flow and

dispersion on the concentration are considered in addition to

those of chemical reaction.

The usefulness of the steady-state approximation can be

illustrated by the development of the classical Michaelis–

Menten relationship describing the enzyme-catalyzed

16 Q might be either larger or smaller than Keq in a system that is not at

equilibrium. In either case, the reaction proceeds in the direction that causes

Q to approach Keq, which is the direction in which DGr < 0. Q might be

either larger or smaller than Keq in a system that is not at equilibrium. In

either case, the reaction proceeds in the direction that causes Q to approach

Keq, which is the direction in which DGr < 0.
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conversion of organic substrates to cell parts. Thismechanism

was postulated by Michaelis and Menten in 1913 and is still

used as the basis for most mathematical modeling of biologi-

cal reactions in wastewater treatment. The analysis would be

quite complex if the variation in the concentrations of inter-

mediates over time had to be considered, but it is greatly

simplified if the steady-state assumption is made.

Michaelis and Menten hypothesized the following set of

elementary equations:

Eþ S�! �kS!ES�

kES�!S

ES� (3-73)

ES� �! �kES�!P

kP!ES�
Pþ E (3-74)

where E is an enzyme, S is a biodegradable substrate, P is a

product of the reaction, and ES� is a reaction intermediate.

Key assumptions of the model are that

(i) The concentration of ES� reaches an approximate

steady-state value, so dcES�=dt 	 0ð Þ.
(ii) For the given steady-state concentration of ES�,

kES�!PcES� � kP!ES�cP; that is, the reaction ES� !
P is far from equilibrium, and so is essentially

irreversible.

Assumption (ii) is usually considered applicable for any

steady-state concentration of ES�, implying that the reaction

ES� ! P goes to completion. Note that, since the reaction

forming ES� is assumed to have a significant reverse rate

while the reaction forming P is approximately irreversible,

Q=Keq is much smaller and �DGr is much larger for the

second step; that is, most of the energy driving the reaction is

released in the second step.

In accordance with these assumptions, the expressions for

the net formation rates of the enzyme–substrate complex

(ES�) and the product in a batch system are

rES� ¼ dcES�

dt
¼ 0 ¼ kS!ES�cEcS � kES�!ScES� � kES�!PcES�

(3-75)

rP ¼ dcP

dt
¼ kES�!PcES� (3-76)

The feature of the biological system that is not typical of

other reactions is that one of the reactants (E) is consumed in

the first reaction step but is then regenerated in the second

step. Therefore, in a batch reactor, the total amount of E in the

system (the sum of the concentrations of ES� and unbound E)
is constant, regardless of how much S reacts. The enzyme is

thus a catalyst; that is, a substance that participates in a

reaction and affects the overall reaction rate, but is neither

generated nor consumed by the overall reaction. Defining

cE,tot as the total concentration of enzyme, we can write

cE;tot ¼ cE þ cES� (3-77)

Substituting Equation 3-77 into Equation 3-75 and then

solving for the concentration of ES� yields

0 ¼ kS!ES� cE;tot � cES�
� �

cS � kES�!S þ kES�!Pð ÞcES�
(3-78)

cES� ¼ kS!ES� cE;tot cS

kS!ES�cS þ kES�!S þ kES�!P

(3-79)

Finally, inserting Equation 3-79 into Equation 3-76

yields, after some manipulation

rP ¼ kES�!P cE;tot cS
kES�!S þ kES�!P

kS!ES�
þ cS

¼ kES�!P cE;tot cS

Km þ cS
(3-80)

where Km is defined as the ratio kES�!S þ kES�!P=kS!ES�ð Þ
and has units of concentration and is known as the Michaelis

constant or the half-velocity constant. Assuming the total

enzyme concentration is proportional to the microorganism

concentration cX (i.e., cE;tot ¼ kXcX), and defining the product

kXkES�!P as kmax, Equation 3-80 can be rewritten as follows:

rP ¼ kmaxcScX

Km þ cS
(3-81)

Given that the concentration of ES� is always small and

changes very slowly, the rate of product formation, rP, can be

equated with the rate of substrate utilization,�rS. This rate is
commonly normalized to the concentration of organisms in

the system and referred to as the specific rate of substrate

utilization, computed as�rS=cX. Thus, Equation 3-81 can be
rewritten to express the specific rate of substrate utilization as

� rS

cX
¼ kmaxcS

Km þ cS
(3-82)

Equation3-82 is commonly evaluated in termsof the relative

values ofKm and cS. If cS�Km, the rate expression reduces to

� rS

cX
¼ kmax

Km

cS (3-83)

According to Equation 3-83, under conditions where cS�
Km, the specific rate of substrate utilization is proportional to

the concentration of substrate (cS); in such cases, the reaction is

said to be substrate-limited. Under substrate-limited condi-

tions, a significant amount of free enzyme is available in the

system. As a result, the steady-state concentration of ES�, and
hence the rate at which the product is formed, can be increased

by increasing the substrate concentration.

At the opposite extreme, if cS�Km, the Equation 3-82

reduces to

� rS

cX
¼ kmax (3-84)

Under these conditions, the reaction is said to be enzyme-

limited. The system contains a negligible steady-state
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concentration of free enzyme, so adding more substrate cannot

increase the concentration of ES� or the rate of product forma-

tion. Using the terms defined earlier in this chapter, the first

reaction is poised at a condition of near completion, in which

almost all the enzyme is in the form of product (ES�).
The terms substrate-limited and enzyme-limited can be

somewhat misleading, since Equations 3-83 and 3-84 indi-

cate that the rate of product formation is proportional to the

total enzyme concentration in both cases. More descriptive

terms would be substrate-and-enzyme-limited and enzyme-

only-limited, respectively, but the shorter terms have been

universally adopted.

The specific rate of substrate utilization is shown for a

wide range of substrate concentrations in Figure 3-22. At

low concentrations, the graph approximates a straight line

with slope kmax=Km (consistent with Equation 3-83), and at

high concentrations, it approaches a value of kmax asymp-

totically (as per Equation 3-84); at intermediate concentra-

tions, the curve can only be described by Equation 3-82.

Derivations such as the one presented earlier played an

important role in the historical development of kinetics

modeling. The need to make simplifying assumptions to

analyze the kinetics of complex networks has diminished as

high-speed computing equipment has been used to model

the progress of all the steps in such reactions. Nevertheless,

the steady-state assumption is still useful for developing

simplified conceptual models of these systems and for

interpreting the results of the computer simulations.

3.6 THE TEMPERATURE DEPENDENCE OF THE

RATES OF NONELEMENTARY REACTIONS

The effects of temperature on reaction rates are important in

environmental engineering because many industrial wastes

are generated at elevated temperatures, and in some cases, the

flow rate of a waste stream is small enough that increasing its

temperature in an effort to increase the reaction rate (or, in the

case of biological processes, to provide a selective advantage

for growth of certain microbes) is an economically and

technically attractive option. In addition, temperature is an

important parameter to consider when comparing treatment

processes in different climates, and seasonal changes in

temperature can have a large effect on reaction rates in

many natural and engineered aquatic systems. Investigations

of the effect of temperature on reaction rates can also provide

insight into the mechanisms controlling those rates.

The temperature dependence of elementary reactions

was described in the context of the activated complexmodel

for reaction kinetics earlier in this chapter. Prior to the

development of that model, however, a similar relationship

for the effect of temperature on rate constants had been

proposed by Arrhenius, based on empirical studies of both

elementary and nonelementary reactions. The relationship

that he proposed is

k ¼ kAr exp �EAr

RT

� �
(3-85)

where EAr is an empirical constant, unique to a particular

reaction, with units of energy per mole, R is the universal gas

constant, and T is the absolute temperature.

Taking the logarithm of both sides of Equation 3-85, it can

be written as follows:

ln k ¼ ln kAr � EAr

R

1

T
(3-86)

Defining kT1
and kT2

as the reaction rate constants at

temperatures T1 and T2, Equation 3-86 can be manipulated
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as follows:

ln kT2
� ln kT1

¼ ln
kT2

kT1

¼ �EAr

R

1

T2

� 1

T1

� �
(3-87)

Equation 3-86 indicates that a plot of ln k versus 1=T
should be a straight line with slope �EAr=R and intercept ln

kAr, as shown in Figure 3-23. By preparing such a plot, we

can determine these values and use them to compute the rate

constant at other temperatures, either graphically or by

inserting the constants into Equation 3-87.

3.7 SUMMARY

This chapter describes the techniques commonly used to

analyze rate data from batch, well-mixed, homogenous

(one-phase) systems. Such systems are often used for the

study of reaction kinetics, because the mass balance reduces

to a very simple form. Reaction kinetics is also sometimes

studied in reactors with flow, either as a matter of preference

or for more fundamental reasons. Such systems are discussed

and the relevant mass balances are solved in Chapter 4.

Subsequent chapters extend the analysis to multiphase sys-

tems, for example, systems where transfer of a substance into

a gas or onto a solid adsorbent is an important process.

Chemical reactions generally occur via collisions among

molecules. Reactions that result from a single collision

are called elementary reactions, and their rates are given

by the product of a temperature-dependent rate constant and

the concentrations of the colliding species. In aqueous

solutions, the maximum rate at which reactions can proceed

is limited by the rates of diffusion of the reacting molecules.

Although some reactions proceed at nearly the maximum

rate, most proceed more slowly, indicating that they are

controlled by the energetics of the reacting species.

Attempts to predict the rates of elementary reactions that

are controlled by energetics led to the development of the

activated complex model of reaction progress. This model

represents reactions as requiring collisions among mole-

cules that have enough energy and are properly oriented to

overcome an activation energy barrier, after which conver-

sion into product molecules is spontaneous. The model

predicts that the reaction rate constant is strongly dependent

on temperature and the activation energy of the reaction

(i.e., the energy required to form activated complexes from

the reactants).

Many overall reactions reflect the result of two or more

elementary reactions. In such cases, the rate expression can

take many mathematical forms, sometimes containing more

than one constant and the concentrations of the reacting

species raised to various powers.

Elucidation of rate expressions generally involves col-

lection of experimental data and attempts to fit the data to

potentially appropriate equations. Both integral and dif-

ferential methods are used to test hypothesized rate expres-

sions. The identification of an appropriate rate expression

is reasonably straightforward in cases where the data can

be fit with a power law expression. If the rate expression is

not of the power law type, its identification is more

problematic. If a reaction rate depends on the concentra-

tions of several different species, the effect of individual

species can be isolated by adding a relatively great excess

of all species except one. By repeating the process and

changing the species that is not added in excess, informa-

tion about the rate dependence on each species can be

obtained.

All reactions are reversible, at least in theory, and are

therefore characterized by equilibrium constants. For ele-

mentary reactions, the equilibrium constant can be identified

as the ratio of the forward and reverse rate constants. The

degree of disequilibrium of a reaction is quantified by the

ratio Q=Keq, a quantity that is also related to the amount of

Gibbs free energy that is released as a reaction proceeds.

Reactions that are far from equilibrium can be approximated

as being irreversible.

The characteristic reaction time provides a rough idea of

the time frame over which a reaction proceeds. If the time

available for reaction is far less than the characteristic time,

negligible reaction occurs, and if the time available is far

greater, the reaction proceeds almost to its endpoint (com-

pletion or equilibrium). The characteristic reaction time is

also a qualitative indicator of howmuch a particular reaction

resists conversion of reactants into products—the longer the

characteristic time, the greater is the resistance.

Many overall reactions of interest consist of a sequence

of approximately irreversible reactions. If one of the

reactions in the sequence has a much longer characteristic

time than the other, then it generates almost all the resist-

ance to the progress of the reaction. Such a reaction is called

rate-limiting, rate-determining, or rate-controlling step.

This step represents a bottleneck in the overall process,

and it limits the overall rate of product formation. Reactants

upstream of the rate-controlling step are depleted relatively

quickly, and those downstream (other than the ultimate

product) attain gradually changing concentrations that

allow them to proceed at approximately the same rate as

the rate-controlling step.

Mathematical analysis of reaction networks can be com-

plex even when the networks include only a few reactions.

Approximations that some constituents are at steady state, or

that some reactions are irreversible, rapidly equilibrated, or

complete are sometimes made to reduce the mathematical

and conceptual complexity of such systems. The Michaelis–

Menten expression is a well-known and historically impor-

tant example of the application of such simplifications. The

proposed mechanism associated with the expression also

shows how catalysts can participate in an overall reaction,
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even though they do not appear in the overall reaction

stoichiometry.

No matter how persistent or determined the investigator

is, some reaction rate expressions seem to defy efforts to

represent them in reasonably tractable mathematical forms.

In such cases, it must be remembered that the study of

kinetics is inherently empirical, and that, in the absence of

simple mathematical relationships describing the rate

expressions, empirical data describing the reaction rate as

a function of the concentrations of various constituents of

the system can serve the same function.
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PROBLEMS

3-1. (a) Identify the overall order of the reaction and the

order with respect to individual reactants in the

rate expression: rA ¼ �kc0:5A cB.

(b) The reaction whose kinetics is expressed in part

(a) has the stoichiometry

1
2
Aþ B! P

What is the overall order of the reaction and the

order with respect to individual reactants if the

stoichiometry is rewritten as

Aþ 2B! 2P

(c) For biological degradation of substrate S by

microorganisms at concentration X, the rate of

degradation is often expressed as follows:

rS ¼ �kXS=ðKS þ SÞ. Identify the order of the

reaction with respect to the microorganism con-

centration, the substrate concentration, and the

overall order.

(d) In some engineered systems for biological deg-

radation, the substrate concentration is very low,

so that S� Ks. In that circumstance, find the

order of the reaction with respect to the micro-

organism concentration, the substrate concen-

tration, and the overall order.

3-2. Oliver and Schindler (1980) presented the data shown

in the following table for chloroform (CHCl3) produc-

tion from the chlorination of the algal species Ana-

baena oscillarioides at pH7.0 and 20�C. The first table
shows the CHCl3 concentration over time in a batch

system dosed with 10.3mg=L chlorine (as Cl2), and

the second shows the CHCl3 concentration after 24 h

of reaction in systemswith various chlorine doses. The

algal concentration was 3.6mg=L as dry weight in all

experiments.
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Time (h) CHCl3 (mg=L)

4 4

22 16

47 35

76 48

95 65

Chlorine Dose (mg=L) CHCl3 (mg=L)

1 2

2 6

5 11

10 20

20 23

40 30

75 24

150 30

(a) Assuming the reaction that generates chloro-

form is first order with respect to algal dry

weight concentration, derive a conditional rate

expression for the reaction at pH 7.0 and 20�C.
Note: You will have to develop the expression

based on your own interpretation of the data;

there is no single correct rate expression that can

be identified based on the given information.

However, you should be able to identify an

expression that is at least reasonably consistent

with the trends shown.

(b) According to your expression in part a, how

much chloroform would be generated in a batch

system containing 8mg=L dry weight algae

exposed to 5.0mg=L Cl2 for 2 h at pH 7?

3-3. Pich�e and Larachi (2007) proposed the following

reaction for the oxidation of polysulfide ions (S 2�
n ,

where n can be any value�2) to form thiosulfate ions

(S2O3
2�) and colloidal sulfur (S8):

S 2�
n þ 3

2
O2 ! S2O3

2� þ n� 2

8
S8

(a) For n¼ 6, write expressions for rS2O3
2� and rS8 in

terms of rS2�n , if all the rates are given in units of

mol=L h.

(b) Repeat part a, if the rates are in mg=L-h of the

respective chemicals; designate these rates as r0.
(c) Repeat part a, if the rates are in mg S=L h;

designate these rates as r00.

3-4. The following table gives the instantaneous rates of

the disappearance of A in a reaction between A and B,

at various concentrations of both reactants. Deduce

the values of x and y and of the rate constant k, if the

reaction rate expression is known to be rA ¼ �kcxAcyB.

cA (mol=L) cB (mol=L) �rA (mol=L s)

2.3� 10�4 3.1� 10�5 5.2� 10�4

4.6� 10�4 6.2� 10�5 4.16� 10�3

9.2� 10�4 6.2� 10�5 1.66� 10�2

3-5. An enzyme-mediated reaction is described by the

Michaelis–Menten equation with Km of 3� 10�3

mol=L, cE,tot of 10�4mol=L, and kES�!P of

10min�1. How long would it take into convert 99%

of the initial substrate S into product P in a batch

process if the initial concentration of S is 10�2mol=L?
Compare the result based on an analytical solution to

the problem (by integrating the relevant equation) with

that obtained if the assumption is made that cS�Km.

3-6. Lee (1990) reported the following data for the oxi-

dation of acetic acid by hydrogen peroxide under

supercritical conditions (T> 374�C, P> 218 bar) in

a batch system. The first table contains data collected

at T close to 500�C, and the second table contains

data over a range of temperatures.

Experimental results for variable reaction times at

(approximately) the same temperature

Temperature (�C) c(0) (mmol=L) c(t) (mmol=L) Time (s)

502.7 2.925 0.313 13.7

501.0 2.822 0.468 14.1

502.3 2.815 0.152 20.2

503.7 2.804 0.056 26.0

Experimental results for systems at different

temperatures

Temperature (�C) c(0) (mmol=L) c(t) (mmol=L) Time (s)

450.9 3.877 1.935 29.3

449.0 5.369 3.425 20.7

461.7 3.509 1.323 27.6

462.7 3.239 1.189 26.0

473.9 3.250 0.546 32.1

474.9 3.242 0.486 32.2

502.3 2.815 0.152 20.2

503.7 2.804 0.056 26.0

523.9 1.555 0.023 14.1

525.5 1.528 0.015 20.6

(a) Use integral methods to determine whether the

data are best described by zero, first, or second-

order reaction kinetics with respect to acetic acid,

and estimate the rate constant for the chosen rate
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expression. (Note: these data aremessy. Consider

the implicit data point at time zero in addition to

the reported data to aid in the analysis.)

(b) Based on the reaction order determined in part a,

estimate the value of the rate constant k for each

experiment in the second table, and estimate the

value of EAr for the reaction.

3-7. The disinfection of microorganisms is often described

by the “Chick–Watson law,” which, in its simplest

form, can be written as follows:

rX ¼ �kcXcD
where cX is the concentration of viable microorgan-

isms, cD is concentration of disinfectant (e.g., chlo-

rine), and k is a constant.

(a) In a batch reactor with a constant disinfectant

concentration of 1.5mg=L, 99% of the micro-

organisms are inactivated (killed) after 15min.

Find the value of k.

(b) Manipulation of your work in part (a) should

convince you that the same degree of disinfection

is achieved as long as the product of the concen-

tration and time (the so-called ct product) is the

same. Show a linear plot that illustrates this trade-

off for the 99% inactivation of the microorgan-

isms. (That is, manipulate the algebraic answer

you developed to solve part (a) in such a way that

you can drawa straight line on a plot,where every

point on the line represents a combination of c

and t that will give 99% inactivation.)

(c) On the sameplot as youdeveloped inpart (b), draw

a second line that describes 99.9% inactivation.

3-8. Many reactions between two species are described by

second-order kinetics, first order with respect to each

species. For a generic reaction aAþ bB! pP that

can be described by such kinetics, the rate expression

for the disappearance of A would be

rA ¼ �kcAcB
In a batch reactor with initial concentrations

cAo
and cBo

(that are not present in the stoichiometric

ratio b/a), the concentration of A can be found by the

following expression:

cAðtÞ ¼
cAo
� a

b
cBo

1� a

b

cBo

cAo

exp � bcAo

acBo

� 1

� �
cBo

kt

 �
 �

(a) The homogeneous oxidation of manganese by

oxygen can be described according to the stoi-

chiometry

4Mn2þ þ O2 þ 6H2O! 4MnOOHðsÞ þ 8Hþ

Morgan (2005) reported that, under a particular set

of solution conditions, the kinetics of the reaction

could be described as

rMn2þ ¼ �kcMn2þcO2

where k¼ 1.22� 10�2M�1s�1. For a solution with

initial concentrations of 2mg=L O2 and 500mg=L
Mn(II), prepare a graph depicting the decay of the

Mn2þ concentration over time. Use a time scale of

days on the figure, since the reaction proceeds

slowly. Also, for solution conditions such that the

given rate constant applies, find

(i) The time required to reduce the Mn2þ

concentration to 20mg=L.

(ii) The characteristic reaction time according

to the first definition given in this chapter.

(iii) The characteristic reaction time according

to the second definition in the chapter.

(b) Resolve part (a) under the assumption that

oxygen is in great excess, and compare the

results for the characteristic times and the

time to achieve 20mg=L to those found in

part (a). Comment on whether the assumption

of great excess gets better or worse as the

reaction proceeds.

(c) Derive the expression given in the problem

statement for cAðtÞ. To do so, it is useful to

define the initial concentration ratio cBo
=cAo

as

M and the extent of the reaction of A at any time

as XA ¼ ðcAo
� cAðtÞÞ=cAo

. The concentration

of B at any time can also be expressed in these

terms, accounting for the stoichiometry of the

two reactants. The resulting differential equa-

tion in XA can then be integrated using partial

fractions to yield (after algebraic manipulation)

the expression shown.

3-9. Mitch and Sedlak (2002) studied the formation of N-

nitrosodimethlyamine (NDMA) from dimethylamine

(NH(CH3)2, or DMA) in response to the addition of

chloramines to water as disinfectants. They proposed

that the rate-limiting step in the reaction sequence is

the formation of unsymmetric dimethylhydrazine

(UDMH) according to the following elementary

reaction of monochloramine (NH2Cl, or MCA)

with DMA:

NH2Clþ DMA! UDMH

The rate constant for the formation of UDMH via

this reaction was reported to be 0.081M�1s�1.
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(a) What is the characteristic reaction time (accord-

ing to the second definition) for the loss of DMA

by this reaction under the conditions of the

authors’ experiments, which included an initial

concentration of 1mM of each of the reactants?

(b) What is the characteristic reaction time under

more realistic conditions that could occur in

water distribution or wastewater treatment

applications, namely 3� 10�5M of each

species?

3-10. Curtis and Reinhard (1994) researched the kinetics of

the reductive dehalogenation of hexachloroethane. A

figure from that article summarizing some possible

pathways (set of elementary reactions) for the overall

reaction is shown in Figure 3-Pr10a, and some of

the results presented in the article are shown in

Figure 3-Pr10b.

(a) Write the complete set of reaction rate expres-

sions (i.e., one for each of the five constituents

on the pathway to C2Cl4) for the degradation

depicted in Figure 3-Pr10a.

(b) Thecomplete reaction pathway inFigure3-Pr10a

is complex, but the authors note that reactions 1,

5, and 8 constitute the likely major pathway.

Assuming that the other reactions are negligible,

write rate expressions for the four constituents in

this simplified reaction sequence.

(c) The authors note that k5 is larger than k1, and

they claim that they can further simplify the

reaction scheme as follows:

C2Cl6�!k1 C2HCl5�!k8 C2Cl4

Show that this simplification of the pathway

noted in part (b) is correct under the stated

circumstances, and write the rate expressions

for this reaction scheme.

(d) The authors studied the kinetics of this reaction

in batch systems, in which C2Cl6 was added, but

no other constituents shown were added.

Develop an expression for the concentration

of C2Cl6 as a function of time (i.e., find

cC2Cl6ðtÞ). Designate the initial C2Cl6 concen-

tration, cC2Cl6ð0Þ, as Ao.

(e) Using the reaction sequence described in part

(c), derive expressions for the concentrations of

C2HCl5 and C2Cl4 as a function to time in a

batch reactor, again designating Ao as the initial

concentration of C2Cl6.

(f) Based on your answers to parts (d), (e), and (f)

and the data given in Figure 3-Pr10b, estimate

the rate constants k1 and k8 in the experiments

performed by the authors.

3-11. Triclosan (structure shown in Figure 3-Pr11) is an

antimicrobial agent used widely in hand soaps, tooth-

pastes, deodorants, and other consumer products.

In recent years, a good deal of attention has been

paid to the reaction of triclosan and other personal

care products with chlorine during drinking water or
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FIGURE 3-Pr10. Kinetics of the reductive dehalogenation of

hexachloroethane (C2Cl6) to tetrachloroethene (C2Cl4). (a) Poten-

tial pathways, as shown by Curtis and Reinhard, based on work by

Roberts and Gschwend (1991); (b) Experimental results for a

system at pH 7.2 and 50�C, initially containing 2.5mM C2Cl6
and 500mM of the reducing agent AHQDS (2,6-anthrahydroqui-

none disulfonate). The curves are based on model calculations.

Source: Part a reprinted and part b adapted with permission from

Curtis and Reinhard (1994), copyright 1994 American Chemical

Society.
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FIGURE 3-Pr11. Chemical structure of triclosan.
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wastewater disinfection processes. Many of these

reactions depend strongly on solution pH, because

both the compound of interest and the primary disin-

fectant compound (hypochlorous acid, HOCl) are

weak acids. In the case of triclosan, the proton on

the hydroxyl group can be released. The acid disso-

ciation reactions and constants for HOCl and triclo-

san (TricH) are as follows:

HOCl$ OCl� þ Hþ logKa ¼ �7:55
TricH$ Tric� þ Hþ logKa ¼ �7:9

Rule et al. (2005) reported that, under typical

water treatment conditions, the reaction between

HOCl and Tric� proceeds much more rapidly

than that between HOCl and TricH, or between

OCl� and either TricH or Tric�. The reaction pro-

duces a chlorinated triclosan intermediate that

then undergoes additional reactions with HOCl.

They found that the dominant reaction is first order

in both HOCl and Tric�, with a rate constant of

k¼ 5.4� 103 (mol=L)�1s�1. Ignoring the nondomi-

nant reactions, the rate of disappearance of total

triclosan is therefore

rTrictot ¼ � 5:4� 103 ðmol/LÞ�1 s�1
h i

cTric�cHOCl

(a) For a solution containing 0.5mmol=L, total

triclosan and 14mmol=L total OCl (1mg=L as

Cl2), plot the initial rate of triclosan reaction

(mmol=L s) over the pH range 4–11. Use a

logarithmic scale for the rate.

(b) For the initial conditions specified in part (a),

plot the concentrations of TricH and Tric� over

time until 99% of the total triclosan has reacted

in a batch reactor, if the solution pH is constant

at 7.5. Assume that the acid=base reactions pro-
ceed instantaneously (so that they are always at

equilibrium), that the reaction stoichiometry is

such that one molecule of HOCl reacts with one

molecule of triclosan, and that the test is carried

out in an idealized solution containing only the

two reactants. Justify any other simplifying

assumptions you make. Keep in mind that the

reaction rate given in the problem statement is for

total triclosan, but that the reactant is Tric�,
which represents only a fraction of Trictot.

(c) Repeat part (b), but for a test involving a natural

water in which reactions of HOCl and OCl�

with other species in the system cause the

total OCl concentration to decay according

to a pseudo-first-order reaction, so that

cOCltotðtÞ ¼ cOCltotð0Þexp½ð�0:1=minÞt
.
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4
CONTINUOUS FLOW REACTORS:
PERFORMANCE CHARACTERISTICS WITH REACTION

4.1 Introduction

4.2 Extent of reaction in single ideal reactors at steady state

4.3 Extent of reaction in systems composed of multiple ideal

reactors at steady state

4.4 Extent of reaction in reactors with nonideal flow

4.5 Extent of reaction under non-steady-state conditions in

continuous flow reactors

4.6 Summary

References

Problems

4.1 INTRODUCTION

In the preceding chapters, we established the conceptual

basis and mathematical form of the mass balance equation,

and we explored models for the physical (diffusive, dis-

persive, advective) and chemical (reaction) terms in that

equation. In Chapter 2, we found that it is convenient to use

nonreactive tracers to investigate the hydraulic character-

istics of reactors, thereby making the reaction term in the

mass balance equation equal to zero. Correspondingly, in

Chapter 3, we saw the convenience of using batch systems

to investigate reaction kinetics, because in such systems

the transport terms in the mass balance equation are

zero. In this chapter, the material of the previous chapters

is synthesized to characterize and predict behavior in

systems where all the physical and chemical processes

discussed previously can occur simultaneously. This situ-

ation is both the most realistic and the one that is most

often of interest in the analysis of water and wastewater

treatment systems. In most of this chapter, we retain one

major simplification—that the system is at steady state.

Similar to the simplifications mentioned earlier, this con-

dition leads to one term in the mass balance equation—the

storage term—being zero.

Systems with ideal, limiting-case flow characteristics

(CFSTRs and PFRs) and a wide variety of reaction rate

expressions are considered first. Subsequently, networks

of such reactors are analyzed, followed by reactors with

nonideal flow characteristics that can be described by the

mathematical models presented in Chapter 2. Then, we

consider systems with nonideal flow that cannot be repre-

sented adequately by those simplified models. Finally, the

behavior of a few ideal reactor systems under non-steady-

state conditions is considered.

4.2 EXTENT OF REACTION IN SINGLE IDEAL

REACTORS AT STEADY STATE

The term steady state refers to a situation in which all

parameters of interest in the system, including the chemical

composition, are constant with time. In a steady-state

system, a constituent may be transferred across the system

boundaries and may react within the boundaries, but the

concentration of the constituent at any point within the

boundaries is unchanged over time. An assumption of

steady-state conditions is often made for the analysis of

water and wastewater treatment processes. In these cases,

the system is rarely truly at steady state, but the changes in

the input composition, temperature, flow rate, and so on, are

typically gradual. If these changes occur gradually over

several hours or days and the hydraulic detention time is

only an hour or two, then the assumption of steady state

is usually considered acceptable.

Extent of Reaction in a Continuous Flow Stirred Tank
Reactor at Steady State

Consider the mass balance on a species i in a CFSTR in

which a reaction is occurring, as depicted in Figure 4-1. We

assume that the volume of water in the reactor is constant,

that the system has only one inlet and one outlet, and also
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that diffusion and dispersion across the boundaries are

negligible. The entire water volume in the reactor is chosen

as the control volume. Because the system is completely

mixed, the concentration in the effluent is the same as that

throughout the tank, as indicated in the figure by represent-

ing both concentrations as ci,out.

The mass balance on i can be written as follows:

Rate of change

of the mass of i

stored within the

system

¼
Net rate

ðin� outÞ at
which i enters

by advection

þ
Net rate

ðin� outÞ at which i
enters by diffusion

and dispersion

þ
Net rate

ðformation� destructionÞ
at which i is created by

chemical reaction

Translating into an equation, for constant volume, it can

be written as

V
dci;out

dt
¼ Q ci;in � ci;out

� �þ 0þ Vri (4-1)

Since the concentration of i in the control volume is the

same as that in the effluent stream, ri is the rate of reaction

associated with the effluent concentration, ci,out. Equation 4-1

is valid for any constituent in aCFSTRwith a constant volume

(the usual case). If the reactor is at steady state, the left side

of the equation is zero. Therefore, removing the subscript i,

for steady-state conditions we can write

0 ¼ Q cin � coutð Þ þ Vrcout (4-2)

Dividing by Q and substituting the hydraulic detention

time t for V/Q, we obtain

tCFSTR ¼ � cin � cout

rcout
(4-3)

First-Order Irreversible Reactions Equation 4-3 relates

the influent and effluent concentrations of a reactant passing

through a CFSTR at steady state with the hydraulic residence

time, for any reaction rate expression. For instance, if the

reaction is a first-order irreversible decay, we can substitute

the corresponding rate expression (rcout ¼ �k1cout), into

Equation 4-3 and rearrange the equation as follows:

cout

cin
¼ 1

1þ k1t
(4-4)

Plots of cout=cin versus t for a few values of k1 are shown

in Figure 4-2a. Note, however, that Equation 4-4 indicates

that cout=cin depends solely on the value of the product k1t

in this type of system. Therefore, all the plots in Figure 4-2a

collapse to a single curvewhen cout=cin is plotted against this
dimensionless product, as shown in Figure 4-2b.

A few rearrangements of Equation 4-4 are often useful,

as follows. The effluent concentration, found by multiplying

both the sides of Equation 4-4 by cin, is a function of the
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FIGURE 4-1. Definition diagram for a CFSTR with reaction.
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influent concentration, the reaction rate constant, and the

hydraulic detention time. The removal efficiency (h), a

common parameter used to describe the effectiveness of a

process in water and wastewater treatment, is

h ¼ cin � cout

cin
¼ 1� cout

cin
¼ k1t

1þ k1t
(4-5)

Finally, the hydraulic detention time (which, for a given

flow rate, establishes the reactor volume) required to achieve

a desired fraction remaining is

t ¼ 1

k1

cin

cout
� 1

� �
(4-6a)

¼ cin � cout

k1cout
(4-6b)

¼ 1

k

h

1� h
(4-6c)

Recall from Chapter 3 that the characteristic reaction time

for first-order irreversible reactions is 1=k1. In a continuous

flow reactor of any type, we can define a characteristic flow

time as the hydraulic residence time, t. Therefore, the

dimensionless product k1t can be thought of as the ratio

of the characteristic time for flow to the characteristic time

for reaction k1t ¼ t=ð1=k1Þð Þ, and Equation 4-4 indicates

that this ratio controls the extent of reaction in the reactor.

In other words, k1t is the number of characteristic reaction

times provided by the hydraulic residence time. Thus, for

example, when these two characteristic times equal one

another, the product k1t equals 1.0, and the concentration

of the reactant in the effluent from a CFSTR is one-half of

the influent concentration.

A large value of k1t indicates that the hydraulic residence

time equals many characteristic reaction times, so the

reaction can proceed substantially toward completion

before the water exits the reactor. (Note, however, that

even if the hydraulic residence time is equivalent to several

characteristic reaction times, a significant amount of reac-

tant remains. For example, at k1t ¼ 10, cout is still 9% of

cin.) Conversely, a value of k1t much less than 1.0 indicates

that the water, on average, exits the reactor long before a

single characteristic reaction time has passed; as a result, the

extent of conversion is quite small.

& EXAMPLE 4-1. Disinfection, or the inactivation

(killing) of microorganisms, is sometimes considered to be

a first-order reaction when a chemical disinfectant (e.g.,

chlorine) is used. For a given drinking water supply and a

certain test organism, the first-order rate constant is found to

be 1.38min�1. If 99% inactivation is desired, what detention

timemustbeprovided if thedisinfection is tobeaccomplished

in a CFSTR?

Solution. 99% inactivation means that only 1% of the

test microorganisms are viable in the effluent from the

CFSTR; that is, that cout=cin¼ 0.01, or that cin=cout¼ 100.

Applying Equation 4-6a with the given rate constant yields

t ¼ 1

1:38min�1
ð100� 1Þ ¼ 71:7min

Thus, a CFSTR with a hydraulic residence time of

71.7min will accomplish the treatment objective. &

Non-First-Order Irreversible Reactions Following the

same steps as for the first-order reaction, a comparable

analysis can be carried out for zero-, second-, and nth-order

decay reactions occurring in CFSTRs under steady-state

conditions. The mass balance equations for these systems

are identical in form to that for a first-order reaction and are

given as Equation 4-2. Similarly, all the mass balance

equations can be manipulated to yield Equation 4-3 to

characterize the required detention time to achieve a given

degree of reaction. The equations for the different reaction

orders differ only with respect to the rate expression (i.e., the

expression for rcout ) that is substituted when they are solved.

The results (including those previously derived earlier for

first-order reactions) are summarized in Table 4-1.

Note that, in all cases, the effluent concentration depends

on three factors: the influent concentration, the reaction rate

constant, and the hydraulic detention time. For fractional

reaction orders or any integral order other than 0, 1, or 2, the

equation for cout can be solved numerically, but no closed-

form solution exists. The fraction remaining, cout=cin
(or, alternately, the removal efficiency h ¼ 1�(cout=cin)),
depends on the same three parameters as cout, except in

the case of first-order reactions, where the result is indepen-

dent of the influent concentration.

The fraction remaining for the general case of an

nth-order irreversible reaction is ð1þ kntc
n�1
out Þ�1

. Further-

more, the product knc
n�1
out is the inverse of the characteristic

reaction time in the systembasedonDefinition 2 inTable 3-3.1

Thus, for any nth-order irreversible reaction occurring in a

CFSTR, we can represent the fraction remaining as

cout

cin
¼ 1þ characteristic flow time

characteristic reaction time

� ��1

Extent of Reaction in a Plug Flow Reactor
at Steady State

Consider next the performance of ideal plug flow reactors

(PFRs) under steady-state conditions. Contrary to the situa-

tion in a CFSTR, the concentration of reactant varies from

1 The characteristic reaction time as defined in Chapter 3 is based on a batch

reaction and, for nonfirst-order reactions, depends on the initial concentra-

tion, c(0). For a CFSTR at steady state, we are interested in the characteristic

reaction time for the solution in the reactor (where the reaction is proceed-

ing), so the appropriate concentration to use is creactor¼ cout.
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location to location within a PFR, making it impossible to

characterize the entire reactor by a single value of concen-

tration. Rather, to choose boundaries within which the

concentration of a reactive species i is single-valued, the

control volume must be differentially small.

As in Chapter 2, here we represent a PFR as a tube, with

flow only in the axial dimension and with no axial dis-

persion. Recall that, in the previous analysis of PFRs, we

identified two reasonable choices for the boundaries of the

differential control volume, differing based on the frame of

reference of the observer: in the Eulerian view, the control

volume is a fixed region of space viewed from a stationary

observation point outside the PFR, whereas in the Lagran-

gian view, the control volume is a fixed region of space

viewed from a platform that moves at the velocity of the

fluid. PFRs in which reactions are taking place are analyzed

below using both approaches.

Fixed Frame of Reference (Eulerian View) The systemof

interest, defined according to the Eulerian view, is depicted as

Figure 4-3a, and a differential section of the reactor around

which we can write a mass balance is shown in 4-3b.

The control volume for the mass balance is DV¼ADx,
where A is the cross-sectional area, and, by the definition

of a PFR, the terms for input and output by dispersion=
diffusion are zero. Taking these two factors into account,

the mass balance can be written in words and symbols as

follows:

Rate of change

of the mass of i

stored within the

system

¼
Net rate

ðin� outÞ at
which i enters

by advection

þ
Net rate

ðin� outÞ at which i
enters by diffusion

and dispersion

þ
Net rate

ðformation� destructionÞ
at which i is created by

chemical reaction

DðcADxÞ
Dt

¼ Qc� Q cþ Dcð Þ þ 0þ rADx (4-7a)

¼ �QDcþ rADx (4-7b)

Recalling that A is a constant, dividing by Dx, and taking

the limit as Dx and Dt approach zero yields the following

partial differential equation:

A
@c

@t
¼ �Q

@c

@x
þ rA (4-8)

Applying the specification that the system is at steady

state reduces the left side of the equation to zero. As a result,

the concentration is a function of position only, so the partial

differentials can be converted into ordinary differentials,

with the following result:

0 ¼ �Q dcþ rA dx (4-9)

1

r
dc ¼ A

Q
dx (4-10)

Equation 4-10 is the general mass balance for a PFR

operating under steady-state conditions, developed from the

Eulerian (fixed reference) point of view. To use this equation

for any particular reaction, we can substitute the relevant

expression for r and then integrate. Recalling that r is a

x 
L 

Δx
Q 

cin

Q 

cout

Q 

c

Q 

c+Δc

A 
(b) (a) 

Δx

FIGURE 4-3. Definition diagram for mass balance on PFR in

Eulerian view: (a) full reactor, (b) differential section.

TABLE 4-1. Behavior of CFSTRs for nth-Order Reactions at Steady State

Reaction Order, n

(r ¼ �knc
n
out) cout

cout

cin tCFSTR
a

0 cin� k0t 1� k0t

cin

cout

k0

cin

cout
� 1

� �

1
cin

1þ k1t

1

1þ k1t

1

k1

cin

cout
� 1

� �

2
�1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4k2tcin
p
2k2t

1

1þ k2tcout

1

k2cout

cin

cout
� 1

� �

n Numerical solution
1

1þ kntc
n�1
out

1

knc
n�1
out

cin

cout
� 1

� �

aIn all the expressions for t, (cin/cout)� 1 can be rewritten as h=(1� h).
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function of c, that A andQ are constants, and that cjx¼0 ¼ cin
and cjx¼L ¼ cout, the integration yields

ðcout
cin

1

r
dc ¼ A

Q

ðL

0

dx (4-11a)

¼ A

Q
L ¼ V

Q
¼ tPFR (4-11b)

Before proceeding with the integration of the left side of

this equation for various rate expressions, we develop the

same equation using the Lagrangian frame of reference.

Moving Frame of Reference (Lagrangian View) As

described in Chapter 2, we consider a PFR as a conveyor

belt; that is, every parcel of fluid travels through the reactor as

if it were a package on a conveyor belt with no interaction

(dispersion=diffusion) with upstream or downstream parcels.

The definition diagram for this system is shown in Figure 4-4.

The general mass balance for such a differentially small

parcel would be the same as that given earlier for the

Eulerian view; that is,

Rate of change

of the mass of i

stored within the

system

¼
Net rate

ðin� outÞ at
which i enters

by advection

þ
Net rate

ðin� outÞ at which i
enters by diffusion

and dispersion

þ
Net rate

ðformation� destructionÞ
at which i is created by

chemical reaction

In the Lagrangian view, however, the relevant terms of the

equation are different from those in the Eulerian view. First,

no mass enters or leaves the control volume by either

advection or diffusion in the Lagrangian view, so these terms

in the mass balance are zero. Second, although the reaction

term in the Lagrangian view is rdV, similar to the Eulerian

view, in the Lagrangian view r is considered to be a function

of time rather than location.2 Finally, contrary to the case in

the Eulerian view, the composition of the moving parcel that

is the system of interest in the Lagrangian view varies with

time (as the parcel travels from one end of the reactor to the

other), so the left side of the equation is not zero. Thus, in

the Lagrangian view, the storage term is nonzero and the net

advective term is zero, whereas in the Eulerian view, the

opposite is true.

Writing in terms of equations, applying the earlier reason-

ing, and recalling that dV is constant, the result is as follows:

d cdVð Þ
dt

¼ dV
dc

dt
¼ r dV (4-12)

dc

dt
¼ r (4-13)

Equation 4-13 is identical to the equation developed in

Chapter 3 for the change in concentration over time of a

reactive substance in a batch reactor. This fact is not

coincidental; in essence, the Lagrangian view considers a

parcel of fluid in a PFR as a tiny batch reactor that traveled

from one end of the full-scale reactor to the other. The time

of interest equals the travel time from one end of the

reactor to the other, or the hydraulic detention time, t. That

is, when Equation 4-13 is rearranged and integrated, the

limits of integration for time are from 0 to t, and their

associated concentrations are the influent and effluent

concentrations

ðcout
cin

1

r
dc ¼

ðt

0

dt ¼ tPFR (4-14)

As expected and necessary, the result with the Lagrangian

view is the same as that obtained earlier (Equation 4-11)

with the Eulerian view. The insight that is gained with the

Lagrangian view is that a PFR can be thought of as a moving

batch reactor with a reaction time equivalent to the detention

time. Thus, the extent of reaction in a PFR with a given

detention time is identical to the amount of reaction that

occurs over an equivalent time period in a batch reactor.

This conclusion applies regardless of the reaction that is

occurring.

Irreversible nth-Order Reactions To investigate the

behavior of PFRs when treating species whose reaction

rate expressions are of nth order (i.e., r¼� knc
n), we

can substitute the appropriate rate expression into Equation

4-14 and perform the integration. Because of the equivalence

of PFRs and batch reactors, we can use the results for batch

reactors (see Table 3-1) with appropriate substitutions of

symbols: cin for c(0), cout for c(t), and t for t. The resulting

expressions for the effluent concentration, the fraction

remaining, and the hydraulic detention time required to

t 

τ

Q 

c in

Q 

cout

c (t ) 

Δt

c (t+ Δt )

FIGURE 4-4. Definition diagram for mass balance on PFR:

Lagrangian view. During time Dt, the parcel moves in the direction

shown, but no fluid enters or leaves the parcel.

2 Recall that, in the Lagrangian view, the distance coordinate is x�, defined
as x� vxt, so that the packet of interest is always at x�¼ 0.
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achieve a certain fraction remaining are shown for zero, first,

second, and a general nth-order reaction in Table 4-2.

As in CFSTRs, the effluent concentration, the fraction

remaining, and the detention time required to achieve a

certain fraction remaining in PFRs all depend on the order of

the reaction, the reaction rate constant, and the influent

concentration. And also as with CFSTRs, an exception is

that the fraction remaining, cout=cin (or, alternately, the

fraction removed, 1� (cout=cin)) for first-order reactions is
independent of the influent concentration.

& EXAMPLE 4-2. Consider the same conditions cited

in Example 4-1, but now consider that the disinfection is to be

accomplished in a PFR rather than a CFSTR. Recall that

disinfection is considered as a first-order reaction with a

rate constant (for the given chemical, water, and test micro-

organism)of1.38min�1, and that 99% inactivation is desired.

What detention time must be provided if the disinfection is

to be accomplished in a PFR?

Solution. For 99% inactivation, cout=cin¼ 0.01, or cin=
cout¼ 100. Applying the equation from Table 4-2 for the

detention time required inaPFRforfirst-order reactionsyields

t ¼ 1

1:38min�1
lnð100Þ ¼ 3:34min

The required detention time in a PFR is far less than that in a

CFSTR (71.7min) for this first-order reaction. The reasons

for this difference are discussed in the following section.&

Comparison of CFSTRs and PFRs for Irreversible
Reactions

The preceding examples demonstrate that the hydraulic

characteristics of a reactor can have a dramatic effect on

the detention time required to achieve a given amount of

reaction, even if the influent composition and flow rate are

unchanged. In the specific case of these examples, the results

suggested that by eliminating the mixing (i.e., by using a

PFR instead of a CFSTR), we could dramatically decrease

the time required to achieve the treatment objective.We next

address the questions: what is the conceptual basis for the

effect of hydraulic behavior on conversion efficiency, and to

what extent can the results from the examples be extrapo-

lated to other reaction orders, influent compositions, and

extents of reaction?

These issues can be approached in two ways. First, for a

given design situation (Q, cin, and desired cout), we can

compare the required detention times (or volumes) for the

two types of reactors, as was done in Examples 4-1 and 4-2

for a first-order reaction. Alternatively, for a reactor

receiving a certain influent (Q, cin) and having a given

size (and therefore t), we can compare the effluent concen-

trations. Using the first approach, we can compute the value

of t required for a given degree of conversion using the

equations given in Tables 4-1 and 4-2 for the two different

ideal reactor types and then take their ratios to obtain the

results shown in Table 4-3.

The results indicate that, for first- and second-order

reactions, more detention time is required in a CFSTR

than a PFR ðtCFSTR=tPFR > 1Þ to accomplish the same

amount of removal. Furthermore, the advantage of using

a PFR increases dramatically with increasing removal

efficiency (h) and is greater for second order than for

first-order reactions. Investigation of other reaction orders

shows that the trend of increasing tCFSTR=tPFR with

increasing removal efficiency applies to all reactions

with n> 0. In addition, the advantage of using PFRs

increases dramatically with increasing n or h. For a

zero-order reaction, on the other hand, the two reactors

perform identically, regardless of the removal efficiency

achieved. Although reactions with n< 0 are rare, they do

TABLE 4-2. Behavior of PFRs for nth-Order Reactions at Steady State

Reaction Order, n

(r¼� knc
n) cout

cout

cin tPFR

0 cin� k0t 1� k0t

cin

1

k0
cin � coutð Þ

1 cin exp(�k1t) exp(�k1t)
1

k1
ln

cin

cout

2
cin

1þ k2tcin

1

1þ k2tcin

1

k2cin

cin

cout
� 1

� �

Any n 6¼ 1a ðn� 1Þknt þ c1�n
in

� �1=ð1�nÞ
1þ ðn� 1Þkntcn�1

in

� �1=ð1�nÞ 1

ðn� 1Þkncn�1
in

cin

cout

� �n�1

� 1

" #

aThe expressions shown for cout and cout=cin are valid for any t if n> 1. If n< 1, they are valid only up to t ¼ c1�n
in =ðð1� nÞknÞ, at which t the computed cout is zero. In

reality, for reactions with apparent n values <1, n increases and approaches a value of 1 as the reactant concentration approaches zero.

Source: Levenspiel (1999).
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exist (at least over certain concentration ranges), and in

those cases, CFSTRs achieve greater removal efficiency

than PFRs.3

A corollary of the results shown in Table 4-3 is that a PFR

will achieve a greater removal efficiency than a CFSTR, if

they have identical residence times and are treating the same

influent, and if n> 0. This point is illustrated for a second-

order reaction in Example 4-3.

& EXAMPLE 4-3. Find the effluent concentrations from

a PFR and a CFSTR, each treating the same pollutant and each

with a detention time of one hour. The pollutant undergoes

a second-order decay reaction with k2¼ 0.1 (mg=L)�1min�1,

and the influent concentration, cin, is 100mg=L.

Solution. Using the equations given in Tables 4-1 and

4-2, the effluent concentrations are found as follows:

PFR:

cout ¼ cin

1þ k2tcin

¼ 100mg=L

1þ 0:1 L=mg minð Þ 60minð Þ 100mg=Lð Þ
¼ 0:166mg=L

CFSTR:

cout ¼ �1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4k2tcin

p
2 k2t

¼ �1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 0:1L=mg minð Þ 60minð Þ 100mg=Lð Þp

2 0:1L=mg minð Þ 60minð Þ
¼ 4:0mg=L &

We can gain insight into why the generalizations devel-

oped earlier apply by considering how the rate of the

reaction depends on the reactant concentration. Specifically,

for any reaction whose rate increases with increasing reac-

tant concentration (i.e., any reaction with n> 0), the reaction

rate is greater at points where the reactant concentration is

greater.

Now consider the range of concentrations that exists in

each type of reactor. In a PFR, the reactant concentration is

high at the inlet and gradually decreases as the fluid moves

through the reactor. Thus, the reaction rates in the reactor

range from that corresponding to cin to that corresponding to

cout; for a reaction with n> 0, this means that the absolute

value of the reaction rate declines steadily from the influent

to the effluent end of the reactor. In a CFSTR, on the other

hand, the concentration is the same everywhere, equal to

cout; the reaction rate in a CFSTR is therefore the rate that

corresponds to cout throughout the reactor. Thus, if the two

reactors are used to carry out the same reaction between the

same two limits (i.e., from the same cin to the same cout),

the reaction rate throughout the CFSTR will be identical to

that at the effluent port of the PFR. However, at all other

(upstream) points in the PFR, the reaction will proceed more

rapidly than at the effluent port, and hence the detention

time required to accomplish the given degree of reaction will

be less. On the other hand, if n¼ 0, the rates will be the

identical ðr ¼ �k0Þ at all points in both reactors, so the time

required for the desired conversion will be the same.

This argument can be illustrated via a graphical interpre-

tation of the relevant equations. The equations for the

detention time required to achieve a given degree of con-

taminant destruction in a CFSTR (Equation 4-3) and a PFR

(Equation 4-14) are repeated below, in a slightly modified

form

tCFSTR ¼ 1

�rcout
cin � coutð Þ (4-15)

tPFR ¼
ðcin
cout

� 1

r
dc (4-16)

Both these expressions include the term �1=r, but this
term is evaluated at different concentrations in the two

equations: for CFSTRs (Equation 4-15), it is evaluated

only at cout, whereas for PFRs (Equation 4-16), it is eval-

uated over the entire range between cin and cout (i.e., at an

infinite number of c values separated by intervals of dc). The

significance of this difference is apparent in a plot of �1=r
versus c, as suggested by Levenspiel (1999). Such a plot is

shown in Figure 4-5 for a hypothetical decay reaction in

which the rate increases with concentration. Note that the

curve shown describes only the reaction kinetics and hence

is independent of the reactor type in which the reaction

3 In reactions with n< 0, the reaction rate increases as the concentration

decreases. Such situations might occur with some biological reactions, if the

substance being degraded was also an inhibitor. They can also arise if one of

the products of the reaction catalyzes the reaction. In the latter case, the

reaction rate would not increase if c was decreased by diluting the initial

solution, but the rate might nevertheless increase as c declines in a given

system, due to the accumulation of the catalytic product.

TABLE 4-3. Ratio of Sizes of CFSTRs and PFRs to

Accomplish the Same Removal

Removal

efficiency, h

cin

cout

tCFSTR

tPFR

n¼ 0 n¼ 1 n¼ 2

General

expression:

1

1� h

1 cin=coutð Þ � 1

ln cin=coutð Þ
cin

cout

0.80 5 1 2.49 5

0.90 10 1 3.91 10

0.95 20 1 6.34 20

0.99 100 1 21.5 100
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might be occurring. An arbitrary set of cin and cout values is

also shown in the figure.

According to Equation 4-15, the required detention time

to reduce the pollutant concentration from cin to cout in a

CFSTR is equal to the product of�1=rjcout and the difference
cin� cout. In the graph, this product corresponds to the area

of the shaded rectangle. On the other hand, Equation 4-16

indicates that the required detention time to accomplish the

same removal in a PFR is equal to the integral of �(1=r)dc
between cout and cin, which corresponds to the dark area

under the curve. Clearly, consistent with our earlier conclu-

sion, tPFR< tCFSTR. Note that, if the reactions were of zero

order, the line representing�1=rwould be horizontal, so the
two areas (t values) would be identical.

The graphical analysis reinforces the explanation given

earlier for the difference between the required detention

times in the two reactors: the reaction rate in a PFR changes

throughout the reactor from that associated with cin at the

influent end to that associated with cout at the effluent end,

whereas the reaction rate everywhere in the CFSTR is the

(low) rate associated with the effluent concentration. This

difference causes PFRs to be more efficient than CFSTRs for

any reaction in which jrj increases with increasing c (causing
j1=rj to decrease with increasing c); that is, the detention

time required to accomplish a certain degree of removal in a

PFR will be less than that required to accomplish the same

removal in a CFSTR. The requirement that jrj increase

with c is equivalent to a requirement that the reaction be

of order > 0.

This discussion may lead us to question why CFSTRs are

ever used, given that the vast majority of reactions of interest

are of order greater than zero and that PFRs are always more

efficient than CFSTRs for such reactions. One reason that is

particularly applicable to water and wastewater treatment

systems is that, as shown in Chapter 2 for conservative

substances, completely mixed reactors can serve as concen-

tration equalization basins. As shown at the end of this

chapter, they can serve the same role for reactive substances.

The damping of fluctuations in the influent to a CFSTR is

achieved by the mixing the influent with the water already

present in the reactor, whereas a PFR (which has no mixing)

provides no such effects.

The influent to water and wastewater treatment plants is,

to a large extent, beyond the control of the operators.

Changes in the composition of the water in a treatment

process can sometimes dramatically influence the process

performance. In such cases, it may be advantageous to

reduce the magnitude of these changes by taking advantage

of the concentration equalization provided by CFSTRs. The

benefits of equalization can be particularly important in

systems where biological reactions occur, since organisms

that are essential to the success of the process might be

inhibited or killed by rapid changes in the solution com-

position or by a spiked dose of a toxic substance.

In addition to affecting the rate of response to transients in

influent concentration, CFSTRs respond less severely than

PFRs to long-term change in the influent flow rate. That is,

for any reaction whose rate increases with concentration, the

new steady-state condition that is ultimately achieved in a

CFSTR in response to, say, a step increase in flow is not as

different from the old condition as in a PFR. Inother words,

the CFSTR is more forgiving than a PFR to such changes.

Also, mixing is desirable when chemicals must be added

to the water to cause a reaction to occur. Typically, when

analyzing the performance of a PFR, an assumption is made

that the reactants are completely mixed along the cross-

section of flow, but not mixed at all in the direction of flow.

When dealing with the large flows typical of water and

wastewater treatment plants, it is often extremely important

to disperse any added reactants rapidly into the water so that

they can react at the desired concentration with contami-

nants throughout the influent. If mixing is inadequate, the

reactant might be present in some parts of the reactor in

concentrated packets and be virtually absent from other

portions of the system. As a practical matter, it is often

easier to mix the entire volume of the reactor than to achieve

complete mixing perpendicular to the direction of flow and

no mixing parallel to it.

Finally, although the ideal extremes of a CFSTR and a

PFR are both difficult to achieve in large systems, dead space

and short-circuiting are far more likely in reactors where

efforts are made to avoid mixing (PFRs) than in reactors

where efforts are made to maximize mixing (CFSTRs).

Water flow itself creates substantial mixing unless signifi-

cant effort is made to prevent it. As a result, it is easier to

achieve the ideal of a CFSTR than that of a PFR, and a

design based on the assumption that ideal PFR conditions
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FIGURE 4-5. A graphical approach to evaluating t as a function

of influent and effluent concentrations in a CFSTR and a PFR. The

curve is a plot of�1=r for a hypothetical reaction. The shaded (both
light and dark) rectangular area and the dark area alone indicate the

required tCFSTR and tPFR, respectively, to reduce the concentration

of the constituent of interest from cin to cout.
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will be achieved might not meet the treatment objective,

whereas designing for a CFSTR is much more likely to

do so.

Reversible Reactions

The analysis in the preceding section applies to irreversible

reactions. However, as noted in Chapter 3, not all reactions

meet that criterion. In this section, we analyze the extent to

which reversible reactions proceed in ideal CFSTRs and

PFRs.

For the reversible reaction A $ B in which the forward

and reverse reactions are both elementary, the rate expres-

sion for species A can be written in one of the two following

forms (see Equations 3-45 and 3-48):

rA ¼ �kABcA þ kBAcB (4-17a)

¼ kABðc�A � cAÞ (4-17b)

where cA is the concentration of A in solution and c�A is the

concentration of A that would be present if A were at

equilibrium with the existing concentration of B. The value

of c�A is cB=KAB, where KAB is the equilibrium constant for

the reaction (equal to kAB=kBA). Many nonelementary

reactions that are important in environmental engineering

also have rate expressions like Equation 4-17b.

If the reaction rate of A is characterized by Equation

4-17a, the mass balance on A in a CFSTR at steady state can

be written as follows:

0 ¼ QcA;in � QcA;out � VkABcA;out þ VkBAcB;out (4-18)

The changes from influent to effluent in the concentra-

tions of reactants and products are related by the reaction

stoichiometry. For the one-to-one stoichiometry of this

example, the relationship is4

cB;out � cB;in ¼ cA;in � cA;out (4-19)

Solving Equation 4-19 for cA,out or cB,out, substituting these

expressions into Equation 4-18, dividing by Q, and rearrang-

ing yield the following equations for the effluent concentra-

tions of A and B as a function of the influent concentrations,

reaction rate constant, and hydraulic residence time:

cA;out ¼ cA;in 1þ kBAtð Þ þ cB;inkBAt

1þ kABt þ kBAt
(4-20)

cB;out ¼ cA;inkABt þ cB;in 1þ kABtð Þ
1þ kABt þ kBAt

(4-21)

Note that, for an irreversible reaction, kBA is zero, and

Equation 4-20 reduces to Equation 4-4. On the other hand, if

the reverse reaction is significant, the steady-state concen-

tration of A depends on the influent concentrations of both

A and B and also on both the forward and reverse rate

constants, in addition to the detention time, t.

The effects of variations in detention time and the reverse

rate constant can be seen in Figure 4-6 for a system in which

cB,in¼ 0. For each value of the reverse rate constant (kBA),

the fraction of A remaining decreases dramatically at small

values of t, more or less as it would if the reaction were

irreversible (corresponding to the curve shown for kBA¼ 0).

However, at larger values of t, the fraction of A remaining in

the reversible cases declines less than in the irreversible case

and approaches a nonzero, asymptotic value at high values

of t. For the limiting case of very long detention time

(t approaching infinity), the products kABt and kBAt are

both �1, and Equations 4-20 and 4-21 yield

cA;out
		
t!1 ¼ kBA cA;in þ cB;in

� �
kAB þ kBA

(4-22)

cB;out
		
t!1 ¼ kAB cA;in þ cB;in

� �
kAB þ kBA

(4-23)

The values of cA,out and cB,out computed using Equa-

tions 4-22 and 4-23 are, not surprisingly, those that corre-

spond to equilibrium, a result that can be confirmed by

taking their ratio

cB;out

cA;out

				
t!1

¼ kAB

kBA
¼ KAB (4-24)

4 In multiphase reactions such as precipitation, dissolution, and gas transfer,

this relationship does not necessarily apply, since the reactant or product

might transfer out of solution. In such cases, the mass balances on the two

constituents in the two phases must be linked. These situations are analyzed

in the chapters that deal with these specific processes.
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FIGURE 4-6. Extent of conversion of A into B via a reversible,

elementary reaction in a CFSTR, with cB,in¼ 0. The values of the

asymptotes (i.e., cA,out=cA,in at equilibrium) can be computed by

rearranging Equation 4-22, with cB,in¼ 0.
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That is, at long detention times in a CFSTR, an

irreversible reaction goes to completion (cA¼ 0), but a

reversible reaction goes to equilibrium (cA¼ c�A).
Recall from Chapter 3 that the characteristic reaction time

for a reversible reaction that is first order in both directions

tchar ¼ 1=ðkAB þ kBAÞð Þ is shorter than for either the for-

ward or reverse reaction, so that, in Figure 4-6, a given value

of t represents a greater number of characteristic reaction

times as kBA increases. As a result, equilibrium is

approached more rapidly as either kAB or kBA increases.

This result is apparent in the figure as kBA increases from 0

to 2.0min�1. (As a point of reference, t¼ 4min corresponds

to 4 and 12 characteristic reaction times for kBA values of 0

and 2.0min�1, respectively.)

The simultaneous changes in the steady-state values of cA,

cB, and c
�
A for a particular set of kAB and kBAvalues are shown

in Figure 4-7. The gap between cA and c�A is the extent of

disequilibrium in the reactor (and in the effluent) and is the

driving force for the reaction. Consistent with the earlier

discussion, as t becomes very large, this driving force dimin-

ishes to nearly zero, and the system approaches equilibrium.

The extent to which a reversible reaction proceeds in a

PFR can be inferred directly from the similarity between a

PFR and a batch reactor. Specifically, if a reversible reaction

with a rate expression rA¼�kABcAþ kBAcB occurs in a

PFR, the effluent concentration can be computed by using

the result obtained in Chapter 3 for the same reaction in a

batch reactor (Equation 3-54), but replacing c(0), c(t), and t

in the equation for the batch system by cA,in, cA,out, and t for

the PFR. The result is

cA;out ¼ cA;in þ cB;in

Keq þ 1
þ KeqcA;in � cB;in

Keq þ 1
exp �Keq þ 1

Keq

kABt

� �

(4-25)

4.3 EXTENT OF REACTION IN SYSTEMS

COMPOSED OF MULTIPLE IDEAL REACTORS

AT STEADY STATE

As discussed in Chapter 2, real reactors with nonideal flow

patterns can sometimes be represented as combinations of

ideal reactors connected in series or in parallel. In addition,

it is sometimes advantageous to design systems as com-

binations of reactors, rather than as a single reactor. In this

section, the extent of reaction that can be expected in such

reactors and reactor systems at steady state is derived.

In dealing with multiple reactor systems, problems to

define parameters such as volume and detention time can

easily arise. Here, the terms ttot and Vtot are used to represent

the total detention time and volume, respectively, both for a

single reactor that is conceptually (but not really) divided

into multiple reactors, and for a true multiple reactor system.

Detention times and volumes of parts of the total system are

referred to with subscripts (1, 2, . . . i, . . . , N).

Based on the discussion in the previous section, we can

conclude that zero-order reactions behave the same regardless

of the flow pattern. Not only is the behavior of a zero-order

reaction the same in aCFSTRand a PFR, but it is also the same

in any combination of ideal reactors, whether in series or

parallel. That is, the result of a zero-order reaction in a continu-

ousflowreactor isdeterminedsolelyby thehydraulicdetention

time (ttot) and not at all by the mixing pattern in the reactor.

Hence, zero-order reactions are ignored in the ensuing discus-

sion. The primary focus is on first-order reactions, although

some attention is also given to other reaction rate expressions.

PFRs in Series

Because a PFR operates like a conveyor belt, placing several

PFRs in series is equivalent to increasing the residence time

in a single PFR. That is, the removal efficiency in a series of

PFRs with the total residence time ttot is identical to that in a

single PFR with the residence time ttot. This result is true for

any reaction rate expression.

CFSTRs in Series

If two CFSTRs are connected in series, the effluent from the

first is the influent to the second. Thus, for a first-order decay

reaction (r¼� k1c), the following results apply:

First reactor: cout;1 ¼ cin

1þ k1t1
(4-26)

Second reactor: cout;2 ¼ cout;1

1þ k1t2
(4-27)

Overall: cout;2 ¼ cin=ð1þ k1t1Þ
1þ k1t2

¼ cin

1þ k1t1ð Þ 1þ k1t2ð Þ (4-28)
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FIGURE 4-7. Concentrations of reactant (A) and product (B),

and the extent of disequilibrium (c�A � cA) as a function of t in a

CFSTR. The influent concentrations of A and B are 100 and 0mM,

respectively, and the rate constants are kAB¼ 1.0min�1 and

kBA¼ 0.3min�1.
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This result can be extended to N CFSTRs in series in

which a first-order decay reaction occurs, as follows:

cout;N ¼ cin

1þ k1t1ð Þ 1þ k1t2ð Þ � � � 1þ k1tNð Þ (4-29a)

¼ cinQN
i¼1 1þ k1tið Þ (4-29b)

If all reactors are of the same size, Equation 4-29b

simplifies to the following form:

cout;N ¼ cin

1þ k1
ttot

N


 �N
(4-30)

Equation 4-30 can be applied tomodel a single real reactor

with nonideal flow that is conceptually divided into N equal-

sized CFSTRs in series. The approach used to make the best

estimate of the number N for the CFSTRs in series model for

nonideal flow is presented in Chapter 2. In some cases,

a single real reactor is physically divided into separate

subreactors by the installation of baffles; in such situations,

the subreactors might or might not have equal sizes.

& EXAMPLE 4-4. Consider a first-order decay reaction

occurring in a single CFSTR that is then divided into two

smaller sequential reactors (not necessarily with equal vol-

umes) by the installation of a baffle, with each smaller reactor

behavingas aCFSTR.Because suchamodificationmakes the

flow more PFR-like (as shown in Chapter 2), and because

reactionefficiencyforanyreactionofordern> 0isgreater ina

PFR than a CFSTR, wemight expect that dividing the reactor

would improve the efficiency. To test this hypothesis for a

particular reactor, consider a systemreceivingan influentwith

cA¼ 100mg=Lofareactant thatundergoesafirst-orderdecay
reaction with k1¼ 0.1min�1. Assume that the system has a

total hydraulic detention timeof1 h, but that it canbeoperated

in anyof fivedifferentmodes: as aPFR, as aCFSTR, or as two

CFSTRs in series, with the detention time split between the

two CFSTRs in three different proportions. The effluent

concentrations for the five possible operating modes, com-

puted using the appropriate equations derived earlier in this

chapter, are shown in Table 4-4.

As expected, the effluent concentrations for the CFSTRs

in series are intermediate between those for a single CFSTR

and a single PFR of the same total residence time (volume).

Furthermore, at least in this example, the way the reactor is

divided (e.g., 15 and 45min, vs. 30 and 30min) affects the

fraction remaining, but, for a given method of dividing

the reactor, the sequence of the two reactors (i.e., t¼ 15min

followed by t¼ 45min, or vice versa) does not affect the

result.

We can identify the optimal method of dividing the

reactor by writing the general expression for cout from the

second reactor (Equation 4-28), substituting ttot� t1 for t2,

and differentiating with respect to t1 as follows:

c2 ¼ cin

1þ k1t1ð Þ 1þ k1t2ð Þ (4-31)

¼ cin

1þ k1t1ð Þ 1þ k1 ttot � t1ð Þð Þ (4-32)

¼ cin

1þ k1ttot þ k21t1ttot � k21t
2
1

(4-33)

dc2

dt1
¼ �cin k21ttot � 2k21t1

� �
1þ k1ttot þ k21t1ttot � k21t

2
1

� �2 (4-34)

The minimum value of c2 can be found by setting dc2=dt1
to zero and solving for t1

0 ¼ cin k21ttot � 2k21t1
� �

1þ k1ttot þ k21t1ttot � k21t
2
1

� �2 (4-35)

TABLE 4-4. Analysis of Several Reactor Configurations with the Same Total

Detention Time: First-Order Reaction Under Steady-State Conditions

Mode

t1
(min)

t2
(min)

cout

cin

cout
(mg=L)

PFR 60 0 exp �60k1ð Þ 0.25

1 CFSTR 60 0 1

1þ 60k1

14.3

2 CFSTRs 45 15 1

1þ 45k1ð Þ 1þ 15k1ð Þ
7.3

2 CFSTRs 30 30 1

1þ 30k1ð Þ 1þ 30k1ð Þ
6.3

2 CFSTRs 15 45 1

1þ 15k1ð Þ 1þ 45k1ð Þ
7.3
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0 ¼ k21ttot � 2k21t1 (4-36)

ttot ¼ 2t1 (4-37)

The result is that the optimal way to divide the reactor is

into two equal portions, so that the residence time in each

portion is one-half of the total residence time in the

system. &

Recalling the earlier discussion, it is clear why multiple

CFSTRs lead to a better overall removal than a single

CFSTR with the same ttot for reactions of order greater

than zero. The fluid in the first reactor of the sequence has a

higher reactant concentration than that in the subsequent

reactors, so the reaction rate in that reactor is faster. The

greater the number of reactors in the sequence, the greater

number of steps down in the reaction rate between the first

and last reactors, the larger the volume in which the reactant

concentration is higher than in the final effluent (and final

reactor), and hence the higher the overall average reaction

rate (considering the entire reactor system). If the number of

reactors in the system were increased indefinitely, keeping

the overall residence time constant, the flow pattern and the

removal efficiency would approach those in a PFR.

& EXAMPLE 4-5. For a second-order reaction with

k2¼ 0.1 (mg=L)�1min�1 and cin¼ 100mg=L (the same

reaction as considered in Example 4-3), determine the extent

of conversion in the same five reactor arrangements as in

Example 4-4.

Solution. The analysis follows the same procedure as in

Example 4-4, except that the expressions for cout=cin for a

second-order reaction are used. The results are shown in the

first five rows of Table 4-5.

The results for the second-order reaction differ from those

for the first-order reaction in several ways. Although the

effluent concentration from the CFSTRs in series is again an

intermediate between that of a single CFSTR and a single

PFR, the sequence of the reactors does make a difference,

as is evident from a comparison of the 15–45min and the

45–15min sequences. Further investigation identifies a

22–38min arrangement (characterized in the last row of

the table) as the optimal one, although the removal efficiency

is not very sensitive to the design arrangement over a wide

range of possibilities. &

Similar calculations for other system conditions indicate

that, for a reaction with n> 0, the benefits that can be

obtained by dividing a single CFSTR into N equal-sized

CFSTRs in series increase as the removal efficiency, the

order of the reaction, or the number of reactors (N) increases.

As N becomes very large, the performance of the CFSTR

system approaches that of a single PFR. Also, as might be

expected, the marginal benefit of an additional reactor is

greatest for the initial division of the single reactor into two,

and diminishes thereafter.

The two previous examples stress the improved perform-

ance when a single CFSTR with a certain detention time is

replaced by a series of smaller CFSTRs with the same total

detention time. Such a situation occurs when baffles are

installed in a reactor to divide it physically into smaller

segments, each of which has sufficient mixing to be con-

sidered as a CFSTR. A similar analysis could be performed

to investigate the differences in the required total detention

times to achieve a specified effluent concentration in a single

CFSTR orNCFSTRs in series. In this case, the total required

detention time diminishes with each successive addition of a

reactor, although again the greatest savings is in going from

one to two reactors. The savings is apparent in Figure 4-8,

TABLE 4-5. Analysis of Several Reactor Configurations with

the Same Total Detention Time: Second-Order Reaction

Under Steady-State Conditions (cin¼ 100mg=L)

Mode t1 (min) t2 (min) cout (mg=L)

PFR 60 0 0.166

1 CFSTR 60 0 4.0

2 CFSTRs 45 15 1.450

2 CFSTRs 30 30 1.211

2 CFSTRs 15 45 1.213

2 CFSTRs 22 38 1.185
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FIGURE 4-8. Graphical comparison of the hydraulic residence

time required to reduce the concentration of a contaminant from

70 to 5mg=L in three different reactor setups, for a second-order

irreversible reaction with k2¼ 0.01 L=mg min. For the CFSTRs,

the value on the ordinate corresponds to �1=r in the reactor and

therefore is computed for the concentration inside the reactor

(equal to cout for that reactor); this value of �1=r is shown for

the whole range from cin to cout, even though the concentration

actually changes discontinuously. The residence time in each

reactor is equal to the area under the corresponding curve, between

the limits of cin and cout on the abscissa.
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which shows the residence times required for the same

removal efficiency in one CFSTR, one PFR, or three

CFSTRs in series, using the graphical presentation intro-

duced in Figure 4-5. It should also be apparent from this

figure that, if N were increased indefinitely, the total deten-

tion time in the series of CFSTRs would approach that in the

single PFR. In practice, the use of two or more CFSTRs in

series often represents a compromise between the benefits of

equalization (provided by increased mixing) and those of

increased reaction rate (provided by avoiding mixing).

Figure 4-9 shows exit age distributions (E(t) functions),

derived using Equation 2-84, for a system consisting of N

equal-sized CFSTRs in series, with an overall mean hydrau-

lic residence time of 60min. Recalling that the fraction of

the flow with residence times between t1 and t2 can be

computed as the area under the E(t) curve between t1 and t2,

it is clear that the net effect of increasing N is to reduce the

fractions of the flow with very long and very short residence

times, while increasing the fraction with intermediate resi-

dence times. For this analysis, the most significant shift is the

reduction in the fraction of the flow that resides for a very

short time in the reactor, a reduction that is most dramatic as

N increases from 1 to 2.

The longer a parcel of fluid resides in the reactor, the

greater is the extent of reaction in that parcel. Thus, the

narrowing of the E(t) curve with increasing N corresponds to

reducing the fractions of the fluid in which the reaction has

proceeded only to a small extent (very short residence times)

and to a large extent (long residence times), and simulta-

neously increasing the fraction in which the reaction has

proceeded to an intermediate extent (residence times closer

to t). The observation that such a shift increases the overall

extent of reaction for reactions with n> 0 indicates, in

essence, that the benefit associated with decreasing fraction

of the flow that resides for a short amount of time in the

reactor outweighs the penalty associated with decreasing the

fraction of the flow that resides for a long time in the reactor,

if these changes are carried out while keeping the mean

residence time constant. A corollary is that a dispro-

portionately large fraction of the reactant that is found in

the overall effluent stream is associated with the parcels that

have resided for a very short time in the reactor. This point is

illustrated quantitatively in Example 4-7.

Application to Chemical Disinfection An interesting

application of the CFSTRs-in-series model was presented

by Lawler and Singer (1993) to demonstrate the effects of

the hydraulic flow pattern on disinfection of drinking water,

and how well these effects were considered by the existing

regulations. Achieving adequate disinfection of drinking

water is essential for the protection of the public health.

Although more complex models for the kinetics of dis-

infection are sometimes used, the most common description

is the Chick–Watson law

rX ¼ �k0cnDcX (4-38)

where cX is the concentration of viable microorganisms (of

a specific type), cD the concentration of a particular dis-

infectant, n the order of the disinfection reaction with respect

to the disinfectant, and k0 the rate constant.

If it is assumed that n¼ 1 (a common assumption that is

reasonably consistent with the experimental results for many

organismsanddisinfectants), the rate of disinfection in a batch

reactor can be described by the following mass balance:

dcX

dt
¼ �k0cDcX (4-39)

If we assume that cD is constant, integration of Equation

4-39 yields

ln
cX tð Þ
cX 0ð Þ ¼ �k0cDt (4-40)

It is difficult and time-consuming to measure micro-

organism concentrations, and therefore it is difficult to

evaluate the left side of Equation 4-40 directly. For simplic-

ity, therefore, the U.S. drinking water regulations (Federal

Register, 1989) assume that the equation accurately

describes disinfection kinetics and use the right side of

the equation to compute the amount of disinfection that is

achieved in a given reactor. The regulations specify the value

of k0 for a given situation, based on batch studies that were

conducted at the time the regulations were promulgated.

These batch studies used various target microorganisms, all

the common chemical disinfectants, and water with various

physicochemical characteristics (e.g., temperature, pH).

Utilities then use the appropriate value of k along with

the product of cD and t that characterizes their system to

compute the amount of disinfection (i.e., the value of the left

side of Equation 4-40) that they can expect to achieve; the

plant receives regulatory “credit” for achieving that amount
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of disinfection, without actually measuring the micro-

organism concentrations in the influent and effluent.5

The regulations recognize that, in truth, the value of cD
might vary in the reactor, so they require the concentration

measured at the outlet of the reactor be used in the analysis.

Also, as noted in Chapter 2, the value of t to be used is T10,

the time associated with a value of 0.10 for the cumulative

age distribution, F(t); that is, T10 is the time such that

F(T10)¼ 0.10. This choice indicates that the regulation treats

all disinfection reactors as achieving the same amount of

disinfection as a PFR with a detention time equivalent to T10.

Substituting these concepts into Equation 4-40 and also

changing from the expression for the batch reactor to its

equivalent PFR, we find that the U.S. drinking water regu-

lations give credit for disinfection in any continuous flow

reactor as follows:

ln
cX;out

cX;in
¼ �k0cD;outT10 (4-41a)

log
cX;in

cX;out
¼ k0

ln 10
cD;outT10 (4-41b)

Equation 4-41b is written to reflect the fact that dis-

infection is often described in terms of “log inactivation”

values, wherein, for example, a 99% inactivation

cX;out/cX;in ¼ 0:01
� �

is described as a 2-log inactivation

log cX;in=cX;out
� � ¼ 2

� �
. According to this equation, the

amount of disinfection achieved for a given microorganism

and a given disinfectant is determined by the CT product

(or, in our terms, the product cD,outT10).

Lawler and Singer (1993) analyzed the difference

between the amount of disinfection that would be credited

according to the Surface Water Treatment Rule and the

amount that would really occur in a nonideal reactor that

fit the CFSTRs-in-series model, assuming that the model for

disinfection kinetics used in the regulations was valid. A

figure adapted from this work is shown in Figure 4-10,

showing the amount of disinfection expected if the disinfec-

tant concentration is constant in the reactor. The abscissa is

the dimensionless product k0cDt, and the ordinate in Fig-

ure 4-10a describes the log inactivation achieved. Four pairs

of lines are shown, with the curved lines in Figure 4-10a

indicating the degree of inactivation predicted from Equa-

tion 4-30 (with the substitution that k1 ¼ k0cD) for a single
reactor behaving as N CFSTRs in series; the straight lines in

the figure reflect the disinfection credit that would be given

according to the regulation. The T10 values to determine

these straight lines can be found for each type of reactor by

trial-and-error solution of Equation 2-85, with F(t)¼ 0.1.

The differences between the disinfection expected and

that credited by the regulation are shown in Figure 4-10b.

In practice, most reactors are likely to have values of the

parameter k0cDt less than 15 for disinfectants and micro-

organisms of interest, suggesting that most plants are given

credit for less disinfection than is likely to actually occur.

Of most importance here, however, is the set of curved lines

in Figure 4-10a; they indicate that the amount of disinfection

that occurs in a reactor is dramatically affected by the value

ofN and by the number of conceptual CFSTRs that describes

the hydraulic characteristics of a single real nonideal reactor.

Inserting baffles to increase the N value is a highly efficient

means to provide greater disinfection, or to improve the

removal efficiency achieved by any other first-order

reaction. Further discussion about the interaction of hydrau-

lic design and disinfection kinetics is given by Ducoste et al.

(2001).

5 In actual practice, the value of k0 is generally unknown to the user. The U.S.
EPA published the values of the product of cD and t that are associated with

specific values of the amount of disinfection; these values reflect the value of

k0, as can be seen from the equation. Utilities can then use their value of the

product of cD and t to compute the “credit” that they receive for disinfection.

FIGURE 4-10. Comparison of disinfection expected in nonideal

reactors and that credited by U.S. drinking water regulations.

(Nonideal flow represented as N CFSTRs in series; SWTR refers

to the USEPA’s Surface Water Treatment Rule, which established

these regulations.)
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CFSTRs or PFRs in Parallel

The preceding sections demonstrate that the extent of

reaction in a CFSTR or PFR depends on the reaction rate

expression, the type of reactor, and the hydraulic residence

time. If a single CFSTR is split into two or more CFSTRs in

parallel and the influent flow is split in the same proportions

as the volume of the reactors, the detention time in all the

reactors is the same as in the original, larger reactor. Since

splitting the flow has no effect on the reaction rate expres-

sion, the extent of conversion in each of the reactors would

also be identical and equal to that of the original reactor.

An analogous statement can be made about a single PFR that

is split into several parallel PFRs with identical values of t.

Thus, splitting a reactor in this manner has no effect on the

overall system performance.

If the flows are distributed differently than described

earlier, so that different reactors have different detention

times, but the total flow and total reactor volume remain

constant, the overall amount of conversion accomplished

does depend on the details of how the flow and volume

are allocated. However, for reactions whose rates increase as

the reactant concentration increases (any reaction with a

positive reaction order with respect to the reactant of inter-

est), the result is always that the extent of reaction is less if

the detention times in the various reactors are unequal

than if the flow and volume are allocated such that

t1 ¼ t2 ¼ ti ¼ � � � ¼ tN .

Thus, in most cases, no advantage in terms of removal

efficiency is gained by using two reactors in parallel rather

than a single reactor of the same total volume. The reason

that systems are often designed with parallel reactors

reflects a much more practical concern: if one reactor needs

to be shut down for maintenance, the others can continue to

operate and thereby mitigate the effects of the partial

shutdown.

Using Reactors with Flow to Derive Rate Expressions

In addition to being useful for determining the expected

conversion in ideal reactors when the rate expressions of

interest are known, ideal reactors can be used to gather data

fromwhich previously undetermined rate expressions can be

derived. For instance, we might use a laboratory-scale

CFSTR operated at steady state to gather information about

the removal efficiency as a function of detention time and

influent concentration, and then use this information to

determine the reaction order and the rate constant for the

reaction. Similarly, it is common to use long, narrow tubular

reactors as PFRs to study reaction kinetics; with the simi-

larities observed between batch and PFRs, most of the

techniques for analysis of reaction kinetics in batch reactors

presented in Chapter 3 can be adapted to the continuous flow,

steady-state case. To ensure (nearly) plug flow conditions in

such reactors, turbulent flows (high Reynolds numbers) are

required. For either type of ideal reactor, the assumption of

ideal flow should be tested with tracer studies.

Choosing to study reaction kinetics in ideal continuous flow

reactors can have two advantages. First, steady state is the

conceptual equivalent of stopping the reaction at a certain

point, and operating a system at steady state allows multiple

measurements of the concentration to be obtained. In cases

where accurate instantaneous measurements might be diffi-

cult, this advantage can be critical. Second, the use of CFSTRs

might help to distinguish different reaction orders better or

yieldmore accurate rate constants than batch (or PFR) reactors

because of the reduced removal efficiency that is achieved in a

CFSTR. That is, for some reactions, batch reactors or PFRs

might give such high removal efficiencies that the error in

concentration measurements makes it impossible to distin-

guish whether one reaction rate model is better than another;

CFSTRs might be more sensitive (within a measurable range)

to changes in operating conditions.

4.4 EXTENT OF REACTION IN REACTORS

WITH NONIDEAL FLOW

The ultimate objective of reactor and reaction analysis is to be

able to predict and interpret removal efficiencies in reactors

with any flow pattern and in which reactions characterized by

any rate expressions are occurring. The preceding sections of

this chapter have shown how this can be done for single ideal

reactors or combinations of such reactors, in which reactions

characterized by some simple rate expressions are occurring.

The approach that was developed is useful if a real reactor

system can be well represented as a relatively simple combi-

nation of ideal reactors. For instance, if a system is designed to

operate as two CFSTRs in series (of a known size and

sequence), and tracer experiments confirm that the real

flow pattern is consistent with this design, then the approach

described earlier should yield reliable predictions for the

removal efficiency when a reaction with a known rate expres-

sion is occurring in the system.

In cases where the details of the hydraulic behavior in a

reactor are not known, we found in Chapter 2 how some

information about that behavior can be acquired from tracer

studies and represented in the form of the exit age distribu-

tion, E(t), or the cumulative age distribution, F(t), for the

reactor. However, while each reactor has a specific E(t) or

F(t) function, the converse is not true: a given E(t) or F(t)

function does not uniquely identify a particular mixing

regime. That is, the same E(t) curve characterizes several

(in fact, an infinite number of) reactor combinations and flow

patterns. For instance, a PFR with a single inlet and multiple

outlets (completely segregated flow, Figure 2-25a) can have

an E(t) curve that is identical to that of a PFR with multiple

inlets along its length and a single outlet (maximum mixed-

ness, Figure 2-25b). Recall also that any model reactor
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system with multiple reactors in series has the same E(t)

function regardless of the sequence of the reactors.

The question we must now answer is: do reactors that

have identical E(t) curves necessarily also behave identi-

cally (i.e., do they accomplish the same degree of conver-

sion) if a reactive substance is input? In other words, if we

know the E(t) function describing a reactor, the reaction rate

expression for a reaction of interest, and the influent

concentration, is this information sufficient to predict the

effluent concentration?

The answer to this question was hinted at in previous

examples, in which the overall removal efficiency in a

system of two different sized CFSTRs in series was shown

to be independent of their placement (whether the larger

or smaller was first) for first-order reactions. In contrast, for

second-order reactions, the extent of reaction was greater

when the smaller CFSTR was placed upstream of the

larger CFSTR, compared with the reverse order. Placing

the smaller reactor upstreammeans that the inflow is initially

mixed into less water; that is, it causes the majority of the

mixing to be delayed and therefore corresponds to later

mixing than when the larger reactor is placed upstream.

Further analysis shows that later mixing leads to greater

conversion for all nth-order reactions with n> 1, whereas

earlier mixing leads to greater conversion for n< 0. For

0< n< 1, earlier mixing can either increase or decrease the

extent of reaction, depending on the details of the system.

For n¼ 1, the timing of the mixing is irrelevant, and for

n¼ 0, both the timing and the extent of mixing are irrelevant

(since in this case, the reaction rate does not depend on the

reactant concentration).

As noted in Chapter 2, for a given amount of mixing (i.e.,

a given E(t) curve), the limiting case of early mixing is

known as maximum mixedness, and the limiting case of late

mixing is known as segregated flow. Correspondingly, in a

reactor with a given amount of mixing, segregated flow

yields the greatest amount of conversion that can be

achieved for a reaction with n> 1, while maximum mixed-

ness yields the least amount of reaction; for reactions orders

between 0 and 1, the reverse is true; and for reaction

orders of 0 or 1, the timing of mixing has no effect on

the extent of reaction. The effects of both the extent and

timing of mixing are summarized in Table 4-6.

The noneffect of the timing of mixing on zero- or first-

order reactions can be extended to reactions whose rates can

be characterized by a combination of zero- and first-order

expressions, which are known as linear reactions. For such

reactions, knowledge of the reaction rate expression, E(t) for

the reactor of interest, and the influent composition is

sufficient to compute the effluent composition. In contrast,

for nonlinear reactions, the extent of conversion depends on

the details of the mixing pattern in the reactor, so knowledge

of the E(t) curve is helpful, but not sufficient, to predict the

extent of conversion. In these cases, we can predict the

maximum and minimum extents of reaction that might

occur, but we cannot predict the effluent composition unless

we have additional information (or make additional assump-

tions) about the specific mixing pattern that generated this

observed E(t) function; in most real reactors, mixing proba-

bly occurs at various times after the feed has entered, so the

observed extent of reaction is between the two limiting

values. We next consider how to calculate the expected

extent of reaction for linear reactions, and the maximum

and minimum possible extents of reaction for nonlinear

reactions, in reactors with any arbitrary RTD.

Fraction Remaining Based on the Exit Age Distribution

As noted earlier, the E(t) function describes the age

distribution of fluid in the exit stream from a reactor,

but it does not indicate anything about the detailed mixing

of the fluid. For instance, the effluent from a reactor might

be a mixture of equal volumes of fluid that entered 10 min

earlier and 20 min earlier. If we carry out a tracer test, we

would be able to identify what proportion of the fluid in the

effluent entered at each of the two prior times, but we

would not be able to decide whether the mixing took place

shortly after the “10-minute-old” parcel entered the reactor

(10 min ago, corresponding to the maximum mixedness

model) or just a few seconds before the two parcels of fluid

arrived at the effluent port (corresponding to the segregated

flow model).

TABLE 4-6. Effects of Amount and Timing of Mixing on Extent of Reactiona

Increase Mixing Delay Mixing

Effect on RTD Parameters

Any n Broadens E(t) curve, increases s2
RTD No effect on E(t) curve or s2

RTD

Effect on Extent of Reaction

n< 0 Increase Decrease

n¼ 0 No effect No effect

0< n< 1 Decrease Increase or decrease; depends on details

n¼ 1 Decrease No effect

n> 1 Decrease Increase

aFor reactions with rate expressions of the form r ¼ �knc
n.
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If the reactor hydraulics corresponds to segregated flow,

the reactor effluent is composed of many distinct parcels

with different residence times. The concentration in the

mixed effluent is the flow-weighted average concentration

in the parcels, given as follows:

cout ¼
X
all i

Qi

Qtot

ci (4-42)

where i is an index that refers to different parcels of water

that reside in the reactor for different time periods. Qi=Qout

is the fraction of the exiting fluid that is associated with

parcel i, ci is the concentration of reactant in this fluid, and

the summation is over all parcels i that contribute to the

effluent stream. For instance, if the effluent is composed of

just three parcels that account for 25, 35, and 40% of the

flow, and if these parcels contain, respectively, 1.0, 2.0, and

0.1mg=L of the contaminant, the concentration in the

effluent would be

cout ¼ 0:25 1:0mg=Lð Þ þ 0:35 2:0mg=Lð Þ
þ 0:40 0:1mg=Lð Þ ¼ 0:99mg=L

If the parcels become differentially small, then each

parcel is associated with a differential flow rate, and Equa-

tion 4-42 can be rewritten as an integral, as follows:

cout ¼
ð
all i

ci
dQi

Qtot

(4-43)

Equation 4-43 applies to any reactive substance in

any reactor with segregated flow. In such a reactor, each

differential-sized parcel of water in the effluent can be

associated with a specific residence time between t and

tþ dt, and we can reinterpret dQi=Qout as the fraction of the

exiting fluid that has resided between t and tþ dt in the

reactor; we recognize this fraction as E(t)dt.

Furthermore, if each parcel of fluid in the effluent has

remained segregated from all others during its flow through

the reactor, it can be viewed as a small batch reactor that has

reacted for time t. Then, from the influent concentration and

the reaction rate expression, we can compute the value of ci
for a parcel that has resided between t and tþ dt in the

reactor as c(t), equal to the concentration that would be

present in a batch reactor after time t (or in the effluent of a

PFR with t¼ t).

Making these two substitutions into Equation 4-43, and

recognizing that the integration over all parcels is equivalent

to integrating it over all possible parcel residence times, we

obtain

cout ¼
ð1

0

cðtÞEðtÞdt (4-44)

If the E(t) function is known only at discrete times,

Equation 4-44 can be approximated as follows:

cout ¼
X
all i

caveðtiÞEaveðtiÞDti (4-45)

where the subscript “ave” indicates the average value of the

function during the time interval, Dti. Note that the integral
in Equation 4-44 and the summation in Equation 4-45 are

not over time per se, but rather over the range of possible

residence times experienced by different parcels of fluid

exiting the reactor at any instant.

If c(t) were known as a function of t for a batch system,

and E(t) were known from a tracer experiment, we could

compute the product c(t) E(t) for various values of t, and plot

that product as a function of t. According to Equation 4-44,

the area under the curve from t¼ 0 to 1 would then be the

overall effluent concentration expected if the given reactions

were to occur in the given reactor, and if the reactors were

characterized by segregated flow.6

If c(t) is an explicit function of time, it might be possible

to manipulate the earlier equations to obtain other useful

relationships. For example, assume that we determined the

E(t) function for a reactor, and we are interested in predict-

ing the fraction of a contaminant that will remain in the

effluent. If the reactant undergoes a first-order decay

reaction, c(t) and cave(ti) can be expressed as cin exp(�k1t)

and cin exp(�k1tave), respectively, so Equations 4-44 and

4-45 can be rewritten as follows:

cout

cin
¼

ð1

0

exp �k1tð ÞE tð Þdt (4-46)

cout

cin
�

X
all i

expð�k1taveÞEaveðtiÞDti (4-47)

Equations 4-46 and 4-47 were derived for a reactor with

segregated flow, a condition that is probably rarely met.

Recall, however, that reactions that can be characterized by

linear rate expressions progress to the same extent (i.e., to

the same effluent concentration) in any reactor with a given

E(t) function. Therefore, if a reactor has a given E(t)

function, a linear reaction will proceed in this reactor to the

sameextent as itwould in a reactorwith segregatedflow, even if

the flow pattern is not segregated in the real reactor. Therefore,

we can use Equations 4-44 and 4-45 to predict the extent of a

linear reaction in any reactor, and to predict the extent of any

6 Nauman and Buffham (1983) provide an elegant description of the

limitations of Equation 4-44, partially based on the work of Zwietering

(1959); the reader is referred to their book for a more complete

understanding.
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reaction in a reactor with segregated flow. Conversely, it is not

possible to predict the extent of a nonlinear reaction in a reactor,

even with knowledge of the E(t) curve, unless the flow in the

reactor is segregated. These points are illustrated by the

following example.

& EXAMPLE 4-6. Consider a reactor with the tracer

response curve that is shown in Figure 4-11a. This response

suggests that the reactorhas twodistinctflowpaths:20%of the

flowbehavesas though itwas inaPFRwitha residence timeof

10min, and 80%of the flowbehaves as though itwas in a PFR

with a residence time of 15min. However, it does not provide

sufficient information about the details of the mixing pattern.

(a) Compute the expected effluent concentration from

this reactor for a substance that is present at a con-

centration of 20mg=L in the influent and undergoes a

linear reaction characterized by the rate expression

ri ¼ �0:2min�1ci � 0:04mg=Lmin. Carry out cal-

culations for the two extremes of segregated flow

(shown schematically in Figure 4-11b) andmaximum

mixedness (shown in Figure 4-11c).

(b) Repeat the calculations for another reactant with the

same influent concentration that undergoes a second-

order reaction with k2 equal to 0:03 ðmg=LÞ�1=min.

Solution.

(a) We can compute what the concentration of the reac-

tant undergoing the linear reaction would be as a

function of the hydraulic residence time in a PFR by

evaluating the mass balance for such a reactant in a

batch reactor. Substituting the rate expression into the

differential forms of the mass balance for a PFR

(Equation 4-13), and integrating, we find

Thecomplete segregationmodel indicates that 20%

of the flow would react for 10min and then appear in

the effluent. The concentration in this portion of the

flow can be determined by substituting values of

20mg=L for ci,in and 10min for t in the earlier

expression, yielding ci,out¼ 2.53mg=L for this portion

of flow. A similar calculation for the other 80% of the

flow, which reacts for 15min, indicates that it would
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FIGURE 4-11. (a) Tracer output curve for a hypothetical system that might have a mixing pattern

of (b) segregated flow or (c) maximum mixedness. Each portion of the reactor in (b) and (c) behaves

as a PFR.

ri ¼ dci
dt

¼ �0:2min�1ci � 0:04mg=Lmin

ðci;out

ci;in

dci
�0:2min�1ci � 0:04mg=Lmin

¼
ðt

0

dt� 1

0:2min�1 ln
0:2min�1ci;out þ 0:04mg=Lmin

0:2min�1ci;in þ 0:04mg=Lmin
¼ t

ci;out ¼
0:2min�1ci;in þ 0:04mg=Lmin
� �

exp �0:2min�1t
� �� 0:04mg=Lmin

0:2min�1
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exit with a concentration of 0.81mg=L. Given the

mixing proportions in the effluent, the overall effluent

concentration would be 0.2(2.53mg=L)þ 0.8

(0.81mg=L), or 1.15mg=L.
In the maximum mixedness model for the same

reactor (i.e., the same E(t) curve), 80% of the flow

reacts for 5min, at which point it contains a concen-

tration of 7.23mg=L. It thenmixeswith the remaining

20% of the influent to give a mixed concentration of

(0.8)(7.23mg=L)þ (0.2)(20mg=L), or 9.78mg=L.
This mixture then reacts for 10 more minutes before

exiting the reactor at a concentration of 1.15mg=L.
Thus, the predicted effluent concentration is identical

for the segregated and maximum mixedness cases,

consistent with our expectation for a linear reaction.

(b) If the reaction is of secondorderwith the specified rate

constant, we can use the following equation (from

Table 4-2) to compute cout in each portion of the flow

for the case of segregated flow:

cout ¼ cin

1þ k2tcin

The result is that 20% of the effluent has reacted for

10min and has a concentration of 2.86mg=L, and the
remaining 80% had reacted for 15min and has a

concentration of 2.00mg=L. The mixed effluent

therefore has a concentration of 2.17mg=L.
In the maximum mixedness case, the 80% of the

influent that reacts for 5min has a concentration of

5.00mg=L.When this fluidmixeswith the other 20%

of the influent, themixed concentration is 8.00mg=L.
This mixture then reacts for 10min before exiting the

reactor with a concentration of 2.35mg=L. Thus, for
the reactant that undergoes a second-order reaction,

the details of the mixing do affect the extent of

reaction, with earlier mixing (represented, in the

limit, by maximum mixedness) achieving less

removal than later mixing (represented, in the limit,

by segregated flow). &

& EXAMPLE 4-7. Consider again the reactor that was

described in Example 2-1. There, a tracer study was

described and the residence time distribution, E(t), was

calculated from the results. Consider now that a contami-

nant undergoes a first-order reaction with a rate constant

k1¼ 0.1min�1 in that reactor. Determine the expected

fraction of the contaminant remaining in the effluent and

the removal efficiency.

Solution. Because the reaction rate expression is linear,

the destruction of the contaminant will be identical in any

reactor that has the given E(t) function. Therefore, we can

carry out the analysis for a reactor with segregated flow and

be confident that our result will apply to the real reactor, even

if that reactor does not have segregated flow.

The analysis is conducted via spreadsheet calculations, as

illustrated below. The first three columns of the spreadsheet

are taken from the results shown in Chapter 2 for the

calculation of the E(t) function. The data in column C

indicate the area under the E(t) curve during the preceding

interval, as found via the trapezoidal rule; that is, it is the

product of the average value of E(t) during the preceding

interval and the length of that interval.

Column D shows the average value of t during the

preceding time interval, and Column E shows the expected

fraction of the contaminant remaining in parcels that have

resided for that amount of time in the reactor [c(tave)=cin];
since the reaction is a first-order decay, this fraction is

exp(�k1tave).

Column F is the product of the values in Columns C and E

and represents the contribution of parcels having residence

times in the given range to the overall fraction of contaminant

remaining in the effluent. The sum of all values in Column F,

shown in the final row, represents the effluent value of cout=cin
for this reaction in this reactor. For the conditions in this

example, the fraction remaining is expected to be 0.06, so the

removal efficiency is (1� 0.06) 100% or 94%.

A B C D E F

Time

(min)

E(t)

(min�1)

Eave(t) Dt

(–)

tave
(min)

c(tave)=cin
a

(–)

Eave(t)

� exp(�k1tave) Dt
b

(–)

0 0.0000 — — — —

10 0.0064 0.032 5 0.607 1.94� 10�2

20 0.0136 0.100 15 0.223 2.23� 10�2

30 0.0160 0.148 25 8.21� 10�2 1.21� 10�2

40 0.0140 0.150 35 3.02� 10�2 4.53� 10�3

50 0.0124 0.132 45 1.11� 10�2 1.47� 10�3

60 0.0104 0.114 55 4.09� 10�3 4.66� 10�4

70 0.0084 0.094 65 1.50� 10�3 1.41� 10�4

80 0.0064 0.074 75 5.53� 10�4 4.09� 10�5

90 0.0048 0.056 85 2.03� 10�4 1.14� 10�5

100 0.0032 0.040 95 7.49� 10�5 2.99� 10�6

110 0.0024 0.028 105 2.75� 10�5 7.71� 10�7

120 0.0012 0.018 115 1.01� 10�5 1.82� 10�7

130 0.0004 0.008 125 3.73� 10�6 2.98� 10�8

140 0.0000 0.002 135 1.37� 10�6 2.74� 10�9

150 0.0000 0.000 145 5.04� 10�7 0

Sum of column F values (¼ cout=cin): 0.0605

a
Computed as exp(�k1tave).

b
Determined by the trapezoid rule; that is, taking the average value of E(t) exp(�k1t)

in the preceding interval and multiplying by the width of the interval. This calculation

is accomplished in the spreadsheet by multiplying Columns C and E.
&

It is instructive to study the values in Column F of

Example 4-7 to see how much of the contaminant in the

composite effluent is contributed by the different parcels of

fluid with different residence times. For example, the first

three intervals represent only 28% of the flow (the sum of
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EDt), but they account for 89% of the unreacted pollutant

(the sum of the first three values in Column F divided by the

final sum of Column F). The fact that some parts of the fluid

stay in the reactor for a long time and achieve a very high

degree of removal efficiency cannot compensate for the low

efficiency in those packets that exit quickly.

In general, the parcels in the earliest few time intervals

account for most of the effluent concentration. Thus, this

example emphasizes that it is critically important to mini-

mize short-circuiting to achieve high treatment efficiency. It

also emphasizes the importance of characterizing the early

part of the residence time distribution function carefully—

an error in E(t) at small values of t has a much greater effect

on the computed reaction efficiency than does an error at

large values of t.

Fraction Remaining Based on the Dispersion Model

In most cases, Equation 4-44 (or, for first-order reactions,

Equation 4-46) has no explicit solution, and a graphical or

numerical integration is required. However, if E(t) can be

approximated by some simple mathematical function rather

than as a series of discrete data points, and if c(t) is a relatively

simple function, it may be possible to solve the integral

analytically. In such cases, we can predict the system output

without resorting to numerical or graphical integration.

For instance, if E(t) can be represented adequately by the

PFR-with-dispersion model, and if the reactant undergoes a

first-order irreversible decay, so that cðtÞ ¼ cð0Þ expð�k1tÞ,
the solution of Equation 4-46 in a reactor with either open or

closed boundaries is7,8

cout

cin
¼ 4a exp vxL=2Dð Þ

1þ að Þ2 exp avxL=2Dð Þ � ð1� aÞ2 exp �avxL=2Dð Þ
(4-48)

where a ¼ ½1þ 4k1tðD=vxLÞ	1=2. Note that the expected

fraction remaining in the effluent is a function of two

dimensionless groups, the dispersion number and the prod-

uct of the reaction rate constant and the detention time. As

noted earlier, the latter can be considered as the ratio of the

hydraulic residence time to the characteristic reaction time.

For a given reactor (detention time and dispersion num-

ber) and reaction (value of the first-order rate constant), the

expected fraction remaining can be found by directly apply-

ing Equation 4-48. A few results of such calculations are

shown in Figure 4-12. The steady and dramatic trend of

increasing fraction remaining with increasing dispersion for

a given value of k1t is evident.

Equation 4-48 indicates that any given, desired fraction

remaining could be reached using many different combina-

tions of detention time and dispersion number. In otherwords,

the equation characterizes the acceptable trade-offs between

investing resources in the reactor volume (increasing t) versus

investing them in measures that can reduce dispersion, while

still meeting the design objective. The decision about which

combination to select for the design can then be based on an

economic analysis of all the technically feasible options, in

conjunction with other site-specific considerations.

& EXAMPLE 4-8. Consider the example reactor ana-

lyzed in Example 2-4, for which the hydraulic detention time

and dispersion number ðD=vxLÞ were estimated via tracer

studies to be 49.5min and 0.19, respectively. If the first-order

reaction described in the preceding example (rate constant,

k1¼ 0.1min�1) occurs in that reactor, what is the predicted

fraction of the influent concentration remaining in the effluent

according to the dispersion model, and what is the removal

efficiency?

Solution. The value of the dimensionless product k1t

is 4.95 and the value of D=vxLð Þ is given as 0.19. With

these values, the parameter a is 1þ 4ktðD=vxLÞ½ 	1=2 ¼
1þ ð4Þð4:95Þð0:19Þ½ 	1=2 ¼ 2:18. (Note that t, rather than

t, is used to calculate the parameter a, because t is the

value of the hydraulic residence time that provides the best

7 This result can be derived by writing the mass balance equation for steady-

state conditions, substituting the appropriate expression for the reaction rate,

and retaining the dispersion term

0 ¼ �vx
dc

dx
þ D

d2c

dx2
� k1c

Solving this equation in conjunction with the boundary conditions yields

the result shown in Equation 4-48.
8 Remember that Equation 4-44 is strictly valid only for reactors with

segregated flow, a constraint that does not generally apply to reactors with

dispersion. However, if we are interested in a linear reaction, the extent of

reaction is identical for a reator with a given E(t), regardless of the timing of

mixing. As a result, for that scenario, the equation for the extent of reaction

in a reactor with segregated flow applies to a reactor with dispersion.
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fit between the dispersion model and the experimental data.)

Substituting these values into Equation 4-48 yields the

fraction remaining, cout=cin¼ 0.038, so the removal effi-

ciency is ð1� 0:038Þ ð100%Þ, or 96.2%. For comparison,

the fraction remaining for the same reaction in a PFR

with the same detention time is ðcout=cinÞ ¼ exp �ktð Þ¼
exp½ð�0:1min�1Þð49:5minÞ	 ¼ 0:0071, corresponding to a

removal efficiency of (1 – 0.0071)100%, or 99.29%. The

dispersion lowers the removal efficiency significantly. &

Summary of Steady-State Performance
in Nonideal Reactors

To summarize, the expected extent of conversion of a

reactant undergoing a linear reaction in a reactor with any

known RTD can be computed by evaluating the integral in

Equation 4-44. Although the derivation leading to that

equation relied on an assumption of segregated flow, the

result is applicable regardless of whether or not the reactor is

actually characterized by segregated flow. Explicit expres-

sions exist for the extent of reaction that will be achieved if a

linear reaction proceeds in a reactor operating at steady state

with certain, idealized RTDs (e.g., the RTD of a CFSTR or a

PFR with dispersion), and thus it avoids evaluating the

integral in Equation 4-44 in these cases.

On the other hand, if the reaction is nonlinear, then the

extent of reaction can be predicted only for two limiting cases

of the timing of mixing: segregated flow and maximum

mixedness. If the reactor has segregated flow (i.e., mixing

at the latest possible time in the reactor), Equation 4-44

applies. This scenario yields the maximum extent of reaction

achievable (for the given RTD) if the reaction order is>1, and

the minimum extent of reaction if the order is <1. If the

reactor has maximum mixedness, the analysis is often com-

plicated and requires step-by-step assessment of the amount

of reaction that occurs between sequential mixing locations.

However, for the special case of a CFSTR (which has maxi-

mum mixedness, by definition), the mass balance can be

solved analytically or numerically to obtain the extent of

reaction directly. Maximum mixedness maximizes the extent

of reaction for a reaction with order <1 and minimizes it for

reaction orders >1. Practically, most reactors probably have

mixing that occurs neither instantly nor at the latest possible

time, and they therefore produce extents of reaction that are

intermediate between those calculated based on segregated

flow and maximum mixedness for nonlinear reactions.

4.5 EXTENT OF REACTION UNDER

NON-STEADY-CONDITIONS IN CONTINUOUS

FLOW REACTORS

Until now in this chapter, we have considered only steady-

state conditions in continuous flow reactors. Although an

assumption of steady state is often satisfactory for the

analysis of engineered systems, it is sometimes necessary

to consider the transient response of a system when a change

is imposed. It is also instructive to see how rapidly a system

can be expected to respond to a changed condition, since

such an analysis gives some insight into when an assumption

of steady-state conditions might be reasonable even if that

condition is not met absolutely. The analysis of nonsteady

conditions is intrinsically more complex than that of steady

conditions, because the mass balance contains another non-

zero term; that is, the storage term, which is zero in steady-

state conditions (at least in the common Eulerian view). In

this section, we consider changes in either influent concen-

tration or flow and, for simplicity, imagine that the change in

conditions goes from one condition to another at a single

instant and remains there indefinitely. Other types of

changes can be considered using this scenario as a baseline.

Extent of Conversion in PFRs Under
Non-Steady-State Conditions

Consider first the case of a PFRwhose influent concentration

abruptly changes from one value to another at a time defined

to be t¼ 0. Because the incoming fluid does not mix with

water already present in the reactor, the new influent acts

independent of the old. The result is a step change in the

effluent, at time t¼ tPFR, corresponding to the expected

extent of reaction under the new influent conditions.

A step change in the flow rate into a PFR provides a

different, more complicated response. Assuming that the

step change creates no hydraulic perturbations or mixing,

each parcel or plug can again be considered separately. Any

parcel that exited the reactor prior to the step change resided

for a time equal to the original detention time, say t1, in the

reactor. Similarly, any parcel that enters after the step change

in flow rate will reside for a time equal to the new detention

time, t2, in the reactor. However, parcels that were in the

reactor at the time of the step change will reside for some

time in the reactor traveling at one velocity and some other

time traveling at another, and therefore are in the reactor for

times between t1 and t2.

Considering a single parcel (i.e., in a Lagrangianview) that

was somewhere in the reactor at the time of the step change,

and then generalizing to any such parcel, allows us to deter-

mine that the actual residence time resided in the PFR changes

linearly from t1 to t2 over a time period equal to t2. During

this time, each exiting parcel has a residence time thatwe refer

to as t(t). The residence times of parcels that exit at any time

can be described by the following equation:

t tð Þ ¼
t1; t 
 0

t1 þ t2 � t1

t2

� �
t; 0 < t 
 t2

t2; t > t2

8><
>: (4-49)
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The situation is depicted for a step increase in flow at time

zero in Figure 4-13.

& EXAMPLE4-9. Consider a PFR inwhich a first-order

decay reaction with a rate constant k¼ 0.05min�1 is occur-

ring, andwhich is operating at steady state.At a time t¼ 0, the

flow rate abruptly changes to decrease the detention time

from 45 min (t1) to 30 min (t2). Determine the response of

the PFR (i.e., effluent concentration as a function of time).

Solution. The effluent concentration at t¼ 0 can be

calculated from the steady-state equation (PFR, first order)

as follows:

cout ¼ cinexp �k1t1ð Þ ðt < 0Þ
¼ 100mg=Lð Þexp �ð0:05min�1Þð45minÞð Þ
¼ 10:5mg=L (4-50)

At times greater than t¼ t2 (i.e., after all the water that

was originally in the reactor has exited), a new steady-state

effluent concentration will be reached, as follows:

cout ¼ cin exp �k1t2ð Þ ðt > t2Þ
¼ 100mg=Lð Þexp �ð0:05min�1Þð30minÞð Þ
¼ 22:3mg=L (4-51)

At intermediate times, the fraction remaining gradually

changes from the first of these conditions to the second; the

fraction remaining at any time during this period is calcu-

lated by substituting the expression for t(t) into the inte-

grated batch rate expression to yield

cout ¼ cinexp �k1t tð Þð Þ

¼ exp �k1 t1 þ t2 � t1

t2

� �
t

� � �
ð0 < t < t2Þ

(4-52)

For the conditions specified, the results are shown graph-

ically in Figure 4-14. Note that the change in effluent

concentration is not linear with time, and that the derivative

of the response changes abruptly both when the flow changes

initially and again at t¼ t2. &

The same type of analysis as demonstrated in Example 4-9

applies for any reaction rate expression: the integrated formof

the expression can be used with the varying actual residence

time toyield thenon-steady-state responseof thePFR.A zero-

order reaction gives a linear change with time from the old

steady state to the new steady state. Higher order reactions

show increasing curvature.

Extent of Conversion in CFSTRs Under
Non-Steady-State Conditions

Consider next the nonsteady-state response of a CFSTR in

which a first-order reaction is occurring, by considering

that the influent concentration undergoes a step change

from cin,1 to cin,2 at t¼ 0. Assume that the flow rate (and

therefore detention time) remains constant. Further assume

(although it is not essential, as shown below) that the

conditions prior to the change had existed long enough

so that the reactor was at steady state at t¼ 0. Applying the

appropriate equation from Table 4-1, the effluent concen-

tration at t
 0 is

coutðtÞ ¼ cin;1

1þ k1t
for t 
 0 (4-53)

The mass balance for the CFSTR for any time after the

change in influent is

V
dcðtÞ
dt

¼ Qcin;2 � QcðtÞ � Vk1cðtÞ (4-54)
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where c(t) is the concentration in both the reactor and the

effluent, and is changing with time. Dividing Equation 4-54

by V yields

dc

dt
¼ 1

t
cin;2 � 1

t
cðtÞ � k1c tð Þ (4-55a)

¼ cin;2

t
� 1

t
þ k1

� �
cðtÞ (4-55b)

We can solve this differential equation by taking its

Laplace transform, solving for L cðtÞð Þ, and then taking

the inverse transform to determine c(t). Following conven-

tion, we represent the Laplace transform of the function of

interest as f(s); that is, f(s)�L cðtÞð Þ. The Laplace transforms

of a variable c(t), the time derivative of this variable (dc=dt),
and a constant A are given in Appendix 2A of Chapter 2 as f

(s), sf(s)� c(0), and A=s, respectively. Therefore, taking the

Laplace transform of each side of Equation 4-55b, we obtain

sf ðsÞ � cð0Þ ¼ cin;2

t

1

s
� 1

t
þ k1

� �
f ðsÞ (4-56)

After substituting from Equation 4-53 for c(0), solving for

f(s) yields

f ðsÞ ¼ cin;1

1þ k1t

1

sþ 1

t
þ k1

� �þ cin;2

t

1

s

1

sþ 1

t
þ k1

� �

(4-57)

Taking the inverse Laplace transform yields the final

result, as follows:

cðtÞ ¼ cin;1

1þ k1t
exp � 1

t
þ k1

� �
t

� 

þ cin;2

1þ k1t
1� exp � 1

t
þ k1

� �
t

� � �
(4-58a)

¼ cin;1

1þ k1t
exp � 1þ k1tð Þ t

t

h i

þ cin;2

1þ k1t
1� exp � 1þ k1tð Þ t

t

h in o
(4-58b)

Equations 4-58a and 4-58b look complex, but considering

each of their components allows us to interpret them rela-

tively easily. First, note that if the rate constant, k1, were

zero, the substance would be a conservative (nonreactive)

substance; the result would then simplify to the same

expression as we derived in Chapter 2 in the section on

equalization (Equation 2-101).

Now, consider the exponential terms. In the analysis of

nonreactive substances in a CFSTR under non-steady-state

conditions (Chapter 2, tracers and equalization), we

obtained an expression for c(t) that contained exponential

terms of the form exp(�t=t). Identifying t as the character-

istic time of the reactor, we found that, after one character-

istic time in a CFSTR, only 1=e of the fluid (and tracer)

present at time zero remains in the reactor. Similarly, in

the analysis of first-order reactions in batch reactors in

Chapter 3, we derived an expression for c(t) that contained

terms of the form exp(�k1t), and we identified 1=k1 as the
characteristic reaction time. In that case, after one charac-

teristic reaction time, only 1=e of the reactant that was

present at time zero remains in the reactor. In the system

under consideration in this section, reactant is being flushed

out of the system by flow and is simultaneously being

destroyed by reaction. Both processes are driving the reac-

tant to its new, steady-state value, so the approach is faster

than it would be if only one process were operative.

The overall characteristic time for the process is given by

1

tchar;overall
¼ 1

tchar;reaction
þ 1

tchar;reactor
(4-59a)

¼ k1 þ 1

t
(4-59b)

so that

tchar;overall ¼ 1

1þ k1t
t (4-60)

Equation 4-59b shows that the overall characteristic

reaction time is shorter than the characteristic time of either

the reaction or the reactor. One consequence of this obser-

vation is that, if a system is designed to achieve high removal

efficiency (so that t is several times tchar,reaction), it is

bound to have a hydraulic residence time that is several

times tchar,overall. In other words, tchar,overall is far less than

one hydraulic residence time, and the system responds quite

rapidly to a change in input conditions.

Third, consider what happens at long times; that is,

when t=t (or, more precisely, 1þ k1tð Þt=t) is large. Under
these circumstances, the exponential terms can be consid-

ered as zero and either form of Equation 4-58 reduces to

c(t)¼ cin,2=(1þ k1t). We recognize this fraction as the

steady-state concentration expected under the new

conditions.

Finally, if we consider the meaning of the two terms on

the right side of Equation 4-58 individually, we note that the

first term accounts for the decay of the original, and the

second accounts for the rise to the ultimate concentration,

with each term incorporating the effects of both advection

and reaction.

& EXAMPLE 4-10. A CFSTR is being used to treat an

influent containing 100mg=L of a reactant that undergoes a

first-order decay reaction with a rate constant of 0.1min�1.
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The hydraulic detention time in the reactor is 60min, and the

system has operated under the given conditions for long

enough that it is at steady state. Then, at a time t¼ 0, the

influent concentration increases to 150mg=L.

(a) Determine the response of the reactor. In particular,

howmuch time is required before the ultimate change

in the effluent concentration is 90% complete?

(b) What are the characteristic times for the reaction, the

reactor, and the overall process?

Solution.

(a) The steady-state effluent concentration of a contam-

inant undergoing a first-order decay reaction in a

CFSTR is given as Equation 4-4. After rearranging

and substituting the given values, the concentration

of the contaminant in the reactor effluent at t¼ 0 is

cout ¼ cin

1þ k1t
¼ 100mg=L

1þ 0:1min�1ð Þ 60minð Þ
¼ 14:3mg=L

The response of the system to the increase in influent

concentration is given by Equation 4-58 and is

plotted in Figure 4-15. Both the decay and rise terms

in Equation 4-58 are shown. The new steady-state

effluent condition, computed again using Equation

4-4, is 21.4mg=L, an increase of 7.1mg=L over the

original concentration. The response is therefore

90% complete when the concentration has increased

by 0.9 (7.1mg=L), or 6.4mg=L, to a concentration

of 20.7mg=L. The effluent concentration reaches

this value after only approximately 20min has

elapsed, corresponding to only one-third of one

hydraulic detention time.

(b) Thecharacteristic times for the reactionand the reactor

arek�1
1 and t, corresponding to 10 and 60min, respec-

tively. According to Equation 4-59, the characteristic

time for the overall reactive system is

1

tchar;overall
¼ 1

tchar;reaction
þ 1

tchar;reactor

1

tchar;overall
¼ 1

k�1
1

þ 1

t
¼ 1

10min
þ 1

60min
¼ 0:117min�1

tchar;overall ¼ 8:57min

Consistent with the preceding discussion, the character-

istic time for the reactive system is shorter than that of the

reaction alone and is substantially shorter than that of the

reactor alone. As a result, a reactor that would require

several hours to respond fully to a change in the concen-

tration of a tracer (tchar¼ 60min) is essentially at its new

steady-state condition in less than half an hour when the

concentration of the reactive substance changes.

&

The fact that the reactivity of the substance accelerates the

approach to steady state allows us to ignore non-steady-state

conditions in many reactors, even if the influent conditions

change fairly frequently. Unless the details of the rapid

change are important to an investigator, treating the system

as though the new steady state were reached instantly is

often satisfactory.

Extent of Conversion in Nonideal Reactors Under
Non-Steady-State Conditions

To extend the preceding analysis to a nonideal reactor that is

modeled as N CFSTRs in series, we return back to the result

for the single CFSTR case, as characterized in Equation

4-58b. Define css;j as the steady-state concentration in the

reactor under condition j, where j¼ 1 and j¼ 2 characterize

the conditions before and after the step change, respectively.

Based on Equation 4-4, css;j is given as

css;j ¼ cin;j

1þ k1t
(4-61)

Substituting the appropriate form of Equation 4-61 into

the preexponential terms in Equation 4-58b, subtracting css,1
from both sides, and rearranging, we obtain

cðtÞ ¼ css;1exp � 1þ k1tð Þ t
t

h i

þ css;2 1� exp �ð1þ k1tÞ t
t

h in o
(4-62)

c tð Þ � css;1 ¼ css;1exp � 1þ k1tð Þ t
t

h i
� css;1

þ css;2 1� exp �ð1þ k1tÞ t
t

h in o
(4-63)

0 

5 

10 

15 

20 

25 

0.00 0.25 0.50 0.75 1.00 

C
on

ce
nt

ra
tio

n 
(m

g/
L)

 

Normalized time, t/τ

Decay 

Rise 

c2 (t )

FIGURE 4-15. Non-steady-state response of a CFSTR to a step

increase in influent concentration for a reactant undergoing a first-

order reaction. cinf¼ 100mg=L at t=t
 0, and cinf¼ 150mg=L at

t=t> 0; t ¼ 60min; k1¼ 0.1min�1.

144 CONTINUOUS FLOW REACTORS: PERFORMANCE CHARACTERISTICS WITH REACTION



c tð Þ � css;1 ¼ �css;1 1� exp �ð1þ k1tÞ t
t

h in o

þ css;2 1� exp �ð1þ k1tÞ t
t

h in o
(4-64)

cðtÞ � css;1

css;2 � css;1
¼ 1� exp � 1þ k1tð Þ t

t

h i
(4-65)

The left side of Equation 4-65 represents the fraction of

the ultimate change that has occurred at time t; that is, it is a

normalized response function for this reactive system with

flow. Since the steady-state concentrations under the two

influent conditions can be calculated from Equation 4-61,

this equation gives a direct expression of the progress of the

system, on a scale from zero to one, in response to the

step change. In Chapter 2, we considered the normalized

response to a step change for a nonreactive substance, and

we denote this function as F(t). Here, we denote the nor-

malized response to a step change in influent concentration

in the reactive system the symbol, FR(t); that is,

FRðtÞ � cðtÞ � css;1

css;2 � css;1
(4-66)

Using this terminology, the results for the single CFSTR

with a first-order reaction can be expressed as

FR;CFSTR tð Þ ¼ 1� exp � 1þ k1tð Þ t
t

h i
(4-67)

and the results for the PFR (with any reaction) can be

expressed as

FR;PFRðtÞ ¼ 0 for t < tPFR
1 for t � tPFR

�
(4-68a)

or, more succinctly

FR;PFRðtÞ ¼ HtPFR tð Þ (4-68b)

Note, that for both the CFSTR and the PFR, FR(t)¼F(t)

if the influent substance is nonreactive (k1¼ 0), as we would

expect.

In Chapter 2, nonideal flow was described as any hydrau-

lic behavior between the two ideal extremes of a CFSTR and

a PFR. It seems reasonable to expect, therefore, that the

response to a step change in influent concentration in a

nonideal reactor with a first-order reaction occurring would

be between the results given in Equations 4-67 and 4-68.

If the nonideal flow is modeled as N CFSTRs in series, the

results can be obtained via Laplace transforms of the

appropriate mass balances (i.e., a mass balance at nonsteady

state for each of the reactors). Only the results are shown

below, but the mathematics is essentially identical to that

used for the nonsteady response to a step input of tracer. The

only difference in the two derivations is in a constant that

reflects the hydraulic detention time alone for the tracer

system and both the reaction rate constant and the detention

time for the reactive system; in other words, the difference is

only in the characteristic times for the two systems.

For a reactor with total detention time, t, modeled as two

CFSTRs in series each with detention time t=2, the result is
as follows:

FR;N¼2ðtÞ ¼ cðtÞ � css;1

css;2 � css;1

¼ 1� exp � 1þ k1t

2

� �
2t

t

� 

� 1þ k1t

2

� �
2t

t
exp � 1þ k1t

2

� �
2t

t

� 
(4-69)

For a single reactor modeled as N CFSTRs in series, the

result can be extended as follows:

cðtÞ � css;1

css;2 � css;1
¼ 1� exp � 1þ k1

t

N


 �Nt

t

� 

�
XN
i¼1

1

i � 1ð Þ! 1þ k1t

N

� �
Nt

t

� i�1
( )

(4-70)

where, according to Equation 4-30, css;j in both Equations 4-69

and 4-70 can be computed as css;j ¼ cin;j=ð1þ ðk1t=NÞÞN .
An example showing the difference between a single

CFSTR and a reactor that can be modeled as two CFSTRs

in series is shown in Figure 4-16. For the single CFSTR

(N¼ 1), consistent with the results obtained in the preceding

section, the reactive system responds to a change in the input

concentration much more rapidly than how the tracer does. It

is interesting to note, however, that when N¼ 2, the system

does not react as quickly as a single CFSTR. Further analysis

indicates that this trend continues if N is increased further

(not shown). At short times after the step change in influent

concentration, the response of the reactive system slows as N

increases. The opposite is true at long times; that is, as for the

tracer curves, the lines for the single CFSTR and the N

CFSTRs in series cross in the upper part of the curve. In the

limit ofN¼1, the reactor behaves like a PFR, just as for the

tracer; as indicated earlier, the characteristic time for a PFR

is unaffected by the reaction because no parcel of fluid

interacts with any other.

Consider next a CFSTR in which an abrupt change in the

influent flow rate occurs. We begin with the assumption that

this change is immediately mirrored by a comparable change

in the effluent flow rate, so the detention time changes

EXTENT OF REACTION UNDER NON-STEADY-CONDITIONS IN CONTINUOUS FLOW REACTORS 145



immediately to the value associated with the new flow rate.9

The mass balance after the change in flow rate is identical

to that given in Equation 4-54, with the provision that the

value ofQ to be used in the mass balance is the flow rate after

the step change. The solution is therefore the same as in

Equation 4-58.

If it is specified that the effluent value at the time of the

change was the previous steady-state value, c=ð1þ k1t1Þ
can be substituted for c(0), but it is necessary to differentiate

between the old and new detention times (t1 and t2, respec-

tively), as follows:

c2ðtÞ ¼ c

1þ k1t1
exp �ð1þ k1t2Þ t

t2

� 

þ c

1þ k1t2
1� exp �ð1þ k1t2Þ t

t2

� � �
(4-71)

4.6 SUMMARY

This chapter completes the first section of this book, and it

is useful to consider where we have been and where we are

going at this juncture. In Chapter 1, the fundamental mass

balance equation was developed in detail. The mass bal-

ance accounts for the fact that material can be transported

into or out of a control volume by advection, diffusion, or

dispersion, and that it can be generated or destroyed within

the control volume by reaction. In Chapter 2, the hydraulic

characteristics of continuous flow reactors were investi-

gated by considering nonreactive substances. The results

for ideal and nonideal reactors were described in terms of

the residence time distributions. In this analysis, the over-

all mass balance was simplified because the reactive terms

were considered zero. In Chapter 3, we considered

reactions in batch reactors, in which case the mass balance

is simplified because the transport terms are zero. The rate

expressions for several types of reactions commonly

encountered in environmental engineering were integrated,

and approaches for analyzing experimental data to deter-

mine the form of the rate expression and the effects of

temperature on reaction rates were elucidated. Finally, in

this fourth chapter, both flow and reactions were consid-

ered simultaneously.

For most of the analyses presented in this chapter, the

mass balance was simplified by considering steady-state

conditions, again making one term (the storage term) in

the mass balance equation zero. A wide variety of reaction

rate expressions were considered in conjunction with both

ideal and nonideal flow patterns to explore the expected

extent of reaction for many situations that occur in environ-

mental engineering. In addition to the results for specific

reactor=reaction combinations, the presentation describes

various approaches that might be used to predict the extent

of reaction for other scenarios.

The key conclusion of these explorations is that accurate

prediction of the extent of conversion requires an inte-

grated analysis of the hydraulic characteristics of the

reactor with the reaction rate expression. In the case of

ideal PFRs or CFSTRs, the effluent concentration can often

be predicted by an analytical solution for the correspond-

ing mass balance, incorporating the appropriate reaction

rate expression. For the most common types of reaction—

those for which the rate of reaction increases with reactant

concentration—PFRs are always more efficient than

CFSTRs. In this case, better efficiency is evidenced by

a greater extent of reaction for a given hydraulic residence

time or, equivalently, the same extent of reaction being

achieved with a shorter hydraulic residence time. Concep-

tually, this result can be explained by the fact that the

concentration in a PFR changes gradually from cin to cout,

whereas in a CFSTR it changes abruptly from cin to cout as

soon as the influent enters the reactor. This result can be

extended to nonideal reactors; the more intense and sooner

the mixing, the less efficient the reactor is, for a reaction

whose rate increases with concentration.

If the reactor is not an ideal PFR or CFSTR, but its

hydraulic characteristics have been characterized in tracer

tests, then the effluent concentration for a given influent

concentration can be predicted if certain constraints are met.

In particular, if the reaction rate expression is linear or if
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FIGURE 4-16. Normalized response of reactors to a step change

in input concentration of a nonreactive (tracer) and a reactive (first-

order) species. Reactors shown are a single CFSTR (N¼ 1), a PFR,

and a single tank with nonideal flow modeled as two CFSTRs in

series (N¼ 2). (Recall that, for a tracer, FR(t)¼F(t).)

9 Note that this assumption is not always valid. In particular, in some

reactors, the effluent flow rate is proportional to the volume of water above

the weir level. In such cases, the volume of water in the reactor changes in

response to a change in the influent flow rate, and a lag ensues before the

new steady-state volume is attained.
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mixing in the reactor can be represented as segregated flow,

then the effluent concentration can be evaluated using

Equation 4-44. In that case, the E(t) function and the

rate expression can be determined using the approaches

described in Chapters 2 and 3, respectively, and the inte-

gration can be carried out either analytically or numeri-

cally. If the reactor hydraulics does not conform to

segregated flow, the extent of reaction might be greater

than, less than, or the same as for segregated flow, depend-

ing on the reaction order. Early mixing increases the extent

of reaction for reaction orders less than zero, decreases the

extent of reaction for reaction orders greater than one, and

has no effect on the extent of reaction if the reaction order

is zero or one; for reaction orders between zero and one,

early mixing could either increase or decrease the extent

of reaction, depending on system-specific conditions.

Regardless of the timing of the mixing, a large proportion

of the total reactant concentration in the effluent is often

attributable to a fairly small proportion of the flow – the

flow that exits after residing only a short time in the reactor.

This result emphasizes the importance of minimizing

short-circuiting in the reactor.

This chapter also characterizes the responses of a few

reactive systems under nonsteady conditions; in these cases

all the terms of the mass balance are relevant and included.

The analysis of these systems is mathematically complex, so

only a small number of cases involving idealized reactor

flow patterns and simple reaction rate expressions were

explored, but the results have some ramifications that go

beyond these cases. The key result is that the characteristic

time for the overall reactive system is shorter than either that

of the reactor alone or the reaction alone. As a result, in

reactive systems in which high degrees of removal are

obtained, steady state is achieved quite quickly, thereby

diminishing the need to consider unsteady conditions in

many cases.

In subsequent chapters, many of the principles and results

that are considered in this first part of the book are applied to

specific physical and chemical processes that are used to

treat water and wastewater.
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PROBLEMS

4-1. A pollutant has been spilled during a transfer opera-

tion and is slowly migrating through the soil toward a

nearby stream. The flow rate toward the stream is

15 L=h, and the time of travel from the point of the

spill to the stream is 1 day. The concentration of

pollutant in the spilled water was 50mg=L.

(a) The pollutant decays at a rate given by the

expression: r ¼ �ð0:3mg=L hÞ � ð0:02 c=hÞ,
where c is the concentration in mg=L. Assuming

that the flow from the point of the spill to the

stream can be modeled as plug flow, determine

the pollutant’s concentration at the point where

the spill enters the stream.

(b) A sample of the spill was collected immediately

after the spill occurred and taken to a laboratory

for analysis. In one batch test, the solution was

put into awell-mixed beaker for one day and then

analyzed. Would you expect the pollutant con-

centration in the beaker at the end of one day to be

more, less, or the same as that entering the

stream? Explain in one or two sentences.

4-2. A solution containing the pollutant described in

Problem 4-1 has been discharged into a well-mixed

lake for a long enough time that the lake has reached

steady state. If the concentration of the pollutant

exiting the lake is 0.1mg=L and the residence time

in the lake is 336 h (2 weeks), what is the concentra-

tion of the pollutant entering the lake?

4-3. A reaction A!B is known to proceed according to

the rate expression

rA ¼ � k1cA

k2 þ cA

A pilot-scale CFSTR has been operated at steady

state at several different flow rates to determine the
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coefficients k1 and k2. The reactor has a volume of

2.5 L, and all experiments were performed with an

influent concentration cA,in of 100mg=L. The effluent
values of cA are shown in the following table.

Flow Rate, L=h Effluent Concentration cA, mg=L

0.39 5.8

0.78 17.9

1.56 46.0

3.13 71.9

6.25 85.7

12.5 92.8

25 96.2

100 99.0

(a) Determine the reaction rate constants k1 and k2.

(b) Find thevolumeofaCFSTRthatwouldberequired

to treat a flow rate of 10m3=h with an influent

concentration, cA,in, of 100mg=L, if the steady-

state effluent concentration is to be 1.0mg=L.

(c) Find the volume of a PFR that would accom-

plish the same objective as the CFSTR does

in (b).

4-4. A reaction 2A!B is second order with respect to A.

Batch experiments have shown that, for an initial

solution containing cA¼ 3mg=L, the concentration

of A in a system can be reduced by 99% in 25min.

(a) What is the rate constant k2?

(b) What would be the volume of a PFR to treat

100 L=min of this solution while meeting an

effluent standard of 0.1mg=L?

(c) What would be the volume of a CFSTR to meet

the same effluent standard as in (b)?

4-5. It has been reported that the hydrolysis of iron can be

modeled by a first-order rate equation of the type

rFe3þ ¼ �kcFe3þ . In a batch experiment at pH 3.65,

20% of the initial Fe3þ is hydrolyzed after 15 s. You

may assume that the back reaction is negligible.

(a) How long would it be before 99% of the Fe was

hydrolyzed in the batch system? (Note: it is not

reasonable to assume a value of cFe3þ at t¼ 0 in

the absence of data, unless you can show that

your result would be valid for other initial values

of cFe3þ as well.)

(b) What residence timewould be required to achieve

99% hydrolysis in a CFSTR at steady state?

(c) What about in two equal-sizedCFSTRs in series?

4-6. A first-order reaction causes cyanide (CN) to be des-

troyed at a rate given by rCN¼� (0.8=h) cCN. The
reaction is occurring in a reactor with a theoretical

mean hydraulic residence time of 8.33 h, but because

of some dead space in the reactor, the effective mean

residence time is only 6.7 h. The active portion of the

reactor is acting as a CFSTR. For an influent cyanide

concentration of 18mg=L, compute the expected

steady-state effluent concentrations for the following

scenarios:

(a) The reactor as it is now operating.

(b) The reactor if additional mixers are used so that

it operates as a CFSTR with no dead space.

(c) The reactor described in (b) if a baffle is inserted

in the middle, and the flow enters first one side

and then the other, so that the overall reactor

operates as two ideal CFSTRs in series.

(d) The reactor modified as in (c), but with the

influent flow split into two equal portions, so

that the reactor behaves as two ideal CFSTRs in

parallel.

(e) The reactor modified so that it behaves as an

ideal PFR.

4-7. Low-molecular-weight halogenated organic com-

pounds are being found in trace concentrations in

manywater systems due to the uncontrolled release of

these substances from industrial processes. Barbash

and Reinhard (1989) studied the abiotic dehalogena-

tion of some of these compounds and found that,

under some circumstances, the abiotic reaction can be

significant. They report that the debromination of 1,2

dibromoethane (EDB) is of first order.

An industry has a small process line (2.5 L=min)

which contains 30mg=L EDB and 3mg=L sodium

(which is nonreactive). The stream is treated in a

3000-L CFSTR under conditions where the first-order

debromination rate constant is 7 d�1. The reactor has

been operating at steady state, but a process upset has

occurred, causing the influent concentrations to jump

to 100 (mg=L) EDB and 200 (mg=L) sodium, where

they remain for several days.

(a) What is the effluent EDB concentration prior to

the upset?

(b) Write themass balance for sodiumand determine

the effluent concentration 6 h after the upset.

(c) Repeat (b) for the EDB.

(d) Does one component respond more quickly

than the other to the change in influent? Address

this question by determining the ratio of the

change in concentration that has occurred in 6 h

to the expected, ultimate change (once the sys-

tem has reached a new steady state) for each

chemical.

4-8. A reactor has been constructed and is intended to

operate as a PFR with a residence time of 4 h. It has
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been treating 10�3M of a contaminant A with a

steady-state conversion efficiency of 98% by addition

of 0.03M of a second compound B. The reaction has

stoichiometry Aþ B ! C and is first order with

respect to each reactant (second order overall),

with a rate constant of 60 (mol=L)�1h�1.

(a) Assuming that, in reality, the reactor hydraulics

includes some dispersion, estimate the disper-

sion number.

(b) What would be the conversion efficiency if the

reactor were an ideal PFR?

4-9. Gould (1982) reported that Cr(VI), a carcinogenic

form of chromium often found in industrial wastes,

can be converted into its nontoxic form, Cr(III), by

reaction with metallic iron, Feo(s). The iron is

oxidized to Fe(III). He found good agreement with

the rate expression

rCr VIð Þ ¼ �kc0:5Cr VIð Þc
0:5
HþAFe sð Þ

where AFe sð Þ is the surface area of the iron in cm2=L.
The reported value of k is 5.45� 10�5 L cm�2min�1.

The experiments described in the paper were con-

ducted with 10�4 to 4� 10�3M Cr(VI) initially in

solution, and pH between 1.0 and 5.0.

(a) Aplatingwastecontaining1.5� 10�3MCr(VI)tot
is to be treated by this process in a CFSTR with

a detention time of 2 hours. The pH in the tank

is to be held at 2.0. Assume that iron can be

added as strands with a 100-mm diameter, such

as steel wool, and that the density of the iron is

7.8 g=cm3. Determine whether this tank could

accomplish 99% Cr(VI) removal with a rea-

sonable amount of Feo(s) added.

(b) In a discussion of alternative designs, an engi-

neer suggests doubling the iron dosage to reduce

the required residence time. However, another

one objects, arguing that, in light of the costs of

both the iron filings and their subsequent

disposal, the one-time cost of constructing a

larger reactor is worthwhile. Comment on this

discussion and, if you can, suggest a design that

satisfies both people.

4-10. Tripolyphosphate (P3O
5�

10 ) molecules hydrolyze in a

two-step process, generating pyrophosphate (P2O
4�

7 )

and orthophosphate (PO 3�
4 ) according to the follow-

ing reactions:

P3O
5�

10 þ H2O $ P2O
4�
7 þ PO 3�

4 þ 2Hþ Reaction ð1Þ

P2O
4�
7 þ H2O $ PO 3�

4 þ 2Hþ Reaction ð2Þ

The first-order rate constants for the above

two irreversible reactions are 2:3� 10�6 s�1 and

1.0� 10�6 s�1, respectively. In a batch system, the

functions which describe the molar concentrations

of the three P species over time are (Pankow and

Morgan, 1981)

cP3O10
tð Þ ¼ cP3O10

0ð Þexp �k1tð Þ
cP2O7

tð Þ ¼ k1cP3O10
0ð Þ

k2�k1
exp �k1tð Þ� exp �k2tð Þ½ 	

cPO4
tð Þ ¼ �cP3O10

0ð Þ
�
exp �k1tð Þ

þ 2

k2�k1
k2exp �k1tð ÞþMk1exp �k2tð Þð Þ



þ cP3O10
0ð Þ 1þ 2

k2�k1
k2þMk1ð Þ

� 
þ cPO4

0ð Þ

where M ¼ k2�k1ð ÞcP2O7
0ð Þ

k1cP3O10
0ð Þ � 1.

The coefficient 2 in the equation for cPO4
reflects

the formation of two PO4 molecules for each P2O7

molecule that hydrolyzes.

(a) What would be the steady-state effluent concen-

trations of the three phosphate species in an

ideal CFSTR treatment system with a hydraulic

residence time of 15 d, if the influent contained

P3O10 at a concentration of 15mg=L as P, and no

P2O7 or PO4? Recall that, although one mole of

P3O10 decays to form onemole each of P2O7 and

PO4, these 1:1 molar ratios do not apply if the

mass balance is written in terms of the number

of moles of P being converted from one species

into another in the reaction.

(b) A tracer study suggests that the entire reactor in

(a) does not behave as a CFSTR. Rather, a

portion of the reactor behaves as a CFSTR,

but 20% of the fluid short-circuits through the

reactor with a hydraulic residence time of 1 day,

and 15% of the reactor volume is dead space.

The short-circuiting fluid behaves as though it

passes through a PFR. What are the expected,

steady-state concentrations of the P-containing

species in the reactor effluent?

(c) Determine the steady-state concentrations

(mg=L) of the three P-containing species in

the effluent from two, equal-sized CFSTRs in

series, each with t¼ 7.5 days.

(d) Plot the concentrations of the three P species as

a function of residence time in a PFR for 0<
t< 30 d. Compare the result for a PFR with

t¼ 15 d with the results of (a) and (c).

PROBLEMS 149



4-11. Consider the two-compartment reactor described in

Problem 2-9. If a reactant that undergoes a second-

order reaction with a rate constant k2¼ 1000L=
molmin enters this reactor at an influent concentra-

tion of 10�4M, compute the expected steady-state

concentration in the effluent from the real reactor.

Predict also what the concentration would be if

additional mixing was induced in the system so

that the reactor behaved as a single, ideal CFSTR.

4-12. The following reaction rate expression was given in

Chapter 3 for the oxidation of sulfide:

�rTOTS ¼ kðTOTSÞ1:34cO2

0:56

where TOTS is the total sulfur in the �II oxidation

state; that is, TOTS ¼ cH2S þ cHS� þ cS2� . At pH 7.5,

k is 11.97 (L=mol)�0.9 h�1. Assume that this reaction

is occurring in the reactor that was described in

several examples in Chapters 2 and 4 (e.g., Exam-

ple 2-1), but a catalyst has been added so that the rate

constant is increased by a factor of 75. The influent

concentrations of S(II) and O2 are 2� 10�4M and

1.5� 10�4M, respectively, and the water is well-

buffered at pH 7.5. Assuming that the reactor has

segregated flow, what would be the expected effluent

concentration of TOTS(II)?

4-13. As indicated in Problem 3-7, the disinfection ofmicro-

organisms is often described by the “Chick–Watson

law.” This law, in its simplest form, can be written as

follows:
rX ¼ �kcXcD

where cX is the concentration of viable microorgan-

isms, cD is the concentration of disinfectant (e.g.,

chlorine), and k is a constant.

(a) In a batch reactor with a constant disinfectant

concentration of 1.5mg=L, 99% of the micro-

organisms are inactivated (killed) after 15min.

Find the value of k. (Note: this is the same

question as (a) of Problem 3-7. That problem

dealt with a batch system; the remaining

questions here ask about the same reaction in

systems with continuous flow.)

(b) Find the detention time required in the following

reactors to achieve 99% inactivation of the

microorganisms at steady state.

(i) PFR, if the chlorine concentration is

1.5mg=L throughout the reactor.

(ii) CFSTR in which the chlorine concentra-

tion is 1.5mg=L.

(iii) PFR, if the chlorine concentration is

1.0mg=L throughout the reactor.

(iv) CFSTR in which the chlorine concentra-

tion is 1.0mg=L.

(c) Recall that, for disinfection, the EPA treats all

reactors as if they are PFRs with a detention

time equal to T10 (the time when F(t) is 0.10).

How much disinfection credit would EPA give

for the reactor described in b(i)?

(d) Howmuch credit would EPA give for the reactor

described in b(ii)?

4-14. A disinfection reaction characterized by the rate exp-

ression rN¼�k1cX is proceeding in the reactor

described in Problem 2-7, where cX is the concentra-

tion of viable microorganisms remaining at time t,

and k1¼ 0.2min�1.

(a) For a system receiving an influent containing 106

organisms per 100mL, determine the expected

concentration of viable organisms exiting from

the reactor according to each model representa-

tion of the hydraulic behavior in the reactor (i.e.,

for the dispersion model with closed boundaries,

the CFSTRs-in-series model, and the seven-

PFRs-in-parallel model), as well as for a single,

ideal PFR and a single, ideal CFSTR of compa-

rable size. Also, make an estimate of percent

survival based on the E(t) curve.

(b) Based on the estimate of percent survival from

the E(t) curve, develop a plot showing time on

the abscissa and, on the ordinate, the fraction of

organisms in the effluent that has resided for an

amount of time <t in the reactor. On the same

graph, plot F(t) versus t. Comment on the

difference between the two curves.

(c) Assume that you had been hired to conduct this

study (both the tracer tests and the prediction=
analysis of disinfection efficiency). Discuss in a

few sentences which model you would use in

presenting the results to your client and any

recommendations you would make. Can you

recommend a different, but still simple, reactor

model that might be better than the ones tested?

4-15. An engineer has determined that the flow patterns in a

continuous flow reactor at a water treatment plant can

be reasonably represented by a CFSTR with a 15-min

hydraulic detention time, followed (in series) by a

PFR with a 5-min detention time. This interpretation

is based on the results of a step input tracer test.

Hypochlorous acid (HOCl) is being dosed steadily

into the influent; by convention, the disinfectant dose

and the concentration of disinfectant remaining at any

time thereafter are represented “as Cl2”. In these

units, the dose is 8mgCl2=L.
When the influent is chlorinated in a separate,

batch test, 1.5mg=LCl2 is consumed before the first

data point is analyzed, which is at t¼ 30 s. For

the next 30min, the Cl2 concentration in solution
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decays approximately according to the rate expres-

sion: rCl2 ¼ �0:02� 0:15cCl2
0:5, where rCl2 is in

mgCl2=(Lmin) and cCl2 is in mgCl2=L.

(a) Sketch the effluent tracer curve that you think led

the engineer to infer the CFSTR–PFR reactor

arrangement.

(b) Suggest a reason for the rapid disappearance of

the first 1.5mgCl=L in the batch test.

(c) What is the value of T10 that would be used to

compute the CT product for this system?

(d) What is the value of C that would be used to

compute the CT product for this system?

(e) The plant owners are considering installing a

baffle that would convert the CFSTR portion of

the system into two equal-sized CFSTRs in

series. Would such a change increase, decrease,

or have no effect on the values of C and T that

would be used to compute the CT product?

Explain your reasoning in a few sentences.

4-16. One of the advantages of CFSTRs over PFRs is the

ability of the former to smooth out fluctuations in

influent quality. A CFSTR and a PFR are being

considered as potential reactors to reduce the

concentration of a pollutant X from 10�3M to

5� 10�6M. The pollutant undergoes a first-order

reaction with rate constant 0.04min�1. The waste

stream also contains a nonreactive tracer Y at con-

centration 5� 10�3M. Predict the effect on the efflu-

ent concentrations of both X and Y of the following

two types of upset in each type of reactor:

(a) The influent concentration triples for 1 h and

then returns to its normal value,

(b) The flow rate of the waste stream triples for half

an hour and then returns to its normal value.

Assume the reactor is at steady state prior to each

upset and that the volume of water in the reactor is

constant. Determine the expected effluent concentra-

tions of bothX andY from the time of the upset until the

system has returned to a near-steady-state condition.

4-17. Answer Problem4-16 for an upset inwhich the influent

concentration ofX triples and the flow rate of thewaste

stream is simultaneously reduced to one-third of its

initial value. The upset lasts for half an hour, after

which both parameters return to their pre-upset values.

(This situation simulates a transient in which an input

stream that represents two-third of the flow to the

reactor but contains none of the contaminant is briefly

shut off.)Assume that the reactor is at steady state prior

to the upset and that the reactor volume is fixed. Show

the expected effluent concentration of X from the time

of the upset until the system has returned to a near-

steady-state condition in each reactor.

Is the total mass of reactant that exits the reactors

greater than, less than, or the same as would have

exited in the absence of the upset?

4-18. The solid recycling reactor system shown schemati-

cally in Figure 4-Pr18 is to be used to remove phos-

phate from an industrial waste stream by precipitation

of hydroxyapatite, Ca5(PO4)3OH(s) (designated HAp

in the figure). As shown in the diagram, the effluent

from the reactor enters a sedimentation basin, from

whichmost of the sludge is returned to the reactor. The

remaining sludge is dewatered and landfilled. A small

dose of HAp was added to the reactor to initiate the

reaction, but the system currently operates at steady

state without HAp addition.

The influent contains 16.7mg=L of soluble PO4-P

and no hydroxyapatite, and the flow rate is 3� 106L=d.
The discharge permit requires that the total P in the

effluent be not more than 5 kg=d. Of the solids entering
the settling basin, 0.2% escape with the effluent, 6.8%

are separated, dried, and sent to a landfill, and the

remainder is recycled to the main reactor. The recycle

ratio, R, is 0.2. The system is operating at steady state.

For the particular Ca2þ concentration, alkalinity,

and pH in the reactor, the rate expression for removal

of phosphate from solution is given as

rPO4-P ¼ �7:75� 10�4c1:7P cHAp

where cP and cHAp are the concentrations of soluble

phosphorus and solid hydroxyapatite in mg=L,
respectively, and r is in mg P=L h.

(a) Determine the conversion efficiency of soluble

P to HAp that must be achieved to meet the

discharge permit requirement. Do not assume

any particular mixing pattern in the reactor.

(b) What are the concentrations of PO4-P and HAp

in each flow stream?

(c) Determine the CFSTR volume that would be

required to meet the treatment objective.

Assume that all reactions occur in the reactor,

and not in the settling basin.

(d) Repeat (d) if the reactor is a PFR.

ReactorQin

cin,P

0.002Yg/d HAp
5 kg/d Ptot

Yg/d HAp
Xg/L HAp

Dewater

Liquid

Solids
0.068Yg/d dryHAp

QR= RQ

FIGURE 4-Pr18. Hypothetical flow diagram for a phosphorus

precipitation and solid separation process.
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5.1 INTRODUCTION

Importance of Gas Transfer in Environmental
Engineering

Transfer of molecules between gaseous and aqueous

phases is important in numerous environmental systems,

both natural and engineered. Gas transfer into solution is

commonly referred to as gas absorption, and transfer out

of solution is referred to as gas stripping; however, the

fundamental principles controlling both processes are

identical.

Engineered gas transfer processes include absorption of

oxygen and/or ozone into solutions to facilitate biological

or chemical oxidation, absorption of sulfur dioxide and

other pollutants from the gases generated in fossil fuel

combustion processes, and stripping of volatile organic

compounds (VOCs) from drinking water, wastewater, or

contaminated groundwater by exposing the solutions to

air.1 In biological treatment systems, although absorption

of oxygen into the water is usually the primary gas

transfer goal, stripping of carbon dioxide, ammonia,

and/or volatile trace organic compounds occurs simulta-

neously. And, in natural systems, gas transfer plays a

central role in the global carbon and nitrogen cycles, helps

determine the chemical composition of cloud droplets and

hence of precipitation, and determines the rate and extent

of reaeration of (i.e., absorption of oxygen into) surface

waters that have been contaminated by oxygen-depleting

wastes.

Overview of Gas/Liquid Equilibrium

Gas transfer processes combine a chemical reaction (the

conversion of a gaseous species into a dissolved species, or

vice versa, which occurs precisely at the interface) with

physical transport steps (movement of the species between

the interface and the bulk fluid phases).2 The chemical

reaction, like all chemical reactions, approaches an equili-

brium condition that reflects the relative stabilities of the

1 Any species that can exist in the gas phase is considered volatile, and

increasing tendency to enter the gas phase corresponds to increasing

volatility. The solubility of a gas refers to its tendency to enter solution.

Thus, the phrases increasing volatility and decreasing solubility are

synonymous.
2 Some authors argue that, because the volatile molecule has the same

chemical composition in the gaseous and aqueous phases, gas transfer

should be considered as a strictly physical process. The counter-argument is

that the molecule bonds, albeit weakly, towater molecules in solution, so the

process of transferring between phases does involve a rearrangement of

chemical bonds and hence can be reasonably viewed as a chemical reaction.

Overall, it is probably best to view this process, and most others described in

this text, as physicochemical and not attempt to identify them as strictly

physical or chemical in nature. Nevertheless, for the sake of brevity, and to

link gas transfer with other processes where the breaking of chemical bonds

is more explicit, we refer to it as a chemical reaction throughout this chapter.

Water Quality Engineering: Physical/Chemical Treatment Processes, First Edition. By Mark M. Benjamin, Desmond F. Lawler.
� 2013 John Wiley & Sons, Inc. Published 2013 by John Wiley & Sons, Inc.

155



reactants and products. Typically, this equilibrium condition

is characterized by a relationship between the liquid- and

gas-phase concentrations of the volatile species (cL and cG,

respectively) that is qualitatively similar to that shown in

Figure 5-1.3

The linear portions of the plot at the two extremes of

Figure 5-1 are of particular importance. These sections

indicate that cG is directly proportional to cL in two

limiting cases: one that applies when the volatile species

is very dilute, and the other that applies when it is the main

constituent in the liquid phase. As indicated, these regions

of the plot are referred to as the Henry’s law and Raoult’s

law regions, respectively. The proportionality constant in

the Henry’s law region is usually designated as H and is

referred to as the Henry’s law constant (or as Henry’s

constant), whereas that in the Raoult’s law region is the

vapor pressure of a pure liquid of the volatile species

(Pvap); that is

Henry’s law: cG ¼ HcL (5-1)

Raoult’s law: cG ¼ kRaoultPvapcL (5-2a)

PG ¼ PvapxL (5-2b)

where kRaoult is included in Equation 5-2a to ensure con-

sistency between the units on the left and right sides of the

equation. (As explained shortly, the units of H assure such

consistency in Equation 5-1.) The most common expression

for Raoult’s law, shown in Equation 5-2b, uses the partial

pressure of the volatile constituent in the gas phase as the

measure of cG, in which case the product kRaoultcL equals

the (dimensionless) mole fraction of the constituent in the

liquid phase (xL).

Although the figure shows a continuum between the two

limiting cases, the volatile species and water might not be

able to form a homogeneous solution at all mixing ratios.

That is, at certain mixing ratios, the constituents might

split into two different liquid phases—one consisting of

water in which a small concentration of the volatile

species is dissolved, and the other consisting of the

volatile species in which a small concentration of water

is dissolved. This scenario is commonly observed in

mixtures of water with VOCs such as benzene, toluene,

and trichloroethylene. In such cases, a portion of the

middle of the curve in Figure 5-1 would not represent

attainable conditions.

In the vast majority of environmental engineering appli-

cations, the interest is in the Henry’s law region of the graph.

Indeed, some volatile solutes (e.g., O2, CO2, H2S) never

exist as pure liquids at normal temperatures and pressures, in

which case the Raoult’s law portion of the graph is never

relevant. On the other hand, some systems of interest are

characterized by the Raoult’s law region, such as soils where

a nearly pure, nonaqueous-phase liquid (NAPL) might

be present as the result of a spill or leakage from a storage

tank. In addition, Raoult’s law is sometimes used to define

“ideal” solute behavior (i.e., the behavior that causes

the activity coefficient of the solute to be 1.0) in dilute

aqueous solutions of organic solutes.

Equilibrium between the gas and liquid phases is a limit-

ing condition under which no net gas transfer occurs.

However, many systems of interest in environmental engi-

neering are not characterized by such equilibrium. If the

dissolved concentration of the volatile species, cL, is larger

than the equilibrium value (for the extant value of the gas-

phase concentration, cG), then that species will tend to

transfer out of the solution and into the gas. In such a

case, the aqueous solution is said to be supersaturated

with the gas. Correspondingly, if cL is less than the equi-

librium value, the solution is said to be undersaturated with

respect to the gas, and the volatile species will tend to

transfer from the gas into solution. Finally, if cL is equili-

brated with cG, the solution is said to be saturated with the

volatile species.

These conditions are shown graphically in Figure 5-2 for a

system in the Henry’s law region of Figure 5-1. If the

conditions in a given system (i.e., the values of cL and cG
in the system) correspond to a point to the right of the

equilibrium line, then cL> cG/H, and the solution is super-

saturated. On the other hand, if the conditions correspond to

a point to the left of the line, then cL< cG/H, and the solution

is undersaturated.
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FIGURE 5-1. Gas–liquid equilibrium, demonstrating the

Henry’s law and Raoult’s law regions. The designations of the

regions are based on the assumption that the mixture contains only

water and the volatile species.

3 Note that, in the figure and throughout this chapter, the subscript L is used

to identify the liquid phase, but this phase is considered to be an aqueous

solution in all cases.
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Overview of Transport and Reaction Kinetics in
Gas Transfer Processes

The transfer of a molecule between a solution and a gas

phase involves several steps. In any real system, these steps

proceed simultaneously and, to some extent, in both direc-

tions. Nevertheless, it is common to analyze the system in

terms of the net, unidirectional movement of the species of

interest through a series of three to five conceptually

distinct spatial zones. Listed in the order that a molecule

traverses them if it is being stripped from solution, these

zones include the bulk solution, the interfacial liquid

region, the interface itself, the interfacial gas-phase region,

and the bulk gas phase. These regions are shown schemat-

ically in Figure 5-3, along with a hypothetical concentra-

tion profile for the volatile constituent. The interfacial

regions are defined as the regions of finite thickness

near the interface in which the fluid dynamics are affected

significantly by the interface and are therefore different

from those in the bulk phases. The interface is defined as

the infinitely thin boundary separating the two phases;

when a molecule crosses this boundary, it is considered

to have been transferred to the other phase.4

Aswe didwhen considering sequential chemical reactions,

we can represent each step in the gas transfer process as

contributing some resistance to the overall process, and we

can equate the total resistance with the sum of the individual

terms. The stepwith thegreatest resistance can be identified as

the rate-limiting step, providinguswith both anunderstanding

of how the process is operating and some clues about themost

effective strategies to alter the transfer rate.

Empirically, the rate of gas transfer in a given system is

almost always strongly correlated with the molecular diffu-

sivity. That is, if several volatile chemicals are transferring

between a gas phase and a solution in a given system (so that

the same hydrodynamics applies to all the transferring

species), the relative rates of transfer increase with increas-

ing diffusivity. This result suggests that diffusive transport

through one of the interfacial regions is the rate-limiting

step. In such a case, transport through the bulk phases and

the phase transfer reaction itself (i.e., crossing the infinitely

thin boundary between the solution and gas phases) must

contribute negligible resistance to the overall process. The

implications of these observations are that (1) the concen-

tration gradient in the bulk phases is negligible in most

systems of interest and (2) at the interface, the gas transfer

reaction proceeds so rapidly that we consider the two phases

to be in equilibrium, as characterized by Henry’s law. The

first implication can be confirmed empirically, and, although

the second one cannot be validated directly, it is widely

accepted and is incorporated into all modern models of gas

transfer. Hence, studies of gas transfer kinetics typically

focus on the interfacial layers in both phases.

Incorporating Gas Transfer into Mass Balances

The approach for evaluating the rate of transfer between a

solution and a gas is (as always) to write and solve one or

more mass balances on the substance of interest. In Chapters

1–4, the right side of the mass balance on a substance i is

represented as a sum of three terms: one each for appearance

of i in (or its disappearance from) the control volume via

advection, via the combination of diffusion and dispersion,

and via chemical reaction. The fundamental requirement for

the right side of the mass balance equation is that it take into

account every process that affects the mass of i stored in the

control volume. The separation and grouping of processes
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FIGURE 5-2. Schematic illustration of the relationship

described by Henry’s law, including regions where the solution

is under and supersaturated with respect to the gas.
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Interfacial
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Bulk liquid
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Liquid-phase
concentration
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FIGURE 5-3. Schematic representation of the zones through

which molecules must pass to transfer between the aqueous and

gaseous phases.

4 Schematics such as Figure 5-3 are often shown with linear concentration

gradients in both interfacial regions. As shown later in this chapter, linear

gradients can develop under certain limiting conditions, but they are not

expected to be the norm in most gas transfer systems.
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used in Chapters 1–4 is convenient conceptually as well as

mathematically in many cases, as demonstrated by numer-

ous examples in those chapters.

However, in systems where gas transfer is important, it

is convenient to treat the gas transfer contribution as an

individual term on the right side of the mass balance, rather

than including it with the terms that we considered in

previous chapters. That is, mass balances in such systems

are commonly written with four terms on the right side of

the equation: one for advection; one for diffusion and

dispersion other than that associated with gas transfer;

one for chemical reactions other than gas transfer; and

one for the combined process of reaction and diffu-

sion/dispersion associated with gas transfer. In the form

of a word equation, such a mass balance would be

As we will see, when a mass balance is written for the

volatile species in the liquid phase, the term characterizing the

overall gas transfer process bears a strong functional resem-

blance to the reaction term. In particular, just as the reaction

term can be written as the product rLVL, the gas transfer term

can be usefully represented as the product of the rate of gas

transfer per unit volume of solution, rL,gt (mass of i entering

the (liquid) control volume by gas transfer per unit volume of

solution per unit time), and the volume of the solution, VL.

Furthermore, rL,gt can be expressed as a function that bears

many similarities to rL for a first-order reversible reaction, so

that the mass balance can, in theory, be evaluated just like the

mass balances for systems where only homogeneous (i.e.,

single-phase) reactions are occurring.

Although analyzing gas transfer identically to homoge-

neous reactions is appealing in concept, it is difficult to

implement in practice. The difficulty arises because the

presence of a second phase makes the physics of gas transfer

processes considerably more complex than homogeneous

reactions. In particular, whereas the rate constant for homo-

geneous, first-order reactions depends only on the tempera-

ture, gas transfer reactions are characterized by apparent rate

constants that depend strongly on the amount of gas/liquid

interfacial area and the patterns and intensity of mixing in

the system (in both the solution and gas phases). As a result,

gas transfer can proceed at vastly different rates in systems

with identical chemical composition and temperature but

different physical characteristics; that is, rL,gt depends on

several physicochemical parameters that can vary widely

among systems of interest. This chapter is devoted to

developing an understanding of the factors that affect rL,gt
and approaches for evaluating this term.

Chapter Overview

In this chapter, each portion of the overview provided earlier

is expanded. The major types of engineered gas transfer

systems that are in common use are described first, followed

by a formal representation of the equilibrium relationship

between a given species in the gas phase and the same

species in the liquid phase in dilute aqueous solutions (i.e.,

Henry’s law). The microscopic, interfacial phenomena

involved in gas transfer (phenomena occurring at length

scales up to a few thousand times the size of the relevant

molecules) are then described, leading to the development of

a rate expression for gas transfer. This expression is devel-

oped first for transport between the interface and the bulk

fluid in a single phase, and is then combined with the

Henry’s law relationship to derive the form of the overall

term rL,gt. In the final section of the chapter, approaches are

presented for calculating parameters that can be used to

estimate the gas transfer rate constant for different types of

engineered systems. The expression for rL,gt is subsequently

used in our exploration of gas transfer at the macroscopic

scale (i.e., at the scale of full-sized gas transfer reactors) in

Chapter 6.5

Rate of change of
the mass of i stored
in the control
volume

¼
Net rate at which i enters
the control volume by
advection

þ

Net rate at which i enters the
control volume by diffusion
and=or dispersion; excluding
diffusion and dispersion
associated with gas transfer

þ

Net rate at which i is
created within the control
volume by chemical
reaction; excluding the gas
transfer reaction at the
interface

þ Net rate at which i enters the
control volume by gas transfer

(5-3)

5 The solutions to mass balance equations for gas transfer systems, appli-

cable to various control volumes and system designs, are presented in a

number of textbooks. Most textbooks on environmental engineering pro-

cesses (e.g., MWH, 2005 and AWWA, 2011) include a discussion of gas

transfer explicitly, and many more textbooks deal with mass transport

phenomena in general. For example, textbooks by Clark (2009) and Logan

(1999) deal specifically with mass transport in environmental systems,

whereas those by Cussler (1997) and Sherwood et al. (1975) take a more

generic, chemical engineering approach.
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5.2 TYPES OF ENGINEERED GAS

TRANSFER SYSTEMS

Engineered gas transfer systems can be broadly classified

as either gas-in-liquid or liquid-in-gas. The former group

includes systems in which discrete bubbles are distributed

in a continuous solution phase, whereas in the latter

group, droplets of water are exposed to a continuous

gas phase. While many systems fit neatly into one of

these two categories, others represent a hybrid of the two

limiting cases.

The most common gas-in-liquid systems of interest in

environmental (water) engineering are those in which gas

(usually air, but sometimes pure oxygen, carbon dioxide, or

ozone) enters the reactor through diffusers. The diffusers have

tiny holes through which the gas is forced (Figure 5-4a),

generating small bubbles that rise through the water column

and exit when they break through the water surface. As a

bubble rises, some molecules are transferred from the bubble

to the liquid (absorption) and/or from the liquid to the bubble

(stripping). The aeration devices used in household aquaria

provide a familiar example of a diffuser system; there, air is

pumped through a diffuser stone and, as the bubbles rise,

oxygen is transferred from each bubble to the water, main-

taining a dissolved oxygen (DO) level high enough to keep

the fish alive.

Diffuser systems are used very commonly in conjunction

with activated sludge treatment of wastewaters. In this case,

the very high rate of oxygen consumption by the aerobic

microorganisms necessitates a high flow rate of air (or

oxygen), typically supplied by a large number of diffusers

distributed over the bottom of the aeration tanks. Pictorial

representations of both an empty activated sludge aeration

tank, showing the arrangement of diffusers, and a similar

tank during operation are shown in Figures 5-4b and 5-4c.

Most air-in-water reactors have well-mixed aqueous

phases. However, some (including, for example, many

reactors used to transfer ozone into water) utilize

counter-current flow, in which the two phases travel in

opposing directions (gas up and liquid down), and a signifi-

cant concentration gradient might exist in the solution

phase. Other examples of gas-in-liquid systems encoun-

tered in water engineering are recarbonation reactors

(which increase the total dissolved carbonate concentration

and hence reduce the pH after precipitativewater softening)

and anaerobic digesters (in which the methane and carbon

dioxide that are produced by biological degradation of

sludges are partially removed from solution by the forma-

tion of gas bubbles). The defining characteristic of gas-in-

liquid systems is that the volume of the reactor is taken up

almost completely (certainly more than 90% and usually

closer to 99%) by the liquid.

Liquid-in-gas systems are also commonly used for both

stripping and absorption in environmental engineering

practice. The most common example is a tower packed

with a media designed to create a large interfacial area

between the liquid and gas phases. The space inside such

towers is filled with air, liquid, and the packing. The

packing pieces can be small (2–8 cm) units that are

dumped into the column (“random packing”) or larger

pieces (1–2m on a side) that are placed in the column

in a more structured manner. On a volumetric basis, the

packing accounts for only approximately 5% of the space,

and water for even less, so that more than 90% of the space

is filled with air. In such towers, water is sprayed by

nozzles or allowed to drip through numerous small holes

at the top and falls by gravity from one piece of packing to

the next, until it reaches a reservoir below the packing and

is removed. Gas (invariably air) is blown into the bottom

(usually) and travels upward through the packing and out

the top.

Groundwater used as a source of drinking water is

frequently aerated in this way to increase the oxygen

content (and thereby oxidize reduced inorganic com-

pounds such as Fe2þ and HS�) and/or to strip low

concentrations of volatile organics out of the water.

Similarly designed columns can be used to absorb

unwanted components of a gas stream (such as SO2

from the burning of fossil fuels) into water. Another

common liquid-in-gas system is a trickling filter, which

(at least in terms of gas transfer) is similar to the packed

towers just described but is used for biological treatment

of wastewater. Images of a full-scale gas transfer

tower and of some plastic packing media are shown in

Figure 5-5.

Some gas transfer systems have elements of both gas-in-

liquid and liquid-in-gas systems. For example, surface

aerators (either spray or brush aerators) that are used in

many activated sludge systems operate by spraying drop-

lets of water into the air or by carrying a thin film of water

into the air attached to the bristles of rotating brushes. This

part of the system can be characterized as liquid-in-gas. On

the other hand, as droplets fall into the water or when the

brushes re-enter the bulk liquid phase, they entrain air

bubbles that comprise a gas-in-liquid system. In these

systems, a significant amount of transfer can also occur

across the bulk water surface, a process that does not

conform closely to either the gas-in-liquid or liquid-in-

gas system. Images of some surface aerators are shown in

Figure 5-6.

Tray towers, in which water falls from one tray to another,

while each tray retains a pool of water a few centimeters

deep, are approximately half filled with water and half filled

with gas. They also have discontinuous liquid and gas phases

and do not fall into either of the earlier categories. However,

the flow patterns in both phases are similar to those in packed

towers, and they can be analyzed similarly to such liquid-in-

gas systems.
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FIGURE 5-4. Components and result of diffused aeration in environmental engineering systems.

(a) Schematic and photographs of a type of diffuser commonly used in aeration tanks of activated

sludge treatment processes. (b) An array of diffusers at the bottom of an empty aeration tank, seated

on the pipe supplying the air. (c) A full-scale aeration tank in operation, with the bubbles reaching the

top forming a thin foam layer. Source: Photo credits: (a, c) D. Rosso; (b) J. Wilson.
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FIGURE 5-5. Components of packed towers for gas transfer in environmental engineering. (a) A

packed column used for scrubbing of acidic gases by absorption into water. (b) (i) A piece of random

packing and (ii) molded packing of the type used in liquid-in-gas, gas transfer columns. (c) A typical

water distribution system for a packed tower (in this case, a trickling filter). Source: Photo credits:

(a) Envitech, Inc.; (b) Courtesy Lantec Products Inc.; (c) D. Rosso.
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5.3 HENRY’ S LAW AND GAS/ LI QUID

EQUIL IBRIUM

Volatil izatio n and Dissolution as a Chemi cal Rea ction

The transf er of a species A from an aqueou s solu tion into a

gas phase can be repr esented by the following reaction:

A ð aqÞ $ Að gÞ (5-4 )

where A(aq) represe nts molecu les of A diss olved in the

aqueou s solu tion; that is, surrounde d by water molecu les,

and A (g) represe nts molecules of A in the gas phase .

In som e cases, diss olved molecules form strong enough

bonds with water that a water molecu le is actually consi d-

ered to be a part of the dissolved species . For instanc e,

CO2(aq) and SO2(aq) are o ften writte n as H2CO 3 and

H2SO 3, resp ectively, so that the reactions char acterizing

volatilization of thes e species are as follows:

H2 CO 3 ðaq Þ $ CO 2 ð gÞ þ  H2 O (5-5 a)

H2 SO 3 ðaq Þ $ SO 2 ð gÞ þ  H2 O (5-5 b)

At times, it might be important to know whether a dis-

solved gas molecule is chemically bonded or just adjacent to a

water molecule. However, this distinction is usually

unimportant for our purposes, so we can consider the corre-

sponding pairs of species (e.g., CO2(aq) and H2CO3(aq)) to

be identical.

Partiti on Coeffici ents, Equi librium Constant s, and the
Forma l Definition of Henr y’s Law

Based on Figur e 5-1, Henry’s const ant can be defined as the

ratio of the gas-phase conce ntration to the liquid -phase

conce ntration of a volatile species i , whe n the syst em is

at equilibrium and the species is p resent at an infini tely

dilute conce ntration in a solution cont aining only the species

and water. The figure als o implies that the ratio cG, i/ c L,i is

appro ximatel y constant and equal to H not only at infinite

dilution, but also over an extended range of concentr ations,

designat ed as the Hen ry’s law region. As a result, we can

write

H � cG; i

cL ;i

����
eq ;infini te dilut ion

¼ cG ;i

cL; i

����
eq; Henry’s law region

(5-6 )

where the subscript eq emp hasizes that the ratio equals H

only if the system is at equi librium.

Th e vast major ity of application s of gas transf er in

envir onmenta l engi neering (inclu ding all the applica tions

that are discussed in this book) fall into the Henry’s law

FIGURE 5-6. Surface aerators used in environmental engineer-

ing systems. (a, b) Two types of rotating brush aerators; (c) a

floating, high-speed surface aerator. Note the intense mixing

that such systems can generate. Source: (a) House Industries,

Inc.; (b) J. Wilson; (c) Wikipedia (http://en.wikipedia.org/wiki/

File:Surface_Aerator.jpg, accessed 4/26/2012).
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region.6 Therefore, the constraint that Equation 5-6 applies

only in that region is rarely stated explicitly, and the equation

is usually written as follows:

H ¼ cG;i

cL;i

����
eq

(5-7)

The ratio of a constituent’s concentrations in two phases

at equilibrium is often referred to as a distribution coefficient

or partition coefficient. Thus, Henry’s constant as defined in

Equations 5-6 and 5-7 can be described as the partition

coefficient for species i between the gas and aqueous phases.

A related, but subtly different, definition of Henry’s

constant that is also commonly used defines this value as

the equilibrium constant for the volatilization reaction

shown in Equation 5-4. That is, using the symbol H0 for
this definition, we can write

H0 � aG;i

aL;i

����
eq

(5-8)

where aG,i and aL,i are the chemical activities of i in the gas

and liquid phases, respectively. Comparing Equations 5-7

and 5-8, and recognizing H0 as a true equilibrium constant,

we treat H as a pseudo-equilibrium constant, computed

using concentrations instead of activities in the calculation.

To quantify H0, we need to establish conventions for

computing the activity of the volatile species in both the

gas phase and the solution. To do that, recall that the

chemical activity of any species i in any phase equals

the product of the activity coefficient of i (g i) and the

species’ concentration (ci) in that phase, normalized to its

concentration in some arbitrary, but clearly defined, standard

state (ci,std.state); that is

ai ¼ g i

ci

ci;std:state
(5-9)

The (dimensionless) activity coefficient is an indicator of

how the environment surrounding molecules of i compares

with a clearly defined reference environment; if the actual

environment is very similar to the reference environment, g i
is close to 1.0, and if the two environments are very different,

gi is far from 1.0. The reference environment for gaseous

species is always chosen to be an ideal gas, but two different

choices are commonly made for the reference environment

of volatile species in solution: infinite dilution of the species

in an aqueous solution (the Henry’s law reference state), and

a pure phase of the species, present as a liquid (the Raoult’s

law reference state).7

Combining Equations 5-8 and 5-9, we find

H0 ¼ gG;i

gL;i

ðcG;i=cG;i;std:stateÞ
ðcL;i=cL;i;std:stateÞ

����
eq

(5-10)

Equation 5-10 makes clear that H0, like all true

equilibrium constants, is dimensionless. However, the

numerical value of H0 depends on the choices that are

made for cL,i,std.state and cG,i,std.state and on the environmental

conditions in the two reference states.

To understand the relationship between H0 and H, it is

useful to regroup the terms in Equation 5-10 as follows:

H0 ¼ 1

gL;i

gG;i

cL;i;std:state

cG;i;std:state

� �
cG;i

cL;i

����
eq

H0 ¼ 1

gL;i

gG;i
cL;i;std:state

cG;i;std:state

� �
H (5-11)

The standard state concentrations in both phases

(cG,i,std.state and cL,i,std.state) are virtually always assigned

values of 1.0, with whatever units are being used to express

the concentrations. Also, the activity coefficients of gas-

phase species, gG,i, are always assumed to be 1.0, because, at

normal temperatures and pressures, the behavior of any real

gas conforms closely to that of an ideal gas. Therefore,

the term in parentheses in Equation 5-11 has a magnitude

of 1.0 and units corresponding to those of cL,i/cG,i, and we

can write:

H0 ¼ 1

gL;i
1:0

units of cL;i

units of cG;i

� �
H (5-12)

Equation 5-12 establishes the relationship between the

two common ways of defining Henry’s constant: as an

equilibrium constant, H0, and as a pseudo-equilibrium

constant, H. In addition to the fact that H has units that

correspond to the ratio of gas-phase to liquid-phase concen-

trations, whereas H0 is dimensionless, the two terms differ

numerically by a factor equal to the activity coefficient of

the dissolved, volatile species.

As noted previously, the value of this activity coefficient

depends on how closely the actual environment of interest

conforms to the reference state. Most solutions of interest in

environmental engineering are relatively dilute. As a result,
6 The applicability of Henry’s law implies that not only the species of

interest, but all solutes, are so dilute that the volatile species behaves as

though it were the only solute present. A corollary is that, if multiple volatile

species are present in a single solution, and if they all are in the Henry’s law

region of the plot, then they all behave independently; that is, the behavior of

each species can be assessed without considering the presence of the others.

7 A detailed explanation of the meaning of the standard state and the activity

coefficient, and a summary of themost common conventions for quantifying

ci and g i in gases and aqueous solutions, are provided in Appendix 5A.
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if the infinite dilution reference state is chosen, then gL,i is

likely to be very close to 1.0, and the values of H0 and H will

be almost identical. If, on the other hand, the infinite dilution

reference state is used and the actual solution of interest

is not dilute (e.g., if it is seawater), then gL,i can be very

different from 1.0, leading to a large difference between the

values of H0 and H. For example, if the infinite dilution

reference state is used, the activity coefficient for DO in

seawater at 20�C is 1.24, indicating that oxygen is only 81%

(¼ 1/1.24) as soluble in seawater as in very clean fresh water

at this temperature. A similar difference exists between H0

and H if the selected reference state is different from infinite

dilution (e.g., if the Raoult’s law reference state is used), but

the actual solution of interest is dilute. As a more extreme

case, if the Raoult’s law reference state is adopted, the

activity coefficient of chloroform in a dilute aqueous solu-

tion at 20�C is 830. (The basis for this latter calculation is

shown in Appendix 5A.)

Any true equilibrium constant, such as H0, has the same

value in all systems at a given temperature. Thus, the value

of H0 for oxygen at 20�C is the same in fresh water and

seawater, and the difference in the solubility of oxygen in

the two solutions is attributed to a change in its activity

coefficient, as explained earlier. On the other hand, H is

a ratio of concentrations at equilibrium. Changes in the

environmental conditions (such as the overall solution

composition) can affect this ratio, so H can vary from

one system to the next, even among systems at the same

temperature.

Throughout this text, unless otherwise stated, we adopt

the definition of Henry’s constant as a pseudo-equilibrium

constant (H), so that it has units that correspond to those

of cG,i/cL,i. However (also, unless otherwise stated), we

focus on dilute solutions, and we use the infinite dilution

convention for the reference state. As a result, the solute is

always assumed to behave ideally (i.e., gL,i¼ 1.0).

One other commonly used convention defines Henry’s

constant based on the reverse of reaction 5-4, so that the

expressions for the partition and equilibrium constants are

inverted.8 In this case, the constant is often (but not always)

written with KH replacing H; that is

KH ¼ 1

H
¼ cL;i

cG;i

����
eq

(5-13a)

K 0
H ¼ gL;i 1:0

units of cG;i

units of cL;i

� �
1

H
(5-13b)

Dimensions of cL, cG, and Henry’s Law Constant

The ideal gas law establishes the following relationship

between concentration and pressure for any ideal gas:

cG;i;mol ¼ ni

VG

¼ Pi

RT
(5-14)

where cG,i,mol is the gas-phase concentration of i in moles

per unit volume, ni is the number of moles of i in the

gas phase, VG is the gas volume, Pi is the pressure

exerted by i in the gas phase (the partial pressure of i),

T is the absolute temperature, and R is the universal gas

constant. At standard temperature and pressure (STP) (i.e.,

25�C [298.15K] and 1 atm), RT is 24.47 atm L/mol or

2479 kPa L/mol.9

According to Equation 5-14, the partial pressure exerted

by any ideal gas i, regardless of its chemical identity, is given

by
Pi ¼ RTcG;i;mol (5-15)

Thus, the partial pressure exerted by any constituent of a

gas is directly proportional to its concentration in the gas

phase, and, at a given temperature, the partial pressure of a

gaseous species is a direct measure of its molar concentra-

tion in the gas phase.

The total pressure exerted by all the N gases in a system is

the sum of the partial pressures exerted by the individual

gases, so

Ptot ¼
XN
j¼1

Pj ¼ RT
XN
j¼1

cG;j;mol (5-16)

Thus,

Pi

Ptot

¼ RTcG;i;mol

RT
PN

j¼1 cG;j;mol

¼ cG;i;molPN
j¼1 cG;j;mol

� yi (5-17)

where yi is the dimensionless mole fraction of i in the gas

phase, defined as

yi �
moles of i in the gas phase

total moles of all species in the gas phase
(5-18)

The mass concentration of i in the gas phase, which we

represent as cG,i,mass (mass/volume), is the product of the

molar concentration of i and its molecular weight (MWi).

Thus, the relationships among partial pressure (Pi), mole

fraction (yi), molar concentration (cG,i,mol), and mass

8 Historically, this form of the equilibrium constant was known as the

Bunsen coefficient. However, at present, it is widely referred to as a Henry’s

constant, just like the form shown in Equation 5-3.

9 SI units for expressing pressure are Pascals (1 Pa¼ 1N/m2) or bars

(1 bar¼ 105 Pa¼ 100 kPa). However, units of atmospheres have long

been conventional for expressing gas-phase pressures in environmental

engineering, so these units are used in this discussion. 1.00 atm¼ 1.013 bar.
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concentration (cG,i,mass) in the gas phase can be summarized

as follows:

Pi ¼ yiPtot ¼ RTcG;i;mol ¼ RTcG;i;mass

MWi

(5-19)

Dimensions that are typically used to report values of

cG,i, cL,i, and H in the environmental engineering literature

are shown in Table 5-1, and values of H for some environ-

mentally significant gases are listed in Table 5-2. In this

text, values of H expressed in different units are indicated

by different subscripts, as shown in the table. Given the

various forms in which Henry’s constant is computed,

we must be especially careful when interpreting and using

tabulated data for its value; that is, it is essential that the

units used to express the concentrations in both phases,

the convention adopted to quantify the activity coefficient,

and the direction of the reaction be specified to avoid errors

of interpretation.

In environmental engineering applications involving vola-

tile organic compounds (VOCs), it is common to express

Henry’s constants using mass per volume dimensions for the

concentrations in both phases (i.e., as Hcc). This form of

Henry’s constant is used most extensively in the remainder

of the text. Because the same concentration units are used in

both phases, Hcc is often referred to as being dimensionless.

However, the concentration in the numerator is the mass of

the volatile species per unit volume of gas, and that in the

denominator is the mass per unit volume of solution. As a

result, the ratio has units of volume of liquid per volume of

gas (e.g., LL/LG).

& EXAMPLE 5-1. Henry’s constant for oxygen at 25�C,
in the form ofHpm, is given in Table 5-2 as 769 atm/(mol/LL).

Express this constant (a) in atm/(mol/mL
3), (b) as Hpc, and

(c) as the “dimensionless” Henry’s constant, Hcc.

TABLE 5-1. Units Commonly Used for Henry’s Law

Constantsa

Dimensions Used

for Gas-Phase

Concentration

Dimensions Used

for Aqueous-Phase

Concentration Symbol Units of H

Mass concentration

(mg i/L of gas)

Mass concentration

(mg i/L of solution)

Hcc
b L liquid

L gas

LL

LG

� �

Molar

concentration

(mol i/L of gas)

Molar concentration

(mol i/L of

solution)

Hmm
b L liquid

L gas

LL

LG

� �

Partial pressure

(atm)

Mass concentration

(mg i/L of

solution)

Hpc
atm-LL

mg i

Partial pressure

(atm)

Molar concentration

(mol i/L of

solution)

Hpm
atm-LL

mol i

Partial pressure

(atm)

Mole fraction

(mol i/total moles

of solution)

Hpx atm

Mole fractionc

(moles of i/total

moles of gas)

Molar concentration

(mol i/L of

solution)

Hym
LL

mol of gas

Mole fractionc

(moles of i/total

moles of gas)

Mole fraction

(mol i/total moles

of solution)

Hyx mol of solution

mol of gas

aFor Henry’s law constant written as a partition coefficient for the volatil-

ization reaction; that is, as cG,i¼HcL,i.
bValues of Hcc and Hmm are always identical.
cNote that, when the units used for the gas-phase concentration are mole

fractions, the value of H depends on the total pressure in the gas phase.

Tabulated values of Hym and Hyx invariably assume Ptot¼ 1.0 atm. Values

applicable for other pressures can be computed as: Hsystem ¼
HtabulatedðPtot;system=Ptot;tabulatedð¼ 1:0 atmÞÞ.

TABLE 5-2. Henry’s Constants of Some Environmentally

Important Gases

Compound

Ha

Hpm

(atm/(mol/LL))

Hcc or Hmm

(LL/LG)
b

Nitrogen 1590 65.0

Hydrogen 1280 52.3

Carbon monoxide 1050 42.9

Oxygen 769 31.4

Methane 769 31.4

Cyclohexane 182 7.44

Radon 108 4.41

Ozone 90.9 3.72

Carbon dioxide 29.4 1.20

Carbon tetrachloride 29.4 1.20

Tetrachloroethylene (PCE) 17.5 0.715

Chlorine 10.8 0.441

Hydrogen sulfide 10.0 0.409

Trichloroethylene (TCE) 10.0 0.409

Ethylbenzene 8.33 0.340

Toluene 6.67 0.273

Benzene 5.56 0.227

o-Xylene 4.55 0.186

Chloroform 4.00 0.163

Chlorine dioxide 1.00 0.0409

Sulfur dioxide 0.833 0.0340

Bromoform 0.556 0.0227

2,20,5,50- Tetrachlorobiphenyl 0.250 0.0102

Ethyl acetate 0.143 5.84� 10�3

Hydrogen cyanide 0.100 4.09� 10�3

Acetone 0.040 1.64� 10�3

Ammonia 0.017 6.95� 10�4

Methanol 4.6� 10�3 1.88� 10�4

Phenol 5.0� 10�4 2.04� 10�5

Acetic acid 2.0� 10�4 8.17� 10�6

aValues are for 25�C and are based on compilation by Sander (1999).
bValues in this column are valid for any units of concentration, provided that

the same units are used for both the liquid and gas phases.
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Solution. The differences among the various forms of

Henry’s constant are directly related to the different ways

of expressing the concentrations in the gas and liquid phases.

The constant given in the problem statement,Hpm, is based on

values of cG,i and cL,i in units of atm andmol=LL, respectively.

(a) To convert from units of atm/(mol/LL) to atm/

(mol/mL
3), we need to convert the liquid-phase con-

centration from mol/LL to mol/mL
3, as follows:

Hpm ¼ ð769 atmLL=molÞ 10�3 m3
L=LL

� �
¼ 0:769 atmm3

L=mol

(b) To convert from Hpm to Hpc, we need to convert the

liquid-phase concentration frommolar to mass units,

utilizing the MWof O2. The conversion is therefore

Hpc ¼ Hpm

MWO2

¼ 769 atm=ðmol=LLÞ
32; 000mg=mol

¼ 0:0240 atm= mg=LLÞð
(c) The required constant is the ratio of the gas- and

aqueous-phase concentrations when both are

expressed as mass per unit volume. The value of

769 atm/(mol/LL) given in the problem statement

already has the aqueous-phase concentration in

mol/LL, so the easiest approach is to convert the

gas-phase concentration from atm to mol/LG. To do

so, we can use the ideal gas law (Equation 5-14) to

relate partial pressure with the gas-phase molar con-

centration: cG ¼ n=VG ¼ P=RT . This equality indi-

cates that a gas-phase concentration expressed as a

pressure can be converted to one expressed in moles

per unit volume by dividing by RT. Thus, Hcc is

Hcc ¼ Hpm

RT
¼ 769 atm=ðmol=LLÞ

0:082 atmLG=mol Kð Þ298K
¼ 31:5LL=LG &

The value of Henry’s constant expressed asHcc is useful for

acquiring an intuitive feel for the solubility or volatility of a

chemical as follows. Consider a closed vial containing volumes

VLof liquidandVGofgas.Avolatile species ispresent in the two

phases at concentrations cL and cG, respectively. If these two

phases are at equilibrium, then Hcc ¼ cG=cL ¼ ðmG=VGÞ=
ðmL=VLÞ. If we specify further that mG¼mL (i.e., that the

same mass of the constituent of interest is in each phase), then

Hcc¼VL/VG. That is, Henry’s constant expressed asHcc equals

the liquid-to-gas volume ratio that causes the same mass of the

constituent to be in each of the two phases at equilibrium.

For example, Hcc for benzene at 25
�C is 0.227LL/LG. One

interpretation of this value is that, at equilibrium, the mass

of benzene in 0.227L of solution is the same as that in 1.0 L of

gas. On the other hand, Hcc for trichloroethylene (TCE, a

commongroundwater contaminant) is0.409LL/LG, indicating

that (again, at equilibrium) 0.409L of solution is required to

hold the same mass of TCE as is present in 1.0 L of gas.

A similar comparison can be made for closed systems that

have a fixed ratio of VL/VG¼ 1.0 LL/LG; that is, equal

volumes of the two phases (rather than a fixed ratio of

mL/mG¼ 1). In this case, at equilibrium, Hcc¼ cG/cL¼
mG/mL. That is, for a system with equal volumes of gas

and liquid,Hcc equals the ratio of the species’ mass in the gas

phase to that in the solution. This way of looking atHcc leads

to the conclusion that, in an equilibrium system with equal

volumes of gas and liquid, benzene will be distributed in a

ratio of 0.227 grams in the gas phase per gram in solution,

whereas TCE will be distributed in a ratio of 0.409 grams in

the gas per gram in solution.

Based on either of these two ways of comparing the two

species, we conclude that TCE is more volatile (i.e., less

soluble) than benzene, and that a higher Henry’s constant

corresponds to greater volatility. Both ways of thinking about

volatility and Henry’s constant are shown schematically in

Figure 5-7 for TCE and benzene, and also for oxygen, which

is much more volatile than either of the organics.

The equilibrium between the two phases in a closed vial is

taken advantage of when headspace analysis is used in gas

chromatography. In this application, the gas-phase concen-

tration is measured, and the liquid-phase concentration is

inferred, assuming gas/liquid equilibrium and taking into

account the ratio of volumes of liquid and gas in the bottle.

& EXAMPLE 5-2. You have received a sealed vial

containing a water sample to be analyzed for cyclohexane.

The volume of the vial is 10mL, and the temperature is

25�C. You notice that the vial contains an air bubble,

whose volume is 0.25mL.

(a) If the sample originally contained 10�7mol/L of the

analyte, what concentration will you measure in

the solution, assuming that it has equilibrated with

the air bubble?

(b) What are the concentrations of cyclohexane

(MW¼ 84) in the gas and liquid phases in the bottle,

in mg/L?

0.409 LL/LG0.227 LL/LG

31.4 LL/LG

0.227 mg benz 
0.409 mg TCE 

31.4 mg O2

1.0 mg each 
benz, TCE, 

and O2

(a) (b)

mL,benz = mG,benz
mL,O2

 = mG,O2mL,TCE = mG,TCE VL = VG

FIGURE 5-7. Various ways of interpreting H. (a) The solution-

to-gas volume ratios required to have an equal mass of a given

species in each phase. (b) Distribution of three species between the

gas and solution in an equilibrium system with VL¼VG.
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Solution.

(a) The total number of moles of cyclohexane (ntot,i) in

thevial is (0.00975L) (10�7.0mol/L), or 9.75� 10�10

mol. This mass will be distributed between the

liquid and bubble at equilibrium in accordance

with Henry’s law, as follows:

ntot ¼ nG þ nL ¼ cGVG þ cLVL ¼ Pi

RT
VG þ Pi

Hpm

VL

where the relationshipcG,i¼Pi/RT is fromthe idealgas

law (Equation 5-14). The partial pressure of cyclo-

hexane in the gas phase can therefore be computed as

The equilibrium concentration in solution can be

found by combining this result with Hpm:

cL ¼ Pi

Hpm

¼ 1:53� 10�5atm

182 atm=ðmol=LLÞ ¼ 8:4� 10�8mol=LL

The solution originally contained 10�7mol/L of the

analyte, so the calculation indicates that approxi-

mately 16% of the analyte volatilized when the

solution equilibrated with the air bubble. This loss

of the analyte would cause a corresponding 16%

error in the concentration that would be detected if

the analysis did not take the volatilization process

into account. Note that the error caused by the

presence of the bubble decreases with decreasing

volatility (i.e., decreasing H).

(b) The value of cL in mg/L can be computed as the

product of the molar concentration and the MW, and

cG can then be computed using Hcc as

cL ¼ 8:4� 10�8mol=LL

� �ð84� 106 mg=molÞ
¼ 7:0mg=LL

cG ¼ HcccL ¼ 7:44
LL

LG

� �
7:0mg=LLð Þ ¼ 52mg=LG

&

Factors Affecting Gas/Liquid Equilibrium

The major factors controlling Henry’s constant of a com-

pound are its chemical structure and the temperature of the

system. As noted previously, the solubility of a volatile

species is also affected by the presence of other constituents

in the solution, and this change in solubility is often reported

as a change in Henry’s constant. The effects of chemical

structure, temperature, and solution composition on solubility

of volatile compounds are reviewed briefly in this section.

In the gas phase, the space separating molecules is so

large (on average) that attractive or repulsive interactions

among the molecules are negligible, regardless of their

identity. As a result, the volatility of a dissolved species

is dictated primarily by its interactions with the aqueous

phase: the more favorable its interactions with thewater (i.e.,

the more hydrophilic the molecule), the less volatile it is.

Therefore, increasing hydrophilicity (or, equivalently,

decreasing hydrophobicity) is associated with decreasing

values of H.

The hydrophilicity of a solute is controlled primarily by

two factors: bonding between the solute and water mole-

cules, and the mobility of the water molecules surrounding

the solute. Whenever a volatile molecule transfers from the

gas phase to an aqueous solution, some bonds between

adjacent water molecules (hydrogen bonds) must break to

create space for the volatile molecule to occupy, and new

bonds form between the solute and water. The net effect of

these changes is quantified by the enthalpy of dissolution,

which is negative (favorable) for dissolution of any volatile

species. In other words, although the need to break water–

water bonds opposes dissolution, the new solute–water bonds

that form are favorable, and their effect always dominates the

former one (Israelachvili, 1985). The reason for this some-

what surprising outcome is that the water molecules can

rearrange themselves to create the hole with almost no

breakage of bonds.

If bond formation and breakage were the only factors

controlling dissolution, then no species would be volatile,

because dissolution would be favored under all circum-

stances. However, when solutes dissolve, they also orient

the nearby water molecules in a way that reduces the

freedom of movement of those molecules. If the solute is

ionic or highly polar, then the adjacent water molecules are

held in an orientation that maximizes favorable electrical

interactions with the solute, and if it is nonpolar, the

surrounding water molecules arrange themselves to form

a cage-like structure around the solute (Figure 5-8). This

decreased freedom of motion of the water molecules repre-

sents a decrease in entropy, which opposes dissolution. The

balance between this decreased freedom of motion and the

formation of solute–water bonds (which favors dissolution)

determines the volatility of any given compound.

Pi ¼ ntot;i

ðVG=RTÞ þ ðVL=HpmÞ

¼ 9:75� 10�10 mol

0:00025 LG= ð0:082 atmLG=mol Kð Þ 298KÞð Þ þ 0:00975 LL=ð182 atmLL=molÞ ¼ 1:53� 10�5 atm
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Bonds between charged solutes (ions) and water are

particularly strong, making all ions very hydrophilic and

nonvolatile; that is, for all practical purposes, ionized species

do not exist in the gas phase. Bonds between neutral

molecules and water are weaker than those between ions

and water, with the strength of the interaction decreasing

with decreasing polarity of the solute.10 As a result, Henry’s

constants of neutral molecules increase with decreasing

polarity, other factors (e.g., molecular size) being equal.

On the other hand, for a given molecular structure (e.g., a

series of straight-chain hydrocarbons), increasing molecular

size steadily increases both the favorable solute–water

interactions and the unfavorable immobilization of the

water. Invariably, increasing molecular size magnifies the

favorable interactions more than the unfavorable ones

(Israelachvili, 1985), so that an increase in molecular size

increases the net attractiveness of the dissolution reaction

and decreases Henry’s constant.

The preceding discussion focuses on the transfer of

volatile molecules directly between an aqueous solution

and the gas phase. An alternative and useful interpretation

of the effects of molecular structure on volatility considers

the pure compound in a liquid state (not an aqueous solution

of the compound) as the starting point; that is, it considers

volatility from a Raoult’s law perspective.

The volatility of pure compounds is quantified by their

vapor pressure. If the interactions of molecules of these

compounds with water molecules and with one another were

identical, then the trend in Henry’s constants for a range of

compounds would be the same as the trend in the vapor

pressures of the pure compounds. However, most neutral

compounds interact less favorably with water than with

other like molecules. As a result, the compounds are more

likely to volatilize from an aqueous solution than from the

pure liquid; this fact is reflected in the greater slope in

the Henry’s law region than the Raoult’s law region in

Figure 5-1.

Thus, from this perspective, a Henry’s constant can be

viewed as reflecting two factors—the inherent volatility of

the pure compound, as indicated by its vapor pressure at

the temperature of interest, and the activity coefficient of the

compound when it is dissolved in water (using the pure

liquid as the standard state), which indicates the stability of

the molecule when surrounded by water molecules. Some

compounds, such as methanol, are quite stable when sur-

rounded by water, but nevertheless have relatively high

Henry’s constants because of their inherent volatility. Com-

pounds such as polychlorinated biphenyls (PCBs), on the

other hand, have very low inherent volatility as pure com-

pounds, but their volatility when dissolved in water is

nevertheless significant, because their interactions with

water molecules are so unfavorable. The decline in stability

when a molecule moves from a pure liquid to an aqueous

solution (which is related to the decrease in entropy of the

water molecules, as discussed earlier) is often referred to as

the hydrophobic effect.

In recent years, a number of attempts have been made to

predict several important molecular properties, including

Henry’s constants, based strictly on molecular structure.

These so-called quantitative structure–activity relationships

(QSARs) have been quite successful in some cases and less so

in others. The predictions of QSARs for Henry’s constants of

organic compounds are often quite good. Compilations of

these predictions have been provided by Nirmalakhandan

et al. (1997) and Schwarzenbach et al. (2002).

As suggested in Figure 5-2, Henry’s constant also

depends on the temperature. This effect is typically modeled

using the van’t Hoff equation, which describes the effect of

temperature on any equilibrium constant:

ln
HT2

HT1

¼ DH
o

R

1

T1

� 1

T2

� �
(5-20)

where HT1
andHT2

are Henry’s constants at temperatures T1

and T2, respectively,DH
o
is the enthalpy change per mole of

stoichiometric reaction under standard state conditions, and

R is the universal gas constant.11 As noted previously,

FIGURE 5-8. Schematic of hydrogen-bonded water molecules

surrounding a hydrophobic solute. Source: From Israelachvili

(1985).

10 These bonds arise from so-called London–van der Waals interactions, in

which resonance between the electronic vibrations in adjacent molecules

generates attractive forces between the molecules.

11 Equation 5-20 is based on the assumption that the molar enthalpy of

reaction under the conditions of interest equals the molar enthalpy under

standard state conditions. This assumption is generally acceptable for

environmental systems. Also, note that H
o
is the universally accepted

symbol for standard molar enthalpy; it is not a Henry’s constant.
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transferring a molecule from solution to the gas phase always

requires energy to break the bonds between the solute and

neighboring (mostly water) molecules, so the enthalpy of

volatilization is always positive (i.e., the reaction is endo-

thermic). As a result, volatility (and therefore Henry’s con-

stant) always increases with increasing temperature. This

trend is demonstrated in terms of solubility (the opposite of

volatility) for oxygen in Figure 5-9 and in terms of Henry’s

constant for several VOCs in Figure 5-10. Because of the

overwhelming importance of DO as a water quality parame-

ter, its solubility as a function of temperature and salt content

has been studied more so than that of any other gaseous

species. The curves in Figure 5-9 are obtained from the

following empirical correlation that was derived from such

studies (APHA, 2005):

ln c�O2
¼ �139:344þ 1:576� 106

T
� 6:642� 107

T2

þ 1:244� 1010

T3
� 8:622� 1011

T4

� Chl 3:193� 10�2 � 19:43

T
þ 3:867� 103

T2

� �

(5-21)

where c�O2
is the equilibrium concentration of DO at a partial

pressure of 0.21 atm, T is the temperature, and Chl is the

chlorinity of the solution, defined as the chloride concentra-

tion in g/kg. The overall salt content of the solution is

assumed to include all the salt ions that are in seawater

that has been diluted or concentrated until it has the specified

chlorinity.

Finally, the volatility of a molecule is affected not only

by its own properties, but also by the presence of other

species in solution, which might either increase or

decrease the solubility of the volatile species. Most often,

solubility decreases with increasing salt concentration (i.e.,

with increasing ionic strength), as shown for oxygen in

Figure 5-9. Because other solutes can also affect the solu-

bility of gases in ways that are difficult to predict, the

saturation concentration of gases should be determined

experimentally, rather than relying on the literature values,

if highly accurate values are required.

In the waste treatment literature, it is conventional to

represent the ratio of the oxygen saturation concentration in

a particular water to the corresponding concentration in

clean water at the same temperature by the symbol beta (b):

cO2;sat;actual ¼ bcO2;sat;clean (5-22)

In this case, the effect on Henry’s constant is given by

HO2;actual ¼
HO2;clean

b
(5-23)

Except in highly saline waters, b tends to be a fairly minor

correction. For instance, in activated sludge systems treating

domestic wastewater, b values are usually between 0.7 and

0.98, and a value of 0.95 is frequently assumed (Metcalf and

Eddy Inc, 2003).12
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FIGURE 5-9. Temperature- and salt-dependence of the solubility

of oxygen in water equilibrated with the atmosphere. The number

shown for each curve indicates the chloride concentration in the

water in grams per kilogram of solution. For reference, the Cl�

concentration in seawater is 19.3 g/kg. The data are for solutions that

contain the indicated concentration of Cl� and other salts in the same

ratio to Cl� as their ratio in seawater. Source: After APHA (2005).
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FIGURE 5-10. The temperature dependence of Henry’s constant

for several halogenated VOCs. 1: Bromoform; 2: Hexachloro-

ethane; 3: Chloroform; 4: Trichloroethylene; 5: 1,1,1-Trichloro-

ethane; 6: Tetrachloroethylene; 7: Carbon tetrachloride; 8:

Dichlorodifluoromethane. Source: Based on data in Munz and

Roberts (1987).

12 Note that, if Henry’s constant is defined as the equilibrium constant for

the reaction (i.e., as H 0), then the effect of other solutes on the solubility of

the volatile species would be interpreted as an effect on g i, while H0

remained constant.
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5.4 RELATING CHANGES IN THE GAS

AND LIQUID PHASES

The stoichiometry of a reaction establishes that, if amoles of

reactant A are consumed, p moles of product P are formed.

In homogeneous reactions taking place in solution, both A

and P are dissolved in the same volume of solution, so the

stoichiometric mole ratios can be converted directly into

concentration ratios by dividing by the volume; that is,

reaction of a mol/L of A yields p mol/L of product P. A

similar relationship exists with respect to the rate of reaction

(conversion of amol/L of A per minute generates pmol/L of

P per minute).

In contrast, in a gas transfer reaction in which dissolved

A is the reactant and gas phase A is the product, the mass

balance requires that for every mole of A leaving the

aqueous phase, one mole of A enter the gas phase. Since

the volumes and molar densities of the two phases differ, it

is incorrect to equate the number of moles per liter lost

from the liquid with the number of moles per liter gained

by the gas. Nevertheless, it is convenient to have a single

expression that describes gas transfer and that applies

identically to both phases. Such an expression can be

written by normalizing the transfer to the interfacial

area, rather than to the volume. When this is done, the

rate of transfer is given as a flux J, with dimensions such as

moles or milligrams of the volatile species transferred per

unit area (A) of interface per unit time. Fluxes have

directionality as well as magnitude; in this text, we define

JL and JG as the fluxes into the liquid and gas phases,

respectively. Thus, in a given reactor, JL¼�JG.

As noted earlier, the term accounting for gas transfer in a

mass balance on the liquid phase can be expressed as the

product rL;gtVL, where rL,gt is the rate (mass or moles per

unit volume of solution per unit time) at which the species of

interest enters the solution. At times, it is useful to normalize

rL,gt to the volume of the whole reactor (including both the

solution and gas phases) rather than to the solution alone.

This rate, which we designate as rR,gt, can be expressed as

follows:

rR;gt ¼ JL
A

VR

(5-24)

Note that, because the reactor volume includes the space

occupied by both the liquid and gas phases, in general,

VR 6¼VL 6¼VG.

Designating the amount of interfacial area per unit vol-

ume of reactor (i.e., the concentration of interfacial area in

the reactor) as aR, the products JLaR and JGaR give the rates

of gas transfer into the liquid and gas phases, respectively,

per unit volume of reactor (e.g., in mol/Lmin). Similarly, the

ratio of interfacial area to the volume of liquid in the reactor

(A/VL) can be designated as aL. Substituting these definitions

into Equation 5-24, we obtain

rR;gt ¼ JL
A

VR

¼ JLaR ¼ JLaL
VL

VR

(5-25)

Correspondingly, the rate of gas transfer per unit volume

of solution (rL,gt) is obtained by an expression analogous to

Equation 5-24, with VL replacing VR as follows:

rL;gt ¼ JL
A

VL

¼ JLaL (5-26)

In the gas transfer literature, an unsubscripted a is often

used to represent both aR and aL, inwhich case themeaning of

the parameter must be inferred from context. In systems in

whichbubbles of gas are dispersed in a bulk liquid, thevolume

occupied by the gas phase is often much smaller than that

occupied by the liquid, so aR � aL, rR;gt � JLaL, and the

distinction between aR and aL becomes unimportant. How-

ever, both for mathematical formality and because the values

of aR and aL differ significantly in some systems, it is

important to be clear about which means of normalizing

the interfacial area is being used in a given analysis.

The flux describes the gas transfer rate across a given

patch of surface and, as is shown subsequently, can be

related to the chemical and physical properties in the

immediate vicinity of the interface. It is thus a highly

localized, or microscopic, characteristic. The term a (either

aR or aL), on the other hand, characterizes macroscopic

properties of the system. Even if the microenvironments

near the gas–liquid interface in a stripping tower, an acti-

vated sludge aeration tank, a flowing river, and a quiescent

pond are similar, so that they have comparable fluxes across

each unit area of interface (equal J values), the very different

macroscopic geometries (different a values) of these sys-

tems could lead to vastly different overall gas transfer rates.

5.5 MECHANISTIC MODELS

FOR GAS TRANSFER

Fluid Dynamics and Mass Transport
in the Interfacial Region

As noted previously, empirical evidence suggests that trans-

port through the liquid- and/or gas-phase interfacial regions

(as opposed to transport through the bulk fluid phases or the

kinetics of the phase transfer reaction at the interface itself)

is the rate-limiting step in most gas transfer processes. The

reason that transport through the interfacial regions is

impeded more than in the bulk phases has to do with the

unusual environment near the interface. Whereas the forces

operating on water and solute molecules are identical in all

directions in the bulk solution, this symmetry does not

extend all the way to the gas/liquid interface, because the
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gas does not exert as strong an attraction on the interfacial

molecules as the solution does. As a result of this asymme-

try, the motion of molecules near the interface is slightly

constrained, making it more difficult to mix surface water

with bulk water than it is to mix packets of bulk water with

each other.

The resistance to mixing between interfacial water and

bulk solution can be envisioned by assuming that tiny

packets of bulk solution move to the interface, remain there

for some period of time, and are then swept back into the

bulk solution as they are replaced by other packets; the time

that a packet spends at the interface is then an indicator of

the resistance to packet exchange. If the interfacial region is

assumed to be one packet thick, each packet is bounded on

one side by the interface and on the other by bulk solution.

While at the interface, the packets are assumed to have no

internal mixing, so transport through them occurs solely via

molecular diffusion. A similar process can be envisioned to

occur on the gas-phase side of the phase boundary, although

the dimensions of the packets and the frequency with which

packets are exchanged might be different in the two phases.

All models of gas transfer used in environmental engineer-

ing incorporate the assumption that the resistance to transport

through one or both of the fluid boundary layers dominates the

resistance imposed by other steps in the gas transfer process,

and all represent the fluid dynamics of the boundary layers by

some version of the “exchanging packets” model described

earlier. Here, we refer to all such models as two-resistance

models. The absence of resistance in the bulk phases is

incorporated into the models by assigning a uniform concen-

tration throughout each phase (with the exception of the

interfacial region), and the absence of resistance at the inter-

face is incorporated by assuming that, right at the interface,

the two phases are so close to equilibrium that their concen-

trations can be related by Henry’s law.

In the following sections, the mathematics associated

with some of these models is presented. Then, approaches

are presented for evaluating whether the gas or liquid

interfacial region contributes more resistance to the overall

process, and ways in which this information can be used to

characterize some important gas transfer processes in envi-

ronmental engineering are explored. As in previous chap-

ters, the analysis is carried out by writing mass balances

around the key regions of interest, in this case the interfacial

regions. For simplicity, the interface is assumed to be flat.

The Mass Balance on a Volatile Species Near a
Gas/Solution Interface

Gas Transfer and Transport Through a Fluid Packet at the
Interface The earliest two-resistance model for gas trans-

fer (Whitman, 1923) was based on the assumption that the

water and gas in the interfacial region remained there

permanently; this model is referred to as the two-film,

stagnant-film, or fixed-film model. The model has many

useful features, but it predicts a larger variation in gas

transfer rates among different species than is observed

experimentally. To address this inconsistency, the possibility

that packets of fluid from the bulk phases could exchange

with packets at the interface was incorporated into later

models, making the residence time distribution (RTD) of the

packets a critical model parameter.

The mathematics of gas transfer under two limiting-case

scenarios for the RTDs of the packets was then developed.

One limiting case assumed that all packets had identical

residence time at the interface, whereas the other assumed a

distribution that decayed exponentially with increasing time.

This latter assumption corresponds to a dynamic in which all

packets that are at the interface at any instant have equal

probability of being stripped away and returned to bulk

solution in the next instant (regardless of how long they have

already been at the interface). These RTDs correspond

closely to the RTDs of water packets in a continuous

flow reactor with plug flow and complete mix hydraulics,

respectively. The model with uniform packet residence

times was developed by Higbie (1935) and is called the

penetration model, and that with an exponential RTD was

developed by Danckwerts (1951) and is called the surface

renewal model. In the context of these models, the stagnant-

film model can be described as assuming an RTD in which

all the packets spend so much time at the interface

(approaching an infinite time) that the details of any differ-

ences among packet residence times are irrelevant. These

different RTDs are shown schematically in Figure 5-11.
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FIGURE 5-11. Packet residence time distributions according to

the two-film, penetration, and surface renewal models. Ep(t) is the

probability density associated with t; that is¸ the probability that a

packet will spend between t and tþ dt at the interface, divided by

dt. In the example curves, the mean packet residence time is the

same for the penetration and surface renewal models (tPen and tSR,

respectively). For the stagnant-film model, no explicit RTD is

postulated, but all packets are assumed to have very long residence

times near the interface.
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Consider the scenario that ensues when a packet of bulk

solution containing a volatile substance i arrives at the

interface. Assume that, for the given gas-phase composition,

the bulk solution is undersaturated with respect to species i.

Some i molecules will transfer quickly from the gas into

solution, establishing equilibrium across the interface and a

concentration gradient in the liquid packet. In response,

molecules of i begin to diffuse through the packet, away

from the interface and toward the bulk solution, so the

concentration of i throughout the packet increases.

Initially, the concentration gradient and resultant flux near

the interface are large, and the corresponding values near the

boundary of the packet with the bulk solution are very small.

If the packet stays at the interface for only a short time

(compared with the characteristic time for diffusion through

the packet), then the gradient near the bulk solution will

remain small, and the packet will remain in an unsteady-

state situation throughout its time at the interface. On the

other hand, if the packet stays at the interface for a time that

is long compared with the characteristic time for diffusion

(but still short enough that the concentration in bulk solution

does not change appreciably), then the concentration gradi-

ent will diminish near the interface and becomes significant

near the bulk solution. These expectations are shown sche-

matically in Figure 5-12.

The concentration profile in the packet at any time can be

computed by solving the nonsteady-state mass balance

written around the packet. A definition diagram for the

system, representing the gas/liquid interface and the bound-

ary of the interfacial layer with the bulk solution as planes

and the packet as occupying the space between them, is

provided in Figure 5-13.

The cross-sectional area of the packet and the thickness of

the interfacial region are designated as A and dL, respec-

tively, and we assume that a concentration gradient exists

only perpendicular to the interface (in the x direction). Using

a thin layer of the packet as the control volume, the mass

balance can be written as follows:

Note that, because the phase transfer takes place outside

the control volume, it does not appear in the mass balance.

Both advection and dispersion across the boundaries of the

control volume are zero because, by definition, no fluid

enters or leaves the packet and no mixing occurs within the

packet while it is at the interface. Thus, the first term on

the right side of the mass balance has a value of zero
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FIGURE 5-13. Definition diagram for the mass balance around a

packet of liquid arriving at a planar interface. The system of interest

is a packet of cross-sectional area A that extends from x¼ 0þ to

x¼ dL. The mass balance (Equation 5-27) is written over a differ-

ential volume with area A and thickness dx (the area between the

two planes in the middle of the interfacial layer).
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FIGURE 5-12. Schematic representation of the concentration

profile in a packet of water after it reaches the interface, in a

system where the solution is undersaturated with the volatile

constituent.

Rate of change
of mass of i
stored in the
control volume

¼
Net change in
mass of i in the
control volume
due to advection

þ

Net change in
mass of i in the
control volume
due to diffusion
and dispersion

þ

Net change in
mass of i in
the control
volume due to
reaction

@cL
@t

Adx ¼ �Av
@cL
@x

dx þ AðDL þ eLÞ @
2cL

@x2
dx þ rLAdx

(5-27)
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(because v¼ 0), and we can assign e¼ 0 in the second term.

Assuming that i does not undergo any reaction in the

interfacial region, rL is zero as well. As a result, the

molecular diffusion term is the only significant term on

the right side, and Equation 5-27 simplifies to

@cL
@t

¼ DL

@2cL

@x2
(5-28)

The concentration profile in the packet is found by inte-

gratingEquation 5-28 fromaplane adjacent to the interface on

the solution side (so that the gas transfer reaction remains

outside the system boundaries) to x¼ dL. Solution of the

equation requires one initial condition and two boundary

conditions. The initial condition is that, when the packet first

arrives at the interface, the concentration throughout the

packet equals that in the bulk solution (cL,b). The boundary

conditions apply at the interface (x¼ 0), where the concen-

tration is cL,int, and at the boundary between the interfacial

region and the bulk solution (x¼ dL), where it is cL,b.

The values of cL,int and cL,b are steadily changing while

the packet is at the interface. However, incorporating these

changes into the boundary conditions makes the problem

very difficult to solve. This difficulty can be circumvented

by assuming that both cL,int and cL,b are constant during the

short period that the packet stays at the interface. The former

assumption reflects the idea that the actual gas transfer

reaction proceeds very quickly, so that the concentration

right at the interface changes rapidly when the packet first

arrives and then only slightly during the remaining time that

it resides there. We leave the identification of the exact value

of cL,int for later; all that matters now is the assumption that it

is a constant during the residence time of a packet of solution

at the interface. The assumption that cL,b is constant during

the same time period is considered reasonable and realistic,

because the bulk-phase composition changes slowly, and the

packet is assumed to stay at the interface for a relatively

short time.

The first integration of Equation 5-28 yields an expression

for the spatial gradient of cLði:e:; @cL=@xÞ as a function of

location and time, and the second integration yields the

concentration profile in the packet. The result for the second

integration can be expressed as the following infinite series13

and is shown for an example system in Figure 5-14a.

cLðx; tÞ ¼ cL;b þ cL;int � cL;b
� �

�
X1
i¼0

erfc
ð2i þ 1ÞdL � x

2
ffiffiffiffiffiffiffiffi
DLt

p � erfc
ð2i þ 1ÞdL þ x

2
ffiffiffiffiffiffiffiffi
DLt

p

 �

(5-29)

where erfc is the complementary error function.

According to Fick’s law (see Chapter 1), the negative

product of the concentration gradient with the diffusion

coefficient yields the flux. Thus, the flux of i into solution

can be computed by evaluating this product immediately

adjacent to the interface (i.e., at x¼ 0) as follows:

JL ¼ �DL

@cL
@x

����
x¼0

(5-30)

Toor and Marcello (1958) combined Equations 5-29 and

5-30 to develop the following equation for the flux into

solution:

JL ¼
ffiffiffiffiffiffi
DL

pt

r
cL;int � cL;b
� �

1þ 2
X1
i¼1

exp � i2d2L
DLt


 �" #

(5-31)

The flux into solution for the example system, computed

according to Equation 5-31, is plotted as the solid line in
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FIGURE 5-14. Characteristics of gas transfer into and through a

stagnant packet of liquid at a gas/solution interface at various times

after the packet arrives at the interface. (a) Concentration profiles

through the packet. (b) Flux into solution. Assumed conditions:

cL,b ¼ 0.1mg/L, cL;int ¼ 1:0mg=L, dL ¼ 0:001 cm ¼ 10mm, and

DL ¼ 1� 10�5 cm2=s.

13 This equation is based on a solution given by Carslaw and Jaeger (1959)

for diffusive heat transfer through a slab, a problem that has the same set of

governing equations as the situation being analyzed here.
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Figure 5-14b. (The significance of the broken lines labeled

as limiting cases is explained shortly.)

Both the thickness of the interfacial layer and the average

time that packets spend in this layer depend on the mixing

intensity in the bulk fluid. For example, the interfacial

thickness in the liquid phase is thought to range from a

fewmicrometers for vigorously mixed aerated tanks to a few

tens of micrometers for thin sheets of falling water (such as

those moving over the surface of packing material in packed

columns) and up to a few hundred micrometer for relatively

stagnant water surfaces. The corresponding packet residence

times range from approximately one-tenth to a few tenths of

a second in vigorously mixed tanks to 10 seconds or more in

nearly stagnant water. The conditions shown in Figure 5-14

fall in the middle of these ranges.

Taken together, Figures 5-14a and 5-14b indicate that,

initially, the concentration gradient near the interface is

steep and the flux into solution is correspondingly large.

Over time, the gradient distributes itself across the entire

packet, eventually becoming linear when the system reaches

steady state, so the flux decreases and ultimately stabilizes at

a fixed, nonzero value.

Flux Under Limiting-Case Scenarios: Short and Long
Packet Residence Times Two limiting conditions for

the flux and concentration profile are of special interest.

The first is the limiting condition at short times, when cL is

depleted significantly near the interface, but is barely

changed from its initial value of cL,b farther from the

interface. The second is at very long times, when the profile

becomes nearly linear, and the concentration in the packet

differs from cL,b even a short distance from x¼ dL.

In the first case, because the concentration perturbation

has not fully penetrated the packet, the concentration profile

in the packet is essentially the same as if the boundary

condition was applied at x¼1 instead of x¼ dL. If this
replacement is made in the boundary condition, the equa-

tions for the mass balance, the concentration profile, and the

flux into solution have the closed-form solutions shown in

the following equations:

@cL
@t

¼ DL

@2cL

@x2
(5-32)

cLðx; tÞ ¼ cL;int þ cL;b � cL;int
� �

erf
xffiffiffiffiffiffiffiffiffiffi
4DLt

p
� �

(5-33)

JL ¼
ffiffiffiffiffiffi
DL

pt

r
ðcL;int � cL;bÞ (5-34)

Conceptually, the constraint that the concentration pertur-

bation has not penetrated to x¼ dL must be met at very short

times in packets of any size, and it will be met for longer

periods in thick packets than in thin ones. Thus, Equations

5-33 and 5-34 are considered to be applicable to the limiting

cases of either short packet residence times or thick packets.

The computed flux for this limiting case is shown as the

curved broken line in Figure 5-14b, which indicates that the

approximation is very good up to times of �0.02 s in the

example system. As shown in Figure 5-14a, the concentration

profile changes substantially during this time period.

The other limiting case applies if a packet spends a long

time at the interface or if it is very thin. In this case, the

results of the more general analysis indicate that the packet

reaches a steady-state condition in which the concentration

profile through the interfacial region is linear (shown by the

line for t¼1 in Figure 5-14a). The details of this steady

state can be analyzed by setting the left side of Equation 5-28

to zero. A single integration of this equation yields the

concentration gradient, and a second integration yields

the concentration profile, as follows:

Mass balance equation: 0 ¼ DL

d2cL

dx2
(5-35)

First integration:

dcL

dx
¼ constant ¼ DcL

Dx
(5-36)

¼ cL;b � cL;int

dL � 0
¼ cL;b � cL;int

dL
(5-37)

Second integration:

cLðxÞ ¼ cL;int þ x

dL
ðcL;b � cL;intÞ (5-38)

The diffusive flux into the solution can again be deter-

mined by applying Fick’s law at x¼ 0, in conjunction with

the computed concentration gradient (Equation 5-37):

JL ¼ �DL

dcL

dx

����
x¼0

¼ �DL

cL;b � cL;int

dL
¼ DL

dL
ðcL;int � cL;bÞ

(5-39)

The results are consistent with the profile and flux shown

for long residence times in Figure 5-14: the concentration

profile is linear, with a slope equal to the ratio of the

concentration difference across the region to the thickness

of the packet. This linear concentration gradient leads to a

constant flux through the packet and into solution, as shown

by the horizontal broken line in Figure 5-14b. In the example

system, the thin packet, long residence time limiting case

applies at times greater than approximately 0.25 s. Note that,

for this limiting case, the flux at the gas/liquid interface,

computed according to Equation 5-39, is also the flux into

the bulk solution (at x¼ dL). In contrast, for the thick packet

limiting case, almost none of the volatile species enters the

bulk solution while the packet is at the interface; rather, the
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change in bulk concentration occurs only when the packets

are swept away from the interface and mix with the rest of

the solution.

Based on Equation 5-31, Toor and Marcello (1958)

reported that the parameter that identifies whether either

of the limiting cases applies is the dimensionless ratio

t=ðd2L=DLÞ. If this ratio is small (less than approximately

0.2), the thick packet, short exposure time approximation

leading to Equations 5-33 and 5-34 applies, and if it is large

(greater than approximately 0.6), the thin packet, long

exposure time approximation applies, and Equations 5-38

and 5-39 can be used; between these two extremes, neither

approximation is justifiable, and the system condition must

be evaluated using Equation 5-31.

The term d2L=DL has dimensions of time and can be

considered as the characteristic time for diffusion through

the liquid interfacial region. Thus, t=ðd2L=DLÞ is the ratio of

the actual time that a packet has been at the interface to the

characteristic time for diffusion through the packet. A small

value of this ratio indicates that the packet has been present

for much less than one characteristic time for diffusion,

consistent with the idea that the effects of diffusion have not

penetrated through the entire packet. On the other hand, if

the ratio is large, the packet has been at the interface for

many characteristic diffusion times, so the diffusive flux

approximates its ultimate (steady-state) value. For the

example system shown in Figure 5-14, the characteristic

time for diffusion, d2L=DL, is 0.10 s, and the curves for the

five different values of t correspond to t=ðd2L=DLÞ ratios

ranging from 0.0025 to 0.25.14 Note that, even if a packet

spent 0.5 s in the interfacial region, so that the concentration

profile was approximately linear when the packet re-entered

bulk solution, the average flux during the packet’s time at

the interface would have been significantly greater than the

steady-state flux, because of the higher fluxes that were

achieved when it first arrived.

Accounting for the Packet Age and Packet Residence Time
Distribution The equations developed in the preceding

section describe the flux into a single packet of fluid at

the interface. However, a real interface will have some

packets that arrived recently and others that have been

present for a long time, all exchanging the volatile species

with the gas phase at different rates. In most cases, our

interest is in the average flux, considering all the packets

present at the interface at any given time. As noted in the

introduction to this section, this average flux has been

evaluated for the two model packet RTDs shown in Figure

5-11. Designating the mean packet residence time at the

interface as tp,L, the difference between the models is that, in

the penetration model, the residence time of every packet

equals tp,L, whereas in the surface renewal model, different

packets have different residence times, even though the

mean value is still tp,L. (Note that, even in the penetration

model, at any instant the interfacial layer is occupied by

packets that have been present for a range of times from 0 to

tp,L, so the flux differs from one packet to the next.)

When the RTDs of the two models are combined with the

equations for flux from individual packets, equations for the

average flux considering all the packets are obtained. These

equations are provided in Table 5-3. Although the equations

for the general case are complex, those for the limiting cases

of small and large t=ðd2L=DLÞ are fairly simple and bear

strong similarities to those for flux through an isolated

packet. Note also that the flux for the thin packet, long

residence time scenario is independent of the packet RTD,

because, as explained previously, this RTD presumes that all

the packets have been at the interface long enough to have

reached a steady-state concentration profile and flux.

Although the preceding discussion focuses on the liquid

interfacial region, identical processes and equations charac-

terize the gas side of the interface. The concentration profiles

on both sides of the interface for the thin packet, long

residence time limiting-case scenario (i.e., Whitman’s

two-film model) are shown Figure 5-15. This view of the

interface is still widely used, probably more because of its

conceptual simplicity than its applicability in real systems;

for any detailed modeling, the likelihood that packets fail

to reach steady state while at the interface should be taken

into account.

It is worth noting that the assumption that the interface

itself is infinitely thin (i.e., a plane) requires that the flux out

of one phase equal the flux into the other. Combining the

requirement for equality of the fluxes through the two

boundary layers with the fact that DG is typically about

four orders of magnitude greater than DL for the same

substance (because there is so much less resistance to

molecular movement in the gas phase than in solution) leads

to the conclusion that the concentration gradient immedi-

ately adjacent to the interface in the gas boundary layer must

be very much smaller than that adjacent to the interface in

the liquid boundary layer. This statement applies regardless

of any assumption being made about the packet RTD.

The Gas Transfer Coefficient and Its Interpretation The

preceding discussion introduces various conceptual and

mathematical models for the gas transfer process. From a

14 Based on the interpretation of this ratio as the number of characteristic

diffusion times that a packet stays in the interfacial region, we might expect

that the criterion for the thin packet approximation to apply would be that

t=ðd2L=DLÞ be 	1, rather than >0.6 as suggested by Toor and Marcello

(1958). However, the definitions of the characteristic times for the two

processes (diffusion and packet replacement) are not completely consistent

with one another, so the value of the ratio when the component processes are

equally important does not necessarily equal 1.0. This situation is similar to

the case in fluid mechanics, where the choice for a characteristic length to

use in computing the Reynolds number (Re) causes the transition between

laminar and turbulent conditions to occur at Re other than 1.0.
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practical perspective, themost important result of the analysis

is that all the equations for the average flux into solution (i.e.,

all those in Table 5-3) can be written in the following form:

JL ¼ kLðcL;int � cL;bÞ (5-44)

where kL is a constant known as the liquid-phase gas transfer

coefficient, with units of length per time. Equation 5-44

indicates that the gas transfer coefficient equals the flux

into solution per unit concentration difference across the

packet. However, even though we derived the equation to

characterize transport of a volatile species, a review of the

derivation shows that kL is not related fundamentally to gas

transfer; in fact, it could be applied to any constituent that has

a concentration gradient between the bulk solution and a

phase boundary, if transport occurs by exchange of packets

between the two locations. Therefore, kL is often referred to

more generically as a liquid-phase mass transfer coefficient.

An equation analogous to Equation 5-44 can be written for

the gas phase, in which case the coefficient is written as kG
and is referred to as a gas-phase mass transfer (or gas

transfer) coefficient; that is,

JG ¼ kGðcG;int � cG;bÞ (5-45)

Like kL, kG has dimensions of length per time.15

TABLE 5-3. Average Flux into Solution for Various Packet Properties and for Two Packet Interfacial RTDs

Any value of
tp;L

d2L=DL

ðmost general caseÞ

PFR-type packet RTD : JL ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
DL

ptp;L

s
cL;int � cL;b
� �

1þ 2
ffiffiffi
p

p X1
i¼1

ierfc
idLffiffiffiffiffiffiffiffiffiffiffiffiffi
DLtp;L

p
( )" #

(5-40)

CFSTR-type packet RTD : JL ¼
ffiffiffiffiffiffiffiffi
DL

tp;L

s
ðcL;int � cL;bÞ 1þ 2

X1
i¼1

exp �2idL
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

DLtp;L
p

( )" #
(5-41)

tp;L

d2L=DL

small ðthick packet; short timesÞ

PFR-type packet RTD : JL ¼ 2

ffiffiffiffiffiffiffiffiffiffiffi
DL

ptp;L

s
ðcL;int � cL;bÞ (5-42)

CFSTR-type packet RTD : JL ¼
ffiffiffiffiffiffiffiffi
DL

tp;L

s
ðcL;int � cL;bÞ (5-43)

tp;L

d2L=DL

large ðthin packet; long timesÞ

Any RTD : JL ¼ DL

dL
ðcL;int � cL;bÞ (5-39)
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FIGURE 5-15. Schematic representation of the two-film model

for gas transfer.

15 Since cL is based on a volume of solution, and since the volume of the

interfacial region equals the product of the interfacial area and the thickness

of the layer, the dimensions of kL are volume in the solution phase per unit

interfacial area per unit time. At times, it is useful to write the units of kL as

cmL
3/cm2s, where the area term in the denominator is not subscripted

because the interfacial area is not in either phase. Correspondingly, the units

of kG are volume in the gas phase per unit interfacial area per unit time (e.g.,

cmG
3/cm2s). Nevertheless, the dimensions of both kL and kG are usually

reported simply as length per time.
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The liquid- and gas-phase mass transfer coefficients are

measures of the ease with which a species can be transported

between the interface and the corresponding bulk fluid.

These coefficients reflect characteristics of both the physical

system (the packet exchange frequency and the thickness of

the interfacial layer in each phase) and the constituent of

interest (diffusivity in each phase). Other factors being

equal, we expect kL for all species in a system to increase

with increasing mixing intensity in the liquid, because this

change would increase the packet exchange frequency

(lower tp,L) and decrease the thickness of the interfacial

layer (lower dL). The same effects would occur for the gas-

phase interfacial layer by increasing the mixing of the gas

phase, when this change is possible. These effects have been

confirmed experimentally.

Similarly, in a given system (with given values of tp,L and

dL that are applicable to all solutes), we expect kL for

different species to increase in the same order as their

diffusivities. This dependence is predicted by Equa-

tions 5-39, 5-42, and 5-43. However, the exact nature of

the dependence is predicted to be different depending on

what stage of the process an average packet is in. That is, if

most of the packets are at a stage of the process such that

the thick packet, short residence time approximation applies

(i.e., if the concentration gradient has not yet penetrated

completely through them), kL is predicted to be proportional

to the square root of diffusivity; on the other hand, if most

packets are at a stage where the thin packet, long residence

time approximation applies (i.e., if they have been at

the surface long enough to reach steady state), kL is pre-

dicted to be proportional to the molecule’s diffusivity to the

first power.

The evidence from many empirical studies of gas transfer

coefficients suggests that kL and kG do indeed vary with the

diffusivity raised to some power m; that is

ðkLaLÞ2
ðkLaLÞ1

¼ DL;2

DL;1

� �m

(5-46)

Reported values of m are rarely less than 0.5 or greater

than about 0.75 (Munz and Roberts, 1984; Versteeg et al.,

1987). These results suggest that the stagnant-film model

(which predicts that m¼ 1.0) is rarely a realistic represen-

tation of the system dynamics. Rather, most systems seem

to be characterized by packets that are swept away from

the interface during the early or intermediate stages of the

gas exchange process, well before they have reached

steady state.

While the generic packet exchange model that is used as

the framework for the preceding discussion has proven quite

useful and versatile, it is, of course, still an idealized

representation of a complex process. Other models have

been developed that make different assumptions and are,

arguably, more realistic. For instance, Kishinevskii and

coworkers (Kishinevskii and Pamfilev, 1949; Kishinevskii

and Serebrianskii, 1956), Harriott (1962), and King (1966)

all have proposed models in which interfacial packets are not

replaced in their entirety, but only partially, when a turbulent

eddy approaches the surface. In these models, the outer part

of a packet (the part nearest the bulk solution) is predicted to

be relatively easily replaced, whereas the portions nearer the

interface are replaced much less frequently. With an appro-

priate function relating turbulence with distance from the

interface, this model predicts that kL is proportional to Dm
L ,

with the typical range of m being 0.5
m
 0.75. Versteeg

et al. (1987) provided details on this and related models;

several more recent modifications and refinements of the

models have been published in the chemical engineering and

fluid mechanics literature (e.g., Fan et al., 1993; Munsterer

and Jahne, 1998; Jahne and Haussecker, 1998; Moog and

Jirka, 1999).

Values of DL for several volatile species of interest are

provided in Table 5-4; larger compilations have been

provided by Hayduk and Laudie (1974) and by Cussler

(1997). In addition, a number of correlations have been

developed to estimate diffusion coefficients based on the

molecular properties of the species of interest and the bulk

properties of the fluid (see, e.g., Cussler, 1997; Poling et al.,

2001; Green and Perry, 2008). One of the earliest and still

most widely used predictive equations is that of Wilke and

Chang (1955). This equation was originally presented in a

TABLE 5-4. Diffusivities of Some Volatile Compounds in

Water and Air at 20�Ca

DL

(10�5 cm2/s)

DG

(cm2/s)

DG/DL

(�)

Ethyl benzene 0.81 0.088 1.09� 104

Tetrachloroethylene (PCE) 0.85 0.092 1.08� 104

Cyclohexane 0.85 0.080 1.06� 104

m- and p-Xylenes 0.87 0.088 1.00� 104

1,1,1-Trichloroethane 0.90 0.092 1.03� 104

Toluene 0.90 0.097 1.09� 104

Monochlorobenzene 0.90 0.092 1.03� 104

Carbon tetrachloride 0.92 0.084 0.91� 104

Dichlorobromomethane 0.92 0.110 1.19� 104

Bromoform 0.92 0.088 0.96� 104

Trichloroethylene (TCE) 0.94 0.097 1.04� 104

Ethylene dibromide 0.94 0.103 1.10� 104

Chlorodibromomethane 0.96 0.097 1.01� 104

Chloroform 1.03 0.117 1.13� 104

Acetone 1.10 0.103 0.94� 104

Methylene chloride 1.28 0.125 0.98� 104

Formaldehyde 1.56 0.136 0.87� 104

Oxygen 2.05 0.200 0.98� 104

Ammonia 2.15 0.274 1.27� 104

aData based on values given by Selleck et al. (1988), Cussler (1997), and

Howard and Corsi (1996).
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general form that could be applied to diffusion through any

liquid. A slightly modified version (Hayduk and Laudie,

1974) that is applicable specifically to diffusion through

aqueous solutions is (Green and Perry, 2008)

DL ¼ 1:316� 10�4

m1:14
L V

0:589

i

(5-47)

where DL is in cm2/s, mL is the solution viscosity in

centipoise (10�2 g/cm s), and Vi is the molar volume of i

at the boiling point (cm3/mol). Because, in liquids, viscosity

decreases with an increase in temperature, diffusivity

increases with increasing temperature.

Predictive equations for diffusion coefficients in gases

indicate that DG varies with T raised to a positive exponent

(typically, between 1.5 and 2.0). For instance, the following

expression has been suggested for diffusivities in air (Fuller

et al., 1966):

DG ¼ 10�3 T
1:75 ð1/28:8Þ þ ð1/MWiÞ½ �1=2

P ð20:1Þ1=3 þ ðVD;iÞ1=3
h i2 (5-48)

where MW is the molecular weight, VD,i is the “diffusion

volume” of i, which can be estimated based on its molecular

structure (Fuller et al., 1966; Cussler, 1997; Green and Perry,

2008), and P is the total pressure in atmospheres; the values

28.8 and 20.1 are the average MW and diffusion volume,

respectively, of the constituents of air. In general, diffusivit-

ies in air are much less sensitive to temperature than they are

in water.

& EXAMPLE 5-3. The diffusivity of chloroform at

20�C is given in Table 5-4 as 1.03� 10�5 cm2/s in an aqueous

solution and0.117 cm2/s in agasphase.Theviscosityofwater

at temperatures from0�C to 30�C is provided in the following

table. Estimate the diffusivity of chloroform in both phases

as a function of temperature over this range.

T (�C) 0 5 10 15 20 25 30

mL (10
�3

N s/m2)

1.781 1.518 1.307 1.139 1.002 0.890 0.798

Solution. The diffusivity at each temperature can be

estimated based on the given values at 20�C and Equa-

tions 5-47 and 5-48, which indicate that the ratios of

diffusivities at two temperatures are approximately

DL;T2

DL;T1

¼ mL;T1

mL;T2

� �1:14

and
DG;T2

DG;T1

¼ T2

T1

� �1:75

where T is the absolute temperature. Using T1¼ 20�C¼ 293K,

values of Dchloroform in each phase at each of the other

temperatures of interest have been computed and are

plotted in Figure 5-16. Consistent with the generalization

in this text, the diffusivity in solution is much more

sensitive to temperature than that in air. &

& EXAMPLE 5-4. The aqueous-phase diffusivities

of oxygen and trichloroethylene (TCE) at 20�C are

2.05� 10�5 and 0.94� 10�5 cm2/s, respectively. The results

obtainedbyHsieh et al. (1993) forkL for these two species in a

surface aeration system operated under various conditions

yielded a best-fit ratio of 0.68 forkL;TCE=kL;O2
.Assuming that

thekLvaluesareproportional toD
m
L ,compute thebest-fitvalue

ofm for this correlation. Are the results more consistent with

the thick packet model, the thin packet model, or neither?

Solution. The value of m can be determined by substi-

tution into a slightly modified form of Equation 5-46, as

follows:

kL;TCE

kL;O2

¼ DTCE

DO2

� �m

log
kL;TCE

kL;O2

¼ m log
DTCE

DO2

m ¼ logðkL;TCE=kL;O2
Þ

logðDTCE=DO2
Þ

¼ log 0:68

logð0:94� 10�5=2:05� 10�5Þ ¼ 0:49

Thus, the experimental results are consistent with the

surface renewal and penetration models (i.e., the thick
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packet models) of gas transfer (m¼ 0.5) and are inconsistent

with the stagnant-film (thin packet) model (m¼ 1.0). &

5.6 THE OVERALL GAS TRANSFER RATE

COEFFICIENT, KL

The Combined Resistance of the Gas and Liquid Phases

While Equations 5-44 and 5-45 are useful as a quantitative

representation of our conceptual model of transport between

the interface and the bulk phases, they are not particularly

useful for practical design or analysis, since they contain

terms (the interfacial concentrations) that are impossible to

measure. In this section, we circumvent the problem by

utilizing the assumption that exchange of volatile species

across the interfacial plane is extremely rapid, so that

Henry’s law applies at this location at all times. As noted

earlier, this assumption is equivalent to assuming that the

transfer of molecules across the interface contributes negli-

gibly to the total resistance of the system to gas transfer.

We begin the analysis by equating the fluxes into solution

and out of the gas:

JL ¼ �JG (5-49a)

kLðcL;int � cL;bÞ ¼ kGðcG;b � cG;intÞ (5-49b)

For this analysis and many other calculations related to

gas transfer processes, it is useful to define hypothetical

concentrations that would be in equilibrium with the bulk

gas or solution phase, even if the system is not, in reality,

equilibrated. The hypothetical gas- and solution-phase

concentrations that would be in equilibrium with a given

solution and gas, respectively, are designated here as c�G and

c�L, and are defined mathematically as follows:

c�G ¼ HcL (5-50)

c�L ¼ cG

H
(5-51)

The significance of c�G and c�L with respect to a plot of cG
versus cL are shown in Figure 5-17.

The concentration of the volatile species in the bulk gas

phase can be written as cG;b ¼ Hc�L. Making this substitution

in Equation 5-49b and applying the assumption of equili-

brium at the interface (i.e., cG;int ¼ HcL;int), the equation can

be rewritten and solved for cL,int as follows:

kLðcL;int � cL;bÞ ¼ kGðHc�L � HcL;intÞ (5-52)

cL;int ¼ kGHc�L þ kLcL;b

kL þ kGH
(5-53)

The flux from the gas into the liquid film can then be

written as follows:

JL ¼ kLðcL;int � cL;bÞ (5-44)

¼ kL
kGHc�L þ kLcL;b

kL þ kGH
� cL;b

� �

¼ kL
kGHc�L þ kLcL;b

kL þ kGH
� kLcL;b þ kGHcL;b

kL þ kGH

� �

¼ kL
kGHc�L � kGHcL;b

kL þ kGH

� �

¼ kLkGH

kL þ kGH
ðc�L � cL;bÞ (5-54)

Equation 5-54 is most often written in the following form:

JL ¼ KLðc�L � cL;bÞ (5-55)

where KL is the overall gas transfer coefficient, defined as

KL � kLkGH

kL þ kGH
(5-56)

Equation 5-55 gives the flux into solution as the product of

a constant and the difference between two macroscopic,

measurable variables. Although it has essentially the same

form as the equations describing gas transfer rates based on

the (unmeasurable) interfacial concentrations (e.g., Equa-

tions 5-44 and 5-45), it differs from these equations in that

KL is an overall gas transfer rate coefficient, reflecting the

composite effect of the individual gas transfer rate constants

in both interfacial zones and of Henry’s law constant.
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FIGURE 5-17. Aqueous and gas-phase concentrations in an

example system (indicated by the�), and the corresponding values

of c�G and c�L.
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As noted earlier (Equation 5-25), the rate of gas transfer

per unit volume of reactor is the product of the flux and the

concentration of surface area in the reactor (aR). Thus, the

rate of gas transfer into the liquid phase per unit volume of

reactor is

rR;gt ¼ JLaR ¼ KLaRðc�L � cL;bÞ (5-57)

Note that rR,gt is the rate of appearance of i in the aqueous

phase, but the units of rR,gt are mass per unit time per unit

volume of reactor (not per unit volume of solution).

The corresponding value for the rate of gas transfer per

unit volume of solution can be computed by multiplying

rR,gt by the ratio of the reactor volume to the

aqueous volume, or, equivalently, by replacing aR by aL
in Equation 5-57:

rL;gt ¼ KLaR
VR

VL

ðc�L � cL;bÞ (5-58a)

¼ KLaLðc�L � cL;bÞ (5-58b)

The overall rate constant KLa (either KLaR or KLaL)

combines a transport-related term (KL) that describes the

ease with which the volatile species passes through the two

interfacial layers, with a geometric term (aR or aL) that

describes the concentration of surface area in the system. In

most engineered gas transfer systems, the total interfacial

area in the system depends on system-specific mixing and

geometric considerations and is not easily measured. There-

fore, when gas transfer is evaluated experimentally in such

systems, the lumped parameter KLaR or KLaL is more

frequently reported than are individual values of kL, kG,

KL, aR or aL. Defining equations for KLaR or KLaL can be

obtained by multiplying both sides of Equation 5-56 by aL
or aR:

KLaL ¼ kLkGaLH

kL þ kGH
(5-59a)

KLaR ¼ kLkGaRH

kL þ kGH
(5-59b)

KLaR and KLaL have the conventional dimensions for a

first-order rate constant (time�1).

The description of gas transfer earlier in this chapter

emphasizes that the transfer of a constituent between a

well-mixed gas and a well-mixed aqueous phase involves

several transport steps as well as a chemical reaction.

Nevertheless, Equations 5-57 and 5-58 indicate that this

process can be modeled quantitatively by a rate expression

that is very similar to that for a first-order chemical reaction

alone, with a driving force equal to the extent of dis-

equilibrium between the two bulk phases, and an overall

rate constant KLa. The expression for rL,gt or rR,gt can be

substituted directly into a mass balance equation, just as the

expression�k1c is substituted if the constituent undergoes a

first-order decay reaction.

& EXAMPLE 5-5. Droplets of groundwater 0.5mm in

diameter and containing 3� 10�5mol/L H2CO3 and 4mg/L

O2 are sprayed into the air. The value of KL for both constitu-

ents is 0.05 cm/min, and the temperature of both air andwater

is 25�C. The partial pressures of O2 and CO2 in air are 0.21

and 0.00031 atm, respectively. What are the initial rates

(mol/Lmin) and directions (into or out of the droplet) of

CO2 and O2 transfer? Assume that the solution pH is low

enough that ionization of H2CO3 is negligible.

Solution. Henry’s constants for O2 and CO2 at 25�C
are given in Table 5-2, from which the equilibrium concen-

trations of DO and carbon dioxide can be computed as

follows:

c�O2
¼ PO2

HO2

¼ 0:21 atm

769 atm=ðmol=LÞ ¼ 2:73� 10�4mol=L

c�CO2
¼ PCO2

HCO2

¼ 3:1� 10�4 atm

29:4 atm=ðmol=LÞ ¼ 1:05� 10�5mol=L

The initial DO concentration in the water in moles per

liter is

4mg=LO2

1molO2

32;000mgO2

� �
¼ 1:25� 10�4 mol=L

Since cL;O2
< c�L;O2

and cL;CO2
> c�L;CO2

the water is

initially undersaturated with respect to O2 and super-

saturated with respect to CO2. As a result, the direction

of gas transfer will be into the droplet for O2 and out of it

for CO2.

Assuming that the droplets are spherical, the value of aL
can be computed from the geometry, as follows:

aL ¼ surface area of droplet

volume of droplet
¼ pd2

pðd3=6Þ ¼
6

d

aL ¼ 6

0:5mm
¼ 12mm�1 ¼ 120 cm�1

We can compute the initial rate of gas transfer using

Equation 5-58 as

rL;gt ¼ KLaLðc�L � cL;bÞ
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The transfer rates are therefore

rL;gt;O2
¼ ð0:05 cm=minÞð120 cm�1Þ

� ð2:73� 10�4 mol=L� 1:25� 10�4 mol=LÞ
¼ ð8:88� 10�4 molO2=L minÞ

¼ ð8:88� 10�4 molO2=LminÞ 32;000mg

1mol

� �

¼ 28:4mg=L min

rL;gt;CO2
¼ ð0:05 cm=minÞð120 cm�1Þ
� 1:05� 10�5mol=L� 3� 10�5mol=L
� �

¼ ð�1:20� 10�4 mol CO2=L minÞ
¼ ð�1:20� 10�4 mol CO2=L minÞ

� 44;000mg

1mg

� �
¼ �5:1mg=L min

Note that the signs on the rate terms are positive for

oxygen transfer (O2 transfers from the gas phase into solu-

tion) and negative for CO2 transfer (from the solution into

the gas), consistent with the conclusions from the first part of

the problem. &

Comparing Gas-Phase and Liquid-Phase Resistances

As discussed in Chapter 3, the rate of any process can be

thought of as the ratio of the driving force for the process to

the resistance. Applying this concept to gas transfer

reactions, and recognizing the product JaLVL as the overall

reaction rate (mass transferred per unit time), we can

identify the term (KLaLVL)
�1 as the resistance to gas transfer

as follows:

Rate ¼ Driving force

Resistance

JLaLVL ¼ ðc�L � cL;bÞKLaLVL ¼ c�L � cL;b

ðKLaLVLÞ�1
(5-60)

If we invert the equation defining KL (Equation 5-56)

and divide both sides by aLVL, we can express the overall

resistance as the sum of two resistances in series, each

reflecting the resistance to transport on one side of the

interface:

K�1
L ¼ ðkGHÞ�1 þ k�1

L (5-61a)

ðKLaLVLÞ�1 ¼ ðkGHaLVLÞ�1 þ ðkLaLVLÞ�1
(5-61b)

Rtot ¼ RG þ RL (5-62)

where Rtot, RG, and RL are the total resistance to gas transfer

and the portions of that resistance residing in the gas and

liquid phases, respectively.16

The ratio of RL to RG provides a criterion for deciding

which of the two resistances governs the overall rate

RL

RG

¼ kG

kL
H (5-63)

Correspondingly, the fraction of the total resistance that is

attributable to the liquid interfacial region is given by

RL

Rtot

¼ RL

RG þ RL

¼ 1

ðRG=RLÞ þ 1

¼ 1

ðkL=kGHÞ þ 1

(5-64)

Equations 5-63 and 5-64 indicate that, for given values of

kG and kL (i.e., given hydrodynamics), the fraction of the

resistance that resides in the liquid phase increases with

increasing H. That is, the liquid-phase resistance becomes

progressively more important (as a fraction of the total

resistance) with decreasing solubility (increasing volatility),

other factors being equal. This relationship is shown

graphically in Figure 5-18. Typical values of kG/kL for

gas transfer systems used in environmental engineering

are also shown in this figure. These values make it clear

that the vast majority of the resistance to transfer of oxygen

(log H¼ 1.50) will be in the liquid phase in any system of

interest; however, a substantial portion, and perhaps the

majority, of the resistance to transfer of a number of

VOCs, such as TCE (log H¼�0.35), chloroform (log

H¼�0.80), and benzene (log H¼�2.05), typically resides

in the gas phase. We return to this issue shortly.

& EXAMPLE 5-6. Consider a system at 25�C, in

which the concentration of ammonia in bulk solution is

5� 10�3mol/L, and its partial pressure in the bulk gas

is zero. Assume that the solution pH is>11, so that reactions

of NH3 with H
þ in solution can be ignored.

(a) For kL and kG values of 0.002 and 0.08 cm/s,

respectively, compute the following:

(i) The relative contributions of the aqueous and

gaseous boundary layers to the overall resist-

ance to gas transfer.

16 The overall resistance to gas transfer and the contributions from the gas

and liquid phases are often defined without the VL term, as ðKLaLÞ�1
,

ðkGHaLÞ�1
, and ðkLaLÞ�1

, respectively, or without the aLVL term, as KL
�1,

ðkGHÞ�1
, and kL

�1. The definitions given here are more consistent with the

definition of resistance in other systems (e.g., electrical systems). However,

in the end, whether or not the VL term is included is unimportant, since it

affects all the calculated resistances equally, and we are only interested in

the relative values of these quantities.
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(ii) The value of KL.

(iii) The flux of ammonia from solution to the gas

phase.

(iv) The concentration of ammonia at the interface,

in both the solution and gas phases.

(v) The effect on the flux of ammonia of doubling

either of the gas transfer coefficients, while the

other remains constant (e.g., by increasing the

mixing intensity in one phase or the other).

(b) Repeat the calculations in (a) for transfer of carbon

tetrachloride (CCl4), a much less soluble gas.

Solution.

(a) (i) We can use Equation 5-63 to compute RL/RG.

To keep the units straight, it is helpful to

represent kL and kG as described in footnote 15.

RL

RG

¼ kG

KL

H

¼ 0:08 cm3
G=cm

2 s

0:002 cm3
L=cm

2 s
6:95� 10�4LL=LG

� �

� 1 LG

1000 cm3
G

� �
1000 cm3

L=LL

� �

¼ 0:028

RL

Rtot

¼ 1

ðRG=RLÞ þ 1

¼ 1

ð1=0:028Þ þ 1
¼ 0:027

Thus, the liquid phase contributes only

2.7% of the total resistance to gas transfer,

and the gas phase contributes the remaining

97.3%.

(ii) The overall gas transfer coefficient based on

the liquid phase, KL, can be computed using

Equation 5-61a. The result is

KL ¼ k�1
L þ ðkGHÞ�1

� �1

¼
(

0:002 cm3
L=cm

2 s
� ��1

þ
�
0:08 cm3

G=cm
2 s 6:95� 10�4 LL=LG

� �

� 1LG=1000 cm
3
G

� �
1000 cm3

L=LL

� ���1
)�1

¼ 500 s=cmL þ 17; 986 s=cmLð Þ�1

¼ 5:41� 10�5 cmL=s

In the previous summation, the value of

500 s/cmL corresponds to k�1
L , and the value

of 17,986 s/cmL corresponds to (kGH)
�1.

The resulting value of KL is close to that of

kGH (¼ 1/17,986 or 5.56� 10�5 cmL/s) and is

much less than kL (1/500 or 0.002 cmL/s),

reinforcing the concept that gas transfer in

the system is controlled by the resistance of

the gas-phase interfacial region.

(iii) The flux of ammonia into solution for the given

conditions is, according to Equation 5-55

JL ¼ KLðc�L � cL;bÞ (5-55)

where cL,b is the concentration of dissolved

ammonia in bulk solution, which is given as

5� 10�3mol/L, and c�L is the concentration of

dissolved ammonia that would be in equilibrium

with the bulk gas phase. Formally, c�L can be

computed as cG;NH3
=HNH3

, but in this case the

calculation is trivial because the gas is devoid of

ammonia; thus c�L is zero. The flux is therefore:

JL ¼ 5:41� 10�5cm=s
� � ½0� 5� 10�3�mol=L

� �

� 1 L

103 cm3

� �
¼ �2:70� 10�10mol=cm2 s

Multiplying the computed value by the

atomic weight of nitrogen converts the result

0

1

2
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Log of dimensionless Henry's constant, Hcc (in LL/LG)
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Typical log(kG/kL) for surface or diffused aeration

Typical log(kG/kL) for packed towers 
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1% 

FIGURE 5-18. Relationships among the ratio of the mass trans-

fer coefficients in the gas and liquid phases, Henry’s constant, and

the fraction of the overall resistance located in the liquid phase.

Source: Modified from Munz and Roberts (1984); typical kG/kL
values based on data of Munz and Roberts (1984); Roberts et al.

(1985); and Parker et al. (1996).

182 GAS TRANSFER FUNDAMENTALS



to more conventional mass units and indicates

that �3.79� 10�9 g of NH3–N is transferred

per second across each square centimeter of

surface.17 The fact that the flux is negative

indicates that the direction of net transfer is

out of solution and into the gas phase.

(iv) The concentration of ammonia in solution

immediately adjacent to the interface can be

computed by equating the overall flux to the

flux through the aqueous interfacial zone, as

follows:

JL ¼ KLðc�L � cL;bÞ ¼ kLðcL;int � cL;bÞ

cL;int ¼ cL;b þ JL

kL

¼ 5� 10�3 mol=L

þ �2:70� 10�10 mol=cm2 s

0:002 cmL=s
103 cm3

L=L
� �

¼ 4:86� 10�3 mol=LL

Combining this result with Henry’s law gives

the gas-phase interfacial ammonia concentra-

tion as follows:

cG;int ¼ HcL;int

¼ 6:95� 10�4 LL=LG

� �
4:86� 10�3 mol=LL

� �
¼ 3:38� 10�6 mol=LG

(v) If the same calculations are performed for a

system in which the liquid-phase transfer

coefficient (kL) is twice as large, the overall

gas transfer coefficient (KL) and the flux

increase by only about 1.4% each. This result

is logical, since increasing the value of kL
makes it easier for the material to pass through

a region (the solution near the interface) that

offers relatively little resistance anyway. On the

other hand, if the liquid-phase transfer

coefficient remains at its original value but

the gas-phase coefficient doubles, KL and JL
increase by more than 94%, since this change

reduces the resistance at the bottleneck in the

system. In other words, diffusive transport

through the interfacial region on the gas side

of the interface is the rate-limiting step in the

overall process.

(b) The calculations for CCl4 are essentially identical to

those for ammonia and are left as an exercise. The

results are that the resistance of the gas-phase inter-

facial region is only 2.3% of the resistance in the

liquid phase. Thus, in this case, the rate-limiting step

is transport through the liquid-phase interfacial

region. The results for all parts of the problem are

summarized in Table 5-5. &

Coupled Transport and Reaction

The discussion and analysis to this point have been based

on an assumption that the volatile species being trans-

ferred between the gas and the solution does not partici-

pate in a chemical or biochemical reaction in the solution

phase. Such reactions can occur, of course, and they affect

the mass balance on the volatile substance in various

ways.

Consider first a species that can be destroyed by a

chemical reaction in bulk solution, but at a rate that is

too slow to affect the constituent significantly during the

time it is in the interfacial region (i.e., during a typical packet

residence time). For such a species, the gas transfer term in a

mass balance written around the liquid phase would be

written as earlier; that is, as rL,gtVL or rR,gtVR, and the

rate expression for the solution-phase reaction would be

included as a separate term in the mass balance equation.

The behavior of oxygen in activated sludge aeration basins is

an example of such a system—oxygen is consumed in the

bulk solution at a rate comparable to its rate of absorption

from the gas, but it is assumed not to be depleted signifi-

cantly by reactions in the interfacial region. In such a case,

the net effect of the reaction in the bulk phase is to deplete

the dissolved concentration of the volatile species, and

thereby increase the driving force for gas absorption or

decrease it for gas stripping.

TABLE 5-5. Summary of Calculations for Example Problem

Parameter NH3 CCl4 Units

H 6.95� 10�4 1.20 LL/LG

cL,b 5.0� 10�3 5.0� 10�3 mol/L

c�L 0 0 mol/L

kL 0.002 0.002 cmL=s
kG 0.08 0.08 cmG=s
kGH 5.56� 10�5 9.60� 10�2 cmL=s
KL 5.41� 10�5 1.96� 10�3 cmL=s
RL/Rtot 0.027 0.980 –

cL;int 4.86� 10�3 1.02� 10�4 mol=L

cG,int 3.38� 10�6 1.22� 10�4 mol=L
JL �2.70� 10�10 �9.80� 10�9 mol/cm2 s

JL if kL doubles �2.74� 10�10 �1.92� 10�8 mol/cm2 s

JL if kG doubles �5.27� 10�10 �9.90� 10�9 mol/cm2 s

17 As is common in the environmental engineering literature, we express the

concentration of ammonia here in terms of the concentration of N; that is,

17mg/L NH3 would be expressed as 14mg/L NH3-N.
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In other systems, the volatile species might react so

quickly that it is consumed to a significant extent during

the residence time of a typical packet of fluid at the

interface. In this case, the same trend as described in

the preceding paragraph would apply, but the concentra-

tion of the volatile species in bulk solution (where the

residence time is far greater than the interfacial packet

residence time) would be near zero if the reaction was

irreversible, and it would be the equilibrium concentration

if the reaction was reversible. The destruction of the

species within the interfacial region increases the gradient

for absorption and therefore increases the flux into solu-

tion, as shown schematically in Figure 5-19.

The magnitude of the change in flux can be determined by

writing a mass balance around a differentially thick control

volume in a packet in the liquid interfacial region (Equa-

tion 5-27), with the advective term and eddy diffusivity set to

zero as follows:

@cL
@t

Adx ¼ �Av
@cL
@x

dxþ A DL þ eLð Þ @
2cL

@x2
dxþ rLAdx

(5-65)

Substituting a first-order decay expression for rL and

canceling Adx from all the terms, we obtain

@cL
@t

¼ DL

@2cL

@x2
� k1cL (5-66)

This equation can be solved analytically for the case of the

thin packet, long residence time limiting case. The resulting

expression for flux is identical in form to that for a system

with no reaction, but the value of the mass transfer

coefficient is different. Specifically, we find

JL ¼ k�LðcL;int � cL;bÞ

k�L ¼ ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
coth

ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
kL

(5-67)

where k�L and kL are the mass transfer coefficients in the

presence and absence of the reaction, respectively. The ratio

k�L=kL is sometimes referred to as an enhancement factor,

and its dependence on the diffusion coefficient and rate

constant is shown in Figure 5-20. While Equation 5-67 was

developed for the limiting case of thin packets and/or long

packet residence times (i.e., the fixed-film case), it is also a

close approximation to numerical solutions of Equation 5-66

for the penetration and surface renewal models, as shown in

the figure.

The lines in the figure suggest that the relationship can be

simplified at values of
ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
=kL significantly less than or

greater than 1.0: the enhancement factor is�1.0 at low values

of
ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
=kL and approximately equal to

ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
=kL at high

values. These results are obtained because of the properties

of the coth function in Equation 5-55. Specifically, for values

of x< 0.3, coth (x) is approximately 1/x, and for values of

x> 3, coth (x) is very close to 1. The corresponding expres-

sions for k�L are as follows:

ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
kL

< 0:3 k�L � kL (5-68a)

ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
kL

> 3 k�L �
ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
(5-68b)

At values of
ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
=kL between 0.3 and 3, Equation 5-67

must be used.

cL,int
Concentration profile in
absence of reaction

Concentration profile
with reaction

cL,b

Bulk liquid

Liquid interfacial region

Gas

FIGURE 5-19. Schematic representation of the effect of a

reaction in the interfacial region on the concentration profile for

a species being absorbed from the gas phase. The linear profile in

the absence of reaction would apply for a system with thin packets

or long packet residence times. The destruction of the species

depresses its concentration in the packet, increasing the gradient at

the interface and therefore the flux into solution. A similar trend

applies for thick packets and short residence times.

k L
* 

/ k
L

k1DL / kL

Diffusion
controlled

0.1
1.0

10

1 10

Film
Penetration
Surface renewal

Reaction
controlled

FIGURE 5-20. The enhancement of the liquid-phase mass trans-

fer coefficient in systems where the volatile species undergoes a

first-order, irreversible reaction in the liquid interfacial region.

Source: After Sherwood et al. (1975).
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In cases where Equation 5-68a applies, the effective mass

transfer coefficient is the same as in the case without

reaction; that is, the reaction is slow enough relative to

the diffusion and packet transfer that the gradient near the

interface is unaffected by the reaction. On the other hand, in

cases where Equation 5-68b applies, the effective mass

transfer coefficient is independent of kL; that is, the gradient

near the interface is controlled by the rate at which the

volatile species disappears from solution by chemical

reaction, rather than the rate at which it migrates toward

the bulk solution. Under these conditions, when considering

a control volume near the interface, the loss of the species by

reaction is much greater than by diffusive migration.

& EXAMPLE 5-7. (Adapted from Cussler, 1997) Chlo-

rinegas is often injected intowater to act as adisinfectant.The

gas undergoes the following reaction upon entering solution:

Cl2ðaqÞ þ H2O ! HOClþ Hþ þ Cl�

The reaction is very rapid and essentially irreversible

at near-neutral pH, with a pseudo-first-order rate constant

of 25 s�1.

A system for injecting Cl2(g) into a drinking water source

has been tested using oxygen as a model nonreactive gas.

Based on these tests and the relative diffusivities of O2(aq)

and Cl2(aq), the value of kL for Cl2(aq) in the absence of

chemical reaction is expected to be 1.1� 10�3 cm/s, and DL

for Cl2(aq) is 1.25� 10�5 cm2/s. Estimate k�L for Cl2(aq) in

the reactor.

Solution. The ratio
ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
=kLfor Cl2(aq) in this system

is

ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
kL

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1:25� 10�5 cm2=sÞð25 s�1Þ

q
1:1� 10�3 cm=s

¼ 16:1

The reaction is sufficiently rapid that Equation 5-68b

applies. We can therefore compute k�L as

k�L ¼
ffiffiffiffiffiffiffiffiffiffiffi
DLk1

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1:25� 10�5 cm2=sÞð25 s�1Þ

q

¼ 0:0177 cm=s

Thus, the reaction enhances the liquid-phase transfer co-

efficient for Cl2(aq) approximately by a factor of 16. &

Reactions in solution can alter the gas transfer coefficient

in the liquid phase, but they have no effect on the coefficient

in the gas phase. Therefore, as long as the liquid-phase

resistance is the dominant resistance to gas transfer, the

effect of the reaction is to increase the flux into solution in

proportion to the k�L=kL ratio. However, if this ratio becomes

very large, the overall resistance becomes dominated by the

resistance in the gas phase, and no further increase in flux

can be achieved.

The effects of aqueous-phase reactions on gas transfer

rates have been studied extensively in chemical engineering,

and many more cases are described in the literature and in

books on mass transfer in environmental systems (see, for

example, Sherwood et al., 1975; Logan, 1999; Clark, 2009).

Here, we consider only one other scenario that is of

particular importance in environmental engineering

applications—transfer of volatile species that undergo

very rapid and reversible acid/base reactions in solution.

Volatile acids andbases that are important in environmental

engineering include ammonia, carbon dioxide, hydrogen

sulfide, and sulfur dioxide. The protonation anddeprotonation

reactions of these species are rapid, so that the characteristic

time of the reaction is much shorter than that for transport

through a packet of fluid. As a result, the reaction can be

considered to be at equilibrium everywhere in the packet.18

The key difference between gas transfer of a species that

undergoes acid/base (or other rapidly equilibrating) reactions

and transfer of nonreactive species is that, in the former case,

the species that is transported through the gas boundary layer

and exists in the gas phase is not the only one (and often not

even the dominant one) that is transported through and exists

in the liquid. As a consequence, transport through the liquid

boundary layer and across the interface is facilitated for the

reactive species compared with a nonreactive species in the

same system and with the same values of cG and cL.

Consider, for example, a system in which H2S is being

stripped out of a solution at pH 7.0 (¼ pKa1). At this pH, the

total sulfide in solution is distributed approximately evenly

between H2S(aq) and HS�. If a small amount of H2S(aq)

leaves solution and enters the gas phase, the dissolved

concentration of H2S near the interface declines, thereby

diminishing the driving force for additional stripping.

However, if the acid/base reaction proceeds very rapidly,

then some HS� immediately becomes protonated to form

H2S(aq). In the given scenario (assuming that the pH is

well-buffered), one HS� ion would be converted into H2S

(aq) for every two H2S(aq) molecules that had been stripped,

so the decline in the H2S(aq) concentration near the interface

would be only one-half as great as in the case with no

reaction, and the rate of H2S transfer across the interface

would be correspondingly higher.

Similarly, if CO2(g) were being absorbed into a solution at

pH 9.0, hydration and deprotonation or reaction with a

18 This inference assumes that, in cases where the gaseous molecule is

hydrated in solution (e.g., as H2CO3 or H2SO3), the hydration and

dehydration reactions are also very fast. In the case of H2CO3, the

dehydration reaction is fast, but the hydration reaction is not (compared

with the expected packet residence times), so this analysis and that in

Appendix 5B overestimate the effect of pH on absorption of CO2 into

solution. Nevertheless, the trends indicated by the equations are applica-

ble in all cases.
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hydroxyl (OH�) ion would convert most of the absorbed

CO2 into HCO3
�. These reactions would reduce the con-

centration of CO2(aq) near the interface and thereby main-

tain a greater driving force for further gas absorption

compared with a case where no reaction occurred (e.g., at

low pH). Note that, even though the acid/base reaction

would diminish the gradient of CO2(aq) from the interface

into bulk solution, so that the rate of diffusion of that species

would be less than in the absence of reaction, a correspond-

ing gradient of HCO3
�would be established. As a result, the

overall rate of diffusion of the absorbed species into the bulk

solution (the sum of the diffusive fluxes of CO2(aq) and

HCO3
�) would not decline.

A quantitative analysis of gas transfer in systems in which

rapid acid/base reactions occur is provided in detail in

Appendix 5B. The key result is the following equation

for the flux of the neutral species, ineut, as a function of

the extent of disequilibrium of that species between the two

bulk phases:

JL;neut ¼ KL;ineutðc�L;ineut � cL;ineutÞ (5-69)

where

KL;ineut �
kLkGH

kL þ aneutkGH
(5-70)

aneut � ci;neutral speciesP
all acid=base forms of i

(5-71)

Thus, for example, when considering gas transfer of

sulfide species, aneut would be defined as: aneut ¼
ðcH2S=TOTSÞ ¼ ðcH2S=ðcH2S þ cHS� þ cS2�ÞÞ. Using the

conventions that are common in the water chemistry litera-

ture, aneut corresponds to a0 if the volatile species is the most

acidic species of the acid/base group, whereas it corresponds

to a different a value if the volatile species is a base (e.g., it is

a0 for the H2CO3/HCO3
�/CO3

2� group, and a1 for the

NH4
þ/NH3 group).

If dissolved i is present only as the acid/base species and

not in other forms, aneut is strictly a function of pH. Values of

aneut as a function of pH are shown for a few environ-

mentally important acid/base groups in Figure 5-21. Note

that aneut can be exceedingly small for some of these groups

at pH values that might be encountered in natural systems or

engineered reactors.

Although the neutral species is the only one that actually

crosses the air/water interface, our interest is often in the

total dissolved concentration of the acid/base species,

cL;TOTi, so it is convenient to write Equation 5-69 in terms

of this parameter. Because only the neutral species crosses

the interface, the flux of TOTi equals the flux of ineut. As a

result, we can express the left side of Equation 5-69 in

terms of TOTi by replacing JL;neut with JL;TOTi. In addition,

c�L;ineut and cL;ineut can be expressed as aneutc
�
L;TOTi and

aneutcL;TOTi, respectively. Making these substitutions in

Equation 5-69, we obtain

JL;TOTi ¼ KL;ineut aneutc
�
L;TOTi � aneutcL;TOTi

� 

¼ aneutKL;ineut c�L;TOTi � cL;TOTi

� 

¼ KL;TOTi c�L;TOTi � cL;TOTi

�  (5-72)

where

KL;TOTi ¼ aneutKL;ineut ¼
kLaneutkGH

kL þ aneutkGH
(5-73)

Equation 5-72 indicates that the flux of TOTi into or out

of solution is proportional to a driving force defined as the

difference between the instantaneous value of cL,TOTi and

the corresponding value that would be in equilibrium with

the gas phase. Note, however, that when the flux is expressed

in this way, the mass transfer coefficient must be computed

differently from when the driving force is written in terms of

the extent of disequilibrium of the neutral species (as shown

in Equation 5-73).

Equations 5-69 and 5-72 contain equivalent information,

and both reduce to the equation for flux of a nonreactive

species (Equation 5-11) if aneut¼ 1. They also demonstrate

that if aneut is substantially<1, the effects on gas transfer can

be very dramatic. These effects are described in greater

detail in Appendix 5B.

& EXAMPLE 5-8. Compute KL;ineut ;KL;TOTi, and the

flux of H2S into a solution containing 10�5.0M TOTS in

contact with a gas phase in which PH2S ¼ 10�7:0 atm, if kL
and kG for H2S are 0.004 and 0.08 cm/s, respectively.

Consider the pH range from 4 to 12. pKa1 for H2S is 7.0.
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FIGURE 5-21. Fraction of the total dissolved acid/base group

that is present as the neutral (volatile) species for four acid/base

groups. (Recall that, in the gas phase, H2CO3 and H2SO3 exist as

CO2(g) and SO2(g), respectively.)
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Solution. Application of basic principles of water chem-

istry leads to the result that aneut for H2S (i.e., aH2SðaqÞ) at
any pH in the range of interest can be computed as follows:

aH2SðaqÞ ¼
cHþ

cHþ þ Ka1

¼ 10�pH

10�pH þ 10�pKa1

(The previous expression is based on the assumption that

the fully dissociated species S2� represents a negligible

fraction of TOTS, which is acceptable because pKa2 is

>13.0, and we are interested only in pHs up to 12.)

Once aH2SðaqÞ is known, KL;ineut and KL;TOTi can be

computed using Equations 5-70 and 5-73, respectively.

The flux into solution can then be computed using Equa-

tions 5-69 and 5-72, respectively. The results of these

calculations are shown in Figure 5-22.

Figure 5-22a shows the KL;ineut approaches kL
(¼ 0.004 cm/s) at low pH (which corresponds to aneut¼ 1.0

in this system), suggesting that the resistance to gas transfer

rate is primarily in the liquid phase under these conditions.

At higher pH, KL;ineut begins to increase, approaching a

maximum value of 10�1.49 cm/s (¼ 0.08 cm/s), or kG;

thus, the transfer is limited by the gas-phase resistance under

these conditions.19 The flux of H2S is out of the solution over

most of the pH range of interest, but it declines with

increasing pH, and reverses sign at pH 10.0 (i.e., H2S

absorption is favored at pH> 10.0)

The decrease in the overall resistance to gas transfer

(leading to the increase in KL;ineut ) with increasing pH is

caused by a decline in the resistance to transport through the

liquid boundary layer that accompanies the deprotonation of

H2S. When H2S transfers into the gas phase at low pH, the

H2S concentration near the interface declines, and more H2S

can appear at the interface only by diffusion of this species

through the boundary layer. In contrast, at pH values where

H2S is substantially deprotonated, the H2S concentration at

the interface can be replenished both by diffusive transport

of H2S through the boundary layer and by the protonation of

HS� that is already at the interface. As a result, the reliance

on diffusive transport decreases, and the resistance to the

overall process imposed by the liquid boundary layer dimin-

ishes. The total resistance to gas transfer, representing the

sum of the resistances of the two boundary layers, therefore

diminishes as well, until most of the resistance resides in the

gas phase. At that point, increasing the pH continues to

decrease the resistance contributed by the liquid boundary

layer, but it has little effect on the overall resistance.

If kG/kL is substantially smaller (as it would typically be

in a packed column), the variation in KL;ineut with pH is much

smaller (see Problem 5-15). &

5.7 EVALUATING kL, kG, KL, AND a:
EFFECTS OF HYDRODYNAMIC AND

OTHER OPERATING CONDITIONS

To this point, we have explored some conceptual and

mechanistic models for gas transfer, and used these models

to characterize the overall rate of gas transfer in terms of the

concentrations in the two bulk phases, Henry’s constant, and

the system-specific parameters kL, kG, and a (or the combi-

nation of these parameters that yields the overall rate

constant KLaL or KLaR). In the final section of this chapter,

some theoretical considerations and empirical observations

that are useful for estimating these system-specific parame-

ters are presented. The discussion focuses on pure gas-in-

liquid and liquid-in-gas systems (e.g., diffused aeration,

bubble columns, and packed columns), for which correla-

tions for the rate constants have been developed from

first principles. No such correlations are available for
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FIGURE 5-22. Aspects of H2S transfer between the gas and

solution in the example system. (a) Overall gas transfer coefficients

in the system, applicable for two different ways of defining the gas

transfer driving force. (b) H2S flux in the system.

19 The fraction of the resistance that resides in each phase can be computed

using equations derived in Appendix 5B. The result is that the liquid

contributes >90% of the overall resistance at pH< 7.4, 50% at pH 8.5,

and<10% at pH> 9.5. Note that the gas-phase resistance becomes limiting

at high pH because the liquid-phase resistance declines; the gas-phase

resistance itself is unaffected by pH.
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mechanically assisted surface aeration systems (e.g., brush

aeration) for reasons noted earlier—such systems usually

have both gas-in-water and water-in-gas components that

are highly system-specific, and hence cannot be modeled by

any well-defined, idealized limiting case. Some reference is

also made to surface aeration across unbroken water sur-

faces (e.g., the surface of a lake or river), because of the

extensive research that has been performed to study transfer

of oxygen across such surfaces.

Approaches for Estimating Gas Transfer Rate
Coefficients

Gas-in-Liquid Systems Theoretical analyses of gas-in-

water systems typically begin by modeling the behavior

of an isolated bubble rising through a quiescent solution.

Superficially, such a system appears to be quite simple.

However, this apparent simplicity is deceptive, as is evident

from consideration of just one of the many variables that

affects gas transfer in the system: bubble size. As a point of

reference, diffused aeration systems used in environmental

engineering processes typically have bubbles with equiva-

lent diameters in the range of 0.2–2.5 cm.

Bubbles rising through a solution take various shapes,

related primarily to their size, as shown schematically in

Figure 5-23. These changes in shape are associated with

corresponding changes in the rise velocity and the fluid

dynamics in the two phases, which in turn help control the

values of kLa and kGa. Some model and experimental data

for the correlations of bubble velocity and kL with bubble

size are shown in Figure 5-24.

Very small bubbles tend to behave as hard spheres (i.e., air

movement inside the bubbles is negligible), in which case

the rise velocity can be computed based solely on the water

viscosity and the density difference between the gas and

solution. As the bubble size increases, circulation cells

develop in the bubble and reduce the friction at the interface,

allowing the bubble to rise more rapidly than it would in the

absence of the circulation. The increase in the rise velocity

causes the bubble to have a larger effect on the solution,

changing kL, and the circulation of air in the bubble affects

kG.While these effects complicate the analysis, they can still

be modeled reasonably well.

As the bubble size increases further, the bubble acquires a

teardrop shape that becomes progressively flatter as the

bubble size increases, and then rounds into a cap as the

bubble becomes quite large (�2 cm). Over part of this range,

the effect of increased cross-sectional area of the bubble in

the horizontal plane dominates over the effect of increased

buoyancy, so the rise velocity actually decreases with

increasing bubble size (Figure 5-24a). When the bubble

starts flattening, its trajectory becomes less linear, and it

may jiggle as it rises. The combined effects of the changes in

bubble size, shape, rise velocity, and trajectory cause both

KL and the products KLaL and KLaR to pass through a

maximum at an equivalent spherical diameter near 0.2 cm

(Figure 5-24b).

Gas transfer in these systems becomes progressively more

difficult to model as bubble size increases. A similar state-

ment applies to systems with gradually increasing bubble

FIGURE 5-23. Shapes of gas bubbles in aqueous solutions. The

progression from left to right corresponds to increasing equivalent

diameter (i.e., the diameter of a spherical bubble that has the same

volume as the actual bubble) from roughly 0.2 to 2 cm. Source:

After Calderbank et al. (1970).
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FIGURE 5-24. Important parameters in bubble aeration systems.

(a) The rise velocity of air bubbles in water at 20�C (after

Haberman and Morton, 1956); (b) kL values for oxygen transfer

from bubbles of various equivalent diameters rising in water at

20�C. Source: Modified from Barnhart (1969).
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concentration (number per unit volume). In this case, the

complications arise from the fact that, at high concentration,

bubbles can coalesce, and even if they do not, the hydro-

dynamic disturbances caused by individual bubbles can

overlap, leading to localized turbulence and correspondingly

complicated patterns of fluid motion.

Values of kL for even some of the more complicated

situations described in the preceding paragraphs have been

estimated from a fundamental, theoretical starting point. The

results have then been compared with the behavior of

experimental systems, and empirical modifications to the

predictive equations have been made when necessary. An

extensive compilation of these model equations is provided

in Perry’s Chemical Engineers’ Handbook (Green and

Perry, 2008). As is common in the chemical engineering

literature, the equations are presented using dimensionless

parameters for both the independent and dependent varia-

bles. Mathematical definitions and qualitative descriptions

of these parameters are provided in Table 5-6, and a few of

the predictive equations are presented in Table 5-7.

& EXAMPLE 5-9. Water is to be aerated in a well-

mixed tank by injecting bubbles that, at mid-depth, have an

average diameter of 0.8mm. The water temperature is 20�C
and its viscosity is 10�2 g/cm s. Estimate kL based on the

correlation given in Table 5-7 for noninteracting bubbles, and

estimate the thickness of the liquid boundary layer based on

the stagnant-film model. At 20�C, the diffusion coefficient

of O2 in solution is 2.05� 10–5 cm2/s.

Solution. The rise velocity of the bubbles can be esti-

mated from Figure 5-24 as 14 cm/s. The Reynolds, Schmidt,

and Sherwood numbers for the bubbles are therefore

Re ¼ dbbvbbrL
mL

¼ ð0:08 cmÞð14 cm=sÞð1:0 g=cm3Þ
10�2ðg=cm sÞ ¼ 112

Sc ¼ mL

rLDi;L
¼ 10�2ðg=cm-sÞ

ð1:0 g=cm3Þð2:05� 10�5 cm2=sÞ ¼ 488

Sh ¼ Re1=3Sc1=3 ¼ ð112Þ1=3ð488Þ1=3 ¼ 37:9

The estimated value of kL can then be computed from the

Sherwood number as

kL ¼ ðShÞDO2;L

dbb

¼ ð37:9Þð2:05� 10�5 cm2=sÞ
0:08 cm

¼ 0:0097cm=s

According to the two-film model, the mass transfer

coefficient in the liquid film is DL;O2
=dL, so in this case,

we could estimate dL as

dL ¼ DL;O2

kL
¼ 2:05� 10�5 cm2=s

0:0097 cm=s
¼ 2:11� 10�3 cm

¼ 21:1mm &

While the semitheoretical approaches described earlier

are useful for gaining an appreciation of the factors that

control kL, they are often not practical to use for design

calculations because of system-specific factors related with

mixing patterns and water chemistry (affecting, e.g., the

extent of bubble coalescence). In such cases, an approach

that is commonly employed is to measure KLaL for oxygen

transfer under well-defined operating conditions, and then

use more theoretical approaches to predict how KLaL for

oxygen transfer will change in response to different operat-

ing conditions or to predict KLaL of other volatile species.

Because the primary goal of diffused aeration and surface

aeration is so often oxygen transfer (e.g., for biological

waste treatment processes), manufacturers of aeration

equipment often provide estimates of KLaL for oxygen

(or other parameters, such as oxygen transfer efficiencies,

TABLE 5-6. Definitions and Descriptions of Dimensionless

Numbers for Bubbles in Water, as Used in the Mass Transfer

Correlations

Name Symbol Definitiona
Parameter is Related to

the Ratio of:

Sherwood

number

Sh kLdbb

Di;L

Total mass transfer rate

to diffusive mass

transfer

Reynolds

number

Re dbbvbbrL
mL

Inertial to viscous forces

acting on a bubble

Schmidt

number

Sc mL

rLDi;L

Momentum diffusivity

to mass diffusivity

into a bubble

Grashof

number

Gr d3
bbrLgðrL � rbbÞ

m2
L

Gravitational or buoyant

forces to viscous

forces acting on a

bubble

ad, diameter; v, velocity; r, density; m, viscosity; D, diffusivity; g, gravita-

tional constant; k, gas transfer rate coefficient; bb, bubble; i, species being

transferred; L, liquid phase.

TABLE 5-7. Some Mass Transfer Correlations for Gas

Transfer Systemsa

Equation Comments

Sh ¼ Re1=3Sc1=3 Noninteracting bubbles,

dbb< 0.1 cm

Sh ¼ 1:13Re1=2Sc1=2
dbb

0:45þ 0:2dbb

Noninteracting bubbles,

dbb> 0.5 cm,

500<Re< 8000

Sh ¼ 2þ 0:31Sc1=3Gr1=3 Noninteracting bubbles or

bubble swarms,

dbb< 0.25 cm

Sh ¼ 0:42Sc1=2Gr1=3 Noninteracting bubbles or

bubble swarms,

dbb> 0.25 cm

aFrom Green and Perry (2008) and the references therein.
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that can be converted into KLaL values) under specified

conditions. Alternatively, pilot tests can be performed with

the given equipment and feed water to develop a system-

specific KLaL value for oxygen. Standard procedures for

conducting such tests have been developed, a few of which

are described in Appendix 6A in Chapter 6.

Once a KLaL value for oxygen has been obtained, corre-

sponding values for many other volatile species can gener-

ally be estimated, as follows. First, recall that in virtually any

oxygen gas transfer system, almost all the resistance resides

in the aqueous phase (because HO2
is large). With this

assumption, we find

Rtot;O2
� RG;O2

þ RL;O2
(5-62)

KLaLVLð Þ�1
O2

� kGHaLVLð Þ�1
O2

þ kLaLVLð Þ�1
O2

(5-61b)

ðKLaLÞO2
� ðkLaLÞO2

(5-74)

Recall also that the kL values of different species in a

given system are related with one another by Equation 5-46

(repeated in the following equation), withm usually between

0.5 and 0.75

ðkLaLÞ2
ðkLaLÞ1

¼ DL;2

DL;1

� �m

(5-46)

Considering oxygen as compound 1 and the species of

interest i as compound 2, the value of (kLaL)i can then

computed from

ðkLaLÞi ¼
DL;i

DL;O2

� �m

ðkLaLÞO2
� DL;i

DL;O2

� �m

ðKLaLÞO2

(5-75)

If the resistance to transfer of species i resides

almost entirely in the aqueous phase (i.e., if ðkLaLÞi ¼
ðKLaLÞi), then the following approximation holds, from

which KLaL for the species of interest can be computed

directly as

If RG;i � RL;i : ðKLaLÞi ¼
DL;i

DL;O2

� �m

ðKLaLÞO2

(5-76)

The ratio of KLaL for a species i to KLaL for oxygen is

frequently designated by the symbol Ci
20

Ci � ðKLaLÞi
ðKLaLÞO2

(5-77)

Comparison of Equations 5-75 and 5-77 indicates that, if

RG;i � RL;i;Ci ¼ DL;i

DL;O2

� m
:

& EXAMPLE 5-10. The value of KLaL for oxygen in a

wastewater treatment process operating at 25�C and using

mechanical surface aeration is 3.10 h�1. Estimate KLaL for

carbon tetrachloride(CCl4) in thesystem, if themajorityof the

resistance to transferofbothO2andCCl4 is in the liquidphase,

and the exponentm relating kLaL values to diffusivities is 0.5.

Assume that the ratio of the diffusivities of O2 and CCl4 is

the same at 20�C and 25�C.

Solution. The calculation is a direct application of

Equation 5-46. Rearranging this equation and substituting

diffusivities from Table 5-4 and the given values of m and

KLaL for oxygen, we find

ðKLaLÞCCl4 � ðkLaLÞCCl4 ¼
DL;CCl4

DL;O2

� �m

ðkLaLÞO2

¼ 9:2� 10�6 cm2=s

2:05� 10�5 cm2=s

� �0:5

ð3:10 h�1Þ¼2:08 h�1

&

While the approach described previously is adequate for

estimating KLaL values of volatile species for which the

resistance to gas transfer is almost entirely in the liquid

phase, this criterion is often not met for transfer of VOCs and

many other compounds of interest. In such cases, to estimate

the overall rate constant KLaL, it is necessary to estimate

kGaL in addition to kLaL.

Estimating kGaL is more problematic than estimating

kLaL, since no approach is available to estimate kGaL
directly for any single species (in a manner analogous to

the estimation of kLaL for oxygen), and because the relation-

ships among kGaL values for different species in a given

system are not clear. With respect to the latter issue, an

assumption is frequently made that these relationships are

analogous to these among kLaL values; that is

ðkGaLÞ2
ðkGaLÞ1

¼ DG;2

DG;1

� �n

(5-78)

Although some evidence suggests that the value of n is

different from that ofm (Munz and Roberts, 1984), the value

of n is not known with any confidence, so the assumption that

n¼m is often made. In that case, dividing Equation 5-78 by

Equation 5-46 yields

ðkGaLÞ2=ðkLaLÞ2
ðkGaLÞ1=ðkLaLÞ1

¼ DG;2=DL;2

DG;1=DL;1

� �m

(5-79)

As suggested by the values in the final column of

Table 5-4, the ratio of the gas-phase diffusivity to the

20 The definition ofCi in the literature is not always consistent. Some authors

define it as the ratio ðkLaLÞi= ðkLaLÞO2
, rather than as ðKLaLÞi=ðKLaLÞO2

.

Although the denominators of these fractions are approximately equal to one

another, the numerators (and therefore the values of the fractions) differ if gas-

phase resistance is important for species i.
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liquid-phase diffusivity is close to 1.0� 104 for most volatile

compounds, so that the term in parentheses on the right side

of Equation 5-79 is approximately 1.0. Making that substi-

tution, the equation can be rewritten to show that the ratio

kGaL/kLaL (and therefore kG/kL) is approximately the same

for all volatile species in a given system

ðkGaLÞ2=ðkLaLÞ2
ðkGaLÞ1=ðkLaLÞ1

� 1:0

ðkGaLÞ2
ðkLaLÞ2

¼ ðkGaLÞ1
ðkLaLÞ1

(5-80)

kG

kL

� �
2

¼ kG

kL

� �
1

(5-81)

This result can be rationalized based on the idea that, for a

given gas transfer system, the kG/kL ratio depends primarily

on physical parameters (the interfacial thicknesses and

packet RTDs) and hence is insensitive to the species being

transferred. Thus, although the kG/kL ratio is expected to

vary substantially from one gas transfer system to the next,

its value might reasonably be approximately constant for all

the volatile species in a given system.

Even if we accept the approximations leading to Equa-

tions 5-80 and 5-81, those equations alone cannot provide

the information required to estimate KLaL for a species for

which gas-phase resistance is significant; to accomplish that,

the value of the kG/kL ratio in the system must be known.

While these ratios cannot be predicted from first principles,

typical ranges for certain types of gas transfer systems have

been established. These typical ranges are identified in

Figure 5-18. Based on these values, we can decide whether,

in fact, gas-phase resistance is likely to be important, and

hence whether KLaL can be approximated by the value of

kLaL computed using Equation 5-75. For instance, the figure

indicates that 91–97% of the resistance to stripping of CCl4
(log H¼ 0.04) in a diffused aeration system is expected to

reside in the liquid phase; as a result, if we wish to estimate

KLaL for this compound in a diffused aeration system, the

gas-phase resistance can be ignored, and KLaL can be

estimated using Equation 5-75. In contrast, for stripping

of benzene (logH¼�2.05) in the same system, only 8–30%

of the resistance is expected to be in the liquid phase. Thus,

while Equation 5-75 could be used to estimate the value of

kLaL for benzene in the system, that value would not be a

good approximation of KLaL.

& EXAMPLE 5-11. Estimate values for kLaL and

KLaL for bromoform (CHBr3) in the system described in

Example 5-10, if the kG/kL ratio in the system is 20. As in

Example 5-10, assume thatm¼ 0.5 and the diffusivity ratios

are the same at 20�C and 25�C.

Solution. Henry’s constant for bromoform is given in

Table 5-2 as 0.0227 LL/LG. For a system with this value of H

and kG/kL¼ 20, Figure 5-18 indicates that the majority of

the resistance to gas transfer for bromoform would be in

the gas phase, so Equation 5-74 cannot be used to estimate

ðKLaLÞCHBr3 . However, because ðKLaLÞO2
� ðkLaLÞO2

, we

can still use Equation 5-75 to estimate ðkLaLÞCHBr3 :

ðkLaLÞCHBr3 ¼
DL;CHBr3

DL;O2

� �0:5

ðKLaLÞO2

¼ 9:2� 10�6 cm2=s

2:05� 10�5 cm2=s

� �0:5

ð3:10 h�1Þ ¼ 2:08 h�1

The value of ðkGaLÞCHBr3 can then be computed from the

given information about the kG/kL ratio:

ðkGaLÞCHBr3 ¼
kG

kL
ðkLaLÞCHBr3

¼ 20ð2:08 h�1Þ ¼ 41:6 h�1

The known values of ðkLaLÞCHBr3 and ðkGaLÞCHBr3 can

then be used to compute ðKLaLÞCHBr3 via Equation 5-59a, as
follows:

KLaL ¼ ðkLaLÞðkGaLÞH
kLaL þ kGaLH

¼ ð2:08 h�1Þð41:6 h�1Þ 0:0227 LL=LGð Þ
2:08 h�1 þ ð41:6 h�1Þ 0:0227 LL=LGð Þ ¼ 0:649 h�1

The value of KLaL for bromoform in this system is

considerably less than would be computed using

Equation 5-74, because of the influence of the gas-phase

resistance. &

The preceding discussion focuses on the relative KLaL
values for different species in a system. In a given system

operated in a given way, these ratios are established by the

system physics and chemistry. However, even after a system

is installed, it might be possible to alter the absolute values

of KLaL for various species by altering the system operation.

For instance, for both diffused aeration and surface aeration

systems, KLaL can often be increased by increasing the

mixing intensity, as quantified by the power input per unit

volume of water (the specific power input, P/V) (Roberts and

Levy, 1985; Newbry, 1998). The increased mixing of the

aqueous phase is thought to increase the kLaL values for all

volatile species in the system, but to have almost no effect on

kGaL (Libra, 1993). As a result, increasing P/V is expected to

increase KLaL for species whose mass transfer resistance is

predominantly in the liquid phase. Specific power inputs to

surface aeration systems in wastewater treatment plants
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range from approximately 10 to 60W/m3, with a typical

value of 25W/m3 (Paulson, 1979; WEF, 1988).

Such behavior is demonstrated in Figure 5-25 for absorp-

tion of oxygen and stripping of several volatile organic

contaminants in a stirred, surface aeration system. In this

study, the KLaL values for all the species investigated were

directly proportional to the specific power input over a very

wide range of P/V (as indicated by the lines in the figure with

slope nearly equal to 1.0), suggesting that the liquid-phase

resistance dominated the gas-phase resistance for all the

species investigated. Similar results were obtained in other

laboratory tests by Hsieh et al. (1993) and in a field-scale

study by Parker et al. (1996).

In all the systems characterized in Figure 5-25, the intense

stirring of the solution was reported to generate a continuous

spray of water and to entrain substantial amounts of air into

the solution. When surface aeration occurs across an

unbroken interface, such as in natural water bodies, a corre-

lation can be developed between specific power dissipation

(related to the velocity of the water) andKLaL; in these cases,

both a theoretical analysis and experimental data suggest that

the correlation is of the form KLaL¼ k(P/V)b, where k and b

are constants, and b is in the range from 0.3 to 0.5 (Kozinski

and King, 1966; Hsieh et al., 1993).

Although increasing the specific power input can reduce

the liquid-phase resistance (and hence increase KLaL) at any

value of P/V, the unchanging gas-phase resistance might

place an upper bound on KLaL when P/V becomes large.

Libra (1993) observed such a trend in experiments

investigating the stripping of toluene, dichloromethane,

and 1,2-dichlorobenzene in a stirred, diffused aeration sys-

tem. In these systems, KLaL for oxygen increased steadily as

P/V was increased from 10 to 1000W/m3 (Figure 5-26),

indicating that kLaL for oxygen was increasing; presumably,

kLaL for all three organic species increased as well. Never-

theless, KLaL for the organic species did not increase,

indicating that the rate of gas transfer of those species

was being limited by the gas-phase resistance, which is

unaffected by P/V.

Another parameter whose effect on kLaL in diffused aera-

tion systems is worth noting is the gas flow rate, QG. If the

bubble size and the dimensions of the system are kept

constant, then the number of bubbles present in the tank at

any given time is expected to be directly proportional toQG. In

that case, the concentration of surface area in the tank (aL)

would also be proportional to QG. If the mixing of the liquid

was not dramatically affected by the change in QG, kL would

be approximately constant, and kLaL would be directly

proportional to QG. Such a result was obtained by Hsieh

et al. (1993) in a bench-scale study of 20 VOCs. A similar

result was obtained by Libra (1993) in a system with both

diffused aeration and mechanical mixing, when the specific

power inputwas large.However, at lower specificpower inputs,

kLaL was less than proportional to QG in Libra’s study and

others cited therein. Perhaps because of the effects of specific

power input and gas flow rate on the bubble size, the relation-

ship was similar to that cited earlier for surface aeration in

systems where the water surface was not broken; that is

kL / Qb
G (5-82)

The reported values of b ranged from approximately 0.3

to 0.6 at low P/V, and increased to close to 1.0 at higher P/V.

Liquid-in-Gas Systems The idealized representation of

the contact between water and air in a packed tower is

FIGURE 5-25. Dependence of KLaL on the specific power input

for a variety of volatile compounds in a surface aeration system.

Source: Reprinted with permission from Roberts and D€andliker,
(1983). Copyright 1983 American Chemical Society.
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on specific power input for four species in a laboratory-scale,

stirred diffused aeration system. Source: After Libra (1993).
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based on a thin film of water flowing along a planar surface.

Theoretical calculations for both heat and mass transfer in

such systems have been performed, taking into considera-

tion the thickness of the film, the affinity of the fluid for the

solid (quantified via the surface tension), and the effect of

counter-current air flow. In actual systems, of course, the

flow over the packing is not uniform with respect to thick-

ness, velocity, or surface smoothness (i.e., ripples might

appear and disappear; water droplets form, coalesce, and

then are converted into a film; and air flow might not be

uniform across the cross-section of the column). Therefore,

as is the case for diffused aeration, predictive equations for

the gas transfer rate coefficients are based on a synthesis of

fundamental models with empirical modifications that

improve the correlation between the models and the exper-

imental data.

A number of correlations that predict the values of one or

both mass transfer coefficients (kL and kG) in packed towers

have been proposed. Comparative studies of the accuracy of

these models for application to stripping of VOCs (Roberts

et al. 1985; Lamarche and Droste, 1989; Staudinger et al.,

1990; Dvorak et al., 1996) have generally reached the

conclusion that the correlations proposed by Onda et al.

(1968) provide the best fit to the experimental data. The

correlation is generally reported to be accurate in predicting

KLaL values to within 30%, although larger deviations are

sometimes reported, especially in cases where gas-phase

resistance is important (Dvorak et al., 1996; Little and

Mari~nas, 1997).
Use of the Onda approach involves calculation of kL, kG,

and aR from three separate correlations, each of which

includes some dimensionless parameters and some empiri-

cal fitting constants. The correlations, which have been

presented by different researchers in a number of equivalent

formats, are summarized in Table 5-8 as relationships among

dimensionless terms.

The Onda correlations provide an approach for estimat-

ing the gas transfer rate coefficients in the packed portion

of a bed. In many cases, a significant amount of gas

transfer can occur near the top and (especially) the bottom

of the tower, outside the packed region. The contributions

of these zones to gas transfer can be assessed experimen-

tally by studying the amount of gas transfer that is

accomplished in the column in the absence of packing

(Roberts et al., 1985).

& EXAMPLE 5-12. Calculate the values of kLaR,

kGaR, and KLaR using the Onda correlations for stripping

of chloroform from an aqueous solution at 20�C in a 1.5-m

diameter column packed with 2-in (¼ 0.051m) poly-

ethylene Berl saddles. The column is to be operated

with a liquid flow rate of 17.7 L/s (0.0177m3/s) and an

air:water flow ratio, QG/QL, of 25 LG/LL. Relevant proper-

ties of the solution, the gas, and the packing are provided in

TABLE 5-8. Onda Correlations for Mass Transfer in Packed

Towers

Correlations for computing kL, kG, and a
a

kL
rL
mLg

� �1=3

¼ 0:0051
QLrL

ARaRmL

� �2=3
mL

rL DL

� ��1=2

ðaTdPÞ0:4

(5-83a)

¼ 0:0051
LM

aRmL

� �2=3
mL

rL DL

� ��1=2

ðaTdPÞ0:4

(5-83b)

kG

aTDG

� �
¼ 5:23

QGrG
ARaTmG

� �0:7
mG

rG DG

� �1=3

ðaTdPÞ�2 (5-84a)

¼ 5:23
GM

aTmG

� �0:7
mG

rGDG

� �1=3

ðaTdPÞ�2 (5-84b)

aR

aT
¼ 1� exp �1:45

sc

sL

� �0:75

Re0:1Fr�0:05We0:2

" #

(5-85)

Definitions of dimensionless groups used to calculate aR/aT
b

Reynolds number: Re ¼ QLrL
ARaTmL

¼ LM

aTmL

(5-86)

Froude number: Fr ¼ Q2
LaT

A2
Rg

¼ L2MaT

r2Lg
(5-87)

Weber number: We ¼ Q2
LrL

A2
RsLaT

¼ L2M
rLsLaT

(5-88)

Definitions of individual parameters

AR¼ cross-sectional area of packed tower (m2)

aT¼ surface area of packing per unit volume of reactor (m2/m3)

aR¼ interfacial area per unit volume of reactor (m2/m3)

dp¼ characteristic length (e.g., diameter) of packing (m)

DL, DG¼ diffusivity of solute in liquid and gas phases,

respectively (m2/s)

g¼ gravitational constant (9.81m/s2)

LM, GM¼ liquid and gas areal mass loading rates, equal to Qr/A in

each phase (kg/m2 s)

QL, QG¼ liquid and gas volumetric flow rates (m3/s)

mL, mG¼ viscosity of liquid and gas phases, (N s/m2)

rL, rG¼ density of liquid and gas phases (kg/m3)

sc¼ critical surface tension of packing material (N/m)

sL¼ surface tension of liquid (N/m)

aOnda suggested using 2.00 as the coefficient in the expression for

(kG=aTDG) if the characteristic size of the packing was <15mm.
bThe expressions after the second equal sign in Equations 5-86, 5-87, and

5-88 allow the calculations to be performed using mass flow rates instead of

volumetric flow rates. This approach is valuable in systems where the

temperature changes significantly in the column, because such a change

alters the volumetric, but not the mass, flow rate of gas. Such situations arise

only rarely in environmental applications.
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the following table. What fraction of the overall mass

transfer resistance resides in the gas phase?

aT¼ 105m�1 Hcc¼ 0.16mL
3/mG

3

DL¼ 1.03� 10�9m2/s DG¼ 1.17� 10�5m2/s

mL¼ 1.0� 10�3 Pa s mG¼ 1.82� 10�5 Pa s

rL¼ 998 kg/m3 rG¼ 1.20 kg/m3

sL¼ 0.073N/m sc¼ 0.033N/m

dp¼ 0.051m

Solution. The calculation involves inserting the given

information into the expressions in Table 5-8. We first

compute the cross-sectional area of the column and the

gas flow rate

AR ¼ pd2
column

4
¼ pð1:5mÞ2

4
¼ 1:77m2

QG ¼ QG

QL

QL ¼ 25ð0:0177m3=sÞ ¼ 0:443m3=s

The Reynolds, Froude, and Weber numbers can then be

computed as follows:

Re ¼ QLrL
ARaTmL

¼ ð0:0177m3=sÞð998 kg=m3Þ
ð1:77m2Þð105m�1Þð1:0� 10�3 Pa sÞ

� 1
Pa

kg=ms2

� �
¼ 95:2

Fr ¼ Q2
LaT

A2
Rg

¼ ð0:0177m3=sÞð105m�1Þ
ð1:77m2Þ2ð9:81m=s2Þ ¼ 1:07� 10�3

We ¼ Q2
LrL

A2
RsLaT

¼ ð0:0177m3=sÞ2ð998 kg=m3Þ
ð1:77m2Þ2ð0:073N=mÞð105m�1Þ ¼ 1:31� 10�2

The value of aR can now be computed, using the values

of Re, Fr, and We, after which kL and kG can be

determined as

aR ¼ 1� exp �1:45
sc

sL

� �0:75

Re0:1Fr�0:05We0:2

" #( )
aT

¼ 1� exp �1:45
0:033

0:073

� �0:75

ð95:2Þ0:1
"(

�ð1:07� 10�3Þ�0:05ð1:31� 10�2Þ0:2
#)

105m�1

¼ 55:2m�1

kL ¼ 0:0051
QLrL

ARaRmL

� �2=3
mL

rLDL

� ��1=2

aTdp

� �0:4 rL
mLg

� ��1=3

¼ 0:0051
0:0177ðm3=sÞð Þ 998 kg=m3ð Þ

1:77m2ð Þ 55:2m�1ð Þ 1:0� 10�3 Pa s
� �

 !2=3

� 1:0� 10�3 Pa s

998 kg=m3ð Þ 1:03� 10�9 m2=s
� �

 !�1=2

� ð105m�1Þð0:051mÞ� �0:4

� 998 kg=m3

1:0� 10�3 Pa s
� �

9:81m=s2ð Þ

 !�1=3

¼ 2:18� 10�4 m=s

kG ¼ 5:23
QGrG
ARaTmG

� �0:7
mG

rGDG

� �1=3

aTdp

� ��2
aTDGð Þ

¼ 5:23
0:443m3=sð Þ 1:20 kg=m3ð Þ

1:77m2ð Þ 105m�1ð Þ 1:82� 10�5 Pa s
� �

 !0:7

� 1:82� 10�5 Pa s

1:2 kg=m3
G

� �
1:17� 10�5 m2=s
� �

 !1=3

� 105m�1
� �

0:051mð Þ�2
� 

105m�1
� ��

� 1:17� 10�5 m2=s
� �Þ

¼ 8:41� 10�3 m=s

The values of kLaR, kGaR, and KLaR are as follows:

kLaR ¼ ð2:18� 10�4 m=sÞð55:2m�1Þ ¼ 1:20� 10�2 s�1

kGaR ¼ ð8:41� 10�3 m=sÞð55:2m�1Þ ¼ 0:464 s�1

KLaR ¼ HkLkG

kL þ HkG
aR

¼ ð0:16Þð2:18� 10�4 m=sÞð8:41� 10�3 m=sÞ
ð2:18� 10�4 m=sÞ þ ð0:16Þð8:41� 10�3 m=sÞ � 55:2m�1

¼ 0:010 s�1

Finally, we can compute the fraction of the total resistance

that is in the gas phase using Equation 5-64:

RL

Rtot

¼ 1

ðkL=kGHÞ þ 1

¼ 1

ð2:18� 10�4 m=sÞ=ðð8:41� 10�3 m=sÞð0:16ÞÞ þ 1

¼ 0:861
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86.1% of the resistance is in the liquid phase, so 13.9% is in

the gas. &

Effects of Other Parameters on Gas Transfer Rate
Constants

Temperature Changes in temperature might affect the

value of KLaL in a number of ways. First, the diffusivity

of the species, which incorporates factors related to both the

kinetic energy of the molecules and viscosity of the fluid,

increases with temperature in both phases. In addition,

increasing temperature leads to an increase in Henry’s

constant, altering the driving force for the transfer and

shifting more of the resistance into the liquid phase. Finally,

changes in temperature can alter the fluid dynamics in

complex, system-specific ways that might, for example,

change the packet exchange frequency or the thickness of

the interfacial regions. Some of these effects are well

established and can be modeled mathematically, whereas

others are much less well understood.

Often, all the effects of temperature on gas transfer are

lumped together and modeled empirically, using an approach

that is based on that used to model the kinetics of homoge-

neous reactions. Specifically, since KLaL is an overall rate

constant, the effect of temperature on KLaL is sometimes

modeled using the Arrhenius expression. This expression,

which applies to many chemical reaction rate constants,

represents the logarithm of the rate constant as a linear

function of the inverse absolute temperature (Equation 3-87).

If it is applied over a limited range of temperatures, the

relationship expressed by the Arrhenius equation is also

reasonably consistent with an equation of the following

form:

kT2
¼ kT1

uT2�T1 (5-89)

where u is an empirical constant; reported values of u range

from approximately 1.01 to 1.04, with a value of 1.024 being

common (Metcalf and Eddy Inc, 2003). In the waste treat-

ment and stream reaeration literature, the dependence of

KLaL for oxygen on the temperature has often been modeled

by such an equation, with T1 frequently taken as 20
�C and T2

being in the range from 0�C to 35�C. The magnitude of the

effects of temperature on KLaL for this range of u values is

shown in Figure 5-27.

& EXAMPLE 5-13. In a test performed in the summer,

with water at 28�C, the KLaL value for oxygen transfer in a

bubble aeration system is determined to be 0.12min�1. If all

system operating parameters other than temperature remain

thesame,predict thedifferenceinrL;O2
foroxygentransfer into

a solution with cL;O2
¼ 2:0mg=L between summer and win-

ter, when the solution temperature is expected to be 5�C.
Assume that thewater contains negligible solutes and that the

effect of temperature on KLaL can be modeled using the

Arrhenius equation given in the preceding section with

u¼ 1.024.

Solution. The overall gas transfer rate constant in the

winter can be determined by inserting the given information

into the equation describing the effect of temperature on

KLaL

ðKLaLÞT2
¼ ðKLaLÞT1

uT2�T1

ðKLaLÞ5�C ¼ ðKLaLÞ28�Cð1:024Þ5�28

¼ ð0:12min�1Þ1:024�23 ¼ 0:070min�1

The rate of gas transfer into solution in the given systems,

rL;O2
, is the product ofKLaL and the extent of disequilibrium.

According to Figure 5-9, the solubility of oxygen in a

solution containing no other solutes is 7.8mg/L at 28�C,
and 12.8mg/L at 5�C. Therefore, the rates of O2 transfer in

the two systems are

rL;O2;5
�C ¼ KLaL c�L;O2

� cL;O2

� h i
5�C

¼ 0:070min�1½ð12:8� 2:0Þmg=L� ¼ 0:75mg=L min

rL;O2;28
�C ¼ KLaL c�L;O2

� cL;O2

� h i
28�C

¼ 0:12min�1½ð7:8� 2:0Þmg=L� ¼ 0:70mg=L min

Thus, the rate of oxygen transfer is expected to be

approximately 7% higher in winter than in summer. That

is, the decline in KLa at the lower temperature is more than

compensated by the increased driving force (due to the

increase in O2 solubility at lower temperature), so that the

rate of O2 transfer into the solution is predicted to be greater

in winter than in summer. &
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FIGURE 5-27. Effect of temperature on the overall gas transfer

rate constant for oxygen, based on Equation 5-89 (T2 in
�C).

EVALUATING kL, kG, KL, AND a: EFFECTS OF HYDRODYNAMIC AND OTHEROPERATING CONDITIONS 195



Solution Chemistry Solution-phase chemistry can also

have a large effect on gas transfer rates, both by modifying

the solubility of the compound and by altering the structure

of the interfacial region. In particular, the presence of

surface-active agents (surfactants) can affect both kL and

the surface tension, which in turn affect the ease with which

new interface is created and the value of aL. Surface-active

agents are chemicals that, for reasons described in Chapter 7,

tend to accumulate at the boundary between water and

another phase.

Detergents, oils and greases, and many other compounds

that have at least some hydrophobic character, are surface

active and tend to accumulate at the water/air interface.

Surface accumulations of these substances provide an addi-

tional resistance through which gas molecules must pass to

transfer between the phases, so the substances tend to lower

kL directly. They also tend to dampen disturbances at the

water surface, thereby reducing the mixing of interfacial

water with bulk water and increasing the resistance of the

liquid interfacial layer. Some surfactants may form chemical

associations with gas molecules as the latter move through

the interfacial region. Surfactants are always present in

domestic wastewater.

Because the identity and concentration of surfactants and

other chemicals that affect KLaL change over time in a given

system and differ from one system to the next, it has not been

possible to develop a useful approach for predicting their

effect. Rather, all effects of water composition on KLaL are

typically lumped into an overall term, usually designated a,

that accounts for differences in the values of KLaL when a

given system is operated with clean water and with the water

of interest:

a � KLaLjsolution of interest

KLaLjclean water

(5-90)

Thus, a expresses the same type of relationship for the gas

transfer rate constant that b does for the saturation concen-

tration of gas (as indicated in Equation 5-22). Both a and b,
as well as the temperature correction factor u, often appear in

gas transfer rate expressions in the literature dealing with

oxygen transfer into aerated, biological waste treatment

systems. In such systems, if KLaL and c�L are evaluated

for systems with clean water at 20�C, the overall rate

expression for oxygen transfer at other temperatures can

be represented as follows:

rL;gt;O2
¼ aKLaLu

T�20 bc�L � cL;b
� �

(5-91)

The concepts of the a, b, and u factors and the effects of

water quality on the values of these parameters have been

reviewed by Stenstrom and Gilbert (1981). These research-

ers reported typical ranges for the parameters in domestic

wastewater (the application in which the a, b, and u param-

eters are most often considered) as follows: 0.3<a< 0.8,

typically �0.5; 0.7< b< 1.0, typically �0.95; and 1.01<
u< 1.05, typically �1.02.

5.8 SUMMARY

In this chapter, the fundamentals of gas transfer processes

are introduced and discussed. The gas transfer reaction

takes place at the gas/liquid interface and is driven by the

tendency of the system to reach chemical equilibrium at

that location. The overall gas transfer process couples the

reaction at the interface with transport between the inter-

face and the two bulk phases. The process can be envi-

sioned as proceeding via a series of steps, with each step

imposing some resistance. In general, transfer through the

liquid- or gas-phase boundary layer immediately adjacent

to the interface imposes the greatest resistance. In many

environmental engineering systems, the resistance to gas

transfer is greater in the liquid-phase boundary layer than

in the gas-phase boundary layer, but this generalization is

not always true, particularly for species with low Henry’s

constants or those that undergo rapid reactions in the

aqueous phase.

Molecular diffusion is the dominant transport mode

through the boundary layers. The conditions in each bound-

ary layer might be characterized by steady state and a linear

concentration gradient (if the boundary layer is thin and

packets of fluid spend a relatively long time in the layer) or

by an unsteady state and a nonlinear gradient (if the bound-

ary layer is thick and packets of fluid spend a relatively short

time there). Empirical evidence suggests that the latter

scenario is far more common than the former.

The flux of a volatile species across a gas/liquid interface

depends on the ratio of the driving force (which can be

quantified as the extent of disequilibrium) to the overall

resistance. The overall rate of gas transfer is the product of

the flux and the concentration of interfacial area in the

system. Mathematically, these concepts lead to rate expres-

sions for gas transfer of the form rL;gt ¼ KLaL c�L � cL;b
� �

,

where rL,gt is the rate at which the volatile species enters

solution from the gas phase, KL is an overall gas transfer rate

constant, aL is the amount of interfacial area per unit volume

of liquid in the system, c�L is the hypothetical aqueous

concentration that would be in equilibrium with the bulk

gas phase, and cL,b is the concentration of the species in the

bulk solution. A similar expression can be written that

normalizes the interfacial area and the gas transfer rate to

the volume of the entire reactor, rather than only to the liquid

in the reactor: rR;gt ¼ KLaR c�L � cL;b
� �

.

KL is predicted to vary with the molecular diffusivity (DL)

of the species according to KL1 Dm
L , where m is a constant
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that is between 0.5 and 1.0. Mathematical models of the

process suggest that the value ofm depends on the thickness

of the packets and the dynamics of fluid exchange between

the interface and bulk phases.

Equations 5-57 and 5-58, are expressions for the rate of

gas transfer that can be easily substituted into mass balance

equations.

rR;gt ¼ JLaR ¼ KLaR c�L � cL;b
� �

(5-57)

rL;gt ¼ KLaR
VR

VL

c�L � cL;b
� �

(5-58a)

¼ KLaL c�L � cL;b
� �

(5-58b)

In the precedingequations, the productKLaLorKLaR canbe

thought of as the rate constant for an overall gas transfer

reaction that is first order with respect to the extent of dis-

equilibriumbetween thebulkgas andbulk solution.Therefore,

if we wish to increase the rate of approach to equilibrium, we

couldattempt to increaseeitherKLoraL.KLmightbe increased

by increasing the temperature of the system or the mixing

intensity in the phase that provides the greatest resistance.

Alternatively, if approaches for increasing KL are

impossible or impractical to implement, the rate constant

can be increased by increasing the value of aL. This might be

accomplished by decreasing the size of the dispersed phase

material (i.e., using smaller bubbles in a gas-in-water system

or smaller water droplets in a water-in-gas system). The

same effect could be achieved by altering the hydrodynam-

ics or aerodynamics in the system in such a way that the

dispersed phase spent more time in contact with the contin-

uous phase, for instance by packing a spray tower with

material that interrupts the downward path of the droplets;

this alteration would increase the hold-up time of the liquid,

thereby increasing the interfacial area per unit volume of

reactor, without requiring a change in the overall flow rate of

either liquid or gas.

If a volatile species undergoes a rapid reaction in solu-

tion, its transfer into solution is enhanced. This principle is

particularly important when analyzing the transfer of a

volatile species that is either an acid or a base. Defining

aneut as the fraction of the total dissolved concentration

that is in the neutral (volatile) form, then, if a system

initially favors gas stripping, decreasing aneut will decrease
the rate of stripping and, if aneut is low enough, convert the

system into one that favors gas absorption. If the initial

system is one that favors absorption, decreasing aneut will

increase the rate of gas absorption. The conversion of the

dissolved volatile species into another form increases the

relative importance of gas-phase resistance to the overall

resistance.

Values of the overall, first-order rate constant for gas

transfer (KLaL or KLaR) can be determined by combining

experimental data with a mass balance on the volatile

species, with Equation 5-57 or 5-58 substituted for rL,gt.

On the other hand, values of their corresponding rate con-

stants for transfer through the interfacial region in either

phase individually (kLaL, kLaR, kGaL, and kGaR) are more

difficult to obtain experimentally, especially for full-scale

systems. The latter values can often be estimated from

correlations that have been developed for specific types of

gas transfer systems.

In Chapter 6, the concepts developed in this chapter are

combined with information about the macroscopic propert-

ies of liquid/gas contacting systems to develop design

equations for analyzing full-scale systems and predicting

their behavior under different operating conditions.

APPENDIX 5A. CONVENTIONS USED
FOR CONCENTRATIONS AND ACTIVITY

COEFFICIENTS WHEN COMPUTING

HENRY’S CONSTANTS

Overview

The activity and concentration of volatile species can be

expressed using a variety of conventions. Here, some of

those conventions are described and compared.

Equation 5-8 shows that the version of Henry’s constant

that corresponds to an equilibrium constant can be expressed

as the ratio of the gas-phase to the liquid-phase activity of the

volatile species:

H0 � aG;i

aL;i

����
eq

(5-8)

Furthermore, according to Equation 5-9, the activity of i

in either phase can be expressed as the product of its activity

coefficient (gi) and its concentration normalized to the

concentration in the standard state:

ai ¼ g i

ci

ci;std:state
(5-9)

The activity coefficient indicates how differently the

species of interest behaves in the real environment compared

with its behavior in the standard state or reference environ-

ment. If the behavior of the molecules in the real system is

identical to that in the reference environment, then gi is 1.0,
and the molecules are said to behave ideally. Correspond-

ingly, if the molecules behave very differently in the two

environments, the activity coefficient is very different from
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1.0: if the molecules are less “active” in the real environment

than in the reference environment, g i is<1.0, and if they are

more active, it is >1.0.

By definition, in the standard state, ci equals ci,std.state and

g i equals 1.0, so ai is also 1.0. The activity of the species in a

system of interest can then be interpreted with reference to

the standard state. For instance, if a constituent has an

activity of 10�3, then it is only one one-thousandth as

“active” as in the standard state.21

The choice of the standard state conditions is arbitrary;

any system, with any concentration and any physico-

chemical environment, could be chosen as the standard

state. Fortunately, only a few choices for the standard state

are commonly employed; perhaps unfortunately, though, no

single convention has been adopted universally. Hence, it is

necessary to understand what these different standard states

are, and which one is being used in a given situation, to

interpret the available data.

Conventions for the Physicochemical Environment
in the Standard State

A temperature of 25 �C and a total pressure of 1.0 atm are

fairly universal choices for standard-state conditions in

environmental engineering and science. Also, for gases,

the molecular interactions in the standard-state environment

are specified to be those that occur in an ideal gas. Gases at

normal pressures behave very much like ideal gases (i.e., as

if they were in the reference environment), so activity

coefficients of gaseous species are almost always assumed

to be 1.0 in environmental engineering.

In contrast, for solutes, different reference environments

have been chosen by different groups of workers. For

instance, chemists dealing with freshwater systems typically

choose infinite dilution in pure water as the reference

environment for solutes. That is, in the reference environ-

ment, a solute is envisioned to interact only with water

molecules.22 On the other hand, in chemical engineering

(where much of the gas transfer literature evolved) the

reference environment is often chosen as the pure chemical

constituent, at least when that constituent is a liquid or solid

at room temperature. Using this convention, the reference

environment for benzene would be pure liquid benzene,

where each benzene molecule interacts solely with other

benzene molecules, as opposed to interacting solely with

water molecules in the reference environment defined by

infinite dilution. Neither of these choices is inherently better

than the other; however, the different choices for the refer-

ence environment can have a large effect on the values of the

activity coefficient and the activity of dissolved species.

If the reference environment chosen for a volatile species

dissolved in water is infinite dilution, then its activity

coefficient in real solutions is generally close to 1.0, for

two reasons. First, the solutions usually are fairly dilute, so

most of the molecules with which a dissolved species

interacts are water molecules, as is the case in the reference

environment. Second, the other constituents likely to be

present in solution are mostly salt ions. These ions can have

strong electrostatic interactions with one another. However,

only uncharged species can exist in the gas phase in signifi-

cant concentrations, and these species interact weakly with

dissolved ions. As a result, in most solutions, volatile solutes

behave similarly to how they would behave in pure water

and therefore have activity coefficients very close to 1.0

when the reference state is infinite dilution.

If, however, the reference state is chosen to be a pure

phase of the volatile species, the situation can be very

different from that described in the preceding paragraph.

In this case, “ideal behavior” is defined as a state in which

each molecule of the volatile species interacts solely with

other molecules that are identical to it (not with water).

These interactions are likely to be much more favorable

than those with water molecules, so the volatile species

are more stable and less ‘active’ than when they are

dissolved in an aqueous solution. By definition, the activ-

ity coefficient for the species is 1.0 in the reference state

(the pure liquid), so g i is >1.0 (and often 	 1:0) when

the species is dissolved in water.

Consider a volatile species that is dissolved in an aqueous

solution at a mole fraction xi and is in equilibrium with the

corresponding gaseous species at a partial pressure Pi (atm).

If the reference state for the solute is chosen to be the pure

liquid, and the standard state concentrations are xoi ¼ 1:0
and Po

i ¼ 1:0 atm for the liquid and gas phases, respectively,

the equilibrium constant for volatilization of i would be

given by

pure iH0
px ¼ aG;i

aL;i
¼ gG;iPi

�
Pi;std:state

g
pure i
L;i xi

�
xi;std:state

¼ Pi

g
pure i
L;i xi

(5A-1)

where the superscript “pure i ” indicates the reference state

for dissolved i, and the final equality incorporates an

assumption that gG,i equals 1.0.

If the liquid is pure i (xi¼ 1.0), then i in that liquid is in its

reference state, and g
pure i
L;i ¼ 1:0. In this case, the

21 The idea of a molecule being more active in one environment than

another is not as vague as this discussion might imply. The activity is a

quantitative reflection of the available energy stored in molecules, as

indicated by the relationship between molar Gibbs free energy and chemical

activity: Gi ¼ G
�
i þ RT ln ai. According to this equation, for a system at

25 �C, whenever the activity of the constituent doubles, the Gibbs free energy
of that constituent increases by 1.72kJ/mol. The relationship between chemi-

cal activity, Gibbs free energy, and reactivity is discussed in all chemical

thermodynamics texts and also in many environmental chemistry texts. See,

for instance, the texts byBenjamin (2002) andSchwarzenbach et al. (2002), or

the classic text of Lewis and Randall (1961).
22 This choice of a reference state is sometimes referred to as the Lewis and

Randall convention.
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equilibrium gas-phase pressure of i is, by definition, the

vapor pressure of i (Pvap,i), and Equation 5A-1 simplifies to

pure iH0
px ¼ Pi

g
pure i
L;i xi

¼ ð1:0ÞðPvap;iÞ
ð1:0Þð1:0Þ ¼ Pvap;i (5A-2)

Although Equation 5A-2 was derived for a scenario in

which the liquid phase was pure i, the same equilibrium

constant must apply to gas/liquid partitioning of i for any

other liquid phase containing i, as long as the same

reference state is used for the liquid phase. Therefore,

again utilizing the assumption that gG,i¼ 1.0, but recog-

nizing that g
pure i
L;i and xi might be different from 1.0,

Equation 5–94 can be applied to a dilute aqueous solutions

of i as

Pvap;i ¼ Pi

g
pure i
L;i xi

(5A-3)

Now consider a scenario in which beakers of pure liquid i

and pure water are both in contact with the same gas phase,

in a closed system. As the system equilibrates, molecules of i

will evaporate from the pure liquid, and some of those gas-

phase molecules will dissolve into the water. Assuming that

the initial volume of liquid i is sufficient, the ultimate

equilibrium system will include some remaining liquid i,

a partial pressure of Pvap,i in the gas phase, and a mole

fraction xi in the aqueous solution.23

Because both liquids in this system are equilibrated with

the same gas phase, they must be in equilibrium with one

another. That is, the concentration of i dissolved in the water

is equilibrated with pure liquid i, just as it would be if the two

liquids were in direct contact with one another. We can

therefore interpret xi as the equilibrium solubility of pure i in

water, expressed as a mole fraction; we designate this

concentration xsat’n,i. To apply Equation 5A-3 to the aqueous

solution, we substitute Pvap,i for Pi and xsat’n for xi to obtain

Pvap;i ¼ Pvap;i

g
pure i
L;i xsat’n;i

(5A-4)

g
pure i
L;i ¼ 1

xsat’n;i
(5A-5)

This result indicates that, when pure i is the reference

state, the activity coefficient for a volatile species dissolved

in an aqueous solution equals the inverse of the aqueous

solubility of that species, expressed as a mole fraction.

Note that this result applies to any aqueous solution con-

taining i, not just one that is saturated with i. Also, although

Equation 5A-5 was derived for a species that forms a liquid

when it is present as a pure compound, the same derivation

applies if pure i forms a solid phase.

APPENDIX 5B. DERIVATION OF THE GAS

TRANSFER RATE EXPRESSION FOR VOLATILE

SPECIES THAT UNDERGO RAPID ACID/BASE

REACTIONS

As noted in the body of this chapter, only neutral species can

transfer into or out of the gas phase. However, when

considering the composition of a solution, our interest is

often in the total dissolved concentration of an acid/base

group, rather than that of the neutral species alone. That is,

for instance, we are often more interested in the total concen-

tration of dissolved sulfide species ðcL;TOTS ¼ ðcH2SðaqÞ þ
cHS� þ cS2�ÞÞ than in cH2SðaqÞ, cHS� , or cS2� individually.

The relative contributions of the three dissolved sulfide

species to TOTSL depend only on the solution pH and are

commonly represented as so-called a values, defined as

a0 � cH2SðaqÞ=cL;TOTS, a1 � cHS�=cL;TOTS, and a2 � cS2�=

cL;TOTS, respectively. In the case of H2S, pKa2 is >13, so

the second deprotonation can be ignored in most solutions of

interest. In the following discussion, we assume that a2 is

negligible, so cL;TOTS � cH2SðaqÞ þ cHS� .

More generically, for any acid or base group formed by

protonation of a core molecule A, an is defined as

ðcAn
=cL;TOTAÞ, where An is the species that is formed

when n protons are lost from the most protonated species

in the group. For instance, for the carbonate group, the most

protonated species is H2CO3. Therefore, a2 is the ratio of the

concentration of the species that has two fewer protons than

H2CO3 (i.e., CO3
2�) to cL;TOTCO3

(¼ cH2CO3
þ cHCO3

�þ
cCO3

2� ): a2 � ðcCO3
2�=cL;TOTCO3

Þ.
Consider now how the rapid protonation or deprotona-

tion of a neutral molecule at the interface affects the mass

balances that we write to derive rL,gt. If the volatile species

does not undergo any reaction in solution, then the mass

balances need consider only a single species in each phase,

so the rate at which the species enters solution can be

equated with the rate at which it is lost from the gas. If,

however, the volatile species undergoes rapid protonation

or deprotonation, that equality no longer applies. For

example, transfer of 1.0mmol/s of H2S into a pH 8.0

solution increases cL;TOTS at a rate of 1.0mmol/s, but,

because aH2SðaqÞ ¼ 0:09 at this pH, the number of moles

of H2S(aq) in solution increases at a rate of only

0.09mmol/s. This complication has significant implica-

tions for both the driving force for gas transfer and the

overall mass transfer coefficient.

23 In reality, some water would evaporate dissolve into the liquid i, so that

the liquid would no longer be pure. However, for simplicity, we assume here

that the solubility of water in liquid i is negligible.
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The easiest way to demonstrate these effects is by

writing a liquid-phase mass balance on cL;TOTS, and not

solely on dissolved H2S. Assuming that the only rapid

reaction in which the sulfide species participate is proto-

nation/deprotonation, a volume-normalized mass balance

around the liquid interfacial zone can be written for each

sulfide species. Each such mass balance includes only two

terms: one for diffusive flux, and another for production of

that species by chemical reaction. Assuming that H2S(aq)

and HS� have the same liquid-phase diffusivity,24 these

mass balances are

@cH2SðaqÞ
@t

¼ DL;H2S

@2cH2SðaqÞ
@x2

þ rL;H2SðaqÞ (5B-1a)

@cHS�

@t
¼ DL;H2S

@2cHS�

@x2
þ rL;HS� (5B-1b)

In these equations, rL;H2SðaqÞ is, formally, the rate of

generation of H2S(aq) by the reaction occurring in solution

(in this case, deprotonation of H2S(aq)), and rHS� is the rate

of generation of HS� by this same reaction. Thus, in a given

system, rL;HS� ¼ �rL;H2SðaqÞ. The mass balance on the sum

of H2S(aq) and HS� (i.e., on TOTSL) can then be written

as the sum of the right sides of Equations 5B-1a and 5B-1b,

in which case the reaction terms cancel one another. Thus,

we can write that mass balance as follows:

@cL;TOTS
@t

¼ DL;H2S

@2cL;TOTS

@x2
(5B-2)

The initial and boundary conditions for Equation 5B-2

are essentially identical to those for a system where only a

single species is diffusing (uniform concentration through-

out the packet at t¼ 0, and known concentrations at the

boundaries of the packet at all times), except that they

relate to cL;TOTS instead of to the single species. As a result,

the integration yields a very similar result as that obtained

earlier for the flux of a nonreactive volatile species (Equa-

tion 5-44):

JL;TOTS ¼ kL;TOTSðcL;int;TOTS � cL;TOTSÞ (5B-3)

A similar mass balance can be written around the gas-

phase interfacial region, yielding

JG;TOTS ¼ kG;TOTSðcG;int;TOTS � cG;TOTSÞ (5B-4)

A key distinction between Equations 5B-3 and 5B-4 is

that cG;TOTS equals the concentration of H2S(g) alone,

whereas cL;TOTS includes contributions from both H2S(aq)

and HS�. Nevertheless, it is useful to write the equations as
shown, to emphasize their core similarity.

Although Henry’s law relates only the concentrations of

the volatile species (in this case, H2S) in the two phases, a

pH-dependent, pseudo-Henry’s constant can be written to

relate the concentrations of cL;TOTS in the two phases:

ĤH2S � cG;TOTS

cL;TOTS

����
eq

¼ aneutHH2S (5B-5)

Assuming that the gas and solution are equilibrated at the

interface, the same algebra can be performed on Equa-

tions 5B-3 to 5B-5 as is done in the main body of this

chapter for nonreacting species to yield an overall expres-

sion for gas transfer, but in which all the parameters refer to

cL;TOTS instead of a single species:

JL;TOTS ¼ KL;TOTS c�L;TOTS � cL;TOTS

� 
(5B-6)

KL;TOTS ¼ ĤH2SkL;TOTSkG;TOTS

kL;TOTS þ ĤH2SkG;TOTS
(5B-7)

Equations 5B-6 and 5B-7 can be manipulated in a few

ways to facilitate comparison with the rate of gas transfer

in nonreactive systems. First, we note that kL and kG for

TOTS are expected to be the same as the corresponding

values for the H2S species alone (based on the assump-

tions that DL;H2SðaqÞ and DL;HS� equal one another and that

no HS� exists in the gas phase), so we can write these

parameters as kL;H2S and kG;H2S, respectively. We can also

use Equation 5B-5 to substitute for ĤH2S in Equation 5B-7.

Finally, we note that, in many systems of interest, the

concentration of the volatile species in the gas phase and

the total concentration of the dissolved species are known,

and the pH is adjustable. Therefore, it is convenient to

isolate the effect of pH from that of the other parameters.

To do that, we can express c�L;TOTS as (c�L;H2SðaqÞ=aneut),

thereby separating the pH-dependent term (aneut) from the

partial pressure-dependent term (c�L;H2SðaqÞ, which can

be computed as ðcG;H2S=HH2SÞ). When these substitutions

are made, Equations 5B-6 and 5B-7 can be rewritten as

follows:

JL;TOTS ¼ KL;TOTS

c�L;H2SðaqÞ
aneut

� cL;TOTS

� �
(5B-8)

KL;TOTS ¼ aneutkL;H2SkG;H2SHH2S

kL;H2S þ aneutkG;H2SHH2S

(5B-9)

Equations 5B-8 and 5B-9 indicate that, for a given gas-

phase concentration of H2S(g) and a given total dissolved24 This assumption is not necessary, but it simplifies the algebra.
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sulfide concentration, both the driving force for gas transfer

and the overall rate constant depend on aneut, and therefore

on the solution pH. Under conditions where aneut is approx-

imately 1.0 (at pH less than approximately 6 in the case of

H2S), these equations simplify to the equations for non-

reactive gases, as would be expected.

The effects of changes in aneut on the gas transfer rate can

be divided into two categories. First, reducing aneut always

increases the effective solubility of the species; that is, the

ratio of cL;TOTi to cG,i at equilibrium. As a result, if the flux

under some baseline condition is out of solution, a change in

pH that decreases aneut will certainly decrease the driving

force for that process, and it might even reverse the direction

of the gas transfer, so that gas absorption is favored instead.

The magnitude of this effect for a hypothetical system is

shown in Figure 5B-1. In the system shown, the two phases

are in equilibrium at pH 10.0, at which ai;neut (in this case,

aH2SðaqÞ) is 10
�3.0. Thus, if the pH is increased from some

low starting value, the driving force for H2S dissolution

steadily diminishes up to pH 10.0, above which the direction

of transfer switches to H2S absorption.

In addition to affecting the driving force for gas transfer,

aneut alters the gas transfer rate constant, such that a reduc-

tion in aneut diminishes the importance of the liquid-phase

resistance relative to the gas-phase resistance. Specifically,

by following a derivation parallel to the one that led to

Equation 5-64 for nonreactive species, we find the fraction

of the overall resistance to gas transfer that resides in the

liquid phase for an acidic or basic species to be

RL

Rtot

¼ 1

ðkL=aneutkGHÞ þ 1
¼ kGH

ðkL=aneutÞ þ kGH
(5B-10)

The reason for this shift is that the acid/base reactions tend

to replenish a species that is being stripped from solution, or

consume a species that is entering solution, thereby doing the

same thing that diffusion through the liquid boundary layer

would do. To the extent that these changes occur by acid/base

reactions, the “work” that has to be done by diffusion through

the liquid boundary layer diminishes, thus diminishing the

likelihood that diffusion through the liquid-phase boundary

layer will be the rate-controlling step for gas transfer.

The qualitative trend that a decrease in aneut decreases the

fraction of the overall resistance attributable to the liquid

boundary layer is always predicted. However, the extent

to which this effect alters the gas transfer rate constant

depends on the details of the system, as shown generically

in Figure 5B-2 for a system with the (typical) characteristic

that the overall resistance to gas transfer resides mostly in

the liquid boundary layer when aneut¼ 1.

Consider first the trend shown for KL;ineut. If aneut¼ 1, the

value of KL;ineut is kL,i, just as it is in a system with no

acid/base reactions. However, as aneut decreases, KL;ineut

increases proportionately (as indicated by the 1:1 slope);

thus, under these conditions, if aneut decreases to 0.1, KL;ineut

increases to ðkL;i=aneutÞ ¼ 10 kL;i. These opposing changes

in aneut and KL;ineut reflect the fact that, even though a decline

in aneut reduces the transport of the neutral species through

the liquid boundary layer, this decline is exactly compen-

sated by the transport of ionized forms of i.

The trend described in the preceding paragraph continues

to a point, after which the change in KL;ineut per unit change

in aneut steadily decreases, and KL;ineut asymptotically

approaches a maximum value of HkG,i. As is clear from

the form of the limiting value, this transition reflects a shift
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from liquid-phase to gas-phase control of the gas transfer

kinetics; once this shift has occurred, the fact that ionized

forms of i can be transported through the liquid boundary

layer no longer affects KL;ineut , because transport though that

layer is no longer the bottleneck in the process.

As shown in the figure, the middle of the transition from

liquid- to gas-phase control is at aneut ¼ kL;i=kG;iH. As a

consequence, the shift between these two limiting conditions

occurs at different aneut values for different volatile species in

the same solution (because of their different H values), and

different aneut values for a given species in different solutions

(because of the different kL,i/kG,i ratios). In some cases, the

value of (KL;i=HkG;i) might be >1, so that transport through

the gas phase controls gas transfer kinetics at all pH values,

and KL;ineut is independent of aneut (and pH); in others,

(KL;i=HkG;i) might be so small that KL;ineut increases with

decreasing aneut under all reasonable conditions.

Figure 5B-2 also shows the trend in KL;TOTi as aneut
changes. Although KL;TOTi is identical to KL;ineut (and equal

to kL,i) at aneut¼ 1, the shape of the KL;TOTi versus aneut
curve is very different from that of KL;ineut versus aneut. The

reason is that, in calculations using KL;TOTi, the driving force

is considered to be c�L;TOTS � cL;TOTS; that is, the equations

are written as though all the species that contribute to TOTi

can exist in both the gas and liquid phases. As a result,

KL;TOTi must decrease with decreasing aneut to account for

the fact that ionized species cannot contribute to transport

through the gas-phase boundary layer (whereas KL;ineut

increases with decreasing aneut to account for the fact

that ionized species can contribute to transport through

the liquid-phase boundary layer). The key point is that, as

long as the expressions for the gas transfer coefficient and

the driving force are consistent with one another, the

correct value of flux can be computed using either

approach; that is

JL;i ¼ KL;ineut c�L;ineut � cL;ineut

� 
¼ KL;TOTi c�L;TOTi � cL;TOTi

� 
(5B-11)
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PROBLEMS

5-1. The vapor pressure of pure liquid benzene at 25�C is

0.13 atm.

(a) If the volatility of benzene followed Raoult’s

law under all conditions, what would be the

partial pressure of an aqueous solution contain-

ing 0.1mg/L benzene?

(b) What is the actual partial of benzene in such a

solution, based on Henry’s constant given in

Table 5-2? Explain the difference between this

value and the value computed in (a), based on

the interactions of benzene molecules with one

another versus these between benzene and water

molecules.

(c) Explain qualitatively how the difference in the

partial pressures computed in (a) and (b) is

related to the aqueous-phase activity coefficient

for benzene, if the reference state is defined as

pure benzene at 25�C.

5-2. A solution at 25�C that contains 4mg/L DO is being

bubbled with air. Instantly, the gas supply is

switched from air to pure oxygen. All other system

parameters (the rate of gas injection, bubble size,

etc.) remain the same. Assume Ptot¼ 1.0 atm

throughout the process. To what extent do you

expect the rate of oxygen dissolution into the water

to change at that instant?

5-3. Awater supply reservoir impounds water principally

from melting snow (and therefore at 0�C) is at

elevation 1000m. The water flows by gravity in a

closed conduit to a second reservoir at elevation

300m, where it warms to 10�C. Assume that baro-

metric pressure is 1.0 atm at sea level and decreases

by 1% for every 270m increase in elevation. How

much oxygen will enter or leave each liter of water as

it equilibrates in the lower reservoir? The molar

standard (25�C) enthalpy of volatilization for oxygen
is 13.3 kJ/mol. (Note: 1 kJ¼ 9.87 L atm.)

5-4. A research submarine suffers a catastrophic failure

and sinks to the ocean floor at a depth of 1000m. The

gas phase in the submarine was originally normal air

at 1.0 atm total pressure. A 1.0-L pocket of this gas is

in contact with the ocean water, which is at 4�C. The
average density of the seawater is 1030 kg/m3.

(a) What was the volume of this gas at the surface,

where the temperature was 15�C?
(b) What is the oxygen concentration in the gas, in

mg/L?

(c) What concentration of DO would be in equili-

brium with the gas under the ambient (ocean

bottom) conditions, if Henry’s law applies?

5-5. Each of three closed (gas-tight) systems at 25�C
contains 1.0 L of a 10mmol/L chloroform solution,

but they in equilibrium with different gas phases.

System I contains 1.0 L of gas with Ptot¼ 1.0 atm,

System II contains 2.0L of gaswithPtot¼ 1.0 atm, and

System III contains 1.0L of gas with Ptot¼ 2.0 atm.

(a) What is the gas-phase concentration in each

system?

(b) What is the total mass that was added to (and is

still in) each system?

5-6. A drum that has been used to collect hazardous waster

contains an organic phase in which the mole fractions

of benzene, toluene, and o-xylene are 0.32, 0.27, and

0.21, respectively. At the ambient temperature of

25�C, the vapor pressures of these three chemicals

are 0.126, 0.038, and 0.012 atm.

(a) If the organic phase behaves ideally with respect

to Raoult’s law, estimate the partial pressures of

the three major constituents in the head space in

the drum.

(b) Some rain water that has leaked into the drum

and is present as a separate phase. If Henry’s law

applies to this phase, what are the mole fractions

of the three constituents in the aqueous solution?

5-7. A biological treatment experiment is being conducted

to assess the treatability of a well-buffered solution

containing 50mg/L each of acetone and phenol at pH

7.0 and 25�C. To test whether a significant fraction of
the substrates might be lost due to volatilization, a

control experiment is conducted in which a substance

expected to completely inhibit biological activity is

added to the solution. In this control test, 3 L of the

solution is bubbled with air for 1 day, at a gas flow rate

of 1.0 L/min.

(a) If as they rise, the injected air bubbles reach

equilibrium with the solution, what fraction of

each substrate will be stripped from the solution

during the first minute of aeration? Assume

initially that the solution composition is approx-

imately constant during the time that a bubble

remains in the tank, and then use your result to

check that assumption.

(b) After some time, 50% of the acetone has been

stripped from the solution. At that time, what
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fraction of the dissolved acetone will be stripped

in a 1-min period?

(c) What do you expect the acetone and phenol

concentrations to be after 1 day of aeration?

(d) Repeat (c), for a test being performed under

thermophilic conditions, with the solution at

45�C. The standard enthalpies for the volatil-

ization of acetone and phenol are 38 and

61 kJ/mol, respectively.

5-8. Figure 5-14b shows that the computed flux of a vol-

atile species into solution in the thin packet limiting

case is constant from the instant that the liquid and

gas phases contact one another.

(a) Explain this result.

(b) In the same figure, the flux actually expected

(shown by the thick line) is largest immediately

upon contact of the two phases and then gradu-

ally declines until it reaches the value corre-

sponding to the thin packet limiting case.

However, the shape of the concentration profiles

in Figure 5-14a suggests that the flux into the

bulk solution (i.e., at x¼ 10mm in the example

system) would be zero initially and gradually

increase to the thin packet limiting value.

Explain this apparent anomaly.

5-9. A lake water at 15�C and containing 1.5mg/L dis-

solved oxygen (DO) is being aerated in a fountain

aerator. Droplets averaging 0.8 cm in diameter are

released. For a mass transfer coefficient in the liquid

phase (kL) of 120 cm/h, and assuming that almost all

of the resistance to oxygen transfer is in the liquid

phase, how long would a droplet have to be in the air

for the DO concentration to increase to 7.25mg/L?

5-10. The value of kL for oxygen in a particular gas transfer

system that will be used to inject ozone (O3) into a

water supply has been estimated to be 0.015 cm/s.

The ozone generator upstream of the gas transfer

process converts 10% of the O2 in the incoming air

into O3.

(a) If the water to be treated is at 25�C and contains

5mg/L O2(aq) and no ozone, estimate the rela-

tive fluxes (on a molar basis) of O2 and O3 into

the solution when the gas and liquid first come

into contact. Assume that m¼ 0.5 and that the

vast majority of the resistance to gas transfer is

in the liquid phase for both species. Also assume

Ptot¼ 1.0 atm. The diffusivity of O3 in water at

25�C is 1.30� 10�5 cm2/s.

(b) If kG/kL is 20 for both O3 and O2, what fraction

of the resistance to gas transfer resides in the

liquid for each species?

(c) Do you think that the transfer of ozone would be

enhanced, diminished, or not altered if the water

were deaerated (so that the DO concentration

were essentially zero) prior to the treatment

process?

5-11. A spray aeration system is being considered to aerate

pond water and oxidize the 40mg/L of Fe2þ that is

dissolved in it. The water is at 10�C and contains a

very low concentration of dissolved salts; under these

conditions, the saturation concentration of DO is

11.2mg/L. For this system, the value of KL for

oxygen transfer into the droplets is 150 cm/h. Ini-

tially, there is no DO in the water. The droplets are

1.0mm in diameter, and they are in contact with the

air for 1 s.

(a) Compute the DO concentration in the droplets

as they re-enter the pond, assuming that none of

the oxygen reacts with the iron during the short

time the droplets are airborne.

(b) The stoichiometry and rate of the reaction of

Fe2þ with DO are as follows:

Fe2þ þ 1
4
O2 þ 5

2
H2O ! FeðOHÞ3ðsÞ þ 2Hþ

rFe2þ ¼ �kcFe2þcO2
c2OH�

where k has a value at 10�C of 1.6� 1012

(L/mg O2)(L/mol OH�)2min�1. Convert the

rate expression into a pseudo-first-order reaction

with respect to DO for a scenario in which the

pH and Fe2þ concentrations are approximately

constant at their initial values (Hint: be careful

about units). Based on Figure 5-20, for a solu-

tion at pH 7.0, would consideration of the

reaction of DO with Fe2þ in the droplet

significantly alter the answer to (a)? The

diffusivity of oxygen in water at 10�C is

1.46� 10�5 cm2/s.

(c) Confirm your result from (b) by computing the

maximum concentration of Fe2þ that could

react with DO under the limiting-case condition

that the DO concentration computed in (a) is

attained instantaneously and is maintained

throughout the time that the droplet is in the air.

5-12. (a) For chloroform, bromoform, and oxygen at

25�C, calculate the fraction of total resistance

that is associated with the liquid phase in a

systems with kG/kL¼ 150 (e.g., a large lake).

(b) Repeat the calculation (a) for bromoform in a

system with kG/kL¼ 20 (e.g., a surface aeration

system).

PROBLEMS 205



5-13. Howard and Corsi (1996) studied the volatilization of

three organic contaminants from drinking water in

systems intended to simulate the situation at kitchen

sinks. In one test, they reported that KLaL for toluene

was 0.027min�1.

(a) Estimate the KLaL value for acetone in the same

system, assuming that the resistance to volatil-

ization is essentially all in the liquid phase for

both compounds, and that the temperature is

25�C. Assume that the exponentm relating kLaL
values to diffusivities is 0.6 and that the ratio of

diffusivities of acetone and toluene is the same

at 25�C as at 20�C.
(b) The authors estimated kG/kL to be 30 for this

system. Make a new estimate for KLaL of ace-

tone, taking into account the fact that the kG/kL
ratio applies to both volatile species.

(c) Do you think that gas-phase resistance is signif-

icant for transfer of either compound?

5-14. Compare the predicted flux computed in Example 5-8

with the value you would obtain if you ignored the

effect of the acid/base reactions on KL; that is, if you

assumed that the value of KL at aneut¼ 1.0 applied at

all pH values. What fraction of the resistance is

computed to reside in the gas phase if the acid/base

reactions are ignored?

5-15. Example 5-8 shows the effect of pH on two forms of

KL for a volatile species (H2S) that undergoes acid/

base reactions in solution. That example used a ratio

of kG/kL¼ 20, which is typical for surface aeration

systems (see Figure 5-18). Repeat the calculations for

a kG/kL ratio of 5 (by using a value of 0.02 cm/s for

kg), which is typical for packed towers designed to

accomplish gas stripping or absorption.

5-16. Just like thosewhose focus is primarily onwater quality,

researchersandpractitionerswhofocusonairqualityare

often interested in gas/liquid exchange reactions. In the

air quality literature, it is common towrite theexpression

for flux in terms of a driving force based on gas-phase

composition.That is, thefluxofavolatile species into the

gasphase iswrittenasJG ¼ KGa c�G � cG
� �

,wherec�G is
thegas-phaseconcentration thatwouldbeinequilibrium

with the bulk liquid, and a might be either aL or aR.

A solution at 25�C that contains 4.5mg/L DO is in

contactwith thenormalatmosphere, and isbeingaerated

by a systemwithKLa¼ 0.2min�1. Compute cG, c
�
G, c

�
L,

JL, JG and KGa in the system.

5-17. For the column described in Example 5-12, prepare

plots showing kLaR, kGaR, KLaR, and the fraction of

the total resistance in the gas phase for the following

scenarios:

(a) Varying the liquid flow rate,QG, from 5 to 80 L/s

while maintaining a fixed air:water ratio of

25 LG/LL (i.e., show each of the parameters as

a function of QL over the specified range).

(b) Varying the air:water flow ratio from 10 to

60 LG/LL while maintaining a fixed liquid

flow rate of 17.7 L/s.

5-18. Recall the definition of the residence time of a sub-

stance as the mass of the substance in the region of

interest divided by the rate (mass/time) at which it

moves through this region. Based on this definition,

compute the average residence time of the volatile

species in the liquid interfacial region in the example

system shown in Figure 5-14, once a steady-state

gradient has developed in the packet. Comment on

the result in light of the limiting cases shown in

Figure 5-14.

5-19. In the simplified two-film model developed for gas

transfer, the assumption is commonly made that both

boundary layers are flat. This assumption is often

reasonable even for curved boundaries such as the

surfaces of bubbles or droplets, since the radius

of curvature is usually much larger than the thickness

of the boundary layer. Nevertheless, there are cases of

very small droplets where the boundary layer may

be significantly curved, causing the surface area of

the inner boundary to be less than that of the outer

boundary.

Write a mass balance and derive the equation for

steady-state gas transport through a spherical water

droplet under conditions where the spherical geome-

try of the boundary layer must be considered. If a

small spherical water droplet was falling through the

air and the water in the droplet was not mixing

internally at all (the hard sphere model), what bound-

ary conditions would you write that would, in con-

junction with your differential equation, allow you to

solve for the concentration of a gaseous air pollutant

as a function of location in the droplet?
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6
GAS TRANSFER: REACTOR DESIGN AND ANALYSIS

6.1 Introduction

6.2 Case I: Gas transfer in systems with a well-mixed liquid

phase

6.3 Case II: Gas transfer in systems with spatial variations in the

concentrations of both solution and gas

6.4 Summary

Appendix 6A. Evaluation of KLa in gas-in-liquid systems

for biological treatment

References

Problems

6.1 INTRODUCTION

As discussed in the preceding chapter, transfer of molecules

across gas/liquid interfaces occurs in a wide variety of physi-

cal systems. These systems might have continuous flow of

both, one, or neither phase, and might be operated under

steady or unsteady state conditions. In all these systems, the

rate of transfer at any location, expressed as the mass of i

entering the solution per unit volume of solution per unit time

is given by Equation 6-1:

rL;gt ¼ KLaL c�L � cL
� �

(6-1)

where the parameter meanings are as described in Chapter 5.

Equation 6-1 characterizes each phase by a single concen-

tration value, so the equation is meaningful only over a time

frame and region of space in which the concentration in each

bulk phase is uniform. In many systems of interest, however,

the concentrations cL and c�L change as a function of time

and/or location, and the equation can be applied directly only

over a differential time period or to a differential control

volume. In such cases, the expression on the right side of

Equation 6-1 can be inserted into amass balance, but themass

balancemust then be integrated to obtain a result applicable to

longer timesor larger volumes.The integrated equation canbe

used to analyze or predict the behavior of full-scale systems in

terms of the major parameters of interest—the liquid and gas

flow rates; the reactor dimensions; and the influent and

effluent concentrations for systems with flow, or the initial

and final concentrations for systems without flow.

In this chapter, we derive and analyze design equations for

gas transfer in systems with a few common types of

gas/liquid contacting arrangements. While we identify the

key physical attributes of each system and take note of the

situations in which each is commonly encountered, we

distinguish among the systems primarily on the basis of

the uniformity or nonuniformity of the composition of the

two phases, and on the corresponding consequences for the

mass balances. Specifically, the analysis is presented sepa-

rately for two broad and important classes of reactors. One

group (identified below as Case I) includes reactors in which

the entire liquid phase has a uniform composition, and in

which the composition of that phase is approximately

constant over time periods comparable to the average gas

residence time (e.g., the rise time of a bubble or the time that

a droplet is airborne); many gas-in-liquid reactors, including

well-mixed diffused aeration systems, fall into this category.

The second group (Case II) includes reactors in which the

liquid phase composition varies continuously in space, such

as spray towers designed for gas stripping or absorption.

6.2 CASE I: GAS TRANSFER IN SYSTEMS WITH

AWELL-MIXED LIQUID PHASE

In this section, we analyze gas transfer in systems containing

a spatially uniform solution whose composition is approxi-

mately invariant over periods comparable to the average

residence time of the gas. The systems might be either batch

or continuous flow with respect to the solution. The uniform-

ity of the solution phase might arise either from complete

mixing of that phase or because the amount of gas transfer

is insufficient to change the solution composition signifi-

cantly over the time frame of interest. The composition of

Water Quality Engineering: Physical/Chemical Treatment Processes, First Edition. By Mark M. Benjamin, Desmond F. Lawler.
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the gas phase in these systems might vary with location in the

reactor. The analysis is based largely on the work of Matter-

M€uller et al. (1980, 1981).
If the composition of the gas phase is nonuniform in the

reactor, the value of c�L and, therefore, the rate of gas transfer
will vary as a function of location (e.g., as a function of depth

in a reactor with diffused aeration). The essential features of

a batch liquid system with continuous flow of gas that meets

these criteria are shown schematically in Figure 6-1.

In Figure 6-1, the volumetric flow rate of gas is shown as

QG both entering and leaving the reactor. Two factors can

cause a system to violate this equality. First, the amount of

gas transferred might be large enough to change the mass

flow rate of gas significantly during the gas residence time in

the reactor. Such a situation might arise in, for example,

recarbonation reactors using pure CO2 as the injected gas

phase, or aeration of a reservoir (where the air might be

injected at depths of several tens of meters); this latter

situation has been discussed in some detail by McGinnis

and Little (2002). However, in most environmental engineer-

ing applications, an assumption that the mass flow rate of

total gas is constant throughout the reactor is satisfactory,

and we make that assumption throughout the chapter.1

Second, the pressure differential between the gas inlet

and outlet points might be large enough that the density

of the gas phase differs significantly at those two points, so

that QG,in does not equal QG,out even if the mass flow rates

of gas are almost identical. This situation arises quite

frequently in environmental engineering, particularly in

deep tanks with diffused aeration.

Pressure, temperature, and bubble size (both diameter and

volume) at different depths in gas-in-liquid system are all

related via the ideal gas law and the pressure–depth rela-

tionship in water. These relationships are, respectively:

cG;mol ¼ nG

VG

¼ 1

VG

¼ P

RT
(6-2)

where nG is the number of moles in the gas phase, and VG is

the gas-phase molar volume (volume per mole); and

dP

dz
¼ rLg (6-3)

where rL is the liquid density and g is the gravitational

constant. By combining Equations 6-2 and 6-3 with various

geometric considerations, we can obtain the relationships

shown in Table 6-1.

Although the volumetric gas flow rate at the system

temperature and a characteristic system pressure (at either

Z or mid-depth) is the value of most interest, QG is often

reported in terms of the equivalent mass flow rate at a

nominal temperature (typically 20�C) and pressure

(invariably, 1.0 atm). That is, the reported value of QG is

the volumetric flow rate that the gas would have if it were at

those nominal conditions. When this convention is used, the

units of the flow rate are often designated as a “standard”

volume per unit time (e.g., as standard cubic meters per

hour [SCM/h or SCMH]).

If the volumetric flow rate of a gas is given under standard

conditions, the actual flow rate at any absolute temperature T

and pressure P is

QG ¼ QG;std

Pstd

P

T

T std

(6-4)

Since Pstd is 1 atm and that is the condition at the surface,

the volumetric gas flow rate at depth z and temperature T is

QG ¼ QG;std

Psurf

Psurf þ rLgz

T

Tstd

(6-5)

& EXAMPLE 6-1. A diffuser injects air bubbles that are

1.2mm in diameter intowater at a depth of 4.5m. The gas flow

rate is reported as 120 SCM of air per square meter of diffuser

area per hour. Thewater and air are at 5�C. Each diffuser has an
area of 0.025m2, and the diffusers are installed at a spacing

corresponding to three diffusers per squaremeter offloor space.

(a) What is the true air injection rate per unit floor area

(meter cube of air per minute per square meter of

floor area)?

1 Cases where this assumption does not apply are analyzed in many

chemical engineering texts; see, for example, the texts by Treybal

(1980) and Sherwood et al. (1975).

QG

cG,out(t1) 

cL(t1) 

QG

cG,in

QG

cG,out(t2)

cL(t2)

QG

cG,in

Δt

cG(h1, t1)

cG(h2, t1)

cG(h1, t2)

cG(h2, t2) 

FIGURE 6-1. Schematic of a Case I gas transfer reactor: a

diffused aeration system with a well-mixed batch liquid phase

and steady flow of gas. cL is the same throughout the control

volume, but cG varies from one location to the next.
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(b) What are the average diameter, surface area, and

volume of the bubbles in the tank?

(c) Estimate aL in the tank.

Solution.

(a) Nominal airflow rates are given at the standard

conditions of 1 atm pressure (which occurs at

the water surface) and 20�C, so the given flow

rate must be corrected for depth and temperature

according to Equation 6-5. The product rLg for

water at 5�C is

rLg ¼ 1000 kg

m3

� �
9:81m=s2
� � 1N

kgm=s2

� �
1 Pa

N=m2

� �
10�5 atm

Pa

� �

¼ 0:098 atm=m

Therefore, the actual flow rate of the air at the

depth of injection is

QG

m2 of diffuser
¼ QG;std

m2 of diffuser

Psurf

Psurf þ rgZ

T

T std

¼ 120
m3 air

hm2 diffuser

� �

� 1 atm

1 atmþ 0:098 ðatm=mÞ 4:5mð Þ
278K

293K

¼ 79:0 ðm3 airÞ=ðhm2 diffuserÞ

Because the spacing is three diffusers per square

meter of floor area, and each diffuser has an area of

0.025m2, we find

QG

m2 of floor
¼ 79:0

m3 air

hm2 diffuser

� �
3

diffusers

m2 of floor

� �

� 0:025
m2 diffuser

diffuser

� �
¼ 5:92 ðm3 airÞ=ðhm2 floorÞ

(b) The surface area and volume of the bubbles when

they are injected are

Abb;Z ¼ pd2
bb;Z ¼ p 1:2mmð Þ2 ¼ 4:52mm2

Vbb;Z ¼ pd3
bb;Z

6
¼ p 1:20mmð Þ3

6
¼ 0:905mm3

For systems with Z� 10m, the approximation

that the average bubble size is the size at mid-depth

(z¼ Z/2) is considered acceptable. The average

diameter and surface area of the bubbles in the

tank are therefore given by

dbb;avg ¼ dbb;Z
Psurf þ rLgZ

Psurf þ rLgZ=2

� �1=3

¼ 1:20mmð Þ 1 atmþ 0:098 atm=mð Þ 4:5mð Þ
1 atmþ 0:098 atm=mð Þ 2:25mð Þ
� �1=3

¼ 1:27mm

Abb;avg ¼ pd2
bb;avg ¼ p 1:27mmð Þ2 ¼ 5:07mm2

By geometry, the volume of an average bubble is

therefore

Vbb;avg ¼
pd3

bb;avg

6
¼ p 1:27mmð Þ3

6
¼ 1:07mm3

Note that the bubble volume increases more than

the bubble area as the bubbles rise, and that the area

increases more than the diameter.

(c) The value of aL is the gas/liquid interfacial area per

unit volume of liquid. The rate of bubble generation

( _Nbb) per unit floor area can be computed from the

gas flow rate per unit floor area and the volume of

TABLE 6-1. Relationships Among Depth (z), Pressure, and Bubble Properties in a Column of Liquid of Total Depth Z

Pressure versus deptha Pz ¼ Psurf þ rLgz (6-6)

Bubble volume versus deptha Vbb;z ¼ Vbb;Z
PZ

Pz

¼ Vbb;Z
Psurf þ rLgZ

Psurf þ rLgz
(6-7)

Volumetric gas flow rate versus depth QG;z ¼ QG;Z

PZ

Pz

¼ QG;Z

Psurf þ rLgZ

Psurf þ rLgz
(6-8)

Bubble diameter versus depth
dbb;z ¼ dbb;Z

PZ

Pz

� �1=3
¼ dbb;Z

Psurf þ rLgZ

Psurf þ rLgz

� �1=3
(6-9)

Bubble area versus depth
Abb;z ¼ Abb;Z

PZ

Pz

� �2=3
¼ Abb;Z

Psurf þ rLgZ

Psurf þ rLgz

� �2=3
¼ pd2

bb;Z

Psurf þ rLgZ

Psurf þ rLgz

� �2=3
(6-10)

aIn equations, "surf" refers to the water surface; that is, z¼ 0; bb¼ bubble.
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individual bubbles:

_Nbb

m2 of floor
¼ QG=ðm2 of floorÞ

Vbb;Z

¼ 5:92ðm3 air=hm2 floorÞ
0:905ðmm3 air=bubbleÞð Þ 10�9 m3=mm3

� �
¼ 6:54� 109 bubble=hm2 floor

The average bubble diameter was found in part b

as 1.27mm. From Figure 5-24, we can estimate the

rise velocity of bubbles with this diameter to be

30 cm/s. Therefore, the average residence time of

bubbles in the reactor is 450 cm/(30 cm/s), or 15 s,

and the number of bubbles in the tank at any instant

(Nbb) per square meter of floor area is

Nbb

m2 floor
¼ 6:54� 109

bubble

hm2 floor

� �
15 sð Þ 1 h

3600 s

� �

¼ 2:72� 107 bubbles=m2 floor

Since the tank depth is 4.5m, the water volume

can be expressed as 4.5m3/m2 of floor, so,

aL ¼ Atot

VL

¼ NbbAbb;avg

VL

¼ Nbb=floor areað ÞAbb;avg

VL=floor area

¼ 2:72� 107ðbubbles=m2 floorÞ� �
5:07mm2=bubbleð Þ 10�6 m2=mm2

� �
4:5ðm3 waterÞ=ðm2 floorÞ

¼ 30:6m�1 &

Systems that fit the conceptual model of Case I abound in

environmental engineering. The most important such sys-

tems have continuous flow of water as well as gas, such as

well-mixed activated sludge aeration basins, other aerated

tanks or ponds, and so-called bubble columns, in which a gas

such as ozone or carbon dioxide is injected at the bottom of a

column of water that is typically flowing counter-current to

the gas bubbles (i.e., from the top to the bottom of the

column). In all these systems, the liquid phase is mixed by

the same process that provides the gas/liquid contact—the

injection and rising of bubbles in diffused aeration and

bubble column systems, and the mechanical agitation that

draws gas into the bulk liquid and throws water droplets into

the bulk gas phase in surface aeration systems (photographs

of a few such systems were shown in Figure 6.4). The mixing

of the solution virtually eliminates concentration gradients

in that phase. On the other hand, at least in diffused aeration

and bubble column systems, the composition of the gas

phase might change from one location to the next in the

reactor (e.g., the gas exiting the top of the water column is

likely to have a different composition from the injected gas).

Thus, in such systems, the bubbles can be viewed as passing

through a plug flow reactor (from bottom to top), while the

water passes through the same physical reactor (from the

liquid inlet to the outlet), but is completely mixed.

A thorough mathematical analysis of the functioning of

systems such as the one depicted in Figure 6-1, as well as

similar systems with flow of both liquid and gas, is provided

in subsequent sections of this chapter. Before developing

that analysis, however, it is worthwhile to consider the

qualitative trends that we might expect to see in cL and

cG over time. Imagine, for example, the changes that would

occur over time if air bubbles were injected into a batch

reactor that contained an (initially) anoxic solution. Assume

that no reaction consuming or generating oxygen occurs in

solution, and that the depth of the tank is small enough that

we can ignore pressure differences between the bottom and

the top.

The entering bubbles would always have the oxygen

concentration in the atmosphere, so cG,in would be constant

throughout the period of aeration. Initially, the dissolved

oxygen concentration (cL) would be zero, generating the

maximum possible driving force for transfer of oxygen into

solution. As a result, the rate of oxygen dissolution (rO2;gt)

would be maximum at t¼ 0, and the concentration of

oxygen remaining in the bubbles that exited the reactor

at that time (cG,out at t¼ 0) would be the lowest of any time

during the test. If the water/bubble contact time were long

enough and the resistance to gas transfer small enough,

then almost all of the oxygen might transfer out of the

bubbles during their rise. On the other hand, if the rise time

were relatively short and/or if significant resistance to gas

transfer were present, then only a small fraction of the

oxygen might transfer. In either case, however, rO2;gt would

have its maximum value at t¼ 0.

Over time, cL would increase, decreasing the driving

force for transfer and therefore the transfer rate, so that cG,

out would increase. Eventually, cL would reach the value

that is in equilibrium with the incoming bubbles, so no

more gas transfer would occur. At this time, cG,out would be

the same as cG,in. These trends are shown qualitatively in

Figure 6-2.

All the trends described above are observed in real (batch)

systems that meet the specified (Case I) criteria. In the

following sections of the chapter, we derive equations

that quantify the changes in the composition of both phases

in Type I gas transfer reactors with diffused aeration, both

for batch systems and those with flow. In such reactors, as in

any system where gas transfer is occurring, Equation 6-1

applies locally over every region where the liquid- and gas-

phase compositions are uniform. In Case I diffused aeration

systems, such regions are of only differential dimension in

the vertical direction, because c�L varies with height. How-

ever, by making certain reasonable assumptions and manip-

ulating the equations appropriately, an algebraic expression

for rL,gt can be found that characterizes the overall average

gas transfer rate, considering the entire liquid phase.
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The Overall Gas Transfer Rate Expression
for Case I Systems

We begin the analysis by writing a mass balance on the gas

phase in the reactor:

Rate of change

of mass of i

stored in gas

bubbles

¼
Net

advective

input of i

þ
Net diffusive=
dispersive

input of i

þ

Rate at which i

is formed in gas

bubbles by

reactions other

than gas

transfer

þ
Rate at which i

enters gas

bubbles via gas

transfer

Z
VG

@cG
@t

dVG ¼ QG cG;in � cG;out
� �þ 0þ 0þ

Z
A

JGdA

(6-11)

Note that, because the gas phase concentration varies as a

function of height, the storage term must be computed

(conceptually) by considering the rate of change of cG in

differential units of gas volume in the reactor and adding up

(integrating) all of those differential terms. Similarly, the

rate at which the volatile species enters the bubbles must be

computed by considering differential patches of interfacial

area and integrating over all of those patches in the reactor.

We can equate the flux into the gas phase with that out of the

liquid (JG ¼ �JL), so Equation 6-11 can be rewritten and

rearranged as follows:Z
VG

@cG
@t

dVG þ
Z
A

JLdA ¼ QG cG;in � cG;out
� �

(6-12)

The term
R
A
JLdA is the overall rate of gas transfer into

solution in the reactor, so it can be written as
R
VL

rL;gtdVL.

Although rL;gt varies as a function of location in the reactor,

we can define an overall, average rate of gas transfer

into solution, rL;gt-avg, such that VLrL;gt-avg ¼
R
VL

rL;gtdVL.

Making these substitutions, Equation 6-12 becomes

Z
VG

@cG
@t

dVG þ VLrL;gt-avg ¼ QG cG;in � cG;out
� �

(6-13)

Equation 6-13 states, in words, that if the concentration of

the volatile substance is less in the gas that exits the reactor

than in the entering gas (i.e., if the right side of the equation

is positive), the material that is “left behind” in the reactor

must show up either as an increase in the total mass of the

volatile species stored in all of the bubbles in the reactorR
VG
ð@cG=@tÞ dVG

� �
or as material that is transferred to the

solution phase VLrL;gt-avg
� �

.

The two terms on the left side of Equation 6-13 can be

visualized with the help of Figure 6-3, which shows two

successive snapshots of the reactor taken a small Dt apart. In
Figure 6-3a, the focus remains on the same bubbles as they

move upward to different heights. Some mass of the volatile

species i enters or leaves each bubble, and thereby leaves or

enters the solution, during the period Dt. The total mass of i

that enters or leaves the solution, DmL, is the sum of the

changes in the mass of i in the individual bubbles, including

bubbles at the bottom and top of the water column that have

been in the system for only a portion of Dt. The rate of

change of the mass of i stored in the liquid phase over the

period Dt due to this phenomenon is DmL/Dt, or, over a

t t + Δt t + Δt t 

(a) (b) 

FIGURE 6-3. Schematic showing the bubbles in a Case I reactor

at two times separated by a small Dt. (a) The arrows show the

change in the positions of individual bubbles. (b) The reactor is

shown at the same two times as in (a), but the arrows emphasize that

the spatial distribution of bubbles is essentially identical at the two

times.

on
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tio
n

cG,in

cL,in*

cG,out

C
o

Time

cL

FIGURE 6-2. Expected trends in oxygen concentration in a batch

reactor with diffused aeration, for a solution that is initially under-

saturated with respect to the gas phase. c�L is the liquid phase

concentration that would be in equilibrium with the incoming gas;

that is, with cG,in.
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differentially small time increment, dmL/dt. By the definition

of rL,gt-avg, that same quantity (i.e., dmL/dt) can be represented

as the instantaneous value of VLrL,gt-avg at that time.

Figure 6-3b, on the other hand, represents the change in

the mass of i stored in the gas phase (mG) over the time Dt,
by considering the (different) bubbles that are present at the

same heights at the two times. If we think of each bubble as

an infinitesimally small fraction of the gas phase in the water

column, the total mass of i in all the bubbles in the reactor at

any instant can be represented as
R
VG

cGdVG. The shift from

the left to the right portion of this figure (i.e., from t to

tþDt) represents the differential change in this summation;

that is, @ðR cGdVGÞ=@t. Thus, Figures 6-3a and 6-3b provide
a visual representation of the two terms on the left side of

Equation 6-13.

In Case I systems with injected gas, it is commonly

assumed that most of the difference between the rate at

which a volatile species i enters the system in the injected

bubbles and the rate at which it leaves in the exiting bubbles

is accounted for by change in the mass of i in solution, rather

than a change in the mass of i stored in the gas phase within

the reactor. That is, @ðR cG dVGÞ=@t � VLrL;gt-avg. This

assumption can be justified as follows. During a time on

the order of the bubble rise time, enough volatile species

might transfer into or out of a bubble to change cG signifi-

cantly, but given the much larger volume of the liquid, that

same mass of i induces a much smaller change in cL. As a

result, a new bubble that is injected at the same time as a

previous one exits contacts a solution that also has virtually

the same composition as the previous bubble encountered.

The bubble entering at the later time therefore behaves (in

terms of its change in composition as it rises) almost

identically to the bubble that entered earlier. The implication

is that the gas-phase composition in the water column is

almost the same from one instant to the next, so the mass of i

stored in that gas phase changes very slowly. Compared to

that rate, the mass of i stored in the liquid changes relatively

rapidly, even though the concentration of i in the liquid

changes relatively slowly. These ideas are sometimes

expressed by stating that the gas phase in the system is

at a quasi-steady state. Applying this assumption, Equa-

tion 6-13 can be simplified as follows:

VLrL;gt-avg ¼ QG cG;in � cG;out
� �

(6-14)

rL;gt-avg ¼ QG

VL

cG;in � cG;out
� �

(6-15)

The liquid volume in the reactor, the gas flow rate, and the

composition of the injected gas are typically all known or

subject to operator control, so Equation 6-15 effectively gives

rL;gt-avg as a function of cG,out. That in itself is a major

accomplishment, since it relates the overall rate of gas transfer

to experimentally accessible parameters, whereas use of Equa-

tion 6-12 would require knowledge of the gas composition as a

function of location in the reactor. Still, because our ultimate

intent is to insert an expression for rL;gt-avg into a mass balance

on the liquid phase, itwouldbeuseful to recast Equation6-15 in

such a way that rL;gt-avg is expressed strictly as a function of

parameters in the solution phase.

To relate cG,out to these other parameters, we can write a

mass balance on a single bubble as it rises through the water

column. Such a mass balance has only the gas transfer

term on the right side and is shown in words and symbols

below:

Rate of change of mass stored in

bubble as a result of gas transfer
¼

Surface area of bubbleð Þ
Flux into gas bubbleÞ�ð

Vbb

dcG

dtbb
¼ �KL c�L � cL

� �
Abb (6-16)

where Vbb and Abb are the volume and surface area of a single

bubble, respectively.2 The time variable in Equation 6-16 is

written as tbb to indicate that it refers to the time since the

bubble was injected. In this way, we distinguish it from

the variable t, which refers (in Equations 6-11 to 6-13) to the

total time that the solution and gas phase have been in

contact with one another.

Typically, the concentration of the bulk solution changes

negligibly during the residence time of a single bubble, so

we assume that cL is not a function of tbb in Equation 6-16;

by contrast, c�L will depend on tbb if the composition of the

bubble changes significantly during its passage through

the water.

The surface area and volume of a bubble can be repre-

sented as VLaL=Nbb and VG=Nbb, respectively, where Nbb is

the number of bubbles in the reactor and VG is the total

volume of gas bubbles in the reactor at any instant. Further-

more, c�L can be written as cG=H. Substituting these expres-

sions into Equation 6-16, the mass balance can be rewritten

as follows:

VG

Nbb

dcG

dtbb
¼ �KL

cG

H
� cL

� �VLaL

Nbb

(6-17a)

dcG

ðcG=HÞ � cL
¼ �VLKLaL

VG

dtbb (6-17b)

dcG

cG � HcL
¼ �VLKLaL

HVG

dtbb (6-17c)

Equation 6-17c can be integrated between times 0 and tbb,

utilizing the assumption that the liquid phase concentration

(cL) is constant over the time frame of the integration, to

2 As has been noted, the diameter of a bubble (and hence its volume and

surface area) can sometimes change significantly as it rises through a water

column due to changes in hydrostatic pressure, we ignore those changes

here for simplicity.
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yield the following expressions:

ln
cGðtbbÞ � HcL

cGð0Þ � HcL
¼ �VLKLaL

HVG

tbb (6-18a)

cGðtbbÞ � HcL ¼ cGð0Þ � HcLð Þexp �VLKLaL

HVG

tbb

� �

(6-18b)

Equation 6-18b indicates that the extent of disequilibrium

between a bubble and the solution cG � HcLð Þ declines

exponentially as the bubble rises in a reactor that meets

the Case I assumptions. Because the aqueous phase concen-

tration is assumed to remain constant during this short time,

the approach to equilibrium reflects only changes in con-

centration in the gas phase.

To consider the change in the composition of a bubble

over the total time that it is in the water column, we can

insert the average rise time of a bubble, tbb, for tbb. In

addition, we can write cG(0) as cG,in and cG(tbb) as cG,out,

yielding:

cG;out � HcL ¼ cG;in � HcL
� �

exp �VLKLaL

HVG

tbb

� �

(6-19)

Recognizing that VG/tbb equals QG, rearranging the terms

in the exponential argument, and solving for cG,out, we obtain

cG;out ¼ HcL þ cG;in � HcL
� �

exp � KLaL

QGH=VL

� �
(6-20)

Equation 6-20 expresses cG,out as a function of parameters

that are typically known and/or controllable. Substituting

this expression into Equation 6-15 and expressing cG,in as

Hc�L;in, yields (after a few algebraic steps) the following

expression for rL;gt-avg:
3

rL;gt-avg ¼ QGH

VL

1� exp � KLaL

QGH=VL

� �� 	
c�L;in � cL

� �

(6-21)

In most systems, all of the terms in Equation 6-21

preceding the driving force c�L;in � cL

� �
are constant, so

the expression can be re-written to look much like a first-

order reaction rate expression:

rL;gt-avg ¼ kI c�L;in � cL

� �
(6-22)

where kI is defined as shown below. The subscript I is used to

emphasize that the result applies to Case I systems.

kI � QGH

VL

1� exp � KLaL

QGH=VL

� �� 	
(6-23)

Equation 6-21, or, equivalently, Equations 6-22 and 6-23,

represents an extremely important result—the rate expres-

sion for gas transfer in systems that fit the Case I assump-

tions. Insertion of that result into mass balances that have

appropriate terms for other processes affecting the species of

interest (e.g., advection, dispersion, chemical reactions other

than gas transfer) allows us to explore alternative designs for

gas transfer reactors, analyze data from existing reactors, or

predict how a change in operating conditions will alter the

performance of a reactor, as long as the reactor conforms to

the assumptions of Case I. Many systems do conform to the

Case I assumptions, making this result one of great practical

as well as theoretical importance.

At the beginning of Chapter 5, several factors were listed

that make gas transfer a more complicated process than the

nth-order homogeneous reactions that were emphasized in

Chapters 1–4. These factors include the independence of the

flow rates and the mixing patterns in the two phases.

Equation 6-22 suggests that, while it is true that those

complications are present in gas transfer reactors, gas trans-

fer can nevertheless be represented by a simple rate expres-

sion. Furthermore, the result suggests that the complicating

factors primarily affect the rate constant, and that many of

those effects can be anticipated and modeled.

Analysis of Case I Systems in Batch Liquid Reactors

We now turn our attention to the use of Equation 6-22, in

conjunction with mass balances for various Case I reactors,

to assess how gas transfer efficiency varies as a function of

design choices and operating parameters. We start with the

analysis of a batch, diffused gas transfer system in which no

chemical reactions that involve the volatile species are

occurring. The mass balance for the solution in such a

system has only the storage term on the left and the gas

transfer term on the right:

VL

dcL

dt
¼ VLrgt-avg (6-24)

Dividing through by VL and substituting the expression

for rL;gt-avg from Equation 6-21, we obtain

dcL

dt
¼ QGH

VL

1� exp � KLaL

QGH=VL

� �� 	
c�L;in � cL

� �

(6-25a)

¼ kI c�L;in � cL

� �
(6-25b)

3 Note that the subscript “in” in the term c�L;in refers to the incoming gas

phase, not the incoming solution (Case I systems might or might not have

flow of liquid).
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In situations in which c�L;in is known, an integral analysis

can be carried out to yield an explicit expression for cL as a

function of time, as follows:

ZcLðtÞ

cLð0Þ

dcL

c�L;in � cL
¼ kI

Z t

0

dt (6-26)

ln
c�L;in � cLðtÞ
c�L;in � cLð0Þ

 !
¼ �kIt (6-27)

c�L;in � cLðtÞ ¼ c�L;in � cLð0Þ
� �

exp �kItð Þ (6-28)

Equation 6-28 indicates that the extent of disequilibrium

between injected gas bubbles and a batch solution decays

exponentially with time for as long as bubbles are being

injected. As we would expect, the extent of disequilibrium

diminishes to zeroat very long times,meaning that the solution

ultimately reaches equilibrium with the incoming gas.

Equation 6-28 can be rearranged in two ways to show the

relationship between cL and t for given values of the input

and operational parameters, yielding design equations for

the process being analyzed, as follows:

cLðtÞ ¼ c�L;in � c�L;in � cLð0Þ
� �

exp �kItð Þ (6-29)

t ¼ � 1

kI
ln

c�L;in � cLðtÞ
c�L;in � cLð0Þ

( )
(6-30)

Using these equations along with knowledge of the

system characteristics and inputs (VL, QG, cL,in, cG,in,

cL(0), H, and KLaL), we can predict the dissolved concen-

tration of a volatile species after any given aeration time

(Equation 6-29) or the time required to achieve any desired

final concentration (Equation 6-30). In a slightly modified

form, the same equations can be used to evaluate KLaL from

experimental data:

ln c�L;in � cLðtÞ



 


 ¼ �kItþ ln c�L;in � cLð0Þ




 


 (6-31)

According to Equation 6-31, if the logarithm of the extent

of disequilibrium between the solution and the incoming gas

is plotted against the amount of time that bubbles have been

injected into the solution, a straight line of slope �kI should

be obtained (Figure 6-4). Since all the terms in the definition

of kI other than the KLaL are independently measurable, the

value of kI can be used to compute KLaL.

In some situations, c�L;in is not known. In those cases, a

differential method of analysis can be used to estimate both

kI and c�L;in from experimental data of cL as a function of

time. In this approach, we approximate Equation 6-25b

numerically as

DcL
Dt

¼ kI c�L;in � cL

� �
¼ kIc

�
L;in � kIcL (6-32)

where cL is the average concentration during the time

interval Dt. This equation suggests that a plot of DcL=Dt
versus cL should yield a straight line with a slope equal to kI
and x-intercept equal to c�L;in.

& EXAMPLE 6-2. A 1000-m3 batch of contaminated

groundwater is to be aerated to increase the dissolved oxygen

concentration and strip out trichloroethylene (TCE). The

KLaL value of the aerators for oxygen has been determined

to be 14 h�1. Because liquid-phase resistance almost always

dominates gas-phase resistance for transfer of a highly

volatile species like oxygen, assume that KLaL 	 kLaL
for O2. For the purposes of a preliminary analysis, assume

also that kLaL for TCE is 68% of that for O2, as was reported

for the system analyzed in Example 5-4; for the system

under consideration, this means that kLaLð ÞTCE is 9.52 h�1.

Assume that the kG/kL ratio for the system is 20.

The water is initially devoid of oxygen and contains

500mg/L TCE. It is to be aerated at a gas flow rate of

25m3/min until it contains at least 9mg/L oxygen and less

than 100mg/L TCE. The oxygen concentration in the air is

310mg/L, and the air contains no TCE. Henry’s constants

for oxygen and TCE at the ambient temperature of 20�C are

32.3 LL/LG and 0.45 LL/LG, respectively. (These values dif-

fer from those in from Table 5-2 because the values in the

table are for T¼ 25�C.)

(a) Compute the concentrations of dissolved O2 and

TCE as a function of time, and estimate how long

aeration will have to proceed to meet the treatment

L(
t)

 |

−k I

ln
 |c

L,
in
* 

–
c

1

Time

FIGURE 6-4. Generic plot of ln c�L;in � cLðtÞ



 


 versus time for

diffused aeration in a batch reactor with a well-mixed liquid phase.
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goals. Which species presents the more difficult

treatment problem?

(b) Compute the following values at t¼ 0 and t¼ 1 h.

(i) Concentrations of O2 and TCE in the exiting gas.

(ii) Efficiency of the process with respect to the

approach to equilibriumwith individual bubbles

(i.e., the percentage decrease in the extent of

disequilibrium of each species as the bubbles

pass through the water column).

(iii) Efficiency of the aeration process with respect

to oxygen dissolution (i.e., the fraction of the

injected oxygen that enters the solution).

Solution.

(a) First, we must estimate KLaL for TCE. To do this,

we apply Equation 6.51, multiply both sides by aL,

and insert the information given in the problem

statement:

KLaL ¼ kLkGH

kL þ kGH
aL

KLaL

kLaL

� �
TCE

¼ kGH

kL þ kGH
¼ kG=kLð ÞH

1þ kG=kLð ÞH

¼ 20ð Þ0:45
1þ 20ð Þ0:45 ¼ 0:90

KLaLð ÞTCE ¼ 0:90 kLaLð ÞTCE
¼ 0:90 9:52 h�1

� � ¼ 8:57 h�1

This result indicates that gas-phase resistance

makes a small, but not negligible contribution to

the overall resistance to transfer of TCE, causing

KLaL to be only 90% of kLaL for TCE, whereasKLaL
is essentially identical to kLaL for O2.

The concentration profiles over time for oxygen

and TCE can be computed using Equation 6-29 if

c�L;in and kI for the two gases are known. These latter
values can be computed using the given Henry’s

constants and Equation 6-23, respectively. The val-

ues are shown below, and the time profiles of cL for

both gases are shown in Figure 6-5. Note that kI
for O2 equals 87% of KLaL for O2, whereas for TCE

kI is only 7.1% of KLaL.

c�L;in mg=Lð Þ kI h�1
� �

O2 9.60 12.16

TCE 0 0.675

Consistent with the much larger value of kI for

oxygen than TCE, the dissolved oxygen concentra-

tion approaches equilibrium with the injected gas

much more quickly than TCE does. With respect to

the treatment goals, the oxygen concentration

exceeds 9mg/L after approximately 13min, when

the TCE concentration has declined by less than

15%. Approximately 2.4 h would be required to

meet the goal for TCE removal. Thus, it is clear

that TCE presents the greater treatment challenge.

(b) (i) The values of cL at t¼ 0 are given, and the

values at t¼ 1 h can be computed as described

in part (a). The concentrations in the exiting gas

can then be computed by inserting the known

information into Equation 6-20, yielding the

following results.

O2 (mg/L) TCE (mg/L)

cL, t¼ 0 0 500

cL, t¼ 1 h 9.60 255

cG,in 310 0

cG,out, t¼ 0 232 225

cG,out, t¼ 1 h 310 115

(ii) The efficiency of the process with respect to

the approach to equilibrium with individual

bubbles can be defined as hbb �
1� ððc�L;out � cLÞ=ðc�L;in � cLÞÞ, where c�L;in
and c�L;out refer to the liquid phase concentrations
that would be in equilibrium with the influent

and exiting gas bubbles, respectively. The values

of c�L at each time can be computed using the

results from part b(i) in conjunction with

the relationship c�L ¼ cG=H. All the calculations

are summarized in Table 6-2.
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FIGURE 6-5. Approach to equilibrium of dissolved oxygen and

TCE in the example system. The dashed lines indicate the times

required to meet the treatment goals of 9mg/L for O2 and 100mg/L

for TCE.
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hbb is 100%forTCE transfer both at thebeginning

and the end of the aeration, meaning that, at both

times, the bubbles reach equilibrium with the

solution as they pass through it. For oxygen,

the extent of disequilibrium decreases by 25%

as the bubbles rise at the beginning of the hour. By

the end of the hour, the solution has acquired

enough dissolved O2 that it is essentially equili-

brated with the injected air, so the idea of a

decrease in the extent of disequilibrium is almost

meaningless. However, if one carries out the

calculations to an unrealistic number of signifi-

cant figures just to determine the theoretical

decrease in disequilibrium, the result is that the

extent of disequilibrium declines by the same

percentage (25%) at the end of the hour as at

the beginning. Thus, as each individual bubble

rises, equilibrium is achieved more quickly with

respect toTCE thanO2.However, as shown inpart

(a), the solution approaches equilibrium with the

incoming gas more quickly for O2 than TCE.

The fact that each bubble equilibrates with

solution with respect to TCE before the bubble

exits the system means that TCE is transferring

into the bubble over only a portion of its rise

time. By contrast, the same bubble remains

disequilibrated with O2 during the complete

rise time, and O2 transfers from the bubble

into the water during this entire time. As a

result, the disequilibrium between the incoming

gas and solution dissipates faster for O2 than for

TCE. This point is discussed in greater detail in

the following section.

(iii) Comparing the concentration of oxygen in the

injected gas bubbles with that in the exiting gas,

we find that the O2 transfer efficiency (i.e., the

fraction of the O2 entering the reactor in the

bubbles that is transferred to the solution) is

25% at the beginning of the hour and essentially

zero at the end.

Note that the extent of disequilibrium between

the solution and the incoming gas phase decays

exponentially over time for both TCE and O2,

similar to the behavior of a reactant undergoing a

first-order reaction in a batch reactor. However,

even though the overall gas transfer rate constants

(KLaL) for the two species differ by only 32%,

their kI values differ by much more than that, so

the two species approach equilibrium at dramati-

cally different rates. These different rates of equi-

libration can be expressed conveniently in terms

of the characteristic times for the two processes.

Recalling that the characteristic time of a first-

order reaction is the inverse of the rate constant,

the characteristic times for equilibration of TCE

andO2with the incoming gas can be computed as

k�1
I , corresponding to 1.48 and 0.082 h (88.9 and

4.9min), respectively. &

Limiting Cases of the General Kinetic Expression

Overview Equation 6-21 has two limiting values of inter-

est, corresponding to large and small values of the expo-

nential argument in the expression for kI (Equation 6-23);

that is, large and small values of the ratio of KLaL to

QGH=VL. As shown in Table 6-3 and Figure 6-6, kI

TABLE 6-3. Values of Terms in Equations 6-21 and 6-23 for Limiting Relative Values of KLaL and QGH=VL

Value of

Exponential Term kI rL;gt-avg

Equation Number

for rL,gt-avg

General case exp � KLaL

QGH=VL

� �
QGH

VL

1� exp � KLaL

QGH=VL

� �� 	
QGH

VL

1� exp � KLaL

QGH=VL

� �� 	
c�L;in � cL

� �
(6-21)

KLaL

QGH=VL


 1a
0 QGH

VL

QGH

VL

c�L;in � cL

� �
(6-33)

KLaL

QGH=VL

� 1a 1� KLaL

QGH=VLð Þ
b KLaL KLaL c�L;in � cL

� �
(6-34)

aThe cases where KLaL=ðQGH=VLÞ is much greater and much less than 1 correspond to situations where the gas transfer rate is limited by advective transport

and by interfacial transport, respectively, as explained later in this chapter. Rate limitation by advective transport is also referred to as limitation by equilibrium.
bFor small values of x, exp(�x) approaches 1�x.

TABLE 6-2. Various Parameter Values Initially and After

1 h of Aeration in the Example System

O2 (mg/L) TCE (mg/L)

t¼ 0 t¼ 1 h t¼ 0 t¼ 1 h

cL 0 9.60 500 255

c�L;in 9.60 9.60 0 0

c�L;out 7.18 9.60 500 255

c�L;in � cL 9.60 0 �500 �255

c�L;out � cL 7.18 0 0 0

hbb (%) 25 25 100 100
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approaches the value of each of these parameter groups

under conditions where that group is much smaller than the

other. For example, the curve for KLaL ¼ 0.05min�1 in

Figure 6-6 indicates that kI is approximately equal to

QGH=VL when QGH=VL is less than 0.02min�1, and

approximately equal to KLaL (0.05min�1) when QGH=VL

is greater than 0.2min�1.

kI is a pseudo-first-order rate constant, so, as shown in

Chapter 3, k�1
I is the characteristic time for the overall gas

transfer process in Case I systems. Correspondingly, the

relationships in Table 6-3 and Figure 6-6 indicate that the

characteristic time for gas transfer in Case I systems is

usually close to, but slightly longer than, the larger of

KLaLð Þ�1
or QGH=VLð Þ�1

. This result is reminiscent of

that derived in Chapter 3 for an overall reaction that com-

prises two reactions in series; in that case, we identified the

reaction with the longest characteristic time as the rate-

limiting step.

In a Case I reactor, the overall gas transfer process can be

thought of as comprising advective and interfacial steps in

series. If the constituent is being stripped from the solution,

it first passes through the interfacial region and is then

advected out of the reactor with the carrier gas; if gas

absorption is occurring, the steps occur in the reverse order:

the species is first advected into the reactor and then must

cross the interfacial region to enter the solution. We might

suspect, then, that the limiting cases identified above corre-

spond to situations in which one or the other of these steps

limits the overall transfer rate. This inference is supported by

the fact that the characteristic time for one of the limiting

cases QGH=VLð Þ�1
� �

contains only terms that describe

macroscopic and advective components of the system, while

that for the other limiting case KLaLð Þ�1
� �

contains only

terms that relate to the microscopic, interfacial transfer

process. We next explore this way of interpreting the overall

rate expression.

Macroscopic (Advective) Limitation on the Gas Transfer
Rate Consider first the limiting case in which

KLaL 
 QGH=VL; that is, the case in which the character-

istic time for the macroscopic, advective transport process is

much longer than that for the interfacial process, and hence

the advective step is rate limiting. By manipulating the

expression for rL;gt-avg given in Table 6-3 for these condi-

tions, we obtain the following expression, which is also

given in the table:

ForKLaL 
 QGH

VL

:

rL;gt-avg ¼ QGH

VL

c�L;in � cL

� �
¼ QG cG;in � c�G

� �
VL

(6-33)

cG;in is the concentration in the incoming gas phase, and c�G is

the gas-phase concentration that would be in equilibrium

with the solution in the reactor at any instant. Therefore, the

difference cG;in � c�G is the maximum change in the gas

phase concentration that could possibly occur as the gas

passes through the reactor, even if there were no interfacial

resistance to gas transfer at all. Correspondingly, the product

QG cG;in � c�G
� �

is the maximum rate (mass/time) at which

transfer of the given species could occur in the reactor.

Finally, dividing this product by VL (to obtain the expression

on the right side of Equation 6-33) yields the maximum rate

of gas transfer that can occur, expressed as the mass of gas

transferred per unit volume of solution per unit time. Note

that these statements apply regardless of whether the process

under consideration is gas stripping (rL,gt-avg< 0) or absorp-

tion (rL,gt-avg> 0).

The limiting case characterized by Equation 6-33

describes a situation in which the gas exiting the reactor

is equilibrated with the solution, so gas transfer into or out of

each bubble has ceased by the time the bubble exits the

reactor. As a result, for a given volatile species, a given

liquid volume, and a given composition of the incoming gas,

the only way to increase the maximum transfer rate is to

provide more carrier gas; that is, to increase QG. Breaking

the bubbles into smaller ones to increase the interfacial area

available for gas transfer, modifying the mixing pattern to

keep bubbles in the system longer, or mixing the solution

more intensely to reduce the interfacial resistance will have

no effect whatsoever, since none of these modifications

addresses the overriding constraint that the driving force

for gas transfer has dissipated. Based on this understanding

of the situation, this case can be described variously as rate

limitation by the macroscopic transport step, by equilibrium
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FIGURE 6-6. kI as a function of the value of QGH=VL for three

different values ofKLaL (the three different curves). The line with a

1:1 slope defines points where kI¼QGH=VL. For any given value

of KLaL, kI is approximately equal to either KLaL or QGH=VL,

except for a small region where it shifts from one of these limiting

values to the other.
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between the gas and solution, or by (gas-phase) advective

transport. Roberts et al. (1984) suggested that this limiting

case applies to stripping of several VOCs (e.g., chloroform

and TCE) in activated sludge aeration basins. They predicted

that, for typical aeration rates, the exiting gas would be in

equilibriumwiththeVOCsinthesolution,sothatonlyanincrease

in the gas flow rate could improve the stripping efficiency.

Microscopic (Interfacial) Limitation on the Gas Transfer
Rate Next, we consider the other limiting condition

KLaL � QGH=VLð Þ, in which the characteristic time for

the microscopic process is much longer than that for the

macroscopic process. When this case applies, the overall gas

transfer rate is

ForKLaL � QGH

VL

:

rL;gt-avg ¼ KLaL c�L;in � cL

� �
(6-34)

¼ KLaL

H
cG;in � c�G
� �

(6-35)

The expression rL;gt ¼ KLaL c�L � cL
� �

(Equation 5-58b)

characterizes the microscopic gas transfer rate across any

interface. Comparing this expression with Equation 6-34, we

see that the two expressions would be identical if c�L equaled
c�L;in everywhere in the reactor. Since c

�
L ¼ cG=H, this equal-

ity would apply if cG throughout the reactor were the same as

cG,in; that is, if the change in the gas phase concentration

were negligible as the gas passed through the reactor. Thus,

this situation is at the opposite extreme from the scenario for

rate limitation by the equilibrium constraint: in that limiting

case, the gas phase composition changes as much as it

possibly can (limited only by reaching equilibrium with

the solution), and the gas exiting the system is virtually

equilibrated with the solution; by contrast, in this case, the

gas phase concentration changes negligibly, and the exiting

gas is almost as far from equilibrium with the solution as the

incoming gas was.

For a system characterized by this limiting case, for given

values of cL and cG,in, Equations 6-34 and 6-35 indicate that

the gas transfer rate can be changed only by changing KLaL.

In this case, modifying the reactor to increase the interfacial

area available for gas transfer or to reduce the interfacial

resistance to gas transfer would increase the rate of gas

transfer significantly, even if QG were not changed at all;

increasing the time that the gas and liquid are in contact with

one another would also increase the overall amount of gas

transfer. We therefore refer to this case as rate limitation by

microscopic processes, by interfacial transport, or by inter-

facial kinetics.

Although the preceding analysis has focused on systems

in which the gas phase consists of bubbles rising through a

water column, recall that well-mixed surface aeration

systems (in which the gas phase is the bulk atmosphere)

also meet the Case I criteria. In such systems, the gas phase

has a constant composition regardless of how much of the

volatile species enters or leaves the solution, so the systems

also invariably meet the criterion that KLaL � QGH=VL.

Transfer of some species in diffused aeration systems

(specifically, those in which the amount of the volatile

substance that enters or exits the gas phase is insufficient

to change the gas phase composition substantially) also meet

the criterion. For instance, in the same study as cited above,

Roberts et al. (1984) predicted that stripping of CCl2F2
(which is much more volatile than chloroform and TCE)

would be limited by interfacial transfer in most activated

sludge aeration basins. Typically, oxygen absorption in such

systems is also limited by the interfacial transfer step, as the

oxygen concentration in the bubbles changes by only a few

percent as they pass through the water column. However, in

recent years, the efficiency of oxygen transfer in such

systems has improved dramatically, so the assumption of

a nearly constant gas phase composition does not apply as

commonly as it did in the past.

& EXAMPLE 6-3. A spray aerator throws droplets

0.2 cm in diameter 2m upward into the air. What will the

concentration of dissolved oxygen be in the droplets as they

re-enter thebulk solution, if the initial concentration is 3mg/L

and the overall gas transfer coefficient KLaL is 0.13 s�1?

Assume that the fluid in each droplet is well mixed and

that, under the ambient conditions, the saturation (equili-

brium) concentration of dissolved oxygen is 9.2mg/L.

Solution. The system can be characterized as a Case I

gas transfer system with constant cG, so Equation 6-22

applies with the simplification that kI	KLaL. Values of

KLaL, c
�
L, and cL(0) are given, and t can be computed from

basic physics, as follows. The height z to which the droplet

rises is z ¼ 1=2 gt2, so the time for the droplet to reach a

height of 2m is given by

t ¼
ffiffiffiffiffi
2z

g

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2Þð2mÞ
9:8m=s2

s
¼ 0:64 s

The time that the droplet spends in the air is twice the time

needed for it to reach its maximum height, so ttot¼ 1.28 s. In

this system, the gas “entering” the reactor is the gas that is in

contact with the droplet when it is first formed; that is, it is

the bulk atmosphere. Therefore, c�L;in is the aqueous-phase

concentration that would be in equilibrium with atmospheric

O2; we represent that concentration as c�L;atm. Plugging

appropriate values into Equation 6-29 (and using the approx-

imation that kI	KLaL), we find the oxygen concentration in
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the droplet as it hits the water to be

cLðtÞ ¼ c�L;atm � c�L;atm � cL 0ð Þ
n o

exp �KLaLtð Þ

¼ ð9:2mg=LÞ � ð9:2� 3:0Þmg=Lð Þexp � 0:13 s�1ð Þ 1:28 sð Þð Þ
cLðtÞ ¼ 3:95mg=L

Thus, the oxygen content of individual droplets increases

by approximately 1mg/L during their short period of contact

with the atmosphere. The rate of change of dissolved oxygen

in the bulk solution could be determined by writing a mass

balance on the bulk phase, in which case the rate at which

droplets bring oxygen into the solution would be included as

an advective input. &

& EXAMPLE 6-4. Determine whether phase equili-

brium (i.e., macroscopic, advective transport) or interfacial

processes (microscopic transport) limit the rates of transfer of

oxygen and TCE in Example 6-2, or whether both steps

contribute significantly to the rate limitation. What opera-

tional changes might increase the overall rate of transfer of

each species?

Solution. The values of KLaL, QGH=VL, the ratio of

those terms, and kI are shown in the following table.

Rate

Constant

for

Interfacial

Transport

KLaL h�1
� �

Rate

Constant

for

Advective

Transport

QGH=VL h�1
� � KLaL

QGH=VL kI h�1
� �

O2 14.0 48.2 0.29 12.1

TCE 8.57 0.675 12.7 0.675

The rate constants for interfacial and advective transport

of oxygen are of comparable magnitude. As a result, the

overall rate constant for oxygen (kI) is less than the rate

constant for either of the individual steps, and neither step

can be said to be rate-limiting (although microscopic trans-

port is somewhat more limiting than macroscopic transport).

By contrast, the rate constant for microscopic transport of

TCE is much greater than that for macroscopic transport, so

macroscopic transport is rate limiting, and the overall rate

constant is approximately equal to the rate constant for that

step alone. As noted previously, these conclusions are

independent of time and of the concentrations of O2 or

TCE in either phase.

Increasing the gas flow rate in this system would decrease

the macroscopic resistance to gas transfer but (assuming that

the changed flow rate did not affect KLaL significantly)

would not reduce the microscopic transport resistance.

Because the capacity for macroscopic transport is the

main factor limiting TCE transfer, an increase in QG would

increase the value of kI almost proportionately, and would

have a correspondingly large effect on the overall TCE

transfer. By contrast, for oxygen, both macroscopic and

microscopic transport contribute significantly to the resist-

ance to gas transfer, so increasing the gas flow rate (which

affects the former but not the latter resistance) would result

in a less-than-proportionate increase in kI.

On the other hand, if the system were changed in a way

that facilitated only microscopic transport (e.g., by injecting

smaller bubbles or mixing the solution mechanically to

increase KLaL, while keeping QG constant), TCE transfer

would be virtually unaffected, and the O2 transfer rate would

again increase, but by a factor that was less than proportion-

ate to the increase in KLaL. The most effective way to

increase O2 transfer in the system would be to decrease

the resistance from both steps, for example, by injecting

smaller bubbles and simultaneously increasing QG. &

Summary of Rate Limitations on Overall Gas Transfer
Rate To summarize, the overall gas transfer process in

Case I reactors (those with a uniform value of cL throughout

the reactor) can be viewed as consisting of sequential

interfacial transport and advective transport steps, either

of which might be rate-limiting. The overall rate constant

kI for either limiting case, or for a case where both resist-

ances are significant, is given by Equation 6-23; for a reactor

that is batch with respect to the solution (no flow of solution

through the reactor), kI equals the negative slope of a plot

like that shown in Figure 6-4.

The gas transfer rate in Case I systems is often limited

primarily by one of the two transfer steps, in which case the

rate constant contains only terms characterizing that step.

Advective transport limitation is a consequence of the

limited carrying capacity of the gas, whereas interfacial

transport limitation is a consequence of the resistance to

gas transfer through the liquid and gas interfacial regions. A

characteristic of advective limitation is that the composition

of an aliquot of gas (e.g., a bubble) changes enough as the

gas passes through the system that it approaches equilibrium

with the solution, whereas under interfacial limitation, the

exiting gas phase is almost as far from equilibrium with the

solution as the incoming gas is.

Whereas the interfacial resistance is exerted at a micro-

scopic scale, the resistance associated with gas advection is

macroscopic, in that it is related to the total flow of gas

through the whole reactor. A gas transfer process limited by

microscopic processes or interfacial transport is sometimes

referred to as being kinetically limited, and one limited by

macroscopic processes or advective transport gas is some-

times referred to as being equilibrium limited. The likeli-

hood of equilibrium limiting the gas transfer rate increases

with decreasing Henry’s constant.
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The determination of whether one of the limiting cases

applies, and if so, which one, depends solely on the relative

values of KLaL and QGH=VL, and not on the value of either

cL or cG;in. Therefore, if the transfer rate for a given species

in a given reactor is limited by advective transport, that

limitation will apply for as long as the reactor is operated, no

matter what the values of cL or cG;in are. However, the actual

value of the maximum transfer rate does depend on cL and

cG;in. As a result, if the gas transfer rate in a reactor was

equilibrium-limited, and if the value of cL changed over time

(as would occur in a batch solution that was continuously

sparged with gas), the rate of gas transfer would also

change over time, albeit always being the maximum rate

possible (limited only by equilibrium with the solution) for

the current value of cL. The equations for cL(t) in batch

liquid systems where gas transfer is the only process affect-

ing cL, for the general case and each of the limiting cases,

can be derived by combining the expressions for kI,gtavg in

Table 6-3 with Equation 6-23; these equations are collected

in Table 6-4.

Case I Systems with Continuous Liquid Flow
at Steady State

Analysis of a gas transfer system with uniform solution

composition and continuous flow of liquid is identical in

most ways to that for a batch liquid system: an appropriate

mass balance is written, the reaction rate expression for Case

I conditions is inserted, and the equation is solved. Because

the assumptions used to develop the Case I rate expression

(rL;gt-avg) apply equally to a system with liquid flow, the

resulting expression can be used without alteration. Further-

more, the rate constant is subject to the same two rate-

limiting conditions. However, in systems with continuous

liquid flow, it is sometimes convenient to express the limit-

ing conditions in terms of different parameters (e.g., tL) than

in batch systems.

Reactors with Plug Flow of Liquid Recall that, for sys-

tems in which only homogeneous (single-phase) reactions

are occurring, the analysis of batch reactors applies with

minor modifications to plug flow reactors, because a PFR

can be treated simply as a batch reactor on a conveyor belt.

Essentially the same analogy and conclusion apply to sys-

tems in which heterogeneous reactions (i.e., multi-phase

reactions, such as gas transfer) are occurring. In particular,

many systems of interest can be approximated as having

plug flow of a liquid that is continuously exposed to a gas

phase. Examples of such systems include rivers (with con-

tinuous exposure to the atmosphere) and engineered reactors

in which liquid flows horizontally and with minimal axial

mixing while gas bubbles are injected uniformly at the

bottom of the water column. In each of these example

systems, the water can be imagined to be in a batch reactor

that moves along a conveyor belt while being exposed to a

gas phase. Thus, the equations in Tables 6-3 and 6-4 apply to

such systems, with the modifications that t is replaced by the

hydraulic residence time in the reactor, tL, and the concen-

trations at times 0 and t are replaced by those in the reactor

influent and effluent, respectively.

Reactors with Flow and a Uniform Liquid-Phase Compo-
sition (CFSTRs with Respect to Liquid) In some continu-

ous-flow gas transfer reactors, a bulk liquid phase is mixed

with sufficient intensity, either by an external input of energy

(e.g., by mechanical mixers) or by gas bubbles rising through

it, that the liquid-phase composition is approximately uniform.

Thus, it is reasonable to treat the liquid as passing through a

CFSTR. By contrast, the gas bubbles in such a system might

rise through thewater column, all spending approximately the

same time in the system and not coalescing with one another,

so that bubbles that have spent a long time in the reactor do not

mix with those that have spent a short time. That is, the gas

phase behaves as it would in a PFR. The mass balance on a

volatile species in the liquid phase of such a reactor is

TABLE 6-4. Equations Describing the Aqueous Phase Concentration in Batch Gas Transfer Reactors with Spatially Uniform

Solution Composition and Plug Flow of Gas: General and Limiting Cases

Qualitative and Quantitative

Conditions for Limiting Cases

Equations Describing Dissolved Concentration

of Volatile Species in Well-Mixed Batch Systems

General case — cLðtÞ ¼ c�L;in � c�L;in � cLð0Þ
� �

exp �QGH

VL

1� exp � KLaL

QGH=VL

� �� 	
t

� 
(6-36)

Rate limited by advective

transport

KLaL

QGH=VL


 1 cLðtÞ ¼ c�L;in � c�L;in � cLð0Þ
� �

exp �QGH

VL

t

� 
(6-37)

Rate limited by interfacial

transport

KLaL

QGH=VL

� 1 cLðtÞ ¼ c�L;in � c�L;in � cLð0Þ
� �

exp �KLaLtf g (6-38)
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Rate of change
of mass of i

stored in control
volume

¼
Net

advective
input of i

þ
Net diffusive=
dispersive
input of i

þ
Rate at which i

enters by
gas transfer

þ
Rate at which i
is formed by
other reactions

VL

dcL

dt
¼ QL cL;in � cL

� �þ 0þ VLrL;gt-avg þ 0 (6-39)

Assuming steady-state, the equation can be solved to

yield an expression for cL,out:

0 ¼ QL cL;in � cL;out
� �

þQGH 1� exp � KLaL

QGH=VL

� �� 	
c�L;in � cL;out

� �
(6-40)

cL;in � cL;out

cL;out � c�L;in
¼ QGH

QL

1� exp � KLaL

QGH=VL

� �� 	
(6-41)

cL;in � cL;out ¼ cL;out
QGH

QL

1� exp � KLaL

QGH=VL

� �� 	

�c�L;in
QGH

QL

1� exp � KLaL

QGH=VL

� �� 	
(6-42)

cL;out ¼
cL;in þ

QGHc�L;in
QL

1� exp � KLaL

QGH=VL

� �� 	

1þ QGH

QL

1� exp � KLaL

QGH=VL

� �� 	 (6-43)

Substituting VL/tL for QL, we can write the pre-expo-

nential terms and the exponential argument in Equations

6-41 and 6-43 in terms of kI to derive the following

relationships:

cL;in � cL;out

cL;out � c�L;in
¼ kItL (6-44)

tL ¼ 1

kI

cL;in � cL;out

cL;out � c�L;in
(6-45a)

kI ¼ 1

tL

cL;in � cL;out

cL;out � c�L;in
(6-45b)

cL;out ¼
cL;in þ c�L;inkItL

1þ kItL
(6-45c)

The various forms of Equation 6-45 all represent the same

relationship among the design and operational parameters

for gas transfer in a reactor that meets the assumptions of the

derivation (continuous flow of liquid, steady-state, uniform

solution composition, and plug flow for the gas phase).

Equation 6-45a is useful for computing the hydraulic resi-

dence time required to achieve a desired change in the

concentration of a volatile species if kI is known;

Equation 6-45b is useful for computing kI (and thereby

inferring KLaL) if operational data are available; and Equa-

tion 6-45c is useful for predicting the steady state concen-

tration of the volatile species for a given set of operating

conditions. The equations indicate that, as is true for batch

aeration, the solution approaches equilibrium with the

injected gas at long liquid residence times (tL in the reactor

with flow, t in the batch reactor). Like the equations char-

acterizing gas transfer in well-mixed batch systems, the

expression for kI in all the above equations reduces to

simpler expressions in two limiting cases: QGH=VL, if

gas transfer is limited primarily by the carrying capacity

of the gas phase, andKLaL, if transfer is limited by the rate of

interfacial transport.

& EXAMPLE6-5. Assume that the system described in

Example 6-2 has been modified so that it operates as a

CFSTR. The water flow rate varies substantially, so the

hydraulic residence time in the system might be as small as

10min or as long as 5 h. As in the prior example, the system

will be operated with a fixed liquid volume of 1000m3 and a

fixed gas flow rate of 25m3/min. Develop a plot showing the

steady state concentrations of dissolved oxygen and TCE as

a function of the hydraulic residence time in the reactor.

Does the dominant factor limiting gas transfer (interfacial

transfer or equilibrium capacity) depend on tL?

Solution. The values of kI are identical to those com-

puted in Example 6-4; that is, 12.1 h�1 for O2 and 0.675 h
�1

for TCE. Those values can be inserted into Equation 6-45c

to determine the effluent concentrations as a function of

the hydraulic residence time; the results are plotted in

Figure 6-7.

The results are qualitatively similar to those for the batch

system: the solution approaches equilibrium with the incom-

ing gas phase, with the approach getting ever closer as the

solution residence time increases. The approach to equili-

brium between the solution and the incoming gas is more

rapid for oxygen than TCE, primarily because of the advec-

tive transport limitation on the latter. That is, because TCE is

much less volatile than O2 (the Henry’s constant for TCE is

almost two orders of magnitude less than that of O2), the

injected gas has a much lower carrying capacity for TCE

than O2.

By definition, increasing tL allows the water to stay in the

reactor longer. When the system is operated with a fixed gas
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flow rate, the rate constants associated with both advective

transport and interfacial transport (the kinetic limitation) are

fixed, independent of tL. Therefore, a change in tL has no

effect on the relative importance of these two limitations

to overall transport. As a result, as in the batch system,

interfacial processes are more important than advective

transport in limiting the oxygen transfer rate, and advective

transport is much more important than interfacial processes

in limiting transport of TCE, independent of tL. &

In many reactors of interest, the liquid flow rate and/or the

need for gas transfer varies considerably over time (e.g., in

activated sludge systems, in which both the rate of inflow

and the oxygen demand per liter of influent can change

substantially over the course of a day as well as seasonally).

In such cases, it is common to adjust the air flow rate in

parallel with the liquid flow rate, so that a constant QG/QL

ratio is maintained, rather than maintaining a fixed QG

regardless of how QL changes. When analyzing or designing

these types of systems, it is useful to express kI and the

steady-state aqueous phase concentration cL,ss as a function

of QG/QL and tL. This way of representing kI can be derived

from Equation 6-23 as follows:

kI ¼ QGH

VL

1� exp � KLaL

QGH=VL

� �� 	
(6-23)

¼ QGH

QLtL
1� exp � KLaL

QGH= QLtLð Þ
� �� 	

(6-46a)

¼ QG=QLð ÞH
tL

1� exp � tLKLaL

QG=QLð ÞH
� �� 	

(6-46b)

The corresponding expressions for cL,out for the two

limiting cases are

Macroscopic (i.e., advective transport or equilibrium)

limitation

cL;out ¼
cL;in þ c�L;inHQG=QL

1þ HQG=QL

(6-47)

Microscopic (i.e., interfacial transport or kinetic) limita-

tion

cL;out ¼
cL;in þ c�L;inKLaLtL

1þ KLaLtL
(6-48)

Equation 6-47 indicates that gas transfer in a system

limited by the carrying capacity is insensitive to tL, if the

reactor is operated at constant QG/QL.
4 This result makes

intuitive sense, because if carrying capacity limits gas

transfer, the gas exiting the reactor is nearly equilibrated

with the solution. In such a case, increasing tL, which

increases the gas/liquid contact time, will not be able to

overcome the limitation; only increasing theQG/QL ratio can

do that. On the other hand, if gas transfer is limited by

interfacial transport (Equation 6-48), increasing the liquid

detention time allows more transfer to occur and causes cL,out
to approach c�L;in more closely.

The dimensionless parameter grouping (QG/QL)Hcc (or,

equivalently, (QG/QL)Hmm) is referred to as the stripping

factor (S) in the literature on contaminant stripping. How-

ever, because Equation 6-46b is applicable to continuous

flow Case I systems regardless of whether the process of

interest is gas stripping or absorption, we refer to it here as

the gas transfer capacity factor, R:

R � QGHcc

QL

(6-49)

Substituting this expression into Equation 6-47, that

equation can be written as

cL;out ¼
cL;in þ c�L;inR

1þ R
(6-50)

We will see in the next section that the same term appears

in the equations characterizing systems in which neither

the gas nor the solution phase composition is uniform

throughout the reactor (such as packed or spray towers).

In those systems, R turns out to be a very useful design

parameter.
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FIGURE 6-7. Steady-state dissolved oxygen and TCE concen-

trations as a function of hydraulic residence time in the example

reactor.

4 If QG and QL change significantly, KLaL would almost certainly be

affected as well, so kI would change in a more complex way than suggested

here. In this analysis, we consider only the direct effect of the flow rates

on kI.
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The equations derived in this section showing the aqueous

phase concentration for gas transfer in steady-state, Case I

systems with flow of both gas and solution are collected in

Table 6-5.

& EXAMPLE 6-6. A preliminary design is being pre-

pared for a steady-state activated sludge treatment process.

The wastewater flow rate is 1.0m3/s, the anticipated mean

hydraulic residence time is 6 h, and it is estimated that

135mg of oxygen will be consumed per liter of influent by

the organisms carrying out the biodegradation process. The

influent is at 20�C and is anoxic (cL;O2;in ¼ 0mg/L), and the

water in the aeration basin must contain at least 2mg/L

dissolved oxygen to allow the organisms to function opti-

mally. Hcc for oxygen at 20�C is 29.2 LL/LG, and the b

factor for oxygen, which accounts for the effect of solution

composition on H, is 0.95. KL for oxygen was estimated to

be 0.015 cm/s in tests with clean water, but is expected to be

only 0.010 cm/s in the aeration basin, due to the presence of

surfactants in the water.

In the proposed operation, the diffusers will each inject

0.06 SCM/min of air as 0.4-cm-diameter bubbles, where the

standard conditions are defined to be 25�C and 1.0 atm.

Estimate the density of diffusers on the reactor floor (number

of diffusers per square meter of floor area) that would be

required to treat the waste in an aeration tank that is 7m

deep.

Solution. We begin by writing a mass balance on oxygen

in the aeration tank. Oxygen is entering the water in the tank

by gas transfer, is leaving via advection, and is also being

consumed by biological activity (the advective input is zero,

since the incoming water is anoxic). The system will operate

at steady-state, and the volume of the tank can be computed

as QLtL, or 3600m3. The rate at which oxygen is being

consumed by microorganisms is (135mg/L)/6 h, or

0.00625mg/L s. Writing the mass balance, applying the

assumption of steady state, and inserting known values or

expressions, we obtain

VL

dcL

dt
¼ QL cL;in � cL

� �þ VLrgt;avgþVLrbiol

0 ¼ 1:0m3=sð Þ 0� 2mg=Lð Þ þ 3600m3ð Þrgt;avg
þ 3600m3
� ��� 0:00625 ðmg=LÞ=s�

rgt;avg ¼
1:0m3=sð Þ 2mg=Lð Þ þ 3600m3ð Þ�0:00625 ðmg=LÞ=s�

3600m3

¼ 0:00681 ðmg=LÞ=s

The rate of oxygen transfer into the solution from the gas

phase can also be computed using Equation 6-21.

rL;gt-avgVL ¼ QGH 1� exp � KLaL

QGH=VL

� �� 	
c�L;in � cL

� �

Rearranging to solve for QG, we obtain

QG ¼ rL;gt-avgVL

H 1� exp � KLaL

QGH=VL

� �� 	
c�L;in � cL

� � (6-51)

The values of several parameters on the right side of

Equation 6-51 are known, (rL;gt-avg, VL, KL, cL), but others

ðH, c�L;in, and the ratio aL=ðQG=VLÞÞ must be calculated.

TABLE 6-5. Equations Describing the Aqueous Phase Concentration in Gas Transfer Reactors with

Spatially Uniform Solution Composition and Plug Flow of Gas: General and Limiting Cases

Qualitative and Quantitative

Conditions for Limiting Cases

Equations Describing Dissolved Concentration of Volatile Species in

Steady State Operation of Systems with Continuous Liquid Flow

General case — cL;out ¼
cL;in þ QGHc�

L;in

QL
1� exp � KLaL

QGH=VL

� �h i

1þ QGH
QL

1� exp � KLaL
QGH=VL

� �h i (6-43)

Rate limited by advective transport
KLaL

QGH=VL


 1 cL;out ¼
cL;in þ c�L;inðQGH=VLÞtL

1þ ðQGH=VLÞtL (6-47a)

Rate limited by interfacial transport
KLaL

QGH=VL

� 1 cL;out ¼
cL;in þ c�L;inKLaLtL

1þ KLaLtL
(6-47b)
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According to Equation 5-23, the effective value of Henry’s

constant in the wastewater equals the Henry’s constant in

clean water divided by b, so,

Hcc; aeration
basin

¼ Hcc; clean H2O

b
¼

29:2
LL

LG

0:95
¼ 30:7

LL

LG

Hpm; aeration
basin

¼ Hcc; aeration
basin

RT ¼ 30:7
LL

LG

� �

0:082
atm-LG

mol �C

� �
293�Cð Þ ¼ 738 ðatm-LLÞ=mol

c�L;in is the solution-phase oxygen concentration that would

be in equilibrium with the composition of the injected gas.

This value depends on the local pressure and therefore

is different at different depths. An average value of c�L;in,
which we represent as c�L;in, can be computed based on the

pressure at mid-depth (3.5m). We can use Equation 6-6 to

compute this pressure and then determine the concentration

of interest:

P ¼ Psurf þ rLgz

¼ 1:0 atmþ 998 kg=m3ð Þ 9:81m=s2ð Þ 3:5mð Þ
1N

kgm=s2

� �
1 Pa

N=m2

� �
1 atm

105 Pa

� �
¼ 1:34 atm

PO2;3:5 m ¼ Ptot;3:5 myO2;in ¼ 1:34 atmð Þ 0:21ð Þ ¼ 0:28 atm

c�L;in ¼ PO2;3:5 m

HO2

¼ 0:28 atm

738
atm-LL

mol

¼ 3:79� 10�4 mol

LL

¼ 3:79� 10�4ðmol=LÞ 32000ðmg=molÞð Þ ¼ 12:1mg=L

The remaining parameter that we need to evaluate is the

ratio aL=ðQG=VLÞ. Noting that aL equals Atot/VL, where Atot

is the total interfacial area in the tank at any instant, the ratio

aL=ðQG=VLÞ can be written as follows:

aL

QG=VL

¼ Atot=VL

QG=VL

¼ Atot

QG

¼ Nbb

_Nbb

Abb

Vbb

¼ tbb
6

dbb

(6-52)

where Nbb is the number of bubbles in the tank at any instant,
_Nbb is rate at which bubbles are being injected, and tbb is

bubble residence time. The average diameter of the bubbles

(i.e., the diameter at mid-depth) in the aeration basin can

then be computed from Equation 6-9:

d3:5 m ¼ d7:0 m
P7:0 m

P3:5 m

� �1=3
¼ 0:40 cmð Þ 1:70 atm

1:35 atm

� �1=3

¼ 0:43 cm

According to Figure 5-24, the velocity of 0.43-cm-

diameter bubbles is �22 cm/s, so the average residence

time of bubbles in the water column is

tbb ¼ Z

vbb
¼ 700 cm

22 cm=s
¼ 32 s

The ratio aL=ðQG=VLÞ can now be evaluated. Using the

bubble diameter at mid-depth (d3.5m) in conjunction with

Equation 6-52, we find

aL

QG=VL

� �
3:5 m

¼ tbb
6

dbb;3:5 m
¼ 32 sð Þ 6

0:43 cm
¼ 447 s=cm

Inserting all of the above values into Equation 6-51, we

obtain

QG;3:5 m ¼ rL;gt-avgVL

H 1� exp � KLaL

QGH=VL

� �
3:5 m

� 	
c�L;in � cL

� � ¼ rL;gt-avgVL

H 1� exp �KL

H

aL

QG=VL

� �
3:5 m

� �� 	
c�L;in � cL

� �

¼
0:00681

mg=LL

s

� �
3600m3

L

� �

30:7
LL

LG
1� exp � 0:01 cm=s

30:7
LL

LG

447 s=cmð Þ

0
BB@

1
CCA

2
664

3
775 12:1� 2:0ð Þmg

LL

� 	
1m3

L

1000 LL

� �
1000 LG

1m3
G

� �

¼ 0:58m3
G=s

:
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We can convert this volumetric flow at 3.5 m to the

equivalent flow rate in SCM/s using a slightly modified

form of Equation 6-5. Noting that we found the pressure

at mid-depth in an earlier calculation to be 1.34 atm, we

find

QG;std ¼ QG

Psurf þ rLgz

Psurf

T std

T

¼ 0:58
m3

G

s

� �
1:34 atm

1:0 atm

� �
293�C
293�C

� �
¼ 0:78 ðSCM=sÞ

For the specified gas flow rate per diffuser of

0.06 SCM/min, the required number of diffusers is

Number of diffusers ¼ QG;std

QG;std per diffuser

¼ 0:78m3
G=s

� �
60 s=minð Þ

0:06m3
G=min

¼ 780

Thus, 780 diffusers would be required. Given the tank

volume of 3600m3 and depth of 7.0m, the plan area of the

tank is 514m2. This means that the spacing of the diffusers

would be approximately one per 0.66m2. &

Case I CFSTRs in Series

Just like reactors in which homogeneous chemical reactions

are occurring, the size of gas/liquid contactors required to

achieve a given change in solution composition can some-

times be reduced dramatically by dividing the operation

into two or more stages. If each reactor in the gas transfer

system is consistent with the Case I assumptions, then the

overall amount of transfer can be computed by applying

Equation 6-44 to each reactor in the sequence. If the gas

transfer objective is stripping of a contaminant into a gas

that contains none of the contaminant initially, then Equa-

tion 6-44 describing the change in each reactor can be

simplified as follows:

cL;in � cL;out

cL;out � c�L;in
¼ kItL (6-53)

cL;in

cL;out
� 1 ¼ kItL (6-54)

cL;out

cL;in
¼ 1

1þ kItL
(6-55)

The value of kI in Equation 6-55 can be computed using

the expressions in Table 6-3; if all the reactors are of equal

size and are supplied with gas at equal rates, the values of kI
and tL are the same in each reactor, and the overall change in

composition as water flows through the whole sequence of N

reactors is given by an equation virtually identical to that for

a sequence of CFSTRs in which a homogeneous reaction is

occurring:

cL;out;N

cL;in;1
¼ 1þ kItL;i
� ��N

(6-56)

where tL,i is the hydraulic residence time in each reactor.

& EXAMPLE 6-7. Compare the total hydraulic resi-

dence time that would be required to reduce the TCE concen-

tration from 500 to 50mg/L in a single CFSTR and in four

equisized CFSTRs for the liquid and flow rates specified in

Example 6-5.For theCFSTRs-in-series arrangement, assume

that the gas flow is split equally among the four reactors.

Solution. The residence time required to accomplish

the specified level of stripping in a single CFSTR can be

computed with a modified form of Equation 6-55.

The overall rate constant was computed in Example 6-4

to be 0.675 h�1, so,

tL ¼ 1

kI

cL;in

cL;out
� 1

� �
¼ 1

0:675 h�1

500mg=L

50mg=L
� 1

� �
¼ 13:3 h

Because the value of QG/VL is the same in each of the

smaller reactors as in the overall reactor evaluated in Exam-

ple 6-5, the value of kI applicable to the overall reactor is

also applicable to each of the smaller ones. We can therefore

use Equation 6-56 to compute the TCE concentration exiting

the sequence of smaller reactors, as follows:

cL;out;N

cL;in;1
¼ 1þ kItL;i
� ��N

cL;out;N

cL;in;1

� ��1=N

¼ 1þ kItL;i

tL;i ¼
cL;in;N

cL;out;1

� �1=N

� 1

kI

¼
500mg=L

50mg=L

� �1=4

� 1

0:675 h�1
¼ 1:15 h

The residence time in the sequence of four reactors is

therefore 4 (1.15 h), or 4.6 h, which is only approximately

one-third as long as in the single reactor that accomplishes

the same amount of TCE stripping. &
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Design Constraints and Choices for Case I Systems
with Flow

To complete the analysis of Case I systems with flow, it is

worthwhile to explore how the various concepts and equa-

tions derived in the preceding sections relate to design and

analysis of specific types of systems. One approach for doing

this is to list the parameters that might be specified arbitrar-

ily for a given system, so that we can determine how many

degrees of freedom we have in the design process. For

instance, consider a Case I gas transfer system with contin-

uous liquid flow designed to treat a given species (i.e., a

species with a known Henry’s constant). In most cases, the

concentration of the volatile species in the liquid and

gaseous influent streams would be known. In that case,

the design and operating parameters that one could specify

include the liquid and gas flow rates, the KLaL value (by

specifying the gas/liquid contacting scheme), and the vol-

ume of liquid in the system. Practical considerations might

constrain these parameter values (especially KLaL), but in

theory, any of them could take on any value without violat-

ing a fundamental equation (e.g., a mass balance or rate

expression).

Once the six parameters identified above (cL,in, cG,in, QG,

QL, KLaL, and VL) were specified, the performance of the

system with respect to gas transfer would be completely

defined; that is, cL,out, cG,out, tL, rL.gt-avg, and all other

operating characteristics of the system would be established.

Of course, we could just as well specify one or more of these

latter four parameters in the design process, but for each one

that was specified, one of the original six parameters would

have to be eliminated from the specifications. The same

could be said about specifying some parameter that is a

combination of others (e.g., QGH=VL). The same number of

parameters can and must be specified to fully characterize a

Case I systemwithout liquid flow, except in that case tL, cL,in
and cL,out would be replaced by the duration of gas/liquid

contact (t) and the initial and final dissolved concentrations

(cL(0) and cL(t)), respectively.

Thus, a Case I gas transfer system is characterized by six

degrees of freedom. Typically, in carrying out a design for a

new treatment facility, we would know the liquid flow rate to

be treated and the composition of the influent liquid and

influent gas phases. We also would know the treatment goal,

usually in terms of the required value of cL,out (or cL(t) for a

batch system). In other cases, the treatment goal might be

specified in terms of rL,gt-avg, for example, in the case of a

biological treatment process requiring a certain rate of

oxygen transfer into solution. In any case, four of the six

degrees of freedom are commonly established based on what

the treatment process is supposed to accomplish. This leaves

two degrees of freedom that are entirely under the designer’s

control. The choices available typically include specifying

the aerator system to be used (KLaL), the hydraulic residence

time (tL, which establishes the required liquid volume),

and/or the gas flow rate; specifying any two of these three

parameters establishes the value of the third one and con-

stitutes a feasible design.

An important conclusion from this analysis is that, regard-

less of which parameters the designer chooses to specify, an

infinite number of designs would, in theory, meet the

treatment goals for a given water. The decision about which

of these designs is best must therefore be made on the basis

of criteria other than water quality. In almost all cases, the

primary such criterion is cost. That is, the designer compares

a variety of options that all meet the water quality goals and

then chooses the one that is least costly. Several computer

programs are available to assist in carrying out the relevant

calculations.5

In making such a design decision, it is important to

recognize that the design is likely to have impacts on

downstream processes. For instance, use of a high gas

flow rate might appear to be the least expensive way to

strip a certain contaminant out of water. However, if the gas

stream then has to be treated, the cost of that treatment is

likely to increase as the gas flow rate increases. In such a

case, the design that is best when considering the gas transfer

process in isolation might not be best when the complete

system is analyzed.

The linkages among treatment processes, not only in

terms of cost but also water and air quality, sludge produc-

tion, hazards toworkers, and so on, and the impacts of design

choices on those linkages, are critical considerations in the

design process. They tend not to be emphasized in most

textbooks (including this one), because the issues that arise

are often site-specific, but their importance should not be

overlooked.

6.3 CASE II: GAS TRANSFER IN SYSTEMS
WITH SPATIAL VARIATIONS IN THE

CONCENTRATIONS OF BOTH SOLUTION

AND GAS

The Mass Balance Around a Section of a Gas Transfer
Tower: The Operating Line

In many gas transfer systems, the concentrations of the

volatile species in both the liquid and gas phases change

significantly with location in the system. Here, we classify

these systems as Case II systems. The most important

examples of such systems are column contactors, which

are typically operated with counter-current gas and liquid

flow, although cocurrent flow and crosscurrent flow are

occasionally used as well. In this section, we consider

counter-current gas transfer in a column in which liquid

5 See, for example, the ASAP1 program (CenCITT, 1999).
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enters at the top and gas is introduced at the bottom. The

analysis applies equally regardless of whether water or gas is

the continuous phase (so-called bubble columns or spray

towers, respectively). In the latter case, the columns typi-

cally are packed with plastic media that water droplets strike

and fall along in a thin film before forming new droplets and

falling again.

The fundamental approach for designing or analyzing a

gas transfer column is the same as for any other process:

we write a generic mass balance and then incorporate

constants or functions that specify the physical and chem-

ical attributes of the particular system being considered.

As is the case for the systems analyzed in Chapter 5 or in

the preceding sections of this chapter, at any point in the

system, the driving force for gas transfer equals c�L � cL.

However, when analyzing column contactors, the analysis

must incorporate the fact that both c�L and cL vary with

location.

We begin the analysis by writing a mass balance on the

constituent in both phases together, choosing a control

volume that includes all the space in the reactor between

the top and some arbitrary height z, as shown in Figure 6-8.

We assume that the system is at steady state, that the

constituent does not participate in any chemical reaction

in the bulk liquid or bulk gas, and that both the liquid and gas

flows can be approximated as being plug flow. Given these

assumptions, the terms in the mass balance representing

storage, diffusion, and dispersion, and reactions are all zero,

so the only nonzero terms are those for advection into and

out of the control volume.

Since the contaminant can enter and leave the control

volume by advection in either phase, four advective terms

must be included in the analysis, yielding the followingmass

balance:

Rate of change of

mass of i stored

in control volume

¼
Net ðin� outÞ

liquid-phase advection

of i into control volume

2
4

3
5

þ
Netðin� outÞ

gas-phase advection

of i into control volume

2
4

3
5

0 ¼ QL cLðZÞ � cLðzÞð Þ þ QG cGðzÞ � cGðZÞð Þ (6-57)

Solving the equation for cG(z), we obtain

cGðzÞ ¼ QL

QG

cLðzÞ þ cGðZÞ � QLcLðZÞ
QG

(6-58)

On a plot with the liquid- and gas-phase concentrations as

the abscissa and ordinate, respectively, Equation 6-58 cor-

responds to a straight line with slope QL/QG (Figure 6-9).

This line is referred to as the operating line for the system.6

At any height z in the column, the point (cL(z), cG(z)) alls on

the operating line. The figure also includes a line charac-

terizing the equilibrium relationship between the gas and

liquid phases; that is, the Henry’s law relationship,

cG ¼ HcL.

In a system where gas is being stripped from solution,

the operating line is always below and to the right of the

equilibrium line, indicating that, at any height in the column,

the aqueous phase concentration (cL(z1)) is greater than the

value that would be in equilibrium with the gas at that point

(i.e., cLðz1Þ > c�Lðz1Þ). Therefore, throughout the column,

the volatile species transfers from solution to the gas phase.

By similar reasoning, the operating line for a gas absorption

system is always above and to the left of the equilibrium line,

reflecting the fact that c�Lðz1Þ > cLðz1Þ, so the volatile

species transfers into solution. The broken, horizontal lines

show the difference between the actual and equilibrium

concentrations of the dissolved volatile species at heights

QG QL

QL

cL(Z )
QG

cG(Z )

cG(0) cL(0)

cG(z ) cL(z )

z = 0

z = Z 

Boundary of 
control volume 

A 

FIGURE 6-8. Definition diagram for a mass balance on the total

volatile species (dissolved and gaseous) in the column between

z¼ Z and some arbitrary height z.

6 In Equation 6.57, we have implicitly assumed that the volumetric flow rate

of gas does not change with height, meaning that temperatures changes are

small and that the molar rate of gas transfer is small compared to the molar

flow rate of the carrier gas. This assumption is almost always valid for

applications in environmental engineering. If it does not hold, the operating

line is nonlinear.
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z1 and z2 and can therefore be identified as the driving force

for gas transfer at those locations.7

For a stripping process, the concentrations characterizing

the gas and the solution in the column move along the

operating line from upper right to lower left as z decreases

(moving down the column); in a gas absorption process, they

move from lower left to upper right. Under most circum-

stances, the slope of the operating line, QL=QG, is subject to

manipulation by the designer.

Note that the operating and equilibrium lines can never

cross, because that would indicate that the two phases

reached equilibrium (at the point of intersection), and that

gas transfer continued as characterized by movement along

the operating line. Such a situation is impossible, because

once equilibrium is reached, the driving force for transfer

disappears, and no further exchange can occur.

The ratio of the slope of the equilibrium line to the slope

of the operating line is HQG/QL, the parameter combination

defined earlier as the gas transfer capacity factor, R.

Multiplying the numerator and denominator of this ratio

by cL,in, we obtain

R � HQG

QL

¼ HQGcL;in

QL cL;in
¼ QGc

�
G;out

QLcL;in
(6-59)

(Note that cL,in refers to the top of the column, where the

liquid enters. As a result, c�G at the top of the column equals

HcL,in. Because gas exits at the top, this value of c�G is

designated c�G;out.)
The denominator of the expression on the far right of

Equation 6-59 (QLcL;in) equals the mass flow rate of i into the

column in the liquid phase, and the numerator (QGc
�
G;out)

equals a hypothetical mass flow rate out of the column in the

gas phase that would occur if the gas reached equilibrium

with the incoming solution. Thus, for a stripping operation,

the numerator is themaximum rate at which the gas phase can

carry contaminant out of the column, for the given liquid-

phase composition. Assuming that the incoming gas contains

none of the contaminant,QGc
�
G;out is also themaximum rate at

which the gas phase can acquire contaminant from the liquid.

If R is less than 1, then the gas is incapable of transporting all

the contaminant out of the reactor, even if the gas acquires the

maximum amount of contaminant it can (limited only by

equilibrium). In that case, the maximum contaminant

removal efficiency that could be achieved (i.e., the efficiency

corresponding to equilibrium between the exiting gas and the

incoming solution) would equal R.

If R � 1, then the gas has the potential to transport all the

contaminant out of the reactor, and it might do so (or at least

approach that limit) if the interfacial transport resistance

were overcome. Put another way, for a stripping operation, if

R � 1 and if gas transfer kinetic limitations were overcome,

all of the contaminant would enter and leave the column at

the top; if R < 1, some of the contaminant would leave the

column at the bottom (in the solution), no matter how small

the kinetic limitations to gas transfer became. Values of R

greater than 1 are virtually always used in design.

By carrying out a similarmanipulation as in Equation 6-59,

but multiplying numerator and denominator by c�L;out, an
analogous argument can bemade for a gas absorption process.

In this case, the interpretation of the conditions when R< 1 is

that the incoming gas would be unable to supply enough of

the volatile constituent to solution for the solution to equili-

brate with cG,in, even in the absence of interfacial resistance;

that is, even if all of the volatile constituent were transferred

from the gas to solution before the gas exited the reactor.

Under these conditions, however, the liquid would be able to

absorb essentially 100% of the volatile species from the

incoming gas. As a result, if kinetic limitations to gas transfer

were overcome, all of the transferable specieswould enter and

leave the column at the bottom.

On the other hand, in an absorption columnwithR � 1, the

liquid exiting the bottom of the column could (if interfacial

resistance were small enough) reach equilibrium with the

incoming gas, and some of the volatile species would exit

with thegasat the topofthecolumn.If thegoalof theabsorption

process isprimarily to increase the concentrationof thevolatile

species in solution (e.g., oxygen transfer), then R values >1

H

cL(Z ), cG(Z )

Equilibrium 
linec L(0), cG(0)

cL(z2), cG(z2)

QL /QG

Operating line for 
absorption

c *(z

G
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-p
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QL /QG

cL(0), cG(0)

Operating line 
for stripping

cL(z1), cG(z1)
cL(Z ), cG(Z )

L 2), cG(z2)

cL*(z1), cG(z )1

Aqueous-phase concentration

FIGURE 6-9. Equilibrium line and operating lines for gas trans-

fer in a stripping and an absorption column. The broken lines at

heights z1 and z2 indicate the driving force for stripping and

absorption, respectively. The variable z represents the height

measured from the bottom of the packing.

7 It is also true that, at any height in the column, the extent of disequilibrium

between the two phases could be expressed in terms of gas phase concen-

trations; that is, as c�G z1ð Þ � cG z1ð Þ. When expressed in that way, the

extent of disequilibrium can be computed as the vertical gap between

the equilibrium line and the operating line. In that case, the overall gas

transfer rate can be computed as KGaR c�G z1ð Þ � cG z1ð Þ� �
, where KG is the

overall gas transfer rate constant based on gas phase concentrations.

A derivation similar to that given for KL in Chapter 5 shows that

K�1
G ¼ k�1

G þ kL=Hð Þ�1
. This form of the rate expression is not emphasized

here because our primary interest is in the solution phase.

228 GAS TRANSFER: REACTOR DESIGNANDANALYSIS



should be used, but if the goal is to transfer essentially all of the

volatile species from the gas phase to solution (e.g., ozone

transfer), then R values <1 are more appropriate.8

Thus, the gas transfer capacity factor provides a reference

point for assessing the sufficiency of the gas flow rate for

accomplishing the treatment goal. Although the parameter

combination corresponding to R also appears in the equa-

tions characterizing Case I systems with continuous flow

(Equation 6-50), in that case the term has only an abstract

design application because of the uniformity of the liquid

phase composition throughout the reactor. That is, since

Case I systems have the same value of cL throughout the

reactor, it is not possible to strip almost all of a contaminant

from the solution (so that cL	 0) and simultaneously have

the exiting gas approach equilibrium with the incoming

solution (so that cL	 cL,in). By contrast, in a counter-current

column contactor used for stripping, the liquid phase com-

position truly can vary from cL,in to nearly zero in the reactor,

and the liquid enters and leaves at opposite locations from

where the gas does. These characteristics of counter-current

Case II reactors allow the possibility that the incoming gas

will approach equilibrium with the exiting solution, while

the exiting gas is near equilibrium with the incoming solu-

tion. As a result, R has more practical significance and is a

more central design parameter in Case II systems.

Recall that, for Case I systems with continuous liquid flow,

the relative importance of microscopic (interfacial or kinetic)

versus macroscopic (advective or equilibrium) limitations to

gas transfer is indicated by the ratio tLKLaL=ð QG=QLð ÞHÞ.
The larger this ratio is, the more strongly equilibrium limits

the rate of gas transfer into solution.

In Case II systems (which, by definition, always have

steady liquid flow), the same ratio could be used to evaluate

the relative importance of the two potentially rate-limiting

factors. The denominator of this ratio is R, so the ratio can be

expressed as tLKLaL=R. The value of tL is often difficult to

measure in Case II systems where the liquid is not the

continuous phase, making it difficult to quantify the term

tLKLaL=R. Nevertheless, it is clear that, other factors being
equal, an increase in R lessens the likelihood that gas transfer

will be equilibrium-limited.

More importantly, the value of R places a bound on the

maximum change in the liquid phase concentration. As

noted previously, in a stripping process, the limit is that,

if R< 1, then R is the maximum fractional removal of the

contaminant from the solution, and in an absorption process,

if R� 1, then 1/R is the maximum fractional absorption of

the species from the gas. How closely the change in the

liquid composition approaches this maximum value depends

on KLaLtL; if KLaLtL is large enough, the change in the

liquid composition will approximate the maximum possible

change for the given R, whereas if KLaLtL is small,

the amount of gas transfer will be less than that.

The Mass Balance Around a Differential Section
of a Gas Transfer Tower: Development of the
Design Equation for Case II Systems

Although the operating line for a gas transfer column con-

tactor describes the overall changes in the composition of the

phases as they pass through the system, we have not yet

connected this informationwith the physical characteristics of

the system. That is, for a givenQL andQG, and given influent

and effluent concentrations cL(Z), cG(Z), cL(0), and cG(0), we

can determine the intermediate concentrations that the system

must pass through at different points in the column, but we

cannot yet answer key design questions, such as:How tall will

the column have to be to achieve the desired amount of gas

transfer? What will the required hydraulic and gas residence

times be? And, how much will the gas transfer efficiency

change for a given change in the gas flow rate? To answer

these questions, we need towrite another mass balance, using

a control volume that includes only the solution phase in a

region defined by the cross-section of the column and a

differential length dz (Figure 6-10).

The mass balance on the volatile species dissolved in the

liquid phase in this control volume can be written as follows,

where dVL is the differential volume of water in the control

volume:

Rate of change of the

mass of i stored in the

solution phase in the

volumeAR dz

¼
Net ðin� outÞ
liquid-phase

advection of i into

control volume

þ
Amount of i entering

solution phase within

the control volume by

gas transfer

(6-60)

@

@t
cLdVLð Þ ¼ QL cL þ dcLð Þ � cL½  þ rL;gtdVL

¼ QL cL þ dcLð Þ � cL½  þ KLaL c�L � cL
� �

dVL

(6-61)

The substitution of KLaL c�L � cL
� �

for rL,gt is justified by

the fact that the liquid volume under consideration is

differentially small, so the approximation that gas transfer

8 The discussion here assumes that the incoming solution contains none of

the constituent of interest. If the incoming solution already contains some of

the volatile species, then less of the species would have to be transferred to

reach equilibrium with the influent gas, and it would be possible for the

exiting liquid to reach equilibrium with the incoming gas at R values <1.

However, in this case, the absorption efficiency from the gas phase would

always be<100%, no matter how small R became. The analogous situation

for stripping is that the incoming gas already contains some of the volatile

species. In that case, an R value <1 would allow equilibrium between the

incoming gas and exiting liquid, but some contaminant would remain in the

effluent solution, no matter how large R became.
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is limited by microscopic (interfacial) processes must apply

(recall that the criterion for this limitation is that

KLa � QGH=VLð Þ).
The interfacial area in the control volume is dispersed

among many droplets and thin films if the reactor is a packed

column, and among many bubbles if the reactor is a bubble

column. In addition, the volume of water in the control

volume is less (in the case of a packed column, much less)

than the total volume of the reactor. Under the circum-

stances, it is convenient to normalize the interfacial area to

the volume of the reactor rather than the liquid alone. To do

that, we substitute aRVR/VL for aL in Equation 6-61, with the

implicit assumption that the liquid occupies a constant

fraction of the reactor volume throughout the column

(i.e., dVL/dVR¼VL/VR). Then, noting that (VR/VL)dVL

equals dVR, we find.

@

@t
cLdVLð Þ ¼ QL cL þ dcLð Þ � cL½  þ KLaR c�L � cL

� �VR

VL

dVL

¼ QLdcL þ KLaR c�L � cL
� �

dVR

¼ QLdcL þ KLaR c�L � cL
� �

ARdz (6-62)

If the column is operating at steady state, the left side of

Equation 6-62 is zero. Making that substitution and carrying

out some algebra to isolate the concentration terms on the

left side of the equation, we obtain

0 ¼ QL dcL þ KLaR c�L � cL
� �

AR dzð Þ (6-63)

ZcLðzÞ

cLð0Þ

dcL

c�L � cL
¼ � KLaR

QL=AR

Zz

0

dz (6-64)

ZcLðzÞ

cLð0Þ

dcL

c�L � cL
¼ � KLaR

QL=AR

z (6-65)

Equation 6-65 is one form of the design equation we

sought, albeit not the most convenient form. More useful

design equations can be developed by integrating the left

side of the equation, as shown shortly. Nevertheless, the

equation does relate factors that characterize the physical

system (QL, AR, z, aR), chemical equilibrium (c�L), and gas

transfer kinetics (KL) to the change in the concentration of

the dissolved species in the reactor, and therefore is an

important result.9,10

Boundary of 
control volume 

z = 0

QL, cL(Z )

QL,cL

z = Z 

z+dz

z 

QL, cL + dcL

rL =KLaL(cL
* −cL)

AR

QL, cL(0)

FIGURE 6-10. Definition diagram for a mass balance on the

constituent of interest in the aqueous phase located in a zone of

height dz in the reactor.

9 In addition to gas transfer, many other environmental engineering processes

are carried out in columns (e.g., many types of filtration, adsorption, and

biological treatment processes), and an equation similar to Equation 6.65

applies for any of these.That is, amass balance similar toEquation6.59written

for any kinetic process occurring in a column at steady state would yield:

ðFlow rateÞ
�
Change in

concentration

�
¼
�
Rate of removal

by reaction

��
Volume of

control section

�

ðQLÞðdcLÞ ¼ ðrLÞðARdzÞ
Combining the mass balance with a rate expression and integrating would

yield:Combining the mass balance with a rate expression and integrating

would yield:

constantð Þ Zð Þ ¼
Z

dcL

driving force for reaction

where the constant includes the area of the column and constant terms that

appear in the reaction rate expression. The driving force for the reaction is

often, but not necessarily, the difference between an instantaneous and an

equilibrium condition. However, regardless of whether this is the case, if we

know the formof the function in the denominator,wecan evaluate the integral

numerically and solve for Z.
10 It might seem odd that the gas flow rate,QG, does not appear in the design

equation explicitly. However, that term is present implicitly, since it affects

the slope of the operating line, and therefore the values of cL and c�L as a

function of z. As a result, changing QG changes the value of the integral on

the left side of the equation where the constant includes the area of the

column and constant terms that appear in the reaction rate expression. The

driving force for the reaction is often, but not necessarily, the difference

between an instantaneous and an equilibrium condition. However, regard-

less of whether this is the case, if we know the form of the function in the

denominator, we can evaluate the integral numerically and solve for Z. It

might seem odd that the gas flow rate, QG, does not appear in the design

equation explicitly. However, that term is present implicitly, since it affects

the slope of the operating line, and therefore the values of cL and c�L as a

function of z. As a result, changing QG changes the value of the integral on

the left side of the equation.
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Because both cL and c�L are variables that change with

location in the column, the integration of an equation such as

Equation 6-65 is, in general, nontrivial. However, the fact

that the operating and equilibrium lines are linear in the

present case means that the difference c�L � cL is a linear

function of cL, making it possible to solve the integral on the

left side of the equation explicitly.

To carry out the integration, it is convenient to write the

extent of disequilibrium, c�L � cL, as ĉL. Making that substi-

tution in Equation 6-65 and dividing and multiplying the

integrand by dĉL yields

KLaR

QL=AR

z ¼ �
ZcLðzÞ

cLð0Þ

dcL

dĉL

dĉL

ĉL
(6-66)

We can relate the fraction dcL=dĉL to the gas transfer

capacity factor, R, by recalling that R is the ratio of the slopes

of the equilibrium and operating lines for the process. The

slope of the operating line is dcG/dcL, and the slope of the

equilibrium line is H. For the current derivation, it is

convenient to express H in terms of differentials, as follows:

cG ¼ Hc�L

dcG ¼ Hdc�L

H ¼ dcG

dc�L

(6-67)

Thus,

R ¼ H

Slope of operating line
¼ dcG=dc

�
L

dcG=dcL
¼ dcL

dc�L
(6-68)

R

R� 1
¼ dcL=dc

�
L

dcL=dc
�
L � 1

¼ dcL

dcL � dc�L
¼ � dcL

dĉL
(6-69)

Substituting this expression into Equation 6-66, we obtain

KLaR

QL=AR

z ¼ �
ẐcL zð Þ

ĉL 0ð Þ

� R

R� 1

dĉL

ĉL

¼
ẐcL zð Þ

ĉL 0ð Þ

R

R� 1

dĉL

ĉL
(6-70)

Note that the limits of integration have been rewritten in

terms of ĉL, since the integration is now being carried out

with respect to that variable instead of cL.

For a given system (given QL and QG), the gas transfer

capacity factor is constant, so the first term can be taken out

of the integral. The integration can then be carried out to

yield the following expressions describing the extent of

disequilibrium as a function of height in the column and

other system variables.11

KLaR

QL=AR

z ¼ R

R� 1
ln

ĉL zð Þ
ĉL 0ð Þ (6-71)

z ¼ QL=AR

KLaR

R

R� 1
ln

ĉL zð Þ
ĉL 0ð Þ (6-72)

ĉL zð Þ ¼ ĉL 0ð Þ exp KLaR

QL=AR

R� 1

R
z

� �
(6-73a)

ĉL 0ð Þ ¼ ĉL zð Þ exp � KLaR

QL=AR

R� 1

R
z

� �
(6-73b)

Equation 6-73b indicates that the extent of disequilibrium

decaysexponentially fromthe top to thebottomof thecolumn;

note that this decay reflects changes in both cL and cG, so it is

generally not the case that the liquid phase concentration

declines exponentially as the water falls through the packed

bed. Evaluating Equations 6-72 and 6-73b at z¼ Z, substitut-

ing the designations bot for z¼ 0 and top for z¼ Z, and

replacing the ĉL terms with c�L � cL, we obtain:

Z ¼ QL=AR

KLaR

R

R� 1
ln
c�L;top � cL;top

c�L;bot � cL;bot
(6-74a)

¼ QL=AR

KLaR

R

R� 1
ln

cG;top

H
� cL;top

cG;bot

H
� cL;bot

(6-74b)

c�L;bot � cL;bot ¼ c�L;top � cL;top

� �
exp � KLaR

QL=AR

R� 1

R
Z

� �

(6-75)

Using Equation 6-58 (the mass balance that was used to

generate the operating line) to substitute for cG,top in the

logarithmic argument in Equation 6-74b, we obtain:

cG;top

H
� cL;top

cG;bot

H
� cL;bot

¼

cG;bot þ QL

QG

cL;top � cL;bot
� �
H

� cL;top

cG;bot

H
� cL;bot

¼
cG;bot

H
þ 1

R
cL;top � cL;bot
� �� cL;top

cG;bot

H
� cL;bot

11 Formally, the logarithmic arguments in Equation 6.71 should be written

as the ratio of the absolute values of the gas transfer driving force at 0 and z,

to avoid the impression that one might need to take the logarithm of a

negative number. However, since c�L � cL always has the same sign

throughout the column, the ratio is always positive (even if the driving

force is negative), and the absolute value operation can be ignored.
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Subtracting and adding cL,bot in the numerator and carry-

ing out some algebra, we find

cG;top

H
� cL;top

cG;bot

H
� cL;bot

¼
cG;bot

H
� cL;bot þ 1

R
cL;top � cL;bot
� �� cL;top þ cL;bot

cG;bot

H
� cL;bot

¼ 1þ
1

R
cL;top � cL;bot
� �� cL;top � cL;bot

� �
cG;bot

H
� cL;bot

¼ 1þ 1

R
� 1

� �
cL;top � cL;bot
cG;bot

H
� cL;bot

Finally, because both 1=R� 1 and cG;bot=H � cL;bot are

typically less than zero in stripping columns, it is convenient

to multiply both terms by �1, yielding:

cG;top

H
� cL;top

cG;bot

H
� cL;bot

¼ 1þ R� 1

R

cL;top � cL;bot

cL;bot � cG;bot

H

(6-76)

Substituting Equation 6-76 into Equation 6-74b, we

obtain the following design equation for the required height

of a column to achieve a desired change in liquid phase

concentration, for a known influent gas phase composition

and known or adjustable operating parameters:

Z ¼ QL=AR

KLaR

R

R� 1
ln 1þ R� 1

R

cL;top � cL;bot

cL;bot � cG;bot

H

0
B@

1
CA

8><
>:

9>=
>;
(6-77)

An alternative form of Equation 6-77 that is often cited is

Z ¼ QL=AR

KLaR

R

R� 1
ln

1

R
þ R� 1

R

cL;top � cG;bot

H

cL;bot � cG;bot

H

0
B@

1
CA

8><
>:

9>=
>;
(6-78)

The right side of Equation 6-77 is sometimes split into

two terms, as indicated by the expressions preceding and

inside the brackets. The first term ðQL=ARÞ=KLaRð Þ has

dimensions of length and is called the height of a (gas)

transfer unit (HTU). The HTU can be thought of as a

characteristic length associated with gas transfer. The

remainder of the right side is dimensionless and is referred

to as the number of (gas) transfer units (NTU). Since NTU

depends explicitly on the equilibrium constant for gas

transfer, but not on kinetic terms, it is thought of as incor-

porating the equilibrium limitations on gas transfer. The

larger the value of NTU, the more significant is the equi-

librium limitation on gas transfer. On the other hand, HTU

depends on KLaR but not directly on H. (If the gas phase

resistance is significant, then HTU depends indirectly on H,

since in that case, KL depends onH.) Hence, if the resistance

to gas transfer resides predominantly in the liquid phase,

HTU can be thought of as an indicator of the kinetic

resistance to gas transfer: for a given liquid loading rate,

a larger value of HTU indicates a larger kinetic limitation to

gas transfer.

Equation 6-75 can be manipulated in a similar way to

yield the following equation for cL,bot as a function of the

influent concentrations and Z:

cL;bot ¼
cL;top � cG;bot

H

� �R� 1

R

exp
KLaR

QL=AR

R� 1

R
Z

� 
� 1

R

þ cG;bot

H
(6-79)

Equations 6-77 and 6-79 are alternative versions of the

design equation for Case II systems, in forms that are often

more directly useful than Equations 6-74 and 6-75.12 In cases

where the influent gas contains none of the contaminant being

stripped, Equation 6-79 can be simplified to yield the follow-

ing expressions for the concentration of the dissolved volatile

species at the bottom of the column, the removal efficiency

(h) accomplished in the column, and the column height

required to achieve a given fractional removal by stripping:

cL;bot ¼
cL;top

R� 1

R

exp
KLaR

QL=AR

R� 1

R
Z

� 
� 1

R

(6-80)

h � 1� cL;bot

cL;top
¼

exp
KLaR

QL=AR

R� 1

R

� �
Z

� 
� 1

exp
KLaR

QL=AR

R� 1

R

� �
Z

� 
� 1

R

¼ 1�
R� 1

R

exp
KLaR

QL=AR

R� 1

R

� �
Z

� 
� 1

R

(6-81)

Z ¼ QL=AR

KLaR

R

R� 1
ln

cL;top

cL;bot
R� 1ð Þ þ 1

R
(6-82)

12 Several of the equations in the preceding derivation cannot be solved if

R¼ 1, because the right hand sides of the equations reduce to an undefined

value (0/0). In that case, the relationship between the amount of gas transfer

and column height can be derived by recognizing that R¼ 1 means that

the operating and equilibrium lines are parallel. As a result, the difference

c�L � cL is the same everywhere in the column and can be taken out of the

integral in Equation 6.70. When that is done, the integral can be solved

directly, yielding the result:

Z ¼ QL=A

KLaR

cL;top � cL;bot

cL;bot � cG;bot
H.
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Note that, according to Equation 6-81, if the influent gas is

devoid of the volatile species, the fraction of the contaminant

stripped from solution is independent of the influent

concentration.

& EXAMPLE 6-8. Narbaitz et al. (2002) evaluated

the stripping efficiency for several different contaminants

in pilot-scale towers packed with various media. For 2-in.

Nor-Pac media, in columns receiving a liquid areal loading

rate of 5.6 L/m2 s, they reported the KLaR values shown in

the following table for three contaminants at three different

ratios of the air/water flow rates. The Henry’s constants for

the contaminants at the temperature of the experiments

(�25�C) are also shown in the table.

(a) What depth of packing is required to achieve at least

98% removal of all three contaminants in a single

column contactor at each air/water flow ratio?

(b) The input table indicates that KLaR for chloro-

benzene is insensitive to the QG/QL ratio. For a

value of KLaR¼ 18.5 h�1, predict the stripping effi-

ciency for chlorobenzene for a fixed gas transfer

capacity factor (R) of 2.3 for the range of column

heights 2.5< Z< 10m, and also for a fixed column

height of 3.5m over the range 0.2<R< 10.

KLaR (h�1)

Volumetric Air/Water

Ratio (QG/QL)

Contaminant Hcc (LL/LG) 25 50 100

Chlorobenzene 0.133 18.1 18.9 18.0

m-Xylene 0.282 19.0 19.2 21.1

Toluene 0.261 13.3 15.4 17.6

Solution.

(a) The required depth of packing for each contaminant

can be computed using Equation 6-82, once the

value of the gas transfer capacity factor R is eval-

uated for each condition of interest. The values of R

are computed as the product of the air/water ratio

(QG/QL) and the Henry’s constant, yielding the

following:

R

Air/Water Ratio (QG/QL)

Contaminant 25 50 100

Chlorobenzene 3.33 6.65 13.3

m-Xylene 7.05 14.1 28.2

Toluene 6.52 13.0 26.1

The required, 98% removal corresponds to a

cL,top/cL,bot ratio of 100/2¼ 50. Therefore, for exam-

ple, the packing depth required for chlorobenzene

removal at an air/water ratio of 25 is

Z ¼ QL=AR

KLaR

R

R� 1
ln

cL;top

cL;bot
R� 1ð Þ þ 1

R

¼ 5:6L=m2 s

18:1=h

� �
3600 s

h

� �
1m3

1000L

� �
3:33

3:33� 1

� �

� ln
50 3:33� 1ð Þ þ 1

3:33
¼ 5:67m

Similar calculations for the other contaminants

and other air/water ratios of interest yield the fol-

lowing values. (Note that the calculations can be

carried out independently, since the constituents are

assumed to have no interactions with one another.)

The results indicate that the packing depth is con-

trolled by the requirement for toluene stripping.

Required Z (m)

Air/Water Ratio

Contaminant 25 50 100

Chlorobenzene 5.67 5.72 6.14

m-Xylene 5.71 5.76 5.29

Toluene 8.12 7.17 6.34

(b) Both parts of this question can be answered by

inserting appropriate values into Equation 6-81.

At a fixed value of R¼ 2.3, the stripping efficiency

is relatively high (>82%), even for avery short column

(2.5m); as the column height increases, the stripping

efficiency does as well, exceeding 98% at Z> 6.5m

(Figure 6-11a). For a fixed height of 3.5m, the effi-

ciency is quite sensitive to R at low values but

insensitive at high values. At R< 1, the maximum

achievable efficiency equals R, and this efficiency is

reached atR values up to approximately 0.6. At higher

R, the efficiency continues to increase, but less rapidly,

reaching a plateau of 93–95% at R> 4 (Figure 6-11b).

The shape of this curve is typical, which is why R

values greater than �5 are rarely used. &

Pressure Loss and Liquid Holdup

To this point, the discussion of gas transfer in towers has

focused exclusively on the transfer of the volatile species

between the solution and gas phases. However, in practice,

the energy requirements for generating the flows of the two

fluids represent an important component of the design.

Furthermore, the energy requirements depend on several

of the same parameters that control the gas transfer
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efficiency, so the design decisions for these two aspects of

process performance are linked. In this section, we consider

the factors that control the pressure loss associated with gas

flow through a column and explore the linkage between

those factors and treatment efficiency.

The pressure gradient in a packed column (i.e., the

pressure drop per unit column length) depends on the

dimensions of the column, the liquid and gas flow rates,

and the packing material. Historically, this gradient has been

computed according to empirical correlations developed

by Eckert (1961, 1975) and later modified and presented

by Treybal (1980) in the form of a graph like that shown in

Figure 6-12. A numerical approximation that mimics

Eckert’s correlations has been reported by Hand et al.

(2011).

The value of Cf that appears in the ordinate of the graph is

called the column packing factor and is a property of the

type of packing used. Values of Cf for many types of packing

are available in the literature (see, for example, Treybal

(1980) or Perry and Green (1984)) or from the manufacturer,

and are generally in the range 10–50 for the plastic media

used most often in environmental engineering applications.

Although these values are typically reported as pure num-

bers, Cf actually has whatever units are required to make the

fraction shown as the ordinate dimensionless; as a result, the

value of Cf depends on the units used to express the other

parameters.

As indicated in the figure, an upper limit for the pressure

drop per unit column length is imposed by the need to avoid

excessive hold-up of water in the column, which ultimately

leads to column flooding. However, practical designs for

stripping columns used in water and wastewater treatment

invariably have pressure gradients that are far below

100 Pa/m, so the potential for flooding is not a concern.

Flooding is more relevant in gas absorption processes,

because in those systems, it is often desirable to maximize

QG/AR.

& EXAMPLE 6-9. A maximum pressure gradient of

50 Pa/m has been set as a criterion for the treatment system

described inExample6-8.Which, if any,of the threeair/liquid

flow ratios explored in that example meet the criterion? The

packingfactorforthemediais21whenall theotherparameters

are expressed in SI units. The densities of air and water

and the viscosity of water at 25�C are: rL¼ 997 kg/m3;

rG¼ 1.18 kg/m3; and mL¼ 9.07� 10�4 kg/m s.

Solution. By substituting the three values of interest for

QG=QL, we can compute the value of the abscissa of

Figure 6-12 for each condition. Thus, for example, the

abscissa for an air/water ratio of 25 is

QL

QG

rL
rG

rG
rL � rG

� �0:5

¼ 1

25

� �
997

1:18

� �
1:18

997� 1:18

� �0:5

¼ 1:16

We can do the same to compute the ordinate, except that

we first need to develop an expression for the gas-phase,

areal loading rate based on other, known values. We can do

that as follows:

QG

AR

¼ QG

QL

QL

AR

¼ QG

QL

5:6
L

m2 s

� �
¼ QG

QL

0:0056
m3

m2 s

� �

Substituting the above expression into the expression for

the ordinate, we calculate the ordinate for an air/water ratio

of 25 as

QG=ARð Þ2rGCfm
0:1
L

rL � rG
¼ 25ð Þ 0:0056ð Þ½ 2 1:18ð Þ 21ð Þ 9:07� 10�4

� �0:1
997� 1:18

¼ 2:42� 10�4
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FIGURE 6-11. Response of the chloroform stripping efficiency

to changes in (a) column height and (b) the gas transfer capacity

factor, for the conditions specified in the example system.
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The calculations for all three air/water ratios are summa-

rized below:

Air/Water Ratio Abscissa Ordinate

25 1.16 2.42� 10�4

50 0.58 9.68� 10�4

100 0.29 3.87� 10�3

Locating these values in Figure 6-12, we see that the

pressure gradients in the column would be well below

50 Pa/m at all the air/water ratios investigated. &

The pressure gradient in the column is potentially impor-

tant for two aspects of gas transfer column design. First, it is

relevant with respect to the technical feasibility of the

design, in that it must be kept below the flooding threshold.

As noted above, this consideration might be important for

gas absorption systems, but is almost never relevant for gas

stripping. Second, the product of the pressure gradient and

the column height yields the overall pressure loss experi-

enced by the gas as it passes through the column, which,

although it does not bear on the technical ability to achieve

the treatment goal, does bear on the economics of the

process.

Although the correlations shown in Figure 6-12 are very

commonly cited in discussions of stripping column design in

the environmental engineering literature, the figure should

not be relied upon to estimate the pressure gradient to closer

than a factor of �2. This caveat is especially relevant if the

correlations have to be extrapolated to pressure gradients

significantly less than 50 Pa/m, as is often the case in the

systems of interest. In such cases, correlations provided by

the manufacturer of the specific packing material of interest,

or better yet, from pilot or full-scale systems under similar

operating conditions, should be used.

Despite the limitations cited in the preceding paragraph,

Figure 6-12 continues to be used to estimate pressure

gradients in stripping columns, at least in preliminary design

efforts. The reason seems to be that, at the pressure gradients

of 50 Pa/m or less that typically characterize such systems,

the energy cost of pumping water to the top of the column

usually dominates over that for supplying the specified gas

flow. As a result, even significant deviations from the

predicted pressure gradient tend to have relatively little

impact on the overall operational cost of the system.

Thus, the main purpose of calculating the expected pressure

gradient in a column is usually not to use that value in critical

calculations related to the performance or cost of the system,

but rather to assure that the design choices fall in a range

where the pressure differential is not particularly important.

This point is expanded upon in the following section, which

outlines the overall design procedure for a packed-media

stripping column.
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FIGURE 6-12. Pressure drop correlations for gas flow through packed columns. The label on each

curve indicates the pressure gradient in the column. Source: After Treybal (1980).
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Use of the Design Equation for Case II Systems

As for Case I systems, the design process for Case II systems

allows a number of parameters to be chosen more or less

arbitrarily while still achieving the design goals; that is, the

systems have several degrees of freedom. However, because

of the different physical attributes of the two types of

systems, the parameters that are most convenient to specify

and the details of the design approach are slightly different

for the two cases.

The geometry of well-mixed (Case I) reactors for gas

transfer is dictated in substantial measure by land costs and

other externalities related to the reactors’ footprint, and by the

cost and capabilities of mixing devices. By contrast, the

diameter of a packed column is rarely constrained by land

costs, and it has a direct andeasilycomputedeffect on theareal

liquid andgas loading rates (QL/AR andQG/AR). The effects of

these latter parameters onKLaR are predictable via reasonably

well-established correlations (e.g., the Onda correlations

given in Chapter 5, or similar ones), once the type of packing

to be placed in the column has been chosen. As a result,

column height (Z) and cross-sectional area (AR) are usually

considered to be independent parameters in design of towers,

whereas only the overall liquid volume (i.e., the product of Z

and AR) is considered in design of tanks in which diffused or

surface aeration is carried out (with theassumption that thegas

volume is negligible, so that VL 	 VR).

Because Z and AR are viewed as independent parameters

in Case II systems, these systems can be considered to have

one more degree of freedom (for a total of seven) than Case I

systems in the design process. In addition to this extra degree

of freedom, Case II systems also have an additional param-

eter of interest—the pressure loss across the column—that is

not usually considered explicitly in the design of Case I

systems.

Thus, one way to view the design of Case II systems is to

define seven parameters (cL,in, cG,in,QG,QL,KLaL, Z, andAR)

as adjustable inputs that, once specified, fully define the

performance of the system with respect to gas transfer; that

is, they establish cL,out, cG,out, rL,gt,DP, and all other operating
characteristics of the system.13 As in Case I systems, we

could specify one or more of these dependent parameters

(most likely, the contaminant concentration in the treated

water [cL,out]), or some parameter that was a combination of

the other parameters (e.g., the air/water flow rate ratio, the

gas transfer capacity factor [R], or the pressure gradient in

the column [DP/Z]) in lieu of an equivalent number of input

parameters, as long as we ultimately specified seven indepen-

dent terms.

In this final section of the chapter, we simulate the steps in a

typical design exercise, identifying the key decisions and

exploring the sensitivity of the outcome to those decisions. At

least three papers in the drinking water literature of the 1980s

contain examples of such a process for stripping of trace

organic compounds from water (Kavanaugh and Trussell,

1980; Ball et al., 1984; Hand et al., 1986). In the first of these

papers, a single, feasible design was developed to meet the

treatment objectives. In the latter two, a similar procedurewas

used to develop several alternative designs that all met the

treatment objective (with each paper using a different exam-

ple influent water and treatment goal), and the costs of the

feasible designs were estimated to demonstrate how an opti-

mum (lowest cost) design would be selected. Subsequently,

computer programs were developed to facilitate exploration

of a wider range of designs (Dzombak et al., 1993; CinCett,

2002), and to assess the sensitivity of the design to uncertainty

in the input parameters (Freiburger et al., 1993). The example

system used in the discussion here is the one described by

Hand et al. (1986), to which the optimization program of

Dzombak et al. (1993) was subsequently applied.

Description of the Influent Stream, Treatment Objectives,
and Design Assumptions The influent to the system

described by Hand et al. (1986) was a drinking water

supply that had been contaminated with several organic

contaminants, including chlorinated organic solvents and

gasoline additives commonly referred to as BTX compounds

(for benzene, toluene, and xylene), all at trace levels

(<100mg/L). The treatment process was designed to treat

a flow of 0.095m3/s of water at 10�C. Different treatment

criteria were established for the different compounds. Based

on an analysis like that shown in Example 6-8, the com-

pound expected to place the greatest demands on the treat-

ment process was TCE, which was present at a concentration

of 72mg/L, and for which a target of 95% removal was

established. The Henry’s constant for TCE in the raw water

at the temperature of interest was determined to be 0.116.

The design calculations were carried out using the Onda

correlations to compute kLaR and kGaR for several types of

packing media, and assuming that the incoming air con-

tained none of the contaminants.

Exploration of Feasible Designs for Meeting the Treat-
ment Criteria In the case under consideration, four param-

eters (cL,in, cL,out, cG,in, and QL) are not subject to

modification by the designer, so three degrees of freedom

remain. In the original paper by Hand et al., these degrees of

freedom were utilized to select a type of packing (and

thereby specifying the values necessary to use the Onda

correlations), a pressure gradient corresponding to one of

the isopleths in Figure 6-12, and a volumetric air/liquid flow

13 It would probably be more correct to specify the type of packing as an

independent parameter, and the value of KLaR as dependent, because the

identification of the packing in conjunction with the other parameters

determines the value of KLaR. However, since KLaR is quantifiable and

the type of packing is not, we represent KLaR as an independent parameter

here.
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rate ratio (QG/QL). Various combinations of these parame-

ters were selected, all of which yielded designs that met the

treatment objective, and the dependence of the overall

system cost on the design parameters was estimated, so

that the least costly of the designs that were considered could

be identified.

Procedures similar to those used by Hand et al. were used

by Ball et al. (1984) and are incorporated into computer

programs for column design (e.g., Dzombak et al., 1993;

CenCitt, 1999). However, while the specification of a pres-

sure gradient at the beginning of the calculations is accept-

able, it is not particularly convenient. Not only is the

pressure gradient less directly controllable than other param-

eters (such as the gas flow rate or column dimensions), but it

also has no effect on the technical feasibility of the design,

and it is likely not to even affect the economics very strongly.

For those reasons, the three parameters that are specified

in the approach presented here are the packing media, the

column cross-sectional area (AR), and the gas transfer

capacity factor (R). The sequence of calculations can be

summarized as follows:

� Choose one or more packing media to investigate.

The packing media evaluated most thoroughly by

Hand et al. was 0.0762-m (3-in) plastic saddles, so

the calculations for that media are demonstrated here.

The value of Cf reported for this media is 16.

� Choose a range of reasonablevalues forAR, to yield areal

liquid loading rates from �1–50L/m2 s. The values of

AR correspond to the total cross-sectional area available

for flow, and might be distributed among several col-

umns. For the example system here, wewill assume that

all the area is provided in a single column, so each choice

of AR corresponds to a specific column diameter.

� For each value of AR, choose several reasonable values

of R (e.g., from 1.5 to 10). Because each value of R

corresponds to a specific gas flow rate (since H and QL

are known), selecting reasonable values of R is equiv-

alent to selecting reasonable values of QG for the given

design goal. Similarly, since the values of AR to be

explored are also specified, the selection of a range of R

values simultaneously specifies the range of areal gas

loading rates (QG/AR) that will be investigated.

� For each value of AR and R, compute KLaR from the

Onda correlations, and then compute the packing depth

Z required to achieve the treatment objective, using

Equation 6-82.

� Plot Z versus R for fixed values of AR. This plot shows

numerous combinations of column sizes and gas flow

rates that all meet the technical objective of the design;

interpolation between the isopleths of fixed AR identi-

fies the universe of feasible designs within the ranges of

R and AR values explored.

� Estimate the pressure gradient (DP/Z) and total pressure
loss ðDP=ZÞZð Þ associated with the feasible designs.

� Estimate the capital and operational costs associated

with each feasible design, and select the design with the

lowest overall cost. (This step would be part of a real

design process, but will not be demonstrated here.)

Consider, for example, the situation for a column dia-

meter of 2m, corresponding to AR¼ 3.14m2. Since the

liquid flow rate is 0.095m3/s, the areal liquid loading rate is

QL

AR

¼ 0:095m3=sð Þ 1000L=m3ð Þ
3:14m2

¼ 30:2 L=m2 s
� �

The gas flow rate corresponding to any value of the gas

transfer capacity factor, and the corresponding areal gas

loading rate can then be computed. For instance, for R¼ 3,

the values of these parameters are

QG ¼ QLR

H
¼ 0:095m3=sð Þ3

0:116
¼ 2:457m3=s

QG

AR

¼ 2:457m3=sð Þ 1000 L=m3ð Þ
3:14m2

¼ 782 L=m2 s
� �

Based on the liquid and gas areal loading rates, the

properties of the fluids at 10�C, and the identity of the

packing, the Onda correlations provided in Chapter 5 can

be used to calculate kL, kG, and aR values for the given value

of R as 3.13� 10�4m/s, 8.48� 10�3m/s, and 61.49m2/m3,

respectively. The value of KLaR can then be computed with

Equation 5-56 as

KLaR ¼ HkLkG

kL þ HkG
aR

¼ 0:116ð Þ 3:13� 10�4 m=s
� �

8:48� 10�3 m=s
� �

3:13� 10�4 m=s
� �þ 0:116ð Þ 8:48� 10�3 m=s

� �
� 61:49m2=m3

¼ 1:46� 10�2 s�1

Equation 6-82 can now be used to determine the height of

packing required to achieve the desired TCE removal effi-

ciency. Noting that 95% TCE removal corresponds to a ratio

of cL,top/cL,bot equal to 20, we find:

Z ¼ QL=AR

KLaR

R

R� 1
ln

cL;top

cL;bot
R� 1ð Þ þ 1

R

¼ 0:0302m3=m2 sð Þ
1:46� 10�2 s�1

3

3� 1
ln

20 3� 1ð Þ þ 1

3

¼ 8:11m (6-77)
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The above calculations can be repeated for several values

of R for the given column diameter (dR), and then the whole

process can be repeated for several different values of dR.

Some results of such calculations are shown in Figure 6-13a.

The dominant trends shown in the figure are that, for a given

column diameter, the required packing depth decreases with

increasing R value, and, for a given R value, the depth

increases with decreasing column diameter.

Consider the former trend first. At values of R only

slightly greater than 1 (i.e., small values of QG, for the

given values ofH andQL), the carrying capacity of the gas is

sufficient to achieve the treatment goal. Nevertheless, the

gas flow rate is low enough, and transfer of TCE into the gas

is rapid enough, that the gas phase concentration at each

height in the column is a significant fraction of the equili-

brium gas phase concentration at that location. As a result,

the driving force for TCE transfer (cL � c�L) is significantly
less than the driving force into clean, TCE-free air (for

which c�L is zero). The rate of TCE transfer at any location in

the column is therefore relatively small, and a tall tower that

provides a correspondingly large amount of contact time for

gas transfer to occur is needed.

As R increases, the concentration of TCE in the gas phase

decreases, lowering c�L and increasing the driving force

throughout the column, thereby allowing the same stripping

efficiency to be achieved with shorter contact times (i.e.,

using a shorter column). However, as R increases even more,

a point of diminishing returns is reached, because the TCE

concentration in the gas phase becomes so low throughout

the column that decreasing it even more (i.e., diluting the

gas-phase TCE with more air) has a negligible effect on the

driving force.

In addition to the effect on the driving force for stripping,

increasing R by increasing QG in a column with a given

diameter also increases KLaR by decreasing the resistance of

the two fluid boundary layers. However, this effect is much

less important than effect on the driving force.

The effect of increasing column diameter on the required

column height primarily reflects the fact that, when the areal

liquid loading rate decreases, the water film flows along the

surface of the packing media more slowly, so the average

hydraulic residence time per unit length of column

increases. This effect is counteracted partially by the lower

value of KLaR associated with the decreased areal loading

rates, but the effect of the longer residence time per unit

length of packed bed dominates, so an increase in diameter

leads to a decrease in required depth.14

Hand et al. suggested that the total volume of the packed

columns for different design options is a good indicator of

the relative capital costs of those designs (assuming that, as

is the case here, the volume is all in a single column). This

parameter is plotted against the gas transfer capacity factor

in Figure 6-13b. The figure demonstrates that, for a given

column diameter, the required volume decreases with

increasing value of R; this trend could be inferred directly

from Figure 6-13a, which showed that, for a given column

diameter, the column height decreases with increasing R. In

addition, however, Figure 6-13b shows that, for a given value

of R, the total column volume required to meet the treatment

objective increases steadily with increasing column

diameter. In other words, at a given R, increasing the

cross-sectional area of the column leads to a less-than-

proportional decrease in column height, so the column

volume (and capital cost) tends to increase with increasing

column cross-section.

The pressure gradient needed to provide the specified gas

flow rate for each of the designs shown in Figure 6-13 can be

estimated from Figure 6-12 (or the numerical correlations

that simulate the plot), and the pressure loss across the
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FIGURE 6-13. Sensitivity of (a) the height and (b) volume of a

packed column to the gas transfer capacity factor, for several

column diameters. See text for the system description. All points

on the curves achieve the design goal of 95% stripping of TCE.

14 The total height of the column must provide for water distribution and

demisting near the top, and collection of water at the bottom. While these

components add to the total column height, they also provide opportunities

for additional gas transfer that can be significant, especially for low

volatility compounds (Roberts et al., 1985).
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columns can be computed as the product of this value with

the column height. The results of such calculations are

shown in Figure 6-14.

The major energy costs for operating these systems are

associated with the fluid flows—pumping the water to the

top of the column, and blowing the air through the column.

The energy required for pumping the water is directly

proportional to the column height, which is shown in

Figure 6-13a, and the energy required for the air supply

is proportional to the product of the pressure drop and the gas

flow rate, which is shown in Figure 6-15.

Comparing Figures 6-13a and 6-15, we see that the energy

required for both fluids decreases with increasing column

diameter (i.e., cross-sectional area) at any given value of R.

Furthermore, in both cases, the energy savings associated

with increasing the column diameter are much larger when

the diameter is small than when it is already relatively large

(e.g., compare the benefits of increasing the diameter from 2

to 3mwith those of increasing it from 4 to 5m). On the other

hand, the capital cost increases with increasing column

diameter, and this increase (at least in terms of column

volume) is relatively insensitive to the column diameter (the

incremental volume associated with increasing the diameter

from 2 to 3m is similar to that for increasing it from 4 to

5m). The net result of these comparisons is that, for any

given value of R, an optimal cross-sectional area exists that

minimizes the total system cost. Once the optimum cross-

sectional area has been identified for each value of R, the

total cost of each system can be computed, and a global

optimum can be identified.

A similar argument can be made by considering different

values of R for any given column diameter. In this case,

Figures 6-13a and 6-14 demonstrate that, at low values of R,

the treatment objective can be reached, but only by paying a

large penalty in terms of column height, with associated high

costs for column volume and liquid pumping. At larger

values of R, these penalties still apply, but the incremental

cost of increasing R diminishes dramatically. On the other

hand, at low values of R, the energy cost for blowing air

through the system increases only slowly with increasing R,

but at high values of R, this energy cost increases very

rapidly. Thus, just as an optimum column diameter exists for

any given value of R, an optimum value of R exists for any

given value of column diameter. In this case, the next step

would be to compare the overall cost of the system at the

optimum value of R for each column diameter, and then

identify the global optimum design.

The two approaches described above lead to the same

optimal design, so the approach that is used is arbitrary. As

noted previously, computer software exists that can carry out

all the calculations described above, given the relevant

technical and cost inputs.

The tower that was actually constructed to treat the

water described in these calculations had a diameter of

dR¼ 2.44m (corresponding to QL/AR¼ 20.3 L/m2 s) and a

gas transfer capacity factor of R¼ 3.5. The theoretical depth

of packing required to meet the design objective was

Z¼ 6.93m, and the tower that was actually built had

Z¼ 7.47m, to provide a safety factor. The pressure gradient

for these conditions, computed using the Cummins and

Westrick approximation of the Eckert curves, was 44 Pa/m.

Although the optimal design is, of course, specific to the

inputs and treatment objectives for the particular system of

interest, the general trends displayed in Figures 6-13 to 6-15

apply for high efficiency stripping of virtually any contami-

nant in drinking water or wastewater treatment systems.

Typically, the gas transfer stripping factor that generates the

least-cost design is in the range 2–10, and the corresponding

column cross-section yields an areal liquid loading rate of
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1–50 L/m2 s; hence, the focus on these ranges in the design

calculations and the statements earlier in the chapter regard-

ing the typical values used in design.15

Sensitivity of the Column Size to Design Choices and
Uncertainty in Parameter Values The procedure

described in the preceding section provides an approach

not only for developing specific design recommendations,

but also for evaluating how sensitive the design is to various

parameters. That is, although the Henry’s constant and the

value of KLaR for the critical contaminant are treated above

as being well known, those values are in fact estimates based

on the available experimental data. Furthermore, the values

depend on the system temperature, which often fluctuates,

and on the uncertain and perhaps variable composition of

the water.

The effects of uncertainties in Henry’s constant can be

predicted in the example treatment system by exploring the

effect of R on the TCE removal efficiency. That is, since QL,

QG, and the tower dimensions are, presumably, well known,

the only significant effect of a difference between the

Henry’s constant used in the calculations and the actual

Henry’s constant is on R.16 The predicted TCE removal

percentage is shown as a function of R in Figure 6-16. The

plot suggests that an overestimate of Henry’s constant by,

say, 20% (leading to an equivalent overestimate of R) would

decrease the TCE removal efficiency to approximately 93%.

While that decline might not seem large, it represents a 40%

increase in the TCE concentration remaining in solution, and

therefore could be significant. In addition, the curvature of

the correlation indicates that the removal efficiency could

decline very dramatically if the error in estimating the

Henry’s constant were larger than 20%.

Figure 6-16 also shows a plot of TCE removal efficiency

against R for a case where the Onda correlations over-

estimate the value of KLaR by 25% (the correlations are

reported to be accurate to within 20–30%). In this case, the

removal efficiency at the design value of R is only 91.3%

(corresponding to a 74% increase in the effluent TCE

concentration over the target value). To achieve the target

removal in this situation, the gas transfer capacity factor

would have to be increased from 2.59 to 4.02, presumably by

increasing the gas flow rate.

In both of the above scenarios, a packed tower designed to

achieve 95% TCE removal could meet the treatment target,

even if the value of Henry’s constant or KLaR used in the

design process was in error by the amount discussed.

However, in each case, the correction would require an

increase in the gas flow rate, which would increase

both the pressure drop across the column and the amount

of gas that had to overcome that pressure drop. If the design

is in the range where energy costs increase rapidly with QG,

then this postdesign modification could lead to a substantial

increase in operating costs.

The cost of constructing a column with a diameter

slightly larger than the optimum is often not large. There-

fore, such an approach is frequently employed, so that a

margin of error exists that allows the gas flow rate to be

increased without increasing the operational costs exces-

sively. If the estimates of Henry’s constant and KLaR are in

fact not seriously in error, this overdesign of the column

has the effect of shifting the pressure drop to a range where

it is a relatively small fraction of the overall operating cost,

leading to the situation described previously: the pressure

gradient in the column is less than 50 Pa/m, and the

marginal cost of increasing the gas flow rate is not large.

These issues are discussed in a more formal way and in

greater detail by Freiburger et al. (1993).

Case II Systems Other than Packed Columns

The preceding discussion of Case II systems focuses almost

exclusively on stripping in packed columns, which is indeed

the primary application of such systems in environmental

engineering. However, the usefulness of those systems for

stripping of low volatility (i.e., low Henry’s constant) com-

pounds is limited, because of the large gas flow rate that is

needed to achieve a reasonable gas transfer capacity factor.

That is, when a low volatility compound must be treated, the

gas phase approaches equilibrium with the solution when

the gas-phase concentration is quite low, so a very large gas

flow rate is required to achieve good treatment. Under these

circumstances, the large gas flow rate can increase the cost of

operating a packed column system to the point where
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FIGURE 6-16. Effect of the gas transfer capacity factor on TCE

removal efficiency in the example system, for Z¼ 8.0m, and

dR¼ 2.5m, and for two approaches for estimating KLaR.

15 For the liquid flow rate specified in the example system, column

diameters of 1.0 and 5.0m yield liquid-loading rates of 121 and

4.8 L/m2 s, respectively.
16 The Henry’s constant also affects KLaR, but that effect is likely to be

small compared to the effect on R.
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alternative treatment processes are more attractive (Dvorak

et al., 1994, 1996).

Alternative designs have been proposed for stripping

of such compounds that provide opportunities for large

amounts of air to contact the liquid without the large

pressure losses associated with conventional packed col-

umns. The key component of such designs is that the air

flows horizontally across the column, while the water

flows downward, so that the flow path for the air is much

shorter than the whole depth of the column. Both packed

columns with air blown across the column (referred to as

crossflow air stripping) and systems in which the water

falls onto numerous trays spaced at intervals throughout

the column (cascade air stripping) have been used in these

applications (Little and Mari~nas, 1997; Mertooetomo et al.,

1993; Nirmalakhandan et al., 1990, 1992).

6.4 SUMMARY

This chapter demonstrates the application of the gas transfer

principles developed in Chapter 5 to large-scale systems.

Whereas the material in Chapter 5 focused on factors that

control the flux of a volatile species across a microscopic

section of interface, this chapter shows how full-scale

treatment systems, in which the flux can vary over time

and space, can be designed to accomplish a desired objec-

tive. That objective can be either gas absorption or stripping,

and the same equations apply to both objectives. A key result

is that the rate of the overall process can be limited by either

microscopic, interfacial processes, or macroscopic, advec-

tive transport processes, and that the identity of the rate-

limiting step depends on design decisions. Generally,

designs should be made so that the macroscopic processes

do not impose the dominant limitation.

The development of the design equations for gas transfer

in large scale systems involves the same general

procedure—combining the microscopic mass balance for

flux with a macroscopic mass balance that describes the

advective flows of water and gas through the system—

regardless of the details of the reactor configuration and

regardless of whether the gas transfer process is absorption

or stripping. However, it is convenient to develop those

equations separately for systems with and without a spatial

gradient in the liquid phase composition; here, we refer to

systems with a spatially uniform liquid phase concentration

as Case I systems, and those with a nonuniform concentra-

tion as Case II systems. Typical Case I systems are well-

mixed tanks that are aerated by rising bubbles and/or surface

mixing. The most common Case II system is a packed

column with counter-current flow; other Case II systems

include bubble aeration columns with co-current flow and

cascade gas transfer systems.

For Case I systems with diffused aeration, the analysis

involves consideration of two time frames that are usually

very different from one another: the time that an individual

rising bubble stays in the tank (typically a few to several

seconds) and the characteristic time for the change in the

dissolved concentration of the volatile species (typically

several minutes or longer). During the rise time of an

individual bubble, the solution composition is very nearly

constant, and the disequilibrium between the bubble and the

solution decays exponentially, due entirely to changes in the

gas phase composition. In some cases, the extent of dis-

equilibrium dissipates quickly, so that a near-equilibrium

condition is attained while the bubble is still in the water

column, and gas transfer is negligible for the rest of the

bubble’s rise time. However, in other cases, the dis-

equilibrium dissipates minimally, and a substantial driving

force for gas transfer exists throughout the water column; in

the limit, the disequilibrium is barely diminished at all as the

bubble rises, and the flux of the volatile constituent is

approximately constant during the entire bubble residence

time.

Whether one or the other of these limiting (Case I)

scenarios applies is determined by the ratio

KLaL=ðQGH=VLÞ in batch liquid systems and either that

ratio or, equivalently, tLKLaL= ðQG=QLð ÞHÞ in systems with

continuous liquid flow. If this ratio is large (say,>5), most of

the disequilibrium between the bubble and solution is dissi-

pated as the bubble rises, and the only practical way to

increase overall gas transfer is to increase the gas flow rate.

In systems characterized by this condition, gas transfer is

said to be limited by equilibrium, by macroscopic processes,

or by advective transport. On the other hand, if the ratio is

small (<0.2), only a small fraction of the disequilibrium

dissipates as the bubble rises, and gas transfer can be

enhanced by steps that increase KLa, such as increased

mixing intensity or increased gas/liquid surface area. In

these cases, gas transfer is said to be limited by kinetics,

by microscopic processes, or by interfacial transport.

Case I systems are often used to evaluate KLa experi-

mentally for various types of gas transfer equipment. An

overview of several approaches that are used to evaluate KLa

for aerators used in biological treatment systems is provided

in Appendix 6A.

Case II systems with counter-current flow can lead to very

efficient gas transfer, because they allow the solution, as it

moves through the reactor, to contact gas that is progres-

sively cleaner (in a stripping reactor) or progressively more

concentrated (in an absorption reactor) in the volatile con-

stituent. Indeed, in a typical stripping reactor, the final gas

that the solution contacts is devoid of the contaminant being

stripped, so that if the gas flow is adequate and equilibrium is

approached quickly, almost all of the contaminant will be

transferred to the gas phase.
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Distinguishing betweenmicroscopic andmacroscopic rate

limitation is less informative inCase II than inCase I systems.

However, in Case II systems, the value of the denominator in

the ratio tLKLaL=ð QG=QLð ÞHÞ can serve a related purpose.

That term is referred to as the gas transfer capacity factor R

(or, in the stripping literature, the stripping factor S).

In a stripping system, R¼ 1 corresponds to a condition

where the gas flow rate is barely sufficient to acquire all of

the contaminant from the incoming solution, if the exiting

gas reaches equilibrium with that solution (and assuming

that the incoming gas does not contain any of the contami-

nant). R values less than 1 correspond to designs in which it

would be impossible to strip all the contaminant from the

incoming solution, no matter how low an interfacial resist-

ance is achieved and no matter what measures are taken to

overcome the kinetic resistance to gas transfer (e.g., increas-

ing the liquid/gas surface area, or increasing the height or

diameter of the contactor to allow longer gas/liquid contact

times). Under these conditions, the maximum stripping

efficiency equals R. On the other hand, R values greater

than or equal to 1 correspond to designs in which essentially

all the contaminant could be stripped from the incoming

solution if the kinetic resistance to gas transfer were suffi-

ciently small. The constraints on gas transfer in a stripping or

absorption column imposed by kinetic factors and by the

approach to equilibrium between the gas and liquid phases

are frequently separated into terms referred to as the height

and number of transfer units (HTU and NTU), respectively,

for the system.

For a stripping operation, if R � 1 and the conditions are

such that gas transfer kinetic limitations are overcome (high

KLa and/or long contact timegenerated by a largevalue ofZ or

a small value of QL/A), almost all of the contaminant would

both enter and leave the column at the top (in the liquid and

gas, respectively); if R < 1, some of the contaminant would

leave the column at the bottom (in the solution), no matter

what design choices are made to overcome the kinetic limita-

tions to gas transfer. In typical designs of stripping towers,

values of R between 2 and 5 are chosen, and other conditions

are chosen to reduce the kinetic limitations on gas transfer, so

that very efficient gas transfer can be achieved.

In absorption systems, an R value of 1 corresponds to the

minimum gas flow needed to transport the volatile species

into the reactor at a rate that would allow the exiting

solution to equilibrate with the incoming gas. In this

case, if R � 1, and if kinetic limitations to gas transfer

were largely overcome, essentially all of the transferable

species would enter (in the gas) and leave (in the liquid) the

column at the bottom, and if R > 1, some of that species

would exit out the top of the column (in the gas). If the goal

is primarily to increase the concentration of the volatile

species in solution (with little concern about some leaving

in the gas phase), then R values >1 should be used,

whereas if the goal is to transfer essentially all of the

volatile species from the gas phase to solution, R values<1

are more appropriate.

In both Case I and II systems, many different system

designs can lead to equivalent water quality outcomes.

Under the circumstances, the goal is typically to identify

the design that meets the water quality goal at the lowest

cost, while meeting any other site-specific constraints. In

general, Case I systems have six degrees of freedom. How-

ever, as a practical matter, one of these degrees of freedom is

usually pre-specified (the target value of cL in the treated

water), and three others are not under the designer’s control

(cL in the untreated water, cG,in, and the volume or flow rate

of water to be treated). Therefore, for many Case I design

applications, the designer must specify the values of two

other parameters to fully define the system characteristics

and performance. These two parameters can be chosen from

among KLaL, QG, and t for batch systems, and KLaL, QG,

and tL for continuous flow systems; in each case, specifica-

tion of any two of these three parameters fixes the value that

the third one must have to meet the treatment objective. In

the design process, two of the three parameters can be varied

over reasonable ranges, and the cost of each combination of

choices can be assessed and compared to help identify the

most attractive design option.

In Case II systems, the choices of column height and

cross-sectional area are considered independent in the

design process, so these systems are considered to have

seven degrees of freedom. Also, in Case II systems, the

pressure drop from the bottom to the top of the column is an

important consideration that can be incorporated into the

analysis either in terms of the pressure gradient or the total

pressure drop. As in Case I systems, four design variables are

typically prespecified or not under the designer’s control, so

the design process involves assigning values to three other

parameters. These parameters can be expressed in a variety

of ways. Most commonly, three of the following parameters

are specified in the design: the packing type, QL/A, R, dR,

DP/Z, and Z. Once any three of these parameters are chosen,

the others are fixed, and the design is complete. The task of

comparing the universe of feasible designs for such systems

is formidable, but can be accomplished with the help of

available software and other resources.

Gas transfer is the environmental engineering process

for which design of full-scale treatment systems can be

accomplished most completely based on fundamental

theory. While pilot scale testing is strongly recommended

before a system is constructed, the required size of a gas

transfer system to accomplish a given treatment objective

can be calculated to a good approximation from a combi-

nation of first principles and well-established empirical

correlations. As such, gas transfer provides an ideal tran-

sition between the introduction of mass balances and

reactor theory in Section 6-1 of the text, and the treatment

processes discussed in the remainder of the text. The
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treatment processes to be discussed in upcoming chapters

can be interpreted using the same fundamentals as are

applied to understand gas transfer. However, as we will see,

the uncertainty about molecular behavior in those systems

(i.e., the fact that the behavior of the molecules cannot be

described by any models as simple and reliable as the ideal

gas law and Henry’s law) forces us to rely more strongly on

empiricism in the design of those treatment processes than

is the case for gas transfer systems.

APPENDIX 6A. EVALUATION OF KLa IN
GAS-IN-LIQUID SYSTEMS FOR

BIOLOGICAL TREATMENT

Measurement of KLa (either KLaL or KLaR) in full-scale

wastewater treatment facilities using diffused aeration can

pose special challenges, because of the size of the systems

being characterized, the fact that the diffusers do not neces-

sarily provide air uniformly to all portions of the solution, and

the difficulty of determining the rate of biological oxygen

consumption by the microorganisms in solution. The Ameri-

can Society of Civil Engineers (ASCE) (1997) has recom-

mended three approaches for assessing oxygen transfer in

such processes, and these approaches are described below.All

of these approaches assume that interfacial resistance is the

rate-limiting factor for the overall gas transfer process.

Approach 1. In this approach, the dissolved oxygen

concentration in the solution is perturbed from its steady-

state value, and KLa is evaluated based on the rate at which

the system returns to the steady-state condition. The initial

change in the oxygen concentration is induced quickly, and

it is assumed that the biological population in the reactor

does not adjust to the new conditions during the transient.

The change in dissolved oxygen concentration can be

induced by increasing the power input to the aerators,

waiting long enough for the higher dissolved oxygen con-

centration to become uniformly distributed through the

solution, and then returning the power to its normal operat-

ing value. Alternatively, the dissolved oxygen concentration

can be altered by injecting a spike input of hydrogen

peroxide (H2O2) into the solution. In the presence of reduc-

ing agents such as biodegradable organic compounds, H2O2

quickly releases oxygen by a reaction of the type:

2H2O2 ����!Organics
2 H2Oþ O2

A mass balance on O2(aq) in the well-mixed aqueous

phase from that time forward is as follows:

VL

dcL

dt
¼ QL cL;in � cL

� �þ VLKLaL c�L � cL
� �þ VL rbiochem

(6A-1)

where rbiochem is the rate of oxygen generation (i.e.,

�rbiochem is the rate of oxygen utilization) by biological

and chemical reactions in the reactor.

Eventually, the system returns to steady-state, at which

time the same mass balance applies with dcL=dt ¼ 0.

Designating steady-state values by the subscript ss, and

dropping the subscript L on all terms except KL and aL
(since all terms of interest refer to the liquid phase we have

0 ¼ Q cin � cssð Þ þ VKLaL c� � cssð Þ þ V rbiochem;ss (6A-2)

Although rbiochem,ss is not directly measurable, Equation

6-84) can be rearranged to yield an expression for the

product Vrbiochem,ss in terms of the other variables:

V rbiochem;ss ¼ �Q cin � cssð Þ � VKLaL c� � cssð Þ (6A-3)

Presuming that the short-term change in dissolved oxygen

does not affect the rate of the oxygen-consuming reactions,

this expression for Vrbiochem,ss can be substituted into Equa-

tion 6A-1 to yield

V
dc

dt
¼ Q cin � cð Þ þ VKLaL c� � cð Þ � Q cin � cssð Þ

�VKLaL c� cssð Þ (6A-4a)

V
dc

dt
¼ Q css � cð Þ þ VKLaL css � cð Þ (6A-4b)

dc

css � c
¼ 1

t
þ KLaL

� �
dt (6A-4c)

Integrating Equation 6A-4c between t¼ 0 (defined as the

time immediately after the perturbation in dissolved oxygen

concentration) and some later time, we obtain an expression

for the approach of the dissolved oxygen concentration to its

steady-state value:

ln
css � cðtÞ
css � cð0Þ ¼ � 1

t
þ KLaL

� �
t (6A-5a)

cðtÞ ¼ css � css � cð0Þð Þ exp � 1

t
þ KLaL

� �
t

� 	
(6A-5b)

According to Equation 6A-5a, a plot of ln½ðcss � cðtÞÞ=
ðcss � cð0ÞÞ versus time should be linear with a slope of

� 1=t þ KLaLð Þ. Since the value of the logarithmic term is

known from the experimental results and t can be deter-

mined from theory (V/Q) or from a tracer test, the value of

KLaL can be computed from the slope of such a plot.

Approach 2. An alternative recommended approach for

analyzing KLaL in biologically active systems uses the inert
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gas krypton. Extensive experimental evidence suggests that

the overall gas transfer coefficient for Kr is 83� 4% that of

oxygen. Because this gas undergoes no reaction in solution

and because the background concentration of krypton in

both the aqueous and gas phases is negligible, the nonsteady

state mass balance on dissolved krypton in a well-mixed

aeration system following a spike input of the element is

given by Equation 6A-5b with css¼ 0; that is,

cKr tð Þ ¼ cKr 0ð Þ exp � 1

t
þ KL;KraL

� �
t

� 	
(6A-6)

If the reactor is well-mixed, KL,KraL can be evaluated by

the following rearrangement of Equation 6A-6:

cKr tð Þ ¼ cKr 0ð Þ exp � t

t

� �
exp �KL;KraLt
� �

(6A-7a)

ln
cKr tð Þ
cKr 0ð Þ ¼ � t

t
� KL;KraLt (6A-7b)

ln
cKr tð Þ
cKr 0ð Þ þ

t

t
¼ �KL;KraLt (6A-7c)

According to Equation 6A-7c, KL,KraL can be evaluated

directly from the time profile of krypton in the reactor, as the

negative slope of a plot of the left side of the equation versus

time. The computed value can then be divided by 0.83 to

estimate KL;O2
aL.

Use of Equation 6A-7c is straightforward and leads to a

correct result if the reactor is a CFSTR, but the equation does

not apply for other reactor mixing patterns. To deal with

such situations, the ASCE Guidelines recommend a slightly

more complicated procedure involving injection of a second,

nonvolatile compound (which we refer to as Cpd2) as a spike

at the same time as the krypton is added. Because Cpd2 is

nonvolatile,KL;Cpd2 is zero, and the concentration of Cpd2 in

the reactor effluent depends only on the initial concentration

(after the spike has been mixed into the reactor contents) and

the reactor RTD.

Recall that the integral of E(t)dt between t¼ 0 and some

later time t is the fraction of the fluid in the reactor effluent

that has spent an amount of time less than t in the reactor. If

we define t¼ 0 is the time of the spike input, then at some

later time t1, all of the fluid that has spent less than t1 in the

reactor contains no Kr or Cpd2. On the other hand, all of

the fluid that has spent longer than t1 in the reactor was

present when the spikes were added and therefore contains

some of those species. Because Cpd2 is nonvolatile, it is

present at a concentration Cpd2(0) in all of this “older”

fluid, whereas Kr is present at a concentration less than

Kr(0), because some of it has volatilized. Correspondingly,

the concentrations of the spiked species in the effluent at

any time t can be found by an integral that considers only

the fluid packets in that stream that have spent longer than t

in the reactor. Specifically,

cKr tð Þ ¼ cKr 0ð Þ
Z1

t

exp �KL;KraLt
� �

E tð Þdt (6A-8a)

cCpd2 tð Þ ¼ cCpd2 0ð Þ
Z1

t

exp �KL;KraLt
� �

E tð Þdt

¼ cCpd2 0ð Þ
Z1

t

E tð Þdt (6A-8b)

Defining the ratio of these concentrations as R tð Þ, we
obtain,

R tð Þ � cKr tð Þ
cCpd2 tð Þ ¼

cKr 0ð Þ
Z1

t

exp �KL;KraLt
� �

E tð Þdt

cCpd2 0ð Þ
Z1

t

E tð Þdt

¼ R 0ð Þ

Z1

t

exp �KL;KraLt
� �

E tð Þdt

Z1

t

E tð Þdt
(6A-9)

Equation 6A-9 indicates that the concentration ratio at

any time equals the product of the concentration ratio

immediately after the spike and a ratio that accounts for

the fractional loss of Kr from solution (by both volatilization

and flow) to the fractional loss of Cpd2 (by flow only). Next,

the equation is rearranged and approximated as follows:

R tð Þ
R 0ð Þ ¼

Z1

t

exp �KL;KraLt
� �

E tð Þdt

Z1

t

E tð Þdt
(6A-10)

ln
R tð Þ
R 0ð Þ ¼ ln

Z1

t

exp �KL;KraLt
� �

E tð Þdt

Z1

t

E tð Þdt
	 �KL;KraLt

(6A-11)

While the approximation shown in the second equality in

Equation 6A-11 is not strictly justifiable mathematically, it
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simplifies the analysis considerably and has been found to

provide a satisfactory estimate of KL,KraL (which, according

to equation, can be determined as the negative slope of a plot

of R(0) vs t).

The idea underlying the dual-spike approach is that by

normalizing the decline in the Kr concentration to that of a

nonvolatile species added at the same time, the loss of Kr

from the reactor by flow can be accounted for. Those losses

must be taken into account in any analysis; in the analysis

leading to Equation 6A-7c, they were implicitly computed

by assuming that the reactor was well-mixed, so that its E(t)

function was known. If we acknowledge the more realistic

possibility that mixing is not ideal, the analysis leads to

Equation 6A-10, which is a more general result, but also

more difficult to use. Equation 6A-11 has, in essence, been

developed as a compromise that takes nonideal mixing into

account, but also includes a simplification to make the math

more tractable.

The ASCE Guidelines indicate that tritiated water (3H2O)

has often been used as the nonvolatile substance and that the

test has often been carried out using 85Kr as the krypton

source. In such cases, very low levels of the compounds can

be used, because their natural background concentrations are

essentially nil and because extremely sensitive analytical

instrumentation is available to detect them. However, non-

radioactive Kr can also be used, along with any nonvolatile

tracer of the hydrodynamics. Note that, in this case, the total

dissolved concentration of the tracer is analyzed, so its

reactivity in solution is unimportant; all that matters is

that it not exit the aqueous phase. Thus, tritium (Tþ)
from the tritiated water might exchange with 1Hþ to form

species such as TAc or NH3T
þ (tritiated acetic acid or

ammonium ion), but as long as these species do not volatil-

ize or form solids, the tritium would be an acceptable tracer

for the water in the system.

Approach 3. The approach described above for evaluating

KLaL in full-scale aeration basins circumvents the complex-

ities associated with the reactivity of oxygen in biologically

active systems by using a nonreactive gas as a surrogate for

oxygen. The major complexity is that some of the oxygen

that enters solution, and therefore should be included in the

KLaL calculation, is consumed in biochemical reactions and

is not measured as part of the dissolved oxygen. In other

words, the calculation needs to consider all of the oxygen

that enters solution, but some of that oxygen does not show

up in an analysis of the aqueous phase, and its rate of

disappearance from the aqueous phase via biological activity

is difficult to quantify accurately.

The final alternative discussed in the ASCE Guidelines

for such systems circumvents the problem by analyzing the

oxygen lost from the gas phase rather than the oxygen taken

up by the solution. This approach succeeds because the

oxygen loss from the gas bubbles as they transit through the

solution includes both that oxygen that remains in solution

and that which is consumed biologically.

If the test is carried out in a batch liquid system, the gas-

phase mass balance on oxygen is given by Equation 6A-12:

Z
VG

@cG
@t

dVG ¼ QG cG;in � cG;out
� �þ

Z
A

JGdA (6A-12)

Furthermore, the flux out of the gas phase equals that into

the solution, and, since gas transfer is assumed to be rate-

limited by interfacial transport, we can express the gas

transfer rate as KLaL c�L;in � cL

� �
. Applying these two ideas

to Equation 6A-12, we obtain

Z
VG

@cG
@t

dVG ¼ QG cG;in � cG;out
� ��

Z
A

JLdA (6A-13)

Z
VG

@cG
@t

dVG ¼ QG cG;in � cG;out
� �� KLaLVL c�L;in � cL

� �

(6A-14)

Finally, utilizing the assumption that the rate of change of

the mass of the volatile constituent stored in the gas bubbles

in the reactor (the left side of Equation 6A-14) is much

smaller than the overall rate of gas transfer into solution,

KLaLVL c�L � cL;in
� �� �

17 and rearranging, we obtain:

KLaL ¼ QG cG;in � cG;out
� �

VL c�L � cL;in
� � (6A-15)

The major practical problem associated with use of

Equation 6A-15 is the difficulty of obtaining representative

samples of gas to analyze for oxygen. Some approaches for

collecting the samples are described in the ASCE Guide-

lines. As one would expect, the larger the area over which

the gas can be sampled, the more accurate is the resulting

value of KLaL, assuming that the conditions in the basin

below the gas collection system are uniform.

The off-gas sampling approach is particularly useful for

systems in which the oxygen concentration is known to vary

as a function of location, such as in plug-flow activated

sludge reactors. In such systems, it might be difficult to

evaluate KLaL based on analyses of the solution phase alone

or based on the response of the reactor to a step change in

inputs, because it is difficult to isolate the solution in a

particular portion of the tank without changing the mixing

properties. On the other hand, it is relatively easy to locate a

gas collection system over a small portion of the tank,

analyze the solution composition of the water directly

below the collection system, and compute KLaL of that

17 Note: this is the same assumption as we used to obtain Equation 6-14.
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section. If the gas injection is uniform throughout the tank,

this value of KLaL might be assumed to apply everywhere in

the system, even though the dissolved oxygen concentration

and biological population vary substantially from one point

to the next. Alternatively, one could collect off-gas from

various points in the reactor and evaluate KLaL as a function

of location.
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PROBLEMS

6-1. Air is injected through fine-bubble diffusers into a

basin 3.5m deep in a well-mixed, batch (no flow)

reactor at 25�C. With sufficient time, the water will

reach equilibrium with the air and no mass transfer

is occurring. Under these conditions, answer the

following:

(a) What is the pressure on the bubbles (in atm) at

the bottom, middle, and top of the tank?

(b) What is the concentration of oxygen (in milli-

gram per liter) in the bubbles at each of the three

points of interest in part (a).

(c) What is the final (equilibrium) concentration of

oxygen in the water (c�L), in milligram per liter?

Because the basin is completely mixed, assume

that the water is, on average, at equilibrium with

bubbles at the mid-depth pressure.

(d) What would the value of c�L be if the injected gas
were pure oxygen instead of air?

6-2. A gently mixed pond has an approximately rectan-

gular surface and trapezoidal cross-section, with

dimensions shown in Figure 6-Pr2. The hydraulic

residence time in the pond is 6 h, and the dissolved
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oxygen concentration in the influent is approximately

steady at 3mg/L. During the day, algal growth in the

pond causes the dissolved oxygen concentration to

increase to 16mg/L at sundown, even though the

concentration in equilibrium with the air is only

9mg/L under local conditions. Assume that photo-

synthetic activity stops abruptly when the sun sets at

6 pm, but that respiration consumes oxygen at a

steady rate of 2.0mg/L h continuously. If the overall

gas transfer coefficient is 24 cm/h, compute the dis-

solved oxygen concentration in the pond at 6 AM.

6-3. As noted in Problem 5-11, the oxidation of Fe2þ by

oxygen can be described by a rate expression of the

form:

rFe2þ ¼ �k cFe2þ cO2
c2OH�

where k has a value of 1.6� 1012 (L/mg O2)(L/mol

OH�)2 min�1 at 10�C. The characteristics of a landfill
leachate stream are presented below. In a proposed

treatment system, the pH will be fixed at 7.5. Under

these conditions, the rate expression describing BOD

usage can be represented as follows:

rBOD ¼ �ð0:2 d�1Þ cBODcO2

1:0þ cO2

where cBOD and cO2
are both in milligram per liter.

Henry’s constant (Hpm) for O2 in the leachate at the

temperature of interest is 625 atm/(mol/L).

QL ¼ 1150m3=d; cBOD ¼ 12; 000mg=L;

cFe2þ ¼ 435mg=L; cO2
¼ 0mg=L

(a) Determine the fraction of the Fe2þ that would be

oxidized if the leachate were treated by diffused

aeration in a CFSTR with a 1-h hydraulic deten-

tion time, if KLaL¼ 10 h�1. Compare the mag-

nitudes of the various terms in the mass balance

on O2 in the reactor.

(b) Determine the detention time that would be

required to achieve 99% oxidation of the iron.

Does the presence of the degradable organic

matter have a large effect on the result?

(c) Determine the detention time that would be

required to achieve 50% removal of the BOD.

6-4. A diffused-bubble gas transfer system is not oper-

ating as well as the designers had hoped for strip-

ping two different volatile organic compounds from

water. When the diameter of the injected bubbles is

decreased by 50% while maintaining the same

liquid and gas flow rates, the transfer efficiency

for one of the VOCs improves dramatically, but

that for the other VOC is barely affected. Explain

these differing results, and suggest another change

that might improve the stripping efficiency for the

second gas.

6-5. A gas stream containing 3% ozone by volume is

bubbled into a water column as part of a disinfection

strategy. KLaL for ozone in the system is 18 h�1, and

the gas transfer process is limited by interfacial

transport (i.e., kinetically or microscopically limited).

Ozone dissolved in water is unstable. The kinetics

of decomposition are complex, but under some cir-

cumstances, the rate can be approximated as first-

order with respect to dissolved ozone. The first-order

rate constant is pH-dependent and, at pH 8.0 and

25�C, is 12 h�1 in the system of interest.

(a) Find the steady-state concentration of dissolved

ozone in the reactor if it is operated with no flow

of liquid.

(b) Find the steady-state concentration of dissolved

ozone in the effluent if the reactor is operated as

a CFSTR with a 15-min hydraulic retention

time.

6-6. A diffused aeration unit is being tested in a batch

liquid reactor consisting of a 3-m deep tank filled

with 100m3 of water at 20�C. The gas being injected

is pure O2, and the diameter of the injected bubbles at

the diffuser surface is 3.0mm. For the experimental

3 m 

5 m 

2 m 

1 m 

FIGURE 6-Pr2. Dimensions of a gently mixed pond.
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conditions,Hpc forO2 is 0:019 atmL=mg.Thegas flow

rate is 120SCM/h. Assume that the pressure through-

out the tank can be approximated as the pressure at

mid-depth, and that the pressure at the water surface

is 1.0 atm.

(a) Assuming that the bubbles rise at an average

velocity determined by their diameter at mid-

depth, and that a negligible fraction of the

total O2 transfers out of the bubbles, estimate

the total interfacial area in the tank at any

instant.

(b) If the water in the tank is initially in equilibrium

with air, and the concentration of dissolved O2

increases to 31.0mg/L after 10min of aeration,

what is KL?

6-7. Biological wastewater treatment is being carried out

in a CFSTR with steady flow. The basin depth is

3.5m, the water temperature is 20�C, the liquid flow

rate is 0.438m3/s, and the hydraulic detention time is

4 h. The biological process is destroying 3000 kg/d of

BODult, and the steady-state oxygen concentration in

the water (cL) is maintained at 2.0mg/L. The influent

is anoxic (i.e., it contains negligible dissolved oxy-

gen). The basin is aerated by fine-bubble diffusers,

generating bubbles that have an average diameter of

2mm. The air-flow rate through the reactor is

0.83 SCM/s, and the gas-phase volume fraction in

the basin is estimated to be 0.005. For this waste-

water, b¼ 0.9. Hpc and Hcc for oxygen in clean

water at 20�C are 0.0231 atmLL/mg and 30.77,

respectively.

(a) What is the value of kI in the system?

(b) What is the oxygen transfer efficiency, hOx,

defined as hOx¼ 1� (cG,out/cG,in)?

(c) Estimate the values of the interfacial mass

transfer parameters, kL and aL.

6-8. The data shown below were obtained for bubbling air

into a 5-m deep activated sludge system operated as a

CFSTR at steady state and 20�C. The saturation

concentration of oxygen in clean water at this tem-

perature is 9.3mg/L, and the b value characterizing

the effects of other components dissolved in the water

on oxygen solubility is 0.85.

QL¼ 2m3/min Biological O2 usage rate:

0.007mg/L s

VL¼ 500m3 Average bubble diameter

(at mid-depth): 0.6 cm

cin¼ 0mg O2/L Average bubble rise velocity:

20 cm/s

cout¼ 4mg O2/L QG¼ 10m3/min at 20�C, 1 atm

(a) Find the overall gas transfer coefficient (KL) and

the product KLaL for the system. Assume that

the average properties of all the bubbles in the

system can be approximated as their properties

at mid-depth. Do not assume that interfacial

resistance necessarily limits the rate of gas

transfer.

(b) Compare the values of KLaL, QGH=VL, and kI
for oxygen transfer in the system, and comment

on the relative values.

(c) What fraction of the injected oxygen is actually

transferred to the liquid phase?

(d) What fraction of the oxygen that enters solution

is consumed by bioreactions?

6-9. The wastewater to be treated in the activated sludge

system for which the preliminary design was carried

out in Example 6-6 is expected to contain small

amounts of contaminants from gasoline (benzene,

toluene, and xylene, often abbreviated as BTX).

Estimate the maximum fraction of each of these

compounds that might be stripped from the water

for the given air and liquid flow rates. For the given

operational conditions, do you expect the actual

removal fractions to be close to the maximum values?

Assume that the a and b values for the BTX com-

pounds are the same as those for oxygen.

6-10. Estimate the oxygen concentration that will be

obtained in the effluent from a diffused aeration

system in which 0.75m3 of air at 25�C and 1 atm

is injected per cubic meter of incoming water. The

aeration tank is 3m deep and behaves as a plug flow

reactor operating at steady state, with a hydraulic

residence time of 1 h. The bubbles are generated

uniformly across the bottom of the tank. The diameter

of the injected bubbles at mid-depth is 0.19 cm, and

they rise at a uniform velocity of 22 cm/s. The

bubbles cause the tank to be well mixed in the plane

perpendicular to the water flow, although there is a

gradient in the direction of flow. The initial dissolved

oxygen concentration in thewater is 2.5mg/L,Hpc for

oxygen in the system is 2.27� 10�2 atm/(mg/L), and

KL is 10 cm/h. Treat the average total pressure in the

tank as the pressure at mid-depth. State any assump-

tions you make, and check them if possible.

Hint: Find the total amount of interfacial area in

the tank at any given time by multiplying the number

of bubbles in the tank at any time by the surface area

per bubble.

6-11. A surface aeration system is rated to provide a

standard oxygen transfer efficiency (SOTE) of

1.04 kgO2/kWh at a power-to-volume (P/V) ratio

of 50W/m3. The SOTE is defined as the standard
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oxygen transfer rate (SOTR, the transfer rate from air

at 20�C and 1 atm total pressure to clean water

maintained at zero dissolved oxygen content) divided

by the P/V ratio.

(a) What value of KLaL would the manufacturer

report for the aerator under standard conditions,

based on this test and an assumption that the

oxygen transfer rate is limited by interfacial

transport? The saturation value of dissolved

oxygen under the test conditions is 9.06mg/L.

(b) What oxygen transfer rate (OTR, in kg O2/m
3

min) would the aerator achieve if it was operated

with the same P/V ratio in an activated sludge

aeration basin (a CFSTR) with a steady-state

dissolved oxygen level of 2.0mg/L, and

a temperature of 30�C? Assume a¼ 0.85,

b¼ 0.95, and that the temperature correction

factor for the gas transfer coefficient is

KLaLð ÞT2
¼ KLaLð ÞT1

uT2�T1 , where u¼ 1.024

and T is in �C. At 30�C, the oxygen solubility

in clean water (in equilibrium with 0.21 atm O2)

is 7.56mg/L.

(c) Now imagine water with the same character-

istics as the wastewater but with no on-going

oxygen consumption (no microbial activity).

(i) If the wastewater enters the basin devoid of

oxygen, what detention time is required in a

CFSTR for the effluent (still at 30�C) to have
a dissolvedoxygen concentrationof 6mg/L?

(ii) If a plug flow reactor were used, what

detention time would be needed?

6-12. Small amounts of cyclohexane in an industrial

wastewater are being stripped quite effectively in a

CFSTR, gas-in-liquid (diffuser) treatment system.

Recently, the industry has begun to use ethyl acetate

in itswork, and some of that gets into thewastewater as

well. Information about the two chemicals is provided

in Table 6-Pr12A, information about the CFSTR is

provided in Table 6-Pr12B, and information about

the current behavior of cyclohexane in the CFSTR

is provided in Table 6-Pr12C. Fill in the missing

information for ethyl acetate in Table 6-Pr12C.

(Note: it might be necessary to also calculate values

that are not shown in the table.)

Comment on whether the CFSTR is effective at

stripping ethyl acetate, and if not, how it can be

improved. Assume that:

� Dependence of the mass transfer coefficients on

the diffusion coefficients is the same as it is in the

Onda correlations in both phases.

� Gas phase (air) has no cyclohexane and no ethyl

acetate in it as it enters the diffusers.

� Values less than 0.2 are much less than 1, and

values greater than 5 are much greater than 1.

6-13. As explained in the chapter, the kinetics of gas transfer

in gas-in-liquid systems can be limited by phenomena

occurring at the macroscopic or of microscopic scale.

Alternatively, a system might not be characterized by

either of these limiting case conditions.

(a) A diffused aeration CFSTR has been designed

to strip 90% of a contaminant from the influent

under steady state conditions, based on an

assumption that the microscopic limitation

would apply. The system operates with a liquid

flow rate of 20m3/min and a detention time of

60min. The injected air does not contain any of

the contaminant. What value was used for the

gas transfer rate constant?

(b) When the reactor was built and operated, the

removal achieved was only 80%, because the

assumption of microscopically limited kinetics

was incorrect. What was the actual value of the

rate constant for gas transfer?

(c) The gas flow rate in the system is 60m3/min,

andHcc for the target compound is 1:56m3
L=m

3
G.

TABLE 6-Pr12A. Chemical Information

Chemical Hcc (LL/LG) DL (cm
2/s) DG (cm2/s)

Cyclohexane 7.167 9.06E–6 0.088

Ethyl acetate 0.00532 9.66E–6 0.091

TABLE 6-Pr12C. Reactor Performance

Parameter Symbol Units
Value for

Cyclohexane

Value for
Ethyl
Acetate

Overall mass
transfer
coefficient

KLaL s�1 0.050

Fraction of gas
transfer resistance
in gas phase

– – 0.02 No value
needed

Liquid phase
mass transfer
coefficient

kLaL s�1

Gas phase
mass transfer
coefficient

kGaL s�1

Fraction remaining
in CFSTR effluent

cL,out/cL,in –

TABLE 6-Pr12B. Reactor Information

Parameter Symbol Units Value

Liquid flow rate QL m3/s 0.06

Gas flow rate QG m3/s 5.51

Liquid volume VL m3 108
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Is this information consistent with your results

for part (b)?

(d) Because the actual removal efficiency is less

than desired, some changes to the reactor are

being considered. One possibility is to install a

baffle that would split the tank in half to create

two CFSTRs in series. All other conditions will

remain the same.

(i) Will the value of the rate constant change

in this case? Justify your response with

words or calculations.

(ii) What percentage removal of the contami-

nant will be achieved in this two-reactor

system?

6-14. In practice, design calculations for diffuser systems

are often carried out without taking the pressure

variation in the tank into account at all. To see

how much effect such variations might have on

the design, carry out all the calculations in Example

6-6 without correcting for depth.

6-15. The results of four bench-scale oxygen absorption

experiments using diffused aeration are shown in

Figure 6-Pr15. In all cases, the water was initially

bubbled with N2(g), so that the initial dissolved

oxygen (DO) concentration was <0.5mg/L. In the

experiments, air at 1.0 atm Ptot was bubbled into the

beakers at a flow rate of 1.0 L/min, and the DO

concentration (in milligrams per liter) was meas-

ured as a function of time. The value of Hcc for

oxygen at the temperature of the experiments was

30m3
L=m

3
G.

The differences among different experiments

were the volume of water (1.0 or 2.0 L) and the

type of aerator (either a stone diffuser like those

used in fish tanks or a tube; the stone would create

much smaller bubbles). The diameter of the 2-L

beaker was greater than the diameter of the 1-L

beaker, so that the depth of water in the 2-L experi-

ments was only slightly greater than that in the 1-L

experiments, and the depth of water was small

enough that corrections are unnecessary.

(a) Identify the conditions of Experiment A (i.e.,

1.0 or 2.0 L, stone or tube aeration).

(b) Identify the conditions of Experiment D.

(c) Estimate the rate constant for gas transfer for

Experiment A.

(d) For the conditions of Experiment A, do you

think the gas transfer kinetics is limited by

advective transport (macroscopic limitations)

or by interfacial transport (microscopic limita-

tions)? Carry out the appropriate calculations to

justify your answer, even if you think it is

obvious.

(e) On the basis of the information given, it is not

possible to determine the conditions of Experi-

ments B and C. However, if the experiments had

all been done in beakers with equal diameters,

so that the height of the water doubled when the

volume doubled, the relationships among the

lines would be different. How would they be

different (from what they are now) and why?

(f) Why did bubbling pure nitrogen through the

water reduce the oxygen concentration to (near)

zero? Why this was a good thing to do?

6-16. (a) Calculate KLaL for oxygen in an aeration sys-

tem, based on the following dissolved oxygen

(DO) concentrations during a test involving

batch aeration of tap water.

Time (min) Concentration (mg/L)

0 2.00

1 3.24

2 4.16

4 5.68

6 6.63

8 7.24

10 7.69

20 8.47

30 8.58

40 8.60

50 8.60FIGURE 6-Pr15. Results of various laboratory experiments

investigating gas transfer, as described in the problem statement.
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(b) What DO concentration would be expected in

a batch experiment after 10min of aeration if

the same aerator is used on wastewater at the

same temperature? For this wastewater, the DO

concentration at time zero is 1.2mg/L, a¼ 0.95,

and b¼ 0.86.

6-17. “Postaeration” tanks are CFSTRs that are designed to
increase the oxygen concentration of a wastewater

after biological treatment and before discharge to a

receiving water. In a typical design situation, the

oxygen concentration in the influent to the postaera-

tion system and the required effluent concentration

would both be known, along with the liquid flow rate.

Assume that this oxygen transfer is accomplished

by an air diffuser system.

(a) Develop an expression for the minimum volume

of a CFSTR that could achieve a specified post-

aeration goal (i.e., a specified dissolved oxygen

concentration), using an aeration system with

known KLaL. Your result should be an algebraic

expression for the volume in terms of known

quantities. Indicate how each of those quantities

is known (i.e., what in the description above

allows you to know each quantity of interest?).

Assume that all oxygen demands (i.e., reactions

that consume oxygen) have been exerted in

treatment prior to the postaeration tank, so

that the only reaction that occurs is gas (oxygen)

transfer. Assume also that gas transfer is kineti-

cally limited.

(b) What is the required volume if two equi-sized

CFSTRs in series are used, each equipped with

the same type of diffuser system as considered

in part (a)? What is the ratio of the volume

required for the two-reactor system to that

required for the one reactor system?

6-18. One special case of interest involving gas transfer in

conjunction with another reaction in solution involves

bubbling O2(g) into a solution containing Co(II) plus

excess sulfite (SO2�
3 ). Batch systems set up in this

way are commonly used to determine KLaL values for

O2. The cobalt acts as a catalyst for the oxidation of

SO2�
3 so that the reaction of SO2�

3 with dissolved O2

is essentially instantaneous and complete. As a result,

the dissolved O2 concentration is steadily zero even

though oxygen is constantly entering solution. The

stoichiometry is such that two moles of SO2�
3 react

with one mol of O2.

Although the assumption is rarely stated, the anal-

ysis of such systems implicitly assumes that the

amount of oxygen transferred from the gas bubbles

is insufficient to deplete the gaseous concentration of

oxygen significantly; that is, the analysis assumes that

the system meets the criteria of Case Ib. For a system

in which this assumption is valid, develop an equation

to determine KLaL from batch aeration data based on

the decline in the SO2�
3 concentration over a specified

time interval.

6-19. Chloroform (CHCl3) is present in the finished water

of a drinking water treatment plant at a concentration

of 150mg/L. Thewater is at 25�C. The drinking water
standards dictate that the total trihalomethane (chlo-

roform plus other related compounds) concentration

must be less than 80mg/L. It is proposed to lower the

chloroform concentration by bubbling the water with

air (which contains no CHCl3).

(a) What is the gas-phase concentration in equili-

brium with the finished water?

(b) The stripping process will be carried out in a

CFSTR. The plant personnel perform a batch

stripping test in the tank and obtain the following

results for the dissolved chloroform concentra-

tion as a function of time. Determine the mass

transfer coefficient, KLaL, assuming that the

transfer is limited by interfacial transport.

Time (min) CHCl3 Concentration (mg/L)

0 150.0

1 124.4

3 99.9

6 69.5

10 37.2

15 19.2

(c) Reanalyze the data from the stripping test, but

this time assume that the transfer is limited by

advective transport. What parameter can you

determine from such an analysis, and what is its

value?

(d) Determine the detention time in a steady-state

CFSTR to achieve an effluent chloroform con-

centration of 40mg/L, for the assumption in part

(b). Would the computed detention time be

shorter, longer, or the same if the assumption

in part (c) applied?

(e) Describe how you could determine which, if

either, of the assumptions in parts (b) and (c)

were valid.

6-20. The diffused aeration system in a new activated

sludge plant is being tested in batch experiments

with tap water at 25�C, yielding the following data.
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Time (min) O2 Concentration (mg/L)

0 2.10

1 2.50

2 2.88

3 3.22

4 3.57

5 3.90

6 4.20

7 4.50

8 4.75

10 5.25

12 5.69

14 6.06

16 6.40

18 6.70

20 6.98

(a) Estimate kI and the saturation oxygen concen-

tration in the water. Ignore the effect of pressure

on c�L (i.e., assume that c�L at the bottom of the

reactor is the same as it would be if Ptot at that

location were 1.0 atm).

(b) In the test described in part (a), the liquid

volume in the tank was 300m3, and the air

flow rate at 25�C and 1 atm total pressure was

3m3/min. Estimate KLaL in the reactor. Use

the Henry’s constant for O2 at 25�C given in

Table 5-2; that is, 31.4 LL/LG.

(c) Estimate the maximum oxygen transfer rate

(g/min) that this aerator could achieve in a

system with these values of VL and QG. Do

not restrict your consideration to the range of

DO concentrations in the test.

(d) Although the test was carried out using normal

air (21% O2), the atmospheric pressure was not

recorded, so the oxygen concentration in the

incoming bubbles (cG,in) is not known. Estimate

the value of cG,in in milligrams per liter, and the

rate at which gaseous oxygen enters the reactor

in grams per minute.

(e) Use the results from parts (c) and (d) to calculate

the maximum oxygen transfer efficiency; that is,

the maximum fraction of the gas-phase oxygen

entering the tank that can be transferred to the

liquid phase.

6-21. A volatile solvent with Hcc¼ 0.067 is stripped from

water in a well-mixed batch reactor by means of

bubble aeration using clean air. The concentration

of the solvent in solution decreases by 50% every

10 h. The volume of the reactor is 10m3 and the gas

flow rate is 15m3/h.

(a) What is the first-order rate constant for gas

transfer, kI (in units of h�1) for mass transfer

in this reactor?

(b) What is KLaL (in units of h�1) in the system?

Comment on the difference between this value

and the value of kI determined in part (a).

6-22. Although the derivation for the rate of gas transfer in

gas-in-liquid systems in the text focuses on gas

stripping systems, the analysis is equally valid for

gas-in-liquid absorption systems.

(a) Schulz et al. (1995) discussed the design of

high efficiency ozone contactors (reactors in

which ozone is dissolved into the liquid phase

through diffusers). Ozone is expensive to pro-

duce, so it is important that most of the gaseous

ozone that is produced is transferred into the

water. Typically, in ozone contactors, ozone

makes up 4–12% of the gas phase, with the

rest being normal air.

To maximize transfer from the bubbles to the

solution, ozone contactors are usually quite deep

and use diffusers that give very fine bubbles. The

authors reported that ozone transfer efficiencies

up to 98% could be achieved in these systems.

Under these circumstances, is gas transfer likely

to be kinetically limited, equilibrium limited, or

neither, or is it impossible to know what limits

the transfer efficiency? Justify your answer.

(b) After transferring into solution, ozone can

undergo reactions in the liquid phase in which

it self-decomposes and in which it reacts with

solutes or microorganisms; we designate the

rates of these groups of reactions as rd and rr,

respectively. Assume that the rates of both

groups of reactions are first order with respect

to the ozone concentration and that no other

species are included in the rate expressions.

Derive an expression for the steady-state ozone

concentration in the effluent of an ozone con-

tactor that operates as a CFSTR, using kinetic

expression for gas transfer that you argued for

in part (a).

6-23. (a) A diffused aeration system has KLaL¼ 0.150

min�1 for oxygen transfer. Assuming that the

ratio kG/kL for this system is 3.0, compute the

gas- and liquid-phase mass transfer coefficients,

kGaL and kLaL for oxygen, as well as the fraction

of the total gas-transfer resistance that resides in

each phase. For the given solution at the temper-

ature of the test, Hcc for oxygen is 30LL/LG.

(b) As in the Onda correlations, assume that kLaL is

proportional toD0:5
L , and thatkGaL is proportional
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to D0:667
G . Using the following information,

estimate:

(i) the liquid- and gas-phase mass transfer

coefficients for TCE,

(ii) the overall mass transfer coefficient for

TCE,

(iii) the fraction of the total resistance in each

phase for TCE.

DL

(cm2/s)

DG

(cm2/s)

Hcc

(VL/VG)

Oxygen 2.03� 10�5 0.219 30

TCE 1.07� 10�5 0.088 0.32

(c) The gas transfer equipment characterized in

parts (a) and (b) is installed in an activated

sludge reactor that operates as a steady-state

CFSTR with a detention time of 2 h. What

fractional removal of TCE is expected to occur

by stripping, assuming that the biological activ-

ity has no effect on TCE or gas transfer, and that

TCE transfer is limited by interfacial transport

(i.e., it is kinetically or microscopically limited).

(d) Air is supplied to the activated sludge at a rate of

0:05m3
G=m

3
L min. Using this value in the full

expression for the rate of gas transfer, find the

value of kI that, in essence, replaces KLaL in the

overallmass balance.Re-do part (c)with this new

kinetic expression, and compare your answers.

6-24. A manufacturer of printed circuit boards utilizes a

batch process that takes place in a tank containing an

aqueous solution of formaldehyde. The tank has a

liquid volume of 8m3 and is bubbled with 20m3/h

of air, both to provide mixing and to prevent an

unwanted side reaction.

(a) One common approach for finding KLaL for

oxygen in this type of system is to deoxygenate

the water (make the concentration of dissolved

oxygen zero) and then measure the dissolved

oxygen (DO) concentration over time as air is

bubbled into the tank. In one such test, the DO

level goes from zero to approximately 95% of

the saturation (equilibrium) value in 30min.

The saturation value for oxygen at room tem-

perature is 9.0mg/L. Estimate KLaL for oxygen

in the tank, assuming that oxygen transfer is

kinetically limited.

(b) Assuming that the ratio kG/kL for oxygen is 3.5,

estimate KLaL for formaldehyde in the system,

based on the information given below. Assume

that kG varies as D0:667
G and kL varies as D0:5

L .

DL

(cm2/s)

DG

(cm2/s)

Hcc

(LL/LG)

Oxygen 2.05� 10�5 0.200 30

Formaldehyde 1.56� 10�5 0.136 2.8� 10�5

(c) The concentration of formaldehyde in the bath

is approximately 19 g/L. Determine whether

the stripping of formaldehyde is kinetically

limited, equilibrium limited, or somewhere in

between. If it is limited in either way, write out

the operative, simplified rate expression for

stripping.

(d) Based on all of the above information, estimate

the mass emission rate of formaldehyde caused

by the bubbling of air into the tank.

6-25. A completely mixed basin is being used for biological

wastewater treatment at 20�C. The system is operat-

ing at steady-state with a dissolved oxygen concen-

tration of 2mg/L. The basin is aerated by air injected

through fine-bubble diffusers, for which the effi-

ciency of aeration (h¼ 1� cG,out/cG,in) is reported

to be 17%. The basin is 3.5m deep, the liquid inflow

rate is 31m3/min, and the residence time 4 h. The gas

flow rate is 1.63 SCM/s, the gas-phase volume frac-

tion in the basin is estimated to be 0.005, and the

saturation concentration of dissolved O2 in the water

is 7.1mg/L.

(a) Estimate KLaL for oxygen in this system, as

implied by the efficiency, h.

(b) Estimate the bubble residence time.

(c) Make an independent estimate of KLaL, based

on boundary layer theory. Use the average

bubble rise velocity implied by the bubble

residence time and assume a bubble diameter

of 2mm.

6-26. The city of Cincinnati, OH, is located on the Ohio

River and draws its drinking water from the river.

Imagine a scenario in which a major spill of carbon

tetrachloride (CCl4) has occurred on the Kanawha

River, which is an upstream tributary to the Ohio

River. City officials wish to predict whether the

concentration of CCl4 at their intake will ever exceed

5mg/L. The hypothetical situation is as follows. The

chemical spill enters the Kanawha R. as it passes

Charleston, WV, 100 km upstream of the river’s

confluence with the Ohio R. at Point Pleasant, WV.

Cincinnati is on the Ohio R., 300 km downstream

from Point Pleasant.

� The maximum CCl4 concentration at the point of

the spill is 10mg/L.

PROBLEMS 253



� The average river velocity is 0.17m/s in the

Kanawha R. and 0.15m/s in the Ohio R.

� The average reaeration coefficient (i.e., KLaL for

O2) at 20�C is estimated to be 2.3 d�1 in the

Kanawha River between Cincinnati and Point

Pleasant and 0.5 d�1 in the Ohio River stretch

between Point Pleasant and Cincinnati. (These

estimates reflect the steeper slope and shallower

depth of the Kanawha.)

� Average Kanawha River flow at Charleston is

303m3/s

� Average Ohio River flow at Cincinnati is 3144m3/s.

(a) Under these conditions, and with other assump-

tions of your own choosing (but which you

should specify), estimate the maximum CCl4
concentration at Cincinnati if the spill occurs in

the summer, with T¼ 20�C.
(b) Make the same calculations under winter con-

ditions, with 60% ice cover and a water temper-

ature of 0�C.
(c) Discuss quantitatively the magnitude of the

error in your calculation that would be associ-

ated with each of the following:

� Not accounting for differences in diffusivity

between CCl4 and O2.

� 50% overestimation of both values of KLaL.

� 50% underestimation of total travel time.

� For part (b), failure to account for the ice cover.

� For part (b), failure to account for temperature

effects on diffusivity (and therefore KLaL).

6-27. Water percolating through a landfill collects the by-

products of microbial degradation of the buried

wastes. The microorganisms rapidly deplete the dis-

solved oxygen, establishing conditions under which

steel and other iron-containing substances can release

Fe2þ into thewater. Thewater that has passed through

the waste, referred to as leachate, must be collected

and treated. Often, one step in the treatment process is

aeration, which causes oxygen to enters the water

so that it can react with Fe2þ to form Fe3þ according

to the following reaction:

Fe2þ þ 1
4
O2 þ Hþ $ Fe3þ þ 1

2
H2O:

The rate of this reaction is highly pH dependent, as

indicated by the following rate equation:

rFe2þ ¼ �k cFe2þcO2
c2OH�

k ¼ 1:6� 1012
L

mgO2

� �
L

mol OH�

� �2
1

min

� �

where all the concentration terms refer to the solu-

tion phase.

(a) It is proposed to aerate a leachate at pH 7.7 that

contains 200mg/L Fe2þ and no dissolved oxy-

gen. The operation is to be carried out in a

sequenced batch reactor by filling the reactor,

injecting diffused air for 1.0 hour, and then

emptying and refilling the reaction vessel with

a new batch of leachate. The contents will be

well mixed during the aeration process. The

KLaL value for the system under the proposed

conditions is 5 h�1. Assume the gas transfer is

limited by interfacial transport, the pH stays

constant throughout the reaction, Fe2þ is the

only form of Fe(II) in the solution, and the

saturation concentration of oxygen in the solu-

tion is 10.2mg/L. Compute the concentrations

of dissolved Fe2þ and oxygen at the end of the

aeration step. (Hint: write mass balances on

dissolved oxygen and Fe2þ, and solve them

numerically to determine the concentrations

of Fe2þ and dissolved oxygen as a function of

time in the reactor.)

(b) The leachate also contains 450mg/L inorganic

carbon, generated as a byproduct of the oxida-

tion of organic matter. Assuming that all the

Fe2þ that oxidizes precipitates as Fe(OH)3(s)

and that the carbonate and iron species control

the solution acid/base balance, test the assump-

tion of no pH change by computing what the

final solution pH would be if the reactions

proceeded to the extent found in part (a), and

if the aeration step caused the solution to reach

equilibrium with atmospheric CO2. (Hint: the

precipitation reaction consumes alkalinity, but

the exchange of CO2 between a gas and solution

does not affect the alkalinity. Compute the

change in alkalinity due to the precipitation

reaction, then determine the pH from the alka-

linity and the assumption of equilibrium with

the atmosphere.) What are the implications of

this calculation for the results of part (a)?

6-28. Consider a water treatment plant that includes a

stripping tower designed to remove chloroform

(CHCl3) from the treated water. Some specifications

relating to the physical features and the operation of

the stripping tower are as follows:

� Height of packing, Z¼ 4m,

� Volumetric liquid loading rate¼QL=A ¼
0:4m=min ¼ 0:00667m=s,

� Gas transfer capacity factor for chloroform,

Rchloro¼ 5.
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Recently, it has been discovered that the influent to

the tower also contains bromoform (CHBr3), another

disinfection byproduct. Fill in the missing informa-

tion in the table below, ultimately determining the

removal efficiency expected for bromoform in the

tower if it continues to be operated under the current

conditions. Begin by determining the removal effi-

ciency for chloroform, and then proceed by filling in

the column for bromoform from top to bottom. The

air supplied to the tower has no chloroform and no

bromoform in it. All of the data shown in the table are

for 20�C. Assume that the Onda correlations apply.

Name Symbol Units CHCl3 CHBr3

Liquid diffusivity DL m2/s 1.03� 10�9 9.2� 10�10

Gas diffusivity DG m2/s 1.17� 10�5 8.8� 10�6

Henry’s constant Hcc m3
L=m

3
G 0.124 0.017

Gas transfer
capacity factor

R — 5

Wetted area per
volume of reactor

aR m2/m3 56.0

Liquid mass
transfer coefficient

kL m/s 0.000170

Gas mass transfer
coefficient

kG m/s 0.00570

Overall mass
transfer
rate constant

KLaR 1/s 0.00768

Removal
efficiency

h %

6-29. Bromoform is being stripped from a solution at 25�C
that is being fed at a rate of 500L/min to a counter-

current packed tower that is 2m high and 1m in

diameter. The gas transfer capacity factor is 2, and

the Henry’s constant (Hcc) for bromoform in the

system is 0.023. The system conditions are such

that kL¼ 1.0� 10�4m/s; kG¼ 2.5� 10�3m/s, and

aT¼ 105m2/m3.

(a) What are the liquid and gas loading rates, in

units of kg/(m2 s)?

(b) What is the height of a transfer unit (HTU)?

(c) What removal efficiency would you expect?

(d) Suppose that gas and liquid flow rates are held

constant but that the tower diameter was

decreased by a factor of two. In what direction

would uL (the superficial velocity, equal to

QL/AR),KLaR and HTU vary (increase, decrease,

or no change)? Briefly explain your answers.

6-30. A counter-current air stripping tower is intended to

remove 95% of the bromoform from a liquid stream

flowing at 400 L/min at 25�C. The packing is 1-in.

(0.0254m) polyethylene Intalox saddles (aT¼ 256

m2/m3, packing factor, Cf¼ 33; sc¼ 0.033 for poly-

ethylene). The tower is to be designed to operate with

a pressure drop per unit length of tower height of 100

(N/m2)/m, and a gas transfer capacity factor of 3. The

surface tension of water at 25�C is 0.072N/m, and the

diffusivities of bromoform in water and in air at 25�C
are 1.04� 10�9 and 8.8� 10�6m2/s, respectively.

(a) What airflow rate is needed and what tower

diameter is required to give the cited level of

pressure loss? (Do not be surprised by the very

high air:water ratio required for removal of this

hard-to-strip compound.)

(b) Compute the height of a transfer unit, the num-

ber of transfer units, and the height of the

column required to achieve the specified

removal efficiency.

6-31. Tetrachloroethylene (PCE) is being stripped from

solution in a column contactor, under the following

liquid and gas flux conditions: 2-in. (0.0508m) plas-

tic Berl saddles, liquid flux at 10 L/sm2; gas flux at

200 L/sm2; 20�C.
(a) Estimate the overall mass transfer coefficient

(KLaR) using the Onda correlations.

(b) Calculate the PCE removal in a packed bed 3m

high, assuming no PCE in the influent air.

(c) How large a column diameter would be required

to treat 10,000m3/day?

Useful information about 2-in. Berl saddles was

provided in Example 5-11 and is repeated below,

along with information about the properties of the

fluid and PCE at 20�C.

aT ¼ 105m�1

DL ¼ 8:5� 10�10 m2=s
mL ¼ 1:0� 10�3 Pa s

rL ¼ 998 kg=m3

sL ¼ 0:073N=m

Hcc ¼ 0:53LL=LG

DG ¼ 9:2� 10�6 m2=s
mG ¼ 1:82� 10�5 Pa s

rG ¼ 1:205 kg=m3

sc ¼ 0:033N=m
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7.1 INTRODUCTION

Background and Chapter Overview

Adsorption, or the selective accumulation of molecules at

the interface between two phases, plays a critical role in the

transport and fate of contaminants in both engineered and

natural aquatic systems. Adsorption can cause a contaminant

to accumulate in soil, in the sludge of a treatment plant, or

in the silt that settles in a river delta, rather than remain in

the aqueous solution that passes through such systems.

In engineered treatment systems, adsorption often provides

the most cost-effective means of reducing the concentrations

of dissolved contaminants to extremely low levels.

Several different types of reactors are used to carry out

adsorption processes. Generally, these reactors are designed

to have a high concentration of solid surface, although with

an appropriate choice of solids, that objective can often be

met with a relatively low mass concentration. The two types

of reactors that are used most often are continuous flow

reactors in which the solid and soluble constituents move

together (and then are separated in a subsequent step), and

packed columns in which the solution passes through a

stationary solid phase. Batch systems, in which a mixing

step for contact between the two phases is followed by a

separation step, are also used occasionally.

The solids used most widely to adsorb contaminants in

water and wastewater treatment systems are activated car-

bon, metal oxides (in particular, oxides of aluminum and

iron), and ion exchange resins. Activated carbon is used

primarily to adsorb organics, while metal oxides and ion

exchange resins are used primarily to adsorb inorganics.

The usefulness of activated carbon as an adsorbent derives

from its extremely large surface area per unit mass (which

allows relatively small volumes of the adsorbent to adsorb

large amounts of contaminants), its strong affinity for a wide

range of hydrophobic molecules (e.g., solvents and pesti-

cides, humic substances that serve as precursors for dis-

infection by-products, and algal-generated compounds that

impart tastes and odors to drinking water), and its relative

inertness with respect to interactions with water and most

hydrophilic solutes. It is available and used in both granular

and powdered forms (often abbreviated as GAC and PAC,

respectively). Granular activated carbon (GAC) is generally

used in packed columns, whereas powdered activated carbon

(PAC) is usually used in well-mixed reactors that are fol-

lowed by solid/liquid separation.

Amorphous aluminum and ferric hydroxide solids

(Al(OH)3(s) and Fe(OH)3(s), respectively) form when

alum (hydrated Al2(SO4)3), ferric chloride (FeCl3), or other

salts containing Al3þ or Fe3þ are added to water as coagu-

lants. These solids have poorly crystallized, gelatinous

structures with very large surface areas. They are typically

capable of removing 40–80% of the natural organic matter

(NOM) from drinking water, thereby reducing the tendency

for unwanted by-products to form when the water is subse-

quently disinfected. The solids also can adsorb both cationic

and anionic metal species (e.g., Cu2þ, Pb2þ, CrO4
2�,

HAsO4
2�) and are used in treatment of both drinking water

and industrial wastewater for this purpose.
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Synthetic ion exchange adsorption media typically con-

sist of small beads of a resin whose structure comprises a

cross-linked, polymeric skeleton to which charged func-

tional groups are covalently bound. The charges are neutral-

ized by oppositely charged ions that are only loosely bound

to the solid. When the resin is exposed to an aqueous

solution, ions from the solution can adsorb, causing some

of the loosely bound ions to be released and enter the

solution; hence the name ion exchange. Some natural mate-

rials also have ion exchange properties. Ion exchange on

clays can affect the composition of natural solutions that

pass through soils and thereby play an important role in

controlling nutrient availability to plants. Zeolites (alumino-

silicate minerals with cavities large enough to accommodate

relatively large ions) are sometimes mined and used in

engineered ion exchange treatment processes.

Ion exchange is used for in-homewater softening (adsorp-

tion of Ca2þ accompanied by desorption of Naþ or Kþ), for
producing deionized water in laboratories or industries

where ultrapure process water is required (via a two-stage

process in which the resins release Hþ and OH�, which then
combine to form H2O), and for recovering valuable metals

from dilute process streams. Recently, such resins have

received a good deal of attention as potential point-of-entry

(POE) or point-of-use (POU) devices for removing arsenic

(as the H2AsO4
� or HAsO4

2� ion) from drinking water. Ion

exchange reactions are more easily reversed than most other

adsorption reactions. As a result, a batch of resin can be used

to collect contaminants, and the contaminants can then be

released by exposing the resin to a different solution (a

process referred to as regeneration of the resin), so that the

resin can be reused repeatedly.

Although the focus of this chapter is on the use of adsorp-

tion to remove soluble species from solution, the interaction is

not one-way: Adsorption affects the properties and behavior

of particles as well as solutes. In particular, adsorbed species

can alter the tendency for particles to collide and stick to one

another, so adsorbable chemicals are frequently added to

suspensions to facilitate removal of the suspended particles.

This process is widely used in drinking water and sludge

treatment and is discussed in detail in Chapter 11.

Adsorption has many similarities to gas transfer pro-

cesses, especially stripping. Both processes remove soluble

contaminants from water by transferring them to a different

phase and, in both cases, the removal efficiency that can be

achieved is constrained by equilibrium between the two

phases and, by the kinetics of mass transport. On the other

hand, the two processes also differ in important ways. For

instance, at least according to one widely used paradigm,

solids have fixed, maximum capacities for adsorbed mole-

cules. No such limit exists in gas transfer, because the gas

phase volume and pressure are, in theory, capable of chang-

ing to accommodate any mass of the volatile species. A

second paradigm for adsorption is more analogous to that for

gas transfer in that it does not presuppose any limitation on

the adsorptive capacity of the solid; both paradigms are

presented in this chapter.

Another difference between adsorption and gas transfer

is that, whereas a gas phase is envisioned to be uniform

throughout, solid adsorptive surfaces are not homoge-

neous—they have different properties at different locations,

such as on different crystal faces. Both the limited capacity

of the adsorptive surface and its nonuniformity can compli-

cate the equilibrium relationship between dissolved and

adsorbed molecules, so that it differs from the simple

Henry’s law relationship that characterizes gas/liquid equi-

librium. Several mathematical models for characterizing

adsorptive equilibrium are in common use, and the most

common of these are presented in this chapter.

Finally, whereas different chemical species behave inde-

pendently in a gas transfer system (based on the assumption

that the gas is ideal), adsorbed solutes can significantly

influence the affinity of the surface for other solutes (or

more of the same solute). For instance, when charged solutes

(ions) adsorb, the surface can acquire an electrical charge that

enhances the adsorption of oppositely charged ions and

opposes the adsorption of like-charged ions.1 Neutral

adsorbed species can also affect the surface environment,

increasing or decreasing its attractiveness to other solutes in

various ways. These interactions can be important on sur-

faces, where the molecules might be closely packed, whereas

they are never important in a gas phase, where the molecules

are widely spaced.

In this text, two chapters are devoted to adsorption

processes. This chapter presents the underlying principles

of adsorptive equilibrium. Models for the kinetics of adsorp-

tion reactions, and approaches for applying the concepts

developed in this chapter to the design and analysis of full-

scale adsorption reactors are presented in Chapter 8.

In this chapter, we begin with an introduction to the

terminology used to describe adsorption reactions and an

overview of several specific applications of adsorption in

environmental engineering. The most common approaches

for modeling adsorption equilibrium, both conceptually and

quantitatively, are then presented. A wide variety of such

models have developed over the years, with different models

preferred by researchers and practitioners dealing with

different adsorptive systems. For example, models that

are used extensively to describe adsorption of metals onto

aluminum and iron oxides in industrial waste treatment

processes are rarely used to describe adsorption of trace

organic compounds (e.g., pesticides) onto activated carbon;

yet other models are used to characterize the adsorption of

1 The fact that ions adsorb at all provides one more distinction between

adsorption and gas transfer. Recall that ions are extremely unstable in the

gas phase, so we can ignore the possibility that they participate in any gas

transfer reaction.
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calcium or arsenate ions onto ion exchange resins in drink-

ing water treatment.

Often, adsorption processes can be understood and mod-

eled as reactions between an isolated, dissolved species and

a surface. However, in many other cases, it is necessary to

consider other reactions that occur in parallel or series with

the adsorption reaction. For instance, adsorption of other

species from solution is likely to compete with, and there-

fore reduce, adsorption of a target species, whereas inter-

actions among species that have already adsorbed (e.g.,

formation of a new phase on the solid surface) might either

facilitate or interfere with additional adsorption of the

target.

In this chapter, each of these situations is discussed, and

the models most commonly used in each application are

presented. At the same time, however, an attempt is made

to emphasize the unity of the underlying phenomena

that control the partitioning of the contaminants in all

applications.

Terminology and Overview of Adsorption Phenomena

Given the wide variety of applications in which adsorption is

important, it is not surprising that several conceptual models

have been developed to describe adsorption reactions.

Unfortunately, no unified terminology for describing the

process has been adopted. Some terms that have a well-

accepted meaning are defined below; others that are associ-

ated with a specific model or application are described later

in the chapter.

Adsorption is the selective accumulation of a chemical at

the interface between two phases. The focus of this chapter

is on adsorption at the interface between an aqueous solution

and a solid, although much of the discussion also applies to

adsorption at solution/gas and solid/gas interfaces. The

reverse of the adsorption reaction (i.e., the release of an

adsorbed substance to the bulk solution) is called desorption.

The substance that adsorbs is called the adsorbate and, if it

binds at a solid/liquid interface, the solid is called the

adsorbent. In principle, adsorption—a surface or interfacial

process—can be differentiated from absorption, in which a

substance is transferred from one phase into the interior of

another. However, it is often almost impossible to distin-

guish between adsorption and absorption, so the two pro-

cesses are sometimes treated jointly. In such cases, the

preceding terms are sometimes written as sorption, sorbate,

and sorbent, respectively. Also, experimentally, any adsorb-

ate that is associated with the solid is considered to be

adsorbed. Therefore, if a solid is porous, adsorbate that is

present in the solution inside the pores is considered to be

adsorbed, even if it is not bound directly to the surface of

the pore.

The surfaces of suspended solids can sometimes acquire

an electrical charge that can enhance or impede sorption of

ions from solution. If the tendency for a species to adsorb

depends primarily on charge-based or other physical inter-

actions between the surface and the adsorbate, the adsorbate

is referred to as being physically adsorbed or nonspecifically

adsorbed. On the other hand, if the tendency to adsorb

depends strongly on the chemical identity of the adsorbate,

the primary driving force for the reaction is attributed to

specific chemical interactions between the adsorbate and

the adsorbent. In such cases, the adsorbate is said to be

specifically or chemically adsorbed (or chemisorbed).

Chemically adsorbing molecules might bind to a surface

even under conditions where electrostatic interactions

oppose adsorption; that is, they can allow a cationic adsorb-

ate to bind to a positively charged surface. In fact, however,

most molecules interact with the surface in various ways

that might be considered either physical or chemical, so

these distinctions (and the associated terms) should be used

and interpreted cautiously.

The amount of material adsorbed per unit amount of

adsorbent is called the adsorption density and is commonly

represented in equations as either q or G. The adsorption

density can be quantified as the adsorbed mass per unit

surface area (with units such as mg or mmoles of sorbate

per m2 of sorbent) or per unit mass of sorbent (e.g., mg or

mmoles sorbate per gram of sorbent). It is common, though

far from universal, to represent the adsorption density by G
in the former case, and by q in the latter, and that convention

is adopted here. The surface area per unit mass of the solid

(meter square per gram) is called the specific surface area

(SSA), so:

qi ¼ GiðSSAÞ (7-1)

In the environmental engineering literature, adsorption

densities are most often reported based on the mass of

adsorbent (i.e., they are reported as q values). Therefore,

throughout the chapter, generic equations that include the

adsorption density are presented using q to represent that

parameter. However, it should be understood that the same

equations could be expressed in terms of G by applying the

relationship shown in Equation 7-1.

When adsorption occurs in an aqueous system, the

amount of a species that is adsorbed per unit volume of

solution is also often of interest. This quantity can be

expressed as a conventional concentration, for example,

as mg of adsorbed i per liter of solution. Such terms are

generally represented in equations like any other concentra-

tion; that is, as ci, and can be computed as the product of the

adsorption density and the concentration of adsorbent in the

system:

ci;adsorbed mg i=Lð Þ ¼ qi mg i=g solidð Þcsolid g solid=Lð Þ
(7-2)
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Several of the preceding definitions are illustrated schemat-

ically in Figure 7-1.

For a given system composition, only one distribution of

adsorbate between the dissolved and the adsorbed states is

consistent with chemical equilibrium. In the absence of

other forces, the system would ultimately reach this condi-

tion. Relationships expressing the equilibrium adsorption

density as a function of the dissolved adsorbate concentra-

tion are called adsorption isotherms.2 The term “isotherm”

emphasizes the fact that the relationship (like all equilibrium

constants) is sensitive to temperature; adsorption reactions

are invariably exothermic, so the tendency to adsorb declines

with increasing temperature. Unfortunately, the term is used

in two slightly different ways in the literature: in some

usages, it represents the general relationship between

adsorption density and dissolved concentration that is asso-

ciated with a certain conceptual model of adsorption, and in

others, it represents the specific mathematical relationships

applicable to particular adsorbate–adsorbent pairs.

The isotherms (in the latter sense of the term) that are used

most frequently to characterize adsorption in environmental

systems are known as the linear, Langmuir, and Freundlich

isotherms. The mathematical forms of these isotherms are

shown in the following equations, and the isotherms are

presented graphically in Figure 7-2.

Linear: q ¼ klinc (7-3)

Langmuir: q ¼ qmaxKLangc

1þ KLangc
(7-4)

Freundlich: q ¼ kfc
n (7-5)

where klin, KLang, qmax, kf, and n are all empirical constants.3

The linear isotherm (Equation 7-3) describes systems in

which the equilibrium adsorption density is proportional to

the dissolved adsorbate concentration. Such an isotherm

is often reported to characterize the sorption of trace

compounds such as pesticides in systems, where the solids

are abundant (e.g., in soils). The equation defining this

isotherm is exactly analogous to Henry’s law in systems,

where gas/liquid equilibrium is being characterized.

Under conditions where KLangc� 1, the Langmuir

isotherm (Equation 7-4) also describes a linear relationship

between adsorption density and dissolved concentration.

However, at larger values of KLangc, the relationship

becomes curvilinear, and when KLangc� 1, the adsorption

density approaches a constant, maximum value (qmax),

which is not exceeded no matter how large the dissolved

adsorbate concentration becomes. For a given adsorbate/

adsorbent pair and given background solution composition,

KLang is constant, so the three regions of the isotherm are

often described just in terms of the adsorbate concentration.

That is, the isotherm is described as being linear at low c,
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FIGURE 7-1. Schematic showing various components and

descriptive terms for an adsorptive system.
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FIGURE 7-2. Generic adsorption isotherms. The mathemati-

cal basis for each isotherm shown is developed later in the

chapter.

2More generally, an adsorption isotherm is a relationship between the

chemical activities, at equilibrium, of a dissolved adsorbate and the same

species when it is adsorbed to a surface. In most environmental systems,

these activities are assumed to be proportional to the dissolved concentra-

tion of the adsorbate (c) and its adsorption density (q or G). However, in

some important cases that are discussed later in this chapter, parameters

other than T or q are used as indicators of the chemical activity of adsorbed

species. Relationships between those other parameters and c are also called

adsorption isotherms, as are q versus c or G versus c relationships.

3 In the literature, the Freundlich isotherm is defined in two different ways:

either as shown in Equation 7-5, or with the exponent shown as 1/n, rather

than as n. Because values of n are frequently reported without showing the

isotherm equation explicitly, it is critical to establish which convention an

author is using so that the value can be interpreted properly.
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curvilinear at intermediate values of c, and independent of c

at high values of c. Langmuir isotherms describe many

systems in which all the adsorptive sites are nearly uniform,

such as on ion exchange resins.

The Freundlich isotherm (Equation 7-5) is curvilinear at

all values of c, with the intensity of the curvature depending

on the value of n. Such isotherms describe sorption of most

adsorbates onto activated carbon, and many adsorbates onto

metal oxides, especially if the range of dissolved adsorbate

concentrations considered is large (e.g., two or more orders

of magnitude).

Typically, isotherms are derived by collecting experimen-

tal data for q and c in well-mixed, batch systems containing

a range of adsorbate and/or adsorbent concentrations. The

suspensions are mixed long enough for adsorptive equili-

brium to be achieved, and the data are then fit to the isotherm

equation. A conceptual basis and mathematical derivation is

provided for each of the isotherms cited earlier, and a few

others, later in this chapter.

Once an isotherm has been established for a given

adsorbent–adsorbate pair, it can be used to predict the

distribution of adsorbate between the surface and the solution

for other conditions. For instance, assuming the system

reaches equilibrium, the adsorbent dose needed to reduce

the dissolved adsorbate concentration from some initial

value to a lower target value in a batch system can be

computed from the followingmass balance analysis. Assum-

ing that the adsorbate is neither created nor destroyed in the

system, but simply transfers between the solution and the

adsorbent, we can write

Mass of adsorbate

in system initially

� �
¼ Mass of adsorbate

in system at equilibrium

� �

cinitVL þ qinitcsolidVL ¼ cfinVL þ qfincsolidVL (7-6)

where csolid is expressed as the mass of solid per unit volume

of solution. (If csolid is expressed as the mass of solid per unit

volume of reactor, the same equation applies are with

the exception that the terms containing csolid multiplied by

VR instead of VL.) Dividing through by VL and rearranging

yields

cinit � cfin ¼ ðqfin � qinitÞcsolid (7-7)

csolid ¼ cinit � cfin
qfin � qinit

(7-8)

In the commonly encountered case in which fresh adsorb-

ent is used (i.e., qinit¼ 0), this result simplifies to:

csolid ¼ cinit � cfin
qfin

(7-9)

If the adsorption isotherm characterizing the system has

been established, it can then be used to substitute for qfin in

terms of cfin in Equation 7-8 or 7-9, allowing csolid to be

calculated for any given values of cinit and cfin.

& EXAMPLE 7-1. A study of adsorption of CrO4
2�

onto two different adsorbents (A and B) yields the iso-

therms shown in Figure 7-3. You wish to reduce the

concentration of CrO4
2� in a wastewater from 0.2 to

0.02mmol/L (roughly 10 to 1mg Cr/L) by sorption in a

batch treatment process, using the minimum dose (g/L) of

solid.

(a) Which adsorbent would you use, and why?

(b) What adsorbent dose is required?

Solution.

(a) The initial CrO4
2� concentration is 0.20mmol/L, so

it is necessary to remove 0.18mmol/L CrO4
2� from

solution. Also, once the solution and solid have

equilibrated, cCrO4
2� will be 0.02mmol/L.

For a given concentration of contaminant

removed from solution, the larger the adsorption

density, the less solid is required. Therefore,

adsorbent B, which has the larger adsorption den-

sity in equilibrium with the final, dissolved CrO4
2�

concentration will be the preferred one. Note that

adsorbent A has a higher adsorption density in

equilibrium with the concentration in the raw

water, but this fact is irrelevant for answering

the question, since the ultimate adsorption density

is in equilibrium with the treated water, not the

initial solution.

(b) The adsorption density on adsorbent B when it

is in equilibrium with a dissolved concentration

of 0.02mmol/L is �0.65mmol CrO4
2�/g solid.
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The required dose of the adsorbent can therefore be

computed from Equations 7-7 to 7-9 as:

csolid ¼ cinit � cfin

qfin

¼ ð0:20� 0:02Þmmol CrO4
2�=L

0:65mmol CrO4
2�=g solid

¼ 0:277 g solid=L ¼ 277mg solid=L &

7.2 EXAMPLES OF ADSORPTION IN NATURAL
AND ENGINEERED AQUATIC SYSTEMS

In this section, a brief description is provided of some of the

most important applications of adsorption in environmental

systems.

Use of Activated Carbon for Water and
Wastewater Treatment

Activated carbon is the most widely used adsorbent in water

andwastewater treatment systems and, as noted previously, is

used in both granular and powdered form (GAC and PAC,

respectively). Contaminants that can be removed from water

by adsorption onto activated carbon include both naturally

occurring and synthetic organic compounds (e.g., humic

substances, compounds that impart tastes and odors to drink-

ing water, and solvents and pesticides). Many of these

contaminants are so strongly attracted to the activated carbon

surface that their dissolved concentrations can be reduced to

submicrogramper liter levels using dosages of carbon that are

economically reasonable. As an example, Figure 7-4 shows

the results of a study in which 20mg/L PAC was able to

remove 85–95%of the algal-generated, odor-producing com-

pound geosmin from solutions initially containing<50 ng/L.

Activated carbon is also used to sorb volatile organic com-

pounds from gas phases, such as the gaseous emissions from

stripping of contaminated groundwater and soils.

The ability of charcoal to reduce odors was recognized in

ancient Greece, and its use to remove contaminants from

both air and water dates to the late 1700s (Jankowska et al.,

1991). An engineering process for inducing the formation of

large numbers of tiny pores in charcoal, thereby dramatically

increasing the surface area available for adsorption and

“activating” the solid, was patented in 1900, and the first

commercial plant for production of activated carbon was

established in 1911. The production and uses of the material

have increased steadily since that time.

Activated carbon has been prepared from awide variety of

raw materials, including coal, peat, the hard parts of fruits

and nuts (shells, pits), and waste products with high carbon

content (plastics). The essential steps in its production are

pyrolysis or carbonization and activation. In the first step,

the raw material is heated to a temperature of 500–800�C in

the absence of oxygen. This process rearranges the carbon

atoms into a more ordered, graphitic structure, and drives off

volatile molecules, leaving defects in the form of pores

throughout the solid. Some amorphous (noncrystalline)

carbon also remains in the solid. In the activation step, an

oxidizing gas, generally steam or carbon dioxide, is con-

tacted with the pyrolized solid at 800–1000�C. The gas

diffuses into the pores, where it oxidizes and volatilizes

virtually all of the amorphous carbon and some of the

graphitic carbon, thereby unblocking some of the pre-existing

pores and increasing the total pore volume. The resulting

product typically has a specific surface area in the range 500–

1500m2/g, and an internal pore volume of 0.5–1.0 cm3/g. In

most cases, at least 80% (and often more than 90%) of the

surface area is associated with so-called primary and second-

ary micropores (pores with diameters <0.8 and 0.8–2 nm,

respectively), and almost all of the remainder is attributed to

mesopores (diameters 2–5 nm). Most of the pore volume is

also usually associated with those sizes of pores, although in

some cases a substantial fraction of the volume (but not the

surface area) is in macropores (diameters >5 nm).

Individual particles of powdered activated carbon (PAC)

typically have dimensions on the order of a few to a few

100mm. PAC is convenient for intermittent use since it can be

added to water in an existing mixing basin and then settled

and/or filtered out downstream. Because the particles have a

large amount of external surface area per unit mass, and the
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FIGURE 7-4. Adsorption kinetics of geosmin from two drinking
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matical model for adsorption kinetics that is described later in this

chapter. Source: Modified from Cook et al. (2001).
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diffusion path to internal pores is short, the approach of the

system to sorption equilibrium is relatively rapid. This char-

acteristic is critical for applications ofPAC, since the residence

time of the adsorbent in the system is typically comparable to

that of the water—on the order of minutes to hours.

Because PAC is typically applied in a well-mixed system,

the maximum adsorption density on the PAC as it exits the

system is governed by equilibrium between the PAC and the

treated water. Since the contaminant concentration in that

water is expected to be small, the adsorption density is also

small (or at least, not as large as it would be if the PAC had

equilibrated with a larger concentration in solution). As a

result, the adsorption capacity of the PAC is often not used

very efficiently in these types of applications. This idea is

developed and demonstrated quantitatively in Chapter 8.

In contrast to PAC, GAC is generally used in packed bed

systems—the carbon is placed in a column through which

thewater passes. A large fraction of the adsorptive surface in

GAC particles is deep in the particles’ interior, so a lengthy

process of molecular diffusion into the pores is required for

efficient utilization of the adsorptive capacity. On the other

hand, plenty of time is generally available for this process to

occur, since the GAC grains might remain in place for

months to years before being replaced.4 Also, the packed

bed arrangement allows the GAC near the influent and

throughout much of the column to achieve equilibrium

with the influent contaminant concentration, while still

producing very clean effluent (because the water comes

into contact with nearly fresh GAC before it exits the

column). As a result, the GAC in much of the column

reaches an adsorption density that is much greater than is

reached by PAC in a system with a completely mixed

aqueous phase; that is, the GAC adsorption capacity is

more fully utilized than that of the PAC. This point is

also demonstrated quantitatively in Chapter 8.

Once contaminants begin appearing in the effluent from a

GAC bed in unacceptable concentrations, the treatment

process is halted, and the adsorbent is removed from the

bed. The GAC might then be regenerated by a process

similar to the initial carbonization and activation steps, or

it might be replaced by fresh GAC. With each regeneration,

some of the activated carbon is lost by oxidation, and some

of the sorption capacity is lost due to failure to remove all of

the adsorbed material. Eventually, regeneration is no longer

justified, and the carbon is disposed of. The capital invest-

ment in a packed column is substantial, and the investment is

generally justifiable only if the contaminants are present in

the influent at unacceptable concentrations for a substantial

fraction of the service time.

In full-scale GAC systems, adsorbates often behave very

differently from their behavior in short-term tests using

simplified solutions. For instance, when GAC is used to

remove trace contaminants from drinking water, the contami-

nants often appear in the effluent much more quickly than

would be predicted based on small-scale batch experiments.

This behavior is often attributed to the fact that all potable

waters contain molecules of natural organic matter (NOM)

that can adsorb to theGAC and that are usually larger than the

target adsorbates. The NOMmolecules are generated primar-

ily by the decay of plant material and have molecular weights

typically ranging from a few hundred to a few thousand. Their

molecular structure consists of a skeleton of aliphatic chains

and aromatic rings to which various functional groups are

attached. The dominant functional groups are carboxylic

acids, which are mostly deprotonated at the pH of natural

waters, so most NOM molecules are poly-anionic (i.e., they

carry multiple negative charges) in most systems of interest.

Typically, the trace contaminants that are the targets of the

treatment process adsorb more strongly to activated carbon

than NOMmolecules do, so they are adsorbed preferentially

near the influent end of the column. As a result, when a

treatment run begins, essentially all of the trace contami-

nants are removed near the influent end of the column for a

fairly long period (often several months). During that time,

the downstream portion of the column becomes extensively

preloaded with NOM, meaning that the GAC is adsorbing

NOM molecules, but no trace constituents. Later, the

upstream GAC reaches equilibrium with the influent con-

centration of the trace contaminants, and those compounds

appear for the first time in the downstream portion of the bed.

These molecules have a strong affinity for the GAC, and

substantial adsorptive capacity for the molecules might

remain inside the GAC particles. However, if desorption

of the previously bound NOM is kinetically inhibited, or if

the adsorbed NOM blocks access of the trace compounds

to the underlying pores, adsorption of the trace compounds

is impeded. In such a case, the trace compounds can appear

in the effluent long before they are predicted to do so

based on short-term batch tests (in which preloading is

not an issue).

Other differences between controlled laboratory tests and

full-scale applications can arise because of reactions at the

GAC surface. For instance, microorganisms tend to colonize

the surface of the adsorbent, blocking access to part of it but

also enhancing the apparent adsorptive capacity in some

cases, by consuming the adsorbed molecules and releasing

nonsorbable by-products. This latter process is sometimes

referred to as bio-regeneration of the surface. Abiotic

reactions at the surface, such as the polymerization of

adsorbed phenolic species in the presence of adsorbed

oxygen, can also alter system behavior (Vidic et al.,

4Note that the water spends only a short time in the reactor (typically

3–10min). During that time, the adsorbate binds to the exposed, exterior

surface of the GAC. After that binding occurs, the time available for

migration of the adsorbate into the pores of the GAC is very long—

essentially, until the GAC is removed from the column for regeneration

or disposal.
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1993). A comprehensive summary of the production, prop-

erties, and uses of activated carbon in drinking water treat-

ment has been compiled by Sontheimer et al. (1988).

Sorption of NOM During Coagulation
of Drinking Water

Sorption onto metal oxides and other inorganic solids plays

a central role in controlling the behavior of NOM and

many trace inorganic elements in both conventional water

treatment operations and natural systems. The main

adsorbents in these systems typically contain iron, alumi-

num, manganese, and/or calcium as cations, and oxide,

hydroxide, and/or carbonate as anions. The following

discussion focuses on a hydrated metal oxide as a model

adsorbent, but the general principles apply to sorption onto

most inorganic solids.

When a metal oxide is in contact with water, the surface

oxide groups can react with water to become hydrated by

reactions such as the following:

�SOS�þ H2O ! 2�SOH

where �S represents a surface metal ion bound on one side

to the bulk solid. The �SOH groups can undergo acid/base

reactions with the solution to form two other surface species:

�SOH2
þ and �SO�. Similar to the situation for acid/base

groups in solution, the relative concentrations of the surface

species depend on the solution pH and the inherent acid/base

properties of the solid.

The sorption of NOM onto such hydrated oxide surfaces is

commonly represented as a reaction between the carboxylic

functional groups of the organic molecules and one or more

surface sites, with the carboxyl groups replacing hydroxyl

groups at the surface. Such a reaction is represented in

Equation 7-10, with the reactants shown in the forms inwhich

they might reasonably be present at near-neutral pH.

–O

O 
≡ S-OH  +    CR 

O 

S-O   CR+ OH–≡ (7-10)

Because the sorption reaction releases OH� ions, it is

favored by lowering the OH� activity in solution; that is, by

lowering the pH. On the other hand, at sufficiently low pH,

both the surface sites and the carboxylic acid groups

become protonated, and the dominant reaction becomes the

following:

HO

O 
R 

O

≡S-O   CR + H3O
+≡S-OH2

+   +     C (7-11)

Under these conditions, the reaction releases hydronium

ions to solution, and sorption becomes less favorable as the

solution becomesmore acidic. This combination of acid/base

reactions affecting both the surface and the NOMmolecules

leads to a characteristic pattern in which sorption goes

through a maximum at some pH. The exact pH of the

maximum depends on the solids and NOM molecules

involved, but for typical water treatment conditions, in which

the adsorbent is a freshly precipitated hydrous oxide of either

aluminum or iron, the pH of maximum adsorption is usually

in the range from 4.5 to 6.0. This trend is shown for removal

of NOM by alum in Figure 7-5.

The model reactions shown in Equations 7-10 and 7-11

are written to emphasize the interaction between the surface

and a single functional group on an NOM molecule, and do

not consider explicitly the fact that most NOM molecules

have more than one carboxylic (or other) acid group. This

property of the NOM might allow different parts of a single

molecule to bind to the surface at two or more different

sites, increasing the overall binding strength and making it

quite unlikely that the molecule will desorb unless solution

conditions are changed (i.e., individual bonds might break

and re-form, but the chance of all the bonds breaking at once

is small).

The maximum adsorption density of NOM on hydrous

oxides is controlled by a combination of the total number of

surface sites available, the build-up of negative charge at the

surface that opposes adsorption of additional anionic mol-

ecules, and factors that control the size of NOM molecules.

The importance of surface charge is suggested by the fact

that increasing the concentration of dissolved divalent cat-

ions (particularly Ca2þ) usually increases the tendency of

NOM to sorb. This observation is usually attributed to the

formation of soluble complexes of Ca2þ ions with both

soluble and adsorbed NOM molecules, lowering their net

negative charge. The formation of such complexes might
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also decrease the space occupied by individual NOM mol-

ecules by neutralizing part of the negative charge on those

molecules and allowing parts of the molecule to coil up

(Cornel et al., 1986; Tipping and Ohnstad, 1984).

As noted previously, in many drinking water treatment

systems, salts containing Al3þ and Fe3þ ions are added to the

water, generating hydrous oxide solids (e.g., Al(OH)3(s) and

Fe(OH)3(s)). These freshly precipitated solids have large

specific surface areas and are very effective adsorbents for

NOM. The Al3þ and Fe3þ ions can also react directly with

NOM molecules to form soluble complexes and solids, so

that NOM removal in such systems is probably the result of

both the formation of metal-NOM precipitates and sorption

of NOM onto the hydrous metal oxides.

In NOM-free water, the surfaces of Al(OH)3(s) and

Fe(OH)3(s) particles usually carry a slight positive charge

at near-neutral pH. However, when low doses of the salts

are added to a natural water, the NOM-to-metal ratio in the

suspension is large, and NOM adsorption causes the solids’

surfaces to have a net negative charge. This surface charge

impedes collisions that are necessary for the particles to

grow into larger flocs. 5 As the coagulant dose (and therefore

adsorbent concentration) increases, the NOM adsorption

density on the particles decreases, and the specific surface

charge (the surface charge per unit area) becomes less

negative. At sufficiently large coagulant doses, the electro-

static repulsion between particles becomes small enough to

allow the particles to collide and grow, as desired. These

phenomena are addressed in greater detail in Chapter 11.

Sorption of Cationic Metals onto Fe and Al Oxides

The same Fe- and Al-based salts that are used as coagulants

in drinking water treatment are often added in industrial

wastewater treatment processes, particularly those designed

to remove metals from solution. For instance, in systems

where pH adjustment is used to precipitate metal hydroxides,

ferric chloride (FeCl3) or alum might be added to coagulate

the colloidal metal hydroxide particles that form. However,

metal sorption onto freshly precipitated Fe(OH)3(s) (com-

monly called ferrihydrite) or Al(OH)3(s) is frequently an

important component of the overall metal removal that occurs

in such systems. Iron, aluminum, and other oxide minerals

are also important adsorbents for metals in river systems, the

oceans, sediments, and soils.

Metal sorption onto hydrous oxides is typically strongly

dependent on solution pH, as is shown for four metals in

Figure 7-6. Similar diagrams apply for most cationic metals

(e.g.,Mn2þ, Co2þ, Co3þ, Cr3þ, Ni2þ, Zn2þ, Hg2þ, and Pb2þ).
Typically, for a givenmetal concentration, sorption increases

dramatically with increasing pH over a narrow pH range that

is often referred to as a pH-adsorption edge.

Removal of metal ions from solution via precipitation

(discussed in Chapter 9) is characterized by a pH depen-

dence similar to that shown in Figure 7-6. However, typi-

cally, metal removal in the presence of adsorbents begins at a

pH that is one to several units below the pH at which

precipitation occurs in the absence of the adsorbent. This

consistent observation has been taken as strong support for

the idea that the removal mechanism is adsorption and not

precipitation.

The location of the pH-adsorption edge for any given

metal depends on the identity of the solid adsorbent, but the

relative tendency of different metal cations to sorb to oxide

surfaces is quite consistent from one solid to the next,

typically following the sequence

Tendency to sorb to oxides:

Ca2þ<Cd2þ; Ni2þ<Zn2þ; Co2þ; Cuþ<Cu2þ

< Pb2þ<Cr3þ; Fe3þ; Hg2þ

Many industrial wastewaters contain complexing agents

(ligands) that bind to dissolvedmetal ions. These complexing

agents are often added to the industrial process specifically to

prevent precipitation of the metals, and, in most cases, the

complexing agents also reduce the likelihood that the metal

will adsorb. The simplest explanation for this observation is

that the surface and the dissolved ligand compete for the

metal ion. Therefore, the more metal that is bound by the

complexing agent, and the more strongly that metal is bound,
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5 This situation is typical for suspended solids in many natural waters, where

the combination of low solids concentrations and moderate to high NOM

concentrations leads to large adsorption densities of the NOM. As a result,

virtually all the suspended particles behave as though they had chemically

similar, negatively charged, organic surfaces. The negative charge on the

solids impedes collisions that might otherwise cause the particles to grow

into larger flocs and settle.
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the less that binds to the surface. In such cases, the presence of

the complexing agent tends to shift the pH-adsorption edge to

a higher pH range (Benjamin and Leckie, 1982).

The preceding scenario applies if the binding of metal–

ligand complexes to the surface is weak, so that their contri-

bution to the overall metal adsorption density is negligible.

On the other hand, if the complexes adsorb to a significant

extent, the overall sorption of metal reflects the combined

sorption of free metal ions and complexes. This situation is

particularly interesting in cases where the complexing agent

can serve as a bridge between the surface and the metal.

Such a scenario has been discussed by several researchers

(e.g., Davis and Leckie (1978), Schindler (1990)).

A schematic depicting both possibilities is shown in

Figure 7-7. In thefigure, freeCd2þ ions are shownas potential

adsorbates, and formation of chloro- or sulfato-complexes of

Cd is shown as reducing Cd sorption since those complexes

adsorb weakly or not at all. However, formation of a complex

between Cd2þ and NOM is shown as potentially enhancing

Cd sorption, because the NOM can sorb, forming a bridge

between the surface and the metal ion.

Many anions, especially oxyanions such as phosphate

(PO4
3�), chromate (CrO4

2�), arsenite and arsenate (AsO3
3�

and AsO4
3�), and silicate (SiO4

4�) can react with oxide

surfaces in much the same way that NOM anions do

(Figure 7-8), with minor differences attributable to the

fact that the simpler anions are smaller and bind to fewer

surface sites. As is the case with NOM sorption, the

reactions often release OH� to solution and cause the

surface to acquire negative charge, and sorption often passes

through a maximum value at a mildly acidic pH.

Reactors for Adsorption onto Metal Hydroxide Solids

The Fe(OH)3(s) and Al(OH)3(s) solids that form in conven-

tional coagulation processes are gelatinous solids that can-

not be used in packed bed systems, because at high

concentrations they form thick sludges that do not allow

water to pass. However, granular forms of Fe and Al oxides

are available that can be used in packed beds. The Al oxides

that are used in this way are commonly referred to as

activated alumina, with the activation step being a heating

process that partially dehydrates the solid and increases its

available surface area. Similarly, granular iron oxide adsorb-

ents are available that consist of pure iron oxides that have

been partially dehydrated and either pelletized or coated

onto some other granular medium such as sand. In addition

to being more space-efficient than complete-mix reactors,

beds packed with oxide adsorbents tend to be easier to

operate than coagulation systems (which require reagent

dosing, pH adjustment, mixing, and solid/liquid separation).

7.3 CONCEPTUAL, MOLECULAR-SCALE

MODELS FOR ADSORPTION

We now turn our focus to the conceptual and mathematical

modeling of adsorption equilibrium. The models that are

presented necessarily simplify the underlying phenomena

Fe OCd

+ NOM

Cd
2+

CdSO4
o

CdCl
+

Cd-NOM

+ SO4
2

+ Cl

FeOH

Fe OH

Fe NOM-Cd

FIGURE 7-7. Schematic representation of the effects of com-

plexation on Cd sorption onto an Fe(OH)3(s) particle.
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to make them mathematically tractable, but they are

thought to include the most salient features of adsorption

processes.

Two Views of the Interface and Adsorption Equilibrium

Near the boundary between any two phases, a microscopic

region exists wherein the physicochemical environment is

different from that in either bulk phase. Adsorbed mole-

cules reside in this region and, colloquially, can be con-

sidered to be “half in solution and half out.” Two broad

conceptual models have been developed to describe equi-

librium between adsorbed species and those in bulk solu-

tion. In simple terms, the key difference between these two

models is which “half” of the adsorbed species they focus

on. That is, one model treats adsorbed molecules like

dissolved species and makes adjustments to account for

the fact that these species happen to be attached to solids,

whereas the other model treats the adsorbed species as

though they have been removed from solution, forming a

separate phase as different from the dissolved phase as a

solid or gas.

Adsorption as a Surface Complexation Reaction In

adsorption models that focus on the similarity between

adsorbed species and dissolved species, binding of the

adsorbate to the adsorbent is viewed as being similar to

the binding of two soluble species to form a new soluble

species (e.g., HþþHCO3
�$H2CO3 or Zn

2þþEDTA4�$
ZnEDTA2�). The analogy that is most often made is to the

combination of a metal ion and a dissolved ligand to form a

metal/ligand complex. Based on this analogy, the adsorbent

is sometimes described as a collection of surface ligands, and

the adsorption reaction as a surface complexation reaction.

This conceptual view, which was first popularized in the

1970s as an approach for describing adsorption of metals

onto oxide minerals, is shown schematically in Figure 7-9.

The surface ligands are presumed to correspond to specific

sites on the adsorbent surface, so the model is sometimes

referred to as a site-binding model. A key feature of site-

binding models is that the total number of sites on the

surface is limited, placing an upper limit on the adsorption

density. Further background on this model is available in the

original work of Huang and Stumm (1973), Yates et al.

(1974), and Schindler et al. (1976), and in the more

recent reviews by Dzombak and Morel (1990) and Davis

and Kent (1990).

Ion exchange resins are good examples of adsorbents for

which the site-binding model might be appropriate. Such

resins have a well-defined number of binding sites per unit

mass of solid; if that value and the mass concentration of

the resin in a system are known, then the concentration of

adsorption sites in the system (in, for instance, mol/L) can

be computed and used in calculations in more or less the

same manner as the concentration of dissolved species. In

particular, chemical equilibrium expressions involving the

site concentration can be written, (mostly) ignoring the fact

that the sites happen to be part of a solid. The mathematics

of such expressions are presented shortly.

Adsorption as a Phase Transfer Reaction An alternative

model of the interface envisions adsorbed molecules not to

be bound to specific sites on the solid surface, but to reside

in a separate phase that is at or near the surface, but not

really part of the solid. Adsorbed molecules are assumed to

move around freely in the surface phase, as though it were

a two-dimensional gas (Figure 7-10). As a result, even if

only a small amount of material is adsorbed, it is consid-

ered to occupy the entire interfacial surface area, in the

same sense that a bulk gas phase occupies all the volume

available to it. In contrast to site-binding models, phase

transfer models of adsorption place no absolute upper limit

on the adsorption density; in theory, additional molecules

could always be forced into the surface phase, if the driving

force were large enough. The phase transfer model is used

extensively to describe adsorption of organic contaminants

onto soils (or components thereof) and onto suspended

organic solids in natural water or wastewaters. The

model has been reviewed in detail by Karickhoff (1984),

Chiou (1998), Schwarzenbach et al. (2002), and Allen-

King et al. (2002).

One version of the phase transfer model envisions a true

phase transition to occur in pores of the adsorbent. This

*
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*
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*

Solid
(adsorbent)

Solution

Adsorbed 
molecules

Dissolved 
adsorbate

*

* *

Interface

Binding sites on surface 
(surface ligands)

FIGURE 7-9. Schematic representation of an adsorptive solid/

solution interface according to the site-binding model. The adsorbed

molecules are located in the interfacial plane. The asterisks represent

preferred binding sites on the surface (see text).
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model, known as the Polanyi model (after the researcher

who first developed it in the 1910s to describe adsorption

from the gas phase), is used in environmental engineering

primarily to characterize adsorption of hydrophobic adsor-

bates onto activated carbon. The model is based on the

presumption that the adsorbates become so concentrated in

the pores that they either condense to a nonaqueous liquid

or precipitate as a solid. Thus, most of the adsorbed mass is

envisioned to be present as tiny volumes of a bulk organic

liquid, so that most of the adsorbed molecules are not even

in direct contact with the surface. Nevertheless, the model

is considered to describe adsorption, because it attempts to

explain the behavior of species whose removal from

solution is caused by the presence of a surface that

selectively attracts the species (compared to water). This

model and its application to adsorption of hydrophobic

adsorbates onto activated carbon have been described in

detail by Manes (1998).

Adsorption of Ions as Electrically Induced Partitioning:
Donnan Equilibrium A third conceptual model for

adsorption that is sometimes used is applicable only when

the adsorbates are ions, such as in ion exchange reactions.

According to this model, the adsorbed ions reside in an

aqueous solution, but one that is in a different electrical

environment from the bulk solution. In the specific case of

ion exchange equilibrium, the solution inside the ion

exchange resin is envisioned to be enriched in ions with

positive or negative charge, and depleted in ions of the

opposite charge, due to the high concentration of charged

sites on the polymer strands that form the resin’s structure.

This model is less general than the two described previously

and is discussed later in the chapter specifically in the

context of ion exchange equilibrium.

Which Model is Best? Both the site-binding and phase

transfer models of adsorption represent limiting cases;

the real situation is not likely to conform to either

model completely nor to be identical from one adsorptive

system to the next. Furthermore, since adsorption of any

molecule could be attributed to either attraction of the

molecule to specific surface sites (according to the site-

binding model) or a combination of exclusion of the

molecule from the solution phase and non-site-specific

attraction to the surface region (according to the phase

transfer model), any given system could be represented by

either model. Nevertheless, strong preferences have devel-

oped for representing certain adsorptive systems by one

model or the other.

For ionic and highly polar adsorbates, the majority of the

driving force for adsorption is usually thought to be the

formation of strong surface-adsorbate bonds, and the site-

binding model is preferred. Adsorption of cationic metals

and oxyanions (e.g., cadmium, zinc, chromate and arsenate)

onto minerals, precipitated solids (e.g., Fe(OH)3(s),

Al(OH)3(s), or CaCO3(s)), or ion exchange resins falls

into this category. Conversely, the driving force for sorption

of nonionic and nonpolar adsorbates is thought to be domi-

nated by van der Waals attraction between the adsorbate and

the undifferentiated surface (i.e., not with individual surface

sites), and by the increase in entropy of the water when the

hydrophobic constituent leaves the bulk solution. In these

systems, adsorption can be highly favorable even if bonding

of the adsorbate to identifiable surface sites is weak, and the

phase transfer model is preferred. Such systems include, for

example, adsorption of organic pesticides or solvents onto

microbial surfaces or activated carbon.

Both the site-binding and phase transfer models of

adsorption are widely used, so both models are developed

in the following sections. Although the models differ in

some important respects, they also share many fundamental

similarities, and both the similarities and the differences are

emphasized in the discussion.

7.4 QUANTIFYING THE ACTIVITY OF

ADSORBED SPECIES AND ADSORPTION

EQUILIBRIUM CONSTANTS

Adsorption reactions, like all chemical reactions, tend

toward an equilibrium condition that can be characterized

by an equilibrium constant. However, the form of the

Solid
(adsorbent)

Solution

Adsorbed 
molecules

Dissolved 
adsorbate

Interface

FIGURE 7-10. Schematic representation of an adsorptive solid/

solution interface according to the phase transfer model. Adsorbed

molecules are envisioned to move freely in the two-dimensional

interphase region near the surface.
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equilibrium constant expression depends on which model of

adsorption is adopted. The chemical reactions envisioned

to occur and the corresponding forms of the equilibrium

constant in the site-binding and phase transfer models of

adsorption are shown in Table 7-1.

In the site-binding model, the reaction includes the

participation of well-defined surface sites, and a term for

the activity of those sites appears in the equilibrium con-

stant expression. On the other hand, in the phase transfer

model, the equilibrium constant contains only two terms—

one for the activity of the adsorbate in each of the two

phases where it is envisioned to reside. In either case,Kads is

a measure of the binding strength of the adsorbate to the

adsorbent.

The chemical activities that appear in the adsorption

equilibrium constant expressions (Equations 7-12 and

7-13) can be quantified in several different ways, yielding

several different values for each equilibrium constant. This

situation is analogous to that for gas transfer, in which the

activity of volatile species can be defined in various different

ways, leading to different numerical values for Henry’s

constant.

For adsorption reactions, the activities of adsorbed

species and unoccupied adsorption sites are always pre-

sumed to be proportional to the concentrations of those

species on the surface; that is, to their adsorption densi-

ties. When this convention is combined with assumptions

about the activity coefficients in the system, pseudo-

equilibrium constants for sorption according to the site-

binding (sb) and phase transfer (pt) models can be written

as follows:

K 00
ads;sb ¼

G�SA

cAðaqÞG�S

¼ q�SA

cAðaqÞq�S

(7-14)

K 00
ads;pt ¼

GAðadsÞ
cAðaqÞ

(7-15a)

or

K 000
ads;pt ¼

qAðadsÞ
cAðaqÞ

(7-15b)

Because qi¼Gi (SSA), the conversion of K
00
ads;sb from the

form based on G to the form based on q involves multiplying

the numerator and denominator by the same term and

hence has no effect on the numerical value. On the other

hand, since G appears in the numerator but not the denomi-

nator of the expression for K 00
ads;pt, the value of the pseudo-

equilibrium constant for the phase transfer reaction does

depend on the units used to express adsorption density, with

K 000
ads;pt ¼ K 00

ads;ptðSSAÞ. The ratio of the concentration of a

given constituent in two phases is commonly referred to as a

partition coefficient or distribution coefficient; K 00
ads;pt and

K 000
ads;pt can therefore be viewed as such coefficients.

As is true for gas transfer reactions, the distinctions

between thermodynamic (activity-based, dimensionless)

equilibrium constants defined in Equations 7-12 and 7-13,

and the pseudo-equilibrium constants (concentration-based,

dimensional) defined in Equations 7-14 and 7-15 are often

ignored in the literature, so that Kads, K
00
ads, and K 000

ads are all

referred to as equilibrium constants and are commonly

represented as Kads or simply K.

When the adsorption equilibrium constants defined above

are quantified, cA(aq), q�S, q�SA, and qAðadsÞ can all be

expressed using various units. Several commonly used

sets of units are collected in Table 7-2.

7.5 QUANTITATIVE REPRESENTATIONS

OF ADSORPTION EQUILIBRIUM:

THE ADSORPTION ISOTHERM

In this section, a few isotherm equations that have been

found useful for describing adsorption in aqueous systems

are presented, along with conceptual models that suggest

TABLE 7-1. Adsorption Reactions According to the Site-Binding and Phase Transfer Adsorption Models

Reaction Equilibrium Constant

Site-binding modela �Sþ AðaqÞ $ �SA Kads;s-b ¼ a�SA

a�SaAðaqÞ
(7-12)

Phase transfer model AðaqÞ $ AðadsÞ Kads;pt ¼
aAðadsÞ
aAðaqÞ

(7-13)

aUnoccupied and occupied sites are represented by �S and �SA, respectively. Unoccupied sites could also be represented

as being occupied by a water molecule which is released when A adsorbs; that is, as �SH2O. Since the activity of H2O

is conventionally defined to be 1.0 in aqueous solutions, leaving the H2O molecule out of the reaction has no effect on the value

of Kads.
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a theoretical basis for the equations. Both the equations

and the models are presented first in the context of the site-

binding paradigm, and subsequently in the context of the

phase transfer paradigm.

Model Adsorption Isotherms According to the
Site-Binding Paradigm

Characterizing the Adsorbent Sites: Surface Site Distri-
bution Functions To represent the behavior of an adsorb-

ate over a wide range of conditions, an adsorption isotherm

must take into account characteristics of the adsorbent (e.g.,

the surface concentration of adsorptive sites), the solution

(e.g., the concentrations of the target adsorbate and of other

adsorbates that might compete with it for surface sites), and

their interactions (e.g., the relative affinities of the different

adsorbates for the sites). The approach we use here to

characterize the surface and its affinity for adsorbates is

to define a function FcumðKÞ as the surface density of sites

(e.g., moles of sites per square meter) having adsorption

equilibrium constants less than or equal to K for a given

adsorbate. We call this function the cumulative surface site

distribution function, and we define the derivative of Fcum

with respect to K; that is, dFcum/dK, as the differential site

distribution function, FdiffðKÞ.
The meanings of Fcum and Fdiff can be illustrated by

considering plots of those functions against K for an adsorb-

ent on which all the sites are equivalent (Figure 7-11).

Consider first the plot of Fcum for an adsorbate A (i.e.,

Fcum;A). The equilibrium constant for sorption of A onto any

surface site, under any conditions, is K1. Because all of the

sites have the same equilibrium constant for binding of A,

the graph of Fcum;A jumps as a step function from zero to

Fmax
cum;A at K¼K1. The slope of Fcum;A versus K is zero at

TABLE 7-2. Units Used to Express Concentrations in Adsorptive Systems

Comments

Aqueous Phase Concentration

Mass concentration (mg i/L of solution) Common

Molar concentration (mol i/L of solution) Used commonly with site-binding model

Charge-equivalent concentration (normality) (equiv i/L of solution) Used only to describe ion exchange equilibrium

Charge-equivalent fraction in solution (equiv i/total equiv of

adsorbates in solution)

Used only to describe ion exchange equilibrium

Surface Concentration

Mass or moles per unit mass of solid (mg, mg or mol i/g of adsorbent) Common

Surface concentration on a real basis (mg, mg or mol i/m2 of adsorbent) Common

Surface mole fraction (moles of i/total moles of surface sites) Fairly common, for site-binding model

Surface pressure (kPam) Used only for phase transfer model, usually in conjunction

with IASTa

Equivalent-based adsorption density (equiv i/g of adsorbent) Used only to describe ion exchange equilibrium

Surface equivalent fraction (equiv i/total equiv of all surface sites) Used only to describe ion exchange equilibrium

aIAST is the ideal adsorbed solution theory. It is used to model competition among adsorbates for an adsorbent surface and is described in detail later in this

chapter.
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FIGURE 7-11. Cumulative and differential surface site distribu-

tion functions. (a) Fcum as a function of K for two adsorbates, for

each of which the binding strength is independent of adsorption

density. (b) Fdiff for the systems shown in part a.
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all values other than K1 and infinite at K¼K1, so the plot

of Fdiff,A versus K consists of only an infinitely thin and

infinitely tall spike at K¼K1. Thus,Fcum;A andFdiff,A can be

represented as the product of Fmax
cum;A with the Heaviside

function and the Dirac delta function, respectively:6

Fcum;A ¼ Fmax
cum;AHK1

ðKÞ (7-16)

Fdiff;A ¼ Fmax
cum;AdK1

ðKÞ (7-17)

Figure 7-11 also shows plots of Fcum and Fdiff versus K

for a second adsorbate, B. The fact that the step increase in

Fcum (and, correspondingly, the spike in Fdiff) occurs at a

value of K that is larger for adsorbate B than adsorbate A

indicates that the affinity of the surface sites is greater for

adsorbate B. Other than that, the functions are identical for

the two adsorbates; in particular, they have identical values

of Fmax
cum, because the total population of sites is presumed to

be the same regardless of which adsorbate is considered.

If the adsorbent characterized in Figure 7-11 were

contacted with a solution containing dissolved A and B,

anywhere from a negligible fraction to almost all of the

potential binding sites could become occupied, depending

on the details of the system composition. It is this relationship

between system composition and surface occupation that we

characterize when we develop the adsorption isotherm for a

particular adsorbate–adsorbent pair. Thus, according to the

site-binding model of adsorption, an isotherm can be viewed

as representing the synthesis of a site distribution function for

an adsorbent with information about the solution composi-

tion. Correspondingly, different site distribution functions

lead to different isotherm equations, as is shown next.

The Single-Site Langmuir Isotherm The curves in

Figure 7-11 characterize a surface whose affinity for a given

adsorbate can be described by a single value (e.g., K1 for

adsorbate A) under all conditions. In the context of the site-

binding paradigm, this situation can be interpreted as one in

which all of the surface sites are identical, and in which

binding of an adsorbate molecule to any given site has no

effect on the equilibrium constant for binding of other mol-

ecules to the surface. Adsorption onto such a surface can be

represented by the following chemical reaction and pseudo-

equilibrium constant, where the fact that unbound A is in

aqueous solution is implicit (so the designation (aq) is left off):

�Sþ A $ �SA (7-18)

K ¼ q�SA

q�ScA
(7-19)

In Equation 7-19, q�SA is the adsorption density of A in

moles of A per unit mass of adsorbent, and q�S can be

considered the equivalent adsorption density of unoccupied

sites; that is, the number of moles of unoccupied sites

per unit mass of adsorbent. Note that the values of q in

Equation 7-19 must be expressed in mole/mass units (as

opposed to mass/mass), because the mass of unoccupied

sites is undefined.

We can write a mole balance on surface sites to express

q�S in terms of the total surface concentration of adsorptive

sites (qð�SÞtot ) and q�SA, as follows:

q�S ¼ qð�SÞtot � q�SA (7-20)

Substituting this expression into Equation 7-19 and

carrying out some algebra, we obtain

K ¼ q�SA�
qð�SÞtot � q�SA

�
cA

(7-21)

K
�
qð�SÞtot � q�SA

�
cA ¼ q�SA (7-22)

qð�SÞtotKcA ¼ q�SAð1þ KcAÞ (7-23)

q�SA ¼ qð�SÞtotKcA

1þKcA
(7-24)

q�SA and qð�SÞtot are the adsorption density of A in the given

system and the maximum possible adsorption density of A,

respectively. These terms are commonly represented as qA
and qmax, respectively, so Equation 7-24 can bewritten in the

conventional form of an adsorption isotherm as:

qA ¼ qmaxKcA

1þ KcA
(7-25)

Equation 7-25 is the Langmuir isotherm, as defined

previously (Equation 7-4). The isotherm incorporates two

constants—one (qmax) establishing the maximum possible

adsorption density and the other (K) the affinity of the

adsorbent for the adsorbate. Thus, the Langmuir isotherm

is a specific instance (corresponding to a specific pattern

for the distribution of binding energies) of the more general

site-binding model isotherm (i.e., F vs. K relationship).

The fractional occupation of surface sites is often of

interest in adsorptive systems, and this parameter can be

evaluated for systems that obey the Langmuir isotherm by

dividing both sides of Equation 7-25 by qmax:

Fractional occupation

of surface sites
¼ q�SA

qð�SÞtot
¼ qA

qmax

¼ KcA

1þ KcA

(7-26)

6 The Heaviside and Dirac functions correspond, respectively, to a unit step-

change and an infinitely high and narrow spike with unit area and are

described in detail in Chapter 2.
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It should be clear that qmax is essentially the same

quantity as Fmax
cum;A—the maximum amount of A that can

adsorb on a unit amount of the surface. Similarly, K

in Equation 7-25 represents the same quantity as K1 in

Figure 7-11—the affinity of all the adsorbent sites for A.

Thus, the Langmuir isotherm is the unique mathematical

representation that characterizes systems with surface site

distribution functions like those shown in Figure 7-11.

The Langmuir isotherm equation is plotted in Figure 7-12.

Under conditions where KcA � 1, the denominator in

Equation 7-25 is approximately equal to 1, and the isotherm

becomes linear: qA 	 qmaxKcA. On the other hand, if

KcA � 1, the denominator is approximately equal to

KcA, and qA 	 qmax. Other factors being equal, an increase

in the adsorption equilibrium constant increases the slope of

the isotherm curve at low concentrations of dissolved

adsorbate, and an increase in the value of qmax increases

both the slope of the isotherm at low cA and the adsorption

density at high cA.

To test whether experimental adsorption data fit the

Langmuir isotherm, the data are often manipulated so that

they can be plotted according to either of the following

linearized versions of the isotherm, both of which can be

derived by inverting Equation 7-25 and carrying out some

algebra:

1

qA
¼ 1

qmaxK

1

cA
þ 1

qmax

(7-27)

cA

qA
¼ 1

qmax

cA þ 1

qmaxK
(7-28)

Based on Equations 7-27 and 7-28, if a plot of 1=qA versus

1=cA or a plot of cA=qA versus cA is linear (Figure 7-13), the

data are consistent with the Langmuir isotherm. These

linearized equations have been used for many years to test

the acceptability of the Langmuir isotherm to describe

adsorption data. However, a plot based on Equation 7-27

tends to spread out the data at low values of cA (i.e., high

values of 1/cA), so that those data tend to have a greater

influence in a regression analysis than the data at high cA.

Similarly, a plot based on Equation 7-28 spreads out the data

at high values of cA, giving more influence to those data in a

regression analysis. Unless the data fit theLangmuir isotherm

equation almost perfectly, the two methods yield different

values for the parameters qmax and K.

With modern statistical packages for microcomputers, it

is relatively easy to use nonlinear regression to find the best-

fit values of the parameters by fitting the data directly to the

Langmuir isotherm (Equation 7-25), without first transform-

ing them. In most cases, this approach is preferable to testing

the fit using either linearized equation.

& EXAMPLE 7-2. The following data were obtained

for the adsorption of toluene onto activated carbon in systems

that have reached equilibrium.
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c (mg/L) q (mg/g) c (mg/L) q (mg/g)

0.3 27.6 5.6 210.8

0.4 36.8 8.1 199.0

0.6 46.2 11.7 234.2

0.9 65.1 16.9 206.1

1.3 79.9 24.4 215.7

1.9 121.7 35.3 293.2

2.7 127.2 50.9 247.0

3.9 179.7 – –

(a) Determine the best-fit parameters for modeling the

data according to the Langmuir isotherm.

(b) A batch treatment process has been designed to

reduce the toluene concentration in a wastewater

from 20.0 to 0.1mg/L by adding an appropriate dose

of fresh activated carbon (qinit¼ 0) and mixing

the suspension long enough for equilibrium to be

reached. What is the minimum dose of activated

carbon needed to meet the treatment goal? What

fraction of the activated carbon surface sites will be

occupied?

(c) As a safety measure, the carbon dose added to each

batch is 20% larger than the requirement calculated

in part b. If a batch of water containing 30mg/L

toluene is received, will the treatment goal of

0.1mg/L be reached?

Solution.

(a) The data are plotted in Figure 7-14, along with a

smooth curve representing the fit to a Langmuir

isotherm. The parameters for the model isotherm

were determined using a nonlinear fitting program

and have the valuesK¼ 0.36 L/mg, qmax¼ 280mg/g.

(b) The predicted adsorption density in equilibriumwith

the final solute concentration can be computed from

the model parameters as follows:

qfin ¼
qmaxKcfin

1þ Kcfin

¼ ð280mg=gÞð0:36 L=mgÞð0:1mg=LÞ
1þ ð0:36L=mgÞð0:1mg=LÞ

¼ 9:7mg=g

Then, using Equation 7-9, we can compute the

required activated carbon dose:

csolid ¼ cinit � cfin
qfin

¼ ð20:0� 0:1Þmg=L

9:7mg=g
¼ 2:1 g=L

The fraction of the adsorption sites that is utilized

can be estimated as the fraction of the maximum

adsorption density that is attained, as indicated by

Equation 7-26:

qA
qA;max

¼ KcA

1þ KcA

¼ ð0:36L=mgÞð0:1mg=LÞ
1þ ð0:36L=mgÞð0:1mg=LÞ ¼ 0:035

Thus, only 3.5% of the capacity of the activated

carbon is being utilized.

(c) Since the activated carbon dose and initial toluene

concentration are known, and the initial adsorption

density is zero, the final toluene concentration can be

computed by rearranging Equations 7-7 to 7-9 and

substituting for qfin based on the isotherm expression:

cfin ¼ cinit � qfincsolid

¼ cinit � qmaxKcfin

1þ Kcfin
csolid

Carrying out some algebra converts the above

expression into the following quadratic equation:

Kc2fin þ ðcsolidqmaxK þ 1� KcinitÞcfin � cinit ¼ 0

Inserting a value of 120%� 2.1 g/L (¼2.5 g/L) for

csolid and 30mg/L for cinit, the result is that cfin¼ 0.12

mg/L. Thus, the safety factor in the activated carbon

dose would not be sufficient to meet the treatment

objective in the scenario described. &

Possible Reasons for Non-Langmuir Behavior Although

the Langmuir isotherm is adequate for describing adsorption

in many systems, it fails in many others. Presumably, these
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deviations from the predicted behavior indicate that one or

more of the assumptions used to derive the isotherm fail. The

key assumption made in the derivation is that all surface sites

are equivalent, expressed mathematically by representing

Fcum as a step function. However, most adsorptive surfaces

are neither uniformly flat nor infinite in extent, so some sites

are in the middle of a crystal face of the solid, others are on

edges, in corners, and so on. Sites having these different

bonding structures are likely to have different affinities for

adsorbate molecules.

In addition, the assumption that Fcum is independent of

the adsorption density implies that binding of adsorbates to

the surface has no effect on the value of K for other

molecules. However, adsorbent sites are not necessarily

independent, and a reaction at one point on the surface

can affect the binding of other molecules to the surface, in at

least two ways. First, sorption of ions can lead to a

redistribution of electrical charge on the surface, altering

the electrical interaction between the surface and other ions

(both those already adsorbed and those that might bind

subsequently). In addition, adsorbed molecules might inter-

act directly with one another on the surface, either favorably

or unfavorably.

Thus, the assumptions that underlie the Langmuir model

are likely to be violated in many systems. In the following

sections, we consider two plausible alternative surface site

distribution functions and the isotherms that they lead to.

The Multisite Langmuir Isotherm The simplest approach

for modeling a surface that contains groups of distinct sites is

to maintain most of the assumptions of the single-site

Langmuir model, but to apply those assumptions indepen-

dently to each group of sites. That is, the surface can be

represented as a mixture of several noninteracting sites

(similar to a solution containing a mixture of metal-binding

ligands), rather than as a single group of identical sites. The

cumulative and differential surface site distributions for a

hypothetical adsorbent containing three site-types are shown

in Figure 7-15.

Note that, although the hypothetical surface has three

different types of sites, each of those site types is assumed to

have a single binding constant for the adsorbate, indepen-

dent of how much adsorbate is bound to it or the other sites.

In other words, each type of site is assumed to have the

characteristics of a single-site system and to behave as it

would if the other sites did not exist. In such a system, the

various site-types would be occupied such that the Langmuir

isotherm was satisfied for each type independently. The only

linkage among the three groups of sites is indirect, in that

they are all equilibrated with the same aqueous solution (i.e.,

with the same value of cA). Complex natural adsorbent

mixtures such as soils are often represented this way, and

in some cases attempts are made to associate the different

sites with different mineral phases in the mixtures.

Although the number of different types of sites which

could be present on a given solid surface is, in theory,

unlimited, adsorption data can often be fit by considering

just two or three types of sites, implying that just a few site-

types dominate adsorption in these systems. The most

common multisite Langmuir models represent the surface

as having two groups of sites: a large number of sites that

bind the adsorbate weakly (low K1), and a much smaller

number of sites where the adsorptive bond is strong (high

K2). The surface site distribution functions and the overall

isotherm for a single adsorbate in such a system are

summations of the corresponding functions for the two

sites; that is:

Fcum;tot ¼ Fcum;1 þFcum;2 (7-29)

Fdiff;tot ¼ Fdiff;1 þFdiff;2 (7-30)

qA;tot ¼ qA;1 þ qA;2 ¼
qmax;1Kads;A;1cA

1þKads;A;1cA
þ qmax;2Kads;A;2cA

1þKads;A;2cA

(7-31)

Equation 7-31 is easily generalized to any arbitrary

number N of surface sites as follows:

qA;tot ¼
XN
j¼1

qA;j ¼
XN
j¼1

qmax; jKads;A;jcA

1þKads;A; jcA
(7-32)

The adsorption density on each type of site and the overall

adsorption density on a hypothetical, two-site surface are

shown in Figure 7-16.
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& EXAMPLE 7-3. The fit of a two-site Langmuir

isotherm to data for adsorption of Zn2þ onto quartz at

pH5.0 is shown inFigure 7-17. The reactions and equilibrium

constants used to model the data are shown below.

The adsorption reaction in this system is envisioned as

exchange of aZn2þ ion for anHþ ion bound to a surface oxide

site, so the surface species are represented as �SOZnþ and

�SOH, respectively. The total surface concentrations of

strong (St) and weak (Wk) binding sites on the adsorbent

were estimated to be 0.033 and 3.84mmol/m2, respectively.

�SStOHþ Zn2þ $ �SStOZn
þ þ Hþ

KSt ¼ G�SStOZnþcHþ

G�SStOHcZn2þ
¼ 100:85

�SWkOHþ Zn2þ $ �SWkOZn
þ þ Hþ

KWk ¼ G�SWkOZnþcHþ

G�SWkOHcZn2þ
¼ 10�2:40

(a) Derive Langmuir isotherms for sorption to each of

the two sites in the given system (i.e., at pH 5.0).

(b) According to the model, what fraction of the total

adsorbed zinc is bound to the strong binding sites

at equilibrium Zn2þ concentrations of 10�7, 10�6,

10�5, and 10�4mol/L?

Solution.

(a) We can convert the given equilibrium constants

into conditional constants applicable at a specific

pH by dividing through by the value of cHþ corre-

sponding to that pH. When we do so, we obtain

equations with the form of Equation 7-19. That is,

designating the conditional equilibrium constants

as KpH:

KpH ¼ K

cHþ jpH
¼ G�SOZnþ

G�SOHcZn2þ

Substituting the givenK values and the known pH

of 5 for the system of interest, we find

Strong binding sites:

KSt;pH 5 ¼ G�SStOZnþ

G�SStOHcZn2þ
¼ KSt

cHþ jpH 5

¼ 100:85

10�5:0
¼ 105:85

Weak binding sites:

KWk;pH 5 ¼ G�SWkOZnþ

G�SWkOHcZn2þ
¼ KWk

cHþ jpH 5

¼ 10�2:40

10�5:0
¼ 102:6

–2.5 

–2.0 

–1.5 

–1.0 

–0.5 

–7.0 –6.5 –6.0 –5.5 –5.0 –4.5 –4.0 

lo
g 

 Zn
2+

 (
  i

n 
Γ

μ
Γ

m
ol

/m
2 )

 

log cZn2+ (c in mol/L) 

FIGURE 7-17. Adsorption isotherm for binding of Zn2þ onto

Cape Cod sediment. Source: After Davis et al. (1998).
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FIGURE 7-16. Adsorption onto a surface with two types of sites,

eachofwhich is occupied in accordancewith theLangmuir isotherm.

(a) Data over a wide range of q and c. (b) Data at very low q and c.

The parameters used to generate the graphs were qmax,1¼ 1mg/m2,

K1¼ 0.15 L/mg; qmax,2¼ 0.08mg/m2, K2¼ 15L/mg.
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The total surface concentrations of strong and

weak sites correspond to Gmax values, so the

Langmuir isotherms can be written as follows:

GSt ¼ GSt;max

KSt;pH5cZn2þ

1þ KSt;pH5cZn2þ

¼ 0:033mmol=m2
� � 105:85cZn2þ

1þ 105:85cZn2þ

GWk ¼ GWk;max

KWk;pH5cZn2þ

1þ KWk;pH5cZn2þ

¼ 3:84mmol=m2
� � 102:60cZn2þ

1þ 102:60cZn2þ

(b) Substituting cZn2þ values of 10�7, 10�6, 10�5, and

10�4mol/L, the adsorption densities on the two

types of sites, and the fraction of the adsorbed

zinc that is bound to strong sites, areas follows:

cZn2þ

mol/Lð Þ
GSt

mmol/m2ð Þ
GWk

mmol/m2ð Þ
Gtot

mmol/m2ð Þ GSt/Gtot GWk/Gtot

10�7 0.0022 0.0002 0.0024 0.93 0.07

10�6 0.0137 0.0015 0.0152 0.90 0.10

10�5 0.0289 0.0152 0.0491 0.66 0.34

10�4 0.0325 0.1470 0.1795 0.18 0.82

The speciation of adsorbed Zn2þ shifts from being

dominated by strongly bound to weakly bound Zn2þ

as the equilibrium dissolved Zn2þ concentration and

the overall adsorption density increase. This result is

obtained because, at relatively high Zn2þ concentra-

tion, the strong sites are nearly saturated (compare

GSt with GSt,max at cZn2þ ¼ 10�4), but Zn2þ continues

to bind to the weaker sites, which are present in

higher numbers. &

If a surface contains several different types of sites, it

might be tempting to make the approximation that the sites

are occupied sequentially from strongest to weakest. How-

ever, as demonstrated in the preceding example, different

groups of sites can contribute significantly to the total

adsorption density over a wide range in ceq values. Therefore,

in general, it is better to recognize that the different types of

sites are occupied simultaneously than to rely on the simpli-

fying assumption that they are occupied sequentially.

Evidence for the presence of more than one type of surface

site on an adsorbent often derives from a comparison of

adsorption of different adsorbates on the same solid. If all

the sites on the surface are identical, and if each adsorbate

occupies a single site when it adsorbs, then the values ofFmax
cum

in the site distribution function and qmax in the Langmuir

adsorption isotherm must be identical for all adsorbates.7

Therefore, if the empirical data indicate that different adsor-

bates have different values ofFmax
cum or qmax, then at least some

of the sites must be available to some adsorbates but not

others. In such cases, the system is sometimes represented as

having a few distinct populations of sites that are not all

accessible to all adsorbates, for example, one group available

only to adsorbate A, one available only to adsorbate B, and

one available to both A and B.

Modeling Surfaces with a Semicontinuous Distribution of
Site-Types: The Freundlich Isotherm In many systems, it

is not possible to represent experimental adsorption data

satisfactorily even if the surface is treated as a collection of

several site-types. Rather, the data suggest that the surfaces

comprise a collection of sites with a virtually continuous

distribution of binding energies. Some useful relationships

that describe specific portions of such distributions are

summarized in Table 7-3.

Plots ofFcum andFdiff versus K are shown in Figure 7-18

for two hypothetical surfaces with a wide variety of site-

types. The adsorbent characterized in Figure 7-18a has sites

with an irregular distribution of K values, which would be

difficult to model by any simple equation. On the other hand,

even though the range of K values for the adsorbent

characterized in Figure 7-18b is large, Fcum and Fdiff for

this solid might be described fairly accurately as some

simple function of K.

A heterogeneous surface might have sites with any dis-

tribution of adsorptive equilibrium constants, so there is no

theoretical or fundamental reason to expect the surface site

distribution function to have a particular form. However,

empirically, many systems behave more or less as shown in

Figure 7-18b. That is, they appear to comprise a very small

number of sites with very strong affinity for the adsorbate

(large equilibrium constant), and steadily increasing num-

bers of sites with steadily decreasing affinities. We will

develop the isotherm corresponding to one particular such

distribution shortly. First, though, we consider a general

approach for developing the isotherm for complex surfaces

such as those characterized in Figure 7-18.

Consider an adsorbent with a semicontinuous range of site-

types that has equilibrated with a solution containing an

adsorbate A at concentration cA.We can represent the adsorp-

tion density ofAon a group of sites that haveK valueswithin a

given small range by defining functions analogous to Fcum

and Fdiff , except that they refer only to the sites that are

occupied, rather than all the sites in that group. That is, we

define the cumulative site occupation function, q̂cumðK; cAÞ,
as the adsorption density of A on sites that have adsorption

equilibrium constants less than or equal to K, when the

7Note that the comparison must be on a molar rather than a mass basis.
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concentration of A in solution is cA. Correspondingly, the

differential site occupation function, q̂diffðK; cAÞ, is the deriv-
ative of q̂cumðK; cAÞ with respect to K. Note that, unlikeFcum

andFdiff , q̂cum and q̂diff depend on cA. That is, the adsorption

density on a specified subset of surface sites depends not only

on the affinity of those sites for the adsorbate but also on the

adsorbate concentration in solution.

Conceptually, the site distribution function, the site occupa-

tion function, and the equilibrium concentration of dissolvedA

can be related to one another by the following word equation.

Adsorption density

on sites with binding
constants betweenK
andK þ DK; for the given cA

0
B@

1
CA¼

Surface concentration

of all sites with binding

constants betweenK

andK þ DK

0
BB@

1
CCA

�

Fractional coverage of

sites based on aK value

in the middle of the

K toK þ DK range;
for the given cA

0
BBBB@

1
CCCCA

(7-37)

We can convert the word expressions in Equation 7-37

into mathematical terms as follows. The term on the left is

the increment in total adsorption density attributable to the

group of sites being considered and can be represented

as q̂cumðK þ DK; cAÞ � q̂cumðK; cAÞ. If we multiply and

divide this expression by DK, and let DK become differen-

tially small, the expression can be simplified as follows:

q̂cumðK þ DK; cAÞ � q̂cumðK; cAÞ
DK

DK ¼ dq̂cum
dK

dK ¼ q̂diffdK

(7-38)
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FIGURE 7-18. Examples of complex surface site distributions.

(a) A surface with sites whose affinity for the adsorbate follows no

obvious pattern. (b) A surface with a large concentration of sites

with low affinity for the adsorbate and steadily smaller concentra-

tions of sites with steadily higher K values.

TABLE 7-3. Various Subsets of Surface Binding Sites, as Expressed by the Surface Site

Distribution Functions

Concentration of sites withK < K1 ¼ FcumðK1Þ ¼
ðK1

0

Fdiff dK (7-33)

Concentration of sites withK > K1 ¼ ð�SÞtot �FcumðK1Þ ¼
ð1

K1

Fdiff dK (7-34)

Concentration of sites withK1 < K < K2 ¼ FcumðK2Þ �FcumðK1Þ ¼
ðK2

K1

Fdiff dK (7-35)

Total concentration of all sites ¼ ð�SÞtot ¼ Fcumð1Þ ¼
ð1

0

Fdiff dK (7-36)

QUANTITATIVE REPRESENTATIONS OFADSORPTION EQUILIBRIUM: THE ADSORPTION ISOTHERM 277



By analogous reasoning, the first term on the right in

Equation 7-37 can be expressed as FcumðK þ DKÞ �
FcumðKÞ and manipulated as follows:

FcumðK þ DKÞ �FcumðKÞ
DK

DK ¼ dFcum

dK
dK ¼ FdiffdK

(7-39)

Finally, assuming that adsorption onto this small, nearly

uniform group of sites can be characterized by the Langmuir

isotherm, we can use Equation 7-26 to express the second

term on the right in Equation 7-37 as KcA=ðKcA þ 1Þ.
Substituting these three expressions into Equation 7-37

and rearranging slightly, we obtain

q̂diff dK ¼ Fdiff

KcA

KcA þ 1
dK (7-40)

The overall adsorption density for the given value of cA is

obtained by integrating the adsorption densities over all

sites; that is, considering all K values between 0 and 1:

qtot ¼
ð1

0

q̂diffdK ¼
ð1

0

Fdiff

KcA

KcA þ 1
dK (7-41)

Equation 7-41 expresses the equilibrium adsorption den-

sity of A in terms of its concentration in solution and Fdiff .

If Fdiff is known as a function of K, the expression on the

right can be integrated to yield an equation for qtot for any

specified value of cA. By considering a range of cA values,

then, we can develop a plot of qA versus cA.

Consider, for instance, the limiting case of a surface on

which all sites are identical, the total surface site concentra-

tion is Fmax
cum, and the equilibrium constant for adsorption of

species A on the sites is K1. As indicated in Equation 7-17,

such a surface has a differential site distribution function

given by Fmax
cum;AdK1

ðKÞ. Substituting this expression into

Equation 7-41 yields:

qtot ¼
ð1

0

Fmax
cum;AdK1

ðKÞ KcA

KcA þ 1
dK (7-42)

The properties of the Dirac delta function cause the

integrand to have a value of zero at all values of K other

than K1, leading to the following result for the integration:

qtot ¼ Fmax
cum;A

K1cA

K1cA þ 1
(7-43)

For this scenario, the maximum value of the cumulative

site distribution can be equated with the maximum possible

adsorption density of A, qmax. Making that substitution, and

writing the total adsorption density of A as qA rather than

qtot, we obtain the expected result that the adsorption density

of A on the given surface is characterized by the Langmuir

isotherm:

qA ¼ qmax

K1cA

K1cA þ 1
(7-44)

As noted earlier, site distribution functions are typically

more complex than the limiting case that leads to the

Langmuir isotherm, but they might nevertheless be charac-

terized by fairly simple mathematical functions. For

instance, site distribution functions like that shown in Fig-

ure 7-18b can often be modeled quite well by representing

Fdiff as a geometrically decreasing function of K; that is,

Fdiff ¼ aK�n, where a and n are constants and 0 
 n 
 1.8

Substitution of this function into Equation 7-41 yields the

following expression for the adsorption density of A as a

function of cA:

qA ¼
ð1

0

aK�n KcA

KcA þ 1
dK ¼

ð1

0

aK1�ncA

KcA þ 1
dK (7-45)

The integrals in Equation 7-45 are nonconvergent,

because they are based on a distribution function that

suggests that the site concentration becomes infinitely large

as K becomes very small. However, if the distribution is

specified to apply only down to some finite minimum value

of K (i.e., for K�Kmin, Fdiff ¼ aK�n, but for K<Kmin,

Fdiff ¼ 0), then the integral can be evaluated, yielding the

following isotherm equation (Halsey and Taylor, 1947):

qA ¼ kfc
n
A (7-46)

where kf is a constant related to a, n, and the thermo-

dynamics of the adsorption reaction. The units of kf

8 The adsorption equilibrium constant can be expressed as Kads ¼ exp�
ðDGo

ads=RTÞ, where DG
o

ads is the standard molar Gibbs energy of the

adsorption reaction. Therefore, another way to describe the given distribu-

tion of site-types is

Fdiff ¼ aK�n
ads ¼ a exp

�DG
o

ads

RT

� ��n

¼ a exp � n �DG
o

ads

� �
RT

 !

This equation shows that the assumption about the site distribution is

equivalent to an assumption that the site concentrations decrease exponen-

tially with increasingly negative standard Gibbs energy of adsorption; that

is, increasingly favorable adsorption energy.
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correspond to those of the ratio qA=c
n
A. For example, if qA is

in milligrams per gram, cA is in milligrams per liter, and

n¼ 0.3, kf has the following units:

Units of kf ¼ Units of
qA
cnA

¼ mg=g

ðmg=LÞ0:3 ¼
mg0:7L0:3

g

(7-47)

The relationship in Equation 7-46, which was identified

earlier (Equation 7-5) as the Freundlich isotherm, has been

found to fit many experimental data sets quite well. Like the

single-site Langmuir isotherm, a Freundlich isotherm is

fully defined by two fitting parameters. kf describes the

adsorption density under standard conditions (q¼ kf when

cA¼ 1), and therefore can be interpreted as an indicator of

the average, overall binding strength under those conditions.

The parameter n, on the other hand, reflects the distribution

of binding energies on the surface—the more dramatically

the binding strength changes as the adsorption density

changes, the smaller n becomes. As noted, the analysis

leading to Equation 7-46 is valid only for 0 
 n 
 1.

Throughout this range, the average binding strength

decreases with increasing surface coverage, and the lower

the value of n, the more dramatic the decrease. Note that, if

n¼ 1, the equation reduces to a linear isotherm (qA¼ kcA).

The Freundlich isotherm can be linearized by taking

the logarithm of both sides of the equation, as shown in

Equation 7-48; graphical representations of the Freundlich

isotherm for a few values of kf and n are shown in

Figure 7-19.

log qA ¼ log kf þ n log cA (7-48)

Freundlich isotherms characterize the cumulative

adsorption onto all the sites on a surface. The total adsorp-

tion density on such a surface is envisioned as the summa-

tion of the adsorption densities on a wide variety of sites

(i.e., sites with a wide variety of binding strengths), with the

Langmuir isotherm applying to each group of sites individ-

ually. At any given value of cA, some sites of all binding

strengths are occupied, with the high-affinity sites being

closer to saturation (i.e., complete coverage) than the low

energy sites.

Sorption of organics onto activated carbon from dilute

aqueous solutions (cfin< 500mg/L) is sometimes charac-

terized by a Langmuir isotherm, but more often by a

Freundlich isotherm with 0.2< n< 0.7. Freundlich iso-

therms with values of n between 0.4 and 0.7 are also

commonly reported for sorption of metals onto mineral

adsorbents. Occasionally, data are reported that conform to

a Freundlich isotherm with a value of n> 1 over a limited

range of cA values. Such data imply that, as the adsorption

density increases, the affinity of the surface for the

adsorbate also increases. Such a result is sometimes

used as evidence of multilayer adsorption or conversion

of adsorbed species into a separate, precipitated solid or

condensed liquid phase at the surface.

Even if data fit a Freundlich isotherm over wide ranges of c

and q, the fit would be expected to deteriorate at extremes of

very small and very large adsorption densities. At extremely

low q, even the strongest binding sites on the surfacewould be

minimally occupied, so that the binding onto all site-types on

the surface would be in the linear range of the Langmuir

isotherm, and the overall adsorption would follow a linear

isotherm (n¼ 1.0). The Freundlich equation fails under these

conditions, because it is based on a site distribution that causes

some sites to be filled almost to capacity for any concentration

of dissolved adsorbate; that is, it treats the strongest binding

sites as having K¼1. The transition from a Freundlich

isotherm with n< 1 to a linear isotherm at very low values

of cA has been demonstrated experimentally formetal adsorp-

tion onto ferrihydrite by Benjamin and Leckie (1981).
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FIGURE 7-19. Graphical representation of the Freundlich iso-

therm for a hypothetical adsorbate. The units of kf are (mg/g)/

(mg/L)n. The same data are shown on (a) linear and (b) logarithmic

coordinates.
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Similarly, at extremely high q, the surface is expected to

become saturated, and a maximum adsorption density would

be approached; no such maximum adsorption density is

incorporated into the isotherm equation.

& EXAMPLE 7-4. Churn and Chien (2002) reported

that sorption of para-nitrophenol (PNP) onto granular acti-

vated carbon could be modeled by the Freundlich isotherm:

q ¼ 3:69ðmol=gÞ=ðmol=LÞ0:167
� �

c0:167. A system contain-

ing 250mg/L of GAC is titrated with PNP, over a range

of total PNP from 0 to 10mmol/L. Plot the fraction of the

PNP that is adsorbed as a function of cPNP (the PNP

concentration remaining in solution once equilibrium has

been attained).

Solution. The distribution of PNP for any value of the

total concentration of PNP in the system can be determined

by solving the mass balance equation in conjunction with

the isotherm equation:

cPNP;tot¼ cPNP;dissolvedþqPNPcGAC

¼ cPNP;dissolved

þ 3:69
mol=g GAC

ðmol=LÞ0:167 c
0:167
PNP;dissolved

 !
0:25g GAC=Lð Þ

Inserting various values of cPNP,tot and solving the equa-

tion for cPNP,dissolved yields the desired information, which is

plotted in Figure 7-20. Both adsorbed and dissolved PNP

increase as PNP is added to the system, but the dissolved

concentration increases more rapidly than the adsorbed

concentration, so the fraction sorbed decreases. &

If kf is expressed in a set of units that is not consistent with

the units in which c and q are given or desired, the unit

conversion can be slightly confusing. For example, as noted

previously, if the units of c and q are mg/L and mg/g,

respectively, the units of kf are ðmg=gÞ L=mgð Þn. Sometimes,

kf is given in these units, but we wish to use the isotherm

equation in conjunction with values of c in mol/L and q in

mol/g, in which case kf has units of ðmol=gÞ L=molð Þn.
Designating the parameter with these latter units as k0f ,
the conversion can be carried out as follows:

k0f mol=gð Þ L=molð Þn

¼ kf mg=gð Þ L=mgð Þnf g mol=mg½ � mg=mol½ �n

¼ kf � mol=mgð Þ1�n

¼ kf � 1mol

ð1000�MWÞmg

� �1�n

(7-49)

Any set of units for concentrations in both solid and

aqueous phase can be converted into another set of units

using an analogous procedure.

& EXAMPLE 7-5. An adsorption reaction is chara-

cterized by the Freundlich isotherm q ¼ kfc
0:2, with

kf ¼ 100 ðmg=gÞ L=mgð Þ0:2. The molecular weight of the

adsorbate is 50.

(a) Compute the Freundlich constant k0f , for use in the

isotherm equation when c is given in mol/L and q is

in mol/g.

(b) Compute thevalueofq in equilibriumwith a dissolved

adsorbate concentration of 10mg/L, using both kf
and k0f , and show that the results are equivalent.

Solution.

(a) According to Equation 7-49, the unit conversion is

k0f ¼ kf
1mol

50;000mg

� �1�0:2

¼ 0:0174 mol=gð Þ L=molð Þ0:2

(b) If c ¼ 10mg=L ¼ ð10mg=LÞ=ð50;000mg=molÞ ¼
0:0002mol=L, the equilibrium value of q can be

computed using kf and k0f as follows:

q ¼ kfc
0:2 ¼ 100 ðmg=gÞ L=mgð Þ0:2

h i
10mg=Lð Þ0:2

¼ 158:5mg=g
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FIGURE 7-20. Fractional adsorption of PNP for a wide range of

total PNP concentrations, in the example system.
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q ¼ k0fc
0:2 ¼ 0:0174 mol=gð Þ L=molð Þ0:2

h i
0:0002mol=Lð Þ0:2

¼ 0:0032mol=g

Converting the value of q in moles per gram into the

equivalent value in milligrams per gram, we find

q ¼ ð0:0032mol=gÞ 50;000mg=molð Þ ¼ 158:5mg=g

Thus, as we would anticipate, the same value of q is

obtained using kf and k0f , proving that the conversion was

done correctly. &

Comparison of Multisite Langmuir and Freundlich Iso-
therms The preceding discussion describes the two most

common approaches for modeling surfaces that have

groups of sites with different affinities for an adsorbate.

The multisite Langmuir model allows one to model any

distribution of surface site concentrations and adsorption

binding constants, but it suffers from the fact that each

postulated type of site increases the number of adjustable

parameters in the model by two. It is rarely possible to

resolve experimental data well enough to justify proposing

more than two types of sites on a given surface, and even

then the evaluation of the four constants must be viewed

somewhat skeptically.

On the other hand, the Freundlich model presupposes a

great deal of variability in adsorption binding constants, but

postulates a specific form for the site distribution function;

that is, a specific relationship between the binding con-

stants and the site concentrations. Because the Freundlich

isotherm is a two-parameter model, it does not possess

quite as much flexibility as multisite Langmuir models.

Nevertheless, it often provides a remarkably good fit to

experimental data over a range of several orders of

magnitude in adsorbate concentration, and it is therefore

frequently used to describe equilibrium adsorption

relationships.

It should be emphasized that the isotherms that have

been presented here have found popular acceptance

because they are mathematically tractable and because

they seem to fit experimental data, not because there is

some fundamental physical or chemical reason to expect

them to apply. Unfortunately, a false distinction between

these isotherms has become widespread, whereby the

Langmuir isotherm is viewed as theoretically based and

the Freundlich isotherm as strictly empirical. Such a

distinction is incorrect on both counts: as shown earlier,

both the Langmuir and the Freundlich isotherms can be

derived starting from a conceptual (theoretical) view of the

surface and the adsorption process (i.e., the site-binding

model, represented by a generic F vs. K distribution), but

in both cases assumptions must be made about the surface

site distribution function to derive the specific isotherm

equation of interest. On the other hand, neither isotherm

equation can be reliably predicted to apply in a given

situation; use of either isotherm can be justified only by

showing that empirical data fit the equation.

Other functional relationships could be (and have been)

postulated between surface site densities and binding con-

stants, and any such relationship would be perfectly accept-

able as the basis of an isotherm, if the experimental data

supported it. A few such isotherms are shown in Table 7-4.

Often, data can be fit almost equally well by several different

isotherms, so the fact that a data set fits a given equation

should not be taken as proof that the conceptual model for

that isotherm is correct.

Bidentate Adsorption

The discussion to this point has assumed implicitly that

adsorbate molecules occupy only one surface site when

they adsorb. Based on the analogy between adsorption and

formation of metal/ligand complexes, such reactions are

sometimes referred to as monodentate adsorption.

However, in many systems of interest, an adsorbate can

bind to more than one surface site, or can bind to a single

site but cover adjacent sites, which has the same effect.

The most common such situation involves elimination of

two surface sites by adsorption of a single molecule.

Such a process, referred to as bidentate adsorption, can

be characterized by the following, generic reaction and

pseudo-equilibrium constant:

2�Sþ A $ �S2A (7-50)

K ¼ q�S2A

q2�ScA
(7-51)

TABLE 7-4. Selected Adsorption Isotherms

Name Equation Name Equation

Linear q ¼ kc T�oth q ¼ kqmaxc

1þ ðkcÞn½ �1=n

Langmuir q ¼ qmaxKc

1þ Kc
Radke–

Prausnitz
q ¼ k1k2c

1þ k2cn

Freundlich q ¼ kcn Fritz–

Schlunder

q ¼ k1c
n1

1þ k2cn2

Langmuir–

Freundlich
q ¼ qmaxðkcÞn

1þ ðkcÞn

QUANTITATIVE REPRESENTATIONS OFADSORPTION EQUILIBRIUM: THE ADSORPTION ISOTHERM 281



A conventional isotherm equation (expressing q as a

function of c) for bidentate adsorption can be obtained by

combining Equation 7-51 (to characterize adsorptive equi-

librium) with the following, mole-based site balance, which

reflects the fact that two monodentate sites are eliminated for

each bidentate surface complex that forms:

q�Stot
¼ q�S þ 2q�S2A

(7-52)

A derivation very similar to the one that led to the

Langmuir isotherm for monodentate adsorption then leads

to the following isotherm expressions, where qbi is

the adsorption density of the bidentate adsorbate, and

qmax,mono and qmax,bi are the maximum, mole-based adsorp-

tion densities for monodentate and bidentate adsorption on

the surface, respectively (so that qmax;bi ¼ qmax;mono=2).

qbi ¼ 0:5�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8Kc

p � 1

8Kc

� �
qmax;mono (7-53a)

¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8Kc

p � 1

4Kc

� �
qmax;bi (7-53b)

The isotherm described by Equations 7-53a and 7-53b is

shown graphically, in nondimensionalized form, in Figure

7-21; a Langmuir isotherm for monodentate adsorption is

also shown, for comparison. Although it is not immediately

apparent from the equations, the relationship for bidentate

adsorption approaches qbi ¼ Kcqmax;mono ¼ 2Kcqmax;bi at

very low values of Kc, and qbi ¼ 0:5qmax;mono ¼ qmax;bi

at very high values of Kc. Thus, the isotherm for bidentate

adsorption has the same general shape as the Langmuir

isotherm for monodentate adsorption; the conditions

characterizing the limiting cases can be seen clearly in

Figure 7-21.9,10

Bidentate adsorption has been shown to be important for

the binding of some multivalent metals onto oxides and

other inorganic minerals (Waychunas et al., 1995; Bargar

et al., 1997; Hohl and Stumm, 1976). However, by far the

most attention paid to the topic has been in the analysis of

ion exchange processes, where bidentate adsorption is

assumed to occur whenever a divalent ion adsorbs. There-

fore, further discussion of bidentate adsorption is deferred to

the subsequent section of this chapter where ion exchange

reactions are discussed.

The Adsorption Distribution or Partition Coefficient

As noted previously and in Chapter 5, the ratio of the

adsorption density of a species to its dissolved concentration

(qA/cA) in a system at equilibrium is sometimes referred to

as a distribution coefficient or partition coefficient (KD):

KD;A ¼ qA
cA

(7-54)

If adsorption is viewed as a phase transfer process, the

partition coefficient can be interpreted as the adsorption

pseudo-equilibrium constant (see Equation 7-14). Partition

coefficients have no similar fundamental interpretation in

the context of site-binding models, but they are nevertheless
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FIGURE 7-21. Comparison of the Langmuir isotherm for mono-

and bi-dentate adsorbates.

9 Some authors argue that adjacent, unoccupied sites in a bidentate reaction

should be represented as a single, composite entity (�S2), since two

monodentate sites must be adjacent to one another to constitute a bidentate

site.When that convention is adopted, the adsorption equilibrium constant is

written as follows:

K 00 ¼ q�S2A

q�S2
cA

Benjamin (2002) showed that, for a surface where the sites are uniformly

distributed spatially, the predicted partitioning of the adsorbate is essentially

identical regardless of whether the reactant is written as 2�S or �S2 up to

approximately 85% site occupation by the bidentate adsorbate. The most

widely adopted convention is to write the bidentate adsorption reaction as

though it involves two independent sites (as in Equation 7-82) and to

compute the equilibrium constant for the reaction as in Equation 7-51, as is

done here.
10 In some adsorption literature, especially that dealing with the surface

complexation model, the equilibrium constant for bidentate adsorption is

written with the activity of adsorbed species expressed in moles of adsorbed

A and moles of unoccupied sites per unit volume of solution (c�SA and c�S,

respectively). Unfortunately, the conversion from Equation 7-51 to the

corresponding equation for these units has frequently been done incorrectly.

The correct expression is

K ¼ c�S2A

c2�ScA
cð�SÞtot

where c�Stot is the total concentration of adsorptive sites in the system, in

moles per liter.
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sometimes reported for such systems, for reasons that are

explained subsequently.

The partition coefficient for a Langmuir or Freundlich

isotherm can be calculated from the respective isotherm

equations as follows:

Langmuir: KD;Lang ¼ q

c
¼ qmaxK

1þ Kc
(7-55)

Freundlich: KD;f ¼ q

c
¼ kfc

n�1 (7-56)

Systems characterized by linear isotherms have constant

values of KD, independent of cA. However, for any isotherm

that is concave downward when plotted as q versus c (i.e.,

the isotherm curve bends toward the x-axis as c increases),

KD decreases with increasing dissolved adsorbate concen-

tration. This category includes all Langmuir isotherms, most

Freundlich isotherms (those with n< 1), and many others.

The dependence of KD on c is shown for a few isotherms in

Figure 7-22. For Langmuir isotherms,KD is characterized by

a maximum value of Kqmax at low c, whereas for Freundlich

isotherms, KD has no absolute upper limit.

KD values can be useful because, in a system with a given

adsorbent concentration (csolid), they provide a direct

measure of the relative amounts of the adsorbate that are

adsorbed and in solution:

KDcsolid ¼ qAcsolid

cA

VL

VL

¼ mass of A adsorbed

mass of A dissolved
(7-57)

As a result, the partition coefficient can be interpreted as

an indicator of the tendency for the adsorbate to bind to

the adsorbent under the given conditions—the larger KD, the

larger the fraction of the adsorbate that is associated with

the solid (again, for a fixed value of csolid).

If KD increases with decreasing concentration, as is

commonly the case, the fractional removal of adsorbate

by a given concentration of adsorbent increases as the

solution concentration decreases. This result is of particular

interest in engineered processes where adsorption is carried

out in packed beds. In such systems, the solution can be

envisioned to move through sequential layers of the bed,

each containing an identical concentration of adsorbent. If

KD increases with decreasing cA, the fractional removal of

adsorbate from solution in each layer of such a bed will be

greater than in the preceding layer. Such a scenario can lead

to extremely low dissolved adsorbate concentrations in

relatively short beds. As a result, isotherms in which KD

increases with decreasing cA are sometimes referred to as

favorable isotherms. In those rarer cases in which the

curvature in the isotherm is in the opposite direction,

the isotherms are referred to as being unfavorable.

The partition coefficient provides a convenient and direct

way to compare adsorption of different species in a given

system, or of a given species in different systems. However,

KD values must be interpreted cautiously, because they

can change dramatically as solution conditions change (as

shown in Figure 7-22), even for a given adsorbate/adsorbent

pair.

Competitive Adsorption in the Context
of the Site-Binding Model of Adsorption

The isotherm equations derived in the preceding sections

consider adsorption of only a single species. However, in

many systems, multiple potential adsorbates are present

simultaneously in solution. Adsorption of any of these

adsorbates decreases the number of binding sites available

to the others and hence affects adsorption of all the adsor-

bates. In such a case, the adsorbates are said to be competing

for the surface sites. In this section, we consider how

such competition affects the isotherms of the individual

species.

Competitive Langmuir Adsorption As has been noted, the

Langmuir adsorption isotherm for a single adsorbate repre-

sents the simplest of all possible cases of interest. Consider

now a situation in which two monodentate adsorbates, each

of which follows a Langmuir isotherm, compete for a single

population of surface sites. In that case, an expression like

Equation 7-19 applies to each adsorbate. Writing those

expressions and then taking their ratio, we obtain

q�SA ¼ KAq�ScA (7-58a)

q�SB ¼ KBq�ScB (7-58b)

q�SB

q�SA

¼ KBcB

KAcA
(7-59)
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FIGURE 7-22. Distribution coefficients for a few types of iso-

therm equations. The isotherm parameter values used for the

calculations are Klin¼ 0.0012L/g, KLang¼ 150 L/mol; qmax,Lang

¼ 10�5mol/g; kf¼ 10�5 (mol/g)/(mol/L)0.4; n¼ 0.4.
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The mole-based site balance for this case is

q �Sð Þtot ¼ q�S þ q�SA þ q�SB (7-60)

Using Equation 7-59 to substitute for q�SB in the site

balance, and solving the resulting equation for q�S, we obtain

qð�SÞtot ¼ q�S þ q�SA þ KBcB

KAcA
q�SA (7-61)

q�S ¼ qð�SÞtot � q�SA � KBcB

KAcA
q�SA (7-62)

Then, substituting Equation 7-62 into the equilibrium

constant expression for adsorption of A (Equation 7-58a),

collecting the terms containing q�SA, and rearranging

q�SA ¼ KA qð�SÞtot � q�SA � KBcB

KAcA
q�SA

� �
cA (7-63)

1þ KAcA þ KBcBð Þq�SA ¼ KAqð�SÞtotcA (7-64)

q�SA ¼ KAcA

1þ KAcA þ KBcB
qð�SÞtot (7-65)

Writing q�SA as qA, and qð�SÞtot as qmax, we obtain

qA ¼ KAcA

1þ KAcA þ KBcB
qmax (7-66)

The analogous expression for qB is

qB ¼ KBcB

1þ KAcA þ KBcB
qmax (7-67)

Generalizing the above result to the case where j

monodentate adsorbates compete for the sites leads to the

following adsorption isotherm for any species i:

qi ¼
Kici

1þPall j Kjcj
qmax (7-68)

The numerator of Equation 7-68 is the same as in the

equation for noncompetitive adsorption (Equation 7-25), and

the denominator differs only in that it contains a term of the

form Kjcj for each adsorbate in the system instead of just for

the target adsorbate. Thus, each additional adsorbate in the

system increases the denominator of Equation 7-68 and

decreases the amount of i adsorbed. As would be expected,

the larger the concentration of the competing adsorbates (cj)

and the greater their tendency to adsorb (Kj), the less i that

adsorbs. For systems that include bidentate adsorption, the

mathematics are more involved, but the general modeling

approach and the qualitative conclusions are the same.

& EXAMPLE7-6. TheLangmuir isotherm parameters

for sorption of chromate onto adsorbent B in Example 7-1 are

qmax¼ 0.96mmol CrO4
2�/g solid and K¼ 104L/mmol

CrO4
2�. In that example, we computed that an adsorbent

dose of 0.277 g/L was required to reduce the CrO4
2� concen-

tration from 0.2 to 0.02mmol/L.

The values of qmax and K for sorption of sulfate onto the

same solid are 0.96mmol SO4
2�/g solid and 20 L/mmol

SO4
2�, respectively. (Note that qmax is the same for the two

adsorbates, implying that they have access to all the same

sites.) If the solution to be treated contains 2.0mmol/L

sulfate in addition to the chromate, how large an adsorbent

dose is needed to meet the CrO4
2� removal target?

Solution. The isotherms for the two adsorbates are

qCrO4
2� ¼ 0:96mmol=gð Þ 104L=mmolð ÞcCrO4

2�

1þ 104L=mmolð ÞcCrO4
2� þ 20L=mmolð ÞcSO4

2�

qSO4
2� ¼ 0:96mmol=gð Þ 20L=mmolð ÞcSO4

2�

1þ 104L=mmolð ÞcCrO4
2� þ 20L=mmolð ÞcSO4

2�

In addition to the adsorption isotherms, we know that

the mass balance equations on CrO4
2� and SO4

2� must be

satisfied:

cCrO4;tot ¼ cCrO4
2� þ qCrO4

2�csolid

cSO4;tot ¼ cSO4
2� þ qSO4

2�csolid

Since the equilibrium concentration of CrO4
2� is speci-

fied, we have four equations in four unknowns (the con-

centration of dissolved SO4
2�, the adsorption densities of

CrO4
2� and SO4

2�, and the adsorbent dose). When these

equations are solved simultaneously, we obtain

csolid ¼ 1:59 g=L qCrO4
2� ¼ 0:11mmol=g

cSO4
2� ¼ 0:74mmol=L qSO4

2� ¼ 0:79mmol=g

Approximately two-thirds of the SO4
2� adsorbs, occupy-

ing a significant fraction of the surface sites. As a result,

more than five times asmuch adsorbent is required to achieve

the treatment goal as in the noncompetitive system. &

A Special Case of Competitive Langmuir Adsorption:
Ion Exchange Equilibrium

Competitive adsorption is often viewed as a complication

that can be added, when necessary, to the analysis of

adsorption in single-adsorbate systems. However, in the

case of ion exchange, competition between ions for the

available charged sites is the essential feature of the process,

and a slightly different way of describing that process has

evolved. That description is presented in the following
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section, after a brief overview of the mechanics and appli-

cations of ion exchange processes.

Sorption onto Ion Exchange Resins Ion exchange is a

label given to adsorption reactions in which one type of ion

adsorbs and another desorbs, such that the overall reaction

has no net effect on the amount of charge adsorbed.

Ion exchange takes place on some clays and other minerals

in natural systems, but it is most important in environmental

engineering applications in systems where the adsorbent is a

synthetic resin produced specifically for the purpose. As

noted previously, such resins typically consist of a cross-

linked, polymeric skeleton that is designed to be relatively

inert, although in some cases exposure to strong oxidants or

high or low pH can compromise its integrity. Charged

functional groups are bound to the skeleton at fixed intervals,

and the charges at those sites are neutralized by oppositely

charged ions that are loosely bound to the solid. When the

resin is exposed to an aqueous solution, ions from the

solution exchange with some of the loosely bound ions at

the surface.

The fixed functional groups can be either positively or

negatively charged, making the resins anion or cation

exchangers, respectively. A schematic representation of

an ion exchange resin is shown in Figure 7-23.

The fixed negative charge on cation exchange resins is

typically generated by either sulfonate or carboxylate func-

tional groups, and the resin backbone is commonly repre-

sented simply as R, so the reactive groups in cation exchange

resins are usually shown as R-SO3
� or R-COO�. Sulfonates

are extremely weak bases (i.e., they have very low affinity

for Hþ), so they virtually never combine with Hþ. As a

result, they can serve as ion exchange sites for cations even

in the presence of very high Hþ concentrations (low pH).

Carboxylate ions are also weak bases, but they are not as

weak as sulfonates and do have significant affinity for Hþ.
As a result, when the pH is less than approximately 4, Hþ

outcompetes most other ions for these groups (i.e., the

groups are predominantly converted to the R-COOH

form), and the resin no longer serves as an effective cation

exchanger. Historically, even though the resins are useful as

ion exchangers only when the binding sites are not proton-

ated, the two types of resins have always been identified in

terms of the acid strength of the protonated sites (R-SO3H

and R-COOH). Thus, resins with R-SO3
� and R-COO�

groups are referred to as strong acid and weak acid cation

exchangers, respectively.

The charge on anion exchange resins is almost always

generated by quaternary amine sites; that is, sites where a

nitrogen atom is attached to four organic groups (including

the resin backbone), as shown in Figure 7-23c. This type of

functional group can be thought of as similar to an ammo-

nium ion (NH4
þ) in solution. However, the replacement of

the Hþ ions surrounding the N atom by organic groups

makes the R4N
þ group a much weaker acid than NH4

þ, so
that the quaternary amine is very unlikely to combine with

OH�. Put another way, OH� groups in solution are poor

competitors for the resin sites, so those sites are available to

bind other types of anions.

Analogous to the situation with cation exchange resins,

anion exchange resins with quaternary amine groups are

characterized in the literature as strong base anion exchang-

ers, because R4N-OH groups are very strong bases (and

hence never exist as important species in the resins). Weak

base anion exchange resins can be prepared using tertiary

amine sites (a nitrogen atom attached to three organic

groups); in this case, the fourth bonding orbital on the

nitrogen is occupied by a pair of unshared electrons.

Typical ion exchange reactions for strong acid, weak acid,

strong base, and weak base resins are as follows:

2 RSO3-Nað Þ þ Ca2þ ! RSO3ð Þ2-Caþ 2Naþ (7-69)

RCOO-Hþ Naþ ! RCOO-Naþ Hþ (7-70)
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FIGURE 7-23. Schematic representation of ion exchange resins.

(a) A cation exchange resin, with negative charges fixed to a

polymeric structure, and positive charges loosely associated with

those negative charges. (b, c) Expanded schematic representation of

the structure of (b) a strong acid cation exchange resin and (c) a

strong base anion exchange resin. Source: From Clifford et al.

(2011). Reprinted from J. Edzwald, ed. Water Quality and Treat-

ment, 6th edition by permission. Copyright 2011 by American

Water Works Association.
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2 R4N-Clð Þ þ SO4
2� ! R4Nð Þ2-SO4 þ 2Cl� (7-71)

R3N-OHþ Cl� ! R3N-Clþ OH� (7-72)

Reactions 7-69 and 7-71 are referred to as heterovalent

ion exchange, because two monovalent ions are released

when a single divalent ion is adsorbed. Reactions 7-70 and

7-72, on the other hand, represent homovalent ion exchange

(equal charge on the adsorbing and desorbing ions). Regard-

less of whether the exchange is homovalent or heterovalent,

though, electroneutrality of the resin phase is preserved.

By passing water through both a strong acid cation

exchanger and a strong base anion exchanger, cations and

anions can be removed from solution and replaced, respec-

tively, by Hþ and OH�. These released ions combine with

one another to form H2O, so that the overall process removes

ions from solution and replaces them with water. Such resins

are sometimes combined in a single reactor (a mixed ion

exchange system) to deionize water for laboratory and some

commercial applications (e.g., to produce ultrapurewater for

semiconductor manufacturing, pharmaceutical production,

and other industries).

In a typical engineered ion exchange process, at the

beginning of a treatment cycle, the resin is loaded with the

ions that are intended to replace the target ions in solution.

Although batch systems are occasionally used, the resin is

usually packed in a bed through which the influent is passed.

The exchange of ions takes place as the water flows through

the bed, ideally producing an effluent containing a very low

concentration of the target ions. As upstream portions of the

resin becomeprogressively loadedwith those ions, the driving

force for their adsorption in that part of the column declines,

and the zone of active adsorption moves downstream as a

wave, as shown schematically in Figure 7-24.

For instance, at t¼ t3, the concentration is equal to the

influent concentration (cin) in approximately the upper half

of the column and close to zero in the lower half, with a

small transition region between these two zones. The con-

centration of the ion being released from the resin

(exchanged) would follow a profile that is the mirror image

of that shown.

The hydraulics in the column often conform closely to

plug flow. In such cases, the wave front is predicted to be

virtually a square wave, so any curvature in the actual wave

front is attributed to dispersion in the liquid phase. These

characteristics of thewave front are developed quantitatively

in Chapter 8.

Eventually, the concentration of the target ions in the

column effluent exceeds the criterion for acceptable treat-

ment, and the treatment cycle is terminated. A solution that is

highly concentrated in the nontarget ion is then contactedwith

the resin, reversing the driving force and returning the resin

approximately to its original condition; this step is referred

to as regeneration. The entire treatment/regeneration process

is described in greater detail in Chapter 8. An extensive

discussion of the applications of ion exchange to drinking

water treatment is provided by Clifford et al. (2011).

Homovalent Ion Exchange The major conceptual differ-

ence between the conventional analysis of competitive

adsorption (as described in the preceding section) and

the conventional analysis of ion exchange is that, in ion

exchange, an assumption is made that all the surface sites

are occupied under all conditions; that is, q�S is assumed to

be zero always.11 To incorporate this assumption into the

analysis, we set q�S to zero in the site balance. For example,

for a system containing only two, monodentate (i.e., mono-

valent) adsorbates, the mole-based site balance equation is

q�Stot
¼ q�SA þ q�SB. The rest of the derivation follows the

c

0         

t1
Dept

t2

t4

t3

c in

FIGURE 7-24. Schematic showing the concentration of the

target adsorbate in solution as a function of location in the column

at four different times during the operation of an ion exchange

column.

11 This assumption can be partially justified by the idea that the resin phase,

as a whole, must be electrically neutral. Therefore, for every charged group

that is part of the resin skeleton, an equal and opposite charge must reside

nearby. In the model for ion exchange presented here, these neutralizing

ions are assumed to bind to surface sites, with multivalent ions with charge

nþ or n� binding to n surface sites. The net result of these assumptions is that

every site is always occupied. An alternative model, which relaxes the

assumption that all sites are occupied and takes into account the neutralizing

ions in the nearby solution, has been presented by Dzombak and Hudson

(1995).
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same steps as shown in the preceding section, yielding the

following isotherms for ion exchange equilibrium in such

a system:

qA ¼ KAcA

KAcA þKBcB
qmax (7-73)

qB ¼ KBcB

KAcA þKBcB
qmax (7-74)

The corresponding isotherm equation for system contain-

ing j ions competing for exchange sites is

qi ¼
KiciP
all j Kjcj

qmax (7-75)

Comparison of Equations 7-73 to 7-75 with those derived

previously (Equations 7-66 to 7-68) indicates that, mathe-

matically, the effect of assuming that all the ion exchange

sites are occupied is to eliminate a term equal to 1 from the

summation in the denominator of the isotherm expression.

The reason for this is that the value of 1 in the denominator

of Equations 7-66 to 7-68 accounts for the contribution of

unoccupied sites to the total site concentration; the assump-

tion that all sites are occupied changes this value to zero.

If we could evaluate K for the binding of each adsorbate

to open sites on an ion exchange resin, we could use

Equation 7-75 in conjunction with mass balances on the

adsorbates to calculate the adsorption densities of all ions in

a system with any given overall composition. However, that

approach is not available to us because the fact that q�S is

assumed to be zero in ion exchange systems makes it

impossible to evaluate K for an isolated ion. To overcome

this problem, equilibrium constants for ion exchange

reactions are never written solely for the adsorption part

of an ion exchange reaction, but rather are written for the

complete (adsorption and desorption) reaction.

For instance, consider an example system in which silver

is being recovered from an industrial waste by exchange

with Naþ. Representing negatively charged cation exchange
resin sites as �R, the overall reaction and equilibrium

constant would be as follows:

�RNaþ Agþ $ �RAgþ Naþ (7-76)

KAg=Na ¼
qAgcNa

qNacAg
¼ qAg=cAg

qNa=cNa
(7-77)

The equilibrium constant for the overall exchange

reaction (KAg/Na) is referred to as the selectivity coefficient

for Ag over Na.12 The reaction would proceed to the right

during the treatment step and to the left when the resin is

regenerated.

All the terms on the right side of Equation 7-77 are

experimentally accessible, so KAg/Na is a measurable quan-

tity. If Equation 7-77 is generalized to species A and B and

rearranged to show the ratio of adsorbed B to adsorbed A,

we obtain
qB
qA

¼ KB=A
cB

cA
(7-78)

This expression for the ratio of adsorbed B to adsorbed A

in ion exchange is identical to that for conventional,

competitive Langmuir adsorption (Equation 7-59), with

KB=A � KB=KA. Thus, the selectivity coefficient for an

ion exchange reaction can be interpreted as the ratio of

the pseudo-equilibrium constant for adsorption of the target

ion (KB) to the pseudo-equilibrium constant for adsorption

of the released ion (KA), even though neither of those

equilibrium constants can be evaluated individually. Being

ratios of adsorptive binding constants, selectivity coeffi-

cients are, in theory, also constants. In particular, they are

expected to be independent of the absolute concentrations of

the ions in the system. (In practice, selectivity coefficients

depend on the system composition because the assumption

that the activities of the various species can be represented

by their concentrations is often not valid.)

The expressions for qA and qB in a binary ion exchange

process (Equations 7-73 and 7-74) can be converted into

expressions that contain the (measurable) selectivity

coefficient KB/A rather than the (unmeasurable) adsorption

constants KA and KB by dividing the numerator and denom-

inator of those expressions by KA, yielding

qA ¼ cA

cA þ KB=KAð ÞcB qmax ¼
cA

cA þKB=AcB
qmax

(7-79)

qB ¼ KB=KAð ÞcB
cA þ KB=KAð ÞcB qmax ¼

KB=AcB

cA þKB=AcB
qmax

(7-80)

The corresponding adsorption isotherm equation for an

ion exchange system containing any number of adsorbates,

if all the adsorbates are monovalent, is

qi ¼
Ki=kciP
all j Kj=kcj

qmax (7-81)

where i is a target adsorbate species, k is the species used as

the basis for comparison for reporting selectivity coeffi-

cients, the summation is over all adsorbates in the system

(including k, if it is present), andKk=k � 1. Note that, if we

remove the constraint that q�S ¼ 0 and define k to be an

empty site (or, equivalently, one occupied by water),

12Note that, for ion exchange reactions, q values are sometimes reported in

equivalents (rather than moles) per unit amount of adsorbent. In the case of

homovalent exchange, this convention has no effect on the computed value

of KA/B, but for heterovalent exchange (discussed subsequently), it does.
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Equation 7-81 becomes the isotherm for competitive Lang-

muir adsorption (Equation 7-68), with Ki/k and Kj/k being the

Langmuir adsorption constants for i and j, respectively.

& EXAMPLE 7-7. Styrene-based ion exchange resins

have been found to have very high affinities for perchlorate

(ClO4
�), an ion that has contaminated groundwater near

industrial sites where rocket fuel is manufactured. The

selectivity coefficients for nitrate (NO3
�) and perchlorate

overchloride(Cl�)onagivenresinare2and125, respectively.
Compute the adsorption densities of nitrate and perchlorate

in equivalents per gram on a resin with a total site density

of 1.7meq/g, when the resin reaches equilibrium with a

groundwater containing 31mg/L NO3
�, 199mg/L ClO4

�,
and negligible Cl�.

Solution. This problem can be solved by application of

Equation 7-81. However, to use that equation, we need to

convert the nitrate and perchlorate concentrations into units

of mol/L or equiv/L. Since both ions are monovalent, the

values using either set of units are identical. The molecular

weights (and equivalent weights) of NO3
� and ClO4

� are 62

and 99.5, respectively, so the conversions are

cNO3
� ¼ 31mg=L

62mg=mmol
¼ 0:5mmol=L ¼ 0:5meq=L

cClO4
� ¼ 199mg=L

99; 500mg=mmol
¼ 2:0� 10�3 mmol=L

¼ 2:0� 10�3 meq=L

Inserting appropriate values into Equation 7-81:

qNO3
� ¼ KNO3=ClcNO3

KNO3=ClcNO3
þ KClO4=ClcClO4

qmax

¼ 2ð0:5mmol=LÞ
2ð0:5mmol=LÞ þ 125ð2� 10�3 mmol=LÞ 1:70meq=g

¼ 1:36meq=g

qClO4
� ¼ KClO4=ClcClO4

KNO3=ClcNO3
þ KClO4=ClcClO4

qmax

¼ 125ð2� 10�3 mmol=LÞ
2ð0:5mmol=LÞ þ 125ð2� 10�3 mmol=LÞ 1:70meq=g

¼ 0:34meq=g

Consistent with their relative affinities for the resin as

indicated by their selectivity coefficients, the partition

coefficient (q/c) for perchlorate (0.34=0.002¼ 170) is

much larger than that for nitrate (1.36=0.5¼ 2.72). Note

that the selectivity coefficients for the two ions relative to

chloride are used in the calculations, even though no chlo-

ride is present in the solution. &

Heterovalent Ion Exchange Consider next a heterovalent

ion exchange reaction, for example, one describing adsorp-

tion of sulfate and release of chloride. This reaction and the

corresponding selectivity coefficient are most often written

as follows:13

2�RClþ SO4
2� $ �R2SO4 þ 2Cl� (7-82)

KSO4=Cl ¼
q�R2SO4

c2Cl
q2�RClcSO4

(7-83)

Equation 7-83 shows that the selectivity coefficient for the

heterovalent reaction can be represented by the following

relationship between the adsorptive binding constants:

KSO4=Cl ¼ KSO4
=K2

Cl (7-84)

Unlike the case for homovalent exchange reactions, how-

ever, KSO4=Cl is not a direct indicator of the relative tenden-

cies for the two ions to bind to the resin, because of the

squared terms in the expression for KSO4=Cl. The use of

selectivity coefficients to predict the ion distribution in a

heterovalent ion exchange system is illustrated in the

following example.

& EXAMPLE 7-8. The selectivity coefficient of a cat-

ion exchange resin for Cu2þ over Naþ is 4.5, when q and c are

expressed in meq/g and meq/L, respectively. In a batch

treatment process, an industrial waste containing 70mg/L

Cu2þ and noNaþ is contactedwith 5.0 g/L of an ion exchange

resinthathasbeenpreloadedwithNaþ.Theexchangecapacity
of the resin is 1.5meq/g.

What fraction of the copper in the original solution

adsorbs, and what fraction of the sodium originally on

the resin desorbs?

Solution. Applying Equation 7-83, the selectivity

coefficient for this system is

KCu=Na ¼ 4:5 ¼ qCuc
2
Na

q2NacCu

13As is the case for bidentate adsorption onto other kinds of solids, an

alternative approach for writing the heterovalent ion exchange reaction is to

represent the adjacent Cl-occupied resin sites as a single composite site:

�R2Cl2 þ SO4
2� $ �R2SO4 þ 2Cl�

K 00
SO4=Cl

¼ q�R2SO4
cCl

2

q�R2Cl2
cSO4

As indicated in footnote 9, under most circumstances, the predicted

partitioning of adsorbate is almost the same regardless of which convention

is adopted to represent the adjacent sites. In ion exchange, as in other

adsorption reactions, it is most common to write the heterovalent ion

exchange reaction as though it involves two independent monovalent sites

(as in Equation 7-82), and to compute the selectivity coefficient for the

reaction as in Equation 7-83.
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A mass balance on this batch system reflects the fact that

the total concentrations (dissolved plus adsorbed) of Naþ

and Cu2þ are not affected by the treatment step. These

concentrations, which we designate as ctot, can be computed

based on the conditions in the waste and on the resin before

they are mixed, as follows. (Note that the concentrations

and adsorption densities are all based on equivalents,

not moles.)

ci;tot ¼ ci;dissolved þ qicsolid

cNa;tot ¼ 0þ 1:5meq=gð Þ 5:0 g=Lð Þ ¼ 7:5meq=L

cCu;tot ¼ 70mg=Lð Þ 1mmol

63:5mg

� �
2meq=mmolð Þ

þ 0:0meq=gð Þ 5:0 g=Lð Þ ¼ 2:2meq=L

The mass balances once the system reaches equilibrium

are, therefore, as follows:

7:5meq=L ¼ cNa;dissolved þ qNacsolid

2:2meq=L ¼ cCu;dissolved þ qCucsolid

Given that the sites in the ion exchange resin are assumed

to be always fully occupied by Cu2þ or Naþ, we can write the
following equivalent-based site balance:

qtot ¼ 1:5meq=g ¼ qCu2þðequivÞ þ qNaþðequivÞ

The balances on total Naþ, total Cu2þ, and total sites, plus
the selectivity coefficient equation, provide four independent

equations in four unknowns, and therefore can be solved

simultaneously to yield a unique result. That result is

cCu2þ ¼ 0:26meq=L ¼ 0:13mmol=L ¼ 8:26mg=L

cNaþ ¼ 1:94meq=L ¼ 1:94mmol=L ¼ 44:62mg=L

qCu2þ ¼ 0:388meq=g ¼ 0:194mmol=g ¼ 12:32mg=g

qNaþ ¼ 1:112meq=g ¼ 1:112mmol=g ¼ 25:53mg=g

Based on these results, 8.26mg/L Cu2þ remains in the

treated solution, compared to 70mg/L in the untreated

solution, corresponding to 88.2% removal. The adsorption

density of sodium on the original resin was 1.50meq/g, of

which 1.11meq/g remains after the treatment step. Thus,

26% of the Naþ is released. &

Some Special Nomenclature and Conventions Used for
Ion Exchange Reactions As noted previously, the main

substantive difference between the conventional modeling

of ion exchange and other adsorption reactions is that, in ion

exchange, the surface sites are assumed to be fully occupied

under all circumstances; that is, q�S ¼ 0. Additional practi-

cal differences between the two groups of reactions include

the types of adsorbents of interest, the centrality of charge,

and the equal focus on the adsorbing and desorbing species

in ion exchange.

By solving the isotherm equations in conjunction with the

mass balance equations on the various adsorbates in an ion

exchange system, we can determine the concentrations and

adsorption densities of all the adsorbates at equilibrium.

However, it is often desirable to characterize the relative

affinities of a resin for different adsorbates in a more generic

way, without reference to a particular set of conditions. The

parameter that is most often used for this purpose is known

as the separation factor for species B over species A,

represented as aB/A and computed as follows:

aB=A � qB=cB
qA=cA

(7-85)

Recall that the ratio qi=ci is the partition or distribution

coefficient (KD) for i, so separation factors can be viewed as

ratios of the partition coefficients of a pair of adsorbates:

aB=A ¼ KD;B

KD;A
(7-86)

Comparison of Equation 7-85 with Equation 7-77 shows

that, for exchange of two monovalent ions, the separation

factor is identical to the selectivity coefficient (aA/B¼
KA/B); the same is true for other homovalent exchange

reactions. Therefore, for such reactions, either the separation

factor or the selectivity coefficient could be used as the

generic indicator of resin preference. However, these two

parameters are not equivalent for heterovalent exchange

reactions. For example, for a divalent (B)/monovalent (A)

ion exchange reaction (such as binding of SO4
2� and release

of Cl�, as characterized byReaction 7-82 andEquation 7-83),
the relationships among the separation factor, the selectivity

coefficient, and the distribution coefficients are

aB2�=A� � q�R2B
=cB

q�RA=cA
¼ KB=A

q�RA

cA
¼ KB=AKD;A (7-87)

KB=A ¼ KD;B

K2
D;A

(7-88)

According to Equation 7-87, the separation factor for

divalent–monovalent exchange equals the product of the
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selectivity coefficient for the divalent over the monovalent

ion and the partition coefficient for themonovalent ion. Thus,

when the composition of the system changes, the separation

factor changes in the same direction as the partition

coefficient of the monovalent ion; for example, in the exam-

ple system, if q�RCl=cCl increases, aSO4=Cl increases, and vice

versa.14

The usefulness of separation factors becomes apparent if

we manipulate Equation 7-85 as follows:

aB=A ¼ qBcresinVL=cBVL

qAcresinVL=cAVL

¼ amount of B adsorbed=amount of B dissolved

amount of A adsorbed=amount of A dissolved

where the amounts shown in the final expression could be

given as moles or equivalents. The ratio of the amount of a

species that is adsorbed to the amount that is dissolved is a

direct indication of the tendency of the solid to remove the

adsorbate from the solution in the given system. This ratio

implicitly accounts for the concentrations of adsorbent,

adsorbate, and competing adsorbates in the system, as well

as all the interactions among them. The separation factoraB=A

therefore characterizes the relative tendency of the solid to

remove species B from solution compared to species A.

The effect of the separation factor on the removal of a

target ion from solution in a simple system is illustrated

in Figure 7-25. The plot shows the distribution of ions in

systems with various separation factors, for exchange of two

monovalent ions (Naþ and Agþ) in systems where they are

the only two adsorbable ions. The axes of the plot show the

equivalent fraction of each ion in each state (dissolved [xi]

or bound to the resin [yi]), defined as:

Equivalent fraction of A ¼ equivalents of A

equivalents of Aþ B
(7-89)

For the given example system, the equivalent fractions can

be computed as follows:

xAgþ ¼ cAgþ

cAgþ þ cNaþ
xNaþ ¼ cNaþ

cAgþ þ cNaþ
¼ 1� xAgþ

yAgþ ¼ qAgþ

qAgþ þ qNaþ
¼ qAgþ

qtot
yNaþ ¼ qNaþ

qtot
¼ 1� yAgþ

Substituting these expressions into the definition of the

separation factor, we find

aAgþ=Naþ ¼
qAgþ=cAgþ

qNaþ=cNaþ
¼ yAgþ=xAgþ

yNaþ=xNaþ

¼ yAgþ=xAgþ

1� yAgþ
� �

= 1� xAgþ
� � (7-90)

yAgþ ¼
aAgþ=NaþxAgþ

1þ aAgþ=NaþxAgþ � xAgþ
(7-91)

Equation 7-91 is the basis for the curves plotted in

Figure 7-25.

For homovalent ion exchange, the separation factor of a

given resin for a given pair of ions is independent of the

solution composition, but this constancy does not extend to

heterovalent exchange. Consider, for example, the changes

in partitioning of SO4 and Cl that would occur in a batch ion

exchange system containing a fixed concentration of total

sulfate but a variable total concentration of chloride. Assume

that the isotherm for binding of chloride is favorable; that is,

that the isotherm is steeper at low values of cCl and qCl than

at higher values. (Recall that Langmuir isotherms always fit

this pattern, and Freundlich isotherms usually do.) In such a

case, Equation 7-87 indicates that aSO4=Cl will decrease

when the dissolved chloride concentration increases, as

shown for a model system in Figure 7-26.

The trend shown in the figure has important implications

for two practical situations. First, when ion exchange is

FIGURE 7-25. Distribution of Agþ between solution and resin

for a binary ion exchange system with Naþ, for various Ag/Na

separation factors.

14Note that, if c and q are, respectively, the mole-based dissolved concen-

tration and adsorption density of a multivalent ion, then the corresponding

values based on equivalents are nc and nq, where n is the absolute value of

the ionic charge. Values of q and c appear only as the ratio q/c in the

calculation of selectivity coefficients and separation factors, so if both terms

are expressed on a basis of equivalents, the n cancels. As a result, values of

KA/B are the same regardless of whether they are computed using mole-

based or equivalent-based units; the same statement applies to values of

aA/B.
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carried out in a packed bed, divalent ions often adsorb and

are replaced in solution by monovalent ions as the water

flows through the column. Thus, the total concentration of

monovalent ions is higher at downstream than at upstream

locations. This higher concentration of monovalent ions

tends to decrease the divalent/monovalent separation factor.

Fortunately, the affinity of ion exchange resins for divalent

ions is usually sufficiently higher than that for monovalent

ions that the ion exchange reaction is not severely impeded.

For example, in the hypothetical system characterized in

Figure 7-26a, aSO4=Cl remains >5 for cCl values up to

10meq/L (350mg/L Cl�).
On the other hand, when the monovalent ion concentra-

tion is increased to several equivalents per liter, the separa-

tion factor might decline so much that the monovalent ion is

favored by the resin over the divalent ion. Such a change can

occur when a resin that has been used for adsorption of a

multivalent ion is regenerated with a concentrated solution

of the monovalent ion, for example, when a resin that is

loaded with SO4
2� is regenerated with a brine containing a

high concentration of Cl�. In that case, the decline in aSO4=Cl

is desirable, because it encourages release of SO4
2� and

adsorption of Cl�, which is exactly what we are trying to

accomplish in the regeneration step. This situation is

demonstrated in Figure 7-26b, which indicates that Cl� is

favored over SO4
2�ðaSO4=Cl < 1Þ in the example system

when cCl;tot exceeds �100meq/L; in typical regenerant

solutions, cCl;tot might range from 1000 to 3000meq/L.

& EXAMPLE 7-9. In Example 7-8, the equilibrium

composition of an ion exchange system for removing Cu2þ

fromsolutionand replacing itwithNaþwasdetermined.After

thesystemhasequilibrated, thesolution isdrained,andasmall

volume of regenerant containing 2.5mol/L Naþ is contacted

with the resin. The resin concentration during this step is

500g/L.Determine the equilibriumcompositionof the regen-

erant solution after it equilibrates with the resin and the

regeneration efficiency (i.e., the fraction of the bound Cu

that is released during the regeneration step), and compare

aCu/Na in the two systems.

Solution. The Cu2þ/Naþ selectivity coefficient is a

pseudo-equilibrium constant for the exchange reaction

and is the same (4.5) in the two systems. Ignoring (somewhat

unrealistically) the changes in the activity coefficients of

Cu2þ and Naþ that accompany the change in ionic strength,

we can treat KCu2þ=Naþ as a true equilibrium constant, in

which case it would be the same (4.5) in the treatment and

regeneration steps. With that assumption, after the resin

equilibrates with the regenerant solution, we can write:

KCu=Na ¼ 4:5 ¼ qCuc
2
Na

q2NacCu

where, as before, the units of q and c are meq/g and meq/L,

respectively. We can also write the following mass balances

on total Naþ and Cu2þ in the regenerant system:

ci;tot ¼ ci;fresh regenerant þ qi;used resincsolid

cNa;tot ¼ 2:5mol=Lð Þ 1:0 equiv=molð Þ þ 1:112meq=gð Þ

� 500 g=Lð Þ 1 equiv

1000meq

� �
¼ 3:056 equiv=L

cCu;tot ¼ 0:0 eq= Lþ 0:388meq=gð Þ 500 g=Lð Þ 1 equiv

1000meq

� �

¼ 0:194 equiv=L
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FIGURE 7-26. The decrease in the SO4
2�/Cl� separation factor

with increasing cCl;tot in a model ion exchange system. (a) For a fixed

total concentration of 4meq/L total SO4 and a range of dissolved Cl

concentrations that might be encountered in potable water sources.

(b) For values of cCl applicable to resin regeneration conditions.

The assumed conditions areKSO4=Cl ¼ 20 (based on c inmeq/L andq

in meq/g), 5meq/L total ion exchange sites, cSO4;tot ¼ 4meq/L, and

cCl;tot ranging from less than 1 to 3500meq/L.
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Also as in the previous example, the following site balance

applies:

qtot ¼ 1:5
meq

g
¼ qCu2þ þ qNaþ

Solving the four equations in four unknowns that apply to

this system, we find

cCu2þ ¼ 194meq=L ¼ 97mmol=L ¼ 6:15 g=L

cNaþ ¼ 2:31 eq=L ¼ 2:31mol=L ¼ 53:0 g=L

qCu2þ¼ 3:69� 10�4 meq=g ¼ 1:84� 10�4 mmol=g

¼ 0:012mg=g

qNaþ ¼1:50meq=g ¼ 1:50meq=g ¼ 34:5mg=g

The regeneration is extremely effective, with 99.9% of the

Cu2þ being released. The Cu2þ concentration in the regen-

erant solution is 88 times that in the original waste and, after

regeneration, the resin contains virtually no Cu2þ, so it can

be used as effectively in the next cycle as in the previous one.

The separation factor in the two solutions can be com-

puted as:

aCu=Na ¼ qCu=cCu
qNa=cNa

¼ KCu=Na
qNa
cNa

The value of aCu=Na is 2.58 for the treatment step, but only

0.0029 for regeneration. Thus, the increase in the total

concentration of monovalent species shifts the separation

factor strongly to favor binding of that species. &

In systems where the separation factors are known, the

surface speciation can be computed from an equation anal-

ogous to Equation 7-81, with the separation factors replacing

the selectivity coefficients:

qi ¼
ai=kciP
all j aj=kcj

qmax (7-92)

Equation 7-92 can be applied even if heterovalent ion

exchange is occurring. An example of the use of this

equation to analyze ion exchange in a column system is

given in Chapter 8.

Modeling Ion Exchange Based on Donnan Equili-
brium When ion exchange is represented according to the

site-binding model for adsorption, the ion exchange

reactions the ions are envisioned to bind to individual sites

in the ion exchange matrix. The bound ions are thereby

removed from solution and exist as adsorbed species. This

model implicitly assumes that the solution inside the ion

exchange matrix is identical to the bulk solution, so that the

interior ion exchange sites are exposed to and equilibrated

with the same solution as the exterior sites.

An alternative model treats the counter-ions inside the ion

exchange matrix not as specifically adsorbed to individual

sites, but as dissolved ions in a region that has a nonzero

electrical potential that is established by the charges on the

resin structure. These charges are assumed to be sufficiently

closely spaced that their electrical fields overlap extensively,

causing the electrical potential to be uniform throughout that

volume; this potential is termed the Donnan potential,

cDonnan. As a result, in this model, the concentration of

dissolved ions inside the matrix at equilibrium equals the

concentration in the bulk solution adjusted by a factor that

accounts for the enhancement or diminishment caused by

the electrical potential.

Although, in reality, the potential changes smoothly from

cDonnan to zero from slightly inside to slightly outside the

resin, the changes is expected to be steep and is often idealized

as a step change at the solid/water interface. The distribution

of ions and the profile of electrical potential according to this

model are shown schematically in Figure 7-27.

Equilibrium in any chemical system is defined as a

condition in which each species has the same total potential

(i.e., potential energy per mole) everywhere. In most

Counter-ions 

C
on

ce
nt

ra
tio

n 

Fixed charge 
(positive on anion-
exchange resin) 

Co-ions 

Bulk salt 
concentration 

P
ot

en
tia

l ψDonnan

(positive) 

0 
ψDonnan

(negative) 

−    −    − 

−    −    − 
− 
−

+    +    + 
+    +    + 
+    +    + 
+    +    + 
+    +    + 
+    +    + 
+    +    + 

+ Bulk solution 

+ 
+ 

+ 

+ + 

+ 

+ 
+ + 

+ 

+ 

+ 
+ + 

+ 
+ 

+ 
+ 

+ 

+ 

–

− − 
− 

− 
− 

− 

− − − 
– –

–

–

− –

+ 

–

–
– –

– –
–
––

–

–
– – –
– – –
– –
– – –

––
– –

–

Cation-exchange resin Anion-exchange resin 

FIGURE 7-27. Profiles of concentration and electrical potential

near ion exchange resins in equilibrium with the adjacent solution.

Schematics and profiles for both a cation exchange resin and an

anion exchange resin are shown (on the left and right, respectively)
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systems of interest, all forms of potential other than the

chemical potential ðGiÞ are uniform, and equilibrium is

achieved when Gi for each species is uniform. However,

in the ion exchange model that includes the Donnan poten-

tial, the condition for equilibrium must take that potential

into account. The electrical potential, c, is conventionally

expressed in volts; to convert that term into conventional

units for chemical potential (kJ/mol or kcal/mol), we multi-

ply by ziF, where zi is the charge on the species of interest

(equiv/mol) and F is the Faraday constant (96.48 kJ/eq-V).

The criterion for equilibrium of an ion i in an ion exchange

system is therefore as follows:

G
o

i;bulk þ RT ln ai;bulk ¼ G
o

i;IX þ RT ln ai;IX þ ziFcDonnan

(7-93)

where G
o

i is the standard chemical potential of i, and bulk

and IX refer to the bulk solution and the solution in the ion

exchange resin, respectively. Assuming that the same stan-

dard state is chosen for the solutions inside the resin and in

the bulk solution, G
o

i;bulk ¼ G
o

i;IX, and:

ai;IX ¼ ai;bulk exp � ziFcDonnan

RT

� �
(7-94)

Writing ai as g ici/ci,std.state, and solving for ci,IX, we find

ci;IX ¼ g i;bulk

g i;IX

ci;IX;std:state

ci;b;std:state
cb;i exp � ziFcDonnan

RT

� �
(7-95)

By convention, the concentrations in the standard state,

both in bulk solution and the inside the membrane, are

assigned values of 1.0mol/L. In addition, the activity

coefficient ratio for each ion, g i;bulk=g i;IX, is usually assumed

to be constant and is then incorporated into the Donnan

potential.15 Making these substitutions, Equation 7-95

simplifies to:

ci;IX ¼ ci;bulk exp � ziFcDonnan;eff

RT

� �
(7-96)

where the effective Donnan potential, cDonnan,eff, equals

cDonnan þ ðRT=ziFÞlnðg i;IX=g i;bulkÞ. The distinction between
cDonnan and cDonnan,eff is usually ignored, so Equation 7-96

is typically written as:

ci;IX ¼ ci;bulk exp � ziFcDonnan

RT

� �
(7-97)

The net charge of all dissolved ions in the interior of

the matrix must equal the total fixed charge associated

with the ion exchange matrix. The void volume inside an

ion exchange matrix (i.e., the volume occupied by

solution) is difficult to measure, so concentrations inside

the resin are typically normalized to the volume of the

whole resin, rather than just the volume of the water. The

fixed charge is normalized in the same way and is repre-

sented here as zfixedcIX;fixed, where zfixed is the charge on

the fixed sites (þ1 or �1), and cIX;fixed is the concentration

of the fixed sites inside the resin, in moles per liter. A

charge balance on the resin and the interior solution is

therefore as follows:

zfixedcIX;fixed ¼ � zcatccat;IX þ zancan;IX
� �

(7-98)

where the subscripts cat and an refer to cations and anions,

respectively. Similarly, a charge balance on bulk solution

yields:

zcatccat;bulk ¼ �zancan;bulk (7-99)

Using Equation 7-97 to substitute for both ccat,IX and

can,IX in Equation 7-98, and then using Equation 7-99 to

simplify the resulting expression, we find

zfixedcIX;fixed ¼ �
�
zcatccat;bulk exp � zcatFcDonnan

RT

� �

þ zancan;bulk exp � zanFcDonnan

RT

� ��

¼ � zcatccat;bulk

�
exp � zcatFcDonnan

RT

� �

� exp � zanFcDonnan

RT

� ��
(7-100)

In the case where the dissolved salts are all monovalent

(zcat¼�zan¼ 1), Equations 7-97 to 7-99 can be simplified

and manipulated as follows:

cIX;fixed ¼ �ccat;IX þ can;IX (7-101)

ccat;bulk ¼ can;bulk � cbulk (7-102)

can;IXccat;IX ¼ can;bulk exp
FcDonnan

RT

� �
ccat;bulk exp �FcDonnan

RT

� �

¼ can;bulkccat;bulk ¼ c2bulk (7-103)

Multiplying Equation 7-101 through by ccat,IX or can,IX
and substituting into the resulting equation based on

Equation 7-103 yields quadratic equations that can be solved

to obtain the following explicit expressions for the concen-

trations in the resin:

can;IX ¼ cIX;fixed

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2IX;fixed

4
þ c2bulk

s
(7-104a)

15Alternatively, only the activity coefficients inside the membrane might be

assumed to be constant, and those for the dissolved ions can be calculated

based on the solution composition.
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ccat;IX ¼ � cIX;fixed

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2IX;fixed

4
þ c2bulk

s
(7-104b)

If the dissolved salts are not all monovalent, the concen-

tration of each type of ion in the resin can be found by a

numerical solution of Equations 7-97 to 7-99.

Solution of these equations indicates that the ratio of co-

ions to counter-ions decreases dramatically as one moves

from the bulk solution to the membrane, a phenomenon that

is referred to as Donnan exclusion. The magnitude of the

Donnan exclusion effect increases with decreasing concen-

tration of i in solution.

& EXAMPLE 7-10. An anion exchange resin with a

fixed charge of 2.0 eq/L is equilibrated with a solution which,

once equilibrium is achieved, contains 1000mg/L NaCl.

The exchange sites are always assumed to be available, so

cIX;fixed is 2.0mol/L.

(a) Assuming that both the bulk and internal solutions

behave ideally, calculate the cation (Naþ) and anion
(Cl�) concentrations in the resin.

(b) Solve part a again, but with the solution containing

100mg/L NaCl.

Solution.

(a) NaCl dissociates completely to yield Naþ and

Cl� ions. Since the ions are monovalent, Equation

7-104a applies. The concentration of the ions in

the bulk solution is

cNaþ ¼ cCl� ¼ 1 g=L

58:5 g=mol
¼ 0:017mol=L

Substituting these values into Equation 7-104a yields:

can;IX ¼ cIX;fixed

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2IX;fixed

4
þ c2bulk

s

cCl�;IX ¼ 2mol=L

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mol=Lð Þ2

4
þ 0:017mol=Lð Þ2

s

¼ 1þ 1:00014 ¼ 2:00014mol=L

Similarly, using Equation 7-104b, we find that

cNaþ;IX ¼ �1þ 1:00014 ¼ 0:00014mol=L. The

ratio of co-ions to counter-ions in the bulk solution

is 1.0, whereas in the resin it is

cNaþ;IX

cCl�;IX
¼ 0:00014 eq=L

2:00014 eq=L
¼ 7:0� 10�5

Also, the ratio of counter-ions in the resin to that in

the bulk solution is:

cNaþ;IX

cNaþ;bulk
¼ 0:00014mol=L

0:017mol=L
¼ 8:2� 10�3

(b) For the case that cNaCl¼100mg=L¼0:0017mol=L,
we find

cCl�;IX ¼ 2mol=L

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2mol=LÞ2

4
þ ð0:0017mol=LÞ2

s

¼ 1þ 1:0000014 ¼ 2:0000014mol=L and

cNaþ;IX ¼ �1þ 1:0000014 ¼ 0:0000014mol=L:

In this case

cNaþ;IX

cCl�;IX
¼ð0:0000014mol=LÞ=ð2:0000014mol=LÞ

¼ 7:0� 10�7;

and

cIX=cbulk ¼ ð0:0000014mol=LÞ=ð0:0017mol=LÞ
¼ 8:2� 10�4:

Thus, the separation of the ions by the resin and the

exclusion of the cations from the resin interior are

substantially greater when the solution concentration

is lower. &

The model for ion exchange equilibrium presented above

accounts for the different compositions inside and outside the

resin but, because it distinguishes among ions based only on

their charge, it does not explain selectivity of the resin for

different ions of equal charge (i.e., Agþ vs. Naþ, or SO4
2� vs.

CO3
2�). To do so, an additional, ion-specific term must be

added toEquation 7-97 to account for the added or diminished

attractiveness of the environment inside the resin for the

particular ion; that is, the equation can bemodified as follows:

ci;IX ¼ KIX;ici;bulk exp � ziFcDonnan

RT

� �
(7-105)

where KIX,i is the equilibrium constant for adsorption of i to

the resin, and can be thought of as the ratio of the concentra-

tion of i in the resin to that in the bulk in the hypothetical

situation where the Donnan potential was zero. The primary

factor that is thought to affect KIX,i is the ion size (increasing

size decreases KIX,i), though other, species-specific factors

related to chemical structure are undoubtedly also important.

Competitive Adsorption in the Context of the
Site-Binding Model for Adsorbates that Obey
Freundlich Isotherms

In systemswhere adsorption is characterized by the Freundlich

isotherm, competitive effects can be significant if even a

small fraction of the surface is occupied, since the sites that
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are preferentially occupied by the competing adsorbate

might be the ones that bind the target adsorbate most

strongly. That is, if a surface has only a small number of

strong binding sites, a relatively small concentration of a

strongly competing adsorbate might occupy almost all of

those sites. In that case, even though the competing adsorb-

ate has a negligible effect on the total number of available

surface sites, the competitive effect could be significant,

because the strongest sites would be largely unavailable to

the target adsorbate.

To model such a situation, a logical conceptual approach

would be to apply the competitive Langmuir model to each

group of sites. Use of such an approach is reasonably

straightforward if the adsorbates are characterized by

Freundlich isotherms with the same n value. In such a

case, the kf values provide a direct measure of the relative

affinity of the surface for the adsorbates. That is, if nA¼ nB
and kf;A=kf;B ¼ 2, we can infer that every site on the surface

has twice the attraction for species A as for species B. If,

however, the adsorbates are characterized by different values

of n, then A might outcompete B for sorption on some sites,

and B might outcompete A for sorption on others. In such a

case, additional assumptions or measurements relating the

two isotherms are required tomodel competitive interactions.

Approaches have been proposed for analyzing competi-

tive adsorption in such systems,16 but the approaches that

are based on site binding adsorption models tend to be

cumbersome and to require extensive amounts of data to

estimate the adjustable parameters. As a result, such

approaches have not been widely adopted. On the other

hand, the ability to model competitive adsorption of adsor-

bates that obey Freundlich isotherms represents a straight-

forward application of the phase transfer model for

adsorption, which is discussed next.

Competitive Freundlich adsorption can lead to an inter-

esting and somewhat surprising outcome if two adsorbates

compete for the same sites, but the weaker-binding adsorb-

ate is present at a much lower total concentration than the

more strongly binding adsorbate. Such a situation might

arise, for example, in the adsorption of synthetic organic

compounds (SOCs) onto activated carbon from solutions

that contain NOM (which is typically present at a concen-

tration three or more orders of magnitude larger than the

SOCs). Such SOCs almost invariably obey Freundlich iso-

therms with the Freundlich exponent n substantially less

than 1 when they are the only adsorbate in the system.

However, they frequently obey linear isotherms in the

presence of NOM, at least over the range of concentrations

where the SOC accounts for a small fraction of the total

adsorption density (Matsui et al., 2002; Graham et al., 2000).

Put another way, when an SOC adsorbs from clean water, the

effective binding strength and the fraction of the SOC that

adsorbs decrease as the total concentration of SOC in the

system increases. However, when the same SOC adsorbs

from a solution containing NOM, the binding strength and

the fractional adsorption remain constant as the SOC con-

centration increases. Isotherms for a hypothetical SOC that

adsorbs according to this pattern are shown in Figure 7-28.

This result can be rationalized by recalling that the

Freundlich isotherm is consistent with a site distribution

function in which the surface site concentrations increase as

the binding strength decreases (aswas shown inFigure 7-18b).

Consider, for example, two systems with the same concentra-

tion of adsorbent but two different total concentrations of

an SOC, such that the SOC adsorption densities in the two

systems are 10�4 and 10�3mol SOC/mol of sites, respectively.

If no other adsorbates were present, and if SOC adsorption

obeyed a Freundlich isothermwith n of, say, 0.5, then the sites

occupied by the first 10% of the SOCmolecules that adsorbed

in the high-concentration system would be equivalent to

those occupied by all the molecules that adsorbed in the

low-concentration system. However, the remaining 90% of
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FIGURE 7-28. Adsorption of a hypothetical SOC from a solu-

tion in which the SOC is the only adsorbate and in two solutions in

which NOM is also present. (a) Isotherm plots with arithmetic

scales on the axes; (b) same data as in a, but with logarithmic

scales.

16 For an example, see Sheindorf et al. (1981).
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the molecules that adsorbed in the high-concentration system

would bind to sites with lower affinities for the SOC, so the

average binding strength characterizing the high-concentra-

tion system would be substantially less than in the low-

concentration system.

Now consider the situation for the same two SOC adsorp-

tion densities, but in systems where NOM occupies 10% of

all the adsorbent sites. If the SOC strongly outcompeted the

NOM for the preferred sites, the NOM would have a

negligible effect on the SOC isotherm. However, if the

NOM outcompeted the SOC, the NOM would occupy at

least some of the sites with the greatest affinity for the SOC,

and the SOC would bind to sites that were weaker than in the

NOM-free system. In the limit, the NOM might completely

prevent the SOC from binding to the most preferred sites, so

that the most attractive 10% of the total sites would have

become unavailable to the SOC. In that case, the average

binding strength of the adsorbed SOC would be much lower

than in the NOM-free systems. In addition, however,

because of the nature of the site distribution function for

Freundlich isotherms, the binding strength of the (weaker)

sites to which the SOC binds in the competitive system

would vary much more gradually as a function of adsorption

density than the (stronger) sites in the noncompetitive

system. As a result, in the system with NOM, the SOC

molecules would bind to sites with a smaller range of

binding strengths, and the isotherm would be characterized

by an n value closer to 1. In the limit, the affinities of the sites

occupied by the SOC in this latter case would be almost

identical, and the SOC adsorption isotherm would be linear

(i.e., n¼ 1.0), as is in fact observed.

7.6 MODELING ADSORPTION USING SURFACE

PRESSURE TO DESCRIBE THE ACTIVITY OF

ADSORBED SPECIES

As noted previously, the phase transfer model for adsorption

envisions adsorbed molecules to reside in a two-dimensional

gas-like phase on the adsorbent surface. Correspondingly,

Table 7-2 indicates that the activity or concentration of

adsorbed species can be represented not only in terms of

adsorption density, but alternatively as a surface pressure. In

this section, the conceptual basis of the surface pressure is

presented, and the linear, Langmuir, andFreundlich isotherms

are developed in terms of the surface pressure. The major

application of the surface pressure concept is in the modeling

of competitive adsorption, and the key equations for this

application are developed in the final portion of this section.

The Surface Pressure Concept

Water molecules have significant attraction for one another

due to favorable electrostatic interactions between the

hydrogen atoms on one molecule and the oxygen atoms

on others (hydrogen bonds). Water molecules at the interface

with another phase have opportunities for these types of

favorable interactions in the direction of the bulk solution,

but not in the direction of the other phase. (Some favorable

interactions with molecules of the nonaqueous phase might

exist, but they tend to be weaker than those with other water

molecules.) As a result, water molecules at an interface

experience a small force pulling them into the bulk phase.

The weaker the bonds between water molecules and those

of the nonaqueous phase, the greater the force on the

molecules at the interface pulling them toward the bulk

solution, or, equivalently, the greater the force opposing

movement of water molecules from the bulk to the interface.

This force causes water (and, in fact, all liquids) to be

cohesive and to resist changes that increase the interfacial

area; one familiar consequence of this phenomenon is that

adjacent water droplets tend to coalesce into larger ones

(thereby reducing the total number of water molecules at the

air/water interface), rather than spontaneously disperse into

smaller ones.

The cohesiveness of a phase is quantified as the surface

tension, conventionally represented as g (not to be confused

with an activity coefficient). Formally, surface tension is

defined as the increase in the chemical potential energy (the

Gibbs free energy) of the system per unit increase in surface

area, while the temperature, pressure, and composition are

held constant. Thus:

g � @Gsys

@A

				
P;T ;ni

(7-106)

where Gsys is the Gibbs free energy of the system (with units

such as kilojoules), A is interfacial area (e.g., square meters),

and ni is the number of moles of any species i in the system.

Surface tension has units of energy per unit area or, equiv-

alently, force per unit length. Because of the extensive

hydrogen bonding among water molecules, the surface

tension of pure water is significantly larger than that of

most other liquids.17

The effects of surface tension on a solution and on

adsorption at its boundary with another phase can be pro-

found. To explain some of these effects, an analogy is

sometimes made between the layer of molecules right at

the interface and a thin, elastic membrane that has been

slightly stretched. The molecules that make up the mem-

brane have some optimal orientation and separation that

17 Formally, the surface tension is a property of the interface and therefore

depends on the identities of both phases that form the interface. However,

surface tension of an individual phase can be defined as the hypothetical

value of @G/@Awhen that phase is in contact with an ideal gas with which it

has no chemical interactions. The surface tension at the interface between

two real materials can then be computed as the difference in the hypothetical

surface tensions of the isolated phases.
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maximizes their favorable interactions in the absence of

external stresses, just as molecules of water do. This opti-

mum molecular geometry is the norm in the unstretched

membrane and the bulk water.

When the membrane is stretched, the average separation

between the molecules increases. The membrane then exerts

an opposing, contraction force, reflecting the preference of

the molecules to return to their optimal separation. Similarly,

the separation between water molecules at an interface is

greater than optimal, albeit for a different reason; in this

case, the extra separation arises because some surface

molecules have been pulled into the bulk solution in

response to the greater hydrogen bonding in that direction.

Although the cause of the molecular separation is different

in these two situations, the result is the same: the molecules

that have greater than the optimal separation between them

exert an opposing contraction force as they attempt to return

to their optimal geometry. In the case of the interfacial layer,

this force is manifested as the surface tension. Thus, the

interfacial layer behaves like a membrane, made up primar-

ily of water molecules, that is stretched across the surface of

the bulk solution; the higher the surface tension, the tighter

this imaginary membrane is stretched.

If one stretches a membrane over a flat surface (e.g., think

of stretching a piece of plastic wrap tightly over a bowl), the

tension in the membrane can be quantified as the energy

required to stretch it divided by the area covered; this energy

per unit area is exactly analogous to the surface tension

defined above as @G=@A. Also, because it is stretched, the

membrane pulls along the perimeter of the surface (the

plastic wrap pulls the edge of the bowl toward the center)

with a force that is proportional to the tension in the

membrane. Therefore, the force per unit length around

the perimeter is another, equivalent measure of the tension

in the membrane. A similar idea—of surface tension as a

force per unit length—applies to water at an interface. In this

case, the analogy can be visualized as an elastic band

stretched across the interface that opposes expansion of

the surface.

Any process that lowers the surface tension (i.e., allows

the water molecules to return to an average separation closer

to the optimal one) relieves some of the strain in the system

and is favored. Thus, if the surface tension at an adsor-

bent/solution interface can be reduced by placing a molecule

of some solute in that layer (i.e., by adsorption of the solute),

that reaction will be favored. The weaker the bonds between

the solute and the bulk water, and the stronger the bonds

between the solute and the adsorbent, the more favorable the

adsorption reaction becomes. Opposing this tendency is

thermal molecular motion, which tends to cause all mole-

cules to distribute themselves randomly throughout the

solution. Therefore, according to this view, adsorptive equi-

librium can be interpreted as a balance between the tenden-

cies of the system to minimize surface tension and to

maximize the random distribution of molecules throughout

the solution.

Computation of the Surface Pressure from
Surface Tension or Isotherm Data

The pressure in a true, three-dimensional gas phase can be

quantified as the force that the gas exerts on a unit area of any

(two-dimensional) surface in contact with the gas. Similarly,

a hypothetical, two-dimensional gas-like phase at a solid-

/liquid interface can be considered to exert a surface pressure

on any (one-dimensional) object in the layer, quantified as

the force on the object per unit length; that is, the same units

as surface tension. This surface pressure is normally repre-

sented as p.

One way to evaluate the pressure contributed by a partic-

ular constituent of a bulk gas phase is to put the gas both

inside and outside a container, evacuate the constituent from

the gas on the inside, and measure the force per unit area on

the container’s walls. By analogy, one can imagine evaluat-

ing the surface pressure contributed by an adsorbate by

evacuating the adsorbate from a small region of the surface,

thereby lowering the surface pressure in that region by an

amount pi. Because the pressure outside the evacuated area

would be greater than that inside, a force would exist along

the perimeter, directed toward its center (Figure 7-29).

The force per unit length along the boundary could then be

identified as the surface pressure attributable to the adsorbate

in the unperturbed portionof the surface; in essence, this value

is the partial surface pressure of i in the system.

The same scenario can be interpreted in the context of

surface tension by considering that a pseudo-membrane

Adsorbent 
surface

Water

Portion of surface
(hypothetically)
evacuated of

adsorbate

Adsorbate

FIGURE 7-29. Schematic representation of the surface pressure.

The arrows represent the surface pressure, which pushes toward the

center of the area from which adsorbate molecules have been

evacuated. The force per unit length is p, equal to the surface

tension (g) inside minus that outside the evacuated area.
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inside the evacuated area is pulling the boundary toward

the center with a force per unit length equal to gjG¼0, while

a different pseudo-membrane is pulling the boundary in the

opposite direction with a (lesser) force per unit length

equal to gjactual G.18 Mathematically, for a system contain-

ing only one adsorbate, these concepts can be represented

as follows:

Net surface pressure

ðforce=lengthÞpushing
boundary toward

evacuated area

¼
Force=length pulling

boundary toward

evacuated area
�

Force=length pulling

boundary toward

nonevacuated area

p ¼ gjG¼0 � gjactual G
(7-107)

Thus, p¼ 0 at an interface where no adsorption has

occurred.

While the preceding conceptual approach for estimating

pi is useful for understanding the idea of surface pressure, a

more convenient and practical approach for quantifying p

can be derived based on a relationship known as the Gibbs

adsorption isotherm, which relates the surface tension,

the dissolved adsorbate concentration, and the adsorption

density in any system at equilibrium, as follows:19

p ¼ RT

ðci
0

G

c
dc (7-108a)

¼ RT

ðln ci
�1

Gd ln c ¼ 2:303RT

ðlog ci
�1

Gd log c (7-108b)

¼ RT

ðln ci
�1

d ln c

d lnG
dG (7-108c)

where p is the surface pressure (Pam), when the equilibrium

dissolved adsorbate concentration is ceq; R is the universal

gas constant, 8.314m3-Pa/molK; T is the temperature (K); c

is the dissolved concentration of the adsorbate (moles per

liter); G is the adsorption density in equilibrium with c

(moles per meter square).

The Gibbs isotherm is to the gas transfer model of

adsorption what the F versus K function is to the site-

binding model: a completely generic way to describe the

relationship between the activities of a species in solution

and at the surface. These generic isotherms posit no

particular relationship between adsorption density and

dissolved concentration, but they do establish a framework

in which any such G versus c or q versus c relationship can

be interpreted. For example, particular G versus c relation-

ships (such as the Langmuir or Freundlich isotherm) can be

interpreted in the context of the gas transfer model of

adsorption, just as they can in the context of the site-

binding model. These points are elucidated in the follow-

ing section, which closely follows the presentation of

Benjamin (2009).

Any of the forms of Equation 7-108 can be used to

determine the surface pressure from experimental G versus

c data. For example, if we prepared a plot of G/c versus c or
G versus ln c, the product of RT with the area under the

curve between c¼ 0 (ln c¼�1) and the concentration

corresponding to the adsorption density of interest would

be the surface pressure associated with that adsorption

density. This relationship is illustrated in Figure 7-30.

By carrying out the preceding steps for a range of c and

G values, we can prepare an isotherm plot using surface

pressure rather than adsorption density to quantify the

activity of adsorbed species; that is, a plot of p versus

ceq. Alternatively, if the data conform to a linear, Langmuir,

or Freundlich isotherm, we can use the isotherm equation to

substitute for c or G in Equation 7-108 and integrate the

resulting equation analytically. For instance, the surface

pressure in a system that conforms to the Langmuir isotherm
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FIGURE 7-30. Computation of the surface pressure from a plot

of G versus ln c. The plot shown is for a Langmuir isotherm with

K¼ 15,000 L/mol and Gmax¼ 1.1� 10�4mol/m2. The surface

pressure could also be computed from the area under a plot of

G/c versus c. Source: From Benjamin (2009).

18 Because the analysis of adsorption in terms of surface pressure is based on

a view of the interfacial region as a separate phase from the liquid or solid, it

is most convenient to carry out the analysis in terms of the amount of that

phase that is present (i.e., the surface area), rather than the amount of solid

that is present. Therefore, the following discussion is presented using G

rather than q as the measure of adsorption density. If desired, any of the

equations can be recast in terms of q based on the relationship G¼ q/SSA.
19 The Gibbs adsorption isotherm is derived in many texts dealing with

colloid or interfacial phenomena. See, for instance, the texts by Adamson

(1976), Hunter (1987), or Everett (1988).
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can be computed as follows:

p ¼ RT

ðc

0

GmaxKc

1þ Kc
c

dc ¼ RTKGmax

ðc

0

dc

1þ Kc

¼ RTGmax lnð1þ KcÞ ¼ 2:303RTGmax logð1þ KcÞ
(7-109)

Algebraic manipulation of the Langmuir isotherm shows

that 1þ Kc ¼ Gmax=ðGmax � GÞ ¼ 1� ðG=GmaxÞð Þ�1
, so

the surface pressure can be expressed as a function of the

adsorption density as:

p ¼ RT Gmax ln 1� G

Gmax

� ��1

¼ 2:303RT Gmax log 1� G

Gmax

� ��1

(7-110)

Similar derivations for systems that obey linear or

Freundlich isotherms also lead to fairly simple expressions

for surface pressure as a function of the dissolved adsorbate

concentration or the adsorption density. The relationships

for all three isotherms are collected in Table 7-5, and

corresponding plots of p versus c are shown in Figure 7-31.

Equation 7-111 indicates that, if the isotherm is linear, the

relationships between surface pressure and both the dissolved

adsorbate concentration and the adsorption density are linear

as well. By substituting Nads/A for G in the expression on the

rightsideofEquation7-111,whereNads is thenumberofmoles

adsorbed and A is the surface area of the adsorbent, we obtain

anequation that is an exact analog of the ideal gas law, but for a

two-dimensional system; that is, with surface pressure and

area replacing three-dimensional pressure and volume:

Ideal gas law:

PV ¼ RTNgas (7-113)

Linear adsorption isotherm expressed in terms of surface

pressure:

pA ¼ RTNads (7-114)

This analogy suggests that, in an adsorptive system charac-

terized by a linear isotherm, the adsorbed species can be

thought of as forming an ideal two-dimensional gas. The

characteristics of an ideal adsorbed phase, like those of an

ideal gas, include (1) the pressure exerted by the molecules in

the phase is directly proportional to the concentration of those

moleculesanddoesnotdependontheidentityofthemolecules;

and (2) the molecules interact by perfectly elastic collisions,

but otherwise have no effect on one another; that is, each

molecule in the real mixture behaves exactly as it would if the

gas were made up entirely of that type of molecule. Based on

these considerations, the plot of p versus G for the linear

isotherm shown inFigure 7-31 applies for any linear isotherm,

regardless of the identity of the adsorbate and adsorbent.

Since, according to the gas transfer model, an ideal

adsorbed gas is reflected in a linear G versus c relationship,

the extent towhich that theGversus c relationship is nonlinear

can be taken as an indicator of the nonideality of the surface

phase. Such deviations from ideal behavior are much more

common in adsorptive systems than in gaseous systems, both

TABLE 7-5. Surface Pressure Relationships for Various Isotherm Equations

Isotherm Type Isotherm Equation Expressions for Surface Pressure

Linear G ¼ kc p ¼ RTkc ¼ RT G (7-111)

Langmuir G ¼ GmaxKc

1þ Kc
p ¼ RTGmax lnð1þ KcÞ ¼ RT Gmax ln 1� G

Gmax

� ��1

(7-110)

Freundlich G ¼ kfc
n p ¼ RT

n
kfc

n ¼ RT

n
G (7-112)
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FIGURE 7-31. The relationship between surface pressure and

adsorption density for various isotherms. (For the curve correspond-

ing to theLangmuir isotherm,Gmaxwasassignedavalueof1.1� 10�4

mol/m2, and for that corresponding to the Freundlich isotherm, n

was assigned a value of 0.4.) Source: From Benjamin (2009).
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because the underlying surface is nonuniform (as opposed to

the empty and therefore uniform space inwhich gasmolecules

are dispersed) and because adsorbed molecules are packed

much more densely than gas molecules, leading to the poten-

tial for significant intermolecular interactions. Nevertheless,

linear adsorption isotherms do characterize many real

systems, and they represent a useful limiting case with which

other experimental isotherms can be compared.

In systems that obey the Langmuir isotherm, under

conditions where G�Gmax (corresponding to Kc� 1),

the surface pressure at a given adsorption density is identical

to that for a system that has a linear isotherm. This result

should not be surprising, since the Langmuir isotherm is

itself linear under such conditions. Put another way, the

surface pressure follows the ideal adsorbed gas law (Equa-

tion 7-114) under conditions where the Langmuir isotherm

reduces to a linear isotherm. This result is also consistent

with the conceptual model for the system, in that low

adsorption densities correspond to large distances between

adsorbed molecules and therefore minimal interactions

among them. On the other hand, when the adsorption density

becomes a significant fraction of Gmax, the surface pressure

increases at a dramatically greater rate, thereby opposing

additional adsorption ever more forcefully. In the limit,

p becomes infinitely large as the adsorption density

asymptotically approaches Gmax. In other words, whereas

Gmax is interpreted in the site-binding model as a limit on

adsorption imposed by the finite number of sites on the

surface, it is interpreted in the gas transfer model as a limit

imposed by the buildup of an immensely large surface

pressure, opposing transfer of more adsorbate molecules

into the surface phase. Note that, when plotted as a

function of G, the surface pressure depends on the prox-

imity to Gmax, but not on K; thus, a single plot of p versus

G/Gmax (Figure 7-32) characterizes all systems that follow

Langmuir isotherms.

According to Equation 7-112, in systems that follow the

Freundlich isotherm, p is directly proportional to G, just
as it is for linear isotherms; however, the proportionality

constant is RT/n, rather than RT. Thus, in such systems, the

extent of nonideality is indicated by the value of n: the

closer n is to 1.0, the closer the system conforms to the ideal

adsorbed gas model.

For any Langmuir isotherm, and for Freundlich isotherms

in which n< 1, each increment in adsorption density causes

the surface pressure to increase more than would be pre-

dicted by the ideal gas model. These deviations from ideal

behavior can be quantified by incorporating activity coef-

ficients for the adsorbed species (gsurf,i) into Equation 7-114:

pi ¼ gsurfRT
Nsurf

A
¼ gsurfRT G (7-115)

Comparison of Equation 7-115 with the equations in

Table 7-5 indicates that, in the case of Langmuir adsorption,

the activity coefficient of the adsorbed species is�1.0 at low

adsorption densities and surface pressures, but increases

steadily with increasing G and p, and gets very large as G
approaches Gmax. In the case of the Freundlich isotherm, the

activity coefficient is 1/n (and therefore, typically, greater than

1.0) at all adsorption densities and surface pressures. The

implication is that, for example, if a systemwas characterized

by a Freundlich isotherm with n¼ 0.5, adsorption of a single

molecule in the real system would increase the surface

pressure by the same amount as would be expected for

adsorption of two (1/0.5) molecules in an ideal system.

& EXAMPLE 7-11. Adsorption of benzene and

toluene onto activated carbon has been reported by Speth

andMiltner (1990) to obey the followingFreundlich isotherm

equations, where c is in mg/L and q is in mg/g:

Benzene: qbenz ¼ 50:1 c0:533benz

Toluene: qtol ¼ 76:4 c0:365tol

A solution at 25�C containing 0.50mg/L benzene and

0.82mg/L toluene is to be treated in a batch process to reduce

the concentration of each contaminant to less than 0.01mg/L.

The adsorbent is activated carbon with a SSA of 650m2/g.

(a) Develop curves of dissolved benzene and toluene

concentration versus adsorbent dose, considering

each contaminant in isolation. Plot the correspond-

ing curves of surface pressure versus adsorbent dose.

(b) What is the required adsorbent dose to reach the

treatment goal for each contaminant in isolation?

What are the surface pressure and surface activity

coefficient of each adsorbate when this adsorbent

dose is added?
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and fractional surface coverage for all systems that obey the

Langmuir isotherm.
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Solution.

(a) The dissolved concentration of each contaminant at

equilibrium can be computed as a function of the

activated carbon dose by combining the isotherm

expression with the corresponding mass balance. For

instance, for benzene, we can pick a value for cbenz,

compute qbenz from the isotherm equation, and then

compute the corresponding activated carbon dose

from the mass balance, as follows:

qbenz ¼ 50:1 c0:533benz

cAC ¼ ctot;benz � cbenz

qbenz
¼ 0:50� cbenz

50:1 c0:533benz

A parallel calculation for toluene yields:

cAC ¼ ctot;tol � ctol

qtol
¼ 0:82� ctol

76:4 c0:365tol

Substituting a range of values for cbenz and ctol yields

the activated carbon dose required to reach those

concentrations. The resulting plots of for cbenz and

ctol versus cAC are shown in Figure 7-33a.

Because both adsorbates follow Freundlich

isotherms, the surface pressure associated with

each condition is given by Equation 7-112 as

p ¼ ðRT=nÞkfcn, where p is in kPam, R is in kPa

m3/mol K, and c is the molar concentration of the

adsorbate in solution. For each dose of activated

carbon, the dissolved concentrations of benzene and

toluene can be converted from mg/L to mol/L units

based on their molecular weights of 78 and 92,

respectively. The corresponding plots of p versus

cAC are shown in Figure 7-33b.

(b) At the target concentration of 0.01mg/L, the adsorp-

tion densities and activated carbon doses, calculated

as described in part a, are

Benzene: qbenz ¼ 4:30mg=g cAC ¼ 0:114 g=L ¼ 114mg=L

Toluene: qtol ¼ 14:23mg=g cAC ¼ 0:057 g=L ¼ 57mg=L

To compute the surface pressure, we need to express

these adsorption densities in mol/m2. This unit con-

version can be achieved by dividing the given value

of q by the molecular weight and the specific surface

area, yielding:

Gbenz ¼ 4:30mg=g ACð Þ 1mol

78; 000mg

� �
1 g AC

650m2

� �

¼ 8:49� 10�8 mol=m2

Gtol ¼ 14:23mg=g ACð Þ 1mol

92; 000mg

� �
1 g AC

650m2

� �

¼ 2:38� 10�7 mol=m2

Substituting these values into Equation 7-112,

we find

pbenz ¼ RT

n
Gbenz

¼ 8:314� 10�3 m3 kPa=mol K
� �ð298KÞ

0:533

� 8:49�10�8 mol=m2
� �

¼ 3:95�10�7 kPam

ptol ¼ RT

n
Gtol

¼ 8:314� 10�3 m3 kPa=mol K
� �ð298KÞ

0:365

� 2:38� 10�7 mol=m2
� �

¼1:62�10�6 kPam
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Since both adsorbates obey Freundlich isotherms,

the surface activity coefficients are simply 1/n.

Thus, gbenz is 1/0.533, or 1.88, and gtol is 1.0/0.365,

or 2.74.

For the given solution and treatment target, ben-

zene requires twice as large a dose of activated

carbon to achieve the treatment target and, at equi-

librium, has a lower adsorption density than toluene.

The higher adsorption density of toluene, combined

with its lower n value (greater nonideality), causes

the surface pressure to be approximately four times

as large for toluene as for benzene, for the conditions

specified. &

Competitive Adsorption and Surface Pressure:
The Ideal Adsorbed Solution Model

The main application of the surface pressure concept is in

the modeling of competitive adsorption of hydrophobic

molecules that obey nonlinear isotherms. The model that

is most commonly used in these situations is known as the

ideal adsorbed solution theory (IAST) or the ideal adsorbed

solution (IAS) model. According to this model, the total

surface pressure in an adsorbed phase, ptot, can be consid-

ered to comprise independent contributions from each

adsorbed species. By analogy with three-dimensional gas

mixtures, we refer to each such contribution as the partial

surface pressure of that species, pi, with ptot equal to the sum

of all the pi values:

ptot ¼
Xm
j¼1

pi (7-116)

The key assumptions of the IAST, and the basis for the

idea that the adsorbates form an “ideal” mixture, are that

the partial surface pressure exerted by any adsorbate can

be computed just like in single-adsorbate systems (i.e.,

using Equation 7-115), and that the activity coefficient

gsurf,i depends only on the total surface pressure, not on

the identity of the adsorbates that generate that pressure

(Benjamin, 2009). Note that each species in the system

might behave nonideally as an individual adsorbate (i.e., it

might have a nonlinear isotherm), but the nature of that

nonideality is assumed to be identical in a mixed adsorbed

phase as in a (hypothetical) pure phase at the same total

surface pressure. Designating the conditions in this hypo-

thetical, single-adsorbate system by an asterisk, we can

write Equation 7-115 for the hypothetical system as

follows:

gsurf;i ¼
ptot

RTG
i

(7-117)

Then, combining Equations 7-115 and 7-117, we find

pi ¼ ptot

RTG
i

RT Gi ¼ Gi

G
i

ptot (7-118)

While Equations 7-115 to 7-118 are applicable regard-

less of the adsorption characteristics of species i, recall

that, for species that obey Freundlich isotherms (the most

common case of interest), gsurf,i equals 1/ni, independent of

ptot. Thus, for those adsorbates, 1/ni can be substituted for

gsurf,i in Equation 7-115, and G
i can be eliminated from

Equation 7-118, yielding:

pi ¼ RT

ni
Gi (7-119)

The implication of Equation 7-119 is that, if an adsorbate

obeys a Freundlich isotherm when binding to a particular

adsorbent in a noncompetitive system, it will have the same

pi versus Gi relationship when sorbing to that adsorbent in

any other system, regardless of the presence or adsorption

density of competing adsorbates. However, whereas each Gi

is associated with a unique value of pi in such systems, each

(Gi, pi) pair might be associated with many different values

of ci, depending on the identity and concentration of the

competing adsorbates.

Returning to the derivation of the IAST equations for the

more general case of systems where adsorbates might obey

any isotherm equation, we note that, in any system, the

activity of dissolved i can be related to the activity of

adsorbed i by an equilibrium constant, Keq:

ai;sol’n ¼ Keq;iai;surf (7-120)

The activity of dissolved i can be computed from its

concentration and activity coefficient:

ai;sol’n ¼ g i
ci

ci;std:state
(7-121)

The activity of a species i in a three-dimensional gas is

given by:

ai;gas ¼ Pi

Pi;std:state
¼ yiPtot

Pi;std:state
(7-122)

where Pi and Ptot are, respectively, the partial pressure of i

and the total pressure in the gas phase; Pi,std.state is the

pressure in the standard state (typically, 1 atm); and yi is

the mole fraction of i in the gas phase. The analogous

expression in the adsorbed phase is

ai;surf ¼ pi

pi;std:state
¼ ziptot

pi;std:state
(7-123)
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in which zi is the mole fraction in the surface phase.

Substituting Equations 7-121 and 7-123 into Equation

7-120, and then rearranging, yields:

g i

ci

ci;std:state
¼ Keq;i

ziptot

pi;std:state
(7-124)

ci ¼ ci;std:stateKeq;i

g ipi;std:state
ziptot ¼ K 0

i

ptot

g i

zi ¼ Keff;i;ptot
zi (7-125)

where K 0
i is a composite constant equal to ci;std:stateKeq;i=

pi;std:state, and Keff;i;ptot
is an effective or conditional equili-

brium constant that relates ci to zi at the given ptot and for the

given dissolved-phase activity coefficient (g i).

The condition zi¼ 1.0 corresponds to a one-adsorbate (i.e.,

noncompetitive) system. In such a system, Equation 7-125

simplifies to:

ci ¼ Keff;i;ptot
(7-126)

which can be interpreted as indicating thatKeff;i;ptot
equals the

concentration of i that, in a single-adsorbate system with

the given g i, generates a surface pressure of ptot. Per the

convention defined earlier, this (hypothetical) concentration

is designated ci , so Equation 7-125 can be written as:

ci ¼ ci zi (7-127)

Equations 7-116, 7-118, and 7-127, along with the fol-

lowing equations defining Gtot and quantifying the mass

balances on the individual adsorbates, comprise the com-

plete set of equations needed to solve for the equilibrium

composition of a system with competitive adsorption among

m adsorbates, according to the IAST.

Gtot ¼
Xm
j¼1

Gj (7-128)

ci;tot ¼ ci þ csolidqi ¼ ci þ csolidðSSAÞGi (7-129)

One additional equation, obtained by computing the ratio

ci/cj according to Equation 7-127 and then solving for cj, is

also useful:

ci

cj
¼ ci ðGi=GtotÞ

cj ðGj=GtotÞ ¼
ci
cj

Gi

Gj

¼ ci
cj

ðci;tot � ciÞ=ðcsolid½SSA�Þ
ðcj;tot � cjÞ=ðcsolid½SSA�Þ

¼ ci
cj

ci;tot � ci

cj;tot � cj
(7-130)

cj ¼ cj;tot

1þ ðci;tot=ciÞ � 1
� �

ci =c

j

� � (7-131)

A number of approaches have been suggested for solve

the preceding equations (or equivalent ones based on slightly

different derivations20) to find the equilibrium composition

of the system (see, e.g., Crittenden et al., 1985; Tien, 1994;

Moon and Tien, 1987). One relatively straightforward

approach involves two nested loops of calculations, shown

schematically in Figure 7-34. The steps shown in the flow

chart can easily be programmed into a spreadsheet or

numerical processing program such as Matlab1 (Benjamin,

2009) and are illustrated in the following example.

& EXAMPLE 7-12. Develop plots of cbenz and ctol
versus activated carbon dose (cAC) and of ptot versus cAC
for the solution described in Example 7-11, assuming that

competitive adsorption can be modeled by the IAST. What

activated carbon dose would be needed to meet the treatment

objectivewithrespect tobothcontaminants,whencompetitive

adsorption is taken into account?

For each species, compute Γi from 
Equation 7-129, and zi as Γi /Γtot

Guess c1

Compute c2, c3… from Equation 7-131

Compute c1 from Equation 7-127

Iterate until 
c1 converges

Compute πi for each species from Equation 7-118

Guess πtot

Compute πtot from Equation 7-116

Iterate until
πtot converges

For each species, compute ci
* and Γi

*

from single-solute isotherms

FIGURE 7-34. Flow chart for solving the IAST equations.

Source: After Benjamin (2009).

20 In the literature, Equation 7-118 is frequently replaced by an equation

derived by assuming that the surface area occupied by each adsorbate

depends only on ptot, and the sum of the surface areas occupied by all the

adsorbates is the total adsorbent surface area (Crittenden et al., 1985). This

equation is 1=Gtot ¼
P

all iðxi=G
i Þ. The same result is obtained for the

equilibrium distribution of adsorbates in the system whether one uses this

equation or Equation 7-118.
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Solution. This problem requires that we solve a set of

simultaneous equations for various values of cAC, until we

identify the value of cAC that just meets the treatment

objective. For each dose, the system can be characterized

by six unknowns:

cbenz; ctol;Gbenz;Gtol;pbenz; andptol

To use the IAST, the isotherm parameters must be

expressed in mole-based units. The total concentrations of

benzene and toluene in the system can be converted into

those units based on their respective molecular weights, and

the corresponding k values can be converted into the appro-

priate units based on Equation 7-49.

Benzene: cbenz;tot ¼ 0:50mg=L

78;000mg=mol
¼ 6:41� 10�6 mol=L

k0f ¼ kf � 1mol

1;000�MWð Þmg

� �1�n

¼ 50:1
mg=g

mg=Lð Þ0:533
1mol

78;000mg

� �1�0:533

¼ 0:260
mol=g

mol=Lð Þ0:533

Toluene: ctol;tot ¼ 0:82mg=L

92;000mg=mol
¼ 8:91� 10�6 mol=L

k0f ¼ kf � 1mol

1;000�MWð Þmg

� �1�n

¼ 76:4 mg=gð Þ= mg=Lð Þ0:365
� � 1mol

92;000mg

� �1�0:365

¼ 0:0538 mol=gð Þ= mol=Lð Þ0:365

According to Figure 7-33b, the surface pressures at

an activated carbon dose of 50mg/L are on the order

of 1� 10�6 and 2� 10�6 kPam, respectively, in the systems

with benzene and toluene as the only adsorbate. In the

system with both adsorbates, we expect the surface pressure

to be higher than in either of the single-adsorbate systems,

but less than the sum of the pressures in those two systems; a

reasonable guess for ptot might therefore be 2.3� 10�6 kPa

m. Both adsorbates obey Freundlich isotherms when they

are the sole adsorbate present, so the value of G can be

found from by applying Equation 7-112 to the hypothetical,

single-adsorbate systems with the guessed value of ptot:

ptot ¼ RT

n
G

G
benz ¼

nbenzptot

RT
¼ 0:533ð Þ 2:3� 10�6 kPam

� �
8:314� 10�3 m3 kPa=molK
� �

298Kð Þ
¼ 4:95� 10�7 mol=m2

G
tol ¼

ntolptot

RT
¼ 0:365ð Þ 2:3� 10�6 kPam

� �
8:314� 10�3 m3 kPa=molK
� �

298Kð Þ
¼ 3:39� 10�7 mol=m2

The corresponding values of c can then be computed

from the isotherm expressions. Since the G: values are in

mol/m2, and k0f is based on adsorption densities in mol/g, we

must multiply G by the SSA to obtain c in mol/L. The

calculation is as follows:

cbenz ¼
G
benz SSA½ �
k0f;benz

 !1=nbenz

¼ 4:95� 10�7 mol=m2

 �

650m2=g½ �
0:260 mol=gð Þ= mol=Lð Þ0:533

 !1=0:533

¼ 3:50� 10�6 mol=L

ctol ¼
G
tol SSA½ �
k0f;tol

 !1=ntol

¼ 3:39� 10�7 mol=m2

 �

650m2=g½ �
0:0538 mol=gð Þ= mol=Lð Þ0:365

 !1=0:365

¼ 2:87� 10�7 mol=L

We also compute the surface activity coefficients. In

general, the calculation requires the use of Equation 7-117,

but since both adsorbates obey Freundlich isotherms, the

gsurf,i values are simply 1/ni:

gsurf;benz ¼
1

nbenz
¼ 1

0:533
¼ 1:88

gsurf;tol ¼
1

ntol
¼ 1

0:365
¼ 2:74

We next make a preliminary guess for cbenz at equilibrium.

We know from Figure 7-33a that, in a single-adsorbate

system, this value would be �0.03mg/L, or 3.8� 10�7

mol/L, and we expect the concentration to be higher in the

competitive system (but, of course, less than cbenz,tot, which

is 6.4� 10�6mol/L). A reasonable guess might therefore

be 1.0� 10�6mol/L. Based on this guess, we can compute

ctol,tot from Equation 7-131:

ctol ¼ ctol;tot

1þ ðcbenz;tot=cbenzÞ � 1
� �

cbenz=c

tol

� �

¼ 8:91� 10�6

1þ ðð6:41� 10�6=1:00� 10�6Þ � 1Þ 3:50� 10�6=2:87� 10�7
� �

¼ 1:33� 10�7 (7-132)
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where all the concentrations are in mol/L. Then, we use the

mass balances (Equation 7-129) to compute the correspond-

ing values of Gi. Each mass balance is of the form

ci;tot ¼ ci þ cACGiðSSAÞ. Inserting the known values of ci,

tot, cAC, and SSA and the current estimates of ci, we find that

Gbenz¼ 1.66� 10�7mol/m2, and Gtol¼ 2.70� 10�7mol/m2.

The corresponding mole fractions are zbenz¼ 0.38 and

ztol¼ 0.62. Inserting current values into Equation 7-127,

we then find

cbenz ¼ cbenzzbenz ¼ 3:50� 10�6 mol=L
� �

0:38ð Þ
¼ 1:34� 10�6 mol=L

This value is larger than our original guess (1.0� 10�6

mol/L), sowemake another guess for cbenz that is closer to the

computed value, and then repeat the calculations of ctol, the

two Gi, the two zi, and cbenz. This process is repeated until the

computed cbenz equals the guessed value; for the given guess

of ptot, this occurs when cbenz¼ 1.29� 10�6mol/L. The

corresponding value of ctol, again using Equation 7-127, is

1.81� 10�7mol/L. The partial surface pressures of the two

adsorbates under these conditions are found from either

Equation 7-118 or 7-119 as pbenz¼ 7.32� 10�7 kPam and

ptol¼ 1.82� 10�6 kPam, and ptot is found as their sum, or

2.56� 10�6 kPam.Thisvalue is larger than theoriginal guess

of 2.3� 10�6 kPam, so a smaller value is guessed, and the

entire process is repeated. Using a spreadsheet, the values

converge rapidly to yield, for an activated carbon dose of

50mg/L:

Gbenz ¼ 1:51� 10�7 mol=m2 Gtol ¼ 2:67� 10�7 mol=m2

cbenz ¼ 1:50� 10�6 mol=L ctol ¼ 2:34� 10�7 mol=L

pbenz ¼ 7:03� 10�7 Pa m ptol ¼ 1:81� 10�6 Pa m

ptot ¼ 2:52� 10�6 Pa m

The results for several other adsorbent doses, with

concentrations converted to mol/L, are summarized in

Table 7-6, and they are plotted in Figure 7-35, along with

the results obtained previously for the noncompetitive

systems. As we would expect from the prior analysis of

the systems with only a single adsorbate, the required

activated carbon dose is controlled by the need to meet

the treatment goal for benzene. However, competitive

adsorption causes that dose to almost double, from 114

to 218mg/L. The surface pressure when the treatment goal
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FIGURE 7-35. Comparison of conditions in the example system,

with and without consideration of competitive adsorption accord-

ing to the IAST. (a) equilibrium dissolved adsorbate concentra-

tions; (b) surface pressure.

TABLE 7-6. Adsorption Characteristics of the Example System for Various Activated Carbon Doses

cAC (mg/L) cbenz (mg/L) ctol (mg/L) qbenz (mg/g) qtol (mg/g) Gbenz (mol/m2) Gtol (mol/m2) ptot (kPam)

2.5 0.473 0.665 10.75 61.76 2.12� 10�7 1.03� 10�6

10 0.391 0.344 10.94 47.60 2.16� 10�7 7.96� 10�7

25 0.245 9.78� 10�2 10.20 28.88 2.01� 10�7 4.83� 10�7

50 0.115 2.15� 10�2 7.70 15.96 1.52� 10�7 2.67� 10�7

100 0.039 3.66� 10�3 4.61 8.16 9.09� 10�8 1.36� 10�7 1.33� 10�6

200 1.14� 10�2 5.68� 10�4 2.44 4.10 4.82� 10�8 6.85� 10�8

300 5.41� 10�3 1.88� 10�4 1.65 2.34 3.25� 10�8 4.57� 10�8

218 0.010 4.49� 10�4 2.24 3.76 4.42� 10�8 6.28� 10�8 6.32� 10�7
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is achieved is also significantly higher in the competitive

system than in the system with benzene alone (6.32� 10�7

vs. 3.95� 10�7 kPam, respectively), and the concentration

of dissolved toluene is 4.49� 10�4 mg/L, far below the

target value. &

One of the successes of the surface pressure concept

and the IAST relates to the situation that was character-

ized in Figure 7-28, in which the adsorption isotherm of a

trace adsorbate (e.g., an SOC) shifts from nonlinear

(Freundlich, with n< 1) to linear when another adsorbate

(e.g., NOM) is added to the system at a much higher

concentration. This shift is predicted by the IAST, as

follows. In a system in which the trace constituent is

the only adsorbate, the total surface pressure equals the

surface pressure exerted by that compound alone and

varies with its adsorption density (Gtrace) according to

any of the forms of Equation 7-108. On the other hand, if

NOM is present, the total surface pressure is dominated

by the adsorbed NOM and hence does not change signifi-

cantly when the trace compound adsorbs. As a result, ptot

is approximately independent of Gtrace. Thus, for a given

dose of adsorbent and a given initial concentration of

NOM, ptot is fixed, regardless of the total concentration of

the trace compound. When this approximate constancy of

ptot is combined with Equation 7-125 and applied to the

trace compound, that equation indicates that Keff;trace;ptot
is

constant, and the equilibrium dissolved concentration of

the trace compound is directly proportional to its mole

fraction:

ctrace ¼ K 0
trace

ptot

g trace

ztrace ¼ Keff;trace;ptot
ztrace (7-133)

Because the trace compound accounts for a small fraction

of the total adsorption density, its mole fraction on the

surface is directly proportional to its adsorption density.

As a result, Equation 7-133 implies that ctrace is directly

proportional to Gtrace, and adsorption of that compound is

characterized by a linear isotherm.

7.7 THE POLANYI ADSORPTIONMODEL AND

THE POLANYI ISOTHERM

Description of the Polanyi Model

As indicated in the introduction to this chapter, one model

of adsorption goes beyond making a conceptual analogy to

phase transfer reactions and posits that a true phase change

occurs in certain sorption reactions. This model, known as

the Polanyi adsorption model, was first proposed in 1916

to describe adsorption of gases and has gained popularity

in recent years in environmental engineering for modeling

adsorption of hydrophobic adsorbates onto activated

carbon (Manes, 1998; Crittenden et al., 1999; Xia and

Ball, 2000).

The mathematics of the Polanyi model are based on the

idea that a potential energy field exists adjacent to adsorp-

tive surfaces, analogous to the gravitational field near a

massive object or the electrical field near a charged object.

When another object is exposed to the gravitational field,

or an oppositely charged object is exposed to the electrical

field, it experiences an attractive force toward the first

object. The thermodynamic interpretation of this attrac-

tion is that the field causes the potential energy of the

system to decline as the separation between the objects

decreases.

In a similar way, the empirical observation that adsorbates

are attracted to certain surfaces implies that the potential

energy of those species is lower when they are near the

surface than in the bulk phase. In the case of adsorption from

solution, both the adsorbate and water might be attracted to

the surface; the selective attraction of the adsorbate relative

to water implies that the potential energy of the adsorbate is

lowered more than that of water molecules. If we designate

the total adsorptive potential energy of a system as PEads,

and the molar adsorption potential of species i as ei, the
value of ei at a location x can be defined as:

eiðxÞ ¼ �@PEads

@niðxÞ
				
P;T

(7-134)

where ni(x) is the number of moles of i at location x.

The meaning of ei(x) is best understood in terms of a

hypothetical process in which a differential amount of i is

brought to location x from a location where ei¼ 0, while all

other system conditions (including the distribution of all

other species, nj) remain constant. Equation 7-134 indicates

that ei(x) could be computed as the decline in the total

adsorptive potential energy of the system per mole of i

transferred in such a process. By convention, the datum

location for adsorptive potential for all species (i.e., the

location where ei is defined to be zero) is the bulk fluid

21 The definition of adsorption potential is very analogous to that of the

chemical potential, in which case the energy of interest is the chemical

potential energy, PEchem. The common name for the chemical potential of a

species i is the molar Gibbs free energy, Gi, which can be defined as:

Gi ¼ @PEchem

@ni

				
nj ;P;T

(21)

Other than the type of potential energy being considered, the only difference

in the definitions of ei and Gi is that ei is defined as an energy release,

whereas Gi is defined as an energy input, so the defining equations have

different signs.
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phase, far from any adsorptive surface.21 The hypothetical

process is shown schematically in Figure 7-36.

In the adsorption processes of interest to us, when adsorb-

ate i moves from bulk solution to a location near a surface

(e.g., inside a pore of a particle of activated carbon), some

water must be displaced from the pore to the bulk solution.

Therefore, the overall change in PEads accompanying

adsorption of a small amount of adsorbate can be expressed

as follows:

dPEads ¼ dnið�eiðxÞ þ ei;bulkÞ þ dnwðewðxÞ � ew;bulkÞ
¼ ewðxÞdnw � eiðxÞdni (7-135)

where dni and dnw are the number of moles of adsorbate

and water involved in the process, and the second equality

takes into account the fact that both ei;bulk and ew;bulk
are zero.

Assuming that the pore always remains filled and

that the solution is incompressible, the volume occupied

by the adsorbate molecules must equal the volume

of water displaced. Therefore, designating the molar

volumes of the condensed adsorbate and water as Vi

and Vw, respectively, and the volume exchanged as dV,

we have

dV ¼ Vwdnw ¼ Vidni (7-136)

Using Equation 7-136 to substitute for dnw and dni in

Equation 7-135, we find

dPEads ¼ ew;ads
Vw

dV � ei;ads
Vi

dV

dPEads

dV
¼ ewðxÞ

Vw

� eiðxÞ
Vi

(7-137)

The ratio ejðxÞ=Vj , where j might refer to either water or

an adsorbate, can be interpreted as the adsorptive potential

energy per unit volume of j at location x. This parameter,

which we refer to as the volumetric adsorption potential at x

and represent by the symbol êjðxÞ, turns out to be very

useful, because, empirically, its value has been found to be

approximately the same for whole classes of organic com-

pounds (Dubinen, 1960).22 For example, at a given location

in a pore, the value of êjðxÞ is approximately the same when

j is any alkane, even though the values of ejðxÞ for these same

compounds span a wide range.

In a porous solid, both ewðxÞ and eiðxÞ (and, therefore,

êwðxÞ and êiðxÞ) are presumed to increase monotonically as

one moves deeper into individual pores, because the pore

diameter is presumed to decrease with depth, causing the

amount of nearby solid surface per unit volume to increase.

Furthermore, although the values of these four parameters

might be very different at a particular location in a given

adsorbent, the ratios ewðxÞ=eiðxÞ and êwðxÞ=êiðxÞ are usually
approximately constant throughout the adsorbent. A sche-

matic showing a plausible distribution of ewðxÞ and eiðxÞ
values in a pore is shown in Figure 7-37.

A relationship among eiðxÞ, ewðxÞ, and the concentration

of i can be derived from the principle that, at equilibrium, the

total potential energy (PEtot) of an isolated system (one that

exchanges no mass or energy with the space outside its

boundaries) must be at a minimum. A corollary is that, at

equilibrium, any differential change within the system has

no effect on PEtot; that is:

At equilibrium:
dPEtot

dj
¼ 0 (7-138)

where dj represents any differential, feasible change in the

state of the system, such as a small amount of chemical

reaction, or a small amount of adsorbate replacing water

near the surface.

Adsorbent

Bulk solution (adsorptive 
potential energy is zero)

Molecules adsorb throughout the 
interfacial region, where adsorptive 

potential energy is nonzero

X1

ni(x), nj(x)

Molecule of i

Molecule of j

ΔPEads–
ε

PEads declines when a 
molecule of i adsorbs

FIGURE 7-36. Schematic explanation of the definition of ei(x).
In the process, a differential amount of i moves from bulk solution

to a distance x from the adsorptive surface.

22 In the literature, êj is sometimes referred to as the adsorption potential of

j. The name volumetric adsorption potential is used here, to highlight both

the similarity and difference between this parameter and ej , the molar

adsorption potential.
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The total potential energy per mole of both water and

adsorbate i in the system includes contributions from many

sources (gravity, pressure, concentration, and so on). How-

ever, most of those contributions are, to a good approxima-

tion, constant regardless of where the species is located in

the system. In the Polanyi model, an assumption is made that

the only types of potential energy that depend on location are

the adsorptive potential energy (PEads) and the chemical

potential energy (PEchem.); PEchem is more commonly

known as the Gibbs free energy, G. The change in the

adsorptive potential energy per unit volume exchanged in

the adsorption reaction is given by Equation 7-135; a similar

derivation leads to the analogous change in chemical poten-

tial energy, yielding:

dPEchem ¼ dG ¼ dni GiðxÞ � Gi;bulk

� �
þ dnw �GwðxÞ þ Gw;bulk

� �
(7-139)

where Gi and Gw are the chemical potential energy per mole

of i and water, respectively. As before, we can substitute for

dni and dnw from Equation 7-136. Making that substitution

and rearranging, we obtain

dG ¼ GiðxÞ � Gi;bulk

Vi

� �
dV þ Gw;bulk � GwðxÞ

Vw

� �
dV

dG

dV
¼ GiðxÞ � Gi;bulk

Vi

þ Gw;bulk � GwðxÞ
Vw

(7-140)

Each G term in Equation 7-140 can be expanded as

G
o þ RT ln a, where G

o
is the standard molar Gibbs energy

of the species of interest, and a is its activity. Furthermore,

for each species, G
o
is the same regardless of whether the

species is in bulk solution or in a pore. Applying these ideas,

we find

dG

dV
¼ G

o

i ðxÞ þ RT ln aiðxÞ � G
o

i;bulk � RT ln ai;bulk

Vi

þG
o

w;bulk þ RT ln aw;bulk � G
o

wðxÞ � RT ln awðxÞ
Vw

¼ RT

Vi

ln
aiðxÞ
ai;bulk

þ RT

Vw

ln
aw;bulk

awðxÞ

Finally, if we assume that the activity of water is close to

unity both in the bulk solution and near the surface and that

the activity coefficient of the adsorbate is approximately the

same in both locations, we obtain

dG

dV
¼ RT

Vi

ln
g iðxÞciðxÞ=ci;std:state
g i;bulkci;bulk=ci;std:state

þ RT

Vw

ln
1:0

1:0

¼ RT

Vi

ln
ciðxÞ
ci;bulk (7-141)

We can now combine Equations 7-137 and 7-141 to find

the change in total potential energy of the system when a

differential volume dV of adsorbate from bulk solution

moves to the surface, and an equal volume of water moves

in the opposite direction:

dPEtot

dV
¼ dPEads

dV
þ dG

dV

¼ ewðxÞ
Vw

� eiðxÞ
Vi

þ RT

Vi

ln
ciðxÞ
ci;bulk (7-142)

Invoking the requirement that, at equilibrium, dPEtot/dV

must be zero, we obtain

eiðxÞ
Vi

� ewðxÞ
Vw

¼ RT

Vi

ln
ciðxÞ
ci;bulk

(7-143)

êiðxÞ � êwðxÞ ¼ RT

Vi

ln
ciðxÞ
ci;bulk

(7-144)

An alternate, convenient form of Equation 7-143 can be

obtained by multiplying through by Vi to obtain:

eiðxÞ � Vi

Vw

ewðxÞ ¼ RT ln
ciðxÞ
ci;bulk

(7-145)

& EXAMPLE 7-13. A solution at 25�C contains

50mg/L of tetrachloroethene (C2Cl4, commonly referred

Pore

i = 25 kJ/mol
w  =  1 kJ/mol

i = 50 kJ/mol
w = 2 kJ/molε

ε

ε
ε

ε
ε

i = 75 kJ/mol
w = 3 kJ/mol

FIGURE 7-37. Schematic representation of the adsorption

potential of a hydrophobic adsorbate i and of water in a pore of

an activated carbon particle.
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to as perchlorethylene, PCE) and is to be treated by adsorp-

tion onto powdered activated carbon (PAC). What is the

expected PCE concentration at a location in a pore where

ePCE is 22.4 kJ/mol, and ew is 0.99 kJ/mol? The molar

volume of PCE is 102mL/mol, and that of water is

18mL/mol.

Solution. Assuming that the activity coefficient of PCE

is the same in bulk solution and in the pore, we can apply

Equation 7-145. With PCE as i, we can solve for cPCE and

then substitute values into the equation to find

The result indicates that the organic is highly concen-

trated (by a factor of �880) at the specified location in the

pore, compared to the bulk solution. &

To this point, the argument x has been included in the

parameters e(x), êðxÞ, and ci(x) to emphasize that the values

of these parameters depend on location within a pore (in

particular, the distance from the pore walls). However, for

conciseness, these parameters will be shown without the

argument in the remainder of the discussion.

If the adsorbate becomes sufficiently concentrated in

the pore, its aqueous solubility can be exceeded, in which

case it will condense as a pure liquid or precipitate as a

pure solid. The concentration at which this transition

occurs is the saturation concentration, csat. By inserting

this value for ci into Equation 7-145, we can compute the

critical value of ei � ðV=VwÞew necessary for condensa-

tion of the adsorbate, for any given bulk concentration,

ci,bulk:

ei � Vi

Vw

ew

� �
crit

¼ RT ln
csat

ci;bulk
(7-146)

At locations deeper in the pore than the critical depth (i.e.,

the depth where Equation 7-146 is satisfied), the difference

ei � ðV=VwÞew is larger than the critical value, and the

adsorbate will be present as a condensed phase; at shallower

locations, the liquid will remain as an aqueous solution,

albeit with a larger adsorbate concentration than in the

bulk solution. This situation is shown schematically in Figure

7-38. Accordingly, the volume of condensed, pure adsorbate

at any given value of ci,bulk equals the pore volume in which

ei � ðV i=VwÞew is greater than ei � ðVi=VwÞew
� �

crit
.

& EXAMPLE7-14. What is the critical value of ePCE at
which PCEwould be expected to condense as a pure liquid in

the system described in Example 7-13? Assume that the ratio

ew=ei is constant throughout the pore space. The solubility of
PCE in water at 25�C is 150mg/L.

Solution. The ratio Vi=Vw is 102/18¼ 5.67, and, based

on the calculations in Example 7-13, ew=ei is 0.044. Substi-
tuting those and other known values into Equation 7-146, we

find

ePCE � Vi

Vw

ew

� �
crit

¼ RT ln
csat

ci;bulk

� ePCE � 5:67 0:044ePCEð Þð Þcrit ¼ RT ln
cPCE;sat

cPCE;bulk

0:75ePCE;crit ¼ 8:314� 10�3 kJ=mol K 298Kð Þ

� ln
150mg=L

50mg=L 1mg=1000mgð Þ ¼ 19:8 kJ=mol

ePCE;crit ¼ 19:8 kJ=mol

0:75
¼ 26:4 kJ=mol

Thus, at all locations in the pore where ePCE> 26.4 kJ/mol,

PCE is expected to be present as a pure phase. &

The preceding discussion suggests that one useful way to

characterize an adsorbent would be to establish the volumet-

ric distribution of ei values in its pores; that is, to quantify the

ePCEðxÞ � VPCE

Vw

ewðxÞ ¼ RT ln
cPCEðxÞ
cPCE;bulk

cPCEðxÞ ¼ cPCE;bulk exp
ePCEðxÞ � ðVPCE=VwÞewðxÞ

RT

¼ 50mg=L exp
22:4 kJ=mol� ð102mL=molÞ=ð18mL=mol Þð Þ 0:99 kJ=molð Þ

8:314� 10�3 kJ=mol K
� �

298K

¼ 43; 863mg=L ¼ 43:9mg=L
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pore volume per unit mass of adsorbent wherein ei exceeds
any particular value. To accomplish that, an assumption is

made that, when hydrophobic adsorbates bind to activated

carbon, the mass of adsorbate that condenses in the pores far

exceeds the amount that is present in the aqueous solution in

the pores. That is, the total mass adsorbed is approximated as

the mass of the condensed phase in the pores. Since the

density of the condensed organic phase can be determined

independently, the mass of the condensed phase can be

converted in to an equivalent volume. As a result, experi-

ments conducted at various values of cbulk can be used to infer

the volume of pore space in a given sample of adsorbent in

which ei exceeds the value necessary to induce condensation;
that is, the value at which ci¼ csat.

& EXAMPLE 7-15. The following data were obtained

for the PCE adsorption density as a function of the dissolved

PCE concentration, for the same PAC as was characterized in

Examples 7-13 and 7-14.

c (mg/L) 0.01 0.03 0.06 0.10 0.15

q (mg/g) 28 51 65 85 107

For each data point (i.e., each c, q pair), determine

(a) The corresponding critical molar adsorption

potential.

(b) The volume of pore space in which ePCE exceeds

ePCE,crit.

Solution.

(a) Assuming that ew/ePCE¼ 0.044, the critical value of

ePCE for any bulk concentration can be computed

as in Example 7-14. The results are summarized as

follows:

c (mg/L) 0.01 0.03 0.06 0.10 0.15

ePCE,crit (kJ/mol) 31.8 28.1 25.8 24.2 22.84

(b) The adsorption densities can be converted to appar-

ent volumes of condensed PCE based on the molar

volume of PCE (given in Example 7-13 as

102mL/mol) and the molecular weight of PCE,

which is 166. For example, for the data point
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FIGURE 7-38. Schematic of the adsorption and condensation of a hydrophobic adsorbate in the

pore of an activated carbon particle, as envisioned in the Polanyi model. The adsorbate is present in a

condensed phase in the shaded region.
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considered in part a (cPCE¼ 0.01mg/L), the reported

value of q is 28mg/g, and the corresponding

apparent volume of condensed PCE is

Volume of PCE condensed

in pores; per gram of

PAC; when q ¼ 28mg=g

0
@

1
A

¼ qPCE
MWPCE

VPCE

¼ 28mg=g AC

166mg=mmol
0:102mL=mmol

¼ 0:017mL=g AC

The interpretation is that, when the bulk concentration of

PCE is 0.01mg/L, 0.017mL of PCE condenses in the pores

in each gram of GAC. Thus, under these conditions,

0.017mL of pore space per gram of GAC has a value of

ePCE greater than the critical value necessary for condensa-

tion of PCE. As indicated in part a, this value is 31.8 kJ/mol.

Thus, the overall interpretation is that, in the GAC, 0.017mL

of pore per gram has ePCE > 31:8 kJ=mol. The results for all

the given data are summarized as follows.

c (mg/L) 0.01 0.03 0.06 0.10 0.15

q (mg/g) 28 51 65 85 107

ePCE,crit (kJ/mol) 31.8 28.1 25.8 24.2 22.84

GAC pore

volume

(mL/g) with

ePCE> ePCE,crit

0.017 0.031 0.040 0.052 0.066

&

Example 7-15 demonstrates how the volume of pore

space in which ei exceeds specific values can be determined

from experimental qi versus ci data, if the (assumed constant)

ratio ew=ei is known. The question that remains, therefore, is:

How are values for ew and ei, and thus their ratio, determined

in the first place?

Since both water and the adsorbate are present in any

experiment investigating adsorption from aqueous solution,

ew and ei are not separable based on such an experiment.

Therefore, the approach that has been used to evaluate these

terms independently involves studying adsorption from

the gas phase. (As noted previously, the Polanyi model

was originally developed for this situation.) Such

systems can be analyzed more simply than aqueous systems,

because adsorption from the gas phase can be studied in

single-component systems; that is, adsorption of organic

compounds and water can be evaluated in separate, inde-

pendent experiments.

For adsorption from the gas phase, the relationships

corresponding to Equations 7-143 and 7-146 are

ei
V i

¼ êi ¼ RT

V i

ln
ai

ai;bulk
¼ RT

V i

ln
Pi

Pi;bulk
(7-147)

ei;crit ¼ RT ln
Psat

Pi

(7-148)

where Pi is the partial pressure of species i in the gas phase,

Psat is the partial pressure of i that is in equilibrium with the

pure liquid (the vapor pressure of i at the temperature of

the experiment), and all the other terms are as defined

previously. Equations 7-147 and 7-148 apply regardless

of whether i is an organic adsorbate or water. By assuming,

in either case, that virtually all of the mass adsorbed from the

gas phase is condensed, the distributions of pore volume as a

function of ei and ew can be assessed. By dividing the pore

volume corresponding to each value of e by the mass of

adsorbent, a curve can be generated showing the pore

volume per unit mass in which e exceeds a certain value.

A typical such plot is shown in Figure 7-39.

Plots such as the one shown in Figure 7-39 provide

essentially the same information as a plot of Fcum{K}

versus K, albeit in a different conceptual framework.

That is, each of those plots describes how much of the

adsorbent has a given affinity for the adsorbate. In the case

of the Fcum{K} versus K plot, the affinity is characterized

in terms of site binding constants, whereas in Figure 7-39,

it is characterized in terms of an adsorption potential, but

the underlying information is essentially identical. Also,

like the case for the site-binding model, specific forms of

the relationships shown in Figure 7-39 lead to specific,

widely recognized isotherms. For instance, if a plot of the

pore volume per unit mass of adsorbent decays exponen-

tially as a function of the adsorption potential, the corre-

sponding q versus c data conform to the Freundlich

isotherm (Dubinen, 1960).
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FIGURE 7-39. A generic curve showing the distribution of

adsorption potential in the pores of an adsorbent.
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& EXAMPLE 7-16. A plot characterizing the pore

volume with various values of e for adsorption of PCE

onto GAC is shown in Figure 7-40. The figure is consistent

with the data in the preceding examples, and the extrapolation

of the data at low adsorption potentials (indicated by the

broken line) is based on an independent estimate that the

GAC has 0.50mL of total pore volume per gram of solid.

What is the expected adsorption density, in mg PCE/g GAC,

when the equilibrium, bulk PCE concentration is 400mg/L?

Solution. The value of esat for the given bulk con-

centration can be computed from Equation 7-146 as in

Example 7-14. All the parameter values are the same as

in that example, except that cPCE is 400mg/L instead of

50mg/L. The result is that ePCE;crit ¼ 19:6 kJ=mol. Based on

the figure in the problem statement, the GAC has 0.10mL of

pore volume per gram in which ePCE is greater than this

critical value, so that is the volume of PCE that will be

adsorbed on (i.e., condensed in) the GAC at equilibrium.

This value can be converted into a conventional adsorption

density, in mg PCE/g GAC, using the molar volume and

molecular weight of PCE, or, more directly, using the

density of pure liquid PCE:

rpure PCE ¼ MWPCE

VPCE

¼ 166 g=mol

102mL=mol
¼ 1:63 g=mL

qPCE ¼ 0:10mL PCE=g GACð Þ 1:63g PCE=mL PCEð Þ
� 1000mg=gð Þ

¼ 163mg PCE=g GAC &

Plots of pore volume versus ei depend strongly on the

identity of the adsorbate, because different adsorbates

have different intensities of interaction with the surface.

Fortunately, however, the empirical evidence is that the

relationships among ei values of different species are quite

consistent (i.e., the ratios ei/ej and êi=êj for any two species i

and j tends to depend in a consistent way on the properties of

the activated carbon, even for vastly different compounds).

For instance, Wohleber and Manes (1971) found that

êw=êhexane was close to 0.28 on several activated carbons

they studied. Later, Li et al. (2005) suggested that the value

of this ratio was usually larger than that reported by

Wohleber and Manes, and that it increased approximately

linearly from 0.4 to 0.6 as the oxygen content of the activated

carbon increased from 0 to 10mmol O per gram of dry, ash-

free adsorbent. As noted previously, Dubinen and co-work-

ers had found that, within a given class of compounds, êi
values for adsorption onto a given activated carbon are all

approximately equal, even though the corresponding ei
values differ (Dubinen, 1960). Thus, as a first approxima-

tion, we can expect êw=êi to be close to the range reported by
Wohleber and Manes or Li et al. if i is any normal alkane.

This consistencyof ew/ei ratios and êi valuesmakes thePolanyi

model especially useful for predicting the adsorption of many

different species on a given type of activated carbon, once the

adsorption of a standard species i on the same solid has been

characterized, as demonstrated in the following example.

Crittenden et al. (1999) have expanded this idea to develop

correlations that, in essence, predict the characteristics of

curves like that in Figure 7-39 for a wide range of organic

compounds and activated carbon adsorbents.

& EXAMPLE 7-17. Assuming that trichloroethylene

(TCE) has the same value of ê as PCE, use the data for PCE
adsorption inExample 7-15 to develop a predicted adsorption

isotherm for TCE on the same batch of activated carbon.

ThemolarvolumeofpureTCEis87.7mL/mol,corresponding

to a density of 1.5 g/mL, and its saturation concentration in

water is csat¼ 1000mg/L.

Solution. In Example 7-15, the GAC pore volume in

which ePCE was greater than five specified values was

computed. These ePCE values, and the corresponding pore

volumes, are repeated in the first two rows of the following

table.

ePCE (kJ/mol) 31.8 28.1 25.8 24.2 22.84

GAC pore

volume (mL/g)

with ePCE> ePCE

0.017 0.031 0.040 0.052 0.066

êPCE and êTCE
(J/mL)

312 275 253 237 224

eTCE (kJ/mol) 27.3 24.2 22.2 20.8 19.6

ew (kJ/mol) 1.40 1.24 1.14 1.06 1.00

qTCE (mg/g GAC) 25.5 46.5 60.0 78.0 99.0

cTCE (mg/L) 0.26 0.66 1.21 1.83 2.61
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FIGURE 7-40. Cumulative distribution function showing the

pore volume with various values of e, for adsorption of PCE

onto GAC in the example system.
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Each value of ePCE is associated with a corresponding

value of êPCE, computed as êPCE ¼ ePCE=VPCE and shown in

the third row of the table; as indicated, these values are

assumed to also equal êTCE. Then, the value of eTCE
associated with each pore volume can be computed as

eTCE ¼ êTCEVTCE, yielding the results shown in the fourth

row. Also, the value of ew associated with each pore volume

is computed as 0.044 ePCE and is shown in the fifth row.

The mass of condensed TCE that would occupy a given

volume is the product of that volume and the density of TCE.

This mass, normalized to one gram of PAC, is shown in the

sixth row for each corresponding pore volume (i.e., each

volume shown in the second row). Thus, the TCE adsorption

density shown is the one that would be present on (or in) the

GAC, if the corresponding value of eTCE were the critical

value that caused TCE to condense.

Finally, we calculate the bulk concentration of TCE that

would cause each specified value of eTCE to be the critical

value for condensation. That calculation is carried out by

rearranging Equation 7-146, as follows:

ei � Vi

Vw

ew

� �
crit

¼ RT ln
csat

ci;bulk

ci;bulk ¼ csat exp � ei � ðVi=VwÞew
RT

� �
crit

(7-149)

By substituting the values of eTCE and ew from each

column in the table into Equation 7-149, we can compute

the value of cTCE,bulk that would cause the corresponding

pore volume to be filled with condensed TCE and would

therefore lead to the value of qTCE shown in the column. For

example, for the values in the first column, we find

ci;bulk ¼ 1000mg=Lð Þ

� exp � 27:3 kJ=mol� ð87:7mL=mol TCEÞ=ð18:0 mL=molH2OÞð Þ 1:40 kJ=molð Þ
8:314� 10�3kJ=mol K
� �

298K

 !

¼ 0:257mg=L

The values of ci,bulk applicable for the other columns

are shown in the table. The isotherm for TCE is shown in

Figure 7-41, along with that for PCE, for comparison. &

Comparison of Conceptual Models for Adsorption and
Their Relationships to the Linear, Langmuir, and
Freundlich Isotherms

A relationship between the volume adsorbed and the dis-

solved adsorbate concentration derived using the Polanyi

model is sometimes referred to as the Polanyi isotherm.

That designation uses the term “isotherm” in its generic

sense, meaning a mathematical construct in which any rela-

tionship between the adsorption density and the equilibrium

dissolved adsorbate concentration can be analyzed. This is

the sense in which the term is used when referring to the

Gibbs isotherm as the mathematical underpinning for the gas

transfer model of adsorption, or when a generic F versus K

curve is referred to as the site-binding isotherm. None of

these “isotherms” specifies a particular functional form for

the relationship between adsorption density and dissolved

adsorbate concentration, but each can be used to interpret or

model any such relationship that is determined experimen-

tally. For example, any of these conceptual models can be

used to characterize data that conforms to a linear, Langmuir,

or Freundlich isotherm, by making appropriate assignments

for the site energy distribution function (Fcum(K) orFdiff(K))

in the case of the site-binding model, the surface pressure

versus adsorption density relationship in the case of the phase

transfer model, and the adsorption potential versus volumet-

ric adsorption density in the case of the Polanyi model.

As a practical matter, the main difference between the

Polanyi model and the other generic models is in how they

are used. The site-binding and gas transfer models have been

used historically to provide a conceptual basis for under-

standing the behavior of individual adsorbates or competing

adsorbates in the same system, but no significant effort has

been made to predict adsorption of one adsorbate based on

empirical data for adsorption of a different adsorbate. By

contrast, such predictions have been the primary focus of

research using the Polanyi model, with well-established

physical/chemical properties of the adsorbates (e.g., their

molar volume in pure liquid form) as the key parameters in

the prediction methodology. While the predictive strength of

these approaches requires improvement, they have shown
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FIGURE 7-41. Experimental adsorption isotherm for PCE, and

predicted isotherm for TCE, based on the Polanyi model.
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significant potential already. Given the large number of

organic contaminants for which adsorption is a potentially

important factor for both contaminant transport in nature and

removal in water and wastewater treatment processes, the

importance of such predictive tools is bound to increase in

the future.

7.8 MODELING OTHER INTERACTIONS AND

REACTIONS AT SURFACES

In this final section of the chapter, we consider the effects of

surface charge on adsorption of charged species and the

effects of surface precipitation on adsorption isotherms.

Surface charge can have a significant effect on adsorption

of ionic species by hydrophilic solids (e.g., sorption of

metals onto iron or aluminum hydroxides) and in controlling

the movement of such solids in natural environments. Sur-

face precipitation can be important in chemical coagulation

processes (in which Al(III) or Fe(III) species might first

adsorb on existing particles and later precipitate) or precipi-

tation of other species such as Ca2þ in water softening

operations or metals in some industrial waste treatment

processes.

The Structure of Charged Interfaces and the
Electrostatic Contribution to Sorption of Ions

In most cases, the contributions of individual factors to the

overall binding energy of an adsorbate cannot be computed

a priori. As a result, the determination of isotherm parame-

ters is essentially empirical; it is not possible to predict either

the absolute binding energy for a given adsorbate/adsorbent

pair or the variation in that energy as a function of adsorption

density from any theoretical basis. However, one factor that

might contribute to variations in the binding energy of an

ion—the variable electrical charge on the adsorbent’s

surface—has been modeled in a fundamental way.

It is clear that particles suspended in water can be electri-

cally charged, since, when an aqueous suspension is placed

in an electric field, the particles often migrate toward one or

the other electrode. Regardless of whether the charge origi-

nates in the interior of the particle or at the surface, the

particle behaves as though all the charge is distributed on its

surface, and this charge affects the affinity of the surface for

ionic adsorbates. Neutralization of the charge is a key step in

inducing particle collisions and growth and is discussed in

Chapter 11. An approach for modeling the effects of surface

charge on adsorption of ions is presented in this section.

The key parameter that characterizes the electrical envi-

ronment at any given location is the electrical potential, c.
The modeling approach presented here involves character-

izing c throughout the system and incorporating the corre-

sponding attraction or repulsion of ions near the surface into

the adsorptive driving force. The value of c in bulk solution

is defined to be zero; therefore, the challenge is to estimate

its value at the surface of a charged particle and to model the

gradient of potential between the surface and the bulk

solution.

Effects of Electrical Potential on Binding of Ions to
Surfaces Factors leading to the development of surface

charge are discussed in Chapter 11; in this section, we

simply presume that such a charge can exist and investigate

its effects on the nearby solution and on sorption reactions.

Consider, for example, the electrical potential c near a

particle that has some surface charge. We designate the

value ofc right at the surface asco and assume thatc varies

as a function of the distance x from the surface, decaying to

zero in the bulk solution. Now consider an adsorbable cation

Azþ, and assume that all the sites on the particle surface have

equal affinity for Azþ, so that, in the absence of electrostatic
interactions, the surface could be characterized by site

distribution functions (Fcum,A and Fdiff,A) like those shown

in Figure 7-11.

In the absence of surface charge (co¼ 0), Fcum,A would

increase from zero to Fmax
cum;A at K1. When co is nonzero, the

plot of Fcum,A versus K retains the shape of a Heaviside

function, but the step change occurs at a K value that

depends on co, shifting to higher or lower values if co is

negative or positive, respectively. This shift can be rational-

ized by recognizing that, as co is increased (becoming

progressively more positive), the electrostatic contribution

to adsorption of a cation becomes progressively less favor-

able. Assuming that the contribution of purely chemical

(covalent) bonding between the adsorbate and the surface

sites is independent of co, the overall affinity of the surface

for the cationic adsorbate decreases as co increases, leading

to steadily lower values of K for the reaction.

If the adsorption of Azþ has a significant effect on the

surface charge (increasing co as more Azþ adsorbs), the

overall surface binding constant for Azþ will decrease as its

adsorption density increases, other factors being equal. In

such a case, if the surface is initially uncharged, sorption of

the first molecule of Azþ will be characterized by a binding

constant of K1, but once a substantial amount of Azþ has

bound, the binding constant will be smaller. Note that, unlike

the case of a surface with nonuniform sites (on which the

binding constant for the original molecule remains at K1

when subsequent molecules adsorb), in this case the binding

constants for all adsorbed Azþ molecules decline as more

Azþ adsorbs.

Although the preceding discussion assumes that adsorbed

molecules reside right at the surface and therefore experi-

ence a potential co, some adsorption models postulate that

different types of adsorbates reside at different distances

from the surface and hence might experience a potential

anywhere between co and zero. The effect of this potential

314 ADSORPTION PROCESSES: FUNDAMENTALS



on the overall adsorption equilibrium constant is most easily

explained in terms of binding energies.

The chemical (free) energy change accompanying a

reaction is linked to the equilibrium constant for the reaction

by the following relationship:

Keq ¼ exp �DG
o

r

RT

� �
(7-150)

where Keq is the equilibrium constant, and DG
o

r is the

standard molar Gibbs free energy of reaction. Applied to

an adsorption reaction, Equation 7-150 describes the chem-

ical component of the affinity between the adsorbate and the

adsorbent. The value of Keq shown would characterize

the species distribution at equilibrium if no other factors

(such as electrostatics) affected the binding strength of

the adsorbate to the adsorbent; in the adsorption literature,

this value of Keq is often referred to as the intrinsic binding

constant, Kintr, for the reaction.

Electrostatic attraction or repulsion alters the net energy

change associated with the adsorption reaction and thereby

alters the overall binding constant. Specifically, the electro-

static energy required to move an ion from bulk solution

(where the electrical potential is zero) to a location where c

is finite is zc, where z is the ionic charge (formally, with

units of equiv/mol). This energy is additive with the chemi-

cal energy of adsorption to yield an overall energy change

(DG
o

r þ zc) associated with the adsorption of an ion to a

location where the electrical potential is c.
Conventionally, c is expressed in electrical terms with

units of volts, causing the product zc to have units of equiv-

V/mol.23 By contrast, DG
o

r is traditionally reported in units

more aligned with chemical processes, such as kJ/mol. The

electrical energy can be expressed in these latter units by

applying the Faraday constant, F ¼ 96:485 kJ=equiv Vð Þ, as
a conversion factor, so that the overall adsorptive binding

constant, taking into account both chemical and electrical

interactions, is

Koverall ¼ exp �DG
o

r þ zFc

RT

� �
(7-151)

The two components of the overall constant are some-

times shown separately as follows:

Koverall ¼ exp �DG
o

r

RT

� �
exp � zFc

RT

� �
(7-152)

Koverall ¼ K intrKelec (7-153)

where Kelec � exp �zFc=RTð Þ.

Note that, if the electrical potential at the location of

adsorption has the same sign as the charge on the ion, then

Kelec< 1, so electrostatic interactions decrease the overall

adsorption equilibrium constant. Conversely, if the charge

on the adsorbate and the electrical potential have opposite

signs, then Kelec> 1, and electrostatic interactions enhance

adsorption. Note also that, in Equation 7-153, an analogy is

clearly being made between Kintr and Kelec. Nevertheless, it

is important to recognize that, whereas Kintr is a constant for

a given adsorbate and adsorbent (or at least a given site-

type), Kelec is not a constant; it depends on the electrical

potential near the surface and therefore is sensitive to

the details of the entire system, not just the identities of

the reacting species.

The Profile of Adsorbates and Electrical Potential in the
Interfacial Region Having established a quantitative rela-

tionship for the effect of c on the binding constant for

adsorption, the key challenge remaining is to calculate c at

the location(s) (i.e., the distance(s) from the surface) where

adsorbed molecules reside. These calculations are compli-

cated both by the uncertainty about exactly where those

locations are and by the fact that ion adsorption and the

electrical potential are implicitly linked to one another:

the extent of ion adsorption affects the electrical potential

at the interface, and vice versa.

The details of various models for calculating the profile of

c as a function of distance from the surface are available in

several texts and review articles (e.g., Davis and Kent, 1990;

Westall, 1986; Dzombak and Morel, 1990) and are not

presented here. However, because the c versus distance

profile is important both in adsorption and in the evaluation

of particle–particle interactions (described in Chapter 11), a

generic description of the models used to calculate that

profile is provided next.

The basic model for the interfacial structure that is

currently used almost universally to account for electro-

statics was first proposed in the 1910s and 1920s. This model

represents the interfacial region as comprising one or two

layers of molecules that are covalently bound to individual

surface sites, and an adjacent layer of aqueous solution

wherein the ionic concentrations are affected by the elec-

trical potential, even though the ions are not bound directly

to surface sites.

The structure of an iron oxide adsorbent according to

one version of the basic model (the triple-layer model,

TLM) is shown in Figure 7-42. The key features of

this structure are the planes labeled as the surface (o),

beta (b), and d planes in the figure. Some molecules are

presumed to bind directly to a surface oxide ion (if the

adsorbate is a cation) or by replacing a surface oxide ion

and binding directly to the underlying Fe (if the adsorbate

is an anion). Molecules that adsorb in this manner must

lose at least the water of hydration on the side nearest the23 Equiv V is normally written as eV and referred to as electron volts.
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solid. The surface complexes formed by such reactions are

relatively strong and are sometimes referred to as inner

sphere complexes. Hþ and OH� are always presumed to

bind in this way. The surface plane (sometimes called the

naught plane) runs through the centers of the surface oxide

ions and any adsorbates that are bound either directly to

them or to surface Fe ions.

Other ions might also bind to the surface via chemical

bonds, but without losing any waters of hydration. Such ions

are therefore separated from the surface by a water molecule

and form weaker complexes (sometimes called ion pair or

outer sphere complexes) with the surface. The beta plane is

defined to pass through these ions.

At distances farther from the surface than the beta plane,

ions are assumed to be attracted to or repelled from the surface

solely by electrostatic (i.e., not covalent) interactions.

The electrical interactions increase the concentration of spe-

cies that are oppositely charged from the surface (counter-

ions) and decrease the concentrations of like-charged species

(co-ions), compared to their concentrations in bulk solution.

Over a distance of severalmolecular diameters, the net charge

of these counter-ions and co-ions completely neutralizes

the charge in the surface and beta layers, and the concentra-

tions of the ions approach their values in bulk solution.

The region in which the concentrations of the nonspecifi-

cally adsorbed ions differ from their values in bulk solution

FIGURE 7-42. Schematic of the interfacial structure near an iron oxide surface, as envisioned in

the triple-layer model. The charges shown on species in the surface (o) plane represent the sum of the

charge from that species plus the Fe atom on the surface; that is, they represent the total charge

expressed at the site.
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is called the diffuse layer. The diffuse layer starts a short

distance farther from the surface than the b layer, and the

beginning of this region is defined as the d plane. The space

between the b plane and the beginning of the diffuse layer is

occupied by hydration waters of the ions in the b and d

planes. Somemodels do not consider a b layer, in which case

the d plane is separated from the surface layer only by the

waters of hydration between the surface plane and the d

plane. The region containing the surface and beta layers (and

therefore containing all specifically adsorbed ions) is some-

times referred to as one or two compact layer(s), and the

combination of the compact layer(s) and the diffuse layer is

called the electrical double layer (EDL).

The charge–potential relationships in the various layers

are central to the quantitative analysis of adsorption. The

relationship between the charge in the diffuse layer and the

potential at its inner boundary (the d plane) was solved in

1910 for an idealized system that treated the ions as point

charges, and this relationship is used by all current models.

Except for geometric considerations, the analysis is just like

that for the distribution of ions surrounding a central ion; that

is, the analysis that yields a prediction for the ion activity

coefficient according to the Debye–Huckel equation. The

result for a solution of symmetric electrolyte (one in which

the magnitude of the charge on the cations, jzþj, is the same

as that on the anions, jz�j) for a system at 25�C is

sd ¼ �0:1174c0:5 sinh
zFcd

2RT

� �
(7-154)

where sd is the equivalent charge density of the d layer, in

coulombs per square meter (C/m2), c is the electrolyte

concentration in the bulk solution in mol/L, z is the

absolute value of the ionic charge number of the electrolyte

ions, F is the Faraday constant, cd is the electrical potential

at the d plane, and the product RT has its usual meaning. sd

is referred to above as an equivalent charge density

because it does not refer to charges that reside in the d

plane, but rather to the net charge throughout the diffuse

layer, treated as though it were all in the d plane.

When combinedwith amodel for nonspecific adsorption of

ions as a function of c (developed shortly), Equation 7-154

can be converted into an expression for c versus distance

from the d plane. For most situations of interest in natural

aquatic systems cd is less than 25mV, and c decays

approximately exponentially through the diffuse layer.

The characteristic distance for this decay (the distance

needed for c to decay to cd/e, sometimes called the

Debye length and usually designated k�1) varies with

the inverse square root of the ionic strength. Typical values

of k�1 in natural waters range from �10 nm in fresh water

with an ionic strength of 10�3 mol/L NaCl to �0.4 nm in

seawater. Further details about the decay of c with dis-

tance from the surface are given in Chapter 11.

The charge–potential relationship in the compact layer is

less well agreed upon than that in the diffuse layer. The most

common modeling approach is to assume that the potential

changes linearly in this region, with one slope between the

surface and beta planes and another between the beta and the

d planes. The (assumed) fixed ratio of the change in potential

between two layers to the charge is referred to as the

capacitance, making an analogy between the parallel layers

of adsorbed charge and a parallel plate capacitor (or, in

models incorporating a beta layer, two capacitors in series).

Thus, the relationships are

C1 ¼
co � cb

so

(7-155)

C2 ¼
cb � cd

�sd

¼ cd � cb

sd

(7-156)

where C1 and C2 are the capacitances of the inner (o-to-b)

and outer (b-to-d) layers, respectively, typically expressed in

units of coulombs per volt (farads).24

The capacitances of the compact layers of adsorbents are

notwell known, and in any case the idea that all the adsorbates

are aligned in a plane and that the charge is distributed

uniformly on that plane is clearly an idealization. Therefore,

C1 and C2 are usually used as fitting parameters to improve

the match of model calculations to experimental data.

The triple-layer model is an elaboration of a two-layer

model originally proposed by Stern (1924). That model

considered only one compact layer adjacent to the surface,

with the diffuse layer starting immediately outside of that

layer. This layer (subsequently named the Stern layer) was

presumed to contain hydrated ions. Two widely used sim-

plifications of this model are based on opposite, limiting

case assumptions about the relative amounts of charge in the

Stern layer and the diffuse layer. In the constant capacitance

model, all the ions that neutralize the surface charge are

assumed to reside in the d plane, so that the diffuse layer is,

in fact, not diffuse at all; this limiting case applies only in

solutions with ionic strengths that are higher than most

solutions encountered in environmental engineering. By

contrast, in the diffuse layer model, no charge resides in

the d plane, and all the neutralizing charge is spread out in

the diffuse layer, so that co¼cd. A schematic of the

potential–distance relationship through the interfacial region

according to these models is shown in Figure 7-43 , and the

key characteristics of the models are compared in Table 7-7.

Because both the constant capacitance and diffuse layer

models can be derived as limiting cases of the triple-layer

24 Parallel plate capacitors have equal and opposite charges on the two

plates. When two capacitors are in series, the middle plate has a charge that

is the opposite of the sum of the charges on the outer plates. Thus, in the

current case, the model consists of a capacitor near the surface with a charge

density of so and one farther from the surface with a charge density of�sd.
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model (Westall, 1987), the following discussion is presented

in the context of the latter, more general model.

The Electrostatic Contribution to the Equilibrium Con-
stants in Competitive Adsorption Reactions At equili-

brium, the overall charge around an adsorbent particle,

including thefixed charge, the charge of specifically adsorbed

ions, and the charge in the diffuse layer must be zero.25

Therefore, if an ion adsorbs, other processes must combine to

expel some like-charged species from the interfacial region

and/or bring oppositely charged species into the interfacial

region, so that the overall electroneutrality of the particle and

surrounding fluid is maintained. These processes need not

occur at the point where the adsorbing ion resides, but they

must take place in the interfacial region. Thus, sorption of an

ion is always associated with either sorption of an oppositely

charged ion or desorption of a like-charged ion; it never

involves exchange exclusively with water molecules.

The fact that sorption of an ion always requires the

simultaneous sorption or desorption of another ion is of

central importance when evaluating the electrostatic contri-

bution to such reactions. Consider, for example, a homo-

valent overall reaction composed of one adsorption and one

desorption reaction at a site where the potential is cx.

According to Equations 7-152 and 7-153, the constituent

adsorption and desorption reactions, as well as the overall

reaction, can be represented as follows:

Adsorption �Sy þ Aþ $ �SAyþ1

Kads;A ¼ K intr;A exp �ð1ÞFcx

RT

� �
(7-157)

Desorption �SByþ1 $ �Sy þ Bþ

Kdes;B ¼ K intr;B exp �ð1ÞFcx

RT

� �� �1

(7-158)

Overall �SByþ1 þ Aþ $ �SAyþ1 þ Byþ

Koverall ¼ Kads;AKdes;B ¼ K intr;A=K intr;B (7-159)

y is the charge on the unoccupied (or hydrated) surface site, and

might be positive, negative, or zero.

Since cx does not appear in the equilibrium constant

expression for the overall reaction (Equation 7-159), the

electrical potential at the location of the adsorbed species (or

at the surface of the solid, or anywhere else in the system)

has no effect on adsorption. This result is a consequence of

o plane 
β  plane d plane 

o layer β  layer d layer 

Solid 

Solid 

Solid 

Solid 

Solid 

Diffuse layer 
model 

Triple layer 
model

Constant 
capacitance 
model

model 

FIGURE 7-43. Profiles of c versus distance from the surface,

as envisioned in three surface complexation adsorption models.

Note that the length scales in the three regions are different—the

distance from the surface to the d plane is thought to be on the

order of a few nm, whereas the d layer is often several tens to

�100 nm thick. Source: After Westall and Hohl (1980).

TABLE 7-7. Comparison of the Charge Distribution and

Electrical Potential Profile Near the Surface in Four Surface

Complexation Adsorption Models

Model Charge Distribution

Stern

model

� Only one compact layer (the Stern layer), con-

taining specifically adsorbed species (o plane

runs through the center of the Stern layer)
� Diffuse layer starts outside Stern layer

Constant

capa-

citance

� Only one compact layer (the Stern layer),

containing specifically adsorbed species
� Charge equal and opposite to that in the o plane
provided by nonspecifically sorbed ions, all in

d plane
� Applicable in high ionic strength solutions

Diffuse

layer

� No compact layer of charge
� Charge equal and opposite to that in the o plane
provided by nonspecifically sorbed ions dis-

tributed throughout d layer

Triple layer � Dehydrated, specifically adsorbed species in o
plane

� Hydrated, specifically adsorbed species in o

plane
� Charge equal and opposite to that in the com-

bined o and b planes provided by nonspecifi-

cally sorbed ions, starting in d plane and

distributed throughout d layer

25 This statement might seem to be in conflict with the fact that particles

migrate under the influence of an electrical field. However, that situation is a

nonequilibrium condition, in which the electrical force driving the particle

in one direction and the counter-ions in the other direction is temporarily

able to overcome the mutual attraction of the particles and counter-ions for

one another. As soon as the electrical field is removed, the system returns to

an equilibrium condition.
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the fact that the overall reaction involves an equal exchange

of charge at a fixed distance from the surface. In such a

situation, the electrical potential at the point of adsorption

enhances the adsorption reaction exactly as much as it

impedes the desorption reaction.

The preceding scenario is, in essence, the classic model of

an ion exchange reaction, and it points out an implicit

assumption that is made in all ion exchange literature.

Specifically, if the equilibrium constant for the exchange

reaction (i.e., the selectivity coefficient) is indeed to be

constant, then the exchanging species must bind at the

same distance from the surface, or at least at locations

where the electrical potential is identical. If they do, then

the potential (cx) that each ion experiences when it sorbs is

the same, and that potential is the same regardless of the ratio

of bound A to bound B. In such a case, ion exchange

equilibria, which clearly involve species that have electro-

static interactions with the surface, can be modeled without

taking those interactions into account explicitly.

If the ions involved in the adsorption and desorption

reactions that comprise an overall reaction bind at different

distances from the surface (for instance, if the adsorbing ion

formed an inner sphere complex and the desorbing ion an

outer sphere complex), the electrical contributions to the

adsorption and desorption reactions would not cancel, and

the surface potential would have a net effect on the reaction.

This scenario is typically thought to be the case when

strongly binding metal ions adsorb. The metal ions are

usually assumed to bind in the surface or the beta plane,

and the positive charge that they bring to the surface region

is neutralized by release of a co-ion from, or adsorption of a

counter-ion into, the diffuse layer. In such a case, if the metal

is a cation, the overall reaction is opposed by a positive

surface charge, even though the reaction has no effect on the

total charge in the interfacial region. (Keep in mind, though,

that even if the electrostatics are unfavorable, the overall

reaction could be highly favorable, if the intrinsic chemical

attraction of the metal for the surface site is strong.)

To summarize, electrical interactions between charged

surfaces and ionic adsorbates increase the effective adsorp-

tion equilibrium constant for ions that are oppositely

charged from the surface, and decrease the effective constant

for ions that have the same sign charge as the surface. The

modifications apply regardless of whether the sites on the

surface are all identical to one another or differ from one

surface location to another. The magnitude of these effects

depends not only on the identity of the adsorbate and the

surface, but also on the composition of the system as a

whole, and in particular, on the locations where ions bind, or

which they vacate, in the overall sorption reaction.

The general approach for modeling the electrostatic effect

involves splitting the overall adsorption equilibrium con-

stant into an intrinsic (chemical) and a variable (electro-

static) contribution, as described by Equation 7-152. The

differences among the models currently in use reflect dif-

ferent assumptions about the structure of the near surface

region (i.e., how closely different types of ions approach the

surface). All such models are, of course, idealizations; real

surfaces are likely to have microscale physical/chemical

features and, perhaps, interactions among adsorbates that are

not captured in the models. Nevertheless, several of the

models do a good job of describing the overall effects of

surface charge on adsorption reactions. As spectroscopic

and other molecular-scale techniques for probing the surface

environment improve, our ability to model electrostatic

effects on adsorption is likely to improve in parallel.

Phase Transitions Involving Ionic Adsorbates:
Pore Condensation and Surface Precipitation

One of the assumptions of the Langmuir model is the

existence of an upper limit to the adsorption density.

Although the validity of the assumption might seem

unassailable, it can be violated in some situations. One

example of such a situation—the condensation or precipita-

tion of an organic adsorbate in the pores of activated

carbon—was described previously in the context of the

Polanyi adsorption model.

The process envisioned in the Polanyi model is usually

referred to as pore condensation, although there is no

fundamental reason why a similar process could not occur

on an external surface if the driving forces for sorption and

condensation were sufficiently strong. Subsequent adsorp-

tion then becomes a process of adding layers into the

condensed material or dissolving molecules into the organic

phase, and such a process would not necessarily have an

upper limit on the amount of material that could sorb.

Condensation is the most likely phase transition for most

organic adsorbates. When the adsorbate is inorganic (par-

ticularly if it is a metal), the corresponding reaction is

surface precipitation; that is, the formation of an inorganic

solid containing the adsorbate on the surface of the adsorb-

ent.26 At low adsorption densities of metal ions, each ion is

likely to behave as though it were isolated from the others.

However, as the adsorption density increases, adjacent metal

ions might link to one another via adsorbed anions, even-

tually forming a two-dimensional and then three-dimen-

sional lattice. Even if the anions that originally entered the

solution with the metals are highly soluble, the formation of

metal oxides or hydroxides at the surface is always possible,

since OH� ions can be provided by dissociation of water.

Eventually, the original surface is completely covered, and

the system behaves in many ways like a suspension of the

pure precipitated adsorbate (Figure 7-44).

26 Some condensed organics are also more stable as solids than liquids, and

attempts have been made to apply the Polanyi theory to those organics as

well as organics that condense as liquids.
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Empirically, the manifestation of this process is that the

adsorption density gradually increases in response to

increasing dissolved adsorbate concentration but then, rather

than approaching some maximum value, the apparent

adsorption density increases without bound. In fact, the

latter observation does not reflect continuous adsorption,

but rather the formation of the precipitate.

Because the solubility product imposes a limit on the

amount of the adsorbate that can be present in solution,

addition of an increment of adsorbate after surface precipi-

tation has been initiated leads to precipitation of virtually all

of the added material. If adsorption is quantified simply by

analyzing the amount of adsorbate that is removed from

solution, the precipitation reaction can easily be mistaken

for adsorption, causing the apparent adsorption density to

increase indefinitely. Although the endpoints of this process

(adsorption at very low dissolved adsorbate concentrations,

and precipitation at high concentrations) are reasonably well

defined, the transition between the two states is not. An

approach for modeling this transition was proposed by

Farley et al. (1985).

7.9 SUMMARY

Adsorption is the accumulation of selected molecules at

the boundary between two phases. In aquatic systems,

adsorption can occur at the interface of the solution with

solids or gases, and can substantially alter the transport

and fate of solutes, especially those that are present at

trace concentrations. In engineered water treatment

systems, adsorption is used to remove NOM, metals,

synthetic organic compounds, and compounds that impart

taste and odor from solution, employing adsorbents that

include iron and aluminum oxides, activated carbon, and

ion exchange resins. Adsorption is also a critical process

in the transport of metals, pesticides, and volatile organic

compounds that have entered surface and groundwater

systems, helping to control the movement of those species

through the environment and/or their removal from the

aqueous phase.

Adsorption of an aqueous solute onto a solid can be

modeled as a process in which solute molecules bind to

specific sites on the solid surface, similar to the formation of

complexes in solution, or as one in which the adsorbing

molecules enter a surface phase in which they are highly

mobile and are not bound to individual sites. Historically, the

former model has been used primarily for adsorption of

hydrophilic compounds onto inorganic minerals and ion

exchange resins, while the latter has been used for adsorp-

tion of hydrophobic compounds onto organic solids (or

organic coatings on inorganic solids) and activated carbon.

Adsorption bears many similarities to gas transfer, but it

also differs in several ways: surfaces are not necessarily

uniform; the number of surface sites available in a system

(and hence the maximum amount of adsorption that can

occur) is often limited; the surface sites are often close

enough to one another that significant interactions can occur

between adsorbed molecules; and the possibility that ions

can adsorb means that electrostatic interactions between the

surface and the adsorbates can be an important contributor or

impediment to adsorption. These differences make the

characterization of adsorptive equilibrium more complex

than the characterization of gas/liquid equilibrium.

Adsorptive equilibrium is commonly characterized by

adsorption isotherms, which are equations relating the

adsorption density to the concentration of dissolved adsorb-

ate, once equilibrium has been attained. In systems where

none of the features that distinguish adsorption from gas

transfer are significant, adsorptive equilibrium is character-

ized by a linear isotherm and a well-defined equilibrium

constant that is analogous to a Henry’s constant. However, if

any of those distinguishing factors are important, the corre-

sponding isotherm is generally curvilinear, and the apparent

equilibrium constant might depend on the overall composi-

tion of the solution, rather than have a well-defined value

that depends only on the identities of the adsorbate and

adsorbent.
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Me  

Me 
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Me(OH)2(s) Me(OH)2(s)

Me(OH)2

FIGURE 7-44. Schematic showing a metal ion adsorbate that is first bound to discrete sites on the

adsorbent, but that gradually forms a surface precipitate covering much of the solid, so that

the surface of the final product behaves almost like that of a particle of the pure metal hydroxide.

Source: From Benjamin (2010).
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The Langmuir and Freundlich isotherms represent

attempts to model adsorption in systems with a limited

number of identical adsorptive sites and with certain types

of site nonuniformity, respectively. These isotherms are

used widely to describe experimental data, but other

isotherms are also used and are equally acceptable, if

they fit the observations. Other isotherms and adsorption

models have been proposed to account for competitive

adsorption (e.g., the competitive Langmuir and Freundlich

isotherms, and isotherms developed based on the IAST),

for condensation reactions at the surface and in pores (the

Polanyi model), and for the effects of electrostatics on

ionic adsorption (the triple layer, diffuse layer, and con-

stant capacitance models).

Ion exchange reactions can be viewed as a subset of

adsorption reactions, in which an assumption is made that

all the surface sites are charged and are occupied by

oppositely charged adsorbates under all circumstances.

Because of this assumption, classic adsorption equilibrium

constants that characterize the strength of binding of an

isolated adsorbate to unoccupied sites cannot be evaluated

for ion exchange reactions. Rather, the affinities of these

adsorbents for various ions are reported in terms of selec-

tivity coefficients or separation factors, indicating the

relative binding strength of the adsorbents for different

ions. In environmental engineering, most ion exchange

processes use manufactured, synthetic resins as the adsorb-

ent media. These resins have the advantage that they are

relatively easily regenerated by exposure to a solution

containing a high concentration of a nontarget ion. As a

result, the resins can be reused repeatedly, and their use can

be economical even though the media itself is usually

considerably more expensive than other adsorbents on a

mass or volume basis.

Electrostatic interactions between ions and solid surfaces

can affect both entities; that is, the charge on the surface can

affect the tendency for ions to adsorb, and the adsorption of

ions can affect the charge on the surface. The surface charge

on particles can also have a large effect on their interactions

with one another; these effects are discussed in Chapter 11.

Interactions among adsorbed species can lead to condensa-

tion or precipitation of the adsorbate on the surface or in the

pores of the adsorbent. Models for these types of interactions

have been proposed and applied, achieving varying levels of

success at describing experimental data.

An understanding of the molecular-scale processes that

control adsorption is invaluable for mechanistic interpreta-

tion of adsorption phenomena. Fortunately, however, com-

plete knowledge of these phenomena is not necessary for

designing adsorption-based water treatment processes. The

key information needed for such efforts includes the adsorp-

tion isotherms for the various constituents of the solutions,

the hydraulic characteristics of the reactor where adsorption

will occur, and, possibly, knowledge of the adsorption

kinetics. The synthesis of these factors, leading to develop-

ment of design equations for adsorption-based treatment

processes, is presented in Chapter 8.

REFERENCES

Adamson, A. W. (1976) Physical Chemistry of Surfaces. Wiley-

Interscience, New York, NY.

Allen-King, R. M., Grathwohl, P., and Ball, W. P. (2002) New

modeling paradigms for the sorption of hydrophobic organic

chemicals to heterogeneous carbonaceous matter in soils,

sediments, and rocks. Adv. Water Res., 25, 985–1016.

Bargar, J. R., Brown, G. E., and Parks, G. A. (1997) Surface

complexation of Pb(II) at oxide-water interfaces: II. XAFS

and bond-valence determination of mononuclear Pb(II) sorption

products and surface functional groups on iron oxides.

Geochim. Cosmochim. Acta, 61 (13), 2639–2652.

Benjamin, M. M. (2010) Water Chemistry. Waveland Press, Long

Grove, IL.

Benjamin, M. M. (2009) New conceptualization and solution

approach for the ideal adsorbed solution theory (IAST). Envi-

ron. Sci. Technol., 43, 2530–2536.

Benjamin, M. M. (2002) Modeling the mass-action expression for

bidentate adsorption. Environ. Sci. Technol., 36, 307–313.

Benjamin, M. M., and Leckie, J. O. (1981) Multiple-site adsorption

of Cd, Cu, Zn, and Pb on amorphous iron oxyhydroxide.

J. Colloid Interface Sci., 79, 209–221.

Benjamin, M. M., and Leckie, J. O. (1982) Effects of complexation

by Cl, SO4 and S2O3 on adsorption behavior of Cd on oxide

surfaces. Environ. Sci. Technol., 16, 162–170.

Chiou, C. T. (1998) Soil sorption of organic pollutants andpesticides.

In Meyers, R. A. (ed.), Encyclopedia of Environmental Analysis

and Remediation, John Wiley and Sons, New York, NY.

Churn, J-M., and Chien, Y-W. (2002) Adsorption of nitrophenol

onto activated carbon: Isotherms and breakthrough curves.

Water Res., 36 (3), 647–655.

Clifford, D., Sorg, T. J., and Ghury, G. L. (2011) Ionic exchange

and adsorption of inorganic contaminants, In Edzwald, J. K.

(ed.), Water Quality and Treatment, 6th ed. McGraw Hill,

New York.

Cook, D., Newcombe, G., and Sztajnbok, P. (2001) The applica-

tion of powdered activated carbon for MIB and geosmin

removal: Predicting PAC doses in four raw waters. Water

Res., 35, 1325–1333.

Cornel, P. K., Summers, R. S., and Roberts, P. V. (1986) Diffusion

of humic acid in dilute aqueous solution. J. Colloid Interface

Sci., 110, 149–164.

Crittenden, J. C., Luff, P., Hand, D. W., Oravitz, J. L., Loper, S. W.,

and Arl, M. (1985) Prediction of multicomponent adsorption

equilibria using ideal adsorbed solution theory. Environ. Sci.

Technol., 19, 1037–1043.

Crittenden, J. C., Sanongraj, S., Bulloch, J. L., Hand, D. W.,

Rogers, T. N., Speth, T. F., and Ulmer, M. (1999) Correlation

of aqueous-phase adsorption isotherms. Environ. Sci. Technol.,

33, 2926–2933.

REFERENCES 321



Davis,J.A.,Coston,J.A.,Kent,D.B,andFuller,C.P.(1998)Application

of the surface complexation concept to complex mineral assemb-

lages. Environ. Sci. Technol., 32, 2820–2828.

Davis, J. A., and Kent, D. B. (1990) Surface complexation model-

ing in aqueous geochemistry. In Hochella, Jr., M. F., and White,

A. F. (eds.),Mineral-Water Interface Geochemistry, Reviews in

Mineralogy, Vol 23, 177–260.

Davis, J. A., and Leckie, J. O. (1978) Effect of adsorbed complex-

ing ligands on trace metal uptake by hydrous oxides. Environ.

Sci. Technol., 12, 1309–1315.

Dubinen, M. M. (1960) The potential theory of adsorption of gases

and vapors for adsorbents with energetically non-uniform sur-

faces. Chem. Rev., 60 (2), 235–241.

Dzombak, D. A., and Hudson, R. J. M. (1995) Ion exchange: The

contributions of diffuse layer sorption and surface complex-

ation. In Huang, C. P., O’Melia, C. R., and Morgan, J.J. (eds.),

Aquatic Chemistry: Interfacial and Interspecies Processes,

Advances in Chemistry Series #244, American Chemical Soci-

ety, Washington, DC

Dzombak, D. A., and Morel, F. M. M. (1990) Surface Complex

Modeling. Wiley Interscience, New York, NY.

Everett, D. H. (1988) Basic Principles of Colloid Science. Royal

Society of Chemistry, London.

Farley, K. J., Dzombak, D. A., and Morel, F. M. M. (1985) A

surface precipitation model for the sorption of cations on metal

oxides. J. Colloid Interface Sci., 106, 226–242.

Graham, M. R., Summers, R. S., Simpson, M. R., and Macleod,

B. W. (2000) Modeling equilibrium adsorption of 2-methyl-

isoborneol and geosmin in natural waters. Water Res., 34,

2291–2300.

Halsey, G., and Taylor, H. S. (1947) The adsorption of hydrogen on

tungsten powders. J. Phys. Chem., 15, 624–630.

Hohl, H., and Stumm, W. (1976) Interactions of Pb2þ with hydrous

a-Al2O3. J. Colloid Interface Sci., 55, 281–288.

Huang, C. P., and Stumm, W. (1973) Specific adsorption of cations

on hydrous g-Al2O3. J. Colloid Interface Sci., 43, 409–420.

Hunter, R. J. (1987) Foundations of Colloid Science. Oxford

University Press, Oxford, UK.

Jankowska, H., Swiatkowski, A., Choma, J., and Kemp, T. J. (1991)

Activated Carbon. E. Horwood, New York, NY.

Karickhoff, S. W. (1984) Organic pollutant adsorption in aquatic

systems. J. Hydraulic Eng. (ASCE), 110, 707–735.

Li, L., Quinliven, P. A., and Knappe, D. R. U. (2005) Predicting

adsorption isotherms for aqueous organic micropollutants from

activated carbon and pollutant properties. Environ. Sci. Tech-

nol., 39, 3393–3400.

Manes, M. (1998) Activated carbon adsorption fundamentals. In

Meyers, R. A. (ed.), Encyclopedia of Environmental Analysis

and Remediation, John Wiley and Sons, New York, NY.

Matsui, Y., Knappe, D. R. U., and Takagi, R. (2002) Pesticide

adsorption by granular activated carbon adsorbers. 1. Effect

of natural organic matter preloading on removal rates and model

simplification. Environ. Sci. Technol., 36, 3426–3431.

Moon, H., and Tien, C. (1987) Further work on multicomponent

adsorption equilibria calculations based on the ideal adsorbed

solution theory. Ind. Eng. Chem. Res., 26, 2042–2047.

Schindler, P. W. (1990) Coadsorption of metal-ions and organic-

ligands – formation of ternary surface complexes. Rev.

Mineral., 23, 281–307.

Schindler, P. W., F€urst, B., Dick, R., and Wolf, P. U. (1976) Ligand

properties of surface silanol groups. 1. Surface complexation

formation with Fe3þ, Cu2þ, Cd2þ, and Pb2þ. J. Colloid Inter-

face Sci., 55, 469–475.

Schwarzenbach, R. P., Gschwend, P. M., and Imboden, D. M.

(2002) Environmental Organic Chemistry. Wiley Interscience,

New York, NY.

Semmens, M. J., and Field, T. K. (1980) Coagulation: Experiences

in organics removal. J. AWWA, 72 (8), 476–483.

Sheindorf, Ch., Rebhun, M., and Sheintuch, M. (1981) A Freund-

lich-type multicomponent isotherm. J. Colloid Interface Sci.,

79, 136–142.

Sontheimer, H., Crittenden, J. C., and Summers, R. S. (1988)

Activated Carbon for Water Treatment, DVGW-Forschungs-

stelle (Germany), distributed in the USA by AWWA Research

Foundation, Denver, CO.

Speth, T. F., and Miltner, R. J. (1990) Adsorption capacity of GAC

for synthetic organics. J. AWWA, 82 (2), 72–75.

Stern, O. (1924) The theory of the electrical double layer (in

German). Z. Elektrochem., 30, 508–516.

Strathmann, H. (2004) Ion-Exchange Membrane Separation

Processes. Science and Technology Series, Elsevier. Boston,

MA.

Stumm, W. (1992) Chemistry of the Solid-Water Interface. Wiley-

Interscience, New York, NY.

Tien, C. (1994) Adsorption Calculations and Modeling. Butter-

worth-Heinemann, Boston, MA.

Tipping, E., and Ohnstad, M. (1984) Aggregation of humic sub-

stances. Chemical Geology, 44, 349–357.

Vidic, R. D., Suidan, M. T., and Brenner, R. C. (1993) Oxidative

coupling of phenols on activated carbon - impact on adsorption

equilibrium. Environ. Sci. Technol., 27, 2079–2085.

Waychunas, G. A., Davis, J. A., and Fuller, C. C. (1995)

Geometry of sorbed arsenate on ferrihydrite and crystalline

FeOOH: Re-evaluation of EXAFS results and topological

factors in predicting sorbate geometry, and evidence for

monodentate complexes. Geochim. Cosmochim. Acta, 59 (17),

3655–3661.

Westall, J. C. (1986) Chemical and electrostatic models for reactions

at the oxide/solution interface. In Davis, J. A., and Hayes, K. F.

(eds.), Geochemical Processes at Mineral Surfaces, ACS Symp.

Ser. 323, Amer. Chem. Soc., Washington, DC.

Westall, J. C. (1987) Adsorption mechanisms in aquatic surface

chemistry. In Stumm, W. (ed.), Aquatic Surface Chemistry:

Chemical Processes at the Particle-Water Interface, John

Wiley and Sons, New York, NY.

Westall, J. C., and Hohl, H. (1980) A comparison of electrostatic

models for the oxide/solution interface. Adv. Colloid Interface

Sci., 12, 265–294.

Wohleber, D. A., and Manes, M. (1971) Application of the Polanyi

adsorption potential to adsorption from solution on activated

carbon. III. Adsorption of miscible liquids from water solution.

J. Phys. Chem., 75, 3720–3723.

322 ADSORPTION PROCESSES: FUNDAMENTALS



Xia, G. S., and Ball, W. P. (2000) Polanyi-based models for the

competitive sorption of low-polarity organic contaminants on a

natural sorbent. Environ. Sci. Technol., 34, 1246–1253.

Yates, D. E., Levine, S., and Healy, T. W. (1974) Site binding model

of the electrical double layer at the oxide/water interface.

J. Chem. Soc. Faraday Trans. I, 70, 1807–1818.

PROBLEMS

7-1. Trichloroethylene (TCE) is an organic solvent that is

present as a trace contaminant in many groundwaters

and is quite strongly adsorbed onto activated carbon.

The maximum adsorption capacity of a particular

activated carbon for TCE is 65mg TCE per gram

carbon.When 1.0L of a solution that initially contains

200mg of TCE is dosed with 10mg of the carbon,

15mg/L TCE remains in solution at equilibrium.

(a) Assuming the Langmuir adsorption isotherm

applies, find the adsorption equilibrium con-

stant. Give appropriate units.

(b) At the end of the test, another 10mg of activated

carbon and 200mg of TCE are added to the

solution; that is, the total adsorbent and adsorb-

ate concentrations are both doubled. Once the

system re-equilibrates, will the concentration of

dissolved TCE be larger, smaller, or the same as

in part a?

(c) Awater supply is to be treated to reduce the TCE

concentration from 85 to 5mg/L in a batch

process. What is the required carbon dose

(grams activated carbon per liter of water)?

What fraction of the adsorption capacity of

the activated carbon will be used?

7-2. The adsorption of carbon tetrachloride has been

studied in a batch adsorption test using pulverized

GAC. In the tests, a small amount of CCl4 was added

to bottles containing water and adsorbent, and the

system was allowed to equilibrate under well-mixed

conditions for 7 days, in sealed bottles that were free

of gas headspace. Blanks (without GAC) were run to

verify that no CCl4 was lost from the system. At the

end of the 7 days, the bottles were centrifuged and

the equilibrium aqueous concentration of CCl4 was

measured. Table 7-Pr2 shows the results obtained for

two representative samples.

(a) Use this “two-point isotherm” to estimate kf and

n for the Freundlich isotherm equation that

describes CCl4 adsorption onto this carbon.

Include units where appropriate.

(b) Suppose that 30mg of CCl4 were added to a

third bottle, also containing 100mL of water

and 20mg of GAC. Estimate the expected final

aqueous concentration of CCl4.

7-3. Activated carbon is being used in a batch process to

remove pesticides froma ruralwater supply.After each

batch of water is treated, the carbon particles are

allowed to settle, the water is drained off, and a new

batch of water is mixed with the carbon. The adsorp-

tion is known to follow a Langmuir isotherm. After a

number of batches of water have been treated in this

way, the adsorptiondensity on a sampleof the activated

carbon is given by: q ¼ ðqmaxKadscinÞ=ð1þ KadscinÞ,
where cin is the pesticide concentration in the untreated

influent water. The value of q under these circum-

stances is much less than qmax. Do you think that the

removal efficiency of pesticide in the next batch of

water tobe treatedwill begoodorpoor?Explainbriefly.

7-4. A utility draws 50,000m3/d of water from its water

supply reservoir. After the local corn-growing season,

the herbicide Alachlor (C14H20ClNO2) is discovered

in the reservoir at a concentration of 10mg/L. The
utility decides to add PAC to remove the Alachlor.

The Freundlich isotherm parameters for Alachlor

adsorption onto the selected PAC are: kf ¼ 479

ðmg=gÞ= ðmg=LÞ0:26 andn¼ 0.26. If thegoal is tobring

Alachlor to below theMCL in drinkingwater (2mg/L),
and the system reaches equilibrium, how much PAC

must be added to the water each day (kg/day)?

7-5. Determine whether the Langmuir or Freundlich iso-

therm provides a better fit to the data in Table 7-Pr5 for

the uptake of the dye carrier methylnaphthalene by

activated carbon. The data for cfin were collected after

equilibrium had been reached in batch adsorption

experiments.

TABLE 7-Pr5. Methylnaphthalene Adsorption

PAC (g/L) 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.74 1.00 1.00

cinit (mmol/L) 0.10 0.23 0.35 0.505 0.67 0.91 1.36 1.59 1.71 0.100

cfin (mmol/L) 0.02 0.03 0.05 0.065 0.13 0.22 0.61 0.44 0.32 0.008

TABLE 7-Pr2. Carbon Tetrachloride Adsorption

Bottle

ID

Mass of

CCl4
(mg)

Water

Volume

(mL)

Mass of

GAC

(mg)

Final CCl4
Concentration

(mg/L)

A 50 100 20 0.12

B 10 100 20 0.019
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7-6. Two equilibrium adsorption tests are carried out to

characterize binding of chlorophenol to an activated

carbon. Each test solution contained 1.0 L of water

and 0.5mg of chlorophenol. One gram of activated

carbon was added to one solution (A), and 5.0 g was

added to the other solution (B). After equilibration,

the adsorption densities in these two systems were

0.45 and 0.0988mg/g, respectively.

(a) Assuming the Freundlich isotherm applies to

this system, evaluate the isotherm constants and

write the isotherm equation.

(b) Based on the data given, can you decide whether

the Freundlich equation is in fact a good model

to use to represent adsorption in this system?

That is, how confident can you be that the

isotherm equation you developed in part a

will apply to systems containing different

amounts of chlorophenol and activated carbon

than those investigated experimentally?

7-7. A researcher is studying desorption of various organic

compounds from contaminated soils. In one set of

experiments, various masses,Ms, of the same soil are

dispersed into several jars, each containing a volume

VL of clean water. After mixing for a time thought to

be long enough for equilibrium to be attained, the

solids are separated from the liquid, and the liquid-

phase concentration, ci, is measured. A plot of 1/ci
versus the inverse of the adsorbent concentration

(VL/Ms) turns out to be linear.

Show that this result is consistent with a linear

adsorption isotherm, as follows. Draw a linear iso-

therm, and write out the isotherm equation. Indicate

two points on the graph, one representing the initial

condition for both the liquid and solid phases, and the

other representing the final, equilibrium condition

for both phases. Then, write a mass balance that

describes the changes in ci and qi between the initial

and final conditions. Finally, substitute the isotherm

equation into the mass balance, and manipulate the

equation to develop a (linear) relationship between

1/ci and VL/Ms. Identify the meaning of the slope and

intercept of the line represented by this relationship,

in terms of the isotherm parameters.

7-8. The following data characterize the adsorption of a

dimethylphenol (MP) on activated carbon.

c (mg/L) q (mg/mg) c (mg/L) q (mg/mg)

0.05 0.007 3.1 0.263

0.12 0.018 4.4 0.347

0.21 0.030 7.2 0.322

0.63 0.088 14.4 0.426

1.5 0.163 25.1 0.499

(a) Compute the best-fit Langmuir constants for

describing adsorption in the system.

(b) A waste solution containing 2.0mg/L MP is

generated at a rate of 2� 106 L/d. You wish

to treat the solution to attain a final concentra-

tion of 0.1mg/L. If you chose to treat the waste

in a batch system, how much carbon would be

required per day, assuming equilibrium is

attained? What is the adsorption density on

the activated carbon at equilibrium?

(c) Consider the effect on treatment efficiency if the

waste also contained phenol (Ph). When both

qmax and K are expressed using moles as the unit

of adsorbate mass, qmax is identical for the two

adsorbates, but KPh is only one-half as great as

KMP. If the same amount of carbon were used as

you computed in part b, but the waste contained

100mg/L phenol in addition to the MP, how

severely would the adsorption density of MP be

decreased?

(d) As is noted in this chapter and explained in

detail in Chapter 8, packed column adsorption

systems are often operated until the adsorbent

is essentially in equilibrium with the influent

solution composition. What adsorption densi-

ties would be achieved in such a system treat-

ing the two influent solutions (2.0mg/L MP,

in the presence and absence of 100mg/L

phenol)?

7-9. The selectivity coefficient of an ion exchange resin

for Cu2þ over Zn2þ isKCu=Zn ¼ 3. A solution initially

containing 6mg/L Cu2þ and 30mg/L Zn2þ is to be

treated by addition of the resin to thewaste solution in

a batch process. The resin has a capacity of 3.5meq/g,

and is initially in the Hþ form, but at the pH of

treatment, almost none of resin sites are expected to

be occupied by Hþ. Develop plots of Cu2þ and Zn2þ

concentrations remaining in solution, the adsorption

densities of the two metals, and the percentage

removal of each metal from solution, as a function

of the resin dose, for doses from 0 to 300mg/L.

7-10. A home water softening unit contains 10 kg of ion

exchange resin in the Naþ form, with an exchange

capacity of 3.0meq/g. The water supplied to the

home contains 20mg/L Naþ, 70mg/L Ca2þ, and

25mg/L Mg2þ.

(a) What is the distribution of cations on the resin

once the system has operated until the resin is no

longer accomplishing any treatment (because it

is in equilibrium with the influent composition)?

The separation factors under these conditions

are aCa/Na¼ 2.4 and aMg/Na¼ 1.9.
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(b) Compute the selectivity coefficients for Ca2þ

and Mg2þ over Naþ.
(c) If, once the system reaches the condition char-

acterized in part a, the resin is equilibrated with

30 L of 2M NaCl, what fractional regeneration

of the Ca2þ and Mg2þ can be expected? What

are the separation factors in the regeneration

step? Assume that the selectivity coefficients are

independent of ionic strength.

7-11. Two droplets of water, 2mm in diameter, are gently

released—one onto a glass slide, and the other onto a

slide that has been coated with wax. The droplets

begin to spread out, but the one on the glass spreads

into a wide, thin layer, whereas the one on the waxed

surface spreads only a little and then stabilizes as a

bead that expands no more.

In each system, the surface tensions at the water/

air and solid/air interfaces are much less than that at

the water/solid interface. Describe the energy changes

accompanying spreading of each droplet, and explain

the result in terms of energy differences between the

two systems. Based on the observation described, do

you think the surface tension of the water/glass inter-

face is larger or smaller than that of the water/wax

interface?

7-12. Some results of batch tests performed to evaluate the

adsorption isotherm for binding of phenol to an

activated carbon are shown in following table.

Each bottle contained 100mL of a solution that

initially contained 600mg/L of dissolved phenol.

The systems were then equilibrated at 20�C.

Bottle No. Mass of Carbon (g) Final Conc. (mg/L)

1 0.758 2.8

2 0.558 4.2

3 0.478 18.0

4 0.402 30.9

5 0.332 55.9

6 0.323 69.7

7 0.297 85.3

8 0.258 121

9 0.211 178

10 0.176 231

11 0.121 325

12 0.075 424

(a) Plot the data as a conventional isotherm (i.e., as

q vs. c).

(b) Calculate the best-fit parameters for the Freund-

lich isotherm, using a graphical approach. Com-

pare the model predictions with the raw data on

the plot used to determine the model parameters.

(c) Calculate the best-fit parameters for the

Langmuir isotherm, using both linearization

methods, and using a nonlinear fitting program

(e.g., the Solver1 function in MS Excel1).

Again, show the model predictions on the plots

used to determine the model parameters.

(d) Plot the raw data and the calculated values from

all four isotherms (determined in parts a–c) on a

single plot of q versus c. Which isotherm yields

the best fit?

(e) Plot surface pressure as a function of liquid-

phase phenol concentration and as a function of

phenol adsorption density, according to both the

Langmuir and the Freundlich isotherms.

7-13. Freundlich isotherms for the adsorption of p-nitro-

phenol (PNP) and benzoic acid (BA) on activated

carbon are as follows, for concentrations given in

mol/L and adsorption densities in mg/g: qPNP ¼
89c0:13PNP; qBA ¼ 140c0:22BA . The SSA of the activated

carbon is 600m2/g.

(a) You wish to treat a waste solution that contains

10mg/L PNP to attain a final concentration of

0.1mg/L. How much carbon would be required

perliterofwaste,assumingequilibriumisattained?

What are the adsorption density and the surface

pressure on the activated carbon at equilibrium?

(b) A solution contains 15mg/L BA. If the dose of

activated carbon computed in part a were added

to this solution, what would the equilibrium

concentration, the adsorption density, and the

surface pressure of BA be?

(c) If the waste contained both PNP and BA at the

concentrations specified and activated carbon

were added at the dose computed in part a, what

would the adsorption density of each species be

at equilibrium if competition were consistent

with the IAST model? What would the total

surface pressure and the partial surface pressure

of each contaminant be?
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8.1 INTRODUCTION

In Chapter 7, we explored the fundamentals of adsorption

phenomena, considering the molecular–scale interactions

that lead to adsorption, the factors that control adsorptive

equilibrium, and the mathematical models that are com-

monly used to describe that equilibrium. In this chapter,

approaches for the design and analysis of the adsorption-

based treatment systems used most commonly in environ-

mental engineering are presented. Knowledge of the

adsorption isotherm relationship is essential for developing

efficient designs for such systems, and, in cases where

adsorptive equilibrium is closely approached in the treat-

ment system, the isotherm equation is all that is needed for

design calculations. In other cases, however, particularly

those where a porous, granular adsorbent is used,

equilibrium is not achieved quickly, and adsorption kinetics

must also be considered.

Although several models for the kinetics of adsorption

have been developed, quantitative predictions based on

these models are, in general, less reliable than those from

equilibrium models. As a result, greater caution (often

manifested as larger safety factors) must be exercised

when these models are used in design. Nevertheless, an

understanding of the conceptual basis of the models,

coupled with empirical data, often allows us to design

new systems that work well, and to recommend reasonable

approaches to improve the performance of systems that are

not performing as desired.

Even though some steps in adsorption are fairly slow

(e.g., diffusion of adsorbate into the interior of porous

adsorbents), the design and operation of adsorption-based

treatment processes are often dictated more by equilibrium

constraints than by kinetics. This situation arises, in part,

because the hydraulic detention time in adsorption reactors

is usually longer than the characteristic time for the

transport and binding of adsorbate molecules to the exte-

rior of adsorbent particles. After that step is complete, even

though the subsequent diffusion of the adsorbate into the

interior of the particle might have a long characteristic

time, the time available for that step to proceed (the

residence time of the adsorbent in the system) is often

even longer. As a result, calculations based on the attain-

ment of adsorptive equilibrium are often useful for

estimating performance factors such as the long-term

adsorptive capacity of the media. Also, as a practical

matter, the use of equilibrium-based equations for design

calculations is often a tacit acknowledgment of deficien-

cies in our understanding of the adsorption kinetics for a

particular application.

A completely general approach for analyzing adsorbate

concentration and adsorption density as a function of time
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and location in a given system involves writing three mass

balances on the adsorbate, using three different sets of

system boundaries. The control volume for one of those

mass balances is the bulk solution phase (either all of that

phase, or a differential portion of it), where advective

transport and/or turbulent mixing are the dominant trans-

port processes. A second mass balance can be written for a

control volume that includes the liquid boundary layers

around the adsorbent particles, where transport is domi-

nated by exchange of small packets of fluid with the bulk

solution and by diffusive transport into or out of those

packets. The third mass balance is written around the

adsorbent particles, in which transport occurs via diffu-

sion, either through the liquid in the pores (pore diffusion)

or along the interior surfaces of the adsorbent particles

(surface diffusion).

Simultaneous solution of these three mass balances com-

pletely characterizes the behavior of an adsorptive system.

Although no generic solution to the equations is available, in

many cases we can make simplifying assumptions that allow

us to obtain a closed form or numerical solution that is

applicable to special cases. For instance, in systems that

reach adsorptive equilibrium rapidly, the adsorbate concen-

tration is uniform throughout the solution phase, and the

adsorption density is uniform throughout the adsorbent. In

other systems, the assumption of a uniform, well-mixed

solution phase or of plug flow hydraulics is justified. In

such situations, the assumptions reduce the mathematical

complexity of the mass balance equations and simplify the

analysis.

In this chapter, we develop the mass balances that

characterize both the general case and several simplified

cases. We start with systems that can be designed and

analyzed based solely on equilibrium considerations,

and then move to those in which the kinetics of adsorp-

tion must be considered. In each case, we consider both

batch systems and fixed bed systems. The initial sections

of the chapter focus on systems with a single target

adsorbate; competitive adsorption is discussed in subse-

quent sections.

8.2 SYSTEMSWITH RAPID ATTAINMENT
OF EQUILIBRIUM

Batch Systems

The simplest adsorptive system to analyze is a batch system

in which the adsorbate is neither generated nor destroyed by

chemical reactions. In such a system, the total mass of

adsorbate in the system at any time equals the mass that

was present initially; that is, when the solution and adsorbent

were first mixed. Therefore, a mass balance on total adsorb-

ate in the system at any time can be written as a relationship

between the changes in mass in the two compartments of the

system, as follows:

Change in total

adsorbate mass

in system due to

adsorption between

time 0 and t

¼
Change in

dissolved

adsorbate

mass

þ
Change in

adsorbed

adsorbate

mass

0 ¼ VL cð0Þ � cðtÞð Þ þ W qð0Þ � qðtÞð Þ
(8-1)

where VL is the volume of bulk solution in the reactor; W is

the mass of adsorbent in the reactor; c is the dissolved

concentration of adsorbate; and q is the adsorption density

(mass of adsorbate/mass of adsorbent).

Rearranging Equation 8-1, we have

VL cð0Þ � cðtÞð Þ ¼ �W qð0Þ � qðtÞð Þ (8-2)

If c(t) and q(t) are interpreted as the average concentration

and average adsorption density in the system, respectively,

then Equation 8-2 applies regardless of whether or not the

system reaches equilibrium. That is, even if the adsorption

density varies from one adsorbent particle to the next, or as a

function of location in any given particle, or if the dissolved

adsorbate concentration varies spatially in solution, the loss

of adsorbate mass from solution can be equated with the

increase of adsorbed adsorbate mass. However, if we restrict

our consideration to systems that reach equilibrium, c(t) and

q(t) must each be uniform throughout the system andmust be

related by the adsorption isotherm; that is,

VL cinit � cfinð Þ ¼ �W qinit � qfinð Þ ¼ �W qinit � qeq
��
cfin

� �
(8-3)

where the subscripts init and fin refer to the initial (non-

equilibrium) and final (equilibrium) conditions, respectively,

and qeq
��
cfin

is the equilibrium adsorption density associated

with cfin.

If adsorptive equilibrium is characterized by a Langmuir

or Freundlich isotherm, Equation 8-3 leads to the following

expressions:

Langmuir: VL cinit � cfinð Þ ¼ �W qinit � qmax

Kadscfin

1þKadscfin

� �

(8-4a)

Freundlich: VL cinit � cfinð Þ ¼ �W qinit � kfc
n
fin

� �
(8-4b)

In a typical application, we might know the initial dis-

solved adsorbate concentration, the target concentration

after treatment, and the volume of solution to be treated.

If fresh adsorbent were being added, qinit would be zero.
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Assuming that the isotherm had been characterized in

advance, qeq
��
cfin

would also be known, so we could solve

Equation 8-3 for the required adsorbent dose (W). Alterna-

tively, if the initial dissolved adsorbate concentration and

the adsorbent dose were fixed, the equation could be solved

for the concentration of adsorbate remaining in solution

once equilibrium had been attained.

& EXAMPLE 8-1. Adsorption of phenol onto an acti-

vated carbon (AC) follows the Freundlich isotherm

q ¼ 0:97ððmmol=g ACÞ= mmol=Lð Þ0:27Þc0:27 in the range

0< c< 5mmol/L. A batch process is to be used to reduce

the phenol concentration in a waste from 1.0 to 0.05mmol/L.

If the solution and adsorbent reach equilibrium in the system,

what is the required dose of activated carbon?

Solution. Since adsorption is characterized by a Freund-

lich isotherm, we can use Equation 8-4b to compute the

required adsorbent dose, as follows:

VL cinit � cfinð Þ ¼ �W qinit � kfc
n
fin

� �

W

VL

¼ � cinit � cfin

qinit � kf c
n
fin

¼ � 1:0� 0:05ð Þmmol=L

0mmol=g� 0:97ððmmol=g ACÞ= mmol=Lð Þ0:27Þ 0:05mmol=Lð Þ0:27
¼ 2:2 g AC=L

&

Equation 8-3 can also be used in conjunction with a

graphical representation of the isotherm. For instance, say

that the empirically determined isotherm was as shown in

Figure 8-1. If the system reached equilibrium, the final

condition would be characterized by a point (c, q) that falls

somewhere on the isotherm curve. The initial condition

would be characterized by a different point, (cinit, qinit),

not on the isotherm. In the typical case, the point (cinit, qinit)

would be below the curve, indicating that material would

have to adsorb for equilibrium to be attained; if the initial

adsorption density was zero, the point would be on the

abscissa; that is, at (cinit, 0).

The mass balance shown in Equation 8-2 indicates that, as

the system approaches equilibrium, the ratio of the change in

adsorption density, Dq, to the change in dissolved adsorbate

concentration, Dc, equals �VL=W:

qðtÞ � qð0Þ ¼ �VL

W
cðtÞ � cð0Þð Þ

Dq tð Þ ¼ �VL

W
Dc tð Þ

(8-5)

Or, in terms of the initial and final conditions:

qfin � qinit ¼ �VL

W
cfin � cinitð Þ

Dq ¼ �VL

W
Dc

(8-6)

Thus, the approach to equilibrium can be depicted in

Figure 8-1 as movement along a straight line from (cinit, qinit)

toward, and ultimately reaching, the point (cfin, qfin) on the

isotherm curve. The slope of this line is �VL=W and can be

interpreted as the negative inverse of the adsorbent dose.

This line is analogous to the operating line derived in the

analysis of gas transfer processes. Note that, if we wish to

achieve a very low value of cfin, the isotherm equation will

require that qfin be small, which will force Dq to be small as

well; correspondingly, for a given volume, VL, of liquid to be

treated, the required adsorbent dose, W, increases dramati-

cally as the target value of cfin gets small.

Adsorbents are often expensive to purchase or regenerate,

so it makes sense to use as much of their capacity as possible

in a given run. One approach for improving the efficiency

with which the available capacity is utilized is demonstrated

in the Example 8-2.

& EXAMPLE 8-2. Determine the activated carbon dose

needed to treat the solution described in Example 8-1, if the

solution is treated in two, identical batch reactors in series.

Assume that half of the activated carbon is added in each

reactor, and that the adsorbent in the first reactor remains

there when the water is transferred to the second. Answer the

question using both (a) an analytical approach and (b) a

graphical approach.

Solution.

(a) The mass balances in the two reactors are linked

because the treated water from the first reactor is the

input to the second, and because the problem states
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FIGURE 8-1. Graphical representation of the adsorption iso-

therm and mass balance for a system in which adsorbate must bind

to the adsorbent to approach equilibrium.
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that W/VL must be the same in both. We can there-

fore apply Equation 8-3 to obtain an expression for

W/VL in each reactor, and equate the resulting

expressions to solve for the concentrations and

adsorption densities of interest.

Defining the concentration and adsorption density

of phenol at equilibrium in reactor i as ci and qi,

respectively, and using the isotherm equation to

compute q in terms of c in each reactor, we find

(leaving out units for simplicity):

For Reactor 1:
W

VL

� �
1

¼ � cinit;1 � c1

qinit;1 � 0:97c0:271

For Reactor 2:
W

VL

� �
2

¼ � cinit;2 � c2

qinit;2 � 0:97c0:272

¼ � c1 � c2

qinit;2 � 0:97c0:272

The adsorbent is initially free of adsorbate, so

qinit,1¼ qinit,2¼ 0. Making this substitution and

equating the two expressions for W/VL, we obtain

� cinit;1 � c1

0� 0:97c0:271

¼ � c1 � c2

0� 0:97c0:272

c0:272 cinit;1 � c1
� � ¼ c0:271 c1 � c2ð Þ

The values of cinit,1 and c2 are the concentrations of

phenol in the untreated and fully treated water,

respectively, corresponding to cinit and cfin in the

single-reactor system analyzed in Example 8-1.

The value of c1 is therefore the only unknown in

the preceding equation. Solving the equation numer-

ically, we find c1¼ 0.40mmol/L, and inserting that

value into the isotherm yields q1¼ (0.97)(0.40)0.27,

or 0.76mmol/g. Finally, inserting the value of c1 into

the expression for W/VL, we find that the required

carbon dose in each reactor is 0.80 g/L, so the total

dose is 1.60 g/L. This dose is �73% of the dose

required to treat the water in a single batch, as

computed in Example 8-1.

(b) The problem can be solved graphically using

Figure 8-2, which shows the isotherm and the condi-

tions in both the one- and two-reactor systems. In the

one-reactor system, the system path is a straight line

from (cinit, qinit) to (cfin, qfin) (the unbroken straight

line in the figure). All the adsorbent equilibrates with

water containing the final dissolved adsorbate con-

centration (0.05mmol/L), so the adsorption density in

this system is the value of q in equilibrium with that

concentration (q¼ 0.97(0.05)0.27¼ 0.43mmol/g).

In the two-reactor system, on the other hand, the changes

caused by adsorption in the first reactor are characterized by

a line of slope �VL/W, which intersects the isotherm at c1.

The treated water with concentration c1 is then contacted

with a second batch of fresh adsorbent (qinit¼ 0), so the

initial condition in the second reactor is at the point (c1, 0).

The fact that the adsorbent concentration (W/VL) in the

second reactor is identical to that in the first is reflected

in the fact that the line from (c1, 0) to (cfin,qfin) has the same

slope as that from (cinit, 0) to (c1, q1). A trial and error

approach that includes two, parallel line segments with the

sawtooth pattern shown in the figure leads to the conclusion

that q1¼ 0.76mmol/g, and W/VL¼ 0.80 g/L in each reactor.

These results are, of course, identical to those obtained using

the analytical approach. &

The preceding example indicates that less adsorbent is

required in a system with two reactors in series than in a

single reactor, for the same initial and final adsorbate con-

centrations. The reason for this difference is that, whereas

the adsorbate concentration and adsorption density in the

downstream reactor of the reactors-in-series system are

identical to the corresponding parameters in the one-reactor

system, the concentration and adsorption density in the

upstream reactor are larger. That is, in the two-reactor

system, the adsorption density on one-half of the adsorbent

is identical to that in the one-reactor system, and the adsorp-

tion density on the other half of the adsorbent is larger.

The preceding explanation is essentially the same as the

explanation for why a given treatment objective can be

achieved more efficiently (i.e., with less reactor volume

and a lower hydraulic residence time) in two CFSTRs in

series than in a single CFSTR (for a reaction whose rate

increases with concentration). In such a system, the reaction

rate in the first reactor is greater than in the second reactor (or

in a single reactor that achieves the same treatment goal),

because the reactant concentration is larger in the first reactor.
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Taken to its limit, the latter argument led us to conclude

that, for a kinetically limited reaction, the most efficient type

of reactor is a PFR (which can be viewed as an infinite

number of differentially small CFSTRs in series). By anal-

ogy, we might expect that the most efficient adsorptive

reactor would consist of a very large number of differentially

small batch adsorption reactors in series (assuming that, as

in the example, the adsorbent remains in each reactor as the

water flows from one to the next). Such a system takes

advantage of the largest available driving force for adsorp-

tion at each stage of treatment and thereby minimizes the

required overall adsorbent dose. The conditions in a system

that approaches this limit, for the influent and effluent

described in Example 8-2, are shown in Figure 8-3. The

total requirement for activated carbon in this system, con-

sisting of 17 equi-sized adsorption reactors in series, would

be 1.3 g/L, or approximately 60% of that required for treat-

ment in a single batch. The benefits of usingmultiple reactors

in series become considerably greater as the target concen-

tration is lowered. Note that, if the adsorbent concentration in

each reactor is allowed to become very large, then the

limiting case becomes equivalent to a packed bed reactor.

Systems with Continuous Flow of Both Water and
Adsorbent

Although the preceding discussion is presented in the con-

text of batch systems, the analysis of systems with steady

flow of both solution and adsorbent is essentially identical. A

schematic of such a system is shown in Figure 8-4. In the

figure, X is the mass rate at which adsorbent enters (and

leaves) the reactor, with units such as mg/min,W is the mass

of adsorbent in the reactor, and the other parameters have

their usual meanings.

The mass balance on total adsorbate in such a system (the

sum of the masses in solution and on the adsorbent) for a

nonreactive adsorbate, with a control volume defined by the

boundaries of the reactor, is

Rate of change

of mass of

adsorbate stored

in reactor

¼
Net input

ðinflow� outflowÞ
of dissolved

adsorbate

þ
Net input

ðinflow� outflowÞ
of adsorbed

adsorbate

VL

dc

dt
þW

dq

dt
¼ Q cin � coutð Þ þ X qin � qoutð Þ

(8-7)

If the system is at steady state, the mass balance

simplifies to

0 ¼ Q cin � coutð Þ þ X qin � qoutð Þ (8-8)

Q cin � coutð Þ ¼ �X qin � qoutð Þ (8-9)

Equation 8-9 is an exact analog of Equation 8-2, with the

influent and effluent concentrations in the flow-through sys-

tem corresponding to the initial and final concentrations in the

batch system, respectively, and the rates of entry of solution

and adsorbent corresponding to the volume of solution and

mass of adsorbent in the batch system. The equation applies to

any control volume at steady state if c and q are interpreted as

average values, and it applies to systems that reach equili-

brium if qout and cout are assumed to be spatially uniform and

related via the adsorption isotherm. Thus, the same mathe-

matical and graphical approaches as described previously can

be used tomodel the system. Specifically, the change from the

influent to the effluent could be characterized graphically as

movement from a point (cin, qin) that is below the isotherm

curve, along a line of slope �Q/X, toward the isotherm,

reaching the isotherm if the system reaches equilibrium.

Note that nothing in the derivation specifies or constrains

the mixing pattern inside the reactor. Thus, the result is valid

for any arbitrary mixing pattern, including complete mixing,

plug flow, or any other hydrodynamic regime.

Continuous flow systems with continuous addition of

adsorbent are relatively easy to operate, and in many cases

they can reduce dissolved contaminant concentrations to very

low levels. Such systems are particularly convenient in situa-

tions where adsorbent is required only intermittently, for

example, to remove taste- and odor-generating compounds

that appear seasonally in a water supply system. However,
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Example 8-2.
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FIGURE 8-4. Schematic of a well-mixed reactor with suspended

adsorbent.
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they also have significant drawbacks, including the need to

separate the adsorbent from the solution downstream of the

adsorption step, and to process and, in most cases, dispose of

the adsorbent sludge. In addition, such systems achieve

equilibrium at a dissolved concentration equal to the low

concentration in the effluent stream, so the adsorbent typically

exits the system with a relatively low adsorption density and

with much of its adsorptive capacity unutilized.

For situations in which the adsorbent is expensive and in

which sorption is a permanent part of the treatment process,

it is often more cost effective to carry out the process in a

fixed bed adsorber. Such systems concentrate a large mass of

adsorbent in a small volume (usually a column) through

which the water passes. In many cases, once the adsorption

capacity is exhausted, the adsorbent can be regenerated and

reused. The dynamics of adsorption in such systems are

analyzed next, and processes for regenerating various

adsorbents are discussed later in this chapter.

Sequential Batch Reactors

As noted previously, one way to model a fixed bed adsorp-

tion system is as a group of small batch reactors in series. In

such a model, during any given time step, the solution and

adsorbent in each hypothetical reactor approach equili-

brium, after which the solution moves to the next reactor,

while the adsorbent remains in place. If equilibrium is

attained rapidly, then Equation 8-3 can be used in conjunc-

tion with the adsorption isotherm to characterize the changes

in adsorbate concentration and adsorption density in each

reactor during a single equilibration step.

& EXAMPLE8-3. Consider an adsorption treatment sys-

tem similar to the one described in Example 8-2, except

containing three reactors in series. Each reactor has a volume

of 10L and contains 8.0g of activated carbon, so thatW/VL is

0.8 g/L, as in that example. Initially, all the reactors contain

clean water and virgin activated carbon. For the same influent

as inExample 8-2, compute the concentrationof phenol in each

reactor and at each stage of treatment if the system is used in a

way that approximates a fixedbed.Assume that 40Lof influent

is treated in four sequential 10-L batches. Each batch of water

equilibrates with the adsorbent in the first batch reactor and is

then transferred to the second reactor,where it equilibrateswith

the activated carbon in that reactor. The activated carbon

initially present in each reactor remains in place throughout

the process. A schematic of the process is shown in Figure 8-5.

Solution. Define ci,j and qi,j as the adsorbate concentra-

tion and adsorption density in reactor i at the end of the jth

step. The influent concentration of cin¼ 1.0mmol/L can be

represented using this terminology as c0,j (the concentration

in the “zeroth” reactor in all steps).

The conditions after treatment of the first batch of water

are those determined in Example 8-2; that is, the dissolved

phenol concentrations in the first reactor at the end of the

first step is 0.40mmol/L, and the adsorption density in that

reactor is 0.76mmol/g. The concentration and adsorption

density in the second reactor at the end of the first step are

both zero, since no contaminant has reached that reactor yet.

However, at the end of the second step, the conditions in the

second reactor are the same as those computed in the second

reactor in Example 8-2; that is, c2,2¼ 0.05mmol/L and

q2,2¼ 0.43mmol/g.

When this same batch of water reaches the third reactor

(at the beginning of the third step), it encounters more fresh

adsorbent. At the end of that step, the solution and AC have

equilibrated, leading to the following set of conditions:

W

VL

¼ � c2;2 � c3;3

q3;2 � qeq
��
c3;3

0:80 ¼ � 0:05� c3;3

0:00� 0:97 c0:273;3

c3;3 ¼ 3:87� 10�5 mmol=L

q3;3 ¼ 0:97 3:87� 10�5
� �0:27 ¼ 6:25� 10�2 mmol=g

When the second batch of influent enters the first reactor,

it mixes with activated carbon that has already equilibrated

with a previous batch of influent and therefore has some

phenol adsorbed (specifically, q1,1¼ 0.76mmol/g). Never-

theless, we can apply Equation 8-3 to determine the condi-

tions after the solution and adsorbent equilibrate, yielding:

W

VL

¼ � c0;1 � c1;2

q1;1 � qeq
��
c1;2

0:80 ¼ � 1:0� c1;2

0:76� 0:97 c0:271;2

c1;2 ¼ 0:86mmol=L

q1;2 ¼ 0:97 0:86ð Þ0:27 ¼ 0:93mmol=g

10L 
1.0 mmol/L 

10L 
1.0 mmol/L

10L 
1.0 mmol/L

10L 
1.0 mmol/L

V = 10 L 

W = 8 g

V = 10 L

W = 8 g

V = 10 L

W = 8 g

Solution only; 
no AC

Solution only;
no AC

FIGURE 8-5. Schematic illustration of a hypothetical process in

which sequential batches of water are treated in three well-mixed

reactors in series, with the solution but not the adsorbent is trans-

ferred after each treatment step.
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The solution with concentration c1,2 enters the second

reactor at the beginning of the third step. The adsorption

density on the activated carbon in that reactor at that time is

q2,1. The conditions after equilibrium is reached can there-

fore be calculated as follows:

W

VL

¼ � c1;2 � c2;3

q2;2 � qeq
��
c2;3

0:80 ¼ � 0:86� c2;3

0:43� 0:97 c0:272;3

c2;3 ¼ 0:55mmol=L

q2;3 ¼ 0:97 0:55ð Þ0:27 ¼ 0:82mmol=g

Carrying out similar calculations until all four 10-L

batches have passed through all three reactors yields the

following results:

Step,

j

c1,j
(mmol/L)

q1,j
(mmol/g)

c2,j
(mmol/L)

q2,j
(mmol/g)

c3,j
(mmol/L)

q3,j
(mmol/g)

0 0 0 0 0 0 0

1 0.40 0.76 0 0 0 0

2 0.86 0.93 0.05 0.43 0 0

3 0.97 0.96 0.55 0.82 3.9� 10�5 6.2� 10�2

4 1.00 0.97 0.98 0.94 0.14 0.57

5 – – 1.00 0.96 0.73 0.89

6 – – – – 0.95 0.96

The results are plotted in Figure 8-6. Figure 8-6a and 8-6b

demonstrate the changes in the dissolved phenol concentration

andtheadsorptiondensity, respectively,atgivenlocationsinthe

systemasa functionof time (i.e., step).Figure8-6c,on theother

hand, shows the changes experienced by a given batch ofwater

as itmoves through thesystem. InFigure 8-6c, theconditions at

the bottom of each vertical line segment apply when a batch of

waterentersareactor,andthoseattheintersectionsofthesloped

line segments with the isotherm curve apply after thewater has

equilibrated with the activated carbon in the reactor. To mini-

mize clutter, only the first two batches of water are shown.

The activated carbon in the first reactor is nearly equili-

bratedwith the influent solution after the third batch of influent

hascontacted it (as indicatedbythevalues forc1,3 andq1,3 in the

preceding table), soalmostnophenol is removed in that reactor

from the fourth batch of water treated. Once three batches of

water have passed through all three reactors (end of step 5), the

adsorbent in the second and third reactors is also nearly

equilibrated with the influent, so the overall treatment effi-

ciency for the fourthbatchofwater ispoor (c3,6 is0.95mmol/L,

corresponding to only 5% phenol removal). &

Fixed Bed Adsorption Systems

Qualitative Description If the analysis of batch adsorption

reactors in series is extended to the limit of an infinite

number of differentially small reactors, it characterizes an

ideal plug flow, fixed bed reactor. We analyze such systems

next. However, before proceeding with a mathematical

analysis of those systems, we consider the expected behavior

qualitatively, to provide a conceptual framework into which

the mathematical analysis can fit.

Consider a solution containing a single adsorbate that is

being fed to a fixed bed of fresh adsorbent at a steady rate.

Initially, most of the adsorbate binds near the top of the
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FIGURE 8-6. Adsorptive treatment of a solution in three sequential

reactors containing adsorbent that is retained in each reactor. (a,b)

Dissolved concentration, c and adsorption density, q in each reactor

afterequilibratingwithsuccessivebatchesofinfluent. (Linesareshown

for clarity, but the data points are actually discontinuous.) (c) Changes

in the conditions encountered by a given batch of water as it moves

through the system. The point (Ri, Bj) characterizes the conditions in

reactor i after batch j has reached equilibrium in that reactor.
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column, and the downstream sections are not exposed to any

significant concentration of the adsorbate.Within the section

where a significant amount of adsorption is occurring, each

thin layer of the bed contains a lower adsorbate concentra-

tion and a lower adsorption density than the layer immedi-

ately upstream, much as is the case in the sequential batch

reactors discussed in the preceding section.

Over time, the adsorbent in the upstream section accu-

mulates enough adsorbate to equilibrate with the influent

composition, after which it collects no additional adsorbate.

It is important to recognize that this condition is reached

when the adsorption density is the value of q that is in

equilibrium with cin, not the maximum value of q that could

be achieved if the adsorbent were equilibrated with an

arbitrarily high value of c. For example, if the system is

characterized by a Langmuir isotherm, the maximum

value of q in the column will correspond to qmaxKadscin=
ð1þ KadscinÞ, not qmax. We designate this maximum attain-

able adsorption density as q�in.
Once the adsorbent nearest the inlet has equilibrated with

the influent, the influent solution passes through that portion

of the bed unaltered, and no adsorption occurs until it reaches

a location at which q < q�in. Downstream of that point, the

conditions are virtually identical to those that existed in the

upstream section before it became saturated with adsorbate.

As a result, a snapshot of the bed at that time would show the

upstream portion characterized by cin and q�in, a section

immediately downstream with steadily decreasing c and q,

and a section farther downstream where both c and q are near

zero. This scenario is shown schematically in Figure 8-7 for

several different times after treatment is initiated.

The portion of the bed in which the dissolved adsorbate

concentration and the adsorption density are changing dra-

matically is commonly referred to as the active zone of the

reactor or the mass transfer zone (MTZ). The shape of the

MTZ is determined by the isotherm equation, the axial disper-

sion in the reactor, and, in cases where adsorptive equilibrium

is not reached instantaneously, the kinetics of adsorption. That

shape is derived mathematically in the following sections. For

now, the important point is that, as the run proceeds, the MTZ

moves through the bed maintaining a shape (once it is fully

developed) that is approximately invariant.

Eventually, the leading edge of the MTZ reaches the

outlet, and the concentration of adsorbate in the effluent

begins to increase noticeably. If the run continues, the

effluent concentration eventually increases to the influent

value, at which point the bed is no longer achieving any

removal at all. The period when the effluent concentration is

rising is called breakthrough, and a plot of effluent concen-

tration versus either time or volume of water processed is

called a breakthrough curve.

As an alternative to using absolute concentration to

characterize breakthrough, the effluent concentration is

often expressed as the fractional breakthrough, cout/cin.

The volume of water treated is also frequently expressed

in nondimensional terms by normalizing it to either the total

volume of the packed section of the reactor or the void

volume in that space. The total volume of the packed section

is commonly referred to as the bed volume (BV), and the

cumulative volume of water treated divided by the BV is

referred to as the number of BVs treated. In some cases, the

cumulative volume of water treated is normalized by the

void volume in the bed, rather than the total BV, in which

case the ratio is referred to as the number of void volumes or

the number of pore volumes treated. Formally, for a constant

flow Q, these terms are computed as

Number of bed volumes treated

¼ Cumulative volume treated

Total reactor volume
¼ Qt

V reactor

(8-10)

Number of void volumes treated

¼ Cumulative volume treated

Reactor void volume
¼ Qt

eV reactor

(8-11)

Simulated breakthrough curves for two systems (onewith a

short MTZ, and one with a long MTZ), with the abscissa and

ordinate expressed in various ways, are shown in Figure 8-8.

When a breakthrough curve is shown as concentration

versus volume treated, the area under the curve is the

cumulative mass of adsorbate that has exited the bed, and

the area above the curve and below cin is the cumulative

mass of adsorbate that has been removed from the influent.

These areas are shown in Figure 8-8 at run times

Depth 
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t2

t3

Depth 
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t1

t2

t3

cin qin*0 0

FIGURE 8-7. Qualitative patterns of adsorbate concentration

and adsorption density in a fixed bed adsorption column at three

different times. Formally, the vertical axis is the distance from the

influent point; in the diagram, the flow is assumed to be downward,

but essentially the same diagram would apply if the flow were

upward or horizontal.
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corresponding to 20% breakthrough: Area 1 indicates the

mass of adsorbate removed up to that point, and Area 2

indicates the mass of adsorbate that has exited.

Assume that the systems characterized in Figures 8-8a and

b contain identical masses of the same adsorbent, but that

the adsorbent particles in Figure 8-8b are larger than in

Figure 8-8a. Assume also that the majority of the adsorbent

surface area is in internal pores, so that the total surface area is

the same in both beds despite the difference in particle sizes.

Finally, assume that the two beds receive the same influent

at the same loading rate. In such a case, over the course of a

run that continued until 100% breakthrough, the systems

would adsorb the same mass of contaminant. Nevertheless,

comparison of the abscissas in the two figures at the point

where 20% breakthrough occurs makes clear that the

system with the steeper breakthrough curve performs

better (i.e., treats more water and removes more contami-

nant) up to that point. Correspondingly, it has much less

remaining adsorption capacity (Area 3), for the given

influent composition, than the system with earlier and

more gradual breakthrough.

Usually, the maximum allowable contaminant concen-

tration in the effluent is well below the influent value, so

that the run must be terminated before complete

breakthrough occurs. In such cases, a sharp breakthrough

curve (ideally, a square-wave) is preferred, because such a

curve allows the largest possible volume of water to

be processed and the greatest amount of adsorbate to be

removed before the run is terminated. On the other hand, if

the breakthrough curve is very steep, frequent and accurate

monitoring of the effluent quality (and perhaps of the water

quality slightly upstream) is needed to assure that a high

concentration of the contaminant is not allowed to exit the

column before the run is terminated. In the latter sections

of this chapter, some approaches are presented for partially

overcoming the problem of short runs caused by gradual

breakthrough curves.

The Mass Balance on a Fixed Bed Reactor with Rapid
Equilibration Having established some qualitative

expectations for the behavior of fixed bed adsorbers, we

now turn to the mathematical description of such systems.

The definition diagram for such a system is shown in

Figure 8-9.

The mass balance on the adsorbate in the liquid phase

in a control volume bounded by the cross-section of the

column and a length dz in the direction of flow is as

follows:

Time, volume treated, or BVs treated
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cout/cin cout/cin

FIGURE 8-8. Plausible adsorption breakthrough curves for a systemwith (a) a short MTZ and (b) a

long MTZ. The vertical lines indicate the conditions at 20% breakthrough.

Rate of change of
mass of dissolved
adsorbate stored

in section

¼
Net input of dissolved

adsorbate into
section via

advection

þ
Net input of dissolved

adsorbate into
section via diffusion

and dispersion

�
Net rate of

loss of dissolved
adsorbate via

adsorption

þ
Net rate of loss
of adsorbate by
chemical reaction

in solution

eARdz
@c

@t
¼ �Q

@c

@z
dz þ DLeAR

@2c

@z2
dz � dW

@q

@t
þ eARðdzÞrL

(8-12)
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where e is the void fraction in the packed section of the bed,
AR is the cross-sectional area of the reactor, DL is the sum

of the diffusion and dispersion coefficients for the adsorb-

ate, and dW is the mass of adsorbent in the (differential)

control volume. (Note that e quantifies only the void space

between the adsorbent particles, not the internal porosity of

those particles.) Dividing through by eARdz, and noting

that Q/AR is the average approach velocity v of the water

upstream of the packed section (sometimes called the

superficial velocity) yields the following expression for

the volume-normalized mass balance:

@c

@t
¼ � v

e
@c

@z
þ DL

@2c

@z2
� 1

e
dW

ARdz

@q

@t
þ rL (8-13)

The product ARdz equals the volume of the control space,

dVR, so the ratio dW=ARdz is the mass of adsorbent per unit

volume of the control section. This ratio is the same

throughout the reactor and is called the packing density,

the bulk density, or the bed density, rb.
1 Note that the

packing density is not the density of the adsorbent particles

themselves, but rather the mass of adsorbent per L of reactor,

including the volume of the interparticle void spaces. The

density of the individual adsorbent particles, with air in any

pore spaces, is commonly referred to as the apparent

particle density, rp,app. These two density-related parame-

ters are related by

rb ¼ rp;app 1� eð Þ (8-14)

Although both rb and rp,app are encountered in the

literature, rb is used much more commonly in engineering

practice.

Substituting for dW=ARdz in terms of rb or rp,app, we can

write Equation 8-13 in either of the following two equivalent

forms:

@c

@t
¼ � v

e
@c

@z
þ DL

@2c

@z2
� rb

e
@q

@t
þ rL (8-15a)

@c

@t
¼ � v

e
@c

@z
þ DL

@2c

@z2
� rp;app 1� eð Þ

e
@q

@t
þ rL (8-15b)

Systems with Rapid Equilibration and Plug Flow If the

adsorbate is nonreactive in solution and if dispersion is

negligible (i.e., if an assumption of plug flow is accept-

able), Equations 8-15a and 8-15b can be simplified as

follows:

@c

@t
¼ � v

e
@c

@z
� rb

e
@q

@t
(8-16a)

@c

@t
¼ � v

e
@c

@z
� rp;app 1� eð Þ

e
@q

@t
(8-16b)

In words, Equations 8-16a and 8-16b state that the rate of

change of the dissolved adsorbate concentration in the

control volume (the term on the left) equals the net rate

of advection of dissolved adsorbate into that volume (the

first term on the right) minus the rate at which adsorbate is

removed from solution by adsorption (the second term on

the right). In systems that reach equilibrium, q and c at each

value of z are related by the adsorption isotherm (though

different locations in the reactor might be characterized by

different points on the isotherm).

Consider, for example, a system in which the adsorbate is

nonreactive and the hydraulics conform to ideal plug flow, so

that Equation 8-16a applies. Assume also that adsorptive

equilibrium is reached rapidly. In that case, it is convenient

to write @q=@t as ð@q@cÞ=ð@c@tÞ and to recognize that, since
the system is always at adsorptive equilibrium, @q=@c is the
slope of the isotherm curve. Writing that slope as ð@q=@cÞeq

QL, cL(Z,t)

z = Z 

z = 0 

Boundary of 
control volume

AR

cL(z,t)

QL, cL (0,t)

dz Void fraction = ε 

FIGURE 8-9. Definition diagram for a mass balance on the

adsorbate in a control region consisting of the liquid in a volume

defined by the cross-section of the column and height dz.

1 This definition, in effect, simply gives a different name and symbol to the

parameter thatwould be identified as the adsorbent concentration, cads, in batch

adsorption systems.The subscriptb is usually interpretedas referring to thebulk

adsorbent; that is, themass of a representative quantity of the adsorbent per unit

volume it occupies, including the interstitial spaces between the particles.

However, the bulk density of the adsorbent depends on how it is packed; for

example, the bulk density as shipped might differ from that in a fixed bed.

Therefore, we associate the subscript b with the word bed, thereby linking the

parameter rb directly to the physical system, which it is describing.
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and carrying out some algebra, we can manipulate Equation

8-16a as follows:

@c

@t
¼ � v

e
@c

@z
� rb

e
@q

@c

� �
eq

@c

@t

� 1þ rb
e

@q

@c

� �
eq

 !
@c

@t
¼ � v

e
@c

@z

@c

@t
¼ � v

eþ rb @q=@cð Þeq
@c

@z

(8-17)

Equation 8-17 is a key result, expressing the rate of

change of the concentration of dissolved adsorbate at a

given location as a function of known system parameters

and the gradient of the concentration at that location, for a

system that meets the assumptions of the derivation (adsorp-

tive equilibrium everywhere in the bed, nonreactive adsorb-

ate, and plug flow). When this equation is solved in

conjunction with appropriate initial and boundary condi-

tions, the concentration versus time profile at any height in

the column can be determined. Typically, these conditions

would be that the adsorbate concentration is known and

constant in the influent2 and that it is zero throughout the

column at time zero; that is,

cjz¼0 ¼ cin for all t (8-18a)

cjt¼0 ¼ 0 for all z (8-18b)

Note that, since the system is assumed to be always in

equilibrium at all heights z, the assumption that cjt¼0 ¼ 0

implies that qjt¼0 ¼ 0 as well; that is, the initial condition is

that the bed is packed with fresh adsorbent.

& EXAMPLE 8-4. The treatment objective described in

Example 8-1 is to be accomplished by packing the activated

carbon in a column through which the water containing

1.0mmol/L phenol will be passed. The depth of the packed

layer is 2.0m, the apparent density of the adsorbent particles

(rp,app) is 1.4 g/cm3, the void fraction e is 0.40, and the

superficial velocity of the feed is9.0m/h (15 cm/min).Assume

that the solution and adsorbent equilibrate with one another

almost instantly, and that thehydraulicsapproximateplugflow.

(a) How long can the treatment process operate before the

effluent concentration exceeds the treatment target of

0.05mmol/L? How long could it operate before 50%

or 95% breakthrough occurred?

(b) What is the average effluent concentration up to the

time of 50% breakthrough identified in part (a)?

Solution.

(a) The systemmeets the requirements for Equation 8-17

to apply, along with the initial and boundary condi-

tions specified in Equations 8-18a and 8-18b.

Furthermore, values of v and e are given, so the

only additional term we need to specify before the

equations can be solved is the product rb @q=@cð Þeq.
Tominimize clutter, units are not shown inmost of the

following calculations; in all cases, the applicable

units are g/cm3 for r, mmol/L for c, andmmol/g for q.

The value of rb can be computed as (1� e)rp,app,
equal in this case to (0.60)(1.4), or 0.84 g/cm3.

The isotherm equation is q ¼ 0:97 c0:27, so the slope
of the isotherm curve is given by

@q

@c

� �
eq

¼ 0:97ð Þ 0:27ð Þc�0:73 ¼ 0:26c�0:73

The known or derived values can then be substi-

tuted into Equation 8-17 to obtain

@c

@t
¼ � v

eþ rb @q=@cð Þeq
@c

@z

@c

@t
¼ � 0:15m=min

0:40þ 0:84ð Þ 0:26c�0:73ð Þ 1000ð Þ
@c

@z

where the value of 1000 in the denominator is a unit

conversion factor (from L to cm3). This equation can

be integrated in conjunction with the initial condi-

tion that the adsorbent contains no phenol at t¼ 0

and the boundary condition that the phenol concen-

tration at the top of the column (i.e., in the influent)

is always 1.0mmol/L.

The integration has been carried out numerically

to yield the results shown in Figure 8-10, which

indicates that the breakthrough curve is virtually a

step function. In the simulation shown, the column

was divided into 100 segments, and the times cor-

responding to 5, 50, and 95% breakthrough (i.e., cout
values of 0.05, 0.50, and 0.95mmol/L) were all

within a 7-min span between 180 and 181 h.

(b) The breakthrough curve is very steep, with the efflu-

ent during the vast majority of the run containing

essentially no phenol. The fraction of the total influ-

ent phenol that has appeared in the effluent during the

run could, in theory, be computed as the ratio of the

area under the effluent curve to the area under the

influent curve, which is simply a horizontal line at

c¼ 1.0mmol/L. However, for the given results, the

calculation need not be carried out, since the resulting

2 This boundary condition is based on the assumption that transport into the

reactor by diffusion and dispersion is negligible compared to that by

advection. If this assumption does not hold (as might be the case when

analyzing adsorption in slowly moving groundwater), the boundary

condition is usually modified to indicate that the total flux into the system

equals the sum of the advective and diffusive/dispersive fluxes:

vcin ¼ vcð0; tÞ � DLð@cð0; tÞ=@zÞ.
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value is essentially zero. In other words, the effluent

during virtually the entire run is phenol-free. &

By manipulating Equation 8-17 to eliminate references

to the system-specific details of geometry, velocity, and

time, we can convert it into a universal expression for the

behavior of fixed bed adsorption systems. To accomplish

this revision, we rewrite Equation 8-17 in terms of the

number of BVs of water treated, rather than time, as follows.

We first define the empty bed contact time (EBCT) as the

hydraulic residence time of the empty reactor; that is,

the time that would be required for one BV of influent to

pass through the empty (unpacked) reactor:

EBCT ¼ tempty bed ¼ VR

Q
(8-19)

Then, representing the number of empty BVs treated from

time 0 to time t as the variable NBV yields:

NBV � Volume treated

Volume of bed
¼ tQ

VR

¼ t

tempty bed

(8-20)

Substituting from Equation 8-20 into Equation 8-17 and

rearranging, we obtain

@c

@ NBVðVR=QÞð Þ ¼ � v

eþ rb @q=@cð Þeq
@c

@z
(8-21)

@c

@NBV

¼ � v VR=Qð Þ
eþ rb @q=@cð Þeq

@c

@z
(8-22)

The approach velocity v divided by the flow rate Q is

1/AR. Therefore, vVR/Q equals VR/AR, which equals the

height Z of the packed bed. Defining a dimensionless

parameter ~z as z/Z (i.e., the distance from the influent end

of the packing as a fraction of the total length of the packed

section), Equation 8-22 can be rewritten as follows:

@c

@NBV

¼ � Z

eþ rb @q=@cð Þeq
@c

@z

¼ � 1

eþ rb @q=@cð Þeq
@c

@ z=Zð Þ

¼ � 1

eþ rb @q=@cð Þeq
@c

@~z
(8-23)

Finally, dividing both sides of Equation 8-23 by cin and

defining the fractional breakthrough of adsorbate (c/cin) as ~c,
we obtain

@~c

@NBV

¼ � 1

eþ rb @q=@cð Þeq
@~c

@~z
(8-24)

Equation 8-24 describes the fractional breakthrough at any

location in the reactor as a function of the number of BVs

treated, for a system that reaches equilibrium quickly and is

characterized by plug flow. The parameters in the equation

relate to the physical properties of the packed adsorbent (its

mass per unit volume of reactor, and the void fraction) and

the isotherm. Thus, assuming that the packing density is

fairly consistent for a given adsorbent from one reactor to

the next, a single curve showing ~c versus ~t at ~z ¼ 1 could

describe the breakthrough of a particular adsorbate in any

plug-flow reactor packed with that adsorbent.

& EXAMPLE 8-5.

(a) Compute the number of empty BVs of water treated

corresponding to 5% fractional breakthrough in the

system analyzed in Example 8-4.

(b) Compare the activated carbon requirement per liter

of water treated in the fixed bed system with that in

the batch system in Example 8-1.

Solution.

(a) The empty bed detention time in the reactor can be

computed by manipulating Equation 8-19 as fol-

lows, where A is the cross-sectional area of the bed:

tempty bed ¼ VR

Q
¼ VR=A

Q=A
¼ Z

v
¼ 2:0m

9:0 m=h
¼ 0:222 h

The time of treatment can then be converted into an

expression for the number of BVs treated (NBV) using

Equation 8-20. The time corresponding to 5% break-

through is 180.7 h, so the number of BVs treated up to

that point is

NBV;5% ¼ t5%

tempty bed

¼ 180:7 h

0:222 h
¼ 813BV

(b) The fact that the run lasts 813 BVs before the target

concentration is exceeded means that 813L of water
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FIGURE 8-10. Simulation of phenol breakthrough in a model

fixed bed adsorber.
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are treated per liter of the fixed bed. The bulk, packed

density in thebed,rb,was computed inExample 8-4 as

840 g/L.Therefore, the activated carbon requirement is

840 g AC=L of bed

813 L of influent=L of bed
¼ 1:03 g AC=L of influent

The corresponding value for the batch treatment system is

2.2 g activated carbon per L of influent. Thus, the adsorbent

requirement is more than twice as large in the batch system

as in the column system. This result is a direct consequence

of the fact that, in the batch system, all the adsorbent is in

equilibrium with c¼ 0.05mmol/L, whereas in the fixed

bed, most of the adsorbent is in equilibrium with 1.0mmol/L

(i.e., cin) when cout is 0.05mmol/L. &

Although the extremely sharp breakthrough curve in the

preceding examples is developed only for a specific set of

operating conditions, the same qualitative result is obtained

for virtually all analyses of fixed bed reactors that meet the

conditions of rapid equilibration and plug flow. The reason for

this outcome can be understood most easily if we modify the

coefficient on the right side of Equation 8-24 as follows:

1

eþ rb @q=@cð Þeq
¼ 1

eþ e @ rbqð Þ=@ ecð Þð Þeq
¼ 1

e 1þ @ rbqð Þ=@ ecð Þð Þeq
h i (8-25)

The product rbq is the mass of adsorbed adsorbate per

unit volume of reactor, and ec is the mass of dissolved

adsorbate per unit volume of reactor. Therefore, the term

@ rbqð Þ=@ ecð Þð Þeq represents the increase in the mass of

adsorbed contaminant in a layer of the reactor per unit

increase in the mass of dissolved contaminant in that

same layer, if the adsorbent and solution reach equilibrium.

Adsorption reactors are, of course, designed using

adsorbents that have a large capacity to collect the target

contaminant(s); if they did not have such a capacity, there

would be little point in utilizing them. As a result, the ratio

@ rbqð Þ=@ ecð Þð Þeq is invariably in the range of at least a few

hundred, and is often on the order of many thousands to

hundreds of thousands.

Values of e are typically 0.3–0.5, so the whole fraction

shown in Equation 8-25 is typically on the order of 10�2 to

10�5. As a result, the defining equation for the breakthrough

curve (Equation 8-24) for most adsorbates in engineered,

fixed bed adsorption reactors can be written as follows:

@~c

@NBV

¼ � 10�2 to 10�5
� � @~c

@~z
(8-26)

Thus, although the exact value of the coefficient on the

right side of Equation 8-26 depends on the details of the

isotherm and the adsorbent packing in the bed, it is �1 for

all realistic engineered adsorption systems. This result leads

to a virtually identical (nearly square-wave) predicted break-

through profile for any adsorbate that reaches equilibrium in

a system with plug flow.

Because of the sharpness of the breakthrough profile,

essentially no adsorbate appears in the effluent until the

mass input of adsorbate is sufficient to bring the adsorption

density on all the adsorbent to the value that is in equi-

librium with cin; that is, to q
�
in. Thus, for example, if the bed

contains a mass of adsorbent, Mads, the mass of adsorbate

bound to the solid at breakthrough will be q�inMads, and

breakthrough will occur when that mass of adsorbate has

been supplied in the influent. Noting that the cumulative

volume input can be expressed as the product of the reactor

volume and the number of BVs fed, expressions for the

mass supplied and mass adsorbed at breakthrough can be

written as follows:

Mass adsorbed at breakthrough ¼ Madsq
�
in ¼ rbVRq

�
in

Mass supplied at breakthrough ¼ VRNBV;btcin

where NBV,bt is the number of BVs treated at breakthrough.

Equating the above two expressions, we find

rbVRq
�
in ¼ VRNBV;btcin (8-27)

NBV;bt ¼ rbVRq
�
in

VRcin
¼ rbq

�
in

cin
(8-28)

The time to breakthrough can then be computed as the

product of NBV;bt and the EBCT.

& EXAMPLE 8-6. Estimate the time and number of

BVs treated at breakthrough for the system described in

Example 8-5, assuming that the breakthrough curve can be

approximated as a square wave.

Solution. If the breakthrough curve is a square wave, we
can apply Equation 8-28. Substituting in the known infor-

mation, we find

NBV;bt ¼ rbq
�
in

cin

¼
840g AC=Lð Þ

�
0:97ðmmol=g ACÞ= mmol=Lð Þ0:27

�
c0:27in

cin

¼ 815 mmol=Lð Þ0:73
c0:73in

¼ 815 mmol=Lð Þ0:73
1:0mmol=Lð Þ0:73 ¼ 815

The time to breakthrough is

tbt ¼ NBV;bt EBCTð Þ ¼ 815 0:222 hð Þ ¼ 181 h
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The result is essentially identical to that found in

Example 8-5, in which a more sophisticated (and compli-

cated) analysis was carried out. &

The key equations derived in this section for adsorption in

fixedbedswithplugflowand rapidequilibrationof the solution

with the adsorbent are collected in Table 8-1. The assumption

of nearly plug flow hydraulics can be validated using tracer

tests, and it is almost always found to be acceptable.Therefore,

any deviations from the behavior described above are likely to

be caused by failure of the system to reach equilibrium rapidly.

In the following section,we consider how the equations can be

modified to account for such a possibility, and how those

modifications alter our predictions for the system behavior.

8.3 SYSTEMSWITH A SLOW APPROACH

TO EQUILIBRIUM

To this point, we have considered only systems in which

equilibrium between an adsorbent and the solution

surrounding it (i.e., in the control volume) is reached

instantaneously. For such a scenario to apply, the resistance

to transport of adsorbate throughout the control volume

must be negligible; that is, an adsorbate molecule must

be able to reach all parts of the adsorbent surface in the

control volume in a time that is short compared to the

liquid residence time in that volume. As noted previously,

many systems of interest do not fit this limiting case

scenario (e.g., when the adsorbent is granular activated

carbon (GAC) or other manufactured adsorbents with

significant internal porosity). In this section, we modify

the previous model to account for such a possibility.

Conceptually, adsorption from aqueous solution onto a

solid adsorbent can be broken into the following sequence of

steps:

1. Transport of adsorbate through bulk solution and

into the boundary layer surrounding the adsorbent

particle.

2. Transport through the boundary layer to the external

surface of the adsorbent.

TABLE 8-1. Summary of Some Key Equations Describing Behavior of Fixed Bed Adsorptive Systems

Equations applicable regardless of whether adsorptive equilibrium is reacheda

Volume-normalized mass balance on adsorbate

for a fixed bed
@c

@t
¼ � v

e
@c

@z
þ DL

@2c

@z2
� rb

e
@q

@t
þ rL (8-15a)

@c

@t
¼ � v

e
@c

@z
þ DL

@2c

@z2
� rp;app 1� eð Þ

e
@q

@t
þ rL (8-15b)

Volume-normalized mass balance on adsorbate

in a fixed bed with plug flow and no chemical

reaction

@c

@t
¼ � v

e
@c

@z
� rb

e
@q

@t
(8-16a)

@c

@t
¼ � v

e
@c

@z
� rp;app 1� eð Þ

e
@q

@t
(8-16b)

Equations applicable to systems in which adsorptive equilibrium is reached

Volume-normalized mass balance on adsorbate

in a fixed bed with plug flow and no chemical

reaction

@c

@t
¼ � v

eþ rb @q=@cð Þeq
@c

@z
(8-17)

Typical boundary condition cjz¼0 ¼ cin for all t (8-18a)

Typical initial condition cjt¼0 ¼ 0 for all z (8-18b)

Mass balance for a fixed bed with plug flow and

no chemical reaction, normalized to eliminate

several system-specific parameters

@~c

@NBV

¼ � 1

eþ rb @q=@cð Þeq
@~c

@~z
(8-24)

aIf the system does not reach equilibrium, q is the average value of adsorption density in the control volume.
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3. The initial adsorption reaction, in which the adsorbate

binds to the exterior of the adsorbent particle.

4. Migration of adsorbate into the interior of the adsorb-

ent by surface diffusion, pore diffusion, or a combi-

nation of those processes.

Several of these steps are illustrated schematically in

Figure 8-11.

Depending on the specific adsorbent, adsorbate, and

contacting system of interest, any or all of the above steps

might contribute a significant resistance to the overall

process. For instance, in a quiescent system with very small

and relatively nonporous adsorbent particles, the resistance

associated with the first two steps is likely to be larger than

that associated with the fourth step, while in a well-mixed

system containing large adsorbent particles with many

small pores, the opposite is likely to be the case. The

resistance associated with the adsorption reaction (step 3)

might be large if, for instance, the adsorbate must change

configuration or undergo a dehydration reaction before it

can adsorb.

The resistance associated with transport through bulk

solution (step 1) can be estimated for many systems and

can be partially controlled by altering the system hydrody-

namics. As a practical matter, it appears to provide negligi-

ble resistance to the overall process in most systems of

interest. Usually, the adsorption reaction (step 3) is also

assumed to provide negligible resistance. This assumption is

somewhat less well founded, but empirical evidence does

seem to support it; that is, the approach to equilibrium can

usually be modeled successfully without considering the

kinetics of the sorption reaction itself. Thus, transport of the

adsorbate either through the external boundary layer or

through internal pores is assumed to be the rate-limiting

step in most sorption processes.

In systems that reach equilibrium rapidly, the adsorbate

concentrations in the boundary layer and the internal pores

of the adsorbent are essentially identical to that in bulk

solution, and the adsorption density is uniform throughout

the particle. As a result, it is possible to analyze those

systems without even acknowledging the existence of the

boundary layer; we simply treat the solid as though it was in

contact with the bulk solution. By contrast, in systems where

adsorptive equilibrium is not necessarily attained, transport

through the boundary layer must be considered (via a mass

balance on that region), and the gradients of adsorbate

concentration and adsorption density in the interior of the

adsorbent particles must be evaluated explicitly.

In this section, we consider the kinetics of equilibration in

typical adsorptive contacting systems, so that we can predict

how closely a given system will approach the limiting,

equilibrium condition. First, though, a brief discussion is

provided of the relative importance of pore versus surface

diffusion as modes for transporting adsorbate from the

exterior surface of a particle to its interior.

Pore Diffusion Versus Surface Diffusion in Porous
Adsorbent Particles

The issue of what portion of the transport of adsorbate within

porous adsorbent particles is attributable to pore diffusion,

and what part to surface diffusion, has been debated for years

and remains unresolved. The flux associated with diffusion

through the liquid filling the pore (i.e., pore diffusion) is

given by Fick’s law. However, the pores in a typical porous

adsorbent are not aligned in the radial direction, but rather

FIGURE 8-11. Schematic of the transport processes accompanying adsorption into a porous solid,

and of some of the corresponding model representation. Source: FromHand et al. (1983). Reprinted with

permission from ASCE.
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wind through the particle in a semi-random manner. As a

result, when adsorbate molecules diffuse a distance dl in the

pore, they are assumed to move closer to the center of the

particle, but by a shorter distance dr. The average value of the

ratio dl/dr in a particle is called the tortuosity, j. For activated

carbon, j is typically estimated to be in the range from 2 to 10.

Therefore, assuming that all pores eventually reach the center

of the particle (an unrealistic, but necessary, simplification),

the net radial flux through the pores can be expressed by a

modified formofFick’s law that accounts for the tortuous path

that the molecules must traverse, as follows:

JL;pore ¼ �DL

j

dc

dr
(8-29)

where DL is the diffusivity of the contaminant in the liquid

phase, r is the radial distance from the center of the particle,

and JL,pore is the diffusive flux of adsorbate through the liquid

filling the pore, in theþr direction. Note that, because theþr

direction is from the center to the periphery of the particle,

the normal situation of interest (transport from bulk solution

into the particle) corresponds to dc/dr> 0 and JL,pore< 0.

An expression analogs to Fick’s law is also assumed to

describe the flux along the surface of the pores (i.e., the flux

due to surface diffusion), with the gradient expressed in

terms of adsorption density.

Js ¼ �D0
s

dq

dr
(8-30)

In Equation 8-30,D0
s is the surface diffusivity, with dimen-

sions that cause Js to have dimensions of mass/area-time for

the given dimensions of q; for example, if q is in mg/g, r is in

cm, and Js is inmg/cm2 s, thenD0
s is in g/cm s.As is the case for

pore diffusion, surface diffusion toward the center of the

particle corresponds to a negative flux (i.e., Js< 0).

It is common to define a parameter Ds as D
0
s=rp;app, and to

write Equation 8-30 as follows:

Js ¼ �Dsrp;app
dq

dr
(8-31)

The product rp;appðdq=drÞ is the gradient of adsorbed

adsorbate, expressed in units that are comparable to those

used for gradients in solution; that is, it is the change in the

volumetric concentration of adsorbate (mass of adsorbate

per unit volume of adsorbent) per unit distance in the radial

direction. As a result, Ds has the same units (e.g., cm2/s) and

a similar meaning as a liquid-phase diffusivity, and values of

Ds and DL can be compared directly. (Keep in mind, though,

that even if DL>Ds, surface diffusion might be more

important than pore diffusion, because the concentration

gradient on the surface could be much greater than in the

pore solution.)

The diffusive path along the surface is, presumably, just as

tortuous as that through the pore solution, so it might seem

appropriate to include a term for tortuosity in Equation 8-31.

However, tortuosity is typically embedded in the value ofDs,

rather than separated, since, as a practical matter, the two

terms can never be evaluated independently. By contrast, DL

can be evaluated in bulk solution, allowing an independent

estimate to bemade for j based on the difference betweenDL

and the apparent diffusivity in the pore solution.

Taking into account both pore and surface diffusion, the

overall flux of adsorbate inside the particle in the þr

direction can be expressed as follows:

Joverall ¼ JL;pore þ Js ¼ �DL

j

dc

dr
� Dsrp;app

dq

dr
(8-32)

If we assume that local equilibrium applies (i.e., that the

solution and surface are in equilibrium in each microscopic

section of the pore), then Equations 8-29 and 8-31 can be

manipulated as follows, leading to the conclusion that

the ratio of surface flux to pore flux is related to the slope

of the adsorption isotherm:

Js

JL;pore
¼ rp;appDsðdq=drÞ

DL=jðdc=drÞ ¼ jrp;appDs

DL

dq

dc

� �
eq

(8-33)

Equation 8-33 suggests that, other factors being equal,

surface diffusion becomes increasingly important as the

slope of the isotherm increases. Thus, for a system that is

characterized by a favorable isotherm, surface diffusion

accounts for a larger fraction of the overall flux at low c

and q than at higher values.3

While the validity of Equation 8-33 is widely accepted,

the question of which transport mode dominates under given

conditions in a given system remains open. The difficulty in

resolving this issue arises from the uncertain geometry of

the pores (including any interconnectedness) and the

impossibility of sampling the fluid in the pores directly.

Therefore, the arguments for dominance of one or the other

transport mode rest on how well various models are able to

reproduce experimental data for the overall rate of adsorp-

tion from bulk solution.

When the equations for the various models are solved and

the predictions are compared with experimental data, the

results are mixed. In some cases, an assumption that adsorb-

ate diffuses into and through the particles strictly in the

solution phase can account for the overall, observed rate of

adsorption. However, in most cases, the predicted overall

rate of adsorption based on pore diffusion alone is

3 Recall from Chapter 7 that a favorable isotherm is one that, when plotted

as q versus c is concave toward the abscissa (the c axis). All Langmuir

isotherms and the vast majority of Freundlich isotherms are favorable.
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significantly lower than the experimentally observed rate,

suggesting that surface diffusion is important.

In such situations, the governing equations can be solved by

taking both pore and surface diffusion into account, or, in

limiting cases, by assuming that surface diffusion accounts for

essentially all the internal transport. In either case,Ds is used as

an adjustable parameter whose value is chosen to provide the

best fit between the experimental and computed adsorption

rates. When only surface diffusion is considered, the model is

referred to as the homogeneous surface diffusion model

(HSDM), and when both transport modes are considered, it

is referred to as the pore/surface diffusion model (PSDM).

Both the HSDM and the PSDM are widely used to model

environmental engineering adsorption systems. In either

case, the value of Ds that provides the best fit to a given

data set should be interpreted cautiously. While that value

might be related to the true surface diffusivity, it also

incorporates a host of uncertainties and assumptions. As a

result, comparison ofDs values for different adsorbates and a

given adsorbent might be a reasonable indicator of the

relative rates of internal transport of those adsorbates, but

any interpretation of the absolute value of Ds is dubious.

One interesting and important outcome of experiments to

evaluate Ds for adsorption onto activated carbon is that Ds is

often found to increase with increasing particle size,

especially for larger adsorbates like natural organic matter

(NOM). This trend has not been adequately explained from

a theoretical perspective, but it is widely observed.

Crittenden et al. (1991) proposed that the trend can be

represented as follows:

Ds ¼ krmp (8-34)

where k is an empirical constant that depends on the adsorbate

and adsorbent, rp is the particle radius, andm is a constant that

varies between 0 and 1 and is often assumed to have one of

those limiting values. If m¼ 0, the surface diffusivity is

independent of the particle size, and the system is referred

to as having constant diffusivity (CD); ifm¼ 1, the system is

referred to as having proportional diffusivity (PD).

Todetermine thevalueofm for a given adsorbate/adsorbent

pair, Ds can be evaluated using two different sizes of

particles. The results from those experiments can be used

in conjunction with Equation 8-34 to estimate m, and that

value of m can be used to predict Ds of the particles that

might be used in a full-scale system.

The practical importance of Equation 8-34 arises from

two implications. First, the advantages of using powdered-

activated carbon (PAC) instead of granular-activated carbon

(GAC) as a way of achieving equilibrium within a short

contact time are often much less than might be anticipated

based solely on consideration of the relative diffusion

lengths in the two types of particles. And, second, the value

ofDs determined using small adsorbent particles (whose use

is attractive because the complete transition from q¼ 0 to

q ¼ qeq
��
cin
throughout the particle can be studied over a short

time period) might not be applicable to systems in which

larger particles are used. This issue has particular impor-

tance in the use of small-scale packed beds to collect data for

the design full-scale systems, which is addressed subse-

quently in this chapter.

The derivations presented in the following sections are

based on the HSDM, because, even though pore diffusion is

conceptually straightforward, its inclusion adds substantial

mathematical complexity to the modeling. Additional

details for use of both models are available in the literature

(e.g., Crittenden and Weber, 1978; Hand et al., 1983, 1984;

Crittenden et al., 1986), and computer software is available

for applying both models either in design calculations or

to estimate system parameters from experimental data

(CenCITT, 1999).

Adsorption in Batch Systems with Transport-Limited
Adsorption Rates

Consider first a batch adsorption system in which equili-

brium is not necessarily reached in the time that the solid and

solution are in contact with one another. A schematic

defining several parameters in such a system is shown in

Figure 8-12. The particles are idealized as being spherical

q

Distance from center of particle, r

Spherical adsorbent particle

c in boundary layer, for 
rapid packet exchange 

Hydraulic boundary layer

c or q 

r + dr

0 rp 

cpore

r 

c in boundary layer, for 
slow packet exchange

cbulk

rBL

FIGURE 8-12. Schematic of the contaminant concentration pro-

file in a porous adsorbent particle and surrounding fluid. Concentra-

tion profiles in the boundary layer are shown for both rapid and slow

exchange of packets between that layer and bulk solution.
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with a radius rp, and having their internal surface area

distributed uniformly throughout the particle. The solution

is assumed to be well mixed, except in the boundary layer

that surrounds the particles and extends from rp to rBL. As in

gas transfer systems, transport into and out of this boundary

layer is assumed to be by exchange of fluid packets with bulk

solution on the fluid side, and by passive diffusion on the

side in contact with the solid. The concentration gradient in

the boundary layer is not specified, andmight be either linear

or nonlinear, depending on the hydrodynamics of packet

exchange.

Based on the assumption that the adsorption reaction

itself proceeds much more rapidly than the rate-limiting

transport step(s), the interface between the water and

particle is assumed to be characterized by local equili-

brium (i.e., at any time, the values of q and c at rp
correspond to a point on the isotherm). This equilibrium

would halt further adsorption, if not for the migration of

adsorbed molecules from the surface into the interior of the

particle, thereby re-establishing a driving force for more

molecules to adsorb.

The only difference between the process described

above and gas transfer into a bubble is that, in the adsorp-

tive system, the concentration gradient in the solid is

presumed to extend throughout the particle, whereas in

gas transfer, the gradient is presumed to terminate at some

short distance from the interface, where it merges with a

well-mixed bulk phase. That is, modeling of the adsorptive

system reflects the absence of mixing anywhere in the

adsorbent particle.

The analysis proceeds by writing mass balances on

adsorbate around two control volumes—the solution and

the particles—and linking them via some assumptions

regarding the boundary layer. Consider first the mass bal-

ance on adsorbate in bulk solution. Assuming that the

adsorbate is neither created nor destroyed by chemical

reactions, the only process that affects its mass in solution

is transport into the boundary layer surrounding the parti-

cles. The mass balance can therefore be written as follows:

Rate of change of

mass of adsorbate

stored in solution

¼
Net transport rate of adsorbate

into bulk solution from

the boundary layer

VL

dc

dt
¼ JL

��
rBL

ArBLNp (8-35)

where c is the concentration in bulk solution, JLjrBL is the

liquid-phase flux of contaminant in the þr direction (from

the boundary layer into solution) at rBL, ArBL is the surface

area of a sphere at the outer periphery of the boundary layer,

and Np is the number of adsorbent particles in the system. In

a system where adsorption is occurring, JLjrBL and dc=dt are
both negative.

Because the number of adsorbent particles in a system is

an awkward parameter to work with, Equation 8-35 is

usually modified as follows. First, dividing through by VL

yields an expression for the volume-normalized mass

balance:

dc

dt
¼ JLjrBL

ArBLNp

VL

(8-36)

Assuming that the width of the boundary layer is small

compared to the radius of the particle, rBL� rp, and we can

substitute Ap, the external area of a single particle, for ArBL.

Next, we substitute eVR for VL, where e is the volume

fraction of the system occupied by solution.4 Finally, we

multiply the right side of Equation 8-36 by the fraction

1� eð ÞVR=ðVpNpÞ, where Vp is the volume of a single

particle. This fraction has the total volume of particles in

the system as both the numerator and denominator, albeit

expressed in two different ways. Making all of these substi-

tutions, writing out the expressions for the surface area and

volume of a sphere, and carrying out some algebra, we

obtain

dc

dt
¼ JLjrBL

ApNp

eVR

1� eð ÞVR

VpNp

¼ JL
��
rBL

Ap

Vp

1� e
e

¼ JL
��
rBL

4pr2p
ð4=3Þpr3p

1� e
e

ð8-37Þ

dc

dt
¼ JL

��
rBL

3

rp

1� e
e

Equation 8-37 is a first-order ordinary differential in time.

The corresponding initial condition is the known contami-

nant concentration in solution at t¼ 0:

cjt¼0 ¼ cinit (8-38)

However, even with the initial condition specified,

Equation 8-37 cannot be solved directly, because it con-

tains JLjrBL , which varies over time in an as yet unspecified

manner. Under the circumstances, to solve for the solution

composition over time, we need an independent equation

relating JLjrBL to c and/or t. We develop that equation by

considering the other mass balance characterizing the

system.

4 The definition of e is consistent with its definition as the void fraction in a
fixed bed reactor. In the current context, the void fraction is close to 1.00.
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To write the mass balance on adsorbate in the particles,

we choose as the control volume a thin, annular layer of

adsorbent bounded by concentric spheres at radii of r and

rþ dr, as shown schematically in Figure 8-12. Transport of

adsorbate into and out of that layer occurs only by surface

diffusion (or, in the PSDM, by a combination of surface

and pore diffusion), so the mass balance characterizing

the control volume in a single particle can be written as

follows:

Rate of change

of mass of

adsorbate stored

in the annulus

between the two

concentric

spheres

¼

Rate

(mass/time) at

which adsorbate

diffuses into

the annulus

(toward the

center of the

particle) at

rþ dr

�

Rate

(mass/time) at

which adsorbate

diffuses out of

the annulus

(toward the

center of the

particle) at r

For convenience, this equation is written in terms of

adsorbate transport toward the center of the particle (i.e.,

in the �r direction), since that is the direction in which net

diffusion would occur in an adsorption process. Since Js is

defined as the flux in the þr direction, the flux in the �r

direction is �Js. The two terms on the right can therefore be

written as the product �JsA evaluated at rþ dr and at r,

respectively, and the equation can be written in mathemati-

cal form as follows:

@

@t
qrp;app 4pr2dr

� �	 
 ¼ �JsAð Þjrþdr
� �JsAð Þjr (8-39a)

¼ JsAð Þjr � JsAð Þjrþdr (8-39b)

The product r2dr is independent of t and can therefore

be taken out of the differential on the left side, along

with the constant 4prp,app. Then, writing JsAjrþdr as

JsAjr þ @JsA=@rÞð jrdr, Equation 8-39b can be rewritten

as follows:

rp;app 4pr2drð Þ @q
@t

¼ JsAð Þjr � JsAð Þjr þ
@ JsAð Þ
@r

dr

� �

(8-40a)

¼ � @ JsAð Þ
@r

dr (8-40b)

¼ � A
@Js
@r

þ Js
@A

@r

� �
dr (8-40c)

Expressing A as 4pr2, substituting the pseudo-Fick’s law

expression (Equation 8-31) for Js, and rearranging, we

obtain

rp;app 4pr2drð Þ @q
@t

¼ � 4pr2
@

@r
�Dsrp;app

@q

@r

� �
� Dsrp;app

@q

@r

@ 4pr2ð Þ
@r

� �
dr

(8-41a)

¼ � �4pr2Dsrp;app
@2q

@r2
� 4pDsrp;app

@q

@r

@ r2ð Þ
@r

� �
dr

(8-41b)

¼ 4pDsrp;appdr r2
@2q

@r2
þ @q

@r

@ r2ð Þ
@r

� �
(8-41c)

Finally, writing @ðr2Þ as 2r@r, and dividing through by

4p r2rp,appdr:

rp;app 4pr2drð Þ @q
@t

¼ 4pDsrp;appdr r2
@2q

@r2
þ @q

@r

2r @r

@r

� �

(8-41d)

@q

@t
¼ Ds

@2q

@r2
þ 2

r

@q

@r

� �
(8-42)

Equation 8-42 is first order in time and second order in

space, so it requires one initial condition and two boundary

conditions. The initial condition specifies the adsorption

density at time zero. In most cases the adsorbent is assumed

to be free of adsorbate initially, in which case the initial

condition is

qjt¼0 ¼ 0 for all r (8-43)

One boundary condition applies at the center of the

particle (r¼ 0), where symmetry requires that the q(r)

(and c(r)) profiles be identical in all directions (i.e., along

any radius). This condition applies because the penetration

of the adsorbate (both on the pore surfaces and in the pore

solution) proceeds identically from all points on the external

surface of the particle. Since q and c are continuous, smooth

functions along any path from one point on the surface,

through the center, and back to another point on the surface,

the gradient of adsorption density must be zero at the center

(as shown in Figure 8-12). Thus, we can write

@q

@r

����
r¼0

¼ 0 for all t (8-44)
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The second boundary condition applies at r¼ rp and

reflects the assumption that equilibrium applies at all times

at that point; that is, that q(rp, t) is related to c(rp, t) by the

isotherm equation:

qrp ¼ qeq crp
� �

for all t (8-45)

where qeq crp
� �

is the function describing the applicable

adsorption isotherm.

Like the mass balance on dissolved adsorbate (Equa-

tion 8-37), the mass balance on adsorbed adsorbate (Equa-

tion 8-45) cannot be solved directly, in this case because one

of the boundary conditions (the isotherm equation) contains

a parameter that is, as yet, unspecified crp
� �

. The two mass

balances can be linked and solved by making two assump-

tions about the conditions in the boundary layer. The first

assumption is that, even though the mass of adsorbate stored

in the boundary layer changes over time, this change

accounts for a negligible fraction of the adsorbate that leaves

solution or enters the solid (or, in the case of desorption, that

moves in the opposite direction). As a result, the flux out of

solution at rBL can be equated with the flux into the solid at

rp. Second, we assume that, at any instant, the concentration

profile in the boundary layer is the steady-state profile for the

current concentrations at rp and rBL and the dynamics of

packet exchange in the system. Based on this assumption,

we can equate the flux through the boundary layer with the

product of the concentration difference across the layer and a

mass transfer coefficient. In mathematical form, these

assumptions can be expressed as follows:

JLjrp ¼ JLjrBL ¼ �Jsjrp ¼ �kL c� crp
� �

(8-46)

where kL is the mass transfer rate coefficient for contaminant

transport through the boundary layer. Note that the dissolved

adsorbate concentration at rBL has been written as c, since

the concentration at the periphery of the boundary layer is

the bulk concentration.

By substituting the expression on the far right of Equa-

tion 8-46 for JLjrBL in Equation 8-37, we obtain

dc

dt
¼ �kL c� crp

� � 3
rp

1� e
e

(8-47)

We can also express the flux into the solid in terms of the

gradient in adsorption density at the particle surface via

Equation 8-31. Equating that expression with the flux

through the boundary layer yields

kL c� crp
� � ¼ Dsrp;app

@q

@r

����
rp

(8-48)

Equation 8-48 provides the additional information needed

to solve for the adsorbate distribution throughout the system

over time. As an alternative to that equation, rather than

equating the fluxes out of bulk solution and into the solid, we

could equate the rate at which adsorbate passes through the

boundary layer to the rate of accumulation of adsorbate in

the entire adsorbent, as follows:

Rate at which adsorbate moves from the boundary layer into

the solid at rp

¼ �JLjrp Arp

¼ kL c� crp
� ��

4pr2p
� ð8-49Þ

Rate at which adsorbate accumulates in solid:

¼ @

@t

Zrp

0

qrp;app 4pr2dr
� � ð8-50Þ

Equating Equations (8-49) and (8-50):

kLr
2
p c� crp
� � ¼ @

@t

Zrp

0

qrp;appr
2dr ð8-51Þ

Equation 8-51 is a slightly different mathematical state-

ment of the same point expressed by Equation 8-48—that

essentially all of the adsorbate that leaves solution passes

through the boundary layer and enters the solid. Thus, either

Equation 8-48 or Equation 8-51 can be used to link the mass

balance for the bulk solution with that for the solid.

To summarize the overall process, mass balances on

adsorbate in the bulk solution phase and on the adsorbent

must be solved simultaneously, in conjunction with appro-

priate initial and boundary conditions, to predict the behav-

ior of adsorbate in a well-mixed batch suspension in which

equilibrium is not attained instantly. These mass balances

(and the physical regions they represent) are linked via the

boundary layer surrounding the adsorbent particles. By

making reasonable assumptions about the behavior of

adsorbate in that layer, the equations can be solved. The

key equations applicable to this scenario are collected in

Table 8-2.

Numerical techniques are available to solve the equations in

Table 8-2, and the results of such calculations for an example

system are shown in Figure 8-13. The input data for the

simulation are provided in the figure caption. Figure 8-13a

shows profiles of adsorption density through an adsorbent

particle after contact times up to 1 h. The simulation indicates

that adsorbate penetrates approximately half way to the center

of the particle within a few minutes, and the entire particle

reaches equilibrium with the bulk solution (qfin¼ 17.5mg/g)

at some time between 30min and 1 h.
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Figure 8-13b shows the change in adsorption density at

several different radii as the system approaches equilibrium.

Interestingly, at the surface of the adsorbent particles (r¼
20mm), the change in q is not monotonic: q is initially zero,

then increases rapidly and overshoots the ultimate, equili-

brium value, and finally decreases to reach that value. This

behavior can be understood when the figure is considered in

conjunction with Figure 8-13c, which shows the changes in

the dissolved adsorbate concentration both in the bulk

solution and at the particle surface. Whereas cbulk declines

steadily from its initial to its ultimate, equilibrium value

(from 1.0 to 0.124mg/L), csurf follows a trend similar to that

of qsurf: it starts near zero, overshoots the ultimate, equili-

brium value, and then returns to the equilibrium value by the

end of the simulation.

The changes in qsurf and csurf reflect the assumption that

local adsorptive equilibrium is reached instantaneously, com-

bined with the fact that transport through the liquid boundary

layer is much more facile than transport into the particle.

When the adsorbent and solution are first brought into contact,

the instantaneous equilibration at the interface increases the

adsorption density and simultaneously depletes the local,

solution-phase concentration, so that the surface is equili-

brated with a dissolved concentration that is substantially less

than the bulk concentration. Over the course of the next

minute or so, adsorbate migrates from the bulk solution to

the interfacemore rapidly than it is lost via adsorption, so csurf
increases (as does qsurf, in accordwith the assumption of local

equilibrium). The increase in csurf and simultaneous decrease

in the bulk concentration decrease the driving force for

migration through the boundary layer, to the point where,

after�1min, the rate of transport from the bulk to the surface

is less than the rate of adsorption. As a result, csurf and qsurf
both begin to decrease. This situation remains in effect until

the system reaches equilibrium, atwhich point the gradients in

both c and q disappear and all transport ceases.

TABLE 8-2. Summary of Equations for Nonsteady-State Adsorption in a Well-Mixed Suspension

of Spherical, Porous Adsorbent Particles

Equations characterizing the solution phase (r> rBL)

Solution phase mass balance combined with

assumptions about liquid boundary layer

dc

dt
¼ �kL c� crp

� � 3
rp

1� e
e

(8-47)

Initial condition cjt¼0 ¼ cinit (8-38)

Equations characterizing the solid phase (r< rp)

Solid phase mass balance @q

@t
¼ Ds

@2q

@r2
þ 2

r

@q

@r

� �
(8-42)

Initial condition
qjt¼0 ¼ 0 for all r (8-43)

Boundary conditions

Symmetry condition: no gradient at center of

particle

@q

@r

����
r¼0

¼ 0 for all t (8-44)

Equilibrium with solution at solid/water interface qrp ¼ qeq crp
� �

for all t (8-45)

Additional relationship linking q(rp, t) to c(t), based on assumptions about the boundary layer

Either: flux out of solution equals flux into solid kL c� crp
� � ¼ Dsrp;app

@q

@r

����
rp

(8-48)

Or: rate of loss of contaminant mass from solution

equals rate of gain of contaminant mass by adsorbent
kLr

2
p c� crp
� � ¼ @

@t

Zr¼rp

r¼0

qrp;appr
2dr (8-51)
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Finally, Figure 8-13d shows theoverall (average) adsorption

density over time, computed as the ratio of the mass of

adsorbate removed from solution to the mass of adsorbent

in suspension. Although ultimate equilibrium is not attained

until close to 1 h has elapsed, the vast majority of the ultimate

adsorption density on the overall particle is achieved within

10–15min. The temporal trend in the average adsorption

density does not conform exactly to any simple kinetic expres-

sion. However, for systems in which diffusion through the

liquid film contributes negligible resistance to the overall

process, and in which equilibrium adsorption is characterized

by a Freundlich isotherm, the curve in Figure 8-13d can be

closely approximated by the following expression (Najm, 1996):

q tð Þ ¼ qeq 1� 0:15 exp �143lð Þ � 0:16 exp �40lð Þ½
�0:61 exp �10lð Þ	 (8-52)

where qeq is the ultimate, equilibrium adsorption density, and

l is a dimensionless group defined as

l � Dst

r2p
(8-53)

Figure 8-14 shows the sensitivity of the kinetics of the

overall adsorption process to various system parameters.

Tripling the film diffusion coefficient (kL) and doubling the
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FIGURE 8-13. Modeling results for the approach to adsorptive equilibrium in a well mixed, batch

system containing PAC and an adsorbate that obeys the isotherm q¼ 50 c0.5 (c in mg/L, q in mg/g).
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surface diffusion coefficient (Ds) each increases the rate at

which equilibrium is approached, but not dramatically. Dou-

bling the particle radius, on the other hand, has a much more

dramatic effect, delaying the time when any given adsorption

density is reached by a factor of two to three. However, recall

that the apparent surface diffusion coefficient tends to change

along with the particle radius, at least for activated carbon

particles, and that, in the limit, the changes in the two para-

meters are directly proportional to one another. The figure

indicates that, in this limiting case (Ds doubles simultaneously

with rp), the effect onadsorptionkinetics is only approximately

half as great as when rp is doubled and Ds remains constant.

That is, if the surface diffusivity changes in conjunction with

the particle radius, the effect on adsorption kinetics is consid-

erably less dramatic than might otherwise be expected.

The simulations in Figures 8-13 and 8-14 characterize the

behavior of PAC particles in a batch system and are therefore

also applicable to adsorption onto PAC in a plug flow reactor.

That is, if adsorption were occurring in a PFR under the

conditions specified as the baseline case, and if tPFR were

20min, every PAC particle exiting the reactor would be char-

acterized by the values shown at t¼ 20min in Figure 8-13, and

the average adsorption density on every particle would be

17mg/g. However, treatment with PAC is much more often

carried out in a mixed reactor, in which case different exiting

particles have spent different amounts of time in the reactor. In

that case, each particle in the effluent has an adsorption density,

q(t), that corresponds to exposure to a solution with a fixed

bulk concentration for the amount of time t that the particle

spent in the reactor. The overall average adsorption density

considering all the particles in the effluent (qout) could then be

computed using an expression analogous to Equation 4-44:

qout ¼
Z1

0

qðtÞEPACðtÞdt (8-54)

where EPAC(t) is the exit age distribution of the particles in

the effluent.

If the reactor is a CFSTR, then the residence time

distribution of the exiting particles is identical to that of a

tracer EPAC tð Þ ¼ ð1=tCFSTRÞexp �t=tCFSTRð Þð Þ. When this

RTD is combined with the q(t) function from the analysis

of adsorption in a system with a constant bulk concentration,

the resulting integral in Equation 8-54 has no analytical

solution. However, it can be approximated numerically if

the resistance contributed by the liquid film is negligible

and if adsorption follows a Freundlich isotherm. In that

case, the average adsorption density on the effluent particles

is given by Najm (1996):

qCFSTR ¼ 1� 6

p2

X1
i¼1

1

i2 1þ p2i2l
� �

" #
qeq (8-55)

where all the variables are as defined previously (except that

t replaces t in the definition of l).5

The preceding discussion describes the calculation of

system dynamics in a case where all the critical parameters

are known. It should be clear that an alternative use of the

model equations is to estimate those parameters (in particu-

lar, Ds) from an experimental data set of cbulk versus t in

batch or continuous flow systems. Typical values for Ds

determined in this way for sorption of synthetic organic

compounds of common interest onto GAC are about two to

three orders of magnitude smaller than those for the same

molecules in solution (DL); values for adsorption onto PAC

are often still smaller, by one to two orders of magnitude.

Nevertheless, the gradient in adsorption density is typically

much greater than the gradient in the dissolved adsorbate

concentration in the pores, so, as noted previously, the

majority of the internal transport of adsorbate is usually

calculated to be associated with surface diffusion.

& EXAMPLE 8-7. Estimate the average adsorption

density on PAC particles for continuous flow adsorption

systems in (a) a CFSTR and (b) a PFR, both with t¼ 20

min. Assume that the same system conditions apply as

were used to develop Figure 8-13, with the additional

assumption that film diffusion can be ignored as a source

of transport resistance.

Solution. Regardless of which type of reactor is used, the
equilibrium value of the adsorption density can be computed

based on a mass balance, as in several previous examples.

With c in mg/L and q in mg/g, we can write:

ctot ¼ ceq þ qeqcAC

¼ ceq þ 50c0:5eq cAC

1:0mg=L ¼ ceq þ 50ð Þ c0:5eq

� �
0:05g PAC=Lð Þ

Solving, we find ceq¼ 0.123mg/L. The corresponding

value of q is 17.5mg/g, as was indicated previously in

the text. The other parameter whose value we need is l,
which can be computed as

l¼Dst

r2p
¼ 3:75� 10�10 cm2=s
� �

20minð Þ 60s=minð Þ
20� 10�4 cm
� �2 ¼ 0:112

We can substitute the known values into Equation 8-55 to

estimate the adsorption in a CFSTR. The summation in that

equation converges very quickly, so that the contributions of

the terms corresponding to i values of 4 and greater are

5 Equations 8.52 and 8.55 are both based on the assumption that q¼ 0 on the

influent PAC particles. If that is not the case, qout and qeq must be replaced by

(qout� qin) and (qeq� qin), respectively.
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negligible. (More terms are needed for smaller values of t.)

The result is that qout¼ 11.8mg/g, or approximately 67%

of qeq.

If the adsorption process is carried out in a PFR, the

dynamics are the same as in a batch reactor. Assuming that

the liquid film resistance is negligible, the average adsorp-

tion density on the particles is given by Equation 8-52, with

qPFR replacing q(t) and tPFR replacing t.

qPFR¼ qeq½1� 0:15 exp �143lð Þ� 0:16 exp �40lð Þ� 0:61 exp �10lð Þ	
¼ 17:5mg=g

� 1� 0:15 exp �143ð Þ 0:112ð Þf g � 0:16 exp �40ð Þ 0:112ð Þf g
� 0:61 exp �10ð Þ 0:112ð Þf g

" #

¼ 14:0mg=g

(Note: In theory, this result should be identical to that in a

batch system, as shown in Figure 8-13d. The difference

in the two values is due to the use of the approximate

Equation 8-52.) &

Adsorption in Fixed Bed Systems with
Transport-Limited Adsorption Rates

Although packed beds in which adsorptive equilibrium is

reached slowly compared to the solid/solution contact time

are more complex than any of the systems that we have

analyzed to this point, all the key elements needed to model

the more complex systems have already been introduced.

For the analysis, we use the same definition diagram and

control volume (a section of the bed with length dz) as we

used previously in the analysis of a rapidly equilibrating

system (Figure 8-9). The mass balance on dissolved adsorb-

ate has two terms that contribute to the change in adsorbate

mass stored in this control volume: one accounting for net

advective transport (into the volume at z and out of it at

zþ dz), and one for loss of adsorbate via transport into the

boundary layers surrounding the particles.

The advective term describes the rates at which adsorbate

is carried into and out of the control volume by the bulk flow,

so it has the same form (as given in Equation 8-16a or 8-16b)

regardless of whether the system reaches equilibrium rapidly

or slowly. The typical boundary and initial conditions are

also the same in the two types of systems; that is, c¼ cin at

z¼ 0 at all times, and c¼ 0 throughout the column at t¼ 0.

On the other hand, during the differential time period dt that

the water spends in the control volume, the concentration in

solution is approximately uniform and constant. Therefore,

transport of adsorbate out of solution and through the

boundary layer can be modeled identically to that in a batch

reactor in which a slowly equilibrating adsorption reaction is

proceeding, that is, as in Equation 8-47. Combining these

ideas, we can write the solution phase mass balance for a

slowly equilibrating fixed bed system as follows:

@c

@t
¼ � v

e
@c

@z
� kL c� crp

� � 3
rp

1� e
e

(8-56)

By the same reasoning, the solid-phase mass balance in

the differential control volume is essentially the same as

that in a batch reactor with slow equilibration (Equation 8-

42). The initial condition, the boundary conditions at the

center of the particle and its exterior surface, and the

additional equation linking transport into the solid with

that through the boundary layer are also identical. Thus,

the only differences between the equations characterizing

adsorbate behavior in this system and in a batch system are

the appearance of the advective term in the solution-phase

mass balance (Equation 8-56) and the recognition that, in

the current case, we need to express q as a function of z

in addition to r and t.

The complete set of equations necessary to solve for the

performance characteristics and breakthrough behavior in a

fixed bed adsorption column in which the adsorbent does not

equilibrate rapidly with the local solution are summarized

in Table 8-3.

As in the case of slowly equilibrating batch systems,

numerical methods have been developed to solve the set of

equations shown in Table 8-3. The shape of the MTZ as it

migrates through the bed is shown in Figure 8-15 for a

simulated system in which chloroform adsorbs onto GAC in

a fixed bed. The baseline conditions for these simulations are

shown in Table 8-4.

The shape of the MTZ remains essentially constant as it

propagates through the bed. For this example system, the

zone from the location where c equals 5% of cin to that where

it equals 95% of cin spans approximately 25% of the bed

length. The details of this pattern are determined by the

kinetic factors controlling adsorption—primarily the resist-

ance to mass transport associated with adsorbate migration

through the liquid boundary layer surrounding the adsorbent

particles and through the interior of the particles via pore and

surface diffusion. The greater these resistances are, the more

the adsorbate profile spreads out in the bed. (Recall that, in

the absence of kinetic limitations, the profile is almost a

square wave.) The rate of movement of the MTZ through

the column, on the other hand, is controlled primarily by

equilibrium considerations; that is, by the rate at which

incremental amounts of adsorbent equilibrate with the influ-

ent solution, given the rate at which adsorbate is supplied in

the influent. This point is demonstrated quantitatively in the

subsequent section.

Breakthrough curves for the baseline conditions and

various modifications to those conditions are shown as

a function of time and the number of BVs treated in

Figures 8-16a and 8-16b, respectively. Consider first the

effects of decreasing Ds (which might result, for example,

from a decrease in temperature) or increasing rp. Either of

these changes increases the total resistance that adsorbates
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encounter as they migrate to the center of the adsorbent

particles, but neither change affects the ultimate equilibrium

condition. Because of the increased resistance, less adsorb-

ate enters the particles per unit time or per BV treated early

in the run. As a result, breakthrough begins sooner (Figure 8-

16a) and after fewer BVs have been treated (Figure 8-16b)

than in the baseline system. The fact that the equilibrium

adsorption density is identical in the three systems means

that the decline in adsorbate removal from solution early in

the run is exactly compensated by additional adsorption later

in the run (i.e., the systems with modified conditions con-

tinue to adsorb material after complete breakthrough has

occurred in the baseline system), so that the areas above the

three curves are equal once complete breakthrough has

occurred in all the systems.

Although it is not apparent in the figures, the curves for

the modified conditions intersect the baseline curve at

slightly greater than 50% breakthrough. In the limit, if Ds

became very small or rp became very large, some break-

through would occur almost immediately after the run

started, and the breakthrough curves for the modified con-

ditions would intersect that for the baseline condition at a

point well above 50% breakthrough. However, for most

modifications that are of practical interest, the predicted

behavior is more like that shown in the figures, with the

breakthrough curves for the modified conditions appearing

to pivot around the 50% breakthrough point on the baseline

curve. As we would expect, increasing Ds or decreasing rp
would cause the curves to pivot in the opposite direction;

that is, those changes would increase the slope of the

breakthrough curve.

Next, consider the effect of a change in flow rate on the

breakthrough curve. As shown in Figure 8-16a, when the

influent flow rate is doubled, the entire curve shifts to an

earlier time, but the shape of the curve is minimally

affected. In fact, doubling the flow rate decreases the

TABLE 8-3. Summary of Equations Applicable to Adsorption onto Spherical Porous Adsorbent

Particles in a Fixed Bed System with Plug Flow

Equations characterizing c(z, t) in the solution phase (i.e., at r> rBL )

Solution phase mass balance combined with

assumptions about liquid boundary layer

@c

@t
¼ � v

e
@c

@z
� kL c� crp

� � 3
rp

1� e
e

(8-56)

Initial condition cjt¼0 ¼ 0 for all z (8-38)

Equations characterizing q(z, r, t) in the solid phase

Solid phase mass balance
@q

@t
¼ Ds

@2q

@r2
þ 2

r

@q

@r

� �
(8-42)

Initial condition qjt¼0 ¼ 0 for all r and z (8-43)

Boundary conditions

Symmetry condition: no gradient at center of

particle

@q

@r

����
r¼0

¼ 0 for all t and z (8-44)

Equilibrium with solution at solid/water interface qrp ¼ qeq crp
� �

for all t and z (8-45)

Additional relationship linking q(z, rp, t) to c(z, t)

Either: flux out of solution equals flux into solid kL c� crp
� � ¼ Dsrp;app

@q

@r

����
rp

(8-48)

Or: rate of loss of contaminant mass from solution

equals rate of gain of contaminant mass by adsorbent kLr
2
p c� crp
� � ¼ @

@t

Zr¼rp

r¼0

qrp;appr
2 dr (8-51)
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time to breakthrough almost proportionately (50% break-

through occurs at t¼ 12.2min, as opposed to 24.6min in

the baseline case). As a result, the volume of influent

treated at 50% breakthrough (equal to the product

Qt50%) is almost exactly equal in the two systems. This

latter fact is more apparent in Figure 8-16b, where the

abscissa is a direct indicator of the volume of influent treated.

Figure 8-16b also shows that,when breakthrough is plotted as

a function of the number of BVs treated, the breakthrough

curve is less steep in the system with higher flow rate than in

the baseline system.

The implication of these observations is that, for the

example system, the dominant control on the timing of

breakthrough is the rate at which adsorbate is applied to

the bed. The slight deviation from exact equality of Qt50% in

the two systems with different flow rates and the differences

in the steepness of the breakthrough curves reflect changes

in the kinetics of the adsorption process. When the flow rate

doubles, the hydraulic residence time decreases by 50%, and

the increased water velocity increases the mass transfer

coefficient (kL) by approximately 38% over the baseline

value. However, separate simulations (not shown) indicate

that a 38% increase in kL without any change inQ has almost

no effect on the breakthrough curve. We can therefore infer

that, for the baseline system, transport through the liquid

boundary layer imposes negligible resistance on the overall

adsorption process. Correspondingly, the change in the

shape of the breakthrough curve when the flow rate is

doubled is caused primarily by the decline in the hydraulic

residence time.

Ultimately, for a given cin, the same mass of adsorbate is

bound to the solid regardless of the flow rate, but the
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FIGURE 8-15. Simulated profiles of (a) concentration and (b) adsorption density for a fixed bed

adsorption system. (Conditions listed in Table 8-4.)

TABLE 8-4. Baseline Conditions for the Simulations Shown

in Figure 8-15

Influent and isotherm data

Adsorbate: Chloroform (CHCl3)

DL: 8.13� 10�6 cm2/s

Isotherm equation: q ¼ 7:3c0:756 (q in mg/g GAC, c in mg/L)

QL: 3.975 L/s

EBCT: 10.0min

cin: 0.500mg/L

T: 15
C

Adsorbent data

Type: Calgon F400

rb: 0.803 g/cm
3

rp: 0.513mm

Internal porosity: 0.641

Bed data

L: 2.765m

Column diameter: 1.048m

Mads (mass of adsorbent in bed): 1000 kg

e: 0.478

Other kinetic data

kL: 3.28� 10�3 cm/s

Ds: 3.75� 10�9 cm2/s

Model used for calculations

Pore and surface diffusion model (PSDM)a

ETDOTTM Software v.1 (#CenCITT, 2002)

aAlthough the simulations were run using the PSDM, pore diffusion

accounts for a negligible portion of the chloroform transport within the

GAC particles, so the results would be essentially identical if the HSDM

model were used.
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breakthrough curve begins after fewer BVs have been

treated and ends after more BVs have been treated in a

system with higher flow rate. As a result, and as is the case

for changes in Ds and rp, the area above the breakthrough

curve and below a value of 1.0 is the same in the system with

the higher flow rate as in the baseline system, when the data

are plotted as in Figure 8-15b. Also, similar to the case forDs

and rp, increasing Q indefinitely would lead to almost

immediate breakthrough and an intersection of the break-

through curve with that for the baseline system at consider-

ably greater than 50% breakthrough; however, for normally

encountered conditions, increasing Q has the effect of

causing the breakthrough curve to pivot around that for

the baseline system at the point of �50% breakthrough,

when the data are plotted as in Figure 8-16b.

Like increasing Q at constant cin, increasing cin at fixed Q

increases the mass loading rate to the bed. However, the

analysis is different in the two cases, because an increase in

cin leads to an increase in the equilibrium adsorption capac-

ity of the column. For the example system, the effect of a

five-fold increase in cin is considered; for the given adsorption

isotherm (q ¼ kc0:756), the corresponding increase in the

equilibrium adsorption density in the column is a factor of

50.756, or 3.38. Increasing cin has no effect on the hydraulic

residence time or kL, so the response of the system to an

increase in cin reflects changes in adsorption capacity only.

Therefore, since increasing cin by a factor of five increases the

rate at which adsorbate is supplied to the bed five-fold, but

increases the adsorption capacity by a factor of only 3.38,

breakthrough occurs after an amount of time or BVs treated

that is only �3.38/5.0, or 67%, as large as in the baseline

system (50% breakthrough at t¼ 16.6min).

The decrease in the time and number of BVs treated

before breakthrough when cin is increased is a direct conse-

quence of the nonlinearity of the isotherm; in systems with

linear adsorption isotherms, a change in cin is predicted to

have no effect on fractional breakthrough (i.e., c/cin) as a

function of time or the number of BVs treated. In that case,

doubling cin causes adsorbate to be provided to the bed at

twice the baseline rate, but it also doubles the amount of

adsorbate that the bed can acquire. The net result is a

doubling of the rate of adsorption, leading to the same

fractional removal from solution, and no net effect on

fractional breakthrough as a function of either time or the

number of BVs treated. This result would be obtained

regardless of whether transport through the boundary layer

or the solid was rate limiting, since the rates of diffusion in

both those regions are first order in concentration, and hence

would double.

Adsorption in engineered treatment systems is more often

characterized by Freundlich isotherm with n< 1 than by

linear isotherms, so the elapsed time or number of BVs

treated before a given fractional breakthrough occurs is

generally expected to decrease with an increase in cin.

For adsorptive systems that follow Langmuir isotherms,

the effect of cin on the timing of breakthrough depends

on the value of cin relative to 1/Kads: if cin� 1/Kads, the

isotherm is approximately linear, and the timing of break-

through is minimally affected by a change in cin; on the other

hand, if cin is of the same order as or much greater than

1/Kads, an increase in cin decreases the time to breakthrough

substantially.

Although the shape of the MTZ in systems with transport-

limited adsorption is predicted to change when cin changes,

the predicted change is usually small in systems with

engineered adsorbents, compared to the change in the timing

of the breakthrough curve (in terms of either absolute time or

number of BVs treated). As explained previously, this result

is obtained because the adsorptive capacity is always equiv-

alent to the mass of adsorbate in a very large number of BVs

of influent. In the example system considered here, the

number of BVs treated between 10% and 90% breakthrough

decreases from 1250 to 950BV when cin changes from the

baseline value to five times that value. By contrast, for the

same change in cin, the center point of the breakthrough
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FIGURE 8-16. (a) Sensitivity of the breakthrough curve to

various operational parameters; (b) same data as in part (a), plotted

against number of bed volumes treated instead of time.
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curve (50% breakthrough) decreases from 3690 to 2480BV.

This latter change in the timing (i.e., the center point) of

breakthrough is generally of much greater significance

than the change in slope; in fact, in Figure 8-16 (either

part a or b), the change in the slope of the breakthrough

curve is barely noticeable, whereas the change in the center

point is dramatic.

8.4 THE MOVEMENT OF THE MASS TRANSFER
ZONE THROUGH FIXED BED ADSORBERS

As demonstrated for the example system in Figure 8-15, the

shape of the MTZ in a fixed bed adsorber is nearly invariant

as the MTZ moves through the reactor. Thus, one can speak

of the MTZ as an approximately constant band that is

established shortly after the influent is introduced and that

moves through the reactor at a velocity vMTZ. In this section,

we explore the factors that control that velocity.

Consider two times t1 and t2, duringwhich theMTZmoves

a distance Dz along the reactor without changing shape.

During this time, the total mass of adsorbate entering the

reactor isQcin(t2� t1), and the totalmass exiting is essentially

zero, so all of the entering adsorbate must adsorb. In reality,

the recently adsorbed material is spread throughout the

reactor, with the majority of it in the final MTZ and the

region just upstream of the MTZ. However, a comparison of

the profiles within the reactor at times t1 and t2 makes it clear

that the increment in adsorbedmaterial during the time period

of interest equals the amount of adsorbate that is present in a

volume ARDz of packed bed, after it has equilibrated with the
influent. This idea is shown schematically in Figure 8-17.

The mass of adsorbent in a reactor section of length Dz is
rbARDz, so the mass of adsorbate bound to the solid in such a

section once the adsorbent has equilibrated with the influent

solution is q�inrbARDz, where, as before, q
�
in is the adsorption

density in equilibrium with cin. The mass of adsorbate in the

solution pore spaces in the same section of the reactor is

cineARDz. Equating the total adsorbate in the volume ARDz
with the amount of adsorbate entering the reactor between t1
and t2, we find

Total adsorbate mass

in solution and on solid

in section of volumeARDz

¼
Total adsorbate mass

entering reactor

between t1 and t2

cineþ q�inrb
� �

ARDz ¼ Qcin t2 � t1ð Þ (8-57)

The velocity of the MTZ is the ratio of Dz to the time

interval, so

vMTZ ¼ Dz

t2 � t1

¼ Qcin

cineAR þ q�inrbAR

(8-58)

By inverting both sides of Equation 8-58, the velocity of

the MTZ can be divided into two components, one reflect-

ing the contribution of the fluid velocity, and the other

reflecting the extent to which the adsorbent slows down the

movement of the adsorbate compared to that of bulk

solution:

1

vMTZ

¼ cineAR þ q�inrbAR

Qcin
¼ e

v
þ rb

v

q�in
cin

(8-59)

Since v (¼ Q/AR) is the approach velocity of the water

upstream of the packed section of the bed, v/e is the average
velocity of the water in the direction of flow in the packed

portion of the bed. Thus, Equation 8-59 indicates that the

wave front of a nonadsorbing constituent (for which q�in ¼ 0)

moves through the reactor at the same velocity as the water

moves through the pore spaces, as would be expected. The

second term on the right side of Equation 8-59 represents

the effect of sorption on the velocity of the MTZ. The larger

this term is, the slower is the movement of the MTZ through

the bed. Multiplying all terms by Z makes this point even

t1

Δz

Δz

t2

FIGURE 8-17. An approximation for the mass of adsorbate

entering a fixed bed and being removed from solution between

times t1 and t2. The adsorbate that enters between t1 and t2 is

removed mostly in the region between the two curves in the lower

part of the diagram, representing profiles of concentration or

adsorption density at the two times. These changes are almost

the same as would occur if a layer with thickness Dz were added to
the top of the bed, containing concentration cin in solution and

adsorption density q�in on the solid.
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more explicitly:

Z

vMTZ

¼ Ze
v
þ rbZ

v

q�in
cin

(8-60)

tMTZ ¼ tw þ tads (8-61)

In Equation 8-61, tMTZ is the time required for theMTZ to

move a distance equal to the length of the fixed bed, tw is the

time required for water or a nonsorbing tracer to move

through the bed, and tads is the incremental increase in

the “residence time” of the MTZ in the bed compared to that

of water (or a tracer), due to the sorption process. As we

would expect, the greater the partitioning of the adsorbate

onto the solid (larger q�in=cin), the larger are tads and tMTZ;

that is, the slower the movement of the adsorbate’s wave

front. The ratio of the residence times of the MTZ and water

is sometimes called the retardation factor, R; that is,

R ¼ tMTZ

tw
¼ 1þ tads

tw
(8-62)

In natural systems, one might be interested in the transport

of weakly adsorbing species, for which tads=tw might be on

the order of 1.0 or less. However, inmost engineered systems,

the point of the adsorption process is to delay the break-

through of contaminant for a very long time; that is, to have

very large retardation factors. For instance, in fixed bed ion

exchange columns andGACcolumns, tw is typically less than

10min, whereas tads is usually at least several hours in the

former systems and several weeks in the latter. In such cases,

R � tads=tw, the time to �50% breakthrough (i.e., tMTZ) is

essentially identical to tads, and the velocity of the MTZ

is simply:

vMTZ � v

rb

cin

q�in
¼ cin

q�inrb
v (8-63)

By combining the mathematical result shown in Equa-

tion 8-63 with the analysis of the example system charac-

terized in Figure 8-16, we can draw some useful

conclusions about the effects of various parameters on

the velocity and shape of the MTZ in a given system.

Several such inferences are summarized in Table 8-5.

& EXAMPLE 8-8. A solution at pH 7.0 that contains

pentachlorophenol (PCP) is to be treated in the GAC adsorp-

tion column characterized below. At pH 7.0, adsorption of

PCP onto this particular type of GAC can be described by the

Freundlich isotherm q ¼ 150c0:42, where q is in mg PCP/g

GAC, and c is in mg/L. Calculate the velocity at which the

MTZmoves through thecolumnfor influent concentrationsof

2 and 10mg/L, once the shape of the MTZ has been fully

developed. If theMTZisvery thin, howlongcan the systembe

operated before complete breakthrough when treating these

two influents?

Column information

Liquid flow rate¼ 589L/min

EBCT¼ 12min

Mass of carbon in bed¼ 3386 kg

Column diameter¼ 1.5m

Column length¼ 4.0m

e¼ 0.35

rb¼ 479 kg/m3

Solution. For the given conditions, the superficial veloc-
ity, v (m/min), and the water residence time, tw (min), can be

calculated as follows:

v ¼ Z

EBCT
¼ 4:0 m

12:0 min
¼ 0:33m=min

tw ¼ Ze
v

¼ 4:0 mð Þ 0:35ð Þ
0:33m=min

¼ 4:24min ¼ 0:00293 d

The remaining parameters of interest depend on the

influent PCP concentration. The equilibrium adsorption

density can be computed from the isotherm equation, and

tads can be computed as the final term in Equation 8-60. For

instance, for the 2mg/L influent:

q�in mg=gð Þ¼ 150 c mg=Lð Þð Þ0:42 ¼ 150 2:0ð Þ0:42 ¼ 201 mg=gð Þ

tads ¼ rbZ

v

q�in
cin

¼ 479 kg=m3ð Þð Þ 4:0mð Þ
0:33 m=minð Þ

� 201 mg=gð Þ
2:0 mg=Lð Þ

� �
1ðg=LÞ=ðkg=m3Þ
1440 min=dð Þ ¼ 401 d

TABLE 8-5. Response of the MTZ to Various System and Operating Parameters

Parameter Change in MTZ if Parameter is Doubled

Q vMTZ doubles; MTZ broadens (approximately doubles)

cin vMTZ can increase by a factor related to the isotherm equation; for a Freundlich isotherm, the

new vMTZ is 2
n�1 times the baseline vMTZ; MTZ is predicted to broaden, but change is usually imperceptible

rp No change in vMTZ; MTZ broadens

Ds No change in vMTZ; MTZ sharpens

kL No change in vMTZ; MTZ sharpens, although effect is often negligible, since transport through boundary layer

is not rate limiting

THE MOVEMENT OF THE MASS TRANSFER ZONE THROUGH FIXED BEDADSORBERS 355



Similar calculations can be carried out the for the 10mg/L

influent, yielding results of q�in ¼ 395mg/L and tads¼ 157 d.

Thus, as expected, tw� tads in both cases. If the MTZ

were very thin, then complete breakthrough would occur

after a time equal to tw þ tads, which is essentially the

same as tads. &

8.5 CHEMICAL REACTIONS IN FIXED

BED ADSORPTION SYSTEMS

Adsorbed compounds often undergo chemical reactions,

either directly with the solid to which they are bound or

with other dissolved or adsorbed compounds. In general,

solid surfaces might be thought of as likely locations for

chemical reactions because adsorbates are more concen-

trated there than in bulk solution. Furthermore, electrons are

relatively mobile in many solids, so that electron transfer

(i.e., oxidation/reduction) reactions can sometimes take

place between an oxidant at one location on the surface

and a reductant at another location, without any direct

contact between the primary reacting species. One important

example of such a process is corrosion, in which an oxygen

molecule adsorbed at one location on a surface might

acquire electrons that are released from the pipe metal

(e.g., iron or copper) at another location. The metal is

thereby oxidized, and the pipe deteriorates.

The ability of metallic pipes to carry electrons vastly

exceeds that of other solids; nevertheless, many nonmetallic

solids provide a path for electron transfer that can dramati-

cally increase the overall rate of redox reactions. For instance,

the oxidation of manganous (Mn(II)) species by dissolved

chlorine in water treatment is much more rapid when the

Mn(II) species are adsorbed onto oxide surfaces than when

they are in bulk solution (Knocke et al., 1991). In these cases,

the oxidation products (Mn oxide particles) provide new

adsorptive surfaces, so the reaction is auto-catalytic.

In addition to facilitating redox reactions, adsorption is

often a key step in reactions leading to precipitation or

dissolution of solids and in biodegradation reactions. The

effect of such reactions on the overall system behavior can

be evaluated by modifying the mass balance equation to

consider the surface reaction. Consider, for example, an

adsorbate that can be destroyed by a reaction either in

solution or when it is adsorbed. Assuming that these

reactions are first order with respect to the dissolved con-

centration and adsorption density, respectively, the reaction

rate expressions are

rV ¼ �k1;sol’nc (8-64)

rs ¼ �k1;sq (8-65)

where rs is the rate of the surface reaction, with units of mass

of adsorbate per mass of adsorbent per unit time.

The set of equations needed to model the behavior of this

substance in a plug flow, fixed bed system would be the same

as shown in Table 8-3, except that the two mass balances

would have to be modified to reflect the reactivity of the

substance. The modified equations are as follows:

Solution phase mass balance

@c

@t
¼ � v

e
@c

@z
� kL c� crp

� � 3
rp

1� e
e

� k1;sol’nc (8-66)

Solid phase mass balance

@q

@t
¼ Ds

@2q

@r2
� 2

r

@q

@r

� �
� k1;sq (8-67)

A fixed bed adsorption process treating a nonreactive

substance can never attain a steady state (except at complete

breakthrough), because adsorbate steadily accumulates in

the adsorbent. By contrast, adsorption processes treating

reactive adsorbates are always predicted to reach a steady-

state in which the advective transport of adsorbate out of the

reactor is less than the advective input by the amount of

decay (assuming that the reaction products desorb and are

flushed out of the system). At the scale of individual parti-

cles, maintenance of the steady state requires that the

adsorbate be transported through the boundary layer and

into the solid at the same rate that it is destroyed on or in the

solid. If these rates are sufficiently rapid, then excellent

removal of the adsorbate from the solution passing through

the reactor can be maintained, in theory, indefinitely.

The general scenario presented above describes the

behavior of a solid catalyst. In the ideal case, such a material

adsorbs a reactive substance, mediates its destruction, and

then releases the products back to solution, so that the cycle

can be repeated endlessly. Some adsorbents that operate in

that way are used in environmental engineering, especially

to foster redox reactions.

The catalysis of the oxidation of Mn(II) by metal oxide

particles was alluded to previously. When drinking water that

containsMn(II) is passed througha sandfilter, someportion of

the metal adsorbs. The surface catalyzes the oxidation of the

metal to Mn(III) or Mn(IV) species, which form insoluble

oxides that tend to remain attached to the surface. Often, these

metal oxides are even better adsorbents and catalysts for Mn

(II) than the underlying sand. As a result, over the course of a

few months to years, the sand in such systems becomes

completely covered with the metal oxides, and the systems

reach a pseudo-steady state in which most of the soluble Mn

(II) is removed from water as it passes through the bed

(Knocke et al., 1991; Merkle et al., 1997). (The solids in

the system are not truly at steady state, since the metals

accumulate continuously. However, the accumulation is
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usually insufficient to cause any problems inside the filter, and

the solution phase does reach a steady state in terms of having

stable influent and effluent compositions.)

Another important example of combined adsorption and

reaction involves the biodegradation of adsorbed organics on

GAC. Although activated carbon is an especially good adsorb-

ent for hydrophobic solutes, it also binds mildly hydrophilic

solutes reasonably well and can serve as a substrate ontowhich

biofilmscanattach.Therefore,overtime,GACcolumnstreating

either drinking water or wastewater can become efficient bio-

reactors, in which the GAC serves as a collector of molecules

that can subsequently be consumed by the attached organisms.

Insuchcases, theorganismscanbeviewedascarryingouta(bio)

regenerationstep.That is,bydegradingadsorbedmoleculesand

releasing the products to bulk solution, the organisms make

adsorption sites available that had been previously occupied.

While bioregeneration is very attractive when it occurs in

the idealized manner described here, in practice the benefits

of adsorbent regeneration are mitigated by the blockage of

surface sites and pore openings by the organisms. Never-

theless, reactors are sometimes designed to exploit the

synergism between adsorption and biogrowth (Speitel

et al., 1987; Speitel and DiGiano, 1987; Erlanson et al.,

1997). And, even when a reactor is not designed with that

synergism inmind, recognizing the potential for (and, inmany

cases, the inevitability of) biogrowth on adsorbents is some-

times essential for understanding the behavior of a system.

8.6 ESTIMATING LONG-TERM, FULL-SCALE

PERFORMANCE OF FIXED BEDS FROM SHORT-

TERM, BENCH-SCALE EXPERIMENTAL DATA

The equations derived in the preceding sections allow us to

interpret experimental data, evaluate key system parameters,

and predict the behavior of adsorption-based treatment sys-

tems. However, gathering such data from full-scale fixed bed

systems is often impractical because of the long times required

for equilibrium to be reached and for complete breakthrough

to occur. The problem is especially severe for adsorption of

trace contaminants onto high-capacity granular media such as

GAC, in which case the time frame for collection of the

necessary data can be months to years. To overcome this

problem, a great deal of effort has been devoted to determining

how the long-term behavior of full-scale systems can be

predicted based on data from shorter-term experiments using

much smaller systems. Fixed bed adsorption tests using

reduced adsorbent particle size (rp) and EBCTare commonly

referred to as rapid small-scale column tests (RSSCTs).

Decreasing rp and EBCT reduces the resistance imposed

by the internal and external transport steps, respectively, in

the overall adsorption process. For the data collected in these

systems to be most useful, the reduction in these resistances

should not alter their relative importance in the overall

process. That is, if external mass transfer contributes 25%

of the total resistance to adsorption in the large-scale system,

values of rp and EBCT should be chosen for the small-scale

system that cause the external resistance to be 25% of the

total in that system as well. When this goal is met, it is said

that similitude has been achieved between the two systems.

In a fixed bed system, the effects of the various resistances

to adsorption manifest themselves in the shape of the MTZ.

Therefore, the goal of achieving similitude is sometimes

expressed by reference to the MTZ: if we can choose

conditions that cause the MTZ to have the same shape

and to extend over the same fraction of the column in the

two systems, then similitude has been achieved. In the water

and wastewater treatment field, much of the work on identi-

fying conditions that achieve similitude between large and

small scale adsorption systems has been done by Crittenden,

Summers, and their coworkers (e.g., Crittenden et al., 1986,

1987, 1991; Cummings and Summers, 1994; Summers et al.,

1995), and their approach is summarized here.

Many issues that arise when one attempts to up- or down-

scale a process can be addressed most easily by writing all

the governing equations for the system in nondimensional

terms. When that is done for a fixed bed adsorption system,

the parameters z, t, and c are typically made nondimensional

by dividing by Z, EBCT, and cin, respectively.
6 In addition to

these parameters, the nondimensionalized equations contain

several coefficients that characterize the relative importance

of advection, axial diffusion and dispersion, transport

through the liquid boundary layer, pore diffusion, and

surface diffusion in the reactor. The nondimensionalized

equations describing different fixed bed adsorption reactors

have the same general form with respect to the relationship

among the dimensionless z, t, and c parameters, but they

often have different values of the dimensionless coefficients.

If a small-scale system can be designed to have exactly

the same dimensionless coefficients as a large-scale system,

then the dimensionless form of the breakthrough curves

(fractional breakthrough vs number of BVs treated) will be

the same in the two systems, allowing us to predict the

performance of the large scale system from relatively short

tests using the smaller system. For instance, if the large

system had an EBCT of 15min, approximately 35,000 BVs

of water could be treated in one year. If the EBCT in the

small system was 0.2min, the same number of BVs could be

treated in a little over 4 days. Thus, if similitude could be

achieved between the two systems, the fractional break-

through after 1 year of operation of the full-scale system

could be predicted from a 4-day test with the smaller system.

According to Crittenden et al. (1987), complete similitude

can be achieved if six dimensionless coefficients are

matched in the small- and large-scale systems. However,

6 Note that the nondimensionalized time, t/EBCT, is the number of BVs

treated.
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if the void fractions (e) and bed densities (rb) in the small-

and large-scale systems are identical, and if the isotherm

equation and the value of Ds are the same for the particles

with small and large rp, then the requirements for similitude

reduce to the following two criteria:

vS-S

vL-S
¼ rp;L-S

rp;S-S
(8-68)

EBCTS-S

EBCTL-S

¼ r2p;S-S

r2p;L-S
(8-69)

where S-S andL-S refer to the small- and large-scale systems,

respectively.

Since EBCT equals Z/v, Equations 8-68 and 8-69 can be

combined to specify the relationship between column length

and particle size when similitude is achieved, as follows:

ZS-S=vS-S
ZL-S=vL-S

¼ r2p;S-S

r2p;L-S

ZS-S

ZL-S

¼ r2p;S-S

r2p;L-S

vS-S

vL-S
¼ r2p;S-S

r2p;L-S

rp;L-S

rp;S-S
¼ rp;S-S

rp;L-S
ð8-70Þ

Because Equation 8-70 can be derived from Equations

8-68 and 8-69, the three equations are not independent.

To achieve similitude, any two of the three must be

satisfied; when that condition is met, the third equation

will automatically be satisfied.

& EXAMPLE 8-9. A fixed bed packed with GAC is

being proposed to treat a water that has been contaminated

with the pesticide dieldrin. The system under consideration

woulduseGACparticleswith adiameter of 0.6mm, a column

length of 3.5m, and an EBCT of 10min. A small-scale test

using activated carbon with a diameter of 0.08mm is to be

conducted to predict the behavior of the full-scale system.

What column length and EBCT should be used to achieve

similitude between the small- and full-scale systems? How

long should the small-scale test be run to simulate one year of

operation at full scale?

Solution. According to Equation 8-70, the ratio of the

lengths of the small- and large-scale systems should be the

same as the ratio of the particle diameters. And, according to

Equation 8-69, the ratio of the EBCT’s should be the square

of the ratio of the particle diameters. Thus

ZS-S ¼ rp;S-S

rp;L-S
ZL-S ¼ 0:08mm

0:6mm
3:5 m

¼ 0:467m ¼ 46:7 cm

EBCTS-S ¼ r2p;S-S

r2p;L-S
EBCTL-S ¼ 0:08mmð Þ2

0:6mmð Þ2 10min

¼ 0:178min ¼ 10:7 s

To simulate 1 year of operation, the small-scale system

should be operated until it has treated the same number of

BVs of influent as the full-scale system would treat in 1 year.

Because the EBCT of the small column is 1.78% that of

the long column (0.178min/10min), the time required to

simulate 1 year of operation would be 1.78% of a year, or

6.5 days. &

As noted previously, the apparent value of Ds sometimes

varies as a function of particle size, at least for adsorption

onto activated carbon. Unfortunately, the conditions for

similitude just described apply only to systems in which

Ds is independent of rp (i.e., the CD model, for which m¼ 0

in Equation 8-34). If m 6¼ 0, it is not possible to find

parameter values for the small-scale system that satisfy

all the requirements for similitude.

In such cases, Crittenden et al. (1987, 1991) have

suggested that one should attempt to achieve close simili-

tude between the large- and small-scale systems with

respect to external mass transfer resistance (i.e., resistance

to transport through the boundary layers around the

particles) and internal resistance (resistance to transport

inside the pores); because most beds operate as nearly

ideal PFRs, they suggest that achieving similitude with

respect to longer-range transport phenomena is less

important.

The relative resistances associated with mass transfer

through the boundary layer surrounding the particles and

diffusion inside the particles can be matched in the two

systems for any value of m if the following equation is

satisfied:

EBCTS-S

EBCTL-S

¼ rp;S-S

rp;L-S

� �2�m

(8-71)

Thus, for example, in a system that is characterized by PD

(m¼ 1), similitude with respect to internal resistance can be

achieved if the EBCT is proportional to the particle size.

This contrasts with a CD system, in which the EBCT is

proportional to the square of the particle size. The main

consequence of Equation 8-71 is that, for a given ratio of

particle sizes, the larger the value ofm, the longer the EBCT

that is required, and the longer the small-scale tests must be

run to obtain data that can be used to predict the long-term

behavior of the larger system. Because the plug flow approx-

imation improves with increasing Reynolds number (Re),

Crittenden et al. (1987, 1991) recommended that, in addition

to using Equation 8-71, small-scale systems be designed so

that Re� 1 for flow around the particles.

Several researchers have compared the breakthrough

curves for pilot- or full-scale adsorption columns with those

predicted based on RSSCTs. The result of one such com-

parison is shown in Figure 8-18.
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8.7 COMPETITIVE ADSORPTION IN COLUMN

OPERATIONS: THE CHROMATOGRAPHIC

EFFECT

Systems with Rapid Attainment of Adsorptive
Equilibrium

When a solution containing multiple adsorbates is treated in

a fixed bed adsorption system, the concentrations of adsor-

bates that are preferentially adsorbed decrease to a greater

extent than the other adsorbates near the inlet. As a result,

the solution becomes relatively enriched in weakly binding

species as it moves through the column. The preference for

one species over another generally reflects the relative

adsorptive binding strengths, although kinetic factors

(e.g., quicker movement into interior pores) could also

contribute to the preference.

If the adsorbates bind to different groups of surface sites,

or if they compete for the same group of sites, but the total

adsorption density is insufficient to consume a substantial

fraction of those sites, then they bind essentially indepen-

dently. In such a case, the MTZ for each adsorbate forms and

moves through the bed in an almost identical manner to what

would occur in a single-adsorbate system. However, if the

fraction of the surface sites occupied is large enough that

competition between the adsorbates is significant, then the

binding of each species will be less extensive than in a

single-sorbate system.

Even if competition is significant, then the MTZ of the

most preferred adsorbate will still develop and move down-

stream in a similar manner to its behavior in a single-

adsorbate system, albeit at a higher velocity, because it

will occupy a smaller fraction of the binding sites in any

given layer of the bed. The MTZs of each of the less

preferred species will also move through the column

more rapidly than if it were the only adsorbate present. In

the limiting case where the preferred species is strongly

adsorbed and is present at a sufficiently large influent

concentration that it occupies almost all the sites near the

inlet, the less preferred species will adsorb negligibly until

almost all of the preferred species has been removed from

solution. In addition to this displacement downstream, the

MTZ of the less preferred species might also change in other,

sometimes dramatic, ways.

Consider a fixed bed adsorption system receiving an

influent that contains comparable concentrations of a very

strongly adsorbing species A and a weakly adsorbing species

B. After the system has operated for some time, the adsorb-

ent near the inlet will have equilibrated with the influent

concentration of A (i.e., qA� q�A;in), and a thin MTZ for

species Awill exist at some distance downstream. Because,

for this limiting case scenario, we are assuming that species

B competes negligibly for sites in the upstream section of the

bed, the shape and location of the MTZ for species A are

approximately the same as in a system that contains no B at

all. The situation is shown schematically by the solid lines in

Figures 8-19a and 8-19b, with the region where qA� q�A;in
identified as zone I, and the MTZ identified as zone II.

Downstream of the MTZ, cA and qA are both negligible

(zones III and IV in the figure).

Because species B is a weak competitor for sites, and

because we are assuming that q�A;in is large enough that A

occupies most of the available sites in the portion of the bed

nearest the inlet, qB� 0 in zone I. As cA starts declining in

zone II (the MTZ for species A), qB starts increasing. We

consider the relationship of qB to q�B;in shortly; for now, the
only important point is that qB increases. The MTZ for

species A terminates slightly downstream, at which point

species B is the only adsorbate remaining in solution. At that

point, species B forms its own MTZ (in the region desig-

nated zone III in the figure), similar in shape (but not

location or magnitude) to the one that would form if it

had been the only adsorbate entering the bed. Downstream

of the MTZ of species B, both cA and cB are negligible, and

so qA and qB are as well (zone IV).

Now, consider the changes that occur in a small aliquot of

influent as it passes through the reactor at the time depicted

in Figure 8-19. When the solution first enters the column,

neither A nor B adsorbs, since the adsorbent has already

equilibrated with this solution (causing the adsorption den-

sities to be qA� q�A;in and qB� 0, respectively). Correspond-

ingly, cA and cB remain at cA,in and cB,in throughout zone I.

Once the solution enters zone II, it encounters adsorbent

that has previously been exposed to cA values <cA,in. As a
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FIGURE 8-18. Comparison of predicted and observed break-

through curves for two disinfection by-products formed during

chlorination of drinking water–chloroform (CHCl3) and bromodi-

chloromethane (CHCl2Br). The data from the small-scale (S-S)

column were collected in slightly less than one week; they were

then scaled to predict the behavior of the large-scale (L-S) column

over a period of 7 weeks. Source: After Cummings and Summers

(1994).
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result, when the solution enters that zone, some A adsorbs,

causing cA to decline and qA to increase. However, this is also

a zonewhere some B has adsorbed (since the small amount of

A reaching the zone previously did not occupy all the

available sites). As qA increases in this zone, some of the

previously adsorbed B is displaced from the adsorbent sites.

No B has been removed from the aliquot of influent up to

this point, so the desorption of B causes cB to increase above

cB,in. In essence, the adsorbent in this zone has collected B

from earlier aliquots of influent and is adding it to the later-

arriving aliquot.

Moving farther downstream, we reach the end of theMTZ

for species A, where unoccupied sites are available to bind

B. In fact, downstream of the MTZ of species A, the system

behaves as if that location were the inlet of a bed that was

receiving an influent containing species B as the only

adsorbate. However, the “influent” at that point contains

B at a concentration greater than cB,in. Correspondingly,

when this solution equilibrates with the local adsorbent, the

adsorption density exceeds q�B;in.
Subsequent aliquots of influent cause the same scenario to

be repeated continuously, so that the local, transiently high

values of cB and qB grow ever larger, at locations that move

steadily downstream. When this wave of ever-increasing

concentrations of B reaches the outlet of the bed, the effluent

concentration increases abruptly to a value that can be much

larger than cB,in.

The process of transient adsorption followed by

desorption to generate a solution with a higher dissolved

concentration of the desorbing species than is present in the

feed is the basis for separating and concentrating species

from a mixture by chromatography. Therefore, when this

phenomenon occurs in a water treatment process, it is known

as the chromatographic effect, and the high concentration of

the adsorbate exiting the column is referred to as a chro-

matographic peak.

The highest value that cB could attain anywhere in the

column is the sum of cB,in and the maximum amount of B

that can be displaced by adsorption of A. For instance, if the

adsorbent has only one type of site, and molecules of A and

B compete for that site-type, then the maximum concentra-

tion of B that can be displaced by adsorbing A molecules

equals cA,in. As a result, the maximum concentration of B

that can exist anywhere in the column (or in the effluent), on

a molar basis, is cB,inþ cA,in. The upper limit on qB would

then be the value that is in equilibrium with the highest

attainable value of cB. Thus, for instance, if adsorption of B

followed a Langmuir isotherm, and if the maximum attain-

able value of cB were �1=KB, then qB could reach qmax in

the downstream portions of the bed, even if qmax were much

greater than q�B;in.
If multiple adsorbates (A, B, C, . . . , n) are present in the

influent, the preceding scenario can develop at several points

in a single bed. In a zone near the inlet, the adsorbent would

be in equilibrium with the influent composition. The most

strongly adsorbed species (A) would be selectively removed

from solution in this region, and, at some distance down-

stream, essentially all of the A would be removed from
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FIGURE 8-19. (a) Adsorption density and (b) concentration

profiles of two adsorbable species in a continuous flow column

adsorption system. Adsorbate A binds much more strongly than

adsorbate B.
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solution. As a result, the remainder of the bed would contain

only species B through n. Immediately downstream of where

A disappears from the solution (i.e., downstream of the MTZ

for species A), species B through n would all be present at

concentrations greater than their concentrations in the influ-

ent to the bed.

Just downstream of the MTZ for species A, the most

strongly adsorbing species still present in the solution (B)

will be selectively removed, while those that bind less

strongly will have a greater tendency to migrate deeper

into the bed. Sorption of B will therefore induce a chro-

matographic effect on the other species present in this zone

(C through n), so that the solution exiting the zone will

contain those species at concentrations even greater than the

concentrations at the inlet to the zone. The only qualitative

difference between the sequence of events in this zone and

the zone at the bed inlet is that the location of the second

zone moves steadily downstream, as the upstream zone

(where species A adsorbs) expands.

Following the above logic, in a fixed bed receiving an

influent with n adsorbates, nþ 1 zones will develop, each

containing one less adsorbate than the zone immediately

upstream. In addition, the dissolved concentration of each

adsorbate will increase at the boundaries between successive

downstream zones, reaching a maximum concentration in

the zone where it is the most strongly adsorbing species

remaining in solution; at the end of that zone, the adsorbate

undergoes a dramatic decrease to a concentration of

essentially zero. All of the zones expand as the run proceeds,

with the upstream zones pushing the downstream zones

toward the outlet. This process leads to a characteristic

concentration versus time profile in the effluent in which

progressively more adsorbates appear stepwise (with the

weakest-binding adsorbate appearing first). Each additional

species that appears is at a concentration greater than its cin
value, except for the strongest adsorbate, which appears at

cin; with each appearance of an additional species, the

concentrations of all the other species already present in

the effluent decrease.

Such a sequence is shown for a generic system with four

adsorbates in Figure 8-20. The adsorbates shown in the

figure have progressively stronger affinity for the adsorbent

in the order D<C<B<A. Initially, all the adsorbates are

completely removed from solution, so the effluent contains

none of them. Later, D appears, at the highest concentration

it will ever have in the effluent. Subsequently, C appears, at

the highest concentration it will ever have, and the concen-

tration of D declines at the same time. The concentrations of

C and D then remain constant until B appears in the effluent,

again at the highest concentration that it will ever have, as

the concentrations of C and D decline. This pattern then

repeats itself when A breaks through the bed, and all four

adsorbates are present in the effluent at their influent

concentrations.

These trends are widely observed in full-scale treatment

systems. However, quantitative predictions of the height and

width of the various zones is complex, even in the limiting

case of ideal plug flow through the column. The calculations

for ion exchange reactions have been discussed by Clifford

(1982),7 and those for reactions in which adsorption is

characterized by Freundlich isotherms and competition by

the ideal-adsorbed solution theory (IAST) have been dis-

cussed by Crittenden et al. (1987); in both cases, the analysis

is based on classic chromatography theory, adapted to the

particular systems of interest. Computer programs that

predict the effluent profiles for the two cases have been

developed by the corresponding research groups

(Tirupanangadu et al., 2002; CenCitt, 1999, respectively).

& EXAMPLE 8-10. It is proposed to remove sulfate and

nitrate from a groundwater source by ion exchange in a bed

packed with resin that is pre-saturated with chloride. In the

process, one charge equivalent of chloride (1mol of Cl�) is
released for each charge equivalent of sulfate or nitrate that is

adsorbed(0.5molofSO4
2�or1.0molofNO3

�, respectively).
The separation factors for sulfate and nitrate relative to

chloride can be approximated as being constant throughout

the bed, with values of 9.2 and 2.9, respectively. Some

characteristics of the resin and the operation are as follows:

Apparent particle density of the resin (rp,app): 1.10 g=cm
3

Packing density of the resin in the bed (rb): 0.68 g=cm
3

Ion exchange capacity of the resin (qmax): 3.0meq=g
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FIGURE 8-20. Generic effluent history obtained for a system in

which four adsorbates are in the influent to an ion exchange

column. The affinities of the adsorbates for the adsorbent increase

in the order D<C<B<A. influent concentrations are those

shown at the end of the run.

7 The calculations for ion exchange are based on the assumption that the

separation factors are constant throughout the column. For heterovalent

exchange, this assumption is not strictly valid, but it is usually a reasonable

approximation.
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Empty bed contact time (EBCT): 5min

Influent sulfate concentration (cSO4
2�;in):

96mg=L ¼ 1:0mmol=L ¼ 2:0meq=L

Influent nitrate concentration (cNO3
�;in):

14mg=L as N ¼ 1:0mmol=L ¼ 1:0meq=L

Influent chloride concentration (cCl�;in):

12mg=L ¼ 0:34mmol=L ¼ 0:34meq=L

A computer program (EMCT 2.0; Tirupanangadu et al.,

2002) predicts that three zones will be identifiable in the bed

shortly after the run starts, and that, if the hydraulics in the

bed approximate plug flow, the solution compositions in

those zones will be as shown below. Assuming that the

MTZs are of negligible thickness, determine the composi-

tion of the effluent from the bed as a function of time and of

the number of BVs treated, until complete breakthrough.

cSO4
2� (meq/L) cNO3

� (meq/L) cCl� (meq/L)

Zone 1 2.00 1.00 0.34

Zone 2 0.00 2.93 0.41

Zone 3 0.00 0.00 3.34

Plot the number of equivalents of each ion adsorbed per

liter of bed as a function of time and of the number of BVs

treated, from the beginning of the run until complete

breakthrough.

Solution. The solution composition in Zone 1 is identical

to the influent composition; therefore, Zone 1 must be the

zone nearest the inlet, where the resin has equilibrated with

the influent. An aliquot of influent passes through this zone

without any change in its composition. Then, essentially all

the SO4
2� is removed from that aliquot in the very thin MTZ

that resides between Zones 1 and 2, so no SO4
2� is present in

the solution downstream of that MTZ.

When an aliquot of solution reaches the boundary

between Zones 1 and 2, most of the SO4
2� in that aliquot

adsorbs, displacing some NO3
� and Cl� from the resin.

Until this aliquot of solution arrived, the resin in that section

of the bed had been exposed to solution containing only

NO3
� and Cl�, and it had selectively adsorbed the NO3

�. As
a result, most of the ions that are displaced by the SO4

2�will

be NO3
� ions. Correspondingly, at the boundary between

Zones 1 and 2, the NO3
� concentration increases from 1.00

to 2.93meq/L, whereas the Cl� concentration increases only

from 0.34 to 0.41meq/L.

After the SO4
2� has been adsorbed from this aliquot of

solution and the aliquot proceeds farther downstream, it

passes through resin that has already equilibrated with

solution having the same composition. As a result, no

adsorption occurs, and the solution composition remains

constant until the MTZ for NO3
� is reached. At that point,

essentially all the NO3
� adsorbs, displacing Cl� that had

previously bound to the resin. Farther downstream, both the

solution and the resin contain Cl� as the only anion, so no

more changes occur.

The composition of the resin phase in each zone can be

determined based on the equations for competitive adsorp-

tion developed in Chapter 7. Specifically, Equation 7-92,

repeated here as Equation 8-72, is directly applicable for

computing the adsorption density of each ion in each zone of

the bed. The results of those calculations are shown in the

following table.

qi ¼
aj=kciP
all j aj=kcj

qmax (8-72)

qSO4
2� (meq/g) qNO3

� (meq/g) qCl� (meq/g)

Zone 1 2.55 0.40 0.05

Zone 2 0.00 2.86 0.14

Zone 3 0.00 0.00 3.00

The rate at which Zone 1 expands to occupy progressively

more of the bed can be computed using an approach very

similar to that for computing the velocity of the MTZ of an

adsorbate in a non-competitive system (Example 8-8). The

preceding table indicates that 2.55meq of SO4
2� adsorbs

onto each gram of resin in Zone 1. Since the influent contains

2.0meq/L of SO4
2�, and all of this SO4

2� adsorbs, Zone 1

must expand to include an additional 2.0/2.55, or 0.78 g of

resin for each liter of influent applied to the bed. The packing

density of resin in the bed, rb, is 0.68 g/cm
3, or 680 g/L of

bed, so Zone 1 expands at a rate given by

Rate of expansion

of Zone 1

� �

¼ 0:78 g of resin accrues to Zone 1 per L of influent

680 g of resin per L of bed

¼ 1:15� 10�3 L of bed accrues to Zone 1=L of influent

Inverting this result, we see that each 870 L of influent

expands Zone 1 by 1.0 L of bed. Correspondingly, 870 BVs

of influent would cause Zone 1 to occupy 1.0 BVof the bed;

that is, the whole bed. Thus, we expect SO4
2� to break

through the bed after 870 BVs have been treated.

The movement of Zone 2 through the bed can be eval-

uated in a similar, but not identical way, because both of its

boundaries (its beginning and end) move as the run pro-

ceeds. The easiest way to carry out the analysis is to note

that, until the time when NO3
� breaks through into the

effluent, all of the NO3
� supplied to the column is retained

in Zones 1 and 2 (along with all the SO4
2�). Based on the

calculations just completed, Zone 1 expands at a rate of
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0.78 g of resin per L of influent. Since qNO3
� is 0.40meq/g in

Zone 1, that zone adsorbs (0.78)(0.40), or 0.312meq of

NO3
� per L of influent. The influent contains 1.0meq of

NO3
� per L, so 0.688meq of NO3

� per L must adsorb in

Zone 2.

The adsorption density of NO3
� in Zone 2 is 2.86meq/g,

so the rate at which resin mass accrues to Zone 2 can be

computed as follows:

Rate of expansion

of Zone 2

� �

¼ 0:688meq NO3
� adsorbs in Zone 2 per L of influent

2:86meq NO3
� adsorbs per gram of resin in Zone 2

¼ 0:24ðgram of resin accrues to Zone 2Þ=ðL of influentÞ

The total mass of resin associated with Zones 1 and 2

therefore grows at a rate of 0.78þ 0.24, or 1.02 g of resin per

L of influent. The corresponding volumetric growth rate of

Zones 1 and 2 equals the product of the mass growth and the

bed density; that is,

Volumetric growth

of Zones 1þ 2

� �

¼ 1:02 g resin occupied per L of influent

680 g resin per L of bed

¼ 0:0015 L of bed occupied=L of influent

Inverting the above result, we conclude that every 667 L

of influent provides enough SO4
2� and NO3

� to cause the

total volume associated with Zones 1 and 2 to increase by

1.0 L. Correspondingly, 667 BVs of influent would cause

Zones 1 and 2 to occupy 1 BV of bed; that is, to occupy

the whole bed. Thus, we conclude that Zone 2 will reach the

effluent, and NO3
�will break through the column, when 667

BVs of influent have been treated.

The results of these calculations are shown graphically in

Figure 8-21. The conversion from BVs to time is based on

the given EBCT of 5min. NO3
� breaks through after 55.6 h,

and SO4
2� does so after 72.5 h.

At the beginning of the treatment step, the resin is presa-

turated with Cl�; that is, all the sites in the bed are occupied
by Cl�. The number of meq of chloride adsorbed per L of

bed, designated here as mCl� , can therefore be computed as

mCl�;init ¼ rbqmax

¼ 0:68
g

cm3 of bed

� �
3:0meq=gð Þ 103 cm3=L

� �

¼ 2040
meq

L of bed

Thereafter, mCl� decreases by 3.0meq for each liter of

influent that passes through the bed (i.e., every 5min), as Cl�

is released in exchange for the 2meq of SO4
2� and 1meq of

NO3
� that adsorbs from each liter of influent. This process

continues until the NO3
� stops adsorbing; that is, until NO3

�

breakthrough.

During the period between breakthrough of NO3
� and

SO4
2�, the influent contains 0.34meq/L of Cl�, and the

effluent contains 0.41meq/L. Thus, the amount of Cl�

adsorbed is declining at a rate of 0.07meq per liter of influent.

Given the EBCT of 5min, the feed rate can be expressed as

0.2L of influent per L of packed volume per minute. There-

fore, the loss of Cl� from the resin during this period is

Loss rate of Cl� from bed

¼ 0:07meq Cl�=L of influentð Þ
� 0:2L of influent=½ðL of bedÞðminÞ	ð Þ

¼ 0:014meq Cl�=½ðL of bedÞðminÞ	

This loss continues until SO4
2� breaks through, after

which the influent and effluent both contain 0.34meq/L

Cl�, and the (small) amount of adsorbed Cl� remains

constant.

The number of meq of NO3
� adsorbed is initially zero. It

then increases by 1.0meq per liter of bed every 5min, until

NO3
� breakthrough after 55.6 h. During the period when the

NO3
� chromatographic peak is exiting the bed, the effluent

contains 2.93meq/L NO3
�, so the net loss of adsorbed NO3

�

is 1.93meq/L of solution. This loss corresponds to

(1.93meq/L of influent) (0.2 L of influent per liter of bed

per minute), or 0.386meq per liter of bed per minute, until

SO4
2� breakthrough at t¼ 72.5 h. Thereafter, the amount of

adsorbed NO3
� remains constant.
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FIGURE 8-21. Effluent concentration profiles for the three ions

in the example system.
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The concentration of adsorbed sulfate increases by

2.0meq/L every 5min, from the beginning of the run until

it breaks through into the effluent 72.5 h later. These trends

are all shown in Figure 8-22. &

The preceding discussion and example make it clear that,

in addition to reducing the time until the weaker adsorbate

breaks through, competitive adsorption in fixed bed systems

can generate a concentration of that constituent that is

substantially greater than the influent concentration. As

noted, the maximum value of that peak above the influent

concentration is determined by the concentration(s) of the

more strongly binding adsorbate(s). Thus, in the example

system, the peak chloride concentration was 3.0meq/L

above its influent concentration, because that amount of

chloride was released when all the sulfate and nitrate

adsorbed. Correspondingly, the peak nitrate concentration

was �2.0meq/L above its influent concentration, because

that was the amount of nitrate released when all the sulfate

adsorbed. (The actual peak was slightly less concentrated,

because a small fraction of the SO4
2�was exchanged for Cl�

rather than NO3
�.)

While the consequences of the chromatographic effect

might be serious under any circumstance, they can be

especially severe when the weaker-binding adsorbate is a

toxic compound that is present at only a trace concentration

in the influent. For instance, consider a case like that in the

example, but for an influent that also contains arsenate,

which might bind as the monovalent ion H2AsO4
�. This ion

typically adsorbs to strong base anion exchange resins with

an affinity that is intermediate between the affinities of

sulfate and nitrate. Making the same simplifying assump-

tions as in the example, if arsenate were present in the

influent at a concentration of 1.0meq/L, it would form an

extremely thin MTZ just downstream of the sulfate MTZ. In

that case, virtually no arsenate would appear in the effluent

until immediately before sulfate broke through. However,

at least in theory, an arsenic spike of almost 2.0meq/L (2000

times the influent concentration) could exit the bed at that

instant.

In reality, the hydrodynamics in the bed (axial mixing),

incomplete removal of both sulfate and arsenate prior to

breakthrough, and the ability of arsenate to compete suc-

cessfully for some resin sites even in the presence of sulfate

would spread out and diminish the arsenate peak. Never-

theless, the qualitative point is clear: if adsorption is used to

remove toxic compounds from a solution, a very large safety

factor and/or backup removal systems must often be

employed to assure that a large spike of that compound

does not escape the bed and enter the effluent.

Competitive Adsorption in Systems That Do Not Reach
Equilibrium Rapidly

Conceptually, modeling of competitive adsorption in fixed

beds where adsorptive equilibrium is not attained instanta-

neously is a straightforward extension of the principles and

equations developed previously. Usually, in such modeling,

an assumption is made that the only interaction among the

adsorbates is competition for the sites; that is, the parameters

kL andDs are assumed to be the same for a given species in a

given system regardless of the concentration of competing

adsorbates. Then, mass balances are written for each con-

stituent, for control volumes enclosing the solution, the

solid, and the boundary layers around the adsorbent parti-

cles. The equations are all linked via the boundary condi-

tions describing equilibrium at the solid/solution interface;

the only difference between these equations and those for

adsorption in single-adsorbate systems is that the isotherm

for each adsorbate must take into account the presence of the

competing adsorbates. If equilibration is not instantaneous,

but local equilibrium is assumed to apply within the particle,

then the expressions for local equilibrium must also reflect

the competition.

Computer software is available for solving the equations

that characterize competitive adsorption in fixed beds, and,

if a system contains only a few well-defined and non-

interacting adsorbates, such modeling is often quite success-

ful. However, as noted in Chapter 7, a number of difficulties

hamper our ability to model competitive adsorption in

systems with complex mixtures of interacting adsorbates,

and these difficulties are sometimes exacerbated in fixed bed

systems. In particular, even when competitive adsorption

can be characterized reasonably well in short-term batch

tests, the extension of the results to fixed bed operations

using the same adsorbent often leads to erroneous

predictions.

For instance, in fixed bed GAC systems treating influents

that contain trace organic compounds (e.g., pesticides or

solvents) and higher concentrations of NOM, predictions

based on batch tests often significantly under-estimate the
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competitive effects of the background compounds. That is,

in practice, the trace compounds break through the beds

earlier than predicted. In such systems, the trace compounds

are often adsorbed more efficiently than most of the mol-

ecules that contribute to NOM, both because the trace

compounds tend to be more hydrophobic and because

they are smaller and therefore have access to more of the

small internal pores.

The explanation for the poor correlation between batch

and packed bed systems is thought to be related to the

segregation of the MTZs of the two components, and the

relatively slow reversibility of the sorption reaction. Specifi-

cally, in fixed bed operation, the MTZ of the NOM com-

pounds precedes that of the trace, target compounds through

the bed. In the upstream portion of the bed, the trace com-

pounds and NOM compounds both adsorb simultaneously,

with the trace compounds having a competitive advantage.8

Downstream of this region, the NOM compounds encoun-

ter clean adsorbent and adsorb extensively. However, in doing

so, they might block many of the passageways to the smaller

internal pore spaces. As a result, when the MTZ’s of the trace

compounds later move into the downstream portion of the

bed, access to the pores is hindered or prevented altogether.

Empirically, this effect is manifested as a substantial decrease

in the apparent pore and surface diffusivity of the trace

compound compared to the corresponding values on fresh

adsorbent, or, if the diffusivity is lowered sufficiently, an

apparent decline in the adsorptive capacity. Some efforts have

been made to account for this so-called “preloading” effect,

but they are inherently empirical due to the uncertain and

inconsistent composition of the NOM.

In theory, this kinetic limitation on sorption of the smaller

compounds should have no effect on the ultimate equilibrium.

That is, eventually the smaller compoundswould be expected

to migrate into the pores and outcompete the natural com-

pounds to the same extent that they would if they had arrived

earlier. However, as a practical matter, the decreased effective

diffusion rate can cause the trace compounds to break through

the bed long before adsorptive equilibrium is reached. Thus,

although the models developed in previous sections provide

the essential framework for predicting and/or interpreting

competitive adsorption in dynamic systems, one must be

cautious to test whether the assumptions of the model apply

as reliably in such systems as in single-adsorbate systems.

8.8 ADSORBENT REGENERATION

When the contaminant concentration in the effluent from an

adsorption bed exceeds acceptable levels, the bed must be

removed from service, and the adsorbent must be either

regenerated or disposed of.Often, adsorption is uneconomical

unless the adsorbent can be regenerated and reused.

One approach for regenerating spent adsorbent is to

expose the solid to a solution containing a weakly adsorbing

species at an overwhelming concentration. Using that

approach, it is often possible to cause the weakly binding

species to outcompete the more strongly binding adsorbates

for the surface sites, even though the affinity of the weak

adsorbate for the sites is relatively small.

If most of the sites are on the exterior surface of the

adsorbent, or if transport into the interior of the adsorbent is

rapid (as in ion exchange resins), then regeneration can be

carried out rapidly in situ, without removing the adsorbent

from the bed. Systems that can be regenerated in this manner

typically target hydrophilic (usually ionic) adsorbates, such

as metals or inorganic anions. In such cases, if the surface

sites are weak acids or bases, the adsorbent might be

regenerated by exposure to an acidic or basic solution,

respectively. Strongly acidic or strongly basic adsorbents

have negligible affinity for Hþ or OH�, respectively, and
hence must be regenerated with other ions, such as Naþ or

Cl�. A typical reaction and conditions for each of these types

of regeneration processes are shown in Table 8-6.

When an adsorbent that has been used to collect a

multivalent contaminant is regenerated with a concentrated

solution of a monovalent salt, the high ionic strength of the

regenerant contributes to the regeneration efficiency through

its effect on activity coefficients, above and beyond the

effect of concentration on the separation factor, as described

in Chapter 7. The reason is that increasing ionic strength

decreases the activity coefficient of all dissolved ions, but

the magnitude of the effect increases dramatically with

increasing ionic charge. Therefore, even if the ionic strength

were increased by an inert (nonsorbing) ion, it would

diminish the activity of dissolved Ca2þ, for instance,

more than the activity of Naþ. The decreased dissolved

activity translates into a decreased tendency to adsorb, so the

selectivity of Ca2þ over Naþ diminishes with increasing

ionic strength. Thus, when an adsorbent that has been used to

collect Ca2þ from a low ionic strength solution like drinking

water (e.g., in an ion exchange process) is exposed to a

regenerant solution containing a high concentration of NaCl,

regeneration is favored by two related, but separable mech-

anisms. The high concentration of Naþ competes effectively

with Ca2þ for the available binding sites, based strictly on

mass action considerations, and the high ionic strength

makes the Naþ relatively more attractive to the resin than

Ca2þ, independent of the concentrations.

The efficiency with which the adsorbate can be recovered

from the solid during regeneration is usually very high

(>95%) for ion exchange resins, but is often lower for oxide

and other mineral adsorbents (80–90%). The adsorbate that

is not recovered is often referred to as being irreversibly

8 Keep in mind that NOM is a collection of a wide variety of organic

compounds, with a spectrum of sizes, molecular weights, molecular charge,

hydrophobicity, and other characteristics.
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adsorbed, suggesting that it has bound to especially strong

sites within the particle and therefore is not released as easily

as adsorbate bound to average sites. Such a process would be

expected to reduce the adsorption capacity of the adsorbent

in future treatment cycles, and indeed such a reduction in

capacity is often observed. However, in many cases, the

accumulation of irreversibly bound adsorbate in the adsorb-

ent particle has a surprisingly small effect on the adsorption

capacity in subsequent adsorption cycles. In fact, in some

cases, the cumulative amount of adsorbate remaining in the

solid after many treatment cycles exceeds the total amount

that adsorbed in the initial cycle, and yet the adsorbent

continues to function effectively. In these cases, it might be

that some transformation occurs that converts the adsorbate

to another form, such as a precipitate, causing it to be

retained but not to occupy a substantial number of surface

sites (or, perhaps, to provide new sites).

An additional issue that might arise during regeneration is

chemical transformation of the adsorbent itself, such as

partial dissolution of the adsorbent. For example, partial

dissolution of the solid leads to a steady decline in the

adsorptive capacity of activated alumina, if the solid is

regenerated by exposure to acidic or basic solutions.

As opposed to adsorbents that equilibrate rapidly with the

solution phase and that are used to adsorb hydrophilic

substances, adsorbents that are used to remove hydrophobic

compounds and those that are microporous (and hence

equilibrate slowly with solution) are not usually amenable

to in situ regeneration. Both of these characteristics apply

to GAC, so on-line regeneration of that adsorbent is

impractical for at least two reasons. First, the hydrophobic

adsorbates that are typically the target of GAC treatment

processes are so strongly attracted to the solid, and so

resistant to dissolution in water, that no reasonable modifi-

cation of the aqueous phase composition can reverse the

driving force for the adsorption reaction and cause

desorption to be favorable. Second, even if the driving force

could be reversed, the time required for the adsorbates to

migrate from deep inside the pore structure to the bulk

solution would keep the adsorbent out of service too long for

the process to be economical.

Because of these problems, GAC is usually regenerated

by removing it from the reactor and exposing it to extreme

conditions similar to those used to activate it in the first

place. Up to several percent of the GAC mass can be lost in

this process. In addition, physical changes within the adsorb-

ent particles, incomplete release of adsorbed compounds,

and precipitation of inorganic compounds in the pores when

the GAC is dried and heated can all diminish the adsorption

capacity of the material that remains (Cannon et al., 1997).

Nevertheless, such particles can often be reused several

times, and ongoing research into improved methods for

regeneration are likely to increase the adsorbent’s effective

lifetime.

8.9 DESIGN OPTIONS AND OPERATING

STRATEGIES FOR FIXED BED REACTORS

Fixed bed adsorption reactors are used in a variety of

configurations, each associated with a particular operating

and regeneration strategy. A single bed might be used and

completely regenerated as soon as the effluent concentration

exceeds the acceptable level, or several beds might be

operated in series or parallel. Although the decision about

which design to use in a given application must include cost

considerations, some simple mass balances can help identify

operating strategies that are technically feasible and there-

fore worth further evaluation.

The Minimum Rate of Adsorbent Regeneration
or Replacement

Consider a system in which, at intervals, some of the used

adsorbent is removed and replaced by fresh or fully regen-

erated adsorbent. To minimize the amount of fresh adsorbent

needed, the adsorbent being removed should contain the

maximum possible adsorption density of contaminant, for

the given influent composition; this maximum achievable

adsorption density is q�in, the adsorbent density in equilibrium
with the influent.9

A mass balance can be written on adsorbate in such a

reactor from a time immediately before one regeneration

step to a time immediately before another regeneration step,

separated by an arbitrarily large number of adsorption/

regeneration cycles. Assuming that the dissolved adsorbate

TABLE 8-6. Typical Conditions for Regenerating Adsorbents Used to Remove Ionic Adsorbates

Adsorbent Regeneration Reaction Typical Regenerant

Granular ferric hydroxide � FeO-Cuþ þ 2Hþ $ � FeO-H2
þ þ Cu2þ 0.01M HCl

Activated alumina � Al-Fþ OH� $ � AlO-Hþ F� 0.01M NaOH

Strong acid ion exchange resin � R-Agþ Naþ $ � R-Naþ Agþ 1.0M NaCl

Strong base ion exchange resin � R2-HAsO4 þ 2Cl� $ � R2-Cl2 þ HAsO4
2� 1.0M NaCl

9 A small portion of the adsorbent might equilibrate with a chromatographic

peak of the adsorbate, but identifying and selectively regenerating this small

amount of adsorbent is usually impractical.
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concentrations and the adsorption densities at these two

times are approximately equal, the amount of adsorbate

released from the adsorbent in the intervening regeneration

steps must equal the amount that adsorbed. Or, dividing

both of these quantities by the time period of interest, the

long-term average rates of adsorption and regeneration must

be equal.

Define X as the long-term average rate (mass/time) at

which spent adsorbent is either regenerated or removed from

the bed and replaced by fresh adsorbent. Because the mini-

mum value of X (Xmin) corresponds to an operating proce-

dure in which the adsorption density on the spent adsorbent

is q�in, the mass balance is

Rate at which

adsorbate is removed

from influent

0
@

1
A¼

Rate of adsorbate

release from adsorbent

by regeneration

0
@

1
A

Q cin � cout;avg
� � ¼ Xmin q�in � qfresh

� �
(8-73)

where cout,avg is the average adsorbate concentration in the

effluent during the time of interest. Then, assuming that the

adsorption density is zero on the fresh and/or regenerated

adsorbent, the minimum regeneration rate can be computed

as follows:

Xmin ¼
Q cin � cout;avg
� �

q�in
(8-74)

Interestingly, this computed value of Xmin is independent

of the number of packed beds in which the adsorbent is

distributed, the details of the solid/liquid contacting arrange-

ment (e.g., whether the beds are arranged for parallel or

series flow), and whether the adsorbent addition and removal

are continuous or intermittent.10 Nevertheless, those design

options do affect various aspects of system operation. In the

following section, we explore the benefits and drawbacks of

a few design options.

Design Options for Fixed Bed Adsorption Systems

Single Bed Designs The criteria for acceptable perform-

ance of an adsorption system might typically specify an

instantaneous or short-term maximum effluent concentra-

tion that must never be exceeded, a long-term average

concentration that cannot be exceeded, or both. In any of

these cases, it is useful to think of the criteria in terms of the

location of the MTZ when the system is regenerated. That is,

the criteria can be thought of as limiting how much of the

MTZ is allowed to leave the bed and enter the effluent stream

before the adsorbent must be regenerated.

If the MTZ is extremely thin (i.e., if the breakthrough

profile is very sharp) and easily monitored, we might choose

a design that consists of a single, packed bed that ismonitored

just upstream of the effluent port. Then, the system could be

operated until incipient breakthrough of the adsorbate, at

which time the adsorbent could be regenerated or replaced.

This situation is shown schematically in Figure 8-23a. In

practice, a second bed would often be included in the design,

both as a backup for upset conditions and so that flow could

be treated continuously (even when one bed was being

regenerated).

On the other hand, if the MTZ for the contaminant of

interest is relatively long, and if the maximum acceptable

effluent concentration is only a small fraction of the influent

concentration, then use of a single bed for the sorption

process would be impractical, even without consideration

of upset conditions or transitory needs. The problem with

such a system is that it would require that the media be

regenerated or replaced at a time when a large fraction of the

adsorbent’s capacity remains unutilized, as demonstrated in

(b)

z

(a)

Contaminant
breakthrough

profile

Unused
adsorption
capacity

Adsorption
capacity
utilized

c c 

z

cin cin 

FIGURE 8-23. Comparison of concentration profiles and the

utilization of adsorption capacity in two packed beds at the time

when the contaminant concentration is the maximum allowable in

the effluent. The bed on the left (a) has a much shorterMTZ than the

one on the right (b), and so more of the adsorption capacity is

utilized in bed (a).

10 Xmin can be also interpreted as the rate (mass of adsorbent per unit time)

at which media that is in equilibrium with the influent is generated in (and

therefore must be removed from) the bed. This rate is closely related to the

rate at which the MTZ sweeps through the bed. Specifically, the volumetric

rate at which portions of the bed reach equilibriumwith the influent (volume

of bed per unit time) can be expressed as the product vMTZAR. Therefore,

Xmin and vMTZ are related by Xmin ¼ rbvMTZAR.
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Figure 8-23b. In such situations, it becomes attractive to

decouple contaminant breakthrough from the timing of

adsorbent regeneration and/or replacement. That is, it

becomes attractive to operate the system in such a way

that the effluent is always far from breakthrough, but the

capacity of the media undergoing regeneration is never-

theless maximally utilized; that is, q ¼ q�in. This goal can be
achieved by treating the influent in a group of fixed beds in

series, as described next.

Packed Adsorption Beds in Series: “Merry-Go-Round”
Systems If adsorbent can be regenerated rapidly and on-

site, as is typically the case for ion exchange systems and

also many oxide-based adsorbents, treatment can often be

efficiently carried out in a group of several packed beds in

series. The decision about how many reactors to use, and

how large each one should be, depends on a number of

considerations. However, in all cases, the goal is to achieve

an adsorption density of q�in throughout the first (most

upstream) bed, and to regenerate that bed before the con-

taminant concentration in the effluent from the final (most

downstream) bed exceeds the maximum acceptable value.

Such an arrangement is shown schematically in Figure 8-24.

In the figure, Beds II, III, and IVare arranged in series and

comprise the current treatment system. Bed II is near com-

plete breakthrough, Bed III contains most of the MTZ, and

Bed IV is polishing the flow, so that the effluent contains

almost no contaminant. Bed I is offline and is being regen-

erated. A short time earlier, Bed I was in the most upstream

position, followed by Bed II and Bed III, with Bed IV being

out of service and undergoing regeneration. Shortly after the

time shown, Bed II would be taken offline and regenerated,

Beds III and IVwould bemoved upstream (so that the influent

entered Bed III), and Bed I would be placed in the treatment

sequence downstream of Bed IV. This arrangement is some-

times referred to as a merry-go-round system.

Because the minimum rate of adsorbent regeneration is

independent of the number of beds in the system, a success-

ful merry-go-round system could be designed with any

number of beds >1. That is, we could choose to use only

two beds, in which case the entire MTZ (or, at least, the

portion of the MTZ with contaminant concentration greater

than the maximum allowable concentration) would have to

be contained in one bed while the second bed was being

regenerated. Alternatively, we could use a much larger

number of beds (say, 10) to accomplish the same treatment

goal, in which case the MTZ could be spread among nine

beds when one bed was being regenerated.

Generalizing this trend, for a system with n beds, the

volume of adsorbent in each bed (Vbed) would have to be at

least VMTZ/(n� 1), where VMTZ is the volume of bed occu-

pied by the MTZ. The corresponding total volume of

adsorbent in the entire system would be Vtot¼ nVbed.

Thus, the minimum total adsorbent requirement for a system

designed as n fixed beds in series can be related to the

volume occupied by the MTZ as follows:

V tot ¼ n

n� 1
VMTZ (8-75)

Mtot ¼ n

n� 1
rpVMTZ (8-76)

where Mtot is the total mass of adsorbent in the bed.

Equation 8-76 indicates that the adsorbent requirement

decreaseswith increasing n, but that themarginal benefit of an

additional bed diminishes as n increases. As n increases, the

frequency of regeneration must also increase, because, with

increasing n, each bed contains less adsorbent and hence

becomes saturated (reaches q�in) faster. Remember, however,

that the overall rate of media regeneration (mass regenerated

per unit time) would be independent of n; that parameter is

determined solely by the adsorbate loading rate (mass/time)

andq�in. Thus, the trade-off to be consideredwhendetermining

the number of beds is that as the number of beds increases, the

total volume of media required decreases, but the capital cost

of the mechanical parts of the system (beds, plumbing, etc.)

increases. In the limit, systems can be designed with continu-

ous removal and regeneration of small amounts of adsorbent,

so that the Vads,tot�VMTZ. An example design for such a

system is shown in Figure 8-25.

II III IV I

Fresh 
regenerant 

Regenerant loaded 
with contaminant 

Influent 

Effluent
c 

cin0

FIGURE 8-24. Schematic of a merry-go-round adsorption/

regeneration process. Thick lines show the concentration profiles

in the various reactors, with c¼ 0 on the left edge and c¼ cin on the

right. Beds II, III, and IV are online and are operated in series to

treat the influent, and Bed I is being regenerated offline.
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Packed Adsorption Beds in Parallel In some cases, it is

not necessary to operate the system in a way that prevents

any significant contaminant breakthrough, but only in a way

that reduces the influent concentration substantially.

Assume, for instance, that 75% removal of a target adsorbate

is required on a steady basis. One strategy that accomplishes

this goal is to construct a system that prevents any significant

breakthrough and use it to treat only 75% of the total flow.

The treated and untreated water could then be blended to

yield an acceptable final product. However, if the influent

concentration fluctuated significantly, such a design would

transmit those fluctuations into the product water (via the

untreated portion of the water).

An alternative design that accomplishes the same goal,

but damps the fluctuations in influent and effluent concen-

trations, involves treating all the water in a group of packed

beds in parallel. If the beds are operated such that theMTZ is

at a different location in each bed, the adsorbent in each bed

could be regenerated as (or somewhat after) that bed reached

complete breakthrough, while the breakthrough from the

other beds remained negligible. For instance, if 75% con-

taminant removal was required, a system with four beds

could be installed. The beds would then be operated out of

phase with one another, so that when the MTZ was near the

top of one bed, it was at approximately 25%, 50%, and 75%

of the total bed depth in the other three.

After a while, breakthrough would occur in the bed with

the MTZ nearest the bottom. If the MTZs were sharp

enough, that bed could be operated until essentially

complete breakthrough, and then regenerated. In that way,

even while that bed was experiencing complete break-

through, the concentration in the blended effluent from all

four beds would not exceed approximately 25% of the

influent concentration. Transient increases and decreases

in the influent concentration would cause all the MTZs to

move through the beds at slightly faster or slower rates.

However, they would also lead to corresponding fluctuations

in the amounts adsorbed in the beds and so would not appear

instantly as spikes in the effluent.

Numerous other operating strategies have been proposed

for adsorption reactors, based on the particular needs being

addressed (whether the contaminant is a trace or major

component of the solution, how costly the adsorbent and

valuable the adsorbate are, the extent of competition

expected, etc.). In light of the diversity and ever growing

number of adsorbents available, and the rapidly expanding

list of compounds for which adsorptive treatment appears to

be a good option, design of adsorption systems is likely to

undergo substantial development in the coming years.

8.10 SUMMARY

Adsorption is carried out in a wide variety of reactors in

water and wastewater treatment systems, including batch

reactors, reactors with continuous flow of both solution and

adsorbent, and those with flow of solution but not of the

adsorbent. Any of these systems might be operated under

conditions where the solid and solution throughout the

reactor are continuously close to equilibrium with one

another, or other conditions where only a portion or none

of the system is close to equilibrium.

The behavior of reactors in which adsorption is occurring

can be analyzed by writing mass balances describing the

various components and compartments of the system. In the

most general case, mass balances on the adsorbate in bulk

solution, the boundary layers surrounding the adsorbent

particles, and the particles themselves can be written and

linked by the boundary conditions, since each of these

control volumes shares a boundary with at least one of

the others. At least in theory, when these mass balances

are combined with known initial conditions and the values of

various system-specific properties, the equations can be

solved to yield the adsorbate concentration(s) throughout

the system at all times.

As a practical matter, the equations are much easier to

solve if certain simplifying assumptions are made.While the

applicability of many of these assumptions is system-

specific (e.g., well-mixed solution phase, rapid transport

of the adsorbate throughout the adsorbent volume, negligi-

ble mass transfer resistance in the boundary layer), a few are

applied almost universally to all adsorptive systems. The

most important of these assumptions is that the adsorption

Regeneration 

Adsorbent Influent 

Effluent 

FIGURE 8-25. A packed bed adsorption system with continuous

adsorbent regeneration. The system utilizes an upflow flow pattern.

Adsorbent is continuously removed from the bottom of the bed,

regenerated, and added to the top of the bed.
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reaction itself is never rate limiting. Put another way, the

adsorbent surface and the solution immediately adjacent to it

are assumed to attain equilibrium instantaneously.

Even with the assumptions noted above, the system of

equations describing the temporal and spatial profiles of

adsorbate in a system often have no closed-form solution.

However, computer software is available for solving the

equations numerically, and the results tend to follow a few,

consistent patterns. In batch systems with slow approach to

equilibrium, the soluble adsorbate concentration typically

decreases rapidly initially, as the adsorbate binds to the

exterior sites on the adsorbent. Thereafter, adsorption slows,

being limited by the rate at which exterior surface sites

become available due to the diffusive migration of adsorbate

into the interior of the particle. The process continues, at an

ever-diminishing rate, until the adsorption density through-

out the particle is uniform and in equilibrium with the

dissolved concentration that exists throughout bulk solution

and also in the interior pores.

In fixed bed adsorption systems, the dissolved concentra-

tion of adsorbate usually develops a characteristic spatial

profile: the adsorbate is present at its influent concentration

near the inlet and for some distance downstream; the con-

centration is almost zero near the outlet and for some

distance upstream of that location; and it changes rapidly

as a function of distance in a short zone, called theMTZ, that

connects these two limiting regions. The shape of the MTZ

is controlled primarily by the resistance to adsorbate trans-

port through the boundary layer and into the interior of the

adsorbent particles, although the shape of the adsorption

isotherm also plays a role. In general, the MTZ is predicted

to be virtually a square wave if adsorptive equilibrium is

reached rapidly, and it spreads out and acquires increasing

curvature as mass transfer resistance (either internal or

external) increases.

In the absence of reactions that destroy the adsorbate in

the reactor, fixed beds never reach a steady state, because

adsorbate accumulates continuously in the system. This

accumulation is manifested as a steady migration of the

MTZ from the influent to the effluent end of the bed.

Although the shape of the MTZ depends on the kinetics

of migration of adsorbate to the adsorbent surface and

diffusion into the interior of the particle, the velocity of

the MTZ through the column is equilibrium-controlled.

When the MTZ passes through the effluent port, the con-

taminant is said to be breaking through the bed. Once

complete breakthrough occurs, nomore adsorbate is removed

fromwater passing through the bed, and the adsorbentmust be

either regenerated or disposed of. On the other hand, if a

chemical reaction that destroys the adsorbate occurswhile it is

in the bed or bound to the solid, then a steady state might

be achieved in which the adsorbate exits the bed in the

effluent stream at a steady rate that represents the difference

between its loading rate and its rate of destruction. One

example of such a process involves the biological degrada-

tion of adsorbed contaminants on the surface of activated

carbon, in a process known as bioregeneration.

Microporous, granular adsorbents might take a very

long time to reach equilibrium with an influent solution,

because of the slow transport of adsorbate deep into the

particles. To predict the performance of such systems,

techniques have been developed to extrapolate data from

short-term tests in small beds to much larger beds over

much longer times of operation. These tests, widely

referred to as RSSCTs, are based on similitude between

the small and large systems. In cases where the apparent

diffusivity of the adsorbate in the interior of the adsorbent

particle is identical in the small- and large-scale systems,

complete similitude can be achieved, and the results of

small-scale tests can be used directly to predict the per-

formance of large-scale systems. In other cases, the appar-

ent diffusivity of the adsorbate on the small particles used

in the RSSCTs differs from that on the larger particles used

in the full-scale system, and similitude can be approxi-

mated, but not achieved completely. Although predictions

based on RSSCTs are never perfect, they are often quite

good, and they can be relied upon to provide valuable

preliminary information for design.

Competition in adsorption beds diminishes the adsorption

of all adsorbates, but especially that of weaker binding

species. In systems that equilibrate rapidly, weakly binding

adsorbates bind and are stored in the bed downstream of

more strongly binding adsorbates. Then, when the stronger

adsorbates migrate into the downstream region, the weaker

ones are desorbed, causing their concentration in solution to

exceed their influent concentrations transiently. When the

so-called chromatographic peak of the weaker adsorbate

reaches the effluent port, the concentration of that species

can be (again, transiently) much higher than its influent

concentration. If the species is toxic or harmful in other ways

to consumers or downstream processes, the peak can have

severe consequences.

In theory, competitive adsorption should have only a

small effect on the strongest binding adsorbate in a system.

However, if weakly binding adsorbates that bind down-

stream in the early part of an adsorption run do not desorb

rapidly when the more strongly binding adsorbate arrives,

the strong adsorbate might be precluded from adsorbing and

hence might break through the bed much sooner than would

be predicted based on competitive adsorption equilibrium.

Once the adsorbent in any system has reached equilibrium

with the influent solution, the adsorbent is no longer capable

of collecting adsorbate. Its usefulness can be recovered by a

regeneration process, whichmight be carried out either in situ

or after removing the adsorbent from the reactor, depending

on the particular adsorbent in use. Adsorbents used to collect

hydrophilic adsorbates such as metals or other ions can often

be regenerated in situ by exposure to an aqueous solutionwith
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a different composition from the influent. On the other hand,

adsorbents used to collect hydrophobic adsorbates usually

require a more severe regeneration process, such as heating or

exposure to a nonaqueous solvent, that is usually carried out in

a separate reactor, often offsite.

The wide range of adsorbates that one might wish to

remove from water, with similarly wide ranges of influent

and target effluent concentrations, has led to a plethora of

adsorption system designs. Assuming that the influent

flow rate and composition are not subject to manipulation,

the design choices for a fixed bed system include the

identity and characteristics (e.g., size) of the adsorbent

particles, the number of beds, bed dimensions, whether

the beds are arranged in series or parallel, and possibly the

composition of the regenerant. Given the regulatory trend

requiring removal of ever more contaminants to lower

levels, and the attractiveness of adsorption to achieve

those goals, novel adsorbents and contacting schemes

are likely to be the focus of much research in coming

years.

REFERENCES

Cannon, F.S., Snoeyink, V.L., Lee, R.G., and Dagois, G. (1997)

Effect of iron and sulfur on thermal regeneration of GAC.

JAWWA, 89 (11), 111–122.

CenCITT (1999) AdDesignSTM: Adsorption Design Software for

Windows. The National Center for Clean Industrial Treatment

Technologies, Michigan Tech. Univ., Houghton, MI.

Clifford, D.A. (1982) Multicomponent ion-exchange calculations

for selected ion separations. Indust. Eng. Chem. Fund., 21 (2),

141–153.

Crittenden, J.C., and Weber, W.J. (1978) Predictive model for

design of fixed-bed adsorbers: parameter estimation and

model development. J. Environ. Eng. (ASCE), 104 (EE2),

185–197.

Crittenden J.C., Hutzler, N.J., Geyer, D.G., Oravitz, J.L., and

Friedman, G. (1986) Transport of organic compounds with

saturated groundwater flow: model development and parameter

sensitivity. Water Res., 22 (3), 271–284.

Crittenden, J.C., Berrigan, J.K., and Hand, D.W. (1986) Design of

rapid fixed-bed adsorption tests for a constant diffusivity.

J. Water Poll. Control Fed., 58 (4), 312–319.

Crittenden, J.C., Berrigan, J.K., Hand, D.W., and Lykins, B.W.,

Jr., (1987) Design of rapid fixed-bed adsorption tests for

nonconstant diffusivities. J. Environ. Eng. (ASCE), 113 (2),

243–259.

Crittenden, J.C., Reddy, P.S., Arora, H., Trynoski, J., Hand, D.W.,

Perram, D.L., and Summers, R.S. (1991) Predicting GAC

performance with rapid small-scale column tests. JAWWA,

83 (1), 77–87.

Cummings, L., and Summers, R.S. (1994) Using RSSCTs to predict

field-scale GAC control of DBP formation. JAWWA, 86 (6),

88–97.

Erlanson, B.C., Dvorak, B.I., Speitel, G.E., Jr., and Lawler, D.F.

(1997) Equilibrium model for biodegradation and adsorption of

mixtures in GAC columns. J. Environ. Eng. (ASCE), 123 (5),

469–478.

Hand, D.W., Crittenden, J.C., and Thacker, W.E. (1983) User-

oriented batch reactor solutions to the homogeneous

surface diffusion model. J. Environ. Eng. (ASCE), 109 (1),

82–101.

Hand, D.W., Crittenden, J.C., and Thacker, W.E. (1984) Simplified

models for design of fixed-bed adsorption systems. J. Environ.

Eng. (ASCE), 110 (2), 440–456.

Knocke, W.R., Occiano, S.C., and Hungate, R. (1991) Removal

of soluble manganese by oxide-coated filter media:

Sorption rate and removal mechanism issues. JAWWA, 83

(8), 64–69.

Merkle, P.B., Knocke,W.R., Gallagher, D.L., and Little, J.C. (1997)

Dynamic model for soluble Mn2þ removal by oxide-coated

filter media. J. Environ. Eng. (ASCE), 123 (7), 650–658.

Najm, I. (1996) Mathematical modeling of PAC adsorption pro-

cesses. JAWWA, 88 (10), 79–89.

Speitel, G.E., and DiGiano, F.A. (1987) The bioregeneration

of GAC used to treat micropollutants. JAWWA, 79 (1),

64–73.

Speitel,G.E.,Dovantzis,K., andDiGiano, F.A. (1987)Mathematical-

modeling of bioregeneration in GAC columns. J. Environ. Eng.

(ASCE), 113 (1), 32–48.

Summers R.S., Hooper, S.M., Solarik G., Owen, D.M., and Hong,

S.H. (1995) Bench-scale evaluation of GAC for NOM control.

JAWWA, 87 (8), 69–80.

Tirupanangadu, M.S., Clifford D.A., and Guanhua, G. (2002)

EMCT Windows 2.0: A Visual Basic Application for Multi-

component Chromatography in Ion Exchange Columns, Univ.

of Houston, Dept. of Civil and Environmental Engineering,

Houston, TX.

PROBLEMS

8-1. The following data were collected for uptake of

trichlorophenol (TCP) on an activated carbon. The

initial TCP concentration was 100mg/L in all cases.

Carbon Dose (mg/L) Final TCP (mg/L)

8 96

45 78

80 65

125 50

200 41

275 27

460 16

1100 5.2

3500 1.1

8000 0.4
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(a) Determine the best-fit parameters for fitting the

data with a Freundlich adsorption isotherm.

(b) An industrial plant must meet an effluent dis-

charge limit of 1 g TCP/d. How much carbon

would be used per day in a CFSTR in which

adsorptive equilibrium is reached quickly, if

process flow was 600,000 L/d of a waste con-

taining 100mg/L TCP?

(c) How much carbon would be required per day if

this stream were treated in two sequential batch

reactors, with half of the activated carbon added

in each?

8-2. (a) An industry generates a waste stream contain-

ing 5.0mmol/L of an organic contaminant and

must meet an effluent limitation that allows a

maximum of 1.0mol/d of the contaminant to

be discharged. Adsorption of the contaminant

on PAC follows a Langmuir isotherm with

Kads¼ 12.0 L/mmol and qmax¼ 1.8mmol/g.

How much carbon would be used per liter of

wastewater and per day in an equilibrium

adsorption process if the process flow was

400,000 L/d?

(b) The plant is considering an expansion that

would double its wastewater flow rate to

800,000 L/d. However, the discharge limitation

will not change. Compute the increases in the

required concentration and daily requirement

for PAC.

(c) Determine the total daily requirement for activated

carbon after the expansion if the treatment process

is carried out in two steps: first, some activated

carbon is added to the water and, after the system

reaches equilibrium, the activated carbon is fil-

tered out and a second, equal dose of activated

carbon is added to achieve the treatment goal.

8-3. A pesticide manufacturer is using activated carbon to

adsorb traces of the pesticide in the plant waste stream.

The adsorption of the pesticide on the carbon can be

characterized by the Freundlich isotherm q ¼ 14c0:3,

where c is in mg/L and q is in mg of pesticide per

gram of activated carbon.

Currently, to stay below the maximum allowing

discharge concentration of 0.02mg pesticide/L, the

company is adding activated carbon at a dose of

200mg per L of waste in a well-mixed tank. The

carbon is then filtered before the water is discharged.

(a) Assuming that the adsorption reaction reaches

equilibrium, estimate the pesticide concentra-

tion (mg/L) in the treated wastewater.

(b) An engineer claims that by placing the activated

carbon in a column through which the water

flowed, rather than adding it to the waste solu-

tion in a well-mixed tank, the same amount of

activated carbon could treat at least 10 times as

much water. Do you agree? Explain briefly.

8-4. A dissolved contaminant in a water supply is to be

removed by adsorption onto activated carbon. The

sorption reaction for this particular contaminant and

activated carbon is characterized by the Langmuir

adsorption isotherm, with qmax¼ 77mg contaminant

per gram activated carbon and Kads¼ 10L/mg

contaminant.

The treatment process involves two steps: first,

some activated carbon is added to the water and, after

the system reaches equilibrium, the activated carbon

is filtered out; then, a second, equal dose of activated

carbon is added to the water. The mass of activated

carbon added in each dose is identical.

(a) If the first dose reduces the concentration of

dissolved contaminant from 1.0 to 0.3mg/L,

how much activated carbon is added per liter

of water?

(b) Determine the concentration of contaminant

remaining in solution after the second dose

of activated carbon equilibrates and is filtered

out of the water.

8-5. As a result of leakage from a storage tank, a

groundwater aquifer has been contaminated with

trichloroethylene (TCE). The concentration of

TCE is 108mg/L in an extended volume of the

aquifer. The maximum contaminant level (MCL)

established by the US EPA for this contaminant in

drinking water is 5mg/L. Awater provider proposes

to use activated carbon to treat the groundwater at a

rate of 4.0m3/min. The equilibrium adsorption iso-

therm for TCE on Calgon F400 activated carbon is

q ¼ 0:034c0:65, where q is in grams sorbed per gram

of activated carbon, and c is in mg/L. The treatment

is to be achieved using PAC in a well mixed, steady-

state reactor, followed by flocculation and settling.

The detention time in the system is sufficient to

assure that equilibrium is achieved prior to removal

of the PAC.

(a) Calculate the daily requirement for PAC to

achieve the treatment objective.

(b) Calculate the daily requirement for PAC if the

treatment is achieved in a two-stage contactor,

with each stage having a residence time suffi-

cient for equilibrium to be achieved, and the

PAC from the first stage being removed from the

suspension before the water enters the second

stage. Equal amounts of fresh PAC are added to

each of the two stages.
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(c) Calculate the minimum possible PAC dose rate,

based on a model treatment process in which the

PAC reaches equilibrium with the influent solu-

tion. An idealized scenario in which such a

situation would apply is counter-current flow

of the PAC and water; that is, a system in which

the PAC moves upstream (against the water

flow) and exits at the location where the influent

enters. Note that this scenario is different from

that considered in part (b), in which the PAC is

removed after each stage of treatment.

8-6. Determine whether PAC or GAC is a more efficient

long-term method of activated carbon application

to remove tetrachloroethene (commonly referred to

as perchloroethylene, PCE) from a groundwater

source, based on the carbon use rate (kg/d). The

groundwater contains 0.200mg/L PCE, and the

maximum effluent concentration is 0.005mg/L.

The results of batch equilibrium tests can be fit

by the Freundlich isotherm: q¼ 150c0.51, where c

is in mg/L and q is in mg/g. The flow rate is

1000m3/day. Compare the carbon usage rates for

the following two scenarios:

(a) PAC addition to a CFSTR operated at

c¼ 0.004mg/L.

(b) A GAC column operating as a PFR, that is

2.0m long. The MTZ in the reactor has a

length of 1.0m, and the GAC is taken offline

as soon as the front of the MTZ reaches the end

of the column. Assume that the profile of

adsorption density versus depth in the MTZ

can be approximated as a symmetric, S-shaped

curve.

8-7. The adsorption of TCE on a certain activated carbon

is described by the following Freundlich isotherm:

q ¼ 52c0:55

where c is in mg/L and q is in mg/g. A groundwater

containing 1.5mg/LTCE is to be treated in an adsorp-

tion column at a flow rate of 12m3/min. Estimate the

daily consumption rate of activated carbon.

8-8. The following data are effluent concentrations from

a test of a column packed with GAC and fed an

influent containing 50mg/L phenol. Both equili-

brium and kinetics affect these results. You may

assume that the effects of biodegradation, competi-

tion with NOM, and variations in water chemistry

were negligible during the test. The effluent phenol

concentration was essentially zero for the first

19 days of the test.

Time (Days) Effluent Concentration (mg/L)

0.0 0.0

19.20 0.07

19.41 0.3

19.90 4.5

20.27 14.1

20.46 19.7

20.65 26.9

20.83 33.9

21.20 43.5

21.57 48.2

22.00 49.8

23.0 50.0

(a) Plot on a single figure both the above effluent

data and the effluent profile expected if equili-

brium is established instantaneously and the

MTZ is negligibly thick, using c/cin and time

as axes.

(b) If breakthrough is defined as the time when

c¼ 70mg/L, what is the time to breakthrough

for the column data?

(c) Find the fractional utilization of the activated

carbon for this column. The fractional utiliza-

tion is described as follows:

Fractional utilization

¼Mass of contaminant adsorbed at breakthrough

Mass of contaminant adsorbed if all carbon

reaches equilibrium with influent

(d) Discuss ways in which the fractional utilization

of the adsorbent might be increased, without

exceeding the breakthrough concentration.

8-9. Designers are considering using a fixed bed instead

of a batch system to treat the water described in

Problem 7-4. The bed has a diameter of 1.0m and is

packed with GAC to a depth of 3.5m, and the bed

density (rb) is 790 kg/m
3.

(a) What is the minimum rate (kg/d) at which the

GAC must be disposed and/or regenerated?

What conditions must be met for this minimum

rate to be applicable? What treatment period

(days) does this replacement rate correspond to?

(b) If the MTZ has a length of 1.5m and has a

symmetric “S” shape, and regeneration is

required as soon as any concentration of

Alachlor is seen in the effluent, what are the

minimumGAC usage rate and the GAC replace-

ment rate?
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(c) Suggest an operating procedure for the regener-

ation step that would cause the GAC usage rate

to approach that determined in part (a), even if

the MTZ were 1.5m, as in part (b)?

8-10. A fixed bed adsorber packed with GAC is being

designed to treat groundwater that has been contami-

nated by TCE, at a concentration of 2mg/L. Adsorp-

tion of TCE onto the GAC is characterized by the

Freundlich isotherm: q ¼ 0:034c0:65, where q is in g

TCE/g GAC and c is in mg TCE/L. The preliminary

choices for the design parameters are as follows:

Flow rate 4m3/min

Maximum bed diameter 4m

Bed depth 4m

Superficial fluid velocity 10m/h

GAC grain diameter 1mm

Bed density, rb 450 kg/m3

Void fraction of bed, e 0.4

Grain internal void fraction 0.65

Mass transfer zone (MTZ) length 2m

(a) Calculate the EBCT, in minutes.

(b) What diameter of bed is needed? (Note: If the

necessary diameter is greater than 4m, you will

need to use more than one bed, operated in

parallel.)

(c) Calculate the residence time of a nonadsorbing

tracer in the bed. Assume that diffusion of tracer

into the internal pores of the GAC particles is

negligible.

(d) Sketch a breakthrough curve (concentration

versus time) for TCE, assuming that the feed

contains 2mg/L TCE and that the breakthrough

profile is symmetric (“S”-shaped) and is cen-

tered around equilibrium plug flow behavior.

Your plot should accurately show the times of

(i) first breakthrough, (ii) cout¼ 0.5 cin, and

(iii) final breakthrough (cout¼ cin).

(e) Approximately, how many empty BVs of water

can be treated before breakthrough occurs?

Replot the breakthrough curve as concentration

versus BVs fed (BV¼ empty BV).

(f) Assumingregenerationofthebedatthetimeoffirst

breakthrough, estimate the average GAC usage

rate. How much could the GAC usage rate be

reduced if two identical columns with the above

design were constructed and operated in series?

8-11. An activated carbon adsorption column has been

operated to remove a particular contaminant from a

solution in which it is the only adsorbable species.

Adsorption in the system can be characterized by a

Langmuir isotherm with qmax¼ 18mg/g and Kads

¼ 0.013 L/mg. The system is operated until the

contaminant, which is present in the influent at a

concentration of 9mg/L, breaks through the column

completely. The column contains 150 kg of acti-

vated carbon.

(a) How much contaminant (in mg) is adsorbed in

the column?

(b) The hydraulic residence time of fluid in the

column is 10min. After the contaminant has

completely broken through the column as

described above, the influent concentration sud-

denly increases to 18mg/L.Would youexpect the

effluent concentration after 10min (i.e., after the

water with the higher influent concentration

makes it through the column to the effluent

end) to be substantially less than, approximately

equal to, or substantially greater than 18mg/L?

Explain.

8-12. An adsorption column packed with activated carbon

is operated until the effluent concentration is 4mg/L,

which is 50% of the influent concentration. For the

contaminant being removed, adsorption on the acti-

vated carbon can be described by a Langmuir

isotherm with Kads¼ 0.125 L/mg and qmax¼ 15mg

of contaminant per gram of activated carbon. The

column contains 700 kg of activated carbon. Based on

your understanding of the shape of breakthrough

curves, make a rough estimate of the total mass

of contaminant that has adsorbed. Explain your

reasoning.

8-13. An adsorption column is being used to treat a waste

stream that is generated at a rate of 40 L/min for 12 h

each day; no wastewater is generated during the

remainder of the day. The following two modifica-

tions to the treatment process are being considered:

(a) Reducing the flow rate to 20 L/min but operating

24 h/d, thereby treating water at the same overall

rate.

(b) Collecting the effluent during the 12-h treatment

period and passing it through the column during

the 12-h down time in the hopes of removing

more contaminant.

Discuss the likely impacts on overall contaminant

removal of each of these options. Consider both

possibilities that adsorptive equilibrium is and is

not reached quickly.

8-14. Two adsorbates, A and B, have been entering a

column adsorption system for a long enough time

that both have broken through completely. The

breakthrough curves for both species are shown in
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Figure 8-Pr14. The influent concentration of A then

drops abruptly to zero, while that of B continues at a

steady rate. In independent tests using only one

adsorbate at a time, each adsorbs according to a

Langmuir isotherm. Sketch the concentrations of A

and B that you expect to see in the effluent for the

subsequent time period, until a new steady state is

reached. Explain your reasoning briefly.

8-15. Adsorption is one approach for removing NOM from

drinking water. Because NOM is a mixture of diverse

organic compounds, with correspondingly diverse

adsorption properties, the dissolved concentration and

adsorption density of NOM are frequently evaluated in

termsof theorganiccarbonconcentration.That is,cNOM
andqNOMare frequently reportedasmgDOCper literof

solution and per gram of adsorbent, respectively.

One way to evaluate the affinity of the NOM in a

given rawwater for an adsorbent is to perform a test in

which various dilutions of the raw water are contacted

with the adsorbent in batch systems. In each test, the

suspension is mixed until equilibrium is presumed to

have been attained, and the concentration and adsorp-

tion density of NOM, quantified in terms of DOC, are

measured. The data can then be extrapolated to the

adsorption density that would be in equilibrium with

the DOC concentration in the raw water.

Alternatively, the original water can be diluted by

various factors and passed through a column packed

with the adsorbent. In that case, once the effluent

DOC equals the influent value, the water is assumed

to have equilibrated with the adsorbent in the col-

umn, and the equilibrium adsorption density can be

computed based on the cumulative removal of DOC

up to that point.

If tests such as those described above are carriedout,

the adsorption density in equilibrium with the full-

strength raw water is typically higher in the column

test than the extrapolated value in the batch test.

Explain this result in terms of the heterogeneity of

the molecules that make up the NOM.

8-16. Consider a well-mixed suspension of solids in an

aqueous solution, in contact with an overlying gas

phase. A particle-free solution flowing into the sys-

tem contains reactant A, but no product P. Thus,

particles are present in the initial suspension and

are well mixed throughout the reactor, but no new

particles are entering; however, particles do exit the

reactor with the water. Solution exits the system at

the same flow rate as it enters. In the liquid phase, the

reaction 2A$ P is elementary in both directions,

with forward and reverse rate constants k2 and

k�1, respectively. These rate constants apply to the

expression for the rate of destruction and formation of

A; that is, to rA. In addition, molecules of A can

adsorb to sites on the suspended solids, with adsorp-

tion equilibrium described by the Langmuir isotherm.

ThefluxofA to the surface frombulk solution can be

expressed as the product of a rate constant and the

difference between the hypothetical, equilibrium

adsorption density (based on the solution composition

at that time) and the instantaneous adsorption density.

During the time frame of interest, there is no significant

diffusion of adsorbed A into the interior of the solids.

Molecules of adsorbedA can be converted to P at a rate

rs;A ¼ �k2;sG
2
A. P is nonsorbable, so it enters solution

as soon as it is formed at the particle surface.

The constants and variables that describe the

system are summarized below.

Variables

cA, cP¼ instantaneous dissolved concentrations of A

and P, respectively (mol/L);

GA¼ instantaneous adsorption density of A

(mol/m2);

MA¼ instantaneous total mass of A in the system

(mol);

t¼ time (s).

Constants

QL¼ liquid flow rate (L/s)

VL¼ volume of liquid in system (L);

cA,in¼ influent concentration of dissolved A (mol/L);

Kmt,A¼mass transfer rate coefficient for adsorption

of A (s�1);

Ao
S=L ¼ solid/liquid interfacial area in the reactor at

time 0 (m2);

Time

c/cin 

1.0 

Adsorbate B

Adsorbate A 

FIGURE 8-Pr14. Breakthrough curves for two adsorbates in a

packed bed.
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k2, k�1¼ forward and reverse rate constants for rA
for the reaction 2A(aq)$ P(aq);

k2 in (mol/L)�1s�1; k�1 in s�1;

k2,s¼ rate constant for the reaction 2A(ads)! P

m2/(mol A s);

KLang,A¼Langmuir adsorption equilibrium constants

for A on the particles (L/mol);

Gmax,A¼maximum adsorption density ofA (mol/m2).

(a) Fill in the following table, indicating by a check-

mark those processes that must be included in

the specified mass balances.

Affects Mass Balance on

Process cA cP GA MA

Inflow of solution

Outflow of solution

Outflow of particles

Adsorption/desorption

Reaction in bulk liquid

Reaction on particle surface

(b) Write mass balances for dissolved A, dissolved

P, adsorbed A, and total mass of A in the system

at any future time t. The final expressions should

be of the form:

dcA

dt
¼ . . . ;

dcP

dt
¼ . . . ;

dGA

dt
¼ . . . ;

dMA

dt
¼ . . .

where the only variables to the right of the equal

signs should be cA, cP, GA. and t. Everything else

should be constants. Use the notation shown

above, and pay attention to units.

(Note: This problem sounds complicated at first,

but it is straightforward if one recognizes that each

process that can affect A and P corresponds to a

separate term in the mass balance. By following the

rules in Chapter 1 for what to include in a mass

balance, and how to include it, you should find that

the problem becomes very tractable.)

8-17. CompoundX (MW125) is released by an industry at a

steady concentration of 500mg/L in a process stream

flowing at 2m3/h. This stream is mixed with a second

stream, which has a flow rate of 3m3/h and does not

contain X. However, a competing adsorbate Y (MW

140) is present in the second stream at a concentration

of 700mg/L from 7 A.M. to 5 P.M. The industry wishes

to treat the water to remove X and Y by adsorption

onto PAC.

The adsorption of both X and Yonto the proposed

adsorbent reaches equilibrium quickly in comparison

with the contact time available. The binding of

each adsorbate follows a Langmuir isotherm, with

qmax¼ 2mmol X or Y/g PAC, Kads,X¼ 200L/g X,

and Kads,Y¼ 500L/g Y. The concentration of each

contaminant must be reduced to 3mg/L prior to

discharge to the local sewage treatment plant. Your

job is to identify which of several treatment options

uses the least carbon to accomplish the goal.

A tank of volume 120m3 is available for use as the

treatment system, yielding an overall residence time

of 24 h. Three treatment options are being consid-

ered. Option 1 is a batch operation, in which the

carbon would be added to the tank and the tank would

be filled over the ensuing 24-h period, after which the

water would be filtered to remove the carbon and

discharged. Option 2 is to operate the tank as a

CFSTR, with carbon added continuously at the

rate necessary to meet the treatment objective.

Option 3 is a more easily controlled, but more

conservative version of Option 2: the carbon would

be added at a steady rate determined to prevent the

effluent concentration from ever exceeding the

guideline. In this option, the effluent would be

cleaner than required during most of the day.

(a) After a few days, the total concentrations of X

and Y in the CFSTR versions of the treatment

system will establish a stable daily pattern. That

is, over any 24-h period, the total concentration

of each pollutant in the reactor will vary in a

consistent way, day after day. Determine this

daily pattern for total X and total Y in the

treatment system. (Hint: The equations needed

to solve this part of the problem include mass

balances on X and Y, equations describing

equilibrium of X and Y with the PAC, and

the effluent quality requirement.)

(b) Determine the carbon requirement for the batch

treatment option.

(c) Because the system reaches equilibrium

quickly, the equations used in part (b) are appli-

cable at any instant in the CFSTR systems,

although the numerical values to insert in those

equations might not be the same. Using the

results of parts (a) and (b), determine the daily

dosing pattern and the total daily requirement of

PAC for Option 2. Compare the total require-

ment with that for Options 1 and 3.

(d) Compute the efficiency of carbon usage in

Options 1 and 2 by computing the fraction of

the total available adsorption density that is used

in the treatment process. Compare these values
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with the efficiency that would be obtained if the

carbon came to equilibrium with the influent

solution. How might one take better advantage

of the available adsorption capacity of the

carbon?

8-18. An industry produces two waste streams. One stream

contains 0.5mg/Lm-chlorophenol and is generated at

an average rate of 18 L/min, while the other flows

at 50 L/min and contains no m-chlorophenol or

other adsorbable contaminants. The discharge permit

allows the industry to release 500mgm-chlorophenol

per day.

The plan is to treat the waste by adsorption onto

PAC in a CFSTR, and then filter out the PAC before

discharging the water. Sorption of m-chlorophenol

onto the PAC that has been chosen conforms to the

isotherm: q ¼ 59c0:22, where q is in mg/g and c is in

mg/L. Assuming that equilibrium is reached in each

case, compare the required PACdoses for scenarios in

which the plant adds the adsorbent to the single waste

containing the chlorophenol versus mixing the two

streams before treatment. Discuss the result briefly.

8-19. As indicated in Problem 7.13, the following isotherms

characterize adsorption of p-nitrophenol (PNP) and

benzoic acid (BA) onto a particular PAC:

PNP: q ¼ 89c0:13 BA: q ¼ 140c0:22

where c is in mg/L, and q is in mg/g. (Note: if you

solved Problem 7.13, some of the calculations from

that problem can be applied directly to this one.)

(a) PAC is to be added to a waste stream flowing at a

rate of 2� 106 L/d to reduce the PNP concen-

tration from 10 to 0.1mg/L. How much PAC is

required per liter of waste, and per day, if

equilibrium is attained?

(b) What would the adsorption density and the daily

GAC usage rate be if the waste described in part

(a) were treated in a fixed bed packed with GAC,

if the bed were operated until complete break-

through? Assume that the isotherm equation is

equally valid regardless of whether the activated

carbon is present as GAC or PAC.

(c) If the apparent density of the GAC particles

was 1.2 g/cm3 and the packed bed had a void

fraction of 0.38, how many BVs of feed could

be treated before breakthrough, assuming that

the breakthrough curve approximated a square

wave?

(d) If the waste contained both 10mg/L PNP and

15mg/L BA, what would the adsorption density

of each species be in a GAC column that was

used until complete breakthrough of both con-

taminants, if competitive adsorption was con-

sistent with the IAST? (Note: if you solved

Problem 7.13, some of the calculations from

that problem can be applied directly to this one.)

8-20. The key results of adsorption studies in columns are

usually data for the effluent concentration (cout) as a

function of time. However, such results are often

plotted on a normalized basis, as the ratio versus

of the effluent concentration to the influent concen-

tration (cout/cin) the number of BVs or pore volumes

of water passed through the column.

In Figure 8-Pr20, the results of an adsorption study

on a single compound are plotted in both of the ways

described above, for a system with specified column

geometry, column packing, QL, and influent compo-

sition. Sketch the expected results if the following

changes were made in the system, while the other

design and operational parameters remained con-

stant. State any assumptions explicitly. Be as precise

as you can be, indicating any points quantitatively if

possible.

(a) The diameter of the column was halved.

Assume that the kinetics of mass transfer

from the solution to the surfaces of the adsorb-

ent particles is not significantly altered.

(b) The length of the column was halved.

(c) The size of the GAC granules was halved. As in

part (a), assume that the kinetics of mass transfer

from the solution to the surfaces of the adsorb-

ent particles is not significantly altered.

(d) The concentration of the influent was doubled.

Assume that adsorption equilibrium is charac-

terized by a Langmuir isotherm and the value of

q in equilibrium with the original feed is 5%

of qmax.

Pore volumes Time 

(a) (b)

cout cout /cin

FIGURE 8-Pr20. Breakthrough curves for the same adsorbate in

a packed bed, plotted in two different ways: (a) cout versus time; (b)

fractional breakthrough versus pore volumes treated.
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(e) The concentration of the influent was doubled.

Assume again that adsorption is characterized

by a Langmuir isotherm, but in this case, the

value of q in equilibrium with the original feed

is 90% of qmax.

8-21. For a particular type of activated carbon, the Freundlich

isotherm constants for the adsorption of toluene have

been reported to be kf¼ 9920 (mg/g) (L/mg)n, and
n¼ 0.33.

(a) Calculate a few points on this isotherm for liquid

phase concentrations from 100 to 10,000mg/L
(i.e., 0.1 to 10mg/L), and sketch figures of both

the isotherm itself (i.e., with no transformation

of the data) and a linearized version of the

isotherm. Include the value of 2000mg/L in

the calculations, since that value will be used

below.

(b) A continuous flow fixed bed adsorption system

using GAC as the adsorbent has been designed

to treat a solution containing 2mg/L (i.e.,

2000mg/L) toluene. The superficial velocity is

to be 175m/d (approximately 0.2 cm/s or

7m/h), and the proposed EBCT is 10min.

The anticipated bed density is 500 kg/m3.

Assuming complete utilization of the activated

carbon in the bed, at what intervals do the

operators have to replace the activated carbon

(i.e., how long will the column remain in ser-

vice?)? (Hint: carry out the calculations for a

unit cross-sectional area of the bed.)

(c) Sketch a design that will allow complete utili-

zation of the activated carbon in the bed

described above, and provide a brief explanation

of this design (and associated operation).

(d) After the bed is designed, it is discovered that

the groundwater it treats also contains ortho-

dichlorobenzene (o-DCB) at a concentration of

600mg/L. The Freundlich isotherm parameters

for adsorption of o-DCB on the GAC to be used

(when o-DCB is the only compound present)

are kf¼ 19,300 (mg/g) (L/mg)n and n¼ 0.38.

Compare the adsorption densities and surface

pressures of the two adsorbates once the acti-

vated carbon has equilibrated with the influent

in systems in which each adsorbate is present

alone. The specific area of the GAC is 950m2/g.

Sketch qualitatively (i) the breakthrough curve

for toluene when it is the only contaminant

present, and (ii) the breakthrough curves (sepa-

rate lines) for both toluene and o-DCB when

both are present at the concentrations given.

8-22. Activated carbon is being used in a continuous flow

adsorption column to remove phenol in an industrial

waste stream. The influent contains 8mg/L phenol

and is to be treated at a flow rate of 1m3/min.

When the system is operated to complete break-

through, the breakthrough curve can be approximated

as follows:

� Effluent concentration of zero for 45 days.

� A linear rise in effluent concentration from zero to

cin between days 46 and 55; that is, cout/cin equal

to 0.1 on day 46, 0.2 on day 47, and so on. (This

approximation is unrealistic, but it keeps the math

simple.)

(a) Calculate the total mass of phenol adsorbed by

the activated carbon.

(b) If the EBCTof the bed is 12min and the apparent

bed density is 460 kg/m3, what is the adsorption

density (q) in equilibriumwith the influent liquid

phase concentration?

(c) Assume that, in a new but identical bed packed

with fresh GAC, the influent contains 5mg/L of

a second compound that adsorbs less strongly

than phenol, in addition to 8mg/L of phenol.

Due to competition for adsorption sites, the

adsorption density of phenol at complete break-

through declines by 20%. Sketch the break-

through curve for phenol in this situation,

assuming that the mass transfer kinetics stay

essentially the same as in the noncompetitive

case.

(d) Assume that the second compound has a similar

MTZ as phenol when it is the only compound

present. Sketch the breakthrough curve for the

second compound in the competitive situation;

continue the curve until the time that phenol has

completely broken through the bed.
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9.1 INTRODUCTION

This chapter describes precipitation and, to a lesser extent,

dissolution reactions of importance in water and wastewater

treatment processes; several examples of such reactions and

processes are listed in Table 9-1. In many of these processes,

the contaminant of concern is directly removed by conver-

sion to a precipitate that can then be separated from the

aqueous phase. Common target contaminants in such pro-

cesses include cationic metals (Cu, Zn, Ni, Pb, Cr, and

others) in industrial waste streams; Ca, Mg, Fe, and Mn

in potable water sources; and phosphate (PO4) in domestic

wastewater or in the effluent from anaerobic digesters.

While the processes noted above are relatively common

as approaches for removing contaminants from water, per-

haps the most common precipitation process in water and

wastewater treatment involves the formation of oxides of

aluminum or iron when alum (Al2(SO4)3) or ferric chloride

(FeCl3) is added to the water. This process, which is known

as coagulation and is described in detail in Chapter 11, has

long been used to facilitate agglomeration of colloids into

larger flocs that can then be settled or filtered out of the

suspension. More recently, the tendency of the oxides to

adsorb dissolved contaminants (natural organic matter

[NOM] in drinking water applications, and metals in indus-

trial waste treatment) has been recognized as an important

additional benefit of the process.

Situations in which the goal is to avoid precipitation of a

solid or dissolve a solid that has already formed also arise

occasionally. For example, precipitationof corrosionproducts

or of CaCO3(s) can reduce the carrying capacity of water

distribution pipes, as can precipitation of struvite

(MgNH4PO4�6H2O(s)) in pipes carrying the products from

anaerobic digestion of domestic sludge, and salts that precip-

itate in reverse osmosis (RO) processes can deposit on the

membrane and dramatically reduce its permeability. In sys-

tems where such processes are likely to occur, the addition of

complexing agents or pH adjustment is sometimes employed

to interfere with or reverse the precipitation reaction.

Precipitation and dissolution also play critical roles in

controlling the composition of natural systems via their

effects on soil formation, weathering processes, and the

transport of many constituents in lakes, streams, and the

oceans. The principles presented in this chapter apply to all

of these situations, although our focus is on engineered

treatment processes.

Although precipitation is a common water and waste-

water treatment process, comprehensive descriptions of

precipitation (and especially precipitation kinetics) are

rare in the traditional environmental engineering literature.

One reason for this lack of attention is that precipitation is
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usually a relatively low-cost, efficient process for removing

contaminants from solution. As a result, there has been little

incentive to explore the underlying mechanisms and

improve the process. Furthermore, in those cases where

precipitation has been studied, the focus has usually been

on the contaminant concentration remaining in solution, and

relatively little attention has been paid to the characteristics

of the solids or how those characteristics affect residual

management.

Detailed studies of precipitation processes have been

much more common in industries where greater emphasis

is placed on the characteristics of the products. For example,

the surface characteristics of particles used as catalysts or

pigments or in data storage media are critical to the use of

the product, and a substantial body of chemical engineering

literature focuses on understanding and controlling these

characteristics. That literature, however, emphasizes crys-

tallization processes, which might not be the most appropri-

ate model for the reactions that occur in water and

wastewater treatment.

Sohnel and Garside (1992) distinguished between pre-

cipitation and crystallization, defining precipitation as a

process that involves relatively insoluble materials that

are present initially at a high degree of supersaturation.

These conditions promote high nucleation rates and produc-

tion of high concentrations (1011–1016=cm3) of relatively

small (0.1–1mm) particles for which secondary processes

such as aging, agglomeration, and coagulation can be

significant. Because the value of the product depends on

the physical characterestics of the particles, industrial

crystallization processes focus or particle design and care-

fully control the supersaturation level and these secondary

processes (Karpinski and Wey, 2002). By contrast, in most

precipitation processes used for water and wastewater

treatment, the supersaturation level is high initially,

decreases rapidly when solids begin to precipitate, and

then declines ever more slowly as the solution equilibrates

with the solid.

Despite the relatively sparse attention to bulk and surface

characteristics of precipitated solids in treatment operations,

these characteristics often do play an important role in

determining the success of the processes. For example,

the size and density of precipitated particles are largely

determined by the conditions during precipitation, and these

characteristics control the effectiveness of subsequent solid=
liquid separation. Also, as noted previously, adsorption is an

important removal mechanism in many precipitation pro-

cesses, and the surface properties of the precipitated solids

are clearly important in these cases.

This chapter begins with an overview of precipitation

reactions, inwhich the fundamental concepts and terminology

are introduced. The subsequent section describes the initial

steps of precipitation reactions, focusing on the thermo-

dynamics and kinetics of the transition from soluble mole-

cules to the smallest particles. The discussion in that section is

generic, in that it applies to all particle formation processes

without regard to the details of the solution chemistry. The

next section brings traditional water chemistry concepts into

the discussion, focusing on the dosages of reagents required to

induce precipitation, the amounts of the solids that form, and

the expected composition of the solution once equilibrium is

reached. Both the reactions that form the solids directly and

the ancillary acid=base andmetal complexation reactions that

can help determine whether and to what extent precipitation

occurs are considered. The chapter concludes with brief

sections on solid dissolution reactions and the types of

reactors that are most commonly employed for precipitation

processes in environmental engineering.

9.2 FUNDAMENTALS OF PRECIPITATION

PROCESSES

Formation and Growth of Particles

Some of the early, comprehensive discussions of precipita-

tion include those by Nielsen (1964) and Walton (1967).

More recent works by Nylt et al. (1985), Randolph and

Larson (1988) Schwartz andMyerson (2002) provide a chemi-

cal engineering perspective on crystallization processes in

industry; Hochella and White (1990) and Stumm (1992)

TABLE 9-1. Precipitation Processes of Importance in Water

and Wastewater Treatment

Constituent Potential Problem Treatment

Hardness

(primarily

Ca2þ and

Mg2þ)

Forms complexes with

soap; scale formation in

heated water systems

(e.g., boilers)

Precipitation softening

to generate CaCO3(s),

Mg(OH)2(s)

Fluoride Fluorosis of teeth and

bones

Precipitation of

CaF2(s)

Iron and

Manganese

Discoloration of water

and fixtures; forms

deposits in distribution

systems and on process

equipment

Oxidation to

precipitate Fe(OH)3(s)

or MnO2(s); addition

of complexing agents

to prevent Fe

precipitation in

distribution system

Heavy metals

(Cd, Cr(III),

Cu, Ni, Pb, Zn)

Ecosystem or human

health risk

Precipitation as

hydroxide, carbonate,

or sulfide solids

Phosphorus Can facilitate

eutrophication

Precipitation as

various phosphate-

containing solids,

including AlPO4(s),

Ca5(OH)(PO4)3(s), and

MgNH4PO4�6 H2O(s)
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cover some of the same concepts, but their focus is on

reactions at the mineral–water interface. Material pre-

sented in this section is compiled from all of these

references.

When a water or wastewater is first dosed with reagents

intended to induce a precipitation reaction, some of the

solutes form complexes of just a few ions, which in turn

come together to form slightly larger species referred to as

clusters. Some clusters revert to their component units, but

others grow large enough to be considered units of a sepa-

rate, nonaqueous phase; such units are called nuclei. Like

clusters, some nuclei undergo a reverse reaction and

redissolve, but others grow into larger particles as additional

solute molecules become integrated or they collide and

agglomerate with other nuclei.

If nuclei form by reactions among dissolved species,

without the participation of a pre-existing solid, the initial

step in the precipitation process is known as homogeneous or

primary nucleation. Often, however, suspended solids or

colloidal particles that have a structure similar to a potential

precipitate are present in the reactor and can act as seed

particles on which nuclei of the new solid form. Such a

scenario is referred to as heterogeneous or secondary

nucleation.

Figure 9-1 offers a simplistic but useful picture of the

surface of a growing particle once it has nucleated,

illustrating the variety of sites where solute molecules

(represented as cubes) can become incorporated. When a

solute attaches, it can have from one to five of its sides in

contact with the solid. It seems reasonable to assume that

the stability of cube-surface interactions increases with

increasing contact.

In this conceptual model, each building block that merges

with the solid consists of a stoichiometric balance of the

cations and anions. Alternatively, cation and anion compo-

nents could arrive and integrate into the solid sequentially, or

they could arrive and react at the surface before the integra-

tion step. Some evidence exists for each of these growth

mechanisms (Chiang and Donohue, 1988), and it is possible

that several of them proceed simultaneously, with the overall

rate of growth of the solid being the sum of the rates of these

parallel reactions.

Solute Transport, Surface Reactions, and Reversibility

To contribute to the growth of an existing solid, a solute that

is initially in the bulk solution must go through a series of

transport and reaction steps. As explained in Chapter 3, the

overall reaction rate is limited by the step in the series that

imposes the greatest resistance. The first step in the precipi-

tation sequence is transport from bulk solution to the bound-

ary layer surrounding a particle; as in gas transfer and

adsorption, this step is generally assumed to impose little

resistance on the overall process. In that case, the rate of

solute arrival at the solid surface is limited by the rate of

transport through the boundary layer surrounding the grow-

ing particle. This transport step, which is essentially identi-

cal to that in gas transfer and adsorption processes, is

followed by adsorption of the solute to the surface.

Both the composition of the surface and the types of

growth sites available influence how the adsorbed species

subsequently react and integrate into the solid. If an

adsorbed species has the same stoichiometry as the solid,

it can be integrated directly to become part of the solid

structure. On the other hand, if species reach the surface at a

ratio that differs from their stoichiometric ratio in the solid,

they must participate in one or more additional reactions

before the integration step.

Constituents in solution other than those that form the

solid can have dramatic effects on precipitation processes.

For example, if other dissolved species combine with one of

the precipitating ions, the activity of that ion and the driving

force for precipitation are reduced. Precipitation can also be

inhibited if dissolved species other than those that the solid

comprises adsorb to the surface and block growth sites. In

other cases, adsorbable species might increase growth rates,

either by lowering the surface energy (Davey, 1979, 1982) or

by creating more desirable surface nucleation sites (Zhang

and Nancollas, 1990).

Although the preceding discussion focuses on processes

leading to particle growth, dissolution reactions can proceed

in parallel and compete with particle growth. As long as the

solution is supersaturated, the forward (formation and

growth) reaction rate exceeds the reverse rate, and net

3 
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FIGURE 9-1. Particle growth occurs as solute migrates from

solution and interacts with the surface. Numbers on the cubes refer

to the number of sides of the solute cube in contact with the solid.

Sites that generate one-sided contacts are often referred to as

terraces, those that generate two-sided contacts as steps or edges,

and those that have three or more sides of contact as kinks.
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growth occurs. In a batch system, the chemical activity of the

dissolved solutes decreases as the particles grow until

the solution reaches equilibrium with the solid. At that

point, the forward and reverse rates are equal, and net growth

ceases. If the system is undersaturated with respect to the

solid, the rate of the reverse reaction exceeds that of

the forward reaction, so that the net reaction is dissolution.

Many precipitation processes in water and wastewater

treatment begin at relatively high levels of supersaturation.

Solids that initially form under these conditions often lack

the repeating, long-range, three-dimensional pattern charac-

teristic of crystals, because growth proceeds rapidly at many

different surface sites, and new solute accumulates on the

surface before the underlying layers are completely inte-

grated. Because they lack long-range structure, these mate-

rials are known as amorphous solids. Amorphous solids tend

to incorporate more water and to be less dense than their

crystalline counterparts. According to Stumm (1992), solids

that have a large unit cell are more likely to precipitate

initially as amorphous materials. (The unit cell is the

fundamental building block of a crystal; the complete crystal

comprises an ordered array of many such cells.)

Amorphous solids form as an intermediate phase and are

never the most stable solids that can exist in a system; given

sufficient time, such solids always transform into more

stable (crystalline) solids with long-range order. The rate

of transformation depends strongly on environmental con-

ditions such as pH, temperature, and the presence of surface-

active agents in the system. The transformation might

proceed entirely internally, or it could involve dissolution

of the amorphous solid and precipitation of the more stable

solid. If the rate of transformation is slow relative to the

residence time of the particles, the system will not reach true

equilibrium before the particles leave the reactor, but it

might reach a virtually unchanging pseudo-equilibrium

between the metastable (amorphous) solid and solution.

Fundamentals of Solid=Liquid Equilibrium

The Solubility Product The keymathematical relationship

needed to characterize precipitation and dissolution

reactions is the equilibrium constant expression for a

reaction between the solid and the chemical species that

it comprises. Although such reactions can be written in a

number of different forms, the most common representation

has the solid (and, when appropriate, water) as the only

reactant(s), and simple forms of the corresponding dissolved

species as products. The equilibrium constant for a reaction

written in this way is called the solubility product of the

solid, Ks0. Several examples of such reactions and solubility

products are shown in Table 9-2. In the table, ai is the

(dimensionless) chemical activity of species i.

TABLE 9-2. Solubility Products of Various Solids of Interesta

Reaction Solubility Product Mineral

BaSO4(s)$Ba2þþ SO4
2�

Ks0 ¼
aBa2þaSO 2�

4

aBaSO4ðsÞ
¼ 1:05� 10�10 Barite (9-1)

CaSO4(s)$Ca2þþ SO4
2�

Ks0 ¼
aCa2þaSO 2�

4

aCaSO4ðsÞ
¼ 2:45� 10�5 Gypsum (9-2)

Al(OH)3(s)$Al3þþ 3 OH�
Ks0 ¼ aAl3þa

3
OH�

aAlðOHÞ3ðsÞ
¼ 6:31� 10�32

(Amorphous) (9-3)

Fe(OH)3(s)$Fe3þþ 3 OH�
Ks0 ¼ aFe3þa

3
OH�

aFeðOHÞ3ðsÞ
¼ 1:55� 10�39

(Amorphous) (9-4)

CaCO3(s)$Ca2þþCO3
2�

Ks0 ¼
aCa2þaCO 2�

3

aCaCO3ðsÞ
¼ 3:31� 10�9 Calcite (9-5)

Zn(OH)2(s)$Zn2þþ 2 OH�
Ks0 ¼ aZn2þa

2
OH�

aZnðOHÞ2ðsÞ
¼ 2:98� 10�16

(Amorphous) (9-6)

ZnCO3(H2O)(s)$Zn2þþCO3
2�þH2O Ks0 ¼

aZn2þaCO 2�
3

aZnCO3ðsÞ
¼ 5:49� 10�11 Hydrated zinc carbonate (9-7)

ZnS(s)þHþ$Zn2þþHS� Ks0 ¼ aZn2þaHS�

aZnSðsÞaHþ
¼ 3:55� 10�12 Sphalerite (9-8)

CdS(s)þHþ$Cd2þþHS� Ks0 ¼ aCd2þaHS�

aCdSðsÞaHþ
¼ 4:37� 10�15 Greenockite (9-9)

FeS(s)þHþ$Fe2þþHS� Ks0 ¼ aFe2þaHS�

aFeSðsÞaHþ
¼ 2:34� 10�3 Ferrous sulfide (9-10)

aEquilibrium constants shown are from the database used by the computer program Visual Minteq (Gustafsson, 2011). These values were collated from

numerous primary sources that are identified in the program documentation.

382 PRECIPITATIONAND DISSOLUTION PROCESSES



Although extensive compilations of data such as those

shown in Table 9-2 have been published, it is important to

appreciate the uncertainties associated with those data. The

solubility products of solids that are frequently precipitated

in treatment processes are often known to within an order of

magnitude, but those for solids that are encountered less

often might be much less well established. Furthermore, as

noted above, the solid that first precipitates in a treatment

process is often an amorphous solid that might have a

solubility that differs by orders of magnitude from that of

more crystalline solids with the identical stoichiometry.

Without knowing which solid forms, it is impossible to

select appropriate thermodynamic data to model the process.

In such a case, if the treatment goal is to reduce the dissolved

concentration of a target species below a specified concen-

tration, it is probably best to assume that solubility is

controlled by the amorphous solid (which yields the highest,

and therefore most conservative estimate of solubility).

The Activity of Solid Phases and Solid Solutions Another

complication that can arise when modeling precipitation

processes is that the solids that form might be mixtures of

two or more species. For example, a solid phase might be

composed of 95% Fe(OH)3(s) and 5% Al(OH)3(s). If the

Al(OH)3(s) is distributed randomly in the solid phase,

the entire phase is referred to as a solid solution. Solid

solutions can formwhen the molecular species that comprise

the pure solid end-members have similar size and bonding

characteristics.

By convention, the activity of any molecular species, i, in

an ideal solid phase (one in which the activity coefficients of

the constituents are all 1.0) equals the mole fraction, xi,

of that species in the phase. Thus, for example, the activity of

the species CaCO3 is 1.0 in a pure CaCO3(s) phase. Simi-

larly, if the mixed solid described above were ideal, the

activities of Fe(OH)3(s) and Al(OH)3(s) would be 0.95 and

0.05, respectively. If the solid solution were not ideal, then

the activity of each constituent would be computed as the

product of its mole fraction and an activity coefficient; that

is, ai ¼ gixi. (Note that the activities of individual ions, such

as Fe3þ, Al3þ, and OH-, are undefined in the solid phase.)

As in aqueous solutions, the activity coefficient of a

species in a solid is an indicator of how similarly that species

behaves compared to its behavior in a well-defined reference

environment (the standard state). For solids, the reference

environment is the pure solid. When a molecule is in a solid

solution, the bonding arrangement is likely to be more

strained than in a pure solid, so the molecule is less

“comfortable” than in its reference environment. As a result,

its activity coefficient will be>1, meaning that the molecule

has a greater tendency to escape (dissolve) from the solid

solution than from a pure solid. If the mixed solid provides

an environment that is too highly strained, then the species

will not participate in the formation of a solid solution at all,

but will instead either remain in solution or precipitate as a

separate pure phase. For example, pure phases of Fe(OH)3(s)

and Al(OH)3(s) might both precipitate in the same suspen-

sion, rather than form a single, solid solution. In this latter

case, both the solids would have activities of 1.0, regardless

of their relative concentrations in terms of moles of solid

precipitated per liter of water.

The formation of solid solutions in water and wastewater

treatment processes is poorly understood, and ignoring that

possibility generally leads to conservative designs (i.e.,

designs that, if in error, over-predict the solute concentra-

tions remaining in solution). Therefore, the usual assump-

tion is that any solid that precipitates in a treatment process

is a pure phase of a single species, with activity of 1.0. As a

result, the term for the activity of the solid (i.e., the denomi-

nator in all the Ks0 expressions in Table 9-2) is often left out

of the solubility product expression. We adopt that conven-

tion here, except in cases where the discussion explicitly

focuses on solids with nonunit activity.

Thermodynamics of Precipitation Reactions Like all

equilibrium constants, the solubility product can be related

to the Gibbs (free) energy of reaction, as follows:

Ks0 ¼ exp �DG
o

r

RT

� �
(9-11)

where DG
o

r is the standard molar Gibbs energy of the

reaction, R is the universal gas constant, and T is the absolute

temperature. The standard Gibbs energy of reaction can be

expressed in terms of the standard enthalpy and standard

entropy of reaction as follows:

DG
o

r ¼ DH
o

r � T DS
o

r (9-12)

The standard Gibbs energy of reaction can be computed

as the sum of the standard Gibbs energy of formation of the

products minus that of the reactants:

DG
o

r ¼
X
all i

niG
o

f;i (9-13)

where G
o

f;i is the standard molar Gibbs energy of formation

of species i, and ni is the stoichiometric coefficient of i in

the reaction of interest (positive for products, negative

for reactants). Analogous expressions apply for the

standard enthalpy and entropy of reaction. Values of these

thermodynamic parameters for many species of interest in

environmental engineering are available in a number of

compilations (see, e.g., Stumm and Morgan (1996) or

CRC (2008)).

In a solid material, ions are held in a rigid structure.

Dissolved ions have much more mobility, but they are still in
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a somewhat structured environment, with each ion associ-

ated with a group of water molecules that are oriented by the

local electrical field. These oriented water molecules,

referred to as the primary hydration sphere, are nearly

immobilized and move with the ion. A less well-defined,

secondary group of water molecules near the solute (the

secondary hydration sphere) is also oriented and has some

tendency to move with the solute, but the association is

weaker than for those in the primary group. The total number

of water molecules in these groups depends on the ion, being

higher for cations than anions and increasing with increasing

ionic charge or decreasing ionic size. In dilute solutions,

typical values are 3–5 for monovalent cations, �10 for

divalent cations, and 1–2 for monovalent anions (Bockris

and Reddy, 1998).

The structured water plays an important role in the

thermodynamics of precipitation. Consider, for example,

the precipitation of the aluminum hydroxide solid gibbsite

by the following reaction:

Al3þ þ 3OH� $ AlðOHÞ3ðsÞ

Thermodynamic data for this reaction under standard

conditions are summarized in Table 9-3.

When the reaction proceeds under standard conditions,

the three terms in Equation 9-12 can be calculated as

follows:

DG
o

r ¼ �1155� ð�489:4Þ � 3ð�157:3Þ
¼ �193:7 kJ=mol (9-14a)

DH
o

r ¼ �1293� ð�531:0Þ � 3ð�230:0Þ
¼ �72:0 kJ=mol (9-14b)

TDS
o

r ¼ 298 68:4� ð�308Þ � 3ð�10:75Þ½ � 1 kJ
103 J

¼ 121:8 kJ=mol (9-14c)

The standard enthalpy of reaction is negative, and the

standard entropy is positive. According to reaction 9-12,

both of these terms cause the standard Gibbs energy of

reaction to decrease, and hence both make the reaction more

thermodynamically favorable. The idea that precipitation

could increase the entropy of the system might seem coun-

terintuitive because the solid state appears to be more

ordered than the aqueous phase. However, solvated alumi-

num ions are strongly coordinated with water. Disruption of

this coordination reduces the restrictions on movement

of the water molecules, causing the overall entropy change

of the reaction to be positive.

The effect of temperature on the solubility product can be

assessed by differentiating Equation 9-11 with respect to

temperature:

d

dT
lnKeq ¼ d

dT

DG
o

r

RT
(9-15)

Substituting DG
o

r ¼ DH
o

r � TDS
o

r and noting that DH
o

r

andDS
o

r are approximately independent of temperature leads

to the van’t Hoff equation:

ln
Keq;T2

Keq;T1

¼ DH
o

r

R

1

T1

� 1

T2

� �
(9-16)

Setting T1¼ 298K (25�C), the solubility product at an

arbitrary temperature T can then be determined from

Keq;T ¼ Keq;25�C exp
DH

o

r

R

1

298K
� 1

T

� �� �
(9-17)

Because the change in enthalpy for a reaction can be

positive or negative, the solubility product can increase or

decrease with increasing temperature. For example, as tem-

perature increases from 4�C to 30�C, the solubility product

for the iron oxide mineral goethite decreases by more than

two orders of magnitude, whereas the solubility product of

gibbsite increases by more than one order of magnitude

(Figure 9-2). The standard enthalpy of formation of calcite

(CaCO3(s)) is negative, so it becomes less soluble with

increasing temperature. As a result, if water in which the

solid is undersaturated is heated, Ks0 can be exceeded, and

precipitation can be initiated. This process sometimes occurs

in hot water heaters and boilers, where precipitation of the

solid on the heating coils can be problematic by interfering

with the heat transfer process.

9.3 PRECIPITATION DYNAMICS:

PARTICLE NUCLEATION AND GROWTH

As noted previously, much of the fundamental work on the

dynamics of precipitation has been carried out using pure

crystalline solids under conditions where the degree of

supersaturation is closely controlled. Those types of condi-

tions are rarely encountered in environmental engineering,

but an understanding of the behavior of such systems and the

TABLE 9-3. Thermodynamic Data for Gibbsite and Its

Components

Component DG
o

f (kJ=mol) DH
o

f (kJ=mol) DS
o

f (J=mol K)

Al3þ �489.4 �531.0 �308

OH� �157.3 �230.0 �10.75

Al(OH)3(s) �1155 �1293 68.4

Source: From Stumm and Morgan (1996).
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key concepts used to model them is nevertheless useful. This

section provides an overview of the most widely used

conceptual and mathematical models for nucleation and

growth of ideal solids.

Thermodynamics of Nucleation

By definition, a solid first forms when an identifiable inter-

face is established between the precipitating material and the

surrounding solution; that is, when a molecular cluster is

converted into a particle nucleus. The nucleus might then

acquire more material and grow into a stable particle, or it

might redissolve. Here, we analyze which of those two

possibilities is more likely for nuclei of various sizes and

solutions of various compositions. For convenience, we

assume that the process is taking place at standard tempera-

ture and pressure.

To carry out the analysis, it is helpful to recall portions of

the discussion of interfacial phenomena from the analysis of

gas transfer (Chapter 5) and adsorption (Chapter 7). In

Chapter 5, it was pointed out that, whereas molecules in

the middle of a pure liquid experience essentially symmetric

forces from their interactions with the surrounding mole-

cules, those at a gas=liquid interface experience a net attrac-
tion toward the bulk liquid. A thermodynamic interpretation

of this phenomenon is that the molecules at the surface are in

a slightly higher (chemical) energy state than those in the

interior. The consequence of this force imbalance is that, in

the absence of other applied forces, liquid droplets acquire a

spherical shape, thereby minimizing the interfacial area and

the number of molecules in the higher energy state.

A similar situation applies to particles of a pure solid that

are suspended in an aqueous solution; that is, molecules at

the surface of the solid are subject to asymmetric forces and

are therefore in a slightly stressed (higher energy) state

compared to those in the interior. The “extra” chemical

energy of the surface molecules is part of their chemical

potential energy (their Gibbs free energy). In the case of

solids, the internal forces orienting the molecules are stron-

ger than those in a liquid, so that the particles do not

necessarily acquire a spherical shape. Nevertheless, they

do tend to acquire the shape that minimizes the interfacial

area without placing excessive stress on the bonds within the

solid (by distorting the crystal lattice).

Based on the preceding discussion, the Gibbs free energy

of a whole particle can be expressed as the sum of the Gibbs

free energy that the particle would have if all of its molecules

were in the interior and an increment that accounts for the

additional energy associated with the presence of the inter-

face. Assuming that the number of molecules at the surface

is proportional to the surface area, we can express this idea

as follows:

Molar Gibbs energy

of whole particle

� �
¼

Molar Gibbs energy of

particle if all molecules

were in the interior

0
@

1
A

þ
Increment of Gibbs

energy per unit

area of surface

0
@

1
A Surface area

per unit volume

of solid

0
@

1
A Solid

volume

per mole

0
@

1
A

Gp ¼Gp;interiorþ gp
Ap

Vp

Vp (9-18)

where gp is the interfacial tension (consistent with its

definition in Equation 7-106), Ap is the surface area of

the particle, Vp is the particle volume, and Vp is the particle’s

molar volume (i.e., volume per mole).

As a particle grows, its volume increases more rapidly

than its surface area. As a result, the significance of the

second term in Equation 9-18 diminishes, and for large

particles, the molar Gibbs free energy of the solid is essen-

tially identical to the molar Gibbs free energy of the interior

molecules. If such a particle is a pure solid at standard

temperature and pressure, its molar Gibbs energy is the

standard molar Gibbs energy of the solid, G
o

p. We can

therefore substitute G
o

p for Gp;interior in Equation 9-18 to

obtain the following expression for the molar Gibbs energy

of a pure particle of any size:

Gp ¼ G
o

p þ gpVp

Ap

Vp

(9-19)

If the particle can be approximated as a sphere of diameter

dp, Equation 9-19 becomes

Gp ¼ G
o

p þ gpVp

pd2
p

ð1=6Þpd3
p

¼ G
o

p þ
6gpVp

dp

(9-20)
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FIGURE 9-2. Relative change in the solubility products of goe-

thite ðDHo

r ¼ �179:2 kJ=molÞ and gibbsite ðDHo

r ¼ 72 kJ=molÞ as
a function of temperature. (The value of DH

o

r for gibbsite used here

equals�DH
o

r used in the example in the text, because the graph is for

dissolution of gibbsite, whereas the example is for precipitation.)
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Equations 9-19 and 9-20 are consistent with the idea that

molecules at the surface of a pure phase have more Gibbs

free energy than those in the interior, and that the average

molar Gibbs energy of the entire solid (considering both the

interior and surface molecules) declines as the particle

grows, asymptotically approaching the standard molar

Gibbs energy, G
o

p. One way to interpret this result is that

the standard state for a solid includes not only the specifica-

tion of a standard temperature (typically, 25�C), pressure
(1.0 atm), and composition (pure phase), but also a particle

size (large enough that the extra free energy of the surface

molecules is negligible in comparison to the total Gibbs

energy of the solid). Thus, for a pure phase at standard

temperature and pressure, the activity of the solid is 1.0 only

in the limit of an infinitely large particle; for all particles of

finite size, the activity is >1.0.

For any chemical species, the relationship between the

molar Gibbs free energy and activity is

Gi ¼ G
o

i þ RT ln ai (9-21)

Applying Equation 9-21 to a spherical particle, we find

G
o

p þ
6gpVp

dp

¼ G
o

p þ RT ln ap

ap ¼ exp
6gpVp

RTdp

 !
(9-22)

Consistent with the preceding discussion, Equation 9-22

indicates that the activity of a solid is�1.0 when the solid is

present as large particles (large dp), but that the activity

increases as the particles shrink, so that very small particles

might have activities substantially >1.0.

Now, consider an ideal solution containing concentrations

cM of a metal Memþ and cL of an anion Ln�, which can

combine to form a solid, MenLm(s). Written in the conven-

tional form used to define the solubility product (dissolution

of the solid), the reaction is

MenLmðsÞ $ nMemþ þmLn� (9-23)

Assume that the suspension contains relatively large

particles of the solid, and that the product anMa
m
L (equal to

cnMc
m
L since the solution is ideal) is greater than Ks0, so the

solution is supersaturated. Because the particles are large,

the activity of the solid is 1.0, so

Qs0 ¼
anMa

m
L

aMnLmðsÞ
¼ cnMc

m
L

1:0
> Ks0 (9-24)

Under the circumstances, we expect additional solid to

precipitate, causing the product cnMc
m
L to decrease until it

equals Ks0. However, we might reach a different conclusion

if the particles were small enough that the extra energy of the

surface molecules contributed significantly to Gp. To

explore that scenario, we again write the expression for

the solubility quotient, but we express the activity of the

solid as shown in Equation 9-22, rather than assigning it a

value of 1.0:

Qs0 ¼
anMa

m
L

aMnLmðsÞ
¼ cnMc

m
L

exp ð6gpVpÞ=ðRTdpÞ
� � (9-25)

The molar free energy of the dissolution reaction can then

be computed as follows:

DGr ¼ RT ln
Qs0

Ks0

¼ RT ln
cnMc

m
L exp �ð6gpVpÞ=ðRTdpÞ

� �
Ks0

¼ RT ln SSð Þ � 6gpVp

dp
(9-26)

where SS is cnMc
m
L =Ks0, the degree of supersaturation of the

solution with respect to precipitation of large particles.1

Equation 9-26 indicates the Gibbs free energy change per

mole of MenLm(s) dissolving. The product of that quantity

with the number of moles in a particle of diameter dp yields

the free energy of reaction for dissolution of one particle.

Designating this quantity as Gr, we find

Moles solid

Particle
¼ Volume of solid=particle

Volume of solid=mole
¼ ð1=6Þpd3

p

Vp

DGr ¼ RT ln SSð Þ � 6gpVp

dp

 !
ð1=6Þpd3

p

Vp

 !

¼ pd3
p

6Vp

RT ln SSð Þ � pd2
pgp (9-27)

Finally, since we are primarily interested in the precipi-

tation reaction, we can write the free energy of that

reaction (per particle) as the opposite of the expression

in Equation 9-27:

DGr;pptn ¼ �pd3
p

6Vp

RT ln SSð Þ þ pd2
pgp (9-28)

1 In some literature, SS is defined as cnMc
m
L =Ks0

� �1= nþmð Þ
, which can be

thought of as the degree of supersaturation for the precipitation reaction

written as ðn= nþmð ÞÞMeþ ðm= nþmð ÞÞL $ Men= nþmð ÞLm= nþmð Þ sð Þ.
Writing the reaction in this way defines one mole of solid as the mass

of solid that contains a total of one mole of cations and anions, and hence

facilitates comparison of SS values for solids with different stoichiometries.
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Equation 9-28 is plotted as a function of dp for a repre-

sentative solid at a few values of SS in Figure 9-3. For values

of SS� 1, the free energy required to form a single particle

from dissolved molecules is always positive or zero, so no

precipitate is expected to form. The curves for SS> 1 all

follow a pattern in which DGr;pptn is positive and increasing

with increasing particle size at low dp, but then passes

through a maximum, after which it decreases, eventually

becoming negative. Because reactions proceed only when

their Gibbs free energy change is<0, we infer that at a given

value of SS larger than 1.0, small particles will have

DGr;pptn > 0 and will not form, and, if such particles are

added to the solution, they will dissolve. On the other hand,

for the same value of SS, large particles are expected to form

and be stable. In other words, a solution can simultaneously

be supersaturated with respect to large particles (as indicated

by the positive value of SS) and undersaturated with respect

to small particles. Only particles of a single size (that causes

DGr;pptn to be 0) will be in equilibrium in such a solution and

therefore will neither form spontaneously nor dissolve if

they are already present. The plot indicates that the larger

the degree of supersaturation of a solution (i.e., the larger the

value of Qs0=Ks0), the smaller the particles that are in

equilibrium with it. Solving Equation 9-28 for

DGr;pptn ¼ 0 quantifies this relationship:

dp

��
at equilibrium

¼ 6gpVp

RT ln SS
(9-29)

While Equation 9-29 identifies the particle size that is in

equilibrium with a given solution, it is of limited value,

because it considers only the spontaneous appearance of

fully formed, dp-size particles from homogeneous solution,

or their complete dissolution. A more relevant question is

whether a particle of size dp is likely to form from incre-

mental growth of a slightly smaller particle, or to disappear

due to incremental dissolution. That is, instead of DGr;pptn

for the reaction shown in Equation 9-23, we wish to explore

the free energy change associated with the following

reaction:

MenLmðsÞjdp�dðdpÞ þ dnMem
þ þ dmLn� $ MenLmðsÞjdp

(9-30)

Figure 9-3 shows that, if SS is 20, more free energy is

required to form a particle with a 6.1 nm diameter than to

form one with a 6.0 nm diameter. Correspondingly, the free

energy change accompanying conversion of a 6.0 to a

6.1 nm particle in such a solution is positive, so such particle

growth would not be thermodynamically favorable. On the

other hand, the opposite is true for conversion of a 16.0 to a

16.1 nm particle, so such growth would be favored in

the given solution. Generalizing these results, we see that

spontaneous dissolution is expected for particles smaller

than a critical size (dp,crit) that corresponds to the maximum

in the DGr;pptn versus dp curve, and spontaneous growth is

expected for particles larger than this critical size. Note that,

for dp slightly larger than dp,crit, spontaneous growth is

expected even though DGr;pptn is positive. The positive value

of DGr;pptn indicates that the system would be more stable if

the particle fully dissolved than if it remained in suspension.

However, the fact that dDGr;pptn=dðdpÞ is negative indicates
that the first, incremental steps in such a dissolution process

would be thermodynamically unfavorable, so the reaction is

more likely to proceed in the direction of growth than

dissolution.

The value of dp,crit can be determined by setting

dDGr;pptn=dðdpÞ to 0, yielding

dD
Gr;pptn

dðdpÞ ¼ pd2
p

Vp

RT ln ðSSÞ � 4pdpgp ¼ 0

dp;crit ¼
4Vpgp

RT ln ðSSÞ (9-31)

Comparison of Equations 9-29 and 9-31 indicates that dp,

crit is always two-thirds as large as dp of a particle that is in

equilibrium with the solution. Substitution of Equation 9-31

into Equation 9-28 yields the following expression for

DGdcrit;pptn:

DGdcrit ;pptn ¼
16p

3

V
2

pg
3
p

ðRTÞ2
1

ðln SSÞ2 (9-32)

Based on the preceding discussion, if a suspension ini-

tially contains particles with a range of sizes, the smaller

particles will dissolve while the larger ones grow. As these

reactions proceed, SS declines, causing dp,crit to increase and
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FIGURE 9-3. The free energy for formation of a single particle

of diameter dp from a solution with various degrees of super-

saturation. Assumed properties of the precipitate were Vp ¼
21:1 cm3=mol, gp¼ 1.0 J=m2, T¼ 25�C.
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making ever larger particles unstable until, in theory, only a

single, large particle remains in the suspension. This theo-

retical, ultimate condition is never reached in practice, but

when a suspension is first prepared, one does observe that the

larger particles grow while the smaller ones dissolve, a

phenomenon referred to as Ostwald ripening.

Figure 9-3 suggests that the thermodynamic driving force

always favors dissolution of the very small nuclei that must

form before larger ones do. Under the circumstances, one

might reasonably ask how new particles of finite size ever

form from an initially particle-free solution. The answer is

that, in a supersaturated solution, clusters of various sizes are

constantly forming by random collisions among the solutes.

Even though formation of larger clusters is not thermo-

dynamically favorable at the macroscopic scale, a few

clusters might collide with others, or with other solute

molecules, and grow larger. If such collisions occur fre-

quently compared to the rate of cluster dissolution, a cluster

could grow larger than dp,crit, after which further growth

becomes thermodynamically favored. The process is analo-

gous to what occurs in a chemical reaction between two

solutes. In that case, the transition involves a collision

between two separate molecules, converting their kinetic

energy into chemical energy. If the energy input is large

enough, the molecules reach an activated state (i.e., they

form an activated complex), in which a rearrangement of the

chemical bonds to generate the product molecule(s)

becomes more favorable than returning to the original state.

Essentially the same process occurs with nuclei, except that,

in this case, the critical condition is associated with particle

size rather than bond rearrangement. Based on this analogy,

the rate of formation of stable particles, rnuc, is commonly

modeled by the Arrhenius equation:2

rnuc ¼ A exp �D
Gdcrit;pptn

kBT

! 
(9-33)

where A is a constant that depends on the size of the unit cell

in the solid, DGdcrit;pptn is the free energy required to form a

particle of the critical diameter from the solutes, for the

given SS, and kB is the Boltzmann constant. Substituting

Equation 9-32 into the above expression yields

rnuc ¼ A exp � 16pg3pV
2

p

3ðRTÞ2ðln SSÞ2
1

kBT

( )
(9-34)

For sparingly soluble salts, theoretical estimates of the

pre-exponential factor in the rate expression are in the range

1025<A< 1030 nuclei=cm3 s (Randolph and Larson, 1988).

However, experimentally determined values can be many

orders of magnitude smaller.

The preceding discussion characterizes homogeneous

precipitation, whereas most precipitation reactions in envi-

ronmental systems are heterogeneous; that is, precipitation

occurs on the surface of pre-existing solids. In such cases,

the free energy required to initiate formation of a solid is less

than in homogeneous precipitation, because, in addition to

generating a new interface between the solution and the new

precipitate, the process eliminates some of the high-energy

interface between the solution and the pre-existing surface.

(The new interface that is generated between the two solids

typically has a lower surface energy than the solid=solution
interface that existed.) This process reduces the activation

energy for precipitation and allows spontaneous precipita-

tion to begin once a smaller particle has formed (i.e., it

lowers dp,crit), but it does not change the general shape or

qualitative interpretation of the DGr versus dp curve.

& EXAMPLE 9-1. Taguchi et al. (1996) studied nuclea-
tion and growth kinetics of barium sulfate in a series of batch

experiments and reported the following correlation between

the nucleation rate and the saturation ratio:

ln rnuc ¼ 28:7� 99:5

ðln SSÞ2

where rnuc is in nuclei=m3 s. Estimate the pre-exponential

factor in the Arrhenius equation and the apparent interfacial

energy for barium sulfate precipitation, assuming that precip-

itationwashomogeneous.AssumeT¼ 25�C,andestimate the

molar volume of the nuclei from the ratio of the molecular

weight (233.4 g=mol) to the density of bulk BaSO4(s)

(4.50 g=cm3).

Solution. Taking the natural logarithm of both sides of

Equation 9-34 yields

ln rnuc ¼ lnA� 16pg3pV
2

p

3ðRTÞ2kBTðln SSÞ2

Comparison of this equation with the correlation reported by

Taguchi et al. shows that lnA¼ 28.7, so

A ¼ expð28:7Þ ¼ 2:9� 1012nuclei=m3 s

¼ 2:9� 106nuclei=cm3 s

Similarly, the apparent surface energy can be estimated

from a comparison of the arguments of the exponential terms

in Equation 9-33 and the correlation of Taguchi et al.:

16pg3pV
2

p

3ðRTÞ2kBT
¼ 99:5

2 In general, all combinations of clusters that generate units with identifiable

solid=solution interfaces can be considered nucleation reactions. Here and

in the remainder of the analysis, rnuc is defined as the rate at which nuclei of

sizes greater than or equal to dcrit are formed.
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The molar volume of BaSO4(s) nuclei can be estimated as

Vp ¼ 233:4 g=mol

4:50 g=cm3
¼ 51:9 cm3=mol

Rearranging the exponential argument in the expression for

the nucleation rate, and solving for gp, we find

gp ¼ 3ð99:5ÞðRTÞ2kBT
16pV

2

p

8<
:

9=
;

1=3

¼ 3ð99:5Þ½ð8:314 J=molKÞð298KÞ�2ð1:380� 10�23 J=KÞð298KÞ
16pð51:9 cm3=molÞ2ð10�6 m3=cm3Þ2

( )1=3

¼ 0:0382 J=m2 ¼ 38:2 J=m2

The authors of the study noted that reported values of

interfacial energy values are typically >100mJ=m2 (some-

times much greater). They suggested that the smaller value

inferred from their results could be because of heterogeneous

nucleation proceeding simultaneously with homogeneous

precipitation in their test systems. If the actual interfacial

energy were in the typical range, the computed value of A

would bemany orders ofmagnitude larger andmuch closer to

the range cited above (1025–1030 nuclei=cm3 s). &

Particle Growth and Size Distributions in Precipitation
Reactors

The nucleation of stable particles is the first step in a

precipitation process. However, in any reactor where pre-

cipitation is occurring, those nuclei rapidly grow into subs-

tantially larger particles. Because the gross rate of

precipitation in a reactor is typically proportional to the

total particle surface area available, the particle size distri-

bution (PSD) in the reactor is a key parameter. We next

describe how PSDs in such reactors are characterized and

modeled. A more detailed discussion of methods for ana-

lyzing and reporting PSDs is provided in Chapter 11.

The raw data that are collected when analyzing PSDs are

typically concentrations of particles within certain size

(diameter) windows; the windows are often referred to as

“bins.” For instance, a PSD might include information such

as that shown in Table 9-4.

The first three columns in the table are self-explanatory.

The fourth column is the cumulative concentration of parti-

cles in the corresponding bin and all smaller bins. Thus, for

instance, the entry for Bin 3 indicates that the suspension

contains 7250 particles per milliliter that have diameters

<5.0mm (the upper limit of Bin 3). The final column in the

table contains derived values, computed as the ratio of the

particle concentration in a bin to the width of that bin. This

value, known as the particle size distribution function,

facilitates comparison of PSDs evaluated using instruments

with different diameter cutoffs between the bins. The parti-

cle size distribution function (n) is a differential distribution,

whereas the cumulative particle concentration (N) is a

cumulative distribution. These two quantities are analogous

to differential and cumulative distributions that we have

encountered previously (e.g., the differential and cumulative

residence time distributions, E(t) and F(t)), and they bear the

same relationship to one another; that is:

n dp

	 
 ¼ dNfdpg
d dp

(9-35)

Nfdpg ¼
Zdp

0

nfdpgd dp (9-36)

The expected PSD function in a precipitation reactor for

various scenarios of nucleation and growth can be modeled

based on a mass and=or number balance on the particles in

the system. For example, imagine that a precipitation

reaction is proceeding in a CFSTR which receives an input

stream that contains no particles. Both nucleation of new

particles and growth of existing particles occur in the

reactor, so a number balance on particles in bin i can be

written as follows:

V
dðDNiÞ

dt
¼ Q DN in;i � DNi

� �þ VrG;net;i þ Vrnuc;i (9-37)

where rG;net;i and rnuc;i are the net rates of appearance of

particles in the bin due to growth of existing particles and

nucleation of new particles, respectively.3 The subscript

“net” is included in the term for particle growth, because

that term includes both a positive contribution from growth

of smaller particles (from bin i� 1) and a negative

TABLE 9-4. Representations of the Particle Size

Distribution in a Hypothetical Precipitation Reactor

Bin

Particle

Diameter

(dp) Range

(mm)

Particle

Concentration

in Bin, DN

(#=mL)

Cumulative

Particle

Concentration,

N (#=mL)

Particle Size

Distribution

Function, n

(#=mL mm)

1 0.5–1.0 4500 4500 9000

2 1.0–2.0 2100 6600 2100

3 2.0–5.0 650 7250 217

4 5.0–10.0 76 7326 15.2

5 10.0–20.0 6 7332 0.6

3 Other mechanisms that convert particles from one size to another, such as

particle agglomeration and particle fracturing, can also affect the particle

size distribution and can be included in the analysis as well. Randolph and

Larson (1988) describe how these kinds of processes can be included in the

particle population balance.
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contribution due to loss of particles from bin i when they

grow into larger particles. rnuc;i has no such subscript,

because nucleation can cause new particles to appear, but

cannot cause existing particles to disappear (i.e., dissolution

of existing particles is ignored). Both rG;net;i and rnuc;i
have dimensions of number of particles per unit volume

per unit time.

The rate at which newmaterial becomes incorporated into

an existing particle is commonly assumed to be limited

either by mass transfer across the liquid boundary layer

surrounding the particle or by the chemical reaction incor-

porating the new material into the solid. In either case, the

rate is expected to be proportional to the particle surface

area. Therefore, for example, the rate of mass-transfer-

limited particle growth in a reactor can be written as follows:

rG;mðdpÞ ¼ kmtAdpDc (9-38)

where rG;mðdpÞ and Adp are, respectively, the mass-based

growth rate (mass=time) and total area of dp-size particles in

the reactor; kmt is the mass transfer coefficient for transport

through the boundary layer; and Dc is the concentration

difference of the precipitating substance across the boundary

layer. The volumetric rate of growth of a single, dp-size

particle (rG;Vp
, volume=time) can bewritten as the product of

the particle surface area and the rate at which its radius

increases. Expressing the rate of radius increase as one-half

the rate of increase in the diameter ( _dp, length=time), this

relationship is

rG;Vp
dp

� � ¼ pd2
p

_dp

2
(9-39)

The rate at which the mass of dp-size particles in the

reactor is increasing due to growth is the product of rG;Vp

with the particle density (rp) and the number concentration

of particles, so

rG;m dp

� � ¼ ðDNdp
Þ rppd

2
p

_dp

2

" #
(9-40)

Similarly, the total surface area of dp-size particles in the

reactor is their number concentration times the area per

particle:

Adp
¼ ðDNdpÞ pd2

p

h i
(9-41)

Substituting Equations 9-40 and 9-41 into Equation 9-38

yields

ðDNdpÞ rppd
2
p

_dp

2

" #
¼ kmtðDNdpÞ pd2

p

h i
Dc

_dp ¼ 2kmtDc=rp (9-42)

In general, the solute concentration at the particle surface

is assumed to be the saturation concentration, so Dc equals
cbulk� csat for all particles, regardless of their size. If kmt is

also independent of particle size, Equation 9-42 would imply

that the diameters of all the particles in a given suspension

grow at the same rate.

If growth is presumed to be limited by incorporation of

material into the particles instead of by mass transfer,

essentially the same result is obtained, except that kmtDc
is replaced by the reaction (i.e., incorporation) rate. For

instance, if the reaction is first-order with a heterogeneous

rate constant k1 (length=time), the rate of diameter increase

of all the particles in the suspension is

_dp ¼ 2k1cbulk

rp
(9-43)

Because, in truth, kmt is thought to decrease with

increasing particle diameter, it is possible that growth of

some (smaller) particles will be controlled by chemical

processes at their surface, while that of (larger) particles is

controlled by mass transfer through the boundary layer.

In such a case, not all particles in the reactor would grow

at the same rate. Here, for simplicity, we ignore this

possibility.

The preceding results can now be applied to derive a

simple expression for the rate at which particles of size dp
appear or disappear in any well-mixed reactor due to the

growth process. Consider particles in two adjacent bins, but

now assume that the bins are separated by a differential size

gap, d(dp). All the particles in each bin are approximated as

having the diameter in the middle of the bin size range.4 The

time required for particles to grow from the size associated

with the smaller to the larger bin is the ratio of the gap in

particle diameters to the “velocity” of diameter increase, _dp;

that is

Time for particle
growth from one
bin size to the next

 !
¼ Diameter gap between bins

Rate of particle diameter increase

¼ dðdpÞ
_dp

(9-44)

If all the particles in each bin are treated as though they

have the same size (the average size in the bin) and they all

grow at the same rate, the rate at which particles move from

bin i to the next larger bin is simply the number of particles

4 More sophisticated analyses (e.g., Hounslow et al. (1988); Kumar

and Ramkrishna (1996)) consider the full distribution of particle sizes in

each bin.
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in bin i (DNi) divided by the time given in Equation 9-44.

Correspondingly, the net rate at which particles appear in bin

i by particle growth is

rG;net;i ¼ DNi�1

dðdpÞ= _dp

� DNi

dðdpÞ= _dp

¼ _dpni�1 � _dpni

¼ � _dpdni (9-45)

We can substitute this expression into Equation 9-37 to

derive the steady-state PSD function in a CFSTR with a

particle-free influent as follows. Because the reactor is

operating at steady-state, the left side of Equation 9-37 is

0. In addition, since we have stipulated that the bins are

differentially small, we can write the number concentration

in a bin i, DNi, as ni d(dp). Making those substitutions, and

replacing rG;net;i with the expression in Equation 9-45, we

obtain

0 ¼ �QnidðdpÞ � V _dp dni þ Vrnuc;i (9-46)

Equation 9-46 can be applied separately to the smallest

particles (i¼ 1), which can form by nucleation but not by

growth (since there are no smaller particles), and to all larger

particles (i	 2), for which we assume net formation by

growth overwhelms that by nucleation. Expressing the

differential terms as finite differences, the equation for

the smallest particles is

0 ¼ �Qn1 dp;1 � dp;0

� �� V _dp n1 � n0ð Þ þ Vrnuc;1

¼ �n1dp;1 � V

Q
_dpn1 þ V

Q
rnuc;1

¼ �n1ðdp;1 � t _dpÞ þ trnuc;1 (9-47)

n1 ¼ trnuc

dp;1 þ t _dp

(9-48)

where t is the mean hydraulic residence time, equal to V=Q,
and rnuc;1 has been simplified to rnuc since we are assuming

that all nucleation leads to the formation of size-1 particles.

The denominator of Equation 9-48 is the sum of the diameter

of the nuclei and the expected increase in the diameter of a

nucleus if it stayed in the reactor for the mean hydraulic

residence time. Since, on average, particles grow to be much

larger than the nuclei while in the reactor, we assume that

dp;1 
 t _dp, and the equation simplifies to

n1 ¼ rnuc
_dp

(9-49)

For larger particles, we again start with Equation 9-46, but

manipulate it as follows:

0 ¼ �QnidðdpÞ � V _dpdni (9-50)

dni

ni
¼ � 1

t _dp

dðdpÞ (9-51)

ln
nj

ni
¼ � 1

t _dp

ðdp;j � dp;iÞ (9-52)

where i and j are any two arbitrary sizes (i.e., midpoints

of size bins). Letting i¼ 1 and substituting for n1 from

Equation 9-48 yields

ln nj ¼ ln n1 � 1

t _dp

ðdp;j � dp;1Þ (9-53)

Again assuming that the particles of interest (and, as a

practical matter, all particles measurable by a PSD analyzer)

are much larger than the size of the nuclei (i.e., dp;j � dp;1),

and substituting for n1 from Equations 9-49 and 9-53 can be

rewritten as

ln n ¼ ln
rnuc
_dp

� 1

t _dp

dp (9-54a)

n ¼ rnuc
_dp

exp � dp

t _dp

 !
(9-54b)

where the subscript j has been dropped since the equation

applies to any particle size of interest.

Equation 9-54a indicates that, for precipitation in a

CFSTR with a particle-free influent, a plot of ln n versus

dp should yield a straight line with slope equal to �1=t _dp

and intercept lnðrnuc= _dpÞ. Since t would be known in

advance, the slope of such a plot can be used to determine
_dp, and that value can be used in conjunction with the

intercept to determine rnuc.

& EXAMPLE 9-2. A series of tests has been conducted

in a laboratory-scale, well-mixed precipitation reactor with

volume of 5 L, receiving feed at a rate of 0.3 L=min. Steady-

state particle concentrations in the reactor (DN, #=L) were
measured in several particle size intervals and were used

to estimate the particle size distribution function, which

could be described by the following equation: ln n ¼
15:42� ð0:03mm�1Þdp, where the units of n are (Lmm)�1.

(These units do not appear explicitly in the equation, but are

necessary for its correct interpretation. Different units could

be used for n, but then the first value on the right side [15.42]

would change as well.) Estimate the particle growth rate and

the nucleation rate in the system.
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Solution. By writing the first term on the right in the

equation for n as ln (exp(15.42)), we see that the particle size

distribution function conforms to the form of Equation 9-54a,

with rnuc= _dp ¼ expð15:42Þ and 1=ðt _dpÞ ¼ 0:03mm�1. We

can therefore find the growth rate and nucleation rates as

follows:

_dp ¼ 1

1=ðt _dpÞ
1

t
¼ 1

0:03=mm

0:3 L=min

5L

� �
¼ 2mm=min

rnuc ¼ rnuc
_dp

_dp ¼ expð15:42Þ=Lmm½ � 2mm=min½ �

¼ 9:95� 106=Lmin &

The PSD function includes other useful information about

the particles in the reactor. For example, the integral of this

function from 0 to1 yields the particle concentration in the

reactor. If the PSD function is given by Equation 9-54b, we

find

Np ¼
Z1

0

rnuc
_dp

exp � dp

t _dp

 !
dðdpÞ

¼ rnuc
_dp

ð�t _dpÞ exp � dp

t _dp

 !" #1
0

¼ rnuct (9-55)

Equation 9-55 confirms the intuitive expectation that,

when precipitation is carried out in a CFSTR that receives

a feed containing none of the particles of interest, the steady-

state concentration of those particles is the product of the

rate of new particle formation in the reactor and the mean

hydraulic residence time.

In addition, by normalizing n to N (i.e., by taking the ratio

n=N), we obtain a probability distribution function for the

particle population, so that the expression (n=N) d(dp)

indicates the likelihood that a particle in the system will

have a diameter between dp and dpþ d(dp). This probability

distribution allows us to calculate mean values of the particle

properties, per Equation 2.14. For example, the number-

based, mean particle size is given by the ratio of the first

moment of the diameter to the zeroth moment:5

dp;avg ¼

Z1

0

dp

��
rnuc= _dp

�
exp
��ðdp=t _dp

���
Np


dðdpÞ

Z1

0

��
rnuc= _dp

�
exp
��ðdp=t _dp

���
Np


dðdpÞ

¼ t _dp

(9-56)

Similarly, assuming spherical particles, the number-

based, mean surface area and volume of the particles are

Ap;avg ¼

Z1

0

pd2
p

��
rnuc= _dp

�
exp
���dp=t _dp

���
Np


dðdpÞ

Z1

0

��
rnuc= _dp

�
exp
���dp=t _dp

���
Np


dðdpÞ

¼ 2pðt _dpÞ2 ¼ 2pd2
p;avg (9-57)

Vp;avg ¼

Z1

0

p
d3
p

6

��
rnuc= _dp

�
exp
���dp=t _dp

���
Np


dðdpÞ

Z1

0

��
rnuc= _dp

�
exp
���dp=t _dp

���
Np


dðdpÞ

¼ pðt _dpÞ3 ¼ pd3
p;avg (9-58)

Multiplying this last expression by the particle density leads

to an estimate of the average particle mass.

The preceding analysis was based on the assumption that the

reactor influent contained no particles that could serve as seeds

for growth of the target solid. In practice, particle-free raw

waters are virtually never encountered. In many cases, particles

present in the feed to a precipitation reactor provide good

surfaces for nucleation of new solids that contain the target

species, and inothers, particles of the target solid itself are added

to the feed in a process known as “seeding” the reactor. In either

case, the precipitation reaction can proceed more easily

(because it generates less new interfacial area than does nuclea-

tion of new particles), so contaminant removal is enhanced.

We can account for seeding in a CFSTR at steady state

by modifying the number balance on i-size particles

(Equation 9-49) as follows:

0 ¼ Qnini dðdpÞ � QnidðdpÞ � V _dpdni (9-59)

where nini is the particle size distribution function for i-size

seed particles. Rearranging and solving for ni, we obtain:

0 ¼ �Qðni � nini ÞdðdpÞ � V _dpdni

0 ¼ �ðni � nini ÞdðdpÞ � t _dpdni

dni

ni � nini
¼ � dðdpÞ

t _dp

(9-60)

As would be expected, Equation 9-60 simplifies to Equation

9-51 (and can then be integrated to yield Equations 9-54a

and 9-54b) if no seed is added (nini ¼ 0).

5 The integrals in the numerators of Equations 9-56–9-58 are of the general

form
R1
0

Axa exp �bxð Þdx, where x is dp, and A, a, and b are constants. Such

integrals can be evaluated using integration by parts, the details of which can

be found in any basic text on integral calculus.
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In seeded systems, Equation 9-60 cannot be integrated

analytically over the full range of i, because nini is not a

constant. Nevertheless, in many systems, the equation can be

integrated over certain ranges. In particular, if nini ¼ 0 over a

given size range, Equation 9-51 is valid over that range. Such

a situation would apply, for example, if the seed particles all

fell in a specified size range. In such a case, nini would be

finite (but not necessarily constant) over that range, and 0

outside of it. Equation 9-51 would then apply to particles

that are both smaller and larger than the seed particles.

Particles smaller than the smallest seed particles could be

generated only by growth from nuclei, so the PSD for those

particles would be identical to that for a system with no seed

addition at all (as given by Equations 9-54a and b).

For particles larger than the largest seed particles, Equation

9-51 would still apply, but Equations 9-54a and b would not

since those particles would be generated by growth of both

nuclei and seed. As noted, no analytical solution exists for

the PSD function of particles in size range of the seed

particles. However, the PSD function in that range can be

determined by discretizing Equation 9-60 and solving for ni
as follows:

ni � ni�1

ni � nini
¼ �Ddp

t _dp

(9-61)

ni ¼ ni�1t _dp þ Ddpn
in
i

t _dp þ Ddp

(9-62)

The complete PSD function in a seeded CFSTR at

steady state can therefore be developed by applying

Equation 9-54b for particles up to the smallest seed parti-

cles, Equation 9-62 for particles in the size range of seed

particles, and Equation 9-51 for larger particles. Alterna-

tively, the numerical approximation (Equation 9-62) can be

applied to all particles. In such a case, Equation 9-49 can

be used to determine n1, and Equation 9-62 can be used to

compute ni for all i > 1.

& EXAMPLE 9-3. A CFSTR with t¼ 15min is being

used as a precipitation reactor and is achieving the desired

treatment goal.Undercurrentoperatingconditions, thenucle-

ation rate is 3.0� 107particles=Lmin, and theparticlegrowth

rate is 1.0mm=min. However, the plant flow rate is scheduled

to increase, whichwill cause t to decrease, and you have been

asked to assess whether seeding the reactor might allow the

system to achieve the same precipitation efficiency (i.e.,

operate at the same SS) at the smaller t. The particles have

a density of 1.8 g=cm3.

(a) Determine the PSD function for the system as it is

currently operating. What concentration of solids is

being generated in the reactor?

(b) Seed particles are available in the 10–15mm size

range. Assuming the particles are uniformly distrib-

uted over that range, what would nin be for those

particles if 2.0 g=L of the particles were dosed into

the reactor?

(c) What value of t would cause the system with seed to

operate at the same SS as the current, unseeded

system?

Solution.

(a) The PSD function for the unseeded system can be

developed directly from Equation 9-54b. Inserting

the given values of rnuc, _dp, and t yields

n¼3:0�107=Lmin

1:0mm=min
exp � dp

ð15minÞð1:0mm=minÞ
� �

¼ð3:0�107=LmmÞexp � dp

15mm

� �

The total number of particles in the reactor can be

found from Equation 9-55:

N tot ¼ rnuct ¼ ð3:0� 107=LminÞð15minÞ
¼ 4:50� 108=L

The average diameter and volume of particles are

given by Equations 9-56 and 9-58, respectively:

dp;avg ¼ t _dp ¼ ð15minÞð1:0mm=minÞ ¼ 15:0mm

Vp;avg ¼ pd3
p;avg ¼ pð15:0mmÞ3ð10�4 cm=mmÞ3

¼ 1:06� 10�8 cm3

Finally, the mass-based particle concentration can be

computed as

cp ¼ NprpVp;avg

¼ 4:5� 108

L

� �
ð1:8 g=cm3Þð1:06� 10�8 cm3Þ

¼ 8:59 g=L

(b) For the seeded system, we are told that the particles

are uniformly distributed over the size range from 10

to 15mm, so their average diameter is 12.5mm. For

this relatively small size range, we can estimate the

average volume of a particle as the volume of the

average-sized particle:

Vp;avg ¼ p
d3
p;avg

6
¼ p

ð12:5mmÞ3
6

ð10�4 cm=mmÞ3

¼ 1:02� 10�9 cm3
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(An exact calculation of Vp,avg as the ratio of the first

moment of Vp to the zeroth moment yields a value of

1.06� 10�9 cm3.) The average mass of a particle

and the corresponding number concentration of

particles and nin in the 10–15-mm size range can

then be computed as

mp;avg ¼ rpVp;avg ¼ ð1:8 g=cm3Þð1:02� 10�9 cm3Þ
¼ 1:84� 10�9 g

Np;added ¼ cp;added

mp

¼ 2:0 g=L

1:84� 10�9 g
¼ 1:09� 109=L

nin ¼ Np;added

Ddp

¼ 1:09� 109=L

ð15� 10Þmm ¼ 2:18� 108=ðLmmÞ

(c) If the reactor with seed were exactly as efficient as

the unseeded reactor, then SS would be the same in

the two reactors, as would the concentration of

precipitate formed. The total concentration of solid

in the seeded reactor would therefore be the con-

centration in the unseeded reactor (8.59 g=L), plus
the 2.0 g=L of seed added, for a total of 10.59 g=L.

The PSD function in the seeded reactor can be

simulated by preparing a spreadsheet to model n in

discrete particle-size ranges according to Equa-

tion 9-62. Values of dp are first entered into one

column. An expression for n of a small particle

(smaller than any of the seed particles) can be written

based on Equation 9-54b. The nucleation rate and

particle growth rate in the seeded reactor will be

identical to those in the unseeded reactor (because

SS is the same), but t in the seeded reactor is not yet

known, so we write the expression for n of an arbi-

trarily small particle as

nd1
¼ 3:0� 107=Lmin

1:0mm=min
exp � d1

tseededð1:0mm=minÞ
� �

We can make a guess for tseeded and solve for d1.

We can then use Equation 9-62 to compute n for all

larger particles (including the value of nin from part

(b) for particles in the size range of the seeded

particles) and follow the same procedure as in part

(a) to compute the concentration of solids in the

reactor. We then iterate on tseeded until the computed

concentration of solids in the seeded reactor is

10.59 g=L. The result is that the seeded reactor can

perform as well with a mean hydraulic residence

time of 5.8min as the unseeded reactor does with

t¼ 15min. The PSD functions of the two reactors

are compared in Figure 9-4. The effect of seeding is

dramatic, not only for the size range of the added

particles, but for all larger sizes as well. &

9.4 MODELING SOLUTION COMPOSITION IN

PRECIPITATION REACTIONS

Models for the chemical changes that occur in a precipita-

tion process can be divided into those that consider reaction

kinetics and those based on the assumption that the reactions

reach equilibrium. The equilibrium assumption is appropri-

ate when the characteristic time for the precipitation reaction

is short compared to the characteristic residence time in the

system. Use of kinetic models for precipitation reactions is

relatively rare in water and wastewater treatment; rather, the

processes are typically designed based on the assumption

that the reactions closely approach equilibrium.

Sometimes, a relatively simple analysis based on the

reaction stoichiometry provides an adequate description

of the process. This simplification is most appropriate in

cases where the solution is highly supersaturated initially,

and the residual concentrations remaining in solution are not

crucial (e.g., if the goal is to precipitate a certain amount of

metal oxide adsorbent, rather than to lower the concentration

remaining in solution to a specified value). More often,

though, a more sophisticated approach that retains the

assumption of rapid equilibration is used; in these cases,

it is often helpful to use chemical equilibrium software

programs to analyze the system.

Determining the equilibrium solution composition in the

presence of a solid precipitate is a central issue in water

chemistry (see, e.g., textbooks by Pankow (1991), Morel and

Hering (1993), Benjamin (2010), and Jensen (2003)). Some

of the relevant computations for such systems are reviewed

here. In addition to addressing the question of how much of

the target species remains in solution (which is typically the

focus in water chemistry texts), emphasis is also placed on

computation of the amounts of reagents required to meet a

treatment objective and the amount of solid sludge that is

generated. In the following sections, we consider both
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FIGURE 9-4. The PSD function for the unseeded and seeded

reactors in the example system.
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stoichiometric and equilibrium models for precipitation,

progressively accounting for greater complexity.

Quantitative Significance of the Solubility Product If the

constituent ions of the solid behave ideally in solution (i.e., if

they all have g i¼ 1.0), we can substitute the molar concen-

trations of those species for their activities.6 For example, for

a solution in equilibrium with pure BaSO4(s), the solubility

product expression (Equation 9-1) can be simplified as

follows:

Ks0;BaSO4ðsÞ ¼
aBa2þaSO2�

4

aBaSO4ðsÞ
¼

cBa2þgBa2þcSO2�
4
gSO2�

4

1:0

¼ cBa2þcSO2�
4

¼ 1:05� 10�10 (9-63)

Corresponding expressions could bewritten for all the other

solubility products shown inTable 9-2.Note that Equation9-63

applies only if BaSO4(s) is present, because the equation

is based on the assumption that aBaSO4ðsÞ ¼ 1:0. If, in a given

situation, the product cBa2þcSO2�
4

is <1:05� 10�10, then the

solid would be undersaturated and would not form (or, if

BaSO4(s) were in contact with the solution, it would dissolve

until the product cBa2þcSO2�
4

equaled Ks0).

& EXAMPLE 9-4. The solubility product of AgCl(s)

(cerargyrite) is 10�9.75. Assuming that Agþ and Cl� are the

only forms in which Ag and Cl exist in solution, how much

NaCl must be added to a solution initially containing 3mg=L
Agþ and no Cl�, to reduce the equilibrium soluble Agþ

concentration to 0.1mg=L? Assume ideal behavior of both

Agþ and Cl�.

Solution. Since the ions behave ideally, we can make the

same approximations for this system as those that led to

Equation 9-63 for a system containing BaSO4(s), yielding

Ks0 ¼ cAgþcCl� ¼ 10�9:75 ¼ 1:78� 10�10

The atomic weight of silver is 108, so 0.1mg=L
corresponds to

cAgþ ¼ 0:1mg=L

108; 000mg=mol
¼ 9:26� 10�7 mol=L

The concentration of Cl� that is in equilibrium with this

concentration of Agþ and with AgCl(s) is

cCl� ¼ Ks0

cAgþ
¼ 1:78� 10�10

9:26� 10�7
¼ 1:92� 10�4 mol=L

Themass ofAgþ that precipitates is 2.9mg=L, or 2.69� 10�5

mol=L. The NaCl dose can be determined from a mass

balance:

Cl�dose
required

¼ Cl precipitated þ Dissolved Cl
at equilibrium

� Cl present
initially

¼ 2:69� 10�5 þ 1:92� 10�4 � 0

¼ 2:19� 10�4 mol=L

On a molar basis, the required NaCl dose is the same as the

Cl� dose, so

NaCl dose required¼ð2:19�10�4mol=LÞð58;500mg=molÞ
¼ 12:8mg=L &

Accounting for Soluble Speciation of the Constituents of
the Solid Although the solubility product establishes the

relationship among a few dissolved species when the solu-

tion is equilibrated with a solid, the situation is often

complicated by the reactions of those species with other

solutes. For instance, dissolved metal ions can react with

dissolved ligands7 that are present in solution, such as OH�,
CO3

2�, and EDTA4�, and those same ligands might partici-

pate in acid=base reactions (to form HCO3
�, H2CO3, and

HxEDTA
4�x).

Frequently, the parameter of interest in a treatment pro-

cess is not the dissolved concentration of a particular species

(e.g., Zn2þ), but rather the total dissolved concentration of

an element in all species that contain it (e.g., Zn2þ, ZnOHþ,
Zn(CO3)2

2�, ZnEDTA2�). This interest has both a scientific

and practical basis, especially for metals. First, although the

different forms might behave differently in some important

ways, they behave similarly in that they all are transported

with the solution, whereas solid-phase Zn might settle or be

filtered out of the solution; thus, if we are interested in the

movement of Zn through a system, considering all the

dissolved forms together is convenient and sensible. Second,

measurement of the total concentration of dissolved metals

is usually considerably easier than analysis of the individual
6 The assumption that the solution is ideal simplifies the mathematical

analysis of these systems considerably, and it is therefore made frequently in

this chapter. For illustrative purposes, the effects of nonideality on solubility

are shown in a few cases. In real systems, the assumption of ideal solute

behavior is often not justified. In such cases, adjustments to account for the

non-idealities can be made relatively easily using chemical equilibrium

software.

7 A ligand is a species that binds to a dissolved metal ion. The species

formed from the combination of a metal ion and a ligand is called a

complex, and, if the complex is very strong, it is referred to as a chelate. The

complexes formed betweenmost metal ions and EDTA are chelates. See any

of the water chemistry texts cited earlier for a further discussion of these

types of reactions.
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species, so most regulations are written in terms of such total

concentrations. In this chapter, we distinguish different

groups of metal-containing species by referring to the total

concentration (the sum of solid and soluble forms) as

TOTM, and the total dissolved and solid-phase concentra-

tions as TOTM(aq) and TOTM(s), respectively; correspond-

ing definitions are used for the different groups of ligand-

containing species.

The equilibrium composition of any aqueous system can

be found by identifying all of the species that exist at

equilibrium, and then writing an equal number of indepen-

dent equations describing the constraints on them. Those

equations include material balance expressions and appro-

priate equilibrium constant expressions (in some cases, a

charge balance or proton condition is substituted for the

material balance on Hþ). When only a few species are

present, and when the dominant reactions among solutes

are acid=base reactions, the resulting family of equations

can be solved analytically or graphically (using log c� pH

diagrams). In more complicated systems, it is more practical

to use computer programs that have been designed specifi-

cally to solve chemical equilibrium problems.

In an ideal solution, the concentration of a soluble metal–

ligand complex with the formula MLx is given by

cMLm�x
x

¼ bMLm�x
x

cMmþcxLn� (9-64)

where bMLm�x
x

is the equilibrium constant for the following

reaction for formation of the complex:

Mmþ þ xLn� $ MLm�x
x (9-65)

By convention, the equilibrium constant for i¼ 1 is usually

written as KL,1 rather than bL,1.

If the solution contains several different ligands (e.g.,

OH�, CO3
2�, EDTA) that can form complexes with Mmþ, a

general expression for the total dissolved concentration of

the metal, TOTM(aq), can be written as follows:8

TOTMðaqÞ ¼ cM 1þ
Xp
i¼1

bMðL0Þi c
i
L0 þ

Xq
i¼1

bMðL00Þi c
i
L00 þ . . .

 !

(9-66)

In Equation 9-66, L0 and L00 represent different ligands,
and the product of cM with the different terms in the

parentheses accounts, respectively, for the contributions to

TOTM(aq) of the free aquo ion, Mmþ, all complexes of M

with L0, all complexes of M with L00, and so on.

When a solid MnLm(s) is present and in equilibrium with

the solution, the dissolution reaction can be written as

follows, and the corresponding solubility product expression

can be manipulated to yield Equation 9-68 for the concen-

tration of the free metal ion:

MnLmðsÞ $ nMmþ þmLn�

Ks0 ¼ cnMc
m
L (9-67)

cMmþ ¼ Ks0

cmL

� �1=n

(9-68)

Substituting Equation 9-68 into Equation 9-66 yields

TOTMðaqÞ ¼ Ks0

cmL

� �1=n

� 1þ
Xp
i¼1

bMðL0Þi c
i
L0 þ

Xq
i¼1

bMðL00Þi c
i
L00 þ . . .

 !

(9-69)

Equation 9-69 provides a foundation for evaluating the

total dissolved metal concentration in systems that reach

equilibrium with solids. The first term on the right side is the

concentration of the free metal, cMmþ , in equilibriumwith the

solid; it establishes that TOTMðaqÞ ¼ cMmþ when no com-

plexing ligands are present (cL0 ¼ cL00 ¼ . . . ¼ 0). Whenever

complexing ligands are present, TOTMðaqÞ > cMmþ . In

general, any number of complexing ligands could be present,

and the precipitating ligand may or may not be one of these

complexing ligands.

& EXAMPLE 9-5. Copper, a common constituent in

wastewaters from certain segments of the electronics indus-

try, can be toxic to aquatic organisms. An industry is

considering using precipitation of Cu(OH)2(s) as a pretreat-

ment process to reduce the copper concentration in the

water to <1.0mg=L (<10�4.81M) before it is discharged

to the local Publicly Owned TreatmentWorks (POTW). The

untreated waste contains 10�3M CuCl2 (TOTCu¼ 63.5

mg=L) andno complexing ligands other thanOH�. Stability
constants for formation of the Cu–OH complexes that are

expected to be present at significant concentrations aregiven

below, along with the solubility product of Cu(OH)2(s).

Determine the total copper concentration that would remain

in solution [TOTCu(aq)] as a function of pH, if the precipi-

tation reaction reached equilibrium, for the range 4< pH

< 14. In what pH range is the process capable of lowering

the dissolved copper concentration to the target level?

8 To reduce clutter, charge values are not shown in Equation 9-66 or

subsequent equations involving the generic species M and L. However,

charge values are shown when referring to real chemical species.
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Reaction Equilibrium Constant

Cu2þ þ OH� $ CuOHþ KOH;1 ¼ 3:18� 106

Cu2þ þ 2OH� $ CuðOHÞ02 bOH;2 ¼ 5:89� 1011

Cu2þ þ 3OH� $ CuðOHÞ�3 bOH;3 ¼ 2:29� 1015

Cu2þ þ 4OH� $ CuðOHÞ2�4 bOH;4 ¼ 1:86� 1016

CuðOHÞ2ðsÞ $ Cu2þ þ 2OH� Ks0 ¼ cCu2þc
2
OH� ¼ 1:95� 10�19

Solution. The important species in this system are the

solutes Hþ, OH�, Cl�, Cu2þ, CuOHþ, Cu(OH)2
0, Cu(OH)3

�,
Cu(OH)4

2�, and the solid Cu(OH)2(s). Treating the concen-

trations of these nine species as unknowns, we need nine

equations to determine the equilibrium composition of the

system.

A material balance expression can be written for each

family of compounds in the system. In this system, mass

balances can be written on dissolved chloride and total

(dissolved plus solid) copper in the equilibrium solution,

as follows:

TOTClðaqÞ ¼ cCl� ¼ 2� 10�3

TOTCu ¼ cCu2þ þ cCuOHþ þ cCuðOHÞ02 þ cCuðOHÞ�3
þ cCuðOHÞ2�4 þ cCuðOHÞ2ðsÞ ¼ 10�3

In addition to the five equilibrium constants listed in the

problem statement, the equilibrium constant for dissociation

of water is applicable:

H2O $ Hþ þ OH� Kw ¼ cHþcOH� ¼ 10�14:0

The materials balances and equilibrium expressions pro-

vide eight of the nine equations required to determine the

system composition, leaving the ninth equation to specify

the pH of the solution. Thus, for any given pH, we have nine

equations to solve for the nine unknown concentrations.

Methods for solving this collection of equations include

analytical, graphical, and spreadsheet approaches, as well as

chemical equilibrium computer programs. Complete

descriptions of these methods can be found in the water

chemistry texts listed previously.

A log c� pH diagram for this system is provided in

Figure 9-5, showing the concentrations of all the dissolved,

copper-containing species, as well as their sum (i.e., TOTCu

(aq)), over the pH range of interest. TOTCu(aq) equals

10�3M at pH< 6.16, indicating that no precipitation occurs

in that pH range. (At pH’s where no solid precipitates, the

Ks0 expression is not applicable, and the concentration of

Cu(OH)2(s) is not relevant, so the mathematical system

includes eight equations and eight unknowns.) As the pH

increases above 6.16, TOTCu(aq) declines dramatically,

reaching a minimum value of 1.48� 10�7M (9.4mg=L)

at pH 9.57. At higher pH, TOTCu(aq) increases, and, at

pH> 13.6714 all of the copper is once again in solution. The

speciation of TOTCu(aq) changes dramatically over the

pH range shown, with Cu2þ dominating at low pH, followed

sequentially by CuOHþ, Cu(OH)2
0, and Cu(OH)3

� as the pH

increases.

Based on these calculations, the industry could meet the

treatment target by adjusting the pH to any value between

7.13 and 12.48, assuming that the system reached equili-

brium and that the solids could be separated efficiently from

the water after the precipitation reaction occurred. Although

the minimum solubility and the pH at which it occurs vary

widely among metals, the bowl-shaped pattern for TOTM as

a function of pH is characteristic for most metals. &

9.5 STOICHIOMETRIC AND EQUILIBRIUM

MODELS FOR PRECIPITATION REACTIONS

We now consider the potential to precipitate a metal, Mmþ,
by addition of a ligand, Ln�, to form MnLm(s), as shown in

the following reaction (the reverse of reaction (9-67):

nMmþ þmLn� $ MnLmðsÞ (9-70)

The calculations for precipitation of AgCl(s) in Exam-

ple 9-4 correspond to this scenario; here, we develop a more

generic approach for solving such problems. In some pro-

cesses, precipitation is initiated by the reverse sequence; that

is, a ligand is already present in solution, and a metal is

added to induce precipitation. Concepts presented in this

section are useful for evaluating both kinds of processes.

We begin with the analysis of the simplest scenario—one

in which Mmþ and Ln� can participate only in the precipi-

tation reaction. The dissolved concentration of each of these

species after any amount of solids has precipitated can

be expressed as the difference between its total concentra-

tion in the system and the amount in the solid. The molar
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FIGURE 9-5. Log c� pH diagram showing the major Cu species

in a system with 10�3M TOTCu and in which the only complexes

of importance are Cu(OH)x species.
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concentrations of metal and ligand associated with the solid

can be expressed as ncMenLmðsÞ and mcMenLmðsÞ, respectively,
so we can write:

TOTMðaqÞ ¼ TOTM� ncMnLmðsÞ (9-71)

TOTLðaqÞ ¼ TOTL �mcMnLmðsÞ (9-72)

These two expressions can then be combined to yield:

TOTMðaqÞ ¼ TOTM� n

m
TOTLþ n

m
TOTLðaqÞ (9-73)

According to Equation 9-68, when the solid is present and

the solutes behave ideally, the solubility product relates

the concentrations of the free metal (Mmþ) and free ligand

(Ln�) via:

cMmþ ¼ Ks0

cmL

� �1=n

(9-68)

In the scenario under consideration (i.e., no reactions

other than precipitation for either the metal or the ligand),

we can substitute TOTM(aq) for cM, and TOTL(aq) for cL, so

the equation becomes

TOTLðaqÞ ¼ Ks0

ðTOTMðaqÞÞn
� �1=m

(9-74)

Then, substituting Equation 9-74 into Equation 9-73, we

obtain:

TOTMðaqÞ ¼ TOTM� n

m
ðTOTLÞ þ n

m

Ks0

ðTOTMðaqÞÞn
� �1=m

(9-75)

If the solutes do not behave ideally, essentially the same

derivation applies, except that the solubility constant

expression (Equation 9-68) must be written as

Ks0 ¼ ðgMcMÞnðgLcLÞm. In such a case, the analysis leads

to the following expression instead of Equation 9-75:

TOTMðaqÞ ¼TOTM� n

m
ðTOTLÞ

þ n

m

1

gLg
n=m
M

Ks0

ðTOTMðaqÞÞn
� �1=m

(9-76)

The difference represented by the first two terms on the

right side of either Equation 9-75 or 9-76 indicates the

Memþ concentration that would remain in solution if every

molecule of L in the system reacted with M to form

the precipitate (i.e., if Ks0 were 0). Such a limiting case

scenario is referred to as stoichiometric precipitation. When

stoichiometric precipitation is a reasonable model for the

reaction, the concentration of TOTM(aq) decreases with

increasing TOTL in proportion to the stoichiometric ratio,

n=m. The last term on the right side of Equation 9-75 accounts

for deviations from the stoichiometric precipitationmodel that

arise because equilibrium precludes molecules of added

ligand from reacting quantitatively with dissolved metal.

Ifm and n both equal 1, then Equation 9-75 can be solved

for TOTM(aq) with the quadratic equation; the same is true

of Equation 9-76, if the activity coefficients can be estimated

independently. If either m or n does not equal 1, then the

equations must be solved numerically.

Consider, for example, theprecipitationofbarite (BaSO4(s),

Ks0¼ 1.05� 10�10) by addition of Na2SO4 to a solution that

initially contains 10�4M Ba(NO3)2 (0.1mmol=L, 13.7mg=L
Ba2þ) and no SO4

2�. Because most of its salts are only slightly

soluble, barium typically appears only in trace amounts in

surface water and groundwaters. Higher concentrations can

occur as the result of contamination from industrial uses in the

manufacture of electronic components and metal alloys or

from drilling muds used in gas and oil wells. Human health

risks associated with acute exposure to barium includemuscle

weakness, upsets of the gastrointestinal system, and hyper-

tension. Tomanage these risks, theUSEPAhas set amaximum

contaminant level (MCL) of 1.0mg=L (7.28� 10�6M) for

barium in drinking water.

Ion exchange (described in Chapters 7 and 8) and reverse

osmosis (a membrane-based process described in Chapter

15) are two common treatment technologies for removing

barium from source waters. BaSO4(s) precipitation can play

an important role in either of these technologies, but for

different reasons. Precipitation of BaSO4(s) might be the

treatment method of choice for removing Ba2þ from con-

centrated brine produced in an ion exchange process. On the

other hand, precipitation of BaSO4(s) in reverse osmosis

processes is undesirable, because the precipitate can reduce

the rate at which water is purified by passage through the

membrane.

If BaSO4(s) precipitates, we can apply Equation 9-75 with

n¼m¼ 1, yielding

TOTBaðaqÞ ¼ 10�4 � 1

1
TOTSO4

þ 1

1

1

1:0 1:0ð Þ1=1
1:05� 10�10

TOTBaðaqÞð Þ1
( )1=1

¼ 10�4 � TOTSO4 þ 1:05� 10�10

TOTBaðaqÞ (9-77)

Equation 9-77 can be rearranged and solved using the

quadratic equation. Results for various values of TOTSO4

are shown in Figure 9-6, which reveals two regions of

interest. In the first region, covering TOTSO4 values from
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0 to �0.05mmol=L, the stoichiometric model of precipita-

tion appears to provide a good approximation for TOTBr

(aq): each mole of added SO4
2� reacts almost quantitatively

with one mole of Ba2þ to precipitate one mole of BaSO4(s),

so the plot is almost indistinguishable from a straight line

with slope �1.

The behavior changes, however, as TOTSO4 exceeds

�0.05mmol=L. In this region, the linear relationship no

longer applies, and the amount of TOTSO4 required to

precipitate a given amount of Ba2þ increases. In fact,

because the curve becomes asymptotic to the horizontal

axis, the figure shows that it is impossible to remove all the

barium from solution no matter how large TOTSO4

becomes.

Using the assumption of stoichiometric precipitation, we

can estimate the value of TOTSO4 required to lower TOTBa

(aq) to the MCL of 1.0mg=L (7.28� 10�3mmol=L) as the
difference between the initial and final values of TOTBa(aq);

this difference is 0.093mmol=L. On the other hand, if the

assumption were not applied, we could use Equation 9-77 to

solve for the required reagent addition, yielding (with all

values in mol=L):

TOTSO4 ¼ 10�4 þ 1:05� 10�10

TOTBaðaqÞ � TOTBaðaqÞ

¼ 10�4 þ 1:05� 10�10

7:28� 10�6
� 7:28� 10�6

¼ 1:07� 10�4

In one sense, the stoichiometric approach works reason-

ably well for estimating the TOTSO4 that would be required

to reach the MCL, underestimating the required dose by

about 15%. In a full-scale system, TOTBa would undoubt-

edly vary over time, and an overdose of TOTSO4 would

likely be added anyway, to account for this variation and to

provide a safety margin. Note also that the predicted amount

of solids produced is the same using the two approaches

since both approaches are based on the same amount of Ba2þ

removal. This solids concentration is, to a close approxima-

tion, 0.1mmol=L� 233.40mg=mmol, or 23.34mg=L.
Nevertheless, despite the small difference between the two

computed TOTSO4 doses, the effect of that dose on the final

value of TOTBa(aq) is significant. Using Equation 9-77, we

find that if the TOTSO4 dose were based on the stoichio-

metric precipitation model, the residual TOTBa(aq) would

be 2.0mg=L, missing the MCL by 100%. Thus, even

though the stoichiometric approximation might provide

good estimates of the required reagent dose and the

production of solids, the small error inherent in the approx-

imation can cause a substantial error in the predicted

solution composition.

The reason the stoichiometric approach works well for

estimating the required sulfate dose in this case is that the

treatment goal falls in the region of Figure 9-6, where the

curve is approximately linear. Mathematically, this means

that the last term on the right side of Equation 9-75 is

negligible compared to the middle term. Such an outcome

becomes less likely as the solubility of the solid under

consideration increases.

& EXAMPLE 9-6. Design calculations for a reverse

osmosis system indicate that the calcium concentration in

the rejectwaterwill reach 10�2MTOTCa (401mg=L).Addi-
tion of sulfuric acid (H2SO4) is a common pretreatment

process for reverse osmosis systems, because it lowers the

pH and thereby helps prevent precipitation of carbonate and

hydroxidesolidsthatcanfoulthemembranes.However,sucha

pretreatment step increases the likelihood that gypsum

(CaSO4(s), Ks0¼ 2.45� 10�5, MW¼ 136.15) will precipi-

tate in the reject water.

Predict the amount of CaSO4(s) that will form as a

function of TOTSO4, based on both a stoichiometric pre-

cipitation model and a model that takes chemical equili-

brium into account. Assume that the solution is ideal and that

the precipitation reaction is the only one in which the free

metal and ligand ions participate.

Solution. In the stoichiometric approach, we assume that

each mole of TOTSO4 in the system reacts with one mole of

TOTCa(aq) to precipitate one mole of gypsum. In that case,

the total amount of CaSO4(s) generated would equal

TOTSO4, up to a TOTSO4 concentration equal to TOTCa,

or 10�2M. At that point, the total solids concentration would

be 10�2M� 136.15 g=mol, or 1.36 g=L. This result is shown
by the broken line in Figure 9-7.

A more accurate, equilibrium-based analysis of the sys-

tem can be carried out by substituting appropriate values into

Equation 9-75 (n¼m¼ 1 and Ks0 as given in the problem
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statement) to compute TOTCa(aq), and then using the

following mass balance to compute TOTCa(s):

TOTCa sð Þ ¼ TOTCa� TOTCa aqð Þ (9-78)

The results of the equilibrium calculations are shown by

the solid line in Figure 9-7. These results differ from that

using the stoichiometric model, in that TOTSO4 must reach

�2.45� 10�3M before any precipitation occurs. They also

differ from the results in the preceding example for precipi-

tation of BaSO4(s) in that, once precipitation is initiated, it

follows an approximately stoichiometric trend (a 1:1 molar

ratio of DCaSO4(s) to DTOTSO4) only until approximately

one-half of the TOTCa has precipitated; after that, substan-

tially more than one mole of added TOTSO4 is required to

precipitate one mole of gypsum. Both of these deviations

from the stoichiometric model reflect the higher solubility of

CaSO4(s) compared to BaSO4(s). Substantial TOTSO4 is

needed to initiate precipitation because, at lower concentra-

tions, the solubility product is not exceeded; similarly, the

curvature in the plot of TOTCa(s) versus TOTSO4 occurs

because, after approximately one-half of the TOTCa has

precipitated, TOTCa(aq) and TOTSO4(aq) are of similar

magnitude.

Thus, in this case, using the stoichiometric precipitation

model overestimates the amount of precipitate formed. At

TOTSO4< 2.45� 10�3M, the stoichiometric model pre-

dicts that solid forms, when in fact none would, and at a

full stoichiometric concentration of 0.01M, the model over-

estimates the amount of precipitate by approximately a

factor of 2. &

As noted in the derivation of Equations 9-75 and 9-76, the

equilibrium solubility of a solid can be affected by the

formation of soluble complexes that include the constituents

of the solid, and also by the ionic strength of the solution

(primarily through its effect on activity coefficients). The

effects of complex formation on solubility are system-

specific and are considered in subsequent sections.

A few correlations between activity coefficients and

ionic strength are shown in Table 9-5; more elaborate

correlations that take into account the detailed ionic com-

position of the solution are also available (e.g., the specific

ion interaction model of Pitzer [Langmuir, 1997; Benja-

min, 2010]).

& EXAMPLE 9-7.

(a) Recompute the concentration of TOTCa(s) as a

function of TOTSO4, as in Example 9-6, but take

nonideal behavior of Ca2þ and SO4
2� into account.

Consider solutions with ionic strengths of 0.03, 0.1,

and 0.5M (after precipitation). Use the Davies’

equation to compute activity coefficients.

(b) Compute TOTCa(s) once more for a solution with

I¼ 0.1M, but take into account the fact that Ca2þ

and SO4
2� can react to form a soluble complex,

CaSO4(aq), with K¼ 102.36.

TABLE 9-5. Commonly Used Correlations Between Ionic Strength and Ion Activity Coefficients

Name Equation Comments and Applicable Conditions

Debye–Huckel limiting law log g ¼ �Az2I1=2 A¼ 1.82� 106(eT)�3=2, where e is the dielectric constant of the medium,

and I is the ionic strengtha and z is the charge number of the ion. For

water at 25�C, A¼ 0.51; applicable at I< 0.005M

Extended Debye–Huckel log g ¼ �Az2
I1=2

1þ BaI1=2

a is the ion size parameter, which has values between 3 and 9 (see water

chemistry texts for listings); B¼ 50.3(eT)1=2; for water at 25�C, B¼ 0.33;

applicable at I< 0.1M

Davies log g ¼ �Az2
I1=2

1þ I1=2
� 0:3I

� �
Applicable at I< 0.5M

aIonic strength is computed as I ¼Pall i
1
2
ciz

2
i , where the summation is over all ions in solution. Although I is computed using ci values in

mol=L, it is frequently reported as a dimensionless value.

Source: From Benjamin (2010).

0.000

0.002

0.0040.006

0.008

0.010

Equilibrium 
precipitation

0.006

0.008

0.0100.000

0.002

0.004

0.050.040.030.020.010.00

T
O

T
C

a(
aq

) 
(m

ol
/L

)

C
aS

O
4 

(s
) 

(m
ol

/L
)

Stoichiometric  
precipitation

TOTSO4 (mol/L)

FIGURE 9-7. Precipitation of CaSO4(s) in a system with 0.01M

TOTCa and various TOTSO4, assuming ideal solute behavior.

400 PRECIPITATIONAND DISSOLUTION PROCESSES



Solution.

(a) According to the Davies equation, the activity coef-

ficients for Ca2þ and SO4
2� are the same in a given

solution, since both ions are divalent. For the solu-

tions of interest, these activity coefficients are 0.52,

0.37, and 0.29 at ionic strengths of 0.03, 0.10, and

0.50M, respectively. The concentration of precipi-

tate formed at these ionic strengths, for the same

range of TOTSO4 as in Example 9-6, can be com-

puted with the aid of Equation 9-76; the results are

shown in Figure 9-8. Note that, although the calcu-

lations can be carried out even for an ionic strength

of zero, the minimum ionic strength of a solution in

equilibrium with CaSO4(s) is �0.02M, due to the

Ca2þ and SO4
2� in solution.

With increasing ionic strength of the solution, the

activity coefficients of both Ca2þ and SO4
2- decrease,

so that larger concentrations of these ions are required

to cause the solubility product (which is a product of

activities, not concentrations) to be exceeded. For

example, in the solution with I¼ 0.5M, precipitation

is not initiated until TOTSO4 is �0.029M (as

opposed to 0.002M at I¼ 0); correspondingly,

when TOTSO4 equals 0.05M, the prediction is that

37% of the TOTCa would precipitate if nonideal

behavior is accounted for, but 94% would precipitate

if the solutes behaved ideally. Once the solid forms,

the increment of solid formed per unit increase in

TOTSO4 decreases with increasing ionic strength;

that is, even after precipitation begins, the approxi-

mation that the reaction is stoichiometric becomes

poorer as ionic strength increases.

(b) When the CaSO4(aq) complex is considered, the

analysis of the solution composition at equilibrium

becomes more difficult and is best solved using

chemical equilibrium software. The results of the

analysis are shown in Figure 9-8, which indicates

that precipitation barely begins at the largest value of

TOTSO4 considered (0.05M). The formation of the

complex interferes with precipitation by “diverting”

some of the calcium and sulfate in solution from free

Ca2þ and SO4
2� ions to a different species. &

& EXAMPLE 9-8. The major components of an RO

concentrate are summarized below.

(a) Using a chemical equilibrium model such as Visual

Minteq, determine the saturation indices (i.e., SS

values) of the solids calcite, aragonite, barite, gyp-

sum, and magnesite in the original RO concentrate

and after H2SO4 has been added to lower the pH to

6.0. How much H2SO4 must be added to the RO

concentrate to lower the pH?

(b) What are the major species that make up TOTBa,

TOTCa, and TOTSO4 in the solution after pH

adjustment? What are the activity coefficients for

Ba2þ, Ca2þ, SO4
2- in the solution?

Component Valuea Component Value

pH 7.78 TOTSO4 2.92� 10�2

TOTCa 1.90� 10�2 TOTCl 3.10� 10�2

TOTMg 1.15� 10�2 TOTCO3 1.10� 10�2

TOTNa 4.70� 10�2 TOTBa 1.46� 10�5

aAll values in mol=L, except pH in pH units.

Solution.

(a) The solution can be modeled using Visual Minteq by

inputting the total concentrations of the components

listed in the table and specifying the known pH.

When the program is run, the output indicates that

the charge balance is satisfied to within 4.7%. Based

on this result, we assume that all the major ionic

species are accounted for, so that the calculated ionic

strength of 0.120M is accurate.

The H2SO4 addition required to lower the pH 6.0

can be determined in several different ways using

Visual Minteq; perhaps the simplest is to carry out a

numerical titration, adding various doses of H2SO4,

until the target pH is reached. The result is that the

required addition of H2SO4 is 0.33� 10�2M. The

composition of the resulting solution can then be

modeled using the same inputs as the initial solution,

but changing the material balances on Hþ and SO4
2-

to account for the H2SO4 addition. (For those famil-

iar with the program, these changes mean that TOTH
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and TOTSO4 change from 1.10 to 1.76� 10�2 and

from 2.92 to 3.25� 10�2, respectively.) The ionic

strength of this solution is reported to be 0.121M.

Using the computed ionic strengths in conjunc-

tion with the Davies equation to estimate activity

coefficients, the program reports that the original

solution is supersaturated with respect to the all the

solids of interest (although the supersaturation of

gypsum andmagnesite is slight), whereas only barite

and gypsum are supersaturated in the solution after

pH adjustment. The results are summarized in the

following table.

SS

Mineral pH 7.78 pH 6.0

Calcite 26.5 0.19

Aragonite 19 0.13

Barite 237 262

Gypsum 1.1 1.2

Magnesite 1.6 0.01

(b) Other relevant characteristics of the solution compo-

sition after the pH adjustment, including the major

species that contribute to dissolved Ba, Ca, and SO4,

are summarized below.

gBa2þ ¼ gCa2þ ¼ gSO2�
4

¼ 0:35

TOTBa¼ 3.64� 10�6: 75%asBa2þ, 23%asBaSO4, 1%as

BaHCO3
�

TOTCa¼ 1.90� 10�2: 64% as Ca2þ, 33% as CaSO4(aq),

1.7% as CaClþ, 1.1% as CaHCO3
þ

TOTSO4¼ 3.25� 10�2: 62% as SO4
2�, 21% as CaSO4(aq),

11% as MgSO4(aq), 5.5% as NaSO4
� &

To summarize, a stoichiometric model of precipitation

can sometimes provide useful estimates of the reagent dose

required to remove a specified concentration of contaminant

from solution or the amount of solids produced. However,

this approach is appropriate only when one has confidence

that essentially all the added reagent reacts with the target

contaminant to form a solid. For certain solids (e.g.,

Fe(OH)3), experience suggests that this approximation is

virtually always applicable in systems of interest in environ-

mental engineering. For others, one can assume that the

approximation applies and then use the solubility constant

expression to test that assumption for the maximum dose of

added reagent; if it is applies for that case, it will also apply

for all lower doses. High ionic strength of the solution

(which reduces the activity coefficients of the reactants)

and reactions of any of the constituents of the solid with

other solutes can increase the solubility of the solid and

thereby reduce the likelihood that the stoichiometric model

will apply. If the stoichiometric model does not apply, the

expected system composition after reagent addition (includ-

ing the concentration of any solid that forms) can be

predicted using chemical equilibrium software, assuming

that the system reaches equilibrium within the time frame of

the treatment process.

As has been noted, precipitation processes in environ-

mental engineering are normally designed based primarily

on past experience and, to the extent that they are analyzed

within a theoretical framework, that framework is normally

limited to equilibrium modeling. Nevertheless, in principle,

chemical information about the extent of supersaturation can

be linked to the kinetics-based analysis presented in the

preceding section to improve the design process and explore

many more treatment scenarios than can be tested empiri-

cally. The following example demonstrates how such an

exploration might be carried.

& EXAMPLE 9-9.

(a) Using the algorithm presented below, estimate the

concentration of barite that will precipitate from the

pH-adjusted RO concentrate considered in Example

9-8 in a steady-state CFSTR with values of t ranging

from 30 to 600 s. Assume that the barite has a density

of 4.5 g=cm3 and that the particle nucleation and

growth rates can be modeled by the following

expressions:9

rnuc ¼ 2:9� 1012
1

m3 s
exp � 99:5

ðln SSÞ2
" #

_dp ¼ ð1:0� 10�9 m=sÞðSSÞ1:5

(i) Select a reactor hydraulic residence time, t.

(ii) Assume a value of supersaturation (SS) and calcu-

late the corresponding solids concentration

expected in the reactor.

(iii) Determine the concentrations of total dissolved Ba

and SO4 in the reactor (and therefore in the efflu-

ent) based on material balances.

(iv) Calculate the SS of barite in the effluent based on the

results from step iii and the speciation in the pH 6

solution determined in Example 9-8. Assume that the

distribution of TOTBa(aq) and TOTSO4(aq) species

remains as in that example as barite precipitates.

(v) Iterate on the assumed value of SS in step ii until it

matches the value calculated in step iv (note that

you can automate this process using software such

as the Solver routine in Microsoft Excel).

9 The given nucleation rate is based on data from Taguchi et al. (1996).

Although the particle growth rate is similar to expressions that have been

reported for growth of other insoluble precipitates, the exact expression is

made up.
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(vi) Choose another value of t and repeat steps ii

through v.

(b) Prepare a figure showing the particle concentration

(mg=L) and effluent SS as a function of t, and

another figure showing particle diameter (mm) and

the fraction of influent TOTBa precipitated over the

same range of t.

Solution.

(a) We can compute the concentration of solids (cp)

inside, and leaving, the CFSTR by

cp ¼ rpNpVp;avg

The particle number concentration and the aver-

age particle volume can be expressed in terms of SS

and t using Equations 9-55 and 9-58, as follows:

Np ¼ rnuct ¼ 2:9� 1012
1

m3 s
exp � 99:5

ðln SSÞ2
" #( )

t

Vp;avg ¼ pd3
p;avg ¼ pð _dptÞ3 ¼ p½ð1� 10�9 m=sÞðSSÞ1:5t�3

¼ ð3:14� 10�27 m3=s3ÞðSSÞ4:5t3

Substituting these expressions and the given value

for the density of barite into the equation for cp, we

obtain:

cp ¼ rpNpVp;avg

¼	ð4:5 g=cm3Þð106 cm3=m3Þ


� 2:9� 1012
1

m3 s
t exp � 99:5

ln SSð Þ2
" #( )

� 	ð3:14� 10�27 m3=s3ÞðSSÞ4:5t3


¼ð4:10� 10�8 g=m3 s4Þt4ðSSÞ4:5 exp � 99:5

ðln SSÞ2
" #

This expression can be used to compute the

concentration of solids in the reactor (and the efflu-

ent) for any given values of t and SS. Thus, we can

choose a value of t, guess the corresponding value of

SS, and compute what cp would be if that guess for

SS were correct. We can then use the value of cp to

determine the concentrations of TOTBa and

TOTSO4 remaining in solution, and estimate the

activities of Ba2þ and SO4
2- by assuming that the

speciation of TOTBa(aq) and TOTSO4(aq) remains

as determined in part (a). Finally, we can compute

SS based on these estimated activities and compare

it with the guessed value. If this value is different

from the original guess for SS, we iterate on the

guess until it is consistent with the calculated value.

We then choose a different value of t and repeat the

process.

(b) The result of the calculations for a range of mean

hydraulic residence times is shown in Figure 9-9a.

The particle concentration and SS are both nonlinear

functions of t. Both parameters are relatively sensi-

tive to changes in small values of t, but approach

asymptotic values with increasing t. As a result, the

incremental benefits of building a larger reactor

grow smaller. Similarly, Figure 9-9b shows that

the fraction of TOTBa precipitated increases with

increasing t, but incremental benefits diminish at

residence times >2–3 min. On the other hand, the

average particle diameter increases almost linearly

with increasing t, and the advantages of a large

particle size for the subsequent solid=liquid separa-

tion step might provide a reason to design a reactor

with a t of several minutes. &
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FIGURE 9-9. Effect of hydraulic residence time in the example

CFSTR on (a) particle concentration and supersaturation and (b)

average particle diameter and the fraction of Ba precipitated.
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Precipitation of Hydroxide Solids

Metal Speciation and the Metal Hydroxide—pH Relation-
ship The principal applications of precipitation in water

and wastewater treatment involve cationic metals, with the

goal being either to remove problematic metals (e.g., Pb2þ,
Zn2þ, Cu2þ, Cd2þ, Ca2þ, Fe2þ) from solution or to precipitate

metal hydroxides (Al(OH)3(s), Fe(OH)3(s)) as coagulants or

adsorbents. In this section, we consider factors that control

the precipitation of metal hydroxides; the precipitation of

other metal-containing solids (carbonates, phosphates, sul-

fides, etc.) is addressed in subsequent sections.

A key characteristic ofmetal ions in water is their tendency

to formmetal–ligand complexes. Some ligands (OH�, CO3
2�)

are present in virtually all solutions of interest, while other

ligands (natural organic matter, EDTA) are present only in

waters from specific sources or that have been used in specific

applications. If the concentrations of all ligands in the solution

are known, the fraction of TOTM(aq) that is present as

complexes can be computed with the aid of Equation 9-69;

this fraction can vary from virtually 0 to almost 100%. As

demonstrated in Example 9-7b, the formation of complexes

reduces the tendency for precipitation to occur. If a metal is

extensively and strongly complexed, removing it from solu-

tion by precipitation might be very difficult; indeed, ligands

are sometimes added to water specifically to prevent precipi-

tation of metals.

The formation of M–OH complexes (commonly referred

to as hydrolysis of the metal) is possible in any aqueous

solution, because of the ubiquity of OH� ions in such

solutions. Because cOH� is directly related to the solution

pH, the relative concentrations of Mmþ and all M(OH)x
m�x

species are strongly pH-dependent, with the species with

higher values of x accounting for a larger fraction of TOTM

as pH increases.

The solubility of metal hydroxide solids in solutions

where hydroxo-metal complexes are the only ones of

importance is conveniently characterized on log c� pH

plots. Such a plot for Zn speciation in a solution that is

in equilibrium with amorphous Zn(OH)2(s) is shown in

Figure 9-10; the stability constants used to prepare the plot

are shown in Table 9-6.

Although the concentration of each dissolved Zn species

changes monotonically with pH (with some species increas-

ing and others decreasing), the sum of all dissolved species;

that is, TOTZn(aq), has a characteristic bowl shape, passing

through a minimum at some pH value. The pH at which the

minimum in TOTM(aq) occurs, and the corresponding con-

centration, establish limits on how much treatment can be

accomplished by precipitation of the metal hydroxide solid.

Situations are sometimes encountered in which the pH of

a metal-containing solution is higher than that of the mini-

mum solubility (i.e., higher than the pH at the bottom of the

solubility “bowl”), so that precipitation can be induced by

lowering the pH. However, the much more common situa-

tion is for the pH of the raw water to be below that of

minimum solubility. In such cases, addition of hydrated lime

(Ca(OH)2) is often an inexpensive and effective way to raise

the pH and induce precipitation.

Figure 9-10 specifies the concentrations of Zn species

in solutions that are in equilibrium with amorphous Zn

(OH)2(s). In most treatment applications, a solution with

a known total Zn concentration (TOTZn) exists, in which

case a more useful version of the diagram can be prepared

showing the speciation both in the pH range where a solid

forms and in ranges in which all the Zn is soluble. Such a

diagram was presented previously for a system containing

10�3M TOTCu (Figure 9-5); a diagram for a system con-

taining 20mg=L TOTZn (3.06� 10�4M) in a solution that

also contains 0.05M NaNO3 (which contributes most of the

ions affecting the ionic strength) is shown in Figure 9-11.

Acid–Base Requirements for Metal Hydroxide Precipita-
tion The reactions shown in Table 9-6 indicate that Zn2þ

and its hydrolyzed forms can interact with water in various

ways that might either release or consume Hþ ions; that is,

they might act as either acids or bases. In a solution in

which the Zn species are the only weak acids and bases

present, the change in the Zn speciation determines the acid

or base requirement for the precipitation reaction. For

example, consider a solution like the one characterized in

Figure 9-11 (20mg=L TOTZn, 0.05M NaNO3) that is

initially at pH 7.0. All the Zn would be soluble in such a
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FIGURE 9-10. Zn speciation in an ideal solution that is equili-

brated with amorphous Zn(OH)2(s).

TABLE 9-6. Major Monomeric Zn–OH Complexes

Reaction Log �bi

Zn2þ þ H2O $ ZnOHþ þ Hþ �8.997

Zn2þ þ 2H2O $ ZnðOHÞ 0
2 þ 2Hþ �17.794

Zn2þ þ 3H2O $ ZnðOHÞ �
3 þ 3Hþ �28.091

Zn2þ þ 4H2O $ ZnðOHÞ 2�
4 þ 4Hþ �40.488
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solution. If this solution were adjusted to pH 9.70 (at which

the Zn solubility is minimized), and the system reached

equilibrium, the vast majority of the Zn would precipitate. A

summary of the distribution of TOTZn at the two pH values,

and of the Hþ and OH� concentrations in the two solutions,

is provided in Table 9-7. The calculations are based on the

ionic strength of the original solution; that is, changes in the

ionic strength due to the addition of base and the precipita-

tion reaction have been ignored. Note that the product

cHþcOH� is larger than 10�14.0, because the equilibrium

constant for the dissociation of water, Kw, requires that

aHþaOH� ¼ 10�14:0, and in this solution, the activities of

Hþ and OH� are less than their molar concentrations.

Comparison of the distribution of Zn in the two solutions

makes it clear that the dominant conversion is from Zn2þ

(which represents�99% of TOTZn at pH 7.0) to Zn(OH)2(s)

(representing �98% of TOTZn at pH 9.7). This conversion

requires two OH� ions per Zn2þ ion undergoing the change,

corresponding to an OH� requirement of �2�TOTZn, or

6.12� 10�4M. The changes in the concentrations of the

hydrolyzed Zn species between the beginning and final

conditions alter this value slightly, and these effects could

be taken into account in a more detailed accounting; for

current purposes, though, the above estimate for the OH�

consumption by Zn species is adequate.

Although the estimate of the OH� required to convert

Zn2þ ions to Zn(OH)2(s) is accurate, the total OH
� require-

ment for the process is >6.12� 10�4M, because raising the

pH from 7.0 to 9.7 requires that Hþ ions in the original

solution be consumed, and that the concentration of OH�

ions in the solution increase. As shown in the final two rows

of the table, these changes require an additional

1.29� 10�7M OH� to react with >99% of the Hþ in the

original solution, plus 6.50� 10�5M OH� to increase the

concentration of OH� to its final value. The total OH�

requirement to carry out the desired conversion can therefore

be closely approximated as

OH�½ �required  ½OH��precipitated þ ½OH�� reacted
withHþ

þ ½OH�� in solution

at equilibrium

� ½OH�� in initial

solution

¼ 2ð3:06� 10�4Þ þ 1:29� 10�7

þ 6:50� 10�5 � 1:29� 10�7

¼ 6:77� 10�4 M

Since each mole of lime (Ca(OH)2) releases two moles of

OH�, this OH� requirement could be met by adding

3.39� 10�4M Ca(OH)2 to the pH 7.0 solution.

A plot of the change in pH and the amount of solid

precipitated as a function of the OH� added shows that a

stoichiometric precipitation model could describe the system

quite well after the first 0.04meq=L of OH� has been added

(Figure 9-12). That is, the first 0.04meq=L of OH� added to

the solution increases the pH to �8.2 without precipitating

any solid. Thereafter, each 0.02meq=L OH� added causes
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FIGURE 9-11. Log c-pH diagram for 3.06� 10�4M TOTZn in

0.05M NaNO3.

TABLE 9-7. Speciation in Solutions of 3.06� 10�4M

(20mg=L) TOTZn at Two pH Values

Concentration, c (mol=L)

Species pH 7.0 pH 9.7 Dc

Zn2þ 3.04� 10�4 2.65� 10�7 �3.04� 10�4

ZnOHþ 1.67� 10�6 7.32� 10�7 �9.38� 10�7

Zn(OH)2
0 2.18� 10�8 4.79� 10�6 þ4.77� 10�6

Zn(OH)3
� 1.35� 10�11 1.48� 10�6 þ1.48� 10�6

Zn(OH)4
2� 9.89� 10�17 5.44� 10�9 þ5.44� 10�9

TOTZn(aq) 3.06� 10�4 7.27� 10�6 �2.99� 10�4

Zn(OH)2(s) 0.00 2.99� 10�4 þ2.99� 10�4

Hþ 1.29� 10�7 2.57� 10�10 �1.29� 10�7

OH� 1.29� 10�7 6.51� 10�5 þ6.50� 10�5
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FIGURE 9-12. Response of a pH 7.0 solution containing

20mg=L TOTZn (3.06� 10�4M) and 0.05M NaNO3 to addition

of base. Although the example assumes the OH� is added as lime,

the same plot would apply if it were added as caustic soda (NaOH)

or any other strong base.
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almost exactly 0.01mmol=L of Zn(OH)2(s) to precipitate,

until almost 99% of the TOTZn is present as the solid.

While the effect on the lime requirement of species other

than those containing Zn is fairly small in this example

system, that result is not necessarily a general one. Often, the

pH of the solution to be treated is low enough that neutrali-

zation of Hþ requires a substantial lime dose, and in some

cases, the presence of other weak acids in the solution has a

similar effect.

& EXAMPLE 9-10. Estimate the (hydrated) lime dos-

age necessary to increase the pH to 9.7 and thereby minimize

TOTZn(aq), starting with the following two solution compo-

sitions. Assume that the Zn(OH)2(s) precipitation reaction

reaches equilibrium in each case.

(a) 20mg=L TOTZn, 0.05M NaNO3, pH 2.4.

(b) 20mg=LTOTZn, 0.05M NaNO3, Alk¼ 60mg=L as

CaCO3, pH 7.0. Assume that all of the alkalinity is

contributed by the Hþ=H2O=OH
� and carbonate

acid=base groups, and ignore the formation of solu-

ble complexes between Zn and CO3 species and the

possible precipitation of ZnCO3(s).

Solution.

(a) This solution contains the same TOTZn as the exam-

ple system discussed previously, so the speciation of

Zn at pH 9.7 will be identical to that in Table 9-7. Zn

speciation in the initial solution (at pH 2.4) will be

dominated even more strongly by Zn2þ, so the con-

centrationofOH� required to carry out the conversion

of the Zn species (from essentially all Zn2þ to essen-

tially all Zn(OH)2(s)) will once again be 6.12�
10�4M. And, as before, the OH� concentration will

have to increase from essentially 0 (3.3� 10�12 in this

case) to 6.51� 10�5M; thisOH� requirement is there-

fore 6.51� 10�5M. However, in this case, the OH�

requirement for neutralizing the Hþ in the original

solution will be much larger than before. The original

solution contains 5.14� 10�3M Hþ (computed as the

ratio 10�pH=gHþ ,withgHþ ¼ 0:77), and the solution at
pH 9.7 contains 2.57� 10�10M, so 5.14� 10�3M

OH� is needed for the neutralization. The total OH�

requirement in this case is therefore

OH�½ �required  ½OH��precipitated þ ½OH�� reacted
withHþ

þ ½OH�� in solution

at equilibrium

� ½OH�� in initial

solution

¼ 2ð3:06� 10�4Þ þ 5:14� 10�3

þ 6:51� 10�5 � 2:51� 10�12

¼ 5:82� 10�3 M

The hydrated lime requirement would be one-half of

this value, or 2.91� 10�3M (213mg=L Ca(OH)2),

with almost 90% devoted to neutralizing the Hþ.
The pH change and amount of Zn(OH)2(s) precipi-

tated at various points in the titration are shown in

Figure 9-13.

Although Figures 9-12 and 9-13 look quite dif-

ferent from one another, that difference is largely

due to the difference in scales. In fact, if the region

from 5.15 to 5.85meq=L OH� added in Figure 9-13

were expanded, it would correspond exactly to the

region from 0.0 to 0.7meq=L OH� added in Figure

9-13, because addition of 5.15meq=L OH� brings

the latter system from pH 2.4 to pH 7.0. In other

words, addition of 5.15meq=L OH� brings the more

acidic solution exactly to the starting point of the

less acidic one. Thus, like the solution that is initially

at pH 7.0, the solution that is initially at pH 2.4 is

characterized by stoichiometric precipitation of Zn

(OH)2(s), but only after a more extensive

“pretreatment” to bring the solution to the verge

of precipitation.

(b) This solution is at the same pH as the solution that

was considered earlier, but it differs in that it con-

tains the weak acids H2CO3 and HCO3
� in addition to

Hþ, OH�, and Zn species. Because the initial pH is

the same, the OH� requirements for changing the Zn

speciation and for changing the Hþ and OH� con-

centrations are identical to those in the original

example. However, in addition to those require-

ments, OH� is required to change the speciation

of the carbonate system.

The alkalinity of the initial solution is 60mg=L as CaCO3.

The equivalent weight of CaCO3 is 50, so, in units of
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identical to that characterized in Figure 9-12, except at an initial

pH of 2.4.
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equivalents per liter, the alkalinity is

Alk ¼ 60mg=L as CaCO3

50;000mg CaCO3=equiv
¼ 1:2� 10�3 eq=L

The total concentration of carbonate species in the origi-

nal solution can be determined from the known alkalinity,

pH, and ionic strength (which is dominated by the NaNO3

and affects the activity coefficients of all the ions). The exact

calculations are tedious, though not difficult, and are most

easily carried out using chemical equilibrium software.

However, an excellent approximation for TOTCO3 can be

made by recognizing that, at pH less than �8.5, the concen-

tration of bicarbonate ion is much greater than that of

carbonate ion, and is typically much greater than that of

Hþ and OH� as well. The problem statement specifies that

that the alkalinity of the initial solution is entirely attributa-

ble to acid=base reactions of water and the carbonate group,
so it can be expressed as

Alk ¼ cHCO�
3
þ 2cCO2�

3
þ cOH� � cHþ (9-79)

where the alkalinity is in equivalents per liter, and the

concentrations are in moles per liter. Applying the assump-

tion that cHCO�
3
is much greater than the other terms on the

right side (which we can test later to confirm that the

calculations are accurate), we see that Alk is essentially

equal to cHCO�
3
, so cHCO�

3
 1:2� 10�3 mol=L. The concen-

trations of the other carbonate species can then be computed

from Ka1 and Ka2 for the carbonate group, in conjunction

with activity coefficients based on the known ionic strength.

For example, noting that the Ka expressions are relationships

among chemical activities, and that the conventional stan-

dard state concentration for all solutes is 1.0mol=L, we can
compute the concentration of CO3

2� in the initial solution as

follows:

Ka2 ¼
aCO2�

3
aHþ

aHCO�
3

¼
gCO2�

3
ðcCO2�

3
=cCO2�

3 ;standard stateÞaHþ

gHCO2�
3
cHCO�

3
=cHCO�

3 ;standard state

¼
gCO2�

3

gHCO2�
3

cCO2�
3

cHCO2�
3

aHþ

cCO2�
3
¼ Ka2

gHCO2�
3

gCO2�
3

cHCO2�
3

aHþ
(9-80)

All the terms on the right side of Equation 9-80 are known

or calculable (the activity coefficients can be estimated from

an appropriate correlation with the ionic strength, and

aHþ ¼ 10�pH), so cCO2�
3

can be determined.10 A similar

calculation yields a value for cH2CO3
; the results are

summarized in Table 9-8 and validate the assumption that

cHCO�
3
is much greater than cCO2�

3
, cOH� , or cHþ (at pH 7, the

latter two values are on the order of 10�7). With this

information, TOTCO3(aq) can be computed, as can the total

concentration of Hþ ions associated with the carbonate

species
P

CO3 species
Hþ ¼ 2cH2CO3

þ cHCO�
3

� �
.

Since TOTCO3(aq) remains constant when the pH is

increased to 9.7, the Ka values can then be used in conjunc-

tion with the known TOTCO3(aq) to compute the speciation

at the higher pH. These results are also included in the table.

The calculations indicate that the carbonate species

release 6.82� 10�4M Hþ when the pH is increased from

7.0 to 9.7. These Hþ ions must be neutralized for the desired

pH change to be achieved, so they represent an additional

demand for OH�. Thus, in this case, the total OH� require-

ment equals that computed in the carbonate-free solution

plus 6.82� 10�4M, for a total requirement of

½OH�� requirement  6:77� 10�4 þ 6:82� 10�4

¼ 1:36� 10�3 M

The net result is that approximately twice as much lime is

required as in the absence of the carbonate species. The

changes in this system over the whole range of OH�

additions are shown in Figure 9-14.

As in the two cases analyzed previously, the precipitation

reaction can be characterized quite well as proceeding

according to a stoichiometric model after enough OH�

has been added to bring the system to a critical condition.

And, as in those previous cases, the critical condition is the

pH of incipient precipitation, equal to 8.2. In the preceding

examples, the OH� that had to be added to reach this pH was

required almost entirely to neutralize free Hþ and to build up

the free OH� concentration, whereas in the current scenario,

a substantial amount of OH� is required to convert H2CO3

to HCO3
� (or, equivalently, to neutralize Hþ released by

deprotonation of H2CO3). However, regardless, of the

reaction(s) in which OH� participates, the key criterion

for initiation of precipitation is that enough OH� be added

to titrate the system to pH 8.2. &

TABLE 9-8. Carbonate Speciation in the Initial and Treated

Solutions

Concentration, c (mol=L)

Species pH 7.0 pH 9.7 Dc

H2CO3 2.09� 10�4 3.20� 10�7 �2.09� 10�4

HCO3
� 1.20� 10�3 9.37� 10�4 �2.63� 10�4

CO3
2� 1.21� 10�6 4.73� 10�4 þ4.72� 10�4

TOTCO3(aq) 1.41� 10�3 1.41� 10�3 0.0P
CO3 species

Hþ 1.62� 10�3 9.38� 10�4 �6.82� 10�4

10 Note that, by definition, the pH equals the negative log of the activity of

Hþ, not the concentration of Hþ.
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One other common application of hydroxide precipitation

in water and wastewater treatment, but in which the empha-

sis is primarily on the amount of solids formed and not on the

residual dissolved metal concentration, is formation of ferric

or aluminum hydroxide in coagulation and=or adsorption

processes. To form the solids in such processes, a salt of

aluminum or iron is added to solution, and the metal

precipitates. Because the precipitation reaction removes

hydroxide ions from solution, it causes the pH to decline,

and alkalinity must sometimes be added to assure that almost

all of the metal precipitates and that the pH remains in an

acceptable range for the precipitated solids to react with the

contaminants in the water being treated.

& EXAMPLE 9-11. A solution at pH 7.1 has an alkalin-

ity of 24mg=L as CaCO3. The solution is to be dosed with

40mg=L of alum (Al2(SO4)3�14H2O) as part of a coagulation

process. The process works best if the pH is	6.1. Assuming

that the alkalinity is all from carbonate species and that

essentially all the added Al ions precipitate as Al(OH)3(s),

determinewhether the final pHwill be in the acceptable range

and, if not, howmuch NaOHwould have to be added to bring

thepHtoanacceptablevalue.Assumethat theionicstrengthof

the solution is low enough that the solutes behave ideally (i.e.,

all activity coefficients are 1.0).

Solution. TheMWof the alum is 594, so the alum dose is

40=594, or 0.067mmol=L. The alkalinity of the original

solution can be expressed in meq=L units as follows:

Alk ¼ 24 mg as CaCO3=Lð Þ 1meq

50mg CaCO3

� �
¼ 0:48meq=L

The pH of the initial solution is 7.1. As explained in

the preceding example, at that pH, CO3
2�, Hþ, and OH�

make negligible contributions to the alkalinity, so we can

find the HCO3
� concentration as follows:

Alk ¼ cHCO�
3
þ 2cCO2�

3
þ cOH� � cHþ  cHCO�

3

cHCO�
3
¼ 0:48meq=Lð Þ 1mmol HCO�

3

meq

� �
¼ 0:48mmol=L

The concentration of HCO3
� can also be expressed as

a1(TOTCO3), where a1 is the conventional designation used

in water chemistry to indicate the fraction of TOTCO3 that is

present as HCO3
�. If the carbonate species behave ideally, a1

is given by11

a1 ¼ 1

ððHþÞ=Ka1Þ þ 1þ ðKa2=ðHþÞÞ (9-81)

This equation indicates that a1 equals 0.849 at pH 7.1, so

TOTCO3 ¼
cHCO�

3

a1

¼ 0:48mmol=L

0:849
¼ 0:565mmol=L

The precipitation reaction consumes six equivalents of

alkalinity per mole of alum added (three equivalents per

mole of Al(OH)3(s) formed):

Al2ðSO4Þ3 þ 6OH� ! 2AlðOHÞ3ðsÞ þ 3 SO4
2�

The final alkalinity of the solution can therefore be com-

puted as

Alkfinal ¼ Alkinit � 6ðAlum doseÞ
¼ 0:48meq=L

�6meq=mmol Alumð0:067mmolAlum=LÞ
¼ 0:078meq=L

Theprecipitation reaction consumesOH�, sowe expect the
pH to decrease, meaning the final pH will be <7.1. We can

therefore once again assume that Alk is approximately equal

to the HCO3
� concentration and, based on the Ka values, that

CO3
2� makes a negligible contribution to TOTCO3. Then,

noting that the reaction does not alter TOTCO3, we can

compute theH2CO3 concentration and thefinal pH as follows:

cH2CO3
¼ TOTCO3 � cHCO3

� ¼ ð0:565� 0:078Þmmol=L

¼ 0:487mmol=L

cHþ ¼
cH2CO3

cHCO�
3

Ka1 ¼ 0:487mmol=L

0:078mmol=L
10�6:35

¼ 2:79� 10�6 ¼ 10�5:55

pH ¼ 5:55
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FIGURE 9-14. Response to addition of base of a solution identi-

cal to that characterized in Figure 9-12, except containing Alk equal

to 60mg=L as CaCO3.

11 a values are, by definition, concentration ratios, whereas the expression

on the right side of Equation 9-81 yields the ratio of the activity of HCO3
� to

the sum of the activities of H2CO3, HCO3
�, and CO3

2�. In nonideal solutions,
a different expression for a1 applies that includes the activity coefficients of

the carbonate species.
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The pH is below the target value. At the target pH of 6.1,a1

is 0.36. If the pH is raised by adding NaOH, TOTCO3 will

remain the same, so the HCO3
� concentration will be 0.36

(0.565), or 0.20mmol=L, and Alk will be 0.203meq=L.
Thus, the NaOH addition must increase Alk from 0.078 to

0.203meq=L, a difference of 0.125meq=L. Since each mole

of NaOH contributes one equivalent of Alk, the required

NaOH dose is 0.125mmol=L. &

Precipitation of Carbonate Solids

Precipitation processes that form metal carbonate solids can

offer several advantages over those that generate metal

hydroxide solids. For example, if the carbonate solid is

less soluble than its hydroxide counterpart at reasonable

values of pH and TOTCO3, the target metal concentration

might be achieved with lower reagent additions and at lower

cost. If the process is carried out at lower pH, post-process

neutralization costs might be lower. Finally, because many

carbonate solids have a higher density than do their hydrox-

ide counterparts, settling and dewatering of carbonate solids

can be more efficient.

Precipitative Softening One of the most common precip-

itation technologies in water treatment involves removing

calcium (and sometimes magnesium and dissolved iron and

manganese as well) by a process known as precipitative

water softening. Although calcium is not associated with

significant health risks, its removal can be desirable before

industrial or domestic use of water for several reasons. For

example, precipitated CaCO3(s) can form scales that reduce

heat transfer efficiency in industrial or domestic hot water

systems. These precipitates can also clog distribution sys-

tems or water treatment membranes or foul meters and

valves. In addition, both calcium and magnesium interact

with nondetergent soaps, reducing the amount of suds

formed and sometimes leaving a residual film on surfaces.

The divalent cations that contribute to these problems are

collectively known as hardness ions. As a water quality

parameter, total hardness is usually expressed as an equiv-

alent concentration in units of mg=L as CaCO3, meaning

that the actual hardness in the solution (from all hardness

ions) is equivalent to the hardness of a solution that con-

tained the specified concentration of CaCO3 and no other

sources of hardness. This convention is consistent with the

fact that the majority of the hardness in most fresh waters is

contributed by Ca2þ ions, and it is also relatively convenient,

because the molecular weight of CaCO3 is 100.

& EXAMPLE 9-12. A groundwater is reported to con-

tain225mg=Ltotal hardness,with contributionsof175mg=L
from Ca2þ ions and 50mg=L from Mg2þ ions. What are the

concentrations of Ca2þ and Mg2þ in meq=L, mmol=L, and
mg=L?

Solution. The conversions are based on the fact that

CaCO3 has a MW of 100 and a charge of þ2, so 50mg of

CaCO3 is 1 meq. Ca and Mg have atomic weights of 40 and

24, respectively. The calculations are therefore as follows:

Ca2þ :

ð175mg=L as CaCO3Þ 1meq

50mg CaCO3

� �
¼ 3:50meq=L Ca2þ

ð3:50meq=L Ca2þÞ 1mmol Ca2þ

2meq

� �
¼ 1:75mmol=L Ca2þ

ð1:75mmol=L Ca2þÞ 40mg Ca2þ=mmol Ca2þð Þ ¼ 70 mg=LCa2þ

Mg2þ :

ð50mg=L as CaCO3Þ 1meq

50mg CaCO3

� �
¼ 1:00meq=L Mg2þ

ð1:00meq=L Ca2þÞ 1mmol Mg2þ

2meq

� �
¼ 0:50mmol=L Mg2þ

ð0:50mmol=L Mg2þÞ 24mg Mg2þ=mmol Mg2þð Þ ¼ 12 mg=L Mg2þ

&

Most common precipitation softening processes are vari-

ations of the so-called lime-soda ash process. Lime and soda

ash are the common names for the chemicals CaO(s) and

Na2CO3(s), respectively. Lime dissolves very slowly in

water, so it is commonly converted to “hydrated lime”

(Ca(OH)2(s)) before being added in a treatment process;

the hydration step is known as lime slaking.

CaOðsÞ þ H2O $ CaðOHÞ2 (9-82)

After slaking, hydrated lime dissolves readily to release

hydroxide:

CaðOHÞ2 $ Ca2þ þ 2OH� (9-83)

The OH� ions that are released neutralize strong, and then

progressively weaker, acid groups in solution. If enough lime

is added to reach pH 10.3 or higher, most of the dissolved

carbonic acid (H2CO3) and bicarbonate (HCO3
�) are con-

verted to carbonate (CO3
2�) via the following reactions:

H2CO3 þ OH� $ HCO �
3 (9-84)

HCO �
3 þ OH� $ CO 2�

3 (9-85)

The carbonate can then react with calcium in solution to

produce CaCO3(s):

Ca2þ þ CO 2�
3 $ CaCO3ðsÞ (9-86)

If the solution does not contain enough TOTCO3 to precipi-

tate the desired amount of Ca2þ, soda ash (Na2CO3(s)) can

be added.
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Adding lime as part of a water softening process seems

counter-intuitive, because it adds calcium to a solution

which is being treated to reduce the calcium concentration.

Lime, however, is an inexpensive and readily available

source of alkalinity, and the additional calcium is relatively

easy to precipitate subsequently as CaCO3(s). This

approach results in additional solids formation and higher

residuals management costs. An alternative approach is

to use calcium-free sources of alkalinity such as NaOH

(commonly called “caustic”), but these reagents are more

expensive and often increase the overall cost of the pro-

cess. Nevertheless, depending on the costs of sludge

processing and disposal increase, this alternative approach

might be attractive.

In the softening process, the reagents are added in a

rapid-mix step to ensure uniform distribution. This mix-

ing process is typically followed by a 30- to 60-min

reaction time to promote particle aggregation and

growth; the suspension is mixed during this step, but

much less intensively than during the rapid-mix step. The

softening step is typically followed by settling and

filtration to separate the solids from the water. Before

distribution of the treated water, a final pH adjustment is

made to quench the reaction and adjust the water to the

desired pH value.

The Stoichiometric Model of Precipitative Softening
Conventional descriptions of precipitation softening pro-

cesses often suggest that the reagent requirements can be

based on the stoichiometry of reactions 9-84 to 9-86, along

with the acid=base balance of water itself. In such cases, the
reagent doses can be calculated as follows.

(1) Estimate dose of strong base (OH�) required to

deprotonate weak acids. This dose is based on the

assumptions that species of the carbonate group

are the only weak acids in solution and that all of

the added OH� reacts with H2CO3 or HCO3
� until

those weak acids are completely converted to

CO3
2�. In this process, each mole of H2CO3 reacts

with two moles of OH�, and each mole of HCO3
�

reacts with one mole of OH�. Therefore, the stoi-

chiometric requirement for OH� to deprotonate

carbonate species is

½OH��CO3
¼ 2cH2CO3;init þ cHCO �

3 ; init (9-87)

(2) Estimate dose of strong base needed to change the

concentrations of Hþand OH� in the initial solution

to those that apply at the final pH. The pH must be

at least 10.33 to cause most of the TOTCO3 to

be present as CO3
2�, and softening is commonly

carried out at pH values near that (the range

10.0–10.7 is common). At these pH values, cOH�

is significant, and cHþ is negligible. At the initial pH

of the solution, chances are that both cOH� and cHþ

are negligible, so the OH� dose required to adjust the

Hþ and OH� concentrations is approximately equal

to the final value of cOH� . Assuming that OH� can be

treated as an ideal solute, this concentration is

½OH��pH  cOH�;fin  10pHfin�14 (9-88)

where the first approximation is based on the idea

that cHþ;init, cOH�;init, and cHþ;fin are all negligible

compared to cOH�;fin, and the second is based on the

assumption that the activity coefficient of OH� is

�1.0 after the lime addition. The OH� requirement

associated with this step is not considered explicitly

in most discussions of stoichiometric softening, but

rather is embedded in a safety factor that is added to

account for unspecified OH� requirements.

(3) Determine the lime dose to provide the amount of

OH�computed in Steps 1 and 2. This estimate is

based on the assumption of complete dissociation of

the hydrated lime:

½CaðOHÞ2�dose ¼ 0:5f½OH��CO3
þ ½OH��pHg

¼ cH2CO3; init þ 0:5cHCO3
�; init

þ 0:5cOH�; fin (9-89)

(4) Estimate the stoichiometric requirement for

TOTCO3 in the precipitation reaction. Each mole

of Ca2þ in the rawwater and eachmole of Ca2þ added

with the lime can react with one mole of TOTCO3 to

form onemole of CaCO3(s). Assuming all the calcium

in solution is in the form of Ca2þ, the stoichiometric

TOTCO3 requirement can be calculated as

½TOTCO3�stoic ¼ ½TOTCa� after
lime

¼ TOTCainit þ ½CaðOHÞ2�dose
¼ cCa2þ;init þ cH2CO3;init

þ 0:5cHCO �
3 ; init þ 0:5cOH�; fin

(9-90)

(5) Determine whether the solution contains sufficient

TOTCO3 to meet the stoichiometric requirement

and, if not, determine howmuch additional TOTCO3

is needed. If TOTCO3 in the raw water is greater

than the stoichiometric requirement computed in step

4, then no more carbonate need be added to the

solution. However, if TOTCO3 in the raw water is
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less than [TOTCO3]stoic, then carbonate species will

have to be added if one wishes to bring the final

TOTCO3 up to the stoichiometric value. In this latter

case, soda ash (Na2CO3) is the most commonly used

reagent for increasing TOTCO3. Therefore, if

TOTCO3½ �stoic 	 TOTCO3½ �init, the required dose

of soda ash is

½Na2CO3�dose ¼ ½TOTCO3�stoic � ½TOTCO3�init
¼ ðcCa2þ;init þ cH2CO3;init þ 0:5cHCO�

3 ;init

þ 0:5cOH�;finÞ � ðcH2CO3;init þ cHCO�
3 ;init

Þ
¼ cCa2þ;init � 0:5cHCO �

3 ;init þ 0:5cOH�;fin

(9-91)

or, in sum:

½Na2CO3�dose ¼
0 if ½TOTCO3�stoic � ½TOTCO3�init
cCa2þ � 0:5cHCO�

3þ 0:5cOH�;fin
if ½TOTCO3�stoic > ½TOTCO3�init

8<
:

(9-92)

The procedure outlined above yields doses of lime and

soda ash that cause TOTCO3,fin to be greater than or equal to

TOTCafin and most of the TOTCO3 to be present as CO3
2�.

TOTCO3,fin and TOTCafin will be equal in situations where

soda ash is added. Because the precipitation reaction

removes equal molar concentrations of TOTCO3 and

TOTCa, if TOTCO3¼TOTCa before precipitation, that

equality will also apply once the solid has precipitated

and equilibrium has been reached. In such a case, the

equilibrium concentration of TOTCa in an ideal solution

can be estimated as follows:

Ks0 ¼ 3:31� 10�9 ¼ ðCa2þÞðCO2�
3 Þ

 ðTOTCaÞðTOTCO3Þ ¼ ðTOTCaÞ2 (9-93)

TOTCa ¼ 5:75� 10�5 (9-94)

This value of TOTCa corresponds to �2.3mg=L. If

TOTCO3>TOTCa after the various reagent doses, then

the computed, equilibrium value of TOTCa would be

even lower.

The steps summarized above reflect the classic stoichio-

metric approach to computing reagent doses for lime=soda
ash softening. However, alternative approaches that generate

less sludge are worth considering at locales where the

stoichiometric approach leads to the conclusion that soda

ash should be added along with the lime. For example,

imagine that the computed doses are X mol=L lime and Y

mol=L soda ash. If X > Y , we can (mentally) divide the lime

dose into two portions of X � Y and Y, and treat the overall

dosing as though it involved addition of X � Y mol=L of

lime, plus a mixture containing Y mol=L of both lime and

soda ash. This latter mixture is expected to react almost

quantitatively as follows:

CaðOHÞ2 þ Na2CO3 ! CaCO3ðsÞ þ 2Naþ þ 2OH�

(9-95)

Thus, the addition of Y mol=L of the two reagents has the

same effect as adding 2Y mol=L NaOH plus Y mol=L
CaCO3(s). The solid produced by this reaction serves no

useful role, and it contributes to the sludge burden requiring

further processing and disposal. In essence, reaction 9.95

suggests that the point of adding these two reagents is to

provide OH� to the solution, and the CaCO3(s) is just an

undesirable byproduct that appears because of the approach

being used to generate the OH�. If X were less than Y,

essentially the same argument would apply, but the soda ash

dose would be divided into two portions, and the overall

(imagined) additions would be Y � X mol=L of soda ash

plus a mixture containing Xmol=L of both reagents. In some

cases, once the costs of reagents and sludge management are

all taken into account, it might be more attractive to follow in

practice a procedure suggested by the mental exercise above;

that is, to add only enough lime or soda ash to reach a

condition where TOTCa ¼ TOTCO3 (or, depending on the

economics, even less than that), and then add NaOH to raise

the pH to the target value, thereby injecting the desired

amount of OH� into the solution without generating the

CaCO3(s) byproduct. Yet another approach for reducing the

chemical costs involves adding the lime dose needed to

reach the target pH, but adding less that the computed

stoichiometric soda ash dose. After the sludge produced

by this step is separated from the solution, additional

carbonate can be injected by bubbling the solution with

air. This process is discussed in greater detail shortly, in the

section on recarbonation.

Numerous assumptions are embedded in the preceding

calculations, almost all of which cause the estimate of

TOTCa remaining in solution to be lower than the values

that are actually obtained. Chief among these are the

assumptions that TOTCO3 is a good approximation for

the concentration of CO3
2� after the lime addition; that

the carbonate species are the only weak acids in the initial

solution; that both Ca2þ and CO3
2� behave ideally; and that

the solution reaches equilibrium with the solid. As a result,

the actual value of TOTCa present after stoichiometric

softening is invariably substantially higher than the value

computed using Equation 9-94. On the other hand, the

presence of calcium in finished drinking water is primarily

an aesthetic problem, and concentrations up to �50mg=L
are usually not considered problematic. Therefore, these

calculations often provide an acceptable guide for choosing

reagent doses that will achieve satisfactory results.
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& EXAMPLE 9-13. The major ion composition of a

hard water is shown below. The solution is at 25�C.

pH 8.30 K 14mg=L

Ca 185mg=L as CaCO3 Alk 235mg=L as CaCO3

Mg 150mg=L as CaCO3 Cl 99mg=L

Na 41mg=L SO4 71mg=L

(a) Carry out a charge balance on the solution.

(b) Estimate the concentrations of species in the car-

bonate acid=base group and of Hþ and OH� in the

raw water, assuming ideal solution behavior.

(c) Estimate the dosages of lime and, if needed, soda ash

required for stoichiometric softening of this water at

pH 10.7. Also estimate the concentration of

CaCO3(s) produced.

(d) Estimate TOTCO3(aq) and the alkalinity in

the softened solution. Based on those estimates

and Ks0 for calcite, estimate TOTCa(aq) in the

solution.

Solution.

(a) The concentrations of Hþ and OH� can be estimated

based on the pH, and the concentrations of the salt

ions can be converted to meq=L units by dividing by

their respective equivalent weights. Also, since the

pH is 8.3, the HCO3
� concentration in meq=L can be

approximated as the Alk. The concentration of CO3
2�

can then be computed using Ka2 for the carbonate

system, as follows:

cCO 2�
3 ;init ¼

cHCO3
� Ka2

cHþ
¼ ð4:70� 10�3Þð10�10:33Þ

10�8:30

¼ 6:95� 10�5 mol=L

The calculations are summarized in Table 9-9.

The summation of positive charges in the final

column is 8.84meq=L, and that of negative charges

is 9.06meq=L. The charge balance therefore closes

to within 2.4%, suggesting that all the major ions

have been taken into account.

(b) The concentrations of all the species of interest

except H2CO3 were computed in part (a). The

H2CO3 concentration is given by

cH2CO3;init ¼
cHCO3

� cHþ

Ka1

¼ ð4:70� 10�3Þð10�8:30Þ
10�6:35

¼ 5:27� 10�5

(c) The final pH is specified to be 10.70, so the final

concentration of OH� after lime addition and pre-

cipitation is 103.30. Based on that value and the

composition of the raw water as determined in parts

a and b, the required dose of lime can calculated

from Equation 9-89.

½CaðOHÞ2�dose ¼ cH2CO3;init þ 0:5cHCO�
3 ;init

þ 0:5cOH�;fin

¼ 5:27� 10�5 þ 0:5ð4:70� 10�3Þ
þ 0:5ð10�3:30Þ

¼ 2:65� 10�3 mol=L

The stoichiometric requirement for TOTCO3 equals

TOTCa in the solution after the lime addition. These

values can be computed as

½TOTCO3�stoic ¼ ½TOTCa� after
lime

¼ cCa2þ;init þ ½CaðOHÞ2�dose

¼ 1:85� 10�3 þ 2:65� 10�3

¼ 4:50� 10�3 mol=L

TABLE 9-9. Concentrations and Charges Associated with Ions in the RawWater

Species Concentration (mg=L) MW EW Concentration (meq=L) zi (meq=mmol) Concentration (mmol=L) Charge (meq=L)

Hþ 1 10�5.30 a þ10�5.30

OH� 1 10�2.70 a �10�2.70

Ca2þ 185 as CaCO3 50 3.70 2 1.85 þ3.70

Mg2þ 150 as CaCO3 50 3.00 2 1.50 þ3.00

Naþ 41 as Na 23 23 1.78 1 1.78 þ1.78

Kþ 14 as K 39 39 0.367 1 0.36 þ0.36

Alk 235 as CaCO3 50 4.70

HCO3
� b 4.70 1 4.70 �4.70

CO3
2� 0.044 �0.09

Cl� 99 35.5 35.5 2.79 1 2.79 �2.79

SO4
2� 71 96 48 1.48 2 0.74 �1.48

aBased on Hþ concentration in moles per liter equal to 10�pH, then multiplied by 103 to convert to mmol=L.
bHCO3

� concentration assumed equal to Alk on meq=L basis.
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TOTCO3 in the raw water is

½TOTCO3�init ¼ cH2CO3
þ cHCO �

3
þ cCO 2�

3

¼ 5:27� 10�5 þ 4:70� 10�3 þ 4:40� 10�5

¼ 4:80� 10�3 mol=L

TOTCO3 in the raw water is sufficient to meet the

stoichiometric requirement, so no soda ash is

needed.

Because stoichiometric softening is designed to

precipitate the vast majority of the Ca in the system

after all the reagents are added, the molar concen-

tration of CaCO3(s) can be approximated as

TOTCa after
lime

. This quantity was computed above as

4.50� 10�3mol=L, or 450mg=L. Note that only

�41% of the precipitate derives from Ca that was

in the raw water; the rest comes from Ca that was

added with the lime.

(d) TOTCO3(aq) in the softened solution is the differ-

ence between TOTCO3 in the initial solution and the

amount of CO3 removed from solution by precipi-

tation of CaCO3(s):

TOTCO3ðaqÞfin ¼ TOTCO3ðaqÞinit � ½CaCO3ðsÞ�fin
¼ 4:80� 10�3 � 4:50� 10�3

¼ 3:0� 10�4

Because the pH is known, the distribution of

TOTCO3(aq) in the softened water can be deter-

mined from the a values. At pH 10.7, a1 and a2 for

the carbonate acid=base group are 0.30 and 0.70,

respectively, so

ðHCO�
3 Þ ¼ a1ðTOTCO3Þ ¼ 0:30ð3:0� 10�4Þ ¼ 9:0� 10�5

ðCO2�
3 Þ ¼ a2ðTOTCO3Þ ¼ 0:70ð3:0� 10�4Þ ¼ 2:1� 10�4

The alkalinity can then be computed as follows:

Alk ¼ ðHCO �
3 Þ þ 2ðCO 2�

3 Þ þ ðOH�Þ � ðHþÞ
¼ 9:0� 10�5 þ 2ð2:1� 10�4Þ þ 10�3:30 � 10�10:70

¼ 1:01� 10�3

Finally, the equilibrium concentration of Ca2þ is

given by

Ca2þ
� � ¼ Ks0

CO2�
3

� � ¼ 3:31� 10�9

2:1� 10�4
¼ 1:58� 10�5

The assumption that most of the Ca is likely to

precipitate is thus confirmed. &

Many source waters that contain high concentrations of

calcium also contain substantial amounts of magnesium, and

these two alkaline earth elements behave similarly in many

ways. Therefore, magnesium is sometimes included as a

target ion, along with calcium, in the softening process.

MgCO3(s) is considerably more soluble than CaCO3(s) (Ks0

for MgCO3(s) is 10�7.46, or approximately one order of

magnitude larger than Ks0 for CaCO3(s)), so the most

common approach used to precipitate Mg2þ involves for-

mation ofMg(OH)2(s), withKs0¼ 10�9.21. The speciation of

dissolved Mg in equilibrium with Mg(OH)2(s) is shown in

Figure 9-15.

When Mg2þ removal is desired in a softening process, the

lime and soda ash dosages can be calculated based on a

stoichiometric precipitation model, just as when Ca2þ is the

only ion targeted for precipitation. The main difference in

the calculations is that the dose of OH� must be sufficient to

precipitate the Mg2þ, in addition to converting H2CO3 and

HCO3
� to CO3

2� and building up the free OH� concentration.

Because one mole of lime is required to provide the two

moles of OH� needed for precipitation of one mole of Mg,

the calculation of the required lime dose (Step 3 in the

previous calculation) becomes

½CaðOHÞ2�dose ¼ 0:5f½OH��CO3
þ ½OH��pH þ ½OH��Mgg

¼ cH2CO3;init þ 0:5cHCO �
3 ;init

þ0:5cOH�;fin þ cMg;init (9-96)

This adjusted dose has ramifications for the remaining

calculations, as follows:

½TOTCO3�stoic ¼½TOTCa� after
lime

¼ cCa2þ þ ½CaðOHÞ2�dose
¼cCa2þ;init þ cH2CO3;init þ 0:5cHCO �

3 ;init

þ 0:5cOH�;fin þ cMg;init (9-97)
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FIGURE 9-15. Log c� pH diagram for a solution in equilibrium

with Mg(OH)2(s).
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½Na2CO3�dose ¼
0 if ½TOTCO3�stoic � ½TOTCO3�init
cCa2þ;init þ cMg2þ;init � 0:5cHCO�

3 ;init
þ cOH�;fin

if ½TOTCO3�stoic > ½TOTCO3�init

8><
>:

(9-98)

Equation 9-98 indicates the soda ash dose required to cause

TOTCO3 to equal TOTCa after addition of all reagents.

Adding that dose will assure that almost all the calcium in

the system is precipitated as CaCO3(s) at the final, high pH.

However, as noted in the discussion of softening without Mg

precipitation, an alternative approach is commonly used in

which less than the stoichiometric dose of soda ash is added,

and carbonate is provided to the solution after the solids

produced at high pH have been removed.

Figure 9-15 indicates that a higher pH is generally

required to achieve low TOTMg(aq) than is required just

to precipitate CaCO3(s); this factor can also can lead to

substantial increases in the required reagent doses. In addi-

tion, particles and flocs of Mg(OH)2(s) tend to settle much

more slowly than those of CaCO3(s), so precipitation of

magnesium can significantly alter the requirements for

downstream particle separation processes.

& EXAMPLE 9-14. Repeat the calculations in Exam-

ple 9-13, if the softening process is carried out at pH 11.4 to

remove both Ca2þ and Mg2þ.

Solution. (a) Maintaining the assumption of ideal solu-

tion behavior, the concentration of OH� at pH 11.4 will be

10�2_s6 mol=L. Then, applying Equations 9-96–9-98, we find

½CaðOHÞ2�dose ¼ cH2CO3;init þ 0:5cHCO �
3 ;init þ 0:5cOH�;fin

þ cMg;init

¼ 5:27� 10�5 þ 0:5ð4:70� 10�3Þ
þ 0:5ð2:51� 10�3Þ þ 1:50� 10�3

¼ 5:16� 10�3 mol=L

½TOTCO3�stoic ¼ cCa2þ;init þ ½CaðOHÞ2�dose
¼ 1:85� 10�3 þ 5:16� 10�3

¼ 7:01� 10�3 mol=L

In this case, the stoichiometric requirement for TOTCO3

exceeds the amount available in the raw water, so some soda

ash must be added, if stoichiometric softening is the goal.

The required dose is:

½Na2CO3�dose ¼ ½TOTCO3�stoic � ½TOTCO3�init
¼ 7:01� 10�3 � 4:80� 10�3

¼ 2:21� 10�3 mol=L

Although the assumption that all the Mg initially present

precipitates is less justified than the assumption of complete

precipitation of the Ca in the system, we can use these

assumptions to estimate the maximum concentration of each

solid, and of total solids, that might form. The concentration

of CaCO3(s) that could form equals the total concentration

of Ca in the system, which is the same as the stoichiometric

value of TOTCO3 computed above. Thus

cCaCO3ðsÞ ¼ ½TOTCO3�stoic¼7:01�10�3 mol=L¼701mg=L

cMgðOHÞ2ðsÞ ¼ cMg2þ;init

¼ ð1:50� 10�3 mol=LÞð58; 000mg=molÞ
¼ 87mg=L

The total concentration of solids precipitated is thus

788mg=L, of which only �35% is attributable to Ca and

Mg ions in the raw water. &

The Equilibrium Model of Precipitative Softening The

approach of calculating reagent doses for softening based

on a stoichiometric model was developed before high-

speed computing and chemical equilibrium software

became widely available. Although application of those

doses usually leads to successful softening, the approach

does not provide any insight into the sensitivity of the

treated water composition to variations in the doses and

therefore is not useful for optimizing the reagent doses

when issues such as cost and solids production are impor-

tant considerations. To determine whether nonstoichiomet-

ric softening can achieve the treatment goal, and to

compare the effects of different dosing strategies in

such systems, an equilibrium analysis is required. In this

section, we use such an analysis to explore how alkalinity,

pH, TOTCO3(aq), TOTCa(aq), and TOTMg(aq) respond to

the lime dose in a system with an initial composition

identical to that given for the raw water in Examples 9-13

and 9-14.12

The first important insight that is obtained from this

exercise is that most natural waters that are subjected to

softening are supersaturated with respect to calcite even

before any lime is added. That is, an equilibrium analysis

based on the reported composition of the raw water indicates

that CaCO3(s) will precipitate from the unmodified solu-

tions. The solutions are nevertheless stable in a practical

sense; that is, solids do not readily precipitate if the solution

composition is not altered. Possible causes of this stability

include the substantial extent of supersaturation that is often

needed to nucleate new solids, the presence of inhibitors in

the water that adsorb to the surface of newly formed solids

12 The calculations shown were carried out using the titration function and

databases in the software package Mineqlþ1 (Environmental Research

Software, v.4.6, 2007); several other programs provide comparable

capabilities.
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and interfere with their growth, and inaccuracy of the

assumption that all the TOTCa(aq) measured in the solution

is in the form of Ca2þ. Whatever the cause of the stability, it

is overcome when the extent of supersaturation is increased

by lime addition, which leads to rapid precipitation of a large

concentration of CaCO3(s) particles.

The raw water composition specified in Example 9-13,

which is based on analysis of a real water supply, is

significantly supersaturated with respect to CaCO3(s) (Ks0

¼ 3.31� 10�9), as shown by the following calculation:

Qs0 ¼
aCa2þaCO 2�

3

aCaCO3ðsÞ
 cCa2þcCO 2�

3

¼ ð1:85� 10�3Þð4:40� 10�5Þ ¼ 8:14� 10�8 (9-99)

Taking activity coefficients into account lowers the degree

of supersaturation, but the result is still that the solution is

supersaturated by more than an order of magnitude. Calcu-

lations using chemical equilibrium software indicate that, if

this solution reached equilibrium, 5.39� 10�4mol=L calcite

would precipitate, and the pH would drop from 8.30 to 7.46.

In the following analysis, an arbitrary assumption has been

made that no calcite precipitates until 0.5mmol=L lime has

been added.

The predicted changes in pH and the concentrations of

various solutes and solids as the lime dose is increased from

0 to 4.0mmol=L are shown in Figure 9-16. The simulation

does not consider addition of soda ash. It will be useful to

refer these figures throughout the following discussion.

Because of the assumption that no solids precipitate until

0.5mmol=L lime has been added, each mmol=L of lime

added up to that point increases TOTCa(aq) by 1mmol=L
and Alk by 2meq=L, and also increases pH. The pH change

alters the speciation of carbonate (not shown), but

TOTCO3(aq) remains constant. When the lime dose reaches

0.5mmol=L, all the parameters undergo discontinuous

changes, because solid is assumed to precipitate at that

point, lowering TOTCa(aq), Alk, TOTCO3(aq), and pH.

Approximately 60% of TOTCa is predicted to precipitate,

generating a pH drop of more than 1.7 units.

At higher lime doses, each mmol=L of lime causes

TOTCa(aq), Alk, and TOTCO3(aq) to decrease further, until

almost all the calcium has been removed from solution,

at a dose near 1.7mmol=L. Because the pH is in the range

7.5–9.5 throughout this process, the dominant dissolved

carbonate species is HCO3
�, and the overall reaction

conforms closely to the following:

Ca2þ þ 2HCO �
3 þ CaðOHÞ2 ! 2CaCO3ðsÞ þ 2H2O

(9-100)

When this reaction dominates, each mmol=L of lime

added reduces TOTCa(aq) and TOTCO3(aq) by 1mmol=L

and Alk by 2meq=L, while increasing the CaCO3(s) con-

centration by 2mmol=L; these changes are reflected in the

slopes of the corresponding curves in Figure 9-16b.

When yet more lime is added, the Ca that enters with it is

virtually the only Ca available. As long as HCO3
� remains

9.0

9.5

10.0

10.5

11.0

11.5

12.0
(a)

7.0

7.5

8.0

8.5

4.03.53.02.52.01.51.00.50.0

S
ol

ut
io

n 
pH

Lime added (mmol/L)

3

4

5

6

TOTCO3

CaCO3(s)

(b)

0

1

2

4.03.53.02.52.01.51.00.50.0

C
on

ce
nt

ra
tio

n 
(m

m
ol

/L
)

Lime added (mmol/L)

TOTCa

Alk (meq/L)

2.0

1.0

1.5
TOTMg(aq)

(c)

0.0

0.5

4.03.53.02.52.01.51.00.50.0

C
on

ce
nt

ra
tio

n 
(m

m
ol

/L
)

Lime added (mmol/L)

Mg(OH)2(s)

FIGURE 9-16. Response of the raw water from Example 9-13 to

titration with lime, based on attainment of equilibrium after each

lime dose. (a) pH; (b) Ca and CO3 species; and (c) Mg species. At

doses up to 0.5mmol=L, the simulation assumes that reactions in

solution equilibrate, but no solids precipitate; at higher doses, both

reactions in solution and precipitation reactions are considered.
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the dominant form of dissolved carbonate, this Ca reacts

with the HCO3
�, and the dominant reaction occurring is the

following:

HCO �
3 þ CaðOHÞ2 ! CaCO3ðsÞ þ H2Oþ OH� (9-101)

Because this reaction generates free OH�, it causes the pH
to increase. When the pH increases enough that a substantial

fraction of the dissolved carbonate is present as CO3
2-, the

following reaction also becomes significant:

CO 2�
3 þ CaðOHÞ2 ! CaCO3ðsÞ þ 2OH� (9-102)

These reactions, which dominate over the range of lime doses

from �1.7 to 2.5mmol=L, lower TOTCO3(aq) and increase

the pH, but they do not alter Alk or lower TOTCa(aq)

significantly. At lime doses of �2.5–2.7mmol=L, reactions
9-101 and (especially) 9-102 remain important, but the TOT-

CO3(aq) has declined to the point where it is insufficient to

cause precipitation of the addedCa, so a significant fraction of

the lime simply dissolves and remains in solution, causing

TOTCa(aq) and Alk to increase.

In the absence of dissolved Mg, most of any additional

lime that was dosed would remain in solution, causing

TOTCa(aq) and Alk to increase by 1mmol=L and 2meq=L,
respectively, per mmol=L of lime added. However, at a lime

dose of 2.7mmol=L, Mg(OH)2(s) begins to precipitate, and

the dominant reaction becomes

Mg2þ þ CaðOHÞ2 ! MgðOHÞ2ðsÞ þ Ca2þ (9-103)

As long as this reaction dominates, each mmol=L of lime

added reduces TOTMg(aq) by �1mmol=L and increases

TOTCa(aq) by 1mmol=L, so it has essentially no effect on

the total hardness remaining in solution. Alk also remains

approximately constant in this region. If Mg removal were

truly needed, and if one wished to keep the dissolved Ca

concentration low in this high-pH solution, soda ash would

have to be added in addition to the lime, so that the Ca2þ

released in reaction 9-103 would precipitate. (Alternatively,

as noted previously, NaOH could be added instead of lime

once the lime dose reached �2.5mol=L. Such an approach

would raise the pH and precipitate Mg(OH)2(s) without

increasing the dissolved Ca concentration. Yet another

approach is described shortly in the discussion of recarbo-

nation.) At a lime dose of 4.0mmol=L, the pH is predicted to

be 11.2, with �64% of the Mg in the initial solution

precipitated. Raising the pH further would remove more

Mg from solution, but at a substantial cost in terms of

reagent addition and sludge production (assuming that

soda ash was added along with the lime to keep soluble

Ca low).

The results from Example 9-13, which characterized the

expected behavior of the solution based on the assumption

of stoichiometric precipitation, are compared with those

based on the equilibrium analysis for the same lime dose

in Table 9-10.

The table indicates that the prediction for the concentra-

tion of CaCO3(s) formed based on the stoichiometric model

is very close to that predicted based on an equilibrium

analysis, and that the reagent doses computed using the

traditional, stoichiometric approach are expected to achieve

excellent softening; a comparison for the reagent dosages

determined in Example 9-14 (that include precipitation of

Mg(OH)2(s)) would lead to the same conclusion. Thus, if

one were interested solely in determining an acceptable set

of dosages to soften a given water source, either approach

could be used. However, the goal of a softening analysis is

invariably more ambitious than that, requiring the analyst to

compare a wide variety of alternative operating scenarios

with respect to cost and other technical or practical consid-

erations. The equilibrium analysis allows the response of the

system to different dosing scenarios to be evaluated, whereas

the stoichiometric analysis does not.

For example, for the water source considered in the

preceding few examples, Figure 9-16 indicates that

TOTCa(aq) can be reduced to <0.5mmol=L (50mg=L as

CaCO3) at a lime dose as low as 1.05mmol=L, or about 40%
of the stoichiometric dose. The figure also illustrates

the dependence of sludge production on lime dose, and

Figure 9-16c indicates the lime dose required to initiate

Mg(OH)2(s) precipitation. In addition, as has been noted,

the equilibrium analysis also accounts for nonideal solute

behavior and the contribution of soluble complexes to the

total dissolved concentrations of Ca, Mg, and other species

of interest. None of this information is available from a

strictly stoichiometric analysis.

While an equilibrium analysis can provide accurate pre-

dictions for the solution composition once equilibrium is

TABLE 9-10. Comparison of Predicted System Composition

Based on Stoichiometric and Equilibrium Models for Lime

Softeninga

Model

Stoichiometricb Equilibriumb

pH 10.70 10.93

TOTCa(aq) 1.58� 10�5 1.84� 10�4

TOTMg(aq) 1.50� 10�3 1.50� 10�3

TOTCO3(aq) 3.00� 10�4 7.41� 10�5

Alk 8.91� 10�4 1.37� 10�3

CaCO3(s) 4.50� 10�3 4.32� 10�3

Mg(OH)2(s) 0 0

aRaw water as specified in Example 9-13; lime dose 2.65mmol=L for both

models.
bAll values in mmol=L, except pH (dimensionless) and Alk (meq=L).
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achieved, those predictions still suffer from the fact that the

precipitation reactions often do not reach equilibrium in full-

scale treatment plants. In addition, removal of the precipi-

tated solids is invariably incomplete, so TOTCa in the water

exiting the plant is always larger than the equilibrium value

of TOTCa(aq), often by several fold. If CaCO3(s) is super-

saturated in the water leaving the treatment plant, precipita-

tion of the solid is expected in the distribution system.

Historically, many systems have been operated with the

express intent of promoting precipitation of small amounts

of CaCO3(s) in the distribution system since the precipitate

typically forms on pipe walls and is thought to interfere with

corrosion of some pipe materials. On the other hand, if the

solution is too supersaturated, enough CaCO3(s) could

precipitate in the distribution system over time to signifi-

cantly reduce the effective diameter of the pipes. To avoid

such a situation, the treatment system can be designed to

facilitate a closer approach to solid=liquid equilibrium. For

example, solids recycle can be used to increase the solids

concentration in the precipitation reactor and thereby accel-

erate the approach to equilibrium. The introduction of solids

also reduces or eliminates the scenario shown at low lime

doses in Figure 9-16, where CaCO3(s) does not precipitate

even though the solution is supersaturated. Nason and

Lawler (2009) reported that the benefits of seeding reactors

used for precipitative softening include increases in the rates

of precipitation and flocculation, leading to a dramatic

reduction in the number of small particles formed compared

to homogeneous nucleation and a corresponding shift in the

particle mass distribution toward larger particle sizes.

In addition to the factors mentioned previously (failure to

reach equilibrium and the presence of dissolved complexes

of Ca), elevated values of TOTCa(aq) in the finished water

can be caused by low temperatures. The standard enthalpy of

reaction for precipitation of CaCO3(s), DH
o

r , is �12.5

kJ=mol. Therefore, according to the van’t Hoff equation

(Equation 9-16), the solubility of CaCO3(s) increases with

decreasing temperature. For example, Ks0 is 44% larger at

5�C than at 25�C.
The preceding discussion indicates that meeting the target

value for hardness in a precipitative softening process

(typically, around 2meq=L, or 100mg=L as CaCO3 for

potable water) is not particularly difficult, and that, with

careful process control, substantially lower concentrations

can be reached. However, in light of the unavoidable limi-

tations of equilibrium modeling for predicting the overall

performance of a softening process (those mentioned above,

as well as temporal variability of the raw water quality),

reagent doses in full-scale plants tend to be based on a

combination of calculations and local experience. Also, as a

practical matter, because pH is such a critical parameter and

is more easily measured than either TOTCa or TOTCO3,

reagent dosages are often adjusted online to achieve a target

pH, rather than based on stoichiometric calculations.

In some situations, especially for groundwaters with high

hardness, it can make sense to treat only a portion of the

influent to achieve very good hardness removal and then

blend that treated solution with the remainder of the influent

to meet the overall treatment objective. The blending not

only dilutes the hardness in the untreated water but also uses

the untreated water to partially neutralize the basicity of the

softened water so that less acid is required to lower the pH to

the acceptable range. This approach, known as split-stream

softening, can save on both capital costs (because the

treatment system can be designed for a smaller flow) and

operating costs (because the reagent requirements are

reduced). Split-stream softening is often a viable option

for treating groundwaters with high hardness, but it is rarely

appropriate for hard surface waters, where the entire flow

would have to be treated to remove suspended particulate

matter and perhaps natural organic matter.

Recarbonation of Softened Water One component of the

reagent requirements for softening that has been referred to

in the preceding discussion, but not quantified, arises from

the need to lower the solution pH after the hardness ions

have been removed. Although this neutralization can be

accomplished by addition of a strong acid to the water, a

common alternative method involves injecting CO2(g) into

the water downstream of the precipitation step. This

approach, known as recarbonation, has the advantages

that it does not add more salt ions to the water (since

hard waters often already contain substantial amounts of

salt, it is desirable to avoid adding yet more) and it lowers the

pH without lowering the alkalinity (which is already quite

low after the precipitation step). It also provides a way to

increase TOTCO3 and precipitate some of the Ca remaining

in solution after lime addition, and thereby serves as an

alternative to addition of at least some soda ash. This point is

apparent in Figure 9-17, which shows the changes in solu-

tion composition accompanying absorption of various

amounts of CO2 into the softened water characterized in

Figure 9-16. For this analysis, it was assumed that lime was

added at a dose of 4mmol=L to the raw water, the resulting

solution reached equilibrium, and then the precipitated

solids (CaCO3(s) and Mg(OH)2(s)) were all removed

from the suspension before CO2 was injected.

Doses of CO2 up to �1.0 mmol=L in this example

system induce almost stoichiometric precipitation of

CaCO3(s), because most of the added CO2 combines

with OH� to form CO3
2-, which then reacts with Ca2þ.

The dominant reactions during this stage of recarbonation

are as follows:

CO2 þ 2OH� ! CO 2�
3 þ H2O (9-104)

Ca2þ þ CO 2�
3 ! CaCO3ðsÞ (9-105)
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These reactions reduce the total dissolved Ca concentra-

tion from 1.47 to 0.54mmol=L. The consumption of OH�

ions by the reactions causes the pH to decline, and the

precipitation reaction reduces the alkalinity of the solution

(by removing CO3
2�). As the pH approaches pKa2 for the

carbonate acid=base system (pH 10.33), a substantial portion

of the dissolved CO3
2� becomes protonated, causing

CaCO3(s) to become undersaturated and start dissolving,

according to the following reaction:

CaCO3ðsÞ þ CO2 þ H2O ! Ca2þ þ 2HCO �
3 (9-106)

If the newly precipitated CaCO3(s) (from the early parts

of the recarbonation process) was not separated from the

solution, this reaction would release Ca2þ back into solution

and reverse the alkalinity loss that occurred previously. In

fact, with additional CO2 absorption, the reaction would

continue until all the calcite that had formed at the beginning

of the recarbonation process dissolved. For this example,

that point would be reached after �2.0mmol=L CO2 had

entered solution, and the pH had dropped to 7.70.

In practice, CO2 injection is limited to minimize dissolu-

tion of the newly formedCaCO3(s),.and a second solid=liquid
separation step is implemented at the condition near the peak

in CaCO3(s) formation. Noting that Figure 9-17 characterizes

a system in which no soda ash was added in the initial

softening step, we see that a trade-off exists between adding

soda ash in the first step and thereby reaching the desired, low

total hardness concentration after a single stage of solid-

=liquid separation at high pH, versus adding less or no

soda ash in that step, but constructing two solid=liquid
separation steps (one at high pH, and one after recarbonation).

Based on equilibrium calculations, single-stage softening

yields a softer water, but onewith a higherNaþ concentration.

The hardness remaining in thewater after two-stage softening

is higher than that after single-stage softening, but is still in the

acceptable range for most drinking water applications.

As with the softening process, recarbonation is generally

carried out to a target final pH, rather than by controlling the

CO2 dose directly. Throughout the recarbonation process, all

the TOTMg(aq) in the softened water remains in solution

since the initial solution was saturated with Mg(OH)2(s) and

the addition of CO2 lowers the OH� activity.

Figure 9-17 suggests that changes induced by recarbo-

nation, like those in the softening process, could be

described quite successfully using a stoichiometric precipi-

tation model. However, as is true for the precipitation step,

that approach does not provide the comprehensive under-

standing or insights that can be acquired by equilibrium-

based modeling, nor does it provide the flexibility to easily

consider alternative dosing scenarios. For this reason, and in

light of the ready accessibility of chemical equilibrium

software, designers and practitioners are gradually making

greater use of the latter approach.

Precipitation of Other Metal Carbonates and Hydroxy-
Carbonates Precipitation of solids containing carbonate

ions is important in a number of contexts other than soften-

ing. One of the most pertinent of these is in water distribu-

tion systems in which the water comes into contact with

lead. Lead is rarely present at concentrations of concern in

the source waters used for water supply, but it can enter the

water by corrosion of pipes or “service lines” (the small-

diameter pipes between the water main and individual

residences). In addition, brass and bronze meters and valves

often contain lead, as did the solder that was commonly used

in household plumbing until a few years ago. Lead can leach

from any of these sources into the water, sometimes accu-

mulating to problematic levels, especially in water that has

been stagnant and in contact with the source of the lead for

an hour or more (Edwards and Dudi, 2004).

The lead in the source materials is metallic; that is, it is in

the form Pb(s), and it enters solution only after being
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FIGURE 9-17. Changes in solution composition accompanying

recarbonation of a softened water. For these calculations, the initial

solution was assumed to have the composition corresponding to a

lime dose of 4.0mmol=L in Figure 9-16, but without any solids.
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oxidized to the divalent (Pb2þ) form.13 The Pb2þ that is

generated either forms solid phases on the pipe surface (for

instance, the mineral litharge [PbO(s)] has frequently been

found in the scales adjacent to metallic lead) or it can

migrate into the water flowing through the pipe. The trans-

port of Pb2þ is generally impeded by other corrosion prod-

ucts (i.e., scales) that have formed on the pipe surface, so the

Pb2þ concentration increases in the solution immediately

adjacent to the pipe. The Pb2þ can also react with OH� and

CO3
2� ions in the solution to form both soluble complexes

and, potentially, Pb-containing solids. This possibility is

enhanced by fact that the electrochemical reduction of

oxygen, which is an essential part of the corrosion reaction,

generates OH�, and therefore causes the pH near the pipe to

be higher than in the bulk solution. For typical drinking

water conditions, the lead solids that are most likely to

precipitate are cerussite (PbCO3(s), Ks0¼ 10�13.1) and

hydrocerussite (Pb3(CO3)2(OH)2(s), Ks0¼ 10�45.5).

Depending on the pH and alkalinity of the water, these

solids are expected to place an upper limit on TOTPb(aq) of

a few tens to a few hundreds of mg=L (Figure 9-18).

The concentration of soluble Pb in equilibrium with

cerussite and hydrocerussite, while low, is still substantially

greater than is considered acceptable in potable water. For

example, the USEPA’s Lead and Copper Rule (USEPA,

2007) specifies an “action level” for lead of 15mg=L.14

Fortunately, the slow diffusion of Pb species from the pipe

walls (or from the precipitated solids) into the bulk solution

and the subsequent dilution into the bulk flow usually

prevent the soluble lead concentration in the bulk water

from reaching the same levels at which it might exist near the

walls. As a result, in most systems, the only locations where

such high concentrations of soluble lead are found are the

water near the source of the lead, and then only after periods

of stagnation. However, extremely high lead concentrations

can be found intermittently in tap water at some locations

due to release of chunks of metallic lead (Lytle et al., 1993)

or particulates containing oxidized lead (Edwards and Dudi,

2004; Triantafyllidou et al., 2007).

Corrosion “inhibitors” are sometimes added to the water

to reduce lead solubility. Typically, these inhibitors contain

orthophosphates and sometimes polyphosphates, which par-

tially hydrolyze in the distribution system to form ortho-

phosphates. In some cases, formulations containing zinc

orthophosphate (Zn3(PO4)2(s)) are used, but whether the

zinc provides additional benefits is unclear. Orthophosphate-

based inhibitors do not affect the electrochemical corrosion

process directly, but rather control lead solubility by

promoting the precipitation of low-solubility, phosphate-

containing solids near the pipe walls (Figure 9-19). Over

time, the layer that contains these solids tends to become an

increasingly effective barrier to diffusing species, thereby

reducing the rate at which oxygen reaches the surface and

decreasing the corrosion rate.
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range of pH values and total dissolved carbonate concentrations.

Ionic strength was fixed at 2�TOTCO3 for each simulation. The

short vertical lines indicate the pH where the solid that is predicted

to be present at equilibrium changes from cerrusite (at lower pH) to

hydrocerrusite (at higher pH); at 10�4M TOTCO3, hydrocerrusite

is the solubility-controlling solid over the whole pH range shown.

Source: After Schock and Lytle (2011).
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FIGURE 9-19. Predicted solubilityof lead inamodeldrinkingwater

containing 5� 10�4M TOTCO3 and 0.5mg=L TOTPO4 (added as a

corrosion inhibitor). No Pb-containing solid is expected in the region

below the solid curve. In theupper regions, the solution is supersaturated

with respect to the solid indicated, and on the lines separating different

regions, the solution and=or solids on the two sides of the lines are in

equilibrium. Source: After Schock and Lytle (2011).

13 In some systems, the lead is oxidized to Pb(IV), which forms a highly

insoluble oxide (PbO2(s)). The Pb in this oxide might later be reduced to

Pb(II) and enter solution.
14 If a certain fraction (currently, 10%) of water samples at consumers’ taps

exceed the action level, the utility is required to take some measures to

reduce the risk to public health. These measures might include notifying the

public and/or altering the water composition to reduce its corrosivity.
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Other Solids with pH-Dependent Metal and
Ligand Speciation

For solids that contain cationic and anionic components that

both exhibit pH-dependent changes in speciation, and in

systems in which those components can react with other

solutes as well as each other, prediction of the solution

composition and the conditions under which solids are

expected to precipitate is difficult without the aid of chemi-

cal equilibrium software. Even though these calculations

would be daunting to carry out manually, the principles

underlying the calculations are identical to those described

in the preceding sections, and the data can often be readily

interpreted once the calculations are complete.

Consider, for example, a wastewater containing 10�6M

TOTCdwhich is to be treated to reduce TOTCd(aq) to 2mg=L
(1.8� 10�8M) or less. Like most heavy metals, Cd forms a

fairly insoluble hydroxide solid, and also soluble complexes

with OH� ions. Assuming that Cd(OH)2(am) forms when the

pH of the solution is raised, the Cd solubility as a function of

pH is as shown by the top curve in Figure 9-20a. In the

hypothetical solution, Cd(OH)2(am) is predicted to first form

at pH 10.2, and then to continue precipitating as the pH is

raised to 11.2. If the pH is raised even higher, the solid starts

dissolving (due to the formation of Cd(OH)3
� and Cd(OH)4

2�

complexes), and at pH 12.8 or higher, all the Cd in the system

is once again dissolved.Even at the pHofminimumsolubility,

only �70% of the Cd is predicted to precipitate. Thus,

precipitation of Cd(OH)2(s) is incapable of achieving the

treatment objective.

Now, consider what happens if the solution contains

various concentrations of sulfide species (H2S(aq), HS
�,

and S2�, which we represent collectively as S(II)). Like

OH�, S2� forms a solid with Cd2þ (“greenockite”, with

formula CdS(s)) and also forms soluble complexes (CdHSþ,
Cd(HS)2

0, etc.). However, the Cd��S bonds in both the solid

and the complexes are considerably stronger than the corre-

sponding Cd��OH bonds. The expected, equilibrium behav-

ior of the Cd is shown for two, less-than-stoichiometric

doses of TOTS(II) in Figure 9-20a. In each case, at pH

slightly >2.0, CdS(s) precipitates until essentially all the

sulfide is removed from solution. Thus,�20% of the TOTCd

precipitates when TOTS(II) is 2� 10�7M, and 50% precip-

itates when TOTS(II) is 5� 10�7M. The remaining Cd stays

in solution until the solubility of Cd(OH)2(s) is exceeded, at

which point the curves in the systems with sulfide coincide

with those in the sulfide-free case.15 When the solubility of

Cd(OH)2(am) exceeds that of CdS(s) on the alkaline side of

the minimum solubility, the sulfides once again precipitate.

The qualitative pattern of Cd solubility versus pH changes

dramatically when the dose of TOTS(II) exceeds the

stoichiometric requirement, as shown in Figure 9-20b. In

this case, the possibility of meeting the treatment target (if

the system reaches equilibrium and the solids are efficiently

separated from the solution) exists over a wide pH range.

Furthermore, in these systems, CdS(s) is always less soluble

than Cd(OH)2(s), and the latter solid never forms.

When TOTCd¼TOTS(II)¼ 10�6M, the Cd solubility

curve is bowl-shaped, much as in systems where metal

hydroxides precipitate. As in those systems, the bowl reflects

the fact that the concentration of free aquo Cd2þ and cationic

complexes (e.g., CdOHþ and CdHSþ) decrease with

increasing pH, whereas the concentrations of anionic com-

plexes of Cd2þ (e.g., Cd(OH)3
� and Cd(HS)4

2�) follow the

opposite trend. At low pH, the former trend dominates, and

at high pH, the latter one does.

When TOTS(II) is twice the stoichiometric dose (i.e.,

2� 10�6M), even more CdS(s) precipitates at every pH, so

TOTCd(aq) declines across the full pH range. However,

when TOTS(II) is increased further, the trend reverses, and

Cd becomes more soluble with increasing TOTS(II), at least

up to pH 12. The explanation for this reversal is that, while
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FIGURE 9-20. Solubility of Cd in a solution with 10�6M

TOTCd and a range of (a) low or (b) high concentrations of

TOTS(II).

15When Cd(OH)2(s) is less soluble than CdS(s), the CdS(s) dissolves, and

Cd(OH)2(s) is the only solid present. The details of this process are

explained in most water chemistry texts.
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the additional sulfide increases the driving force for CdS(s)

precipitation, it does the same for formation of soluble Cd–

HS complexes; the calculations tell us that, when TOTS(II)

is greater than�2� 10�6, the effect on formation of Cd–HS

complexes overwhelms the effect on CdS(s) formation, so

solubility increases. The curves for TOTS(II) concentrations

of 2� 10�6 to 10�3M also exhibit a shoulder that, in all

cases, ends near pH 7. This shoulder reflects the influence of

the acid=base chemistry of S(II) on the system, specifically

the fact that pKa1 for H2S is 7.0.

As noted, the calculations required to generate Figure 9-20

would be virtually unmanageable without the aid of a

computer. However, no matter how complex the system, the

governing equations are the mass balances and equilibrium

relationships among the species, so that once the calculations

havebeencarriedout, the results areoften readily interpretable.

Effects of Complexing Ligands on Metal Solubility

The discussion to this point has considered only OH� and

the anion that forms the solid as species that might form

soluble complexes with metal cations. However, many other

ligands might be present in the solution, and these ligands

always increase the equilibrium solubility of the metal;

indeed, if the affinity of such ligands for the metal is large

enough, and they are present at sufficiently high concentra-

tion, they can prevent the solid from forming. In those cases,

the metal might be precipitated by adding a different anion

that combines with it to form a less soluble solid, adding a

different metal that outcompetes the target metal for the

complexing ligand, or adding a reagent (e.g., an oxidant) that

reacts with and destroys the ligand.

As an example of the potential effects of strong complex-

ing agents, consider again the solution containing 20mg=L
Zn (3.1� 10�4M) that was analyzed earlier in the chapter.

As was shown in Figure 9-11, increasing the pH of the

solution to 9.7 causes Zn(OH)2(s) to be supersaturated, and,

once equilibrium is attained, reduces TOTZn(aq) to �0.45

mg=L (7� 10�6M). That calculation, however, assumes

that the only soluble complexes of Zn that form in the

solution are Zn(OH)x
2�x species. If a chelating agent that

has a strong affinity for Zn2þ, such as EDTA, were present in
the solution, it could also form complexes with Zn2þ,
thereby lowering the activity of Zn2þ and reducing the level

of supersaturation. In fact, the affinity of EDTA for Zn2þ is

so great (logK for formation of ZnEDTA2� is 18.0) that

essentially all the EDTA in solution binds with Zn2þ ions, at

least up to pH �11; if EDTA is present at equal or greater

concentration than TOTZn, no Zn(OH)2(s) will precipitate

(Figure 9-21).

As noted above, approaches that might be pursued to

precipitate zinc from such a solution include adding a

precipitating ligand that can outcompete the EDTA for

the Zn2þ (e.g., S(II)), adding a metal that can outcompete

the Zn2þ for EDTA, or destroying the EDTA in a chemical

reaction. Although several other heavy metals have greater

affinity than Zn2þ for EDTA, they are likely to be equally or

more problematic as a constituent of the treated solution, so

that option would probably be unattractive. Similarly,

destruction of EDTA is extremely difficult, although it

can be accomplished by some of the advanced oxidation

processes described in Chapter 10. Thus, in this particular

example, the only realistic option for precipitating the Zn

would be to add a ligand that forms a less soluble solid than

Zn(OH)2(aq).

In some cases, complexing ligands or other reagents are

added specifically to inhibit precipitation. For example,

precipitation of calcite (CaCO3(s)) and=or gypsum

(CaSO4(s)) is often of concern in reverse osmosis systems.

Calcite formation can usually be controlled in such systems

by lowering the solution pH, but control of gypsum precipi-

tation requires addition of chemicals other than acids or

bases; such chemicals are commonly referred to as anti-

scalants. Anti-scalants, which are often proprietary mixtures

of polyacrylates and polycarboxylates, or polyphosphates

and polyphosphonates, are typically added at low dosages to

inhibit scale formation or to ensure that any scale that does

form is easily removed. The mechanisms by which anti-

scalants disrupt the precipitation process are not completely

understood, but they probably involve reactions with surface

functional groups that interfere with the nucleation process

(Shih et al., 2004; Shih et al., 2005; Rahardianto et al., 2006).

Precipitation Resulting from Redox Reactions

Some relatively common treatment processes in environ-

mental engineering involve a combination of precipitation

and oxidation= reduction (redox) reactions. For example, in

the anoxic environments common to groundwaters, iron and

manganese usually occur as Fe(II) and Mn(II), respectively.
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In the presence of oxygen, chlorine, or other oxidizing

agents, these reduced species can be oxidized to Fe(III)

and Mn(IV), respectively, which are very insoluble and

therefore tend to precipitate upon oxidation. These kinds

of processes combine the redox reactions discussed in

Chapter 10 with the metal hydroxide precipitation reactions

presented in this chapter.

Treatment to remove soluble chromium from solution,

which is of particular importance in wastewaters from the

electroplating industry, is another example of a combined

redox and precipitation process. In contrast with iron and

manganese, however, the oxidized form, Cr(VI) (present

primarily as HCrO4
� and CrO4

2�), is much more soluble than

the reduced form, Cr(III). Thus, upon reduction of Cr(VI)

species, Cr(OH)3(s) tends to precipitate. Sulfur dioxide gas

and sodium metabisulfite are commonly used as reducing

agents in such processes. Sulfur dioxide poses greater health

risks and requires more expensivemetering equipment, but it

is less expensive, so it is often used in larger systems (where

the operators typically have more training). Chromium

reduction with either reagent is more effective under acidic

conditions, so the pH is typically lowered to between 2.0 and

3.0 with sulfuric acid before the reducing agent is added.

9.6 SOLID DISSOLUTION REACTIONS

In this section, we consider dissolution of solids; that is, the

reverse process from that considered in the preceding por-

tions of the chapter. Dissolution is important in numerous

environmental engineering applications, as a desired out-

come in some cases and a process to be minimized in others.

A few examples include the release of soluble lead from lead

carbonate and lead oxide solids in household plumbing; the

potential recovery of aluminum from the Al(OH)3(s) that

precipitates during coagulation with alum; the removal of

mineral scales from reverse osmosis membranes; removal of

solids containing transuranic elements from contaminated

soils to prevent the release of those elements into ground-

water; and the deterioration of concrete in tanks and con-

crete-lined pipes. Dissolution is also used widely in

analytical procedures, for example, to determine the total

concentration of metals in environmental samples.

Despite its widespread importance, dissolution has not

been widely studied in environmental engineering, and no

comprehensive understanding or modeling framework for

characterizing the process (other than calculating the extent

of dissolution expected at equilibrium) has been adopted.

The understanding that does exist derives primarily from

studies of geochemical weathering processes, in which rocks

release solutes and are gradually transformed to soils and

sediments. This work has been summarized and placed in

the context of traditional water chemistry principles by

Stumm (1992), and much of the following discussion is

based on that work and the references therein.

In many dissolution reactions that occur in nature, solutes

do not enter solution in the same stoichiometric ratios as

exist in the solid. In such cases, the reaction is described

as incongruent dissolution, and the products of the reaction

include a new solid phase. For example, the mineral albite is

converted to the clay montmorillonite via release of sodium

and silica but not aluminum from the solid, via the following

reaction:

2NaAlSi3O8ðsÞ þ 2H2CO3 þ 4H2O

$ Al2Si4O10ðOHÞ2ðsÞ þ 2Naþ þ 2HCO �
3 þ 2H4SiO4

The simpler solids that are commonly encountered in

water and wastewater treatment processes typically undergo

congruent dissolution and so are not converted into a

different solid in the process.

Similar to solid precipitation, dissolution requires a

sequence of transport and chemical reaction steps, including

transport of reactants from the bulk solution to a point

adjacent to the solid surface; adsorption of the reactants;

one or more chemical reactions that detach constituents of

the solid from the lattice and convert them to adsorbed

species; desorption of the reaction products; and transport of

the products to the bulk solution. The chemical reactions that

convert species that are part of the solid lattice to adsorbed

solutes often involve protonation, electron transfer (i.e.,

either oxidation or reduction of one of the atoms being

released), and=or formation of a metal–ligand complex.

Adsorption and desorption reactions are assumed to reach

equilibrium rapidly compared to the other steps in the

sequence, so they are not considered to be the rate-limiting

reactions for dissolution. Rather, the main rate limitation is

usually imposed by transport steps for highly soluble solids

and by chemical reaction steps for relatively insoluble

solids. In the former case, the solute concentrations are

assumed to be in equilibrium with the solid at the interface,

and lower in bulk solution. The dissolution rate is controlled

by the rate at which the solutes migrate through the liquid

boundary layer and is proportional to the extent of solid-

=solution disequilibrium (equal to csurf� cbulk) and the mass

transfer coefficient (kmt):

rdiss ¼ kmt;iðci;surf � ci;bulkÞ (9-107)

where i can be any of the reactants or products that exist in

solution (e.g., a constituent released by the dissolving solid or

a complexing agent that must bind to a metal ion in the solid

to bring it into solution). Typically, the resistance to diffusion

of larger solutes through the boundary layer is greater than

that opposing diffusion of smaller solutes, so the dissolution

rate is controlled by migration of the larger species.

In transport-controlled dissolution, the dissolution rate

can be increased by increasing the intensity of mixing or by

other modifications that reduce the resistance to transport of
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the rate-limiting reactant or product. However, in engineered

water systems, transport-limited dissolution reactions typi-

cally proceed rapidly relative to the hydraulic residence

time, so the solution composition can be calculated based

on equilibrium with the solid, and the rate of dissolution is

relatively unimportant. Thus, for example, if the temperature

or the pH of water in a water distribution network decreases,

calcite that is present on pipe walls dissolves rapidly enough

to cause the water in the pipes to be in equilibrium with the

calcite at the new temperature or pH shortly after the change

occurs. As a result, most of the interest in solid dissolution

rates focuses on relatively insoluble solids; in water and

wastewater treatment, such solids include most metal

oxides, hydroxides, carbonates, sulfides, and phosphates.

Dissolution rates of these solids are controlled by reactions

at the surface, most often the reactions that actually break

the bonds in the lattice and convert the constituents to

adsorbed species, which can then desorb and enter solution.

When dissolution is controlled by the rate of a surface

reaction, the characteristic time for that reaction can be

substantially longer than the hydraulic residence time in a

treatment process. Under these conditions, the composition

of the solution is approximately constant from the bulk

solution up to the solid=solution interface, and intensifying

the mixing of the fluid has almost no effect on dissolution.

Rather, the dissolution rate can be altered only by changing

the composition of the surface species; that is, the adsorbed

reactants, intermediates, and products of the dissolution

reaction. Such dissolution reactions are commonly treated

separately depending on whether the key dissolving reagent

is protons (proton-promoted dissolution) or a complexing

ligand (ligand-promoted dissolution). Distinctions are also

made based on whether the solid-phase cation (typically, a

metal) is chemically reduced as part of the dissolution

reaction (reductive dissolution). However, the reaction steps

are fundamentally similar in all these cases, and they can all

be understood in the context of a unified framework.

Dissolution by each of these mechanisms can proceed

simultaneously at different types of surface sites (e.g., the

site-types shown schematically in Figure 9-1). Typically, the

reactions are presumed to proceed more rapidly at sites with

fewer bonds to the bulk solid. Since the reactions at different

types of sites proceed in parallel, the overall reaction rate is

dominated by the site with the largest reaction rate.

Proton-promoted dissolution has been studied most

extensively for metal oxides and is closely related to the

state of protonation of surface oxide sites. As noted in

Chapter 7, such sites can undergo reversible acid=base
reactions which are commonly modeled as follows:

�SOH $ �SO� þ Hþ (9-108)

�SOHþ Hþ $ �SOH þ
2 (9-109)

Protonation of a surface oxide weakens the bond between

the oxide and the adjacent metal ion. If these bonds weaken

sufficiently, the metal can break off of the lattice and be

converted to an adsorbed ion, which can then desorb and

enter the solution. A schematic representation of such a

process is shown in Figure 9-22.
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The reaction order of such processes with respect to theHþ

adsorption density (GHþ) is commonly reported to be>1 and

is often close to the charge on the central metal ion, suggest-

ing that several oxide ions surrounding the central metal ion

must be protonated before the metal breaks off of the lattice.

For example, as shown in Figure 9-23, the proton-promoted

dissolution rate of d-Al2O3(s) is approximately third order

with respect toGHþ . (For such an analysis,GHþ is defined to be

0 when the amount of Hþ bound to the surface is sufficient to

cause the solid to have zero net surface charge.)

Lowering the pH of the solution increases the protonation

of surface sites and hence facilitates the dissolution reaction.

However, because the speciation of surface acid=base
groups is relatively insensitive to changes in solution pH,

the reaction order with respect to the activity of dissolvedHþ

(i.e., aHþ;solution, equal to 10
�pH) is typically much lower than

the order with respect to GHþ . For instance, Figure 9-23

indicates that the reaction order of d-Al2O3 dissolution with

respect to aHþ is only �0.33, compared to the reaction order

of 3 with respect to GHþ . Reaction orders with respect to aHþ

for proton-promoted dissolution of many oxides have been

reported to be between 0 and 0.5.

In ligand-promoted dissolution of metal oxides, the

Me��O bonds are broken because the metal is attracted

more strongly to the ligand than to the structural oxide ion.

As a result, the metal enters solution as a complex with the

ligand, not as a hydrated, free metal ion. A schematic for the

dissolution of a metal oxide promoted by a simple organic

ligand (oxalate ion, with a formula of HOOC–COO�) is

shown in Figure 9-24. The oxalate adsorption reaction

(Step 1) is presumed to reach equilibrium quickly. The

metal-oxide bonds are then broken as a metal–oxalate com-

plex forms and desorbs (Step 2). Finally, the oxide ions that

had been in the second layer of the solid and are now at the

surface become protonated to reproduce a surface that is

essentially identical to the original one (Step 3).

In one study, the ligand-promoted dissolution rate of

d-Al2O3(s) was found to be directly proportional to the

adsorption density of the ligand, GL, for several organic

ligands (Furrer and Stumm, 1986); that is, the order of the

reaction with respect to GL was 1.0. The data for oxalate-

promoted dissolution are shown in Figure 9-25. As is true for

proton-promoted dissolution, the reaction order with respect

to GL is typically higher than that with respect to the

dissolved ligand concentration, cL. For example, the two

upper lines in Figure 9-25 indicate that a 50% increase in the

oxalate-promoted dissolution rate was induced by a 50%

increase in GOxal, but that these changes required a fivefold

increase in cOxal.

Inorganic ligands can also promote dissolution; of

special interest are OH� ions, which can cause solids to

dissolve rapidly at pH values where Me(OH)x
n�x complexes

are significant dissolved species. Thus, contributions to the

overall reaction rate can be made by surface sites that
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are protonated, deprotonated, and complexed with ligands; a

baseline dissolution rate (kH2O) also exists under conditions

where GHþ ¼ GOH� ¼ GL ¼ 0. Stumm (1992) suggested that

this rate can be treated as zero-order, so that the overall rate

of nonreductive dissolution can be represented as follows:

r overall;
nonreductive

¼ kHþ GHþð Þa þ kOH� GOH�ð Þb þ kL GLð Þ þ kH2O

(9-110)

where, in most cases, a and b are both >1.

Equation 9-110 describes the rate at which bonds between

structural ions and the solid lattice are broken, which is a

logical criterion for defining dissolution. However, the

experimentally accessible parameter, and the one that is

most often of practical interest, is the rate at which the

constituents of the solid enter solution. In some cases, the

dissolving ions remain adsorbed to the solid, so the solid

“dissolves” (i.e., the lattice bonds break) without releasing

its constituents to the solution. For example, tripolyphos-

phate (P3O10
5�) can cause ferrihydrite to dissolve by forming

Fe–P3O10 complexes. However, if TOTP3O10 is low com-

pared to TOTFe, the complexes can adsorb, so that negligi-

ble Fe is present in solution at equilibrium. Such a scenario

applies at TOTP3O10< 1mmol=L in Figure 9-26. Similar

results have been reported by Szecsody et al. (1994) for

dissolution of Fe oxides coated on sand when they were

exposed to EDTA.

A related sequence of reaction steps is involved in reduc-

tive dissolution reactions. Perhaps, the most important of

these reactions in environmental engineering are those that

lead to dissolution of iron and manganese oxyhydroxides by

reduction of trivalent (ferric) iron and tri- or tetravalent

manganese to their divalent states (ferrous and manganous

species, respectively). The Fe(II)- and Mn(II)-containing

solid phases that might plausibly form in nature or water

treatment systems are several orders of magnitude more

soluble than the oxyhydroxides of the more oxidized metals,

so the reduction reaction is usually accompanied by disso-

lution of the solid. In natural systems, these reactions occur

in anaerobic water layers (e.g., the hypolimnion of a fresh or

marine water body) and sediments, and they play a central

role not only in the geochemical cycling of Fe and Mn, but

also of trace elements that adsorb to the solids (metals and

phosphorus) (Stumm and Morgan, 1996).

As is the case for Fe andMn, the reduction of uranium and

transuranic elements frequently increases their solubility

dramatically; these reactions therefore play an important

role in the movement of those elements away from sites

where they are present naturally or have been released due to

anthropogenic activity, and these reactions must be consid-

ered in the design of remediation strategies for those ele-

ments. Similarly, the reduction of Pb(IV) (which forms

highly insoluble PbO2(s)) to much more soluble Pb(II)

species in drinking water distribution systems has been

implicated as a possible explanation for the release of Pb

into the water supply when the oxidation potential of the

water declines because of a switch in disinfection practices

(Rajasekharan et al., 2007).

The rates of reductive dissolution reactions depend

strongly on the speciation of sites on the solid surface, so

they bear many similarities to nonreductive ligand-promoted

dissolution; the main difference is that, at some point in the

sequence of reactions, a species that approaches or adsorbs

to the surface donates one or more electrons to the solid. In

some cases, the reaction requires, or at least is catalyzed by,

absorption of light by the reductant (Waite et al., 1988).

Once transferred, the electrons change the oxidation state of

metal ions in the solid structure and thereby dramatically

reduce their affinity for the surrounding ions.

Zinder et al. (1986) divided these reactions into two

categories. In proton-promoted reductive dissolution, a

reductant donates an electron to a solid in which the electron

is relatively mobile. The reductant, which has been oxidized,

plays no further role in the process and, presumably, returns
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to the bulk solution. Because of its mobility in the solid, the

electron does not necessarily reduce a metal ion at the site

where it entered the solid, but rather moves around until it

encounters a surface metal ion that is “primed” to become

reduced because of protonation of the adjacent oxide groups.

The electron reduces that ion, causing the bonds holding the

metal in the lattice to break and converting the metal into an

adsorbed ion, which then desorbs and enters solution.

In ligand-promoted reductive dissolution, on the other

hand, a reactant adsorbs to a site on the solid and donates one

or more electrons directly to the surface metal ion at that site;

because it both binds to a metal ion and donates electrons,

the reactant is both a ligand and a reducing agent in this

scenario. When the electrons are transferred, the metal ion is

reduced, the ligand is oxidized, and again, both are con-

verted to forms that are more likely to enter (or, in the case of

the ligand, reenter) solution. As in nonreductive, ligand-

promoted dissolution, the rate of the overall reaction is likely

to be proportional to the adsorption density of the

ligand=reductant. However, because reduction reactions

are frequently accompanied by binding of Hþ to the reduced

species, the reaction rate might depend on qHþ in addition to

qL. Several other scenarios for reductive dissolution mecha-

nisms and rate laws have been discussed by Stone and

Morgan (1987), and reductive and nonreductive dissolution

rates mediated by various ligands have been compared by

Klewicki and Morgan (1999).

To summarize the key points in this section, solid

dissolution is always a multistep process that includes

mass transport, adsorption, and breakage of lattice bonds,

and might include electron transfer and formation or dis-

sociation of metal–ligand complexes as well. For relatively

soluble solids, such as calcite, the overall dissolution rate

can be controlled by transport of reactants or products

through the liquid boundary layer adjacent to the solid. In

most such cases, the characteristic time for the reaction is

short compared to the hydraulic residence time in treatment

processes, so an assumption that the solution is in equili-

brium with the solid is usually justified. Characteristic

times for dissolution of less soluble solids tend to be longer,

so that they might not equilibrate with the solution in the

time frame of typical water and wastewater treatment

processes.

Any solid that is in contact with a solution that is

undersaturated with respect to the solid is likely to react

simultaneously at a variety of sites and via a variety of

mechanisms. Sites that have fewer bonds to the bulk solid

are likely to have higher intrinsic dissolution rate constants

than those with more bonds. The contribution of a given

type of site to the overall dissolution rate reflects the

combined effect of its rate constant and its abundance on

the surface.

Dissolution mechanisms that are significant in environ-

mental engineering applications include some that are

accelerated by high surface concentrations of protons,

organic and inorganic ligands (including OH�), and reduc-
ing agents. Relatively simple rate laws have been proposed

for each of these mechanisms as a function of the surface

concentration of a key species. However, even in those

cases, the dependence of the rate on the more accessible

variables of interest—the concentrations of the reactants in

the bulk solution—can be complex and nonintuitive. The

overall dissolution process can be complicated further by

the role of light (which can catalyze reductive dissolution

reactions), adsorption of the products of the reaction onto

the remaining solid, or slow release of critical ligands via

dissociation of pre-existing metal–ligand complexes.

Although it has not been discussed explicitly, it should

be clear that altering the water quality and modifying the

speciation on a solid surface is a viable way not only for

promoting, but also interfering with solid dissolution (e.g.,

by adding a ligand that adsorbs strongly but does not form

strong soluble complexes with the constituents of the solid)

(Stone and Morgan, 1984).

Because dissolution is rarely a critical issue in treatment

processes, it has not been studied much in that context.

However, an understanding of dissolution is relevant in at

least some relatively uncontrolled environmental engi-

neering applications, such as when complexing agents,

acids, or bases are injected into the ground as part of a

remediation process, or when changes in treatment pro-

cesses alter the quality of water in the distribution system

and thereby initiate dissolution of pipe scales. In those

situations, the knowledge that has been acquired from

studies of dissolution in natural environmental (i.e., geo-

chemical) systems can be applied, but additional research

that is applicable to the specific systems of interest will

also be needed.

9.7 REACTORS FOR PRECIPITATION

REACTIONS

As has been noted, the primary objective of many conven-

tional precipitation processes in water and wastewater treat-

ment is to remove dissolved contaminants from solution and

achieve acceptable concentrations in the effluent. By far, the

most common reactor type used for these processes is a

CFSTR, in which the raw water is mixed rapidly with the

precipitating agents and solids form almost instantly. The

reagents are typically mixed in a highly turbulent regime for

a short time (up to a minute or so), after which mixing

continues at a reduced intensity for up to a few tens of

minutes to provide time for additional precipitation and

particle growth (by both accretion and agglomeration).

Additional reagents might be added to facilitate particle

collisions and growth of flocs in this second step, as

described in Chapters 11 and 12.
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As was also noted previously, the effects of reactor design

and operation on process parameters other than the concen-

tration of the target compound, such as the properties of the

precipitated solids, have received relatively little attention in

environmental engineering. Indeed, even the terminology

used to describe these solids—residuals or sludge—suggests

the low level of importance that has been ascribed to them

historically. Recently, however, issues surrounding residuals

management have gained prominence, because of the costs

of processing and disposing of the solids (e.g., thickening,

dewatering, and landfilling), the potential hazards that the

solids pose, and the potential value of some of the solids in

reuse or recycling scenarios (Tsang, 2004; Roth et al., 2008).

In response to these issues, design and operation strate-

gies for precipitation processes are beginning to incorporate

a life-cycle management approach that considers multiple

objectives, including meeting the regulatory requirements

for residuals management and minimizing reagent doses and

energy use. An understanding of the fundamental steps in the

precipitation process (primary and secondary nucleation,

growth, agglomeration, and fracturing of particles) can

help identify ways to improve reactor performance and

achieve these multiple objectives.

Seeding the reactors with solids to provide surface nucle-

ation sites can often lower the residual dissolved concentra-

tion of the target species, induce formation of larger, denser

solids that settle more readily, and possibly also reduce

reagent requirements. For example, the initial rate of

Ca2þ precipitation (as CaCO3(s)) in a water softening

process was reported to increase from about 0.7mg Ca2þ=L
min in the absence of seed particles to around 2mg Ca2þ=L
min when 3 g=L of sludge from an operating precipitation

softening plant was added (Chao and Westerhoff, 2002). In

another study, seeding increased the efficiency of CaCO3(s)

precipitation, but seed crystals from a water-softening facil-

ity were not as effective as pure calcite crystals, even though

the former had a higher specific surface area (Mercer et al.,

2005). It was suggested that organic matter, magnesium, and

other impurities in the solids reduced the effectiveness of the

seed particles from the operating facility.

Fluidized-bed reactors (FBRs) have also been investi-

gated for various precipitation processes. Successful opera-

tion of such reactors requires a careful balance among the

water quality parameters, the pellet concentration and size,

and the water velocity through the reactor. For a given mass-

based solids concentration, decreasing pellet diameter

increases the amount of surface area available (on which

the precipitation reaction can occur), but increases the risk of

washout. By combining such a process with membranes for

solid=liquid separation (discussed in Chapter 15), a process

can be operated with small (high surface area) pellets and

minimal risk of particle washout.

Guillard and Lewis (2001) noted several advantages of

nickel carbonate precipitation in an FBR over that of

conventional hydroxide precipitation in a CFSTR, including

formation of a dense precipitate that was easily separated

from solution, production of pellets that could be recovered

and potentially reused, and the ability to implement the

precipitation at lower pH, with lower chemical costs. Li et al.

(2004, 2005) have also explored the use of FBRs for

precipitation reactions, both for the removal of metal ions

and for water softening.

Another FBR, the Crystalactor1, developed by the Dutch

company DHV in the late 1970s, has been used commer-

cially for water softening and for phosphate removal. In the

phosphate removal process, calcium phosphate precipitates

on the surface of sand particles that are added as a seed

material. Carryover of small particles into the process

effluent is sometimes a challenge, although that problem

can often be overcome using conventional, granular media

filtration to remove the particles (discussed in Chapter 14)

(Eggers et al., 1991; Morgenroth, 2000).

Biological wastewater treatment processes can be

designed and operated to enhance bacterial uptake of phos-

phate from the solution to help meet increasingly strict

limitations on the total phosphorus concentration of the

treatment plant effluent. The biosolids from such plants

are usually stabilized in an anaerobic digester and then

processed through a centrifuge, generating a solution with

a total phosphorus concentration that can exceed 100mg=L.
By adding Mg2þ and other reagents to the phosphate-rich

feed solution, a controlled precipitation process can be

carried out that produces pellets of struvite

(MgNH4PO4�6H2O), which can be used as a fertilizer.

The process can be implemented in an FBR, where the

feed solution and added reagents contact struvite particles

that have precipitated previously and that serve as seed

particles. Particles that grow large enough sink to the bottom

of the bed, where they are removed.

In one such process designed to produce struvite from

swine manure, the waste is sparged with air to purge CO2,

increase the pH, and provide mixing, and MgCl2 is then

added to induce struvite formation (Shepherd et al., 2007).

In a related FBR process, known as the Phosnix1 process,

effluent from an anaerobic digester is fed to the base of the

reactor, where NaOH and MgCl2 or Mg(OH)2 is added

(Muench and Barr, 2001). The reactor contents are mixed

and fluidized using air-sparging, and struvite particles form

and grow in the bed until they become large enough to sink

to the bottom of the reactor, fromwhere they are periodically

removed. In another approach (the REM-NUT1 process),

wastewater is treated by sequential cation and anion

exchange to remove ammonium and phosphate, respectively

(Liberti et al., 2001). Sodium chloride (NaCl) is then used to

regenerate both ion exchange resins, the two regenerant

solutions are mixed, and struvite is precipitated from the

mixed regenerant by adding chemicals to achieve the desired

Mg:N:P ratio and pH.
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9.8 SUMMARY

Precipitation and, to a lesser extent, dissolution reactions are

critical components of environmental engineering systems.

These reactions are often intentionally promoted to achieve

a treatment objective; in addition, they sometimes proceed in

treatment or distribution systems in an uncontrolled manner.

Precipitation is commonly used in water and wastewater

treatment operations to remove hardness from drinking

water or process water, iron and manganese from anoxic

water supply sources, phosphate from domestic and agricul-

tural wastewaters, and toxic metals from industrial waste-

waters. The precipitated solids of greatest significance in

these systems include CaCO3(s), Fe(OH)3(s), MnO2(s),

hydroxyapatite, struvite, and a variety of metal hydroxides,

oxides, sulfides, and carbonates. In addition, precipitation of

Fe(OH)3(s) or Al(OH)3(s) is the central step in many coagu-

lation processes (discussed in Chapter 11), and precipitation

is a critical, albeit usually uncontrolled, phenomenon in a

number of piping systems, where solids might form as a

result of pipe corrosion or supersaturation of the solutions in

the pipes.

Conceptual models of homogeneous precipitation con-

sider the process to involve formation of soluble clusters of

the precipitating species, which then grow into nuclei that

have a (conceptually) well-defined interface with solution.

Some nuclei dissolve, but others grow into stable particles.

This process has been studied extensively in systems where

the goal is to produce, to the extent possible, particles with

uniform properties. However, in most environmental engi-

neering processes, heterogeneous precipitation (i.e., pre-

cipitation onto existing particles that are much larger than

the nuclei formed in homogeneous precipitation)

dominates.

Similar to other reactions described in previous chapters,

both thermodynamic and kinetic constraints control the

extent to which precipitation and dissolution reactions occur

in a given system. The thremodynamic constraint is quantif-

ied by the equilibrium constant for a reaction involving the

solid; the most conventional reaction used in these cases is

the solubility product, Ks0. If the activity quotient for the

reaction, Qs0, is greater than Ks0, precipitation of the solid is

favored, and if Qs0 is less than Ks0, dissolution is favored.

Although it is common to use Ks0 values as though they

apply to particles of any size, Ks0 is the equilibrium constant

only for the limiting case of an infinitely large particle, and

smaller particles are more soluble than is suggested by this

limiting case. The increase in solubility with decreasing

particle size is usually negligible for particles that have

grown to a few tens of nanometers, but it can be substantial

for smaller particles, including nuclei in the early stages of

growth. As a result, even if a solution is supersaturated with

respect to formation of a large particle of a given solid, the

formation of a small particle of the same solid might be

thermodynamically unfavorable. The critical particle size

required for precipitation to be thermodynamically favor-

able decreases with increasing supersaturation (i.e., increas-

ingQs0) and can be predicted based on a theoretical analysis,

at least for idealized conditions.

In cases where precipitation is thermodynamically

favored, growth of existing particles occurs by a sequence

of steps that includes transport of the precipitating species

from bulk solution to the vicinity of the solid and then

through the boundary layer at the fluid=solid interface.

These transport steps are followed by adsorption onto the

existing solid and a chemical reaction that incorporates the

species into the solid. The resistances associated with trans-

port through bulk solution and adsorption are usually con-

sidered negligible compared to those associated with the

other steps, so either transport through the boundary layer or

incorporation into the solid is assumed to be the rate-limiting

step. In either case, the overall rate of precipitation is

predicted to be proportional to the amount of solid surface

area available and to the extent of disequilibrium between

the bulk solution and the solid. If the disequilibrium is large,

the extent of disequilibrium can often be approximated

simply as the concentration of one of the precipitating

species in the bulk solution. Combining a rate expression

for precipitation with information about the hydrodynamics

of a reactor can yield a prediction for the steady-state

particle size distribution.

When a precipitation reaction proceeds, it alters the

concentrations of the precipitating species directly, but it

also alters the ionic strength of the solution and can have

significant indirect effects on the concentrations of other

solutes (e.g., if the reaction changes the solution pH). In

early precipitation literature, these secondary effects were

often ignored or accounted for only superficially, but more

sophisticated analyzes are becoming prevalent, thanks

largely to the availability of software that can model solution

composition considering all the reactions simultaneously.

This trend is evident in the approach to water softening.

Early analyzes of the softening process used a stoichiometric

model that, in essence, assumed that added reagents would

react quantitatively with specific target species in the water.

This model was used successfully for several decades to

compute reagent doses that yielded softened water with

acceptable quality. However, the approach was not useful

for predicting the sensitivity of the final water quality to

changes in the reagent doses, and hence could not be used to

model alternative treatment scenarios or optimize the treat-

ment process when the trade-off between costs and final

water quality was considered. Chemical equilibrium model-

ing, while still idealized compared to the real process

(because it ignores reaction kinetics and because it is limited

by our incomplete knowledge about the solution composi-

tion, the crystal structure of the solids that form, and the

equilibrium constants for many solids), provides a more

428 PRECIPITATIONAND DISSOLUTION PROCESSES



complete perspective on the multipl e and intera cting

reactions that occur in such syst ems, as well as the opportu-

nity to explore a wider range of treatme nt alter natives.

Similar statemen ts appl y to mode ling of precipita tion pro-

cesses targeting removal of other species from solution.

The reac tors in which cont rolled p recipitation reactions

are carrie d out are overwhel mingly designed as CFSTRs,

both to ensure that the precipita ting reag ents are well-mixed

into the water to be treated and to distribute the solids

throughout the reac tor and thereby provide widesp read

opportunities for the target species to be rem oved by hete r-

ogeneous precipitatio n. Fluidiz ed bed reactors and sludge

blanket reactors (essentia lly, fluidi zed beds with slowly

settling solids and corr espond ingly low upflow velociti es)

are als o fairl y com mon.

The steps involved in solid diss olution are, in many ways,

the reverse of the steps involved in prec ipitation. In particu-

lar, the rat e-limiting step in dissolu tion processe s is usually

assumed to be either the breakage of surface bonds to

convert a molecu le of the solid to an adsor bed speci es, or

transport of that species across the boun dary layer surround-

ing the particle and int o the bulk solution. Di ssolution

reactions are used muc h less fre quently than precipi tation

reactions in water qu ality engi neering, but they are impor-

tant in special ized circumst ances, such as the releas e of the

solutes from the produc ts of corrosion and the removal of

scale from fouled membr anes.

Even though precipitati on and dissolu tion reac tions have

long been part of water and wastewater treat ment syst ems,

surprising ly little com prehensive analysis of thes e proce sses

has been conduc ted. One reason for this lack of attent ion is

that p recipitation processe s com monly used in water and

wastewater treatme nt have provided cost -effective way s to

achieve the primary treat ment objectives. Th ose obje ctives,

however, are changing, and intere st is growing in meeting

more string ent water qual ity stand ards while reducing

energy requireme nts and cost. In addition, designer s and

operators are payi ng more attent ion to the residua ls gener-

ated from prec ipitation proce sses, both in terms of man age-

ment costs and pote ntial resource recovery.
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PROBLEMS

9-1. After passing through some old pipes containing lead,

a solution contains 30mg=L Pb2þ. The pH is 7.8, and

the alkalinity of the solution is 275mg=L as CaCO3.

If the system equilibrates rapidly and if the solutes

behave ideally, will all the lead remain in solution or

will some of it precipitate?

9-2. To minimize corrosion and the consequent release of

lead and copper into the water supply, a utility has

decided to increase the pH of their water to 9.3. The

water is currently at pH 6.8 and contains 0.9meq=L of

alkalinity (same as 0.9mmol=L). The water also con-

tains 28mg=L Ca2þ. They plan to achieve their goal by
adding lime to thewater.Assume ideal solutionbehavior.

(a) What is the total concentration of all carbonate

species in the raw water?

(b) The lime dose required to raise the pH to the

target value is 1.95� 10�4mol=L. Once the lime

has been added, isCaCO3(s) likely to precipitate?

9-3. Amunicipal drinking water at pH 8.0 contains 3.22�
10�6mol=L TOTPO4 (commonly designated as

0.1mg=L TOTPO4-P, meaning that the solution con-

tains a total of 0.1mg=LP, present invarious phosphate

species). After leaving the treatment plant, the water

flows through galvanized pipes, which release Zn2þ

when they corrode. What is the maximum concentra-

tion of Zn2þ that can be dissolved in the solution

without causing Zn3(PO4)2(s) (Ks0¼ 10�35.42) to pre-

cipitate?Assume ideal behavior of all solutes. The acid

dissociation constants for H3PO4 are Ka1¼ 10�2.15,

Ka2¼ 10�7.20, and Ka3¼ 10�12.38.

9-4. A water source is at pH 7.4 and has alkalinity

and Ca2þ concentrations of 1.1� 10�3 equiv=L and

85mg=L, respectively.

(a) Is CaCO3(s) undersaturated, saturated, or super-

saturated in the solution? Assume the solutes

behave ideally.

(b) What is the minimum (stoichiometric) dosage of

lime (mol=L) needed to convert all the carbon-

ate species to CO3
2� (i.e., if the OH� from the

lime could be forced to react exclusively with

carbonate species)?

(c) If the lime dosage computed in part (b) were

added and the solution then reached equilibrium

with CaCO3(s), how much solid would precipi-

tate, in milligrams per liter? Assume that the

approximation that all the carbonate species in

the original solution are converted to CO3
2� is

acceptable both before and after the precipita-

tion reaction occurs.

9-5. An industrial waste solution flowing at 150L=min is at

pH 2.0 and contains 10�2mol=LTOTZn2þ. You wish
to reduce this concentration to 1.0mg=L by precipi-

tating Zn(OH)2(s). Assuming the precipitation

reaction proceeds to equilibrium and that the solution

is ideal:

(a) How high must the pH be raised to achieve the

treatment goal? Consider the reactions shown in

Table 9-6.

(b) How much solid Zn(OH)2(s) will have to be

landfilled per day?

9-6. The raw water supply for a community contains

18mg=L total particulate matter. It is to be treated by

additionof60mgalum(Al2(SO4)3 � 14H2O)per liter of

water treated.Because precipitationofAl(OH)3(s) gen-

erates acid (see Example 9-11), the pH decreases when

the alum is added.

(a) Fora totalflowof7500m3=day,compute thedaily

alum requirement, the concentration of solids in

the water following alum addition, and the daily

mass of sludge thatmust bedisposedof, assuming

the alum all precipitates as Al(OH)3(s).

(b) The water is initially at pH 7.5 and has [Alk]

¼ 40mg=L as CaCO3. Essentially all the alka-

linity is attributable to the carbonate acid=base
system. It is desired to maintain a pH of at least

6.5 in the coagulated solution. Will chemical

(base) addition be necessary when the alum is

added? Assume ideal behavior of solutes.

(c) You should have found in part (b) that basewill in

fact have to be added to maintain the solution pH

at 6.5 or higher. If the base that is added is NaOH,

how much is required? Assume that no CO2 is

exchanged between the solution and the atmo-

sphere during the alum addition and reaction.

(d) An alternative to addition of caustic for raising

the pH is to bubble the solution with air after the

alum addition and thereby strip out CO2. Will it

be possible to adjust the solution to pH 6.5 or

higher using this approach? (Hint: recall what

happens to alkalinity when CO2 is added to or

removed from a solution.)

9-7. Seeding a precipitative softening reactor with calcite

can sometimes increase the efficiency of the process.

Precipitation on the pre-existing solids requires trans-

port of calcium to the particle surface (carbonate is

also required, but calcium supply seems to limit the

reaction), followed by the precipitation reaction, in

which the ions are incorporated into the solid. A

number of researchers (e.g., Chao and Westerhoff,

2002) have modeled the overall reaction as
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irreversible and second order with respect to the

calcium concentration ðrcalcite ¼ k2ðCa2þÞ2Þ.
In a system containing a bulk Ca2þ concentration

of 2� 10�3mol=L, the overall reaction rate normal-

ized to the calcite surface area is 4� 10�6mol=m2

min. The diffusion coefficient for Ca2þ in the solution

is 7.9� 10�6 cm2=s, the diameter of the seed particles

is 3mm, and the water temperature is 20�C. For the
experimental conditions, the mass transfer coefficient

for Ca2þ transport through the liquid boundary layer

around the particles can be estimated based on the

following correlation for mass transfer during flow

around a sphere:

kmt ¼ Di

dp

2þ 0:31
dp

mL

� �
DirL
mL

� �0:67
Dr

rL

mLg

rL

� �0:33
" #

where Dr¼ (rp� rL), and the other parameters have

their usual meanings. The density of calcite is

2.71 g=cm3.

(a) What is the surface-normalized rate constant for

the precipitation reaction, in L2=(m2minmol)?

(b) What is the mass transfer coefficient (m=s) for
Ca2þ transport through the boundary layer in

this system?

(c) What is the concentration (mol=L) of calcium at

the particle=water interface? What do you infer

about the resistance associated with mass trans-

fer compared to that associated with the incor-

poration step? Briefly explain how you reached

your conclusion.

9-8. The chemical composition of a groundwater supply

for a community is summarized in the table below.

Constituent Concentrationa Constituent Concentration

Calcium 65 Alkalinity

(as CaCO3)

272

Magnesium 29

Chloride 35Sodium 38

Nitrate (as N) 1.4Potassium 12

Sulfate 36Iron(III) 0.36

pH 7.5

aAll values in mg=L, except pH.

(a) Carry out a charge balance on the reported

composition.

(b) Estimate the lime (Ca(OH)2) dose and, if nec-

essary, soda ash (Na2CO3) dose for stoichiomet-

ric softening with a target pH¼ 10.9, assuming

that CaCO3(s) is the only solid that precipitates.

Is the assumption valid? Assume ideal solution

behavior.

(c) Estimate the concentration (g=L) of solids pro-
duced according to the stoichiometric precipi-

tation model, if the reagent doses are those

computed in part (b), and CaCO3(s) is the

only solid that precipitates.

(d) What is the predicted value of the total hardness

remaining in solution, in mg=L as CaCO3, for

the conditions specified in part (c)?

(e) Suggest a dosing strategy based on the stoichi-

ometric precipitation model that would reduce

the total hardness to 50mg=L as CaCO3. (Hint:

choose doses such that almost all the residual

hardness is attributable to Mg.)

(f) Use a chemical equilibrium program to deter-

mine the equilibrium composition of the solu-

tion that would be generated by adding the

reagent doses calculated in part (b). Allow the

program to account for nonideal behavior of

solutes, and to consider possible precipitation of

both CaCO3(s) and Mg(OH)2(s). Compare the

output for the solution pH and the concentration

of solids with your answers to part (b).

9-9. The centrate from an anaerobic digestion process is at

pH 7.0 and contains 78mg=L TOTPO4 as P (i.e.,

PO4–P), 720mg=L TOTNH4 as N (NH4–N), and

15.5mg=L TOTMg. This solution is to be treated

in a fluidized bed reactor to precipitate struvite (pKs0

¼ 13.0). The reactor is operated with a high recycle

ratio (the ratio of the recycle flow rate to the feed flow

rate), so the solution in the reactor can be assumed to

be well-mixed. The reactor is to be operated at steady

state with a struvite saturation index (SI, defined as

log [Qs0=Ks0]) of 1.0 in the well-mixed solution.

Assume all solutes behave ideally.

(a) The desired SI can be achieved by adding

MgCl2, increasing the pH, or both. Prepare a

figure showing the Mg2þ concentration in solu-

tion required to achieve the desired SI, over the

range 7� pH� 10.

(b) The effluent from the precipitation reactor will be

recycled to the biological treatment units. The

target TOTPO4-P concentration in this stream is

3.0mg=L. Determine how much struvite (g=L)
will be produced, and prepare a plot similar to that

in part (a), but showing the required Mg2þ dose

(mol=L, added as MgCl2) as a function of pH,

rather than the Mg2þ concentration in solution.

(c) Briefly discuss factors you would consider in

deciding whether to add MgCl2, NaOH, or both

to accomplish the design goals.

9-10. Industrial waste solutions sometimes contain strong

metal-complexing agents such as EDTA, which have
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been added to prevent metal precipitation in the

process solutions. Although the formation of com-

plexes is desirable in the production process, it can

interfere with precipitation and removal of the

metals during treatment of the waste streams.

Consider a waste solution containing 325mg=L
TOTCu (5� 10�6mol=L). It is proposed to treat

the solution by mixing with an alkaline solution

that will increase the pH to 7.5 and cause the solution

to contain 2� 10�3mol=L TOTCO3, causing the

mineral malachite (Cu2(OH)2CO3(s), Ks0¼ 10�33.47)

to form. (Note: this problem can be solved manually

with relatively few calculations, but it is also readily

solved using computer equilibrium software.)

(a) If the treated solution reaches equilibrium, what

would the concentrations of Cu2þ ion and total

dissolved Cu (TOTCu(aq)) be? Assume that the

only dissolved Cu species of significance are

Cu2þ and CuOHþ, and that the solutes behave

ideally. What fraction, if any, of the TOTCu

originally in solution precipitates, and what is

the concentration (mg=L) of malachite in the

equilibrium system? The equilibrium constant

for formation of CuOHþ K1ð Þ is 106.50.
(b) Repeat the calculations in part (a), assuming

the solution also contains EDTA at a total

molar concentration equal to that of copper.

The pKa’s for H4EDTA are 2.2, 3.1, 6.2, and

11.0. Based on these values, assume that

HEDTA3� is present at a much higher concen-

tration than all other HxEDTA
x�4 (x¼ 0, 2, 3,

or 4) species. Also, assume that the dominant

Cu–EDTA complex is CuEDTA2�, with a for-

mation constant of 1020.5.

Note: to solve this portion of the problem manually,

you must make and test an assumption about the

presence of the solid at equilibrium. If you assume

that the solid is present, you can then solve for the

EDTA4� concentration that causes TOTEDTA to

equal 5� 10�6mol=L, and test whether the concen-

tration of CuEDTA4� that is present under those

conditions is consistent with the assumption. Alter-

natively, you can assume that no solid is present at

equilibriumand solve for the speciationby solving the

mass balances on TOTCu(aq) and TOTEDTA(aq)

simultaneously, and then determining if the Cu2þ

concentration is consistent with the assumption. If

either assumption is made initially and then found to

be wrong, the alternative assumption can be made to

solve for the equilibrium speciation.

9-11. Waite et al. (1994) explored the speciation and

adsorption of hexavalent uranium (U(VI)) under

various environmental conditions. The “core” form

of U(VI) is UO2
2þ, and this species can then be

complexed with OH� or CO3
2� to form a variety of

other soluble species, as summarized below.

Reaction Log K

UO2
2þþOH�$UO2OH

þ 8.8

UO2
2þþ 2OH�$UO2(OH)2

0 16.0

UO2
2þþ 3OH�$UO2(OH)3

� 22.0

UO2
2þþCO3

2�$UO2CO3
0 9.7

UO2
2þþ 2CO3

2�$UO2(CO3)2
2� 17.0

UO2
2þþ 3CO3

2�$UO2(CO3)3
4� 21.63

b-UO2(OH)2(s)$UO2
2þþ 2OH� �23.07

(a) A solution at pH 8.0 contains 10�6 mol=L
TOTU(VI) and no dissolved carbonate. Assum-

ing the solutes behave ideally, do you expect

b-UO2(OH)2(s) to precipitate? If so, how much

(in moles of solid per liter of solution)?

(b) Repeat part (a), but assume the ionic strength of

the solution is 0.15.

(c) Repeat part (b), but now assume that the solu-

tion is in equilibrium with the atmosphere, so

the activity of H2CO3
0 is fixed at 10�5mol=L.

9-12. A drinking water at pH 6.7 has alkalinity of 5.0�
10�4 equiv=L. The water comes into contact with and

equilibrates with malachite (Cu2(OH)2CO3(s)) and

cerrusite (PbCO3(s)), both of which have formed on

pipe surfaces due to corrosion. The solubility prod-

ucts of these two solids are 10�33.47 and 10�13.2,

respectively.

(a) Assuming that the interactions between the

solution and the solids lead to release of Cu2þ

and Pb2þ, but do not release enough CO3
2� or

OH� to alter the alkalinity or pH of the water,

compute the concentrations of Cu2þ and Pb2þ

that would be found in the water downstream of

the corroded pipes. Assume ideal behavior.

(b) Would either of these concentrations cause the

water to exceed the Action Level under the Lead

and Copper Rule? If so, howmuch would the pH

have to be increased to cause the water to be in

compliance with the rule?

9-13. A softening process is being implemented in an effort

to precipitate both CaCO3(s) and Mg(OH)(s) from a

feed solution that contains 190mg=L Ca2þ and

45mg=L Mg2þ. Addition of 215mg=L lime [Ca

(OH)2] raises the pH from 7.0 to 11.3. At the final pH,

theapproximation(CO3
2�) 0.9TOTCO3is reasonable.

The alkalinity of the raw water is 3.0� 10�3 equiv=L.
Assume ideal behavior.

PROBLEMS 433



(a) What is the alkalinity of the water after the lime

addition, but before any precipitation has

occurred?

(b) Estimate the concentration of Mg2þ that will

remain in the water at equilibrium, assuming

that the pH remains at 11.3 as the system

equilibrates.

(c) Estimate the concentration of Ca2þ that will

remain in the water at equilibrium, making

the same assumption as in part (b).

9-14. An industrial wastewater at pH 6.50, contains

3.0mg=LTOTNi, and has an alkalinity of 6.0� 10�4

equiv=L from carbonate species. You wish to reduce

the total soluble Ni concentration to 0.10mg=L. Con-
sider the following possible reactions of Ni, and

assume the solutes all behave ideally. (If you use

chemical equilibrium software to solve this problem,

chances are that it will consider additional species that

would be difficult to include in a manual solution.

Therefore, the answers yougetmight be different using

the two solution approaches.)

Reaction Log K

Ni2þþOH�$NiOHþ 4.103

Ni2þþ 2OH�$Ni(OH)2
0 9.004

Ni2þþ 3OH�$Ni(OH)3
� 12.009

Ni(OH)2(s)$Ni2þþ 2OH� �15.11

NiCO3(s)$Ni2þþCO3
2� �11.20

(a) If precipitation of NiCO3(s) is kinetically inhib-

ited, to what pH would the solution have to be

raised to achieve the treatment goal by precipi-

tation of Ni(OH)2(s)?

(b) Estimate the dose of NaOH that would be

required to reach the pH determined in part (a).

(c) If seed particles are added to the solution that

facilitate the formation of NiCO3(s), how high

would the pH have to be to reach the treatment

goal? (Hint: assume that the precipitation occurs

in the region where HCO3
� is the only significant

dissolved species of carbonate, and use this

assumption to derive a relationship between

(CO3
2�) in the treated solution and pH. Then

use that expression and Ks0 to find (Ni2þ) as a
function of pH, andfind the pHwhereTOTNi(aq)

meets the treatment criterion. Finally, test your

initial assumption about the carbonate speciation,

to make sure that it was valid.)

(d) How much NaOH would be required in the

scenario described in part (c)?

9-15. An industry proposes to use local well water as a

process water source. The major ion composition of

the water summarized below. The solution is at 25�C
and pH 8.00. Evaluate a precipitation softening pro-

cess for this water by addressing the following:

Constituent mg=L Constituent mg=L

Ca2þ 99 HCO3
� 145

Mg2þ 42 SO4
2� 94

Naþ 121 Cl� 326

Kþ 14 NO3
� 23

(a) Test the charge balance condition for this

analysis.

(b) Estimate the concentrations of species in the

carbonate acid=base group and of Hþ and OH�

in the raw water. Assume ideal solution behavior.

(c) Use the stoichiometric softening approach to

estimate the dosages of lime and soda ash (if

required) to remove calcium and magnesium at

a process pH of 10.7.

(d) Estimate the concentrations of CaCO3(s) and

Mg(OH)2(s) produced.

(e) The processwill include a recarbonation step that

brings the solution to equilibrium with atmo-

spheric CO2 at pH 8.5 when the water enters

their distribution system. Assume that, because

of kinetic limitations, the precipitation reactions

do not reach equilibrium during recarbonation.

As a result, the effluent contains 3mg=LTOTMg

(aq) and 12mg=L TOTCa(aq). Estimate the

major ion composition of the finished water.

9-16. Luo et al. (1992) reported that the particle growth rate
in Cd(OH)2(s) precipitation could be described by the

following function:

_dp ¼ ð10�1:79 mm=minÞðSSÞ0:78

You wish to remove Cd2þ from an industrial

wastewater by precipitation of Cd(OH)2(s) (pKs0

¼ 13.64). The first step will be pH adjustment in a

tank that operates as a CFSTR at steady state, with a

hydraulic residence time of 60min.

(a) If the pH in the tank is 11.0, the total dissolved

Cd concentration is 0.5mg=L, and the ionic

strength is 0.01mol=L, what will the number-

average particle size be in the suspension?

Assume that particles grow only by precipita-

tion and not aggregation. Consider the forma-

tion of CdOHþ and Cd(OH)2
0 complexes

(K1¼ 103.90 and b2¼ 107.71).

(b) What fraction of the particles in the effluent will

be larger than 1mm in diameter?
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10.1 INTRODUCTION

Redox processes are those involving the transfer of electrons

from one species, which thereby becomes oxidized, to

another, which becomes reduced. Redox reactions have

dramatic effects on the physical, chemical, and biochemical

properties of the reacting species. In water quality engineer-

ing, redox processes are often used to convert reactants into

forms that are either less toxic or more easily removed from

the aqueous stream of interest, and they are also the primary

means used to disinfect waters.

Water and wastewater treatment processes that involve

redox transformations are presented in this chapter. Basic

principles of redox transformations are introduced first,

followed by detailed consideration of particular oxidants

and reductants of importance in water and wastewater

treatment. Both conventional redox processes and advanced

oxidation processes (AOPs) are described. In conventional

redox processes, the oxidant or reductant is a (relatively)

stable chemical species that reacts directly with the target

contaminant. In contrast, in AOPs, redox-active chemicals

are used to generate extremely reactive and therefore highly

unstable intermediates (hydroxyl free radicals or other

radical-like entities), which then react with the target

species.1 Many redox processes have both conventional

and advanced components.

When oxidants are used to disinfect waters, they are likely

to react with many different types of molecules in the cell

walls, protoplasm, and interior structures, so the reactions

do not have unique or even identifiable target molecules.

Nevertheless, the reactions do involve oxidation and reduc-

tion, and the overall disinfection process is oftenmodeled as a

simple chemical reaction between the oxidant and micro-

organisims. Section 10.7 on disinfection describes the use of

oxidants in such processes.

10.2 BASIC PRINCIPLES AND OVERVIEW

Applications of Redox Processes in Water and
Wastewater Treatment

In this section, the variety of redox-based processes used

in water and wastewater treatment and the basic chemistry

underlying all redox reactions are introduced. Details of

these applications are given subsequently in this chapter.

1 Free radicals are species in which an electron orbital is occupied by a

single electron. Since, for most molecules, the pairing of electrons in

orbitals greatly stabilizes themolecules, free radicals have a strong tendency

to undergo redox reactions, either oxidizing other chemicals so that the

radical acquires an electron to pair with the existing one, or reducing other

chemicals and losing the isolated electron in the process.

435

Water Quality Engineering: Physical/Chemical Treatment Processes, First Edition. By Mark M. Benjamin, Desmond F. Lawler.
� 2013 John Wiley & Sons, Inc. Published 2013 by John Wiley & Sons, Inc.



Oxidation

Control of Iron and Manganese In natural aquatic sys-

tems, iron in theþ3oxidation state (Fe(III)) andmanganese in

the þ3 or þ4 oxidation state (Mn(III,IV)) form extremely

insoluble oxide minerals that reside in the sediments of water

bodies.2 If the water becomes anoxic, as often happens in

groundwater or in the lower layers of lakes and reservoirs, the

metals can be reduced tomuchmore soluble Fe(II) andMn(II)

species (ferrous andmanganous species, respectively), caus-

ing their concentrations in solution to increase to levels up to

hundreds or thousands of mg=L. If such water is used as a

drinking water source, the redox state of the solution is likely

to become more oxidizing, converting the metals back to

insoluble Fe(III) (ferric) and Mn(III,IV) (manganic) species.

These metals can then precipitate as reddish-orange or black

deposits that can stain fixtures or clothing.

The most common approach for avoiding the problems

associated with such a sequence is to induce the oxidation to

occur under controlled conditions in a treatment plant and

remove the solids that are produced before the water enters

the distribution system. Ferrous iron is relatively easily

oxidized by addition of weak oxidants such as oxygen or

chlorine, but oxidation of manganous ions normally requires

the use of either more powerful oxidants or a catalyst (often,

an oxide mineral) in conjunction with the addition of oxygen

or chlorine. Alternatively, the source water is sometimes

aerated in situ to avoid or reverse the reduction of the Fe- and

Mn-containing solids.

It should be noted that, even if ferrous iron is oxidized, the

resulting product may be very fine colloids of iron oxides.

These colloids can acquire a negative surface charge by

adsorption of organic anions (NOM), which can prevent the

solids from aggregating and allow them to pass through

deep-bed filters in water treatment plants or membranes that

are commonly used to remove particles before the analysis

of water samples.

Destruction of Tastes and Odors Various compounds

exuded by algae and cyanobacteria, organic and inorganic

sulfides released by the decay of organic matter, and organic

compounds released from industrial sources can impart

unpleasant tastes to drinking waters and odors to both drink-

ing water and wastewaters. While adsorption onto activated

carbon can remove many of these compounds, oxidative

treatment has also been widespread. Chlorine, chlorine diox-

ide, ozone, and potassium permanganate, as well as AOPs,

have all been used to induce such oxidation reactions.

Many chlorine-based oxidants are effective in mitigating

odors from organics and reduced sulfur compounds. How-

ever, in some instances, chlorination can result in the

formation of even more odorous entities; for example,

chlorophenols typically have a stronger odor than their

parent phenols. Ozone is the most effective oxidant for

reducing odors associated with 2-methylisoborneol (MIB)

and geosmin, which are produced by cyanobacteria and are

the source of off-flavors and musty odors in drinking water;

AOPs involving the combined use of ozone (O3) and hydro-

gen peroxide (H2O2) are even more effective (Singer and

Reckhow, 1999).

Color Removal Color in drinking water results principally

from the presence of natural organic matter (NOM). Oxi-

dation using chemicals such as chlorine may reduce the

color to some extent. However, addition of Fe- and Al-based

coagulants, which precipitate and adsorb a substantial frac-

tion of the color-forming compounds, is more effective than

chemical transformation, particularly since reactions of the

target compounds with chlorine, chlorine dioxide, and

ozone are likely to generate troublesome disinfection by-

products (DBPs), as described subsequently. Color in

wastewater might arise from several sources. Textile

dyes are particularly difficult to remove, but they can often

be destroyed (or at least converted to colorless products)

by AOPs.

Aid to Coagulation As explained in more detail in Chap-

ter 11, NOM in water can cause particles to resist aggrega-

tion, due primarily to the negative surface charge that results

from adsorption of the organic matter to particle surfaces.

Under some circumstances, oxidizing chemicals such as

chlorine, potassium permanganate, and ozone can reduce

this effect (Singer and Reckhow, 1999). The mechanisms

underlying this benefit of oxidation are unclear, but could

include oxidation of adsorbed organics to generate more

polar molecules which desorb from the particles; alteration

of the configuration of the adsorbed organics so that they

more effectively bind coagulants such as Al(III) and Fe(III)

at the particle surface; and oxidation of organics that form

soluble metal–NOM complexes, causing them to release

free metal ions which can then assist in particle coagulation.

This process is effective in some water, but in others,

oxidation does not significantly improve coagulation or

does so only at the cost of leaving more NOM in the water

(Edwards and Benjamin, 1992).

Oxidation of Synthetic Organic Chemicals The concen-

tration of synthetic organic chemicals in drinking water,

treated wastewater, and industrial effluents may be reduced

through the addition of oxidants. In the presence of

particularly strong oxidants, the chemicals may be miner-

alized to CO2. Alternatively, and more commonly, the

2 Elements that participate in redox transformations are often represented

by the atomic symbol followed by a roman numeral identifying its formal,

assigned charge (oxidation number or oxidation state) in parentheses.

Thus, for example, the designation Fe(III) indicates all species of iron in the

þ3 oxidation state, including the species Fe3þ, FeOH2þ, and Fe(OH)3(s)

(and several others).
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chemicals are transformed into less toxic and=or more

biodegradable species. Advanced oxidation processes

(AOPs) are particularly effective in degrading many

organic contaminants. Because of the possibility that

more toxic entities might form, the toxicity of the treated

stream should be assessed before adopting a particular

oxidation technology.

Destruction of Complexing Agents in Industrial Wastes
Various organic and inorganic compounds that are strong

metal complexants are used in industrial processes and may

cause problems if released to the environment. For example,

large quantities of ethylenediamine tetra-acetic acid (EDTA)

are used to remove calcium and=or magnesium-rich scale in

boilers and pipelines, and cyanide is used in the leaching of

gold. These agents can be destroyed by oxidation, some-

times in processes that require catalysis by transition metal

ions such as Fe(III).

Reduction

Reductive processes, thoughmuch less common inwater and

waste treatment than oxidative processes, are used to remove

certain contaminants or to minimize their impact. For exam-

ple, sulfur dioxide and sodium bisulfite are commonly added

to remove residual chlorine from waters, and zero-valent

(metallic) iron barriers are proving to be an effective method

of dehalogenating some groundwater contaminants such as

trichloroethylene. Metals such as chromium and uranium,

either in waste streams or subsurface environments, can be

converted to less soluble states by reductive processes.

Such processes are commonly carried out by addition of

sulfite or ferrous iron.

Thermodynamic Aspects

A brief account of the thermodynamic principles underlying

redox processes is presented here; additional details can

be found in several texts (e.g., Morel and Hering (1993),

Stumm and Morgan (1996); and Benjamin (2010)).

The defining feature of a redox reaction is the transfer of

one or more electrons between two species, thereby

increasing the oxidation number of the species that

releases the electrons and decreasing that of the species

that gains them. Free, hydrated electrons are extremely

unstable in water, so a reaction that releases electrons

never occurs in isolation; it always occurs in conjunction

with another reaction that consumes the electron. Never-

theless, it is common to write reactions (sometimes called

half-reactions) in which free electrons are shown as reac-

tants or products. Consider first the simplest group of half-

reactions, in which the species undergoing oxidation and

reduction are the only two species in the reaction, other

than the electron. Denoting the oxidized species as Ox and

its conjugate reduced species as Red, we can write a

generic such redox half-reaction and the associated mass

law expression as follows:

Oxþ nee
� $ Red (10-1)

K ¼ aRed

aOxa
ne
e�

(10-2)

where ai denotes the activity of species i, and K is the

equilibrium constant for the reaction. Because free electrons

are unstable in aqueous solution, evaluation of K using

Equation 10-2 would be very difficult if we attempted to

deduce the electron activity based on a measurement of the

concentration of dissolved electrons. This problem is over-

come by adopting the convention of assigning the electron

activity a value of 1.0 in a system in which Hþ and H2(g) are

in equilibrium and are both present at activities of 1.0. Based

on this convention, the equilibrium constant for the follow-

ing redox half-reaction becomes 1.0:

Hþ þ e� $ 1
2
H2ðgÞ (10-3)

K ¼
a
1=2
H2ðgÞ

aHþae�
¼ 1:0 (10-4)

Knowing the value of K for the Hþ=H2(g) couple, we can

compute the activity of e� in any other equilibrium system

containing Hþ and H2(g). For example, in a pH 7.0 solution

in equilibrium with a hydrogen partial pressure of 10�5 atm,

the value of ae� would be

ae� ¼
a
1=2
H2ðgÞ
KaHþ

¼ ð10�5Þ0:5
ð1:0Þð10�7:0Þ ¼ 10þ4:5 (10-5)

Using the pX¼�logX shorthand, we can also describe

the activity of electrons in terms of pe. For example, for

the conditions described in Equation 10-5, pe¼�log

(104.5)¼�4.5.

Once the value of ae� in a solution is established, the

equilibrium constant of any redox half-reaction that is at

equilibrium in the solution can be determined, in theory, by

analysis of the activities of the species participating in that

reaction. For example, assume that the solution described

earlier (with pe¼�4.5) also contains Fe2þ and Fe3þ in

equilibriumwith one another. These species can interconvert

via the following redox half-reaction:

Fe3þ þ e� $ Fe2þ (10-6)

By evaluating the activities of Fe2þ and Fe3þ in the

solution, the equilibrium constant for this reaction could
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be quantified by inserting those values into the following

expression:

K ¼ aFe2þ

aFe3þae�
¼ aFe2þ

aFe3þð104:5Þ
(10-7)

For this particular reaction, the equilibrium constant

K equals 10þ13.03. This type of analysis has been con-

ducted for many redox couples, and the equilibrium con-

stants for these redox couples are tabulated in numerous

collections. Some redox half-reactions of particular impor-

tance in treatment of water and wastewater and their asso-

ciated equilibrium constants (log K values) are listed in

Table 10-1.

As with other equilibrium constants, some conventional

terminology has developed with regard to the method of

representing redox reactions. Specifically, eo (the standard

electron activity) is defined as the equilibrium constant for

a redox half-reaction in which the reduced species releases

one electron to form the corresponding oxidized species.

Equivalently, we can state that peo; that is, �log aeo , is the

base-10 logarithm of the equilibrium constant for the

redox half-reaction written as a reduction, normalized to

a one-electron transfer. That is, peo is logK for a reaction

written as

1

ne�
Oxþ e� $ 1

ne�
Red (10-8)

With this definition of peo, Equation 10-2 can be manip-

ulated to give

pe ¼ peo � 1

ne�
log

aRed

aOx
(10-9)

Equation 10-9 shows that, for a half-reaction that can be

written in the form of Reaction 10-8 (with only one species

on each side of the reaction, other than e�), the activities of
the oxidized and reduced species are equal when the pe of

the system equals peo. The oxidized species will dominate

TABLE 10-1. Equilibrium Constants for Selected Redox Half-Reactions of Importance in Water and Wastewater Treatment

Reaction LogK peo peo (W) E0
H (mV)

O3ðgÞ þ 2Hþ þ 2e� $ O2ðgÞ þ H2O 70.12 35.06 28.06 2069

H2O2 þ 2Hþ þ 2e� $ 2H2O 59.59 29.80 22.80 1758

MnO4
� þ 4Hþ þ 3e� $ MnO2ðsÞ þ 2H2O 86.22 28.74 19.41 1696

2HOBrþ 2Hþ þ 2e� $ Br2ðaqÞ þ 2H2O 53.60 26.80 20.27 1581

CrO4
2� þ 8Hþ þ 3e� $ Cr3þ þ 4H2O 77.00 25.66 7.00 1514

MnO4
� þ 8Hþ þ 5e� $ Mn2þ þ 4H2O 127.82 25.56 14.36 1508

Mn3þ þ e� $ Mn2þ 25.51 25.51 25.51 1505

ClO2 þ 4Hþ þ 5e� $ Cl� þ 2H2O 126.67 25.33 19.73 1495

HOClþ Hþ þ 2e� $ Cl� þ H2O 50.20 25.10 21.60 1481

BrO3
� þ 6Hþ þ 6e� $ Br� þ 3H2O 146.1 24.35 17.35 1437

Cl2ðaqÞ þ 2e� $ 2Cl� 47.20 23.60 23.60 1392

HOBrþ Hþ þ 2e� $ Br� þ H2O 45.36 22.68 19.18 1338

O2ðaqÞ þ 4Hþ þ 4e� $ 2H2O 86.00 21.50 14.50 1268

MnO2ðsÞ þ 4Hþ þ 2e� $ Mn2þ þ 2H2O 41.60 20.80 6.80 1227

O2ðgÞ þ 4Hþ þ 4e� $ 2H2O 83.12 20.78 13.78 1226

SeO4
2� þ 3Hþ þ 2e� $ HSeO3

� þ H2O 36.31 18.15 4.15 1071

ClO2 þ e� $ ClO2
� 17.61 17.61 17.61 1039

SO4
2� þ 2Hþ þ 2e� $ SO3

� þ H2O 27.16 13.58 6.58 801

O2ðaqÞ þ 2Hþ þ 2e� $ H2O2 26.34 13.17 6.17 777

Fe3þ þ e� $ Fe2þ 13.03 13.03 13.03 769

Cu2OðsÞ þ 2Hþ þ 2e� $ CuðsÞ þ H2O 15.80 7.90 0.90 466

H3AsO4ðaqÞ þ 2Hþ þ 2e� $ H3AsO3ðaqÞ 18.98 9.49 2.49 560

SO4
2� þ 9Hþ þ 8e� $ HS� þ 4H2O 33.68 4.21 �3.67 248

2Hþ þ 2e� $ H2ðgÞ 0.00 0.00 �7.00 0

O2ðgÞ þ Hþ þ e� $ H _O2ðaqÞ �2.20 �2.20 �9.20 �130

Pb2þ þ 2e� $ PbðsÞ �4.41 �2.20 �2.20 �130

Ni2þ þ 2e� $ NiðsÞ �8.47 �4.24 �4.24 �250

Fe2þ þ 2e� $ FeðsÞ �14.92 �7.46 �7.46 �440

Zn2þ þ 2e� $ ZnðsÞ �25.83 �12.92 �12.92 �762
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over the reduced species when the pe of the system is greater

than peo, and vice versa.3 Recognition of this relationship

also provides a means of ranking the relative tendencies

for such redox reactions to proceed. Relationships like

Equation 10-9 that express the pe as a function of peo

and the reaction quotient are known as the Nernst equation.

As can be seen from Table 10-1, many reduction half-

reactions involve not only consumption of electrons, but also

consumption of protons and production of water. In these

cases, the simple relationship between pe and the dominant

species noted in the preceding paragraph does not apply. A

generic half-reaction for those reactions can be written as

follows:

Oxþ nHþHþ þ ne�e
� $ Redþ nwH2O (10-10)

(In some cases, water is the reduced species, in which case

it would be treated as “Red” in the earlier reaction.) For this

half-reaction, noting that the activity of water is 1.0, we can

write

pe ¼ peo � nHþ

ne�
pH� 1

ne�
log

aReda
n w
w

aOx
(10-11)

Defining a new parameter, peopH ¼ peo � nHþ=ne�ð ÞpH,
Equation 10-11 may be written as

pe ¼ peopH � 1

ne�
log

aRed

aOx
(10-12)

peopH can be viewed as a conditional peo that is specific to

the given pH. By far the most common pH value used when

reporting peopH is 7.0; peo7:0 is frequently represented as

peo(W), with the W signifying a neutral aqueous system.

peo(W) values are included for the half-reactions in

Table 10-1, based on the identity:

peoðWÞ ¼ peo � nHþ

ne�
ð7:0Þ (10-13)

Use of peo(W) is convenient because it allows us to

evaluate the relative stabilities of the oxidized and reduced

species of a redox couple at pH 7.0, even if the reaction

involves Hþ transfer, in the same way that we can for

reactions that involve only the oxidized and reduced species.

Thus, for example, if a reaction can be written in the form of

Equation 10-10, then the oxidized species is expected to

dominate over the reduced species at pH 7.0 if pe< peo(W),

whereas the reduced species is expected to dominate

if pe> peo(W). In other words, the higher the value of

peo(W), the more strongly oxidizing the redox couple is

at pH 7.0 and the more stable the reduced species is

compared to the oxidized species. Based on this idea, by

comparing peo(W) values of various redox couples, we can

infer whether a redox reaction between those couples is

thermodynamically favorable under conditions that are typ-

ical of natural water and many engineered water and waste-

water treatment systems. For example, the HOCl=Cl�

couple (peo(W)¼ 21.60) is more strongly oxidizing than

the MnO2(s)=Mn2þ couple (peo(W)¼ 6.80). As a result,

we expect that hypochlorous acid (HOCl) (the oxidant of

the more strongly oxidizing couple) would be able to oxidize

Mn2þ (the reduced species in the less oxidizing couple),

generating Cl� and MnO2(s) as reaction products.

Because redox reactions often alter the acidity of the

reactants (typically, oxidation generates species that are

more acidic), the tendency for such reactions to proceed

can be strongly pH dependent. However, for many redox-

active elements, it is conventional to write redox reactions in

terms of a particular species, regardless of whether that

species is the dominant acid=base form of the element under

the conditions of interest. For example, the oxidation of

Fe(II) to Fe(III) is commonly written as the reverse of

Reaction 10-6:

Fe2þ $ Fe3þ þ e� (10-14)

This reaction does not consume or release Hþ, so, at a
given pe, the equilibrium ratio of Fe2þ to Fe3þ is indepen-

dent of pH. Because peo is log K for the one-electron

reduction reaction, and Reaction 10-14 is a one-electron

oxidation reaction, the equilibrium constant for the reaction

is 10�peo , or 10�13.03. And, since the reaction does not

involve Hþ transfer, peo(W) is the same as peo; that is, 13.03.

At neutral pH, the dominant form of Fe(II) in clean water

is Fe2þ, but almost all the Fe(III) is present as a solid ferric

oxide, such as Fe(OH)3(s). Reaction 10-14 can be rewritten

in terms of these dominant species by combining that

reaction with reactions for precipitation of Fe(OH)3(s)

and dissociation of water as follows:

Fe2þ $ Fe3þ þ e� logK ¼ �13:03

Fe3þ þ 3OH� $ FeðOHÞ3ðsÞ logK ¼ þ 45:20

3H2O $ 3Hþ þ 3OH� logK ¼ �42:00

Fe2þ þ 3H2O $ FeðOHÞ3ðsÞ þ 3Hþ logK ¼ �9:83

(10-15)

In contrast to Reaction 10-14, Reaction 10-15 suggests

that, under typical environmental conditions, three Hþ ions

are released for every Fe atom oxidized, and that the reaction

becomes increasingly favorable (in a thermodynamic sense)

with increasing pH. Furthermore, because the equilibrium

3 Note the similarity to monoprotic acid–base systems, where the activities

of an acid and its conjugate base are equal when pH¼ pKa, and the acid or

base species dominates when the pH is less than or greater than pKa.
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constant for Reaction 10-15 is 10�9.83, peo for the

Fe(OH)3(s)=Fe
2þ reaction is þ9.83, and peo(W) is 30.83.

These values are substantially different from the correspond-

ing values for Reaction 10-14. The implication is that, to

assess the effect of pH on a redox reaction or the reaction’s

location in a redox sequence, it must be written in terms of

the dominant acid=base species in each oxidation state.

The electron activity of a system can be converted to the

electrochemical potential (EH) via the expression

EH ¼ 2:303RT

F
pe (10-16)

where F (the Faraday constant) equals 96,485 coulombs=
equiv of e�. For a system at 25�C, the fraction in Equation

10-16 equals 59mV, so EH¼ (59mV) pe. The so-called

standard redox potentials (EH
o) can be calculated from

peo values using this expression. Values of standard redox

potentials are also shown in Table 10-1.

& EXAMPLE 10-1. Determine the equilibrium con-

stant for the oxidation of hydrogen bisulfide by hypochlorous

acid.

Solution. Choosing the appropriate half-reactions from

Table 10-1, normalizing to one electron in each, and revers-

ing the bisulfide reaction to show it as an oxidation, we find

the following:

1
2
HOClþ e� þ 1

2
Hþ $ 1

2
Cl� þ 1

2
H2O

KRed’n ¼ 10pe
o ¼ 1025:10

1
8
HS� þ 1

2
H2O $ 1

8
SO2�

4 þ e� þ 9
8
Hþ

KOxid’n ¼ 10�peo ¼ 10�4:21

Summing the two half-reactions to obtain the full

reaction, and multiplying the equilibrium constants to obtain

the equilibrium constant for that reaction yields

1
2
HOClþ 1

8
HS� $ 1

2
Cl� þ 1

8
SO4

2� þ 5
8
Hþ

K ¼ KRed’nKOxid’n ¼ 1025:1010�4:21 ¼ 1020:89

Finally, multiplying by eight (and therefore raising the

equilibrium constant to the eighth power)

4HOClþ HS� $ 4Cl� þ SO4
2�þ 5Hþ

K ¼ 108ð20:89Þ ¼ 10167:1

For any solution normally encountered in environmental

engineering systems, this reaction proceeds to completion;

that is, bisulfide is completely oxidized to sulfate in the

presence of sufficient chlorine. The reaction proceeds very

rapidly, so that if a drinking water supply is taken from a

source under reducing conditions (e.g., groundwater,

hypolimnetic water), chlorine that is added reacts virtually

instantaneously to oxidize any bisulfide (and many other

inorganic species) in the water. These reactions can consume

a significant amount of chlorine, as suggested by the four to

one molar ratio in this example. &

& EXAMPLE 10-2. Although selenium is an essential

dietary micronutrient, it can have adverse effects on aquatic

life and on humans at concentrations that are still very low.

The dominant oxidation states of selenium in natural water

are þ6 (selenate) and þ4 (selenite). Compute the equili-

brium ratio of TOTSe(VI) to TOTSe(IV) in a surface water

in which the pe is controlled by the O2=H2O couple

(PO2
¼ 0:21 atm, pH¼ 7.5). Assume that the solutions

behave ideally, so the activities of the solutes can be equated

with their molar concentrations. At pH 7.5, the only species

of Se(IV) that are significant are HSeO3
� and SeO3

2�, and the
only Se(VI) species of significance is SeO4

2�. The concen-

trations of the two Se(IV) species are related by the follow-

ing acid=base reaction:

HSeO3
� $ Hþ þ SeO3

� logK ¼ �8:4

Solution. The Se speciation can be determined using the

Nernst equation, once the equilibrium value of pe is deter-

mined. In the aerobic surface water, the pe is controlled by

the O2=H2O couple. Applying Equation 10-11 to that

reaction, and noting that the reduced species formed in

the reaction are two water molecules, we find

pe ¼ peo � nHþ

ne�
pH� 1

ne�

aRed

aOx
¼ 20:78� 4

4
pH� 1

4
log

a2H2O

aO2ðgÞ

The activity of water is 1.0 and that of gaseous O2 is its

partial pressure in atmospheres, so

pe ¼ 20:78� 4
4
ð7:5Þ � 1

4
log 1:0

0:21 ¼ 13:11

By rearranging the Nernst equation and inserting the

known value of pe along with the appropriate parameters

for the Se redox reaction, we find

log
aRed

aOx
¼ ne� peo � pe� nHþ

ne�
pH

� �

log
cHSeO3

�

cSeO4
2�

¼ 2 18:15� 13:11� 3
2
ð7:5Þ� � ¼ �12:42

cHSeO3
�

cSeO4
2�

¼ 10�12:42
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This result indicates the ratio of individual Se species.

Selenate ion is the only significant Se(VI) species present,

so we can substitute TOTSe(VI) for the concentration of

SeO4
2�. However, SeO3

2� contributes to TOTSe(IV), so we

need to determine its concentration. According to the given

acid=base reaction

cSeO3
2�

cHSeO3
�
¼ 10�8:40

cHþ
¼ 10�8:40

10�7:50
¼ 10�0:90 ¼ 0:13

TOTSeðIVÞ ¼ 1:13cHSeO3
�

Correspondingly

TOTSeðIVÞ
TOTSeðVIÞ ¼

1:13cHSeO3
�

cSeO4
2�

¼ 1:13� 10�12:42

¼ 4:30� 10�13

Thus, selenium is expected to be present overwhelmingly

in the oxidized state in aerobic surface waters. However,

the speciation might be quite different in anaerobic environ-

ments (see Problem 10-1). &

Terminology for Oxidant Concentrations

In any engineering application, the point of adding an oxidant

is to cause some of it to react and thereby be consumed.

The concentration of oxidant that has been or might yet be

consumed in a given system is referred to as the oxidant

demand—the concentration that has been consumed as the

demand that has been exerted, and the potential future

consumption as the demand remaining. (A related, but slightly

different definition is used when the disinfectant is ozone.

That definition is given in the section dealing specificallywith

the use of ozone for disinfection.) The concentration that

actually remains at any time is referred to as the oxidant

residual. Thus, in the form of word equations

Total oxidant
demand

� �
¼ Oxidant

demand exerted

� �

þ Oxidant
demand remaining

� �
(10-17)

Oxidant

demand exerted

� �
¼ Oxidant

dose

� �
� Oxidant

residual

� �
(10-18)

The use of these terms is especially common in discus-

sions of disinfection, where the quantities are referred to as

the disinfectant demand and the disinfectant residual.

Frequently, when an oxidant is dosed into a solution,

some demand is exerted very quickly (the instantaneous

demand), after which consumption continues at an ever-

decreasing rate for at least hours and often days. In many

cases, the instantaneous demand is caused by reactions

between the oxidant and inorganic solutes such as Fe(II)

and S(�II) species, as well as certain organic species.

Subsequently, the slower demand is exerted primarily by

dissolved or particulate organic matter. Oxidant decay dur-

ing this latter phase can often be described by first-order

kinetics (Haas and Kara, 1984):

cOxðtÞ ¼ cOxð0Þexpð�k1tÞ (10-19)

where k1 is a first-order rate constant and cOx(0) is the oxidant

concentrationafter the instantaneousdemandhasbeenexerted.

Kinetics of Redox Reactions

While thermodynamic analysis provides insight into

whether a proposed redox reaction can proceed, it provides

no insight into the time scale of the transformation. In an

oxic environment at pH 8, for example, thermodynamic

considerations indicate that Mn2þ will transform to Mn(III)

and=or Mn(IV) species, and Fe2þ will oxidize to the ferric

state (Fe(III)). However, the rates of these processes are

vastly different, with the characteristic reaction time for

oxidation of Mn2þ on the order of years and that for Fe2þ

oxidation on the order of a few minutes or less.

Because the time scale of redox processes is case-specific,

little possibility exists for developing generic guidelines

regarding the practicality of carrying out redox reactions

in the time frames of interest. In view of this, we delay more

detailed consideration of the kinetics of redox reactions to

some specific example systems presented later in the chap-

ter. The kinetics of important redox processes in environ-

mental aquatic systems has been discussed by Stone and

Morgan (1990) and Brezonik (1994).

10.3 OXIDATIVE PROCESSES INVOLVING

COMMON OXIDANTS

In this section, reactions and applications involving the

common oxidants—oxygen, chlorine, chloramines, chlorine

dioxide, ozone, and potassiumpermanganate—are presented.

These chemicals arewidely used in the treatment ofwater and

wastewater for the transformation of troublesome species into

more readily removed or degraded forms and, in selected

cases, for disinfection purposes. The reactions of these oxi-

dants with organic and inorganic compounds are considered

in this section, and reactions with organisms are considered in

Section 10-6. AOPs involving free radical oxidants (particu-

larly the hydroxyl radical) are considered in Section 10-3.

Oxygen

Oxygen is a key redox species in natural aquatic systems,

and it also plays some role, albeit less prominent, in
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physical=chemical treatment systems. For example, dis-

solved oxygen (often provided by contacting the solution

with air in a gas transfer process) is commonly used to

oxidize ferrous to ferric iron in the treatment of drinking

water (particularly groundwater) and thereby precipitate the

iron. However, oxygen is too weak to serve as a direct

oxidant for any organic compounds.

The residence times required for satisfactory iron and,

potentially, manganese removal depend strongly on reactant

concentrations and pH. The rate of oxidation of Fe(II) at a

given pH is first order with respect to the concentrations of

both total Fe(II) and O2:

rTOTFeðIIÞ ¼ �kcTOTFeðIIÞcO2ðaqÞ (10-20)

where TOTFe(II) represents the sum of all dissolved

ferrous species (Fe2þ, FeOHþ, Fe(OH)2
o, and so on).

For a fixed concentration of dissolved oxygen (which

might be maintained by equilibrating the water conti-

nuously with air or pure oxygen gas), the reaction is

pseudo first order in cTOTFeðIIÞ, and the rate law may be

written as

rTOTFeðIIÞ ¼ �k1cTOTFeðIIÞ (10-21)

where k1 ¼ kcO2ðaqÞ. The value of k or k1 depends strongly

on pH, as shown in Figures 10-1 and 10-2.

The pH-dependence of k1 can be incorporated into the

analysis by recognizing that each Fe(II) species undergoes

the oxidation at a distinct rate. That is, Equations 10-20 and

10-21 can be written as

rTOTFeðIIÞ ¼ ��
kFe2þcFe2þcO2ðaqÞ þ kFeOHþcFeOHþcO2ðaqÞ

þ kFeðOHÞ02cFeðOHÞ02cO2ðaqÞ þ � � � � (10-22)

rTOTFeðIIÞ ¼ �cO2ðaqÞ
X
i

kici (10-23)

rTOTFeðIIÞ ¼ �
X
i

k1;ici (10-24)

where the summations are over all Fe(II) species in solution

and k1;i ¼ kicO2ðaqÞ. In conventional water chemistry nota-

tion, the fraction of the total TOTFe(II) concentration that is

present as a species i is designated ai, so Equation 10-23 can

be rewritten as follows:

rTOTFeðIIÞ ¼ �cO2ðaqÞcTOTFeðIIÞ
X
i

ki
ci

cTOTFeðIIÞ

¼ �cO2ðaqÞcTOTFeðIIÞ
X
i

kiai (10-25)

Comparing Equations 10-20 and 10-25, we find

k ¼
X
i

kiai (10-26)

Thus, in Equation 10-20, k can be thought of as a

weighted-average rate constant, based on the rate constants

for the reactions of the individual ferrous species. Assuming

ideal solution behavior (i.e., all activity coefficients equal to
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FIGURE 10-1. Removal of Fe(II) by oxygen in solutions of

various pH. Source: From Stumm and Morgan (1996).

FIGURE 10-2. Effect of pH on the Fe(II) oxygenation rate in

systems equilibrated with pure O2(g) (PO2
¼ 1 atm). Open circles

represent data by Singer and Stumm (1970); filled circles are from

Millero et al. (1987). Solid line calculated using Equation 10-28 and

values in Table 10-2. Source: After Stumm and Morgan (1996).
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unity), each ai value is expressible as an explicit function

of the activity of Hþ (aHþ , equal to 10�pH). For Fe2þ,
FeOHþ, and Fe(OH)2

o, these expressions are

aFe2þ ¼ 1

1þ K1Kw=aHþ þ b2K
2
w=a

2
Hþ

(10-27a)

aFeOHþ ¼ K1Kw=aHþ

1þ K1Kw=aHþ þ b2K
2
w=a

2
Hþ

(10-27b)

aFeðOHÞo2 ¼
b2K

2
w=a

2
Hþ

1þ K1Kw=aHþ þ b2K
2
w=a

2
Hþ

(10-27c)

where K1 and b2 are the equilibrium constants for formation

of FeOHþ and Fe(OH)2
o from Fe2þ and OH�, and Kw is the

dissociation constant for water. Assuming that these three

species are the only ones that undergo oxidation at a

significant rate, we obtain the following expression for k:

k ¼ kFe2þ þ kFeOHþK1Kw=aHþ þ kFeðOHÞo2b2K
2
w=a

2
Hþ

1þ K1Kw=aHþ þ b2K
2
w=a

2
Hþ

(10-28)

The solid line in Figure 10-2 represents a fit of this expres-

sion to the data and yields the rate constants shown in

Table 10-2.

& EXAMPLE10-3. The influent to an activated sludge

aeration tank contains 1.5mg=L Fe(II). Diffusers supply

sufficient oxygen to maintain a dissolved oxygen con-

centration of 2mg=L. This tank behaves as a CFSTR with

a detention time of 4 h and operates at a pH of 7.4.

(a) What is the expected effluent concentration of Fe(II)?

(b) Determine the relative contributions of the three

Fe(II) species to TOTFe(II) and to the overall rate of

oxidation. The hydrolysis reactions and constants

for Fe(II) are as follows:

Feþ2 þ OH� $ FeOHþ K1 ¼ 104:60

Feþ2 þ 2OH� $ FeðOHÞo2 b2 ¼ 107:51

Solution.

(a) From Equation 10-28, we can calculate the overall,

second-order rate coefficient as follows (the units are

not shown explicitly, but are [mol=L]�1s�1 for all the

k values):

The dissolved oxygen concentration in molar units is

cO2ðaqÞ ¼ 2:0mg=Lð Þ 1mol

32;000mg
¼ 6:25� 10�5 mol=L

Inserting these values into Equation 10-20, we find

rTOTFeðIIÞ ¼ �kcTOTFeðIIÞcO2ðaqÞ

¼ ��
16:4 mol=Lð Þ�1

s�1
�
cTOTFeðIIÞ 6:25� 10�5 mol=L

� �

¼ �1:02� 10�3cTOTFeðIIÞ

The result is the pseudo-first-order rate expression for

oxidation of TOTFe(II) in the given system. We can

insert this expression into the equation for the effluent

concentration from a CFSTR (Equation 4-4) in which a

first-order reaction is occurring to find

cFeðIIÞ;out ¼
cFeðIIÞ;in
1þ k1t

¼ 1:5mg=L

1þ 1:02� 10�3 s�1
� �

3600 s=hð Þ 4 hð Þ
¼ 0:096mg=L

TABLE 10-2. Rate Constants for Reaction of Fe(II) Species

with O2

Fe(II)

Species, i

Second-Order

Rate Constant,

ki ((mol=L)�1 s�1)

Pseudo-First-Order

Rate Constant,

k1,i
a (s�1)

Fe2þ 7.9� 10�6 1.0� 10�8

FeOHþ 25 3.2� 10�2

Fe(OH)2 7.9� 106 1.0� 104

aFor cO2
¼ 1:27� 10�3 mol=L ¼ 40:5mg=L, which is the value in equili-

brium with pure O2(g) at P¼ 1 atm.

Source: From Wehrli (1990).

k ¼ kFe2þ þ kFeOHþK1Kw=aHþ þ kFeðOHÞo2b2K
2
w=a

2
Hþ

1þ K1Kw=aHþ þ b2K
2
w=a

2
Hþ

¼ 7:9� 10�6 þ 25ð Þ 104:60
� �

10�14
� �

=10�7:4 þ 7:9� 106
� �

107:51
� �

10�14
� �2

= 10�7:4
� �2

1þ 104:60
� �

10�14
� �

=10�7:4 þ 107:51
� �

10�14
� �2

= 10�7:4
� �2 ¼ 16:4ðmol=LÞ�1 s�1
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(b) The contributions of the three Fe(II) species to

TOTFe(II) are given by the a values, as expressed

in Equations 10-27a–c. The corresponding contribu-

tions to the overall oxidation rate are proportional to

the values of the products kiai. These terms are

quantified as follows:

Species ai kiai % of Total Rate

Fe2þ 0.99 7.9� 10�6 5� 10�5

FeOHþ 9.9� 10�3 0.25 1.5

Fe(OH)2
o 2.0� 10�6 16.1 98.5

The values in the right column indicate the per-

centages of the overall oxidation rate that are attrib-

utable to the individual Fe(II) species. That is, they

represent the ratios of kiai=k. Remarkably, even

though Fe(OH)2
o accounts for only 0.0002% of the

total Fe(II) in solution, it accounts for virtually all

the oxidation that is occurring, due to the fact that

kFeðOHÞo2 is vastly larger than kFeOHþ or kFe2þ. &

The preceding discussion indicates that formation of

hydroxyl complexes has a dramatic effect on the rate of

Fe(II) oxidation by oxygen. Additionally, the presence

of certain anions that form strong complexes with Fe(III)

(such as phosphate) and the precipitation of ferric oxy-

hydroxide solids increase the Fe(II) oxidation rate. This

rate enhancement may reflect a decrease in the importance

of a reaction in which Fe(III) species are reduced back to

Fe(II) species (Rose and Waite, 2002). In contrast, complex-

ation of Fe(II) by Cl�, SO4
2�, and NOM results in a

significant decrease in the oxidation rate. As a result,

oxidation of Fe(II) in high ionic strength (briny) ground-

water can take significantly longer than in pristine surface

water, for otherwise equivalent conditions.

The oxidation of Mn(II) by oxygen occurs on time scales

of interest in water treatment only at pH 9.5 and above, as

shown in Figure 10-3. Thus, unlike the case for Fe(II),

oxygenation is rarely used for the removal of Mn(II) from

drinking water; rather, water containing excessive manga-

nese is usually treated using more powerful oxidants such as

chlorine, chlorine dioxide, or potassium permanganate, as

discussed in the following section.

Unlike the case for ferrous iron, Mn(II) oxygenation

does not appear to follow first-order kinetics with respect

to Mn(II) at fixed pH. Rather, when the data from batch

tests are analyzed based on a pseudo-first-order model, the

apparent rate constant increases with time, as indicated by

the increasing slopes with time in Figure 10-3. This trend

has been attributed to autocatalysis as a result of Mn(II)

adsorption to the Mn(IV) oxide solids formed in the

oxygenation process, yielding a rate expression of the

following form:

rMnðIIÞ ¼ �k0cMnðIIÞcO2ðaqÞ � kcMnðIIÞcMnO2ðsÞcO2ðaqÞ
(10-29)

Even with the autocatalysis, the oxidation of Mn(II) by

oxygen is too slow in the pH range of interest to serve a

useful role in most water treatment schemes. However,

Mn(II) is also oxidized more rapidly heterogeneously

(that is, on the solid) than in solution when other oxidants

are employed, as shown in the subsequent sections.

Heterogeneous oxidation of Mn(II) is often used in water

treatment, where an oxidant is added to the water upstream

of a granular media filter, allowing the oxidation to occur on

the filter grains.

Chlorine

Chlorine (Cl2) and its hydrolysis product, hypochlorous acid

(HOCl), are used widely in both water and wastewater

treatment, and for both disinfection and oxidative treatment

of a wide variety of contaminants, including Fe(II), Mn(II),

S(�II), and organic compounds.

Molecular chlorine is a gas at normal temperature and

pressure. Although dissolution of the gas into an aqueous

solution initially generates Cl2(aq), that species is unstable at

near-neutral pH and disproportionates rapidly (with a char-

acteristic reaction time on the order of 0.08 s) to form equal

concentrations of hydrochloric acid (HCl) and hypochlorous

acid (HOCl).4 HCl is a strong acid that dissociates com-

pletely, whereas HOCl is a weak acid (pKa¼ 7.5) that
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FIGURE 10-3. Removal of Mn(II) by oxygen in solutions of

various pH. Source: From Stumm and Morgan (1996).

4 A molecular splitting process that involves oxidation and reduction of

different atoms in the same molecule is referred to as disproportionation.
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dissociates only partially. These reactions can be summa-

rized as follows:

Reaction Equilibrium Constant

Cl2ðaqÞ $ Cl2ðgÞ Hpm ¼ 2:08� 105

� exp � 2818:5

T

� �
atm=ðmol=LÞ

(10-30)

Cl2ðaqÞ þ H2O $
Hþ þ Cl� þ HOCl

K ¼ 10�3:30 (10-31)

HOCl $ Hþ þ OCl� pKa ¼ 7:53 ðat 25�CÞ (10-32)

The disproportionation of Cl2(aq) (Reaction 10-31) can

be written as the sum of two redox half-reactions in which

the Cl2 is oxidized and reduced, respectively. Those

reactions, in turn, can be combined with each other and

with the acid dissociation reaction (Equation 10-32) to

generate redox half-reactions that relate the hypochlorous

species (HOCl and OCl�) to chloride (Cl�). When written

in the conventional way (as reductions), these four half-

reactions are as follows:

HOClþ Hþ þ e� $ 1
2
Cl2ðaqÞ þ H2O logK ¼ peo ¼ 26:9

(10-33)

1
2
Cl2ðaqÞ þ e� $ Cl� logK ¼ peo ¼ 23:6

(10-34)

1
2
HOClþ 1

2
Hþ þ e� $ 1

2
Cl� þ 1

2
H2O logK ¼ peo ¼ 25:25

(10-35)

1
2
OCl� þ Hþ þ e� $ 1

2
Cl� þ 1

2
H2O logK ¼ peo ¼ 29:0

(10-36)

Both hypochlorous acid and hypochlorite anion are strong

oxidants, with HOCl the more facile oxidant of the two.

Since, in any given solution, HOCl and OCl� are expected

to be in continuous equilibrium with one another, the

thermodynamic driving force is the same for the reaction

of either of these species with a given reduced species.

Thus, the greater oxidizing ability of HOCl over OCl� must

be due to kinetic factors, possibly related to the uncharged

state of HOCl.

The equilibrium relationships among the various oxida-

tion states and acid=base species of a chemical are often

represented on predominance area diagrams, with the redox

and acid=base status of the system indicated by the pe and

pH, respectively. On such a diagram, the redox species that is

present at the highest activity (i.e., the dominant redox

species) is indicated in each region of pe - pH space. Such

a diagram for Cl species in an aqueous system is shown in

Figure 10-4. The region in which liquid water is stable is

shown on the diagram by the broken lines (outside of that

region, oxidation or reduction of water to O2(aq) or H2(aq),

respectively, is thermodynamically favorable). Details of the

preparation of such diagrams are available in most water

chemistry texts.

Two key observations arise from this diagram. First, Cl�

is the dominant, stable form of chlorine in any aqueous

solution; if a solution contains any Cl2(aq), HOCl, or OCl
�,

the reduction of those species to Cl� accompanied by

oxidation of some of the water to O2(aq) is thermo-

dynamically favorable. The only reason that these oxidized

species of Cl can exist at significant concentrations in

aqueous solutions is that their reactions with water tend

to be very slow; for instance, at ambient temperatures, the

half-life of concentrated sodium hypochlorite solutions

ranges from a few months to a few years. Second, given

FIGURE 10-4. pe–pH diagram for the chlorine system

ClT¼ 0.04mol=L (1.42 g=L). Numbers r through u refer to the

equilibria described by Equations 10-33 to 10-36, respectively.

Source: From Stumm and Morgan (1996); reprinted with

permission.
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that oxidized Cl species can be kinetically stable in solution,

the most likely forms of such species are HOCl and OCl�;
Cl2(aq) is a significant species only at pH values lower than

those normally encountered in water and wastewater

systems.

Hypochlorous acid and=or hypochlorite ion are usually

dosed into solution in one of threeways: by dissolving Cl2(g)

into a side stream to form a concentrated solution of

HOCl=OCl�, and then mixing this side stream with the

main flow; by adding a concentrated aqueous solution of

sodium hypochlorite, NaOCl (i.e., bleach) into the water;

or by adding solid or dissolved calcium hypochlorite,

Ca(OCl)2, into the solution. In the first case, a base might

be needed to neutralize the acidity associated with the

disproportionation reaction (Equation 10-31), and in the

latter two cases, an acid might be needed to neutralize

the basicity of the reagents. However, all of these approaches

lead to the same species being present at equilibrium, and all

are referred to as chlorination of the water.

The most common method of supplying chlorine to water

and wastewater treatment plants has been as gaseous chlo-

rine in pressurized tanks. However, chlorine gas is quite

hazardous, so that issues of worker safety and public security

(as well as the cost of employee training and safety equip-

ment) have led some utilities to adopt hypochlorite over

gaseous systems in recent years.

HOCl and OCl� (and, if it is significant, Cl2(aq)) are

collectively referred to as free chlorine or free available

chlorine (FAC). Even though HOCl and OCl� are the

dominant contributors to free chlorine in virtually all sys-

tems of interest in environmental engineering, the shorthand

that is used most commonly to represent free chlorine is Cl2,

and that convention is adopted in this chapter. Correspond-

ingly, concentrations of free chlorine (and of some other Cl-

containing oxidants, as described in the following section)

are frequently reported in units designated “mg=L as Cl2”.

The concept is that the oxidizing capacity of the solution of

interest (in electron equivalents per liter) is the same as

would be present in a solution that contained the specified

concentration of Cl2. HOCl, OCl
�, and Cl2 have two equiv-

alents per mole, so their summation on the basis of mg=L as

Cl2 is the same as summing their concentrations on an

equivalent per liter basis.

& EXAMPLE 10-4. After disinfection, a wastewater

contains free chlorine at a concentration of 2mg=L as Cl2
and is at pH 7. What free chlorine species are actually in the

water and at what concentrations?

Solution. The statement that the free chlorine concen-

tration is 2mg=L as Cl2 means that the actual total disinfec-

tant concentration is the same as in a (hypothetical) solution

that contained 2mg=L Cl2. Assuming that the concentration

of Cl2 (aq) is negligible, the total disinfectant concentration

is the total hypochlorite concentration (i.e., the sum of HOCl

and OCl�). In meq=L, this concentration is

cTOTOCl ¼ cHOCl þ cOCl� ¼ 2mg=L Cl2

70:9mg=mmol

� �
2meq Cl2

mmol Cl2

� �

¼ 0:056meq=L

Both HOCl and OCl� can accept two electrons (i.e., they

have 2meq=mmol), so the total concentration can be

expressed as a molar concentration as

cTOTOCl ¼ 0:056meq=Lð Þ 1mmol OCl

2meq OCl

� �
¼ 0:028mmol=L

We can then find the concentration of each species as

follows:

cHOCl ¼ a0cTOTOCl ¼ cHOCl

cHOCl þ cOCl�
cTOTOCl

¼ cHþ

cHþ þ Ka

cTOTOCl

¼ 10�7

10�7 þ 10�7:53
2:8� 10�5 mol=L
� �

¼ 0:77 2:8� 10�5 mol=L
� � ¼ 2:16� 10�5 mol=L

cOCl� ¼ a1cTOTOCl ¼ cOCl�

cHOCl þ cOCl�
cTOTOCl

¼ 1� a0ð ÞcTOTOCl ¼ 1� 0:77ð Þ 2:8� 10�5 mol=L
� �

¼ 6:44� 10�6 mol=L

Using Equation 10-31, we find that cCl2ðaqÞ is on the order
of 10�13mol=L, confirming the assumption that it contrib-

utes negligibly to TOTOCl. &

Reactions of Free Chlorine with Inorganic Compounds

Reactions with Iron and Manganese Free chlorine is

capable of oxidizing both ferrous iron (Fe(II)) and manga-

nous manganese (Mn(II)) (see Table 10-1) and, in both

cases, the rates increase significantly with increasing pH.

However, whereas ferrous iron is oxidized rapidly by chlo-

rine (characteristic reaction times of a few seconds) at

neutral or slightly acidic pH (Figure 10-5), the oxidation

of manganous ions is considerably slower, with characteris-

tic reaction times in the order of 25min or more even at

pH 9.0 (Figure 10-6).

& EXAMPLE 10-5. A groundwater being used as a

water supply contains 1.5mg=LTOTFe(II) and is at pH 8.4,

so thatmostof theFe(II) is in the formofFe2þ (pKa1 forFe
2þ is

9.5). Write a balanced chemical reaction for the oxidation of

Fe2þ by HOCl to generate Fe(III) in the form of Fe(OH)3(s),
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and find the dose of chlorine (as Cl2) required for complete

oxidation.

Solution. The oxidation of Fe(II) to Fe(III) is a one-

electron transfer, and the reduction of HOCl to Cl� is a two-

electron transfer. Therefore, one molecule of HOCl oxidizes

two molecules of iron. The balanced reaction is as follows:

2Feþ2 þ HOClþ 5H2O ! 2FeðOHÞ3ðsÞ þ Cl� þ 5Hþ

The required dose of chlorine is found as follows:

1:5mg Fe=Lð Þ 1mmol Fe

55:85mg

� �
1mmol HOCl

2mmol Fe

� �

� 2meq HOCl=mmol HOClð Þ 1meq Cl2=meq HOClð Þ
� 35:45mg=meq Cl2ð Þ ¼ 0:95mg=L as Cl2 &

Reaction with Reduced Sulfur Compounds At times,

removal of excess chlorine from solution is necessary,

for example, before a disinfected water is discharged

to a natural water body. This dechlorination process is

normally accomplished by addition of reduced sulfur

compounds such as dissolved sulfur dioxide (also known

as sulfurous acid, H2SO3), sodium bisulfite (NaHSO3), or

sodium sulfite (Na2SO3) to the solution. These sulfite

species constitute a diprotic acid=base system similar to

the carbonate system, so that all can be considered to be in

equilibrium with one another if any are present. They react

quickly and completely with chlorine according to the

following reactions:

SO2ðaqÞ þ HOClþ H2O ! SO4
2� þ Cl� þ 3Hþ

(10-37)

HSO3
� þ HOCl ! SO4

2� þ Cl� þ 2Hþ (10-38)

SO3
2� þ HOCl ! SO4

2� þ Cl� þ Hþ (10-39)

& EXAMPLE 10-6. Awastewater treatment plant uses

chlorine for disinfection, and then dechlorinates with sodium

bisulfite before discharge to the receiving stream. If the free

chlorineconcentrationis2mg=LasCl2,whatdoseofNaHSO3

must be added to dechlorinate completely? If thewater flow is

2m3=s, what flow rate of a 0.1mol=L sodium bisulfite stock

solution is required?

Solution. From Example 10-4, we know that 2mg=L Cl2
corresponds to a total hypochlorite concentration of

2:82� 10�5 mol=L. According to Equation 10-38, 1 mole

of HSO3
� is required per mole of HOCl (or, more precisely,

total hypochlorite), so

cNaHSO3;required ¼ cSO3
�;required ¼ 2:82� 10�5 mol=L

The molecular weight of NaHSO3 is [23þ 1þ 32þ
(3)(16)]¼ 104, so

cNaHSO3;required ¼ 2:82� 10�5 mol=L
� �

104 g=molð Þ
� 1000mg=gð Þ ¼ 2:93mol=L

FIGURE 10-5. Kinetics of oxidation of ferrous iron by stoi-

chiometric concentrationsoffreechlorineatvarious solutionpHsand

25�C. Source: From Knocke et al. (1990); reprinted with permis-

sion. Copyright 1990 by American Water Works Association.
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FIGURE 10-6. Kinetics of oxidation of Mn(II) by stoichiometric

concentrations of free chlorine at 25�C. Source: From Knocke

et al. (1990); reprinted with permission. Copyright 1990 by

American Water Works Association.
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The required flow rate of the stock solution can be found

as a mass balance at a junction, with two inputs (the main

plant flow and the stock solution) and one output. Because

the main flow has no bisulfite before the junction and the

flow rate of the stock solution is expected to be insignificant

in comparison to the main flow, we can write the mass

balance by equating the mass=time of bisulfite into the

junction (from the stock solution) with the mass=time of

bisulfite out of the junction (assuming no reaction occurs

there):

Qstockcstock ¼ Qmainc out of junction

Qstock ¼
Qmainc out of junction

cstock

¼ 2m3=sð Þ 2:82� 10�5 mol=L
� �
0:1mol=L

¼ 5:64� 10�4 m3=s ¼ 0:56 L=s &

Reactions with Bromide The presence of bromide ion

(Br�) in water undergoing oxidation is of concern, because

it can lead to the formation of brominated organic com-

pounds. For instance, brominated trihalomethane (THM)

and haloacetic acid (HAA) species are formed during the

chlorination of water containing Br�. Amy et al. (1995)

indicated that the mean Br� concentration in randomly

selected utility samples around the United States was

approximately 62mg=L. Generally, lakes exhibited lower

Br� levels than rivers and groundwater.

Hypochlorous acid oxidizes bromide to hypobromous

acid (HOBr):

HOClþ Br� ! HOBrþ Cl� (10-40)

A second-order rate constant of 2.95� 103M�1 s�1 has

been reported for this reaction, which yields a characteristic

reaction time for Br� oxidation of approximately 11 s for a

solution containing 30mMHOCl (2mg=L as Cl2).

Hypobromous acid is a weaker oxidant than hypo-

chlorous acid at neutral pH (Table 10-1) (which is why

Reaction 10-40 proceeds to the right). However, hypobro-

mous acid is also a slightly weaker acid than hypochlorous

acid (pKa¼ 8.8, compared to 7.53 for HOCl), so that at

neutral or alkaline pH, the fraction of the total hypobromite

that is protonated is larger than the corresponding fraction

of the total hypochlorite; that is, cHOBr=TOTOBrð Þ >
cHOCl=ð TOTOClÞ. Because the protonated forms of these

species are more facile oxidants than the deprotonated

(dissociated) forms, hypobromite species are usually more

effective oxidants, overall, than hypochlorite species at

7�pH� 9.5.

Reactions with Organic Compounds The chlorine atom in

HOCl or OCl� carries a þ1 charge and is a strong electro-

phile (an “electron-liking” entity), which accounts for the

fact that these species are strong oxidants (i.e., the chlorine

atoms HOCl and OCl� “like” electrons enough that they

have a strong tendency to acquire electrons and be converted

to Cl�). Such species react readily with electrons on nucleo-
philes (nucleus or positive-charge-liking entities), such as

C–C, C–H, or S–H groups in organic compounds. Most

reactions between HOCl or OCl� and nucleophiles involve

the transfer of electrons to the Cl species, generating Cl�.
The specific organic functional groups that react with

HOCl or OCl� in complex environmental solutions are

unclear, but they presumably include aromatic rings,

aldehydes, ketones, alcohols, amino acids and sulfur com-

pounds. Examples of two such redox reactions are shown in

Figure 10-7.

In other cases, the Cl atom from the hypochlorite species

becomes part of the organic molecule, either via substitution

reactions (in which the Cl replaces a different atom in the

molecule, typically Hþ) or addition reactions (in which

(a)

(b)

CH3

C
CH3

O

CH3

CH
C

OH
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O2 OCl-+ + 2 Cl-

CH
CH2

NH2

SH
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O 3 OCl-+ + 3 Cl–CH
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S
C
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O
O

-

O

+ H+

FIGURE 10-7. Oxidation of organic functional groups by OCl�. (a) Oxidation of a ketone to an

a-hydroxy carboxylic acid, and (b) oxidation of a sulfhydryl group to a sulfonyl group.
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the Clþ and OH� portions of the HOCl molecule bond

separately to different locations on the organic molecule).

The chlorinated organic compounds formed by such

reactions are referred to collectively as disinfection by-

products (DBPs). A great deal of attention has been focused

on the formation of chlorinated DBPs because of their

potential human and ecological health implications. How-

ever, it is important to recognize that, in most cases, the

majority of the chlorine applied in the treatment of water is

not incorporated into organic molecules but is reduced to

chloride ion. For example, when drinking water is chlorin-

ated, 90% or more of the OCl that reacts is typically reduced

to Cl�, while less than 10% becomes part of organic

molecules. Given the importance of the formation of chlo-

rinated DBPs, the remainder of this section focuses on

substitution and addition reactions between HOCl and

organic compounds.

Because most DBPs are thought to form by reactions with

aromatic functional groups that have one or more attached

hydroxyl groups, the reactions between chlorine and pure

phenolic compounds are described first, followed by a

discussion of the reactions of chlorine with the complex

mix of organic compounds typically found in both drinking

water sources and domestic wastewater.

The reactions of HOCl with phenolic compounds in

drinking water have long been known to produce mal-

odorous, poor tasting products. These reactions often pro-

ceed initially via substitution of Cl for H at the ortho (o-) and

para (p-) positions on the aromatic ring (those immediately

adjacent to and directly opposite to the OH group). This step

(the first step shown in Figure 10-8) yields a mixture of

2- and 4-chlorophenol, which can then be further substituted

to generate 2,4- and 2,6-dichlorophenols and 2,4,6-trichlor-

ophenol (Larson andWeber, 1994). Further attack is possible,

particularly at the p-position, leading eventually to ring

cleavage and formation of stable products such as tri-

chloroacetic acid, but it occurs slowly (Onodera et al., 1984).

The chlorine incorporation reactions can typically be

described by second-order rate expressions of the form

rTOTCl2 ¼ �kobscTOTCl2cTOTPh (10-41)

where cTOTCl2 and cTOTPh are the total concentrations of free

chlorine and phenolic compound (Ph), respectively. As can

be seen from Figure 10-9, the observed rate constant

exhibits a strong pH dependence. This pH dependence

can be explained if HOCl and PhO� are assumed to be

the principal reactants, so that the rate law has the form

rTOTCl2 ¼ �k2cHOClcPhO� (10-42)

Comparing Equations 10-41 and 10-42, we see that

kobs ¼ k2a0;HOCla1;Ph.

When the data are analyzed in this way, the second-order

rate constant k2 is reasonably constant between pH 6 and 12,

suggesting that the assumption that the reactants are primar-

ily HOCl and PhO� is valid over this pH range. The rate of

reaction is increased by substitutions on the phenolic ring

that push electrons onto the ring and thereby make it a

stronger nucleophile (so-called activation of the ring).

Substituting groups that activate the ring include hydroxide

(OH�), alkyl (CH3
�), aryl (C6H5

�), methoxy (OCH3
�), and

phenoxy (OC6H5
�) groups. Thus, the incorporation of OH�

into a benzene ring to form phenol can be viewed as an

activating step that causes phenol to be more susceptible to

Cl incorporation than benzene; unactivated aromatic rings

such as benzene show little tendency to become chlorinated

under water treatment conditions.

Although the reactions of free chlorine with a few well-

characterized compounds, such as phenol, are important in

specific systems, most molecules that form DBPs are larger,

incompletely characterized organic compounds. The pool of

organic compounds that is present in a natural water or a

wastewater is typically quantified by the total organic

carbon (TOC) concentration in the water, and, in natural

aquatic systems, the compounds themselves are referred to

collectively as natural organic matter (NOM). The com-

pounds contributing to these collective measures are some-

times subcategorized based on various physical=chemical

properties into humic and nonhumic fractions; hydrophobic,

transphilic, and hydrophilic fractions; or biochemical

categories such as saccharides, proteins, and so on. These

separation and characterization techniques have been

reviewed by Frimmel (1998).

Organic molecules that react with chlorine to form DBPs

are commonly referred to as DBP precursors. Water sub-

jected to chlorination tend to have an extremely diverse

collection of such precursors, leading to the generation of an

equally diverse set of DBPs. Numerous studies have been

conducted to identify the NOM fractions that seem to be the

“best” precursors. The general outcome is that all fractions

can serve as precursors, with certain fractions being more

likely than others to generate specific types of DBPs.

The formation of THMs during chlorination of drinking

water was first recognized by Rook (1974) and Bellar et al.

(1974). Since that time, several individual DBP species have

been unambiguously identified. Most prominent among

these are species with the basic structure of methane

(CH4) and acetic acid (CH3COOH), but in which some of

the hydrogen atoms have been replaced by Cl or, if the

source water contains Br�, by Br. However, methane and

acetic acid molecules are not the precursors of the halogen-

ated forms of those molecules; rather, the DBPs form by

halogenation of functional groups on larger molecules,

which then break down to release the one- and two-carbon

DBPs that are detected.

Although some mono- and di-halogenated methane and

acetic acid molecules are released by such reactions, in most

cases, the tri-halogenated species are found in much higher
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concentrations. The implication is that the precursor mol-

ecules are relatively stable when one halogen attaches to a

carbon atom, less stable when a second halogen attached,

and still less stable once a third one attaches. The structures

of chlorinated trihalomethanes (THMs) and haloacetic acids

(HAAs) are illustrated in Figure 10-10. For the THMs, one,

two, or all three of the chlorine atoms shown in the figure can

be replaced by bromine, leading to four possible species. For

the HAAs, bromine can substitute for any of the chlorine

atoms, leading to nine possible species (two monohaloacetic

acids, three dihaloacetic forms, and four trihaloacetic acid

species). A key distinction between THMs and HAAs is that

the former are volatile and therefore can easily be transferred

from aqueous solutions into the gas phase, whereas the latter

OH OH

Cl

OH

Cl

+OCl-+ OH-+

OH

Cl
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OCl-+ OH-+
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FIGURE 10-8. Pathway for reaction of hypochlorite with phenol.
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are essentially nonvolatile. Other specific DBPs that have

been identified in most chlorinated drinking water, albeit

often at very low levels, include chloral hydrate, haloace-

tonitriles, chloropicrin, and haloketones. Like THMs, these

compounds are relatively volatile.

USEPA regulations establish maximum allowable levels

(maximum contaminant levels, MCLs) of 80 and 60mg=L
for the sum of the four THMs (the total trihalomethanes,

TTHMs) and the sum of five HAAs (HAA5), respectively,

in drinking water.5 The results of an early survey of the

distribution of THMs in such water, made when the

problems of THMs were first discovered, are shown in

Figure 10-11. A later survey of drinking water in the United

States (Arora et al., 1997) indicated that, unless existing

treatment practices were modified, approximately 20% and

16% of the water treatment plants studied would exceed the

MCLs for THMs and HAAs, respectively. In the intervening

years, most plants have made changes in their operation

(such as increasing the removal of NOM by enhanced

coagulation, changing the location of first addition of disin-

fectant, or changing the primary or secondary disinfectant)

to reduce the formation of THMs and HAAs.

The details of the reactions by which THMs and other

DBPs are formed from complex precursors are not fully

understood, but inferences have been drawn from studies of

the chlorination of model compounds such as hydroxyl- and

carboxyl-substituted, single aromatic rings such as res-

orcinol (1,3-dihydroxy benzene) and 3,5-dihydroxy benzoic

acids. These compounds generate THMs via the so-called

haloform reaction, which is initiated by the slight deproto-

nation of a carbon atom adjacent to a C¼O group (the

a-carbon of a carbonyl compound). The deprotonated spe-

cies exists in two resonance states, which together are

referred to as an enolate anion. Enolate ions react with

HOCl or HOBr by abstracting and bonding to the Clþ or Brþ

from the molecule; an example of this reaction sequence is

shown in Figure 10-12.

Once the monochlorinated species is formed (second row

in Figure 10-12), the identical sequence can repeat itself

twice more to form the di-chloro (third row) and then tri-

chloro species (fourth row). The tri-chlorinated form of the

original molecule reacts with a hydroxyl group to generate a

carboxylic acid and chloroform, as shown in bottom left of

the figure. Formation of THMs tends to increase with

increasing pH because of the role of the deprotonated

form of the enolate ion and the reaction with hydroxyl

ion that releases the THM from the chlorinated precursor.

Although the precursor of the enolate ion is shown in

Figure 10-12 as a simple ketone, molecules that contain

conjugated ketone and carboxylic acid groups (e.g., b-keto

acids such as citric acid) or pairs of ketones are far more

efficient precursors of THMs. Other functional groups that

serve as good precursors of THMs have been discussed by

Hanna et al. (1991) and Wu et al. (2000). While compounds

as simple as those described earlier are unlikely to be present

in natural water at significant concentrations, similar func-

tional groups are expected to be present in NOM and may

well represent the major active sites for attack by hypo-

chlorous acid and hypochlorite ion.

The reactions leading to the formation of HAAs have

been studied less extensively than those that form THMs.

Presumably, the pathways for the formation of the two

groups of DBPs have considerable overlap, with the species

that are formed preferentially depending on the details of the

chlorination process (solution pH, Cl2 : DOC ratio) and the

precursor structure. While most surveys indicate that HAAs

are present in chlorinated water at molar concentrations

slightly lower than those of THMs (Krasner et al., 1989), the

relative proportions of these groups vary widely, depending

on factors such as pH and bromide concentration
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FIGURE 10-9. Variation in kobs for chlorination of phenol and

various chlorophenol intermediates. Source: From Stumm and

Morgan (1996); reprinted with permission.

5 The MCL for HAAs includes only five species (MCAA or monochloro-,

DCAA or dichloro-, TCAA or trichloro-, MBAA or monobromo-, and

DBAA or dibromo-acetic acid, referred to collectively asHAA5) because of

limitations on the analysis of other HAAs at the time that the regulation was

being developed. Targets of 50mg=L for DCAA and 100mg=L for TCAA

have been set by the World Health Organization.
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(Pourmoghaddas and Stevens, 1995). Most other DBPs that

have been identified are found at concentrations that are

lower than those of THMs and HAAs by an order of

magnitude or more, and the pathways for the formation

of those compounds have been explored less extensively.

As noted, bromine-containing DBPs are prevalent when

water containing Br� are chlorinated, due to the rapid

oxidation of bromide to hypobromous acid, HOBr, and

the subsequent participation of this species in halogenation

reactions. In any realistic scenario, the HOCl dose is much

greater than the Br� concentration. As a result, when a

solution containing Br� is chlorinated, essentially all the

Br� is converted rapidly to OBr species, which then coexist

with the OCl species. For example, complete oxidation of

120mg=L Br� (1.5� 10�6M) consumes only approxi-

mately 5% of a 2mg=L Cl2 (2.82� 10�5M) dose, so that

both the hypobromite and hypochlorite oxidants are left in

the solution. Both groups of oxidized halogens react with

NOM, forming a mixture of halogenated DBPs, some

containing only bromine (e.g., tribromomethane, CHBr3,

more commonly called bromoform), others only chlorine,

and still others with both halogens. The substitution of HOBr

into NOM is, in general, faster than that of HOCl, so that the

ratio of bromine to chlorine in the DBPs is generally greater

than the ratio of Br� in the raw water to the Cl2 dose. The

extent of bromination of NOM is important because many

brominated DBPs are thought to pose greater health risks

than their chlorinated counterparts (WHO, 2000).

Because so many different halogenated DBPs are formed

in any given system, and so many of those compounds have

indeterminate structures, the cumulative concentration of all

DBPs is sometimes reported in terms of the total organic

chlorine (TOCl) or total organic halogen (TOX) concentra-

tion.6 These quantities represent the total amount of Cl or

halogen, respectively, in all the organic DBPs in the system,

irrespective of the identity of the molecule to which they are

attached. THMs and HAAs each usually represent 10–25%

of the TOX, and it is rare for more than 50% of the TOX to be

identified as specific compounds, even if sophisticated ana-

lytical protocols are used.

Chloroform: CHCl3 (example trihalomethane) 

Monochloroacetic acid (MCAA): ClH2C-COOH
   (example monohaloacetic acid)  

Dichloroacetic acid (DCAA): Cl2HC-COOH (example dihaloacetic acid) 

Trichloroacetic acid (TCAA): Cl3C-COOH (example trihaloacetic acid) 

Chloral hydrate (another low-molecular-weight by-product). 
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FIGURE 10-10. Common chlorinated disinfection by-products found in water treated with

chlorine.

6 The analytical test for TOCl or TOX involves collecting the halogenated

organic molecules on an adsorbent, and then measuring the Cl or halogen

concentration associated with those molecules. Because some DBPs might

not be adsorbed in this process, the result is sometimes reported as the

adsorbable organic chlorine (AOCl) or adsorbable organic halogen (AOX),

respectively.
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In drinking water systems, chlorine is typically applied to

water at dosages that provide a residual on the order of 0.2–

1.0mg=L as Cl2 after thewater has resided in the distribution

system for hours to days. Laboratory studies of DBP forma-

tion reactions often include efforts to characterize either the

concentration of DBPs expected to form under such typical

chlorination scenarios, or the maximum concentrations

expected based on the application of enough free chlorine

to provide a Cl2 residual of several milligrams per liter after

a reaction period of several days. In the former case, the test

is called a simulated distribution system (SDS) test, and in

the latter, it is called a formation potential (FP) test. The

results of formation potential tests are frequently reported in

terms of the trihalomethane formation potential (THMFP),

the haloacetic acid formation potential (HAAFP), total

organic halogen formation potential (TOXFP), or similar

parameters.

& EXAMPLE 10-7. Korshin et al. (2004) reported the

formation potential for several DBPs for the Jordan River

(Utah). This sample of water had 4.8mg=L dissolved organic

carbon (DOC) and 233mg=L bromide, and was dosed with

7.2mg=LNaOClasCl2.The resulting formationofDBPswas

measured, and the values for the six compounds with the

highest concentrations are reported in the following table.

Thefirst threecompoundsare trihalomethanes,while thelatter

three are haloacetic acids. Find the fraction of the DOC, the

TOTOCl dose, and the total bromine in the system that is

accounted for by these six compounds.

Compound Concentration (mg=L)

CHCl3 32.2

CHCl2Br 47.5

CHClBr2 41.7

CH2ClCOOH 23.6

CHCl2COOH 50.3

CCl3COOH 29.4

Solution. In the following table, the given concentra-

tions in mg=L for all compounds (column 2) are converted

to molar units (column 4) by dividing by the molecular

weights (column 3). Note that the atomic weight of Br

(79.9) is considerably higher than that of Cl (35.45), so that

the relative amounts of the three trihalomethane species on

a molar basis are considerably different than on a mass

basis.

FIGURE 10-11. Distribution of concentrations of THMs in

a survey of chlorinated drinking water in the United States.

Source: From Symons et al. (1975); reprinted with permission.

Compound

Concentration

(mg=L)
Molecular

Weight

Concentration

(mmol=L)
Carbon Content

(mmol=L)
Chlorine Content

(mmol=L)
Bromide Content

(mmol=L)

CHCl3 32.2 119.35 0.27 0.27 0.81 0

CHCl2Br 47.5 163.8 0.29 0.29 0.58 0.29

CHClBr2 41.7 208.25 0.20 0.20 0.20 0.40

CH2ClCOOH 23.6 94.45 0.25 0.5 0.25 0

CHCl2COOH 50.3 128.9 0.39 0.78 0.78 0

CCl3COOH 29.4 163.35 0.18 0.36 0.54 0

Total 2.40 3.16 0.69
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In columns 5–7, the molar concentration of each com-

pound is multiplied by the number of C, Cl, and Br atoms in

the molecule, respectively, to obtain the molar concentration

of each atom accounted for by that compound. These values

are summed at the bottom of each column to obtain the total

molar concentrations of the three elements.

The DOC in the original water was

cDOCð0Þ ¼ 4:8mg=L ¼ 4:8mg=L

12mg=mmol
1000mmol=mmolð Þ

¼ 400mmol=L

The fraction of carbon accounted for by the reported

DBPs (f C;DBP) is, therefore

f C;DBP ¼ cC;DBP

cCo

¼ 2:40mmol=L

400mmol=L
¼ 0:006; or 0:6%:

Noting that both NaOCl and have Cl2 two equivalents

per mole, the corresponding calculations for chlorine and

bromine are as follows:

cCl;added ¼ 7:2
mg

L
as Cl2

� 	 1mmol Cl2

70:90mg Cl2

� �
2meq

mmol Cl2

� �

� 1mmol NaOCl

2meq

� �
1mmol Cl

mmol NaOCl

� �
1000mmol

mmol

� �

¼ 101mmol=LCl

f Cl;DBP ¼ cCl;DBP

cCl;added
¼ 3:16mmol=L

101mmol=L
¼ 0:032 or 3:2%:

cBro ¼ 233mg=L ¼ 233mg=L

79:9mg=mmol
¼ 2:92mmol=L

f Br;DBP ¼ cBr;DBP

cBro
¼ 0:69mmol=L

2:92mmol=L
¼ 0:237 or 23:7%:
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Source: From Morris and Baum (1978).
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Note that the high reactivity of the hypobromite species

results in a large fraction of the bromine being incorporated

into the DBPs, while only a small fraction of the added

chlorine is incorporated. &

The formation of both individual DBPs and the composite

TOX often follows a pattern whereby some amount of the

species is formed almost instantly (within seconds, before

the first data point is collected), another portion forms

relatively rapidly (over the course of several minutes to a

few hours), and additional amounts form slowly but steadily

for at least several days. These stages of DBP formation are

often attributed to the reactions of different groups of

precursors, although the overall process is more of a con-

tinuum than a sequence of distinct steps. An example of such

a process is provided in Figure 10-13. That study was

conducted under “THM formation potential conditions”

(i.e., with a large Cl2 residual present throughout the experi-

ment). The authors defined the THM concentration that was

generated during the first 3 h of reaction as the “rapid

THMFP”, and the concentration generated during 500 h of

reaction as the “ultimate THMFP”. A second-order model

was found to describe the rate of THM formation during the

second stage of the reaction:

rTHM ¼ k Cl2½ � THMFP½ � ¼ k Cl2½ � THMFP½ �ult � THM½ �� �
(10-43)

where [THMFP] is the concentration of the (as yet unreacted)

THMprecursors remaining at time t, [Cl2] is the concentration

of free chlorine at time t, and k is the second-order rate

constant. It was suggested that the fast reacting THM precur-

sors were resorcinol-like structures, while the slowly reacting

precursors were other phenolic functional groups. Note that

[THMFP]ult is the same thing as the final concentration of

THMs formed. Thus, the form of the reaction expression

shownon the right is similar to that of gas transfer reactions, in

which the rate of reaction is proportional to the difference

between the ultimate and current values.

Reactions of chlorine with other naturally occurring

biopolymers are also of importance. For example, chlorin-

ation of chlorophyll, extracellular algal metabolites, and

proteins can lead to high yields of THMs; the yield is

defined as the amount of THM formed per unit of pre-

cursor, either in moles (for single known compounds) or

grams of carbon (for mixtures, including natural waters).

Similarly, the reaction of chlorine with lignin has histori-

cally been a key process in the bleaching of wood pulp and

results in the production of a variety of oxidized and

chlorinated species, including both high molecular weight

“chloro-lignins” and smaller molecules (chlorinated ali-

phatic carboxylic acids, chloromuconic acids, and chlorin-

ated phenolic species).

Chloramines

Formation of Chloramines In the presence of ammonia,

free chlorine reacts rapidly and in a stepwise manner to form

mono-, di-, and tri-chloramine, as shown. Trichloramine is

also referred to as nitrogen trichloride.

NH3 þ HOCl $ NH2Clþ H2O (10-44)

NH2Clþ HOCl $ NHCl2 þ H2O (10-45)

NHCl2 þ HOCl $ NCl3 þ H2O (10-46)

The chlorine atom in chloramines is in the þ1 oxidation

state (as it is in HOCl and OCl�). Nevertheless, the propert-
ies of the hypochlorite species differ from those of the

chloramines, so it is useful to distinguish between the

two groups. To this end, chloramines are referred to as

combined (as opposed to free) chlorine. The sum of the

free and combined chlorine concentrations is referred to as

total chlorine. Concentrations of combined and total chlo-

rine, like those of free chlorine, are most commonly reported

in units of milligrams per liter as Cl2.

The ammonia that reacts to form chloramines may be

present in water and wastewater as a result of decomposition

of N-containing organic compounds, or it might be added to

water either before or after dosing the water with chlorine,

with the specific intent of forming chloramines as part of an

overall disinfection strategy.

The dominant chloramine species that forms in a given

solution depends on pH, the chlorine-to-ammonia ratio, the

temperature, and the contact time. Trichloramine is not

important under most conditions of interest due to either

the preferential formation of the other forms and=or its

instability. Within kinetic constraints (discussed below),
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FIGURE 10-13. Formation of THM during chlorination of

humic materials extracted from a Norwegian lake (pH 7, DOC

1.3mg=L, phosphate buffer 5mM, [Cl2]o¼ 140mM, [THM]fin¼
THMFPult¼ 1.62mM, Rapid THMFP¼ 0.45mM). Solid curve

based on Equation 10-43, with k¼ 0.017M�1 s�1. Source: After

Gallard and von Gunten (2002).
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the relative concentrations of mono- and dichloramine are

determined by the equilibrium of the following reaction:

Hþ þ 2NH2Cl $ NH4
þ þ NHCl2 (10-47)

where Keq ¼
�
aNH4

þaNHCl2=aHþa2NH2Cl

�¼ 6:7� 105 at 25�C
(Gray et al., 1978). The initial rate of monochloramine

formation when free chlorine is mixed with water containing

ammonia is rapid (tchar< 1min), with the result that mono-

chloramine can accumulate to greater-than-equilibrium

levels when the reagents are first mixed (Valentine and

Jafvert, 1988). As pH decreases or the Cl2:N ratio increases,

the equilibrium ratio of dichloramine to monochloramine

increases (Figure 10-14). (The chlorine-to-ammonia ratio is

commonly designated as either Cl:N or Cl2:N; in either case,

the implication is that the chlorine dose is being expressed

as Cl2, and ammonia is being expressed as nitrogen [i.e., as

NH4–N].)
7

Jafvert and Valentine (1992) presented a comprehensive

model for the elementary reactions that form and decompose

chloramines; reaction constants for some of the reactions

were subsequently updated (Vikesland et al., 2001). The

reaction scheme is summarized in Figure 10-15. Some key

characteristics of the reaction sequence, particularly the

formation and decay of the chloramines, are described next.

In the absence of other rapidly reacting Cl-consuming

substances, the behavior of the chloramines is mostly depen-

dent on the Cl2:N molar ratio, but other solution character-

istics (particularly pH and the presence of acid anions) also

have noticeable effects. In general, when this ratio is less

than one, virtually all of the free chlorine is consumed and

monochloramine is the dominant species formed. The ratio

of monochloramine to dichloramine decreases as the pH

decreases from pH 8–6. Under these conditions, the species

are relatively stable, decaying over a period of a few days.

However, when the Cl2:N molar ratio is higher than

approximately 1.5 (equivalent to Cl2:N weight ratios of

7.6), the monochloramine and dichloramine that form

decompose quite rapidly (with characteristic reaction times

of a few minutes), so that any residual chlorine in the

ultimate solution is present as free chlorine. The ammonia

is oxidized, primarily to N2, but some to NO3
�. In the

intermediate range (1.0<Cl2:N< 1.5), the decay of

mono- and di-chloramine is much slower than at the higher

ratios, but still faster than at the lower values. Some typical

results from both experiments and model predictions for the

rapid decay reactions (Cl2:N> 1) are shown in Figure 10-16.

The reactions of free chlorine with ammonia are usually

discussed in the context of the so-called breakpoint chlorin-

ation curve, an example of which is shown in Figure 10-17.

In such a curve, the total residual chlorine is plotted as a

function of the chlorine dose or the Cl2:N ratio. In the

absence of other species that consume chlorine rapidly,

the chlorine residual is almost equal to the chlorine dose

at low Cl2:N ratios (region 1 in the figure). Under these

conditions, almost all the chlorine residual is combined; that

is, it is present as chloramines. As the Cl2:N ratio increases,

the chlorine residual also increases, but not quite stoichio-

metrically (region 2), because some of the added chlorine

oxidizes N species rather than combines with them. As

noted, several oxidation reactions might proceed, yielding

N2 or NO3
� as products.

As the Cl2:N ratio increases further, the oxidation of

N-containing species becomes increasingly important, until

it dominates the reactions that form chloramines. Under

these conditions, not only the increment of chlorine that has

just been added as Cl2 or HOCl, but also the chlorine atoms

in chloramines that had formed previously are reduced,

and the nitrogen in the chloramines is oxidized. Since the

chlorine that was in the chloramines contributed to the

chlorine residual, this situation leads to the counterintuitive

result that addition of free chlorine to the solution leads to a

net decrease in the chlorine residual (region 3). In region 3,

virtually all of the chlorine present is combined chlorine

(i.e., chloramines) but a small amount is present as free

chlorine; the relative amount of free chlorine increases (but

is always small) as the Cl2:N ratio increases.

0.1

10

1

N
H

2C
l m

ol
ar

 r
at

io

pH 5

6

7

8

0.0001

0.001

0.01

0 0.02 0.04 0.06 0.08 0.1 0.12

N
H

C
l 2

:N

Cl2:N molar ratio

9

FIGURE 10-14. Effect of pH and Cl2:N molar ratio on the

equilibrium proportions of mono- and dichloramine (based on

rate expressions given by Gray et al., 1978).

7 ACl2:N molar ratio of 1.0 yields a weight ratio of 71:14, or approximately

5. Most fundamental work is reported in terms of the molar ratio, but many

reports in the environmental engineering literature use the weight ratio.

Since the chemicals commonly used in treatment plants are Cl2 gas and NH3

gas, operators occasionally report weight ratios using these two gases, so

that a molar ratio of 1.0 would give a weight ratio of 71:17, or 4.2. Weight

ratios using Cl2:NH3 are never reported in the literature, so careful com-

munication between engineers and treatment plant operators (who are

accustomed to using different units from one another) is essential to ensure

proper operation.
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At a Cl2:N molar ratio near 1.5 (corresponding to a Cl2:N

weight ratio of 7.6) the total chlorine residual passes through

a minimum, known as the breakpoint. Once this point is

passed (region 4), essentially all the ammonia has been

oxidized, so any residual that is present is assumed to be

free chlorine (though a small fraction of combined chlorine

may remain). Stoichiometrically, the molar ratio of 1.5 is

consistent with the oxidation of all the ammonia to molecu-

lar nitrogen (N2).

NH4
+

H+

+
NH3  +  HOCl NH2Cl  +  H2O

NH3Cl+

H+

+

H+

+
OCl–

+  NH2Cl NHCl2  +  NH3
acid

+  HOCl NHCl2  +  H2O

+  NH2Cl products

+  OH+ I

+  NH2Cl products

+  NHCl2  +  H2O HOCl  +  products

+  2 HOCl  +  H2O
base

NO3
–   +   5 H+  +  4 Cl–

+  HOCl
base

H2O   +   NCl3

+  NH2Cl  +  H2O HOCl  + products

+  NHCl2  +  2 H2O 2 HOCl  + products

FIGURE 10-15. The formation and decomposition of chloramines. (I is an undetermined inter-

mediate, and products include N2, H2O, Cl�, Hþ, NO3
�, and other unidentified species.)

Source: From Jafvert and Valentine (1992).
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& EXAMPLE 10-8. In a certain municipal wastewater

treatment plant, most of the ammonia originally present is

nitrified (biologically oxidized to NO3
�), but a concentration

of 4.8mg=LNH3–N remains.What dose of Cl2 is required to

accomplish complete oxidation of the ammonia and leave a

residual concentration of Cl2 of 1.5mg=L?

Solution. The dose required to accomplish the complete

oxidation is estimated from the breakpoint curve as

7:6mg Cl2=mg NH3-Nð Þ 4:8mg NH3-N=Lð Þ
¼ 36:5mg=L as Cl2:

Any chlorine added past the breakpoint remains in the

water as free chlorine, so the required dose is approximately

38mg=L as Cl2. The answer is approximate because the

value of 7.6 is inexact, and because it accounts only for the

chlorine demand exerted by the ammonia. Reactions of

chlorine with other reduced compounds in the wastewater

would exert an additional demand and increase the required

dose. Note that controlling the free residual concentration at

doses beyond the breakpoint can be difficult because a small

variation in the ammonia concentration can lead to a major

swing (a factor of 7.6) in the chlorine dose required for

oxidation. &

Reactions of Chloramines with Inorganic Compounds
Chloramines are able to oxidize a range of reduced sub-

stances including ferrous iron, manganous ions and sulfidic

species. The reaction between ferrous iron and monochlor-

amine has been investigated in detail by Vikesland and

Valentine (2002), who showed that the process is mediated

by the formation of the free radical amidogen ð _NH2Þ and is

catalyzed by the iron oxide solids that form.

& EXAMPLE 10-9. The groundwater considered in

Example 10-5 (containing 1.5mg=L Fe(II)) is to be treated

withmonochloramine.Writeabalancedchemical reactionfor

the oxidation of Fe2þ to Fe(OH)3(s) bymonochloramine, and

find the dose of monochloramine (as Cl2) required for com-

plete oxidation.

Solution. The oxidation of Fe(II) to Fe(III) (in this case,

Fe2þ to Fe(OH)3(s)) is a one-electron transfer, and the

reduction of NH2Cl to Cl
� is a two-electron transfer. There-

fore, one molecule of NH2Cl oxidizes two molecules of iron.

The balanced equation is as follows:

2Fe2þ þ NH2Clþ 6H2O ! 2FeðOHÞ3ðsÞ þ Cl� þ NH3 þ 5Hþ

Because the concentrations of chloramines are expressed in

the same units as forHOCl (i.e., both asCl2), the required dose

is the same as in Example 10-5, or 0.95mg=L as Cl2. &

Reaction of Chloramines with Organic Compounds.

Although chloramines can react with organic matter to

form some chlorinated DBPs, the extent of such reactions

(i.e., the TOX formation) is much less than from an

equivalent dose of free chlorine, with a few notable

exceptions. In particular, formation of dichloroacetic

acid and cyanogen chloride is often greater in chlorami-

nation than in chlorination. Little is known about the

halogenated by-products of chloramination, except that

they tend to be more hydrophilic and larger than the

organic halides produced from free chlorine (Jensen

et al., 1985). The decreased formation of THMs and

most HAAs by chloramines compared to free chlorine

has motivated many drinking water utilities to replace

free chlorine with combined chlorine as the final disinfec-

tant before the water is distributed to consumers.

Studies by Choi and Valentine (2002) and Mitch and

Sedlak (2002) indicate that a probable human carcinogen,

N-nitrosodimethylamine (NDMA), can be formed as a result

of reactions between monochloramine and dimethylamine

(DMA), which is a common component of human and

animal waste and can remain in water even after secondary

wastewater treatment. NDMA can also be formed by other

reactions between organic and inorganic nitrogen species,

including that between monochloramine and the DMA

functional groups on anion exchange resins. It has been

found in highly purified wastewater intended for recycle and

in some treated drinking water and, in view of its likely high

carcinogenicity, is recognized to be a particularly trouble-

some contaminant (Mitch et al., 2003).

Chlorine, Chloramines, and Lead Release in Water Distri-

bution Systems. As noted previously, many drinking water

utilities have replaced free chlorine with chloramines as the

final disinfectant added during water treatment, because the

chloramines generate much smaller quantities of THMs,

HAAs, and most other chlorinated DBPs. While the switch

in disinfectants is invariably successful in that regard, it has

also been implicated as the cause of dramatic increase in

the concentration of lead in tap water in a few locales. In the

most intensely studied such system, lead levels in tap water

in the Washington DC system increased immediately after

the switch to combined chlorine was implemented, then

decreased during a short period when it was reversed, and

immediately increased when chloramines were used again

(Edwards and Dudi, 2004). Subsequent testing confirmed

that, although lead release from pure metallic lead pipe is not

dramatically different when exposed to the two oxidants,

lead release from brass fittings and, especially, from older

pipes that had already accumulated lead-bearing scales is

much greater when exposed to chloramines than free chlo-

rine. Because the cognitive development of infants and

children can be affected by very low exposure to lead

(Fewtrell et al., 2004), and in view of an apparent link
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between the change in chloramines and instances of elevated

blood lead levels in children (Miranda et al., 2007; Edwards

et al., 2009), this redox-based water quality problem

attracted a great deal of scientific and engineering research

(as well as media and political attention). InWashington DC,

the goal of controlling both DBP formation and lead release

seems to have been achieved by using chloramine as the

disinfectant and adding phosphate to immobilize lead.

The chemistry underlying these observations is complex

and has not yet been fully characterized. However, the

current understanding is that in any oxic system (even in

the absence of a disinfectant), the surface of metallic lead

(Pb(s)) is oxidized to Pb(II). For typical drinking water

conditions, and in the absence of free chlorine, Pb(II) is

likely to precipitate as cerrusite (PbCO3(s)), hydrocerrusite

(Pb3(OH)2(CO3)2(s)), or litharge (PbO(s)). While these

solids are quite insoluble (see Figure 9-18), they can,

under some circumstances, release enough lead to exceed

the USEPA’s action level of 15mg=L. The rate and amount

of dissolution can be significantly enhanced by the pres-

ence of NOM (Dryer and Korshin, 2007; Lin and Valentine

2008).

Theoretical calculations suggest that, under the oxidizing

conditions generated by chloramine addition, most of the

Pb(II) present should be oxidized to Pb(IV). In this oxidation

state and at near-neutral pH, the lead is much less soluble

than Pb(II) and precipitates as various PbO2(s) solids (Lytle

and Schock, 2005). However, the oxidation of Pb(II) to

Pb(IV) by chloramines is slow under drinking water condi-

tions and does not proceed to a significant extent in time

frames of interest.

In contrast, when free chlorine is present at residual

concentrations commonly found in drinking water, the

solution is considerably more oxidizing than when chlor-

amines are present, and the Pb(II) is readily oxidized to

Pb(IV). For this reason, water distribution systems that

maintain a residual of free chlorine rarely have problems

with excessive lead release, although PbO2(s) solids do

accumulate in the corrosion scales. If these solids are

exposed to unaltered NOM in the absence of free chlorine,

they are prone to dissolution via the reduction of the Pb(IV)

to Pb(II), but the dissolution does not occur when free

chlorine is present. The difference between these two

responses might be because the chlorine rapidly reoxidizes

any Pb(II) that forms or because the chlorine reacts with the

NOM to eliminate many of the NOM functional groups that

react with the Pb(IV).

As noted above, when free chlorine is replaced with

combined chlorine as the disinfectant, the oxidation poten-

tial usually remains above that necessary to stabilize Pb(IV),

so switching disinfectants in otherwise pristine water should

not induce reduction and dissolution of the lead. However,

because chloramines do not react strongly with NOM and

cannot rapidly reoxidize any Pb(II) that is generated by the

reaction of NOM with Pb(IV), dissolution of PbO2(s) solids

can and does occur when free chlorine is replaced with

combined chlorine in a real distribution system. The release

of lead into the water supply in such cases occurs not only

because Pb(II) enters solution, but also because the bonds

holding various lead-bearing solids in the scale can dissolve,

leading to intermittent and unpredictable spikes in the total

lead concentration in the water (Triantafyllidou et al., 2007).

For reasons that are not clear at present, the switch to

chloramines also seems to facilitate the release of particles

of lead from solder under at least some circumstances

(Edwards et al., 2009).

Chlorine Dioxide

Chlorine dioxide (ClO2) is a relatively stable free radical

(O ¼ _Cl� O) that is applied as an oxidant in a variety of

industrial processes (e.g., cellulose bleaching) and as

either an oxidant or a disinfectant in wastewater and

drinking water treatment processes. Its use is attractive,

in part, because it has a much lower tendency than free

chlorine to produce chlorinated by-products, especially

trihalomethanes and haloacetic acids. Chlorine dioxide

is highly soluble in water and, once in solution, neither

hydrolyzes nor dissociates, but remains as a neutral spe-

cies. However, it is extremely volatile (Hpm¼ 53.6 atm=
(mol=L)) and can be removed from dilute aqueous solu-

tions with minimal aeration.

When ClO2 oxidizes aqueous contaminants, it usually

acquires a single electron and is thereby reduced to the

chlorite anion (ClO2
�):

ClO2ðaqÞ þ e� $ ClO2
�

pe ¼ 16:2; Eo
H ¼ 0:954V

(10-48)

A major limitation of the use of chlorine dioxide, at least

in drinking water applications, is that chlorite has a number

of potential adverse health effects (based on studies with

laboratory animals). In light of this, the USEPA has

established an MCL of 1.0mg=L for chlorite at represent-

ative locations in the distribution system, and a maximum

concentration of ClO2 (referred to in the regulation as a

maximum residual disinfectant level, or MRDL) of

0.8mg=L at the point of entry to the distribution system

(USEPA, 1998a). A secondary concern is that, if present in

tap water, chlorine dioxide can volatilize into the home or

office environment and can lead to offensive chlorinous

odors (Singer and Reckhow, 1999). Given that chlorine

dioxide is rapidly consumed during water treatment and

that up to 70% of the applied chlorine dioxide is reduced to

chlorite, the practical upper limit for chlorine dioxide

doses is approximately 1.5mg=L unless chlorite is

removed; such removal can be accomplished by the addi-

tion of a reductant (such as ferrous iron), which can reduce
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the chlorite to chloride according to the following half-

reaction:

ClO2
� þ 4Hþ þ 4e� ! Cl� þ 2H2O (10-49)

Another concern associated with residual chlorite in the

distribution system is that it reacts with free chlorine to

produce low levels of chlorine dioxide (which could cause

the MRDL to be exceeded in the distribution system) and=or
chlorate (ClO3

�) by the following reactions:

HOClþ 2ClO2
� ! 2ClO2 þ Cl� þ OH� (10-50)

HOClþ ClO2
� ! ClO3

� þ Cl� þ Hþ (10-51)

The presence of chlorate is generally considered

undesirable, although no MCL has been established for it.

Generation of Chlorine Dioxide Chlorine dioxide gas is

highly explosive at partial pressures exceeding 0.1 atm in air

and thus cannot be compressed or stored commercially. For

the same reason, it is unsafe to store concentrated aqueous

solutions of ClO2, because volatilization could release suf-

ficient ClO2 into the atmosphere to generate a hazard if the

gas phase were closed or poorly ventilated. Therefore, for

potable water treatment processes, aqueous stock solutions

of between 0.1% and 0.5% ClO2 by weight are commonly

produced on-site, by one of several generation technologies

(USEPA, 1999). The most common of these use sodium

chlorite (NaClO2) as the principal feedstock chemical,

forming ClO2 by oxidation of the chlorite ion with gaseous

chlorine or hypochlorous acid or by disproportionation of

the ion in a strong acid (typically, HCl):

2 ClO2
� þ Cl2ðgÞ $ 2ClO2 þ 2Cl� (10-52)

2ClO2
� þ HOCl $ 2ClO2 þ Cl� þ OH� (10-53)

5ClO2
� þ 4Hþ $ 4ClO2 þ Cl� þ 2H2O (10-54)

Careful control of the ClO2 generation process is required

to avoid the formation of chlorate (ClO3
�); this control

involves ensuring that the pH is kept low and that the proper

stoichiometric ratios of the constituents are maintained.

Although these processes are largely automated, they

require knowledgeable operators; as a result, the use of

ClO2 has been limited primarily to larger treatment plants

that have sufficient trained personnel. Emerging technolo-

gies for ClO2 generation for water treatment include electro-

chemical processes, a process in which gaseous chlorine

flows through chlorate embedded in an inert solid matrix,

and a process similar to one currently used in the pulp and

paper industry involving reduction of chlorate by acidified

hydrogen peroxide.

Chlorine dioxide disproportionates in alkaline waters as

follows:

2ClO2 þ 2OH� ! ClO2
� þ ClO3

� þ H2O (10-55)

Both ClO2
� and ClO3

� are undesirable end products, so

that chlorine dioxide is an inappropriate choice for water that

are high in pH or that are treated by precipitative softening.

Reactions of Chlorine Dioxide with Inorganic Compounds
Chlorine dioxide reacts with a variety of inorganic species

at rates that are typically first order with respect to each

reactant (i.e., second order overall). Second-order rate con-

stants derived by Hoigne and Bader (1994) for a number of

species of importance in water and wastewater treatment are

listed in Table 10-3. In addition to rate constants for reaction

with both the acidic and basic forms of the various inorganic

species (HA and A�, respectively), values of ktot (the overall
rate constant for reaction with the sum of HA and A�)
extrapolated or interpolated to pH 8 are given for ease of

comparison at a pH of relevance to water treatment. The

rapid oxidation of Fe(II) and Mn(II) by ClO2 (and also by

ClO2
�) has made it a popular choice for treatment of feed

TABLE 10-3. Second-Order Reaction-Rate Constants for Consumption of Chlorine Dioxide by Inorganic Compounds

Reactant pKa
a kHA (M�1 s�1) kA- (M

�1 s�1) ktot for pH 8 (M�1 s�1)

Water (H2O=OH
�) 14 �0.05 �0.05

Hydrogen peroxide (H2O2=HO2
�) 11.7 <0.1 (1.3	 0.2)� 105 30	 3

Bromide (Br�) <10�4 <0.05

Iodide (I�) 1400	 200 1400	 200

Ammonia (NH4
þ=NH3) 9.24 <10�6 <10�6 <10�6

Cyanide (HCN=CN�) 9.21 <10�5 8000	 2000 460	 100

Nitrite (HNO2=NO2
�) 3.15 113	 3 113

Iron(II) (Fe2þ=FeOHþ) 9.40 3000	 500 b

Manganese (Mn2þ=MnOHþ) 10.60 2� 107 5� 104

Ozone (O3) 1370	 50 1400

aFrom database in Visual Minteq (Gustafsson, 2011).
bPrecipitation of Fe(III) oxyhydroxides affects rate at pH 8.

Source: After Hoigne and Bader (1994).
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water that contains these reduced species and also has a high

DBP formation potential (which makes addition of free

chlorine problematic until after substantial removal of

NOM). However, the presence of organic matter can also

limit the effectiveness of ClO2 for oxidation of inorganic

species such as Fe(II) and Mn(II), due to both competition

between the organics and the metals for the oxidant and the

formation of metal–organic complexes (Knocke et al., 1990;

van Benschoten et al., 1992).

& EXAMPLE 10-10. Write balanced chemical

reactions for the oxidation of Fe2þ by both chlorine dioxide

and chlorite. What dose of ClO2 is required to oxidize the

1.5mg=LFe(II) in thegroundwater considered in prior exam-

ples? Assume that 40% of the oxidation occurs by the one-

electron transfer in which chlorine dioxide is reduced to

chlorite, and that the other 60% occurs by the four-electron

transfer that converts chlorite to chloride.What concentration

of chlorite remains in solution, assuming no other demands

exist for either oxidant.

Solution. The balanced reactions are as follows:

Fe2þ þ ClO2 þ 3H2O ! FeðOHÞ3ðsÞ þ ClO2
� þ 3Hþ

4Fe2þ þ ClO2
� þ 10H2O ! 4FeðOHÞ3ðsÞ þ Cl� þ 8Hþ

A total of 40% of the iron is oxidized according to the

first equation, so the stoichiometric requirement for that

reaction is

0:4ð Þ 1:5mg Fe=Lð Þ 1mmol Fe

55:85mg

� �
1mmol ClO2=mmol Feð Þ

¼ 0:011mmol ClO2=L

¼ 0:011mmol ClO2=Lð Þ 67:45mg ClO2=mmol ClO2ð Þ
¼ 0:73mg ClO2=L

Because ClO2 and ClO2
� have identical molecular weights,

the concentration of ClO2
� formed as a product of the reaction

is the same as the concentration of ClO2 consumed; that is,

0.73mg=L ClO2
�. The other 60% of the Fe2þ is oxidized by a

portion of this ClO2
� according to the second reaction:

0:6ð Þ 1:5mg Fe=Lð Þ 1mmol Fe

55:85mg

� �
1mmol ClO2

�

4mmol Fe

� �

¼ 0:0040mmol ClO2
�=L

¼ 0:0040mmol ClO2
�=Lð Þ

� 67:45mg ClO2
�=mmol ClO2ð Þ

¼ 0:27mg ClO2
�=L

The remaining, unreacted chlorite is 0:73� 0:27ð Þ
mg ClO2

�=L ¼ 0:46 mg ClO2
�=L. The USEPA has set

the MCL for chlorite in drinking water at 1mg=L. If all

of the oxidation of the Fe(II) were accomplished by the one-

electron transfer reaction, the dose of ClO2 and the residual

ClO2
� concentration would exceed this limit. &

Reactions of Chlorine Dioxide with Organic Compounds
Chlorine dioxide undergoes a wide variety of redox reactions

with organic matter to form oxidized organics and reduced

Cl species (Singer and Reckhow, 1999). The dominant

Cl-containing species generated is usually chlorite, account-

ing for 50–70% of the chlorine dioxide consumed.

Like hypochlorite species, chlorine dioxide can initiate

chlorine substitution reactions leading to the formation of

chlorinated aliphatic and aromatic compounds; however,

trihalomethanes have not been detected as reaction products,

a major advantage of using chlorine dioxide as the first

oxidant in a treatment train. Lalezary et al. (1986) compared

the effectiveness of several oxidants for the oxidation of

common taste and odor-causing compounds and found

chlorine dioxide to be the most effective. However, removal

of geosmin and 2-methylisoborneol (MIB) (the two com-

pounds identified most often as sources of taste and odor in

surface water supplies) by reaction with ClO2 at concentra-

tions that can be used in water treatment plants was only

approximately 30%.

Chlorine dioxide reacts particularly selectively with phe-

nols. Hoigne and Bader (1994) investigated the reaction of

chlorine dioxide with a wide range of phenols (as well as a

variety of other organic and inorganic species) and found

that the reaction kinetics are first order in both the chlorine

dioxide and phenol concentration, and second order overall.

The effects of substituents on the reaction rate constants of

the phenols are significant. Rate constants for the reaction of

ClO2 with selected phenols are shown in Figure 10-18. Since

it is the phenoxide anion that reacts rapidly (up to 106 times

as quickly as the nondissociated species), the apparent total

reaction rate constant increases for most types of phenols by

a factor of 10 per pH increment over most of the pH range of

interest in water treatment.

Ozone

Ozone has been used for many years to treat drinking water,

industrial wastewater, cooling water, swimming pools, and

aquaria. It was first used as a potable water disinfectant in

1893 in Oudshoorn, The Netherlands, and in 1906, ozona-

tion was installed in Nice, France, to treat domestic water

supplies. The major goal of treatment has been to disinfect,

though improvement of taste, reduction of color and odor,

oxidation of iron and manganese, enhancement in biode-

gradability of organic compounds, and improvements in
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flocculation and filtration performance have been important

secondary goals. While ozone has been applied principally

to drinking water (Langlais et al., 1991; USEPA, 1999), the

application to wastewater is increasing thanks to advances in

ozone generation and gas transfer technology (Metcalf and

Eddy, 2003; Xu et al., 2002).

At room temperature, ozone exists as a colorless gas with

a pungent odor that is readily detectable at concentrations as

low as 0.02–0.05 ppm (by volume). Ozone is sparingly

soluble in water. At 25�C, the Henry’s constant (Hpm) is

107 atm=(mol=L), making ozone less volatile (i.e., more

soluble) than oxygen, but significantly more volatile than

chlorine. For example, the solubility of pure ozone at 1.0 atm

pressure and 25�C is 450mg=L. When ozone is used in

water treatment, its gas-phase mole fraction is typically less

than 12%; as a result, the mass transfer driving force is

limited, with the result that dissolved ozone concentrations

greater than about 2–3mg=L are difficult to achieve.

Ozone is a powerful oxidant and can oxidize many

substrates directly, as described shortly. Simultaneously,

however, some ozone reacts with hydroxide ions to produce

molecular oxygen and the hydroperoxy anion (HO2
�, the

conjugate base of hydrogen peroxide [H2O2]) (Equation

10-56). The latter product can react further with ozone to

produce two free radicals: the uncharged hydroxyl radical

( _OH), which can be thought of as a hydroxyl ion from which

an electron has been abstracted, and the superoxide anion

( _O2
�
), which can be thought of as an oxygen molecule to

which an electron has bound (Equation 10-57). The net

result of these reactions is the conversion of two molecules

of ozone and one hydroxide ion into two molecules of

oxygen and the two free radicals (Equation 10-58).

O3 þ OH� ! HO2
� þ O2 k ¼ 70M�1 s�1 (10-56)

O3 þ HO2
� ! _OHþ _O2

� þ O2 k ¼ 2:8� 106 M�1 s�1

(10-57)

2O3 þ OH� ! _OH þ _O2
� þ 2O2 (10-58)

In this two-reaction sequence, the second reaction has

a far higher rate constant than the first. As a result (as

explained in Chapter 3), the intermediate HO2
� does not

build up to any appreciable concentration in any system, the

overall rate of ozone decomposition (Equation 10-59) is

dictated by the first reaction in the sequence, and the rate at

which ozone decays via this pathway increases dramatically

with increasing pH. That is,

rO3;decomp ¼ �kcO3
cOH� ¼ � 70M�1 s�1

� �
cO3

cOH� (10-59)

As noted previously, the existence of free radicals such as

those generated by the earlier reaction sequence is the

central feature of advanced oxidation processes (AOPs),

which are addressed in a subsequent section of this chapter.

For now, the main point is simply that ozone can react

directly to oxidize substrates or it can decay and generate

free radicals in the process. For ozone to be effective as a

direct oxidant, the rate of the oxidation reaction must be

faster than (or at least comparable to) the rate of ozone

decomposition. In this section, we consider the generation of

ozone and its direct reactions with substrates.

Ozone Generation Because ozone is an unstable mole-

cule, it must be generated at the point of application.

On-line production is typically accomplished using an

ozone generator fed with either dried air or oxygen. In

such generators, ozone is formed by an electrical (corona)

discharge in an air gap between two electrodes separated by

a dielectric (e.g., between glass tubes) (see Figure 10-19).

The electrodes are connected to a high voltage generator

that supplies a peak voltage in the 10–30 kV range. The

amount of ozone produced depends on the frequency

used, with low frequencies (50–60Hz) being adequate

for small applications (<250 kg=d), medium frequencies

(<1000Hz) suited to requirements of 1000 kg=d, and high

frequencies (>1000Hz) being used in sophisticated, high

production units (Hoigne, 1998). If air is used, the most

economical operation gives a product stream that contains

about 2% ozone by volume. Enhancement of the amount of

oxygen in the stream increases the economical yield of

ozone; for example, use of pure oxygen enables the gener-

ation of a stream containing 8–12% ozone.
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selected phenols in the presence of chlorine dioxide. Assumptions

for t1=2 computation: cClO2
¼ 1mM; cphenol� cClO2

. Source: After
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Efficient transfer of the ozone into the solution is critical

and is normally achieved by diffusion of the ozone-laden gas

into a counter-current flow of water via bubble diffuser

contactors, injectors or turbine mixers (Langlais et al.,

1991). Advantages and disadvantages of each method are

summarized in Table 10-4. Any ozone that is not transferred

to solution must be destroyed, as the off-gas concentrations

are still well above fatal concentrations. For example, at

90% transfer efficiency, a 3% ozone feed stream will still

contain 3000 ppmv of ozone in the off-gas (USEPA, 1999).

The maximum acceptable exposure to gaseous ozone is

0.3 ppmv for 10min. Ozone destruction is normally accom-

plished by converting the ozone to oxygen, either by expo-

sure to high temperatures (>350�C) or with the aid of a

catalyst at lower temperatures (Kameya and Urano, 2002).

& EXAMPLE 10-11. In a laboratory-scale batch

reactor, ozone is bubbled into a well-buffered solution at

pH 6.0 and 25�C. The gas-phase ozone concentration is

0.025 atm, and a steady-state concentration of 9.5mg=L O3

is achieved in the liquid phase. No reactions other than the

ozone decomposition occur, and the depth of the reactor is

small enough that differences in the gas phase concentration

with depth can be ignored. The Henry’s constant for ozone,

Hpm, is107 atm=(mol=L).Theproblemisbasedontheworkof

Gurol and Singer (1982).

(a) What is the value of the gas transfer rate constant,

KLaL?

(b) What will be the steady-state concentration of O3 if

the pH is raised to 8.0?

Discharge gap

Corona

Heat

Heat

High-voltage
electrode

Dielectric

Ground
electrode

O3O2AC

FIGURE 10-19. Schematic of a basic ozone generator. Source: USEPA (1999).

TABLE 10-4. Advantages and Disadvantages of Various

Ozone Contactor Types

Contactor

Type Advantages Disadvantages

Bubble

diffuser

No moving parts

Effective ozone transfer

Low hydraulic headloss

Operational simplicity

Deep contact basins

(6–7m)

Vertical channeling of

bubbles

Maintenance of gaskets

and piping

Injector

dissolution

Injection and static

mixing have no

moving parts

Very effective ozone

transfer

Contactor depth less than

bubble diffusion

Additional headloss due

to static mixers

Turndown capability

limited by injection

system

More complex operation

and high cost

Turbine

mixer

Enhanced ozone transfer

due to high turbulence

and small bubble size

Contactor depth less than

bubble diffusion

Aspirating turbines can

draw off-gas from

other chambers for

reuse

Eliminates diffuser

clogging concerns

Energy requirement

Constant gas flow rate

regardless of water

flow or oxidant

demand

Maintenance

requirements for

turbine and motor

Source: After USEPA (1999).
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Solution. (a) Because the composition of the gas phase in

the reactor is approximately independent of depth, gas transfer

is limitedbythekineticsof interfacial transport, and theoverall

rate constant for gas transfer, kI, can be equated with KLaL.

The rate of ozonedecay is characterizedbyEquation 10-59, so

a mass balance on ozone in this batch reactor is as follows:

Rate of change
of mass of ozone
in liquid phase

in reactor

2
64

3
75 ¼

Rate of change
of mass of ozone

due to
gas transfer

2
64

3
75

þ
Rate of change
of mass of ozone

due to
ozone decomposition

2
64

3
75

0 ¼ VKLaL cO3


 � cL;O3

� �� VkcO3
cOH�

We know the following values:

k ¼ 70M�1 s�1

cOH� ¼ Kw

Hþ½ � ¼
10�14

10�6
¼ 10�8 M

cO3
¼ 9:5mg=Lð Þ 1mol

48;000mg

� �
¼ 1:98� 10�4 M

We can find the concentration of ozone in equilibrium

with the gas phase cO3


ð Þ from Henry’s law:

cO3


 ¼ PO3ðgÞ
Hpm

¼ 0:025 atm

107 atm=M
¼ 2:34� 10�4 M

¼ 2:34� 10�4 M
� �

48;000mg=molð Þ ¼ 11:2mg=L

The mass balance equation can therefore be rearranged to

KLaL ¼ kcO3
cOH�

cO3

 � cO3

¼ 70M�1 s�1
� �

1:98� 10�4 M
� �

10�8 M
� �

2:34� 10�4 M� 1:98� 10�4 M

¼ 3:85� 10�6 s�1

(b) At pH 8, cOH� ¼ 10�6 M. The mass balance can be

rearranged to find

cO3
¼ KLaL cO3




kcOH� þ KLaL

¼ 3:85� 10�6 s�1
� �

2:34� 10�4 M
� �

70M�1 s�1
� �

10�6 M
� �þ 3:85� 10�6 s�1

¼ 1:22� 10�5 M ¼ 0:58mg=L

The example illustrates that the rapid kinetics of ozone

decomposition limits the ozone concentration that can be

achieved in the reactor, especially at pH greater than 7. &

Reaction of Ozone with Inorganic Compounds. Ozone

reacts with a variety of inorganic compounds, most often

via oxygen-atom transfer reactions such as the following:

Fe2þ þ O3 ! FeO2þ þ O2 (10-60)

NO2
� þ O3 ! NO3

� þ O2 (10-61)

Br� þ O3 ! BrO� þ O2 (10-62)

Important aspects of several such reactions are summa-

rized later based on the work of Hoigne (1998), and exam-

ples of second-order rate constants for related reactions are

shown in Figure 10-20.

Hydrogen sulfide=bisulfide=sulfide (H2S=HS
�=S2�).

Hydrogen sulfide and its deprotonated analogs are

generally oxidized by O3 before O3 is significantly

consumed by any other solute. The reactions are of

significance when groundwater containing sulfide are

treated with ozone.

Sulfite species (HSO3
�=SO3

2�). Sulfite species also react
very rapidly with ozone. The reactions are particularly

important in cloud chemistry, as they may control the

oxidation of aqueous SO2 species to sulfuric acid, a

major cause of acid precipitation.
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FIGURE 10-20. Second-order rate constants for direct reaction

of ozone with inorganic solutes as a function of pH. Right scale,

tchar, is the reaction time required to reduce the concentration of the

solute to 1=e of its original value, for a constant O3(aq) concentra-

tion of 10mM (approximately 0.5mg=L) in a batch system. Vertical

arrows indicate pKa values of the indicated acid–base pairs. Source:

After Hoigne (1998).
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Iron(II), copper(I), manganese(II). Ozone oxidation of

ferrous iron exhibits a surprisingly low rate constant

(Loegager et al., 1992), whereas the oxidation of Cu(I)

appears to proceed at almost diffusion controlled rates

(Hoigne, 1998). Mn(II) oxidation by ozone is rela-

tively rapid, with rate constants in the range from

approximately 3� 103 to 2� 104M�1 s�1 (Reckhow

et al., 1991); however, dissolved organic matter can

often outcompete the Mn(II) for available ozone, so

that residual Mn(II) remains in solution (Knocke et al.,

1990).

Nitrite (NO2
�). Nitrite is rapidly oxidized to nitrate

(NO3
�) by ozone. This reaction may be of use in

removal of nitrite formed, for example, through

incomplete microbiological denitrification.

Ammonia (NH3). Ammonia reacts very slowly with

ozone, and the protonated form (NH4
þ) reacts at a

negligible rate, so that a 10-fold decrease in rate is

observed for each decrease in pH unit at pH values

below the pKa (9.3).

Hypochlorous acid (HOCl=OCl�). Ozone can react with
free chlorine to generate chloride (77%) and chlorate

(ClO3
�) (23%). Hypochlorite ion reacts more rapidly

than HOCl, but even for OCl�, the characteristic

reaction time for oxidation in the presence of

10mM O3 is in the order of 1000 s. The characteristic

times for reactions of ozone with other constituents

typically present in potable water or wastewater are

much shorter, so the reaction of ozone with hypo-

chlorite species is almost never significant in these

applications.

Chloramine (NH2Cl). Ozone reacts with monochlor-

amine at a significant rate to generate chloride and

nitrate. This reaction is occasionally used to eliminate

chloramines from swimming pool water to avoid the

build up of eye irritants. The reaction is much less

sensitive to pH than is the reaction of chloramines with

free chlorine.

Bromide (Br�). Ozone reacts with bromide to form

hypobromite anion (OBr�), with a characteristic

time of �1000 s in the presence of 0.5mg=L O3.

The OBr� quickly establishes acid–base equilibrium

with hypobromous acid, HOBr (pKa¼ 8.8). HOBr

may interact with NOM to form brominated organic

by-products, including bromoform, brominated acetic

acids, acetonitriles, bromopicrin, and (if ammonia is

present) cyanogen bromide. However, von Gunten

(2003a) noted that O3 and HOBr react with similar

functional groups and, given that the concentration of

O3 is always much higher than that of HOBr, con-

cluded that the formation of bromo-organic com-

pounds during ozonation is likely to be of minor

importance.

While HOBr is stable to further attack by ozone, OBr� is

oxidized slowly, via BrO2
�, to bromate (BrO3

�). Hoigne
(1998) reported that, in general, the level of bromate forma-

tion during drinking water ozonation is well within generally

accepted quality criteria (the World Health Organization

[WHO] provisional guideline is 25mg=L, and the proposed

MCL of the USEPA and the European Union is 10mg=L).
However, Song et al. (1997) suggested that bromate ion

formationmay be problematic in water containing more than

0.1mg=L bromide. Bromate formation may be minimized

either by pH depression (which promotes HOBr formation

and increases O3 stability) or by ammonia addition, which

favors the formation of monobromamine:

HOBrþ NH3 $ NH2Brþ H2O (10-63)

Iodide (I�). Ozone reacts very rapidly with iodide to

form hypoiodous acid (HOI), which can potentially

react with NOM in a drinking water treatment system

or be further oxidized to iodate (IO3
�). Of particular

concern is the possible formation of iodoform

(CHI3), which imparts unpleasant taste and odor to

water. However, Bichsel and von Gunten (1999)

concluded that the formation of significant concen-

trations of iodoorganic compounds in drinking water

production is unlikely, because HOI transforms to

iodate much more rapidly than it reacts with organic

compounds.

Ozone decomposition. Although ozone undergoes auto-

decomposition to molecular oxygen, that process is

slow in systems where direct reactions of ozone with

target species are important (typically, at low pH). In

contrast, the autodecomposition can be very important

in systems in which ozone is used primarily as a

vehicle for generating free radicals.

Direct Reaction of Ozone with Organic Compounds.

Molecular ozone is a highly selective oxidant, with the

rate of reaction strongly influenced by the electron density

of the target reactant. A summary of the rates of reaction of

ozone with various types of reactants is follows, based on the

information provided by Hoigne (1998).

� Alkanes, saturated alcohols, and chloroalkanes do not

react with molecular ozone at a significant rate.

� Olefinic compounds (i.e., compounds containing C–C

double bonds) react with ozone within seconds. How-

ever, if the H atoms on the double bonded carbon atoms

are replaced by chlorine, the double bond becomes

deactivated, and no reaction occurs. Thus, common

olefinic contaminants such as perchloroethylene and

trichloroethylene cannot be oxidized by molecular

ozone within a reasonable time.
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� Benzene and pyrene react slowly with ozone, with a

characteristic time of days for typical ozone con-

centrations. Substitution of the ring with methyl

and=or methoxy groups activates it with respect to

reactions with ozone, with the rate increasing by a

factor of approximately seven per methyl group

substituent.

� Polycyclic aromatic hydrocarbons typically react with

molecular ozone within seconds.

� Deprotonated phenols (i.e., phenoxide anions) react

with molecular ozone within seconds. These anions

react approximately 106 times as fast as the corre-

sponding protonated phenolic compounds. Thus, at

pH values below the pKa of the compound, the rate

increases by a factor of 10 per pH unit increase; above

the pKa, oxidation often proceeds at nearly diffusion-

controlled rates.

� Carbohydrates react very slowly with molecular

ozone. However, they efficiently promote the chain

reaction in which O3 is transformed into hydroxyl

radicals and are then oxidized by the secondary oxi-

dants produced. These reactions are explained in the

section on AOPs.

� Amines (RNH2, etc.) and amino acids react quickly

with molecular ozone when the amino group is not

protonated. Thus, like phenols, their apparent rate

constant increases 10-fold per pH unit when

pH< pKa.

� N-containing heterocyclic compounds such as pyridine

and atrazine react very slowly with molecular ozone.

� Natural organic matter (NOM) possesses some func-

tional groups that react quickly with molecular ozone,

but the bulk of NOM appears to be relatively unreac-

tive. Extensive reaction of NOM with ozone generates

large amounts of oxalate (HOOC–COO�), which does

not react further.

According to Hoigne (1998), all primary reactions of

ozone with dissolved organic compounds (M) can be for-

mulated as bimolecular reactions with corresponding, sec-

ond-order rate expressions:

O3 þM�!kM Moxid rM ¼ �kMcMcO3ðaqÞ (10-64)

where kM might include contributions from more than one

reactive group in the molecule. Second-order rate constants

for direct reactions of ozone with several organic solutes are

given in Figure 10-21. The figure also shows the character-

istic time for reaction with each solute. An extensive list of

second-order rate constants for the reaction of ozone with

specific organic contaminants has been compiled by von

Gunten (2003a).

While many organic by-products are produced by ozona-

tion of natural water (Richardson et al., 1999), most of these

products are readily biodegradeable. Therefore, drinking

water treatment plants in which ozonation is used for

disinfection and taste and odor control typically include a

biological filtration step downstream of ozonation to remove

the organics and avoid fouling in the distribution system.

Potassium Permanganate Permanganate ion (MnO4
�, in

which manganese is in the þVII oxidation state) is highly

reactive in aqueous solution and can oxidize a wide range of

inorganic and organic substances. In such reactions, per-

manganate is usually reduced to a mixture of Mn(III) and

Mn(IV) species that precipitate as a black=brown mixture of

manganese oxide and=or oxyhydroxide over most of the pH

range of natural water. A redox half-reaction generating a

Mn(IV) oxide is shown in Reaction 10-65.

MnO4
� þ 4Hþ þ 3e� ! MnO2ðsÞ þ 2H2O EH

o ¼ 1:68V

(10-65)
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FIGURE 10-21. Examples of aqueous second-order rate con-

stants, kM, for direct reactions of ozone with dissociating organic

solutes. The scale on the right shows the characteristic time for

reaction, defined as the reaction time required to lower the concen-

tration of the indicated solute to 1=e of its original value in a batch

system, assuming a fixed dissolved ozone concentration of 10mM

(approximately 0.5mg=L, a concentration typical for conventional

drinking water treatment). Source: After Hoigne (1998).
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Permanganate is used primarily (and relatively widely) in

drinking water treatment for control of taste and odors, for

removal of color, and for removal of dissolved iron and

manganese. It may also be used to alleviate the formation

of THMs and otherDBPs by oxidizing precursors and thereby

decreasing the demand for other disinfectants (USEPA,

1999). Although potassium permanganate hasmany potential

uses as an oxidant, it is a poor disinfectant (USEPA, 1999).

Permanganate is alsowidely used for in situ destruction of

some organic compounds, including chlorinated solvents

and other nonaqueous phase liquids (NAPLs) at contami-

nated subsurface sites (Wickramanayake et al., 2000). Per-

manganate salts (e.g., NaMnO4 and KMnO4) are particularly

attractive for subsurface remediation because the per-

manganate is more persistent than many other oxidants

and can thus travel farther from the point of injection without

breaking down. In addition, these compounds are relatively

safe to handle in the field and do not generate large quantities

of heat or gas on injection.

Generation of Permanganate Permanganate solutions

are normally made on-site from potassium or sodium

permanganate salts, which are supplied in dry form. A

concentrated solution of 1–4% KMnO4 is typically made

from technical grade stock. While pure KMnO4 is non-

hygroscopic, the technical grades absorb some moisture

and have a tendency to cake together.

Reactions of Permanganate with Ferrous and Manganous
Species A major use of permanganate is for iron and

manganese removal in drinking water treatment. In both

cases, permanganate oxidizes the soluble divalent metals to

their highly insoluble higher valence forms by reactions such

as the following:

3Fe2þ þMnO4
� þ 7H2O ! 3FeðOHÞ3ðsÞ þMnO2ðsÞ þ 5Hþ

(10-66)

3Mn2þ þ 2MnO4
� þ 2H2O ! 5MnO2ðsÞ þ 4Hþ (10-67)

Alkalinity is consumed in the earlier reactions in propor-

tions of 1.67 equivalents per mole of ferrous iron oxidized

and 1.33 equivalents per mole of manganous manganese

oxidized. Expressing alkalinity in terms of the concentration

of calcium carbonate (and recalling that 1meq=L alkalinity

corresponds to 50mg=L as calcium carbonate), alkalinities

of 1.49 and 1.21mg=L as CaCO3 are consumed per mg=L of

Fe2þ and Mn2þ oxidized, respectively.

The stoichiometry of Reactions 10-66 and 10-67 indicates

that the oxidation of one mole of iron or one mole of

manganese requires 0.33 or 0.67 moles of permanganate,

respectively (corresponding to 0.94mg KMnO4 per mg Fe2þ

and 1.92mg KMnO4 per mgMn2þ). In practice, the amounts

of KMnO4 required for the removal of the reduced species

are generally less than suggested by the stoichiometry, a

result that might reflect the removal of Fe2þ and Mn2þ ions

by adsorption onto the oxyhydroxides formed. The presence

of these solid products also appears to enhance the rate of

oxidation of the soluble metal ions. Ferrous iron is oxidized

very rapidly by potassium permanganate, though the pres-

ence of organic matter limits the effectiveness of the oxidant

(Knocke et al., 1990).

The oxidation of Mn(II) by potassium permanganate has

been modeled by a slightly modified version of Reaction

10-67 along with reactions for the adsorption of Mn(II) onto

MnO2(s) and oxidation at the surface. These reactions and

the proposed rate expressions for all of the reactions are as

follows (van Benschoten et al., 1992):

3Mn2þ þ 2MnO4
� þ 4OH� �!k1 5MnO2ðsÞ þ 2H2O (10-68)

Mn2þ þMnO2ðsÞ�!k2 MnO2  Mn2þ (10-69)

3MnO2  Mn2þ þ 2MnO4
� þ 4OH� �!k3 8MnO2ðsÞ þ 2H2O

(10-70)

rMn2þ ¼ �3k1cMn2þcMnO4
� caOH� � k2cMn2þcMnO2ðsÞ (10-71)

rMnO2ðsÞ ¼ 5k1cMn2þcMnO4
� caOH� � k2cMn2þcMnO2ðsÞ

þ 8k3cMnO2Mn2þcMnO4
� (10-72)

rMnO2Mn ¼ k2cMn2þcMnO2ðsÞ � 3k3cMnO2Mn2þcMnO4
�

(10-73)

rMnO4
� ¼ �2k1cMn2þcMnO4

� caOH� � 2k3cMnO2Mn2þcMnO4
�

(10-74)

In theseexpressions,MnO2Mn2þ represents anadsorbed
Mn(II) ion on an MnO2(s) surface site. The expressions are

based on an assumption that all the MnO2(s) is available to

participate in such adsorption reactions; that is, surface layers

of newprecipitate do not block assess to adsorption sites in the

underlying solid. Note that the rate of the solution-phase

oxidation of Mn2þ (the first expression on the right in

Equation 10-71) is assumed to have an ath-order dependence

on the OH� concentration, but the oxidation of adsorbed

Mn(II) is assumed to be independent of the OH� concentra-

tion, even though OH� is consumed in the reaction.

A comparison of experimental data and model simula-

tions at three different pH values is shown in Figure 10-22,

and the reported, best-fit values for the rate constants, the

exponent a, and the activation energies (which characterize

the temperature dependence of k) are given in Table 10-5.

A similar set of rate expressions was reported to apply for

Mn(II) oxidation by ClO2, so the parameter values for that

oxidant are shown as well.

If the oxidation is carried out with an approximately

stoichiometric dose of oxidant, the rate depends on the

concentration of manganese to be oxidized. Thus, the results
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shown in Figure 10-22 indicate a characteristic reaction time

for the disappearance ofMn2þ in the order of 5 s for an initial

Mn2þ concentration of 1mg=L in a batch reactor. If the

initial concentration were at the still problematic level of

50mg=L, the characteristic reaction time would be in the

order of 100 s, and a residence time of a few minutes would

be needed to ensure greater than 95% oxidation in a PFR;

the required residence time would be substantially greater in

a CFSTR (see Chapter 4).

The presence of dissolved organic matter reduces the

rate of Mn(II) oxidation significantly, either because of

organic complexation of Mn(II) and=or because of the

competitive demand for MnO4
� by the organic matter.

In a study by Carlson and Knocke (1999), a model that

included competition between Mn(II) and organic matter

for the oxidant yielded reasonable correspondence to

experimental results.

& EXAMPLE 10-12. Write a balanced chemical

reaction for the oxidation of Fe2þ by permanganate, and

find the dose of potassium permanganate required for com-

plete oxidation of 1.5mg=L Fe(II) (as in the groundwater

considered in several previous examples). Assume that the

permanganate is reduced to Mn(IV), forming manganese

oxide solid.

Solution. The reduction ofMnO4
� to MnO2(s) is a three-

electron transfer. Therefore, the balanced equation is as

follows:

3Fe2þ þMnO4
� þ 7H2O ! 3FeðOHÞ3ðsÞ þMnO2ðsÞ þ 5Hþ

The required dose is then found to be

1:5mg Fe=Lð Þ 1mmol Fe

55:85mg

� �
1mmol MnO4

�

3mmol Fe

� �

¼ 0:0090mmol MnO4
�=L

¼ ð0:0090mmol MnO4
�=LÞ

�ð158:04mg KMnO4=mmol MnO4
�Þ

¼ 1:41mg KMnO4=L &

& EXAMPLE 10-13. A solution at pH 6.5 and 10�C
contains 200mg=L Mn(II), which is to be oxidized by the

addition of permanganate. Assume that 110% of the required

stoichiometric dose is to be added. Find the characteristic

reaction time (tchar) for loss ofMn(II) from solution in a batch

reactor that contains noMnO2(s), using the second definition

of tchar given in Chapter 3 (i.e., the time to reach the ultimate

concentration if the reaction continued at its initial rate).

(Note that, as soon as the reaction begins, MnO2(s) will be

generated, so the computedvalueof tchar is applicable only for

the initial conditions.)

Solution. In the rate expression (Equation 10-71), the

second term is zero under the circumstances described,

because no MnO2(s) is present. We find the values for the

first part of this expression as follows:

cMn2þ ¼ 200� 10�6 g=L Mn2þ

54:94 g=mol
¼ 3:64� 10�6 M

According to Equation 10-68, twomoles of permanganate

are required for every three moles of Mn(II) to be oxidized,

and the specification of 110% of the stoichiometric dose

yields

MnO4
� dose ¼ 1:1ð Þ 2

3

� �
cMn2þ ¼ 1:1ð Þ 2

3

� �
3:64� 10�6 M
� �

¼ 2:67� 10�6 M

At pH 6.5, cOH� ¼ Kw

Hþ½ � ¼
10�14

10�6:5
¼ 10�7:5 ¼ 3:16� 10�8 M.
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FIGURE 10-22. Model and experimental results for oxidation of

Mn(II) by 105% of the stoichiometric requirement of potassium

permanganate at 25�C and different pH values. Source: After van

Benschoten et al. (1992).

TABLE 10-5. Model Parameter Estimates for Oxidation of

Mn2þ by Potassium Permanganate and Chlorine Dioxidea

Log k1 Log k2 Log k3 EAr;1 EAr;2 EAr;3 a

KMnO4 13.4 4.10 6.15 21.0 51.2 11.1 1.30

ClO2 8.41 3.63 4.75 51.1 34.4 15.0 0.61

ak values are for T¼ 25�C, concentrations in mol=L, and time in s, EAr

values are in kJ=mol.

Source: From van Benschoten et al. (1992).
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According to Equation 3-87, the rate constant at 10�C can

be computed from the given value at 25�C by

ln
kT2

kT1

¼ EAr

R

1

T1

� 1

T2

� �

where T is the absolute temperature. Rearranging and

substituting known values yields

k283 K ¼ k298 K exp
EAr;1

R

1

T1

� 1

T2

� �
 �

¼ 1013:4 exp
21:0 kJ=mol

8:314� 10�3 kJ=mol K

1

298K
� 1

283K

� �
 �

¼ 1:60� 1013

Finally, we can find the characteristic reaction time for the

oxidation of manganese. As noted in Table 10-5, k has units

such that, when all concentrations are in molar units, r is in

mol=L-s, so

tchar¼ cMn2þ;0

�rMn2þ;0
¼ cMn2þ;0

k1 cMn2þ;0
� �a

cMnO4
�;0

� �b
cOH�;0
� �c

¼ 3:64�10�6M

1:60�1013
� �

3:64�10�6M
� �

2:67�10�6M
� �

3:16�10�8M
� �1:12

¼132 s

This calculated characteristic time is longer than the value

based on the data in Figure 10-22 because the precipitation

of MnO2(s) accelerates the removal of Mn(II) from solution,

and this factor was not considered in the calculations

here. &

Reactions of Permanganate with Organic Compounds.

Potassium permanganate can oxidize a wide variety of

organic compounds via pathways that include electron

exchange, hydrogen atom abstraction, and direct donation

of oxygen. The mechanism in any given reaction depends on

the particular molecule and reaction conditions (pH, tem-

perature, reactant concentrations, and solubility of target

compound).

In drinkingwater plants, potassium permanganate is used

at doses from0.25 to 5mg=L (or occasionally higher) for the

removal of taste and odor-causing compounds. It is also

used for DBP control by oxidizing organic precursors at the

head of the treatment plant and thereby reducing their

potential to react with disinfectants added subsequently.

The effectiveness of this latter application remains in

dispute, with some studies showing little effect of per-

manganate predosing and others showing significant reduc-

tions in THM production. No harmful by-products from

oxidation of NOM by permanganate have been identified

(USEPA, 1999).

As mentioned earlier, permanganate is also widely used

for oxidative degradation of organic contaminants in sub-

surface environments. The ability of permanganate to

degrade NAPLs such as trichloroethylene and tetrachloro-

ethylene has been demonstrated both in controlled labora-

tory studies (Urynowicz and Siegrist, 2000) and in field

trials (Clayton et al., 2000). Trace contaminants such as

methyl tert-butyl ether (MTBE) are also oxidized by

potassium permanganate, but at rates some 2–3 orders

of magnitude lower than when hydroxyl radical-mediated

AOPs are used (Damm et al., 2002). While the process has

been shown to be effective in the degradation of a variety

of organic contaminants, injection of permanganate into

subsurface environments may oxidize, and thereby mobi-

lize, trace elements such as chromium and selenium

(Chambers et al., 2000). In addition, pore clogging as a

result of MnO2(s) formation may be problematic. Despite

these limitations, use of permanganate as a subsurface

oxidant does appear to be a viable technology that is

finding increasing use.

10.4 ADVANCED OXIDATION PROCESSES

Since the mid-1970s, a group of processes known as

advanced oxidation processess (AOPs) have received

intense scrutiny as a possible approach for oxidizing com-

pounds that are resistant to conventional redox processes.

The distinctive feature of AOPs is the generation and partici-

pation in the process of highly reactive oxidants such as

hydroxyl radicals ( _OH) or species that undergo many of

the same reactions, such as the ferryl ion, Fe(IV)O2þ. As
noted previously, radicals or free radicals are molecules

containing an orbital occupied by a single (unpaired)

electron.

In common parlance, the designation AOP is applied only

to processes that have been developed in the past few

decades and in which hydroxyl radicals or similar reactive

species are the oxidants. Because ozonation has been used in

water treatment for over a century, it is not usually consid-

ered an AOP. However, at alkaline pH, ozone can react with

OH� ions to generate _OH radicals, so it shares many features

with AOPs. Certain aspects of ozonation are therefore

included in this section.

AOPs are often used in combination with other processes.

For example, they may be used to oxidize nonbiodegradable

compounds that remain after biological treatment of con-

taminated water, or to partially convert toxic, inhibitory, or

refractory compounds to more biodegradable compounds

before biological treatment.

The efficacy of an AOP depends primarily on the relative

rates of generation and destruction of the _OH (or other)

radicals. The mechanism and rate of formation of these

radicals are distinctive to the specific AOP in use, but once
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they are formed, most of the reactions they undergo are the

same in all AOPs. (In some cases, the radicals undergo

reactions with the reagents used to generate them in the first

place, so the rates of those reactions also depend on the

specific AOP being used.)

This section begins with a discussion of the reactions

of _OH radicals with target and nontarget compounds that

are likely to be present in the water being treated. These

reactions are generic AOP reactions, in which they occur

regardless of which AOP is in use. Then, the reactions that

generate the free radicals in specific AOPs and during

ozonation, and any other reactions that are particularly

significant in such systems, are discussed. The presenta-

tion relies heavily on the classic paper of Staehelin and

Hoign�e (1985), which elucidated many of the reaction

pathways involved in the ozonation of organic

compounds.

Reactions of OH Radicals with Inorganics

In practice, AOPs are used almost exclusively with the goal

of oxidizing organics. Nevertheless, reactions of hydroxyl

radicals with inorganic species are important in many AOPs.

For instance, many Fe(II), As(III), and Cu(I) species can

react with hydroxyl radicals to undergo one-electron

oxidations. These transformations can alter the form and=or
mobility of the element significantly, and they are sometimes

used to aid in the removal of inorganic contaminants from

water. For example, a variety of technologies for the removal

of arsenic from drinking water are based on the hydroxyl

radical-mediated oxidation of As(III) to As(IV) (Hug et al.,

2001), which subsequently undergoes rapid oxidation to

As(V). This oxidation is often carried out as a pretreatment

step in arsenic removal processes, since As(V) is more

readily removed than As(III) by adsorption onto oxide

minerals, ion exchange, and several other treatment tech-

nologies. Generically, the one-electron transfer reactions

that consume _OH radicals while oxidizing inorganics can

be expressed as follows:

Inorgþ _OH ! Inorgþ þ OH� (10-75)

Some of the most important reactions between hydroxyl

radicals and inorganic species involve weak bases such as

HCO3
� and H2PO4

�, in which case the _OH can extract an

electron (thereby becoming reduced to an OH� ion) and

convert the inorganic species to a free radical, for example,

HCO3
� þ _OH $ HC _O3 þ OH� $ C _O3

� þ H2O

(10-76)

H2PO4
� þ _OH $ H2P _O4 þ OH� $ HP _O4

� þ H2O

(10-77)

Hydroxyl radicals also react with sulfite (producing _SO3
�)

and Cl� (producing _Cl), but they apparently do not react

with SO4
2�, ClO4

�, or NO3
� (Buxton et al., 1988).

The competition for hydroxyl radicals created by these

inorganics, as well as the reactions between the inorganic

radicals and target organic compounds, can significantly

alter the course of oxidation, as described subsequently.

One other inorganic reaction that is relevant in any AOP

is the combination of two _OH radicals to generate hydrogen

peroxide (H2O2) (Equation 10-78). Although H2O2 can

oxidize some organics directly, it tends to be unreactive

with the difficult-to-oxidize compounds that are the targets

in AOP processes. Furthermore, H2O2 can react with other
_OH radicals via Reaction 10-79 to generate the even weaker

oxidant O2. Both Reactions 10-78 and 10-79 represent sinks

for _OH radicals; therefore, in most AOPs, they are consid-

ered undesirable pathways for the radicals to follow.

2 _OH ! H2O2 (10-78)

H2O2 þ 2 _OH ! O2 þ 2H2O (10-79)

Reactions of OH Radicals with Organics

Hydroxyl radicals react with organic compounds in a variety

of ways. The primary reaction with saturated organic com-

pounds (i.e., those with no double bonds) is hydrogen

abstraction, as shown for methanol and tert-butyl alcohol

as example compounds in Reactions 10-80 and 10-82,

respectively. On the other hand, the primary reaction with

unsaturated compounds is OH addition (e.g., Reaction

10-81, for a generic, substituted aromatic, which the reaction

converts to an aliphatic ring).8 These generalizations are,

however, not universal; for example, the radicals react with

some organics by electron transfer, without transfer of any

atoms (e.g., Reaction 10-83, for oxalate).

CH3OHþ _OH ! _CH2OHþ H2O (10-80)

C6H5Rþ _OH ! HðOHÞ _C6H4R (10-81)

CH3ð Þ3C-OHþ _OH ! _CH2

� �
CH3ð Þ2C-OHþ H2O (10-82)

C2O4
2� þ _OH ! _C2O4

� þ OH� (10-83)

8 The reaction shown here and the subsequent reactions for the substituted

aromatic are based on a generic pathway described by Oturan and Pinson

(1995). These authors reported that the aromatic initially reacts according to

Reaction 10-81, but that the radical formed in Reaction 10-81 can then

follow several different pathways, only one of which is presented here. The

details of these pathways (including the location on the ring where oxidation

occurs and the yields of the different reaction products) depend on the

identity of the substituted substrate (i.e., what “R” is). Readers are referred

to the original article for further details.
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All of these reactions generate a carbon-centered radical

by the transfer of one electron from a carbon atom in the

organic molecule to the oxygen atom that had been part of

the _OH radical; the carbon is thereby oxidized (and is

left with an unpaired electron), and the oxygen is reduced.

The example reactions cited above for methanol, the

substituted aromatic, and tert-butyl alcohol are shown

as the first steps in the three reaction sequences displayed

in Figure 10-23.

The organic radicals formed by the initial reactions with
_OH can undergo a variety of reactions with other solutes or

with each other. One of the most important of these is the

reaction with O2 to form organoperoxy radicals (organic

radicals with an O��O bond, represented generically as

R _O2). Such a reaction is shown as the first step in Reaction

10-84 and is also shown in each of the three pathways

shown in Figure 10-23. With methanol or the substituted

aromatic as the original substrate, these radicals can

decompose spontaneously to generate a carbon-containing

molecule that is more oxidized than the original reactant,

plus a superoxide radical anion, _O2
�

(second step in

Reaction 10-84 and third step in Figure 10-23). However,

the analogous reaction does not occur when tert-butyl

alcohol is the substrate (Schuchmann and von Sonntag,

1979).

_Rþ O2 ! R _O2 ! Rð2 oxÞ þ _O2
� þ Hþ (10-84)

The species shown as R(2 ox) is the oxidized product of the

reaction sequence and has two fewer electrons than the

original reactant (R). At low pH, a significant portion of

the _O2
�
that is released can protonate to form its conjugate

acid, H _O2 (pKa¼ 4.8):

_O2
� þ Hþ $ H _O2 (10-85)

–

–

–

–

–

FIGURE 10-23. Schematic showing the reactions of methanol, a substituted benzene, and tert-

butyl alcohol with hydroxyl radicals. Methanol and the substituted aromatic propagate the chain

reaction, but tert-butyl alcohol terminates it.
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The overall reactions from the initial reactants through

this step for methanol and the aromatic as the target organics

are

CH3OHþ _OHþ O2 ! CH2Oþ H2Oþ Hþ þ _O2
�

(10-86)

C6H5Rþ _OHþ O2 ! C6H4ROHþ Hþ þ _O2
�

(10-87)

In many AOPs, the _O2
�
and H _O2 can undergo subsequent

reactions that generate an _OH radical, so that the whole cycle

can be repeated. In such cases, the organic molecule that

originally reacted with the _OH is said to propagate the chain

of oxidation reactions. This propagation step is shown

schematically for methanol and benzene by the two thick

arrows going back to the _OH pool in Figure 10-23. The

details of the propagation are different in different AOPs and

are described subsequently. The reaction of _OH radicals with

tert-butyl alcohol does not generate _O2
�
, so no oxidative

chain develops in that pathway.

The oxidized products of the reactions described earlier

are often less toxic, more susceptible to biodegradation, or

otherwise less problematic than the parent compound. As a

result, even though AOPs can completely mineralize most

organic contaminants to CO2, H2O, and inorganic ions such

as chloride, such extensive conversions are not always

necessary to achieve a satisfactory outcome. On the other

hand, partial degradation may generate intermediates that

are toxic to humans or inhibitory to biological treatment

processes, in which case more complete oxidation is

essential.

& EXAMPLE 10-14. Relevant chemical reactions for

the oxidation of atrazine (“At”) by ozone, and the associated

second-order rate constants, are given later. The first reaction

is the direct oxidation of atrazine by ozone, the second and

third describe the creation of hydroxyl radicals from ozone,

and the last describes theoxidationof atrazineby thehydroxyl

radical.

O3 þ At ! Products k1 ¼ 6M�1 s�1

O3 þ OH� ! HO2
� þ O2 k2 ¼ 70M�1 s�1

O3 þ HO2
� ! _OHþ _O2

� þ O2 k3 ¼ 2:8� 106 M�1 s�1

_OHþ At ! Products k4 ¼ 3� 109 M�1 s�1

Determine the atrazine concentration as a function of time

over a 10-min period in a batch reactor at pH 6.0 under the

following circumstances:

(i) Initial atrazine concentration of 10 nM (2.16mg=L)
in the presence of 50mM (2.4mg=L) ozone, assum-

ing oxidation occurs only by direct reaction with

ozone;

(ii) The same conditions as in (i), but considering direct

oxidation by ozone and indirect oxidation by

reaction with hydroxyl radicals that are formed

from ozone decomposition;

(iii) The same conditions as in (ii) except that the initial

ozone concentration is 20mM; and

(iv) The same conditions as in (ii) except that the initial

atrazine concentration is 5 nM.

Solution. As shown in Chapter 3, the mass balance on

any chemical i in a batch reactor has the form dci=dt ¼
P

ri
where ri is the rate of a reaction forming i, and the summa-

tion is overall reactions occurring in the reactor. Applying

this idea to the four chemicals of interest in the given system

(O3, At, _OH, and HO2
�), we obtain the rate expressions as

shown; for case (i), where only the direct oxidation of

atrazine by ozone is considered, the same equations apply,

but the terms involving k4 are omitted.

dcO3

dt
¼ �k1cO3

cAt � k2cO3
cOH� � k3cO3

cHO2
�

dcAt

dt
¼ �k1cO3

cAt � k4c _OHcAt

dc _OH

dt
¼ k3cO3

cHO2
� � k4c _OHcAt

dcHO2
�

dt
¼ k2cO3

cOH� � k3cO3
cHO2

�

For case (i), where only the direct oxidation of atrazine by

ozone is considered, the equations are identical except that

the terms involving k4 are omitted. To predict the concen-

trations as a function of time, the equations are integrated

simultaneously, utilizing the appropriate initial conditions.

The initial concentrations of both H _O2
�
and _OH are zero in

all cases, and that of OH� is 10�8 M ¼ Kw=10
�6

� �
, while

those of O3 and At are different for the various cases. Using

software designed to solve these types of differential equa-

tions or a spreadsheet using small time steps, we obtain the

results shown in Figure 10-24.

For the equivalent conditions, the degradation of atrazine

by ozone alone (case i) is far slower than that by the

combination of ozone and hydroxyl radical (case ii); in

fact, as a result of the drastic difference in the rate constants

k1 and k4, the hydroxyl radical concentration only has to

reach 2� 10�17M to degrade atrazine at a rate that matches

the initial rate of degradation by ozone alone. The charac-

teristic reaction times for atrazine degradation (i.e., the time

to reach zero concentration if the initial rate of degradation

continued indefinitely) are approximately 3200 s for case (i)

and 270 s for case (ii).

The hydroxyl radical, _OH, is an intermediate in this set

of reactions, created by the third reaction in the sequence and

destroyed by the fourth. During much of the period of
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interest, it is destroyed approximately as rapidly as it is

formed, so that the concentration of _OH reaches a pseudo

steady state (i.e., dc _OH=dt � 0) in which, according to the

mass balance on _OH, k3cO3
cHO2

� � k4c _OHcAt. Substituting

this (approximate) equality into the mass balance on atra-

zine, the atrazine degradation rate can be seen to be (nearly)

first order with respect to ozone concentration:

dcAt

dt
� �k1cO3

cAt � k3cO3
cHO2

� ¼ � k1cAt þ k3cHO2
�ð ÞcO3

As a result, reducing the initial ozone concentration to

20mM (case iii) slows the initial atrazine degradation to

approximately 2
5
the rate at 50mM (case ii), and the charac-

teristic reaction time rises to approximately 670 s.

The atrazine reaction with hydroxyl radicals is so rapid

that the overall degradation is controlled by the generation

of these radicals, which is nearly independent of the atra-

zine concentration. As a result, for a given ozone concen-

tration, atrazine decays at almost the same rate when the

initial atrazine concentration is 5 nM (case iv) as when it

is 10 nM (case ii). Correspondingly, the cAt versus t curves

are nearly parallel for those two cases. The characteristic

time for atrazine degradation for case (iv) is approximately

140 s, just slightly greater than half the value of 270 s for

case (ii). &

& EXAMPLE 10-15. Compare the rate of atrazine

degradation by ozone at pH 8.0 with that at pH 6.0 in

solutions with an initial atrazine concentration of 10 nM

and an initial ozone concentration of 20mM (i.e., the same

as case (iii) in Example 10-14).

Solution. The equations and solution methodology are

identical to those of Example 10-14. The results are shown

in Figure 10-25. The effect of pH is dramatic; only approxi-

mately 60% of the atrazine is oxidized in 10min at pH 6,

but essentially all of it is oxidized within 8 s at pH 8. The

difference is attributable primarily to the more rapid pro-

duction of hydroxyl radicals at the higher pH, according to

the second and third reactions in the sequence shown in

Example 10-14. &

The preceding discussion describes the primary pathway

by which organics are oxidized and _OH radicals are cycled in

AOPs. However, a number of competing reactions divert the

chemicals away from this path and thereby interfere with

the treatment process. A few such diversionary reactions

involving inorganic species were noted in the previous

section, but others involve organics. For instance, although

many hydroperoxy radicals undergo the second reaction

shown in Equation 10-84, others cannot eject _O2
�
radicals.

In such cases, either the organic radicals generated by

the initial reaction of the substrate with _OH (i.e., _R) or the

hydroperoxy radicals (R _O2) might be destroyed by

reactions with other constituents of the solution (e.g.,

redox-active metal ions like Fe3þ or Fe2þ, as shown in
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FIGURE 10-24. Atrazine degradation at different initial atrazine

and ozone concentrations; pH 6.0.
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FIGURE 10-25. Degradation of atrazine at pH 6 and 8 in the

presence of 20mM ozone.
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Reactions 10-88 and 10-89) or by a dimerization reaction

(e.g., Reaction 10-90).

_Rþ Fe3þ ! Rþ þ Fe2þ (10-88)

_Rþ Fe2þ ! R� þ Fe3þ (10-89)

_Rþ _R ! R� R (10-90)

(If R _O2 is the reactant in the preceding reactions rather

than _R, then onemolecule of O2 is released for eachmolecule

of R _O2 that reacts.) When an organic molecule follows one

of these pathways, it is oxidized in the process, so a part of

the treatment objective is achieved. However, the overall

reaction sequence consumes hydroxyl radicals and does not

replenish them. Such a sequence is shown for tert-butyl

alcohol in Figure 10-23. Organics that react with hydroxyl

radicals primarily in this way are said to terminate the

oxidation chain reaction. Alkyl groups in organic molecules

are important chain terminators in many systems.

Even if a hydroperoxy radical is capable of forming and

propagating the oxidation chain (by ejecting an _O2
�
radical),

the organic (either _R or R _O2) might nevertheless be diverted

onto an alternative path by a competing reaction. One such

competing reaction that is of particular importance involves

the carbonate radical, C _O3
�
(which can form in AOPs via

Reaction 10-76):

_Rþ C _O3
� ! Rþ þ CO3

2� (10-91)

In this case, one _OH radical is consumed to generate each

of the reactants ( _R and C _O3
�
), and no radicals are generated

as products, so the reaction terminates the chain reaction.

Molecules such as CO3
2� that terminate the chain reaction

by participating in a reaction that competes with a propaga-

tion step are called radical scavengers. Because of the

efficiency of carbonate species as radical scavengers,

AOPs are often ineffective in solutions at moderately alka-

line pH that have high carbonate alkalinity. In addition to

carbonate ions, molecules of NOM (which usually contain

several carboxyl groups that behave similarly to CO3
2� ions)

are often important radical scavengers when natural water is

treated using an AOP.

In Equation 10-91, the carbonate radical reacts with an

organic molecule that has already been converted to a radical

via a reaction with _OH. However, C _O3
�
radicals can also

react with unaltered molecules of substrate by reactions

analogous to Equations 10-80, 10-81, or 10-83. When this

occurs, C _O3
�
plays the role that _OH plays in those reactions,

and the pathway propagates the chain. For example, the

reaction analogous to Equation 10-80 would be

CH3OHþ C _O3
� ! _CH2OHþ HCO3

� (10-92)

In Equation 10-92, the carbonate radical generates a

molecule that can proceed through the chain reaction, so

it is acting as a chain promoter, rather than a radical

scavenger. In most systems, carbonate scavenges hydroxyl

radicals at a far greater rate than it promotes the oxidation

by reactions such as Reaction 10-92, so carbonate is gener-

ally considered to be a scavenger. On the other hand,

phosphate radicals (H2P _O4, HP _O4
�
, and P _O4

2�
) can play

the same roles as carbonate radicals, but their reactions as

chain promoters tend to proceed much faster than their

reactions as scavengers, so they are considered to be pro-

moters of the oxidation chain.

Six reactions that can interfere with the desired oxidation

reaction and regeneration of free radicals have been

described earlier. These reactions are collected in Table 10-6,

using methanol as the example target organic compound; the

corresponding reaction pathways are shown schematically

by the broken lines in Figure 10-26. The pathways are

labeled G1–G6, with “G” designating that they are generic,

in that they occur in all AOPs. Pathways G1–G3 involve only

inorganic species and have the net effect of consuming free

radicals without oxidizing any organics; those pathways are

therefore particularly unattractive. Pathways G4–G6 do lead

to oxidation of organics, but they nevertheless fail to regen-

erate free radicals. They are therefore less attractive than

the chain propagating, cyclic pathway, labeled AOP-Cy and

shown by bold, solid arrows. The reaction that initiates the

chain by generating _OH from starting materials is also

shown and is labeled AOP-Init.

Note that pathways G5 and G6 have identical overall

stoichiometries because the scavenger (HCO3
�) that plays a

key role in pathway G5 is not consumed. In pathway G5,

bicarbonate remains in solution and acts as a catalyst for the

TABLE 10-6. Net Stoichiometries of Several Reaction

Pathways Relevant in AOPs with Methanol as a Target Species

Pathwaya Reaction

AOP-Cyb CH3OHþ _OHþ O2 !
CH2Oþ H2Oþ Hþ þ _O2

�
(10-86)

G1 Inorgþ _OH ! Inorgþ þ OH� (10-75)

G2 2 _OH ! H2O2 (10-78)

G3 H2O2 þ 2 _OH ! 2H2Oþ O2 (10-79)

G4 2CH3OHþ 2 _OH ! C2H6O2 þ 2H2O (10-93)

G5, G6 CH3OHþ 2 _OH ! CH2Oþ 2H2O (10-94)

aAs labeled in Figure 10-26.
bExcluding conversion of the superoxide radical back to a hydroxyl radical.
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scavenging of _OH radicals by diverting the radicals away

from the chain-propagating path. That is, in the presence of

substantial concentrations of carbonate, the rate at which _OH
radicals are destroyed via the net Reaction 10-94 is greatly

increased.

& EXAMPLE10-16. Determine how the rates of atra-

zine degradation at pH 8.0 are influenced by the presence of

carbonate alkalinity and=or NOM in comparison to the

solution with neither of these constituents considered in

Example 10-15. Assume that the direct reaction of ozone

with NOM is slow enough that it can be ignored. All four

solutions to be considered have an initial atrazine con-

centration of 10 nM and are dosed with 20mM ozone.

The differences among the solutions are summarized

in the following table; solution ‘i’ was considered in

Example 10-15.

cNOM Alkalinity

Solution (mg=L as TOC) (meq=L)

i 0.0 0.0

ii 0.0 0.1

iii 0.1 0.0

iv 0.1 0.1

v 1.0 0.0

The relevant reactions and rate constants not already

shown in Example 10-14 are as follows:

_OHþ NOM ! Products k5 ¼ 2:5� 104ðmg=LÞ�1
s�1

_OHþ CO3
�2 ! C _O3

� þ OH� k6 ¼ 3:9� 108 M�1 s�1

_OHþ HCO3
� ! C _O3

� þ H2O k7 ¼ 8:5� 106 M�1 s�1
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FIGURE 10-26. The oxidation of methanol by hydroxyl radicals in a chain promoting reaction

(pathway AOP-Cy [bold lines, same as the two bold lines in Figure 10-23]) and by C _O3
�
(right

column), a scavenger that terminates the chain reaction. Other chain termination reactions include

those with inorganics and dimerization. The symbol � indicates the endpoint of reaction sequences

that compete with or terminate the chain reaction.
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Solution. Both carbonate (and to a lesser extent

bicarbonate) and NOM are hydroxyl radical scavengers

that compete with atrazine for hydroxyl radicals. Therefore,

both alkalinity and NOM are expected to reduce the rate of

atrazine degradation.

The relationships among pH, alkalinity, and the concen-

trations of HCO3
� and CO3

2� are known from water

chemistry. Based on these relationships, a solution at

pH 8 with an alkalinity of 0.1meq=L contains 0.1mM

HCO3
� and 5mM CO3

�2. These concentrations are essenti-

ally constant throughout the time of reaction, because

the total carbonate concentration is considerably higher

than the ozone concentration, and the equilibration between

HCO3
� and CO3

�2 is extremely fast.

The volume-normalized mass balance expressions in the

batch reactor for all constituents other than the hydroxyl

radical are the same as in Example 10-14. Accounting for the

reactions shown earlier, that expression becomes

dc _OH

dt
¼ k3cO3

cHO2
� � k4c _OHcAt � k5c _OHcNOM

� k6c _OHcCO3
2� � k7c _OHcHCO3

�

The competition for the hydroxyl radicals is evident in

this equation; note that the analogous equation in the

previous examples had only the first two terms on the right

side, accounting for the generation of the radicals and their

use by atrazine. Here, the radicals are consumed by atrazine,

NOM, and both carbonate species. This competition causes

a marked reduction in the rate of atrazine degradation, as

shown in Figure 10-27. Both NOM alone and alkalinity

alone substantially reduce the rate of atrazine degradation,

though the effect of alkalinity is more dramatic at the chosen

concentrations. When both of these hydroxyl radical scav-

engers are present, the rate of degradation of atrazine

decreases even more. The concentrations used here for

both of these constituents (alkalinity and NOM) are at the

low end of those that would be encountered in potable water

after it has been treated to remove most of the NOM, so

that most natural waters would have even greater com-

petition for the hydroxyl radicals than that illustrated in

this example. &

Generation and Fate of OH Free Radicals in
Ozonation and Some Specific AOPs

In the following sections, AOPs that are based on ultraviolet

light (UV) plus H2O2, ozonation, light plus TiO2, wet air

oxidation, sonolysis, and Fenton’s reagent (Fe(II) plus

H2O2) are described. The focus of these sections is on the

generation and destruction of _OH radicals, with the under-

standing that once those radicals form, they can undergo all

the generic reactions noted in the preceding sections. Thus,

in terms of Figure 10-26, the focus in this section is entirely

on reaction AOP-Init and pathway AOP-Cy.

UV=Hydrogen Peroxide Numerous successful full-scale

wastewater plants use an AOP based on a combination of

UV irradiation and H2O2 addition (Venkatadri and Peters,

1993). In this process, the initiation reaction involves the

splitting of H2O2 when those molecules absorb energy from

the UV light (shown below as “hn,” where h is Planck’s

constant and n is the frequency of light):

H2O2 þ hn ! 2 _OH (10-95)

Any light-induced molecular splitting is referred to as

photolysis, so Equation 10-95 is an example of photolytic

disproportionation.

H2O2 does not significantly absorb light with a wave-

length (l) above 300 nm, and even at lower wavelengths, the

molar absorbance is low. Sunlight has very low intensity at

such low wavelengths, so the process cannot utilize sunlight,

and even with artificial irradiation, the fraction of incident
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FIGURE 10-27. Effect of carbonate alkalinity and natural

organic matter (NOM) on atrazine degradation by 20mM ozone

at pH 8. The labels next to the curves correspond to the solution

conditions given in the table in the problem statement. Same data in

both figures, with expanded scale on abscissa in (b). Note that the

units on the abscissa are minutes in (a) and seconds in (b).
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UV light that is absorbed is low unless the concentration of

H2O2 is high. The photolysis of H2O2 has a high quantum

yield,9 so the light that is absorbed is utilized efficiently. The

process is less effective for treating colored and turbid water,

due to reduced penetration of UV light (Venkatadri and

Peters, 1993).

Because HO2
� (the conjugate base of H2O2) has a greater

molar absorbance than H2O2, the irradiation is sometimes

carried out at high pH, where formation of HO2
� is favored

(pKa¼ 11.7):

H2O2 $ HO2
� þ Hþ (10-96)

However, alkaline pH can sometimes reduce the overall

process effectiveness, possibly due to the base-catalyzed

decomposition of H2O2 (Venkatadri and Peters, 1993). The

beneficial effect of high pH is likely to dominate at lowH2O2

concentrations (i.e., when the fractional absorption of light is

low), while the undesirable effect is more likely to dominate

at high H2O2 concentrations.

In the UV=H2O2 AOP, the key reaction that closes the

loop in the chain propagation reaction is the combination of

two superoxide radical anions and two Hþ ions to regenerate

an H2O2 molecule, as follows10:

2Hþ þ 2 _O2
� ! 2H _O2 ! H2O2 þ O2 (10-97)

Thus, if both hydroxyl radicals produced by the photoly-

sis of an H2O2 molecule follow the chain propagation

pathway, then, using methanol as the example target species,

the net stoichiometry of one cycle through that pathway

would be

2CH3OHþ O2 þ hn ! 2CH2Oþ 2H2O (10-98)

The key feature of this result is that the organic target is

oxidized without consuming either free radicals or hydrogen

peroxide; the only AOP-specific “reagent” that it consumes

is UV light. The overall reaction sequence can be described

as follows: photolysis of one H2O2 molecule generates two
_OH radicals; those radicals are consumed in the oxidation of

the methanol, generating two superoxide radicals; then,

the superoxide radicals recombine to generate a hydrogen

peroxide molecule. Thus, in theory, if all the hydroxyl

radicals followed pathway AOP-Cy, the process would

continue until Reaction 10-98 reached equilibrium. That

equilibrium lies so far to the right that the reaction would

proceed until one of the reactants was essentially completely

consumed. In reality, however, some _OH radicals follow

generic pathways G1–G4 and G6, so that some H2O2 is

consumed. Pathway G5, which consumes _OH radicals in

most AOPs, does not do so in the UV=H2O2 AOP, thanks to

the UV irradiation.

When the reactions that are relevant specifically to the

UV=H2O2 AOP are added to Figure 10-26, we obtain

Figure 10-28. When both the desired chain propagation

and competing chain termination reactions are taken into

consideration, an optimum H2O2 concentration can be iden-

tified. At concentrations less than this optimum, the produc-

tion of free radicals is too slow to efficiently mediate the

reaction with the target contaminants, and at higher concen-

trations, scavenging of hydroxyl radicals by H2O2 reduces

the efficiency of the treatment process.

Ozone As noted in the introduction to this section, ozona-

tion is usually not considered an AOP, because it has been in

use for treatment of contaminated water for more than a

century. And, indeed, the reactions involving direct oxida-

tion of contaminants by ozone that were described earlier in

this chapter bear few similarities to AOPs. On the other

hand, reactions of ozone with OH� ions do generate

hydroxyl radicals, and these radicals behave as they do in

AOPs. Thus, ozone can oxidize target contaminants via

either of the two mechanisms, one analogous to conven-

tional oxidation processes and the other analogous to AOPs

(Figure 10-29). The relative importance of the two mecha-

nisms depends on the chemical structure of the target

contaminant and the operational conditions in the reactor

(especially the solution pH).

Some characteristics of the direct reactions between

ozone and reduced species have already been discussed.

In this section, we first describe the generation of hydroxyl

radicals in ozonation reactors and the reactions they undergo

with ozone itself. We then consider the relative rates of the

direct and indirect ( _OH-mediated) oxidation reactions to

gain an understanding of which mechanism is likely to be

more important for particular target species and under

particular conditions.

The formation of free radicals from ozone is usually

initiated by its reaction with OH� (Reaction 10-99) and

hence is facilitated by alkaline pH. Therefore, the pH of

solutions that are acidic or near neutral pH is usually

increased before ozonation, if the objective is to carry out

radical-based oxidation. Recall, however, that carbonate

species are very effective at scavenging free radicals. As

a result, ozonation is usually unattractive as an AOP-type

9 Some light that is absorbed is subsequently emitted, without leading to a

chemical transformation of the molecule. The quantum yield (f) of a photo-

chemical reaction at wavelength l is the number ofmoles of the light-absorbing

substance that react for each mole of photons (einstein) absorbed; that is:

fl ¼number of moles reacting=number of einsteins absorbed.
10 In Reaction 10-97, two free radicals are consumed and none are

generated. In general, H2O2 does not disproportionate to generate hydroxyl

radicals, so the reaction appears to terminate the chain. However, in the

UV=H2O2 AOP, the solution is irradiated with UV light, which does induce

the disproportionation reaction. Therefore, in that AOP, generation of H2O2

propagates the chain rather than terminating it.
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process if the raw water contains even a moderate concen-

tration of CO3
2�. This constraint is sometimes expressed in

terms of an upper limit on the alkalinity for a solution being

considered for treatment by an AOP, but the real concern is

the CO3
2� concentration. Solutions with relatively high

alkalinity are susceptible to AOP treatment if the vast

majority of that alkalinity is present as HCO3
� or other

species, whereas those with lower alkalinity might be poor

candidates for such treatment if a substantial fraction of

the alkalinity is present as CO3
2�.

The radical generation step in ozonation creates one super-

oxide anion and one hydroperoxy radical, which are in acid–

base equilibrium via Reaction 10-85. The superoxide anions

generated in the initiation step can subsequently react with

ozone (Reaction 10-100) to produce ozonide radicals ( _O3
�
),

which then protonate and decompose to hydroxyl radicals

(Reactions 10-101 and 10-102, respectively), releasing

molecular oxygen in the process. The net effect of one

instance of Reaction 10-99 and two instances each of

Reactions 10-100 to 10-102 is shown in Reaction 10-103.

These reactions constitute the most important _OH generation

(i.e., chain initiation) pathway in ozonation processes.

Even though the net reaction consumes equal amounts of

Hþ and OH�, Reaction 10-99 is the rate-limiting step, so the

rate increases substantially with increasing solution pH.

O3 þ OH� ! 2 _O2
� þ Hþ (10-99)

O3 þ _O2
� ! _O3

� þ O2 (10-100)

_O3
� þ Hþ $ H _O3 (10-101)
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FIGURE 10-28. The UV=H2O2 AOP for oxidation of methanol. Reaction UV=P-Init is the

initiation reaction generating _OH radicals, and pathway UV=P-Cy is the chain propagation

sequence. The reaction that regenerates H2O2 is shown in the box in the lower left. Pathways
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FIGURE 10-29. Pathways for oxidation of compounds by ozone.
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H _O3 ! _OHþ O2 (10-102)

3O3 þ OH� þ Hþ ! 2 _OHþ 4O2 (10-103)

Although ozone is the reagent that is generated and added

to water to initiate the radical-based oxidation pathway

described earlier, the ozonide species _O3
�

and H _O3 are

the immediate precursors of the _OH radicals and are conve-

nient to use as the focal point for discussion of the initiation

and propagation processes. For example, a second chain

initiation pathway can be entered by a direct, one-electron

transfer reaction from a solute M to molecular ozone:

O3 þM ! _O3
� þMþ (10-104)

These two chain initiation pathways are shown as

Oz-Init1 and Oz-Init2, respectively, in Figure 10-30.

The chain propagation pathway for radical-mediated

oxidation of methanol by ozone is shown by the bold solid

lines in the figure (Oz-Cy). Like the initiation pathways,

the propagation pathway generates an ozonide species

(H _O3) as the immediate precursor of the _OH radical.

Note that, unlike the case for the UV=H2O2 AOP, the

chain propation sequence in ozonation consumes the cen-

tral reagent that is added in the process (O3). The net

stoichiometry corresponding to one cycle through this

pathway for the oxidation of methanol is

CH3OHþ O3 ! CH2Oþ O2 þ H2O (10-105)

Ozone itself may be a significant scavenger of hydroxyl

radicals via Reaction 10-106.

_OHþ O3 ! H _O2 þ O2 (10-106)

However, scavenging by NOM and carbonate ion is far

more important than by ozone in most water of interest; for

this reason, Reaction 10-106 is not included in Figure 10-30.

As noted previously, many oxidizable substrates can react

with either molecular ozone or _OH radicals. Although the

activation barrier for the direct oxidation by aqueous ozone

is much larger than that for oxidation by hydroxyl radicals,

the concentration of molecular ozone in ozonation processes

is much larger than that of the radicals, so each oxidant

dominates under some conditions. Because the production

of hydroxyl radicals is facilitated by high pH, the hydroxyl
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FIGURE 10-30. The radical-mediated ozonation of methanol. Two initiation pathways (Oz-Init1

and Oz-Init2) are shown by the bold dotted lines on the left. The chain propagation pathway (Oz-Cy)

is shown by the bold solids lines and requires an input of one O3molecule per cycle. Pathways G1–G6

are shown in skeletal form, as in Figure 10-28. Also as in that figure, � represents the endpoint of

reactions that compete with or terminate the chain reaction. Direct oxidation of a compound (not

radical-mediated) is shown in the upper left.
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radical-mediated oxidation pathways tend to dominate

under those conditions (e.g., pH> 8), while direct oxidation

with molecular ozone dominates under acidic conditions

(Hoigne and Bader, 1976).

The variety and complexity of the reaction pathways

makes prediction of the rates of substrate oxidation and

ozone decomposition difficult other than in well-defined

systems with a single or small number of solutes. Elovitz

et al. (2000) suggested that the relative contributions of

ozone and hydroxyl radicals to the degradation of a solute M

can be formulated as follows. The overall rate of oxidation is

rM ¼ �kO3
cMcO3

� k _OHcMc _OH (10-107)

where kO3
and k _OH are the second-order rate constants for

reaction of M with O3 and _OH, respectively. Defining Rox

as the ratio of the concentrations of _OH and O3(aq); that is,

Rox ¼ c _OH=cO3
, Equation 10-107 can be rewritten as

rM ¼ � kO3
þ k _OHRox

� �
cMcO3

(10-108)

The fraction of the oxidation of M that is mediated by _OH
radicals (f _OH) can then be calculated as

f _OH ¼ k _OHRox

kO3
þ k _OHRox

(10-109)

Values of Rox, k _OH, and kO3
must be determined exper-

imentally, a task that is accomplished by measuring,

throughout the process, the concentrations of ozone and

of a probe molecule that is oxidized only by hydroxyl

radicals. Once the reaction rate expression for the probe

has been evaluated in separate, control experiments, the rate

of reaction of M with both hydroxyl radicals and ozone can

be determined by modeling the results obtained in such

competition experiments. Rox values in the range 10
�9–10�6

are typical for ozonation of natural water, with values>10�7

observed either in the initial phase of an ozonation process or

throughout an AOP in which hydroxyl radical production is

enhanced (see section titled “O3/UVand O3/H2O2”). Values

in the range from 10�9 to 10�7 are typical for the secondary

(postinitial) stage of ozonation (von Gunten, 2003a,b).

Second-order rate constants for reaction of a variety of

organic compounds with ozone and hydroxyl radicals are

given in Table 10-7, and calculated f _OH values for a range of

Rox values are shown in Figure 10-31. Many pharmaceuticals

and naturally occurring trace contaminants (such as the

cyanobacterial toxin microcystin-LR) are readily degraded

by direct reaction with ozone. On the other hand, many

solvent organics and fuel additives are resistant to degradation

by ozone and can only be degraded when the more strongly

oxidizing hydroxyl radical is present at concentrations that

can be achieved in an AOP, but not by ozonation alone.

O3=UV andO3=H2O2 The production of hydroxyl radicals

from ozone can be enhanced by irradiation with UV light,

which photolyzes the ozone to produce singlet oxygen

radicals ( _O) (Equation 10-110). These radicals combine

with water to generate H2O2 (Equation 10-111), which,

upon dissociation to hydroperoxide ion (HO2
�), initiates

ozone decomposition and formation of H _O2 radicals

(Equation 10-112). The H _O2 radicals can then dissociate

TABLE 10-7. Rate Constants for the Oxidation of

Selected Organic Compounds by Ozone and OH Radicals at

Ambient Temperaturea

Compound

kO3

(M�1 s�1) t1=2
b

k _OH

(M�1 s�1)

Algal products

Geosmin <10 >1 h 8.2� 109

2-Methylisoborneol <10 >1 h �3� 109

Microcystin-LR 3.4� 104 1 s 2.3� 1010

Pesticides

Atrazine 6 96min 3� 109

Alachlor 3.8 151min 7� 109

Carbofuran 620 56 s 7� 109

Dinoseb 1.5� 105 0.23 s 4� 109

Endrin <0.02 >20 d 1� 109

Methoxychlor 270 2min 2� 1010

Solvents

Chloroethene 1.4� 104 2.5 s 1.2� 1010

cis-1,2-Dichloroethene 540 64 s 3.8� 109

Trichloroethene 17 34min 2.9� 109

Tetrachloroethene <0.1 >4 d 2� 109

Chlorobenezene 0.75 13 h 5.6� 109

Fuel additives

Benzene 2 4.8 h 7.9� 109

Toluene 14 41min 5.1� 109

o-Xylene 90 6.4min 6.7� 109

MTBE 0.14 2.8 d 1.9� 109

t-BuOH 3� 10�3 133 d 6� 108

Ethanol 0.37 26 h 1.9� 109

Disinfection by-products

Chloroform �0.1 �100 h 5� 107

Bromoform �0.2 �50 h 1.3� 108

Iodoform <2 >5 h 7� 109

Trichloroacetate <3� 10�5 >36 y 6� 107

Pharmaceuticals

Diclofenacc �1� 106 33ms 7.5� 109

Carbamazepinec �3� 105 0.1 s 8.8� 109

Sulfamethoxazolec �2.5� 106 14ms 5.5� 109

17a-Ethinylestradiolc �7� 109 5ms 9.8� 109

aData from von Gunten (2003a), except for k _OH for microcystin-LR, which

is from Song et al. (2009).
bEstimated for 1mg=L ozone.
cRate constants are for the most reactive form of the pharmaceutical, which

is typically the deprotonated form.
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and generate hydroxyl radicals via Reactions 10-99 to

10-102, as described previously. Like H2O2, ozone does

not significantly absorb light with a wavelength above

300 nm, so ozone decomposition and the concomitant gen-

eration of _OH are not enhanced by sunlight.

O3 þ hn ! O2 þ _O (10-110)

H2Oþ _O ! H2O2 (10-111)

O3 þ HO2
� ! _O3

� þ H _O2 (10-112)

Hydroxyl radicals can also be formed by photolysis of

H2O2 in this process, as occurs in the UV=H2O2 AOP

(Reaction 10-95). Direct addition of hydrogen peroxide to

ozone-containing solutions also generates hydroxyl radicals,

via Reactions 10-112 and 10-99 to 10-102.

The combined use of ozone and hydrogen peroxide—

known as the peroxone process—has found a niche in

oxidizing difficult-to-treat organics such as taste and odor-

causing compounds in drinkingwater, including geosmin and

2-MIB (USEPA, 1999 and references therein). Peroxone has

also been shown to be effective in oxidizing halogenated

compounds such as 1,1-dichloropropene, trichloroethylene,

1-chloro-pentane, and 1,2-dichloroethane (Masten and

Hoigne, 1992). In addition, pharmaceuticals such as the

lipid-lowering agent clofibric acid and the analgesics ibupro-

fen and diclofenac are effectively degraded by this combina-

tion of ozone and hydrogen peroxide (Zwiener and Frimmel,

2000). These pharmaceuticals have been found at lowmicro-

gram per liter concentrations in sewage treatment plant

effluents and sourcewaters to drinkingwater treatment plants

and are relatively resistant to attack by ozone alone.

The optimum peroxide and ozone doses appear to be

relatively case specific, determined primarily by the reaction

conditions and the reactivity of hydroxyl radicals with both

the specific contaminant of concern and any radical scav-

engers present in the reaction matrix. For example, Glaze

and Kang (1988) found the optimum peroxide:ozone ratio

for TCE and PCE oxidation in groundwater to be 0.5 by

weight; a similar ratio was found to be effective in a full-

scale demonstration plant in Los Angeles, treating ground-

water containing up to 447mg=L TCE and 163mg=L PCE

(Karimi et al., 1997). Zwiener and Frimmel (2000) reported

that more than 90% of the clofibric acid, ibuprofen, and

diclofenac in river water samples (of DOC content

3.7mg=L) was removed within 10min by addition of

1.4mg=L peroxide and 3.7mg=L ozone (molar ratio of

2:1), and the removal of these compounds was increased

to greater than 98% by increasing reagent addition to

1.8mg=L peroxide and 5mg=L ozone.

The scavenging capacity of the natural water (determined

particularly by the DOC content and alkalinity of the water),

the oxidant dose, and the reaction pH are all important

determinants of overall effectiveness of the process, as

demonstrated by Acero et al. (2000, 2001) in studies of

the O3- and O3=H2O2-induced degradation of atrazine and

MTBE. Before implementing such a treatment process,

consideration must also be given to the range of organic

degradation products that may be produced, as well as the

ubiquitous formation of bromate that accompanies such

ozonation reactions.

UV=Semiconductor When a semiconductor such as tita-

nium dioxide (TiO2) absorbs UV light, electrons gain energy

and move from the valence band to the conduction band,

leaving a positively charged “hole” in the valence band.11

Holes (hþVB) and electrons (e
�
CB) can recombine or can react

with molecules on the TiO2 surface. Holes react with H2O

and OH� to generate hydroxyl radicals, while electrons react

with O2 to form superoxide radicals ( _O2
�
), as represented

by the following reactions (Venkatadri and Peters, 1993):

TiO2ðsÞ þ hn ! hþVB þ e�CB (10-113)

hþVB þ e�CB ! heat (10-114)
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FIGURE 10-31. Relative importance of OH radicals versus

ozone for oxidation of organic compounds under typical conditions

for ozonation or AOP treatment of drinking water. (MTBE: methyl

tert-butyl ether; GEO: geosmin; TRI: trichloroethene; CARB:

carbofuran; MCLR: microcystin-LR; CMZP: carbamazepine;

SMZ: sulfamethoxazole).

11 In the band model of solids, the filled and vacant electron orbitals of

isolated atoms form essentially continuous bands when these atoms are

assembled into a lattice structure. The filled bonding orbitals form the

valence band (VB) and the vacant antibonding orbitals form the conduction

band (CB). These bands are separated by a forbidden region or band gap of

energy Eg (usually given in units of electron volts [eV]). For some solids

(e.g., Cu, Ag), the band gap is small (Eg�kBT where kB is Boltzman’s

constant), enabling electrons to move from the VB to the CB with only a

small energy of activation. (At 25�C, kT equals 2.57� 10�2 eV.) However,

other solids exhibit a large band gap and require the input of considerable

energy to induce electrons to move into the CB. For example, Eg for TiO2

lies in the range of 3.0–3.3 eV, which corresponds to a wavelength of 376–

413 nm.
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H2Oþ hþVB ! _OHþ Hþ (10-115)

OH� þ hþVB ! _OH (10-116)

O2 þ e�CB ! _O2
�

(10-117)

In such systems, organic compounds can be directly

oxidized by holes or reduced by electrons, but in most cases

they are degraded by hydroxyl radicals. It is often assumed

that degradation takes place on the TiO2(s) surface, although

evidence for this is mixed, and it is also possible that

degradation by _OH occurs in solution (Sun and Pignatello,

1995). If hydroxyl radicals do react in solution, they will not

diffuse very far from the TiO2(s) surface because of their

high reactivity. Because the process is initiated by a reaction

of the TiO2(s) with light, but the TiO2(s) is not consumed,

the process is called photocatalysis.

TiO2(s) is stable, insoluble, nontoxic and inexpensive,

so it is the most widely studied semiconductor in these

processes (Venkatadri and Peters, 1993). Various TiO2(s)

materials have different photocatalytic activities, depending

on their bulk and surface properties (Lindner et al., 1997).

However, photocatalytic degradation can also be mediated

by several other semiconductors, including ZnO(s),

Fe2O3(s), and CdS(s).

TiO2(s) catalysts can be used in a suspension or immo-

bilized on a support, eliminating the need for a subsequent

separation step. Supports that have been used include plates,

coils, tubes, glass beads, membranes, and quartz fibers. In

most cases, immobilized TiO2(s) is less efficient than a

suspension, due to the reduced number of active sites and

mass transfer limitations.

Optimization of the catalyst concentration (when used

in suspension) and solution pH is generally important.

The optimum catalyst concentration depends mainly on

the catalyst and reactor configuration. When the catalyst

concentration is higher than the optimum value, the process

is less efficient because of reduced light penetration.

Although the optimum pH is normally specific for the

compound being degraded, most compounds can be

degraded over a wide range of pH values (Venkatadri and

Peters, 1993; Lindner et al., 1997; Herrmann, 1999).

The fast recombination of holes and electrons is the main

factor limiting the rate at which compounds are degraded by

photocatalysis (Venkatadri and Peters, 1993). Various meth-

ods of improving the catalytic activity have been studied,

including doping the catalyst with metal ions and adding

alternative electron acceptors such as H2O2 or S2O8
2�.

These methods normally increase the catalytic activity,

but they inhibit the degradation of some compounds (Lind-

ner et al., 1997). In addition to reducing the recombination of

holes and electrons by reacting with electrons, H2O2 and

S2O8
2� provide additional routes for generating hydroxyl

radicals (Reactions 10-118 through 10-120). Even if H2O2 is

not doped into a catalyst, it might be generated during

photocatalysis by the reduction of H _O2 (Reaction 10-121)

or the disproportionation (Reaction 10-97) of H _O2= _O2
�
.

H2O2 þ e�CB ! _OHþ OH� (10-118)

S2O8
2� þ e�CB ! S _O4

� þ SO4
2� (10-119)

S _O4
� þ H2O ! SO4

2� þ Hþ þ _OH (10-120)

H _O2 þ e�CB ! HO2
� (10-121)

To have sufficient energy to initiate photocatalytic degra-

dation using TiO2(s), light must have a wavelength below

about 400 nm. About 5% of the energy of sunlight is in this

range, and considerable effort has been devoted to the

development of reactors for sunlight=TiO2(s) processes.

Some reactor designs concentrate sunlight, while others

do not. Although many laboratory and pilot-scale studies

have been conducted exploring the use of hn=TiO2(s) to treat

contaminated water and wastewater (Venkatadri and Peters,

1993), full-scale applications are still largely experimental

(Herrmann, 1999).

Compounds that absorb visible light, such as dyes, can be

degraded in light=semiconductor systems by an alternative

mechanism known as photosensitization. This mechanism

involves absorption of light to excite the dye molecule (to

a form we designate as Dye
), which can then become

oxidized by injecting an electron into the conduction

band of the semiconductor:

Dyeþ hn ! Dye
 (10-122)

Dye
 þ TiO2 ! Dye�þ þ e�CB (10-123)

The dye radical cation (Dye�þ) can then undergo further

degradation. Recombination of the electron and the dye

radical cation can be prevented if species such as oxygen

are available to scavenge electrons (Reaction 10-117).

Zhang et al. (1997) have demonstrated the photosensitized

degradation of dyes using visible light and TiO2(s).

Wet Air Oxidation Wet air oxidation (WAO) uses O2 as an

oxidant at high temperatures and pressures, often exceeding

300�C and 105 kPa, respectively. Under these conditions,

hydroxyl radicals are produced, and compounds can be

oxidized by either oxygen or hydroxyl radicals. Either

pure oxygen or air can be used as the O2 supply (Lin and

Ho, 1996). In a related process, known as wet peroxide

oxidation, H2O2 is used as the oxidant instead of O2. While

WAO is considered a waste treatment technology today, it

was first successfully commercialized in the 1930s and

1940s for the manufacture of artificial vanilla flavoring

(vanillin). The WAO process was commercialized as the

Zimmermann process, named after its developer, and the

term “ZIMPRO process” remains a common synonym for

WAO. Complete mineralization of the waste stream is

difficult by WAO since some low molecular weight
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compounds (especially acetic and propionic acids and meth-

anol) are resistant to oxidation. The nitrogen in organic

nitrogen compounds is transformed into ammonia, which is

also very stable under WAO conditions (Patria et al., 2004).

WAO is relatively expensive due to the high energy

requirements. The addition of a catalyst can enable the

use of lower temperatures and pressures and can also aid

the removal of refractory compounds such as acetic acid and

ammonia. Both dissolved and solid catalysts have been used,

including metal salts (particularly salts of Fe and Cu), metal

oxide powders, and metals immobilized on porous supports

(Lin and Ho, 1996; Patria et al., 2004).

WAO is a thermal oxidation technology that is applied

under wet conditions and, when compared to the dry thermal

oxidation process of incineration, is relatively energy effi-

cient, particularly if the oxidized effluent is cooled by heat

exchange with the feed stream and the liquid effluent under-

goes biological treatment. A variety of WAO processes have

been patented and applied at full scale, including the non-

catalytic VerTech process and the catalytic NS-LC,

LOPROX,WPO, and ATHOS processes (Patria et al., 2004).

Sonolysis Ultrasonic irradiation of aqueous solutions that

contain dissolved gas leads to the formation of cavitation

bubbles. The collapse of these bubbles creates microenviron-

ments with extremely high temperatures (4000–5000K) and

pressures (up to 106 kPa). Under these conditions, H2O can

dissociate into _OHðgÞ and _HðgÞ radicals, which can

recombine, react with other species within the gas bubble,

or diffuse out of the bubble into the bulk solution (Mason and

Petrier, 2004). Nonvolatile molecules are degradedmainly by

reaction with hydroxyl radicals in the bulk solution, while

volatile molecules can also be degraded by reactions within

the cavitationbubbles (Vinodgopal et al., 1998). Sonolysis has

been shown to degrade a wide range of compounds including

chlorinated aliphatics and aromatics (Hoffmann et al., 1996;

Mason and Petrier, 2004), azo dyes, and NOM (Olson and

Barbier, 1994). Considerable room exists for optimization of

reaction conditions, particularlywith regard to selection of pH

and the frequency of the ultrasonic energy input (Hua and

Hoffmann, 1997). As with all AOPs, attention must be given

to the reaction products. However, in many instances, essen-

tially completemineralization is observed (Jiang et al., 2002).

Hydroxyl radicals, both within the gas bubbles and in the

bulk solution, can recombine to form H2O2. The rate of

ultrasonic degradation of target compounds can often be

enhanced by the addition of Fe(II) species to the solution,

which provide a secondary source of hydroxyl radicals

through the reaction with H2O2 (Joseph et al., 2000). Com-

bined use of photolysis and sonolysis has also been found to

increase the rate of degradation of volatile organic com-

pounds such as trichlororethane (TCA), TCE, and PCE

beyond the additive effect of the oxidative technologies

applied separately (Sato et al., 2001).

Both batch and flow sonication systems have been used at

full scale, though higher intensity ultrasound is best applied

in flowing systems. Either resonating tube reactors in which

liquid passes through a pipe with ultrasonically vibrating

walls or tubes containing resonating inserts are most com-

monly used. In the latter category, either tubuler or disc

inserts can be used, with the application of a number of discs

in series appearing particularly attractive for high power

systems (Mason and Petrier, 2004).

Fenton-Based Systems

Dark Fenton Process In acidic solutions, hydrogen per-

oxide can oxidize Fe(II) to Fe(III) via a reaction that is

thought to form hydroxyl radicals:

FeðIIÞ þ H2O2 ! FeðIIIÞ þ _OHþ OH� (10-124)

Processes using these types of reactions were first

described by Fenton (1894), and the reaction shown is often

referred to as the Fenton reaction, but it is actually a specific

example of a reaction known as the Haber–Weiss reaction

(Haber andWeiss, 1934). Insight into the Fenton process has

been provided by Barb et al. (1951) and Walling (1975).

In the Fenton process, a sequence of reactions is initiated

by the oxidation of Fe(II). These reactions include the

reduction of Fe(III) by peroxide to form the hydroperoxy

radical (the forward direction of Equation 10-125), which

can then reduce more Fe(III) (Equation 10-126, shown with

the deprotonated hydroperoxy radical as the reactant).

Hydroxyl radicals produced in Equation 10-124 can be

scavenged by both Fe(II) (Equation 10-127) and H2O2

(Equation 10-128).

FeðIIIÞ þ H2O2 $ FeðIIÞ þ H _O2 þ Hþ (10-125)

FeðIIIÞ þ _O2
� ! FeðIIÞ þ O2 (10-126)

FeðIIÞ þ _OH ! OH� þ FeðIIIÞ (10-127)

H2O2 þ _OH ! H _O2 þ H2O (10-128)

The preceding discussion suggests that, in the Fenton

process, iron can act as a catalyst for either the generation

of _OH radicals from H2O2 or the destruction of H2O2 without

net formation of the radicals. The dominant reactions in these

systems are still poorly understood, and considerable dis-

agreement remains with regard to the exact intermediates that

form, including whether or not hydroxyl radicals actually

form (Kremer, 1999). Other intermediates that have been

proposed include a hydrated Fe2þ–H2O2 complex and

the ferryl ion (FeO2þ, with Fe in the þ4 oxidation state)

(Bossmann et al., 1998; Ensing et al., 2002). Empirically,

Fenton-based systems effectively oxidize many organics that

are difficult to oxidize in other ways, so it is apparent that the
_OH or other highly reactive species that are produced react

more rapidly with the organics than with scavengers.
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The reactions also indicate that, regardless of whether the

process begins with Fe(II) or Fe(III) present, the other form of

Fe will be generated, so that species in both oxidation states

are present. The initial organic degradation rate is slower

when the Fe is initially present in the þIII oxidation state,

because some of the Fe(III) must be reduced to Fe(II) before

hydroxyl radicals (or ferryl species) are produced. However,

the ultimate extent of degradation is independent of the initial

iron oxidation state (Safarzadeh-Amiri et al., 1997). The

reduction of Fe(III) (via Reactions 10-125 and 10-126) is

generallymuch slower than the oxidation of Fe(II), somost of

the iron in the system is expected to exist in the Fe(III) form

once nearly steady-state conditions have been reached.

The Fenton process is most effective at a pH between 2

and 4, with an optimum pH �3. If the solution is not

sufficiently acidic, precipitation of ferric oxyhydroxide

will inhibit this process by interfering with the regeneration

of Fe(II) (Sun and Pignatello, 1993a). The presence of

certain anions can also inhibit degradation by Fenton’s

reagent, either by scavenging hydroxyl radicals or by form-

ing complexes with Fe(III) species.

A schematic for the reactions in a Fenton-based system

containing methanol, similar to the ones developed

previously for UV=H2O2 and ozonation, is presented in

Figure 10-32. As described in the preceding discussion,

the chain reaction can be initiated by addition of H2O2

and either Fe(II) or Fe(III), corresponding to pathways

Fn-Init1 and Fn-Init2, respectively. The scavenging of super-

oxide radicals by reduction of Fe(III) (Reaction 10-126) is

shown as pathway Fn-Term, and the chain propagating

pathway is Fn-Cy. The net stoichiometry for oxidation

of one molecule of methanol via one complete cycle of

Fn-Cy is

CH3OHþ Fe2þ þ 1
2
O2 þ 1

2
H2O2 ! CH2Oþ Fe3þ þ H2Oþ OH�

(10-129)

Note that one-half mole of H2O2 is consumed and one

mole of Fe(II) is oxidized to Fe(III) for each mole of

methanol that is oxidized via the chain-propagating path-

way. The Fe(III) can subsequently be reduced back to Fe(II)

OH

Pool 

CH3OH 

O 

HCH
+

2

–

–

H O     + 

HCO3

G1 

G4 

G5 

G5 

G2 

G3 

G3 
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G6 

 Fe3+ + OH  + 

½H2O2 + ½O2

2H O

+ O2

Fe2+ + H  + 2H O

Fn-Init2 

Fn-Init1 and Fn-Cy 

toG6 

Fn-Cy 

Fe
3++ H2O2

Fe
2+

+ H2O2

½x 

H2O2

Fn-Cy 

+ 2OFe
3+

Fe
2+

Fn-Term 

FIGURE 10-32. Reactions in a Fenton-based oxidation process, in a solution containing methanol.

Chemicals shown in boxes are those that might be added as reagents in the process. Pathways G1–G6

are shown in skeletal form, as in Figure 10-28. Also as in that figure, � represents the endpoint of

reactions that compete with or terminate the chain reaction.
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(e.g., by Reaction 10-125), but at the cost of consuming

more H2O2. For instance, if Reaction 10-125 occurs once for

each instance of Reaction 10-129, and the H _O2 then dis-

sociates into H2O2 and O2 via Reaction 10-97, the net

reaction would be

CH3OHþ H2O2 ! CH2Oþ 2H2O (10-130)

Light-Mediated Fenton Processes The degradation of

compounds by the Fenton process can be strongly acceler-

ated by irradiation with UV or a combination of UV and

visible light, due to the photolysis of Fe(III) complexes such

as FeOH2þ. These complexes undergo a photo-induced

ligand-to-metal charge transfer (LMCT) reaction, produc-

ing Fe(II) and an oxidized ligand. For instance, when OH� is

the ligand, the reaction is

FeOH2þ þ hn ! Fe2þ þ _OH (10-131)

The photoreduction of Fe(III) is faster than the equivalent

reactions in the dark Fenton process. The production of _OH
(or another oxidant) by the reaction of Fe(II) with H2O2 is

therefore enhanced in the photo-Fenton process, because

additional _OH is produced by Reaction 10-131 (Sun and

Pignatello, 1993b). Photolysis of H2O2 is also possible, but

this process would be expected to have only a minor effect

due to the weak absorbance of light by H2O2.

Organic contaminants and their degradation intermedi-

ates may also form photoactive complexes with Fe(III) (Sun

and Pignatello, 1993b). For instance, many ligands with a

carboxyl group (RCO2
�) form complexes with Fe(III) that

also undergo a photo-induced LMCT reaction:

FeðRCO2Þ2þ þ hn ! Fe2þ þ _Rþ CO2 (10-132)

This reaction results in the reduction of Fe(III) and

oxidation of the ligand, with evolution of CO2 (Balzani

and Carassiti, 1970). Awide variety of compounds including

textile dyes are degraded by this type of light-assisted

Fenton process (Xie et al., 2000).

An advantage of Fenton processes that involve light-

absorbing complexes of ferric ions with an organic ligand

is the possibility of extending the process to higher pH. The

standard Fenton process becomes inoperable at pH above

�4.5 because of the tendency for ferric iron to hydrolyze and

precipitate. The precipitated ferric species can then not be

rereduced, and the process loses its catalytic capacity.

Organic ligands that have a high affinity for ferric iron

may prevent precipitation at the higher pH values and enable

extension of the process to near neutral (or even higher pH)

solutions. The organic ligand is likely to be consumed in

the process, and its ability to outcompete OH� ions for the

Fe(III) will diminish as its concentration decreases.

An interesting extension of this ligand and light-mediated

Fenton process involves the use of a strong ferric iron

complexant such as oxalate, which forms a highly photo-

active complex with Fe(III). The hydroxyl and=or organic
radicals produced upon oxidation of photo-produced ferrous

iron may then be used to degrade trace contaminants. This

process has been named the modified photo-Fenton process

and has been used to degrade a range of trace constituents.

Sun and Pignatello (1993a) studied the degradation of pesti-

cides by H2O2 and Fe(III) complexes at pH 6. They screened

many ligands and found a number of Fe(III) complexes that

had catalytic activity for the degradation of pesticides, aswell

as some Fe(III) complexes that were unreactive. The mecha-

nism for pesticide degradation was analogous to that in the

uncomplexed iron system—Fe(III) was reduced and then

Fe(II) (typically present as an organic complex) reacted with

H2O2, generating hydroxyl radicals (or some other oxidant

such as a ferryl species). All active ligands were themselves

degraded but, in many cases, the ligand degradation products

also formed active Fe(III) complexes.

Heterogeneous Fenton Processes As noted in the preced-

ing section, precipitation of iron oxides often makes the iron

unreactive in Fenton processes. However, Gurol and Lin

(1998) and Lin and Gurol (1998) reported that goethite and

hydrogen peroxide could be effective in a heterogeneous

Fenton process. Other iron oxides may also be effective in

such processes, but most have been found to be less effective

than goethite (Valentine and Wang, 1998). While the mech-

anism of the heterogeneous Fenton process is unclear, Lin

and Gurol (1998) suggested that the degradation of hydrogen

peroxide is catalyzed at ferric iron oxide surface sites

(Fe(III)–OH); that is,

FeðIIIÞ�OHþ H2O2 $FeðIIIÞ�OH-H2O2 (10-133)

FeðIIIÞ�OH-H2O2 !FeðIIÞ þ H2Oþ H _O2 (10-134)

FeðIIÞ þ H2O2 !FeðIIIÞ�OHþ _OH (10-135)

FeðIIIÞ�OHþ H _O2= _O2
� !FeðIIÞ þ H2O=OH

� þ O2

(10-136)

The product of the first reaction in the sequence is an iron

surface-peroxide complex that reduces the iron in the second

step while creating the protonated superoxide radical. This

process appears to have a number of advantages over the

homogeneous process including the following:

� The iron oxide catalyst can be used over extended

periods without requiring regeneration or replacement,

and can be removed from the treated water by sedi-

mentation or filtration.

� The rate of hydroxyl radical generation increases

slightly with increasing pH in the range 5–9; in
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contrast, in the homogeneous process, the reaction rate

decreases sharply in this pH range, with a negligible

rate of above about pH 4.5 if no complexing agents

are used.

� The catalytic oxidation efficiency of goethite seems to

be relatively insensitive to the inorganic carbonate

concentration.

� The catalyst surface has a low affinity for bromide

adsorption; hence the production of bromates is

minimized.

Photolysis has been reported to enhance the rate of

contaminant degradation by the heterogeneous Fenton pro-

cess (He et al., 2002). In addition, heterogeneous Fenton and

photo-Fenton processes using iron ions immobilized on

perfluorinated membranes can be used to degrade organic

compounds (Sabhi and Kiwi, 2001). These membranes are

resistant to attack by hydroxyl radicals and, as such, are not

degraded during treatment. These processes can be used to

treat solutions at neutral pH with efficiencies reported to be

close to those in acidic solutions. The membrane could be

reused through many cycles. During its use, some Fe(III)

might leach from the membrane, but the associated loss of

activity may be acceptable (Sabhi and Kiwi, 2001).

Other support media for catalytic iron that have been

used include zeolites (Pulgarin et al., 1995) and beads of

cross-linked organic material, such as alginate gel beads

(Fernandez et al., 2000).

Electrochemical Fenton Processes Two additional

Fenton processes involve the use of in situ electrochemically

produced reagents, differing mainly with respect to the form

in which the iron enters the system. In cathodic Fenton

processes, the iron is added as an Fe(II) or Fe(III) salt,

whereas in anodic Fenton processes, the source of the iron is

a sacrificial iron (Fe(0)) anode.

Cathodic Fenton Processes In cathodic processes, one or

both of the reagents Fe(II) and H2O2 are produced in situ.

The source of Fe(II) may be direct addition or reduction of

Fe(III) at the cathode (Reaction 10-137). The source of H2O2

may be either direct addition or reduction of oxygen at the

cathode (Reaction 10-138) (Ventura et al., 2002).

FeðIIIÞ þ e� ! FeðIIÞ (10-137)

O2 þ 2Hþ þ 2e� ! H2O2 (10-138)

Simultaneous Fe(III) reduction and O2 reduction can take

place at the cathode at comparable rates. Since Fe(II) and

H2O2 can be continuously produced at controlled rates, a

more efficient and more complete degradation of the con-

taminant can be achieved than with classic Fenton systems,

where all the reagents are typically added at the beginning of

the reaction. This efficiency is achieved because competitive

reactions, which consume the reagents without producing

hydroxyl radicals, are less significant in the electrochemical

process (Ventura et al., 2002).

In this process, the electrochemical cell is undivided and

has an anode made from inert material such as platinum or

platinized titanium. The cathode can be made from carbon-

containing materials such as carbon felt (Oturan, 2000) or

carbon-polytetrafluoroethylene (Boye et al., 2002) and is

supplied with oxygen. Electro-Fenton systems may also be

exposed to irradiation by UV=visible light, leading to photo-
electro-Fenton processes (Boye et al., 2002).

Anodic Fenton Processes In the anodic Fenton process,

an iron electrode is used as the anode and becomes the

source of Fe(II). The process normally involves use of two

cells, with a salt bridge providing electrical connectivity

between the cells and a graphite electrode used as a

cathode (Wang and Lemley, 2001). The process is nor-

mally operated at pH 2–3.

A modification of the electro-Fenton process, involving

the use of a sacrificial iron anode, has been developed by

Brillas and Casado (2002). This process makes use of an

undivided electrochemical cell. Since the solution cannot be

maintained in the acidic pH range, this process is character-

ized by the precipitation of iron oxyhydroxides.

Full-Scale Applications Environmental engineering

applications of Fenton processes have been studied mainly

at laboratory scale, with some pilot-scale studies (Venkatadri

and Peters, 1993) and a few full-scale applications. Several

full-scale plants in South Africa use Fenton’s reagent to treat

wastewater from the textile industry (Vandevivere et al.,

1998). Commercial-scale Fenton installations exist in the

United States for treatment of water contaminated with

volatile organic compounds (VOCs) and semivolatile

organic compounds (SVOCs) (USEPA, 1998b). Some of

these processes include a commercial-scale photo-Fenton

system that has been used for the treatment of contaminated

groundwater and industrial wastewater (the Calgon Rayox1

ENOX water treatment system) and several in situ processes

in which hydrogen peroxide and a catalyst (a proprietary

mixture of nonhazardous metallic salts) are injected into the

subsurface environment via various techniques (Casey and

Bergren, 1999; Greenberg et al., 1998).

10.5 REDUCTIVE PROCESSES

Sulfur-Based Systems

As indicated earlier, reduced sulfur species (mostly the

S(IV) species SO2(aq), H2SO3, HSO3
� and SO3

2�) react

rapidly with oxidants such as chlorine and are used in water

treatment for dechlorination purposes. Additionally, sulfide

species can be removed from solution by addition of ferric
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salts. Reduction of the Fe(III) to Fe(II) oxidizes some of the

S(II) to S(VI) (i.e., SO4
2�), and the Fe(II) that is generated

can remove more S(II) by precipitation of the highly

insoluble FeS(s). Reduced sulfur species are also effective

in reducing Cr(VI) to the insoluble Cr(III) form, with sulfite

(S(IV)) species commonly used to treat chromium-rich

waste streams.

& EXAMPLE10-17. The treatment of wastewater that

contain Cr(VI) as dichromate (Cr2O7
2�) begins by reducing

the chromium to Cr(III). After the reduction of the Cr(VI)

to Cr(III), the pH is raised to precipitate Cr(OH)3(s). The

reduction is often carried out by adding sodium bisulfite

(NaHSO3) to the solution, in which the S(IV) is oxidized

to sulfate (SO4
2�). Such wastewater are produced from

chrome-plating processes.

(a) Write a balanced chemical reaction showing the

reduction of Cr2O7
2� to Cr3þ, via oxidation of

HSO3
� to SO4

2�. These species are the dominant

ones in the various acid=base groups at pH 2.0 to 2.5,

which is the pH range in which the reaction is

normally carried out.

(b) On the basis of your answer to (a), comment on why

this reaction is typically carried out at low pH.

(c) Find the dose of sodium bisulfite required for com-

plete reduction of Cr(VI) species that are present at a

concentration of 5mg=L as TOTCr(VI).

Solution.

(a) Sodium bisulfite is a salt; that is, it splits into sodium

ions (Naþ) and bisulfite ions (HSO3
�) in water.

The half-reaction for the oxidation of bisulfite is

HSO3
� þ H2O ! SO4

2� þ 3Hþ þ 2e�

The half-reaction for the reduction of Cr2O7
2� to

Cr3þ is

Cr2O7
2� þ 14Hþ þ 6e� ! 2Cr3þ þ 7H2O

To balance the electrons, we multiply the bisulfite

half-reaction by three, and then add the two half-

reactions to obtain the complete reaction:

Cr2O7
2�þ 3HSO3

�þ 5Hþ! 2Cr3þþ 3SO4
2�þ 4H2O

(b) The reaction consumes protons (5Hþ on the left side

of the reaction) and so is facilitated by a low pH, in

that lowering the pH drives the equilibrium toward

the right (i.e., more oxidation of S(IV) and reduction

of Cr(VI)). This observation does not assure that the

reaction will actually proceed more rapidly at lower

pH. However, the kinetics of the reaction has been

reported to be influenced by the speciation between

H2SO3 andHSO3
�, with the former leading to a faster

reaction. The pKa1 value for H2SO3 is 1.8, so in this

case, lowering the pH does increase the reaction rate.

(c) The required dose can be found from the stoichio-

metry of the balanced reaction:

5mg Cr=Lð Þ mmol Cr

52:0mg Cr

� �
3mmol HSO3

�

2mmol Cr

� �

� 104mg NaHSO3=mmol HSO�
3

� �
¼ 15mg=L NaHSO3 &

Iron-Based Systems (Fe(II), Fe(s))

Ferrous iron is a powerful reductant and may be used to

remove metals such as chromium from industrial waste

streams by reduction. Under neutral to mildly alkaline

conditions, the ferric iron that is generated is highly

insoluble and precipitates as iron oxyhydroxide. The chro-

mium is reduced to the trivalent state (Cr(III)), which has a

strong tendency to adsorb onto and=or coprecipitate with the
iron oxyhydroxide solids, for example,

CrO4
2� þ 3Fe2þ þ 8H2O ! 3FeðOHÞ3ðsÞ þ CrðOHÞ3ðsÞ þ 4Hþ

(10-139)

Similar reactions with Fe(II) would be expected to occur

with elements such as uranium, which is soluble and highly

mobile in the þVI oxidation state, but highly insoluble in

the þIV oxidation state (readily forming UO2(s)).

Zero-valent iron (Fe(s), sometimes shown as Feo or

designated as ZVI) is also a good reductant, releasing

electrons that can reduce both organic and inorganic species.

Fe(s) has been used successfully for the degradation of a

wide range of contaminant organics in groundwater, includ-

ing chlorinated and nitro-substituted entities (Tratnyek et al.,

2003). Laboratory studies have confirmed the Fe(s) rapidly

degrades atrazine, parathion (Gauch et al., 1999) and DDT

(Sayles et al., 1997). In these latter cases, the organic is

dechlorinated, as in the following generic reaction:

CxHyClz þ zFeðsÞ ! CxHy
z� þ zFe2þ þ zCl� (10-140)

The reduction of chlorine and its simultaneous release

from the organic molecule generally convert the organic to a

form that is substantially more biodegradable.

Essentially all applications of this technology have

involved creation of a permeable, reactive wall either by

emplacement of iron metal in an excavated trench across a

flow path or by injection of the iron into natural or engi-

neered vertical fractures (Hocking et al., 2000). The
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possibility of using columns packed with Fe(s) also exists for

ex situ treatment of wastewater streams. For example,

Loraine et al. (2002) reported that packed-bed Fe(s) reactors

could be a useful treatment option for pump-and-treat

remediation of water contaminated with 1,2-dibromoethane

(ethylene dibromide, EDB), a compound formerly used as

an antiknock additive in leaded gasoline and aviation fuel.

Similarly, Mantha et al. (2001) found that wastewater con-

taminated with nitrobenzene could be effectively treated

using upflow, anaerobic columns containing Fe(s), though

clogging problems associated with the oxidation (corrosion)

of Fe metal and subsequent precipitation of iron precipitates

occurred after some time.

Zhang et al. (1998) reported that the reactivity of nano-

sized (1–100 nm) Fe(s) particles is higher than that of micro-

sized particles, due in part to the increased surface area

(average of 33.5m2=g for the nano-sized particles compared

to 0.9m2=g for the commonly used micro-sized particles).

These workers also reported a significantly higher (by up to

100 times) reactivity of nano-sized particles on a surface-

area-normalized basis; however, more recent studies by

Nurmi et al. (2005) revealed similar surface-area-normalized

rate constants for nano and micro-sized Fe(s). The emplace-

ment options for such particles are flexible since they may be

pumped into aquifers where they will disperse along flow-

paths, or they may be used to coat or impregnate other porous

media (such as zeolites). However, concerns remain about

such processes, because the ultimate environmental fate and

effects of the nano-sized Fe(s) particles have not been exten-

sively studied.

Catalyst metals such as palladium or platinum could also

be placed on the Fe(s) surface. While expense would miti-

gate against large-scale use of such a bimetallic system, the

presence of the catalyst lowers the activation energy for

degradation substantially, thus broadening the application to

a wider range of contaminants, reducing the formation of

intermediates, and generally increasing the rate of degrada-

tion. Another advantage of such systems is that, if sulfide

ions are present, the ferrous iron produced can act as a

sink for those ions (through formation of FeS(s)), which

otherwise tend to poison the Pd or Pt catalyst. It should also

be noted that, in the presence of oxygen, Fe(s) may induce

the oxidative degradation of contaminants as a result of

the initiation of Fenton processes at or near the surface

of the Fe(s) particles (Joo et al., 2005).

10.6 ELECTROCHEMICAL PROCESSES

As indicated earlier, electrochemical production of

ferrous iron by oxidation of an iron anode and=or produc-
tion of hydrogen peroxide at the cathode is an effective

method for the continuous production of the reagents

central to the operation of Fenton’s reagent oxidation

processes. Examples of the use of electrochemical

methods for the direct transformation of contaminants

are, however, relatively rare, due to both the energy costs

associated with the process and the specialized equipment

required.

Electrochemical oxidation of organic compounds by

means other than Fenton-related processes generally occurs

via hydroxyl radicals generated by water decomposition at

the anode (Tahar and Savall, 1998); that is,

H2O ! _OH þ Hþ þ e� (10-141)

High oxygen overvoltage12 anodes such as antimony-

doped SnO2-coated titanium anodes seem to be the most

promising for this purpose (Panizza et al., 2000).

The possibility of direct reduction of contaminants at the

cathode also exists. For example, Korshin and Jensen (2001)

have shown that halogenated DBPs may be degraded by

reductive means. Bromine-containing haloacetic acids were

effectively dehalogenated at copper and gold electrodes.

However, chlorine-containing haloacetic acids posed diffi-

culties, because the monochloroacetate that formed could

not be reduced directly.

10.7 DISINFECTION

Disinfection can be defined as the deliberate reduction of the

number of viable pathogenic microorganisms in a system;

disinfection of water and wastewater has relied heavily on

the use of oxidants such as chlorine since the early 1900s.

While classic waterborne diseases such as cholera and

typhoid have been effectively controlled in developed

countries by oxidant addition, a variety of organisms con-

tinue to cause problems, including viruses, certain bacteria

(such as Campylobacter and Mycobacteria), and parasitic

protozoans (particularly Giardia and Cryptosporidium)

(Haas, 1999). Common oxidants added for disinfection

purposes include molecular chlorine (Cl2), sodium or cal-

cium hypochlorite (NaOCl or Ca(OCl)2), chlorine dioxide

(ClO2), and ozone (O3). As discussed previously, ammonia

is also often added either simultaneously or sequentially

with chlorine to form chloramines to prolong the disinfect-

ing action of chlorine (with monochloramine, NH2Cl, being

the primary disinfectant).

The addition of oxidants as disinfectants often leads to the

concomitant production of disinfection by-products (DBPs)

12 The overvoltage is a measure of the extent of disequilibrium of a redox

reaction, expressed in terms of electrical potential. If a redox reaction occurs

at an electrode surface, the electrode materials can have a significant, and

sometimes controlling, effect on the reaction rate. The greater the resistance

to the reaction, the greater is the disequilibrium (i.e., the greater the

overvoltage) required for the reaction to proceed at a significant rate.
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that pose some risk to human health. These compounds are

normally formed through the reaction of the oxidant with

natural organic matter (NOM) and are of particular concern

in drinking water supplies. An extensive literature exists on

the wide range of DBPs formed and their associated health

impacts (see, e.g., WHO (2000); Craun et al. (2001); Bull

et al. (2007)). Similar chlorinated products are generated

from disinfection of wastewater and, depending upon the

end disposal (or reuse) of the treated wastewater, may pose

health or ecological risks.

Awareness of DBPs and the environmental effects of

chlorine have led to a reduction in its use as a disinfectant,

though alternative oxidants such as ozone are also recog-

nized to produce a suite of troublesome compounds, partic-

ularly in water containing bromide. Ultraviolet (UV)

radiation and microfiltration (MF) or ultrafiltration (UF)

represent possible alternatives to oxidant addition. These

processes do not provide any residual disinfecting capacity

downstream of the treatment steps; this characteristic is

attractive in wastewater treatment, where adding oxidants

to a receiving stream is undesirable, but unattractive in

drinking water treatment, where disinfecting capacity is

usually desired in the distribution system. Secondary disin-

fectants must be added if a requirement exists for such

residuals. Concerns about DBPs have focused attention

on approaches for removing NOM in the early stages of

water treatment and minimizing the load of organic matter

generated within or transported to source water used for

drinking purposes. Occasionally, DBPs are allowed to form

but then are removed (by stripping, adsorption, or other

treatment); generally, this approach is not favored because

of the risk associated with many unknown or unidentified

by-products.

Modeling Disinfection

Several empirical models have been developed to assist in

the design and optimization of processes for the disinfection

of water and wastewater. Chick (1908) investigated dis-

infection reaction rates by exposing bacteria to a constant

disinfectant concentration in test tube reactors and enumer-

ating survivors at successive time intervals. Chick consid-

ered the reaction between bacteria and the chemical

disinfectant to be analogous to an elementary chemical

reaction, with a reaction stoichiometry and rate expression

as follows:

aXþ nD�!k P ðinactive microbeÞ (10-142)

rX ¼ �kcaXc
n
D (10-143)

where cX represents the concentration of viable organisms

(typically, a number concentration [e.g., number per mL]),

cD is the concentration of disinfectant, and a and n are

stoichiometric coefficients.

Assuming the disinfectant to be present in excess and a

and n to be unity, Equation 10-143 can be simplified to the

following expression, known as Chick’s law:

rX ¼ �k
cX (10-144)

where k
 is a pseudo-first-order reaction rate constant

equal to kcD. Chick’s law states that the rate of

inactivation of organisms is proportional to the number

concentration remaining, for a given concentration of

disinfectant. For a batch system in which the assumptions

of Chick’s law are met, and assuming that the disinfection

is occurring much more rapidly than growth, a mass

balance on organisms leads to the following familiar

pseudo-first-order relationship:

V
dcX

dt
¼ rXV ¼ �k
cXV

ZcXðtÞ

cXð0Þ

dcX

cX
¼ �k


Z t

0

dt

ln
cXðtÞ
cXð0Þ ¼ �k
t (10-145a)

log
cXðtÞ
cXð0Þ ¼ � k
t

lnð10Þ ¼ � k
t
2:303

¼ �kChickt (10-145b)

where cXð0Þ is the concentration of organisms at time zero

and kChick equals k
=2:303. This relationship is shown by

the straight line in Figure 10-33. Such simple inactivation

kinetics might be expected if the organisms present are

genetically similar, if they are at a uniform stage of

development, and if the inactivation occurs by a single

interaction between the disinfectant and a sensitive site in

the organism.

Watson (1908) accepted the approximation that a¼ 1 in

Equation 10-143, but argued that the dependence of rX on

the disinfectant concentration should be shown explicitly;

that is, he favored the following rate expression:

rX ¼ �kcXc
n
D (10-146)

The parameter n, referred to as the coefficient of dilution,

can be viewed as the order of the reaction with respect to the

disinfectant concentration and has been interpreted as the

average number of disinfectant molecules that must “react”

with the organism to inactivate it. If this expression is

integrated, using similar assumptions as earlier (batch

reactor, disinfection rate much greater than growth rate,
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and constant disinfectant concentration), the so-called

Chick–Watson expression is obtained:

ln
cXðtÞ
cXð0Þ ¼ �kcnDt or log

cXðtÞ
cXð0Þ ¼ �kC�WcnDt (10-147)

The expression on the right (based on log10) is more

commonly used, and kC�W is referred to as the coefficient of

specific lethality. By rearranging Equation 10-147, we see

that kC�W and n can be determined from data indicating

the exposure time required to achieve a given reduction in

organism concentration at various disinfectant doses:

�n log cD þ log
�log

�
cXðtÞ

�
cXð0Þ

	
kC�W

¼ log t (10-148)

If data are generated for a fixed degree of inactivation

(fixed cXðtÞ=cXð0Þ), then the second term on the left side of

Equation 10-148 is a constant, and the equation has the form

of a linear equation. Thus, for a fixed degree of inactivation, a

log–log plot of t versus cD is expected to have a slope of �n

and an intercept of logð½�logðcXðtÞ
�
cXð0ÞÞ�=kC�WÞ; since

cXðtÞ=cXð0Þ is known, kC�W can be computed.

Because of the enormous range of microorganism con-

centrations that might be present in water of interest and the

comparably large range of disinfection efficiencies desired,

it is common to report such efficiencies as logarithmic

values. For example, 99% inactivation of microorganisms

(i.e., 1� cXðtÞ=cXð0Þ ¼ 0:99) is referred to as “2 logs

of inactivation” (because log cXð0Þ=cXðtÞð Þ ¼ 2). Thus,

Equation 10-147 can be rewritten as follows:

cnDt ¼ � log ðcXðtÞ
�
cXð0ÞÞ

kC�W

¼ log ðcXð0Þ
�
cXðtÞÞ

kC�W

¼ No: of logs of removal

kC�W
(10-149)

Equation 10-149 indicates that all combinations of cD and

t that yield the same value for the product cnDt will accom-

plish the same degree of inactivation of an organism in a

given water (i.e., for a given value of kC�W). For instance,

combinations of cD and t that yield two logs of inactivation

of various microorganisms are shown in Figure 10-34, for

use of chlorine (i.e., HOCl) as the disinfectant.

The lower the required value of cnDt, the easier it is to

achieve the specified level of inactivation. Thus, according

to Equation 10-147, kC�W can be viewed as an indicator of

either the relative potencies of different disinfectants toward

a particular type of organism, or the relative susceptibility of

different organisms to a given disinfectant: the larger the

value of kC�W, the greater is the disinfectant potency or the

greater is the susceptibility of the organism.

In many cases, n is close to unity, in which case the

product of concentration and time (commonly referred to as

the CT product) needed to achieve a given degree of

disinfection is fixed, independent of the absolute values

of cD and t (for a given temperature, pH, and so on, and

maintaining the assumption that cD is constant throughout

the disinfection process). In the United States, regulations

for disinfection of drinking water are based on the implicit

assumption that the Chick–Watson law applies. Thus, the

regulations specify the value of the CT product that must be

met to achieve various levels of disinfection, where C is the

disinfectant concentration in the effluent from the reactor (or

set of reactors) under consideration, and T is a characteristic

contact time, taken as the time when the value of the

cumulative age distribution, F(t), is 0.10 or 10%; this

time is usually referred to as T10. The CT values for a given

degree of inactivation depend on the identities of the disin-

fectant and the target organism, the water temperature, and,

in some cases, the solution pH. If the value of n in the
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FIGURE 10-33. Generic patterns of microbial inactivation rate

according to Chick’s law and some common deviations from

Chick’s law are also shown. As indicated in Equation 10-145b,

the slope of the line labeled “Chick’s law” is �kChick. Source:

Adapted from Haas (1999).
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Chick–Watson law is thought to be different from unity for a

given disinfectant–organism pair, the CT product required to

achieve a given level of disinfection is different for different

values of C. The use of the CT product was described in

Chapter 4 (see Figure 4-10 and associated text).

As suggested by the curvilinear plots in Figure 10-33,

common deviations from Chick–Watson kinetics include

both “tailing off” and “shoulders.” Shoulders often appear

in inactivation curves for organisms that are incorporated

into flocs; the flocs can make it difficult for the disinfectant

to reach the organisms in the center of the floc. The flocs,

which typically consist primarily of aluminum or iron oxide

precipitates and=or microorganisms (“clumps”) create a

diffusional resistance for the disinfectant, decreasing the

concentration of disinfectant towhich microorganisms in the

center of the floc are exposed. Shoulders in disinfection

curves have also been interpreted as suggesting that more

than one cell must be inactivated to achieve inactivation of a

colony or plaque-forming unit, or that more than one target

must be affected to kill a given cell (or that a given target

must be affected several times) (Severin et al., 1984; Haas,

1980).

Tailing in inactivation curves might be due to (i) conver-

sion of organisms to more resistant forms during inactivation

(a process known as hardening), (ii) the existence of non-

identical organisms or genetic variants of a single organism,

with differing sensitivities to the disinfectant, (iii) protection

of a subpopulation, or variations in received dose of disin-

fectant, or (iv) clumping of a subpopulation (Cerf, 1977).

The hardening process and resultant tailing have been

investigated particularly thoroughly, and an empirical rate

law for this behavior has been proposed by Selleck et al.

(1978) for the kinetics of wastewater disinfection with

chlorine.

Hom (1972) proposed the following, modified expression

for the inactivation rate to account for shoulders or tailing in

disinfection curves:

rX ¼ �kmcXt
m�1cnD (10-150)

wherem is an empirical constant. Integration of this rate law

for a batch system, provided cD is constant, yields the Hom

expression:

ZcXðtÞ

cXð0Þ

dcX

cX
¼ �kmcnD

Z t

0

tm�1dt (10-151)

log
cXðtÞ
cXð0Þ ¼ �kHomc

n
Dt

m (10-152)

where kHom incorporates the translation from natural to

base-10 logarithms. Equation 10-152 generates disinfection

curves with shoulders or tailing if m is greater or less than

one, respectively, and if m¼ 1, it simplifies to the Chick–

Watson model (Equation 10-147).

The Chick, Chick–Watson, and Hom rate laws specify

that the disinfectant concentration is approximately constant

throughout the period of interest. If that assumption is not

acceptable, the variable disinfectant concentration must be

taken into account when the rate laws are integrated. For

instance, in a batch reaction in which the disinfectant decays

according to a first-order reaction, the residual concentration

at any time is given by

cDðtÞ ¼ cDð0Þexpð�kDtÞ (10-153)

where kD is the first-order rate constant and cD(0) is the

disinfectant concentration after the instantaneous demand

has been exerted. Equation 10-153 is identical to Equation

10-19, except for the substitution of D to represent a

disinfectant, as opposed to “ox” to represent a generic

oxidant. A pseudo-Chick–Watson model that accounts for

a first-order rate of disinfectant demand during the contact

time may be derived by combining Equations 10-146 and

10-153, yielding

rX ¼ �kcX cDð0Þ½ �nexp �kDtnð Þ (10-154)

Inserting Equation 10-154 into a mass balance on micro-

organisms in a batch system, integrating the resulting

equation, and converting to a log10 basis, we obtain

log
cXðtÞ
cXð0Þ ¼ � k0

kDn
cnDð0Þ � cnDðtÞ
� �

(10-155)

where, k0 ¼ k=ln(10).
Similarly, for disinfection curves with shoulders or tail-

ing, a first-order disinfectant demand kinetic expression

(Equation 10-19) can be combined with the Hom expression

(Equation 10-150). If both m and n are greater than zero,

such an approach yields the following closed form

expression:

log
cXðtÞ
cXð0Þ ¼ � kHomm cDð0Þð Þn

nkDð Þm g m; nkDtð Þ (10-156)

where g is a standard mathematical function known as the

incomplete gamma function (Haas and Joffe, 1994):

gða; xÞ ¼
Zx

0

e�zza�1dz a > 0; x � 0 (10-157)

If m is greater that approximately 0.3, Equation 10-156

can be approximated by the following equation (Haas and

Joffe 1994; Gyurek and Finch, 1998):

log
cXðtÞ
cXð0Þ ¼ �kHomm cDð0Þð Þntmh (10-158)
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where h is an “efficiency factor” that corrects the original

Hom model (Equation 10-152) for disinfectant decay. h can

be computed as

h ¼ 1� exp �nkDt=mð Þ
nkDt=m


 �m
(10-159)

A simpler variant of the Hom model incorporating

disinfectant decay is the cavg-Hom model, which is based

on the concept of a geometric mean disinfectant residual

given by

cD;avg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cDð0Þ � cDðtfÞ

p
(10-160)

where cDð0Þ and cDðtfÞ are the disinfectant concentrations

after the instantaneous demand has been exerted and at the

end of the time period of interest, respectively. This approx-

imation assumes that disinfectant decomposition follows

first-order kinetics and that the final disinfectant residual is

appreciably greater than zero. When this approximation is

used, integration of the Hom rate law (Equation 10-150)

with cnD replaced by cnD;avg yields

log
cXðtÞ
cXð0Þ ¼ �kHomc

n
D;avgt

m
f (10-161)

& EXAMPLE 10-18. In a batch test evaluating

inactivation of Giardia, the free chlorine concentration

declined from 3.30 to 2.04mg=L as Cl2 over the course of

1 h, and 2.8 logs of inactivation were achieved. Assuming the

chlorine decay could be reasonably approximated as first

order, develop the predicted curves for log [cX=cX(0)] versus
timeaccording to the following fourmodels.Assumen¼ 0.85

andm¼ 2.5 in all cases. The rate constants have been chosen

so that, in all cases, they correctly predict the conditions at the

end of the test (i.e., 2.8 logs of inactivation after 1 h), for cD
expressed in milligrams per liter as Cl2.

(i) The Chick–Watson model, with kC–W¼ 1.69� 10�2

(assuming the chlorine concentration remains at its

initial value throughout the test).

(ii) The Hom model, with kHom¼ 3.64� 10�5.

(iii) The Hom model using the “efficiency factor”

approach to account for disinfectant decay, with

kHom¼ 4.45� 10�5.

(iv) The Hom model using the geometric mean disinfec-

tant concentration to account for disinfectant decay,

with kHom¼ 4.46� 10�5.

Solution. The rate constant for chlorine decay can be

evaluated from the information about the chlorine concen-

trations at time zero and remaining after 1 h of reaction.

Substituting these values into the integrated mass balance for

a substance undergoing first-order decay in a batch reactor,

we find

cDðtÞ
cDð0Þ ¼ expð�kDtÞ

kD ¼ � 1

t
ln

cDðtÞ
cDð0Þ ¼ � 1

60min
ln
2:04mg=L

3:30mg=L

¼ 0:008min�1

(i) In Chick–Watson model, the disinfectant is assumed

to remain constant at its initial value of 3.30mg=L.
Substituting the given information into Equation

10-147, we obtain

log
cXðtÞ
cXð0Þ ¼ �kC�WcnDt ¼ � 1:69� 10�2 min�1

� �
3:30ð Þt

(ii) The Hom model also assumes that the chlorine

concentration is constant at its initial value, but it

incorporates factors that cause the disinfection curve

to have a tail or shoulder, depending on the value of

m. Inserting the given values into Equation 10-152,

we find

log
cXðtÞ
cXð0Þ ¼ �kHomc

n
Dt

m ¼ � 3:64� 10�5
� �

3:30ð Þt2:5

(iii) When disinfectant decay is incorporated into the

Hom model using the efficiency factor approach,

Equations 10-158 and 10-159 can be used to

describe the disinfection curve. Combining these

two equations yields

log
cXðtÞ
cXð0Þ ¼ �kHomm cDð0Þð Þntm 1� exp �nkDt=mð Þ

nkDt=mð Þ

 �m

¼ � 4:45� 10�5
� �

2:5ð Þ 3:30ð Þ0:85t2:5

� 1� exp � 0:85ð Þ 0:008min�1
� �

t=2:5
� �� �

0:85ð Þ 0:008min�1
� �

t=2:5

" #m

(iv) The geometric mean concentration of chlorine dur-

ing the test is given by

cD;avg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cDð0ÞcDðtfÞ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3:30Þð2:04Þ

p
¼ 2:60

Using this value as the constant chlorine concentration in

Equation 10-161 yields

log
cXðtÞ
cXð0Þ ¼ �kHomc

n
Dt

m ¼ �ð4:46� 10�5Þð2:60Þ0:85t2:5

All the four equations developed earlier yield the esti-

mates for the predicted survival efficiency of Giardia as a

function of time during the test, constrained in such a way
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that they all predict identical survival efficiency (2.8 logs of

inactivation) at the end of the test. The predictions are

compared in Figure 10-35. The Chick–Watson model pre-

dicts that the logarithm of the survival efficiency declines

linearly during the test, whereas all the curves based on the

Hom model have shoulders, corresponding to an increasing

inactivation rate as the test proceeds. The shapes of these

latter curves are all similar, indicating that they would serve

approximately equally well (or poorly) for modeling a real

data set. Given the uncertainty and variability inherent in

disinfection testing due to the range of resistances of indi-

vidual organisms in the population, clumping of organisms,

and other factors, it is unlikely that the different predictions

by these version of the Hom model would be significant, so

use of the simpler versions of the model (with the rate

constant optimized for the selected version) is usually

justified. &

Design and Operational Considerations

In general, the kinetics of microbial inactivation has been

determined in batch systems. Real contactors, however,

invariably have continuous flow, and they are likely to

exhibit nonideal flow patterns as a result of nonuniform

mixing and short-circuiting. If the residence time distribu-

tion of a reactor with continuous flow is known (e.g., from

tracer experiments), then it is possible to develop reasonable

estimates of inactivation efficiency in these systems (Lawler

and Singer, 1993).

As discussed in Chapter 2, the residence time distribution

functions E(t) and F(t) can be obtained from pulse or step

tracer experiments. Using the E(t) curve and the batch

kinetic rate expression, the disinfection efficiency of a

reactor with segregated flow can be predicted.13 For such

a condition, the survival ratio in a disinfection reactor can be

described as follows:

cX;out

cX;in
¼

R1
0

cXðtÞEðtÞdt
cX;in

(10-162)

Equation 10-162 can be used in conjunction with any desired

expression for the kinetics of disinfection (i.e., any expres-

sion for obtaining values of cX(t)).

& EXAMPLE 10-19. Tracer tests for a disinfection

reactor indicate that the RTD is consistent with that for three,

equal-sized CFSTRs in series, with a total residence time of

1 h. If the water described in Example 10-18 is fed to this

reactor and dosed with 2.8mg=LTOTOCl as Cl2, how many

logs ofGiardia inactivation are expected?Use an appropriate

form of the Hom model and value of kHom to characterize

inactivation kinetics.

Solution. In a CFSTR, the organisms are exposed to a

constant disinfectant concentration, equal to that in the

reactor and its effluent. Therefore, the basic Hom model

is applicable to each (hypothetical) CFSTR in the sequence,

using the disinfectant concentration in the reactor as cD. Of

the rate constants given in Example 10-18 for the Hom

equation, the one based on the average value of cD in the

reactor is most applicable to the current situation.

The values of cD in the three CFSTRs can be determined

using Equation 4-30, which is applicable for first-order

irreversible reactions in a series of CFSTRs. Written in

terms of the variables of interest here, that equation is

cD;i ¼ cD;0 1þ kDtið Þ�i

where cD,i is the disinfectant concentration in the ith reactor,

cD,0 is the disinfectant dose to the first reactor, and ti is the

hydraulic residence time in each reactor. Substituting known

values, we find the disinfectant concentrations in the three

reactors to be 2.84, 2.45, and 2.11mg=L, respectively.
We next evaluate the inactivation efficiency in the first

CFSTR in the sequence, using Equation 10-162 in con-

junction with the basic Hom model. Rewriting Equation
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FIGURE 10-35. Comparison of predicted inactivation efficiency

based on various models.

13 Segregated flow is almost certainly a good approximation for the micro-

organisms; that is, the individual organisms or clumps of organisms are

likely to pass through the disinfection reactor without interacting signifi-

cantly with one another. However, organisms might not behave in the same

way as a soluble tracer, so the use of tracer data to infer the E(t) function for

the microorganisms might have some flaws. Segregated flow is not likely to

be a good model for the disinfectant, but if the common model assumption

that the disinfectant concentration is approximately constant throughout the

period of disinfection is valid, then this concern is irrelevant.
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10-161 to solve for the fractional survival of organisms as a

function of time and disinfectant concentration in the

reactor yields

cXðtÞ
cXð0Þ ¼ exp �kHomc

n
Dt

m
� � ¼ exp � 4:46� 10�5

� �
c0:85D t2:5

� �

This equation was derived for a batch reactor, but

also applies to any segregated aliquot of water that is

passing through the reactor with flow. We can therefore

use it to compute the survival of organisms that have

spent time t in a CFSTR by replacing cX(0) with cX,in
and inserting the disinfectant concentration in the

CFSTR for cD. For instance, the fractional survival in

an aliquot that spends 10min in the first CFSTR before

exiting is

cX 10minð Þ
cX;in

¼ exp � 4:46� 10�5
� �

2:84ð Þ0:85 10ð Þ2:5
h i

¼ 0:82

Substituting the expression for cX(t)=cX,in applicable to

the first CFSTR into Equation 10-162 along with the generic

expression for E(t) of a CFSTR yields

cX;1

cX;in
¼

Z1

0

cXðtÞ
cX;in

EðtÞdt

¼
Z1

0

exp �kHom cDð Þn tð Þm½ �f g 1

t1
exp � t

t1

� �� �
dt

¼
Z1

0

exp � 4:46� 10�5
� �

2:84ð Þ0:85 tð Þ2:5
h i 1

20
exp � t

20

� 	
 �
dt

When this expression is integrated, it indicates that

cX,1=cX,in equals 0.548; that is, 54.8% of the organisms

survive while passing through the first CFSTR. The corre-

sponding values for the second and third reactors, using the

same E(t) function but different cD values for the calcula-

tions, are 59.7% and 64.6%, respectively. The overall sur-

vival through the whole reactor is therefore

cX;out

cX;in
¼ ð0:548Þð0:597Þð0:646Þ ¼ 0:211 ¼ 21:1%

Log(0.211) is �0.68, so the reactor is expected to achieve

0.68 logs of Giardia inactivation. &

Characteristic Performance of Specific Disinfectants

Chlorine Despite concerns related to both the

ineffectiveness of chlorine for inactivation of certain

organisms (particularly protozoans) and the formation of

DBPs, chlorine remains the most widely used disinfectant

for treatment of both potable water and wastewater. The

first use of continuous chlorination for disinfection of a

public water supply was in London in 1905 following an

outbreak of typhoid fever. Chlorination of public water

supplies became common practice in the United States

following its adoption at the Bubbly Creek Filtration Plant

in Chicago in 1908.

In drinking water treatment, chlorine may be added to an

aqueous stream as the initial step in the treatment (pre-

chlorination) or, more commonly, after other treatment

processes (postchlorination). Rechlorination or booster

chlorination may also be practiced where chlorine is added

to treated water at one or more points in the distribution

system. In wastewater treatment, disinfection only occurs

after all biological treatment is completed.

The mechanisms by which organisms are inactivated by

chlorine have been investigated by numerous workers (e.g.,

Shang and Blatchley, 2001) and appear to involve an

increase in cell membrane permeability that leads to both

a loss of cytoplasmic materials, such as proteins and nucleic

acid, and an influx of chlorine, with resultant DNA damage.

No gross disruption of cellular envelopes or significant

change in zeta potential was observed from chlorination

of bacterial suspensions at chlorine concentrations

employed in water and wastewater disinfection (Jacangelo

et al., 1991).

The CT values required to achieve various log

inactivation values of Giardia and viruses for disinfection

by free chlorine at selected temperatures and pH values are

given in Table 10-8. The CT values depend on pH because

HOCl is a far more powerful disinfectant than OCl�, and the

TABLE 10-8. USEPA Disinfection Requirements by

Free Chlorine

Required CT (mg-min=L)a

Log Inactivation

Temperature (�C) Temperature (�C)

5 15 25 5 15 25

Giardiab pH� 6 pH 8

1 39 19 10 72 41 20

2 77 39 19 144 81 41

3 116 58 29 216 122 61

Viruses 6< pH< 9 pH 10

2 4 2 1 30 15 7

3 6 3 1 44 22 11

4 8 4 2 60 30 15

aUnits for concentrations in CT calculation are mg=L as Cl2.
bCT values for disinfection of Giardia by chlorine depend on the chlorine

concentration; the values shown are for 2mg=L as Cl2. The values for

1mg=L as Cl2 are � 10% less than those shown.
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pKa value of 7.53 for HOCl is in the pH range of interest; for

example, for Giardia, the values at pH 8 (where OCl� is

the dominant species) are much higher than at pH 6 (where

HOCl is the dominant species). Also, because the value of n

in the Chick–Watson law is not equal to 1.0 for chlorine,

the required CT values are (slightly) dependent on the

chlorine concentration.

Chloramines Chloramination of drinking water has been

practiced in the United States for nearly 80 years for the

purposes of both disinfection and taste and odor control.

The major advantages of chloramination over chlorination

are that it provides a more stable residual in water distribu-

tion systems and usually results in lower production of

halogenated DBPs. However, because of its relatively

weak ability to inactivate viruses and protozoans and its

better penetration into pipe slimes (biofilms), chloramina-

tion is typically used as secondary rather than a primary

disinfectant (USEPA, 1999).

Monochloramine is the preferred chloramine species for

use in disinfecting drinking water not only because of

efficacy, but also because it imparts less taste and odor

than dichloramine and nitrogen trichloride do. Based on the

rapid reaction of monochloramine with the four amino acids

cysteine, cystine, methionine, and tryptophan in studies of

E. coli inactivation, Jacangelo et al. (1991) deduced that

inactivation by chloramines most likely involves inhibition

of proteins or protein-mediated processes such as

respiration.

Few studies of the mechanism of viral inactivation by

chloramines have been carried out but, as for chlorine, the

mechanism may depend on factors such as virus type and

disinfectant concentration. For example, the site of attack on

bacteriophage f2 seems to be the viral RNA (Olivieri et al.,

1980), whereas poliovirus inactivation appears to involve the

protein coat (Fujioka et al., 1983).

Experimental comparisons of the relative strengths of

chloramines and chlorine as disinfectants have demonstrated

consistently that chloramines are significantly weaker dis-

infectants. Some results from one recent comparison are

shown in Table 10-9.

The bactericidal and viricidal efficiency of chloramine

appears to be more temperature-sensitive than that of other

disinfectants, so that chloramines are particularly inefficient

at low temperatures (Wolfe et al., 1984). The effects of pH

on chloramine disinfection efficacy are less clear (in part

because pH also affects the physiological response of the

organism) but, on balance, it appears that pH effects are

relatively minor.

CT values for achieving various levels of Giardia cyst

and virus inactivation with chloramines in the pH range

6–9 are shown in Table 10-10. The CT value required to

achieve a one-log reduction of Cryptosporidium oocysts

with monochloramine is in excess of 7200mg-min=L

(USEPA, 1999); it is unrealistic to achieve such values in

drinking water treatment plants.

& EXAMPLE 10-20. Water at pH 8.0 and 15�C is

chlorinated as it is withdrawn from a lake and is then

pumped to a drinking water treatment plant. The detention

time in the pipe between the lake and the plant is 8min, and

the free chlorine concentration when the water reaches the

plant is 2.0mg=L as Cl2. Sufficient ammonia to convert all

of the free chlorine to monochloramine is mixed into the

water in a CFSTR (commonly called a “rapid mix tank” in

this context) just as the water enters the plant; a coagulant

such as alum is added at the same time. The water then

passes through flocculation and sedimentation tanks.

(Coagulation, flocculation, and sedimentation are dis-

cussed in Chapters 11–13.)

A tracer test on the series of these three tanks indicates

that the T10 value for that part of the treatment train is

81min. Under current operation, the monochloramine con-

centration at the effluent of the sedimentation tank is

TABLE 10-9. CT Values for Microbial Inactivation at 5�Ca

Disinfectant

Agent pH

E. coli

(mg min=L)

Giardia

lamblia

(mgmin=L)
Poliovirus 1

(mgmin=L)

Free chlorine 6–7 0.034–0.05 32–46 1.1–2.5

Preformed

chloramines

8–9 95–180 1470 768–3740

Chlorine

dioxide

6–7 0.4–0.75 17 0.2–6.7

Ozone 6–7 0.02 1.3 0.1–0.2

aTable from Health Canada (2006), using data from Hoff (1986) for 99%

inactivation of E. coli and Poliovirus 1, and from USEPA (1999) for 90%

inactivation of G. lamblia.

TABLE 10-10. CT Values for Giardia and Virus Inactivation

Using Chloramines

Required CT (mg-min=L)a

Log Inactivation

Temperature (�C)

5 15 25

Giardia

1 735 500 250

2 1470 1000 500

3 2200 1500 750

Viruses

2 857 428 214

3 1423 712 356

4 1988 994 497

aUnits for concentrations in CT calculation are mg=L as Cl2.

Source: USEPA (1999).
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1.6mg=L as Cl2. How many logs of inactivation of Giardia

and viruses would this plant be credited with, according to

US EPA regulations? (Note: At present, these regulations

specify that, when the whole water treatment system is

considered, a three-log inactivation of Giardia and a four-

log inactivation of viruses must be achieved.)

Solution. The pipe is considered a plug flow reactor, so

T10,pipe¼ tpipe¼ 8min. Therefore

CTpipe ¼ ð2:0mg=LÞð8minÞ ¼ 16:0mg min=L

Because the disinfectant in the pipe is free chlorine, we

use the values in Table 10-8 to determine the disinfection

credit granted for this portion of the system. At pH 8.0 and

15�C, a CT value of 41mg-min=L is required for one-log

inactivation credit for Giardia, whereas a value of 4mg

min=L generates a four-log credit for virus disinfection.

The value of 16.0mgmin=L is sufficient to accomplish all of

the required virus disinfection. The relationship between CT

and log inactivation is linear, so the credit for Giardia

disinfection is

log inactivationGiardia:pipe ¼ 16:0

41
¼ 0:39

For the series of reactors, we find

CTreactors ¼ ð1:6mg=LÞð81minÞ ¼ 129:6mg min=L

For this section of the system, because the disinfectant in

the reactors is chloramine, we use the values in Table 10-10

to compute the disinfection credit. Those values show that, at

15�C, 500mgmin=L is required for one-log inactivation of

Giardia, so the credit for Giardia disinfection is

log inactivationGiardia;reactors ¼ 129:6

500
¼ 0:26

The total credit for inactivation of Giardia between the

pump station and the effluent from the sedimentation tank is

the sum of the two values above, or 0.65 logs, which is less

than the EPA requirement. Although the value could be

increased by using a higher dose of chlorine, the increased

concentration of free chlorine in the pipe could lead to

excessive DBP formation, and the increased concentration

of chloramine in the finished water could generate off-tastes.

Therefore, it is likely that at least some of the remaining

required inactivation would have to be accomplished

through physical removal of Giardia in particle removal

processes (e.g., filtration); as noted, these processes are

presented in subsequent chapters. &

Design and Operational Considerations. Important

design and operational parameters for chloramination

include the following:

� Chlorine to Ammonia-Nitrogen (Cl2:NH4–N) Dosing

Ratio. Maintaining the Cl2:NH4–Nmass ratio between

4.5:1 and 5:1 (i.e., near, but below, the stoichiometric

ratio for complete conversion of the ammonia to

monochloramine) enhances the formation of NH2Cl,

reduces the concentration of free ammonia (in com-

parison to lower doses of chlorine at the same ammonia

concentration), and thereby reduces the likelihood of

biologically mediated nitrification occurring in the

distribution system.

� pH. pH in the range 7.5–9.0 is considered optimal.

� Order of Addition. Monochloramine can be formed by

first adding ammonia and then chlorine, or vice versa.

Ammonia is added first where formation of objection-

able taste and odor compounds caused by reactions of

chlorinewith organic matter are a concern. However, in

most drinking water systems, chlorine is added first,

and the ammonia is added to “quench” the free chlorine

residual at a point downstream. Typically, the point of

ammonia addition is selected based on the trade-off

between the benefits of increased disinfection (and, for

regulatory compliance, increased CT) when free chlo-

rine is present, and the drawbacks of increased DBP

generation (USEPA, 1999). In wastewater treatment,

chlorine is added after biological treatment and sepa-

ration of the biomass from the treated water. Unless

complete nitrification has been accomplished, ammo-

nia is almost certain to be present in the treated waste-

water, so that chloramines are formed and accomplish

the required disinfection. In some plants, breakpoint

chlorination is practiced to oxidize the ammonia; in

those cases, the residual disinfectant is free chlorine.

� Point of Application. Disinfectant addition upstream

of filters reduces biological growth on the filters, which

has the salutary effect of keeping the filters clean and

reducing the required backwashing frequency. How-

ever, it also reduces removal (i.e., biodegradation) of

biologically degradable organic carbon (BDOC) com-

pounds in the filters (USEPA, 1999).

� Chloramine Residual. The most appropriate residual

concentration of chloramines (in a water distribution

system) depends strongly on local conditions, but it is

normally in the range 1.0–3.0mg=L as Cl2. In waste-

water systems, the residual is quenched by the addition

of sodium sulfite or other reducing agent.

� Chemical and Biological Reactions That Consume

Chloramines in Water Distribution Systems. Chlor-

amines can be consumed by reactions with pipe mate-

rials or reduced metals in pipe scales, and by biological
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activity in water distribution systems. Ammonia used

in the chloramination process can provide both energy

and nutrient ammonia which may stimulate growth of

autotrophic nitrifying bacteria in the distribution sys-

tem; such growth could, in turn, cause increased nitrate

levels in the finished water. An intermediate step in this

reaction sequence generates small amounts of nitrite,

which can accelerate decomposition of chloramines.

Chlorine Dioxide Chlorine dioxide is sometimes pre-

ferred over chlorine as an oxidant and disinfectant for water

treatment because it produces fewer chlorinated organic by-

products and virtually no chloroform. In addition, its dis-

infection efficiency is not strongly pH dependent, nor does it

react with ammonia or oxidize bromide (Hoigne and Bader,

1994), and it is effective against chlorine-resistant Crypto-

sporidium oocysts (Clark et al., 2003).

Quantitative data were published as early as the 1940s

demonstrating the efficacy of chlorine dioxide as a bactericide

and viricide, but the disinfection mechanisms are not well

understood. Noss et al. (1983) found that chlorine dioxide

reacts readily with the amino acids cysteine, tryptophan, and

tyrosine, but not with viral ribonucleic acid (RNA). On the

basis of these results, they concluded that chlorine dioxide

inactivated viruses by altering the viral capsid proteins.

However, Alvarez and O’Brien (1982) showed that chlorine

dioxide reacts with poliovirus RNA and impairs RNA syn-

thesis. It has also been shown that chlorine dioxide reacts with

free fatty acids and that it can disrupt the permeability of the

outer membrane of bacteria (Aieta and Berg, 1986). It is thus

unclear whether the primary mode of microbial inactivation

by chlorine dioxide lies in attack on peripheral cell structures,

nucleic acids, or both.

Although the disinfection efficiency is less sensitive to pH

when chlorine dioxide is used than when chlorine is the

disinfectant, studies on poliovirus 1, E. coli, Cryptosporid-

ium and Giardia indicate that the degree of inactivation by

chlorine dioxide increases slightly as pH increases. For

example, one study showed a doubling in the level of

inactivation of Cryptosporidium when the pH was increased

from 6 to 8 for similar CT values (Liyanage et al., 1997).

In general, chlorine dioxide is approximately equivalent to

chlorine as a bactericide. In comprehensive studies by Roberts

et al. (1980) and Aieta et al. (1980) of the disinfection of

secondary wastewater effluent by 2-, 5-, and 10-mg=L doses of

chlorineand chlorinedioxide (asCl2), chlorinedioxide induced

more rapid coliform inactivation than chlorine but, after 30min

of contact, chlorinewas slightly more effective (Figure 10-36).

As is the case for chlorine and chloramines, chlorine

dioxide is a more effective disinfectant at higher tempera-

tures. As shown in Table 10-11, CT values expected to

achieve any particular log inactivation of any of the regu-

lated organisms decrease with increasing temperature. The

CT values for Cryptosporidium included in the table

(USEPA, 2003) are an indication that ClO2 can be an

effective disinfectant for this organism. However, the values

are far higher than for Giardia, especially at the lower

temperatures; the ratio of the required CT values for

Cryptosporidium to Giardia is approximately 20 at 25�C
but nearly 50 at 5�C. The temperature dependence of

Cryptosporidium disinfection by ClO2 was determined in

bench-scale studies by Li et al. (2001).

The dose of chlorine dioxide that can be used in water

treatment is limited by two constraints in US drinking water

regulations—a maximum residual disinfectant level of

0.8mg=L and the MCL of 1.0mg=L for chlorite, a primary

product of the use of ClO2. At a ClO2 concentration of

0.8mg=L (or even a few tenths higher), adequate disinfection
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FIGURE 10-36. Comparison of germicidal efficiency of chlorine

dioxide and chlorine. N is the concentration of total coliforms.

Source: After Roberts et al. (1980).

TABLE 10-11. CT Values for Inactivation Using

Chlorine Dioxide

Required CT (mg-min=L)a

Temperature (�C)

Log Inactivation 5 15 25

Giardia

1 8.7 6.3 3.7

2 17 13 7.3

3 26 19 11

Viruses

2 5.6 2.8 1.4

3 17.1 8.6 4.3

4 33.4 16.7 8.4

Cryptosporidium

1 429 179 75

2 858 357 150

3 1286 536 226

aUnits for concentrations in CT calculation are mg=L as ClO2.

Source: USEPA (1991, 2003).
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for Cryptosporidium can only be achieved with very long

contact times, meaning that the use of chlorine dioxide as a

sole disinfectant is impractical except where water tempera-

tures are consistently high. However, it can contribute signifi-

cantly to disinfection in cases where it is added primarily for

another reason (e.g., oxidation of inorganic species) and

another disinfectant is added downstream. In these instances,

residual ClO2 (and ClO2
�) is sometimes removed by the

addition of a reductant.

Ozone Ozone is a powerful disinfectant that can typically

achieve excellent disinfection with less contact time and at

lower concentrations than free chlorine, chlorine dioxide, or

monochloramine. However, because ozone autodecom-

poses, no residual is maintained in the distribution system.

As a result, in the United States, Australia, and much of

Europe, ozone disinfection is coupled with the addition of a

secondary disinfectant such as chlorine, chloramines, or

chlorine dioxide (USEPA, 1999).

Even very low concentrations of ozone are very effective

against bacteria. For example, an ozone residual of 9mg=L
caused a four-log inactivation of E. coli in less than 1min at a

temperature of 12�C (Wuhrmann and Meyrath, 1955). Sim-

ilar results have been reported for Staphyloccus sp. and

Pseudomonas fluorescens inactivation; Streptococcus fae-

calis and Mycobacterium tuberculosis required contact

times twice and six times as long, respectively, for the

same reduction with the same dissolved ozone concentration

(USEPA, 1999). Gram-positive cocci (Staphylococcus), the

Gram-positive bacillae (Bacillus), and the Mycobacteria are

more resistant to ozone than are Gram-negative bacteria

such as Escherichia coli. Nevertheless, all bacterial strains

are easily destroyed by relatively low levels of ozone

(USEPA, 1999).

The mode of attack of ozone on bacteria appears to be

oxidative degradation of the bacterial membrane via destruc-

tion of either the glycoproteins or glycolipids or certain

amino acids such as tryptophan. In addition, ozone disrupts

enzymatic activity of bacteria by acting on sulfhydral groups

of certain enzymes. Ozone may also act on the nuclear

material within the cell.

Viruses are typically more resistant to ozone than are

actively growing bacteria, but less resistant than dormant

forms of mycobacteria. Keller et al. (1974) reported that

three-log removal of poliovirus 2 and coxsackie virus B3

was achieved in batch tests with a contact time of 5min and

ozone residuals of 0.8 and 1.7mg=L, respectively; greater
than five-log removal of coxsackie virus was achieved in a

pilot plant with an ozone dosage of 1.45mg=L, which

provided a steady-state concentration of 0.28mg=L.
The principle mode of virus inactivation appears to be

destruction of the capsid, the protein and=or the membrane

coat that surrounds the genomic nucleic acid (DNA or RNA)

of a virus. This destruction liberates the RNA and disrupts

attachment to the host. The “naked” RNA can then be

inactivated by ozone at a much more rapid rate than RNA

within the intact phage.

Protozoan cysts are much more resistant to ozone (and

other disinfectants) than vegetative (actively growing) forms

of bacteria and viruses. G. lamblia has sensitivity to ozone

that is similar to the sporular forms of Mycobacteria, while

other protozoa (such as Naegleria) are considerably more

resistant. CT values required by the USEPA for G. lamblia

inactivation are included in Table 10-12.

Cryptosporidium oocysts appear to be much more resist-

ant to ozone than are many other protozoans (Peeters et al.,

1989). Nevertheless, ozone is clearly one of the most

effective disinfectants for Cryptosporidium (Gyurek et al.,

1999). (It should be noted that studies of Cryptosporidium

inactivation have often yielded ambiguous results, in part

because of the difficulty, and different methods, of Crypto-

sporidium measurement.) Gyurek et al. (1999) and Li et al.

(2001) investigated the inactivation of Cryptosporidium by

ozone in phosphate-buffered solutions over the pH range 6–8

and at 1–37oC. The rate of inactivation was insensitive to pH

in this range, but it decreased markedly with a decrease

in temperature. Cryptosporidium inactivation kinetics was

satisfactorily described by an Incomplete gamma Hom

(IgH) expression (Equation 10-156), with the inactivation

rate constants (k0) adjusted for water temperature using the

van’t Hoff–Arrhenius relationship.

As was noted earlier, oxidant demand is computed

slightly differently for ozone than for chlorine-based disin-

fectants. Although an assumption is commonly made that

the disinfectant residual that is exerted over a given period of

time is independent of the initial disinfectant dose, the

TABLE 10-12. CT Values for Inactivation Using Ozone

Required CT (mg-min=L)a

Temperature (�C)

Log Inactivation 5 15 25

Giardia

1 0.63 0.32 0.16

2 1.3 0.63 0.32

3 1.9 0.95 0.48

Viruses

2 0.6 0.3 0.15

3 0.9 0.5 0.25

4 1.2 0.6 0.3

Cryptosporidium

1 16 6.2 2.5

2 32 12 4.9

3 47 19 7.4

aUnits for concentrations in CT calculation are mg=L as O3.

Source: USEPA (1991, 2003).
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assumption is often not valid, and the calculation of ozone

demands takes that factor into account. To do so, the residual

is analyzed after a given contact time for a range of doses.

The results are then plotted, and the disinfectant demand is

defined as the dose that is predicted (by extrapolation of the

experimental values) to yield zero residual at the given

contact time.

& EXAMPLE 10-21. Determine the ozone demand at

the three contact times investigated in the following data set.

(Data adapted from Bonnelye and Richard, 1997)

Transferred O3

(mg=L)

Residual O3

at 2.5min

(mg=L)

Residual O3

at 6min

(mg=L)

Residual O3

at 10min

(mg=L)

1.5 1.1 0.7 0.5

1.3 0.8 0.4 0.3

0.9 0.4 0.2 0.1

0.6 0.2 0.1 Not analyzed

Solution. The data are plotted in Figure 10-37. The

ozone demand is defined as the value of the x-intercept,

which is 0.44, 0.52, and 0.66mg=L for the 2.5-, 6-, and

10-min contact times, respectively. &

CT values required for inactivation of Giardia, viruses,

and Cryptosporidium by ozone are shown in Table 10-12

(USEPA, 1999, 2003). These requirements were largely

based on the study by Li et al. (2001) described previously.

Data obtained at pH 7.2 were assumed to apply for the pH

range of 6–9.

An alternative to the approach used by the USEPA for

assigning disinfection credit to specified CT values involves

determination of the CT requirement for a given level of

statistical confidence. Li et al. (2001) used the same data set

as was used to develop Table 10-12 to develop the design

curves for 2.0 log units of inactivation with 90% confidence

shown in Figure 10-38. For these calculations, a rate con-

stant for ozone disappearance of 0.05min�1 was assumed.

The dose required for 90% confidence that the desired

inactivation will be achieved is approximately twice the

dose given by the IgH model (which corresponds to two-log

inactivation in the mean case). The authors noted that, to

apply their suggested design methodology to natural waters,

bench-scale tests would be necessary to validate model

parameters for specific conditions, since high alkalinity,

organic content, and other water quality parameters may

influence ozone inactivation kinetics and ozone residual

stability.

Rather than use the CT approach to characterize the

expected extent of disinfection, von Gunten (2003b) mod-

eled the disinfection of several microorganisms with ozone

as a second-order reaction (first order with respect to both

the ozone and microorganism concentrations, consistent

with the Chick–Watson law with the exponent n¼ 1); rate

constants from that study are shown in Table 10-13.

1.2

0.6

0.8

1.0

1.2

Contact time = 2.5 min
6 min

0.0

0.2

0.4

0.00 0.25 0.50 0.75 1.00 1.25 1.50

R
es

id
ua

l o
zo

ne
 c

on
ce

nt
ra

tio
n 

(m
g/

L)

Transferred ozone dose (mg/L)

10 min

FIGURE 10-37. Example data for computing ozone demand.

Time (min)

In
iti

al
 o

zo
ne

 c
on

ce
nt

ra
tio

n 
(m

g/
L)

22ºC

13ºC

5ºC

1ºC

0

1

2

3

4

50 10 15 20 25 30 35 40 45

FIGURE 10-38. Ozone disinfection design guidelines for 90%

confidence that 2.0 log units of inactivation of Cryptosporidium

parvum will be achieved, based on IgH model for pH 6–8, for first-

order ozone disappearance with a rate constant of 0.05min�1.

Source: After Li et al. (2001).

TABLE 10-13. Kinetics of the Inactivation of

Microorganisms with Ozone at pH 7

Microorganism kO3
(M�1 s�1) T (�C)

E. coli 1.04� 105 20

B. subtilis spores 2.3� 103 20

Rotavirus 6� 104 20

G. lamblia cysts 2.3� 104 25

Giardia muris cysts 1.2� 104 25

C. parvum oocysts 6.7� 102 20

Source: From von Gunten (2003b).
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Disinfection of wastewaters using ozone has proven

somewhat problematic because of the high competing

demand for the oxidant exerted by dissolved organic matter.

In early trials of wastewater disinfection, a desire to main-

tain significant dissolved ozone residuals led to the need for

high (uneconomical) ozone dosages. Xu et al. (2002) inves-

tigated ozone disinfection of a variety of wastewater efflu-

ents and concluded that the CT approach was inappropriate,

because it assumes, conservatively, that the only disinfectant

concentration of importance is the residual concentration at

the end of the treatment step. As a result, that approach

predicts that no inactivation occurs if the residual is zero,

whereas they observed 1–3 logs of inactivation of bacteria

for typical ozone doses, even in the absence of ozone

residual. An alternative model involving the simultaneous

consumption of ozone by the microorganisms and the

organic matrix was found to give much more satisfactory

results. They concluded that transfer of ozone from the gas

phase to the water was the critical step in fecal coliform

inactivation with ozone, because of the rapid reaction

between ozone and coliform bacteria. No difference in

inactivation was found between systems with 2- and 10-min

hydraulic retention times, for a given ozone dose transferred

to the effluent. This result suggests that, for wastewater dis-

infection using ozone, ozone contactors should be designed

to optimize mass transfer, with relatively less emphasis on

contact time.

Ultraviolet Radiation Ultraviolet (UV) radiation is used

increasingly in wastewater disinfection and, in conjunction

with other disinfectants, is also finding increasing applica-

tion in drinking water treatment. UV disinfection occurs as a

result of photochemical damage to RNA and DNA within

microorganisms (thus preventing reproduction) and, as such,

is not strictly a redox process. However, a brief description

of important aspects of the use of UV radiation in water and

wastewater treatment is included here.

1. Generation and Implementation of UV Radiation.

UV radiation occurs as electromagnetic waves with

wavelengths between 100 and 400 nm, in the range

between X rays and visible light. UV radiation is

subclassified into smaller wavelength ranges as

UV-A (315–400 nm), UV-B (280–315 nm), UV-C

(200–280 nm), and vacuum UV (100–200 nm). In

terms of germicidal effects, the optimum UV range

is between 245 and 285 nm (USEPA, 1999); that is,

primarily in the UV-C range.

UV-emitting lamps used for disinfection are classi-

fied as either low pressure or medium pressure.

(Medium-pressure lamps are sometimes also identi-

fied as high-pressure lamps.) Conventional low-pres-

sure UV lamps are the most energy efficient source,

with approximately 40% of the electrical input power

converted into UV-C light output at wavelength

254 nm, which is close to the wavelength of the

maximum germicidal effect (see Figure 10-39a).

Medium pressure UV lamps produce more spectral

lines and a continuum due to recombination radiation,

as illustrated in Figure 10-39b. Medium-pressure

lamps are less electrically efficient than low-pressure

lamps, but they produce much greater UV-C light

intensity and thus achieve a given UV light dosage

in a much shorter irradiation time. In water and waste-

water treatment applications, lamps are typically

surrounded by quartz sheaths and are immersed in

the flowing stream. The flow may be in a closed or

open vessel and may be either parallel or perpendicu-

lar to the axes of the lamps. An alternative configura-

tion involves flowing water through Teflon tubes

(which are relatively transparent to UV radiation)

surrounded by UV lamps (Haas, 1999).

The contact time required for UV disinfection is

typically less than 1min. Of greater importance than

time is the proximity of the organism to the light

source, which is usually assured by maintaining tur-

bulent conditions and relatively small passageways

between lamps in the reactor. Modeling of particle and
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fluid dynamics in the reactor can assist in optimizing

design and operating conditions (Lyn et al., 1999).

The extent of destruction or inactivation of micro-

organisms by UV radiation is generally related to the

UV dose, which is calculated as

D ¼ It (10-163)

where D is the UV dose (mW s=cm2, or mJ=cm2), I is

the (areal) intensity of the radiation (mW=cm2), and t

is the exposure time (s). For UV disinfection, the dose

(sometimes referred to as the fluence) can be thought

of as analogous to the CT product for chemical

disinfectants.

2. Disinfection Efficacy. UV radiation is quite effective

in inactivating bacteria and viruses, with the degree of

inactivation proportional to both the microorganism

concentration and the UV dose if the water is rela-

tively free of other particulate matter; that is,

rX ¼ �kIcX (10-164)

where k is the inactivation rate coefficient (cm2=mWs).

On integration in a batch system (where rX ¼
�ðdcX=dtÞ), Equation 10-164 yields

cXðtÞ ¼ cXð0Þexpð�kItÞ ¼ cXð0Þexpð�kDÞ (10-165)

Such first order dependency has been observed by

Snicer et al. (1996) in studies of MS-2 coliphage

inactivation in groundwater (Figure 10-40). These

investigators also compared the UV-susceptibility of

MS-2 coliphage to that of hepatitis A virus, poliovirus,

and rotavirus for 10 groundwater sources and found

MS-2 to be approximately two to three times as resistant

to UV disinfection as the three human pathogenic

viruses. Bacteria have also been shown to be sensitive

to UV radiation, with doses as low as 2–6mW-s=cm2

sufficient for one-log inactivation (USEPA, 1999).

The dose–response behavior of wastewater to UV

disinfection follows similar first-order behavior at low

UV doses but, as shown in an example data set in

Figure 10-41, significant tailing (i.e., a reduced rate of

inactivation) is observed at high doses. This tailing

phenomenon (which is apparent in both UV and

chlorination disinfection systems) has been attributed

to the association of targeted organisms (commonly

coliform bacteria) with particles in the bulk liquid

medium (Loge et al., 2001).

Using recently developed techniques for the enu-

meration of particles associatedwith coliform bacteria,

Emerick et al. (2000) demonstrated that a model of the

following form provides a good description of the data:

cxðtÞ ¼ cxðtÞexpð�kDÞ þ cP

kD
ð1� expð�kDÞÞ

(10-166)

where cP is the number concentration of particles larger

than 10mm (enumerated before the application of UV

light) that contain one or more coliform bacteria,

and the other parameters are as defined as in Equation

10-165. A major implication of the association of

organisms with particles and flocs, and the protection

of the organisms by those particles, is that a tertiary

filtration step might be required in addition to UV

disinfection to meet the discharge quality requirement

at wastewater treatment plants (Loge et al., 2001).

Inactivation of protozoa by UV radiation has gen-

erally been thought to require much higher doses than

inactivation of viruses and bacteria. However, recent

studies by Linden et al. (2002) in which the infectivity

of the target organism toward Mongolian gerbils

was used as the measure of disinfection capability

suggest that much lower doses may be adequate.

For example, reduction of G. lamblia infectivity for

gerbils after disinfection using collimated, nearly
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monochromatic (254 nm) UV radiation from a low-

pressure mercury vapor lamp was very rapid, with

greater than four-log inactivation attained at a dose of

1mWs=cm2. The implication is that earlier studies,

which typically used some direct measure of cyst

viability as the metric for quantifying disinfection

efficiency, might have underestimated the amount

of disinfection actually achieved, because many orga-

nisms that survived the irradiation might have never-

theless been rendered noninfective. In addition, the

researchers found no evidence that G. lamblia cysts

could “heal” (i.e., regain their infectivity, commonly

referred to as repairing themselves) following doses of

16 and 40mWs=cm2 (which covers the normal range

ofUVdoses used inwater andwastewater disinfection).

High UV doses were also thought to be necessary

for inactivation of C. parvum oocysts. However, a

number of investigators (e.g., Shin et al., 2001) have

shown that three-log reductions in oocyst infectivity

could be achieved with a dose of only 3mWs=cm2,

using infectivity in mice or in vitro cell culture as the

metric for disinfection efficiency.

In proposed regulations, the USEPA has recom-

mended the fluence values shown in Table 10-14 for

the inactivation of the three regulated types of micro-

organisms. Unlike any of the chemical disinfectants,

the dose required for Cryptosporidium inactivation is

quite similar to that required for Giardia. Also, the

values in the table make it clear that UV is relatively

ineffective for virus removal.

3. Residual Generation and Disinfection By-Product

Formation. UV radiation quickly dissipates in water,

where it is either absorbed by or reflected off sus-

pended and dissolved materials. As a result, a second-

ary disinfectant (such as chlorine or chloramine) is

required in drinking water applications to maintain a

residual throughout the distribution system.

The possibility of generating DBPs exists in a UV

disinfection system, as any radiation not absorbed by the

target organisms could excite dissolved constituents,

leading (possibly) to the subsequent formation of

reactive species such as superoxide radicals. Of particu-

lar interest is the effect of absorption of UV light by

natural organic matter (NOM). However, the relatively

low concentrations of NOM typically present in filtered

water and the short contact time result in very little

transformation of dissolved constituents. UV irradiation

was also observed to have an insignificant effect onDBP

formation by secondary disinfectants.

OH Free Radicals The role of OH radicals in disinfection

processes is a subject of considerable debate. Consider, for

example, the situation when water is ozonated, so that

disinfection might occur via reactions of the organisms

with either molecular ozone or hydroxyl radicals. The

second-order rate constants for reaction of ozone with

various organisms are shown in Table 10-13. Furthermore,

for the secondary phase of ozonation (during which most of

the disinfection will occur), the expected value of Rct (the

ratio of the concentrations of _OH and ozone) is in the order

of 10�8. Based on that value and the data in Table 10-13, the

rate constant for disinfection by _OH would have to be very

large for that disinfection pathway to be significant com-

pared to disinfection by the ozone itself (von Gunten,

2003b). For example, to disinfect C. parvum oocysts with
_OH at a rate similar to that with molecular ozone, a rate

constant in the order of 6.7� 1010M�1 s�1 would be

required. Such a value is approximately an order of magni-

tude higher than rate constants typically observed for

reactions with _OH. Given that other organisms react with

ozone even more rapidly than C. parvum, a significant role

of hydroxyl radicals in disinfection seems unlikely. In AOPs,

where Rct values in the order of 10�6 can be expected, _OH
could theoretically play an important role. However, the

nonspecificity of hydroxyl radical attack is likely to lower its

effectiveness. For the other organisms shown in Table 10-13,

even in AOPs, hydroxyl radicals are expected to have no

effect on disinfection (von Gunten, 2003b).

10.8 SUMMARY

In this chapter, we have examined the application of electron

transfer (i.e., redox) reactions to the transformation of

species in water and wastewater. While an introduction to

the theoretical aspects of redox reactions has been given, the

major focus has been on the characteristics of redox

reactions under conditions typically encountered in engi-

neered treatment systems.

One widely used group of redox processes transforms

inorganic contaminants from soluble to insoluble forms.

Examples of these processes include the oxidation of soluble

manganous and ferrous species to particulate manganic and

ferric oxyhydroxides, respectively, during the treatment of

potable water, and the reduction of hexavalent chromium

species (dichromate [Cr2O7
2�] and chromate [CrO4

2�]) to

insoluble trivalent chromium [Cr(OH)3(s)] in the treatment

TABLE 10-14. Fluence Values for Inactivation with UV Light

Fluence Required (mWs=cm2)

Log Inactivation Giardia Viruses Cryptosporidium

1 2.1 58 2.5

2 5.2 100 5.8

3 11 143 12

4 NA 186 NA

Source: USEPA (2003).
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of electroplating wastes. Redox reactions of inorganic com-

pounds can also be employed to form other, less trouble-

some, soluble molecules, with common examples including

the oxidation of sulfide (S(II)) or sulfite (S(IV)) to sulfate

(S(VI)) and the reduction of molecular chlorine to chloride.

The oxidative degradation of organic compounds via redox

reactions is widespread and is likely to increase as the number

of troublesome organic compounds recognized to be present

in water increases. While oxidants such as chlorine and

chlorine dioxide have some capability to degrade suchorganic

compounds, stronger oxidants such as the hydroxyl free

radical are of increasing importance because of their ability

to degrade recalcitrant compounds. Such advanced oxidation

processes (AOPs), as the use of free radicals is termed, can

sometimes lead to complete mineralization of the organic

substrate (i.e., the conversion of all the carbon in the substrate

to carbonate species, in which carbon is in its highest oxida-

tion state,þIV).More often, though, AOPs generate products

that are incompletely oxidized; in such cases, biodegradation

is sometimes used to complete the oxidation, especially if the

products of the AOP reactions (referred to as intermediates in

these cases, since they undergo subsequent reactions) are of

health or ecological concern.

By far, the most widely adopted use of chemical oxidants

in water and waste treatment is for disinfection. While the

removal of pathogenic organisms from aqueous streams has

provided enormous public health benefits, the possible

generation of harmful disinfection by-products (DBPs) as

a result of the addition of oxidants to organic-rich water

continues to present challenges.

Chlorine (in the form of the hypochlorite species HOCl

and OCl�) continues to be the most widely used chemical

oxidant and disinfectant, but its use has been curtailed in

drinking water applications because its reactions with NOM

in the source water generate halogenated DBPs. Chlorine

readily oxidizes bromide to bromine, and bromine is often

incorporated into the by-products along with chlorine. Many

of these halogenated DBPs are known or suspected carcin-

ogens, and the ones that are detected most commonly and at

the highest concentrations (trihalomethanes and haloacetic

acids) are regulated. The compounds that account for

approximately one-half of the total organic halogen

(TOX) in chlorinated drinking water have not yet been

identified. Concern about DBPs has led to changes in water

treatment practice, including efforts to remove the NOM and

a shift to alternative disinfectants.

Other chlorine-based oxidants and disinfectants include

chloramines and chlorine dioxide. Chloramines are formed

in situ when chlorine reacts with ammonia that has been

added to the water or is present naturally. When chloramines

are the desired disinfectant, the molar ratio of chlorine to

ammonia is maintained at less than one (i.e., a Cl2:N mass

ratio less than 5.1:1) to ensure that monochloramine

(NH2Cl) (rather than di- or tri-chloramines [NHCl2 and

NCl3, respectively]) is the dominant reaction product.

Chloramines are relatively weak oxidants=disinfectants,
but they maintain a residual concentration in the water

distribution system for longer than free chlorine does.

Chlorine dioxide is a powerful disinfectant, but has the

disadvantages that it must be created on-site and forms

chlorite (a health concern) upon use.

Ozone is the most powerful direct oxidant that is widely

used in water and wastewater treatment, and it plays a

central role in many AOPs, in which even more powerful

oxidants (hydroxyl radicals or similar species) are gener-

ated. The complex chemistry of AOPs requires careful

control, but these processes are likely to be used increas-

ingly as they are better understood. The most common

AOP now in use relies on the combination of hydrogen

peroxide and ozone to generate hydroxyl radicals. The

disadvantages of ozone are that it leaves no residue in

water and that it readily oxidizes bromide to bromate,

which itself is a compound of health concern. UV light is

the cleanest disinfection process, in which, as a physical

process, it adds nothing to the water, although its reactions

with compounds in the water might generate some new

compounds of concern.

The challenges presented by redox treatment of water and

waste are many, requiring development of innovative treat-

ment processes that might use multiple oxidants and=or
reductants in combination with other treatment technolo-

gies. Judging by the huge growth in recent years in research

publications dealing with oxidation and reduction processes

in water and wastewater treatment, we are certain to witness

continuing developments in this area.

REFERENCES

Acero, J. L., Haderlein, S. H., Schmidt, T., Suter, M. J.-F., and von

Gunten, U. (2001) MTBE oxidation by conventional ozonation

and the combination ozone=hydrogen peroxide: efficiency of

the process and bromate formation. Environ. Sci. Technol., 35,

4252–4259.

Acero, J. L., Stemmler, K., and von Gunten, U. (2000) Degradation

kinetics of atrazine and its degradation products with ozone and

OH radicals: a predictive tool for drinking water treatment.

Environ. Sci. Technol., 34, 591–597.

Aieta, E. M., Berg, J. D., Roberts, P. V., and Cooper, R. C. (1980)

Comparison of chlorine dioxide and chlorine in wastewater

disinfection. WPCF, 52 (4), 810–822.

Aieta, E. and Berg, J. D. (1986) A review of chlorine dioxide in

drinking water treatment. JAWWA, 78 (6), 62–72.

Alvarez, M. E. and O’Brien, R. T. (1982) Mechanisms of

inactivation of poliovirus by chlorine dioxide and iodine.

Appl. Environ. Microbiol., 44 (5), 1064–1071.

Amy, G., Siddiqui, M., Zhai,W., DeBroux, J., and Odem,W. (1995)

Survey of Bromide in Drinking Water and Impacts on DBP

Formation. AWWA Research Foundation, Denver, CO.

REFERENCES 503



Arora, H., LeChavellier, M. W., and Dixon, K. L. (1997) DBP

occurrences survey. JAWWA, 89 (6), 80–93.

Balzani, V. and Carassiti, V. (1970) Photochemistry of Coordina-

tion Compounds. Academic Press, London.

Barb,W.G., Baxendale, J. H., George, P., andHargrave, K.R. (1951)

Reactions of ferrous and ferric ions with hydrogen peroxide.

Part II.The ferric ion reaction. Trans. Faraday Soc., 47, 591–616.

Bellar, T. L., Lichtenberg, J. J., and Kroner, R. C. (1974) The

occurrence of organohalides in drinking water. JAWWA,

66 (12), 703–706.

Benjamin, M. M. (2010) Water Chemistry. Waveland Press, Long

Grove, IL.

Berg, G. (1964) The virus hazard in water supplies. J. N. Engl.

Water Works Assoc., 78, 79–104.

Bichsel, Y. and von Gunten, U. (1999) Oxidation of iodide and

hypoiodous acid in the disinfection of natural waters. Environ.

Sci. Technol., 33, 4040–4045.

Bonnelye, V. and Richard, Y. (1997) Changes in ozone demand

of water during the treatment process. Ozone Sci. Eng., 19 (4),

339–350.

Bossmann, S. H., Oliveros, E., G€ob, S., Siegwart, S., Dahlen, E.,
Payawan, L., Straub, M., W€orner, M., and Braun, A. (1998)

New evidence against hydroxyl radicals as reactive inter-

mediates in the thermal and photochemically enhanced Fenton

reactions. J. Phys. Chem. A, 102, 5542–5550.

Boye, B., Dieng, M. M., and Brillas, E. (2002) Degradation of

herbicide 4-chlorophenoxyacetic acid by advanced electrochem-

ical oxidation methods. Environ. Sci. Technol., 36, 3030–3035.

Brezonik, P. L. (1994) Chemical Kinetics and Process Dynamics in

Aquatic Systems. Lewis, Boca Raton, FL.

Brillas, E. and Casado, J. (2002) Aniline degradation by Electro-

Fenton1 and peroxi-coagulation processes using a flow reactor

for wastewater treatment. Chemosphere, 47 (3), 241–246.

Bull, R. J., Reckhow, D. A., Rotello, V., Bull, O. M., and Kim, J.

(2007) Use of toxicological and chemical models to prioritize

DBP research. AwwaRF Report 91135F, 380 pp. IWA, London.

Buxton, G. V., Greenstock, C. L., Helman, W. P., and Ross, A. B.

(1988) Critical review of rate constants for reactions of hydrated

electrons, hydrogen atoms and hydroxyl radicals (�OH=�O�) in
aqueous solution. J. Phys. Chem. Ref. Data, 17 (2), 513–886.

Carlson, K. H. and Knocke, W. R. (1999) Modeling manganese

oxidation with KMnO4 for drinking water treatment. J. Environ.

Eng., 125, 892–896.

Casey, C. and Bergren, C. (1999) Chemical oxidation, natural

attenuation drafted in Navy cleanup. Pollution Engineering,

March 1999 Supplement.

Cerf, O. (1977) Tailing of survival curves of bacterial spores.

J. Appl. Bacteriol., 42, 1–19.

Chambers, J., Leavitt, A., Walti, C., Schreier, C. G., Melby, J.,

and Goldstein, L. (2000) In situ destruction of chlorinated

solvents with KMnO4 oxidizes chromium. In Wickrama-

nayake, G. B., Gavaskar, A. R., and Chen, A. S. C. (eds.),

Chemical Oxidation and Reactive Barriers: Remediation of

Chlorinated and Recalcitrant Compounds. Battelle Press,

Columbus, OH, pp. 49–55.

Chick, H. (1908) An investigation of the laws of disinfection.

J. Hygiene, 8, 92–158.

Choi, J. and Valentine, R. L. (2002) Formation of N-nitrosodime-

thylamine (NDMA) from reaction of monochloramine: a new

disinfection by-product. Water Res., 36, 817–824.

Clark, R. M., Sivaganesan, M., Rice, E. W., and Chen, J. (2003)

Development of a Ct equation for the inactivation of Crypto-

sporidium oocysts with chlorine dioxide. Water Res., 37 (11),

2773–2783.

Clayton, W. S., Marvin, B. K., Pac, T., andMott-Smith, E. (2000) A

multisite field performance evaluation of in-situ chemical

oxidation using permanganate. In Wickramanayake, G. B.,

Gavaskar, A. R., and Chen, A. S. C. (eds.), Chemical Oxidation

and Reactive Barriers: Remediation of Chlorinated and Recal-

citrant Compounds. Battelle Press,Columbus,OH, pp. 101–108.

Craun, G. F., Hauchman, F. S., and Robinson, D. E. (eds.) (2001)

Microbial Pathogens and Disinfection By-Products in Drinking

Water: Health Effects and Management of Risks. International

Life Science Institute, Washington, DC.

Damm, J. H., Hardacre, C., Kalin, R. M., and Walsh, K. P. (2002)

Kinetics of the oxidation of methyl tert-butyl ether (MTBE) by

potassium permanganate. Water Res., 36, 3638–3646.

Dryer, D. J. and Korshin, G. V. (2007) Investigation of the

reduction of lead dioxide by natural organic matter. Environ.

Sci. Technol., 41, 5510–5514.

Edwards, M. and Benjamin, M. M. (1992) The effect of pre-

ozonation on coagulant-natural organic matter interactions.

JAWWA, 84 (8), 63–72.

Edwards, M. and Dudi, A. (2004) Role of chlorine and chloramine

in corrosion of lead-bearing plumbing materials. JAWWA,

96 (10), 69–81.

Edwards, M., Triantafyllidou, S., and Best, D. (2009) Elevated

blood lead in young children due to lead-contaminated drinking

water: Washington, DC, 2001–2004. Environ. Sci. Technol., 43,

1618–1623.

Elovitz, M. S., von Gunten, U., and Kaiser, H.-P. (2000) Hydroxyl

radical=ozone ratios during ozonation processes. II. The effect

of temperature, pH, alkalinity and DOM properties. Ozone Sci.

Eng., 22, 123–150.

Emerick, R. W., Loge, F. J., Ginn, T. R., and Darby, J. L. (2000)

Modeling the inactivation of particle-associated coliform bac-

teria. Water Environ. Res., 72, 432–438.

Ensing, B., Buda, F., Bl€ochl, P. E., and Baerends, E. J. (2002). A

Car-Parrinello study of the formation of oxidising intermediates

from Fenton’s reagent in aqueous solution. Phys. Chem. Chem.

Phys., 4, 3619–3627.

Fenton, H. J. H. (1894). Oxidation of tartaric acid in the presence of

iron. Chem. Soc. J. Lond., 65, 899–910.

Fernandez, J., Dhananjeyan, M. R., Kiwi, J., Senuna, Y., and

Hilborn, J. (2000) Evidence for Fenton photo-assisted processes

mediated by encapsulated Fe ions at biocompatible pH values.

J. Phys. Chem. B, 104, 5298–5301.

Fewtrell, L. J., Pruss-Ustun, A., Landrigan, P., and Ayuso-Mateos,

J. L. (2004) Estimating the global burden of disease of mild

mental retardation and cardiovascular diseases from environ-

mental lead exposure. Environ. Res., 94 (2), 120–133.

504 REDOX PROCESSES AND DISINFECTION



Frimmel, F. H. (1998) Characterization of natural organic matter as

major constituents in aquatic systems. J. Contam. Hydrol.,

35 (1–3), 201–216.

Fujioka, R. S., Tenno, K. M., and Loh, P. C. (1983) Mechanism of

chloramine inactivation of poliovirus: a concern for regulators.

In Jolley, R. L. (ed.), Water Chlorination: Environmental

Impacts and Health Affects, Vol. 4. Ann Arbor Science, Inc.,

Ann Arbor, MI.

Gallard, H. and von Gunten, U. (2002) Chlorination of natural

organic matter: kinetics of chlorination and of THM formation.

Water Res., 36, 65–74.

Gauch, A., Rima, J., Amine, C., and Martin-Bouyer, M. (1999).

Rapid treatment of water contaminated with atrazine and para-

thion with zero-valent iron. Chemosphere, 39, 1309–1315.

Glaze,W. H., and Kang, J-W. (1988) Advanced oxidation processes

for treating groundwater contaminated with TCE and PCE:

laboratory studies. JAWWA, 88 (5), 57–63.

Gray, E., Margerum, D., and Huffman, R. (1978) Chloramine

equilibria and the kinetics of disproportionation in aqueous

solution. In Brinckman, F. E., and Bellama, J. M. (eds.),

Organometals and Metalloids, Occurrence and Fate in the

Environment, ACS Symposium Series No. 82. American Chem-

ical Society, Washington, DC, pp. 264–277.

Greenberg, R. S., Andrews, T., Kakartla, P. K. C., and Watts, R. J.

(1998) In-situ Fenton-like oxidation of volatile organics: labo-

ratory, pilot, and full-scale demonstrations. Remediation, 8 (2),

29–42.

Gurol, M. D. and Lin, S. (1998) Continuous catalytic oxidation

process. US Patent No. 5,755,977.

Gurol, M. D. and Singer, P. C. (1982) Kinetics of ozone decompo-

sition: a dynamic approach. Environ. Sci. Technol., 16 (7), 377–

383.

Gustafsson, J. P. (2011) Visual MINTEQ, version 3.0, accessed

1=10=2012, KTH, Department of Land and Water Resources

Engineering, Stockholm, Sweden.

Gyurek, L. L. and Finch, G. R. (1998) Modeling water treatment

chemical disinfection kinetics. J. Environ. Eng., 124, 783–793.

Gyurek, L. L., Li, H., Belosevic, M., and Finch, G. R. (1999) Ozone

inactivation kinetics of cryptosporidium in phosphate buffer.

J. Environ. Eng., 125, 913–924.

Haas, C. N. (1980) A mechanistic kinetic model for chlorine

disinfection. Environ. Sci. Technol., 14, 339–340.

Haas, C. N. (1999) Disinfection, Ch. 14 in Water Quality &

Treatment: A Handbook of Community Water Supplies.

McGraw-Hill, Inc., New York.

Haas, C. N. and Joffe, J. (1994) Disinfection under dynamic

conditions—modification of the Hommodel for decay. Environ.

Sci. Technol., 28, 1367–1369.

Haas, C. N. and Kara, S. B. (1984) Kinetics of microbial

inactivation by chlorine. II. Kinetics in the presence of chlorine

demand. Water Res., 18, 1451–1454.

Haber, F. and Weiss, J. J. (1934) The catalytic decomposition of

hydrogen peroxide by iron salts. Proc. R. Soc. (London), Ser. A,

147, 332–345.

Hanna, J. V., Johnson, W. D., Quezada, R. A., Wilson, M. A., and

Xiao-Qiao, L. (1991) Characterization of aqueous humic

substances before and after chlorination. Environ. Sci. Technol.,

25, 1160–1164.

He, J., Tao, X., Ma, W., and Zhao, J. (2002) Heterogeneous photo-

Fenton degradation of an azo dye in aqueous H2O2=iron oxide

dispersions at neutral pHs. Chem. Lett., 1, 86–87.

Health Canada (2006) Guidelines for Canadian Drinking Water

Quality: Guideline Technical Document (Total Coliforms).

Ottawa, Ontario.

Herrmann, J. M. (1999) Heterogeneous photocatalysis: fundamen-

tals and applications to the removal of various types of aqueous

pollutants. Catal. Today, 53, 115–129.

Hocking, G., Wells, S., and Ospina, R. I. (2000). Deep reactive

barriers for remediation of VOCs and heavy metals. In Wick-

ramanayake, G. B., Gavaskar, A. R., and Chen, A. S. C. (eds.),

Chemical Oxidation and Reactive Barriers: Remediation of

Chlorinated and Recalcitrant Compounds. Battelle Press,

Columbus, OH, pp. 307–314.

Hoff, J. C. (1986) Inactivation of Microbial Agents by Chemical

Disinfectants. EPA=600=S2-86=067, USEPA, Cincinnati, OH.

Hoffmann, M. R., Hua, I., and Hochemer, R. (1996) Application of

ultrasonic irradiation for the degradation of chemical contami-

nants in water. Ultrasonic Sonochemistry, 3, S163–S172.

Hoigne, J. (1998) Chemistry of aqueous ozone and transformation

of pollutants by ozonation and advanced oxidation processes. In

Hrubec, J. (ed.), The Handbook of Environmental Chemistry.

Vol. 5, Part C, Quality and Treatment of Drinking Water.

Springer-Verlag, Berlin, pp. 83–141.

Hoign�e, J. and Bader, H. (1976) The role of hydroxyl radical

reactions in ozonation processes in aqueous solutions. Water

Res., 10 (5), 377–386.

Hoigne, J. and Bader, H. (1994) Kinetics of reactions of chlorine

dioxide (OClO) in water. I. Rate constants for inorganic and

organic compounds. Water Res., 28, 45–55.

Hom, L. W. (1972) Kinetics of chlorine disinfection in an eco-

system. J. Sanit. Eng. Div. ASCE, 98, 183–193.

Hua, I. and Hoffmann, M. R. (1997) Optimization of ultrasonic

irradiation as an advanced oxidation technology. Environ. Sci.

Technol., 31, 2237–2243.

Hug, S. J., Canonica, L., Wegelin, M., Gechter, D., and von

Gunten, U. (2001) Solar oxidation and removal of arsenic at

circumneutral pH in iron containing waters. Environ. Sci.

Technol., 35, 2114–2121.

Jacangelo, J. G., Olivieri, V. P., and Kawata, K. (1991). Investiga-

tion of the mechanism of inactivation of Escherichia coli B. by

monochloramine. JAWWA, 83, 80–87.

Jafvert, C. T. and Valentine, R. L. (1992) Reaction scheme for the

chlorination of ammoniacal water. Environ. Sci. Technol., 26,

577–586.

Jensen, J., Johnson, J., St. Aubin, J., and Christman, R. (1985) Effect

ofmonochloramine on isolated fulvic acid.Org.Geochem., 8, 71.

Jiang, Y., Petrier, C., and Waite, T. D. (2002) Kinetics and mecha-

nisms of ultrasonic degradation of volatile chlorinated aromatics

in aqueous solution. Ultrasonics Sonochemistry, 9, 163–168.

Joo, S-H., Feitz, A. J., Sedlak, D. L., and Waite, T. D. (2005).

Quantification of the oxidizing capacity of nanoparticulate zero-

valent iron. Environ. Sci. Technol., 39, 1263–1268.

REFERENCES 505



Joseph, J. M., Destaillates, H., Hung, H. M., and Hoffmann, M. R.

(2000) The sonochemical degradation of azobenzene and

related azo dyes: rate enhancements via Fenton’s reactions.

J. Phys. Chem. A, 104, 301–307.

Kameya, T. and Urano, K. (2002) Catalytic decomposition of

ozone gas by a Pd impregnated MnO2 catalyst. J. Environ.

Eng., 128, 286–292.

Karimi, A. A., Redman, J. A., Glaze, W. H., and Stolarik, G. F.

(1997) Evaluation of an AOP for TCE and PCE removal.

JAWWA, 89 (8), 41–53.

Keller, J. W., Morin, R. A., and Schaffernoth, T. J. (1974) Ozone

disinfection pilot plant studies at Laconia, New Hampshire.

JAWWA, 66 (12), 730.

Knocke, W. R., van Benschoten, J. E., Kearney, M., Soborski, A.,

and Reckhow, D. A. (1990) Alternative Oxidants for the

Removal of Soluble Iron and Manganese. AWWA Research

Foundation, Denver, CO.

Korshin, G. V., Benjamin, M. M., and Chang, H. S. (2004)

Modeling DBP Formation Kinetics: Mechanistic and Spectro-

scopic Approaches. AWWA Research Foundation, Denver, CO.

Korshin, G. V. and Jensen, M. D. (2001) Electrochemical reduction

of haloacetic acids and exploration of their removal by electro-

chemical treatment. Electrochim. Acta, 47 (5), 747–751.

Krasner, S. W., McGuire, M. J., Jacangelo, J. J., Patania, N. L.,

Reagan, K. M., and Aieta, E. M. (1989) The occurrence of

disinfection by-products in US drinking waters. JAWWA, 81 (8),

41–53.

Kremer, M. L. (1999) Mechanism of the Fenton reaction.

Evidence for a new intermediate. Phys. Chem. Chem. Phys.,

1, 3595–3605.

Lalezary, S., Pirbazari, M., and McGuire, M. J. (1986) Oxidation of

five earthy-musty taste and odor compounds. JAWWA, 78 (3),

62–69.

Langlais, B., Reckhow, D. A., and Brink, D. R. (1991) Ozone in

Drinking Water Treatment: Application and Engineering.

AWWARF and Lewis Publishers, Boca Raton, FL.

Larson, R. A. and Weber, E. J. (1994) Reaction Mechanisms in

Environmental Organic Chemistry. Lewis Publishers, CRC

Press, Boca Raton, Florida.

Lawler, D. F. and Singer, P. C. (1993) Analyzing disinfection

kinetics and reactor design: a conceptual approach versus the

SWTR. JAWWA, 85 (11), 67–76.

Li, H., Gy€ur�ek, L. L., Finch, G. R., Smith, D. W., and Belosevic, M.

(2001) Effect of temperature on ozone inactivation of crypto-

sporidium parvum in oxidant demand-free phosphate buffer.

J. Environ. Eng., ASCE, 127 (5), 456–467.

Liang, L. and Singer, P. C. (2003) Factors influencing the

formation and relative distribution of haloacetic acids and

trihalomethanes in drinking water. Environ. Sci. Technol., 37,

2920–2928.

Lin, S. and Gurol, M. D. (1998) Catalytic decomposition of

hydrogen peroxide on iron oxide: Kinetics, mechanism, and

implications. Environ. Sci. Technol., 32, 1417–1423.

Lin, S. H. and Ho, S. J. (1996) Catalytic wet-air oxidation of high

strength industrial wastewater. Appl. Catal. B: Environ., 9,

133–147.

Lin, Y-P. and Valentine, R. L. (2008) The release of lead from

the reduction of lead oxide (PbO2) by natural organic matter.

Environ. Sci. Technol., 42, 760–765.

Linden, K. G., Shin, G. A., Faubert, G., Cairns, W., and Sobsey,

M. D. (2002) UV disinfection of Giardia lamblia cysts in water.

Environ. Sci. Technol., 36, 2519–2522.

Lindner, M., Theurich, J., and Bahnemann, D. (1997) Photo-

catalytic degradation of organic compounds: accelerating the

process efficiency. Water Sci. Technol., 35 (4), 79–86.

Liyanage, L. R. J., Finch, G. R., and Belosevic, M. (1997) Effects

of aqueous chlorine and oxychlorine compounds on

Cryptosporidium parvum oocysts. Environ. Sci. Technol.,

31, 1992–1994.

Loegager, T., Holcman, J., Sehested, K., and Pedersen, T. (1992)

Oxidation of ferrous ions by ozone in acidic solutions. Inorg.

Chem., 31 (17), 3523–3529.

Loge, F. J., Bourgeous, K., Emerick, R. W., and Darby, J. L. (2001)

Variations in wastewater quality parameters influencing UV

disinfection performance: Relative impact of filtration. J. Envi-

ron. Eng., 127, 832–837.

Loraine, G. A. Burris, D. R., Li, L., and Schoolfield, J. (2002) Mass

transfer effects on kinetics of dibromoethane reduction by zero-

valent iron in packed-bed reactors. J. Environ. Eng., 128, 85–93.

Lyn, D. A., Chiu, K., and Blatchley, E. R. (1999) Numerical

modeling of flow and disinfection in UV disinfection channels.

J. Environ. Eng., 125, 17–26.

Lytle, D. A. and Schock, M. R. (2005) Formation of Pb(IV) oxides

in chlorinated water. JAWWA, 97 (11), 102–114.

Mantha, R., Taylor, K. E., Biswas, N., and Bewtra, J. K. (2001) A

continuous system for Feo reduction of nitrobenzene in

synthetic wastewater. Environ. Sci. Technol., 35, 3231–3236.

Mason, T. J. and Petrier, C. (2004) Ultrasound processes. In Parsons,

S. (ed.), Advanced Oxidation Processes for Water and Waste-

water Treatment. IWA Publishing, London, pp. 185–208.

Masten, S. J. and Hoigne, J. (1992) Comparison of ozone and

hydroxyl radical-induced oxidation of chlorinated hydrocar-

bons in water. Ozone Sci. Eng., 14, 197–214.

Metcalf and Eddy (as revised by Tchobanoglous, G., Burton, F. L.,

and Stensel, H. D.) (2003)Wastewater Engineering: Treatment

and Reuse, 4th edn. McGraw-Hill, New York.

Millero, F. J., Sotolonglo, S., and Izaguirre, M. (1987) The oxida-

tion kinetics of Fe(II) in seawater. Geochim. Cosmochim. Acta,

51, 547–554.

Miranda, M. L., Kim, D., Hull, A. P., Paul, C. J., and Galiano,

M. A. O. (2007) Changes in blood lead levels associated with

use of chloramines in water treatment systems. Environ. Health

Perspect., 115 (2), 221–225.

Mitch, W. A. and Sedlak, D. L. (2002) Formation of N-

nitrosodimethylamine (NDMA) from dimethylamine during

chlorination. Environ. Sci. Technol., 36, 588–595.

Mitch, W. A., Sharp, J. O., Trussell, R. R., Valentine, R. L.,

Alvarez-Cohen, L., and Sedlak, D. L. (2003). N-Nitrosodime-

thylamine as a drinking water contaminant: a review. Environ.

Eng. Sci., 20, 389–404.

Morel, F. M. M. and Hering, J. (1993) Principles and Applications

of Aquatic Chemistry. Wiley-Interscience, New York.

506 REDOX PROCESSES AND DISINFECTION



Morris, J. C. and Baum, B. (1978) Precursors and mechanisms of

haloform formation in the chlorination of water supplies. In

Jolley R. L. et al. (eds.), Water Chlorination: Environmental

Impact and Health Effects, Vol. 2, Ann Arbor Science

Publishers, Inc., Ann Arbor, MI, pp. 29–48.

Noss, C. I., Dennis, W. H., and Olivieri, V. P. (1983) Reactivity of

chlorine dioxide with nucleic acids and proteins. In Jolley, R. L.,

et al. (eds.), Water Chlorination: Environmental Impacts and

HealthEffects. AnnArbor SciencePublishers, Inc.,AnnArbor,MI.

Nurmi, J. T., Tratnyek, P. G., Sarathy, V., Baer, D. R., Amonette,

J. E., Pecher, K., Wang, C. Linehan, J. C., Matson, D. W., Penn,

R. L., and Driessen M. D. (2005) Characterization and propert-

ies of metallic iron nanoparticles: Spectroscopy, electrochem-

istry, and kinetics. Environ. Sci. Technol., 39, 1221–1230.

Olivieri, V. P. et al. (1980) Reaction of chlorine and chloramines

with nucleic acids under disinfection conditions. In Jolley, R. J.,

et al. (eds.), Water Chlorination: Environmental Impact and

Health Effects, Vol. 3 Ann Arbor Science Publishers, Inc., Ann

Arbor, MI.

Olson, T. M. and Barbier, P. (1994) Oxidation kinetics of natural

organicmatter by sonolysis and ozone.Water Res., 28, 1383–1391.

Onodera, S., Yamada, K., Yamaji, Y., and Ishikura, S. (1984)

Chemical changes of organic compounds in chlorinated water.

IX. Formation of polychlorinated phenoxyphenols during the

reaction of phenol with hypochlorite in dilute aqueous solution.

J. Chromatogr., 288, 91–100.

Oturan, M. A. (2000) An ecologically effective water treatment

technique using electrochemically generated hydroxyl radicals

for in situ destruction of organic pollutants: Application to

herbicide 2,4-D. J. Applied Electrochem., 30, 475–482.

Panizza, M., Bocca, C., and Cerisola, G. (2000) Electrochemical

treatment of wastewater containing polyaromatic organic pol-

lutants. Water Res., 34, 2601–2605.

Patria, L., Maugans, C., Ellis, C., Belkhodja, M., Cretenot, D.,

Luck, F., and Copa, B. (2004) Wet air oxidation processes. In

Parsons, S. (ed.), Advanced Oxidation Processes for Water and

Wastewater Treatment. IWA Publishing, London, pp. 247–274.

Peeters, J. E., Mazas, E. A., Masschelein, W. J., Martinez de

Maturana, I. V., and Debacker, E. (1989) Effect of disinfection

of drinking water with ozone or chlorine dioxide on survival of

Cryptosporidium parvum oocysts. Appl. Environ. Microbiol.,

55, 1519–1522.

Pourmoghaddas, H. and Stevens, A. A. (1995) Relationship

between trihalomethanes and haloacetic acids with total organic

halogen during chlorination. Water Res., 29, 2059–2062.

Pulgarin, C., Peringer, P., Albers, P., and Kiwi, J. (1995) Effect of

Fe-ZSM-5 zeolite on the photochemical and biochemical degra-

dation of 4-nitrophenol. J. Mol. Catal. A Chem., 95 (1), 61–74.

Roalson, S. R., Kweon, J. H., Lawler, D. F., and SpeitelJr., G. E.

(2003) Enhanced softening: Effects of lime dose and chemical

additions. JAWWA, 95 (11), 97–109.

Reckhow, D. A., Knocke, W. R., Kearns, M. J., and Parks, C. A.

(1991) Oxidation of iron and manganese by ozone. Ozone Sci.

Eng., 13 (6), 675–695.

Richardson, S. D., ThurstonJr., A. D., Caughtran, T. V., Chen, P. H.,

Collette, T. W., Floyd, T. L., Schenck, K. M., LykinsJr., B. W.,

Sun, G-R., and Majetich, G. (1999) Identification of new

ozone disinfection byproducts in drinking water. Environ.

Sci. Technol., 33, 3368–3377.

Roberts, P. V., Aieta, E. M., Berg, J. D., and Chow, B. M. (1980)

Chlorine dioxide for wastewater disinfection: a feasibility

evaluation, EPA-600=281-092.

Rook, J. J. (1974) Formation of haloforms during chlorination of

natural waters. Water Treat. Exam., 23, 234–243.

Rose, A. L. and Waite, T. D. (2002) A kinetic model for Fe(II)

oxidation in seawater in the absence and presence of natural

organic matter. Environ. Sci. Technol., 36, 433–444.

Sabhi, S. and Kiwi, J. (2001) Degradation of 2,4-dichlorophenol by

immobilised iron catalysts. Water Res., 35, 1994–2002.

Safarzadeh-Amiri, A., Bolton, J. R., and Cater, S. R. (1997)

Ferrioxalate-mediated photodegradation of organic pollutants

in contaminated water. Water Res., 31, 787–798.

Sato, C., Hartenstein, D. S., and Motes, W. (2001) Photolysis of

TCA, TCE, and PCE in flowthrough reactor system. J. Environ.

Eng. ASCE, 127 (7), 620–629.

Sayles, G. D., You, G., Wang, M., and Kupferle, M. J. (1997) DDT,

DDD and DDE dechlorination by zero-valent iron. Environ. Sci.

Technol., 31, 3448–3454.

Schuchmann, M. N. and von Sonntag, C. (1979) Hydroxyl radical

induced oxidation of 2-methyl-2-propanol in oxygenated aque-

ous solution: A product and pulse radiolysis study. J. Phys.

Chem., 83, 780–784.

Selleck, R. E., Saunier, B. M., and Collins, H. F. (1978) Kinetics of

bacterial deactivation with chlorine. J. Environ. Eng. Div.,

ASCE, 104, 1187–1212.

Severin, B. F., Suidan, M. T., and Engelbrecht, R. S. (1984) Series-

event kinetic model for chemical disinfection. J. Environ. Eng.,

110, 430–439.

Shang, C. and Blatchley, E. R. (2001) Chlorination of pure bacterial

cultures in aqueous solution. Water Res., 35, 244–254.

Shin, G. A., Linden, K. G., Arrowwood, M. J., and Sobsey, M. D.

(2001) Low-pressure UV inactivation and DNA repair potential

of Cryptosporidium parvum oocysts. Appl. Environ. Micobiol.,

67, 3029–3032.

Singer, P. C. and Reckhow, D. A. (1999) Chemical oxidation, Ch.

12 in Water Quality and Treatment. A Handbook of Commu-

nity Water Supplies. 5th edn., American Water Works Associa-

tion, McGraw Hill.

Singer, P. C. and Stumm, W. (1970) Acid mine drainage: the rate

determining step. Science, 167, 1121–1123.

Snicer, G. A., Malley, J. P., Margolin, A. B., and Hogan, S. P. (1996)

Evaluation of ultraviolet technology in drinking water treatment.

Presented atAWWAWater Technology Conference, Boston,MA.

Song, R., Westerhoff, P., Minear, R., and Amy, G. (1997) Bromate

minimization during ozonation. JAWWA, 89 (6), 69–78.

Song,W., Xu, T., Cooper, W. J., Dionysiou, D. D., de la Cruz, A. A.,

and O’Shea, K. E. (2009) Radiolysis studies on the destruction

of microcystin-LR in aqueous solution by hydroxyl radicals.

Environ. Sci. Technol., 43 (5), 1487–1492.

Staehelin, J. and Hoign�e, J. (1985) Decomposition of ozone in

water in the presence of organic solutes acting as promoters and

REFERENCES 507



inhibitors of radical chain reactions. Environ. Sci. Technol., 19,

1206–1213.

Stone, A. T. and Morgan, J. J. (1990) Kinetics of chemical transfor-

mations in the environment. Ch. 1 in Stumm, W. (ed.), Aquatic

Chemical Kinetics. Wiley-Interscience, New York, pp. 1–41.

Stumm, W. and Morgan, J. J. (1996) Aquatic Chemistry: Chemical

Equilibria and Rates in Natural Waters , 3rd edn. Wiley-

Interscience, New York.

Sun, Y. and Pignatello, J. J. (1993a) Activation of hydrogen per-

oxide by iron(III) chelates for abiotic degradation of herbicides

and insecticides in water. J. Agric. Food Chem., 4 1 ( 2) , 3 08 –3 12 .

Sun, Y. and Pignatello, J. J. (1993b) Photochemical reactions

involved in the total mineralization of 2,4-D by Fe3þ=H2O2=UV.
Environ. Sci. Technol., 27, 304–310.

Sun, Y. and Pignatello, J. J. (1995) Evidence for a surface dual

hole-radical mechanism in the TiO2 photocatalytic oxidation

of 2,4-dichlorophenoxyacetic acid. Environ. Sci. Technol., 29,

2065–2072.

Sung, W. and Morgan, J. J. (1980) Kinetics and product of ferrous

iron oxygenation in aqueous systems. Environ. Sci. Technol. ,

14 (5), 561–568.

Symons, J. M., Bellar, T. A., Carswell, J. K., Demarco, J., Kropp, K.

L., Robeck, G. G., Seeger, D. R., Slocum, C. J., Smith, B. L., and

Stevens, A. A. (1975) Natural organics reconnaissance survey

for halogenated organics. JAWWA, 67 (11), 634–647.

Tahar, N. B. and Savall, A. (1998) Mechanistic aspects of phenol

degradation by oxidation on a Ta =PbO2 anode. J. Electrochem.

Soc., 145, 3427–3434.

Tratnyek, P. G., Scherer, M. M., Johnson, T. J., and Matheson, L. J.

(2003) Permeable reactive barriers of iron and other zero-valent

metals. In Tarr, M. A. (ed.), Chemical Degradation Methods

for Wastes and Pollutants: Environmental and Industrial

Applications. Marcel Dekker, New York, pp. 371–421.

Triantafyllidou, S., Parks, J., and Edwards, M. (2007) Lead

particles in potable water. JAWWA , 99 (6), 107–117.

Urynowicz, M. A. and Siegrist, R. L. (2000) Chemical degradation

of TCE DNAPL by permanganate. In Wickramanayake, G. B.,

Gavaskar, A. R., and Chen, A. S. C. (eds.), Chemical Oxidation

and Reactive Barriers: Remediation of Chlorinated and Recal-

citrant Compounds. Battelle Press, Columbus, OH, pp. 75–82.

USEPA (1991). Guidance Manual for Compliance with the Filtra-

tion and Disinfection Requirements for Public Water Systems

Using Surface Water Sources. EPA 570391001.

USEPA (1998a) Disinfectants and Disinfection By-products: Final

Rule. Federal Register 63, 241, 69478.

USEPA (1998b) Handbook on Advanced Photochemical Oxida-

tion Processes. EPA=625= R-98=004, United States Environ-
mental Protection Agency, December 1998.

USEPA (1999) Alternative Disinfectants and Oxidants Guidance

Manual. United States Environmental Protection Agency Office

of Water Report No. EPA 815-R-99-014.

USEPA (1999) EPA Guidance Manual: Disinfection Profiling and

Benchmarking. EPA-815-R-99-013, Washington, DC.

USEPA (2003) National Primary Drinking Water Regulations:

Long Term 2 Enhanced Surface Water Treatment Rule; Pro-

posed Rule, Federal Register, 68, 154, 47640-47795.

Valentine, R. L. and Jafvert, C. T. (1988) General acid catalysis of

monochloramine disproportionation. Environ. Sci. Technol., 22,

691–696.

Valentine, R. L. and Wang, H. C. A. (1998) Iron oxide surface

catalyzed oxidation of quinoline by hydrogen peroxide.

J. Environ. Eng., 124 (1), 31–38.

Van Bens c hot en, J. E., Li n, W., and Knocke, W. R. (1992)

K i n e t i c m o de l i ng o f m a ng a n e s e (II) oxidation by chlorine

dioxide and potassium permanganate. Environ. Sci. Techn ol.,

26, 13 27–133 3.

Vandevivere, P. C., Bianchi, R., and Verstraete, W. (1998) Treat-

ment and reuse of wastewater from the textile wet-processing

industry: review of emerging technologies. J. Chem. Technol.

Biotechnol. , 72, 289–302.

Venkatadri, R. and Peters, R. W. (1993) Chemical oxidation

technologies: UV light =hydrogen peroxide, Fenton’s reagent,
and titanium dioxide-assisted photocatalysis. Haz. Waste Haz.

Mat., 10 (2), 107–149.

Ventura, A., Jacquet, G., Bermond, A., and Camel, V. (2002)

Electrochemical generation of the Fenton’s reagent: application

to atrazine degradation. Water Res. , 36, 3517–3522.

Vikesland, P. J., Ozekin, K., and Valentine, R. L. (2001) Mono-

chloramine decay in model and distribution system waters.

Water Res. , 35, 1766–1776.

Vikesland, P. J. and Valentine, R. L. (2002) Modeling the kinetics of

ferrous iron oxidation by monochloramine. Environ. Sci. Tech-

nol., 36, 662–668.

Vinodgopal, K., Peller, J., Makogon, O., and Kamat, P. V. (1998)

Ultrasonic mineralization of a reactive textile azo dye, Remazol

Black B. Water Res. , 32, 3646–3650.

von Gunten, U. (2003a) Ozonation of drinking water: Part I. Oxida-

tion kinetics and product formation. Water Res., 37, 1443–1467.

von Gunten, U. (2003b) Ozonation of drinkingwater: Part II.

Disinfection and by-product formation in presence of bromide,

iodide or chlorine. Water Res. , 37, 1469–1487.

Walling, C. (1975) Fenton’s reagent revisited. Acc. Chem. Res., 8,

125–131.

Wang, Q. and Lemley, A. T. (2001) Kinetic model and optimization

of 2,4-D degradation by anodic Fenton treatment. Environ. Sci.

Technol., 35, 4509–4514.

Watson, H. E. (1908) A note on the variation of the rate of

disinfection with change in concentration of the disinfectant.

J. Hygiene, 8, 536–542.

Wehrli, B. (1990) Redox reactions of metal ions at mineral

surfaces. Ch. 11 in Stumm,W. (ed.), Aquatic Chemical Kinetics.

Wiley-Interscience, New York, pp. 311–336.

White, G. C. (1978)Handbook of Chlorination. Litton Educational

Publishing, New York.

WHO (World Health Organization) (2000). Environmental Health

Criteria 216; Disinfectants and Disinfectant By-Products, availa-

ble at www.who.int/ipcs/publications/ehc/ehc_216/en/, accessed

Dec. 31, 2012.

Wickramanayake, G. B., Gavaskar, A. R., and Chen, A. S. C. (eds.)

(2000) Chemical Oxidation and Reactive Barriers: Remedia-

tion of Chlorinated and Recalcitrant Compounds. Battelle

Press, Columbus, OH.

508 REDOX PROCESSES AND DISINFECTION

http://www.who.int/ipcs/publications/ehc/ehc_216/en/


Wolfe, R. L., Ward, N. R., and Olson, B. H. (1984) Inorganic

chloramines as drinking water disinfectant: a review. JAWWA,

76 (5), 74–88.

Wu,W.W.,Chadik, P.A.,Davis,W.M.,Delfino, J. J., andPowell,D.H.

(2000) The effect of structural characteristics of humic substances

on disinfection by-product formation in chlorination. In Barrett, S.

E., Krasner, S. W., and Amy, G. L. (eds.), Natural Organic Matter

and Disinfection By-Products: Characterization and Control in

DrinkingWater, ACS SymposiumSeries 761.AmericanChemical

Society, Chapter 8, pp. 109–121.

Wuhrmann, K. and Meyrath, J. (1955) The bactericidal action of

ozone solution. Schweitz. J. Allgen. Pathol. Bakteriol., 18,

1060–1069 (in German).

Xie, Y., Chen, F., He, J., Zhao, J., and Wang, H. (2000) Photo-

assisted degradation of dyes in the presence of Fe3þ and H2O2

under visible irradiation. J. Photochem. Photobiol. A: Chem.,

136, 235–240.

Xu, P., Janex, M-L., Savoye, P., Cockx, A., and Lazarova, V. (2002)

Wastewater disinfection by ozone: main parameters for process

design. Water Res., 36, 1043–1055.

Zhang, W-X., Wang, C-B., and Lien, H-L. (1998) Treatment of

chlorinated organic contaminants with nanoscale bimetallic

particles. Catal. Today, 40, 387–395.

Zhang, F., Zhao, J., Zang, L., Shen, T., Hidaka, H., Pelizzetti, E.,

and Serpone, N. (1997) Photoassisted degradation of dye pol-

lutants in aqueous TiO2 dispersions under irradiation by visible

light. J. Mol. Catal. A: Chem., 120, 173–178.

Zwiener, C. and Frimmel, F. H. (2000) Oxidative treatment of

pharmaceuticals in water. Water Res., 34, 1881–1885.

PROBLEMS

10-1. Compare the equilibrium speciation of Se computed

in Example 10-2 with that in anaerobic sediments

in which the pe is controlled by the SO4
2�=HS�

couple. Assume that cSO4
2� ¼ 10�3 mol=L, cHS� ¼

10�5 mol=L, and pH¼ 8.5.

10-2. A utility plans to treat a water supply containing

0.8mg=L Mn2þ by addition of ClO2 to precipitate

MnO2(s). If the reaction converts ClO2 toClO2
�, how

much MnO2(s) would be produced, and how much

ClO2would be consumed, in one day of operation at a

plant producing 40,000m3=d of water?

10-3. A metal plating facility has a waste stream at pH 6.5

that contains 6mg=L of cyanide (expressed as CN�).
It is proposed to oxidize the cyanide to the innocuous

cyanate ion (CNO�) by addition of chlorine dioxide,
which is reduced to chloride in the process.

(a) Write the balanced redox reaction and deter-

mine the dose of chlorine dioxide required to

leave a residual chlorine dioxide concentration

of 1mg=L.

(b) As shown in Table 10-3, the oxidation rate of

HCN is negligible in comparison with that of

CN�. If the dose of chlorine dioxide deter-

mined in part (a) is used, what detention

time is required to oxidize 99% of the cyanide

in a CFSTR, if the pH remains at 6.5? Assume

instantaneous equilibrium of HCN=CN�.
(c) If the pH is raised to 8.0, what detention time

would be required in a CFSTR to meet the same

requirements as in part (b)?

(d) For the same conditions as in parts (b) and (c),

what detention times would be required in a

PFR (or batch reactor)?

10-4. Equation 10-28 expresses the rate of oxidation of

ferrous iron, Fe(II), as rTotFeðIIÞ ¼ �kcTotFeðIIÞcO2ðaqÞ,
where k is a complex function of pH, and Exam-

ple 10-3 suggests that oxidation of FeðOHÞ20
accounts for almost all of the Fe(II) oxidation at

pH 7.4. Plot k versus pH for the range 2< pH< 12,

and determine the portion of this range over which

oxidation of FeðOHÞ20 accounts for at least 90% of

the overall Fe(II) oxidation.

10-5. A groundwater at 20�C and pH 6.5 to be used as a

drinkingwater supply contains 1.0mg=Lof dissolved

ferrous iron, Fe(II). The water is aerated to introduce

oxygen for the oxidation of soluble Fe(II). The

insoluble Fe(III) generated can then be removed by

filtration. A contact basin after the aerator is provided

to allow sufficient time for the oxidation reaction to

occur. It is desired to lower the dissolved ferrous iron

concentration to 0.3mg=L, the secondary maximum

contaminant level (SMCL) for iron in drinking water.

Assume that the aeration is sufficient to achieve

equilibrium with the atmosphere (pO2
¼ 0:21 atm)

and that the dissolved oxygen concentration

decreases negligibly in the contact basin.

(a) What detention time is required if the basin

operates as a PFR? a CFSTR?

(b) What detention time would be required in each

of the reactors in part (a) if the pH were raised

to 7.5?

10-6. The kinetics of abiotic Fe(II) oxidation by O2 in a

batch reactor are characterized in Figure 10-Pr6.

Extrapolation of the lines indicates that they pass

through the following points:

Temperature (oC) Time (min) Fe(II) (mM)

5 24 1.0

15 178 1.0

25 240 2.08

30 240 20.6
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(a) What is the order of the reaction in Fe(II)?

(b) Write an expression for rFe(II) as a function of

[Fe(II)] and an apparent rate constant, kobs,

where kobs applies for specified conditions of

pH, PO2
and temperature, and estimate kobs at

each temperature for which data is presented.

(c) Test whether the dependence of the rate on

temperature is consistent with the Arrhenius

expression:

k ¼ A exp � Ea

RT

� �

where k is the rate constant, A is a constant, and

Ea is the activation energy for the reaction. If so,

find the activation energy.

10-7. The pharmaceutical diclofenac can be oxidized

either by direct reaction with ozone or by reaction

with hydroxyl radicals, as indicated by the following

reactions:

O3 þ diclofenac ! products kO3
¼ 106 M�1 s�1

_OHþ diclofenac ! products k _OH ¼ 7:5� 109 M�1 s�1

(a) In a water that contains no carbonate alkalinity,

compare the rates of degradation of 10�8M

diclofenac under the following conditions: (i)

pH 6.0, 20mM O3 dose; (ii) pH 8.0, 20mM O3

dose; (iii) pH 8.0, 2mM O3 dose.

(b) What effect would carbonate alkalinity have on

the degradation rate?

(c) How much would the initial rate of diclofenac

degradation differ from that calculated in part

(a) if the solution contained 5mg=L of solids to

which the diclofenac could adsorb, and if

diclofenac adsorption onto the solids were

characterized by a Langmuir isotherm with

KLang equal to 5� 107mol=mg and qmax equal

to 10mmol=g? Assume that adsorptive equili-

brium is reached instantaneously and that only

dissolved diclofenac can react with either

ozone or hydroxyl radicals.

10-8. Molecular ozone is unstable in water and, at a

given pH, decomposes by a first-order reaction. At

pH 8.0, the half-life for autodecomposition of O3 in

a batch reactor is 2.0min at 20�C. Ozone is bub-

bled into a buffered, pH 8.0 solution at 20�C in a

completely mixed batch reactor. The overall gas

transfer rate constant for the absorption of ozone

by the solution, KLaL, is 5 h
�1, and the gas transfer

can be assumed to be interfacially limited.

The saturation concentration of O3 in water at

20�C is 23mg=L.

(a) Derive a generic expression for the concentra-

tion of dissolved ozone in the reactor at any

time c
O3
ðtÞ

� 	
, in terms of the overall gas

transfer rate constant, KLaL, the saturation

concentration c
O3

� 	
; and the decomposition

reaction rate constant (k1). Assume that the

initial concentration of dissolved ozone is zero.

(b) Find for the steady-state concentration of

dissolved ozone in the reactor by applying

the steady-state constraint directly to the

mass balance on ozone. Show that this value

is consistent with your expression from part (a)

after the ozone has been bubbled into the

solution for a long time.

10-9. When HOCl is added to water, it can enter into a

number of competitive reactions, which ultimately

determine the concentration and mix of THMs

formed. Consider the following elementary

reactions:

NH3 þ HOCl�!k1 NH2Clþ H2O

NH2Clþ HOCl�!k2 NHCl2 þ H2O

Br� þ HOCl�!k3 HOBrþ Cl�

with k1¼ 5� 106 L-(mol s)�1, k2¼ 3.5� 102

L-(mol s)�1, and k3¼ 2.95� 103 L-(mol s)�1

Assume that the reaction rate of NH4
þ with

HOCl, as well as the reaction rates of NH3,

NH2Cl, and Br� with OCl� are all negligible com-

pared to the rates of the earlier reactions.

A solution that is well buffered at pH 8.0 contains

0.5mgL TOTNH3–N and 0.5mg=L Br�. If the
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FIGURE 10-Pr6. Effect of temperature on the oxygenation

kinetics of ferrous iron. Initial [Fe(II)]¼ 34.7mmol=L,
PO2

¼ 0:2 atm; pH¼ 6.82; ionic strength adjusted to 0.11mol=L
with NaClO4; alkalinity¼ 9meq=L added as NaHCO3. Source:
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solution is dosed with 4mg=L Cl2, estimate the

times at which (a) half of the TOTNH3 and (b)

half of the Br� have reacted in a well-mixed batch

system. Make sure you state and check any simpli-

fying assumptions.

10-10. Why do we typically characterize a disinfection

process by the amount of disinfectant remaining

in the water after some time period (the “residual”)

rather than by the disinfectant dose applied.

10-11. A drinking water treatment plant has a target

chlorine residual of 1.5mg=L as Cl2 of combined

chlorine, which will be present primarily as NH2Cl.

The influent contains 0.5mg=L Fe(II). How much

chlorine and how much ammonia (as N) should be

added to the water, assuming no other demands for

chlorine are present?

10-12. If a small amount of the following items were added

to a water supply, would the chlorine demand

increase, decrease, or not change? Why? Assume

that chlorine demand is quantified by adding enough

chlorine to the sample to generate free chlorine

residual, and then subtracting the residual from

the dose.

Sodium bicarbonate: NaHCO3; Sodium sulfide:

Na2S; Potassium permanganate: KMnO4; Mono-

chloramine: NH2Cl; Alanine (an amino acid):

CH3–CH–NH2–COOH; NH3; NOM; NaCl; OCl�.

10-13. On the descending leg of the breakpoint

chlorination curve, an additional dose of 1mg=L
chlorine leads to a decrease in the chlorine resid-

ual. Why does the added chlorine not appear as a

residual? Are chlorine atoms destroyed? Are they

removed from the solution? If so, where do they

go? If not, why are they not “counted” as part of

the residual?

10-14. Figure 10-Pr14 shows a curve of chlorine residual

versus chlorine dose for a groundwater sample

that is influenced by discharge from a nearby

septic tank. The major constituents that react

with chlorine in the water are Fe(II) species,

some organics that were not biologically degraded,

and NH3. The following treatment options are

being considered:

(a) Option 1: Removal of 80% of the Fe(II) by

exposure of the water to oxygen (air) and

oxidation of the iron. This causes the iron to

precipitate as Fe(OH)3(s).

(b) Option 2: Removal of 50% of the ammonia

(e.g., by aeration or ion exchange).

(i) Sketch the curves of chlorine residual

versus chlorine dose for each treatment

option and write a sentence or two

describing the rationale for your sketches.

(ii) Compare the expected disinfection effi-

ciency and chloroform (DBP) formation

in the three systems (no treatment,

Option 1, Option 2) for a chlorine dose

of 15mg=L.

10-15. The domestic wastewater that has the breakpoint

chlorination curve shown in Problem 14 contains

45mg=L Cl� before being dosed with chlorine. At

the treatment plant, gaseous chlorine is used to

prepare a concentrated solution of disinfectant,

and the solution is then added to the water at

the minimum dose needed to generate a total

residual of 4.0mgCl2=L.

(a) Does the chlorination process affect the

Cl� concentration in the water? If so, how

much does the Cl� concentration increase or

decrease as a result of chlorination? If not,

explain why not.

(b) Repeat part (a), if Cl2 is added at the breakpoint

dose.

(c) Five identical samples of the raw water are

taken and are dosed with 5, 10, 15, 20, and

25mg=LCl2 in the form of HOCl. In which

of the samples is it likely that significant

concentrations of THMs will be found, and

why?

10-16. A treated wastewater contains 3.0mg NH3–N=L and

20mg=L dissolved organic carbon, with average

composition C5H9O4. In principle, if exposed to

sufficiently strong oxidizing conditions, the organic

matter could get oxidized to CO2 and H2O.
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However, when exposed to chlorine, only a portion

of the potential oxidant demand is actually exerted.

Assume (unrealistically) that 10% of the maximum

potential demand is exerted instantaneously when

the chlorine is first dosed into the solution, before

any chlorine reacts with ammonia. Assume also that,

when ammonia gets oxidized, the nitrogen is con-

verted to N2.

(a) What is the minimum dose of NaOCl

(expressed as mgCl2=L) needed to generate a

combined chlorine residual of 4.0mg=L as Cl2
immediately after dosing?

(b) What NaOCl dose is needed to generate a free

chlorine residual of 1.0mg=L as Cl2?

10-17. Figure 10-Pr17 shows a breakpoint chlorination

curve for a water supply source.

(a) Identify the chlorine dose or the range of doses

where the following statements apply:

(i) The free Cl residual is 0.5mg=L.

(ii) The combined Cl residual is 2.0mg=L.

(iii) The chlorine demand is 4.0mg=L.

(iv) When a small increment of chlorine is

added, most of it undergoes no redox

reaction.

(v) When a small increment of chlorine is

added, most of it reacts with N-contain-

ing compounds.

(vi) When a small increment of chlorine is

added, most of it is reduced to Cl�.
(b) What is the chlorine demand when the chlorine

dose is 7.0mg=L?

(c) If the primary reason for disinfecting with

chloramines is to reduce the formation of

DBPs, in what order should the reagents be

added; that is, should the ammonia be added

first, followed by the chlorine, or should the

chlorine be added first? Why?

10-18. A drinking water source is disinfected with calcium

hypochlorite at a dose of 6.0mg=L as Cl2 when it

first enters a treatment plant. The chlorine residual is

measured at several points downstream, yielding the

following results:

Location Cl2 Residual

In tank where Cl is dosed 3.8

Outlet of flocculation basin 2.0

Outlet of sedimentation basin 1.4

(a) If the flow rate through the plant is 1000m3=h,
what is the daily requirement for Ca(OCl)2,

in kg?

(b) What is the chlorine demand between the dos-

ing point and the outlet of the sedimentation

basin?

(c) The TOX at the outlet from the sedimentation

basis is 130mg=L as Cl2. Assuming that the Cl

in TOX molecules is in the þ1 oxidation state,

what fraction of the chlorine demand does the

TOX contribute?

(d) If the influent contained 16.0mg=L Cl�, what
is the Cl� concentration at the outlet of the

sedimentation basin?

(e) The mean hydraulic residence time in the

flocculation basin is 50min, and that in the

sedimentation basin is 2.5 h. For the computa-

tion of disinfection credits, these two treat-

ment steps can be considered independent and

additive. If the flocculation basin is completely

mixed, and the sedimentation basis can be

represented as a PFR, how much CT credit

will the plant receive based on flow through the

two tanks?

10-19. Various doses of ammonia are added to a treated

drinking water that contains 2.0mg=L of free chlo-

rine. Fill in the following table to indicate the

approximate concentrations of free chlorine resid-

ual, combined chlorine residual, free ammonia

residual (NH3þNH4
þ), and residual nitrogen in

the�III oxidation state, after the ammonia addition.

Briefly explain your reasoning for each ammonia

dose. All values in the table should be in mg=L units

(as Cl2 or as N, as appropriate).
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NH3–N

Added

Free

Residual

Cl2

Combined

Cl2

Free

Residual

NH3

Residual

N(�III)

0.6 – – – –

0.4 – – – –

0.3 – – – –

0.1 – – – –

10-20. Water at pH 8.0 is being disinfected with free

chlorine. By what factor will the concentration of

HOCl (the more active form of TOTOCl) increase if

the pH is lowered to 7.0?

10-21. Discuss briefly the relative desirability of plug flow

versus complete mixing for disinfection with free

chlorine. Would your answer change at all if the

disinfectant were combined chlorine?

10-22. Despite the fact that chlorine is used as a

disinfectant, bacteria are present in seawater that

contains more than 15,000mg=L Cl�. How is this

possible?

10-23. Even though ozone is a very powerful disinfectant, it

is never used as the sole disinfectant in water

treatment plants in the United States. Why?

10-24. A wastewater contains 6mg=L ammonia (NH3)

and is at pH 7.0 and 25�C. How much chlorine

(Cl2) must be added to attain a free chlorine resid-

ual of 1mg=L? Compare the disinfecting power of

this solution for poliovirus with one in which

12mg=L is added to the raw water, based on the

data in Table 10-9. Assume that, when ammonia is

oxidized, half of the nitrogen is converted to N2 and

half is converted to NO3
�.

10-25. When natural organic matter (NOM) is ozonated

extensively, oxalic acid (H2C2O4) and the species

formed from its deprotonation (HC2O4
� and

C2O4
2�) represent a substantial fraction of the

reaction products. A solution containing NOM

with an average chemical formula of C6H4O3 is

dosed with 25mg=L ozone and allowed to react

for 30min. An analyst determines that the ozone

demand has been 15mg=L. Assuming that the NOM

that reacts all forms oxalate, determine the concen-

tration of NOM (mg=L) that has reacted and the

concentration of TOTOx that has formed (assuming

all oxalate formed is present as the oxalate ion,

C2O4
2�).

10-26. Table 10-8 shows CT values that are purported to

achieve various levels of inactivation of Giardia

lamblia cysts by free chlorine according to the

USEPA’s Surface Water Treatment Rule (SWTR).

A footnote to the table indicates that these values

depend on the free chlorine residual, and that

the values shown are for a residual of 2 mg=L
as Cl2. The following table shows how the

required CT product varies as a function of the

chlorine residual for Giardia inactivation at

pH 7.0 and 10�C.

Log

Inactivation

Required CT Values (mgmin=L)

@ 1mg=L
Cl2

@ 2mg=L
Cl2

@ 3mg=L
Cl2

1 37 41 46

2 75 83 91

3 112 124 137

(a) Manipulate the Chick–Watson equation to

develop a relationship showing how the product

cDt is expected to vary as a function of cD for a

fixed number of “logs of inactivation” in a

reactor with a uniform and constant chlorine

concentration (cD) and for a contact time t.

(b) The product cDt, as those parameters are

defined in the Chick–Watson equation, has a

somewhat different meaning from the CT prod-

uct as it is defined in the EPA’s regulations.

Nevertheless, when the regulations were devel-

oped, the Chick–Watson equation was used as a

guideline for determining how the CT require-

ment should vary as a function of C. Revise the

equation you developed in part (a) to obtain one

that relates the ratio cDt= logs of inactivation
to cD. Then use that equation in conjunction

with the data given in the earlier table to

estimate the Chick–Watson rate constant

(kC–W) and the coefficient of dilution (n) that

the EPA used to determine the values shown in

the table. That is, assuming the CT values in the

table can be treated as values of the product cDt

in the Chick–Watson equation, what values of

kC–W and n are implied?

10-27. A tracer study for a finished water reservoir at a

drinking water treatment plant shows that the reser-

voir behaves as two equal-sized CFSTRs in series

with a total residence time of 4 h. The chlorine dose

is 3.0mg=L as Cl2, of which 0.5mg=L is consumed

in instantaneous reactions. Thereafter, the chlorine

decays by a first-order reaction with a rate constant

of 0.174 h�1. The Chick–Watson inactivation rate

constant for Giardia is 0.046min�1.

(a) What is the effluent chlorine concentration

from each of the (two conceptual) reactors?
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(b) Calculate the degree of Giardia inactivation

using the tanks-in-series model, taking chlorine

decay into consideration.

(c) Calculate the degree of Giardia inactivation

based on an assumption of segregated flow

by using the E(t) curve for the reservoir, taking

chlorine decay into consideration.

(d) Calculate the degree of inactivation in accord-

ance with the SWTR using the T10 obtained

from the tracer curve and the effluent chlorine

concentration.

(e) Calculate the degree of inactivation if the res-

ervoir behaved as a plug flow reactor with the

same residence time, taking chlorine decay into

consideration.

(f) Compare and discuss your findings.

10-28. Based on the results of a step input tracer test, the

flow pattern in a disinfection reactor can be repre-

sented as aCFSTRwith a 15-min hydraulic detention

time and a plug flow reactor with a 5-min detention

time, in series. Hypochlorous acid (HOCl) is being

added at the reactor inlet, at a dose of 8mgCl2=L.
When the influent is chlorinated in a separate,

batch test, 1.5mg=LCl2 is consumed before the first

data point is analyzed, which is at t¼ 30 s. For the

next 30min, the Cl2 concentration in solution decays

approximately according to the rate expression

rCl2 ¼ �0:02� 0:15c0:5Cl2
, where rCl2 is in mg

Cl2=L-min and cCl2 is in mg Cl2=L.

(a) Sketch the effluent tracer curve that you think

led to the inferred reactor arrangement.

(b) Suggest a reason for the nearly complete

consumption of added Cl2 at low doses in

the batch test.

(c) What is the value of T10 that would be used to

compute the CT product for this system?

(d) What is the value C that would be used to

compute the CT product for this system?

(e) The plant owners are considering installing a

baffle that would convert the CFSTR portion of

the system into two equal-sized CFSTRs in

series. Would such a change increase, decrease,

or have no effect on the values of C and T that

would be used to compute the CT product?

Explain your reasoning in a few sentences.

10-29. The data shown in Figure 10-34 were collected in

solutions at 0–6�C and at a pH low enough that

essentially all the TOTOCl was present as HOCl. If

the reaction of poliovirus can be modeled as a

conventional chemical reaction with activation

energy of 8.2 kcal=molK, what dose of TOTOCl

must be applied to achieve 99% inactivation in 2min

in water at 20�C and pH 7.0? Assume that the

solution exerts negligible chlorine demand during

the test period and that HOCl is the only effective

disinfectant species; that is, OCl� contributes neg-

ligibly to disinfection. (Hint: Based on the results in

Chapter 4, determine the order of the reaction with

respect to poliovirus, and then compute a pseudo

rate constant for the nth order disinfection reaction.

This pseudo rate constant will incorporate the HOCl

concentration. Then determine how the rate constant

is expected to vary with temperature and pH, and use

the result to answer the question.)

10-30. Figure 10-Pr30 shows the results of experiments in

which the chlorine residual in a reactor was meas-

ured in a CFSTR with various hydraulic detention

times. The initial dose was 5.3mg=L as Cl2.

(a) What is the chlorine demand exerted by the

water if the residence time is 20min?

(b) What CT credit would the plant receive if it

operated the CFSTR with t¼ 45min?

10-31. Assume that, at 25�C, the inactivation ofGiardia (Gi)
and Cryptosporidium (Cr) by ozone is described by

the following equations:

log cGi=cGi;0
� � ¼ �1:04c0:12O3

t0:84

log cCr=cCr;0
� � ¼ �0:82c0:23O3

t0:64

(a) To assess the relative difficulty of inactivating

these protozoa, plot log (c=c0) for each organism
as a function of the contact time for an ozone

residual of 0.5mg=L and for times up to 10min.
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(b) Also, for each organism, plot the time required

to achieve two logs of inactivation as a function

of the ozone residual, for a range of residuals

from zero to 3.0mg=L. How well do the results

conform to the assumption made in the USEPA

SWTR that CT should be constant to achieve a

given degree of inactivation?

(c) Discuss the pros and cons of changing

inactivation by changing either the disinfectant

concentration or the contact time.

10-32. A generic reaction describing the formation of

halogenated DBPs through the use of chlorine is

NOMþ Cl2 ! DBPs

Theoretically, one could limit the concentration

of DPBs that reached a consumer by controlling

any of the three “species” shown in this reaction.

Briefly discuss how that might be done for each of

the three species, and identify the advantages and

disadvantages of each of these possible control

methods.

10-33. A community that currently chlorinates its ammo-

nia-free water supply to maintain a residual of

0.4mg=L Cl2 is considering adding ammonia to

the water before chlorination.

(a) Why might they be considering this change?

(b) Should they alter the chlorine dose when they

start the ammonia additions? If so, in what

way? If not, why not?

(c) Should they choose the ammonia and chlorine

doses to give a result less than, equal to, or

beyond the breakpoint chlorination dose?

Explain briefly.

10-34. Roalson et al. (2003) reported on the effects of

softening on NOM removal and DBP formation.

Some results for trihalomethane (THM) formation

from the chlorination of raw water versus softened

water in the study are given in Table 10-Pr34.

TABLE 10-Pr34.

Constituent

Trihalomethane

Concentration (mg=L)

RawWater After Softening

Trichloromethane 64.7 33.1

Bromodichloromethane 45.8 37.0

Dibromochloromethane 27.5 31.6

Tribromomethane 2.4 4.9

(a) Find the percentage reduction in trihalometh-

ane formation on a mass basis brought about by

softening the water before chlorination.

(b) What percentage reduction in trihalomethane

formation on a molar basis is brought about by

softening?

(c) The bromine incorporation number is defined as

the average number of brominemolecules incor-

porated into trihalomethanes, and is computed as

the ratio of the total bromine content in the

trihalomethanes to the total trihalomethane con-

centration, both expressed on amolar basis. Find

the value of this parameter for both the raw and

softened water, and comment on the change in

the parameter brought about by softening.

10-35. Liang and Singer (2003) studied the formation of

THMs and HAAs in raw and alum-coagulated water

in batch reactors. Some results from the Manatee,

NC water source are reported in Table 10-Pr35. The

TOC values for the raw and coagulated waters were 8.1

and 3.9mg=L, respectively.

(a) Compare and comment on the effect of coagu-

lation on the formation of THMs and HAAs.

Do the same for the effect of pH.

(b) According to the model expressed in Equation

10-43, if the chlorine concentration is approxi-

mately constant during the chlorination step,

the reaction becomes pseudo first order, with a

rate constant k0 that incorporates the effect of

TABLE 10-Pr35.

Total Trihalomethane Concentration (mM) Total Haloacetic Acid Concentration (mM)

pH 6 pH 8 pH 6 pH 8

Time (h) Raw Coagulated Raw Coagulated Raw Coagulated Raw Coagulated

1 0.89 0.27 1.43 0.47 1.25 0.27 1.21 0.28

2 1.01 0.32 1.66 0.49 1.41 0.31 1.40 0.32

4 1.19 0.37 1.90 0.61 1.66 0.38 1.61 0.35

8 1.37 0.44 2.30 0.76 1.81 0.43 1.82 0.43

24 1.66 0.50 2.84 1.04 2.20 0.58 1.99 0.57

72 2.10 0.79 3.41 1.31 2.65 0.77 2.10 0.64
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chlorine (k0 ¼ k½Cl2�). Estimate k0 and the

“ultimate” THM formation potential for the

two data sets at pH 6. Repeat the process for

the two HAA data sets at pH 6, assuming rHAA
is characterized by an equation analogous to

Equation 10-43.

Note that Equation 10-43 was derived to character-

ize THM formation after any “instantaneous” THM

formation has occurred. Since the data shown are all

for reaction times of 1 h or longer, the changes in

THM (or HAA) concentration in the data set meet

that constraint. However, it would be incorrect to

add a point (0, 0) to the data set or include such a

point in the modeling analysis.

10-36. Regulations for disinfection by-products (DBPs)

specify maximum contaminant levels (MCLs) for

THMs and HAAs. The concentrations of these

contaminants are analyzed at the outlet from the

treatment plant and at various points in the water

distribution system to assess whether the utility is

meeting the regulation. In contrast, the regulations

for copper and lead specify maximum values that are

acceptable in the water coming out of consumers’

taps. Sampling in consumers’ homes is much more

intrusive and inefficient than sampling at the treat-

ment plant or in the distribution system. Why does

the EPA insist that the tests for copper and lead be

done on tap water, and not water in the larger

distribution system?
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PART III

REMOVAL OF PARTICLES FROMWATER





11
PARTICLE TREATMENT PROCESSES:
COMMON ELEMENTS
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11.10 Fractal nature of flocs

11.11 Summary
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Problems

The coagulation process must be considered as

one of several interdependent components of a

water purification facility, and coagulation

efficiency must be related to subsequent treatment

units (settling, filtration, sludge disposal). More

attention should be directed to the physical and

chemical properties of the flocs: density, shear

strength, compressibility, filtrability. Trace quan-

tities of impurities present in natural water

(color, silica, proteins) can have dramatic effects

on the physical and chemical properties of the

resulting flocs, and thereby alter significantly their

settling and filtering characteristics.
Stumm and O’Melia (1968)

11.1 INTRODUCTION

Many contaminants arrive at water and wastewater treatment

plants as particles, others are converted into particles (by

chemical precipitation or biological treatment) during

treatment, and still others become attached to particles (by

adsorption) in one of the treatment steps. Efficient removal of

these particles is required for reasons of ecological and public

health, as well as aesthetics, and is, therefore, a central task in

most treatment plants. The remainder of this book is con-

cerned primarily with particle removal processes.

Most treatment processes for particle removal fall into

three categories. In gravity separation (settling or flotation),

density differences between particles and water allow for

their separation; the particles that are captured are removed

in a relatively concentrated, low flow sludge stream, while

most of the water flows out in a much cleaner effluent

stream. In granular media filtration, the suspension (particles

and water) is applied to the media, and particles are captured

in the media by physical–chemical processes, while the

water passes through; when the accumulation of particles

in the media adversely affects the filter performance, the

filter is temporarily taken out of service and the media is

cleaned. In membrane filtration, most particles are removed

by sieving—that is, the particles are larger than the pores of

the membrane, so they are caught while the water passes

through. Depending on the design, membranes can also

remove soluble materials. In all three of these particle

removal processes, the single influent flow containing

some concentration of particles is separated into two effluent

streams: the desired, cleaner stream with far fewer particles

than the influent, and the inevitable dirtier stream that

contains the captured particles. The engineering of these

systems focuses on both the quality (particle concentration)

and quantity of the effluent streams (fraction of influent

water in each effluent). Details of gravity separation pro-

cesses, granular media filtration, and membrane processes

are presented in Chapters 13–15, respectively.

Often, particles in the influent suspension would not be

effectively removed in these treatment processes without

some pretreatment. For example, the particles in a suspen-

sion might settle too slowly for efficient removal in a typical
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sedimentation tank. Bringing many small particles together

to form a larger, more rapidly settling floc allows them to be

removed more easily. However, the fact that the particles

are not present as flocs in the influent suggests that some

pretreatment process(es) might be needed to induce floc

formation. These pretreatment processes typically include

chemical alterations to the solution and=or mixing processes

to bring about more particle–particle collisions.

The process of bringing particles together with the inten-

tion of creating larger particles is called flocculation and is

the subject of Chapter 12. In this chapter, we focus on

characteristics of particles that affect their behavior in water

and on pretreatment processes that are designed to alter

those characteristics and thereby enhance the performance

of the subsequent particle treatment processes.

Particle removal processes are found in the process trains

of the vast majority of water and wastewater treatment

plants, as indicated in Table 11-1. Most modern drinking

water plants using surface water sources have flocculation,

gravity separation, and granular media filtration processes;

increasingly, a membrane process is used in lieu of or in

addition to granular media filtration. A schematic diagram of

the most common design of drinking water treatment plants

using surface water sources is shown in Figure 11-1. Flota-

tion is sometimes used in lieu of sedimentation as the gravity

separation process. When the raw water has a low particle

concentration, the gravity separation step (and sometimes

the flocculation process) can be eliminated.

Particle removal processes are also ubiquitous inmunicipal

wastewater treatment plants, as suggested in the schematic

diagram shown in Figure 11-2. Such plants always include

primary sedimentation and almost always have secondary

sedimentation (though some have flotation or, increasingly,

membrane filtration instead); some also have granular media

filtration. These plants also have sludge concentrating pro-

cesses, including gravity thickening andmechanical dewater-

ing processes. In industrial settings, the production of process

water for specific uses and the pretreatment of wastewaters

before discharge to a municipal sewer system often require

one or more of these particle removal processes since such

plants vary widely depending on the contaminants in the

wastewater, no typical schematic can be shown.

The success ofmost particle removal processes depends on

the attachment of particles to other surfaces—either other

particles in the suspension or a surface provided in the

engineered system. O’Melia and Stumm (1967) introduced

the concept that the removal of a particle in such processes can

be viewed as consisting of two (more or less) independent

steps: long-range transport of the particle to thevicinity of that

other surface, and short-range transport to allow the particle to

collidewith and attach to that surface. Long-range transport is

dominated by forces that are primarily physical in nature,

while short-range transport and attachment rely on both

physical and chemical forces. The distinctions between

long and short range and between physical and chemical

forces are often blurred, but the concept is still a useful one in

understanding particle processes. Details of the long-range

TABLE 11-1. Applications of Particle Processes

Application Destabilization Flocculation

Gravity

Separations

Granular Media

Filtration

Membrane

Filtration

Drinking water (with surface

water supply)

Always Almost

always

Almost

always

Always one filtration process

or the other

Municipal wastewater Sometimes Rarely Always Often Occasional

Industrial wastewater Common Common Almost always Rare Rare

Industrial ultrapure process water Rare Rare Rare Common Almost always

Digestion

Primary
sedimentation

Secondary
sedimentation

Biological
treatment

Preliminary
treatment

To
tertiary

treatment

Water recycle
to head of plant

Dewatering Thickening 

FIGURE 11-2. Schematic of a typical municipal wastewater

treatment plant.

SedimentationFlocculation Filtration Disinfection
Rapid
mix

FIGURE 11-1. Schematic of a typical drinking water treatment

plant using a surface water source.
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transport step differ among the various types of particle

treatment processes and are considered in the following

chapters. In this chapter, we focus on particle attachment

and the short-range forces that allow (or do not allow) that

attachment to occur; the forces involved in this step are

essentially the same in all particle removal processes.

We begin this chapter by considering the primary reason

why particles do not form flocs: the presence of an

electrical charge on the particle surface. The origins of this

surface charge are presented first, followed by the effects of

that charge on the solution in the immediate vicinity of the

particles. Next, we detail the short-range interactions as two

similarly charged particles approach one another or as a

charged particle approaches a similarly charged flat surface.

In many cases, the electrical repulsion caused by the surface

charges dominates such interactions, so that the particles

cannot approach close enough to one another to form a

floc, or the particle cannot reach and attach to the surface.

Overcoming this problem of particle stability (the inability

to form flocs) is essential before most particle removal

processes; this step is usually accomplished by adding certain

chemicals to the suspension. The types of chemicals used

for this destabilization are described in section “Chemicals

Commonly Used for Destabilization,” and the underlying

physical–chemical mechanisms of particle destabilization

are presented subsequently. These added chemicals might

also interact with a variety of other soluble constituents

already in the water, and that idea is also covered briefly.

Besides surface charge, other characteristics of particles,

such as size, shape, and density, affect their behavior in

water, and each of these is considered in the latter part of this

chapter. Particle size distributions are changed by all of the

particle treatment processes and also can be a principal

determinant of the success of each process. Throughout

Chapters 12–15, considerable emphasis is placed on under-

standing the effects of each treatment process on particle

size distributions, and vice versa. Therefore, several com-

mon ways of presenting particle size distributions are intro-

duced in this chapter.

Finally, many of the particles found in treatment systems

are not individual particles, but rather are flocs—aggregates

of a few or many particles sticking together. Such flocs often

incorporate water as they are formed, so that the density,

size, and shape of the flocs can be quite different from the

corresponding characteristics of the original particles.

The concepts of fractals and fractal dimensions can be

useful to describe such flocs, and a brief section at the

end of this chapter is devoted to this topic.

11.2 PARTICLE STABILITY

Particles in water often do not naturally attach to each

other or other surfaces in a time frame that is useful for

engineering processes. In such situations, we say that the

particles are stable, because the suspension can stay

essentially unchanged (with respect to particle size distri-

bution) for a long time. Overcoming this stability; that is,

destabilizing the particles, is usually essential for the

successful removal of particles from water. In this section,

we explore why particles are stable, and in the following

sections, we describe the chemicals used for destabiliza-

tion and the variety of ways in which particles can be

destabilized.

The primary factor causing particles to be stable in

water is their surface charge. If two particles in a suspen-

sion that have the same sign of surface charge approach

one another, a repulsive interaction will alter their trajec-

tories. As a result, particles that are heading toward a

collision veer away from one another. If the repulsion is

sufficiently strong, no collision occurs, and the attachment

of one particle to another (or to any other surface) is

prevented.

A second phenomenon tends to counteract the repulsion

when the surfaces get quite close to one another. At such

separations, attractive forces known as London-van der

Waals forces become substantial and tend to bring (and

keep) particles together. At sufficiently short separation

distances, these attractive interactions are stronger than

the electrical repulsion described above. Hence, if one

particle approaches another particle or surface with suffi-

cient momentum, it can overcome the repulsive interaction

and get close enough to the other surface for the attractive

forces to dominate. In that case, the particle attaches to the

other particle or surface. For many suspensions, overcoming

the repulsive interaction is a very rare event, so that the

suspension is stable.

The distributions of ions and electrical potential around

charged particles suspended in water were described in

Chapter 7, where the effects of these distributions on

adsorption reactions were described. These same distribu-

tions have profound implications for the interactions

between pairs of suspended particles, or between a sus-

pended particle and a grain of filter medium, so a brief

review of that material is provided here. A key figure

(Figure 7-43) from that discussion, showing the profile

of electrical potential in the region around a charged

particle, is reproduced in Figure 11-3.

As described in Chapter 7, the ionic distribution around

a charged particle is commonly divided into two regions:

a very thin region (�1 nm) next to the particle, in which

ions are bound to the surface, and a much larger region

(10–100 nm), where ions are in aqueous solution but at

concentrations that differ from the bulk solution due to

electrical interactions with the surface; this latter region

is known as the diffuse layer. In the diffuse layer, ions with

charges of the same sign as the particle (co-ions) are less

concentrated than in the bulk solution, and ions with charges
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of the opposite sign (counterions) are more concentrated.

The location near the particle at which the diffuse layer

begins is idealized as a plane, referred to as the d-plane.

In the analysis of adsorption, the electrical potential

profile in the region between the solid surface and the

d-plane is critically important, because that is where

many adsorbing ions reside. By contrast, when two particles

approach one another, the electrical interactions between

them become important at separation distances that are

much larger than the thickness of these adsorption or

compact layers. As a result, the electrical interactions are

controlled largely by the profiles of electrical potential

through the respective diffuse layers, and the distinctions

among the models for the electrical profiles through the

compact layers introduced in Chapter 7 are not of paramount

importance. Therefore, when considering particle behavior

in water, it is common to consider adsorbed species to be

part of the solid and to define the interface between the

particle and the solution to be at the beginning of the diffuse

layer (i.e., at the d-plane). Correspondingly, when consider-

ing particle behavior, the value of cd is commonly referred

to as the surface potential.

Particle Charge

Particles in water usually carry a surface charge, which can

originate in at least three different ways, as described briefly

below. A more complete description of the origins of surface

charge has been provided by Stumm and Morgan (1996).

Isomorphic Substitution When a solid forms in a solution,

it often contains a small fraction of substituted species in the

crystal lattice. The substitution occurs only if the species

entering the solid lattice are approximately the same size

as the species that they replace, so that the replacement can

occur without stressing or deforming the lattice structure

too severely. For this reason, the substitution is referred to

as isomorphic (similar shape). If the charges on the two

species of interest are not equal, the solid acquires a charge

that is expressed at the surface. For example, if an alumi-

num ion (with a valence of þ3) takes the place of a silicon

ion (with a valence of þ4), the solid acquires a net charge

of �1.

Isomorphic substitution is common in clays, which are

alumino-silicate solids composed of aluminum oxide

(Al2O3) and silicon dioxide (SiO2) layers in a repeating

pattern. Different clays have different numbers and

sequences of layers of each type. In clays, it is common

for either ferrous iron (Fe2þ) or magnesium (Mg2þ) to be

substituted for aluminum (Al3þ), and for aluminum to be

substituted for silica (Si4þ); each of these isomorphic sub-

stitutions causes the clay particles to acquire a net negative

charge.

Chemical Reactions at the Surface If the chemical spe-

cies comprising the surface of a solid contain acid=base
functional groups, the extent of ionization of these groups,

and therefore the surface charge of the solid, depends on the

pH of the water. Several common types of solids encoun-

tered in water and wastewater, including oxides and hydrox-

ides, other inorganics, and biogenic organic solids have

these characteristics.

Inorganic particles made up primarily of iron, aluminum,

and silica oxides are common in natural waters, and these

and several other hydrous metal oxides are often encoun-

tered in water and wastewater treatment as well. The sur-

faces of these particles interact with protons and hydroxide

ions to form both positively and negatively charged surface

species, commonly represented as � S� OH2
þ, � S� OH,

and� S� O�, where� S refers to a site on the surface. Just

as in solution chemistry, the dominant species shifts from the

most protonated form (positively charged) at lower pH

values to the least protonated (negatively charged) at higher

pH, and the deprotonation reactions can be described by

equilibrium constants (Ka). The change from one form to

another occurs over a much wider pH range at the surface

than for dissolved species, because the change in surface

charge accompanying each reaction opposes additional

reactions of the same type. For particles that interact in

this way with protons and hydroxide ions, the surface charge

is 0 at some particular pH. If no other ions contribute to the

surface charge, this value is referred to as the pHzpc (where

zpc means the zero point of charge); the surface charge is

positive at all pH values below the pHzpc and negative at all

pH values above the pHzpc. If the surface charge is the result

of interactions with other ions in addition to protons and
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Solid 

Solid 

Solid 

Solid 

Compact 

layer

Triple layer model 

Double layer model 

Diffuse layer model

Ψ
d

FIGURE 11-3. Conceptual models of the compact layer and

diffuse layer of ions surrounding a charged particle surface.

(Note that the scale of the compact layer and diffuse layers are

somewhat misleading in this diagram; the compact layer is only one

or a few molecular diameters thick (i.e., <1 nm generally), while

the diffuse layer can stretch to 100 nm under common circum-

stances. Differences between the models are related to descriptions

within the compact layer, not the diffuse layer.)
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hydroxide ions, the pH value at which it is 0 is called the

isoelectric point (pHiep).

Solids that are not oxides can also have acidic or basic

surface species, causing their surface charge to depend on

solution pH. For instance, surface CO3 groups on CaCO3(s)

particles can become protonated at low pH, causing the

surface to be positively charged. Similar reactions can occur

with the anionic surface groups of phosphates, sulfides, and

other minerals.

Other ionizable functional groups also might be found on

different kinds of particles. The surface of bacteria, for

example, contains molecules with both carboxyl (��COOH)

and amino (��NH2) groups. Just as in solution, the carboxyl

group is a stronger acid than the amino group (e.g., in

ammonium ion, NH4
þ). As a result, at low pH, both types

of groups tend to be protonated (��COOH and ��NH3
þ),

whereas at high pH, both tend to be deprotonated (��COO�

and ��NH2); in the intermediate pH range, most of the

carboxyl groups are likely to be deprotonated, while most

amino groups are protonated.

In municipal wastewater treatment, most of the particles

(both those in the raw wastewater and those created in the

biological treatment) are biogenic and therefore contain these

carboxyl and amino groups. Because the surface concentra-

tion of the organic acids far exceeds that of the amino groups,

these particles are generally negatively charged in the pH

rangeof treatment (say, pH6.5–8.5). Particleswith these types

of functional groups at the surface also have a pHzpc and carry

a positive charge at lower pH values and a negative charge at

higher pH values; several examples are shown in Figure 11-4.

In the figure, the surface charge is represented in terms of the

electrophoretic mobility (EPM); some details about this

measure of surface charge characteristics are given in the

next section, but the important idea here is that the sign of

EPM is the sign of the surface charge.

Adsorption on the Particle Surface Interactions between

ions in solution and a surface can also generate surface

charge. The ions can be either the same or different from

those comprising the surface. For example, a suspension

containing CaCO3(s) particles is bound to have both Ca2þ

and CO3
2� ions in solution. If the adsorption density

of Ca2þ is greater than that of CO3
2�, the imbalance of

adsorbed ions will contribute a net positive charge to the

surface. In this case, the imbalance might be described

either in terms of unequal adsorption of the ions or non-

stoichiometric dissolution of the solid. In other cases,

surface complexes might form with ions that are different

from those that form the solid, in which case the process is

clearly one of adsorption. Examples include binding of

phosphates on the surface of hydrous metal oxides and

formation of surface complexes between calcium ions

from solution and organic acid functional groups on the

surface of a microorganism.

Perhaps, the most important example of adsorption that

affects the surface charge of particles is that of large organic

molecules, such as those identified as natural organicmatter

(NOM) in drinkingwater sources andmicrobial metabolites

in wastewater. Such molecules are often strongly adsorbed

onto both inorganic minerals and manufactured adsorbents

(e.g., activated carbon and ion exchange resins). The func-

tional groups that are part of these molecules are often

charged in the pH range of interest, so that when the

molecules adsorb, they contribute charge to the particle

surface. It is now widely accepted that the adsorption of

NOM onto particles in natural waters is almost always the

principal determinant of their surface charge (O’Melia

et al., 1999).

NOM is derived primarily from animal and plant decay

and from the metabolism of plankton and aquatic bacteria.

It enters freshwater systems (e.g., lakes, streams, ground-

water) primarily via runoff and infiltration, but can also be

produced directly in the aquatic system. The structure and

chemical composition of NOM in water are complex and

can vary substantially depending on its source, but in all

cases it consists of both aliphatic units and aromatic rings

that incorporate carboxyl, hydroxyl, amine, and carbonyl

groups. Invariably, parts of these molecules are unionized,

relatively nonpolar, and therefore hydrophobic, while other

parts (those containing strongly polar or ionized functional

groups) are hydrophilic. As a result, NOM molecules

adsorb onto virtually all of the particles present in any

suspension of interest, making the charge characteristics of

the particles in any given water body much more similar

than would be expected from their underlying chemical

composition. This result is important for engineered

systems, as we shall see.

The fact that the charge on particles in natural waters is

dictated by NOM was first studied in seawater by Neihof

and Loeb (1972). Subsequently, Hunter and Liss (1979)

noted the similarity in surface charge characteristics of

particles from estuaries and coastal waters from widely

disparate sources. Numerous studies on freshwaters have

indicated that the surface charge of particles is also
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dictated by the adsorbed NOM. For example, Davis (1982)

showed that the charge on pure g-Al2O3 particles

(50mg=L) was changed from positive to negative in the

pH range 6–9 when NOM (0.9mg=L as dissolved organic

carbon [DOC]) extracted from a natural water source was

added to the suspension. Other examples of this phenome-

non have been reported by Tipping and Higgins (1982), Ali

et al. (1985), Edzwald (1993), Tiller and O’Melia (1993),

and Chandrakanth and Amy (1996). Hence, in drinking

water treatment of both surface waters and groundwaters,

the surface charge on all the particles in the raw water is

likely to be negative.

Characteristics of the Diffuse Layer

The interactions of particles as they approach one

another, or as a particle approaches a flat plane, depend

on the electrical potential profiles (and the closely related

ionic charge distribution) in the solution adjacent to the

two surfaces. In this section, we present two mathemati-

cal models that describe these profiles of charge and

potential: the Gouy–Chapman model and the Debye–

H€uckel model. The Gouy–Chapman model is the more

general of the two, but the Debye–H€uckel is simpler and

useful when the surface potential (i.e., the potential at the

d-plane) is low.

Both of these models employ a mixture of the relevant

variables that yields a variable (k) with dimensions of

inverse length. The value of k can be found from the

following equation:

k ¼ e2
P

all i ni;bzi
2

ewkBT

� �1=2

(11-1)

where e is elementary charge (1.6022� 10�19 C), ni,b is

concentration1 of molecules of species i in the bulk

solution (no. of molecules=m3), zi is charge number for

ions of species i, kB is Boltzmann’s constant

(1.3807� 10�23 J=K), T is absolute temperature (K), ew
is permittivity in water¼ e0er, where e0 is permittivity in

vacuum¼ 8.854� 10�12 C2=J m, er is relative permittivity

of water2¼ 78.5 (at 298K).

Equation 11-1 is valid in any consistent set of units; for

the SI units given with the definitions of the variables, k is in

units of m�1. Inserting all the constants, assuming the

temperature is 25�C, recognizing that the ionic strength

I ¼ 1
2

P
ci;bz

2
i (mol=L), and converting the length dimension

to more appropriate units, Equation 11-1 simplifies to

kðin units of nm�1Þ ¼ 3:288
ffiffi
I

p
(11-2)

The Debye–H€uckel model is a reasonable approximation

when the surface potential is low, taken to mean that cd <
kBT=ze for a solution with an electrolyte made up of equi-

charged anions and cations. For z¼ 1 and T¼ 298K (or

25�C), kBT=ze equals 25.7mV. When the surface potential

is less than this value, the potential in solution drops

approximately exponentially with distance, x, away from

a charged planar surface, according to Equation 11-3:

cðxÞ ¼ cd expð�kxÞ (11-3)

Equation 11-3 suggests that k�1 can be considered the

characteristic length of the diffuse layer. In Chapter 3, we

defined the inverse of a first order rate constant as a charac-

teristic time because, in a batch reactor, it is the time required

to reduce a concentration to 1=e of its original value.Here, k�1

is defined as the characteristic length of the diffuse layer

because, in this model, it is the distance required to reduce the

potential to 1=e of its value at the surface. This characteristic
length is often referred to as the Debye length or (somewhat

inappropriately) the thickness of the diffuse layer.

In the Debye–H€uckel model, the concentration of a species

with charge number z varies with distance (x) away from a

planar surface according to the following equation:

ciðxÞ ffi ci;b 1� zi
ec xð Þ
kBT

� �
(11-4)

Again, this equation is valid only for low values ofcd, but

it holds for both co- and counterions; the product zc is

positive and negative for those two cases, respectively, so

that the term in brackets is <1 for co-ions and >1 for

counterions.

The Gouy–Chapman model for the variation of ionic

concentration and potential with distance is general, so

that the equations are not limited to low values of cd.

According to this model, the potential and ionic concentra-

tions at a distance x from a planar surface can be determined

for a symmetric electrolyte solution (one with the same

charge number, z, on cations and anions) from the following

equations:

tanh
zj j~cðxÞ
4

� �
¼ tanh

zj j~cd

4

� �
exp �kxð Þ (11-5)

ciðxÞ ¼ ci;b exp
ziecðxÞ
kBT

� �
¼ ci;b exp �zi ~cðxÞ

� �
(11-6)

where ~c ¼ ec=kBT is a dimensionless potential, often

referred to as the reduced potential.

1 Note that ni;b ¼ ci;bNA 1000L=m3ð Þ, where ci,b is the molar concentration

of species i in the bulk solution, and NA is Avogadro’s Number

6:022� 1023 molecules=mole
� �

.
2 In older literature, the relative permittivity was called the dielectric

constant.
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The distribution of potential and charge adjacent to a

surface according to these equations3 is illustrated in

Figure 11-5. For a given molar concentration of electrolyte,

the difference in ionic strength between 1:1 and 2:2 electro-

lytes causes a substantial difference in the distributions of

both potential and charge. Although the decay of potential

appears to be exponential for both types of electrolytes in

this figure, the results from the Gouy–Chapman model

(Equation 11-5, used to create this figure) are slightly

different from the Debye–H€uckel (exponential decay) model

(Equation 11-3). Careful inspection of the figure reveals

that, for both conditions shown, the potential at x ¼ k�1 or

kx ¼ 1 is less than the value expected from the Debye–

H€uckel model (25:7 expð�1Þ ¼ 9:45mV). The deviation

is less for the monovalent case (9.27mV) than the divalent

case (8.82mV).

The results illustrated are for the diffuse layer next to a

flat plate, but they are also a good approximation for the

layer surrounding a spherical particle, at distances much

shorter than the particle radius. That is, the curvature of a

large particle (e.g., a 1-mm diameter filter grain) has little

effect on the behavior of a small particle (e.g., a 2-mm

diameter) near its surface. Analytical solutions for the

potential and charge as a function of the distance from

a sphere are not available for the general case. When the

Debye–H€uckel approximation for low potentials is used,

the potential decays away from a spherical surface as

follows:

cðxÞ ¼ cd

ap

r
exp �k r� ap

� �	 
 ¼ cd

ap

ap þ x
exp �kx½ �

(11-7) In Equation 11-7, ap is the radius of the spherical particle

(including any adsorbed layers, i.e., to the d-plane) and r is

the distance measured from the center of the particle, so that

x is the distance measured from the d-plane. Comparing

Equation 11-7 to Equation 11-3, we see from the pre-

exponential terms that the potential decays more rapidly

away from a sphere than a plane, reflecting the expanding

volume away from the spherical surface.

Interaction of Charged Particles

In treatment processes designed to bring like-charged parti-

cles together to form flocs, or to bring a particle to a like-

charged surface for capture, the interaction of the electrical

fields adjacent to the two particles causes them to repel one

another. It is convenient to characterize this repulsion in

terms of the changes in various forms of energy in the

system.

As the particles approach one another, the electrostatic

repulsion increases. This repulsive interaction can be quan-

tified as an increase in the electrical potential energy of the

system. (Similarly, as explained subsequently, the attractive

Van der Waals interactions between the particles can be
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FIGURE 11-5. Diffuse layer potential (a) and ion concentrations

(b) for a charged flat plate according to the Gouy–Chapman model.

3 Equation 11.5 is more complex than the Debye-H€uckel model because ~c

is given as an implicit rather than explicit function of x. To solve, the

equation can be rearranged to yield:

�ln
tanh z~c xð Þ=4� �
tanh z~cd=4

� �
! 

¼ kx

One can choose a set of values forc betweencd and zero, convert these to

values of ~c (i.e., ~cðxÞ), and use this rearranged version of the equation

to find the associated values of kx (and, for a given solution, x).

Then Equation 11.6 is used to find the concentration of the counter-ions

and co-ions.

Alternatively, it is possible to use the definition of the hyperbolic tangent

to find an explicit equation for c(x), with the following result:

cðxÞ ¼ 2kBT

ze
ln

1þ gd exp �kxð Þ
1� gd exp �kxð Þ
� �

where

gd ¼ exp z~cd=2
� �� 1

exp z~cd=2
� �þ 1

¼ exp zecd=2kBTð Þ � 1

exp zecd=2kBTð Þ þ 1
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quantified as a decrease in the electrical potential energy of

the system.) Since energy must be conserved, increases in

potential energy are counterbalanced by an offsetting change

in the particles’ kinetic energy; that is, the particles slow

down as they approach one another.

The potential energy associated with the interaction of

the electrical double layers of the two particles, repre-

sented as VR, is measured relative to a baseline condition

in which those interactions are nonexistent (and VR is

defined to be 0). In theory, this baseline condition requires

infinite separation of the particles; however, in practice,

it can be defined as a separation that is large enough that,

at every point along the line between the two particles,

the electric potential of at least one of the particles is

negligible.

The value of VR at any separation distance can be

computed as the work (energy) required to bring the

particles from the baseline condition to that separation.

Figure 11-6 illustrates the situation for two equal sized

particles (with radius ap); the separation distance between

the particle surfaces on the line between the two centers is s,

so that the separation distance between the two centers is

sþ 2ap. In the lower part of the diagram, hypothetical

profiles of c are shown for the two particles; for the

conditions shown, the separation between the particles is

large enough that either c1 or c2 is negligible at each point

between them, so in this case, VR would be 0.

The derivation of VR as a function of separation distance

is complex, but the result for symmetric electrolytes is

relatively straightforward. For two identical spheres, the

result is given by (Lyklema, 1978, as corrected by Stumm

and Morgan, 1996)

VR;ss ¼ 64p
nbkBT

k2

a2p

sþ 2ap
� � tanh

z~cd

4

� �� �2
exp �ksð Þ

(11-8)

where the subscript ss refers to sphere–sphere interactions, nb
is the number concentration of anions (or cations) in the bulk

solution (e.g., no.=m3) and all other terms have been defined.4

According to this equation, the repulsive energy diminishes

with separation distance as a combination of an inverse

function (second fraction on right, due to the particle curva-

ture) and an exponential decay (last term, identical to the flat

plate case). The repulsive interaction is a function of both the

surface potential (cd) and the solution conditions (k). Since k

is proportional to
ffiffiffiffiffi
nb

p
, the term nb=k

2 is independent of ionic

strength; therefore, the primary effect of the ionic strength is

in the exponential term in this equation.On the other hand, the

charge on the electrolyte (z) affects every term.Recall that k is
proportional to z, so that the first fraction shown decreases

with increasing z value.Hence, in two solutionswith the same

ionic strength, but onemadewithmonovalent electrolytes and

the other with polyvalent electrolytes, the repulsive interac-

tion of particles is smaller at any distance in the polyvalent

solution. These effects are shown quantitatively after consid-

ering the energy associatedwith the (attractive) van derWaals

interactions.

Van der Waals Attraction

The electron cloud around any molecule is in constant

motion, deviating slightly from its most stable configuration,

first in one direction, then in another. A force opposing these

disturbances and attempting to drive the electron cloud to its

lowest energy state always exists. However, the momentum

of the electrons causes them to overshoot this lowest energy

distribution, so the molecule is constantly shifting from one

slightly unstable state to another. As a result, even in a highly

symmetric, “nonpolar” molecule, the electron distribution is

always slightly asymmetric. Such molecules are, therefore,

actually slightly polar at any instant, and are nonpolar only

on a time-averaged basis.

When two such molecules approach each other quite

closely, the electrons in the outer orbit of each molecule

affect the motion of the electrons in the other. If the

s+2ap

s

ap

0

Ψ

Ψ1 Ψ2

FIGURE 11-6. Schematic of the interaction of charged particles

surrounded by diffuse layers. (Particles, including adsorbed layers

within the d plane, have a radius ap and are shown as solid circles;

the surrounding diffuse layers have the characteristic thickness k�1,

indicated by the dotted circles; and the separation distance between

particle surfaces is s.)

4 Recall that nb ¼ cbNA 1000L=m3ð Þ, where NA is Avogadro’s number, and

that kB ¼ R=NA, where R is the universal gas constant, so that

nbkB ¼ cbR 1000L=m3ð Þ.
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temporary polarities of the two molecules are the opposite of

one another when they first interact, the interaction is

favorable (attractive). For instance, if the electron cloud

of molecule 1 is slightly more dense on the side facing

molecule 2, and the electron cloud of molecule 2 is slightly

less dense on the side facing molecule 1, then the initial

interaction is attractive. An instant later, the electron cloud

onmolecule 1 might move to the opposite side. As it does so,

the side facing molecule 2 becomes slightly positive, pulling

the electron cloud of molecule 2 in that direction, and

maintaining the attractive interaction. This process can

repeat itself endlessly, so that a stable arrangement is

established in which the electron clouds oscillate synchro-

nously and the molecules constantly experience an attractive

force toward one another. The force remains in effect until

the molecules’ kinetic energy causes them to separate.

If two particles approach each other very closely, the

electron clouds of many of the molecules at the surface of

each particle will be properly oriented to engage in attractive

interactions of the sort described above with their counter-

parts on the other particle. Of course, many other molecules

will not experience such attraction, including many that will

experience a repulsion from the closest molecule on the

other particle. However, if the initial orientations of two

molecules are such that they are not attracted to one another,

the electron cloud of each will continue to oscillate inde-

pendently and randomly. Eventually, if the particles remain

close to one another for many oscillations of the electron

clouds, an attractive interaction between each pair of mol-

ecules on the opposing particles is almost certain to occur.

Furthermore, because the attractive interactions tend to be

stable and long-lived, while nonattractive and repulsive ones

tend to be unstable and short-lived, the ultimate condition

will be one in which the vast majority of the interactions are

attractive. Even though each such interaction generates only

a miniscule force, the combined effect of all of the attractive

interactions can be quite strong.5

The interactions described above are operative only over

very short distances and are known by several names,

including van der Waals forces (after the person who first

understood the molecular interactions), London forces (after

the person who first understood the particle interactions),

and dispersion forces.6 These attractive forces depend on the

polarizability of the particle (i.e., on the ease with which

molecules in the particle can be polarized by the movement

of the electrons).

As with electrical repulsion, the van der Waals attraction

is generally expressed in terms of energy. The material

property that relates the attraction between particles to

the separation distance is called the Hamaker constant,

AH, with units of energy (e.g., Joules). The Hamaker con-

stant is related to the polarizability and has a range of values

generally considered to be from 3� 10�21 to 10�19 J, with a

value of 10�20 J most commonly chosen. For two equi-sized,

spherical particles, the energy associated with van der Waals

attraction is expressed as follows:

VA;ss ¼ �AH

6

2

s2 � 4
þ 2

s2
þ ln

s2 � 4

s2

� �
(11-9)

where s is the dimensionless separation distance between the

particle centers, given by

s ¼ sþ 2ap

ap
(11-10)

When particles are touching each other, s ¼ 0 and, therefore,

s ¼ 2.

The magnitude of both the van der Waals attraction and

the electrical repulsion for a typical situation of interest are

illustrated in Figure 11-7. The total energy of interaction is

the sum of these two contributions:

VTot ¼ VR þ VA (11-11)

For the conditions illustrated in the figure, the value of

k�1, the characteristic thickness of the diffuse layer, is

�17.5 nm. The particles exert essentially no influence on

one another when far removed from each other. As they

approach to within 50 nm of one another (three times the

characteristic length of the diffuse layer), both energy terms

become nonnegligible, with the repulsive term outweighing

the attractive one for the conditions shown. In this example,

the maximum (positive) energy of interaction occurs at a

separation of �16 nm; this maximum energy is called the

energy barrier. The kinetic energy of the particles as they

approach one another has to be sufficient to overcome this

barrier if the particles are to form a floc.

Force is the negative derivative of energy with respect to

distance, and it is instructive to consider the forces on these

particles in addition to their interaction potential. At sepa-

ration distances greater than that associated with the energy

barrier, the slope of the VTot versus s plot is negative,

meaning the force is positive and acting to keep the particles

apart. At smaller separation distances, the force (i.e., nega-

tive derivative of the energy) is negative, meaning that the

5 The process described can be thought of as analogous to what would occur

if many small magnets were placed in a container that was then gently

shaken. Before long, the magnets would form one large clump, all con-

nected via favorable (positive to negative) interactions. This ultimate state is

achieved not because positive-to-negative interactions occur more fre-

quently than positive-to-positive or negative-to-negative, but because

once a positive-to-negative interaction occurs, the magnets remain in

that state, whereas they do not remain in the alternative orientations.
6 An excellent description of these interactions, from the molecular origins

to the integration over interacting bodies such as particles, is given by

Hiemenz and Rajagopalan (1997).
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particles are drawn together. Hence, getting over the energy

barrier is the criterion for the particles to come together. In

the example shown in the figure, the maximum negative

slope occurs at a separation distance of �24 nm, and calcu-

lations indicate the associated force on the particle is

�6� 10�12 N. For comparison, the gravitational force on

this small particle, even if its density is 2 g=cm3, is only in

the range of 8� 10�17 N. Thus, the energy barrier is sub-

stantial, and a suspension with the conditions indicated is

likely to be quite stable. On the other hand, at close

separation distances, the slope is very large and positive,

meaning the particles are likely to stay together if they can

overcome the energy barrier.

The discussion and figure have omitted another phenom-

enon that is important when particles are extremely close to

one another, in the range of 1 nm. Under these circum-

stances, the particles’ electron clouds interact to generate a

strong repulsion known as Born repulsion. Inclusion of this

repulsion in the analysis leads to a minimum in the energy

curve at some extremely small separation distance. This

point is known as the primary minimum of the energy curve,

and it identifies the most stable distance of separation of the

two particles.

Although not visible at the scale of Figure 11-7, the net

interaction is slightly attractive at all separation distances

greater than �85 nm and passes through another minimum

in that region. For the example system, this secondary

minimum occurs at a separation of �105 nm; the depth of

this potential energy minimum is quite small for the condi-

tions shown, so that only a very small amount of kinetic

energy would be needed to move a particle away from this

location. Therefore, it is unlikely that two particles would be

held together at this separation distance. Other conditions

can lead to a much deeper secondary minimum, which

would hold particles together more strongly.

& EXAMPLE 11-1. For the conditions shown in

Figure 11-7, calculate the value of the repulsive, attractive,

and total energy of interaction at a separation distance of

13 nm. Calculate the required relative velocity between two

particles, each with a density of 1.5 g=cm3, to overcome this

energy barrier, if they start at an infinite separation distance

and are heading directly toward one another.

Solution. We choose to work in SI units because many of

the constants have been given in those units. For the repul-

sive energy, we will use Equation 11-8, but some quantities

in that equation must be calculated first, as follows.

Recognizing that, for a 1:1 electrolyte, the ionic strength

is the same as the molar concentration, we find from

Equation 11-2:

k ¼ 3:288
ffiffi
I

p
¼ 3:288

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3� 10�4

p
¼ 0:0569 nm�1

¼ 5:69� 107 m�1

The molecular concentration in the solution is the product of

the molar concentration and Avogadro’s number:

nb ¼ cNA ¼ 3� 10�4 mol=L
� �

6:022� 1023=mol
� �

1000 L=m3
� �

¼ 1:807� 1023=m3
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FIGURE 11-7. Energy of interaction as one particle approaches another. (Born repulsion, acting at

extremely close distances, is not shown.)
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For the conditions given,cd¼ 25.7mVand T¼ 25�C, so that
~c ¼ ec=kBT ¼ 1. The repulsive interaction energy is then

VR;ss ¼ 64p
nbkBT

k2

a2p

sþ 2ap
� � tanh

z~cd

4

� �� �2
exp �ksð Þ

¼ 64p
1:807� 1023=m3
� �

1:38� 10�23kgm2=s2 K
� �

298Kð Þ
5:69� 107 m�1
� �2

� 1:0� 10�7 m
� �2

1:3� 10�8 þ 2:0� 10�7
� �

m
tanh

1

4

� �� �2

�exp �0:0569 nm�1ð Þ 13 nmð Þ½ �
¼ 6:19� 10�20kgm2=s2 ¼ 6:19� 10�20 J

For the attractive interaction, we begin by finding the dimen-

sionless center-to-center separation distance:

s ¼ sþ 2ap

ap
¼ 13 nmþ 2ð100 nmÞ

100 nm
¼ 2:13

From Equation 11-9, the attractive energy of interaction is

VA;ss ¼ �AH

6

2

s2 � 4
þ 2

s2
þ ln

s2 � 4

s2

� �

¼ � 10�19 J

6

2

2:132 � 4
þ 2

2:132
þ ln

2:132 � 4

2:132

� �

¼ �3:39� 10�20 J

Finally, VTot ¼VRþVA ¼ 6:19�10�20 J�3:39�10�20 J¼
2:80�10�20 J:

The positive sign indicates that the net interaction is

repulsive. To overcome this energy barrier, a particle’s kinetic

energywould have to be greater than this value. The particle’s

mass is the product of its density (rp) and volume (Vp):

m ¼ rpVp ¼ rp
4pa3p

3
¼ 1500 kg=m3
� � 4p 1:0� 10�7 �m

� �3
3

¼ 6:28� 10�18 kg

The kinetic energy 1
2
mn2; where n is the particle velocity

� �
must exceed the net repulsive interaction energy, so that

1
2
mn2 	 VTot

or

n 	
ffiffiffiffiffiffiffiffiffiffiffi
2VTot

m

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2:80� 10�20 JÞ
6:28� 10�18 kg

s
¼ 0:0944m=s ¼ 9:44 cm=s

This velocity of approach between two particles is far

higher than one would normally encounter in either natural

waters or most treatment processes, so that a suspension with

these characteristics would be quite stable. &

The effect of particle size on this picture of stability is

shown in Figure 11-8. Under identical conditions of surface

potential and electrolyte concentration, energy of interaction

curves are shown for particles with radii of 0.1 and 1.0mm.

The differences in both the energy barrier and the secondary

minimum are dramatic, suggesting that the secondary mini-

mum might be able to capture the larger particles and hold

them together, and also that the energy barrier that must be

overcome by the larger particles to reach the primary mini-

mum is significantly greater. Experience seems to indicate,

however, that the differences in stability among different

size particles are smaller than the figure suggests; whether

this discrepancy is because of some error in the model,

differences in the surface (i.e., d-plane) potential of different

size particles, greater kinetic energy of the bigger particles,

–20
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μ
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)
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1×10–19

–1×10–19

FIGURE 11-8. Effect of particle size on energy of interaction of two identical particles.
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or perhaps other reasons is not known. The calculations in

the figure do not include the retardation of van der Waals

attraction (discussed subsequently), which would reduce the

calculated depth of the secondary minimum since it reduces

the attractive energy at greater separation distances. O’Melia

and coworkers (Elimelech and O’Melia, 1990; O’Melia

et al., 1997; and Hahn and O’Melia, 2004) have provided

some evidence that capture in the secondary minimummight

be important in filtration. Nevertheless, it is generally con-

sidered vital to reach the primary minimum to create long-

lasting flocs and avoid their destruction (or detachment from

filter grains) by hydraulic (shear) forces.

Interactions of a Particle and Flat Plate

Conceptually, the interactions of a charged particle (and its

surrounding diffuse layer) with a charged flat plate (and

its associated diffuse layer) are identical to those of two

particles described above. However, the differences in

geometry lead to differences in the equations describing

the electrostatic repulsion and the van der Waals attraction.

This case is important in at least two engineered systems of

interest in water and wastewater treatment: membrane treat-

ment, whether the membrane is a flat sheet or tubular, and

granular media filtration, where the grains (in the range of

0.5mm or more) are so much larger than the particles (0.5–

50mm) that they appear as a plane to a small particle.

According to Hogg et al. (1966), the potential energy

associated with the interaction of the double layers of a flat

plate and a particle is

VR;fp ¼ pe0erap

�
2cdf

cdp
ln

1þ exp �ksð Þ
1� exp �ksð Þ
� �

þ c2
df
þ c2

dp

� 
ln 1� exp �2ksð Þ½ �

�
(11-12)

where the subscript fp refers to the interactions of a flat plate

( f) and a spherical particle (p), cdf
and cdp

refer to the

surface potentials of the flat plate and the particle, respec-

tively, and s is the separation distance between the plate and

the particle (i.e., s¼ x� ap, where x is the distance from the

plane to the center of the particle). Note that this interaction

energy can be either positive (repulsive, when the two

potentials have the same sign) or negative (attractive,

when the potential are of opposite sign).

The van der Waals attraction was given by the same

investigators as follows:

VA;fs ¼ AHap

6s
1þ 14s

l

� ��1

(11-13)

The equation given is for the “retarded” van der Waals

attraction, with the correction from the nonretarded form

being the expression in the parentheses. Effects of the

medium in transmitting the interacting oscillations of the

dipoles are inadequately accounted for in the nonretarded

van derWaals expressions. l is the characteristic wavelength

of the interaction and is generally thought to be �100 nm

(Anandarajah and Chen, 1995). At close separation dis-

tances, this retardation has little effect since it approaches

the value of 1.

The energy of interaction between particles and a flat

plate according to this model is shown for a few example

systems in Figure 11-9. As before, the Born repulsion energy

is omitted in the diagram, but it is very large at extremely

close distances, so that a primary minimum in the energy

curve is formed near the surface of the particles (i.e., at a

separation distance <1 nm). The general shape of these

curves is similar to those shown in Figures 11-7 and 11-8 for

the interactions of two identical spherical particles. The
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FIGURE 11-9. Effect of particle size on energy of interaction with a flat plate.
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classic theory suggests that for a particle to be collected by

the flat plate (e.g., for a particle to become attached to a

media grain in a granular media filter), the energy barrier

would have to be overcome so that the net interactive force

would be positive and the particles would come together at

the primary minimum.

Close inspection of the figure reveals that, like in

particle–particle interactions, a secondary minimum

(<0) of the energy curve occurs at much greater separation

distances. Hahn and O’Melia (2004) have suggested that

particles can be successfully captured in that secondary

minimum in granular media filtration, and have presented

both modeling results and experimental measurements that

bear out this idea. Although the energy well in the second-

ary minimum is relatively small in comparison to that in

the primary minimum, these investigators have argued that

it is sufficient in comparison to the energy supplied by

particle motion to prevent re-entrainment in many porous

media applications.

Experimental Measurements Related to
Charge and Potential

Measuring the surface charge or potential of suspended

particles is of great interest when determining the stability

of a suspension, or the degree to which added chemicals

change that stability. Acid=base titrations of surface charge,
electrophoresis, and measurement of streaming potential

are the approaches used most commonly to characterize

these parameters. Details of the theory behind these mea-

surements are available elsewhere (Stumm and Morgan,

1996; Hiemenz and Rajagopalan, 1997; Hunter, 2001);

only a brief synopsis is given here to explain how these

measurements are used as indicators of particle stability.

Electrophoresis has been the most common of these

measurement methods. When a suspension is placed in an

electric field, charged particles in that suspension move

toward the electrode of opposite charge. Each particle

rapidly reaches a steady-state velocity, as the electrical force

is balanced by fluid drag.7 The electrophoretic mobility is

the velocity (say, mm=s) divided by the electrical field

strength (V=cm); if those units are used, as is common

because it yields absolute values that are between 0 and �5,

the electrophoretic mobility is reported in mixed units of

mm cm=V s. The sign of electrophoretic mobility corre-

sponds with the sign of the surface charge; a negatively

charged particle moves toward the anode and is assigned a

negative value of the electrophoretic mobility.8

When a particle moves during electrophoresis, the water

motion around the particle alters the surrounding diffuse

layer, as depicted in Figure 11-10. In fact, if it did not, the

particle would not move, because the combination of the

surface charge, compact layer, and diffuse layer is electrically

neutral. Hence, what moves in the electric field is the particle

and some of the surrounding ions, so that the electrophoretic

mobility that is measured is a property not strictly of the

particle, but of a composite of the particle plus some of the

surrounding compact and diffuse layers. Much research has

been done to determine the location of the shear plane relative

to the particle surface, but the details are not critical for our

understanding here. It is often assumed that the shear plane is

at the border between the compact and diffuse layers (regard-

less of the model used for the compact layer).

The measured electrophoretic mobility is often converted

to a second parameter related to the charge or potential: the

zeta potential (z), which is the potential at the shear plane.

While various models for the conversion exist (and depend

on k), the zeta potential is usually taken as the product of the

electrophoretic mobility and a term that depends on the

diffuse layer thickness and the dielectric properties and

viscosity of the medium; details are provided by Hiemenz

and Rajagopalan (1997) and Hunter (2001). If the shear

plane is taken to be the same as the d-plane, then z¼cd.

A third measure of the surface charge or potential char-

acteristics is the streaming current. In a streaming current

Diffuse layer under
stationary conditions Diffuse layer with 

particle/fluid motion

Flow of water 
relative to particle

FIGURE 11-10. Conceptual diagram of shearing of diffuse layer

by flow of water around particle.

7 The given description is a simplified view of the reality. In addition to fluid

drag on the particle surface, electrical work has to be done in the solution to

move ions around the particle as it moves, and the associated force can

substantially retard the motion of the particle. The relative importance of the

fluid drag and this electrical force in determining the particle velocity

depends on the dimensionless product ka. Details have been provided by

Hunter (2001).

8 The actual measurement is somewhat more complex than the simple

description implies. Because glass (SiO2) becomes negatively charged in

contact with the solution and under the imposition of the electric field,

cations from solution are in great excess near the glass surface. These

cations migrate toward the cathode and their movement along the cell

surface carries solution along with them. This process is known as electro-

osmosis. This movement of the water along the cell wall is necessarily

counterbalanced in the closed cell by water flowing in the opposite direction

in the center of the cell. With water flow in one direction at the walls and the

opposite direction in the center of the cell (which can be either rectangular

or cylindrical), the water velocity is zero at some layer in between. The

velocity of the particles must be measured in that layer to be unaffected by

the fluid flow.
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detector, the particles are held (relatively) stationary, and

fluid flows around the particles. In modern instrumentation,

a solid cylinder (piston) is oscillated fairly slowly inside a

vertical open cylinder of slightly larger diameter; the small

annular space separating the two cylinders and a small

reservoir below are filled with the suspension. Since the

piston has a diameter much larger than the annular space,

the fluid velocity induced as water escapes from or fills the

annular space is far greater than the piston velocity, though

that flow is still laminar. The particles are thought to adhere

to the surfaces of both walls (Dentel and Kingery, 1989).

The relatively high fluid velocity adjacent to these particles

induces a shear plane, separating the diffuse layer from the

particle. Since the diffuse layer around each particle contains

a net excess of counterions, the moving charges constitute an

electrical current. This current can be measured with electro-

des at both ends of the annular space. Streaming current

detectors have proven to be valuable on-line instruments to

control the dosing of destabilizing chemicals, when the

mechanism for destabilization involves surface charge neu-

tralization (as explained subsequently).

11.3 CHEMICALS COMMONLY USED

FOR DESTABILIZATION

Particle stability is undesirable for particle removal pro-

cesses since those processes are successful only if particles

can attach to one another or to a provided surface. Particles

are destabilized by the addition of chemicals that change

the characteristics of the solution, the surface charge, or

the interactions between the particles. Before presenting the

mechanisms of destabilization, it is useful to understand the

properties and behavior of the chemicals that are used. In

this section, the chemicals commonly used for destabiliza-

tion are described.

Inorganic Species

The most common inorganic species used to promote parti-

cle destabilization are various formulations of aluminum and

iron salts. These two metals have similar chemistries and, in

many instances, either of them can be used quite effectively;

in some cases, however, the differences in their chemistries

can be important in determining why one formulation or

metal might be more effective than another.

As noted in Chapter 9, aluminum can form several

monomeric hydroxyl complexes (Alþ3, Al(OH)þ2,

Al(OH)2
þ, Al(OH)3, and Al(OH)4

�). However, the alumi-

num species of greatest significance with respect to particle

destabilization is usually the aluminum hydroxide precipi-

tate, Al(OH)3 (s). A log concentration diagram showing the

solubility of as a function of pH is shown in Figure 11-11.

The pHzpc of Al(OH)3 (s) is �6.5, so the surface charge of

pure Al(OH)3 (s) is positive at pH values below�6.5 (the pH

of minimum solubility) and negative at higher pH values.

Aluminum can also form complexes and=or precipitates
with several common anions besides hydroxide, including

phosphate (PO4
�3), sulfate (SO4

�2), and fluoride (F�). Inter-
actions between aluminum and organicmatter are also critical

in many applications; the interaction with NOM in drinking

water treatment has been extensively studied, whereas the

interactions with the organics in wastewater are less well

known. The interactions of hydrous aluminum and iron oxide

solids with NOM are explained in some detail in Chapter 7,

and the effects of those interactions on particle charge and

particle behavior are explained later in this chapter.

Iron has a similar chemistry to aluminum, but the solubility

diagram for amorphousFe(OH)3 (s) (i.e., ferrihydrite) indicates

that iron is generally less soluble throughout the entire pH

range, and that the pH of minimum solubility is at a higher pH.

These two properties often make iron a better (more versatile)

choice than aluminum as the destabilizing chemical, especially

when used at pH values greater than �8.0.

Themost commonways to add aluminum or iron are as the

sulfate or chloride salts. Aluminum is most often added as a

hydrated aluminum sulfate, commonly known as alum

(Al2ðSO4Þ3 
 xH2O, where x is typically in the range of

14–18), and iron is added as ferric sulfate (Fe2(SO4)3) or

ferric chloride (FeCl3). In all of these cases, the addition and

subsequent precipitation of the metal consumes three equiv-

alents of alkalinity per mole of the metal (and therefore

reduces the pH), as is clear from the following stoichiometry:

FeCl3 þ 3H2Oþ 3HCO3
� ¼ FeðOHÞ3ðsÞ þ 3H2CO3

þ 3Cl�

Al2 SO4ð Þ3 þ 6H2Oþ 6HCO3
� ¼ 2Al OHð Þ3ðsÞ þ 6H2CO3

þ 3SO4
2�

When these metal salts are added to water or wastewater

as destabilizing chemicals, the alkalinity and pH are

reduced; that is, the metals are acids. As might be expected

–

–

–

–

–

–

–

FIGURE 11-11. Aluminum speciation and solubility.
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from the role of pH in determining speciation and solubility,

the effectiveness of these chemicals is highly dependent on

pH, so it must be carefully monitored and, in some cases,

controlled. The original alkalinity of the water determines

the expected change in pH. Low alkalinity waters are likely

to require simultaneous addition of a base (e.g., Ca(OH)2 or

NaHCO3) to neutralize the acid addition.

In well-oxygenated waters, iron can be added in the þII

oxidation state (e.g., as ferrous sulfate, FeSO4), allowing the

dissolved oxygen to oxidize the iron as follows:

4Fe2þ þ O2 þ 4Hþ ! 4Fe3þ þ 2H2O

As noted in Chapter 10, the rate of this oxidation reaction

is relatively slow at low to neutral pH values but increases

dramatically with increasing pH. Hence, the use of Fe(II) as

a destabilizing chemical is limited to situations in which the

pH, the dissolved oxygen content, and the alkalinity are all

sufficiently high to facilitate the rapid oxidation of all the

added Fe. If the oxidation is incomplete in the treatment

plant but continues in a water distribution system, Fe(OH)3
will form in the distribution system. The use of Fe(II) can be

advantageous in some systems because the decrease in the

oxygen concentration can help prevent the formation of

bubbles in deep bed filters.

When either aluminumor iron salts are added towater, they

can form some metal-hydroxo polynuclear complexes. Most

evidence suggests that, in the case of aluminum, two dimeric

species (molecules with two aluminum atoms) and one

larger molecule (probably Al13O4ðOHÞ247þ) form (Baes

and Mesmer, 1976). Iron also forms polymers (Fe2(OH)2
þ4,

Fe3(OH)4
5þ) but to a lesser extent than aluminum (Gray et al.,

1995). These relatively large, highly charged species are

surface-active, and hence adsorb rapidly to particles already

in the water. However, the polymers are quite short-lived in

typical coagulation (rapid-mix) processes used in water treat-

ment. Their formation is a function of the pH and temperature

of the water, the pH, and concentration of the stock solution,

and the concentration and pH gradients induced in the sus-

pension when the alum is added (and therefore of the mixing

employed in the rapid-mix tank).

It is also possible to manufacture stable forms of poly-

meric alumino-hydroxyl species and to use these instead of

alum as the destabilizing chemical. To prepare such chem-

icals, the pH of a stock solution of aluminum chloride

(which is at low pH and therefore completely soluble) is

raised very slowly by the addition of base. The slow addition

leads to the formation of the polymeric forms (e.g.,

(Al2(OH)2
4þ, Al3(OH)4

5þ, and Al13O4(OH)24
7þ) without

the formation of the precipitate, Al(OH)3 (s). The extent

of polymerization is controlled by the final ratio of

[OH�]added=[Al]T. Although the species of interest are

alumino-hydroxyl polymers, the product is referred to as

polyaluminum chloride (PACl), in recognition of the starting

material and presence of chloride in the final product. The

identical process can be used with a starting material of

aluminum sulfate (and the final product is then called

polyaluminum sulfate); sulfate acts as a catalyst for Al

(OH)3 (s) precipitation, however, and so this product tends

to be less stable in water. Although it is possible to manu-

facture preformed polymers of iron, the commercially avail-

able products are almost all polyaluminum chloride.

When PACl is added to water in a treatment scheme, the

changed chemical conditions lead to a reequilibration of the

speciation, and the precipitate Al(OH)3 (s) is then formed.

The use of preformed polyaluminum species, particularly, in

removing humic substances, has been studied by Dempsey

and coworkers (Dempsey, 1989; Dempsey et al., 1985).

Other studies have investigated the relative effectiveness

of the preformed polymers and the inorganic salts at differ-

ent temperatures.

According to Van Benschoten and Edzwald (1990a, b), the

polymeric species are unlikely to form when alum is used for

destabilization, whereas the preformed polymers of polyalu-

minum chloride tend to be maintained in solution for periods

longer than the typical detention times involved in engineered

systems for water and wastewater. Hence, the operative

species present in thewater are considerably different depend-

ing on the source of aluminum. The Al(OH)3 (s) precipitates

that are formed from the two sources of aluminum are also

different. Alum (or aluminum chloride) forms an amorphous

precipitate of Al(OH)3 (s) that incorporates a substantial

amount of water, and so is gelatinous and fluffy. Polyalumi-

num chloride forms a more densely packed precipitate, with

much less water incorporated.

Besides aluminum and iron, other inorganics can be

added to water to aid or cause particle destabilization.

Lime (CaO, or in its hydrated form, Ca(OH)2) is added

not primarily to destabilize suspended particles, but to

precipitate calcium carbonate (in softening) or calcium

phosphate (for phosphate removal). Nevertheless, these

precipitates are effective at destabilizing existing particles

in the water. Lime can also be added strictly to raise the pH

of the water (because it is a base with two equivalents of

alkalinity per mole of lime). For instance, lime is sometimes

added as a base to counteract the acidic properties of

aluminum or iron.

Organic Polymers

Several types of synthetic organic polymers are used for

particle destabilization and to improve the strength of flocs

that are created in the particle treatment processes. The most

common types used in water and wastewater treatment are

relatively low-molecular weight molecules that are positively

charged in water: polydiallydimethyl ammonium chloride

(often referred to as polyDADMAC) and epichlorohydrin

dimethylamine (commonly referred to as epi-DMA). The
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structures of the monomers that are linked together to form

these two types of polymers are shown in Figure 11-12. In the

case of the epi-DMA polyamines, the synthesis can lead to

either linear or branched structures, and these different for-

mulations could interact differently with the charged particle

surfaces. In the figure, the chloride is not shown, as its

departure from the molecule is what leaves the polymer

positively charged. Both of these common polymers are

available from several manufacturers; each manufacturer

has many products with various molecular weights (n values

on the figure) and, at eachmolecular weight, various values of

the weight percent (i.e., dilution) of polymer in the formula-

tion. Molecular weights for these polymers are usually in the

range of 104–106. For these polymers, the charge density

(charge per unit mass) is essentially independent of pH over a

broad range; this fact is convenient for applications where the

pHof thewater can change rapidly andover awide range (e.g.,

some industrial wastes), although the fact that the particle

charge in the raw water might depend on pH can lead to an

effect of pH on process performance.

Formulations with different molecular weights might

have substantially different effectiveness, whereas the dif-

ferent active weight percents of polymer in the formulation

primarily add convenience in matching the mixing require-

ments with each suspension and facility. As the molecular

weight or the active weight percent increases, the viscosity

of the solution increases; this property means that it might be

difficult to disperse a stock solution with a high active

weight percent of polymer uniformly into a suspension. If

the application is in potable water use, the amount of free

monomer in the product must be very low to avoid contami-

nating the drinking water; the polymers themselves are so

surface-active that virtually all are removed in subsequent

treatment.

A different class of polymers is based on acrylamide; as

shown in Figure 11-13, the acrylamide alone leads to a

nonionic polymer, but both cationic and anionic polymers

can be made by copolymerization of the acrylamide with

positive or negative organic functional groups. The polymer

molecular weight can be varied by the number of the

repeating units (n), and the charge density can be varied

by the ratio of the number of acrylamide to either quaternary

ammonium or acrylate monomers (y to x in the figure)

(Mangravite et al., 1985). Again, many formulations are

available, with different molecular weights (106–107), func-

tional groups, and charge densities; these polymers are sold

both in powder form and as emulsions, because aqueous

solutions are quite unstable.

The essential feature of all of the organic polymers is that

they are surface-active materials; that is, they adsorb to

particle surfaces. The charge and size characteristics of these

synthetic polymers then determine how they change the

characteristics and interactions of the particles.

Nonionic: Acrylamide

CH2     CH 

C    O 

NH2 n 

Cationic: Copolymer of acrylamide and 

quaternary ammonium monomers

CH2     CH 

C    O 

NH2

CH2     CH 

C    O 

R

CH3    N    CH3

CH3

+
x 

y 

n 

Anionic: Copolymer of acrylamide

and acrylate

CH2     CH 

C    O 

O  x –

CH2     CH

C    O

NH2 y 
n 

FIGURE 11-13. Chemical structures of the common high-

molecular weight polymers used for particle destabilization. Non-

ionic polymers consist of n of the monomers shown. For both the

cationic and anionic polymers, products with different numbers and

ratios of x and y can be formulated. The copolymers shown are

examples only; other groups can be used with the backbone of

acrylamide to form these types of polymers. Source: Adapted from

Mangravite (1983).
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CH3 CH3
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PolyDADMAC:

     CH      +

OH n
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epi-DMA:

FIGURE 11-12. Chemical structures of the common low-molec-

ular weight cationic polymers used for particle destabilization. The

polymer consists of n of the monomers shown.
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Some naturally occurring organic materials have also been

shown to be effective destabilizing chemicals. The use of

natural materials is particularly valuable in developing coun-

tries where the cost of synthetic organics or manufactured

inorganicmaterialsmight be prohibitive.One naturalmaterial

that has shown promising results is an extract made from

Moringa seeds (Ndabigengesere and Narasiah, 1998), with

the effective doses often being as low as with synthetic

materials. A difficulty in using natural materials for drinking

water applications is extracting the active ingredient, so that,

when the chemical is used, thewater is not contaminated with

other organics that could promote biological growth or lead to

other unwanted side effects.

11.4 PARTICLE DESTABILIZATION

The success of particle treatment processes depends on over-

coming or eliminating the problem of stability induced by the

repulsive energy barrier depicted in Figures 11-7 and 11-8.

Particles can be destabilized in at least four different ways,

each of which is discussed subsequently. These four destabi-

lization mechanisms are (1) compression of the diffuse layer,

(2) adsorption and charge neutralization, (3) enmeshment in a

precipitate, and (4) adsorption and interparticle bridging.

Destabilization of a stable suspension is often induced by

the addition of chemicals, commonly referred to as coagu-

lants or flocculants. The degree of destabilization achieved is

generally a nonlinear function of the concentration of the

added chemical. The minimum concentration of the added

chemical required for effective destabilization is referred to

in some literature as the critical coagulation concentration

(CCC). In the following sections, we explore how the

various destabilization mechanisms work, including the

effects of the concentration of the added chemical.

Some authors use the terms coagulant and flocculant

interchangeably, while others distinguish between them.

Even those authors who distinguish between the terms do

not agree on the distinctions; some use coagulants to refer to

chemicals that work by the precipitation mechanism and

flocculants to refer to those that work by adsorption, others

distinguish inorganic additives (coagulants) from organic

polymers (flocculants), and still others distinguish chemicals

that accomplish charge neutralization (coagulants) from

those that work by interparticle bridging (flocculants). In

addition, some of these chemicals are referred to by their use

(filter aids, dewatering aids) when in fact the same chem-

icals might be used to accomplish destabilization for other

particle removal processes. To avoid these terminology

problems, we primarily use the term destabilizing chemicals

to refer to all the chemicals of interest, although we some-

times refer to coagulants or flocculants, with the term

flocculant reserved for high-molecular weight organic mol-

ecules that work by interparticle bridging.

Compression of the Diffuse Layer

If the ionic strength of a solution is increased, the availability

of counterions to surround a charged particle increases, so

that the volume or distance from the surface through which

the diffuse layer extends is reduced. The effect of ionic

strength on the composition and thickness of the diffuse

layer was shown graphically in Figure 11-5 and is illustrated

schematically in Figure 11-14. Higher ionic strength reduces

the size of (compresses) the diffuse layer.

As shown in Figure 11-15, the reduction in the thickness

of the diffuse layer with higher ionic strength tends to reduce

the energy barrier that must be overcome to allow particles

to collide; that is, it decreases the stability of the suspension.

At some ionic strength, the net interactive energy is attract-

ive at all separation distances. Since the ionic strength is a

function of both the molar concentration and the valence of

the dissolved electrolyte, increases in either of these param-

eters decrease the energy barrier, as indicated in the two

parts of the figure.

Double layer compression is the basis of an empirical rule

known as the Schulze-Hardy rule (1890s), which held that

the ion concentration required to destabilize a suspension

varies for mono-, di-, and trivalent compounds as

1 : 1=100 : 1=1000. For this mechanism, the critical coagu-

lation concentration can be quantified as the minimum salt

concentration, which leads to a net interaction energy of zero

(VTot¼ 0) at the energy barrier (where dVTot=ds is 0). The
diffuse layer model predicts the CCC computed this way to

depend on 1=z6, which translates to a ratio of 1 : 1=64 :
1=729 in close agreement with the empirical Schulze-Hardy

rule (Lyklema, 1978).

In full-scale engineered systems (especially for drinking

water), compression of the double layer is not practical as a

destabilization mechanism because the treated water would
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FIGURE 11-14. Schematic of the compression of the diffuse

layer at high ionic strength. (Particle is assumed to be negatively

charged; only the surrounding cations are shown for the sake of

clarity. Characteristic thickness of the diffuse layer indicated by the

dotted circles.)

PARTICLE DESTABILIZATION 535



have a high ionic strength (i.e., high salt content). However,

it can be used in a situation in which the blending of two

waste streams, one with high ionic strength and another with

high particle content but low ionic strength, could lead to the

effective flocculation of the particles without need for

additional chemicals. Compression of the double layer

has also frequently been employed in research on physical

aspects of particle processes since this mechanism is the best

understood mathematically. In that case, the chemicals that

are added are inorganic electrolytes that do not change the

pH, such as sodium chloride, sodium nitrate, or calcium

chloride.

Diffuse layer compression is also important in estuaries

where the salt content increases as the estuary approaches

the ocean. Particles that are stable upstream become

unstable, and the resulting coagulation of particles near

the mouth leads to accumulations of sediment at or near

the entrance to the ocean (Mehta et al., 1989). In addition,

calculations indicate that, as the salt concentration increases,

the depth of the secondary minimum in the total energy

curve increases; this fact suggests that destabilization might

occur to some degree by capture in the secondary minimum

at concentrations less than that needed to make the interac-

tion attractive at all distances.

Adsorption and Charge Neutralization

A second mechanism of destabilization is the neutralization

of the charge on the particle by the adsorption of ions of the

opposite charge. If just the right amount is adsorbed, the net

charge on the particles becomes 0, the particles have no

surrounding diffuse layer, electrostatic repulsion is non-

existent, and the problems that create particle stability are

eliminated.

Adsorption of a charge neutralizing ion can occur

because of specific chemical interactions between the

destabilizing chemical and the surface of the particle, or

because the molecule is hydrophobic and prefers to attach

to a particle surface rather than stay in the bulk solution. If

such adsorption occurs and the added chemical has a

charge opposite to that of the particle, the net charge on

the particle surface is reduced; in effect, the surface charge

is being titrated by the addition of the destabilizing

chemical. In the top portion of Figure 11-16, this effect

is illustrated. The charge of the destabilizing chemical

(positive in the illustration, opposite to the original surface

charge) changes the net surface charge. At low doses of the

chemical, the surface charge remains negative, but its

magnitude is reduced; at some dose, the original surface

charge has been neutralized and the net surface charge is 0.

The driving force for this adsorption is not primarily

electrostatic, so further addition of the destabilizing chem-

ical beyond the dose needed for charge neutralization

results in charge reversal, as illustrated.
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The bottom portion of Figure 11-16 shows the results of a

procedurewidely referred to as a jar test. In such a test, several

samples of given suspension are subjected to various doses of

the destabilizing chemical, rapidly mixed for a short period

(15–90 s), slowly mixed for a longer period (15–45min), and

allowed to settle for some time period (20–60min) or filtered

with a coarse filter. Then, some measure of residual particle

concentration (turbidity, suspended solids, or total particle

number concentration) is taken. Jar testing is the standard

testing procedure for determining the proper chemical dose

(regardless of the mechanism of destabilization, and also

irrespective of which particle removal process is being con-

sidered). A series of jars provides several points on one of

the continuous curves shown. The most effective dose of the

destabilizing chemical is that forwhich the chosenmeasure of

particle content is lowest.

The (conceptual) results shown in Figure 11-16 indicate

that destabilization is effective not only when the net particle

surface charge is exactly 0, but also in a range of doses

around that perfect dose. One explanation for this phenom-

enon is that the energy barrier has been lowered sufficiently

that most particles in the suspension can overcome it.

Another plausible reason has been offered by Gregory

(1973) and Kasper (1971); their view, called the “patch

model,” holds that the destabilizing chemicals (generally

relatively small organic polymers) adsorb in patches on the

surface, forming an uneven charge distribution, with some

areas still carrying the original surface charge and others

(where extensive adsorption has occurred) being of opposite

charge. A negative patch on one particle is attracted to the

positive patch of another, resulting in effective destabiliza-

tion even at doses below or above that required for exact

charge neutralization.

The figure makes clear that, when so much destabilizing

chemical has been added that the charge is reversed, the

suspension is stable—no reduction in the chosen particle

measure occurs. Overdosing of the chemical leads to a

suspension that has the same problem as it did

originally—charged, and therefore stable, particles. The

term restabilization is used to describe this phenomenon.

(Note that a suspension subjected to an overdose has never

been destabilized, except perhaps quite briefly during the

adsorption process, so the term is slightly misleading.) This

phenomenon of overdosing and restabilization can some-

times lead to operational problems; if a suspension is stable

(as indicated by poor removal in the subsequent treatment

process), operators might assume that the current chemical

addition represents an under-dosing and increase the dose.

If, in reality, the current dose is an overdose, the correct

decision is to reduce the amount of destabilizing chemical

being added.

When particle destabilization is accomplished by adsorp-

tion and charge neutralization, the chemical dose required is

correlated with the particle concentration; that is, there is a

stoichiometric effect of particle concentration. This stoichi-

ometry is actually between the dose required and the cumu-

lative surface charge, which is usually assumed to be

proportional to the total surface area concentration of the

particles in the water. This stoichiometry is also illustrated

conceptually in Figure 11-16 by the inclusion of curves for

two suspensions with different particle concentrations but

otherwise identical characteristics. The same chemical dose

in the two suspensions leads to a lesser change in the surface

charge of the higher concentration suspension because the

dose is spread among a larger number of particles. Perhaps,

not so obvious is that this spreading leads to a wider range of

chemical doses that are effective; the same range of low

(near 0) surface charge density leads to effective destabili-

zation in both cases, but that range of charge densities is

spread over a wider range of doses of destabilizing chemical

for the higher particle concentration suspension. The stoi-

chiometric effect can also lead to operational difficulties if

the quality of the water to be treated (i.e., the particle

concentration) is highly variable. In such a case, the dose

of coagulant must be varied to match the variation in water

quality. Use of on-line measurement of the streaming cur-

rent, electrophoretic mobility, or zeta potential is particu-

larly valuable to control the dose of destabilizing chemical in

such situations.

Note also in Figure 11-16 that the effective destabilization

zone is not only wider but also deeper for the higher

concentration suspension. As shown subsequently in

Chapter 12, higher concentrations of particles are more

easily contacted with one another, resulting in a greater

extent of flocculation in a fixed time.

Both inorganic chemicals (aluminum and iron) and

charged organic polymers can be used for adsorption and

charge neutralization. As has been noted, the surface charge

on most particles encountered in environmental engineering

is negative; hence, both the low-molecular weight cationic

organic polymers (polyDADMAC and epiDMA) and the

metal coagulants are commonly used for this purpose. Iron

and aluminum are effective at pH values where their positive

species dominate. Both of these inorganic coagulants also

can form precipitates with soluble NOM at relatively low

pH; this specific chemical interaction makes these inorganic

coagulants particularly effective for particles whose surface

charge is caused primarily by adsorption of NOM. At high

doses of the metal salts, precipitation of the metal hydrox-

ides occurs, as is described next.

Enmeshment in a Precipitate–Sweep Flocculation

A third mechanism of destabilization, enmeshment in a

precipitate, occurs when an inorganic salt is added in

such quantity that a precipitate is formed. Most commonly,

the inorganic salt is FeCl3 or alum, and the precipitate

that forms is ferric hydroxide, Fe(OH)3(s), or aluminum
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hydroxide, Al(OH)3(s). However, the same mechanism can

occur when calcium carbonate, CaCO3(s), and (possibly)

magnesium hydroxide, Mg(OH)2(s), are generated in a

precipitative softening process, or when metal hydroxides

are precipitated during treatment of industrial wastewaters.

In this destabilization mechanism, the cations that are the

precursors of the precipitate first adsorb onto particles that

are already in the water, just as occurs in the adsorption-and-

charge-neutralization mechanism. However, in this mecha-

nism, the surface catalyzes the formation of nuclei of the

new solid, so that precipitation can proceed at a significant

rate at lower coagulant doses than are required in the bulk

solution. As a result, the original particles are caught up in

the precipitate as it forms. This sequence of steps is shown

schematically in Figure 11-17.

In most cases, the forming precipitates join with each

other to form large flocs. One would expect that the hydrox-

ide precipitates would be positively charged at normal pH

values (because the zero point of charge is at alkaline pH for

both Al(OH)3 and Fe(OH)3 solids). However, anions from

solution (e.g., sulfate ions or NOM) adsorb onto the forming

solids and neutralize the surface charge sufficiently to allow

the flocs to continue to grow. This floc growth, combined

with the fact that hydroxides incorporate a substantial

amount of water into their formation, results in the rapid

formation of large, fluffy flocs. If any of the original particles

have not been caught up in the initiation of precipitation,

they can be contacted quickly by these large flocs, leading to

the notion of the particles being swept out of the suspension

by the precipitate. As a result, this mechanism of destabi-

lization is commonly referred to as sweep flocculation (or

simply, sweep floc), even though most particles are probably

destabilized by serving as sites of initiation of the precipita-

tion reaction.

Because particles in the suspension act as nucleation sites,

the rate of precipitation increases slightly with higher parti-

cle concentration. This leads to a mild inverse stoichiometry;

that is, the more particles originally present, the less

chemical necessary to accomplish effective destabilization.

Obviously, however, sufficient amounts of the metal salts

must be added to achieve precipitation, and that often takes a

factor of oversaturation of �100, so this inverse stoichiom-

etry is often minor in comparison to the chemical require-

ment for precipitation. In essence, the forming precipitate

becomes the dominant species dictating the surface chemis-

try of all the particles in the suspension; as a result, this

mechanism can be used for virtually any suspension as long

as the pH is conducive to the precipitation.

Hence, aluminum and iron can effectively destabilize

particles by two different mechanisms: adsorption and

charge neutralization at low metal concentrations and sweep

flocculation at higher concentrations. The pH of the solution

and the nature and concentration of the particles in suspen-

sion influence these phenomena, so what constitutes “low”

and “high” concentrations of the metals varies with the

suspension. The solid line in Figure 11-18 illustrates that

the two mechanisms are clearly differentiable and separate

in some cases; as shown in greater detail subsequently, this

situation generally applies at relatively low particle concen-

tration and relatively low pH. If the pH is held constant,

restabilization can only occur with increasing dose when

adsorption (without precipitation) is the dominant

FIGURE 11-17. Schematic of the adsorption of metal ions (small circles) onto a particle (large

circle) leading to the formation of a precipitate. The lines in the right part of the figure indicate the

formation of the precipitate.
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FIGURE 11-18. Destabilization by two different mechanisms by

metals addition. (Solid line represents a given suspension at a pH,

where the two mechanisms are separated; dotted line represents a

more concentrated suspension at the same pH.)
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mechanism of interaction between the metal ion and the

particle surface. As noted above, restabilization occurs when

the amount adsorbed is sufficient to reverse the original

particle charge. Destabilization is accomplished at higher

metal ion doses by enmeshment in the precipitate of the

metal hydroxide.

If the particle concentration is relatively large, the charge

neutralization and sweep flocculation regions can blend into

one another, leading to results indicated by the dotted line in

Figure 11-18. In this case, the destabilization can be accom-

plished by charge neutralization at doses below those

required for sweep flocculation, but the dose where restabi-

lization would begin is higher than that required for precipi-

tation to be initiated. Hence, no restabilization occurs, and it

is not possible to delineate where one mechanism of desta-

bilization ends and the other begins.

Amirtharajah and coworkers summarized a large body

of literature on the effectiveness of aluminum and iron salts

as effective destabilizing chemicals and presented the

results graphically. The original diagrams by Amirtharajah

and Mills (1982) for aluminum and by Johnson and

Amirtharajah (1983) for iron were subsequently updated,

as shown in Figures 11-19 and 11-20, respectively. In each

case, the authors reviewed many papers in which results of

destabilization had been presented, and identified the

effective zones of pH and coagulant dose for each mecha-

nism on a log concentration versus pH solubility diagram

for the hydroxides. These diagrams represent an excellent

guideline for choosing a range of doses to investigate for a

suspension whose characteristics are unknown.

Using the alum destabilization diagram in Figure 11-19,

we can explore and compare the expected behavior of two

suspensions, one at pH 6 and the other at pH 7.5, when they

are dosed with alum. We assume that base is added simulta-

neously with the alum so that the pH is held constant. For the

suspension at pH 6.0, we expect doses below �0.5mg=L to

have essentially no effect, doses in the range of 0.5–2mg=L
to be effective via the mechanism of adsorption and

charge neutralization, doses in the range of 2–30mg=L to

be ineffective because the suspension has undergone

charge reversal, and higher doses to cause precipitation of

Al(OH)3 (s) and destabilization by the sweep floc mecha-

nism. As indicated on the diagram, the boundaries of these

different regions vary with different suspensions, both

FIGURE 11-19. Alum destabilization diagram. Source: From Amirtharajah and Mills (1982), as

redrawn in Edzwald et al. (1998).
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because of the particle concentration and because of the

surface charge density.

For the suspension at pH 7.5, destabilization is effective at

all doses higher than �3mg=L. In the range 3–12mg=L,
destabilization is accomplished by a combination of charge

neutralization and sweep flocculation; in this range, the

destabilization might be initiated by charge neutralization,

but the surface concentration of aluminum builds to the point

where precipitation occurs. At higher doses, precipitation

occurs rapidly and sweep flocculation is the mechanism of

destabilization. Because alum is an acid, the pHwould tend to

decline as the alum dose is increased; hence, a real suspension

that started at pH 7.5 might end up at pH 6.0 at higher doses

(depending on the initial alkalinity), in which case the trend

of destabilization with dose would be intermediate between

those noted for the two constant pH suspensions.

Iron is less complex than aluminum in its behavior,

primarily because it is less soluble. The distinction between

charge neutralization and sweep floc is rarely clear at

pH	 6, because doses that are sufficient to cause charge

neutralization are a few orders of magnitude higher than that

needed to initiate precipitation. Hence, as indicated in

Figure 11-20, the mechanism is thought to be primarily

charge neutralization at lower pH values and enmeshment in

a precipitate at higher pH values.

It is obvious by comparing Figures 11-19 and 11-20 that

the region of insolubility of Al(OH)3 (s) is much narrower

than that for Fe(OH)3 (s), which means that alum is effective

as a coagulant in a smaller pH range than iron. For waste-

water or drinking water applications in which the pH is

higher than �8.0, iron is always the choice because of this

difference in the solubilities of the metals.

Any other precipitate that is formed in solution as part of

the overall treatment can also act as a coagulant. In the

softening of drinking water, lime (CaO) is added to raise the

pH and precipitate calcium carbonate (CaCO3 (s)) and, at

sufficiently high pH, magnesium hydroxide (Mg(OH)2 (s)).

Lime is also added to raise the pH to cause metal precipita-

tion (e.g., Cu(OH)2 (s), Zn(OH)2 (s)) in many industrial

wastewaters. Either lime or iron can be used to cause

phosphate precipitation. All of these precipitates also act

to capture other particles originally in the water, in the same

manner as Al(OH)3 (s) or Fe(OH)3 (s).

An illustration of the effects of alum on particle destabi-

lization is shown in Figure 11-21. In the experiments, aliquots

of raw Mississippi River water (turbidity¼ 3.1NTU) were

adjusted to various pH values and either received no further

chemical addition or were dosed with 50mg=L of alum. All

of the samples were subjected to identical jar test procedures

(rapid mix for 60 s, slow mix for 30min, and filtration

FIGURE 11-20. Iron destabilization diagram. Source: From Johnson and Amirtharajah (1983), as

redrawn in Edzwald et al. (1998).
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through a glass fiber filter). A small amount of turbidity

removal occurred in the control samples (no alum addition),

especially at the lower pH values where, presumably, the

surface charge was lower. The alum samples show effective

destabilization in two pH ranges, consistent with the general

diagram shown in Figure 11-19. Destabilization was accom-

plished at pH values of 5.0 and 5.5 by charge neutralization

and, at pH values above 7.0, by sweep flocculation.

The samples treated with alum in the range 5.8< pH

< 6.8 all had final turbidity values considerably higher

than the control samples. Apparently, in this pH range,

Al(OH)3 (s) was forming around the original particles,

but the surface charge of the resulting particles or flocs

was positive. The suspension, therefore, had a higher parti-

cle (mass) concentration than the original (or control)

suspension, but the positive surface charge (due to the

aluminum hydroxide speciation on the surface) caused the

suspension to be stable. Such results are not unusual,

especially with alum.

Adsorption and Interparticle Bridging

The final mechanism of destabilization is adsorption and

interparticle bridging. The destabilizing chemicals used in

this mechanism are usually the high-molecular weight

(acrylamide-based) synthetic organic polymers described

in the previous section. In this mechanism, it is thought

that polymer molecules attach (adsorb) to the surfaces of two

or more particles by some specific chemical interaction

(not simply electrostatics) and form bridges between

them. Figure 11-22 shows this idea conceptually. Large

polymers are needed to accomplish destabilization by this

mechanism, because the polymer bridge has to span two

diffuse layers. Polymers are quite strong, however, and so

once attached to two particles, the floc is unlikely to break

apart. As a result, this mechanism of destabilization is

particularly useful in situations in which there is substantial

hydraulic shear or breakup is particularly undesirable, such

as in dewatering applications and granular media filters.

Polymers with the same charge as the particle surface are

sometimes effective in causing destabilization by this mech-

anism; that is, cationic, anionic, and nonionic polymers can

each be used to bring about destabilization regardless of the

charge on the surface. Thus, the attraction to the surface is not

simply electrostatic. However, if the polymer used has the

same charge as the surface (usually negative), then it is

common that an inorganic polyvalent ion of the opposite

charge (e.g., Caþ2) has to be added simultaneously to make

the polymer effective. This calcium might be acting as an

indifferent electrolyte to compress the diffuse layer and allow

the polymer to overcome the electrostatic repulsion and reach

the particle surface, or it might form complexes with surface

sites and=or ligand sites on anionic polymers, forming a

particle-Ca-polyelectrolyte bridge that facilitates the attach-

ment of the anionic polyelectrolyte to a negative surface.

Destabilization by bridging requires the same polymer

molecule to attach to two different particles. As a result, the

effectiveness depends somewhat independently on both the

particle concentration and the polymer dose, and not just on

their ratio as in the charge neutralization mechanism. When

the polymer is introduced to the suspension and one end of a

polymer molecule attaches to a particle, the other end sticks

out into the surrounding fluid. In a low particle concentration

suspension, the probability of that unattached end finding

another particle is low, and so the molecule might bend

around and attach to the same particle before finding

another; in that case, no destabilization is achieved. This

situation is depicted in Figure 11-23. In a high-concentration

suspension, it is far more likely that the unattached end will

find another particle before bending around the same parti-

cle. This particle concentration effect is another reason that

FIGURE 11-22. Schematic of interparticle bridging by a high-

molecular weight polymer.

FIGURE 11-23. Ineffective destabilization at low particle

concentration.

50 mg/L alum

Controls
(No alum)

Initial turbidity

FIGURE 11-21. Particle destabilization of Mississippi river water

with alum. Source: Adapted from Semmens and Field (1980).
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this mechanism of destabilization is often used in sludge

dewatering applications, where the particle concentration is

very high. Similarly, it is rarely used in low concentration

suspensions.

As with the charge neutralization mechanism, overdosing

a suspension where destabilization by bridging is the goal

can lead to restabilization, but for different reasons. If a high

concentration of polymer is added to the suspension, one end

of several polymer molecules can attach to each particle,

taking up most of the adsorption sites; the unattached ends

are then prevented from attaching to another particle, not

only because most sites are already taken, but because the

unattached ends are sterically hindered from making their

way to the few untaken sites. A schematic diagram of a

particle in an overdosed condition is shown in Figure 11-24;

it is difficult to imagine the polymers of another, similarly

overdosed, particle successfully finding their way to the

surface of the one shown.

Hogg (1984) refined an earlier model of La Mer and

coworkers (Smellie and La Mer, 1958; Healy and La Mer,

1962) to explain the effects of polymer dose. He assumed

that the number of possible adsorption sites on a particle is

proportional to the particle surface area, and that a polymer

attached to a particle at one end was free to rotate so that the

other end would tend to find an unoccupied site. He

proposed that the effectiveness of a polymer dose was

related to the probability that a polymer attached (at one

end) to one particle would find an unoccupied site (for its

other end) on another particle. (Note that, for this mecha-

nism, effective destabilization involves two particles at once,

and hence it is not possible to completely separate destabi-

lization from the processes that lead to floc formation.) He

found this probability by considering the inverse problem:

that particles would not adhere to one another. This (inverse)

situation would occur only if the sites on the two particles

were both either completely filled by polymer, or completely

devoid of polymer. If focc is the fractional coverage of

the particles and mi and mj are the number of possible

adsorption sites on particles i and j, respectively, he found

aij ¼ 1� f miþmj � 1� f occð Þmiþmj .

For a suspension with particles that are all identical (same

size and same number of possible adsorption sites), aij is

close to 1.0 over a broad range of values of focc, meaning

that destabilization is effective over a wide range of doses.

For two particles of different sizes, this model suggests that

the range of doses (i.e., fractional surface coverage) that

achieves effective destabilization broadens still further as

the size ratio of the two particles (smaller to larger) involved

in the interaction decreased. Since the desire in engineered

systems is to find the minimum effective dose (surface

coverage), overdosing to the point of restabilization is

much less likely than in the case of charge neutralization.

Unlike with charge reversal (where the surface charge can be

measured), no independent measure is available to deter-

mine directly whether an ineffective dose represents an

under-dose or overdose. Hence, empirical evidence directly

related to the application (flocculation, filtration, or dew-

atering) is the only tool available to determine the optimal

(i.e., minimum effective) dose in this mechanism.

The use of a high-molecular weight polymer does not

necessarily mean that destabilization is accomplished by

the bridging mechanism. Polymer charge often plays a

significant role in destabilization, and the destabilization

might well be accomplished by charge neutralization even

for large polymers. What determines the mechanism is how

the polymer is adsorbed to the surface. If it attaches at one

end or forms large loops so that part of the molecule sticks

out into the water and is available to attach to another

particle, then the bridging mechanism is possible. But, it

is also possible that the molecule will attach closely to the

particle throughout the chain length. Walker and Grant

(1996) have made the analogy that this latter phenomenon

is like a zipper; after the first part of the molecule attaches to

the surface, molecules along the chain keep attaching one by

one, so that it closes onto the surface like a zipper.

11.5 INTERACTIONS OF DESTABILIZING

CHEMICALS WITH SOLUBLE MATERIALS

It is now commonly accepted that the major source of

surface charge of particles in most natural waters is adsorbed

organic matter (O’Melia, 1989; Buffle et al., 1998). When

aluminum is added to water containing both soluble NOM

and particles with adsorbed NOM, the interactions between

the aluminum species and NOM dictate the success or

failure of destabilization. The aluminum destabilizes the

particles by either charge neutralization or enmeshment in a

precipitate of Al(OH)3 (s); the NOM can also be removed to

a significant extent either as an Al-NOM precipitate or by

adsorption onto Al(OH)3 (s). Generally, the ranges of pH and

alum dose that achieve effective NOM removal overlap with

the regions of effective particle removal. This overlap occurs

because the charge on the particle is usually caused by the

NOM, so the aluminum is interacting with the NOM in

solution and on the particle in much the same way. However,

the lower-pH, lower-alum-dose region where particle

removal occurs by charge neutralization is generally where

FIGURE 11-24. Overdosingof polymers for bridgingmechanism.
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the aluminum-NOM precipitation occurs. At the higher-pH,

higher-alum-dose region where sweep flocculation causes

the particle removal, NOM removal occurs primarily by

adsorption onto the high surface area of the precipitated

amorphous Al(OH)3 (s). Current US drinking water regula-

tions require most utilities using surface water supplies to

remove some NOM, and an acceptable method is by inter-

action with aluminum (or iron). To accomplish the desired

NOM removal, the dose of alum is often increased beyond

that required for effective particle destabilization; this pro-

cess of achieving organics removal in addition to particle

removal by the addition of higher doses of destabilizing

chemical is known as enhanced coagulation. It can be

accomplished by any of the destabilizing chemicals that

lead to precipitation, with iron often being more effective

than alum.

A dramatic example of the role of NOM in determining

the effective dose for both particulate destabilization and

NOM precipitation=adsorption was given by Edzwald (1993)
and is reproduced in Figure 11-25. The Missouri river water

had high particle concentration (turbidity of 670NTU) but

low dissolved organic carbon (DOC¼ 3mg=L), whereas the
Myrtle Beach water had a much lower particle concentration

(turbidity¼ 30NTU) and high DOC (20mg=L). In jar tests,

the dose of alum needed for effective destabilization required

satisfying (titrating) the charge of the organic matter for both

waters, which meant a low dose for Missouri river (despite

the high particle concentration) and a high dose for Myrtle

Beach. The removal of the DOC was in the solid form, either

by adsorption onto precipitates of Al(OH)3 (s) or by precipi-

tation of an Al-NOM solid, although it is not clear from these

results which of these phenomena occurred.

NOM also is removed by other precipitates that are

formed in drinking water treatment. The interaction of

NOM with iron is quite similar to that with aluminum,

but is generally slightly more favorable; that is, iron is

somewhat more effective for NOM removal in most waters.

As the removal of NOM in drinking water treatment has

become of greater importance, many water plants have

changed from aluminum to iron as the primary coagulant

to take advantage of this difference. NOM is also removed in

softening, by both CaCO3 (s) and Mg(OH)2 (s) (Randkte

et al., 1982; Liao and Randkte, 1986; Thompson et al., 1997;

Roalson et al., 2003).

When aluminum or iron species are added to municipal

wastewater during tertiary treatment, the metal is envisioned

to form separate or mixed precipitates of metal phosphate

and metal hydroxide. These precipitates help destabilize

residual particles and adsorb some remaining organics.

Hence, a tertiary treatment that includes aluminum or

iron addition acts as a polishing step in enhancing the solids

and organics removal in addition to accomplishing the main

objective of phosphate precipitation.

As noted in Chapter 7, the metal precipitates that are

formed through the additions of inorganics for particle

destabilization are also effective adsorbents for other con-

taminants besides NOM. Arsenic is removed by aluminum

or ferric hydroxide, heavy metals are adsorbed or copreci-

pitated, and silica can be removed in softening as a magne-

sium silicate. Although the primary reason to add these

coagulants is typically to destabilize particles, the conditions

(e.g., pH) and concentrations, and even the choice of coagu-

lant, can be dictated by the desire to accomplish the removal

of these other soluble contaminants.

Combinations of Additives

It is often helpful, or even necessary, to add more than one

chemical to accomplish particle destabilization. The most

obvious example is when pH needs to be controlled for

effective destabilization, as is frequently the case for alumi-

num or iron additions. For NOM removal, a relatively low

pH is often desirable, and so acid is sometimes added if the

pH is not low enough after addition of alum or iron alone. On

the other hand, the acidity of these coagulants sometimes

must be offset by adding a base.

Since the surface charge of virtually all particles

encountered in environmental engineering applications

(a)

(b)

FIGURE 11-25. Effects of alum on removal of (a) organics and

(b) turbidity. (All results at pH 7; UV254 taken as a measure of

NOM content.) Source: Adapted from Edzwald (1993).
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is a function of pH, the pH can be adjusted to accomplish

some charge neutralization. It might well be cheaper to add

an inorganic acid or base to reduce the surface charge

somewhat before adding a charge neutralization polymer

to complete the neutralization. Only rarely could the

inorganic acid or base be used for the entire neutralization,

because the pHzpc is usually outside the range that would

be considered acceptable for the next treatment process

or ultimate use, including discharge to the environment for

wastewaters.

When the bridging mechanism is used and the charge of

the polymer is the same as that of the particle, the same

phenomena that tend to prevent particle–particle collisions

will act to prevent polymer–particle collisions. To overcome

this problem, the diffuse layer must be quite compact; hence,

multivalent ions of opposite charge must be either present or

added to accomplish destabilization. For example, if the

particle charge is negative and an anionic polymer is used,

calcium ions can be added (as, say, CaCl2); in this case, it is

common to add the inorganic species prior to the polymer.

Finally, bridging polymers are often added not so much

for particle destabilization, but rather to enhance floc

strength. In this situation, other chemicals (inorganic or

organic) might be added first to accomplish the destabiliza-

tion, after which the bridging polymers can be added to

minimize floc breakup (in flocculation) or particle detach-

ment (in deep bed filtration). Such polymer addition can also

assist in dewatering processes.

11.6 MIXING OF CHEMICALS INTO THE

WATER STREAM

To accomplish destabilization, the chemicals added must be

effectively contacted with the particles in suspension. The

two most common means of accomplishing that mixing are

in a small CFSTR or within a pipe; in both cases, efficient

mixing of the chemical with the suspension requires turbu-

lent flow.

In turbulent flow, recognizable spatial flow patterns that

persist for at least a short time are called eddies; within such

eddies, a high degree of correlation exists between velocity

at one point and that at another. Eddies vary in size from a

maximum approaching the dimensions of the reactor to a

minimum dependent on the ability of the fluid to transfer

and dissipate energy. In turbulence, eddies with smaller and

smaller length scales are formed as a result of the energy

cascade; that is, energy is transferred from one packet of

fluid to smaller ones until small enough eddies are formed

that the energy is dissipated through viscous forces (Tritton,

1988). Kolmogorov’s Universal Equilibrium Theory relates

the net rate at which energy is transferred from large to small

eddies to the overall energy dissipation rate. The key results

of the theory (at least for our purposes) are two quantities,

known as the Kolmogorov microscales of length and time,

computed as follows (Tennekes and Lumley, 1972):

Length: h ¼ n3

e

� �1=4

(11-14)

Time : tKolmogorov ¼ n

e

� 1=2
(11-15)

where n is the kinematic viscosity (cm2=s; the ratio of the

absolute viscosity, m, to the fluid density, rL) and e is the
energy dissipation per unit time per unit mass (cm2=s3).
These scales represent the smallest scales of turbulent

motion. Fluid motion in size ranges below that of the

Kolmogorov length microscale is in some sense laminar

since the viscous forces dominate the inertial forces.

In the environmental engineering literature, mixing inten-

sity is usually described by the root mean square velocity

gradient, G, with dimensions of inverse time; a velocity

gradient is the derivative of velocity over distance, which

yields these units. For turbulent flows, this quantity is taken

to be the inverse of the Kolmogorov timescale; that is,

G ¼ 1

tKolmogorov

¼ e
n

� 1=2
¼ erL

m

� �1=2

(11-16)

The energy dissipation rate per unit mass, e, is essentially
a microscopic quantity that could vary over the space of a

reactor and is difficult to measure without sophisticated

instrumentation. Hence, it is common to estimate the aver-

age value of G in a reactor from macroscopic quantities,

based on the assumption that the energy dissipated per unit

time equals the power (i.e., energy=time) supplied:

G ¼ erL
m

� �1=2

¼ P

mV

� �1=2

(11-17)

where P is the power input (g cm2=s3) and V is the liquid

volume in the reactor. Typical rapid mix units are designed

as CFSTRs with G values in the range of 700–1000 s�1

(Amirtharajah and Tambo, 1991), so that the smallest char-

acteristic time for mixing (i.e., tKolmogorov, the time for

mixing within the smallest eddies) is on the order of 0.001 s.

Three other timescales are also of interest in considering

the mixing requirements for adequate destabilization:

the hydraulic detention time of the rapid mix unit (thyd),
9

the time for mixing of the large-scale eddies from which the

small eddies are formed (tturb), and the time for reaction of

9 thyd is V=Q; that is, it is the same quantity referred to throughout the book

simply as t. The subscript has been added here for consistency with the

nomenclature being used for the other characteristic times of interest for

mixing.
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the destabilizing chemical with the particle surfaces (tchem).

Of these, thyd is a design parameter that could reasonably be

set at values from <1 min up to many minutes. tturb is also

controlled by design decisions, with an upper limit that

might range from many minutes to as much as a few hours,

if no mechanical mixing is provided, and a lower limit (less

than, and perhaps much less than, a second) set by the

practical constraints of how much mixing energy can be

input to the water at acceptable cost; ways to quantify tturb
are presented below. Finally, tchem reflects the inherent

chemical kinetics of the chemical reactions that the added

chemicals undergo (hydrolysis, precipitation, and=or
adsorption) and, in contrast to thyd and tturb, is beyond

the control of the designers. The ultimate degree and uni-

formity of destabilization depend in a complex way on all of

these timescales. However, it seems logical that good design

would lead to thyd being substantially greater than either

tchem or tturb; in that case, the reagent would have time to

mix throughout the reactor and to undergo whatever

reactions it participates in before a significant fraction of

either the reagent or the particles exited the reactor.

To ensure the most efficient use of the chemical, it would

also seem desirable for tturb to be substantially smaller than

tchem; in that case, the chemicals would be mixed into the

smallest eddies uniformly before the reactions were com-

pleted. How essential this criterion is, however, depends on

the nature of the coagulation reaction(s). For example, if

large amounts of Al(OH)3(s) solids precipitate in a small

fraction of the flow (i.e., if tchem� tturb), and these solids

are subsequently well distributed throughout the reactor,

they are still likely to form an effective sweep floc (and

would also effectively adsorb soluble components). In this

case, it is likely that more aluminum salts would be required

than if tchem> tturb, but at least a satisfactory result would be

achieved.

On the other hand, polymeric coagulants are so surface

active that, if they interact with particles in a small fraction

of the flow before they are well distributed, they might

overdose those particles and be ineffective as a destabilizing

agent. Also, they are unlikely to desorb after the overdosed

particles are mixed throughout the rest of the suspension, so

that other particles would be underdosed. In this case, it

would be important to distribute the chemicals as rapidly as

possible, ideally such that tturb< tchem.
When the destabilizing chemical is first added to the

water, it is likely to enter some or all of the large-scale

eddies, which then mix with one another. If the reactor is a

CFSTR (generally referred to in this context as the rapid mix

tank) and if the chemical is added directly to the CFSTR

(rather than into the influent pipe), most or all of the

chemical is added to the single, large-scale eddy that passes

the point of addition. This situation requires the greatest

subsequent mixing of eddies, because the chemical starts in

only a small fraction of the flow. If, on the other hand, the

chemical is added to the influent pipe (and especially if it is

added in a distributed manner throughout the cross-section

of the flow), much of the distribution of the chemical

throughout the flow is accomplished immediately; hence,

this method of addition is considered preferable.

Most CFSTRs used as rapid mix tanks for destabilization

are sized to provide a theoretical detention time (thyd) in the

range of 1–5min, so it is useful to compare the mixing time

of the large eddies to this value. In a CFSTR, a large

mechanical mixer is generally used to create turbulent

conditions, but in some cases, turbulence is induced hydrau-

lically with over-and-under baffles. An impeller (such as a

blade on a rotor) pumps a certain flow rate of water

(Qimpeller) that depends on its rotational speed and geometry;

the simplest way to estimate this flow is by the volume of

water cut through by the impeller per unit time. A charac-

teristic turnover time can then be calculated as the quotient

of the reactor volume (VCFSTR) and this impeller pumping

rate; that is,

tturnover ¼ VCFSTR

Qimpeller

(11-18)

tturnover provides an estimate of the characteristic time for

large-scale mixing in the reactor; that is, it is an estimate of

what was identified above as tturb. For full-scale rapid mix

reactors built as CFSTRs, this characteristic time is in the

range from 1 s to perhaps a minute (Oldshue and Trussell,

1991; David and Clark, 1991; Casson and Lawler, 1990).

Thus, it appears that the criterion that thyd be substantially

greater than tturb would be met in most rapid mix tanks, with

the exception of those with a combination of the shortest

hydraulic residence time and the least intensive mixing (i.e.,

the smallest inputs of impeller energy). Clark et al. (1993)

showed that, for a pilot scale (100 L) rapid mix reactor,

tturnover was �300 times tKolmogorov.

On the other hand, some evidence exists that tKolmogorov is

more important than tturnover in ensuring adequate mixing,

especially if the destabilizing chemical enters the main flow

stream in the pipe or channel just before the rapid mix tank

rather than at a separate point within that tank (Amirtharajah

and Trusler, 1986). That is, to ensure that every particle

experiences nearly the same dose of destabilizing chemical,

it is necessary to have a small value of tKolmogorov since it is

within the microscale that the ultimate interaction of the

particles and chemical occurs.

The timescales of mixing, both within the microscale of

turbulence and throughout the reactor, also need to be

compared to the timescale for reaction of the destabilizing

chemicals. For the addition of organic polymers for charge

neutralization, the adsorption reaction itself is considered to

be essentially instantaneous, and so the concern is only to

transport the polymer into the same microscale eddy as the

particle to be destabilized. When inorganic destabilizing
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agents (aluminum, iron, and others) are added, however, an

additional concern is the reaction rates for hydrolysis and, in

the case of sweep floc, precipitation. The stock solutions

from which these chemicals are added into water are at low

pH, and the speciation within those stock solutions depends

on the concentration. When these solutions are diluted into

the main body of water, the speciation is changed because

both the pH and concentration are changed. The relative

timescales of these reactions and of the mixing therefore

become important in determining the resulting destabiliza-

tion and the efficient use of the destabilizing chemicals.

The characteristic reaction times for the kinetics of

hydrolysis of aluminum and iron and the formation of the

hydroxide precipitates (Al(OH)3 (s) and Fe(OH)3 (s)) are not

completely known. Dempsey et al. (1984) gave a synopsis of

work on aluminum to that time, and noted the general

agreement that hydrolysis among the monomeric species

(Alþ3, AlOHþ2, Al(OH)2
þ, Al(OH)3, and Al(OH)4

�) was

extremely fast, with characteristic times <10�4 s. These

reaction times are faster than any mixing times, and there-

fore these reactions are not of particular concern in this

context; that is, they will achieve equilibrium. On the other

hand, the formation of the dimer, Al2(OH)2
þ4, is considerably

slower, estimated to have a characteristic time of �1 s at a

total Al concentration of 10�3M. According to Dempsey

et al. (1984), “poor mixing (leading to concentration het-

erogeneities) . . . would result in more rapid dimerization

and therefore faster polymerization and precipitation.” Sub-

sequently, Clark et al. (1993) presented experimental evi-

dence that poor mixing led to increased formation of

polymeric species. Klute and Amirtharajah (1991) indicated

that effective charge neutralization using aluminum

depended on the turbulence and on the concentration of

the stock solution, with lower doses of total aluminum

required when less concentrated stock solutions were

used. On the other hand, precipitation reactions were com-

plete in several seconds and were less sensitive to mixing

and stock solution concentration.

Although CFSTRs are the most commonly used reactor

designs for mixing destabilizing chemicals into water, that

choice has some significant disadvantages. We know from

the exit age distribution (E(t) or F(t)) of a CFSTR that a

substantial fraction of the fluid stays in the reactor for

times much less than the theoretical detention time, while

other parts of the fluid stay in the reactor for lengthy

periods. Flocs are formed in this process, and the mixing

can lead to breakup of flocs as well; hence, the detention

time for which the particles are subjected to the intense

mixing reflects a balance of the time needed for adequate

mixing of the chemicals throughout the suspension and the

time to avoid substantial breakup of flocs. These and other

issues involved in mixing for particle destabilization in

drinking water systems were reviewed by Amirtharajah

et al. (1991).

Klute and Amirtharajah (1991) argued that turbulent pipe

flow provided the best conditions for destabilization, as long

as the destabilizing chemical was introduced at many points

in a cross-section of the pipe. Turbulent pipe flow, which is

essentially plug flow, avoids the problems of different

packets of fluid being in the reactor for different times.

The multipoint injection also reduces the disparity between

tturnover and tKolmogorov. Klute and Amirtharajah presented

evidence from Doell (1986) that the time for complete

charge neutralization (measured by electrophoretic mobil-

ity) of silica particles by cationic polymers was inversely

proportional to G or, in other words, directly proportional to

tKolmogorov. They also interpreted the results in terms of the

characteristic Kolmogorov length scale, and concluded that

the limiting (best) case for charge neutralization by organic

polymers would occur when hKolmogorov=dp ¼ 1, where dp is

the diameter of the particle. Lang (2002) noted that mixing

of chemicals into water in a turbulent pipe flow section

rather than a CFSTR would save operating costs, both

because of reduced energy use and reduced chemical use.

While much research remains to be done on the inter-

actions of chemicals, particles, and mixing, the emerging

picture at this point is that a high degree of turbulence leads

to more efficient chemical use for destabilization by

adsorption and charge neutralization, whereas destabiliza-

tion by precipitation is less sensitive to the mixing

conditions.

11.7 PARTICLE SIZE DISTRIBUTIONS

Suspensions encountered in natural waters and in water and

wastewater treatment plants have particles of many different

sizes. Although precipitation under tightly controlled situa-

tions can lead to suspensions with almost uniform particles,

virtually all suspensions of interest have broad and essen-

tially continuous particle size distributions; that is, particles

of every size between some lower and upper size limit exist.

The lower limit is defined either by the limits of detection of

the measurement device or by some arbitrary distinction on

the basis of size between particulate and soluble matter. The

upper limit is often determined by physical processes to

which the suspension has been exposed; in any case, each

sample of water has a maximum size particle.

Particle size (the abscissa in a graphical presentation of

the size distribution) can be described and measured by

length (diameter or radius), area (cross-sectional or surface),

or volume. The amount of particulate matter in thewater (the

ordinate) can be described in terms of number, area, or

volume. In addition, size distributions (like any distribution)

can be expressed on a cumulative or differential basis, and

can be normalized (or not). Finally, distributions can be

expressed on a relative or absolute basis. As a result, a

myriad of possibilities for expressing size distributions can
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be used; fortunately, only a few are in common use. In this

section, we start with generic distributions that help lead us

to the commonly used ones.

Consider the cumulative number distributions shown in

Figure 11-26. In Figure 11-26a, the size is expressed as

particle diameter, whereas in Figure 11-26b, particle volume

is chosen. In both parts, the ordinate expresses the cumula-

tive number concentration of particles in the suspension

from the lower size limit to the size under consideration.

Note that the curves start at some finite size, as the concept

of zero particle size has little or no meaning. If this distri-

bution were measured by an instrument that responded to

particle volume, points on the line shown in Figure 11-26b

would be obtained as the raw data, and the values for

diameter to create Figure 11-26a could be obtained by

assuming the particles were spheres and using the relation-

ship dp ¼ 6Vp=p
� �1=3

, where Vp and dp are the particle

volume and diameter, respectively. The particle diameter

computed from this relationship is called the equivalent

spherical diameter.

The cumulative distributions in Figure 11-26 are concep-

tually valuable but not particularly useful, for a few reasons.

First, they tend to hide important aspects of the data that are

more easily seen in differential distributions. Second, the

ordinate is highly dependent on the lower limit of detection;

two instruments with different lower limits of detection

would produce two very different graphs for the same

suspension when plotted this way, even if they performed

identically in the size region measured by both. Using

differential distributions overcomes these problems. Third,

the use of an arithmetic scale for particle size (either

diameter or volume) tends to compress the data for small

sizes and spread out the data for large sizes, relative to their

importance. For example, the differences in behavior and in

concentration among 0.5, 1.0, and 2.0mm (diameter) parti-

cles are far greater than the differences among 100.5, 101.0,

and 102.0mm particles, but the arithmetic scale suggests

they have the same importance. Using a logarithmic scale for

the abscissa overcomes this problem; on such a scale parti-

cles of 50, 100, and 200mm are spread equivalently to the

0.5, 1.0, and 2.0mm particles.

The slope at any point on Figure 11-26a or 11-26b,

designated here as n(dp) and n(Vp), respectively, is given by

nðdpÞ ¼ DN

Ddp

¼ dN

dðdpÞ (11-19)

nðVpÞ ¼ DN

DVp

¼ dN

dðVpÞ (11-20)

where N is the cumulative number concentration at any size.

Number concentrations are usually expressed as the number

per cubic centimeter, and particle diameters are expressed in

micrometers, so units associated with Equations 11-19 and

11-20 are 1=ðcm3 mmÞ and 1=ðcm3 mm3Þ, respectively. A
similar function can be defined on the basis of particle area if

that is taken as the measure of size. Again, assuming the

particles are spherical allows conversion among the different

measures of size. Commonly, however, size is expressed as

diameter (even if measurements are made on the basis of

area or volume), and so the particle size distribution func-

tion on the basis of diameter, n(dp), is the common distri-

bution encountered. We use this particle size distribution

function frequently throughout the remainder of the book as

the primary means of expressing the size distribution.

Values of n(dp) vary over many orders of magnitude for

most distributions, and plots are usually made with a loga-

rithmic scale for the ordinate. A typical plot for the particle

size distribution function is shown in Figure 11-27; such a

distribution might be typical for a flocculated suspension

(i.e., an influent to a sedimentation tank, for either water or

wastewater). The tangent lines shown on the figure are

explained subsequently. Note that values below 0 are possi-

ble on such a figure; such a condition means that the slope

(a)

(b)

p

p

p

p

FIGURE 11-26. Cumulative particle size distributions on a num-

ber basis as a function of (a) particle diameter and (b) particlevolume.

(Values on ordinate represent the cumulative number concentration

of particles with sizes less than or equal to the size on the abscissa.)
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of the curve in Figure 11-26a is <1 (with associated units),

so the logarithm of the slope is <0.

A second useful way to modify and present the informa-

tion shown in Figure 11-26a is to divide DN for some small

increment by the corresponding logarithmic increment in

particle diameter, D(log dp), rather than the arithmetic size

increment, Ddp. The resulting, so-called number distribu-

tion, DN=D log dp, or, in the limit, dN=d log dp, can then be

plotted as a function of the particle size as shown in

Figure 11-28. The particular usefulness of this plot is that

the area under the curve between any two values on the

abscissa is the total number concentration (number=cm3) of

particles in that size range. This result follows directly from

the definition of this distribution; that is,

Zlog dp2

log dp1

dN

d log dp

d log dp ¼ DN1�2 (11-21)

Note that, if the entire measured size range is used in this

integration, one obtains the total (measured) particle con-

centration, or N1. Besides this integration, a number distri-

bution plot such as that shown in Figure 11-28 gives an

immediate visual sense of the size range that contains most

of the particles and the spread of the distribution.

For many applications of interest in environmental engi-

neering, the number distribution might not be as important

as the surface area or volume distribution. For example,

adsorption is a surface phenomenon, so that one might prefer

to know the total surface area concentration and the size

range of particles that contains the most surface area for

understanding adsorption onto a suspension. Similarly, since

the suspended solids concentration is of paramount impor-

tance in sedimentation in wastewater plants, one might want

to know how the volume concentration (which, when multi-

plied by particle density, yields the suspended solids

concentration) varies as a function of particle size. Assum-

ing spherical particles, the number distribution value for

each size increment i can be converted to the surface area

and volume distributions by multiplying by the surface area

and volume of a sphere, respectively10:

Surface area distribution:
DS

D log dp

¼ DN

D log dp

pd2
p (11-22)

Volume distribution:
DV

D log dp

¼ DN

D log dp

p
d3
p

6
(11-23)

Using these equations, the number distribution shown in

Figure 11-28 can be converted to the surface and volume

distributions shown in Figure 11-29. The form of these

distributions means that, like the number distribution, the

area under the curves between any two values of log

diameter is the total surface area concentration or volume

concentration of the suspension between those two values

of the diameter. Note that the weighting by the surface area

and volume of each particle size means that these distribu-

tions are shifted to larger sizes, relative to the number

distribution. Virtually all of the particle volume concentra-

tion (Figure 11-29b) is located in the larger size range

β

β

–2
–0.5

p
p

p

FIGURE 11-27. Typical particle size distribution function in

water and wastewater.

–0.5

p

p

FIGURE 11-28. Typical number distribution. (Using same data

as in Figure 11-27).

10 The concept of an area or volume distribution can be confusing, at first. A

useful analogy is to consider a bunch of coins, say 7 pennies, 3 nickels, and 2

dimes. The number distribution has values of 7, 3, and 2 associated with the

“sizes” 1, 5, and 10, respectively. The “value” distribution (analogous to the

volume distribution) has values of 7, 15, and 20 associated with the sizes of

1, 5, and 10, respectively. In this example, the number distribution decreases

with increasing size, but the value distribution increases with size. The

surface and volume distributions are obtained in the same way as this

example—multiplying the number concentration of each individual size by

the surface area or volume associated with that size.
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(log dp> 0.8, or dp> 6.3mm), whereas most of the particle

number concentration (Figure 11-28) is located in the range

below this size. These differences can be important for

different particle treatment processes. For example, as

shown in subsequent chapters, flocculation can drastically

reduce the concentration of small particles while having

little effect on that of the large particles, whereas sedimen-

tation (with no simultaneous flocculation) can drastically

reduce the large particle concentration with little or no effect

on the small particles. All such effects are more apparent on

the (logarithmic) particle size distribution function graphs

than on the (arithmetic) number and volume distribution

graphs.

& EXAMPLE 11-2. A particle counter analyzes parti-

cles in equal logarithmic increments of diameter, with

Dlog dp¼ 0.1, and dp measured in micrometers. A 2-mL

sample is measured in this particle counter, and in the size

increment (“bin”) that is centered at log dp¼ 0.5, the count is

1120 particles. Before measurement, this samplewas created

by diluting the original suspension 1:10 with particle-free

dilutionwater. Find thevalues of logDN=D dp, DN=D log dp,

and DV=D log dp for this value of the diameter. Assume the

particles are spherical.

Solution. We first find DN, the number concentration in

the original sample in the measured size increment, as

follows:

DN ¼ Number of particles counted

Volume of sample measured

� �

� Volume of measured sample

Volume of original suspension

� �

¼ 1120

2 cm3
ð10Þ ¼ 5600=cm3

For log dp¼ 0.5, dp¼ 100.5¼ 3.16mm. The volume con-

centration is found as the product of the number concentra-

tion and the volume of this average particle11:

DV ¼ DN p
d3
p

6

 !
¼ ð5600 cm�3Þ p

ð3:16mmÞ3
6

 !

¼ 9:25� 104 mm3=cm3

Because Dlog dp is given as 0.1, the values for the number

and volume distributions for this size increment are

DN

D log dp

¼ 5600=cm3

0:1
¼ 5:60� 104 cm�3

DV

D log dp

¼ 9:25� 104 mm3=cm3

0:1
¼ 9:25� 105 mm3=cm3

Next, we find the upper and lower limits of the size

increment, and from that, the size increment itself. On a

logarithmic basis, the limits are log dp¼ 0.5� 0.05. The size

increment therefore is

Ddp ¼ 100:55 � 100:45 ¼ 3:548mm� 2:818mm ¼ 0:730mm

Lastly, the value for the particle size distribution function for

this size is

log
DN

Ddp

¼ log
5600

0:730
¼ 3:88 &

Finally, it is useful to consider the relationships between

the particle size distribution function on a number basis

(Equation 11-19, and Figure 11-27) and the number, surface,

and volume distributions. Recalling the mathematical

identity that dðln dpÞ ¼ dðdpÞ=dp and transforming to

base 10 logarithms dðlog dpÞ ¼ dðdpÞ=2:3dp

� �
allows one

(a)

(b)

–

FIGURE 11-29. Calculated (a) surface area and (b) volume

distributions. (Using same data as in Figure 11-27.)

11 In discretizing a continuous distribution, all particles in each increment

are considered to be the same size, and so the “average” size is the only size

in that increment. In reality, each increment contains a distribution of

particle sizes and, if a greater amount of information were known about that

distribution, a more accurate average size could be calculated.
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to relate the number distribution and particle size distribu-

tion function as follows:

dN

d log dp

¼ dN

d log dp

dðdpÞ
dðdpÞ ¼

dðdpÞ
d log dp

dN

dðdpÞ ¼ 2:3dpnðdpÞ
(11-24)

Writing Equations 11-22 and 11-23 in differential form

and substituting Equation 11-24 into them yields the fol-

lowing:

dS

d log dp

¼ dN

d log dp

pd2
p ¼ 2:3pd3

pnðdpÞ (11-25)

dV

d log dp

¼ dN

d log dp

p
d3
p

6
¼ 2:3p

6
d4
pnðdpÞ (11-26)

Consider a tangent to the line describing the logarithm of

the particle size distribution function, or equivalently, consider

a portion of the particle size distribution function that can

be reasonably described by a straight line. In Figure 11-27,

two such tangents are drawn, and the size region 0.5<
logdp< 1.2 is nearly straight. Any of these lines can be

described by an equation of the form:

logðnðdpÞÞ ¼ logA� b logðdpÞ (11-27)

where log A is the intercept (value of log(n(dp)) where

log(dp)¼ 0) and b is the negative of the slope (written this

way by convention since most such graphs have negative

slopes and it is convenient to have positive values of b). After

taking the antilogs, Equation 11-27 is transformed to

nðdpÞ ¼ dN

dðdpÞ ¼ Ad�b
p (11-28)

If Equation 11-28 is then substituted into Equation 11-24,

the result is as follows:

dN

d log dp

¼ 2:3Ad1�b
p (11-29)

In this equation, if b has the value of one, the number

distribution is independent of particle size; that is, the

number distribution would be a horizontal line on a

plot such as that shown in Figure 11-28. In that case,

each equal logarithmic size increment (Dlog dp) contains

the same number concentration of particles. If b is <1, the

exponent of dp is positive, so that the number distribution

increases with increasing particle diameter, and the number

concentration of particles in equal logarithmic size incre-

ments increases as dp increases. Similarly, if b is >1, the

exponent of dp is negative, and the number distribution

decreases with increasing diameter. The implication is

that the peak (or, at least, a local peak) of the number

distribution occurs at the (log) diameter where the slope

of the particle size distribution function is �1. This idea can

be seen by comparing Figures 11-27 and 11-28; the log

diameter value associated with the peak of the number

distribution on Figure 11-28 is the same value where the

tangent to the particle size distribution function is �1.

If Equation 11-28 is substituted into Equation 11-26 for

the volume distribution, the result is

dV

d log dp

¼ 2:3p

6
Ad4�b

p (11-30)

In this equation, when b¼ 4, the volume distribution is

independent of particle size (i.e., flat); when b< 4, the

volume distribution is increasing; and when b> 4,

the volume distribution is decreasing. Hence, the peak

of the volume distribution occurs when the slope on the

particle size distribution function graph is �4. Again, this

relationship can be seen by comparing Figures 11-27 and

11-29b. The substitution for the surface area distribution is

left to the reader; here, the critical value for b is three—

separating the region where the surface area increases

(b< 3) from that where it decreases (b> 3).

Experimental Measurements of Size Distributions

Size distributions can be measured in many ways. Histori-

cally, the only method was by direct observation with a

microscope, but this method is tedious and limited to rela-

tively large particles. A modern descendant of that method is

to illuminate the particles in a small region of a suspension

with a laser, photograph, or videowith a magnifying lens, and

use image analysis software to measure the particle size.

Although not common, this method has been used to study

the flocculation (i.e., growth in particle size) of particles

(Chakraborti et al., 2000) and has the potential advantage of

becoming an in situ measure of size distributions in certain

reactors. Such an analysis responds to (i.e., measures) the

cross-sectional area of particles or flocs.

The two most common techniques for measuring size

distributions in water and wastewater use instruments that

remove samples (continuously or in batch mode) from the

suspension of interest and feed them through a small sensing

zone. The size of the sensing zone and the velocity through

that zone are arranged so that only one particle passes

through at a time, at least if the suspension concentration

is sufficiently low. As a particle passes through the sensing

zone, an electrical signal related to the size of the particle is

produced, and those signals are then sorted into size bins and

counted. When the instrument is calibrated with spheres of

different sizes, the upper and lower particle size limits for

each bin are known, so that the counts in each bin can be
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converted to the particle size distribution. If only a few bins

or channels are available, the data are often just reported as

the number concentration for each particular size range; if

many channels are available, the data are best converted to

the distributions explained above.

In light blockage instruments, a laser light source shines

in a direction perpendicular to the direction of flow in the

sensing zone. As a particle passes through the light beam, the

light is blocked from reaching the other side, and that light

blockage is sensed by a photovoltaic cell located opposite to

the beam. If the particle is opaque, the light that does not

reach the photovoltaic cell is related to the cross-sectional

area of the particle; each particle produces a voltage signal

proportional to the particle area.

In electrical sensing zone instruments, the suspension is

placed in an electrolyte solution and a constant current (or,

in some instruments, voltage) is maintained between two

electrodes on opposite sides of the sensing zone. As a

particle passes through the small sensing zone and takes

up a reasonable fraction of the sensing volume, the electrical

resistance increases because the conductivity of the particle

is negligible in comparison to the electrolyte solution. The

resistance change causes a voltage peak (in constant current

instruments) or current valley (in constant voltage instru-

ments); these electrical changes are proportional to the

particle volume.

Other methods of measuring the size distributions are

possible, and some are relevant for particular circumstances.

For example, microbalances have been used to study the

sedimentation velocity distribution and, if the particle den-

sity is known, the data can be converted to a size distribution

(assuming the Stokes settling velocity for the particles,

explained in Chapter 13). Also, photon correlation spectros-

copy measures the light scattered at several different angles

at once by a suspension in a small region, and software is

used to convert the signals from the many particles in the

region into a size distribution. This method is limited to

nearly monodisperse suspensions (i.e., suspensions with

uniformly sized particles) and hence has limited value for

typical suspensions encountered in treatment plants. It can,

however, be very valuable for more theoretical studies with

monodisperse suspensions.

11.8 PARTICLE SHAPE

Particles are often considered as spheres, especially in

mathematical descriptions of behavior, because it is mathe-

matically convenient. Measurements of particle size are

also usually described in terms of an equivalent spherical

diameter, regardless of the method of measurement.

In reality, of course, particles occur in an infinite variety

of shapes. Some particles that are encountered in natural

systems have a reasonably precise shape, because of the

chemical or biological processes that form them; examples

include many organisms and minerals. Other particles are

fragments of solids that were once larger, but have been

reduced in size due to erosion or other processes, perhaps

creating quite irregular shapes. Finally, many particles of

interest in engineered systems are precipitates formed dur-

ing treatment or flocs created from smaller particles of

irregular shape. Particles large enough to be seen by light

microscopy can be evaluated for their shape, and images of

smaller particles can be obtained using scanning electron

microscopy or other techniques. When combined with

image analysis software, measurements can be made to

describe the shape in several mathematical ways.

When particle measurements are made in two dimen-

sions (i.e., projected cross-sectional area), the shape is

often characterized as a ratio of two lengthwise measure-

ments. For example, a shape factor could be defined as the

ratio of the longest axis (i.e., tip to tip distance) divided by

the longest length of a line perpendicular to that axis.

Another possibility is to incorporate an estimate of the

perimeter from image analysis software as one of the

measurements. Finally, the ratio of the projected area to

the longest dimension (or some other specified length

measurement) can be used as a shape factor. Each of

these approaches yields a different result, but different

particle shapes can be compared using any of these

measurements.

The two most commonly used shape factors relate

the particle surface area to its volume. For a spherical

particle with diameter dp, the surface area is pd2
p and the

volume is pd3
p=6, so the ratio of the area (Ap) to the volume

(Vp) is Ap=Vp ¼ 6=dp. For nonspherical particles with a

characteristic length dp, the constant 6 is replaced by the

shape factor f; that is,

f ¼ Apdp

Vp

(11-31)

Spheres have a value of f¼ 6, but spheres have the

minimum possible ratio of area to volume, so f> 6 for

particles of any other shape. The other common measure is

the sphericity, c, defined as the ratio of the area of a sphere

to the area of the particle under consideration, when both

have the same volume-equivalent diameter. This ratio is<1.

These two descriptions of the shape are related, as c ¼ 6=f.
Often, one does not have the data to calculate these shape

factors from direct measurements of the particle character-

istics, so the parameters are inferred from the particle

behavior or the effect of particles in specific systems. For

example, as shown in Chapter 14, the head loss in a packed

bed filter is influenced by the shape factor, so the shape

factor can be estimated from studies of the head loss under

various conditions.
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11.9 PARTICLE DENSITY

The density of particles also varies widely among the types

of particles frequently encountered in water and wastewater

systems. As shown in Chapter 13, a major determinant of

particle behavior in water is the difference between the

particle density (rp) and that of water (rL). The density

of water varies slightly with temperature but for most

environmental temperatures is very nearly 1.0 g=cm3

(1000 kg=m3). Various pure minerals have densities in the

range of 4–5 g=cm3, but particles, flocs, and organisms

(including humans) that incorporate a large amount of water

have densities that are barely greater than that of water.

The density values (or range) for a variety of substances of

interest in water and wastewater engineering are collected

in Tables 11-2 and 11-3; air is included because of its role in

flotation (see Chapter 13).

11.10 FRACTAL NATURE OF FLOCS

Various investigators have noted for many years that the

flocs formed from primary particles (i.e., particles that are

not expected to break into smaller units under any realistic

conditions of interest) have characteristics that are different

from the original particles. Even if the original particles

were all uniform spheres (i.e., all had the same size and

density), flocs formed from those particles differ from the

original particles due to the water that is incorporated

into the flocs they form. For mathematical simplicity,

most flocculation modeling (as described in Chapter 12)

has incorporated an assumption that particles coalesce (like

oil droplets) into a sphere that conserves volume (i.e., the

volume of the floc is the sum of the volumes of the two

particles that form it). While such mathematical modeling

has proven very fruitful, it clearly incorporates errors that

could be important in predicting particle behavior in some

circumstances.

To illustrate how some properties of flocs differ from

those of the original particles, consider a flocmade from four

identical spheres, each with a diameter dp, arranged in a

pyramid shape; that is, three particles form one plane and

the fourth sits on top, touching all three of the others. Plan

and elevation views (i.e., in two dimensions) are shown

in Figure 11-30. Although this hypothetical floc is quite

densely packed (and certainly more densely packed than

most real flocs), one can see that water might get trapped to

some degree in the center region; although somewater could

flow through that region, most of the trapped water would

move with the floc. Hence, the floc has some porosity that

the original solid spheres did not, and the density of the

overall floc (including the trapped water) would be less than

TABLE 11-2. Densities of Water and Air at Various

Temperatures

Temperature

(�C)
Water Density

(g=cm3)

Air Density

(g=cm3)

0 1.001 1.29�3

10 1.000 1.25�3

20 0.998 1.21�3

30 0.996 1.17�3

TABLE 11-3. Densities of Various Particles of Interest in

Water and Wastewater Treatment

Substance Density (g=cm3)

Iron oxide 4.5

Sand 2.65

Clay 2.65

Calcium carbonate 2.4

Flocs of freshly precipitated hydroxides

(Al, Fe, Mg)

1.01–1.05

Microorganisms (incl. activated sludge) 1.01–1.1

Plan view 

Elevation view 

FIGURE 11-30. Hypothetical floc of four identical primary

particles.
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the density of the original particles (assuming they were

denser than water).

Further, it is difficult to decide with much precision what

the size of the floc is, regardless of whether that size is to be

measured as a linear measure, an area, or a volume. For the

hypothetical, four-particle floc, an image of the projected

area taken as the plan view would show that the horizontal

dimension yields the longest axis (2dp), and the longest

vertical (edge to edge) length is (after some geometrical

considerations) dp 1þ ð ffiffiffi
3

p
=2Þ� �� �

. We could define the

characteristic length (dc) as either of these numbers, the

average of the two, or by some other reasonable standard. If

we then measured the perimeter of this projection of the floc,

it would be some function of the characteristic length, but

not necessarily to the first power. Similarly, the projected

area in the plan view is something between three and four

times the area of a single particle (Ap); in Figure 11-30, only

the blackened area of the fourth particle is not blocked by

the other three. The projected area in the elevation view is

different and even less than in the plan view. If we chose a

characteristic length that was greater than dp (as any reason-

able choice would dictate) the area could be expressed as a

power function of the characteristic length, but that power

would be less than the value of 2 expected for area as a

function of size; that is,

Area / dD2

c (11-32)

In Equation 11-32, D2 is called the fractal dimension for

area. The same logic can be applied to the volume of flocs; as

long as the volume of the floc is considered to include some

of the “trapped” water between the particles, then one would

find that:

Volume / dD3

c (11-33)

where D3 is known as the fractal dimension for volume and

has a value <3 (the normal value expected from Euclidian

geometry and the assumption of coalescence). Closely

related, the mass of solid matter in a floc is also proportional

to dD3

c .

The above discussion makes clear that different method-

ologies exist for measuring the surface area, cross-sectional

area, and volume of flocs, and also that one has choices about

what is considered the characteristic length from which the

other size properties are calculated. It is also clear that

measurements of two different size properties of flocs are

required to estimate the fractal dimensions of flocs; that is,

one needs to have knowledge of, say, the length and floc

volume to know what the fractal dimension is that relates

them. For example, different investigators have chosen the

longest dimension, the radius of gyration, and the circum-

ference of a particle as the characteristic length. If, for a

given floc, these quantities were directly proportional to one

another, the areal (D2) or volumetric (D3) fractal dimension

would be the same using any of the choices for the charac-

teristic length (though the constants of proportionality

would differ). However, if they were not linearly related,

then the other fractal dimensions would depend on the

choice. Hence, while the concept of fractal dimensions is

relatively straightforward, the details of estimating and

using fractal dimensions can be confusing. Some of the

reports of fractal dimensions for flocs of interest in water and

wastewater treatment are indicated below.

Li and Ganczarczyk (1989) calculated the fractal dimen-

sion (D3) of particles based on earlier investigations of size

or mass and settling velocity; as shown in Chapter 13,

the settling velocity is expected to be proportional to the

square of the characteristic length. The solids considered in

these reports included activated sludge and trickling filter

flocs, as well as several chemical flocs; values of D3 were

reported to be as low as 1.4 for activated sludge flocs and as

high as 2.85 for ferric hydroxide flocs. Logan and coworkers

(Logan and Kilps, 1995; Logan and Wilkinson, 1990; Jiang

and Logan, 1991; Kilps et al., 1994) estimated the fractal

dimensions of several types of flocs, using several different

techniques for measurement of particle properties; the initial

particles included monodisperse latex microspheres and

various ocean particles. Estimates for D3 varied from 1.39

to 1.92. Logan and Kilps (1995) also noted that the theory of

fractal aggregates, according to Meakin (1988) suggests

that, if D3< 2, then D2¼D3. Other investigators have

thought it more reasonable to assume that D3¼D2þ 1

unless independent measurements of both the area and

volume (as well as the normalizing characteristic length)

are available. Lee et al. (2002) used a flocculation modeling

approach to describe changes in measured particle size

distributions during settling of marine sediments and

reported values of D3 between 2.6 and 3.0.

The concept of fractal dimensions is valuable in consid-

ering floc properties; it quantifies (even if roughly) the fact

that flocs contain water and are irregularly shaped. As shown

in Chapter 12, the fractal dimension has been considered by

some investigators in modeling of flocculation. Even when it

is not considered quantitatively, the idea of fractal dimen-

sions is worth remembering in all considerations of particle

and floc behavior in water and wastewater systems, as it

represents a caution in interpreting particle measurements

and models that treat (for obvious reasons of simplicity)

flocs as nonporous spheres.

11.11 SUMMARY

This chapter serves as an introduction to the particle removal

processes that are commonly used in water and wastewater

treatment: flocculation, gravity separations (settling and

flotation), and deep bed filtration. The success of these
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processes depends to a great extent on the tendency of

particles to attach to each other or to other surfaces provided.

In many suspensions encountered in water and waste-

water treatment, the particles tend to be stable; that is, they

do not attach to one another or to other surfaces. This

stability stems from the fact that their surfaces are charged.

For most natural waters encountered in surface water treat-

ment, the particle charge is primarily caused by the adsorp-

tion of NOM, and the dissociation of acidic groups of that

NOM means that the surface charge is negative.

Charged surfaces attract ions of opposite charge from

solution, leading to the existence of a diffuse layer of ions

surrounding the particles. The charge and potential distri-

bution in this diffuse layer as a function of distance away

from the surface is well-described by the Gouy–Chapman

model. When two similarly charged particles approach one

another, the electrostatic repulsion of the particles (with their

surrounding diffuse layers) alters the trajectories and often

prevents the particles from attaching to one another.

Counterbalancing the effect of the electrical repulsion,

to at least some extent, is van der Waals attraction;

this attraction occurs because synchronously oscillating

dipoles are induced in particles when they are very close

to one another. This attraction is greater than the electrostatic

repulsion when the particles are close to one another, but the

repulsion is usually greater at larger separation distances. As

a result, a critical separation distance exists; if the particles

approach each other more closely than this critical distance,

they are predicted to continue traveling toward one another

to form a floc. The energy required to bring the particles

from a very large separation distance to the critical distance

is called the energy barrier. For two particles to get close

enough to each other for the attractive force to dominate,

they must have sufficient kinetic energy to overcome the

energy barrier. For most suspensions of interest, only an

occasional pair of particles has sufficient kinetic energy as

they approach one another to overcome the energy barrier,

making the suspension stable.

Four mechanisms to destabilize the particles; that is, to

overcome this problem of stability, have been identified and

utilized in environmental engineering processes, and all

require the addition of chemicals. First, if salts are added

to increase the ionic strength, the diffuse layer is com-

pressed. This change diminishes the electrostatic repulsion

between the particles while leaving the van der Waals

attraction unchanged; if the repulsion is decreased suffi-

ciently, the suspension is destabilized. This mechanism of

destabilization is rarely used purposefully in engineering

practice because increasing the ionic strength generally is

undesirable. Second, molecules that are oppositely charged

to the particle surface and that adsorb to that surface can be

added to the suspension; when an appropriate dose of these

molecules is added, the charge on the particle surfaces is

titrated to (near) 0, so the repulsion is (nearly) eliminated

and the suspension is destabilized. Both inorganic chemicals

(most commonly metal salts) and synthetic organic com-

pounds designed for this application are commonly used for

this mechanism of destabilization. Control of the dose is

critical in this mechanism since overdosing of the added

chemical leads to a restabilization of the suspension. Third,

inorganic precipitates (e.g., Al(OH)3 (s), Fe(OH)3 (s)) can be

formed in a suspension via proper metal salt additions and

pH control; the precipitates tend to form around particles

originally in suspension so that the resulting sweep floc

removes both the original particles and the precipitates.

Lastly, high-molecular weight synthetic organics that adsorb

to the particles in suspension and that are sufficiently long to

bridge the diffuse layers of adjacent particles also destabilize

suspensions. The second and third mechanisms, charge

neutralization and sweep flocculation, are the most com-

monly used means of destabilization, although the bridging

mechanism is used in processes with relatively high fluid

shear rates (e.g., deep bed filtration) and=or high particle

concentrations (sludge dewatering processes).

The dose of destabilizing chemical required usually

depends on the charge on the particles, the number (or

perhaps area) concentration of particles in the suspension,

and the concentration of soluble constituents in the water

(such as NOM) that can react with the destabilizing chemi-

cal. In highly idealized experimental systems, the amount of

chemical required for effective destabilization might be

calculable theoretically, but in practice, these requirements

are virtually always determined experimentally.

All particle treatment processes alter the particle size

distribution, and the initial size distribution can often dictate

which treatment processes are likely to be effective. Most

suspensions of interest in water and wastewater treatment

have broad and essentially continuous size distributions, and

particle behavior is strongly affected by size. Suspensions

have an upper particle size limit, such that the probability of

finding a particle larger than this size is remote. At the other

extreme, definitions of a lower size limit are arbitrary—from

molecules to macromolecules to particles, the size distribu-

tion is continuous. What is considered particulate material is

usually operationally defined (e.g., what is caught on a

particular filter membrane) or arbitrarily chosen as materials

greater than a certain characteristic size (e.g., 100 nm). As a

practical matter, the lower limit is often dictated by the

ability to measure and distinguish particles of different sizes

by some measuring method.

Although many possibilities exist for expressing and

plotting size distributions, a few methods have come into

common use. The size itself is most commonly expressed as

a diameter, dp since most particles are not spherical, this

diameter is an equivalent spherical diameter based on what-

ever property is measured. For example, if a particle size

measurement device responds to a projected area, the diam-

eter is taken to be that of a sphere that would yield the same
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projected area. Size distributions are usually expressed in

discrete form; that is, all particles within some small size

range are considered to have the same (average) size. On a

diameter basis, the size range of each discrete size increment

might be expressed arithmetically (Ddp) or logarithmically

(D log dp).

The number concentration (e.g., number per milliliter) of

particles in a particular size range (DN) is usually normal-

ized by the size range to create a value that is independent (or

nearly so) of the size range; this normalization allows

measurements taken by different instruments with different

size ranges to be compared directly. Two normalized number

concentrations in common use are DN=Ddp (usually plotted

logarithmically vs the log of the diameter and called the

particle size distribution function) and DN=D log dp (usually

plotted arithmetically vs the log of the diameter and called

the number distribution).

In many applications of interest, the number concentra-

tion is not as important as the surface area (DS) or volume

(DV) concentration. These latter values are found for each

size range as the product of the number concentration in that

range and the surface area or volume of the average-sized

particle in that range. The surface area and volume concen-

trations are also normalized when plotting the corresponding

distributions (i.e., DS=D log dp and DV=D log dp, both gen-

erally plotted arithmetically vs the log of the diameter and

known as the surface area and volume distributions, respec-

tively). These methods of plotting the size distributions

allow one to see quickly the size ranges containing the

largest concentration of particles, particle area, or particle

volume.

Besides the particle surface charge and the size, other

characteristics of particles that influence their behavior and

therefore are important in particle removal processes include

the density and shape. All contaminant removal processes

take advantage of differences in properties between water

and the contaminant; hence, particles with densities much

different from water are easier to remove than those with a

density nearly equal to water. Since a sphere is the most

easily described particle shape and most models of particle

processes begin by describing spheres, the shapes of other

particles are described relative to spheres. The two most

common descriptors for particle shape relate a particle’s

surface area to its volume in terms of the characteristic size;

these descriptors are the shape factor, f (which is 6 for

spheres and has greater values for nonspheres) and the

sphericity, c (which is 1 for spheres and has lower values

for nonspheres).

Finally, as particles of various sizes and shapes form flocs

that incorporate water, the relationships among the charac-

teristic size, the surface or projected areas, and the volume

(or mass) do not follow the geometric relationships of

spheres. These relationships can be expressed in terms of

fractal dimensions whereby, for example, the mass of a floc

is not related to the third power of the diameter, but by some

power <3. Fractal dimensions have been used by some

investigators to describe the changing characteristics of

particles through treatment processes.

All of the characteristics of particles noted above influ-

ence the particle behavior and therefore influence the effec-

tiveness of the treatment processes that are described in the

subsequent chapters. In turn, these treatment processes also

often change the characteristics of the particles in suspen-

sion. These relationships between particle characteristics

and particle removal processes are explored in the subse-

quent chapters.

REFERENCES

Ali, W., O’Melia, C. R., and Edzwald, J. K. (1985) Colloidal

stability of particles in lakes: measurement and significance.

Wat. Sci. Technol., 17 (4=5), 701–712.

Amirtharajah, A., and Mills, K. M. (1982) Rapid-mix design for

mechanisms of alum coagulation. JAWWA, 74 (4), 210–216.

Amirtharajah, A., and Tambo, N. (1991)Mixing in water treatment,

Chapter 1 in Amirtharajah, A., Clark, M. M., and Trussell, R. R.

(eds.), Mixing in Coagulation and Flocculation, American

Water Works Association Research Foundation, Denver, CO.

Amirtharajah, A., and Trusler, S. L. (1986) Destabilization of

particles by turbulent rapid mixing. J. Environ. Eng. (ASCE),

112 (6), 1085–1108.

Amirtharajah, A., Clark, M. M., and Trussell, R. R. (eds.) (1991)

Mixing in Coagulation and Flocculation. American Water

Works Association Research Foundation, Denver, CO.

Anandarajah, A., and Chen, J. (1995) Single correction function for

computing retarded van der Waals attraction. J. Colloid Inter-

face Sci., 176, 293–300.

Baes, C. F., and Mesmer, R. E. (1976) The Hydrolysis of Cations.

Wiley-Interscience, New York.

Buffle, J., Wilkinson, K. J., Stoll, S., Filella, M., and Zhang, J.

(1998) A generalized description of aquatic colloidal inter-

actions: the three-colloidal component approach. Environ.

Sci. Technol., 32, 2887–2899.

Casson, L. W., and Lawler, D. F. (1990) Flocculation in turbulent

flow: measurements and modeling of particle size distributions.

JAWWA, 82 (8), 54–68.

Chakraborti, R. K., Atkinson, J. F., and Van Benschoten, J. E.

(2000) Characterization of alum floc by image analysis.

Environ. Sci. Technol., 34, 3969–3976.

Chandrakanth, M. S., and Amy, G. L. (1996) Effects of ozone on

the colloidal stability and aggregation of particles coated

with natural organic matter. Environ. Sci. Technol., 30 (2),

431–443.

Clark, M. M., Srivastava, R. M., and David, R. (1993) Mixing and

aluminum precipitation. Environ. Sci. Technol., 27, 2181–2189.

David, R., and Clark, M. M. (1991) Micromixing models and

application to aluminum neutralization precipitation reactions,

Chapter 5 in Amirtharajah, A., Clark, M. M., and Trussell, R. R.

REFERENCES 555



(eds.), Mixing in Coagulation and Flocculation, American

Water Works Association Research Foundation, Denver, CO.

Davis, J. A. (1982) Adsorption of natural dissolved organic matter

at the oxide=water interface. Geochim. Cosmochim. Acta, 46,

2381–2393.

Dempsey, B. A. (1989) Reactions between fulvic acid and alumi-

num. Effects on the coagulation process. In Aquatic Humic

Substances: Influence on Fate and Treatment of Pollutants,

Advances in Chemistry Series #219, American Chemical

Society, Washington, DC, pp. 409–24.

Dempsey, B. A., Ganho, R. M., and O’Melia, C. R. (1984) The

coagulation of humic substances by means of aluminum salts.

JAWWA, 76 (4), 141–150.

Dempsey, B. A., Sheu, H., Ahmed, T. M. T., and Mentink, J. (1985)

Polyaluminum chloride and alum coagulation of clay-fulvic

acid suspensions. JAWWA, 77 (3), 74–80.

Dentel, S. K., and Kingery, K. M. (1989) Theoretical principles of

streaming current detection. Water Sci. Technol., 21, 443–453.

Doell, B. (1986) Die Kompensation der Oberflachenladung kol-

loidaler Silika-Suspensionen durch die Adsorption kationischer

Polymere in turbulent durchstromten Rohrreaktoren, Doctoral

dissertation, Univ. of Karlsruhe, Germany.

Edzwald, J. K. (1993) Coagulation in drinking water treatment:

particles, organics, and coagulants.Water Sci. Technol., 27 (11),

21–35.

Edzwald, J. K., Bottero, J. Y., Ives, K. J., and Klute, R. (1998)

Particle alteration and particle production processes, Ch. 4 in

McEwen, J. B. (ed.), Treatment Process Selection for Particle

Removal, American Water Works Association Research Foun-

dation, Denver, CO.

Edzwald, J. K., Tobiason, J. E., and Kelley, M. B. (2005)

Optimum coagulation conditions for Cryptosporidium

removals. Proceedings, AWWA WQTC, Nov 2005, Quebec

City, paper Tue ST2-1.

Elimelech, M., and O’Melia, C. R. (1990) Effect of particle size on

collision efficiency in the deposition of Brownian particles with

electrostatic energy barriers. Langmuir, 6, 1153–1163.

Gray, K. A., Yao, C., and O’Melia, C. R. (1995) Inorganic metal

polymers: Preparation and characterization. JAWWA, 87 (4),

136–146.

Gregory, J. (1973) Rates of flocculation of latex particles by

cationic polymers. J. Colloid Interface Sci., 42 (2), 448–456.

Hahn, M., and O’Melia, C. R. (2004) Deposition and re-

entrainment of Brownian particles in porous media under

unfavorable chemical conditions: some concepts and applica-

tions. Environ. Sci. Technol., 38, 210–220.

Healy, T. W., and La Mer, V. K. (1962) The adsorption-flocculation

reactions of a polymer with an aqueous colloidal dispersion.

J. Phys. Chem., 66, 1835–1838.

Hiemenz, P. C., and Rajagopalan, R. (1997) Principles of Colloid

and Surface Chemistry. 3rd ed., Marcel Dekker, New York.

Hogg, R.,Healy, T.W., and Furstenau,D.W. (1966)Mutual coagula-

tionofcolloidalsuspensions.Trans.FaradaySoc.,62,1638–1651.

Hogg, R. (1984) Collision efficiency factors for polymer floccula-

tion. J. Colloid Interface Sci., 102 (1), 232–236.

Hunter, R. J. (2001) Foundations of Colloid Science. 2nd ed.,

Oxford University Press, Oxford, England.

Hunter, K. A., and Liss, P. S. (1979) The surface charge of

suspended particles in estuarine and coastal waters. Nature,

282, 823–825.

Jiang, Q., and Logan, B. E. (1991) Fractal dimensions of aggregates

determined from steady-state size distributions. Environ. Sci.

Technol., 25, 2031–2038.

Johnson, P. N., and Amirtharajah, A. (1983) Ferric chloride and

alum as single and dual coagulants. JAWWA, 75 (5), 232–239.

Kasper, D. R. (1971) Theoretical and Experimental Investigations

of the Flocculation of Charged Particles in Aqueous Solutions

by Polyelectrolytes of Opposite Charge, Ph.D. dissertation,

Cal. Inst. of Technol.

Kilps, J. R., Logan, B. E., and Alldredge, A. L. (1994) Fractal

dimensions of marine snow aggregates determined from

image analysis of in situ photographs. Deep Sea Res., 41,

1159–1169.

Klute, R., and Amirtharajah, A. (1991) Particle destabilization and

flocculation reactions in turbulent pipe flow, Chapter 6 in

Amirtharajah, A., Clark, M. M., and Trussell, R. R. (eds.),

Mixing in Coagulation and Flocculation, American Water

Works Association Research Foundation, Denver, CO.

Lang, J. S. (2002) Optimize initial mixing with plug flow reactors.

Opflow, American Water Works Assoc., 28 (12), 12–22.

Lawler, D. F., and Singer, P. C. (1984) Return flows from sludge

treatment. J. Water Poll. Control Fed. 56 (2), 118–126.

Lee, D. G., Bonner, J. S., Garton, L. S., Ernest, N. S., and

Autenrieth, R. L. (2002) Modeling coagulation kinetics incor-

porating fractal theories: comparison with observed data.Water

Res., 36, 1056–1066.

Li, D. H., and Ganczarczyk, J. (1989) Fractal geometry of particle

aggregates generated in water and wastewater treatment pro-

cesses. Environ. Sci. Technol., 23, 1385–1389.

Liao, M. Y., and Randkte, S. J. (1986) Predicting the removal

of soluble organic contaminants by lime-softening. Water Res.,

20, 27–35.

Logan, B. E., and Kilps, J. R. (1995) Fractal dimensions of

aggregates formed in different fluid mechanical environments.

Water Res., 29, 443–453.

Logan, B. E., and Wilkinson, D. B. (1990) Fractal geometry of

marine snow and other biological aggregates. Limnol. Ocean-

ography, 35, 130–136.

Lyklema, J. (1978) Surface chemistry of colloids in connection

with stability. In Ives, K. J. (ed.), Scientific Basis of Floccula-

tion, NATO Advanced Study Institutes Series, pp. 3–36.

Mangravite, F. J. (1983) Synthesis and properties of polymers used

in water treatment, in Proc. AWWA Seminar, Use of Organic

Polyelectrolytes in Water Treatment, Amer. Water Works

Assoc, Denver, CO pp. 1–16.

Mangravite, F. J., Jr., Leitz, C. R., and Galick, P. E. (1985) Organic

polymeric flocculants: effect of charge density, molecular

weight, and particle concentration. In Moudgil, B. M., and

Somasundaran, P. (eds.), Flocculation, Sedimentation and

Consolidation, Engineering Foundation, NY.

556 PARTICLE TREATMENT PROCESSES: COMMON ELEMENTS



Meakin, P. (1988) Fractal aggregates. Adv. Colloid Interface Sci.,

28, 249–331.

Mehta, A. J., Hayter, E. J., Parker, W. R., Krone, R. B., and Teeter,

A. M. (1989) Cohesive sediment transport. I. Process descrip-

tion. J. Hydraulic Eng. (ASCE), 115, 1076–1093.

Ndabigengesere, A., and Narasiah, K. S. (1998) Quality of water

treated by coagulation using Moringa oleifera seeds. Water

Res., 32, 781–791.

Neihof, R. A., and Loeb, G. I. (1972) The surface charge of particulate

matter in seawater. Limnol. Oceanography, 17, 7–16.

Oldshue, J. Y., and Trussell, R. R. (1991) Design of impellers for

mixing, Chapter 9 in Amirtharajah, A., Clark, M. M., and

Trussell, R. R. (eds.),Mixing in Coagulation and Flocculation,

American Water Works Association Research Foundation,

Denver, CO.

O’Melia, C. R., (1989) Particle-particle interactions in aquatic

systems. Colloids Surfaces, 39 (1–3), 255–271.

O’Melia, C. R., Becker, W. C., and Au, K. K. (1999) Removal

of humic substances by coagulation.Water Sci. Technol., 40 (9),

47–54.

O’Melia, C. R., Hahn, M. W., and Chen, C. (1997) Some effects of

particle size in separation processes involving colloids. Water

Sci. Technol., 36 (4), 119–126.

O’Melia, C. R., and Stumm, W. (1967) Theory of water filtration.

JAWWA, 59 (11), 1393–1412.

Posselt, H. S., Reidies, A. H., andWeber,W. J., Jr. (1968) Coagulation

of hydrous manganese dioxide. JAWWA, 60 (1), 48–68.

Randkte, S. J., Thiel, C. E., Liao, M. Y., and Yamaya, C. N. (1982)

Removing soluble organic contaminants by lime-softening.

JAWWA, 74 (4), 192–202.

Roalson, S. R., Kweon, J. H., Lawler, D. F., and Speitel, G. E., Jr.

(2003) Enhanced softening: effects of lime dose and chemical

additions. JAWWA, 95 (11), 97–109.

Semmens, M. J., and Field, T. K. (1980) Coagulation: Experiences

in organics removal. JAWWA, 72 (8), 476–483.

Sharp, E. L., Parsons, S. A., and Jefferson, B. (2004) The effects of

changing NOM composition and characteristics on coagulation

performance, optimisation, and control. Water Sci. Technol:

Water Supply, 4 (4), 95–102.

Smellie, R. H., Jr., and La Mer, V. K. (1958) Flocculation,

subsidence, and filtration of phosphate slimes. VI. A quantita-

tive theory of filtration of flocculated suspensions. J. Colloid

Sci., 13, 589–599.

Stumm, W., and Morgan, J. J. (1996) Aquatic Chemistry. 3rd ed.,

Wiley Interscience, New York.

Stumm, W., and O’Melia, C. R. (1968) Stoichiometry of coagula-

tion. JAWWA, 60 (5), 514–539.

Tennekes, H., and Lumley, J. L. (1972) A First Course in Turbu-

lence. MIT Press, Cambridge, MA.

Thompson, J. D., White, M. C., Harrington, G.W., and Singer, P. C.

(1997) Enhanced softening: factors influencing DBP precursor

removal. JAWWA, 89 (6), 94–105.

Tiller, C. L., and O’Melia, C. R. (1993) Natural organic matter

and colloidal stability: models and measurements. Colloids

Surfaces. A Physicochem. and Eng. Aspects, 73, 89–102.

Tipping, E., and Higgins, D. C. (1982) The effect of adsorbed

humic substances on the colloid stability of hematite particles.

Colloids Surfaces, 5, 85–92.

Tritton, D. J. (1988) Physical Fluid Dynamics. 2nd ed., Oxford

University Press.

Van Benschoten, J. E., and Edzwald, J. K. (1990a) Chemical aspects

of coagulation using aluminum salts—I. Hydrolytic reactions of

alum and polyaluminum chloride. Water Res., 24, 1519–1526.

Van Benschoten, J. E., and Edzwald, J. K. (1990b) Chemical

aspects of coagulation using aluminum salts—II. Coagulation

of fulvic acid using alum and polyaluminum chloride. Water

Res., 24, 1527–1535.

Walker, H. W., and Grant, S. B. (1996) Factors influencing the

flocculation of colloidal particles by a model anionic poly-

electrolyte. Colloids Surfaces A Physicohem. and Eng. Aspects,

119, 229–239.

PROBLEMS

11-1. Prove that the two expressions for the (inverse of)

the characteristic diffuse layer thickness (Equations

11-1 and 11-2) are equivalent.

11-2. (a) For a 1:1 electrolyte at a concentration of

2� 10�3M, compare the Debye–Huckel and

the Gouy–Chapman models for the variation

of ion concentration and potential as a function

of distance from a flat plate at surface potential

values of 33 and 53mV. (The potential values

are approximately half and double the value of

25.7mV used to develop the figures shown in

the chapter.) Assume the temperature is 25�C.
(b) Repeat the analysis for a 2:2 electrolyte (e.g.,

CaSO4) for all of the sameconditionsas inpart (a).

11-3. (a) Determine the energy of interaction (attractive,

repulsive, and total) as a function of separation

distance of two particles that have a radius of

0.5mm, if the surface potential is 53mV. The

solution is a 1:1 electrolyte at a concentration of

2� 10�3M, the temperature is 25�C, and the

particles’ Hamaker constant is 10�20 J. Find

the location and value of the energy barrier.

(b) Repeat the analysis for a 2:2 electrolyte for all of

the same conditions as in part (a).

11-4. Sharp et al. (2004) fractionated the dissolved

organic material in a natural water into four com-

ponents and determined the charge density of each

fraction by titrating solutions with poly-DADMAC,

a cationic polymer; the (diluted) polymer solution

had a charge density of 6.2meq=g of solution. The

results of the fractionation and titrations are shown

in the following table.
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Component

Concentration

(mg=L as C)

Charge Density

(meq=g C)

Humic acids 3.5 6.8

Fulvic acids 2.4 4.2

Hydrophilic

acids

2.0 0.06

Nonhydrophilic

nonacids

1.0 <0.01 (nondetectable)

(a) The titrations were done using concentrated

solutions of the different fractions, in each of

which 250mg of dissolved organic carbon

(DOC) was added to 100mL of water. Assum-

ing that the density of the polymer solution is the

same as water (1 g=mL), what was the dose of

polymer (milligram polymer solution per liter

of sample) required to neutralize the charge

associated in the concentrated solution contain-

ing the humic acid fraction?

(b) Assuming the polymer is fed using the same

diluted polymer solution described above, what

dose of polymer (milligram polymer solution

per liter of water) would be required to neutral-

ize the charge associated with each fraction the

DOC in the natural water? What would the

doses be in terms of volume of polymer solution

per volume of sample?

(c) The source water also has a solids concentration

of 8mg=L. For simplicity, assume that all parti-

cles are spherical with a diameter of 1.5mm and

a density of 1.5 g=cm3. If the (negative) charge

density on the particle surfaces is 0.2 C=m2,

what would be the additional required polymer

dose, in mg=L, to neutralize these particles, if

the same diluted polymer stock solution was

used? If polymer were added to neutralize the

charge on both the organics and the particles,

what fraction of the polymer dose would be

allocated to the dissolved organics?

(d) For theexperiments reported, thepoly-DADMAC

was diluted to 0.1%w=w solution, but the product

is sold in a 40%w=w solution. If the flow to the

water treatmentplant using thiswater as its source

is2m2=s,what is thedaily requirement (inunitsof

kg=d) for the product as sold?

11-5. Awater treatment plant receives rawwater with a pH

of 7.2 and an alkalinity of 45mg=L as CaCO3. What

will be the resulting pH of the water if they add

30mg=L of alum (i.e., Al2(SO4)3
16H2O) and no

other chemicals? Assume that the raw water has no

other weak acid=base constituents besides the car-

bonate system.

11-6. The results of jar tests are shown in Figure 11-Pr6,

reproduced from Posselt et al. (1968). The jar tests

were standard; that is, a small rapid mix period

during which a destabilizing chemical was added,

followed by a longer slow mixing period, then a

settling period before a samplewas taken. The solids

were MnO2 particles, and, as shown on the figure,

the results were measured in terms of the suspended

solids concentration. The destabilizing chemical

was PDADMA; that is, polydiallydimethyl ammo-

nium, a relatively low-molecular weight cationic

polymer. Interpret (i.e., explain the causes of)

both trends in these results—the effects of dose

(same trend on both graphs) and the effects of pH

(the difference between part (a) and part (b)).

11-7. Four jar tests were performed leading to the results

shown below. All were performed using Min-u-sil 5

(almost pure SiO2, with a density of 2.65 g=cm
3 and

virtually all of the particles<5mm in size) and Alum

(Al2(SO4)3
18 H2O). The first three jar tests were

performed at constant pH with varying alum dose;

the last was performed at constant alum dose and

varying pH. Since alum is an acid and would depress

the pH, sodium bicarbonate (NaHCO3) was provided

(a)

(b)

FIGURE 11-Pr6. Experimental results of jar tests at (a) pH 5.0

and (b) pH 7.0. Source: Reported by Posselt et al. (1968).
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as a buffer, and NaOH was added simultaneously

with the alum to maintain the pH at the desired level.

The results were obtained in a class laboratory by

several different (inexperienced) people.

The jar tests were performed according to the

following instructions:

(a) For each jar (different alum dose or pH condi-

tion), place 500mL of water containing a known

concentration of Min-u-sil 5 plus 2� 10�3M

sodium bicarbonate buffer in a 600mL beaker.

(b) Adjust the pH of each sample to the desired level

by adding either strong acid or base.

(c) Maintain rapid mixing while simultaneously

adding the desired alum dose and predetermined

dose of NaOH.

(d) Place the beaker on the gang stirrer and mix for

20 min at 60 rpm.

(e) Remove the beaker and allow to sit quiescently

for 20 min.

(f) With a wide-mouth pipet, slowly withdraw an

aliquot of 25mL of supernatant and transfer

directly into a vial for the turbidity measurement.

(g) Record the final turbidity of the sample.

Draw appropriate graphs to analyze these results.

Comment on the mechanisms of coagulation and the

effects of concentration of suspended solids (Min-

u-sil), concentration of alum, and pH. Be precise but

complete in your explanations. You might find the

graph from Amirtharajah (Figure 11-19) useful in

interpreting these results. Note that the ordinate

on the right side of that graph is labeled in mg=L
as Al2(SO4)3
14.3H2O, slightly different from the

Al2(SO4)3
18 H2O used in these experiments.

Experiment 1.

Min-u-sil conc. (initial): 100mg=L
Turbidity of uncoagulated sample: 48NTU

pH of all samples: 4.5

Alum Dose (mg=L as alum) Turbidity (NTU)

0 43

1 42

2 43

3.5 43

6 43

10 41

20 44

35 43

60 43

100 43

200 3.8

350 0.84

Experiment 2.

Min-u-sil 5–100mg=L
Turbidity of uncoagulated sample: 43NTU

pH of all samples: 5.2

Alum Dose (mg=L as alum) Turbidity (NTU)

0 32

1 24

2 12

3.5 12

6 12

10 10

20 41

35 41

60 43

100 43

200 2.4

350 1.5

Experiment 3.

Min-u-sil 5: 250mg=L
pH¼ 5.2

Turbidity of uncoagulated sample: 160NTU

Alum Dose (mg=L as alum) Turbidity (NTU)

0 145

0.6 140

1 63

2 37

3.5 80

6 78

10 120

20 160

35 135

60 130

100 130

200 2.4

350 1.7

Experiment 4.

Min-u-sil 5: 100mg=L
Turbidity of uncoagulated sample: 52NTU

Alum dose for all samples: 5mg=L

pH Turbidity (NTU)

2.5 38

4.0 41

4.8 38

5.0 20

5.2 15

5.5 12

5.8 43

6.2 43

6.8 4.6
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pH Turbidity (NTU)

7.0 4.7

7.4 9.4

8.0 9.0

9.0 42

10.0 42

11.0 42

11-8. Sludge dewatering is aided by destabilization; that

is, water can flow more rapidly out of the high

concentration suspension known as sludge when

the particles form larger flocs. One laboratory mea-

sure of the rate of dewatering is the capillary suction

time (CST), a measure of the time for water to

spread a certain distance through a particular paper

filter in concentric circles from a central sludge

source. Shorter values of CST indicate better

dewaterability of the sludge.

Lawler and Singer (1984) reported on the

dewaterability of anaerobically digested sludge.

They used a relatively low-molecularweight cationic

polymer to aid the dewatering by destabilizing the

particles. The results from two experiments with the

same sludge at a concentration of �3% solids (w=w
%) are shown in the table below. The raw sludge was

at a pH of 6.9, and the effects of adding polymer at

various doses on the CST values at this pH are shown

in the table. In a second experiment, the pH was

adjusted to 6.0 before the addition of polymer, and

the results from this test are also given in the table.

Interpret these results; that is, explain the trends

with polymer addition and the effect of the pH

adjustment.

Capillary Suction Times (s)Dose

(mg=L) pH 6.9 pH 6.0

0 130 80

100 93 70

200 89 53

300 70 42

400 54 38

500 50 36

11-9. Given below is a table of values for the logarithms

(base 10) of the diameter (log dp) and the particle

size distribution function (log (DN=Ddp)) for a hypo-
thetical sample. DN represents the number of parti-

cles per cubic centimeter within a size increment

Ddp (with size measured in micrometers). For each

pair shown, find the associated values for diameter

(dp) at the midpoint of D log dp, the number concen-

tration within each size range (DN), the number

distribution (DN=D log dp), and the volume distribu-

tion (DV=D log dp). Plot (a) the particle size distri-

bution function (given), (b) the number distribution,

and (c) the volume distribution versus the log diam-

eter values. For the number and volume distributions

(parts (b) and (c)), use an arithmetic (not logarith-

mic) scale on the ordinate.

log dp log (DN=Ddp)

�0.3 4.90

�0.2 4.88

�0.1 4.82

0.0 4.73

0.1 4.61

0.2 4.47

0.3 4.30

0.4 4.11

0.5 3.90

0.6 3.66

0.7 3.40

0.8 3.12

0.9 2.82

1.0 2.49

1.1 2.15

1.2 1.79

1.3 1.40

1.4 1.00

1.5 0.58

1.6 0.14

1.7 �0.32

11-10. Edzwald et al. (2005) reported the following data

from a set of experiments on a natural water towhich

Cryptosporidium oocysts had been spiked. The raw

water had a turbidity of �2.2NTU and a DOC

concentration of 2.4mg=L. All experiments were

performed at 20�C. 20mg=L of alum was added

to all jars with a 30-s rapid mix step, followed by

20 min of flocculation (slow mixing), and then

60 min of sedimentation before sampling. The dif-

ference between the experiments was the pH. Inter-

pret the result shown in the following table.

pH

Turbidity

(NTU)

Particle Count

(2–8mm)

(thousands=mL)

DOC

(mg=L)
Cryptosporidium

log10 Reduction

5.2 0.42 1.4 1.25 1.8

6.4 0.34 0.8 1.45 1.9

6.8 0.23 1.0 1.6 2.1

8.0 2.1 8.0 2.3 0.7

Experiment 4. (continued )
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11-11. (a) Discuss the possible mechanisms involved in

the destabilization of a suspension of mineral

particles upon addition of alum. The suspen-

sion pH is initially 7.0, and the pH of the zero

point of charge (PZC) of the particles is 6.2.

Suggest three possible mechanisms for

destabilization.

(b) If the pH of the PZC were 9.5, would the same

mechanisms apply?

11-12. Olivine is a mixed iron-magnesium-silicate mineral,

with a PZC of 11.5. The electrophoretic mobility

of some olivine particles dispersed in deionized

water is shown in Figure 11-Pr12 as a function of

solution pH.

(a) Label the ordinate of the graph to indicate

regions where the electrophoretic mobility is

positive, zero, and negative.

(b) Indicate how you think the curve would change

if the olivine were suspended in river water, and

explain your reasoning.

11-13. A water containing 10mg=L of DOC and 20mg=L
of clay particles is to be destabilized using a cationic

polymer that has a charge density of 6meq=g-active
polymer. The polymer is supplied as a 50% by

weight aqueous solution. Assume that the negative

charge densities of the natural organic matter

and the clay particles are 10.0 and 1.0meq=g,
respectively.

(a) Calculate the required dose of the polymer

solution (as purchased) to achieve destabiliza-

tion by charge neutralization.

(b) What is the required dose if the DOC is reduced

by 50%?

(c) What is the required dose if the clay is reduced

by 50%?
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FIGURE 11-Pr12. Electrophoretic mobility of olivine.
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12
FLOCCULATION

12.1 Introduction

12.2 Changes in particle size distributions by flocculation

12.3 Flocculation modeling

12.4 Collision frequency: Long-range force model

12.5 Collision efficiency: Short-range force model

12.6 Turbulence and turbulent flocculation

12.7 Floc breakup

12.8 Modeling of flocculation with fractal dimensions

12.9 Summary

Appendix 12A. Calculation equations for collision

efficiency functions in the short-range force model
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Problems

An important process in the treatment of water,

sewage, and industrial wastes is the formation of

suspended flocs which can be effectively removed from

the liquid by settling or filtration. This process is

known as flocculation or coagulation. Prior to 1920,

the nature of the process was not well understood by

sanitary engineers and was frequently confused with

mixing—the purpose of which is to distribute the

coagulating chemicals in the liquid being treated so

as to promote solution of the chemical and completion

of the chemical reactions. It has since been learned

that flocculation is a physical process requiring gentle

turbulence and time. Little progress has been

made, however, in the scientific development of the

principles involved and their application to design.
Thomas R. Camp (1955)

12.1 INTRODUCTION

Particle removal is an essential part of most water and waste-

water treatment systems and is usually accomplished in

gravity separation (sedimentation or flotation) and/or

filtration processes. Those removal processes require, or at

least are facilitated by, the attachment of particles to one

another or to some other surface. As a result, the processes

wouldoften be unsuccessfulwithout chemical pretreatment to

destabilize the particles, as described in Chapter 11. In many

cases, a physical pretreatment process is also valuable as a

way of inducing desired changes in the particle size distribu-

tion prior to particle removal. That pretreatment process,

which typically involves providing detention time andmixing

to induce particle collisions and attachment, is called floccu-

lation. In flocculation, the particle size distribution changes

from a large number of small particles to a smaller number of

large particles (flocs). The term flocculation is used to refer to

both the microscale process of particles coming together so

that they can collide andgrow, and themacroscale, engineered

treatment process in which the microscopic steps occur.

Flocculation is used in various water treatment applica-

tions. For instance, in a standard treatment train to produce

drinking water from surfacewater, a distinct flocculation step

is included after particle destabilization and before particle

removal (Letterman and Yiacoumi, 2011). However, further

flocculationalsooccurs simultaneously in theparticle removal

processes that follow the engineered flocculation basin.

Flocculation is also an integral part of precipitation

processes, such as those that are used to insolubilize metals

in industrial wastewaters, phosphate in municipal waste-

waters, and calcium (and sometimes magnesium) in water

softening operations. In such processes, precipitates typi-

cally begin to form and flocculate in the rapid mix tank

where chemical additions create the supersaturation condi-

tions necessary for the solids to form. However, much of the

floc formation, as well as some additional precipitation,

occurs in a downstream tank designed specifically to facili-

tate that process. A similar sequence of reactors and

reactions proceeds when precipitation is used as the mecha-

nism for destabilizing particles that are already in the water

(sweep flocculation). In the mathematical descriptions of

flocculation that are presented in this chapter, the compli-

cation of solids being formed simultaneously is not
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considered; the assumption is made that solid formation is

complete prior to flocculation.

The term coagulation is often encountered in the literature

in discussions of destabilization and flocculation. In this text,

we avoid the use of that term because it has been used by

different authors to mean different things. O’Melia (1972)

used the term to refer to the combination of destabilization

and flocculation, and that meaning has been widely used;

these two pretreatment processes are often closely linked

(e.g., for a suspension that is originally stable, flocculation

would not occurwithout destabilization), so the use of a single

term to refer them both together can be convenient. However,

other authors use the term coagulation differently. Some use

“flocculation” and “coagulation” to refer to different mecha-

nisms of destabilization (and the related words flocculant and

coagulant to refer to the chemicals responsible for that

destabilization); in this terminology, coagulation usually

refers to the addition of chemicals that cause the precipitation

of new solids (metal hydroxides, calcium carbonate, or solids

that incorporate contaminant ions such as NOM, phosphate,

or arsenic).Others use coagulation tomeanwhatwe refer to as

destabilization, and those authors generally use flocculation

as we do here. Still others use the two terms flocculation and

coagulation interchangeably, usually to mean the two pro-

cesses of destabilization and flocculation together.

Because of the close link between the combination of

destabilization and flocculation and the subsequent separa-

tion processes in treatment plants, the success of both

destabilization and flocculation has often been judged by

their effect on particle removal. Here, however, the process

of flocculation is considered directly in terms of the forma-

tion of flocs by two-particle collisions and the consequent

changes in the particle size distributions.

This chapter begins with a few examples of the changes

in the particle size distribution accomplished by floccula-

tion. We then give an overview of the processes that

influence flocculation, by differentiating phenomena

that influence long-range transport of particles from those

that influence short-range transport. Then, the generic rate

equation that describes the changes in the particle size

distribution resulting from flocculation is developed, with-

out regard to the specific mechanisms that cause or influ-

ence collisions. Next, the rates at which particles are

brought into close proximity by long-range forces

are developed. Finally, the effects of short-range forces

are considered, some quantitatively. The result of these

steps is a set of equations that, in theory, allow us to predict

the changes in particle size distributions.

Throughout the development, several simplifying assump-

tions are made, and the latter part of this chapter describes

some of the attempts that have beenmade to account properly

for the complexity that has been ignored. Specifically, we

address some issues associated with flocculation within tur-

bulent flow conditions, the breakup of flocs, and the fractal

nature of flocs. Linkages between engineering practice and

the theoretical, mathematical approach to flocculation in this

chapter are delineated at appropriate points throughout this

chapter. Although themathematical modeling is complex and

still not completely successful in predicting what actually

occurs in treatment plants, the qualitative insights that can be

gained from the mathematical analysis are valuable both in

designing new flocculation facilities and in troubleshooting

existing facilities that experience poor performance.

12.2 CHANGES IN PARTICLE SIZE
DISTRIBUTIONS BY FLOCCULATION

Flocculation has the objective of changing the size distribu-

tion to make particles more amenable to removal in subse-

quent processes. Before considering in detail how those

changes are brought about, we consider a few examples

from laboratory studies in which the size distribution was

measured in detail. Similar changes in the size distribution

occur in treatment plants, but most plant measurements

provide less detailed information.

We first consider the changes in the size distribution when

the mechanism of particle destabilization is charge neutrali-

zation. Particles of silica have a point of zero charge at

approximately pH 2.5, so that flocculation at that pH is highly

efficient. Results of batch experiments performed under those

conditions are shown in Figure 12-1; the measurements were

made with an instrument that responds to particle volume

(which is conserved when particles join to form a floc) but

are reported in terms of the equivalent spherical diameter.

The dramatic and continuous loss of small particles (e.g.,

those <2mm in diameter, or log dp< 0.3) with increasing

time is clear in these measurements, whereas the number

concentration of larger particles (say, at 5mm in diameter, or

log dp¼ 0.7) appears to be essentially constant. The apparent
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FIGURE 12-1. Changes in the size distribution in flocculation

with charge neutralization as the destabilization mechanism.

Source: Results from Broyan (1996).
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lackofchangeinthenumberconcentrationof largerparticles is

explained by the counterbalancing of two phenomena. First,

one expects the increase in the number concentration of larger

particles to be much less than the decrease of small particles,

because, for example, it takes 125 one-micrometer particles to

yield the same particle volume as one 5-mm particle. The

substantial loss in the number concentration of 1-mmparticles

iseasilyvisibleon the logarithmicscaleof theordinate,butone

would expect to see amuch smaller gain of the 5-mmparticles.

However, even that small gain was diminished (or even

reversed) by sedimentation that removed some of the largest

particles from the suspension in this small batch experiment.

Even the dramatic changes in the size distribution shown in

Figure 12-1 might not be sufficient to facilitate the desired

removal; that is, 5-mmparticles are still small enough that they

might not settle sufficiently rapidly in a subsequent sedimen-

tation tank. Also, as shown later in this chapter, flocculation is

strongly influenced by particle concentration, and the con-

centration of silica particles in the experiment reported in

Figure 12-1 is unusually high. A suspension with a low

concentration of predominantly small particles is better desta-

bilized via the sweep floc mechanism; the new solids created

by precipitation tend to be large and easier to remove. An

example of sweep flocculation in batch experiments is shown

inFigure 12-2,with the same results shownas both thevolume

distribution (Figure 12-2a) and the particle size distribution

function (Figure 12-2b). The volume distribution changes

dramatically, from the raw lake water, in which most of the

measured particle volume is in particles less than 3mm in

diameter (log dp< 0.5), to the flocculatedwater (after 14min),

inwhichvirtually all of theparticlevolume is inparticles larger

than 10mm (log dp> 1). Recall that the area under the volume

distribution between any two values of the abscissa represents

the volume concentration (e.g., ppmv) of particles in that size

range. The particle size distribution function (Part B) shows

the same results; this presentation allows one to see more

completely the change in the size distribution—the greatest

decrease (approximately one order of magnitude) occurred

for the smallest particles measured, while all particles with

log dp> 0.75 (dp> 5.6mm) increased in number. The dra-

matic increase in the large particles in this experiment in

comparison to the immeasurable increase in the previous one

is due to the creation of the Al(OH)3 (s) precipitate.

12.3 FLOCCULATIONMODELING

The essence of flocculation is the collision of particles and

their attachment to one another to form a floc. Forces that

bring about long-range motion of particles (i.e., motion over

distances approximately two or more orders of magnitude

times the size of the largest particles under consideration)

can bring particles close to one another, making collisions

possible. The forces causing long-range motion include

external forces on the fluid, which generate fluid motion;

gravity, which causes vertical motion of the particles relative

to the fluid; and thermal activity of molecules in solution,

leading to Brownian motion of the particles. A simplified

view of these collision mechanisms is shown in Figure 12-3.

When particles get quite close to one another, other forces

become significant; these short-range forces include, at the

least, the van der Waals attraction and electric double layer

repulsion (or, perhaps, attraction) explained in the previous

chapter, as well as viscous forces relevant as the water

separating the two particles moves out of the way.

FIGURE 12-2. Changes in the particle size distribution brought

about by sweep flocculation. (a) Volume distribution, and (b)

particle size distribution function. Source: Results from Li (1996).

Brownian motion Fluid shear Differential 
sedimentation

FIGURE 12-3. Particle paths leading to collisions by various

mechanisms. (For fluid shear and differential sedimentation, the

length of the arrows reflects the particle velocities.)
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To understand the flocculation process, and especially the

relevance of short-range and long-range forces, it is helpful

to have a sense of the distances involved. Consider, for

example, a monodisperse suspension (i.e., all particles hav-

ing the same size) of particles with a diameter of 2mm and a

density of 1.1 g/cm3, at a total mass concentration of 4mg/L.

The mass concentration can be expressed as:

c ¼ nmp ¼ np
d3
p

6
rp (12-1)

where c is the mass concentration (e.g., mg=L), n is the

number concentration of particles, andmp, dp, and rp are the

mass, diameter, and density of the individual particles,

respectively. Substituting the values into Equation 12-1:

4mg=L ¼ np
ð2� 10�4 cmÞ3

6
1:1� 103mg=cm3
� �

103cm3=L
� �

n ¼ 0:87� 106=cm3

Taking the inverse of the particle concentration (1=n)
indicates that there is, on average, one particle in suspension

per 1.15� 10�6 cm3 of water. This volume of water is

contained in a cube with sides that are 105mm. Thus, if

one imagines adjacent cubes of water with a single 2-mm
particle at the center of each (as shown in Figure 12-4),

adjacent particles are a distance apart equal to the sides

of the cube, or �50 diameters away. For a given total

mass concentration (4mg/L in this example) and a given

particle density (1.1 g/cm3 here), the average particle–

particle separation turns out to be the same, in terms

of particle diameters, regardless of the particle size. That is,

if the 4mg/L suspension contained only particles of diameter

0.2mm, the number concentration would be 0.87� 109 cm3,

and the separation between particles in a uniform distribution

would be 10mm. Thus, the average separation is �50 dia-

meters for a 4mg/L monodisperse suspension of 2-mm parti-

cles, 0.2-mm particles, or any other size particles.

Now consider the situation in a suspension containing

2mg/L each of 2-mm and 0.2-mm diameter particles. On

average, one 2-mm particle would be present in each 132-mm
sided cube of water, and the nearest like-sized particle would

be that distance away. However, that same cube would

contain one thousand 0.2-mm particles, and the center-to-

center distance between them would be only 13.2mm. By

extension, it would be fair to say that the distance from the

2-mm particle to the nearest 0.2mm would average only

11.4mm (the distance from a corner to the center of a

13.2mm cube). Extending the analysis to consider a continu-

ous size distribution in which the number concentration

decreases with increasing size, the picture that emerges is

that, for any individual particle of diameter dp, many particles

that are considerably smaller are likely to be nearby—within

a distance of a few times dp. On the other hand, the nearest

particle of a considerably larger size is likely to be much

farther away, typically at a distance of several tens times dp.

Of course, the numerical results depend on size distribution,

but the qualitative results would be the same for most particle

size distributions encountered in water and wastewater.

With this picture of interparticle distances in mind, it

is instructive to compare those distances to the distances

over which certain forces are significant. Consider first

the viscous forces that come into play as a particle moves

through water, and the water slides around it. The distur-

bance generated by this motion generally extends for a

distance equal to a few tenths of the particle diameter.

When two particles approach one another, the water being

pushed out of the way by each particle also tends to carry the

other particle out of the way. In addition, as the particles get

quite close to one another, the cross-sectional area through

which the water must flow to get out of the way is restricted,

and so the resistive force increases. Thus, short-range vis-

cous forces always oppose collisions, and they intensify as

the particles get closer together.

Electrical double layer interactions usually extend over a

distance that is somewhat shorter than the short-range

viscous forces. Recall from Chapter 11 that double layer

repulsion and the van der Waals attraction were significant

only at separation distances in the tens of nanometers

(10 nm¼ 0.01mm).

Because of the different distances over which these short-

range forces operate, even if electrical double layer repul-

sion is completely eliminated by chemical destabilization of

the particles, the particles must invariably overcome an

energy barrier at distances where they first feel each other’s

presence, before reaching a point where the van der Waals

attraction dominates their interaction and they collide. Thus,

two particles that are not initially moving in directions that

would lead to a collision cannot be made to collide via the

effects of short-range interactions. Rather, for flocculation to

occur, two widely separated particles moving independently

must first be moving in directions that would lead to a

collision; even then, only a fraction of these impending

collisions actually occur, because the first short-range forces

that come into play cause the particles’ paths to deviate from

one another.

2 mm 

105 mm

FIGURE 12-4. Particle separation distances. (Not to scale; par-

ticle would be nearly invisible if drawn to scale.)
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Rate Equation for Floc Formation

In light of the earlier discussion, flocculation can be viewed

as a two-step, sequential process, analogous to a two-step

elementary chemical reaction. In the first step, the particles

are transported from locations where they have no influence

on one another to locations where they do affect each other’s

movement, and in the second, they overcome the short-range

barriers to collision and form a floc. Based on this analogy

between flocculation and chemical reactions, and assuming

that the formation of the floc is irreversible, the flocculation

process might be represented as:

Pi þ Pj �!
bij

gb;ij
Pi � Pj ���!g f ;ij

Pk (12-2)

where Pi and Pj are two particles in the system (types “i” and

“j ”);Pi Pj is a pair of particles that have approachedeachother

closelyenoughthat theyaffecteachother’ssubsequentmotion;

Pk isaflocthatisformedbythecollisionofPiandPj;andbij,g f,ij,

and gb,ij are rate constants for the respective reactions

As noted, the rate constant bij, commonly called the

collision frequency function, characterizes the transport of

Pi and Pj particles to a separation distance where the short-

range forces become significant, and g f,ij and gb,ij are,

respectively, the forward and reverse rate constants for

the two possible transitions from that condition; that is,

either to form a floc or to separate again. The forces favoring

floc formation (essentially the same ones that brought the

particles close to one another plus van der Waals attraction)

are incorporated into g f,ij, and those opposing floc formation

are incorporated into gb,ij.

If one assumes that the concentration of particles in close

proximity to one another (Pi
������Pj pairs) is approximately at

steady state, a balance on the number concentration of those

particles (nij) in the system can be written as follows:

dnij

dt
¼ 0 ¼ bijninj � ðgb;ij þ g f ;ijÞnij (12-3)

nij ¼
bijninj

gb;ij þ g f ;ij

(12-4)

rk;iþj ¼ gf ;ijnij ¼
g f ;ij

gb;ij þ gf ;ij
bijninj (12-5a)

rk;iþj ¼ aijbijninj (12-5b)

where rk;iþj is the rate of formation of flocs (Pk particles) via

collisions between Pi and Pj particles, nij is the number

concentration of Pi Pj “proto-flocs,” and aij � gf ;ij
�ðgb;ij þ

gf ;ijÞ. (Note that rk;iþj is the rate of formation of type-k

particles from specific type-i and type-j particles; the overall

rate of formation of type-k particles in the system would

have to consider their formation from collisions of other

types of particles and their disappearance when they collide

with other particles and become a part of larger flocs.)

Interpretation of the Rate Constant

In Equation 12-5b, the rate constant is the product of two

parts, a and b. The meaning of b as the collision (i.e., close

approach) frequency function has been noted. The concep-

tual meaning of aij can be seen as follows:

aij �
g f ;ij

g f ;ij þ gb;ij

¼ g f ;ijnij

ðg f ;ij þ gb;ijÞ
¼ g f ;ijnij

bijninj

aij ¼ Rate of formation of Pk flocs

Rate of close approaches of Pi andPj particles

(12-6)

Thus, aij can be defined as the fraction of close approaches

of Pi and Pj particles that results in floc formation.

The analogy of flocculation to chemical reactions is

entirely consistent with the physical description of floccula-

tion provided previously. A close approach of two particles

(as envisioned in the physical description of the process) is

the same thing as the formation of the intermediate species

Pi�Pj envisioned in the chemical description. Correspond-

ingly, if we consider a close approach to be the critical

prerequisite for a collision, aij can be interpreted in the

physical description of the process as the fraction of the

potential collisions (i.e., close approaches) that actually

occur (i.e., that form a floc). Based on this understanding,

aij is commonly called the collision efficiency function.

Flocculation modeling has progressed over time, with an

increasing inclusion of phenomena that impact floc forma-

tion. For example, the distinction between forming “proto-

flocs” and true flocs is relatively recent. Even with the

increasing sophistication, however, the formation of flocs

tends to be overestimated in the models because they

consider an idealized view. As a result, the observed rate

of flocculation is often less than the predicted rate. To

account for this difference, an empirical correction factor,

usually given the symbol a but here noted more explicitly as

aemp, is often used; that is,

aemp � Actual rate of floc formation

Predicted rate of floc formation
¼ Actual rk;form

Predicted rk;form
:

The common shorthand description of aemp is the collision

efficiency factor, and we retain that terminology in this book.

However, different modeling efforts have made different

predictions of the rate of floc formation (i.e., different values

of the denominator), and the values of aemp vary depending

on what phenomena are included in the mathematical pre-

dictions. Likewise, the verbal descriptions among authors

vary, largely depending on the awareness of what has not

been included in the predictions. Descriptions such as “the

fraction of collisions that result in attachment,” “the fraction

of predicted collisions that really occur,” and “the fraction of

complete destabilization” have been used, but all of these are

means of describing the above word fraction.
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In early efforts to model flocculation, values of b for pairs

of particles of various sizes were computed, considering the

three long-range transport forces shown in Figure 12-3.

Later modeling efforts have incorporated some of the

short-range forces explicitly. Both of these approaches are

explained in detail in following sections.

As it becomes possible to account for more forces explic-

itly, and to account more accurately for those that are known,

fewer forces will need to be lumped into aemp, a better

understanding of the factors that control flocculation can be

gained, and, presumably, better decisions can be made about

how to design and operate flocculation systems. In that

sense, the goal of flocculation modeling is to make

aemp¼ 1, in which case all factors that influence successful

flocculation will be accounted for explicitly.

Equation 12-5 is the fundamental equation used to model

the formation of flocs from smaller particles. While this

model is essentially identical to that for bimolecular chemi-

cal reactions, its application is inherently more complex than

the applications of chemical reaction theory presented in

Chapter 3, for several reasons. First, flocs of a given size can

be formed by a very large number of combinations of

smaller particles, even if only pairwise combinations are

considered. For instance, the rate of formation of Pk-sized

flocs must consider collisions between two particles that are

both half as large as Pk, between one particle; that is, two-

thirds as large as Pk and with another that is one-third as

large, and so on. Thus, computation of the rate of formation

of Pk-type particles must consider the contributions from

many individual reactions occurring simultaneously.

Second, even when considering reactions between two

particles of given sizes, several different reactionmechanisms

or pathways can bring the particles close to one another. Three

such pathways are notedearlier (fluid shear, sedimentation,

Brownian motion). These pathways must be evaluated inde-

pendently to understand and predict flocculation rates.

Third, unlike the situation in chemical reactions, virtually

all products of a flocculation reaction (i.e., flocs) can them-

selves participate in subsequent reactions to form even larger

flocs. And, finally, the factors controlling the rate constants

for flocculation reactions depend not only on the chemical

identities of the reactants and the system temperature but

also on physical characteristics of the particles and the

degree of mixing in the flocculation reactor.

Thus, while the conceptual aspects of two-particle colli-

sions in flocculation can be treated by the formalism devel-

oped for chemical reactions in Chapter 3, the conversion of

those concepts into useful results is more complex. A

complete analysis of flocculation kinetics would require

that aij and bij values be calculated for each possible

pair of colliding particles in the system, considering all

possible ways that they could be brought together, and that

these values then be used in rate expressions describing the

formation of flocs of all possible sizes. Ideally, the

computation of a and b values would be based on funda-

mental principles of hydrodynamics and surface chemistry

and would incorporate all possible phenomena that promote

or impede collisions. The history (and ongoing research) of

flocculation modeling can be viewed as a progression of

attempts to understand and quantify more and more of the

individual factors that control these two key variables.

In the following section, flocculation models are presented

that mirror some of the key stages in the historical under-

standing of flocculation. First, the extension froma single type

of particle (the formation of Pk particles given above) to an

accounting of the changes of all sizes of particles is given.

Next, a model that considers explicitly only the long-range

forces that apply in laminar flow fields is presented; in

essence, this model allows calculation of bij and lumps all

other phenomena into the empirical correction factor, aemp.

Lastly, complications associated with short-range forces,

turbulent flow regimes, floc breakup, and the changing floc

density caused by incorporation of water into flocs are dis-

cussed at various levels of sophistication, reflecting the current

levels of understanding and modeling of these factors.

The Smoluchowski Equation

In 1917, Smoluchowski published what still remains the

fundamental theory of flocculation. Hewrote an equation for

a “population balance” for flocculating particles in a sus-

pension; that is, an equation describing what would happen

to the number concentration (the population) of each size

particle in a discrete distribution over time. This equation

incorporated the following concepts:

� Particles of each size class can be formed by floccula-

tion of smaller particles and lost by flocculating to

become still larger particles,

� Only two-particle collisions need to be considered

because the probability of three particles colliding at

exactly the same instant is negligible in comparison to

that of two particles colliding,

� In the formation of a floc, particle volume is conserved.

With these assumptions, the Smoluchowski equation can

be expressed in words as follows. For a control volume in a

batch system and considering only particles of a particular

size (i.e., size class) k:

Rate of

change

with time

of the

number of

particles

of size k

¼

Rate of formation

of particles of size

k by flocculation

of smaller

particles (the sum

of whose volumes

is size k)

�

Rate of loss of

particles of size k

by flocculation of

size k particles

with any size

particles
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Note that the form of the population balance is identical to

thatofamassbalanceforabatchsystem,buthere it isnotamass

of a constituent that is of interest, but the number of particles

of the particular size. Dividing by volume, and therefore

considering concentrations rather than number, yields:

Rate of

change with

time of the

number

concentration

of particles

of size k

¼

Rate of increase

in the number

concentration of

particles of size k

by flocculation of

smaller particles

(the sum of whose

volumes is size k)

�

Rate of decrease

in the number

concentration of

particles of size

k by flocculation

of size k

particles with

any size particles

Using the nomenclature developed above, this expression

can be written for a single collision mechanism as:1

rk ¼ 1

2
aemp

X
all i and j

such that

Vp;i þ Vp;j

¼ Vp;k

aijbijninj � aempnk
X
all i

aikbikni

(12-7)

where rk is defined as the left side in the word equation

immediately preceding (with dimensions L�3T�1); note that
rk is the net rate of formation of type-k particles from all

possible combinations of type-i and type-j particles and the

loss of those particles by flocculation with others, distin-

guishing it from rk;iþj , which we defined as the rate of

formation of size-k particles from a specific combination

of type-i and type-j particles. i, j, and k are size categories of

particles; ni is the number concentration of particles of size

i (L�3); Vp,i is the volume of particles of size i (L3); bij is the

collision frequency function for the long-range transport

process under consideration, (L3T�1); aij is the dimension-

less function accounting for short-range particle–particle

interactions; aemp is the empirical, dimensionless correction

factor used to match experimental data to the equation.

The stipulation Vp;i þ Vp;j ¼ Vp;k for the summation in

the first term on the right in Equation 12-7 reflects the

assumption that volume is conserved during collisions.

Since i and j can take on all possible values (up to some

maximum describing the largest particles expected in

the suspension), the same collision is counted twice in

the summation when i 6¼ j. For example, collisions between

size 6 and size 9 particles would be counted when i¼ 6 and

j¼ 9 and again when j¼ 6 and i¼ 9; the factor of 1
2
preceding

the summation corrects for this double counting. As

explained by Benjamin (2011), the factor of 1
2
is also needed

when i¼ j because the collision frequency function (as

derived in Section 12-4) would double count these

collisions. For the last term, a size k particle colliding

with any size i particle (including another size k particle)

will result in a loss of the size k particle, so that summation is

taken over all i.

Because flocculation of size i and size j particles can

proceed by several mechanisms, each of which operates

(almost) independently, the overall rate of flocculation of

such particles is the summation of the rates by each

mechanism:

totri ¼ Shri þ DSri þ Brri þ � � � (12-8)

where the superscript on each term indicates whether it

refers to flocculation brought about by fluid shear (Sh),

differential sedimentation (DS), or Brownian motion (Br).

In virtually all situations of interest, these are the only

significant long-range transport mechanisms operating.

However, novel treatment systems have been proposed in

which, for instance, an electric or magnetic field might be

applied to the system, leading to additional transport modes.

The possibility that such alternativemechanisms of transport

might be important is, therefore, indicated in the equation.

Each long-range transport mode is associated with a

unique collision frequency function (Shbij ,
DSbij , and

Brbij , respectively), and a corresponding function accounting

for forces relevant to short-range transport (Shaij ,
DSaij , and

Braij). Thus, for instance, the rate equation for flocculation

by differential sedimentation would be written as follows:

DSrk¼1

2
aemp

X
alliandj

such that

Vp;iþVp;j

¼Vp;k

DSaij
DSbijninj�aempnk

X
all i

DSaik
DSbikni

(12-9)

Corresponding equations could be written for the floccu-

lation rates by shear and Brownian motion, and the overall

rate would be the summation of the three expressions, as

shown in Equation 12-8.

At first glance, the dependence of aij on the long-range

transport mechanism might seem odd. aij values account for

the van der Waals attraction and for the viscous forces

encountered as water escapes from the vicinity of the

particles. The van der Waals attraction depends only on

the separation of the particles and is independent of the

collision mechanism, but the hydrodynamic interactions

depend on the mechanism of interaction.

Particles, of course, do not know the mechanism that is

bringing them together. Therefore, if a pair of particles was

approaching one another by Brownian motion, and another

1 Smoluchowski did not include the a terms at all, in the belief that all

collisions were properly accounted for in the b term, so the equation he

proposed was somewhat simpler than Equation 12-7. However, Equation

12-7 is a direct application of the number balance equation he proposed,

updated in accordance with modern understanding.
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pair was approaching one another in exactly the same way

(along the same path and at the same relative velocity) by

fluid shear, the a values for the two interactions would have

to be identical. However, the velocity of approach at all

separation distances is not the same between different

mechanisms, and therefore the hydrodynamic interactions

are not the same. Particles approaching one another by

differential sedimentation are acted on by gravity and, in

the absence of other particles, have velocities that are fixed

by their physical properties (density, size) and are indepen-

dent of their location. Particles approaching each other by

fluid shear are generally assumed to be moving along

parallel paths (as explained in Section 12-4), and their

relative velocities depend on their location in the moving

fluid and not on their physical properties. Hence, the short-

range hydrodynamic interactions depend not only on the

separation distance between the two particles but also on the

fluid motion in the vicinity of the particles and the external

forces acting on the individual particles. Thus, for a given

pair of particles, each long-range transport mechanism is

characterized by a different set of conditions describing the

short-range interactions. For this reason, the aij values do

effectively depend on the long-range transport mechanism

bringing the particles together.

Accounting for the three mechanisms of flocculation

together leads to the final formulation of the Smoluchowski

equation as follows:

Totrk ¼ 1

2
aemp

X
all i and j

such that

Vp;iþVp;j

¼ Vp;k

TotðaijbijÞninj �aempnk
X
all i

TotðaikbikÞni

(12-10a)

where

TotðaijbijÞ ¼ Braij
Brbij þ Shaij

Shbij þ DSaij
DSbij (12-10b)

Characteristic Reaction Times in Flocculation

In Chapter 3, one definition of the characteristic reaction

time was given as the time required for the concentration to

reach its ultimate value, if the initial rate of reaction was

maintained. In flocculation, every particle size considered

has its own rate of reaction, and that rate is initially negative

for some particle sizes and positive for others. Flocculation

reduces the number of small particles and increases the

number concentration of large particles, but the distinction

between small and large particles (or the distinction between

sizes with initially increasing or decreasing particle number

concentration) can vary according to the suspension.

Since the decrease in number concentration of small

particles is usually the primary interest in flocculation,

our focus with respect to determining a characteristic

reaction time is on those particle sizes whose initial rate

of reaction is negative. For such size particles, the ultimate

concentration (if the rate continued unchanged) would be

zero. Under those conditions, the characteristic reaction

time is as follows:

tchar;k ¼ nk;o

�ðTotrk;oÞ
¼ nk;o

�1
2
aemp

X
all iand j

such that

Vp;iþVp;j

¼Vp;k

TotðaijbijÞni;onj;oþnk;oaemp

X
all i

TotðaikbikÞni;o

(12-11)

where the first equality is based on the second definition of

tchar for a reactive chemical given in Chapter 3 (the time to

reach the ultimate concentration if the reaction rate was to

stay at the initial rate, or tchar¼ cð0Þ=ð�rð0ÞÞ for a negative
reaction rate). The second equality substitutes the rate

expression for flocculation from Equation 12-10a. This

equation appears complex, but it depends only on the initial

conditions and hence can be calculated without great diffi-

culty, once we know expressions for the various embedded

parameters and functions.

As indicated by the subscript k in the notation, this

characteristic time is for a particular size particle. We can

simplify this equation considerably by choosing a size for

which the first term on the right side of Equation 12-10

(expressing the increase in size-k particles) is negligible in

comparison to the second term (the decrease in these parti-

cles); for that condition:

tchar;k� 	 nk�;o
�ðTotrk�;oÞ

	 1

aemp

P
all i

Totðaik�bik� Þni;o
(12-12)

where the symbol k� is used to denote the chosen size with

the specification that the gain term for this size particle is

negligible in comparison to the loss term. Finally, if the

concentration of particles of each size in Equation 12-12 is

expressed as the product of the fraction present in that size

ðf i ¼ ni;o=nTot;oÞ and the total number of particles originally

present nTot;o ¼
P

all ini;o
� �

, we can express the characteris-

tic reaction time for this size particle as:

tchar;k� 	 1

aemp

P
all i

TotðaikbikÞni;o
¼ 1

nTot;oaemp

P
all i

TotðaikbikÞf i
¼ 1

aempgnTot;o
(12-13)
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where g is a constant that accounts for all of the collision

frequency functions, the short-range collision efficiency

term, and the relative particle size distribution. Hence, g

is a constant only for specific initial conditions. The final

result is consistent with expectations for second-order

reactions based on Chapter 3; that is, that the characteristic

reaction time is the inverse of the product of the rate constant

and the initial concentration. In this case, however, the rate

“constant” aempg is not truly constant, as fi will change as

flocculation proceeds.

Design Implications of the Smoluchowski Equation

Even without knowing any details of the collision frequency

functions (bij) or the predicted collision efficiencies (aij),

some design and operational ramifications of the Smolu-

chowski equation can be elucidated. Specifically, effects of

particle concentration and chemical destabilization can be

appreciated. The equation makes clear that flocculation is a

second-order reaction. If two suspensions with identical

relative size distributions, but one having a concentration

10 times the other (nA,i¼ 10nB,i for all i; e.g., suspended

solids concentrations of 2 and 20mg=L), are flocculated

under otherwise identical conditions, the one with the higher

concentration will flocculate 100 times as fast.

This concentration effect on the rate of flocculation has

important ramifications for the design and operation of

flocculation facilities. Recall from Chapter 4 that, as the

order of the reaction increases above zero, the effects of the

residence time distribution on the extent of reaction achieved

increases. Assuming that the particles have residence times

that are the same as the fluid, it might be valuable to design

flocculation reactors to achieve a flow pattern that is nearly

plug flow (the flow pattern that achieves the greatest amount

of reaction for dissolved reactants undergoing second-order

reactions). Plug flow is characterized by no mixing among

fluid elements in the axial direction and perfect mixing in the

transverse directions. Plug flow can be nearly achieved in

turbulent pipe flow, but the level of turbulence required is

likely to cause flocs to breakup (as explained subsequently),

so this type of reactor is usually considered inappropriate for

flocculation. On the other hand, mixing at a more gentle

level promotes collisions between particles. Therefore, floc-

culators are generally built with gentle mixing in a reactor

that has a residence time distribution equivalent to several

CFSTRs in series, a design that approximates plug flow. As

discussed in Chapter 2, such a residence time distribution

can be obtained in various ways, but most involve baffling a

large reactor to ensure that fluid (and, here, the particles in

that fluid) cannot escape the reactor without spending

considerable time getting from the influent to the effluent.

Second, the rate of flocculation can be increased, if the

particle concentration in the flocculator is increased. The

simplest method is to recycle sludge from a subsequent

solid/liquid separation device (e.g., a sedimentation tank),

but other methods can also be effective. For example, a

reactor in which the suspension has a net upward flow will

enable particles to stay in the tank longer than fluid (because

their settling velocity will counterbalance the upward move-

ment to some degree); the net effect is to have a particle

residence time greater than the fluid residence time, and

thereby have a volume concentration in the reactor greater

than what is coming in or leaving. Other reactors have been

developed that maintain a well-defined sludge (high particle

concentration) layer that the suspension must pass through,

yielding a zone of very high concentration. In all of these

ways, the concentration in the flocculator is kept artificially

high to increase the rate of flocculation and therefore the

overall effectiveness of the process.

The particle concentration (and therefore the rate of

flocculation) also can be increased by direct addition or

precipitation of particles. The most common method is to

use destabilization by the sweep floc mechanism, in which

case the precipitation has dramatic effects on the particle

size distribution by creating large precipitated particles.

Destabilization by this method increases the particle volume

concentration, often considerably. Without such precipita-

tion, the flocculation of suspensions with low particle con-

centrations is very slow even with complete destabilization.

As a result, the treatment of low turbidity waters for drinking

water is usually accomplished by either a conventional

process train (destabilization by sweep flocculation, fol-

lowed by flocculation, sedimentation, and filtration) or by

contact filtration (destabilization by charge neutralization

followed by filtration only). The omission of flocculation

and sedimentation in contact filtration plants is a recognition

that these processes are not only unnecessary but ineffective

for low turbidity suspensions—virtually no flocculation

occurs in tanks with reasonable detention times, and as a

result, virtually no sedimentation occurs either. The lack of

flocculation is a direct result of the second-order particle

concentration effect reflected in the Smoluchowski equation.

Another method to increase the particle concentration is

to add some large dense solids such as silica or sand. If the

original particles flocculate with these particles, the subse-

quent sedimentation process is highly effective because of

the high density of the resulting flocs. This process is

sometimes called ballasted flocculation.

In addition to the particle concentration effects, the effects

of destabilization are also reflected in Equation 12-7.

Chemical destabilization can affect aemp, aij, or both.

(The allocation of the effects between aemp and aij is, to

some degree, a matter of choice in the modeling.) Chemical

destabilization is essential to the formation of flocs; without

it, extremely few of the close approaches of two particles

would result in the formation of a floc. The product of the

two a terms can vary over several orders of magnitude

depending on the degree of destabilization. The
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ramifications for design and operation are clear: if a floccu-

lator is not performing well, the first place to look for

possible explanations and for ways to improve performance

is the chemical destabilization process.

& EXAMPLE 12-1. Assuming that the rate product

aempg developed in Equation 12-13 remains constant

throughout a flocculation process, compare the detention

times required in a PFR and a CFSTR to achieve a 90%

removal efficiency. Express the results (a) in terms of

the product aempg and the initial concentration of those

particles and (b) in terms of the characteristic reaction time

developed in Equation 12-13.

Solution. According to Chapter 4, the required detention
time to reduce the reactant concentration from nin to nout via

a second-order reaction in a PFR (using the flocculation

symbols for the concentration and rate constant) is as

follows:

tpfr ¼ 1

aempgnin

nin

nout
� 1

� �

For 90% removal, nout¼ 0.1 nin, so nin=nout ¼ 10. Thus,

tpfr ¼ 1

aempgnk;in
10� 1½ 
 ¼ 9

aempgnk;in
¼ 9tchar

For a CFSTR, the required detention time for a second-

order reaction according to Chapter 4 is as follows:

tcfstr ¼ 1

aempgnout

nin

nout
� 1

� �

Multiplying the numerator and denominator by nin and

making the same substitutions as above yields:

tcfstr ¼ 1

aempgnout

nin

nin

nin

nout
� 1

� �
¼ 1

aempgnin

nin

nout

nin

nout
� 1

� �

¼ 1

aempgnin
10 10� 1½ 
 ¼ 90

aempgnin
¼ 90tchar

Taking the ratio of required detention times in the two

types of ideal reactors yields:

tcfstr

tpfr
¼ 90tchar

9tchar
¼ 10

Hence, to accomplish 90% removal, a CFSTR needs a

detention time 10 times that of a PFR. More generally, for

a fractional removal efficiency, h, the ratio ðtcfstr=tpfrÞ ¼
1=ð1� hÞ. Again, these results follow directly from those

in Chapter 4, but here, for simplicity, we have made

assumptions about the unimportance of the formation

term in the Smoluchowski equation for the size under

consideration and about the constancy of a rate expression

that in fact does not stay constant. Despite the simplifica-

tions, the general conclusion that the flow pattern makes a

difference consistent with the second-order reaction as

explained in Chapter 4 is valid. &

12.4 COLLISION FREQUENCY:

LONG-RANGE FORCEMODEL

In the following discussion, the collision frequency function

for collisions caused by fluid shear (Shbij ,) in a laminar flow

field is developed in some detail, based on the derivation

shown by Friedlander (1977). The derivations of the corre-

sponding functions for Brownian motion and differential

sedimentation are then outlined and the result given,

although they are not derived in as much detail.

Collisions by Fluid Shear

In any reactor except an ideal plug flow reactor, different

elements of the fluid travel at different speeds. Thus, two

particles traveling with the fluid but on different streamlines

might be brought close to one another, allowing a collision.

Flocculation via this mechanism is sometimes called ortho-

kinetic flocculation.

Consider a laminar flow field subjected to shear; that is,

a flow field in which the velocities in the horizontal (x)

direction vary as a function of the vertical (y) position, as

depicted in the left portion of Figure 12-5. Each particle

(assumed spherical) is envisioned to flow on a straight

path, with a velocity corresponding to that of the stream-

line that would pass through the center of the particle.

Hence, particles that are at higher values of y travel faster

than those at lower y values and can catch up to them

after some time. If the particles are assumed to continue

on rectilinear paths even as they approach one another,

a collision will occur if the original vertical distance

ai

Sphere of 
interaction 

aj

ai + aj

y 

0 

dy 

du 

u(y) 
0 

FIGURE 12-5. Conceptual view of collisions by fluid shear.
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between their center lines is less than or equal to the sum of

their radii. This concept is illustrated in the right portion

of Figure 12-5.

If the vertical coordinate is redefined so that its origin is at

the center of particle j, then the center of an i-sized particle

that has collided with particle j lies on the surface of a sphere

centered at the origin and with radius (aiþ aj). Correspond-

ingly, any i-sized particle whose center is not on the surface

of that sphere has not collided with the j-sized particle.

This sphere, called the sphere of interaction, is depicted in

Figure 12-6, shown from a perspective that is rotated 90�

from that in Figure 12-5 (i.e., what is left-to-right in

Figure 12-5 is into the page in Figure 12-6). Thus, if the

initial location and velocity of any i-sized particle are such

that its center would eventually pass through the sphere of

interaction between itself and a j-sized particle, the particles

will collide.

Based on the earlier discussion, it is possible to develop

an expression for the rate (#/time) at which particles of size

i collide with one size j particle. As before, the coordinate

system is Lagrangian, defined so that its origin is at (and

moves with) the center of the size j particle (which is also

the center of the sphere of interaction depicted in Figure

12-6). The rate at which size i particles approach the size j

particle depends on the vertical coordinate of the size i

particle: the larger the absolute value of y, the larger the

rate of approach. If a differential strip of vertical dimen-

sion dy is defined on the surface of the sphere of interac-

tion, the rate at which size i particles contact that strip (call

this rate dW) is the product of the flux of particles toward

the strip and the projected area of the strip perpendicular to

the line of approach. The flux, in turn, is the product of the

concentration of i-sized particles and the velocity of those

particles relative to that of the single, size j particle under

consideration. In words, the collision rate can be expressed

as follows:

dW ¼

Concentration

of size i particles

upstream of

and aiming for

the strip

2
66664

3
77775

Velocity of size

i particles relative

to the size

j particle under

consideration

2
66664

3
77775

Project

area of

the strip

2
4

3
5

ð1Þ ð2Þ ð3Þ

In symbols, this expression can be developed as follows:

(1) Concentration¼ ni, the same anywhere in the

suspension

(2) Relative velocity¼ yðdu=dyÞ ¼ yG, where G is the

velocity gradient. (Note that this expression accounts

for the origin of the y-axis being at the center of the

(moving) size j particle.)

(3) Projected area¼ (length) (width)¼ 2(aiþ aj)(cos u)

dy. As shown in Figure 12-6, the distance ðai þ
ajÞcos u is the distance from the vertical center-

line of the sphere to the edge at the angle u. Choosing

the center line-to-edge distance as the basis results in

the multiplication by 2 to yield the required edge-to-

edge length of this projected area but also dictates

that the relevant range of u is from 0 to p=2.

The vertical distance to the middle of the strip is

y¼ (aiþ aj)sin u, so dy¼ (aiþ aj)cos u du, and the projected

area can be written as: 2(aiþ aj)
2(cos2 u) du. Thus,

dW ¼ ni ðai þ ajÞsin uðGÞ
� 	�

2ðai þ ajÞ2cos2 u du
	

(12-14)

To find the overall rate at which i-sized particles collide

with the j-sized particle, one needs to integrate dW over the

entire sphere. The shaded area in Figure 12-6 represents a

differential element in the top portion of the sphere; particles

of size i whose centers are above the equator of the j particle

and behind it in the direction of travel (as depicted in

Figure 12-5) might catch up to the j particle and collide

with it in that area. The j particle under consideration can

also catch up to i-sized particles that are below the equator

(and are therefore traveling slower) and in front of it in the

direction of travel; although not shown, this condition is the

equivalent of an i-sized particle below and to the right of the j

particle in Figure 12-5. On the other hand, no i-sized particle

that is below the equator of the j particle and trailing it will

catch up to and collide with the j particle, nor will the j

particle catch up to any i-sized particles that are above its

equator and ahead of it. Hence, the collision rate in the lower,

back and the upper, front parts of the sphere are zero, and

these portions of the surface can be ignored in the integra-

tion. In terms of Figure 12-5, collisions can occur on the

upper left (as shown) quadrant and the lower right quadrant,

but cannot occur on the other two quadrants.

(ai+aj) sin θ 

(ai+aj) cos θ 

ai+aj

dy

θ

y

0 

FIGURE 12-6. Sphere of interaction in two-particle collision by

fluid shear.
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Since the system is symmetric, the rate of collisions on

the lower, front portion of the sphere is identical to the rate

on the upper back. Therefore, to find the overall rate of

collisions, one can take the product of the three terms in

Equation 12-14, integrate over the range of the angle u from

0 to p=2, and multiply by 2 to account for both faces of the

sphere that can collide with size i particles:

I
Entire

surface

dW ¼ Woverall ¼ 4niGðai þ ajÞ3
Zp=2

0

cos2 u sin u du

(12-15)

Since sin u du ¼ �dðcos uÞ, the term inside the integral

is equivalent to �cos2u dðcos uÞ, and the integral equals

�ð1
3
Þcos3 u

p=2

0
: The value of this integral is 1

3
, so

W ¼ 4
3
niGðai þ ajÞ3 (12-16)

W is the rate of collisions with a single j-sized particle,

so the cumulative rate of collisions of all j-sized particles

in the suspension with i-sized particles is njW. The rate of

collisions between i- and j-sized particles by shear is also

defined in Equation 12-3 in terms of the collision frequency

function as Shbijninj . Thus:

njW ¼ 4
3
Gðai þ ajÞ3ninj ¼ Shbijninj (12-17)

Shbij ¼ 4
3
Gðai þ ajÞ3 ¼ 1

6
Gðdi þ djÞ3 (12-18)

& EXAMPLE 12-2. Find the values of the collision

frequency function for collisions by fluid shear between

2-mmparticlesand0.4-,2-, and30-mmparticles, foravelocity

gradient of 25 s�1.

Solution. In cgs units, the diameters of 0.4, 2, and 30mm
are 4� 10�5 cm, 2� 10�4 cm, and 3� 10�3 cm, respec-

tively. Direct substitution into Equation 12-18 yields the

desired results for the three types of two-particle collisions,

as follows.

Shbð0:4; 2Þ ¼ 1
6
Gðdi þ djÞ3

¼ 1
6
ð25 s�1Þ ð4:0� 10�5 cmÞþð2� 10�4 cmÞ� �3

¼ 5:76� 10�11cm3=s

Shbð2; 2Þ ¼ 1
6
Gðdi þ djÞ3

¼ 1
6
ð25 s�1Þ ð2:0� 10�4 cmÞ þ ð2� 10�4 cmÞ� �3

¼ 2:67� 10�10cm3=s

Shbð2; 30Þ ¼ 1
6
Gðdi þ djÞ3

¼ 1
6
ð25 s�1Þ ð2:0� 10�4 cmÞ þ ð3� 10�3 cmÞ� �3

¼ 1:37� 10�7cm3=s &

Calculations of the collision frequency function for fluid

shear are shown in Figure 12-7 for three different values of

FIGURE 12-7. Collision frequency function for fluid shear (G¼ 25 s�1).
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diameter for one particle (particle i in the figure) and a size

range of three orders of magnitude for the second particle

(from 0.1 to 100mm). G values in the range of 15–50 s�1

are common in operating flocculators; for the calculations,

the velocity gradient G was set at 25 s�1. The relatively flat

portion of the curvewhen dj< di and the fact that
Shbij values

of all three curves are nearly equal at large dj (where dj> di
for all three values of di) indicate that the collision frequency

function is strongly dependent on the size of the larger

particle, but only slightly influenced by the smaller particle.

The slope on this log–log graph approaches a value of 3.0 at

high values of dj, reflecting the exponent in Equation 12-18.

The effect of the value ofG, while not shown in the figure, is

linear, as can be seen in Equation 12-18. Hence, doubling

the velocity gradient to 50 s�1 or halving it to 12.5 s�1 would
shift the lines up or down, respectively; the effect would be

noticeable but not dramatic on this logarithmic graph.

Collisions by Differential Sedimentation

Collisions between particles can also occur because they

settle at different velocities; the conceptual view is shown in

Figure 12-8. The notation includes the settling velocity, v,

for the two sizes of particles represented. The particle with

the larger settling velocity (particle i) catches up to the

smaller particle (particle j) as they both settle. The circle

(i.e., oval in the view shown) at the bottom represents

the capture cross-section; the center of that circle coincides

with the center of the trajectory of the larger particle. If the

trajectory of the center of the small (j) particle is anywhere

in that circle, the particles will collide. The small particle

shown in Figure 12-8 has the critical trajectory, in that it

will just barely collide with the big particle. For this critical

trajectory, the smaller particle would attach to the larger at

their equators when they collide, as indicated by the vertical

tangent to both spheres.

The derivation of the collision frequency function for this

mechanismissimilar to that for thefluidshearmechanism; that

is, therateatwhichlargerparticlescollidewithasingle,smaller

one by falling onto it can be written as the product of the

concentrationof the largerparticles, the relative settlingveloc-

ities,andtheprojectedareaforpotentialcollisions.Therelative

settling velocity is the difference in the settling velocities of

the two particles, vi � vj


 

. The projected area is a circle with

radius (aiþ aj) or diameter (diþ dj). The result is as follows:

DS bij ¼ vi � vj


 

 p

4

 �
ðdi þ djÞ2

¼ pg
72m
ðrp � rLÞðdi þ djÞ3 di � dj



 

 (12-19)

where g is the gravitational constant (L=T2);m is the viscosity

of the liquid (M=L=T); and rp and rL are the densities of the
particles and liquid, respectively (M=L3). Thefirst expression

is general, but the second assumes that both particles have

the same density and settle according to Stokes’ law.2 This

assumption is valid for most particles encountered in typical

drinking water and wastewater plants. Note that, if the

particles in the suspension had a distribution of densities,

thecollision frequency functionwouldno longerbea function

of the sizes of particles only. While accounting for these

differences would not be difficult in the collision frequency

function, it would complicate the overall modeling of floccu-

lation considerably.

& EXAMPLE 12-3. Find the values of the collision

frequency function for collisions by differential sedimenta-

tion for 2-mm particles with 0.4, 2, and 30-mm particles, all

with a density of 1.2 g=cm3. Assume the temperature is 20�C,
at which the density of water is 0.998 g=cm3 and the viscosity

is 1.002� 10�2 g=cm s. Assume that all the particles settle

according to Stokes’ law. (The validity of this assumption is

demonstrated in Chapter 13.)

Solution. Because we are assuming that Stokes’ law

applies, we can use the second form of Equation 12-19.

Using more rounded values of the water density and vis-

cosity would certainly be acceptable, but the greater detail is

shown here for clarity. Again working in cgs units, the

aj

vj

ai

vi

di + dj

FIGURE 12-8. Conceptual diagram for deriving collision fre-

quency function for differential sedimentation.

2 Stokes’ law, which applies to particles with Reynolds numbers <0.1, is

described in detail in Chapter 13. It states that v ¼ rp � rL
� �

gdp
2

� �
=18m.

The second expression in Equation 12-19. is derived from the first by

substituting this expression for v.
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calculations proceed as follows:

DS bij ¼
pg
72m
ðrp � rLÞðdi þ djÞ3 di � dj



 


DSb0:4;2 ¼

p 981cm=s2ð Þ
72 1:002� 10�2g=cm s
� � ð1:2� 0:998Þg=cm3

� �ðð4:0� 10�5 þ 2:0� 10�4ÞcmÞ3 ð4:0� 10�5 � 2:0� 10�4Þcm

 



¼ 1:91� 10�12cm3=s

Substituting dj¼ 2� 10�4 cm or 3� 10�3 cm into Equa-

tion 12-19 yields:

DSb2;2 ¼ 0 and DSb2;30 ¼ 7:92� 10�8cm3=s

The reason that DSb2;2 ¼ 0 is that the two particles have

the same settling velocity, and hence cannot collide by

differential sedimentation; the same result occurs for any

two identical particles. &

The collision frequency function for differential sedimen-

tation is plotted in Figure 12-9 in the same manner as for

fluid shear in Figure 12-7. The collision frequency is very

small when the particles are of almost the same size, and is

zero when the two sizes are identical (indicated on the figure

by the dip and discontinuity in each curve). If the particles

are widely separated in size, the collision frequency is

dominated by the larger particle. As is the case for fluid

shear, this trend is indicated by the curves being almost flat

when di� dj and being nearly identical when dj� di.

The slope on this log–log plot approaches 4.0 when dj� di,

consistent with Equation 12-19.

The density can have a significant effect on the colli-

sion frequency, as the driving force for settling is the

difference between the densities of particles and water.

Particles in water and wastewater treatment plants have

densities ranging from nearly the same as that of water to

values approximating that of clay and silica (2.65 g=cm3).

If the particles had a density of 1.02 g=cm3, all the lines in

Figure 12-9 would be shifted down one order of magni-

tude, and if they had a density of 2.65 g=cm3, the lines

would be shifted upward slightly less than one order of

magnitude.

& EXAMPLE 12-4. Find the value of the collision

frequency function for collisions by differential sedimenta-

tion between 2- and 30-mm particles with a density of

2.4 g=cm3. Assume all of the same conditions as in the previ-

ous example, and compare the results with that example.
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FIGURE 12-9. Collision frequency function for differential sedimentation (particle density¼
rp¼ 1.2 g/cm3).
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Solution. The calculation is a direct application of Equa-
tion 12-19, as follows:

DS bij ¼
pg
72m
ðrp � rLÞðdi þ djÞ3 di � dj



 


DSb2;30 ¼

p 981cm=s2ð Þ
72 1:002� 10�2g=cm s
� � ð2:4� 0:998Þg=cm3

� �ðð2:0� 10�4 þ 3:0� 10�3ÞcmÞ3 ð2:0� 10�4 � 3:0� 10�3Þcm

 



¼ 5:50� 10�7cm3=s

This value compares with 7.92� 10�8 cm3=s for the

lower density particles (rp¼ 1.2 g=cm3) of the previous

example. While the ratio of the particle densities between

the two examples is two, the ratio of the values of (rp� rL)

is seven, leading to the sevenfold difference in the collision

frequency functions. &

Collisions by Brownian Motion

Collisions between particles also occur by the Brownian

motion of the particles; flocculation via this mechanism is

sometimes called perikinetic flocculation. Brownian motion

is caused by the random bombardment of molecules of the

surrounding fluid on the particle surfaces. This phenomenon

is identical to the causes of diffusion of solublemolecules that

leads to a flux of material down a concentration gradient.

Einstein (1905) was the first to combine the concepts of

thermal motion of molecules in the liquid (expressed as a

Maxwell–Boltzmann distribution) and the drag on particles

(expressed by Stokes’ law) to describe the Brownian motion

as a diffusion coefficient. This Stokes–Einstein equation is

Dp ¼ kBT

3pmdp

(12-20)

The collision frequency function for Brownian motion is

derived based on the assumption that the relative motion of

particles i and j is the superposition of the motions of each.

This assumption means that the diffusion coefficient

describing the relative motion of the two colliding particles

is the sum of their individual diffusion coefficients; that is,

Dij ¼ Di þ Dj ¼ kBT

3pm
1

di

þ 1

dj

� �
(12-21)

The derivation of the collision frequency function, origi-

nally developed by Smoluchowski (1917), is not detailed

here, but was shown by Friedlander (1977). As in the

derivation of the collision frequency function for fluid shear

or differential sedimentation, the analysis involves modeling

the movement of i-sized particles to the surface of a single

j-sized particle. In this case, the driving force is diffusion,

and the rate of collisions is statistically based because the

trajectories are random. A number balance can be written to

compute the concentration profile of i-sized particles near

a single j-sized particle, as a function of time (ni{r,t}). In

spherical coordinates, the equation is

@ni
@t
¼ Dij

1

r2
@

@r
r2
@ni
@r

� �
(12-22)

where r is the radial distance from the center of the j-sized

particle.

This differential equation is first order in time and second

order in space, and therefore requires one initial condition

and two boundary conditions. One boundary condition is

that the surface of the j particle is considered an infinite sink;

that is, the concentration of size i particles is zero on the

surface of the sphere of interaction at all times after time

zero.3 The second boundary condition describes the con-

centration of i-sized particles far from the size j particle as

equal to the bulk concentration. The initial condition is that

the concentration is the same everywhere (at the bulk

concentration) at time zero.

The predicted rate of collisions due to Brownian motion

can then be determined by computing the flux of i-sized

particles to the surface of the j-sized particle according to

Fick’s law and multiplying the flux by the surface area of the

j-sized particle. The resulting equation for the collision

frequency function is

Brbij ¼
2kBT

3m

1

di

þ 1

dj

� �
ðdi þ djÞ (12-23)

where kB is Boltzmann’s constant (1.38� 10�16 g cm2=s2K),
T is absolute temperature (K), and the other variables have

been defined.

The collision frequency function for Brownian motion is

shown in Figure 12-10. While Brbij depends on the sizes of

both particles, the effect of particle size is far less dramatic

than in fluid shear and differential sedimentation. For each

choice of di shown,
Brbij varies by less than two orders of

3 The point of this assumption is that once an i-sized particle reaches the

surface, the two particles instantly become one larger particle; thus, the

concentration of the smaller particle at the surface is zero, and back-

diffusion from the surface is impossible.
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magnitude throughout the range of dj. The function has a

minimum when di¼ dj and is symmetric around that point;

the value of that minimum is independent of particle size

(and equal to 8kBT=3m). Temperature has some effect on

collisions by this mechanism; lower temperature leads to

lower collision frequency, both by the direct effect of T on

the energy of the molecules in the suspension and by the fact

that viscosity increases with decreasing temperature.

& EXAMPLE 12-5. Find the values of the collision

frequency function for collisions by Brownian motion for

2-mm particles with 0.4-, 2-, and 30-mm particles. Assume

the temperature is 20�C, at which the viscosity of water is

1.002� 10�2 g=cm s.

Solution. Direct substitution into Equation 12-23, using

cgs units for all variables, yields the desired results for the

collisions between 0.4- and 2-mm particles, as follows:

Brbij ¼
2kBT

3m

1

di

þ 1

dj

� �
ðdi þ djÞ

Brb0:4;2 ¼
2 1:38� 10�16 g cm2=s2 K
� �

293K

3 1:002� 10�2 g=cm s
� �

� 1

4� 10�5 cm
þ 1

2� 10�4 cm

� �

�ð4� 10�5 cmþ 2� 10�4 cmÞ
¼ 1:94� 10�11 cm3=s

The other calculations are identical, but the units are

omitted for brevity:

Brb2;2 ¼
2 1:38� 10�16
� �

293ð Þ
3 1:002� 10�2
� � 1

2� 10�4
þ 1

2� 10�4

� �

� 2� 10�4 þ 2� 10�4
� �

¼ 1:08� 10�11 cm3=s

Brb2;30 ¼
2 1:38� 10�16
� �

293ð Þ
3 1:002� 10�2
� � 1

2� 10�4
þ 1

3� 10�3

� �

� 2� 10�4 þ 3� 10�3
� �

¼ 4:59� 10�11 cm3=s &

The Total Collision Frequency Function

The preceding discussion describes three mechanisms that

are capable of bringing particles from far apart to a point

where they can collide. Since the mechanisms are essentially

independent of one another, it is common to assume that the

three collision frequency functions are additive. In the case

under consideration, in which the influence of short-range

forces is not included in an explicit way, the result is

totbij ¼ Shbij þ DSbij þ Brbij (12-24)

This assumption is identical to that made in writing

Equation 12-8. Some investigators (e.g., Zeichner and

FIGURE 12-10. Collision frequency function for Brownian motion (temperature¼ 20�C¼ 293K).
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Schowalter, 1977) have questioned the correctness of this

assumption on the basis that the mechanisms are not com-

pletely independent, but to the accuracy of these collision

frequency functions, it can be considered correct.

& EXAMPLE 12-6. Find the total collision frequency

function according to the long-range forcemodel for collisions

of 2mm diameter particles with 0.4-, 2-, and 30-mm particles.

The density of all particles is 1.2 g=cm3, and the water

temperature is 20�C (i.e., 293K) where the density is

0.998 g=cm3 and the viscosity is 1.002� 10�2 g=cms. For

each pair of collisions, find the collision mechanism that

contributes the most to the total collision frequency function

value.

Solution. The collision frequency function values for

each collision mechanism for these particles have been

calculated in the previous examples. They are collected in

the following table, and then summed for each collision pair.

Diameters of

Collision Pairs

(mm)

Brownian

Motion Brbij

(cm3=s)

Fluid Shear
Shbij

(cm3=s)

Differential

Sedimentation DSbij

(cm3=s)

Total
Totbij

(cm3=s)

Dominant

Collision

Mechanism

0.4–2 1.94� 10�11 5.76� 10�11 1.91� 10�12 7.89� 10�11 Sh

2–2 1.08� 10�11 2.67� 10�10 0 2.78� 10�10 Sh

2–30 4.59� 10�11 1.37� 10�7 7.92� 10�8 2.16� 10�7 Sh

According to the long-range force model, fluid shear

contributes most to the overall collision frequency function

for all three collision pairs under consideration. For the

collisions between two 2-mm particles, shear is responsible

for 96% of the total. Brownian motion is a significant

contributor to the collisions between 0.4- and 2-mm parti-

cles, and differential sedimentation is substantial in the

collisions of 2- and 30-mm particles. &

A comparison of the magnitudes of the three terms in

Equation 12-24 can indicate which transport process or

processes are most significant in terms of providing possi-

bilities for collisions (i.e., near approaches) between differ-

ent particles. A graph illustrating the relative importance of

the three mechanisms under conditions representative of

water treatment plants is shown in Figure 12-11. Under

conditions shown on the figure, it is clear that close

approaches to 2-mm diameter particles are dominated by

Brownian motion when the second particle (j) is quite small,

FIGURE 12-11. Total collision frequency function using the long-range force model.
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and dominated by differential sedimentation when the sec-

ond particle is quite large. For all sizes in between,

approaches by fluid shear are the most likely. The ranges

where each mechanism dominates are a function of the

choice of the nonvarying particle size (di) and all the

parameters describing the particles, suspension, and opera-

tion. Generally, however, one can say that formation of

proto-flocs between two small particles is dominated by

Brownian motion, while collisions involving a very large

particle and a much smaller particle are dominated by

differential sedimentation, and all others by fluid shear.

Considering all possible combinations of particle sizes

leads to a more general understanding of the relative

importance of the three mechanisms in this model. In

Figure 12-12, regions of dominance for each of the three

mechanisms are shown for collisions between any two

particle sizes. Only half of the region is used because the

graph would be symmetric around the center line represent-

ing equi-sized particles; that is, the choice of i and j is

arbitrary for collisions of any two sizes. The results in Figure

12-12 indicate that, when only long-range forces are con-

sidered, most collisions are predicted to occur by fluid shear.

The regions are dependent on the specific conditions chosen,

but the general conclusion that most collisions are predicted

to occur by shear is general for any reasonable conditions.

Increasing the velocity gradient or shear rate,G, increases the

region of dominance by shear. Decreasing the temperature

increases the fluid viscosity and decreases the regions domi-

nated by Brownian motion and differential sedimentation.

Design Implications of the Long-Range Force Model

In the light of this analysis, it is not surprising that design and

operation of flocculators has been based almost exclusively

on fluid shear as the cause of collisions. Because the

collision frequency is linearly dependent on G according

to Equation 12-18, the highest mixing intensity that does not

result in floc breakup has been thought best by many. Camp

(1955) suggested that the dimensionless product Gt (where

t is the detention time) be used as the primary design factor

for flocculation basins; the mathematical basis for the

importance of this product relies on the assumption that

all of the particles in the suspension are the same size. This

assumption leads to simplified equations for the collision

frequency (b) and the rate of flocculation that are suggested

as an exercise at the end of this chapter. In a review of several

existing facilities, Camp found that the product Gt ranged

from �23,000 to 210,000 and suggested that designers

should use this range as a guideline. Even today, most

flocculators are designed to meet this guideline.

According to the assumption made by Smoluchowski and

accepted by most subsequent researchers, the total particle

volume does not change during flocculation. This concen-

tration can be represented as the dimensionless volume

fraction, f (i.e., f ¼ particle volume=suspensionvolume);

Ives (1968) suggested that the effect of concentration on

flocculation rate could be accounted for by including the floc

volume fraction in the design parameter; that is, he sug-

gested that the key parameter is the dimensionless product

FIGURE 12-12. Dominant regions for each collision mechanism in the long-range force model.

(Borders between regions vary somewhat with conditions.)
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fGt. He argued that, in this way, the similarity in degree of

flocculation achieved in sludge blanket clarifiers (where f is

high but G and t are low) and in normal suspension

flocculators (where f is low but G and t are high) could

be explained. O’Melia (1972) extended the analysis to

account for particle stability by including the collision

efficiency factor aemp; he suggested that all successful

flocculation systems would have reasonably similar values

of the dimensionless product aempfGt.

The guidelines of Camp, Ives, and O’Melia are all appli-

cations of the idea that successful flocculators provide a

detention time that is some multiple of a characteristic

reaction time. This concept of design was suggested in

Chapter 4, and used in Example 12-1. For example, the

Camp guideline is equivalent to saying that the characteristic

reaction time can be thought of as 1=G and that the design

detention time should be 23,000–210,000 times that charac-

teristic reaction time; such a definition of the characteristic

reaction timewould represent only a small fraction of the time

required for the reaction to go to completion. The Ives and

O’Melia guidelines include additional terms in the denomi-

nator of the characteristic reaction time (and are more con-

sistent with the definition used throughout this book) and

decrease the multiplier to obtain the design detention time.

As shown in Equation 12-13 (repeated here), the character-

istic detention time for flocculation, for the cases in which the

formationof thegivensizeparticles isnegligible incomparison

to the their loss by growth into larger particles, is as follows:

tchar ¼ 1

nTot;oaemp

P
all i

TotðaikbikÞf i
(12-13)

The guidelines of the investigators cited earlier were based

on the simplifications of considering monodisperse suspen-

sions (thereby omitting the summation and the fi terms in the

denominator) and were developed for the long-range model

(omitting the aik term). These investigators also considered

shear as the only relevant collision mechanism and, therefore,

could substitute G for Shb, since these two quantities are

directly proportional. Finally, for a monodisperse suspension,

f is directly proportional to nTot. Hence, the final (O’Melia)

guidelinewas the most complete in accounting for the various

terms in the expression for tchar, whereas the earlier versions

left some of these terms to be included in the (unknown)

multiple of tchar that should be provided to obtain t.

12.5 COLLISION EFFICIENCY:

SHORT-RANGE FORCEMODEL

The collision frequency functions developed in the preced-

ing section describe the movement of particles along paths

that are unaffected by the existence of other particles. Such a

view is realistic as long as the particles are far from one

another, but it becomes unrealistic when the particles are in

close proximity because it omits electrostatic effects (van

der Waals attraction and electric double layer attraction or

repulsion) and hydrodynamic effects (the flow of water

around one particle affecting the motion of the other). These

short-range phenomena are quantifiable as forces that are

exerted on the two particles and that depend on the separa-

tion distance and the angle at which the two particles

approach one another. Accounting for these short-range

phenomena results in a modification of the collision fre-

quencies developed above; we call this set of modifications

the short-range force model.

The hydrodynamics associated with the movements of two

closely spaced particles under low Reynolds number condi-

tions has been of interest for a long time, and many investiga-

tors have reported results from calculations describing such

forces. The key difference between these calculations and the

classical calculations applicable to particles far from one

another (the calculations leading to the bij functions) is that,
when considering the motion of particles close to one another,

the effect of each particle on the motion of the surrounding

water is computed, and the effect of that water movement on

the other particle is then taken into account. Accounting for

this fluid motion around the particles, including the no-slip

condition at the surface of each particle, reduces the predicted

frequency of interparticle collisions; these effects are some-

times referred to as hydrodynamic retardation.

Interparticle forces due to van der Waals attraction and

double layer repulsion can be incorporated into the same

framework (Jeffrey and Onishi, 1984). The forces are com-

puted as the negative gradient of the interparticle electrical

potential (F ¼ �ðdc=drÞ, where r is the distance between

centers), as described in Chapter 11. The framework for

these calculations is a procedure known as trajectory analy-

sis and consists of evaluating the location of the smaller

particle in a coordinate system that moves with the larger

particle; that is, the analysis is based on a Lagrangian view,

in which the origin of the coordinate system is always at the

center of the larger particle. The use of trajectory analysis to

predict particle collisions is illustrated next, for an example

in which the long-range transport mechanism is differential

sedimentation.

Consider the two-particle system shown in Figure 12-13,

depicting the gravity settling of two spheres in proximity in a

quiescent fluid (i.e., a fluid in which the only motion is

induced by the particle motion). The larger particle (a1) can

be expected to settle faster than the smaller particle

(with radius a2). The plane of the two-dimensional polar

coordinate system is set to be vertical and to pass through

the centers of both particles.4 The origin is chosen to be at

4 A two-dimensional system is sufficient because spherical particles are

symmetric and no forces are present that act in the third dimension.
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the center of the larger particle, and the angle u is measured

counterclockwise from a line directed vertically downward,

as shown in the figure. The location of a second particle is

defined by its center, with corresponding values of r (the

center-to-center distance between the particles) and u. The

forces acting on particle 2 at any location, and therefore its

acceleration toward or away from particle 1, can be com-

puted based on the (induced) flow field at that location and

the known properties of the system (in the case of gravity-

induced motion, the densities of the particles and the fluid

and the fluid viscosity).

The calculation is carried out by considering particle 2 at

various initial locations, all far enough from particle 1 that

interaction forces are negligible. For the current example,

the initial velocities of both particles would be downward

with magnitudes corresponding to the Stokes settling veloc-

ity. In successive short time steps, the forces and corre-

sponding acceleration acting on particle 2 are evaluated, and

its location is incremented; the process is repeated to

determine the trajectory of particle 2 until it either collides

with or passes by particle 1.

The calculations are carried out by computing the relative

velocity v of the two particles (i.e., the difference in veloc-

ities of the two particles), resolved into r and u directions.

For each direction, the contributions of the long- and short-

range factors are separated, that is:

In r direction : vr ¼ vr; gravity þ vr; interaction (12-25)

In u direction : vu ¼ vu; gravity þ vu; interaction (12-26)

In these equations, the interaction component of each

velocity term is a function of the dimensionless separation

distance, s, and the particle size ratio (l, the ratio of smaller

to larger particle radius).5 The equation describing the

relative motion of the particles is

drðtÞ
duðtÞ ¼ rðtÞ vr

vu
(12-27)

In trajectory analysis, this equation can be integrated

numerically from any chosen initial condition to find the

location of the second particle relative to the first as a

function of time; that is, to find r(t) and u(t).

The principal value of trajectory analysis in the context of

flocculation is that it can be used to calculate aij values for

particles approaching one another by each of the three long-

range transport mechanisms. The concept is illustrated in

Figure 12-14. Trajectories of particles according to the long-

range force approach are shown in Figure 12-14a, which is

explained in earlier sections of this chapter (i.e., in which

interactions are ignored), and trajectories of particles

according to the short-range force approach are shown in

Figure 12-14b, which accounts for the hydrodynamic effects

and interparticle forces as two particles approach. Some

possible trajectories of a small particle in relation to a large

particle are depicted in a Lagrangian view (coordinate

system moving with the large particle) in each case. Both

particles are settling downward but, to the large particle with

its faster settling velocity, it appears that the small particle is

approaching from the bottom. Open trajectories (shown on

the left side of the large particle for each model) are those

that do not lead to a collision; the particles simply pass by

(b) Short-range force model 

ai

Xc

Critical

Open

ajaj

(a) Long-range force model 

ai

Open

ai + aj

Critical 

FIGURE 12-14. Trajectories of particles undergoing differential

sedimentation according to the long-range and short-range models.

x

r

θ

a2

y

a1

FIGURE 12-13. Two particles settling in close proximity: defi-

nition diagram for the effects of short-range forces on collision

frequency.

5 The dimensionless separation distance between the centers is defined as

the absolute separation divided by the average of the two particle radii;

that is, s � r= ða1 þ a2ð Þ=2Þ ¼ 2r= a1 þ a2ð Þ. When s> 2, the particles are

separated, and when s¼ 2, contact occurs. The particle size ratio l is defined

as the ratio of the smaller radius to the larger one, and hence is always <1.
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one another. The critical trajectory (shown on the right side

for each model) is the one with the maximum horizontal

separation distance (at an arbitrary large initial vertical

separation) that leads to a collision.

In the long-range force model, the trajectories are recti-

linear, so that the critical horizontal separation distance of

the centers of the two particles when far removed from one

another vertically is the sum of the radii of the two particles.

Any size j particle whose center passes through the area

defined by the circle with radius aiþ aj in Figure 12-14a will

collide with the size i particle. In the short-range force

model, the trajectories are curved and the minimum hori-

zontal separation distance is much smaller, as indicated by

Xc in Figure 12-14b. Any size j particle that passes through

an area defined by a circle of radius Xc will collide with the

size i particle; this area that leads to a collision or closed

trajectory is known as the capture cross-section. In the

trajectory analysis, the value of Xc is found by repeated

trials with different values of the initial horizontal separation

distance to find the largest distance that results in a collision.

The collision efficiency function is then calculated as the

ratio of the areas that lead to collisions in the curvilinear and

rectilinear cases:

DSaij ¼ X2
c

ðai þ ajÞ2
(12-28)

The approach used to calculate the relative particle motion

caused by fluid shear and the corresponding value of Shaij is

nearly identical, although the details differ because the forces

causing the motion are different. For transport by fluid shear,

the direction of relative motion is not necessarily vertical but

is in the direction of flow; Adler (1981a–d) is responsible for

the corrections by fluid shear that are reported here. For

Brownian motion, a different approach must be used to

calculate the collision efficiency function in the short-range

model because Brownian motion is statistically based. The

analysis still accounts for the effects of the phenomena

relevant at small separation distances, but the values are

not derived from predicted trajectories of individual particles.

Equations 12-25, 12-26, and 12-27 make it clear why aij
values depend on the long-range transport mechanism bring-

ing the particles together. The components of velocity in the

r and u directions depend on the long-range transport

mechanism, and these terms then determine the motion of

the particle of interest relative to the other particle with

which it might collide. As a practical matter, this result

means that if two particles are brought to exactly the same

relative positions and have the same velocities via shear in

one instance, and via differential sedimentation in another,

they would have different velocities at the next instant

because of the differences in the long-range forces causing

their motion, and therefore they would proceed along dif-

ferent paths to a collision.

The collision efficiency functions, aij, accounting for

hydrodynamic effects and van der Waals forces (but not

double layer interactions) for the three transport modes

are shown in Figure 12-15. Details of the development of

thesefiguresaregivenbyHanandLawler (1991,1992).Tables

that allow calculation of aij for any combination of particle

sizes are given in Appendix 12A. The choice to omit the

double layer interactions stems fromtwoconsiderations.First,

FIGURE 12-15. Collision efficiency functions in the short-range

force model.
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if the destabilization is by charge neutralization and is com-

plete, the double layer vanishes. Second, double layer inter-

actions dependon solution andsuspension conditions,making

them less generalizable than van der Waals or hydrodynamic

conditions. In essence, this choice means that double layer

interactions are incorporated into aemp for quantitative work.

Forbothfluid shear anddifferential sedimentation, all of the

influencing variables besides the size ratio are incorporated

into dimensionless numbers, commonly designatedHA in the

case of fluid shear and Ng in the case of differential sedimen-

tation. For each mechanism, these dimensionless parameters

arise when the equations of motion are nondimensionalized.

They both include the Hamaker constant (A), the size of the

larger particle in the collision (dl), and parameters associated

with the particular collision mechanism, as follows:

HA ¼ A

18pmd3
l G

(12-29)

Ng ¼ 48A

pðrp � rLÞgd4
l

(12-30)

These dimensionless numbers are used in the calculation

of the short-range collision efficiency functions, as indicated

in Figure 12-15 and in Appendix 12A.

& EXAMPLE 12-7. Estimate the collision efficiency

functions according to the short-range force model for colli-

sions of 2-mm diameter particles with 0.4-, 2-, and 30-mm
particles by (a) Brownian motion, (b) fluid shear, and

(c) differential sedimentation. Assume the Hamaker constant

is3� 10�13 g cm2=s2, thedensityof theparticles is1.2 g=cm3,

and the temperature of thewater is 20�C, at which the density
is 0.998 g=cm3 and the viscosity is 1.002� 10�2 g=cm s.

The velocity gradient is 25 s�1.

Solution. We begin by calculating the l values (ratio of

smaller to larger diameter) for each of the three combina-

tions of particle sizes, as follows:

l0:4;2 ¼ 0:4mm

2mm
¼ 0:2

l2;2 ¼ 2mm

2mm
¼ 1

l2;30 ¼ 2mm

30mm
¼ 0:06667

(a) Brownian motion. Before making exact calculations

for thesevalues, it is useful to get estimates fromFigure

12-15a. On the graph, we can find or interpolate a line

associatedwiththelargerparticleandthenfindthevalue

of the collision efficiency at the appropriate l values.

For the cases at hand, we can estimate the following:

Bra0:4;2 ¼ 0:72 Bra2;2 ¼ 0:54 Bra2;30 ¼ 0:78

For the larger particle being 2mm, Table 12A-1 in

Appendix 12A gives values for the coefficients (a, b,

c, and d) to allow calculation of the Bra values

directly. For the collisions of the 2-mm particle

with the 0.4- and 2-mm particles, the calculation is

Br ai;j ¼ aþ blþ cl2 þ dl3

Brai;2 ¼ 0:943� 1:383lþ 1:725l2 � 0:748l3

Bra0:4;2 ¼ 0:943� 1:383ð0:2Þ þ 1:725ð0:2Þ2

�0:748ð0:2Þ3 ¼ 0:729

Bra2;2 ¼ 0:943� 1:383ð1Þ þ 1:725ð1Þ2

�0:748ð1Þ3 ¼ 0:537

Table 12A-1 does not include values for the

coefficients when the larger particle has a 30mm
diameter, but does show values for 20- and 60-mm
particles. We can calculate Bra values for both these

values of the larger particle using l¼ 0.0667 (for the

collision of the 2- and 30-mm particles) and then

interpolate between the two results.6

Br ai;20 ¼ 0:891� 1:658lþ 2:221l2 � 1:009l3

Brai;20;l¼0:06667 ¼ 0:891� 1:658ð0:06667Þ
þ 2:221ð0:06667Þ2 � 1:009ð0:06667Þ3
¼ 0:790

Brai;60 ¼ 0:871� 1:739lþ 2:371l2 � 1:090l3

Brai;60;l¼0:06667 ¼ 0:891� 1:739ð0:06667Þ
þ 2:371ð0:06667Þ2 � 1:090ð0:06667Þ3
¼ 0:765

Finally, interpolating between these two values yields:

Bra2;30 ¼ 0:790þ 30� 20

60� 20
ð0:765� 0:790Þ ¼ 0:784

Note that, in all three cases, the estimates are very

close to the calculated values; on this arithmetic graph,

it is relatively easy to get good estimates of Bra by eye.

(b) Fluid shear. The calculations begin with determina-

tion of the dimensionless parameter, HA (and its

logarithm), for each of the combinations, using

6 Note that by using the l value for the desired collision (in this case with a

30-mmparticle as the larger) but using available values for the larger particle

(here, 20 and 60mm), the smaller particle is also being varied in this

analysis. Alternatively, one could fix the smaller particle size (here, at 2mm)

rather than l, and use the same two larger particles to find two a values, and

then interpolate between them. The suggested approach of holding l

constant is simpler and at least as accurate.
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Equation 12-29. For the three collision pairs, only

two of the particles can be the larger, leading to two

values of HA:

For the 2-mm particle being the larger:

logHA ¼ log
A

18pmd3
i G

¼ log
3� 10�13g cm2=s2

18p 1:002� 10�2g=cm s
� �ð2� 10�4 cmÞ3ð25 s�1Þ

¼ logð2:65� 10�3Þ ¼ �2:58
For the 30-mm particles:

logHA

¼ log
3� 10�13 g cm2=s2

18p 1:002� 10�2 g=cm s
� �ð3� 10�3 cmÞ3ð25 s�1Þ

¼ logð7:84� 10�7Þ ¼ �6:11

With these values we can again estimate the collision

efficiencies from Figure 12-15b, as follows:

Sh a0:4;2 ¼ Shal¼0:2; log HA¼�2:58 ¼ 0:1

Sha2;2 ¼ Shal¼1; log HA¼�2:58 ¼ 0:35

Sha2;30 ¼ Shal¼0:06667; log HA¼�6:11 ¼ 1� 10�5

Equations for calculating Sha values are provided

in Appendix 12-A for specified values of log HA.

We can use values of that parameter that surround

the values of interest, calculate the Sha values at the

appropriate l values, and then interpolate between

the two values obtained.

The equation for Sha is

Sha ¼ 8

ð1þ lÞ3 10
ðaþblþcl2þdl3Þ

For log HA values of �3 and �2, we find

Sha0:4;2; log HA¼�3

¼ 8

ð1þ lÞ3 10
ð�2:523þ5:550l�6:098l2þ2:553l3Þ

¼ 8

ð1þ 0:2Þ3 10
ð�2:523þ5:550ð0:2Þ�6:098ð0:2Þ2þ2:553ð0:2Þ3Þ

¼ 0:107

Sha0:4;2; log HA¼�2

¼ 8

ð1þ lÞ3 10
ð�1:704þ3:116l�2:881l2þ1:121l3Þ

¼ 8

ð1þ 0:2Þ3 10
ð�1:704þ3:116ð0:2Þ�2:881ð0:2Þ2þ1:121ð0:2Þ3Þ

¼ 0:301

Finally, the desired value is found by interpolation

of the above two values. Given that the parameter

that separates the lines on the graph is logHA and

that the graph is logarithmic in a, it seems that the

best approach is to use these two parameters in the

interpolation. Hence, we find the log of the a values:

logðSh a0:4;2;log HA¼�3Þ ¼ logð0:107Þ ¼ �0:971
logðSha0:4;2;log HA¼�2Þ ¼ logð0:301Þ ¼ �0:522

The interpolation then proceeds as follows:

logðSha0:4;2;log HA¼�2:58Þ ¼ �0:971þ
�3� ð�2:58Þ
�3� ð�2Þ

�ð�0:522� ð�0:971ÞÞ
¼ �0:782

and finally:

Sha0:4;2;log HA¼�2:58 ¼ 10�0:782 ¼ 0:165

Details of the calculations of the other two values are

not shown, as they follow the same pattern as given

here. The intermediate and final values are as follows:

Sh a2;2; log HA¼�3 ¼ 0:303

Sha2;2; log HA¼�2 ¼ 0:449

Sha2;2; log HA¼�2:58 ¼ 0:357

Sha2;30; log HA¼�7 ¼ 4:62� 10�7

4Sha2;30;log HA¼�6 ¼ 1:15� 10�5

Sha2;30; log HA¼�6:11 ¼ 8:1� 10�6

In this case, the original estimates based on reading

the figure are not as accurate as in the Brownian

motion case, but they still provide a quick and

reasonable approximation.

(c) Differential sedimentation. The calculation of DSa

is very similar to that for fluid shear. We again begin

by calculating the relevant parameter, in this case,

log Ng, for the two larger particles; this parameter is

given by Equation 12-30.

logNg ¼ log
48A

pgðrp � rLÞd4
i

logNg;2

¼ log
48 3� 10�13 g cm2=s2
� �

p 981 cm=s2ð Þ ð1:2� 0:998Þ g=cm3ð Þð2� 10�4 cmÞ4
¼ logð14:46Þ ¼ 1:16

logNg;30

¼ log
48 3� 10�13g cm2=s2
� �

p 981 cm=s2ð Þ ð1:2� 0:998Þ g=cm3ð Þð3� 10�3 cmÞ4
¼ logð2:86� 10�4Þ ¼ �3:54
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For the calculation with the 30-mmparticle, we can

proceed as with the fluid shear calculations: calculate
DSa values at log Ng¼�4 and �3, and make the

interpolation on the logarithmic basis. Notice, how-

ever, that there are no calculation equations nor lines

on Figure 12-15c for values of log Ng> 1.0. From the

trend of the values for lower logNg values, it seems

reasonable to assume that at a value of log Ng¼ 2, no

correction would be necessary; that is, that DSa ¼ 1

for all values of l. (Since it is unlikely that differential
sedimentationwill be a substantialmechanism for this

situation of small particles and a relative low density,

the assumption is not likely to be critical in any case.)

We proceed with the calculations on that basis.

No collisions of identical particles occur by dif-

ferential sedimentation, so only the values for the

0.4–2 and 2–30mm particle collisions need be cal-

culated. Since the calculations are performed iden-

tically to those for fluid shear, only the intermediate

and final values are given.

DSa0:4;2; log Ng¼2 ¼ 1

DSa0:4;2; log Ng¼1 ¼ 0:380

DSa0:4;2; log Ng¼1:16 ¼ 0:44

DSa2;30; log Ng¼�4 ¼ 5:12� 10�3

DSa2;30 log Ng¼�3 ¼ 0:0105

DSa2;30; log Ng¼�3:54 ¼ 7:1� 10�3 &

& EXAMPLE 12-8. Find the total collision frequency

function according to the short-range force model for colli-

sions investigated in Example 12-7. For each pair of particles,

find the long-range transport mechanism that contributes the

most to the total collision frequency function value.

Solution. The values for the long-range collision fre-

quency functions (bij) and the short-range collision

efficiency functions (aij) for each collision mechanism for

these particles have been calculated in the previous exam-

ples. The short-range collision frequency function is the

product of these two values for each mechanism, and the

total collision frequency function is the sum of these prod-

ucts for each collision pair. All of these values are collected

in the following table for each colliding pair.

For collisions between 0.4- and 2-mm particles, the colli-

sion frequency is reduced by �70% in the short-range force

model in comparison to the long-range force model, and the

mechanism with the largest contribution to the total switches

from fluid shear to Brownian motion. For collisions between

two 2-mm particles, the collision frequency is reduced by

�64% and shear remains the dominant mechanism.

Predicted collisions between 2- and 30-mm particles are

dramatically reduced (by 99.7%), and the dominant mecha-

nism switches from fluid shear to differential sedimentation.

Considering all of the aij values in the table, it is clear that

the primary effect of the short-range forces is to dramatically

reduce the collisions between large particles (say >10mm
diameter) and small particles (say l< 0.2). &

The results in Figure 12-15 and in the examples show that

collision efficiency can be quite low (orders of magnitude

smaller than one) for collisions by fluid shear and, to a lesser

extent, by differential sedimentation, especially when the

two particles are very different in size (low l). As a result of

the low collision efficiency, the overall predicted collision

frequency (the product aijbij) by these two mechanisms is

considerably less than when the short-range forces are

ignored (bij alone). On the other hand, the collision effi-

ciency for collisions by Brownian motion are not nearly so

low; the lowest value shown on Figure 12-15 is�0.4; hence,
for this mechanism, the differences between the long-range

and short-range models is not great. An example of the total

collision frequency function for the short-range force model,

for reasonably typical conditions, is shown in Figure 12-16.

Collision Pairs

and Functions

Brownian

Motion

(cm3=s)

Fluid

Shear

(cm3=s)

Differential

Sedimentation

(cm3=s)
Total

(cm3=s)
Dominant Collision

Mechanism

0.4–2mm
bij 1.94� 10�11 5.76� 10�11 1.91� 10�12 7.89� 10�11 Sh

aij 0.729 0.165 0.44 – –

aijbij 1.41� 10�11 9.50� 10�12 8.40� 10�13 2.44� 10�11 Br

2–2mm
bij 1.08� 10�11 2.67 E–10 0 2.78� 10�10 Sh

aij 0.537 0.357 – – –

aijbij 5.80� 10�12 9.53� 10�11 0 1.01� 10�10 Sh

2–30mm
bij 4.59� 10�11 1.37� 10�7 7.92� 10�8 2.16� 10�7 Sh

aij 0.784 8.1� 10�6 7.1� 10�3 – –

aijbij 3.60� 10�11 1.11� 10�12 5.62� 10�10 5.99� 10�10 DS
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Amajor difference in the short- and long-rangemodels is that

far fewercollisions are predicted to occur between particles of

vastly different sizes in the short-range model; in this model,

particles grow gradually through the size range rather than be

scavenged by the largest particles in the suspension.

When the short-range forces are included in the prediction

of collision frequency, not only is the rate of predicted colli-

sions reduced but also the relative importance of the three

mechanisms is altered for various combinations of the two

sizes of particles. The dominant mechanism for predicted

collisions, when short-range forces are included, is shown in

Figure 12-17 for a particular set of conditions. Results from

the long-range force model, delineated by the thick lines, are

also shown for comparison; for the long-range model, Brow-

nian motion dominates in the lower left corner (where both

particles are small) and differential sedimentation dominates

in the upper portion of the figure (where one particle is quite

large). In the short-range model, Brownian motion is the

primary cause of collisions for a small particle with any other

size particle, fluid shear is only dominant when both particles

are greater than �1mm and nearly the same size, and differ-

ential sedimentation is dominant when one particle is subs-

tantially greater in size than the other and both are greater than

1mm. Fluid shear is predicted to be much less important as a

cause of interparticle collisions in this short-range force

model than in the long-range force model.

The difference in predictions between the long-range

and the short-range force models for a flocculating

suspension, as well as the ability of these models to fit

experimental data, is shown in Figure 12-18. The model

input for time zero, not shown, matched the experimental

data for the measurable range but was extended to smaller

sizes with a smooth curve, in recognition that some such

particles existed and to allow for the predicted growth of

particles into the measured range. Several observations can

be made from the comparisons of measured and model-fit

results. First, the amount of flocculation was not nearly as

great in this experiment as in the higher concentration

suspension (and longer time) shown in Figure 12-1, as

expected. The loss of small particles was in the range of

0.4 log units, which translates to a 60% reduction in the

number concentration. Second, the short-range force

model gives a substantially better fit to the data than the

long-range force model. The long-range model substan-

tially overestimated both the reduction of small particles

and the creation of large particles in comparison to the

experimental results. The short-range model fits the exper-

imental data quite well throughout the measured size range.

These differences in predictions of the two models reflect the

substantial reduction in collisions between large and small

particles (i.e., at low l values) brought about by the hydro-

dynamic corrections that are incorporated into the short-

range force model. Finally, the best-fit lines for each model

were determined by finding the value of aemp that minimized

the sum of squares of residuals between the model predic-

tions and the experimental results; the resulting values are

FIGURE 12-16. Total collision frequency function using the short-range force model. (Figure is

specific to the conditions shown.)

COLLISION EFFICIENCY: SHORT-RANGE FORCE MODEL 587



indicated for each model on the figure. Because the long-

range model predicts so many more collisions than the short-

range model, the value of aemp,LRM is smaller than aemp,SRM.

Nevertheless, the single valued empirical collision efficiency

function cannot properly account for the phenomena that are

a function of the sizes of the colliding particles, and hence the

long-rangemodel cannot fit the data as well as the short-range

model that more properly accounts for these effects.

FIGURE 12-18. Thefitofthelong-rangeandshort-rangemodels toexperimentaldataforaflocculating

suspension. (The model input for time zero matched the experimental data but was extended to

smaller sizes below the experimental limit of detection, as a smooth curve.) Source: From Li (1996).

FIGURE 12-17. Dominant regions for each collision mechanism in the short-range force model.

(The three shaded regions delineate the dominant regions for the short-range force model; the heavy

lines delineate the boundaries in the long-range model, with Brownian motion dominant below the

lower heavy line, differential sedimentation above the upper heavy line, and fluid shear in between.)

(Comparison of the predictions from the long-range model in this figure with those in Figure 12-12

demonstrates the sensitivity of that model to the shear rate, G.)
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Design Implications of the Short-Range Model

The short-range force model suggests that the designer of a

flocculator does not have much control over the collisions

that occur. Many of the collisions between particles occur by

Brownian motion or differential sedimentation, and the

parameters that control those collisions are generally not

under the control of the designer or operator. The tempera-

ture of the water will influence the viscosity and density of

the water, and increased temperature would increase the rate

of collisions by all three mechanisms, but it is generally

much too expensive to increase the temperature of water for

this application, so that is not a realistic option.

The short-range force model suggests that the mixing

intensity is not as important in causing collisions as is

predicted by the long-range force model. The design impli-

cation is that sufficient mixing should be provided to keep

particles in suspension; G values as low as 10 s�1 are likely
to be able to accomplish that goal in most suspensions. The

proper range for G values is then thought to be between 10

and 50 s�1, where the upper limit stems from a concern to

avoid floc breakup. A substantial effort should be made by

the designer to ensure a reasonably uniform mixing intensity

throughout the flocculator to accomplish the goals of pro-

viding sufficient mixing to keep the particles in suspension

but not enough to cause breakup.

12.6 TURBULENCE AND TURBULENT
FLOCCULATION

Turbulence

The discussion of long-range transport via fluid shear in the

preceding sections of this chapter implicitly assumed that

the flow regime was laminar, by assuming that fluid motion

throughout the system and at all times could be character-

ized by a single value of the shear rate (G). However, most

full-scale flocculators are characterized by turbulent flow.

Turbulent flows have irregular fluctuations of velocity in

all three directions. The instantaneous velocity in a given

direction at any point can be described as the sum of a mean

velocity and a fluctuating velocity at that point, as follows:

uiðxi; tÞ ¼ UiðxiÞ þ ~uiðxi; tÞ (12-31)

where i is an index denoting each of the three perpendicular

directions; x and t denote distance and time, respectively;

ui and Ui are the instantaneous and mean velocities in the

direction i, respectively, at a given point, and ~ui is the

fluctuation of the velocity at that point; that is, the difference

between the mean and the instantaneous velocity.

The intensity of turbulence is related to the fluctuating

component of the velocity. However, in steady flow at a

given point, the mean value of the fluctuation is (by defini-

tion) zero, with positive and negative values canceling.

Therefore, the size of a typical fluctuation is quantified as

the root mean square of the magnitude of the velocity

fluctuation in the i direction, ui:

ui ¼ 1

Nobs

X
t or
x; y; z

~u2i

0
@

1
A

1=2

(12-32)

where the summation considers the value of ~ui at a single

point at a statistically large number of times (Nobs), or at a

single time over a large number of points in the system.

Recognizable spatial flow patterns that persist within

turbulent flows for at least a short time are called eddies;

within such flow patterns or eddies, a high degree of

correlation exists between velocity at one point and that

at another. Recall from Chapter 11 that the Kolmogorov

theory relates the net rate at which energy is transferred from

large to small eddies to the overall energy dissipation rate.

This theory leads to the definition of the Kolmogorov

microscales of length and time, computed as follows

(Tennekes and Lumley, 1972):

Length : hKolmogorov ¼
y3

e

� �1=4
(12-33)

Time : tKolmogorov ¼ y

e

h i1=2
(12-34)

where y is the kinematic viscosity (cm2/s; the kinematic

viscosity is the absolute viscosity, m, divided by the fluid

density, r) and e is the energy dissipation per unit time per

unit mass (cm2/s3). These scales represent the smallest

scales of turbulent motion (TM).

Turbulent Flocculation

For pairs of particles that are smaller than the Kolmogorov

length scale, the mechanism of flocculation is similar to that

for flocculation in laminar flow fields, because the fluid

motion is essentially laminar at that scale. For particles

larger than this scale, the mechanism of flocculation can be

viewed similarly to Brownian motion, except that the ran-

dom motion is caused by turbulent eddies rather than

molecular motion. The formalism for treating each of these

limiting cases is well-developed, as described earlier in this

chapter. The added complication applicable in turbulent

flocculation compared to those limiting cases is the exis-

tence of a spectrum of values, rather than a single value, for a

key variable. That is, whereas uniform shear throughout a

system can be characterized by a single value ofG, turbulent

conditions are characterized by a spectrum of G (and

velocity) values as the fluid energy cascades through eddies

of decreasing size until the Kolmogorov microscale is

reached. The spectrum over time for a given batch of fluid

results in a spectrum over space at any instant in a reactor. As
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noted earlier, the velocity distribution near the particles

affects both b and a values; therefore, turbulence is expected

to affect both of these parameters. Attempts to model

turbulent flocculation to date have focused on how to incor-

porate the turbulent energy spectrum into analysis of b and

much of that work is summarized in the following para-

graphs; little has been done with respect to its effect on a.

Camp and Stein (1943) recognized that the turbulence in

flocculators required that the Smoluchowski approach for

modeling collisions by shear be reconsidered. They

accounted for the variation of the velocity gradient over

space in the reactor by substituting the (root mean square)

average gradient ðGÞ for the single valued G in the collision

frequency function for laminar shear (Equation 12-18). As

shown in Chapter 11, ðGÞ can be found as follows:

G ¼ 1

tKolmogorov

¼ e
y

 �1=2
¼ P

mV

� �1=2

(12-35)

where P is the power input, m is the absolute viscosity of the

water, and V is the volume of the reactor. This expression

continues to be usedwidely to describe turbulent flocculation.

Saffman and Turner (1956) derived a collision frequency

function for turbulent flocculation that was based on the

dynamics of turbulent flow. Their interest was in the coagu-

lation of water droplets in clouds, but Spielman (1978) later

repeated the analysis for particles in water. These investiga-

tors focused on the collision of droplets (particles) that are

much smaller than the Kolmogorov microscale and nearly

the same size. They assumed the turbulence was isotropic

(i.e., independent of direction) and that Taylor’s (1935)

estimate of the variance of the velocity fluctuation with

distance was valid; that is,

Variance of
@~u

@x

� �
¼ @u

@x

� �2

¼ e
15y

(12-36)

With these assumptions, they found the collision fre-

quency function for collisions brought about by turbulent

motion (TM) to be

TMbij ¼
p
120

 �1=2 e
y

 �1=2
ðdi þ djÞ3 (12-37)

Levich (1962) expressed the effect of turbulence on

particle motion as a diffusion coefficient and derived an

expression for the collision frequency in the same way as

that used for Brownian motion presented in Equations 12-20

to 12-23. The result for the collision frequency function for

particles smaller than the Kolmogorov microscale is:

TMbij ¼
3p
2

� �
xðdi þ djÞ3 e

y

 �1=2
(12-38)

where x is an undefined (dimensionless) coefficient. Later

investigators (Tambo and Watanabe, 1979; Delichatsios and

Probstein, 1975) argued that the value of x in Equation 12-38

should be taken as (1=15)1=2 to be consistent with the

Kolmogorov theory and Taylor’s findings.

Argaman and Kaufman (1970) used a relationship from

Corrsin (1962) to transform the turbulent energy spectrum

into a diffusion coefficient for particles in a fluid. This

approach was similar to that of Levich but these investiga-

tors considered particles larger than the microscale. Their

analysis was limited to collisions between particles greatly

different in size, stemming from the hypothesis that primary

particles are removed principally by their collisions with

large flocs composed of many such primary particles. For

this condition (when the size of the small particle is negli-

gible in comparison to the larger), they found the effective

diffusion coefficient to be as follows:

Dij ¼ Deff ¼ Ksu
2a2F (12-39)

where aF is the floc radius, and Ks is a (dimensional) co-

efficient of proportionality. Following the same procedure as

was used for the collision frequency function for Brownian

motion, the collision frequency function is found as:

TMbij ¼ TMb1;F ¼ 4pða1 þ aFÞKsu
2a2F 	 4pKsu

2a2F

(12-40)

where the subscripts 1 and F refer to a primary particle and a

floc. The assumption that the primary particle is much

smaller than the floc leads to the final equation, but also

limits its utility.

Delichatsios and Probstein (1975) developed a model for

the flocculation of initially monodisperse suspensions in

isotropic turbulent flows, considering particle sizes both

larger and smaller than the Kolmogorov microscale. Their

collision frequency function for heterodisperse collisions is

TMbij ¼
p
4

 �
ðdi þ djÞ2ur (12-41)

where ur is the relative velocity between particles during

collision. This relative velocity, ur, is taken as the root mean

square turbulent velocity of two particles separated by

a distance (da) that is equal to the average of the two particle

diameters (i.e., da ¼ ðdi þ djÞ=2). In essence, their model

defines the collision cross-section in the same way as

was done for the collisions in a laminar velocity gradient

and chooses a single value for the relative velocity of two

colliding particles. They found different values of the rela-

tive velocity for three different scales of motion, as follows:

ur ¼ 1

15

� �1=2 e
y

 �1=2
da when da < h (12-42)

ur ¼ 1:37ðedaÞ1=3 when h < da < L (12-43)

ur ¼ ðeLÞ1=3 when da ¼ L (12-44)
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where L is the distance at which the correlation between

fluid velocities effectively diminishes to zero (called the

Eulerian macroscale of turbulence). These investigators

presented the results of experiments performed in turbulent

pipe flow and confirmed the model’s dependence on the

turbulence characteristics for particles smaller than the

microscale. Attempts to check the model for sizes larger

than the microscale were hampered by floc breakup.

In summary, four expressions for the collision frequency

function in turbulent flow have been developed for the

condition that the colliding particles are smaller than the

length microscale. All show the same functionality with

respect to the variables of interest, but differ in the numerical

nondimensional coefficients. That is, all of these expressions

have the form:

TMbij ¼ Aðdi þ djÞ3 e
y

 �1=2
(12-45)

but the constant A has different values in each model, as

follows:

Camp and Stein A ¼ 1

6
¼ 0:167 (12-46)

Saffman and
Turner

A ¼ p
8

 �1=2 1

15

� �1=2

¼ 0:162 (12-47)

Levich A ¼ 3p
2

� �
1

15

� �1=2

¼ 1:217 (12-48)

Delichatsios and
Probstein

A ¼ p
8

 � 1

15

� �1=2

¼ 0:101 (12-49)

The differences demonstrate some uncertainty about the

exact mechanism of collision in turbulent flocculation, but

three of the four have quite similar values; additionally, they

are quite similar to the collision frequency function for

collisions by laminar fluid shear (Equation 12-18), in which

the equivalent value of A is also 1
6
. Saffman and Turner’s

model is often considered most correct because of its

sophisticated view of the collision mechanism. None of

these mechanisms accounts for hydrodynamic retardation

or other short-range forces in the collisions; that is, no

attempts have been made to compute TMaij . Casson and

Lawler (1990) assumed that Adler’s (1981a) values for Shaij

(developed for laminar shear fields) would be appropriate for

turbulent collisions when the colliding particles were

smaller than the microscale; their justification was that,

below the microscale, the flow is essentially laminar.

Cleasby (1984) presented a review of studies on turbulent

flocculation. He concluded that the expressions for collision

frequencies for particles larger than the microscale were

more valid than those derived for particles smaller than the

microscale. At separation distances smaller than the micro-

scale, he found that the relative velocities are proportional

to (els)
1=3 (where ls is the separation distance orthogonal

to the velocity), while, at separation distances larger than

the microscale, the relative velocities are proportional to

e=yð Þ1=2ls, or Gls. However, a later study (Hanson and

Cleasby, 1990) concluded that the particles normally

encountered in flocculation systems are smaller than the

microscale.

Clark (1985, 1996) and Kramer and Clark (1997) noted

that neither the original derivation of the collision frequency

function for fluid shear by Smoluchowski nor the work of

Camp and Stein properly accounted for the three-dimen-

sional nature of turbulent flows. They argued that the three-

dimensional strain rate of the fluid must be accounted for,

but that by continuity, some components of the strain in any

differential element of the fluid carry particles toward one

another while others increase the separation of the particles;

only those components that carry particles toward one

another are relevant for (potential) collisions. They con-

cluded that the G value of the Smoluchowski equation for

collisions by fluid shear should be replaced by the maximum

principal strain rate of the fluid.

The primary criticism that Kramer and Clark (1997) noted

about the earlier work reviewed in this section is that the

velocity gradient includes the energy that is dissipated in

rotational flow, and that such flow does not contribute to

interparticle collisions. Hence, even with a uniform velocity

gradient, as in a Couette flow apparatus,7 they believed that

the velocity gradient was an overestimate of the maximum

strain rate, and that therefore the rate of flocculation would

be overestimated using the G value. They found that this

problem was exacerbated in flows with a broad distribution

of strain rates (or G values) that increase the rotational flow.

Hence, they argued that a more proper estimate of G would

account for the variance of the velocity gradient values

throughout the fluid, as follows:

G ¼ P

mV
� s2

GL

� �1=2

(12-50)

where sGL
is the variance of the local values of the velocity

gradient throughout the reactor. The implication is that the

estimate of G by Equation 12-35 is too high, and that the

error increases as the variation in the mixing intensity

throughout the reactors increases. This result suggests

that flocculation by fluid motion is more rapid if the mixing

intensity is relatively uniform throughout the reactor.

7 A Couette reactor is the annular space between two concentric cylinders;

in most cases, one of the cylinders is stationary while the other rotates, but

both could be rotated at different speeds. The no-slip condition means that,

at each wall, the velocity relative to the wall is zero, and so (in laminar flow)

a nearly uniform velocity gradient is set up across the annular space.
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12.7 FLOC BREAKUP

Although the primary objective of flocculation is to increase

the particle size, the mixing involved can subject flocs to

shear fields that are strong enough to break them apart.

While the concept that flocs are fragile is easy to understand,

a thorough understanding of floc breakup has been elusive.

The framework for considering breakup can be expressed by

the following word equation:

Rate of change

with time of

the number

concentration

of particles of

size k due to

breakup

¼

Rate of increase

in the number

concentration of

particles of size

k by breakup of

a larger particle

(floc) into

fragments that

include size k

particles

�

Rate of decrease

in the number

concentration of

particles of size k

by breakup to

smaller particles

The two terms on the right side can be added to the

Smoluchowski equation (Equation 12-10) to form a total rate

expression that includes both flocculation and breakup.

Converting this word equation for breakup into a mathe-

matical expression is more complex than the comparable

terms for flocculation for three reasons:

� A criterion for determining when breakup occurs has to

be set.

� The number and size of the products of the breakup of a

floc are variable.

� Except in the case of an initially monodisperse

suspension, a floc or particle of a given size can be

constituted in a large number of different ways from

primary particles, so that not all particles of a given size

have the same susceptibility to breakup.

Given this complexity, simplifying assumptions have

been necessary in the modeling of floc breakup. Most

investigators have chosen to consider initially monodisperse

suspensions; this assumption means, for example, that all

10-mm particles (flocs) contain the same number of original

particles (of, say, 1mm diameter). Without this assumption,

one would have to differentiate various types of 10-mm
particles, ranging from a single particle that was originally

10mm and therefore could not break up to those that were

made up of numerous smaller particles of various sizes. The

result would be that many different breakup equations would

have to be written for the same size particle, or a statistical

description of how the concentration of each size class was

constituted from various smaller particles would have to be

supplied.

Even with an originally monodisperse suspension, a floc

of, say, 30 original particles could break into a wide variety

of smaller flocs. Breakup is usually assumed to result in

two (and not more) fragments, with the idea that a floc

breaks along a fault line with the weakest bonds. Two

different approaches have been taken to describe this

breakup. Early modelers assumed that the most likely

breakup was an erosion of a single particle from the surface

of the floc, so that the products were one primary particle

and the remaining floc (of 29 original particles in this

example). More recently, a statistical distribution of pos-

sible breakup products has been assumed; in our example

of a 30-particle floc, some probability has been assigned to

every possible two-product outcome. Some investigators

have allowed for more than two fragments, and have done

so either by assuming a constant number of fragments

(usually three or four and usually all of the same size) or by

allowing a distribution of both the number of fragments

and their sizes (but maintaining a number balance of the

particles).

Finally, a criterion for when breakup occurs has to be set.

Kramer and Clark (1999) provided an excellent summary of

different approaches taken by different investigators. One

approach is to assume that flocs have a limiting strength and

break when that strength is exceeded. This approach requires

a description of the flow field so that the stresses to which

flocs are subjected can be described; Adler and Mills (1979)

took this approach and found the strain rate in each direction

in a flow field to set a breakup criterion. A second approach

has been to use a maximum strain rate directly as a criterion

for breakup; this approach is somewhat more empirical (in

that no direct description of the floc strength is required).

Another empirical approach has been to focus on the particle

size directly rather than on the fluid mechanics. In this

approach, one can allow for an increasing probability of

breakup with larger flocs, including setting both lower and

upper thresholds of floc size for breakup, with no breakup

below the lower threshold and a probability of one for

breakup of particles at the upper threshold. Some of the

studies incorporating these approaches are described in the

following paragraphs.

Argaman and Kaufman (1970) considered floc breakup to

occur by surface erosion; that is, primary particles would be

pulled off the surface of a floc one by one. They considered a

suspension as having only two types of particles—primary

particles (or the original small particles) and flocs (envi-

sioned as substantial aggregates made of many primary

particles). Their work was done before particle counting

could be done easily, and hence they had only turbidity

measurements available as indicators of the particle size

distribution and concentration. They considered the rate of

creation of primary particles from floc breakup to be pro-

portional to the surface area of flocs and the shear rate ðGÞ,
and concluded that, in a single CFSTR with hydraulic
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residence time t, the steady-state equation for the fraction of

primary particles remaining could be expressed as:

nout

nin
¼ 1þ KBG

2
t

1þ KAKsfGt
(12-51)

where nout is the number concentration of primary particles

in the effluent, nin is the number concentration of primary

particles in the influent, KA is an aggregation constant

(dimensionless), Ks is the same coefficient as in Equation

12-39, and KB is a breakup constant (with dimensions of

time). The authors arrived at this equation only after making

several assumptions, including that the average floc size was

inversely proportional toG; it is this assumption that leads to

the G
2
term in the numerator of Equation 12-51. The values

of KA and KB were found from fitting experimental results.

Unfortunately, turbidity measurements are not sensitive

enough to judge the validity of the model.

Parker et al. (1972) extended the analysis of Argaman and

Kaufman and noted different modes of possible floc breakup

for different conditions of turbulence. They proposed that a

suspension had a maximum stable floc size that was propor-

tional toG
�s
, where s is a constant exponent (>1); this result

means that the maximum floc size decreases with increasing

G value. Andreu-Villegas and Letterman (1976) also inves-

tigated the effects of velocity gradient in flocculation using

this framework. Sonntag and Russel (1987) used a similar

framework, substituting the turbulent strain rate for the

velocity gradient. Some investigators (e.g., Tambo and

Hozumi, 1979) who have assumed that a maximum floc

size exists have found that the value of s is less than one,

meaning that the maximum size can increase with the

velocity gradient, but less than proportionally.

Hanson and Cleasby (1990) subjected flocs formed with

45min of slow mixing to the same conditions used during

the rapid mixing phase. A stake and stator reactor, which had

a relatively uniform mixing intensity, caused very little

breakup of the alum=kaolin flocs at 20�C, but a substantial
amount at 5�C. A turbine impeller, which generated regions

of intense turbulence near the impeller but much lower

intensities elsewhere, caused significant breakup at both

temperatures. These results support the idea that, both to

promote flocculation and to minimize floc breakup, the

mixing intensity should be reasonably uniform throughout

the reactor.

Pandya and Spielman (1982) presented a semitheoretical=
semiempirical study of floc breakup using an elegant system

for inserting preformed flocs into a well-defined shear field

undergoing extensional flow. They photographed two modes

of breakup: random periodic splitting of flocs and quasi-

continuous erosion of fine particles from the outer surfaces

of flocs. Floc splitting was modeled with a probability

distribution for the breakup of a parent floc into two or

more daughter fragments. For erosion, probability distribu-

tions were also used for the characteristic size of the erosion

product, ensuring that the total particle volume concentra-

tion in the suspension was conserved. These terms yielded a

population balance equation that not only had terms for the

increase and decrease of the concentration of each particle

size by flocculation (such as Equation 12-7) but also

included terms for an increase and decrease of concentration

of each size by both methods of breakup (erosion and

splitting). As in all breakup models, the terms for floc

breakup could only be quantified by fitting to experimental

results, but their framework was insightful into the mecha-

nisms of floc breakup.

Kramer and Clark (1999) developed a model that

accounted for much of the insight of the previous investiga-

tors. They made the common assumption of an initially

monodisperse suspension, so that the composition of every

floc class was understood as a set number of original particles.

They assumed that flocs broke into two fragments, the sizes of

which could vary among all of the possibilities that yielded

the total number of original particles in the floc. Based on the

mechanisms of failure described in the solid mechanics

literature, they concluded that floc failure (breakup) would

occur from stresses acting normal to the floc (rather than

from shear stresses). These stresses depend on the maximum

strain-rate tensor, which can be determined for a known flow

field. Their final model for breakup included three empirical

parameters: a breakup constant and exponents for the effects

of viscosity and floc size on breakup. Adjusting these param-

eters allowed predictions of size distributions that accounted

for both flocculation and breakup, ranging from almost no net

flocculation (due to high breakup) to an accumulation of a

large fraction of the original particles in the largest size class

considered (due to very little breakup).

With the assumption that breakup is undesirable, the

implication of the breakup modeling done by these various

investigators, and particularly that by Kramer and Clark, is

that flocculation reactors should be designed to have rela-

tively uniform mixing intensities throughout the reactor.

Kramer and Clark describe this mixing intensity in terms

of the maximum strain rate, but that is closely related to the

traditional value. If the mixing intensity varies considerably

across the reactor, substantial breakup will occur in the

portions of the reactor with the highest intensities, thereby

acting against the flocculation desired. Many traditionally

designed flocculators with paddles rotating near stationary

baffles have locations of intense mixing intensity and others

with minimal mixing.

Ducoste and Clark (1998) and Ducoste (2002) addressed

the question of scale-up between laboratory reactors and

full-scale reactors with respect to turbulent flocculation

and breakup. They hypothesized that the mechanism of

breakup was different for flocs larger and smaller than

the Kolmogorov microscale, and that the regions of the
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reactor with these two different scales were considerably

different for full-scale versus pilot and laboratory scale

reactors. Their experimental work had indicated that the

maximum stable floc size decreased with an increase in tank

size (among laboratory scale reactors) even when the turbu-

lence levels (indicated by the same values of the microscale)

were the same. Their model proposed that flocs larger than

the Kolmogorov microscale in the impeller region of a

reactor broke up by fracture based on the local energy

dissipation rate, whereas flocs smaller than the microscale

broke up by erosion according to a critical velocity. With

these two criteria and the recognition that the impeller zone

is a smaller fraction of the total volume as reactor size

increases, they successfully modeled the experimentally

measured changes in size distributions in several reactors

of different sizes and turbulence levels. Their results suggest

that capturing all of the phenomena of floc growth and

breakup in a mathematical model is quite complex, but

apparently achievable. As with many of the results noted

in this section, a ramification of these results is that min-

imizing the variation in the energy dissipation rate (degree of

turbulent mixing) in different parts of a reactor is likely to

lead to better flocculation.

Yukselen andGregory (2004) reported experiments on floc

breakage and the possibility of regrowing flocs after break-

age. They formed flocs of clay particles under various

chemical conditions in a standard jar test apparatus, then

subjected the flocs to intense shear for a short period, and then

returned to a normal shear rate to induce flocculation. Using

an optical monitor, they measured a “flocculation index” that

is correlated with floc size and found that both the initial

breakup during the high shear (G¼ 520 s�1) and the regrowth
of flocs were strongly influenced by the mechanism of

destabilization (sweep floc vs adsorption and charge neutral-

ization). Generally, flocs formed by alum (or polyaluminum

chloride) via precipitation of Al(OH)3 (s) weremuch less able

to reflocculate than those formed by polyelectrolytes via

adsorption and charge neutralization. The reasons for these

results are not entirely clear, but the results suggest in yet

another way that avoiding regions of high shear rates in

flocculators or subsequent particle processing prior to

removal should be avoided if possible.

12.8 MODELING OF FLOCCULATIONWITH

FRACTAL DIMENSIONS

As noted in Chapter 11, flocs of particles are often charac-

terized by fractal dimensions that are less than their

Euclidian counterparts; that is, the projected area, particle

volume, and mass are functions of the characteristic length

raised to powers less than 2, 3, and 3, respectively. This

phenomenon occurs because flocs do not coalesce (for

example, as oil droplets would) when they are formed

from smaller particles, but rather have void spaces that

are filled with water. Several estimates of fractal dimensions

of flocs encountered in water and wastewater treatment were

noted in Chapter 11. A schematic two-dimensional repre-

sentation of flocs composed of monodisperse original parti-

cles is shown in Figure 12-19; the picture makes it clear that

a floc is not a coalesced sphere of the original particles but is

spread out in a relatively nonstructured way. While the

schematic shown is simply a sketch, mathematical modeling

of floc structure in a specified flow field has been done by

various investigators, beginning with Vold (1963).

In the modeling with the Smoluchowski equation

described earlier, the fractal nature of flocs was not

accounted for with either the long-range or short-range

models. In those models, flocs were assumed to coalesce

into spheres with a total volume equal to the volume of the

flocculating particles. The coalescence assumption is math-

ematically convenient but clearly incorrect. Models that

incorporate the fractal dimensions of flocs avoid the error

introduced by the coalescence assumption, but most have

incorporated other mathematical simplifications to make the

modeling tractable.

As with the modeling that incorporates floc breakup, most

models that consider the fractal aspects of flocs are based on

the assumption that the initial suspension consists of mono-

disperse spheres. With that assumption, all particles that are

some larger size consist of a set number of the original

particles and contain a set amount of water (which depends

on the fractal dimension). Jiang and Logan (1991) proposed

a model of flocculation that incorporated the concepts of

fractal dimension. Their model is closely related to the long-

range force model noted earlier; in essence they rewrote the

collision frequency functions for the mechanisms of Brow-

nian motion, fluid shear, and differential sedimentation

using the idea that a floc diameter was proportional not to

the solid volume raised to 1=3 but rather to the inverse of the
fractal dimension. Jiang and Logan’s model was quite

general, allowing for nonspherical particles and flocs that

had a different packing density than the smaller flocs from

which they were created.

A somewhat simpler version of this model was proposed

by Lee et al. (2000, 2002), and that model is explained here.

FIGURE 12-19. Schematic representation of the fractal nature of

flocs.
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They assumed that all flocs have the same fractal dimension

and that, when two flocs collide and attach, both the solid

volume and the floc volume are conserved, so that the new

floc has the same fractal dimension as the colliding flocs.

This assumption means that, if the fractal dimension were

three, the model would be the same as the long-range force

model. They referred to this model as the coalesced fractal

sphere model, since it maintains most of the assumptions of

the coalesced sphere model. With these assumptions, the

relationship between the number of original particles in a

floc (N), the floc diameter (df), the diameter of the original

particles (dp), and the (volumetric) fractal dimension (D3) is

as follows:

N ¼ d f

dp

� �D3

(12-52)

The definition of the floc diameter (df) and floc volume

(Vf) is closely related and maintain the Euclidian relation-

ship, V f ¼ ðp=6Þd3
f ; that is, the floc volume is considered to

be the sphere that encases all of the solids in the floc, so that

the diameter is the longest linear dimension of the floc. From

these relationships, one can calculate several other propert-

ies of the fractal flocs, and these are shown in Table 12-1. In

the equations, the subscripts p and f refer to the original

particle and flocs, respectively, Vp is the volume of the

original type of particle, and Vs is the solid volume of flocs

of made from the original particles.

The collision frequency functions in this model are shown

in Table 12-2 for the three collision mechanisms; these can

be used directly in the long-range force model in lieu of

the collision frequency functions presented earlier in this

chapter. In these equations, the volumes (Vi and Vj) are the

solid volumes. For differential sedimentation, the settling

velocity takes on a somewhat different functionality when

the fractal dimension is less than 2 than when it is larger,

because the surface area that experiences drag is different.

As noted in Chapter 11, many believe that the theory of

fractal aggregates leads to the conclusion that, when D3< 2,

then D2¼D3; this theory was followed in determining the

settling velocities. Therefore, the collision frequency func-

tion (which includes the differences in the settling velocities

of the two particles that can collide) also has two forms

depending on whether the volumetric fractal dimension is

greater than or less than 2.

Lee et al. (2000) ran a number of simulations with this

model and reported that, if D3 is considered a fitting

parameter, it has much the same effect as the inverse of

aemp in the long-range force model—that is, a lower value of

D3 leads to more rapid flocculation since a floc with the same

solid volume has a larger aggregate volume and therefore

sweeps out more solution (and particles in that solution) in

the same time.

In addition to the differences in geometric considerations

noted earlier, the model of Jiang and Logan (1991) also

allowed for a varied description of the settling velocities for

different size particles, since the drag on the particles can

change functionality at higher Reynolds number (as

explained in Chapter 13). Jiang and Logan also found values

for the steady-state slopes of particle size distribution func-

tions when fresh small particles are continuously supplied to

the system, following earlier work by Hunt (1982) on the

coalesced-sphere, long-range force model. Both Lee et al.

and Jiang and Logan showed that flocculation is predicted to

TABLE 12-1. Properties of Fractal Flocs

Floc Property Equation

Equation

Number

Solid volume V s ¼ NVp ¼ p
6
d3�D3

p dD3

f (12-53)

Solid mass mf ¼ rpV s ¼ p
6
rpd

3�D3

p dD3

f (12-54)

Floc diameter df ¼ 6

p

� �1=3

ðVpÞðð1=3Þ�ð1=D3ÞÞðV sÞ1=D3 (12-55)

TABLE 12-2. Collision Frequency Functions for Fractal Flocs

Collision Mechanism Equation

Equation

Number

Fluid shear Sh
Fractalbij ¼

1

p
GðVpÞ1�ð3=D3Þ V

1=D3

i þ V
1=D3

j

 �3
(12-56)

Differential sedimentation

2  D3  3

DS
Fractalbij ¼

g

12m

p
6

 ��ð1=3Þ
ðrp � rLÞðVpÞ ð1=3Þ�ð1=D3Þð Þ

Vi
1=D3 þ Vj

1=D3

 �2
Vi
ðD3�1Þ=D3 � Vj

ðD3�1Þ=D3


 

 (12-57a)

Differential sedimentation

D3  2

DS
Fractalbij ¼

g

12m

p
6

 ��ð1=3Þ
ðrp � rLÞðVpÞ ð4=3Þ�ð3=D3Þð Þ

Vi
1=D3 þ Vj

1=D3

 �2
Vi

1=D3 � Vj
1=D3



 

 (12-57b)

Brownian motion Br
Fractalbij ¼

2kBT

3m

1

Vi
1=D3
þ 1

Vj
1=D3

 !
Vi

1=D3þ Vj
1=D3

 �
(12-58)

MODELING OF FLOCCULATIONWITH FRACTAL DIMENSIONS 595



be far faster when the fractal size is accounted for than when

it is not. These investigators did not explicitly account for the

possibility that water could flow through a fractal (porous)

floc, but their use of the long-range (rather than the short-

range) collision frequency functions is equivalent to that

assumption.

& EXAMPLE12-9. InExample 12-2,we evaluated the

collision frequency function for the long-range force model

for collisions between 2 and 30-mm (diameter) particles by

fluidshearataGvalueof25 s�1.Thesizes representcoalesced
spheres, so that the fractal diameters would be greater than

thesevalues.Re-evaluate this collision frequency function for

collisions between these two particles using the fractal colli-

sion model, assuming that the original (nonfractal) particles

were 1mm in diameter and that the fractal dimension is 2.1.

Solution. We begin by finding the volumes of the base-

line (nonfractal) particle and the two flocs that collide.

Vp ¼ Vð1Þ ¼ p
6
d3
p ¼

p
6
ð1� 10�4 cmÞ3 ¼ 5:236� 10�13 cm3

Vi ¼ Vð2Þ ¼ p
6
d3
p ¼

p
6
ð2� 10�4 cmÞ3 ¼ 4:189� 10�12 cm3

Vj ¼ Vð30Þ ¼ p
6
d3
p ¼

p
6
ð3� 10�3 cmÞ3 ¼ 1:414� 10�8 cm3

We now use the collision frequency function for fractals

colliding due to fluid shear (Equation 12-56) to find the

desired value:

Sh
Fractal bij ¼

1

p
GðVpÞ1�ð3=D3Þ V

1=D3

i þ V
1=D3

j

 �3

¼ 1

p
ð25 s�1Þð5:236� 10�13Þ1�ð3=2:1Þ

� ð4:189�10�12Þ1=2:1þð1:414�10�8Þ1=2:1
h i3

cm3

¼ 9:49� 10�6cm3=s

The resulting value for the collision frequency is almost

70 times that found in Example 12-2 for the coalesced-sphere,

long-range model. The example is somewhat extreme, given

that a 30mmfloc is composed of 27,000 ð¼ ð30mm=1mmÞ3Þ
original particles, but emphasizes that the volume of a fractal

floc is much greater than its stated (nonfractal) size. &

As noted in Chapter 11, many investigators have reported

measurements of flocs in terms of fractal dimensions. Some

have considered the idea that the fractal dimension is

determined (or at least influenced) by the degree of particle

destabilization (expressed in terms of aemp) and by the

collision mechanism. By any collision mechanism, a higher

value of aemp is thought to lead to a lower fractal dimension;

that is, if virtually any collision is expected to be successful,

a highly porous floc can be created. By contrast, if the

surface chemistry and double layer are such that most

collisions predicted by the long-range model are not suc-

cessful in leading to a floc, then only those collisions which

lead rapidly to many points of contact between the colliding

(fractal) flocs will be successful; such flocs will be denser

and therefore have a higher fractal dimension. The mecha-

nism of destabilization also influences the fractal dimension,

with sweep flocculation leading to flocs of lower fractal

dimensions than those formed after adsorption and charge

neutralization.

Similarly, it is generally thought that collisions by

Brownian motion lead to a lower fractal dimension than

collisions by fluid shear. In particular, if the fluid shear (or

mixing intensity) is great enough to cause some floc

breakup, only flocs that are held together by multiple parti-

cle–particle contact points will be strong enough to avoid

breakup. In this view, floc breakup has the advantage of

causing denser and stronger flocs to be created, and such

flocs are more robust in subsequent removal processes (Serra

et al., 1997). Jiang and Logan (1991) found from their

dimensional analysis that flocs created by fluid shear would

have a fractal dimension greater than 2.4, whereas flocs

created by differential sedimentation would have lower

fractal dimensions, perhaps as low as 1.6.

12.9 SUMMARY

In this chapter, the theory and practice of flocculation have

been presented. Flocculation changes the size distribution of

a suspension without removing any particle mass, by com-

bining originally disparate particles into flocs. Hence, parti-

cles tend to shift from the smaller size ranges in a suspension

to larger sizes; the objective of flocculation is to make the

particles easier to remove from suspension in subsequent

treatment processes, or to otherwise improve the operation

of those processes.

Particles move in water by moving with the fluid, by

settling, and by Brownian motion and, therefore, they

approach one another by these same mechanisms. If two

particles are suitably destabilized, their approach to one

another by any of these mechanisms can lead to collision and

attachment—the formation of a floc from the two original

particles. Equations to describe the collision frequency for

each of these mechanisms, when short-range forces are

ignored, have been known for many years. They are pre-

sented in this chapter as Equation 12-18 for particles moving

in a fluid shear field (or equivalently as Equation 12-45 for

particles in turbulent flow), Equation 12-19 for differential

sedimentation, and Equation 12-23 for Brownian motion.

Flocculation within turbulent conditions is quite complex,

so that our understanding of this phenomenon is weaker than
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under laminar conditions; nevertheless, virtually all full-

scale flocculators have turbulent flow.

When particles come near each other, some phenomena

that are ignored in the long-range force model influence the

particle motion and, therefore, impact the formation of flocs.

These phenomena include van der Waals attraction between

particles, electrostatic repulsion of particles, and the effects

of water flow in the near vicinity of each particle. In the

modeling reported in this chapter, a means of calculating

corrections to the collision frequency functions to account

for the van der Waals attraction and the hydrodynamic

effects are presented; this model is called the short-range

force model herein. Although it is possible within the same

framework to account for electrostatic repulsion, that pos-

sibility has not been included here, under the assumption

that successful particle destabilization would reduce that

repulsion to near zero. Accounting for these short-range

effects reduces the predicted collisions by all three mecha-

nisms. However, the corrections for collisions by Brownian

motion are relatively minor, whereas the corrections for

collisions between particles of vastly different sizes by both

fluid motion and differential sedimentation are quite sub-

stantial. These changes from the long-range to the short-

range model result in predictions of a more gradual growth

of particles through the distribution, as collisions between

particles of nearly the same size take on a greater importance

than those of widely variant sizes.

Flocs can be fragile; that is, flocs can be broken into

fragments to recreate smaller particles. If floc breakup is

excessive, it can negate the effects of flocculation, and hence

it is usually desirable to minimize breakup in full-scale

reactors. Recent developments suggest that breakup is

related to the maximum strain rate imposed on the fluid,

so that designs of flocculators that avoid great variations in

strain rate are likely to minimize floc breakup.

Traditional modeling of flocculation assumes that flocs

behave as coalesced spheres—that is, the assumption is that

the particle volume is conserved when two particles form a

floc. In fact, however, flocs incorporate space (water)

between the particles when they form, so that they take

on a fractal dimension that is less than the expected

Euclidean value for area or volume. Fractal flocs can also

allow water to flow through them to some degree, thereby

reducing the need for the hydrodynamic corrections built

into the short-range force model.

On a quantitative basis, it is difficult to use the modeling

described here to design a flocculation reactor for a specific

application. However, several general ramifications of the

models can be applied to the design and operation of all

flocculation reactors. Flocculation is a second-order reaction

with respect to particle number concentration, as the

Smoluchowski equation makes clear. That suggests that

the residence time distribution of flocculation reactors

should be made as close to plug flow as possible. On the

other hand, mixing is important to keep particles in suspen-

sion and cause collisions by fluid motion. Balancing the

need for mixing and the benefits of a plug-flow-like resi-

dence time distribution has led to many flocculators being

built as a series of a few CFSTRs. The concentration effect

also means that flocculation is improved (i.e., occurs to a

greater extent) if solids are recycled (internally or exter-

nally), so that the solids residence time is longer than the

water residence time, and the concentration in the reactor is

higher than that of the influent. This concentration effect of

flocculation is the reason why destabilization via the sweep

floc mechanism is often used—the creation of new particles

by precipitation not only destabilizes the existing particles

but also increases the size and number of particles in the

system, all effects that increase the rate of flocculation.

Besides the theoretical residence time and the residence

time distribution, the mixing intensity (usually expressed by

the velocity gradient, G, in flocculators) is the primary

variable under the control of the designer of flocculation

reactors. Typical designs use G values in the range of

10–50 s�1. Primary concerns of designers should be to

ensure that the mixing intensity is both sufficient to keep

the particles in suspension and distributed reasonably evenly

throughout the reactor (or subreactor) to avoid floc breakup.

Doing so allows flocculation by all of the collision mecha-

nisms, even though many of the parameters that influence

the rate of collisions by the various mechanisms are not

susceptible to the control of the designer or operator.

APPENDIX 12A. CALCULATION EQUATIONS FOR

COLLISION EFFICIENCY FUNCTIONS IN THE

SHORT-RANGE FORCEMODEL

Calculation equations for collision efficiency functions for

Brownian motion, fluid shear, and differential sedimentation

are shown in Tables 12A-1, 12A-2, and 12A-3, respectively.

TABLE 12A-1. Collision Efficiency for Brownian Motion

Diameter of Larger

Particle (mm) a b c d

0.1 1.025 �0.626 0.516 �0.152
0.2 1.007 �0.860 0.870 �0.322
0.6 0.976 �1.155 1.342 �0.554
1.0 0.962 �1.263 1.522 �0.645
2 0.943 �1.383 1.725 �0.748
6 0.916 �1.533 1.991 �0.887

10 0.905 �1.587 2.087 �0.936
20 0.891 �1.658 2.221 �1.009
60 0.871 �1.739 2.371 �1.090
200 0.863 �1.775 2.439 �1.125
Br aij ¼ aþ blþ cl2 þ dl3:
l ¼ size ratio ð0 < l  1Þ:
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PROBLEMS

12-1. In most of the examples in this chapter, collisions

between 2-mm particles and 0.4-, 2-, and 30-mm
particleswere considered. Choose another “primary”

particle (say, 5mm) and either the same (0.4 and

30mm) or different particles as the “secondary”

particles, and redo the calculations in the examples

that are summarized in the table shown in the solution

to Example 12-8.

If possible, choose different secondary particles

from your colleagues, and then combine all the

results to see the trends for the whole range of likely

particles in suspensions.

12-2. Set up a spreadsheet to calculate values of the

collision frequency function according to the

long-range force model for all three collision mech-

anisms and their total for any suspension of parti-

cles, with one particle size being held constant and

the other varying at equal logarithmic intervals from

0.1 to 100mm diameter. With minimal changes, the

user should be able to specify:

(a) Any particle size to be the one held constant.

(b) Particle density.

(c) Water temperature, and therefore viscosity and

density.

(d) Velocity gradient.

For a default, use Dlog dp as 0.1, yielding 31 sizes
in the range�1.0 log dp 2.0. Choose the particle

that is closest to 1.5mm as the standard size, a

particle density of 1.4 g=cm3, a velocity gradient

of 20 s�1, and the viscosity and water density used

throughout this chapter.

12-3. Calculate the collision efficiency function values

according to the short-range force model for all

three collision mechanisms for the same standard
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particle used in Problem 12-2 with both the smallest

(0.1mm) and the largest (100mm) particle in the

range. Make a small table that shows both the long-

range and the short-range collision frequency values

for each of the mechanisms and the total.

12-4. Traditionally, the kinetics of flocculation has been

simplified by assuming that all of the particles in a

suspension at any instant are the same size (i.e.,

Vp,i¼Vp,j). This assumption is implemented by

recognizing that when two identical i particles col-

lide to form a new k particle, the total number of

particles in the system declines by one. Then, the

mass and volume of all the particles in the system are

assumed to instantly be redistributed, such that the

suspension is once again monodisperse, but still with

one fewer particle than before the collision (and

hence with each particle being slightly larger than

before the collision). The particles are then once

again all referred to as type i, although the size of the

particles is now slightly greater than an instant

earlier. Note that, under this assumption, differential

sedimentation is not an operative mechanism.

(a) Using this assumption, show that the

Smoluchowski equation simplifies to:

totriþk ¼ � 1
2
aempaiibiin

2

where totriþk is the sum of the rates of formation

of i and k particles, and hence the overall rate of

formation of all particles in the system, and

n¼ ni, the total number concentration of parti-

cles in suspension at any instant. Note that,

despite the absence of any k particles in the

system at any instant, the rate of formation of k

particles is nonzero, and this rate must be

included in the calculation of the overall rate

of particle formation.

(b) Assuming that Brownian motion is the only

mechanism for collision, show that the simpli-

fication derived in part (a) for a monodisperse

suspension leads to the following rate of

flocculation:

Brrn ¼ �aemp
Braii

4kBT

3m
n2

(c) Assuming that fluid shear is the dominant mech-

anism for collision, show that the simplification

derived in part (a) for amonodisperse suspension

leads to the following rate of flocculation:

Shrn ¼ � 2
3
aemp

ShaiiGd
3
i n

2

(d) Define f as the volume of particles per volume

of suspension, and show that

f ¼ nt¼0
pd3

t¼0
6
¼ nany t

pd3
any t

6
¼ n

pd3

6

Substitute the above equation into the expression for
Shrn found in part (c) to find:

Shrn ¼ � 4

p
afGn

where a is the product aemp
Shaii. This expression is

commonly cited as the rate of flocculation.

12-5. Consider a completely destabilized suspension with

only two types of particles, with dp¼ 1.5mm and

dp¼ 20mm. For such a suspension, no more of the

smaller particles can be created by flocculation, so

the flocculation rate expression for the small size has

only has the loss term.

(a) Under these circumstances, write the rate equa-

tion for the smaller size particle.

(b) Find an expression for the characteristic

reaction time for flocculation of these particles

in terms of the collision frequency function, the

collision efficiency function, and the concen-

tration of the larger size particles.

(c) To simplify further, assume that the long-range

force model is valid, and that collisions by fluid

shear are so dominant that other mechanisms

can be ignored. Develop an expression for the

characteristic reaction time and evaluate that

expression under the following circumstances:

� The number concentration of the 20-mm
particles is 105/cm3.

� The number concentration of the 1.5-mm
particles is 106/cm3.

� The velocity gradient is 20 s�1.
� aemp¼ 1.

(d) Repeat part (c), except now assume that

collisions by differential sedimentation are so

dominant that other mechanisms can be

ignored. Assume that the density of the parti-

cles is 1.4 g=cm3 and that the water temperature

is 20�C.
(e) For the collisions described in part (d), estimate

the collision efficiency function according to

the short-range force model from the appropri-

ate graph displayed in this chapter, and then

revise your estimate of the characteristic

reaction time accordingly. Assume that the

Hamaker constant is 10�13 g cm2=s2.
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(f) Flocculators are typically built with a detention

time in the range of 20–30min. Are your

answers to parts (c), (d), and (e) reasonable

in comparison to this standard design practice?

Comment briefly.

12-6. The quality of raw water for drinking water supplies

varies considerably among various sources. For

example, Mississippi River water might contain

250mg=L of clay or mineral particles with a density

of 2.5 g=cm3 and a diameter of �1mm. Alterna-

tively, Quabbin Reservoir water (the supply for the

City of Boston) might contain 0.55mg=L of parti-

cles that are mostly algae with a density of

1.05 g=cm3 and a diameter of 4mm.

(a) Calculate the particle volume concentration

(dimensionless and as ppmvol) and the particle

number concentration (#=mL) for each water

source.

(b) Suppose that the particles in each of the two

waters are to be destabilized with a cationic

polymer such that the collision efficiency factor,

aemp, is 0.5. A flocculation tank with a 30-min

detention time and a mean velocity gradient (G)

of 30 s�1 is to be utilized.Assuming that the tank

operates as an ideal plug flow reactor, calculate

the fractional reduction in particle number

achieved by Brownian motion and fluid shear

flocculation mechanisms (independently) for

each water. Assume a water temperature of

20�C. (Note that equations for monodisperse

suspensions are given in Problem 12-4.)

(c) For the case of the Mississippi River water,

what reduction in particle number is achieved

by flocculation by fluid shear if the tank is

modeled as a single CFSTR? as 3 equal volume

CFSTRs in series (with the same total volume)?

(d) Suppose that a decision is made to treat the

Quabbin Reservoir by adding 50mg=L of alum

Al2 SO4ð Þ3 � 14:3H2O
� �

at pH 7. Assume that

all of the alum precipitates as Al(OH)3(s) and

that the floc particles have a density of

1.05 g=cm3. What is the new total particle

volume concentration? If the Al flocs have a

diameter of 20mm, what is the initial collision

rate between algae and Al floc? How does

this compare to the collision rate without

alum addition? (Use the fluid shear collision

mechanism for the interaction of particles of

two different diameters (b(i,j)). Assume that a

is 0.5).

PROBLEMS 601





13
GRAVITY SEPARATIONS

13.1 Introduction

13.2 Engineered systems for gravity separations

13.3 Sedimentation of individual particles

13.4 Batch sedimentation: Type I

13.5 Batch sedimentation: Type II

13.6 Continuous flow ideal settling

13.7 Effects of nonideal flow on sedimentation reactor

performance

13.8 Thickening

13.9 Flotation

13.10 Summary

References

Problems

A discussion of the subject from a theoretical

standpoint . . . may lead to a better understanding

of it, to the collection of better data, and to

improvements in design. The processes which take

place in sedimentation are extremely complex; to

discuss them at once in their entirety seems hopeless.

First, conditions much simpler than those which

actually exist must be assumed, and from these

simple assumptions the more complex conditions

can be approached.
A. Hazen, On Sedimentation (1904)

13.1 INTRODUCTION

Solid=liquid separation lies at the heart of many treatment

systems, because many pollutants are ultimately removed

from water in the solid phase. Sedimentation (settling) and,

to a lesser extent, flotation, are very commonly used

solid=liquid separation processes that rely on gravity as

the driving force. These processes have one influent (a

suspension with some particle concentration, cin) and two

effluents, a relatively clean stream (i.e., one with a particle

concentration, cout, less than the influent, generally called

simply the effluent) and a relatively dirty stream (one with

a particle concentration, cu, higher than the influent, gen-

erally called the sludge or underflow). When handling

relatively dilute streams, the sludge flow (Qu) is small

in comparison with the influent flow, so that the effluent

flow (Qout) is nearly as large as the influent flow (Qin).

In conventional sedimentation systems, as illustrated in

Figure 13-1, the effluent comes out the top of the reactor,

and the sludge is removed from the bottom; flotation

systems and some sedimentation systems have more com-

plex arrangements. While we might hope to minimize the

solids concentration in the effluent and simultaneously

maximize the concentration in the sludge, real designs

invariably must emphasize the characteristics of one of

those streams at the expense of the other.

Gravity separation appears deceptively simple: a suspen-

sion left to sit quiescently for a long period usually leads to a

great degree of solid=liquid separation, and one might

expect similar separation when the suspension is induced

to flow slowly from an inlet to an outlet. However, modern

treatment systems often require a high continuous through-

put, making for a more complicated process. As with all

particle treatment processes, the effectiveness of gravity

solid=liquid separation devices depends on physical and

chemical characteristics of the particles and water, as

well as on the reactor design and operation.

Traditionally, four types of sedimentation (or, identically,

flotation) have been defined, based on the concentration of

the particles and their flocculent nature. When the particle

concentration is low and the particles are not very “sticky”

(i.e., do not flocculate with one another), each particle settles

with little or no influence from other particles in the suspen-

sion. This phenomenon is called Type I sedimentation.

When the particle concentration is low and the particles

do have a strong tendency to flocculate, flocculation occurs

simultaneously with sedimentation, influencing the degree

of sedimentation achieved. This type of sedimentation is

603

Water Quality Engineering: Physical/Chemical Treatment Processes, First Edition. By Mark M. Benjamin, Desmond F. Lawler.
� 2013 John Wiley & Sons, Inc. Published 2013 by John Wiley & Sons, Inc.



called Type II sedimentation. When the particle concentra-

tion is high, particle settling is influenced by the upward flow

of water caused by the displacement at lower levels; remark-

ably, above some concentration, a well-defined interface

forms between a highly concentrated sludge zone and a

much cleaner liquid zone above it. In batch systems, the

interface gradually falls to lower depths. This phenomenon,

often referred to as zone settling, constitutes Type III

settling; an exact understanding of the causes for the forma-

tion of this well-defined interface is still lacking. (Water also

flows upward in Types I and II sedimentation, but the

particle volume concentration is sufficiently low that the

hindrance created by that flow can be ignored.) Type III

settling can occur whether the particles form flocs with one

another or not, but it occurs in flocculent systems at lower

concentrations than in nonflocculent systems. Finally, for

some suspensions at high concentrations, the rate of sub-

sidence of the well-defined solid=liquid interface is deter-

mined by the collapse of the floc structure below. This

phenomenon occurs when the particles (flocs) incorporate

a considerable amount of water; the weight of overlying

solids can exceed the support capacity of the flocs at the

bottom, so these flocs collapse and water is squeezed out.

This phenomenon is known as Type IV sedimentation, or

compression.

A schematic diagram that illustrates the distinctions

among the different types of sedimentation is shown in

Figure 13-2. The diagram is a caricature in the sense that it

overstates the differences among the various types. The

distinction between settling of low concentration suspen-

sions (Types I and II) and high concentration suspensions

(Types III and IV) is usually clear—the existence of the

well-defined interface that characterizes Types III and IV

sedimentation is, by definition, easy to see. However, the

distinctions between Types I and II sedimentation, and

between Types III and IV, are usually blurry, in part

because the degree of “flocculent nature” is difficult to

quantify, and in part because the word “flocculent” has

related but slightly different meanings for Type II and

Type IV sedimentation. In both cases, particles are being

brought into contact with one another. For Type II sedi-

mentation, the term is used identically as it is in Chapter 12

to characterize the tendency of particles to stick to one

another. For Type IV sedimentation, particles are forced

together by the squeezing out of water between them in the

concentrated suspension.

In engineered systems, the primary concern in Types I

and II sedimentation is usually the effluent quality; that is,

achieving a low value of cout. As a result, the analysis of

Types I and II sedimentation focuses on individual parti-

cles or flocs, with the goal being to predict how (and how

many) particles get into the effluent stream. In Types III

and IV sedimentation, the concern can be either to maxi-

mize the rate of removal of the particle mass (the product

of the underflow rate and the underflow concentration) or

to maximize the solids concentration of the underflow

while maintaining an acceptable effluent concentration.

Hence, the focus in Types III and IV sedimentation is on

the behavior of particles in a highly concentrated environ-

ment and on the interaction of water flow with those

particles.

The sedimentation categories defined earlier can also be

used with respect to flotation, although only two (Types II

and III) of the four categories apply well in most applications

in environmental engineering. For Type I flotation, the

particles of concern would have to be less dense than water,

and this condition is rarely met. Generally, the particles of

interest are naturally denser than water and are made less

dense than water by the attachment of air bubbles to their

surfaces; for this attachment process to occur, the surfaces

must be sticky. Conceptually, the process of attaching a

bubble to a particle is identical to attaching two particles

together, so all of the concerns about particle–particle

interactions that were the subject of the previous two

chapters come into play for flotation. However, the chemical

conditions required for particle–bubble destabilization are

not necessarily the same as for particle–particle destabiliza-

tion. Often, the bubbles are formed on the surface of the

Qin

c in

Qu

Cu

Qout
cout

FIGURE 13-1. Schematic of a continuous flow sedimentation

tank.

I II III IV 

FIGURE 13-2. Schematic of various types of sedimentation.
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particles; the water is made to be supersaturated with respect

to air (i.e., nitrogen and oxygen), and the particle surfaces

act as nucleation sites for the creation of bubbles.

In addition to the particle concentration and flocculent

nature, a third characteristic of suspensions that is used to

characterize settling behavior is the heterodispersity (i.e.,

variation in the properties) of the particles in suspension.

Heterodispersity can include several characteristics of the

particles (size, surface charge, shape, and density), but

primarily, we consider the size heterodispersity, or the

size distribution. For Type I settling, heterodispersity

dictates the sensitivity of the expected particle removal

efficiency to the primary design variable, as shown subse-

quently. For Type II sedimentation, heterodispersity influ-

ences the rate of flocculation (as shown in Chapter 12) and,

therefore, sedimentation. Finally, for Type III sedimenta-

tion, increasing heterodispersity increases the particle con-

centration required to form the characteristic well-defined

solid=liquid interface.

The chapter begins with a brief presentation of some of

the common ways in which gravity separation systems are

used in water and wastewater treatment practice. Then the

analysis starts with a discussion of the simplest sedimen-

tation system—a batch system with a single particle in an

infinite medium. Gradually, complexity is added, first by

considering heterodisperse suspensions of both Type I and

Type II in batch systems. The behavior of both Type I and

II suspensions in continuous flow systems is then

delineated for several types of ideal flow configurations.

The effect of nonideal flow in the most common types of

sedimentation systems is then considered. Sections on

thickening (Types III and IV) and flotation conclude

this chapter.

13.2 ENGINEERED SYSTEMS FOR GRAVITY
SEPARATIONS

Gravity separation systems are the most commonly used

process inwater andwastewater treatment. Typicalmunicipal

wastewater plants have both primary and secondary settling

tanks, with the primary tanks designed to remove most of the

solids in the influent, and the secondary units designed to

remove the microorganisms that are created in the biological

treatment that occurs after primary sedimentation. Most

wastewater treatment plants also have a separate sludge

thickener. If the contaminants in an industrial wastewater

are mostly dissolved materials, the treatment plant would not

need a primary sedimentation tank but would require solid-

=liquid separation after either biological treatment or chemi-

cal precipitation. Drinking water treatment plants for surface

waters generally have sedimentation tanks after flocculation,

although plants that treat waters with low particle concentra-

tions and that do not use sweep flocculation are sometimes

designed without a gravity separation unit. Flotation is used

less commonly than sedimentation, but it is used increasingly

after biological treatment in wastewater or when the particles

in a water supply are not dense (e.g., when the dominant

particles are algal cells).

Sedimentation tanks are built in a variety of designs, but

the two basic types are rectangular and circular. Rectangular

tanks have two advantages. In large plants, where several

units are necessary, rectangular tanks can use common wall

construction between adjacent units, saving construction

costs and utilizing the space efficiently. They can also be

easily designed with an inlet arrangement that spreads the

flow evenly over the entire influent wall of the tank. The even

distribution of the flow is valuable, as shown in Section 13.7.

An example of rectangular sedimentation tanks at a large

wastewater treatment plant is shown in Figure 13-3.

Despite the cited advantages of rectangular tanks, circular

tanks are more common, primarily because the sludge

withdrawal system can be much simpler than in rectangular

reactors. A slowly rotating arm that scrapes sludge toward a

pit near the center of the bottom of the tank has far fewer

moving parts than the systems that are needed for rectangu-

lar tanks. The primary sedimentation tanks in wastewater

treatment plants also usually have a scum collection system

that operates at the water surface and is driven by the same

rotating arms. The advantage of the circular sludge collec-

tion system can be incorporated into square or rectangular

tanks, as long as the length is an integer multiple of the

width; arms that extend and retract are built into the system

to clean the corners of the tank. An aerial view of a waste-

water treatment plant that includes several circular sedimen-

tation tanks is shown in Figure 13-4.

In circular tanks with primarily horizontal flow, the water

comes into the center of the tank and flows radially outward

toward the perimeter, where it is collected. As a result, the

velocity of thewater decreases as it flows from the small inlet

zone toward the tank perimeter. Design of the inlet zone to

spread the flow horizontally and vertically is quite important

to prevent short-circuiting. The outlet structures in these tanks

are virtually always overflow weirs, so that the flow has a

vertical (upward) component as it approaches the outlet.

Some circular tanks, especially those in which both floccula-

tion and sedimentation are expected to occur, are built with an

inverted cone for the inlet, so that water has to flow down

underneath the outside edge of the cone and then flow back up

on the outside of the cone to reach the weirs. This design aids

the spreading of the flow and helps avoid short-circuiting, but

it causes the flow to the outlet zone to be primarily vertical. As

we shall see subsequently, such upflow reactors are theoreti-

cally not as efficient as horizontal flow reactors; nevertheless,

the advantages of better flowdistributionmight overcome this

theoretical disadvantage of upflow.

Similarly, in both rectangular and circular sedimentation

tanks, designing the outlet zone is so that the flow of water
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through the tank is a pproximately uniform i s essential. In

circular tanks with horizontal flow, the outl et s are usually

overflow w ei rs on the perimeter of the tank. I n c i rcular

tanks w ith an upward flow, weirs are a lso added radially,

like spokes on a wheel. In rectangular r eactors, the e ffluent

collection is at the opposite wall from the influent, and

might consist of ove rflow weirs, submerge d w eirs, or a

per for at ed ef flue nt w al l.

An intere sting modifica tion of conventional settling tank

design is to fill a tank with modules that have multipl e

inclined surface s. Part icles fall onto these surf aces, slide

down the incli ne, and then drop to the bottom . Such settling

reactor s are cal led tube or plate settlers (dependi ng on how

close the vertical space rs are to each other); an example is

shown in Figure 13-5. Tube or plate settlers prov ide a much

greater collec tion area within the same flo or area and, as we

FIGURE 13-4. Wastewater treatment plant with several circular sedimentation tanks. (The four

largest circular tanks in the picture are trickling filters, but the six circular tanks in the foreground are

sedimentation tanks.) Source: Image from http://denr.sd.gov/des/sw/MunicipalWastewaterTreatment

PlantAnatomy.aspx, March, 2011.

FIGURE 13-3. Rectangular settling tank at Tampa, Florida Wastewater Treatment Plant.

Source: Ima ge captured M arc h 2011 from w ww.tam pa gov.ne t/de pt_wa stewa ter/informa tion_r es ource s/

adva nc ed _wa stewa ter_tre atme nt_pla nt/Vir tua l_Tour/Step_1_-_pre limina ry _tre atme nt.a sp .
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shall see, improve the collec tion efficiency. Because of

the pres ence of so much equi pment in the tank , the design

of the inlet , outlet , and slud ge collec tion mec hanisms is

more com plex than in conventional systems.

13.3 SEDIM ENTA TION OF INDIV IDUAL
PARTIC LES

Stokes’ Law

The basis of much of our understandi ng of gravity separa-

tions is Stoke s’ law. Stoke s (1851) consider ed the behavior

of a sing le spheric al particle in an infinite flu id medium; the

settling of such a particle under the influe nce of gravity is the

interest here. As illus trated in Figur e 13-6, three forc es act

on the particle : gravity, buoyancy, and drag. When these

three forces balance (i. e., when there is no particle accele ra-

tion), the relat ive velocity of the particle with respect to the

fluid is called the terminal set tling velocity, v. The gravity

force, Fg, act s downward (taken as posi tive here) and is

found from a direct applica tion of Newton ’s second law:

Fg ¼ m p g ¼ rp V p g ¼ rp
1
6 
p d 3p

� �
g (13-1)

where the subsc ript p ref ers to the particle , m is mass, r is the

density, V is volume, d is diamet er, and g is the gravitational

constant.

Th e buoyancy forc e, Fb, acts upward and is similar to the

gravitational force, reflec ting the disp lacement of fluid of

density rL by the particle :

Fb ¼ �m L g ¼ �rL V p g ¼ �rL
1
6 
p d 3p

� �
g (13- 2)

where the subsc ript ‘L’ refers to the li quid and all othe r

symbols have been iden tified.

Th e moveme nt of the particle causes water to flow around

it. Th e mathem atical dete rmination of the drag force created

by that flow is no ntrivial; an elegant derivation is given in

Bird et al. (2006) and is sum marized here. Con siderati on is

restricted to “creepi ng flow” conditions; that is, those for

which the inertial terms in the Navier–Stokes equatio ns 1 can

be neglected. This crite rion translat es to situat ions in which

no turbulent eddi es form downstream of the particle, corr e-

sponding to Reynolds numbers with respect to the part icle

less than appro ximatel y 0.1. The partic le Reynolds numb er

can be calculat ed as fol lows:

Re ¼ rL vd p

m 
(13- 3)

where m is the visc osity of water.

Th e problem under consider ation (sett ling of a partic le

with a velocity v with respect to the othe rwise sta tionary

fluid) is identical to the flow of fluid at velocity v (fa r

removed from the surface ) aroun d a stationar y partic le.

Because of the symmetry around the sphere, the solution

Fb

Fd

Fg

FIGURE 13-6. Force balance on particle settling in infinite

flow field.

FIGURE 13-5. Example of plate settlers. Nowater in this tank for

the picture; water would flow up from the bottom between the plates

and then horizontally into the effluent launders (collection channels)

that are visible in the picture. Source: Image taken March 2011

from www.norfolk.gov/Utilities/produce/LlamellaPlates.jpg.

1 The Navier–Stokes equations are a set of differential equations that relate

the acceleration of a fluid to other properties of the system, such as the

pressure gradient and the fluid viscosity. The equations are mathematically

complex and have analytical solutions only for certain, highly idealized

limiting cases. They can, however, be solved numerically for more realistic

cases, and provide essential information for the behavior of the fluid. A

description of these equations can be found in any fluid mechanics text.
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is most easily found using spherical coordinates, with

distance r from the center of the particle and angle u

from the vertical. The three boundary conditions are zero

velocity in both the r and u directions at the surface of the

particle, and a velocity approaching v as the distance from

the center of the particle approaches infinity. The result is

that the fluid velocity components in the r and u directions

are as follows:

vr ¼ v 1� 3

2

rp

r

� �
þ 1

2

rp

r

� �3� �
cos u (13-4)

vu ¼ v 1� 3

4

rp

r

� �
� 1

4

rp

r

� �3� �
sin u (13-5)

Here, rp is radius of the particle. The drag force on the

particle can be found as the volumetric integral of the energy

dissipated per unit area, considering concentric spheres in

the fluid from r¼ rp to r¼1.2 The result, often known as

Stokes’ law, is as follows:

Fd ¼ �6pmvrp ¼ �3pmvdp (13-6)

where the negative sign indicates that this force is in the

opposite direction of the velocity.

The condition that the three forces on the particle balance

so that the particle is at its terminal settling velocity leads to

the following:

Fg þ Fb þ Fd ¼ 0 (13-7)

or, after substitution of Equations 13-1, 13-2, and 13-6 and

simplification

v ¼ rp � rL
� �

gd2
p

18m
(13-8)

This expression is also often known as Stokes’ law; in this

case more properly referred to as Stokes’ law for settling,

and the velocity described by Equation 13-8 is usually called

the Stokes’ velocity. Because most particles are denser than

water, the velocity is usually downward and settling is being

described; however, nothing in the derivation imposes such a

constraint, so Stokes’ velocity is equally valid in describing

flotation of particles whose density is less than that of the

surrounding liquid.

The limitations imposed (or assumptions made) in reach-

ing Equation 13-8 include a spherical particle, low Reynolds

number (neglecting inertial terms), and an infinite fluid

(infinite distance to propagate the flow disturbance induced

by the particle).3 These conditions are rarely met for the

solid=liquid separations required in environmental engineer-

ing practice, but the deviations are often sufficiently minor

that Stokes’ law can be applied. Furthermore, even in

conditions where it cannot be applied, Stokes’ law provides

a baseline for comparison with other results.

& EXAMPLE13-1. Calculate the Stokes’ settling veloc-

ity in water at 20�C of a spherical particle with a diameter of

10mm and a density of 1.5 g=cm3. At that temperature, the

density of water is 0.998 g=cm3 and the absolute viscosity is

1.002� 10�2 g=cm s. Check that the assumptions of Stokes’

law are met.

Solution. Application of Stokes’ law (Equation 13-8)

yields the following:

v ¼ rp � rL
� �

gd2
p

18m

¼ 1:5 g=cm3ð Þ � 0:998 g=cm3ð Þ� 	
981 cm3=s2ð Þð Þ 10�3 cm

� �2
18 1:002� 10�2 g=cm sð Þ� �

¼ 2:73� 10�3 cm=sð Þ

To check that Stokes’ law applies, we have to confirm that

the Reynolds number is less than 0.1. From Equation 13-3

Re ¼ rLvdp

m

¼ 0:998 g=cm3ð Þ 2:73� 10�3 cm=s
� �

10�3 cm
� �

1:002� 10�2 g=cm s
� �

¼ 2:72� 10�4

The Reynolds number is well within the criterion for the

applicability of Stokes’ law. &

2 The same result can be obtained by integrating, over the entire particle

surface, the component in the direction of flow of both the pressure

distribution normal to the surface and the shear stress tangential to the

surface. See Bird et al. (2006) for details.

3 Anadditional simplification is theassumption that the forcebalance is zero; that

is, the calculation yields the terminal velocity and does not describe the approach

to that velocity. If, instead of zero, the net force is set to the product of mass

p=6ð Þrpd3
p

n o
and acceleration (dv/dt), and the expressions for the three

forces are summed, one can find, after several steps of calculus and algebra,

the following expression for the vertical velocity (assumed to start at zero):

vðtÞ ¼ rp � rL
� �

gd2
p

n o
=18m

h i
1� exp �18m=rpd

2
pt

� �h i
. The exponential

term rapidly approaches zero, leaving the Stokes’ lawexpression for thevelocity.

Anyparticle forwhichStokes’ lawapplieswill attain 95%of its terminal velocity

inapproximatelyamillisecondorless,soanassumptionthattheparticlereachesits

terminal velocity essentially instantly is almost always reasonable. As in several

other applications in this book, one can think of the inverse of the fraction in the

exponential term as a characteristic time in the achievement of a steady settling

velocity.
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Suspensions that are encountered in water and wastewater

treatment are heterodisperse, as explained in Chapter 11.

For sedimentation, the most important distribution is the

settling velocity distribution, because particles with higher

settling velocities are more easily removed. This distribution

can be determined empirically in sedimentation experi-

ments, as explained subsequently. Alternatively, one can

estimate the settling velocity distribution from a measured

particle size distribution if the particle density and shape

are known (and assumed to be uniform for all the

particles) by finding the settling velocity of each size class

of particles.

In sedimentation, the primary interest is usually the

removal of mass, rather than the reduction in particle

numbers or particle surface area. Hence, the settling velocity

distribution is generally defined in terms of the mass fraction

of the suspension with settling velocities in different incre-

ments. The most common way of describing the distribution

is on a relative and cumulative basis; that is, the fraction of

the mass of the suspension that has settling velocity less than

or equal to each successive settling velocity. The conversion

of a measured particle size distribution to this cumulative

settling velocity distribution, symbolized as f(v), is illus-

trated in the following example.

& EXAMPLE 13-2. The particle size distribution of a

wastewater sample is shown in the first three columns of

Table 13-1. Assume that the temperature is 20�C, at which
the viscosity is 1.002� 10�2 g=cm s and the density is

0.998 g=cm3, and that all of the particles in the suspension

are spherical and have a density of 1.5 g=cm3.

(a) Find the Stokes’ settling velocity of each size class

considered in units of m=h. Check whether the

criterion for using Stokes’ law is met for each

size class.

(b) For each size class, find the (cumulative) volume

fraction of particles with settling velocity equal to

or less than the settling velocity for that class.

Plot these cumulative volume fractions versus

the associated settling velocities; this plot is the

cumulative settling velocity distribution of the

suspension, f(v).

TABLE 13-1. Particle Size Distributions in Batch Settling

log dp

(dp in mm)a
dp

(mm)a

Particle Size

Distribution Function

logDN=Ddp

(DN=Ddp in cm
�3 mm�1)

Volume

Distribution

DV=D log dp

(mm3=cm3)

Cumulative

Volume

Fraction

(–)

Settling

Velocity

(m=h)

Reynolds

Number

(–)

�0.3 0.50 5.60 3.04Eþ04 1.53E�05 2.46E�04 3.43E�08

�0.2 0.63 5.57 7.10Eþ04 5.12E�05 3.91E�04 6.84E�08

�0.1 0.79 5.51 1.56Eþ05 1.30E�04 6.19E�04 1.37E�07

0.0 1.00 5.44 3.30Eþ05 2.97E�04 9.81E�04 2.73E-07

0.1 1.26 5.35 6.75Eþ05 6.38E�04 1.55E�03 5.44E�07

0.2 1.58 5.24 1.33Eþ06 1.31E�03 2.46E�03 1.08E�06

0.3 2.00 5.13 2.56Eþ06 2.60E�03 3.91E�03 2.16E�06

0.4 2.51 4.99 4.74Eþ06 5.00E�03 6.19E�03 4.32E�06

0.5 3.16 4.85 8.50Eþ06 9.30E�03 9.81E�03 8.62E�06

0.6 3.98 4.69 1.47Eþ07 1.67E�02 1.55E�02 1.72E�05

0.7 5.01 4.51 2.46Eþ07 0.029 2.46E�02 3.43E�05

0.8 6.31 4.31 3.94Eþ07 0.049 3.91E�02 6.84E�05

0.9 7.94 4.10 6.07Eþ07 0.080 6.19E�02 1.37E�04

1.0 10.00 3.87 8.93Eþ07 0.125 9.82E�02 2.72E�04

1.1 12.59 3.62 1.25Eþ08 0.188 0.155 5.44E�04

1.2 15.85 3.34 1.67Eþ08 0.272 0.246 1.08E�03

1.3 19.95 3.04 2.10Eþ08 0.378 0.391 2.16E�03

1.4 25.12 2.71 2.49Eþ08 0.504 0.619 4.32E�03

1.5 31.62 2.36 2.76Eþ08 0.644 0.981 8.62E�03

1.6 39.81 1.90 2.42Eþ08 0.766 1.55 0.017

1.7 50.12 1.40 1.92Eþ08 0.863 2.46 0.034

1.8 63.10 0.85 1.36Eþ08 0.932 3.91 0.068

1.9 79.43 0.25 8.63Eþ07 0.976 6.19 0.137

2.0 100.00 �0.40 4.81Eþ07 1.000 9.82 0.272

aThe values in the first two columns correspond to the middle of the logarithmic interval detected by the particle size analyzer. For example, the row with a value

of log dp¼ 0.0 in the first column gives information for a size interval of �0.05< log dp< 0.05, corresponding to 0.89< dp< 1.12mm.
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Solution.

(a) Each size class shown in the table has a logarithmic

interval of diameter (Dlog dp) ¼ 0.1, and the dia-

meter in the center of that logarithmic interval is

shown in the second column. The calculations for

the Stokes’ settling velocity are identical to that

shown in Example 13-1. The conversion to the units

of m=h for a 10-mm particle (the particle size

considered in Example 13-1) is as follows:

v ¼ 2:73� 10�3 cm=s

¼ 2:73� 10�3 cm=s
� � 1m

100 cm


 �
3600 s

1 h


 �

¼ 9:82� 10�2 m=h

The Re values in the last column reveal that the

largest two sizes (slightly) violate the criterion for

the application of Stokes’ law. In Section titled

“Inertial Effects on Sedimentation”, we consider

how to make a better estimate of the settling velocity

under such conditions. The corrections for these

upper two size classes are minor.

(b) The given particle size distribution function

log DN=Ddp

� �
is converted to the volume distribu-

tion DV=D log dp

� �
as described in Chapter 11 (See

Example 11-2). The total volume concentration is

found as the area under the curve of the volume

distribution; that is,

Total volume concentration ¼Z
ðdV=d log dpÞ d log dp

� �
,

which can be approximated asP
DV=D log dp

� �
D log dp

� �
. Since Dlog dp is con-

stant (0.1) in this case, it can be taken out of the

summation, and the total volume concentration is just

the sum of the values in the fourth column,multiplied

by 0.1. For the distribution shown, the total volume

concentration is 198� 106mm3=cm3, or 198 parts

per million by volume (ppmv). For a particle density

of 1.5 g=cm3, the suspended solids concentration is

css ¼ 198� 106 mm3
p=cm

3
L

� �
1:5 g=cm3

L

� �� �
103 mg=g
� �

� cm3
p

1012 mm3
p

 !
103 cm3

L=L
� � ¼ 297mg=L

This size distribution might be representative of

the influent to a primary sedimentation tank in a

wastewater plant, or the influent to a sedimentation

tank following chemical precipitation in drinking

water or industrial wastewater treatment.

The cumulative volume (or mass) fraction is the

ratio of the running sum of the volume concentration

(from the lowest particle size measured) to the total

volume concentration. The cumulative settling veloc-

ity distribution can be plotted as this cumulative

volume fraction versus the settling velocity for

each size class (i.e., velocity class) considered, as

shown in Figure 13-7. The first several size classes

account for only a very small fraction of the total

mass, and are therefore crowded together in the lower

left corner of this graph. The utility of this distribution

is demonstrated throughout the chapter. &

Inertial Effects on Sedimentation

In the development of Stokes’ law as shown earlier, the

frictional forces opposing particle motion were considered,

but the inertial effects of fluid flow around the particles were

neglected. The total drag force on the particle is a combina-

tion of the drag due to friction and that due to inertial effects.

The source and magnitude of these inertial effects are

considered here.

Consider a stationary particle with water flowing around

it, and imagine that the velocity of water is gradually

increased from zero to some high value. When the fluid

is stationary, the drag force is zero because the friction

between the fluid and the particle surface is zero and because

there is no kinetic contribution to the pressure on the sphere.

(The stagnant pressure variation with the depth of water

leads to the buoyancy force.) The situation changes as flow

begins. For very slow velocity, both the kinetic contribution

to the pressure distribution on the surface of the sphere and

the friction drag increase linearly with the velocity, with the

friction drag being responsible for two-thirds of the total

drag. Both of these effects are accounted for in the drag force

FIGURE 13-7. Cumulative settling velocity distribution for

given particle size distribution.
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expressed in Equation 13-6. As the velocity increases to

create a Reynolds number greater than approximately 0.1,

however, the dynamic pressure of the flow (0.5 r v2) begins

to create significant pressure variations across the surface of

the sphere, creating substantially more pressure drag. Addi-

tionally, at a Reynolds number somewhere between 1 and 20

(17, according to Jenson, 1959), the flow begins to separate

from the rear surface of the sphere, forming a low-pressure

wake behind the sphere. As the velocity continues to

increase, the point on the circumference at which the

flow separates from the sphere’s surface moves forward,

increasing the size of the low-pressure region on the rear of

the sphere. Both the increased pressure variation and the

flow separation are associated with the inertia of the flowing

fluid and lead to greater pressure drag with higher flow

velocity. As the velocity increases, the pressure drag

becomes larger than the frictional drag. For example, at

Re¼ 1000, pressure drag represents approximately 95% of

the total drag.

The Stokes analysis, therefore, underestimates the drag at

Reynolds numbers greater than 0.1. A general expression for

the drag force, valid at all values of Re, is

Fd ¼ �1

2
CdAprLv

2 ¼ �1

2
Cdpr

2
prLv

2 ¼ �1

8
Cdpd

2
prLv

2

(13-9)

where Cd is the (dimensionless) drag coefficient and Ap is

the projected area of the particle (facing the flow). For the

low Reynolds numbers at which Stokes’ law for settling

applies, the combination of Equations 13-6 and 13-9

yields

Cd ¼ 24

Re
(13-10)

For higher Reynolds numbers, several correlations

between Cd and Re have been developed from experimental

data.4 Following the approach of Haider and Levenspiel

(1989), Brown and Lawler (2003) found the best correlation

to be as follows:

Cd ¼ 24

Re
1þ 0:150Re0:681
� �þ 0:407

1þ ð8710=ReÞ (13-11)

Equation 13-11 agrees with Equation 13-10 at low

Reynolds numbers, but provides a much greater value of

Cd at higher Reynolds numbers.

When Equation 13-9 is substituted into the force balance

(Equation 13-7), the resulting expression for the settling

velocity is

v ¼ 4

3

rp � rL

rL


 �
gdp

Cd

� 1=2

(13-12)

For particles with Re< 0.1,5 the settling velocity can be

found from Stokes’ law (Equation 13-8). For particles with

higher Re number, an iterative (trial and error) approach can

be used to find the settling velocity that simultaneously

satisfies Equations 13-3, 13-11, and 13-12. One can begin

the iterative process by estimating the velocity from Stokes’

law (Equation 13-8).

The iterative approach can be eliminated if a direct corre-

lation for settling velocity, rather than the drag coefficient, is

utilized. To develop this correlation in a general way, the

particle size and velocity are cast in dimensionless terms

as follows:

~d ¼ 3

4
Cd Re

2


 �1=3

¼ dp

grL rp � rL
� �
m2

� �1=3
(13-13)

~v ¼ 3Re

4Cd


 �1=3

¼ v
r2L

gm rp � rL
� �

" #1=3
(13-14)

For 0.1<Re< 4000 (essentially all conditions of interest

in water treatment applications have Re< 4000), Brown

and Lawler (2003) found the best correlation to be as

follows:

~v ¼
~d
2
22:5þ ~d

2:046
� �

0:0258 ~d
4:046 þ 2:81~d

3:046 þ 18~d
2:046 þ 405

(13-15)

To calculate the settling velocity (n), one calculates the

dimensionless diameter ( ~d) from Equation 13-13, then

the dimensionless velocity (~v) from Equation 13-15, and

finally the velocity from a rearrangement of Equation 13-14.

Using the dimensionless quantities, the criterion for the

applicability of Stokes’ law (Re< 0.1, where Cd is given

by Equation 13-10) translates approximately to ~d < 1.

Hence, one can determine directly from Equation 13-13

whether Stokes’ law is applicable.

In practice, most particles of interest in water and waste-

water treatment have a sufficiently small settling velocity

that Stokes’ law applies, but some exceptions are common as

4 The correlation that has been used most widely in environmental engineer-

ing was reported by Fair et al. (1968), as follows: Cd ¼ 24=Reð Þþ
3=

ffiffiffiffiffiffi
Re

p� �þ 0:34 for Re � 0:3. The correlation by Brown and Lawler

yields a better fit to the data and hence is recommended.

5 Some authors use a more conservative cutoff value for the Reynolds

numbers, such as 0.05 or even 0.01, while others use more liberal values

such as 0.3 or 1.0. The reader can calculate the error using the complete

expression for values between 0.01 and 1.
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well. The sand media in deep bed filtration (whose settling

velocity has to be known for calculations and decisions about

backwashing velocity) and particles captured in grit cham-

bers typically have Reynolds numbers greater than 0.1, and

therefore have settling velocities less than the Stokes’ veloc-

ity. Large particles or flocs of relatively dense inorganic

precipitates (e.g., calcium carbonate precipitated in soften-

ing) can also have Reynolds numbers that are too large to use

Stokes’ law directly. Also, although the preceding discussion

focuses on the behavior of spherical particles with known

properties, any nonflocculating particle reaches a terminal

settling velocity quickly inwater. Formany such particles, the

settling velocity, v, can only be determined empirically;

nevertheless, it is common to assume that particles are

spheres with the settling velocity calculated accordingly.

& EXAMPLE 13-3. Calculate the settling velocity at

20�C of a sand grain that is considered to be spherical with

a diameter of 1mm. (Such particles are used for filter media.)

The density of sand is 2.65 g=cm3.

Solution. The properties of water at this temperature

were given in Example 13-1. It is wise to begin by seeing

if Stokes’ law applies. The diameter of interest here is 100

times that of the one considered in Example 13-1. If the

particles had equal densities, the Stokes’ velocity of the

particle of interest would be 104 times that of the particle

considered in the previous example, and the associated

Reynolds number would be 106 times as big. The different

densities of the particles would have only a minor effect on

these ratios, so this mental calculation shows that Re would

be far greater than 0.1 in the current case, and therefore, that

Stokes’ law would not apply.

To find the settling velocity, we first find the dimension-

less diameter from Equation 13-13:

~d ¼ dp

grL rp � rL
� �
m2

� �1=3

¼ 0:1 cm
981 cm=s3ð Þ 0:998 g=cm3ð Þ 2:65� 0:998ð Þg=cm3

1:002� 10�2 g=cm s
� �2

" #1=3

¼ 25:3

Note that ~d > 1, confirming that Stokes’ law does not

apply. We then use Equation 13-15 to find the dimensionless

velocity:

~v ¼
~d
2
22:5þ ~d

2:046
� �

0:0258 ~d
4:046 þ 2:81~d

3:046 þ 18~d
2:046 þ 405

¼ 25:3ð Þ2 22:5þ 25:32:046
� �

0:0258 25:3ð Þ4:046þ2:81 25:3ð Þ3:046þ18 25:3ð Þ2:046þ405

¼ 6:20

Finally, the settling velocity is found after inverting

Equation 13-14:

v ¼ ~v
gm rp � rL
� �
r2L

� �1=3

¼ 6:20
981 cm=s2ð Þ 1:002�10�2g=cm s

� �
2:65�0:998ð Þg=cm3ð Þ

0:998 g=cm3ð Þ2
" #1=3

¼15:7 cm=s &

13.4 BATCH SEDIMENTATION: TYPE I

A typical Type I suspension of interest in environmental

engineering includes particles with a virtually continuous

distribution of v values. We next consider the settling

properties of such a suspension and, in the process, establish

an approach for determining the settling velocity distribu-

tion of particles in any Type I suspension. In several cases,

we consider a batch sedimentation experiment in which, at

time zero, a suspension is placed in a vessel such that the

particles are dispersed uniformly.We assume that the fluid in

that suspension is completely stagnant, and that the suspen-

sion is sufficiently dilute that adjacent particles do not

influence one another. In essence, this means that each

particle behaves as if it were the only particle present. In

the sections that follow, we consider suspensions of increas-

ing complexity.

Monodisperse Suspension

Consider first a suspension in which all of the particles are

identical and therefore have the same settling velocity. If we

could measure the concentration of particles at a depth z over

time, what would we see? As particles originally present at

depth z settle to greater depths, they would (for a while) be

replaced by an equal number of particles falling from a layer

above. The process would continue until particles that

started at the top of the suspension had settled past the

depth of the measurement layer, after which the concentra-

tion would be zero. The time at which the step change in

concentration would occur is the quotient of the depth and

the settling velocity. The result can be stated succinctly as

follows:

cðz; tÞ ¼
c0 for t � z

v
or z � vt

0 for t >
z

v
or z < vt

8><
>: (13-16a)

where z is the distance from the top of the water column. The

result can be written even more succinctly in terms of the
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Heaviside function,6 as follows:

cðz; tÞ ¼ c0 Hz¼vtðtÞ (13-16b)

The result is illustrated by the profiles in Figure 13-8. In

Figure 13-8a, the concentration is shown as a function of

depth; in Figure 13-8b, the fraction removed is shown as a

function of the fractional depth (measured from the top) or

fractional height (measured from the bottom). As indi-

cated in Figure 13-8a, the particle concentration is zero

from the top of the reactor (z¼ 0) to the labeled depths (z1
and z2 at t1 and t2, respectively), and is the initial

concentration, co, from those depths to the bottom. In

reality, this picture only considers the active settling zone;

the accumulation of solids in a sludge layer is ignored (or,

more properly, is considered to occur at greater depths). If

the settling velocity of the particles is v, then z1¼ vt1 and

z2¼ vt2. Figure 13-8b is a mirror image of Figure 13-8a:

the fraction removed is one from the top of the reactor to

the labeled depths, and is zero from those depths to the

bottom.

Although the results for this monodisperse system can be

obtained directly from conceptual arguments, it is useful to

consider a more fundamental mathematical approach. For

this analysis, we consider how the number of particles

changes in a small differential element in the reactor, as

shown in Figure 13-9.

No water flows into or out of this volume, and we

assume that particle transport by diffusion (or Brownian

motion) is negligible. Also, in Type I sedimentation, no

creation or destruction of particles occurs by reaction

(precipitation or flocculation). However, particles can

enter the control volume by sedimentation from above

and be lost by sedimentation to lower depths, as indicated

by the arrows in the figure. In essence, sedimentation

represents another way besides advection, diffusion, or

dispersion (as discussed in Chapter 1) for mass to penetrate

the control volume. Hence the particle number balance can

be written as follows:

Rate of change of
number of particles

stored in control volume

2
4

3
5 ¼

Rate of which
particles settle into
the control volume

from above

2
64

3
75

�
Rate of which

particles settle out of
the control volume

to below

2
64

3
75

The number of particles in the control volume is the

product of the number concentration, nz, and the volume of

the element (ADz). The concentration of particles inside the

element is denoted with the subscript z, whereas the con-

centrations at the boundaries are denoted by the subscripts z

(at the top) and zþ Dx at the bottom. The rate at which

particles settle in or out is the product of the flux (itself the

product of settling velocity and concentration at the appro-

priate height) and the area. Putting these concepts into

symbols yields

d ADzð Þni;z
dt

¼ vini;zA� vini;zþDzA (13-17)

where ni is the number concentration of particles of

size i (the only size under consideration here, but in subse-

quent situations wewill consider multiple sizes), and vi is the

settling velocity of those particles. Recognizing that A is

constant and therefore can be cancelled in all terms, and

dividing both sides by Dz, yields the following:

dni;z

dt
¼ vini;z � vini;zþDz

Dz
(13-18)

z 

ni,zA

z + Δz 

v

ni,z+Δz  

ni,z–

FIGURE 13-9. Control volume for considering settling.

6 Recall from Chapter 2 that the Heaviside function,Hk(t), is a step function

with a value of zero for t< k and a value of 1.0 at t� k.

FIGURE 13-8. Batch sedimentation profiles for a monodisperse

suspension.
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In this form, the equation is directly interpretable as

follows: the rate at which the concentration of particles

changes in a differential element at any depth is the differ-

ence between the terms characterizing the rate at which

particles settle into that element from above and the rate at

which they settle out to the regions below. This form of the

equation is useful in numerical analysis.

Allowing the length increment in Equation 13-18 to

shrink to infinitesimal dimensions yields the following

partial differential equation:

@ni
@t

¼ �vi
@ni
@z

(13-19)

This partial differential equation is first order in both

time and space (depth), and so requires an initial condition

and a boundary condition. If we replace n by c, this

equation becomes identical to that shown in Chapter 2

for the step input of conservative tracer to a plug flow

reactor. The initial and boundary conditions in the two

systems are also essentially the same—in each case, the

concentration is the same everywhere at time zero and is

constant at the boundary at all t> 0. Hence, as in the plug

flow response to a step tracer input, the solution is the

initial concentration times the Heaviside function, with the

step occurring at the depth z equal to the product of v and t,

as shown in Equation 13-16b. In the tracer test, the original

clean water is replaced by water containing tracer; here,

regions containing particles are replaced by regions that

are particle-free. There, the velocity at which the interface

moved was the fluid flow velocity; here, the velocity is the

settling velocity.

Bimodal Suspension

Consider next a bimodal Type I suspension; that is, a

suspension with two different types of particles (A and

B), each with a different settling velocity. Assume that

25% of the particles are of Type A, with a settling velocity

(vA), and the remaining 75% of the particles (the Type B

particles) have a settling velocity (vB) that is twice as large

(i.e., vB¼ 2vA). Again imagine that this suspension is com-

pletely mixed at time zero, and then is allowed to settle under

quiescent conditions.

At any depth z at early times (specifically, t < z=vB), both
Type A and Type B particles are detected at their initial

concentrations. At time t¼ z=vB, however, the last B-type

particle (one that started at the top of the suspension) passes

the observation point, and the particles detected are all A

particles, whose concentration is only 25% of the total

original concentration. Similarly, at time t¼ z=vA, the last

Type A particle passes, and the particle concentration at z

drops to zero. The profile for each type of particle is the same

as for the monodisperse suspension (a Heaviside function),

and the total concentration is the sum of the two. The profiles

for concentration and fractional removal with depth, there-

fore, proceed as illustrated in Figure 13-10. At times t1 and t2,

the concentration is zero near the top, the same as the original

concentration at the bottom, and changes from0 to 0.25 co and

then to co at depths related to the settling velocities of the two

types of particles. By t3, however, all of the larger particles

have made it to the sludge layer, so only the smaller particles

remain anywhere in the suspension.

These results for concentration at a given time, t, can be

expressed mathematically as follows:

c z; tð Þ ¼
0 for z < vAt

cA;0 for vAt � z � vBt

cA;0 þ cB;0 for z � vBt

8><
>: (13-20a)

or, more generally and succinctly,

cðz; tÞ ¼
X
all i

cijvi<z=t ¼
X
all i

c0;iHvitðzÞ (13-20b)

Note that the equations and explanations are written here

in terms of number concentration, but they could just as

easily be written in terms of volume or mass concentration.

Also, the inclusion in Equation 13-20 of a separate term for

each type (size, settling velocity) of particle in the system

stems from the fact that, in a formal derivation, a separate

Equation 13-19 must be written and solved for each type.

Heterodisperse Suspension

Real suspensions encountered in water and wastewater

treatment often have particles with diameters ranging

(at least) from 0.1mm to 100mm; this three order of

magnitude range of sizes translates to a range spanning
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FIGURE 13-10. Batch sedimentation profiles for bimodal

suspension.
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six orders of magnitude in settling velocities, assuming

uniform density of particles (and all with settling velocities

that yield low Reynolds Numbers). In essence, this range

means that some particles will settle infinitesimal distances

while others settle the several meters (3–6m) of depth

provided in typical settling tanks. As noted elsewhere, it

is reasonable to treat this distribution of sizes (or settling

velocities) as essentially a continuous function.

The extension of the earlier analysis to a realistic suspen-

sion that has a wide variety of particles is straightforward.

The relevant equation has already been derived (Equa-

tion 13-20b). At any given depth (z) and time (t), the

suspension would be devoid of particles with settling velocity

greater than z=tð Þ and would contain all particles with lesser

settling velocities at their original concentrations, consistent

with the analysis of the simpler suspensions given earlier.

& EXAMPLE 13-4. The suspension described in

Example 13-2 is allowed to settle in a quiescent batch reactor.

Find the particle size distribution at a depth of 25 cm after

15min. Plot the particle size distribution function and the

volume distribution at time zero and at the indicated time and

depth. Also find the mass (or volume) fraction removed from

the suspension at this time and depth.

Solution. At t¼ 15min, all particles with

v > z=tð Þ ¼ 25 cm=15min ¼ 0:25m=0:25 h ¼ 1m=h

will have settled more than 25 cm. As a result, all particles

with v> 1m=h that started above the observation point will

have settled past it and will therefore be present at zero

concentration. On the other hand, all particles with lower

settling velocities will be present at their original concen-

trations. Reference to Table 13-1 indicates that particles with

log dp� 1.6 have settling velocities greater than 1.0m=h and
particles with log dp� 1.5 have settling velocities less than

this value. Hence the particle size distribution function will

be identical to the initial distribution up to log dp¼ 1.5, and

will have a value of zero at higher diameters. The results of

both ways of plotting the size distribution are shown in

Figure 13-11. Table 13-1 also indicates that the cumulative

volume fraction of particles with log dp� 1.5 is 0.644, so

this fraction remains in suspension at the indicated time and

depth, and the other 35.6% is removed. &

The profiles (i.e., the change as a function of the depth) of

the concentration and the fraction remaining from a batch

test on a real suspension with a nearly continuous settling

velocity distribution might look like those shown in

Figure 13-12. At the bottom (z¼H), the fractional removal

at a given time (t) would equal the fraction of particles with

settling velocity greater than H=tð Þ; we designate this

fractional removal as h�. If all the particles in the suspension
have a density greater than that of water, all would have a

finite settling velocity, and therefore the predicted concen-

tration at z¼ 0 would be zero at all t> 0. In practice,

however, most suspensions contain some particles with

such low settling velocities that they remain very near the

surface for long times, as indicated in Figure 13-12. In

addition, of course, it is not possible to meet the ideal

conditions of these hypothetical experiments, so some finite

concentration of particles is always present at the top of the

suspension.

Three trends reflected in Figure 13-12 are worth noting.

First, at a given time (any one profile shown), concentration

increases (or fractional removal decreases) with increasing

depth, because fewer particles have settling velocity greater

than z=tð Þ as z increases. Second, as time increases, the

concentration at a given depth decreases (or fractional

removal increases), because more particles have settling

velocities greater than z=tð Þ as t increases. Third, the

concentration (or fraction removed) is constant at equal

values of z=tð Þ; for example, the fraction removed is the

same at a depth of 2m after 10min of settling as it was at 1m

after 5min. This trend means that a vertical slice in either

FIGURE 13-11. Changes in particle size distribution at a partic-

ular time and depth during Type I batch settling.
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part of Figure 13-12 cuts through the profiles at equal values

of z=tð Þ. This idea is expressed mathematically as follows:

cðzj; tjÞ ¼ cðzi; tiÞ if
zj

tj
¼ zi

ti
(13-21)

Hence, if the concentration at a particular time and

location (c(zj,tj)) is known, Equation 13-21 can be used

to find other times and locations where the same concentra-

tion will exist. The same idea is illustrated in terms of

removal efficiency in Figure 13-13. Any straight line starting

at the origin has a constant value of z=tð Þ, and so the value of
c (and hence h) is also constant along such a line.7 Corre-

spondingly, for Type I settling of a given suspension, h

depends only on z=tð Þ. That is, for a given suspension, h is

the same for a given value of z=tð Þ regardless of the height of
the column or the duration of the test. This important result

has dramatic implications for the design of continuous flow

sedimentation reactors, which is discussed in Section 13.6.

The preceding discussion demonstrates that the profiles of

concentration and fractional removal for quiescent, Type I

settling can be found in different ways. Most directly,

measuring the particle concentrations in samples taken at

several depths and times in a batch sedimentation experi-

ment leads directly to the curves shown in Figure 13-12.

However, the concentrations measured at any single depth at

various times or at any single time at various depths also

yield sufficient information, since Equation 13-21 allows us

to extend the data to other times and depths.

In any of these types of tests (assuming the conditions are

truly quiescent), one is measuring a property of the suspen-

sion: the cumulative settling velocity distribution. The

fraction removed (on number, volume, mass, or other basis)

at depth z and time t is the fraction of the suspension (on the

same basis) with settling velocity, v, greater than z=tð Þ.
Similarly, the fraction remaining at that time and depth is

the fraction with settling velocity less than or equal to that

value of v. Throughout the remainder of this chapter, the

symbol f(v) is used to denote the cumulative settling velocity

distribution—the fraction of the suspension with a settling

velocity less than or equal to v.

A fewexamples of f(v) functionsare shown inFigure13-14a.

As with any relative cumulative distribution, this distribution

must increase monotonically from zero to one; the shape of the

distribution is not otherwise constrained. The same distribu-

tions are shown in Figure 13-14b in the differential form and

denoted as e(v); that is, the settling velocity distributions shown

in (b) are the derivatives of those in (a) and represent the

probability density functions for the settling velocities of the

three suspensions.8 In this figure, suspension I ismonodisperse,

whereas suspensions II and III have particles with a wide

variety of settling velocities. Suspension II consists of a large

fraction with low settling velocities and a small fraction with

very high settling velocities relative to the monodisperse

suspension’s settling velocity. Suspension III has a small

fraction with low settling velocities, and a larger fraction

with relatively high settling velocities. One can imagine that

the role of flocculation before sedimentation is to change a

suspension with a distribution like that of suspension II to one

like that of suspension III. For any single suspension (except a

monodisperse suspension), the distributions would be different

depending on whether particle number, particle volume, or
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FIGURE 13-12. Batch sedimentation profiles for a heteroge-

neous suspension.

FIGURE 13-13. Isopleths of constant removal in Batch Type I

sedimentation.

7 Curves along which some parameter of interest is constant are referred to

as isopleths. Thus, Figure 13-13 shows three isopleths of constant removal

efficiency, and demonstrates that such isopleths are linear for Type I settling.

8 The settling velocity distribution, e(v), and the cumulative settling velocity

distribution, f(v), are related to each other in exactly the same way as the

residence time distribution, E(t), and the cumulative age distribution, F(t),

introduced in Chapter 2. The total area under the curves (with the limits of

the independent variable going from zero to infinity) of both e(v) and E(t) is

one. And, the cumulative distributions, f(v) and F(t), are defined as the

running sum of the density functions in each case, so their ranges are from

zero to one.
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mass is chosen as the basis of measurement. Most commonly,

the interest in sedimentation is mass removal, so the mass (or,

identically if all particles have the same density, particle

volume) is usually used as the basis. The utility of these

distributions is shown subsequently in the analysis of removal

in continuous flow reactors.

& EXAMPLE13-5. Batch testwith single port forType I

settling.

A batch sedimentation test on a Type I suspension is carried

out in a columnwith a single port located 1m below thewater

surface. Samples are taken from that port at various times and

analyzed for the suspended solids concentration. The result-

ing data are shown in the first two columns of Table 13-2.

Determine (a) the expected vertical profile of concentra-

tion in the column, assuming a very great total column depth,

at times of 20, 50, and 120min, (b) the fractional removal at

the same three times as a function of fractional depth,

assuming a total depth of 3m, and (c) the cumulative settling

velocity distribution for the suspension.

Solution.

(a) The fraction remaining (Column 3 in the table) at

each time is found by dividing the concentration at

each time by the initial concentration, 220mg=L.
The fraction removed (Column 4) is, of course, one

minus the fraction remaining.

To find the expected profile at the specified times,

the relationship shown in Equation 13-21 is used.

The experimental results (first two columns of

Table 13-2) form a set of values of c(zi, ti) with zi

FIGURE 13-14. Various cumulative and differential settling

velocity distributions.

TABLE 13-2. Data and Analysis for Batch Sedimentation with Single Port

Water Quality

(at a Depth of 1m)
Depths (m) at which Stated

Concentrations are Found

Time

(min)

Concentration

(mg=L)

Fraction

Remaining

(–)

Fraction

Removed

(–) 20min 50min 120min

Settling

Velocity

(m=h)

(1) (2) (3) (4) (5) (6) (7) (8)

0 220 1.00 0.00

10 208 0.95 0.05 2.00 5.00 12.0 6.0

15 189 0.86 0.14 1.33 3.33 8.0 4.0

20 172 0.78 0.22 1.00 2.50 6.0 3.0

30 147 0.67 0.33 0.67 1.67 4.0 2.0

40 128 0.58 0.42 0.50 1.25 3.0 1.5

50 113 0.51 0.49 0.40 1.00 2.4 1.2

60 102 0.46 0.54 0.33 0.83 2.0 1.0

80 84 0.38 0.62 0.25 0.63 1.5 0.75

100 72 0.33 0.67 0.20 0.50 1.2 0.60

120 63 0.29 0.71 0.17 0.42 1.0 0.50

150 53 0.24 0.76 0.13 0.33 0.80 0.40

180 46 0.21 0.79 0.11 0.28 0.67 0.33

240 36 0.16 0.84 0.08 0.21 0.50 0.25

300 29 0.13 0.87 0.07 0.17 0.40 0.20
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constant at 1m. Each specified time (20, 50, and

120min) is a value of tj, and the equation is used to

find the depth, zj, at which the concentration shown

in Column 2 will occur. For example, the exper-

imental results indicate that c(zi, ti) at zi¼ 1m and

ti¼ 60min is 102mg=L. (The row with these

results is in bold print, since it is used throughout

this example to illustrate the calculations.) That

same concentration (and therefore fraction remain-

ing and fraction removed) will be present after

20min at a depth zj (from the top) calculated as

follows:

zj ¼ zi

ti
ti ¼ 1m

60min
20min ¼ 0:33m

Using the same equation for the 50 and 120min

times yields the depths of 0.83m and 2.0m for this

same concentration; these depths are shown in Col-

umns 5, 6, and 7 in the table. The depths at which all

of the measured concentrations (Column 2) will be

found for the three chosen settling times are shown

in the profiles columns (Columns 5, 6, and 7) and

also shown graphically in Figure 13-15a. By inter-

polation of the raw data, this method could be used to

find the depth at which any specific concentration

value (not just those found in the experiment) would

be located at any time.

(b) The fractional removal at the 1m depth of the port is

given in Column 4. The fractional depth at which

this same fractional removal will be obtained in a 3-

m deep column can be computed by dividing the

depth values in the profiles columns (Columns 5–7)

by 3m (not shown). For example, we found in part

(a) that a concentration of 102mg=L (or a fractional

removal of 0.54) is expected at a depth of 0.33m

after 20min of settling; this point translates to a

fractional depth of 0.11 (i.e., 0.33m=3m) in the 20-

min profile. Values >1.0 for the fractional depth

(corresponding to values >3.0m in the profiles

columns) mean that the associated concentration

is no longer found anywhere in the suspension

(above the sludge layer). The results are shown in

Figure 13-15b.

(c) The cumulative settling velocity distribution is a

direct interpretation of the data. The fraction that

remains at any depth, z, and time, t, is the fraction

that has a settling velocity� z=tð Þ. The values of the
settling velocity in the last column are obtained from

the raw data as the depth of 1m divided by the times

given in the first column (along with the conversion

from minutes to hours). The associated data in

Column 3 of Table 13-2 are then plotted versus

the values in the last column, as shown in Figure

13-16; this plot is the cumulative settling velocity

distribution, f (v), of the suspension—the fraction

with settling velocity less than or equal to the value

on the abscissa. &

13.5 BATCH SEDIMENTATION: TYPE II

As described in the introduction, sedimentation with simul-

taneous flocculation is known as Type II sedimentation. The

flocs that are created in this process settle differently than the

“parent” particles—generally faster as the particles grow in

size. Particles that are small (and therefore have low settling

velocities) are removed from the size distribution at a

particular location primarily by flocculation (to create larger

particles) and only to a small degree by sedimentation. Large

particles are still removed primarily by sedimentation as in

Type I settling, but flocculation influences the population in

a given large size class by creating flocs of that size from

FIGURE 13-15. Concentration profiles and fractional removals

expected in batch reactor. (In part (b), reactor is assumed to be 3m

deep.)

FIGURE 13-16. Cumulative settling velocity distribution.
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smaller particles. These ideas are in sharp contrast to Type I

sedimentation, in which the size distribution at any depth is

changed only by elimination of particles whose settling

velocity exceeds the ratio of depth to time since settling

began.

In engineered systems of interest in water and wastewater

treatment, virtually all sedimentation of dilute suspensions is

Type II (flocculent) sedimentation. In drinking water treat-

ment, sedimentation immediately follows flocculation, and

flocs continue to form and grow in the sedimentation

process. The addition of chemicals before flocculation

ensures the flocculent nature of the particles. In typical

municipal wastewater treatment plants, sedimentation

occurs both before and after biological treatment, and

both suspensions are naturally flocculent, though (especially

for primary treatment) they can be made more so by the

addition of chemical flocculants upstream of the sedimenta-

tion reactor. Precipitation processes, whether undertaken as

a means of destabilizing particles originally in the water or

as a treatment process to remove metals or other soluble

contaminants, generate particles that are naturally floccu-

lent. Therefore, all of the considerations regarding particle

destabilization and surface chemistry discussed in earlier

chapters are relevant to flocculent sedimentation.

Conceptually, Type II sedimentation is easy to understand

at the microscopic level. Two particles collide and form a

single floc that settles faster than either of the original

particles. Mathematically, this process can be formulated

as a combination of the Smoluchowski equation to describe

flocculation and the Stokes equation to describe sedimenta-

tion. Macroscopically, the process is nearly identical to

Type I sedimentation, although the fact that the size distri-

bution can be changed by both flocculation and sedimenta-

tion means that, in practice, Type II sedimentation is more

effective than Type I (for initially equivalent suspensions)

and, in analysis, some simplifications that apply to Type I

sedimentation do not apply to Type II. In this section, we

present both the mathematical analysis at the microscopic

level and some of the macroscopic manifestations of Type II

sedimentation.

Mathematical Analysis

Consider a particle number balance on a Type II suspension

in a differential volume element such as the one shown

previously in Figure 13-9. As in the analogous Type I

system, there is no flow (advection) into or out of this

element, and we assume that net concentration changes

by diffusion of particles (i.e., Brownian motion) across

the element boundaries are negligible. Also as in the

Type I system, particles can enter the top (at z) and exit

from the bottom (at zþDz) by sedimentation, and thereby

change the concentration in the control volume. However,

unlike in Type I suspensions, the concentration of a

particular size particle in the element can also be changed

by flocculation. For a given size particle, the concentration

can increase by flocculation of smaller particles to form a

floc of that size, and it can decrease by collision and

attachment of that size particle with any other particle to

form a still bigger one. Therefore, the resulting volume-

normalized number balance for particles of a particular size

(k) at a particular location (z) includes the gain and loss

terms for flocculation (developed in Chapter 12) and the net

loss by sedimentation (see Equation 13-19), as follows:

@nk;z
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Equation 13-22 is not solvable analytically and, there-

fore, must be solved numerically. To do so, it is useful to

discretize the space domain (z). A number balance on

the differential element surrounding the depth z (as in

Figure 13-9) can be written in words and symbols as

follows:

Rate of change

of number

concentration

of k-particles

in a

differential

layer at depth z

2
666666664

3
777777775
¼

Rate of increase

in concentration

of k-particles

at depth z by

flocculation of
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2
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3
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�
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þ
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A substantial computer program is required to integrate

Equation 13-23 numerically to predict the changes in the

particle size distribution as a function of time and depth in a

batch reactor. However, some useful insights can be gleaned

directly from the equation, especially when compared to

Type I sedimentation. Consider a destabilized suspension

(aemp¼ 1) with a broad particle size distribution and all
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particles having a density greater than that of water. For a

differential element near the top of the column, large parti-

cles originally in the suspension will settle to lower depths

rather quickly, as in Type I suspensions. After that, large

particles might appear in that control volume, but only if

they are created by flocculation in that or higher elements.

Flocculation does not create high number concentrations of

such particles (because it takes many smaller particles to

create such a floc), so the number concentration is expected

to remain low.

For small particles, the settling velocity is quite low, so

the gain or loss by sedimentation will be low (and nearly

balanced, because the concentration gradient of small parti-

cles will not be great, also as for Type I suspensions).

However, the number concentration of small particles in

most suspensions is (originally) high, so flocculation might

be substantial. As in flocculation, we expect a loss of the

very smallest sizes in suspension (and specifically in the

differential element under consideration) because the loss of

these small particles (the second term) is likely to outweigh

the gain by flocculation of still smaller ones (the first term).

Hence, over time, the size distribution is likely to show a loss

of the largest particles (dominated by sedimentation), a loss

of the smallest particles (dominated by the loss term of

flocculation), and the least change for particles in the

intermediate size range (where gain by flocculation is

significant in comparison to, and perhaps even greater

than, loss by sedimentation).

A Type I suspension with the same original particle size

distribution would have lost almost no small particles, and

would have lost all of the largest particles in the same

differential element. When summed on a mass or particle

volume basis over the entire distribution, the loss will

necessarily be greater in Type II than in Type I, because

flocculation conserves mass or volume while it creates

particles that settle faster. On average, the particles in any

differential element will have faster settling velocities for

the Type II suspension. Therefore, the sedimentation flux (in

and out) is increased by the effects of flocculation.

Next consider how this picture changes as we move from

the top of the column to lower depths. The same general

logic describes each differential element. But, as in Type I,

sedimentation creates an overall mass concentration gradi-

ent with increasing concentrations from the top to the bottom

by moving bigger particles down faster than smaller parti-

cles. As the number concentration decreases in any layer, the

rate of flocculation also decreases, because flocculation is a

second-order reaction in particle number and depends on the

heterodispersity of the suspension. As depth increases, the

number concentration of intermediate and large particles

increases, so flocculation is likely to be faster at lower depths

than higher depths. In an ideal batch reactor (no vertical

water flow at all), it is conceivable that the number concen-

tration of small particles (in some defined increment of size)

would be less at some point lower in the water column than

higher up. Nevertheless, the overall mass concentration must

increase with depth, as flocculation cannot create mass, and

sedimentation can only carry mass downward.

Experimental Analysis

When flocculation occurs simultaneously with sedimenta-

tion, the fractional removal is not constant at a given value of

the ratio z=tð Þ as it is for sedimentation alone (i.e., for Type I

suspensions). To understand why, consider the behavior of a

particular particle during flocculent sedimentation. When

that particle becomes incorporated into a floc with other

particles, its settling velocity increases, and hence it reaches

a greater depth at some particular time than it would without

flocculation. Flocculation continues to occur as time goes

on, so the original particle is incorporated into larger and

larger flocs, and its settling velocity continually increases;

that is, the particle accelerates. This phenomenon occurs for

every particle in the suspension, so the overall movement of

particles (over the entire size range of the suspension) is

faster in Type II sedimentation than Type I, and therefore the

total concentration of particles (on a number, volume, or

mass basis) at any depth and time is less than it would be

under nonflocculent conditions.9 The continual acceleration

as long as flocculation continues means that the difference

between flocculent and nonflocculent conditions (for the

same initial suspension) grows continuously with increasing

time or depth. This concept is summarized in Figure 13-17,

which shows how isopleths of constant overall removal

efficiency in a batch reactor curve downward in Type II

sedimentation but are straight for Type I suspensions.

The rate of flocculation is strongly dependent (i.e., second

order) on the number concentration of particles present.

Hence, the extent to which flocculation affects

50
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0 

Time 

D
ep

th
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FIGURE 13-17. Isopleths of constant removal for Type I and

Type II batch sedimentation. (Straight broken lines for Type I;

curved solid lines for Type II. Numbers represent percent removal.)

9 Note that this statement does not preclude the possibility that the

concentration of a particular size particle might be greater at a particular

time and depth in Type II than in Type I.
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sedimentation is dependent on particle concentration. Two

suspensions with identical initial relative size distributions

but with different concentrations (absolute size distribu-

tions) will flocculate at different rates and therefore settle

at different rates, with the initially higher concentration

suspension losing mass more quickly. In other words, the

extent of curvature of the lines for Type II sedimentation is

dependent on particle concentration, with greater curvature

for higher initial concentration. This fact leads to the

consequence that, in drinking water treatment, high quality

raw waters (i.e., waters with low initial particle concentra-

tions) are sometimes treated without sedimentation. In such

cases, after destabilization by flocculent addition, the water

is either put immediately into the filtration process (contact

filtration) or passed through a flocculation step and then to

filtration (direct filtration). The reason for omitting sedi-

mentation in these cases is not so much that it is unnecessary

but that it accomplishes very little—a direct consequence of

the concentration effect in flocculent sedimentation.

For Type I suspensions, the cumulative settling velocity

distribution, f(v), is a property of the (original) suspension,

and does not change. For Type II suspensions, this property

can still be defined, but it does change with time (and the

ability to determine its value depends to some degree on

the depth of the column used for the test). The conceptual

results shown in Figure 13-17 for a Type II suspension can

be used virtually identically as for a Type I suspension to

calculate a settling velocity distribution. Here, v is defined

as the average settling velocity, determined as the total

distance of fall (distance to a port from the top of the water

column) divided by the time since the beginning of the test.

The value of f(v) for that time is the fraction of the

suspension remaining at that time and port. This idea is

illustrated in Figure 13-18a, which shows the (curved)

isopleths for two values of the fraction remaining (0.25

and 0.60).

Consider the isopleth for the fraction remaining equal to

0.25. Each point on that curve designates a time (tp) and depth

(zp) at which 25% of the initial particle mass concentration

remains in the suspension. That is, each point represents

f(v)¼ 0.25, where v is an average velocity calculated as zp=tp
(the negative slopes of the broken lines in the figure) and

designated as vt,f. Thus, after 60min, the depth on that line is

0.42m, so v60;0:25 ¼ 0:42m=60minð Þ ¼ 0:007m=min. After

90min, v90;0:25 ¼ 0:90m=90minð Þ ¼ 0:010m=min. The fact

that v90,0.25> v60,0.25 indicates that the particles representing

the lower 25% of the mass distribution aggregated and

therefore accelerated during the period from 60 to 90min.

Correspondingly, the fact that the isopleth is always concave

downward indicates that the particles accelerated during the

entire time they were settling. In contrast, for a Type I

suspension, isopleths are linear, indicating that the vt,0.25
would be the same at all values of t, and that the particles

do not flocculate and accelerate.

The same information is illustrated in a different format in

Figure 13-18b. This presentation of the results emphasizes

that the cumulative settling velocity distribution shifts to the

right as the duration of settling increases; that is, for a given

value of f(v), v gets larger as settling proceeds. And, for a

given value of v, f(v) decreases over time; that is, the fraction

of the suspension with a settling velocity less than a particu-

lar v decreases with time.

For Type II suspensions, the experimental apparatus can

impose limits on the availability of data. For example, for the

system characterized in Figure 13-18a, one cannot find the

average settling velocity corresponding to any f(v)> 0.6 after

50min in this 1m column. That is, the part of the cumulative

settling velocity distribution associated with high settling

velocities cannot be found; the only way to overcome this

problem is to use a deeper column for the test. For this reason,

it iscommonlyrecommendedthatbatch-settlingtestsarecarried

out in columns that are asdeepas the full-scale settling reactor is

expected to be. Fortunately, as we will see subsequently, the

exactshapeofthis(upper)partofthecumulativesettlingvelocity

distribution is not important beyond a certain v value for many

reactors, and that recommendation can be somewhat relaxed.

FIGURE 13-18. Experimental analysis of settling data for

Type II suspensions. (In part (a), the solid lines represent isopleths

for 25 and 60% of the suspension remaining.)
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13.6 CONTINUOUS FLOW IDEAL SETTLING

Inmodern water andwastewater treatment systems, sedimen-

tation is usually accomplished in continuous flow reactors.

Particle removal occurs in these reactors because the pathway

that a particle takes in the reactor is different from the pathway

that water takes. Particles tend to fall to the bottom and are

removed in a concentrated stream, and the relatively clean

water is removed fromadifferent location (endwall or the top,

depending on the design). In this section, we consider the

removal that occurs in a variety of continuous flow sedimen-

tation tanks; in the different types of reactors, water flows in

different ways and so the removal that is accomplished is

different. We begin by giving a conceptual framework rele-

vant to all the types of reactors, and then, within that frame-

work, consider idealized versions of the common designs of

sedimentation facilities for dilute suspensions.

The overall performance of a sedimentation reactor is

measuredas the removal efficiency—the fractionof the influent

particle concentration (usuallymeasured in termsof theparticle

mass concentration) that does not exit the reactor in the

(relatively clean) effluent stream. That overall performance

is dependent on the characteristics of both the suspension and

the reactor. To the extent possible, it is convenient to separate

the effects of the suspension being treated from the effects

of the reactor design on that overall performance.

Separating Influences of Suspension and Reactor

The key characteristic of a suspension with respect to its

settling properties is its cumulative settling velocity distribu-

tion, f(v). As noted in the preceding section, f(v) is an

unchanging characteristic of Type I suspensions, but it

changes as particles flocculate in Type II suspensions. The

changes in f(v) depend on the availability of other particles,

which, in continuous flow reactors, depends on both location

and the flow pattern. As a result, it is difficult to predict the

steady state f(v) that will develop in such reactors.

The characteristics of the reactor that affect the overall

performance are described by another function. In any

sedimentation reactor, particles with higher settling veloc-

ities fall to the bottom more quickly than those with lower

settling velocities, so particles with higher settling velocities

tend to be removed to a greater extent (at least by sedimen-

tation alone). In different types of continuous flow sedimen-

tation reactors, the removal of particles with a particular

settling velocity, v, can be different because the flow patterns

are different. We characterize this influence of the flow

pattern on particle removal by defining a function that

describes the expected fractional removal efficiency of

particles that have settling velocity, v, in a particular reactor.

We call this function the reactor settling potential function,

and represent it as F(v). This function exists for a sedimen-

tation reactor independent of whether particles with any

particular settling velocity (or, for that matter, any particles

at all) are present in the reactor. That is, as emphasized by its

name, this function describes the potential for the reactor to

remove particles with a particular settling velocity. In the

following sections, we assess various types of sedimentation

reactors for their ability to remove particles with different

settling velocities; that is, we find F(v) for various reactor

types. First, however, we develop a generic approach for

designing and=or analyzing sedimentation reactors, based

on independent determination of f(v) and F(v).

The overall removal efficiency in a continuous flow

sedimentation reactor can be found by summing, over all

increments of settling velocity, the product of the fractional

removal of particles in each increment and the fraction of the

suspension that is in that increment; that is

Overall

fractional

removal

of particles

in the reactor

2
66664

3
77775 ¼

X
all increments

of Dv

Fractional removal

of particles that settle

at an average velocity

between v and vþ Dv
while in the reactor

2
66664

3
77775

�

Fraction

of the influent

suspension that settles

at an average velocity

between v and vþ Dv
while in the reactor

2
6666664

3
7777775

(13-24)

We have just defined the fractional removal of particles

with a settling velocity, v, as the reactor settling potential

function, F(v); hence, the first term on the right side of

Equation 13-24 can be taken as an average value of this

function over the interval between v and vþDv, written as

FðvÞ. The second term is f ðvþ DvÞ � f ðvÞð Þ, or Df(v). Thus,
the word equation can be converted to symbols as follows:

htot ¼
X
all Dv

FðvÞDf ðvÞ (13-25)

The subscript “tot” is included in the removal efficiency

to emphasize that the summation is over the entire suspen-

sion. For numerical work in which f(v) is only known at

certain increments, this formulation (Equation 13-25)

is quite useful. However, we can also write Df(v) as

Df ðvÞ=Dvð ÞDv; that is,

htot ¼
X
all Dv

FðvÞ Df ðvÞ
Dv

Dv (13-26)

In the limit as the increments go to zero, the first term on

the right becomes just F(v) and the second becomes

df=dvð Þdv; or simply df . The term df=dvð Þ is the slope of

the cumulative settling velocity distribution; that is, it is the

(differential) settling velocity distribution, given the symbol

e(v), and having dimensions of inverse velocity. For
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differentially small increments of settling velocity, there-

fore, we can rewrite Equation 13-25 in any of the following

ways:

htot ¼
Zv¼1

v¼0

FðvÞ df ðvÞ
dv

dv ¼
Zv¼1

v¼0

FðvÞeðvÞdv (13-27a)

htot ¼
Zf ðv¼1Þ

f ðv¼0Þ

FðvÞdf ¼
Z1

0

FðvÞdf (13-27b)

The conversion of Equation 13-27a to Equation 13-27b

shows how the limits of integration change when the inte-

gration is considered over increments of f rather than

increments of v.

Equation 13-27 has been written assuming that none of

the particles has a settling velocity less than zero. For a

suspension that includes some particles that float, the lower

limit of integration of Equation 13-27b would have to be

modified to account for such particles. For convenience, in

most of the remainder of this chapter (except when consid-

ering flotation explicitly), we assume that v> 0 for all

particles and use the limits shown in Equation 13-27.

Interpreting the Reactor Settling Potential Function

The results in Equations 13-26 and 13-27 are completely

general for any sedimentation reactor and combine propert-

ies of the reactor expressed in F(v) with properties of the

suspension expressed in f(v). Before quantifying F(v) for

various types of reactors, it is useful to consider some likely

general properties of this function. No reactor will remove

particles that do not settle at all (those with v¼ 0), so we

expect F(0)¼ 0 in all sedimentation reactors. Further, it

seems likely (although not formally necessary) that, for any

sedimentation reactor, particles with a settling velocity

greater than some critical value (v�) will all be captured,

so that F(v> v�)¼ 1. Hence, in the analysis for each type of

sedimentation tank, we can divide the analysis into two

parts: find the critical settling velocity above which all

particles are removed, and then find the fractional removal

(if any) of particles with settling velocities less than this

critical value. Rewriting Equation 13-27 to show these two

components explicitly yields the following:

htot ¼
Z1

0

FðvÞdf ¼
Zf ðv�Þ

0

FðvÞdf þ
Z1

f ðv�Þ

FðvÞdf

¼
Zf ðv�Þ

0

FðvÞdf þ
Z1

f ðv�Þ

df ¼
Zf ðv�Þ

0

FðvÞdf þ ð1� f ðv�ÞÞ

(13-28)

An interesting consequence of this analysis is that, for

v> v�, the shape of the cumulative settling velocity distri-

bution, f(v), is inconsequential in terms of the overall

removal achieved. Hence, when determining the settling

velocity distribution, the part that characterizes particles

with settling velocities less than v� is of greater importance.

We now consider a graphical interpretation of the integra-

tions shown in Equations 13-27 and 13-28. An arbitrary reactor

settling potential function F(v) is shown in Figure 13-19a.

Subsequently, we will see the kind of reactor and flow pattern

FIGURE 13-19. Graphical representation of the overall frac-

tional removal as
R1
0

FðvÞðdf=dvÞdv.
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that leads to this particular shape for F(v), but all that matters

now is that it has the expected characteristics—it increases

from zero to one over a range of settling velocities. The

minimum value of v for which F(v)¼ 1 is labeled as v� on

the figure.

In Figure 13-19b, a cumulative settling velocity distribu-

tion, f(v), is shown. This distribution also has arbitrary but

expected characteristics—a range of settling velocities and a

monotonic increase (as a cumulative distribution) as it goes

from 0 to 1. These two functions are entirely independent

of one another; that is, the reactor described by F(v) in

Figure 13-19a could receive any suspension, and the influent

suspension described by f(v) in Figure 13-19b could be put

into any reactor. However, when this suspension is put into

this reactor, the removal efficiency attained is described by

Equations 13-27 and 13-28 which link the two functions. We

first note f(v�)—the value on the cumulative settling velocity

distribution associated with the critical settling velocity

in the reactor, or, in other words, the value of v for which

all F(v> v�)¼ 1.

To evaluate Equation 13-27a, we need to characterize the

differential settling velocity distribution, e(v). Recall that

this function is found as the derivative of f(v) and that its

significance is that the fraction of the mass of the (influent)

suspension with settling velocities between v and vþ dv is

e(v)dv. Hence, the total area under the curve of e(v)dv, shown

in Figure 13-19c, is one (the whole suspension). As shown in

Figure 13-19a, each value of the (average) settling velocity,

v, is associated with a specific fractional removal in the

reactor, F(v). When each differential increment of the

differential settling velocity distribution, e(v)dv, is multi-

plied by F(v), we obtain the fractional removal of the part of

the suspension with that increment of settling velocity. The

lower (broken) curve in Figure 13-19c represents values of

this product, where F(v) is from Figure 13-19a and e(v)dv is

from the upper, solid curve in Figure 13-19c; that is the

lower curve is a plot of F(v) e(v)dv. The area under this curve

is thus hout, and the process of preparing this curve and

computing the area is the graphical equivalent of carrying

out the integration shown in Equation 13-27a. Note that the

two curves in Figure 13-19c are contiguous for all v> v�,
since all particles with such settling velocities are removed.

Finally, since each value of v has associated values of both

F(v) and f(v), these values can be plotted against one another

as shown in Figure 13-20. For both axes, the scale is from 0

to 1, and so the area of the total graph is 1.0 and represents

the entire possible removal space. A differential area under

this curve for some interval df is F(v)df, so the area under the

entire curve is
R 1
0
FðvÞdf . According to Equations 13-27b

and 13-28, this integral equals the overall fractional removal,

htot. Thus, this plot provides an alternative graphical

approach for evaluating htot from the F(v) and f(v) functions.

Note that F(v) (which is formally F(f(v)) on this curve)

reaches a value of 1.0 at f(v�).

The preceding analysis represents a generic approach to

finding the expected removal efficiency in any continuous

flow sedimentation reactor. We next consider all of the

common types of continuous flow sedimentation reactors

to find their reactor settling potential functions, F(v), and

illustrate how these reactors are expected to perform.

Upflow Reactor

We first consider an ideal upflow reactor, a schematic

diagram of which is shown in Figure 13-21. This reactor

is an idealization of an upflow clarifier, a common design

for sedimentation tanks in water and wastewater treatment

plants. In our idealization, the reactor has vertical flow

from the bottom to the top, and the flow is completely

uniform across the horizontal (surface) area; that is, the

flow is perfect plug flow in the upward direction. The

influent comes in through a perforated bottom and water

flows out through multiple submerged weirs at the top.10

The vertical water velocity is the flow rate divided by the

surface area; this term, Qout=surface areað Þ, is called the

overflow rate, the surface overflow rate, or surface loading

rate for this and all sedimentation reactors; we designate

this term as vOR.

Each particle’s vertical velocity is the difference between

the (upward) water velocity and the particle’s (downward)

settling velocity. All particles with settling velocity less than

the vertical water velocity would rise (although more slowly

than the water), flow out the top with the water, and not be

captured at all. On the contrary, particles with settling veloc-

ities greater than the vertical water velocity (overflow rate)

FIGURE 13-20. Graphical representation of overall fractional

removal as
R 1
0
FðvÞdf .

10 Real upflow sedimentation tanks usually contain some baffling that

imparts some horizontal motion to the water or restricts the area of flow

to less than the full surface area at the point of entrance near the bottom of

the reactor.
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would have a net downward velocity, so they would never

rise in the reactor and would be captured completely. As a

result, the critical settling velocity, v�, is the same as the

overflow rate, vOR. Converting these ideas into symbols,

the reactor settling potential function for the ideal upflow

reactor is

FðvÞ vertical reactor ¼ 0 for v < v�

1 for v � v�

(
(13-29a)

or

FðvÞ vertical reactor ¼ Hv� ðvÞ (13-29b)

where v�¼ vOR.

The F(v) curve is shown in Figure 13-22 for this ideal

vertical flow reactor. Note once again that the function being

plotted is a characteristic of the reactor (in this case, an ideal,

vertical-flow PFR), and has nothing to do with the character-

istics of the suspension that is to be treated in the reactor.

& EXAMPLE 13-6. The cumulative settling velocity

distribution, f(v), of a certain Type I suspension is found

to be reasonably approximated as shown in Figure 13-23.

Estimate the removal efficiency expected for this suspension

in an ideal upflow settling tank with an overflow rate of

1.2m=h.

Solution. The cumulative settling velocity distribution

shown in the graph can be described mathematically as

follows:

f ðvÞ ¼
1
3
v for v > 3m=h

1 for v � 3m=h

(

For this reactor, v�¼ vOR¼ 1.2m=h, and for this suspen-

sion, f ðv�Þ ¼ 1
3

� �ð1:2Þ ¼ 0:4. Using Equations 13-28 and

13-29, the removal efficiency in the vertical flow reactor can

be found as follows:

htot ¼
Z1

0

FðvÞdf ¼
Zf ðvORÞ

0

FðvÞdf þ 1� f ðvORÞð Þ

¼ 1þ 1� f ðvORÞð Þ ¼ 1� 0:40 ¼ 0:60 &

For Type I suspensions, f(v) is an unchanging property of

the influent suspension and, for an upflow reactor, F(v)

depends solely on vOR; the removal efficiency for a given

influent in an upflow reactor, therefore, depends only on the

overflow rate. Consider, for example, two upflow reactors

with the same cross-sectional area receiving the same sus-

pension at the same flow rate, with one being quite shallow

and the other much deeper. Both reactors have the same

overflow rate (vOR), but the deeper one has a much longer

hydraulic detention time. In both reactors, particles with

settling velocities less than the overflow rate rise, and those

FIGURE 13-23. Cumulative settling velocity of suspension in

Example 13-6.

Qout  
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FIGURE 13-21. Schematic of ideal upflow sedimentation reactor.

FIGURE 13-22. Reactor settling potential function for an ideal

upflow reactor.
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with settling velocity greater than the overflow rate fall.

Particles with v< vOR stay in both reactors longer than the

fluid (and for different amounts of time in the two reactors).

Nevertheless, all such particles eventually leave in the effluent

of both reactors, so the removal efficiency is the same.

Next, consider the behavior of a flocculent (Type II)

suspension in an ideal upflow reactor. For flocculent sus-

pensions, particles that come into the reactor with a settling

velocity less than the overflow rate might flocculate to form

particles with a settling velocity greater than the overflow

rate. Such particles would begin to rise in the reactor but,

when their settling velocity exceeded the overflow rate, they

would fall to the bottom and be caught. Since particles have

a net velocity that equals the difference between the water

rise velocity and the particle’s settling velocity, some parti-

cles stay in the reactor for times much longer than the

hydraulic detention time. As a result, the time available

for flocculation can be substantial, and flocculation leads to

the removal of some particles that have initial settling

velocities less than the overflow rate.

For Type II suspensions, therefore, the overflow rate does

not completely dictate the removal that occurs in ideal upflow

reactors. Consider again the deep and shallow reactors with

the same overflow rate receiving the same suspension. The

shallow reactor has a short detention time and therefore allows

little time for flocculation to influence the settling velocity

distribution (by the change in the particle size distribution).

The deep reactor, with its longer liquid detention time (and

even longer particle detention times, for particles with initial

v< vOR), allows more flocculation, and therefore more sedi-

mentation to occur. For Type II suspensions, the overflow rate

would still be the primary design or operational variable, but

the detention time (depth) would also play a role in the

removal that would be accomplished.

The flocculation that can occur in an upflow reactor is

somewhat limited by the availability of particles, however.

Particles that enter the reactorwith settlingvelocity greater than

the overflow rate immediately leave the suspension; hence,

these larger particles are not available to flocculatewith smaller

particles. In the short-range force model for flocculation, it is

thought that collisions between particles ofwidely variant sizes

are not common, so this immediate loss of part of the particle

size distribution might not be a severe detriment to the amount

of flocculation that would occur. Nevertheless, the fact that

particles with v> vOR never enter the settling zone and there-

fore are not available for flocculation is likely to reduce the

amount of flocculation, and therefore reduce the sedimentation,

in comparison to other reactors (presented below) inwhich this

immediate separation does not occur.

& EXAMPLE 13-7. The influent to an upflow clarifier

withanoverflowrateof1m=hisasdescribedinExample13-2.

Assume the suspension is nonflocculent. Find the percent

removal on amass (or volume) basis and plot the particle size

distributionofthe influentandeffluent,bothas theparticlesize

distribution function and the volume distribution.

Solution. The effluent will contain no particles with a

settling velocity greater than 1m=h, and will contain the

same concentration as the influent of particles with lower

settling velocities. This situation is identical to that

described in Example 13-4 in a batch experiment at a depth

and time corresponding to a settling velocity of 1m=h.
Therefore, the graphs are identical to those presented in

Example 13-4, and the removal efficiency, as calculated in

that example, is 35.6%. &

Ideal Horizontal Flow Reactors

Rectangular Reactor Figure 13-24 is a schematic of a

rectangular, continuous-flow settling tank, with horizontal

flow. In this idealized tank, the inlet and outlet zones are

separated from the settling zone by walls with multiple

ports; each port imposes a small, equal head loss, so the

flow is distributed uniformly both vertically and horizon-

tally. The sludge zone is considered to be isolated from the

flow in the main portion of the tank also, so that once a

particle enters the sludge zone, it is irreversibly removed.

The ideal settling zone is treated as a PFR with horizontal

flow; any mixing in the vertical direction would mix dirtier

water from deeper in the reactor with cleaner water higher in

the reactor and so is undesirable. This ideal settling zone has

length L, height H, and width W, yielding a total volume V.

Our task is to determine the reactor settling potential

function, F(v), for this ideal horizontal reactor. We do so by

considering the fractional removal efficiency of Type I

particles with settling velocity v in the reactor. Because

the flow is plug flow, a Lagrangian view of a column of water

(suspension) as it flows from the influent to the effluent is

identical to a batch test, with each horizontal location

corresponding to a particular time. When this column of

the suspension reaches the effluent wall, the suspension

would have the same vertical profile of concentrations as

would be present in the batch test after a time equal to the

detention time, t, in the reactor with flow.
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FIGURE 13-24. Ideal rectangular settling tank with horizontal

flow.
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Consider an aliquot of the effluent taken at some particular

depth, z, as it crosses the outlet zonewall.As shownpreviously

for batch sedimentation of Type I particles, that aliquot will

contain the same concentration as the influent for particles

with settling velocity less than z=tð Þ and no particles with

settling velocity greater than that. Hence, the removal effi-

ciency of particleswith settling velocity v can be equated to the

fraction of the (effluent) flow from which these particles have

been completely removed. For example, if in a given reactor,

Type I particles with a settling velocity of 0.5m=h would be

removed from 70% of the flow (i.e., from 70% of the height of

the water column), then F(0.5m=h) would equal 0.70.

Every particle in this ideal tank has a horizontal velocity

(vhor) equal to the fluid velocity, and a vertical velocity equal

to its settling velocity. The overall velocity is the vector sum

of these two components; the direction of that vector sum

yields the direction of the trajectory of the particle. The

trajectories of two particular hypothetical Type I particles in

such a reactor are shown in Figure 13-25. First, consider a

particle that enters the reactor at the very top of the water

column and just settles to the bottom as it reaches the

effluent end. The settling velocity of this particle is the

critical settling velocity, v�; all particles with higher settling

velocities will be caught completely because they will have

steeper trajectories and therefore will reach the sludge zone

and not the effluent wall, irrespective of the depth at which

they enter the settling zone. The figure makes clear that v� is
the settling velocity of a particle that settles the entire depth

H in the detention time, t. Using the definition of the

detention time t ¼ V=Qð Þð Þ, we can find that this critical

settling velocity is related to the design and operation of the

ideal horizontal flow reactor as follows:

v� ¼ H

t
¼ HQ

V
¼ HQ

HLW
¼ Q

LW
¼ Flow rate

Surface area
¼ vOR

(13-30)

Thus, for this ideal horizontal flow reactor, the critical

velocity is the overflow rate, just as it was for the vertical

flow reactor.

We have implicitly assumed in this analysis that the flow

rate does not change across the reactor, referring only to Q

rather than Qin or Qout. Most properly, Qout should be

specified, but the sludge flow is often so small as to be

unimportant for this analysis. This assumption that the

sludge flow is small is conservative and, in some cases, is

not very accurate. For example, in secondary sedimentation

tanks after biological treatment in wastewater treatment

plants, the flow of sludge out the bottom can be a substantial

percentage (often 25% or so) of the total flow. This situation

leads to a net downward flow that aids sedimentation.

The trajectories of two identical particles with settling

velocity v1< vOR are also shown in Figure 13-25: one that

just reaches the bottom at the effluent end of the reactor, and

the other that comes into the reactor at the very top. While in

the reactor, each of these particles settles a vertical distance

h1 equal to v1t. Any particle with settling velocity v1 that

enters the reactor at a point within a distance h1 of the bottom

will be removed (lost to the sludge layer below). Conversely,

a particle with that settling velocity that enters at a distance

larger than h1 above the bottom will appear in the effluent.

Since the flow is uniformly distributed throughout the

depth at the influent, the fraction of the flow that enters

within a distance h1 of the bottom is h1=Hð Þ. Further, since
t ¼ h1=v1ð Þ ¼ H=vORð Þ, the ratio h1=Hð Þ equals v1=vORð Þ.
Generalizing this result, the fractional removal efficiency in

the reactor of particles with any settling velocity v< vOR
equals v=vORð Þ. Combining the result with the one presented

above for particles with v� vOR, the complete F(v) function

for an ideal horizontal PFR can be represented as follows:

FðvÞ ¼
1 for v � vOR
v

vOR
for v < vOR

(
(13-31)

A plot of Equation 13-31 is shown in Figure 13-26.

It is instructive to compare Equation 13-31 andFigure 13-26

for ideal horizontal flow reactors with Equation 13-29a and

vhor 
v1 

vhor
v1 

vhor 
v* 

h1 

h1

H 

FIGURE 13-25. Critical trajectory and removal of particles with

v< vOR in an ideal horizontal flow reactor. (Only ideal settling zone

from Figure 13-24 is shown.)

FIGURE 13-26. Reactor settling potential function for an ideal

horizontal plug flow reactor.
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Figure 13-22, which apply to ideal upflow reactors. Both types

of reactors remove all particles with a settling velocity greater

than the overflow rate. Upflow reactors accomplish no removal

of particles with lower settling velocities, whereas horizontal

flow reactors remove smaller particles at an efficiency that

equals the ratio of their settling velocity to the overflow rate.

Hence, ideal horizontal flow reactors are intrinsically better than

ideal upflow reactors, at leastwith respect to removal efficiency.

Recall, however, that particles with v < vOR can stay in ideal

upflow reactors for times greater than the hydraulic detention

time, t, whereas all particles that are not caught at the bottom of

an ideal horizontal flow reactor exit at the detention time. For

Type II suspensions, this extra time for flocculation in upflow

reactors diminishes the advantages of horizontal flow reactors.

The result shown in Equation 13-31 for particles with

v< vOR can also be derived by considering a hypothetical

particle with velocity v1 that enters at the very top of the

reactor. Like the one considered earlier, this particle settles a

distance h1¼ v1tPFR as it travels across the reactor, so it

leaves in the effluent at a distance h1 below the top of the

water column. Water that enters the reactor within a distance

h1 of the top of the basin, and therefore leaves above this

height, does not contain any particles with settling velocity

>v1. Since the effluent flow is uniformly distributed from top

to bottom, the fractional removal efficiency of particles with

any particular settling velocity v< vOR is h=Hð Þ, and F(v)

equals h=Hð Þ or v=vORð Þð Þ for these particles. This result is,
of course, the same one we obtained earlier.

The preceding discussion indicates that the settling

potential function, F(v), of a continuous flow reactor can

be thought of in a variety of equivalent ways:

	 F(v) is the expected fractional removal of particles

that have an average settling velocity v while in the

reactor,

	 F(v) is the fraction of the effluent flow that is devoid of

particles with average settling velocity �v, and

	 F(v) is the fraction of the influent flow that loses all of

its particles with average settling velocity �v to the

sludge layer.

These various descriptions of the reactor settling potential

function are equally valid for all types of reactors. For

example, in an ideal upflow reactor, all of the effluent

flow is devoid of particles with v� vOR, and none of that

flow is devoid of particles with lesser settling velocities.

& EXAMPLE 13-8. Find the overall removal efficiency

inanidealhorizontalflowsettlingtankforthesamesuspension

considered in Example 13-6, and at the same overflow rate

of 1.2m=h.

Solution. The mathematical description of the cumula-

tive settling velocity distribution of the suspension was given

in Example 13-6. As in that example, we use Equation 13-28

to solve for the removal efficiency, but here, we use the

settling potential function for an ideal horizontal flow

reactor (Equation 13-31) as follows:

hout;ideal horizontal ¼
Z1

0

F vð Þdf ¼
Zf ðvORÞ

0

F vð Þdf þ 1� f ðvORÞð Þ

¼
Zf ðvORÞ

0

v

vOR
df þ 1� f ðvORÞð Þ

For this suspension

f ðvORÞ ¼ 1

3

� �
ð1:2Þ ¼ 0:40

1� f ðvORÞ ¼ 1� 0:40 ¼ 0:60

In the region of v< vOR, df ðvÞ=dvð Þ ¼ 1
3

� �
, so that

df ¼ 1
3

� �
dv, and the integral term in the removal equation

becomes

Zf ðvORÞ

0

v

vOR
df ¼

ZvOR
0

v

vOR

1

3
dv ¼

Z1:2

0

v

1:2

1

3
dv

¼ v2

ð2Þð1:2Þð3Þ
����
1:2

0

¼ 1:44

7:2
¼ 0:20

The overall removal, therefore, is the sum of the two

components:

hout ¼ 0:20þ 0:60 ¼ 0:80

Note that the removal in the ideal horizontal flow reactor

(80%) is substantially greater than the removal in the ideal

upflow reactor (60%). &

& EXAMPLE 13-9. Find the expected removal effi-

ciency in an ideal horizontal flow reactor with an overflow

rate of 1.1m=h for the Type I suspension whose settling

velocity distribution was found in Example 13-5. Assume

that the suspension contains no particles with v> 8m=h.

Solution. In this case, since f(v) is not given as an explicit
mathematical function, we carry out the required integration

numerically. The settling velocity distribution found in

Example 13-5 is given in the first two columns of the

spreadsheet shown in Table 13-3. A few values from the

earlier spreadsheet have been omitted because the intervals

of f(v) were too small to be of consequence, and a value of v

when f(v)¼ 1 has been assumed; the result is insensitive

to that assumption. In addition to the values obtained
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directly from Example 13-5, a value of f(v) is interpolated at

v�¼ vOR¼ 1.1m=h from the adjacent values of f(v); that is,

f ð1:1Þ ¼ f ð1:0Þ þ 1:1� 1:0

1:5� 1:0


 �
ðf ð1:5Þ � f ð1:0ÞÞ

¼ 0:46þ ð0:2Þð0:58� 0:46Þ ¼ 0:484

The calculation of the removal efficiency is an application

of Equation 13-26. The third column (Df(v)) is found as the

difference between adjacent values in the second column,

and each value is shown in the row associated with

the endpoint of the interval. The fourth column is the value

of F(v) associated with the value of v in the first column. For

this horizontal flow reactor, F(v) is calculated as the mini-

mum of v=vORð Þ or one, in accordance with Equation 13-31.
The fifth column is the average value of F(v) in the interval

FðvÞi ¼
�
Fðvi�1Þ þ FðviÞ

�
=2 and is shown at the endpoint

of the interval. Finally, the last column shows the product of

the values in Columns 3 and 5,
�
FðvÞiDf i

�
, for each interval.

The overall removal is the sum of the values in this column, in

accordancewith Equation 13-26, and is shown at the bottom of

the column; that is, hout¼ 0.715, or 71.5%.

The spreadsheet is shown for all values of v, but it could

be cut off at the value of vOR and yield the same result by

using a discretized form of Equation 13-28, as follows:

htot ¼
X

all t with v�vOR

FðvÞDf iÞi þ 1� f ðvORÞð Þ
�

¼ 0:012þ0:019þ0:030þ0:051þ0:064þ0:023½ 
þ 1�0:484ð Þ
¼ 0:715 &

Circular Reactor Consider next a circular, continuous flow

sedimentation tank, with the same idealities as the rectangular

tank considered earlier; that is, an effluent wall that collects

liquid fromall layers equally, an influent distribution that is also

evenly distributed radially and vertically, and aflowpattern that

is perfect horizontal plug flow and does not allow any vertical

mixing. In circular tanks, the influent comes in at the center of

the tankandflows radiallyoutward toward theeffluent structure

at the outside edge. As shown in Figure 13-27, the influent is

TABLE 13-3. Calculation of Removal Efficiency in Ideal Horizontal Flow Reactor with vOR¼ 1.1m=h

Settling

Velocity, v

(m=h)

Cumulative Settling

Velocity Distribution

f(v)

(–)

Interval

of f

Df
(–)

Removal Efficiency at

Settling Velocity v

FðvÞ
(–)

Removal Efficiency

for Interval

FðvÞ
(–)

Removal

in Interval

FðvÞDf
(–)

0 0 0

0.2 0.13 0.13 0.182 0.091 0.012

0.33 0.21 0.08 0.300 0.241 0.019

0.5 0.29 0.08 0.455 0.377 0.030

0.75 0.38 0.09 0.682 0.568 0.051

1 0.46 0.08 0.909 0.795 0.064

1.1 0.484 0.024 1 0.954 0.023

1.5 0.58 0.096 1 1 0.096

2 0.67 0.09 1 1 0.09

3 0.78 0.11 1 1 0.11

4 0.86 0.08 1 1 0.08

6 0.95 0.09 1 1 0.09

8 1.0 0.05 1 1 0.05

Sum: 0.715
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FIGURE 13-27. Circular continuous flow sedimentation tank.
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brought into the sedimentation zone at a radial distance R1

from the center point and travels to the outside edge at a

distance R2 from the center. The analysis is set up in cylin-

drical coordinates to match the shape of the tank; r is the

distance fromthecenterpoint,f is theangle fromanarbitrary

reference radius line, and z is the depth. The horizontal

distance of interest varies from R1 to R2 as water flows

from the influent structure to the effluent wall; the depth

varies fromzero at the top to the full depth,H; and the anglef

varies from 0 to 2p.

Because we are assuming ideal plug flow, the travel time

for every aliquot of fluid is the theoretical detention time,

t ¼ V=Qð Þ ¼ p R2
1 � R2

1

� �
H=Q

� �
. The horizontal velocity

slows along the pathway from R1 to R2, but the vertical

velocity of a particle is always its settling velocity. Hence,

the trajectory of each individual particle is curved, but every

particle falls the same distance in this circular reactor as it

would in a rectangular reactor with the same value of t or in

a time t equal to t in a batch reactor. Hence, the expected

vertical profile of concentrations at R2 in the continuous

flow reactor is the same as in the batch reactor at time t.
We conclude, therefore, that the reactor settling potential

function, F(v), is the same for circular tanks as for rectan-

gular tanks (Figure 13-26 and Equation 13-31).

& EXAMPLE 13-10. The influent to an ideal horizon-

tal flow reactor with an overflow rate of 1m=h is as

described in Example 13-2. Assume the suspension is

nonflocculent. Plot the particle size distribution of the

influent and effluent, both as the particle size distribution

function and the volume distribution, and find the percent

removal on a mass (or volume) basis.

Solution. The calculations are summarized in

Table 13-4. The first four columns are repeated from

Table 13-1. Each size class has an associated settling

velocity, vi, and the removal efficiency of particles in that

size class is described by F(vi), given by Equation 13-31.

For size classes with vi < vOR, FðvÞ ¼ vi=vORð Þ; in this

case, vOR¼ 1m=h, so the (dimensionless) numerical val-

ues for F(v) are the same as the (dimensional) vi values for

those classes. For size classes with vi > vOR, FðvÞ ¼ 1.

The removal efficiencies range from infinitesimally small

for the smallest particles to 100% for the largest five size

TABLE 13-4. Particle Removal in Ideal Horizontal Flow Reactor: Type I

log dp

(dp in mm)

Influent Particle Size

Distribution Function

logDN=Ddp

� �
in

(DN=Ddp in cm
�3 mm�1)

Influent Volume

Distribution

DV=D log dp

� �
in

(mm3=cm3)

Settling

Velocity v

(m=h)

Removal

Efficiency

F(v) (–)

Effluent Volume

Distribution

DV=D log dp

� �
out

(mm3=cm3)

Effluent Particle Size

Distribution Function

logDN=Ddp

� �
out

(DN=Ddp in cm
�3 mm�1)

�0.3 5.60 3.04Eþ04 2.46E�04 2.46E�04 3.03Eþ04 5.60

�0.2 5.57 7.10Eþ04 3.91E�04 3.91E�04 7.09Eþ04 5.57

�0.1 5.51 1.56Eþ05 6.19E�04 6.19E�04 1.56Eþ05 5.51

0.0 5.44 3.30Eþ05 9.81E�04 9.81E�04 3.30Eþ05 5.44

0.1 5.35 6.75Eþ05 1.55E�03 1.55E�03 6.74Eþ05 5.35

0.2 5.24 1.33Eþ06 2.46E�03 2.46E�03 1.33Eþ06 5.24

0.3 5.13 2.56Eþ06 3.91E�03 3.91E�03 2.55Eþ06 5.12

0.4 4.99 4.74Eþ06 6.19E�03 6.19E�03 4.71Eþ06 4.99

0.5 4.85 8.50Eþ06 9.81E�03 9.81E�03 8.42Eþ06 4.84

0.6 4.69 1.47Eþ07 1.55E�02 1.55E�02 1.45Eþ07 4.68

0.7 4.51 2.46Eþ07 2.46E�02 2.46E�02 2.40Eþ07 4.50

0.8 4.31 3.94Eþ07 3.91E�02 3.91E�02 3.79Eþ07 4.30

0.9 4.10 6.07Eþ07 6.19E�02 6.19E�02 5.69Eþ07 4.07

1.0 3.87 8.93Eþ07 9.82E�02 9.82E�02 8.05Eþ07 3.82

1.1 3.62 1.25Eþ08 0.155 0.155 1.06Eþ08 3.54

1.2 3.34 1.67Eþ08 0.246 0.246 1.26Eþ08 3.22

1.3 3.04 2.10Eþ08 0.391 0.391 1.28Eþ08 2.83

1.4 2.71 2.49Eþ08 0.619 0.619 9.50Eþ07 2.30

1.5 2.36 2.76Eþ08 0.981 0.981 5.27Eþ06 0.64

1.6 1.90 2.42Eþ08 1.55 1.0 0 –

1.7 1.40 1.92Eþ08 2.46 1.0 0 –

1.8 0.85 1.36Eþ08 3.91 1.0 0 –

1.9 0.25 8.63Eþ07 6.19 1.0 0 –

2.0 �0.40 4.81Eþ07 9.82 1.0 0 –
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classes. Only five size classes have more than 10% and

less than 100% removal.

For each size class i, the effluent concentration is the

product of the fraction remaining, ð1� FðviÞÞ, and the

influent concentration. So, the effluent volume distribution

values are found as follows:

DVi

D log dp


 �
out

¼ ð1� FðviÞÞ DVi

D log dp


 �
in

These values, shown in the sixth column of Table 13-4, can

then be converted to the particle size distribution function

values, log DNi=Ddp;i

� �� �
, using the techniques shown in

Chapter 11.11 The results are shown in the final column

in the table. Plots of the influent and effluent particle size

distribution functions and volume distributions are shown in

Figure 13-28.

The total particle volume concentrations for the influent

and effluent are found by summing all of the values of

DVi=D log dp

� �
for each stream and multiplying by the

logarithmic size increment (0.1 from Example 13-2).

Doing so yields a total particle volume concentration

of 198� 106 mm3=cm3 for the influent (as reported in

Example 13-2) and 69:2� 106 mm3=cm3 for the effluent.

The fractional removal of particle volume, therefore, is

1� 69:2=198ð Þ ¼ 0:65. This process is identical to finding

the fraction of the influent suspension represented by each

size class, Df i ¼ DVi=
P

all i DVi

� �
(where the D log dp is

omitted because it cancels), and then finding the overall

removal as hout ¼
P

all i FðviÞDf i. Note that the removal

efficiency of the horizontal flow reactor (65%) is consider-

ably greater than that of the upflow reactor (36%, reported in

Example 13-7). The result of 65% removal is typical of

primary sedimentation tanks in municipal wastewater

treatment plants. &

Type I versus Type II Suspensions in Horizontal Flow
Reactors The same considerations about Type I and Type

II suspensions that were noted for the ideal upflow reactor

also apply to the horizontal reactors. That is, the removal

efficiency for a given suspension depends only on the

overflow rate for Type I suspensions, but on both the over-

flow rate and detention time (or depth) for Type II

suspensions.

Again, for Type I suspensions, f(v) is an unchanging

characteristic of the influent suspension, and F(v) depends

only on the ratio of v and vOR, so that the overall removal

efficiency for a given suspension depends on vOR only.

Hence, a deep reactor and a shallow reactor, both with

the same surface area and both receiving the same influent

flow (and hence having the same overflow rate), will have

the same removal efficiency. One might think that the deeper

reactor would perform better because of the greater time

available for settling, or worse because of the greater

distance that particles must fall to hit bottom, but these

two factors exactly offset one another.

& EXAMPLE 13-11. For the Type I suspension whose

cumulative settling velocity distribution was found in Exam-

ple 13-5, plot the removal efficiency as a function of overflow

rate between 0.25 and 6m=h.

Solution. The spreadsheet reflected in Table 13-3 can be
evaluated at different overflow rates, and the removal effi-

ciency determined at each. The values of F(v) (the fourth

column in that spreadsheet) depend on vOR according to

Equation 13-31. At an overflow rate of 4m=h, for example,

only the last three entries in that column would be one, and

the values above that would be calculated as v=vORð Þ. Hence,
above the last three rows, all of the values in the last three

columns of the table would be lower than that determined for

the overflow rate of 1.1m=h shown in the table, and there-

fore the removal efficiency (the sum at the bottom right of

the table) would be lower. The resulting data for several

FIGURE 13-28. Changes in particle size distributions in ideal

horizontal flow reactor.

11 Alternatively, one can calculate these values directly. An example

for the value at log dp¼ 1.1 is as follows: log DN=Ddp

� �� �
out

¼
log 10log DN=Ddpð Þ� �

in
1� FðvÞð Þ

h i
¼ log 103:62

� �
1� 0:155ð Þ� � ¼ 3:54.
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overflow rates are shown in Figure 13-29. Note that increas-

ing the overflow rate (i.e., increasing the flow rate or

decreasing the surface area) decreases the removal effi-

ciency. So, for example, primary sedimentation basins in

wastewater treatment plants (without prior flow equalization

basins) might achieve substantially reduced removal effi-

ciencies during peak flow periods in comparison to average

conditions. &

For Type II suspensions, f(v) changes with time in a batch

reactor due to the flocculation of the suspension, and there-

fore it changes with detention time in a continuous flow

reactor. The effects of the simultaneous flocculation and

sedimentation in continuous flow sedimentation can be

illustrated with some experimental results that were

obtained using a four-compartment reactor, with the com-

partments separated by perforated walls to prevent short-

circuiting. A small compartment distributed the flow evenly

into the first compartment. For each experiment, the sus-

pension was made from a supply of dry particles and was

destabilized as it flowed into the distribution compartment,

so that no flocculation occurred before the sedimentation

unit; that is, under all conditions, the influent (relative) size

distribution (and therefore the settling velocity distribution)

was the same. After steady-state conditions were achieved,

samples were removed from each compartment at different

depths and the size distribution was measured.

An example illustrating the change in the size distribution

between the influent to the system and the effluent frommid-

depth in the fourth compartment is shown in Figure 13-30.

For the larger particles (log dp> 0.3, or dp> 5mm), the

removal (difference between influent and effluent)

increased with increasing size, as expected from the increas-

ing settling velocities, and the largest particles were

removed completely. For the smaller particles (log dp< 0.1,

or dp< 1.3mm), the removal increased with decreasing size,

a characteristic of flocculation (as smaller particles grow

into larger particles). Particles in the intermediate size range

were removed least efficiently, because the gain by floccu-

lation of smaller particles nearly balanced the losses by

flocculation into larger particles and by sedimentation. In

this example, the net change is a loss of particles of all sizes

due to this combination of flocculation and sedimentation.

The trends shown in the figure occur in most systems

encountered in environmental engineering.

Further results from the same research illustrate how

variables that are important in flocculation influence the

amount of sedimentation that can occur. For example, results

of experiments using different influent suspension concentra-

tions (200 and 600mg=L) and different chemical condi-

tions—at the pH of the zero point of charge (ZPC) and at a

pH 1.5 units away from the ZPC—are shown in Figure 13-31.

For the two suspensions with the same initial concentra-

tion, removal efficiency (i.e., htot¼ 1�fraction remaining)

was greater at the ZPC than at the non-ZPC pH. For the two

FIGURE 13-31. Effects of particle destabilization and particle

concentration on removal efficiency in Type II, continuous flow

sedimentation. Results from mid-depth ports in each compartment

under steady-state conditions. Source: Wirojanagud (1983).

FIGURE 13-29. Effect of overflow rate on removal efficiency for

a Type I suspension in a horizontal flow reactor.
FIGURE 13-30. Changes in the particle size distribution during

continuous flow flocculent (Type II) sedimentation.
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suspensions with the same chemical conditions, removal

was substantially higher for the suspension with the higher

initial concentration. In Type I sedimentation, the three lines

would lie on top of one another; the dramatic effect of

flocculation is illustrated by the differences in these lines.

By the last compartment, approximately 80% of the particle

mass remained in suspension in the system where floccula-

tion was minimal (non-ZPC, low concentration) but only

approximately 30% remained in suspension in the system

where flocculation was promoted (ZPC, high concentration).

In real systems, the effects of higher concentration are often

taken advantage of by recycling sludge in precipitation

processes (e.g., softening in water treatment, or metals

precipitation in industrial situations), an approach that seeds

the reaction and improves sedimentation.

Correspondence of Batch and Continuous Flow Reactors
for Ideal Horizontal Flow For both rectangular and cir-

cular ideal PFRs with horizontal flow, the suspension is

equivalent to a moving batch, with different horizontal

locations in the continuous flow reactors corresponding to

different times in a batch reactor. We can take advantage of

this correspondence to simplify the analysis of removal in

these reactors.

The flow rate through a differential area of the effluent

wall is the product of that area and the horizontal velocity.

The total effluent flow, Qout, is the integral of this horizontal

velocity (or volumetric water flux) over the area of the outlet

wall; that is,

For rectangular reactors:

Qout ¼
ZH

0

ZW

0

vhðL;w; zÞdw dz ¼ vh WH (13-32)

For circular reactors:

Qout ¼
ZH

0

Z2p

0

vhðR2;f; zÞR2 df dz ¼ vh;R2
ð2pR2ÞH (13-33)

The integral expressions in the middle of these two

equations are completely general, whereas the last form

on the right side in both cases is for the ideal case where the

flow is uniform across the entire wall.

The concentration in the effluent, cout, is the weighted

average of the concentrations across the effluent wall, with

the weighting factor being the horizontal (effluent) flow rate

just described; that is,

For rectangular reactors:

cout ¼
RH
0

RW
0

cðw; zÞvhðw; zÞdw dz ¼ vh W HRH
0

RW
0

vhðw; zÞdw dz
¼ 1

H

ZH

0

cðzÞdz

(13-34)

For circular reactors:

cout ¼
R 2p
0

RH
0
cðz;f;R2Þvhðz;f;R2Þdz R2 dfR 2p

0

RH
0
vhðz;f;R2Þdz R2 df

¼ 1

H

ZH

0

cðzÞdz

(13-35)

Again, the first equality in each case is completely

general, allowing for nonuniform distribution of the flow

across the effluent wall, while the second applies to the ideal

case of uniform flow across the wall. With ideal flow, the

concentration varies only with depth, not with location along

the width (w) or perimeter (f) of the effluent wall, so the

concentration in both cases is expressed only as c(z). Note

that the concentration under consideration can be any

measure of particle concentration; suspended solids con-

centration, total volume concentration, and total number

concentration are the most commonly used measures

(but, of course, would give different results for the same

suspension).

The overall removal efficiency, hout, for any reactor is

1� cout=cinð Þ. Therefore, for the ideal horizontal flow sedi-

mentation reactor, the overall removal efficiency can be

expressed in any of the following ways:

hout ¼ 1� cout

cin
¼ 1� 1

cinH

ZH

0

cðzÞdz ¼ 1

H

ZH

0

hðzÞdz ¼
Z1

0

hðz0Þdz0

(13-36)

where z is depth, z0 is the normalized (fractional) depth, h(z)

is the removal efficiency as a function of depth, and h(z0) is
the removal efficiency as a function of fractional depth.

The expressions in Equations 13-34, 13-35, and 13-36 can

be evaluated with the aid of a plot showing the profiles for

concentration and fractional removal efficiency at the efflu-

ent wall of the reactor, such as shown in Figure 13-32.

According to Equations 13-34 and 13-35, the particle con-

centration in the mixed effluent of the ideal horizontal flow

reactors (rectangular or circular) is the area below and to

the left of the profile shown in Figure 13-32a, divided by the

total depth, H. Similarly, according to Equation 13-36, the

fractional removal efficiency is the area above and to the left

of the profile shown in Figure 13-32b. Hence, the figure

provides an immediate visual picture of the performance of a

continuous flow reactor.

The analysis of ideal horizontal plug flow reactors per-

formed by the numerical, analytical, or graphical integration

of the concentration (or removal) at the effluent wall must, of

course, lead to the same result as that found from a numerical

or analytical evaluation of the integral,
R 1
0
FðvÞdf . The cor-

respondence is exact, because the same batch experiments

are used to find the f(v) values (corresponding, in the case

of Type II suspensions, to a specific time and depth), and

CONTINUOUS FLOW IDEAL SETTLING 633



the integration of F(v)df essentially reconstructs the area

above the profile in Figure 13-32.

The conditions at the effluent wall of a PFR with a

hydraulic residence time, tPFR, are identical to those in a

batch reactor after time t¼ tPFR. Therefore, the profiles of
concentration and removal at the effluent wall of the PFR

can be predicted and=or reproduced exactly in a batch

settling test, if a column of the same height as the PFR is

used and the batch settling time equals tPFR. Using this

approach, batch tests can be used to explore the maximum

particle removal efficiency that could be achieved for

various possible designs of full-scale continuous flow

reactors (maximum, because the full-scale reactor would

likely be less ideal than the batch system). For flocculent

suspensions (Type II), the batch data must be obtained at

the times and over the depths (with multiple sampling

ports) that are under consideration for the full-scale

reactor. For nonflocculent suspensions (Type I), however,

we have already established that the concentration in a

batch reactor is a function only of the ratio of depth and

time, not of each independently, so that the data required to

produce plots such as Figure 13-32 for Type I suspensions

can be obtained from data at any single depth over time, or

any single time over depth.

To predict the expected profile at the effluent end of an

ideal, plug flow, horizontal tank requires the integration of

Equation 13-23, the number balance equation considering

both flocculation and sedimentation. Recall that, in a

Lagrangian view of a plug flow reactor, this equation is

the same as for a batch system. Hence, numerical integration

of Equation 13-23 for all particle sizes simultaneously

would predict the required vertical profile. Programs that

carry out such calculations exist (e.g., Lawler et al., 1980;

Ramaley et al., 1981; Valioulis and List, 1984) and are likely

to be used more frequently in the future, especially if they

can be improved to account for realistic reactor configura-

tions and less-than-ideal flow characteristics. In the mean-

while, most designs of full-scale reactors are based either on

experimental results (i.e., batch tests at full depth, with

sampling at several depths over time) or simply on experi-

ence with similar suspensions.

Tube Settlers

While horizontal and vertical flow reactors with a single

floor for particle collection are the most common sedi-

mentation reactors in use, tube settlers are increasingly

used. A schematic of a simple tube settler is shown in

Figure 13-33. We turn our attention now to the develop-

ment of the reactor settling potential function for these

reactors.

Before delving into the mathematical analysis of tube

settlers, it is worthwhile thinking about how we expect

their geometry to affect particle removal. We focus on the

two features of tube settlers that distinguish them from

horizontal PFRs: the short distance that particles need to

fall before striking a surface, at which point they are

considered to be permanently removed, and the upward

velocity component of the water flow. Each of these

features can be evaluated by considering a limiting case,

as follows.

If N false floors are evenly spaced in a horizontal PFR (so

that, including the real floor, there are Nþ 1 surfaces onto

which particles can fall), then the system becomes equiv-

alent to a set of Nþ 1 parallel ideal PFRs, each with

overflow rate vOR,original=(Nþ 1). Decreasing the overflow

rate increases removal efficiency for a given suspension (by

decreasing the critical settling velocity), so this modification

would appear to be a useful way to improve system per-

formance without increasing the footprint of the reactor. In

fact, such reactors with several horizontal (or near horizon-

tal) floors have been built, but the difficulties associated with

sludge collection from such systems made the design

impractical.

The other limiting case consists of adding an upward

component to the bulk water flow without decreasing H (or

increasing the available floor area of the reactor) at all. In the

limit, this design becomes the ideal vertical reactor

described previously. In this limiting case, particles with

settling velocities less than the upward water velocity are not

removed at all, and the overall removal efficiency of the

reactor is less than that in a horizontal PFR of the same

dimensions.

In a tube settler, particles have a shorter distance to fall

than in a horizontal PFR with the same overall dimensions

(or, equivalently, the available horizontal surface area is

greater than in the PFR), and the suspension has an upward

velocity component. The former factor increases the

removal efficiency of particles, and the latter decreases it,

so we might reasonably expect that the net effect of con-

verting a horizontal PFR to a tube settler could be either

beneficial or detrimental, depending on which of these

factors is more important. Of course, we can also expect

FIGURE 13-32. Using batch sedimentation results to predict

behavior in ideal horizontal flow continuous flow settlers.
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that realistic designs are those in which the beneficial effects

outweigh the detrimental ones.

The active settling zone in a tube settler is a set of inclined

tubes or plates. The simplest construction of such a reactor is

depicted in Figure 13-33a; in such a reactor with an ele-

vation view shaped as a parallelogram, the flow enters at the

bottom left and travels up and to the right. Sets of tubes can

also be constructed to fit (or retro-fit) into a rectangular

reactor. A single tube is sketched in Figure 13-33b. The

designvariables, in addition to the overall surface area (A) of

the tank, include the depth (H) of the tank, the angle of

incline (a) of each tube, and the spacing (w) between the two

sides of each tube.

On the right portion of Figure 13-33b are three small

figures that aid in understanding the geometry and flow in a

tubular reactor. The top diagram indicates that the vertical

separation distance between tubes is w=cosað Þ. Since the

total vertical distance is H, the ratio of these two quantities;

that is, H cosa=wð Þ represents the number (N) of vertical

“stages” between the influent and the effluent. (If one draws

a vertical line starting at the point O in the left portion of

Figure 13-33b until hitting the top wall of the tube, then

draws a horizontal line until hitting the lower wall again, and

continues to draw vertical and horizontal lines in this way

until reaching the top, there will be N steps.) If a cross-

section of the tank has plates or tubes throughout the depthH

(as would occur in a large tank), N is the number of plates or

sections in a vertical plane.

The horizontal distance between tubes (and therefore the

size of the opening in the horizontal dimension at both

the top and bottom) is L ¼ w=sinað Þ, as indicated in the

middle figure on the right. The bottom small figure is

the velocity vector. If the flow is ideal plug flow through

each tube, the water velocity parallel to the tube is

Q=ðA sinaÞð Þ. The vertical component of the water veloc-

ity (with positive up) is simply Q=Að Þ, defined here as vOR
(i.e., the overflow rate). The horizontal component of the

water velocity is vOR cot a.
Consider next the behavior of particles. Particles are

assumed to be removed if they hit the right (or bottom)

wall of the tube. Particles have a horizontal velocity that is

the same as the water, but the vertical velocity of a particle is

the difference between the (upward) vertical water velocity

and the (downward) settling velocity of that particle in

quiescent conditions; that is, vOR � v. (Note that vOR is

defined as positive up and v is defined as positive down,

following our intuition.) Since the vertical velocity of the

particle is less than that of water, particles stay in the reactor

longer than water; throughout that time, they have the same

horizontal velocity as the water, so that they tend to move

toward the right wall as they rise. Of course, if v> vOR, then

the particle does not rise into the tube at all, and the removal

of such particles is complete.

The removal of particles that do enter the tube is more

interesting. The analytical approach is to follow backwards

the trajectory of a particle with settling velocity, v, from

the point T (at the top right of the tube in Figure 13-33b)

and determine the position (s, a particular value of the

variable x) where it entered the tube. Any particle with the

same settling velocity that entered to the right of s (i.e., at

x< s) is captured, whereas any particle with that settling

velocity that entered to the left of s (i.e., at x> s) is not

removed. Therefore, assuming the particles are uniformly

distributed across the entrance, the ratio s=Lð Þ is the

fractional removal of particles with that settling velocity;

that is, FðvÞ ¼ s=Lð Þ.
If the value of s is greater than or equal to L for a given

value of v, the implication is that all the particles with

velocity v that enter the tube fall fast enough to hit the

wall before they reach the outlet. The smallest value of v

that meets this criterion is the critical velocity, v�. In

Figure 13-33b, v� corresponds to a trajectory from point

(a) 
Qout

A 

Q in

Qsludge

(b) 

w 

O s 

T 

P 

H 

x 
L 

a

X = H cot α

w 
w 

cos α

a

sin α 
w  L =  

w 
a

A

Qout vOR =
sin 
vOR 

a
vOR cot a

FIGURE 13-33. Schematic and definition diagrams for tube

settlers.
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P to point T, and to s=Lð Þ ¼ 1:0. Thus, we can express the

reactor settling potential function in terms of s and L as

follows:

FðvÞ ¼
s=L for s < L; i:e:; v < v�

1:0 for s � L; i:e:; v � v�

(
(13-37)

Although the above expressions are correct, the fact that

F(v) equals s=L when v< v� is not particularly useful to us,

since we do not yet know how to compute s for a given v. The

challenge, then, is to relate s to v. To do so, we note that

the time, tp, for a particle with settling velocity, v, to travel

the vertical distance H is

tp ¼ H

vOR � v
(13-38)

The horizontal distance traveled is the product of the

horizontal velocity, vh, and the travel time; for a particle that

strikes point T, the distance is the sum of the horizontal

distance taken up by the tube (X) and s; that is,

sþ X ¼ vhtp ¼ vOR cot að Þ H

vOR � v


 �
(13-39)

As can be seen in Figure 13-33, X¼H cot a. Substitut-

ing this expression into Equation 13-39 and rearranging

yields

s ¼ vOR cotað Þ H

vOR � v


 �
� H cota

¼ H cota
vOR

vOR � v
� 1


 �

¼ H cota
v

vOR � v


 �
(13-40)

The fractional removal of particles with settling velocity

v< v� can be found, therefore, as

Fractional removal

of particles with

v < v�

2
4

3
5¼ FðvÞv<v� ¼

s

L
¼ H cota v=ðvOR�vÞð Þ

w=sina

¼ H

w
cosa

v

vOR � v


 �

¼ N
v

vOR � v


 �
(13-41)

As noted earlier, the critical velocity, v�, corresponds to
s¼ L. Substituting s=L¼ 1 into Equation 13-41 and solving

for the corresponding value of v (¼v�) yields

v� ¼ vOR

ðH cosa=wÞ þ 1
¼ vOR

N þ 1
(13-42)

Thus, the complete F(v) function for tube settlers can be

written in terms of v as

FðvÞ ¼ N
v

vOR � v


 �
if v < v�

1 if v � v�

8<
: (13-43a)

where

v� ¼ vOR

ðH cosa=wÞ þ 1
¼ vOR

N þ 1
¼ Q

AðN þ 1Þ (13-43b)

and

N ¼ H cosa

w
(13-43c)

Equation 13-43 indicates that the reactor settling potential

function, F(v), for a tube settler depends on only two com-

posite parameters: N, which incorporates the effects of the

designvariablesH,w, anda; and the overflow rate, which, for

a givenflow rate, depends only on the surface area of the tank.

The effects of N and vOR on F(v) are shown in Figure 13-34;

F(v) for an ideal horizontal reactor is included for reference.

For a given vOR, the four curves become progressively steeper

as N increases and reach the terminal value of F(v)¼ 1 at

progressively lower values of v (i.e., v� decreases as N

increases, as shown in Equation 13-43b).

For a given suspension, higher values of F(v) correspond to

improved removal ofparticles, so theplot indicates that increas-

ing N improves performance. This result is not surprising,

because increasing N corresponds to more opportunities for

particles to reach a plate. In the absence of other considerations

(cost, minimum practical spacing distance between plates),

adding more stages would always improve performance.

FIGURE 13-34. Settling potential function for tube settlers at

various values of N.
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The figure also indicates that whenN< 1, the performance

of the reactor would be worse than that of an ideal PFR with

horizontal flow for some slowly settling particles but better

than the ideal PFR with vertical flow. Physically, values of N

between 0 and 1 correspond to reactors in which the particle

collection plates are far removed from one another; this

condition might also be thought of as an approximation for

reactors in which the water enters with an even distribution

through an entrance wall, but leaves by flowing over weirs at

the top of the water surface. Note that there is some penalty

associated with adding the upflow velocity component to the

flow. The case where N¼ 0 corresponds to the vertical flow

reactor described previously. The reasonable range of N

values for design is 3�N� 10, so in practice, the conversion

of a horizontal PFR to a tube settling system should always

improve settler performance, albeit at a cost in terms of both

capital and operating expenses.12

The graph makes clear the advantages of tube settlers over

more conventional settling tank designs. Particles with settling

velocities much smaller than the overflow rate can be com-

pletely removed in tube settlers. Hence, it is possible to use a

much larger overflow rate (i.e., smaller area) to accomplish the

same overall removal as in an upflow or horizontal flow tank.

Tube settlers are often used in industrial settings where the

waste treatment is accomplished within closed spaces and the

value of space (area) is high. Another example where space is

costly is in extremely cold climates where the treatment has to

be enclosed to avoid freezing. Finally, tubes have often been

used to retrofit existing settling tanks that have exceeded their

original design flow; converting an existing settling tank (either

horizontal flowor upflow) into a tube settler accommodates the

greater flow in the same area and improves removal efficiency.

As was shown for reactor types considered previously, the

preceding analysis of tube settlers is valid for either Type I or

Type II suspensions, but the differences between the two

deserve consideration. For Type I, the cumulative settling

velocity distribution, f(v), is a characteristic of the influent

that isunchangedbythereactor,andhenceitsdeterminationina

batch experiment is sufficient. For Type II, however, f(v) is

influenced by the flocculation that can occur. As in an upflow

reactor, the largest particles never enter the settling zone of a

tube settler and are not available to flocculate with the smaller

particles. Inaddition, theoverflowrates vOR ¼ Q=Að Þð Þof tube
settlers are typicallymuch higher than those of either upflowor

horizontal flow reactors, so that the theoretical detention times

t ¼ Q=Að Þð Þ are often relatively short; flocculation is also

limited by these relatively short detention times. However,

the particle detention time is greater than the hydraulic deten-

tion time (especially for particles with a settling velocity just

less thanv�), so thatsomeparticlesareavailable forflocculation

for longer times thanthehydraulicdetention time.Nobatch test

can truly emulate this set of changing conditions; a reasonable

compromisemight be to obtain f(v) data in a batch experiment

done at the depth of the full-scale reactor and for a time

equivalent to the hydraulic detention time. Such a test would

overestimate the effects of the biggest particles in suspension,

butunderestimate theeffects of the increasedparticledetention

time, incomparisonwith thecontinuousflowtubesettler.These

effects cannot be expected to offset each other exactly.

& EXAMPLE13-12. For the samesuspensiondescribed

inExample13-6,findtheexpectedremovalefficiencyinatube

settlerwith overflow rate vOR¼ 2.4m=h andN¼ 3. (Note that

the overflow rate is doubled in comparison with the previous

example in recognition that tube settlers should accomplish

good removal in less space.)

Solution. The expected removal efficiency is found from

Equation 13-28 using the reactor settling potential function

for tube settlers described in Equation 13-43 with the value

of N¼ 3. That is,

hout ¼
Zf ðv�Þ

0

FðvÞdf þ 1� f ðv�Þð Þ

where FðvÞ ¼ N v=ðvOR � vÞð Þ for v< v�.
Using Equation 13-43b, we find v� as follows:

v� ¼ vOR

N þ 1
¼ vOR

3þ 1
¼ vOR

4
¼ 0:25vOR

From Example 13-6, we know that, in this range of v,

f ðvÞ ¼ 1
3

� �
v, so that

f ðv�Þ ¼ 0:25vOR
3

¼ ð0:25Þð2:4Þ
3

¼ 0:20;

and therefore 1� f ðv�Þ ¼ 1� 0:20 ¼ 0:80.
We also know from Example 13-6 that, for v< v�,

df ¼ 1
3

� �
dv, so that

Zf ðv�Þ

0

FðvÞdf ¼
Zf ð0:25vORÞ

0

N
v

vOR � v


 �
df ¼

Z0:25vOR
0

3
v

vOR � v


 �
1

3
dv

¼
Z0:6

0

v

2:4� v

� �
dv ¼ �2:4� v

����0:6
0
�2:4 ln

�
2:4� v

����0:6
0

¼ 1:8� 2:4� 2:4 ln
1:8

2:4


 �
¼ �0:60þ 0:69 ¼ 0:09

12 The results for N¼ 3 and N¼ 10 in the figure appear to be reasonably

straight lines. A lower approximation for the equation of the straight line can

be obtained by assuming that v� vOR in Equation 13-43, yielding FðvÞ ¼
N v=vORð Þ for v< v�. An upper approximation is found as a straight line from

the origin to F(v)¼ 1 at v ¼ v� ¼ vOR=ðN þ 1Þ, yielding FðvÞ ¼
N þ 1ð Þ v=vORð Þ. As N increases, the difference between these two approxi-

mations decreases. The linear approximations suggest that a tube reactor

behaves like an ideal horizontal reactor with an overflow rate between

1=N and 1=ðN þ 1Þ times the actual overflow rate.
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Therefore, the overall removal in the reactor is

hout ¼ 1� f ðv�Þð Þ þ
Zf ðv�Þ

0

FðvÞdf ¼ 0:80þ 0:90 ¼ 0:89:

Note that, as could be expected from the graph of F(v) in

Figure 13-34, the removal efficiency is greater in this reactor

than in either the upflow or horizontal flow reactors, even

though the overflow rate is twice the value used in the earlier

examples for those reactors. The extra plates available for

particle collection reduce v� to a value considerably less than
vOR and thereby improve the removal efficiency. &

& EXAMPLE 13-13. Find the expected removal effi-

ciency in a tube settler with an overflow rate of 4m=h and

N¼ 5 for the Type I suspension whose settling velocity

distribution was found in Example 13-5.

Solution. The analysis follows the same sequence as

shown in Example 13-9 for the ideal horizontal reactor,

and is shown in Table 13-5. The only difference is in the

values of for this reactor; these values are calculated accord-

ing to Equation 13-43 and are shown in the fourth column of

the table. For the conditions described

v� ¼ vOR

N þ 1
¼ 4m=h

5þ 1
¼ 0:667m=h

and so FðvÞ ¼ 1 for all v > 0:667m=h. The value of f(v�)
is found by interpolating between f(0.5)¼ 0.29 and

f(0.75)¼ 0.38 to be f(0.667)¼ 0.35. The spreadsheet is

truncated past this point, and the removal is found as

hout ¼ 1� f ðv�Þð Þ þ
X

all i with v�v�
FðvÞdf Þi
�

¼ 1� 0:35ð Þ þ 0:114 ¼ 0:794; or 79:4% &

Summary of Sedimentation in Ideal Flow Reactors

In the preceding sections, we have explored the expected

behavior, under ideal (plug flow) conditions, of three types

of continuous flow sedimentation reactors: upflow, horizon-

tal flow, and tube settlers. For each of these reactor types, we

have derived an equation for the reactor settling potential

function, F(v), that describes the expected fractional

removal of particles with an average settling velocity, v,

while in the reactor. In all three cases, complete removal is

expected for particles with an average settling velocity

greater than some critical value, v�; that is, F(v)¼ 1 for

all v> v�. For upflow and horizontal flow reactors, the

critical settling velocity is the overflow rate, defined as

the flow rate divided by the (horizontal) surface area,

v� ¼ vOR ¼ Q=A. The great value of tube settlers is that

the critical settling velocity can be much smaller than the

overflow rate; that is, v� ¼ vOR=ðN þ 1Þ, where N accounts

for several geometric details of the design (the height of the

reactor, the spacing between tubes, and the angle of the tubes

relative to horizontal) and N þ 1 can be thought of as the

number of surfaces (“floors”) that one crosses on a vertical

line through the reactor. For the same overflow rate in the

three types of reactors, the removal efficiency will be great-

est for a tube settler (assuming that N � 1), followed by the

horizontal flow reactor, and then the upflow reactor.

The actual removal achieved in a reactor depends on the

settling velocity distribution of the suspension that is treated,

which can be characterized by the cumulative settling

velocity distribution, f(v). This distribution is an unchanging

characteristic of the suspension for Type I suspensions,

because the average velocity of any particle is the same

as its instantaneous or initial value. For Type II suspensions,

flocculation changes the settling velocity distribution of the

suspension as time proceeds, and therefore the average

settling velocity for particles changes. Hence, for Type II

suspensions in continuous flow systems, f(v) is not entirely

independent of the reactor. This complication causes little

difficulty in the case of the ideal horizontal flow reactor,

since such a reactor behaves as a moving batch reactor. For

these reactors, the experimental determination of f(v) carried

out in a batch reactor at the same depth as the full-scale

continuous flow reactor, and for a time equivalent to the

detention time, yields the proper distribution. For the other

ideal continuous flow reactors, no batch experiment can

TABLE 13-5. Calculation of Removal Efficiency in Tube Settler

Settling

Velocity, v

(m=h)

Cumulative Settling

Velocity Distribution

f(v)

(–)

Interval

of f

Df
(–)

Removal Efficiency

at v

FðvÞ
(–)

Removal Efficiency

for Interval

FðvÞ
(–)

Removal

in Interval

FðvÞDf
(–)

0 0 0

0.2 0.13 0.13 0.263 0.132 0.017

0.33 0.21 0.08 0.450 0.356 0.029

0.5 0.29 0.08 0.714 0.582 0.047

0.667 0.35 0.06 1 0.857 0.051

Sum 0.144
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exactly emulate the flocculation conditions, since particle

detention times are different from hydraulic detention times,

and some of the largest particles are removed from the

suspension before it enters the settling (or reaction) zone.

13.7 EFFECTS OF NONIDEAL FLOWON

SEDIMENTATION REACTOR PERFORMANCE

To this point, we have considered only highly idealized flow

patterns in the reactors. In reality, the flow patterns in sedi-

mentation and flotation reactors are considerably more com-

plicated. Except for tube settlers, these reactors are generally

large, open tanks. They often have some baffling to spread out

the influent anddirect theflow relatively uniformly away from

that point. Additional baffles are sometimes installed to

prevent short-circuiting. Considerable attention is paid to

the design of the effluent collection system to spread that

collection over a broad area of the tank, almost always

involving the use of weirs that impose an upward velocity

to the water. Nevertheless, most tanks have a relatively large

fraction of the volumewhere the water flows unimpeded, and

this condition leads to substantial deviations from the plug

flow envisioned throughout the previous analysis.

The incoming flow itself causes mixing in the reactor as

the energy of the entering water is dissipated. Most sedi-

mentation facilities are outdoors and exposed to the wind. A

relatively small wind across the top water surface can have

a substantial effect on the flow pattern of a sedimentation

reactor, both by imparting energy to the water and by

creating a small elevation difference between the upwind

and downwind sides of a reactor. Especially if the effluent is

captured through overflow weirs (as opposed to submerged

weirs), this small elevation imbalance can lead to large

differences in the fraction of the flow that leaves different

points in the effluent capture system.

Another common cause of nonideal (i.e., nonplug) flow in

sedimentation reactors is density differences between the

influent suspension and the water already in the tank. These

density differences might be caused by temperature differ-

ences, or just by the concentration of particles in the

suspension. In this section, we consider the impacts of

various types of nonideal flow on the expected performance

of sedimentation facilities.

Nonideal, Tiered Flow

We begin by considering a special type of nonideality:

segregated, horizontal flow in which different elevations in

the reactor have different horizontal velocities. We refer to

this situation as tiered flow. As an example, imagine a

rectangular reactor in which only 10% of the flow goes

through the top half of the reactor, and the remaining 90%

of the flow goes through the bottom half, as shown in

Figure 13-35. As in the previous examples, we carry out

the analysis by determining F(v) for the reactor.

Consider what happens to a Type I particle with v ¼
H=tð Þ that starts at the top of the reactor; recall that this

settling velocity was the critical one (i.e., v�) in an ideal

horizontal flow sedimentation reactor. Under ideal plug flow

conditions (same flow at all levels), the horizontal velocity

(of both water and any particle) is the length L of the

reactor divided by the hydraulic detention time, t; that is,
vh;ideal ¼ L=tð Þ ¼ Q=HWð Þ. In those conditions, the critical

particle would reach the half-depth at the half-length (0.5L).

In the reactor with the specified bifurcated flow, on the other

hand, the horizontal velocity in the top half is only 0.2 of the

ideal flow velocity 0:1Q=0:5HWð Þ ¼ 0:2vh;ideal
� �

, while the

vertical (settling) velocity remains the same at v ¼ H=tð Þ.
So, when the particle falls 0.5H (in time 0.5t), it will only

have traveled 0.2�0.5L¼ 0.1L; that is when it reaches half-

depth, it will only have traveled one-tenth of the length of

the reactor.

The particle then falls into the bottom half of the reactor,

where its horizontal velocity is (9=5) vh,ideal. Therefore, in the
time it takes for the particle to reach bottom (0.5t), it will

travel horizontally (9=5)�0.5L¼ 0.9L in the lower half of the

reactor. The total horizontal distance it travels will be 0.1L in

the top and 0.9L in the bottom, or 1.0L; that is, the particlewill

just reach the bottom as it is about to exit the effluent end of

the reactor. In other words, the same particle is the critical

particle in the tiered system as in the ideal system, though the

trajectories in the two cases are different (linear in the ideal

case, and a dogleg pattern as shown in Figure 13-35 in the

tiered one); that is, v�tiered¼ v�ideal. This result is completely

general; that is, it is obtained for any fraction of the flowgoing

into any horizontal fraction of the reactor.

The next question is whether the fractional removal of

particles with settling velocities less than the overflow rate

remains the same when the flow is bifurcated in this manner.

To answer this question, imagine the same reactor examined

earlier, and consider the trajectory of particles with a settling

velocity exactly one-half the overflow rate (v¼ vOR=2).
Half of these particles would be removed in the ideal basin

(the one that came in below the half-depth); that is,

0.1Q 

0.9Q 

0.5H

H 

L

FIGURE 13-35. Example of tiered flow in horizontal flow,

rectangular reactor. (Trajectory of a particular particle shown by

dotted line explained in text.)
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F(vOR=2)ideal¼ 0.5. The question is, what fraction would be

removed in the reactor with tiered flow? The question can

be reformulated by identifying the height (depth) at which

a particle with v¼ vOR=2 would have to enter to be caught

(reach the bottom) just as it is about to exit, and then

determining what fraction of the flow comes in at or below

that height.

As noted earlier, the horizontal velocity in the bottom half

of the reactor is (9=5) vh,ideal. Assuming for now that the

particle in question enters in the lower half of the reactor, it

would stay in the reactor for (5=9) t and would fall a distance
of (5=9)t(vOR=2), or 5=18 H. That is, a particle with

v¼ vOR=2 that strikes the bottom of the reactor just as

it is about to exit would have to enter the reactor at a

height equal to 5=18 H above the bottom. This result

confirms that the particle did indeed enter the reactor in

the bottom half.

A height of 5=18H corresponds to 5=9 of the height of the
fast-moving, bottom layer of water. The portion of the

reactor at or below that point is handling 50% of the total

flow (i.e., 5=9�90%), so 50% of these particles would be

caught; that is, F(vOR=2)tiered¼ 0.5, identical to the result for

the ideal case. Again, this result is completely general, and

so we conclude that the removal for Type I sedimentation in

any tank with horizontally segregated nonideal flow is

identical to that in an ideal case; that is, F(v) is described

properly by Equation 13-31.

Nonideal, Channeled Flow

Now consider another bifurcated flow reactor, but this time

with the flow split side-by-side by a vertical plane along the

direction of the flow; that is, standing at the influent end of a

horizontal reactor, an observer might see that the left

half gets 0.1Q and the right half gets 0.9Q, as shown in

Figure 13-36a. We call this as channeled flow. This reactor

would have the same residence time distribution as is the

case considered previously. Again, consider the particles

that start at the top and whose settling velocity is equal to the

average overflow rate; the trajectories of these particles

are indicated in Figure 13-36b. On the left (slow) side, these

particles reach the bottom only 0.2L along the reactor. On

the right (fast) side, they do not reach the bottom and

therefore are not captured. In the ideal (nonbifurcated)

reactor, 100% of these particles would be removed. Clearly,

the overall removal efficiency is not the same in a channeled

flow reactor as in the ideal case.

This reactor behaves as two ideal settling tanks in parallel.

If the overall tank is considered to have an overflow rate

of vOR (¼Q=A), then the left side has an overflow rate of

0.2vOR (¼0.1Q=0.5A) and the right side has an overflow rate

of 1.8 vOR. Each of the two tanks would have the reactor

settling function of an ideal tank with its respective overflow

rate, but when put in terms of the overall vOR, the two

functions would be different. Designating the left side with

the subscript one and the right side with subscript two, the

two reactor settling potential functions are as follows:

F1ðvÞ ¼
v

0:2vOR
for v < 0:2vOR

1 for v � 0:2vOR

8<
: (13-44a)

F2ðvÞ ¼
v

1:8vOR
for v < 1:8vOR

1 for v � 1:8vOR

8<
: (13-44b)

These functions are illustrated in Figure 13-37, where the

settlingvelocitiesareexpressedrelative to theoverflowrate,vOR.

The overall F(v) is the weighted sum of the two com-

ponents, with the weighting factor being the fraction of the

flow through each half; that is, F(v)¼ 0.1 F1(v)þ 0.9 F2(v),

FIGURE 13-37. Settling potential function for a nonideal chan-

neled flow reactor. (One-tenth of the flow in one-half side of the

reactor, and the rest in the other half.)

0.1Q 

0.9Q 

0.5W

W 

L

Left 

Right 

(a) 

H 

(b) 

Right 

Left 

FIGURE 13-36. Example of channeled nonideal flow in hori-

zontal flow, rectangular reactor: (a) plan view; (b) elevation view.

(Left and right in plan view imagines that the observer is standing

behind the flow; trajectories indicated in elevation view are

explained in the text.)
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so that the overall settling potential distribution is

described as

FðvÞ ¼

v

vOR
0 < v < 0:1vOR

0:1þ 0:5ðv=vORÞ 0:2vOR < v < 1:8vOR

1 v > 1:8vOR

8>>><
>>>:

(13-45)

The removal efficiency for Type I sedimentation can be

predicted in this case, because the flowpath for every parcel of

fluid (and therefore particle) is known. The example given

defines a specific (and unrealistic) nonideal flow pattern.

Nevertheless, the implications can be generalized. Flow

that is not evenly distributed across the horizontal dimension

of a rectangular reactor (or radially in a circular reactor), even

though it is distributed evenly in the vertical direction, results

in the ideal (but small) removal of particles with a low settling

velocity, and a less than ideal removal ofmore rapidly settling

particles. In the example, particles with a settling velocity

equal to the overflow rate are only 60% removed (F(vOR)

¼ 0.6), instead of the 100% removal expected in an ideal tank.

Also, for this example, particles have to have a settling

velocity >1.8vOR to be completely removed; that is, v�¼
1.8vOR. Clearly, failure to distribute influent and to collect

effluent evenly across the reactor can be costly in terms of

removal efficiency, so influent and effluent structures that do

distribute the flow evenly across the tank are of great value.

& EXAMPLE13-14. For the same suspensiondescribed

in Example 13-6, find the expected removal efficiency in the

nonideal, channeled flow reactor described earlier, with an

overflow rate vOR equal to 1.2m=h.

Solution. The expected removal efficiency is found from

Equation 13-28 using the reactor settling potential function

for the specific nonideal flow condition described in Equa-

tion 13-45. That is,

htot ¼ 1� f ðv�Þð Þ þ
Zf ðv�Þ

0

FðvÞdf

where

f ðvÞ ¼

v

vOR
0 < v < 0:2 vOR

0:1þ 0:5ðv=vORÞ 0:2 vOR < v < 1:8 vOR

1 v > 1:8vOR

8>><
>>:

According to the suspension’s settling velocity distribu-

tion given in Example 13-6,

f ðv�Þ ¼ f ð1:8vORÞ ¼ f ðð1:8Þð1:2m=hÞÞ ¼ f ð2:16m=hÞ
¼ 2:16

3
¼ 0:72

so that 1� f ðv�Þ ¼ 0:28.

The integration has to be carried out in two separate

regions because of the break in F(v) at v¼ 0.2vOR¼ (0.2)

(1.2m=h)¼ 0.24m=h; at this value of v, F(v)¼ 0.2. Recall

from Example 13-6 that, everywhere in the region of interest

(0< v< 1.8 vOR or 0< v< 2.16m=h), f ðvÞ ¼ v=3ð Þ and

df ¼ 1
3

� �
dv. The integration is

Zf ðv�Þ

0

FðvÞdf ¼
Zf ð0:2vORÞ

0

v

vOR
df þ

Zf ð1:8vORÞ

f ð0:2vORÞ

0:1þ 0:5
v

vOR


 �
df

¼
Z0:2vOR
0

v

vOR

1

3
dvþ

Z1:8vOR
0:2vOR

0:1þ 0:5
v

vOR


 �
1

3
dv

¼
Z0:24

0

v

1:2

1

3
dvþ

Z2:16

0:24

0:1

3
dvþ

Z2:16

0:24

0:5
v

1:3

� � 1
3
dv

¼ v2

ð2Þð1:2Þð3Þ
����
0:24

0

þ 0:033v
��2:16
0:24

þ 0:5v2

ð2Þð1:2Þð3Þ
����
2:16

0:24

¼ 0:008þ 0:064þ 0:320 ¼ 0:392 � 0:39

Adding the two portions of the result, the final answer is

hout ¼ ð1� f ðv�ÞÞ þ
Zf ðv�Þ

0

f ðvÞdf ¼ 0:28þ 0:39 ¼ 0:67

This result is less than the removal achieved in the ideal

horizontal flow reactor at the same overflow rate

(hout ¼ 0:80), as expected, but that it is higher than that

achieved in the ideal upflow reactor (hout ¼ 0:60). &

The two cases of nonideal flowdiscussed earlier (tiered and

channeled flow) are quite specialized; both have every parcel

of fluid that enters behaving as if in a plug flow reactor. In

terms of flow, both can be represented as two reactors in

parallel. In contrast, when considering particles, the first case

(tiered flow) represents two reactors in series, since particles

fall from one into the other, whereas the second (channeled

flow) is two reactors in parallel. Relative to the ideal plug flow

case, tiered flow yields the same particle removal efficiency

for Type I sedimentation, but channeled flow yields a lesser

percent removal—the better removal of the half of the reactor

with slow flow does not make up for theworse removal of the

fast half. Tieredflowuses all of the surface area equally, just as

in the ideal case, whereas the channeled flow does not. These

results mean that, in real reactors, building influent and

effluent structures that spread the flow equally across the

surface area is considerably more important than spreading

the flow equally throughout the depth.

The quantitative prediction of results for Type II sedimenta-

tion, for both the ideal and nonideal flow reactors considered

earlier, requires a substantial computer program. Qualitatively,
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however, we can imagine the effects. Both of the nonideal

reactors have a cumulative exit age distribution (F(t), not to be

confusedwithF(v)), with two steps—from 0 to 0.9 at t¼ 0.56t

(i.e., 0:5V=0:9Qð Þ) and from 0.9 to 1.0 at t¼ 5t. Recall from
Chapter 4 that, for any reaction with order greater than zero, a

plug flow reactor achieves the best results; in comparison with

theplugflowcase, the detriment toflocculation (a second-order

reaction) caused by half the flow having a detention time of

0.56t cannot be compensated completely by the benefit of the

other half having a detention time of 5t. Less flocculation (and

therefore less sedimentation) will occur in either one of these

reactors than in the ideal plug flow case. Type II sedimentation

will, of course, still lead to greater removal than Type I in

identical reactors. Nevertheless, we would expect that the

concepts described earlier—that different nonidealities in hor-

izontal (tiered) or vertical (channeled) segregation lead to

different effects on sedimentation—still hold true.

Quantitative predictions for a particular influent particle

size distribution in the various types of reactors confirm these

ideas, as shown by the volume distribution in Figure 13-38.

The influent particle size distribution is not shown, as the peak

would be approximately three times as high as the highest

value of the effluent size distributions in the figure and would

obscure the differences in the results. The effect of floccula-

tion that occurs within the sedimentation reactor is shown in

Figure 13-38a as the difference between the Type I (non-

flocculent) and Type II (flocculent) ideal cases; as expected,

the total volume concentration (area under the curve shown) is

less for theType II case. In otherwords, the removal efficiency

is greater for the Type II case. The fact that large particles are

created in flocculation is evident by the higher concentration

of the largest particles in the Type II case than in the Type I

case. The loss of small particles by flocculation is obscured in

this view, since the volume distribution is dominated by the

larger particles. Also apparent in Figure 13-38a is the lesser

removal in thenonideal, channeledflow reactor in comparison

with the ideal plug flow reactor; the tiered flow reactor is

identical in Type I as the ideal case.

For Type II sedimentation, both types of nonideality in the

flow pattern result in worse removal than in the ideal, plug

flow reactor, as shown in Figure 13-38b. However, as one

might expect as an extension of the Type I results, the tiered

flow reactor gives a size distribution (and therefore a

removal efficiency) that is intermediary between the ideal

flow and the channeled flow cases. Hence, the conclusion

reached earlier in relation to the Type I results holds true for

flocculent sedimentation as well; that is, for sedimentation in

reactors with horizontal flow, distributing the influent uni-

formly in the horizontal plane is more important than

distributing it uniformly throughout the depth of the reactor.

Creating influent and effluent structures that distribute the

flow across the area of the reactor is vital to achieve the best

results.

Mixed Flow

Thus far, we have restricted our analysis of nonideal flow to

cases where the flow is strictly horizontal and segregated—

nomixing of one parcel of fluid with another. The analysis of

the ideal vertical flow reactors and tube settlers with N< 1

suggests that vertical flow reduces the fractional removal of

particles with a settling velocity less than the critical veloc-

ity. The examples of nonideal cases with strictly horizontal

flow suggest that flow nonidealities yield quite different

results depending on whether the nonideality is in a vertical

or horizontal direction. But in all these cases, the effluent

concentration can be predicted if the settling velocity distri-

bution of particles in the influent and the pathway of every

fluid parcel are known. The flow segregation leads to the

result that the trajectory of any entering particle (or any

particle at any point in the reactor and at any time) is

completely determined.

The analysis of sedimentation within mixed flow; that is,

flow for which different parcels of fluid mix with one

FIGURE 13-38. Effects of flocculation (Type II vs. Type I) and

flow patterns on effluent volume distributions in horizontal flow

sedimentation reactors. (Particle density¼ 1.4 g=cm3; overflow

rate¼ 1m=h, approximately equivalent to the settling velocity of

particles with size log dp¼ 1.6.)
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another, is not so straightforward. Consider a simple case

of two small elements of an overall batch reactor that are

adjacent in the vertical dimension and that have an

exchange flow between them. These two elements, besides

having a flux of particles caused by gravity at any layer,

have a flux of particles associated with the exchange flow.

Particles can move downward from the top element to the

bottom element at a velocity that is the sum of the

exchange velocity (assuming for the moment that it is

constant across the interface between the two elements)

and the settling velocity; particles move upward at a

velocity that is the difference of these two velocities.

Hazen (1904) considered an extreme case of such

exchange velocities in which the particle concentration

was maintained uniform throughout the vertical dimension

(i.e., the reactor was essentially well-mixed), but particles

were allowed to settle at the bottom of the reactor without

resuspension.

In less severe cases, a concentration gradient exists in the

water column (with higher concentrations at deeper depths),

but the particle concentration profile is not as simple to

predict as in the case with no vertical motion. An exact mass

balance could be written and solved, if the exchange flows in

a whole series of vertical elements were known exactly and

reasonable assumptions were made about the concentration

profiles within each element. When vertical exchange flows

combine with Type I settling, some particles will be found at

higher locations than they would in the absence of mixing.

Numerical solutions of flow patterns in reactors, generated

by computational fluid mechanics programs, could be used

to determine the exchange flows and therefore the concen-

tration profile at any point in a steady-state reactor. Several

such models have been presented, including those by

Schamber and Larock (1981), Adams and Rodi (1990),

and Zhou and McCorquodale (1992). Unfortunately, the

results are difficult to generalize, because the solutions

are generated for specific geometries and conditions.

Such models are quite useful in detailed design, allowing

one to test the effects of inlet and outlet designs, baffles, and

overall geometry.

A simpler approach to describing vertical exchange flows

is through a turbulence model. In such a model, a dispersion

(or turbulent eddy) coefficient describes the exchange across

an interface, so that the net flux of particles of a given size

between different elements conforms to Fick’s laws. If we

consider a continuous flow reactor with uniform plug flow in

the horizontal direction (x) but allow turbulent mixing (as

well as particle settling) in the vertical direction (z), the

number balance for particles of size i in a differential

element at steady state yields

vx ¼ @ni
@x

¼ ez
@2ni

@z2
� vi

@ni
@z

(13-46)

where the horizontal velocity, vx, is assumed constant with

depth for simplification, ez is the dispersion coefficient for

water (and therefore particles, since they are assumed to

move with the flow) across a horizontal interface, ni is the

number concentration of particles of size i, and vi is the

settling velocity. This formulation for vertical mixing was

first described by Dobbins (1944) for the batch case and

was then extended by Camp (1946) to describe settling in

continuous flow tanks, as is done here. Camp also

assumed that no materials were scoured from the bottom,

just as for the ideal tank, meaning that once a particle is

removed from the settling zone, it is lost forever. He

envisioned that the source of the turbulence (vertical

mixing) was the no-slip condition at the bottom of the

reactor.

With these assumptions, Camp was able to find a solution

for the expected removal of particles of any settling velocity

in a rectangular sedimentation tank. He found that two

dimensionless numbers uniquely determined the removal

efficiency for any particle: the ratio of the particle’s settling

velocity to the overflow rate (v=vOR), and the quantity

vH=2ezð Þ, where H is the full depth of the tank. The solution

is mathematically cumbersome, involving a series formula-

tion in which coefficients are found as the successive roots of

a transcendental equation. Camp presented a graphical

solution (nomograph) that would allow its use in a relatively

straightforward manner. The resulting solution for F(v)

showed a gradual bending away from the theoretical line

for the ideal horizontal reactor as v=vOR increased, with

the degree of curvature determined by the value of ez.
El Baroudi (1969) presented a methodology for determining

ez from tracer results, thereby making Camp’s results more

useful.

Ostendorf and Botkin (1987) took the view that the

turbulence was caused by the inlet conditions. They first

considered the limiting case of “strong diffusion” in which a

uniform concentration (of a given size of particle) was

present throughout the reactor, but that settling and removal

was accomplished at the bottom. This is the same case that

Camp considered. In this case, dispersion exactly offsets

settling everywhere except at the bottom. For this condition,

they found

FðvÞstrong ¼ 1� exp � v

vOR


 �
(13-47a)

Under less turbulent conditions, a concentration gradient

would exist throughout the vertical dimension of the reactor,

and the result for the settling potential function was as

follows:

f ðvÞmild ¼ 1� l ierfc
v=vORð Þ � 1

2l


 �
(13-47b)
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where l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e=vORH

p� �
(a nondimensionalized disper-

sivity). The function ierfc is the integrated complementary

error function, equal to the integral of the complementary

error function from the value of its argument to infinity.13

It is mathematically possible for Equation 13-47b to yield

a value less than Equation 13-47a, but that condition

cannot occur physically, so one must also specify that

F(v) is the maximum of the values obtained from the two

equations.

Results calculated from this model are shown in

Figure 13-39. The family of curves indicates that the

removal is quite constrained in the region between the

limiting cases of the ideal reactor and strong diffusion.

Values of the parameter l are more likely to be in the range

of 0.25–0.5 than higher values. While it might be difficult to

estimate the value of l (or, equivalently, ez) for a given

reactor, the results shown give a good indication of the

expected reduction in removal efficiency caused by vertical

mixing in a sedimentation reactor.

& EXAMPLE 13-15. Find the expected removal

efficiency in a horizontal flow reactor for the Type I

suspension whose settling velocity distribution was found

in Example 13-5 if the reactor has strong vertical turbulence

and an overflow rate of 1.1m=h.

Solution. We again follow the same type of spreadsheet

used in Example 13-9, except that the values for FðvÞ are
found from Equation 13-47a. Here, as shown in Table 13-6,

60% removal is expected, as compared to 71.5% under ideal

conditions (from Example 13-9). &

Summary of Nonideal Flow Effects

Nonideal flow is a substantial problem in sedimentation

facilities, especially in Type II sedimentation, which is the

predominant type of sedimentation in environmental engi-

neering applications. Any type of nonideality (i.e., any

deviations from plug flow conditions) reduces the amount

of flocculation that will occur and therefore reduces the

removal by sedimentation (because fewer large particles will

be created). For stratified flow in which the velocity is

different at different depths, the effects on pure sedimenta-

tion (Type I and the sedimentation aspects of Type II) are nil,

as the two effects of horizontal velocity and vertical settling

distance offset each other exactly; this finding is in accord-

ance with the concept that overflow rate is the determinant of

effluent quality for Type I sedimentation. However, non-

ideality in the horizontal dimension (unequal flow to differ-

ent parts of the effluent structure across the tank) or by

mixing in the vertical dimension reduces the removal that

can be achieved, with a more substantial effect on the larger

particles that sedimentation facilities are designed to

remove. Because of the adverse effects of nonideal flow

on both Type I and Type II sedimentation, designers and

operators of sedimentation facilities attempt to create and

maintain structures for the inlet and outlet that spread the

flow evenly (with minimal velocity variation) across the

reactor and thereby create nearly plug flow conditions.

13.8 THICKENING

As noted in the introduction of this chapter, the sedimentation

(and flotation) behavior of suspensions changes dramatically

at high solids concentrations. As illustrated in Figure 13-40, a

suspension with a sufficiently high suspended solids concen-

tration exhibits a well-defined interface between the settling

solids and the liquid above when settling in a batch reactor.

This phenomenon is known as zone settling or hindered

settling. In zone settling, it appears that all of the particles

in a given layer settle at the same rate; certainly, the particles

in the top layer are settling uniformly, since such uniform

settling is what forms thewell-defined solid=liquid interface.
The reason for this phenomenon being occured is not com-

pletely understood, but the term “hindered” settling reflects

13 Common spreadsheet programs do not include a built-in function for

ierfc. Instead, ierfc(x) is calculated by the following formula:

ierfcðxÞ ¼ exp �x2ð Þ= ffiffiffi
p

pð Þ � x erfc xð Þ. However, if x is negative (i.e.,

when v< vOR), this expression might not be directly usable, because

some spreadsheets do not include an expression for a negative argument

of erfc. This complication can be overcomed by taking advantage of the

following properties of the error function:

erf �xð Þ ¼ �erf xð Þ
erfc xð Þ ¼ 1� erf xÞð Þ.

These two expressions combine to yield erfc �xð Þ ¼ 1þ erf xð Þ. Hence, for
negative values of x: ierfcðxÞ ¼ exp �x2ð Þ= ffiffiffi

p
pð Þ � x 1þð erf xj jð ÞÞ:

FIGURE 13-39. Reactor settling potential function for horizon-

tal flow reactor with vertical turbulence. Source: Calculated from

Ostendorf and Botkin model.
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the idea that the behavior of individual particles is hindered

by the existence of many near neighbors. Apparently, the

hydrodynamics of water escaping through the settling sus-

pension in such concentrated systems prevents particles that

would have widely variant individual settling velocities from

passing each other easily.

The minimum solids concentration at which this phenom-

enon occurs depends on several characteristics of the parti-

cles, including their size and density (i.e., individual settling

velocities), the breadth of the settling velocity and particle

size distributions, the ability of the particles to form flocs,

and the amount of water that is incorporated into the flocs.

Suspensions that are flocculent and have narrow distribu-

tions of particles with (individual) low settling velocities

tend to exhibit zone settling at lower concentrations than

those that are nonflocculent and have a broad distribution

of particles with higher settling velocities. Essentially all

sludges14 that are generated in water and wastewater treat-

ment exhibit zone settling. This class of suspensions

includes those from alum- or iron-based coagulation or

calcium carbonate precipitation in water treatment, metals

precipitation in industrial wastewater treatment, and both

primary and secondary settling in wastewater treatment.

Batch Thickening

When a suspension undergoes zone settling in a batch

reactor, the solid=liquid interface falls over time; that is,

the depth from the water surface to the solid=liquid interface
increases with time, as shown in Figure 13-41. The settling

rate (the slope at any point on the curve) is generally

constant for some time, but later the motion decreases

and eventually stops. The initial constant rate of fall is

the settling velocity (vz) associated with the initial concen-

tration throughout the suspension (and therefore associated

with the concentration of the layer at the interface). At the

bottom of the reactor, the settling causes the concentration to

increase; concentrations higher than the initial concentration

propagate upward from the bottom. Eventually, these suc-

cessively higher concentrations reach the interface, and the

increased concentration at the interface causes the fall of the

interface to slow down. The behavior in the latter stages of

this process can be complex and is considered subsequently;

we focus first only on the initial constant rate of fall.

If we carry out another experiment on a suspension with

the same type of particles (density, relative size distribution)

TABLE 13-6. Calculation of Removal Efficiency in a Horizontal Flow Reactor with Vertical Turbulence

Settling

Velocity, v

(m=h)

Cumulative Settling

Velocity Distribution

f(v)

(–)

Interval

of f

Df
(–)

Removal

Efficiency at v

FðvÞ
(–)

Removal Efficiency

for Interval

FðvÞ
(–)

Removal

in Interval

FðvÞDf
(–)

0 0 0

0.2 0.13 0.13 0.166 0.083 0.011

0.33 0.21 0.08 0.259 0.213 0.017

0.5 0.29 0.08 0.365 0.312 0.026

0.75 0.38 0.09 0.494 0.430 0.039

1 0.46 0.08 0.597 0.546 0.044

1.5 0.58 0.12 0.744 0.671 0.080

2 0.67 0.09 0.838 0.791 0.071

3 0.78 0.11 0.935 0.886 0.097

4 0.86 0.08 0.974 0.954 0.076

6 0.95 0.09 0.996 0.985 0.089

8 1.0 0.05 0.999 0.998 0.050

Sum 0.600

FIGURE 13-40. Example of thickening: time lapse of the sedi-

mentation of sludge from a softening water treatment plant.

14 The term “sludge” has fallen into disfavor among many in the field but is

used here as the most general term available to describe the concentrated

suspensions that are formed in water and wastewater treatment plants.

Terms such as “biosolids” or “solid residuals” are commonly used in

wastewater and water treatment, respectively. “Sludge” refers to the sus-

pension; that is, both the solids and the water those solids are in.
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but at a higher initial concentration, the initial slope would

be lower and the ultimate height of the sludge layer would be

higher, as indicated in Figure 13-42; that is, the zone settling

velocity decreases with increasing concentration.

Several investigators have developed models based on

theoretical considerations to describe the relationship

between the zone settling velocity and the (initial) solids

concentration. A few of these relationships for an idealized

situation in which the suspension consists of uniform parti-

cles are summarized in Equations 13-48 through 13-50. In

these equations, the solids concentration, f, is expressed as

the solids volume fraction (volume of solids per volume of

suspension), and the velocity is calculated relative to the

Stokes velocity (vs) of the individual particles.

Brinkman ð1947Þ:
vz

vS
¼ 1þ 3f

4
1�

ffiffiffiffiffiffiffiffiffiffiffi
8

f
� 3

s !
(13-48)

Richardson and Zaki ð1954Þ:
vz

vs
¼ ð1� fÞ4:65 (13-49)

Happel ð1958Þ:

vz

vs
¼ 3� ð9=2Þf1=3 þ ð9=2Þf5=3 � 3f2

3þ 2f5=3
(13-50)

These relationships are plotted in Figure 13-43. Although

they differ quantitatively, all indicate a substantial decrease

in the settling rate with increasing solids concentrations.

At solids volume fractions in the range of 0.1<f< 0.4

(a reasonable range for treatment plant sludges), the settling

velocities are in the range from approximately 10–60% of

the Stokes velocity. Unfortunately, these models are of

little practical value in treatment plant analysis and design,

because real sludges do not meet the assumptions underlying

the models’ formulations. Also, it is difficult to determine the

solids fraction of a flocculent sludge, because water is incor-

porated into the flocs of solids in most cases. Nevertheless,

these models are useful in as much as they provide mathe-

matical representations of the general behavior expected.

For the heterodisperse concentrated suspensions encoun-

tered in water and wastewater, the relationship between the

settling velocity and concentration is more often described

with empirical models. Some investigators (e.g., Michaels

and Bolger, 1962; Dick and Ewing, 1967; Scott, 1968;

Knocke, 1986) have used the Richardson and Zaki model

(Equation 13-49) as a template, describing the relationship

as follows:

vi ¼ vo 1� ci

rf


 �4:65

(13-51)

where rf is the average floc density. Heterodisperse suspen-

sions do not have a unique, limiting case, settling velocity at

infinite dilution (i.e., a settling velocity that corresponds to

the Stokes velocity for monodisperse suspensions). There-

fore, the value of vo in Equation 13-51 has no true physical

meaning but is used as a reference velocity in fitting data to

FIGURE 13-43. Mathematical models for the effect of solids

concentration on settling velocity.
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FIGURE 13-41. Fall of the solid=liquid interface in zone settling.
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FIGURE 13-42. Effect of initial solids concentration on the fall

of interface.

646 GRAVITY SEPARATIONS



this model. For the model described in Equation 13-51,

values of vo and rf are found from the intercept and slope of a

plot of v
ð1=4:65Þ
i versus ci.

Based on experiments with activated sludge, Vesilind

(1968) proposed another empirical relationship:

vi ¼ vo expð�kciÞ (13-52)

Keinath (1985) used this relationship in modeling the

behavior of continuous flow thickeners for activated sludge.

The parameters of this model (vo and k) are found from a

semi-log plot of settling velocity as a function of solids

concentration.

Solids Flux

The analysis of thickening is carried out using a quantity

known as the solids flux—the mass of solids that passes

through a unit area per unit time—as the key parameter. In

batch systems, the solids flux15 is the product of the zone

settling velocity (length=time) and the solids concentration

(in mass per volume); that is,Gi ¼ vici. Each experiment like

those depicted in Figures 13-41 and 13-42 leads to a single

value of vi (from the straight line portion of the curve)

associated with the initial solids concentration, ci. Because

the settling velocity varieswith solids concentration, the batch

flux is also a function of concentration; an example of that

relationship is shown in Figure 13-44. The solids flux tends

toward zero at high concentration, because the velocity

approaches zero and also tends toward zero at low concentra-

tion, because the concentration approaches zero; the curve,

therefore, goes through a maximum at some intermediate

concentration. The solids flux curve is shown as a broken line

at low concentrations in Figure 13-44, because, at low con-

centrations, the phenomenon of zone settling does not exist;

that is, the particles settle individually and not en masse as

they do in zone settling. At some high (but finite) concentra-

tion, gravity alone would be incapable of thickening the

suspension any further, and the velocity would be zero;

however, in practice, performing experiments at such high

concentrations is difficult, so experimental results are usually

like the line in the figure—tending toward zero, but not at zero

at the upper end of the concentration range studied.

The solids flux curve characterizes the ability of the

suspension to pass solids downward (or upward in flotation)

and allows analysis of what can (and cannot) happen during

settling. Consider a suspension whose solids flux curve is

described in Figure 13-45 and which has an initial concen-

tration, co, uniformly distributed throughout the depth of a

batch reactor. As noted, layers of higher concentration must

form at the bottom of the reactor, since the total mass of

solids in the reactor stays constant and the water above the

interface has essentially zero concentration. The flux curve

is useful in determining the behavior of the suspension

below the interface, assuming that the curve represents a

characteristic of the suspension that is valid throughout the

suspension (and not just the interface). In the following

analysis, we use the solids flux curve to determine how the

profile of solids concentration (concentration versus depth)

changes with time in a batch reactor.

Imagine a layer of some thickness forming at the bottom

of the reactor (shortly after the beginning of the batch

experiment) with the concentration c1, as shown in Fig-

ure 13-45. The concentration above is assumed to still be c0
so that only these two concentrations exist in the reactor.

According to Figure 13-45, a layer with concentration c1
would have a higher flux rate than the initial suspension,

meaning that it would be able to pass solids downward faster

than it received them from the suspension above (at c0). That

is, at the interface between the bottom of the layer at c0 and

FIGURE 13-45. Analysis of possible concentrations in a thick-

ening column.

FIGURE 13-44. Solids flux curve.

15 Throughout the rest of the book, fluxes are described by the symbol J, but

here we use the symbol G for consistency with the literature about

thickening.
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the top of the layer at c1, solids cannot be supplied fast

enough from the layer at c0 to sustain a layer at concentration

c1; therefore, this concentration layer at c1 would not be

stable and cannot exist anywhere in the column.

Next, imagine a layer forming at the bottom of the reactor

with the concentration c2, also shown in Figure 13-45. This

layer does not have the problem noted for the imaginary layer

with concentration c1, and hence it appears that this layer

would propagate upward. In that case, the boundary between

the bottomof the layer at c0 and the top of the layer at c2 would

move upward, so that the thickness of the layer at c2 would

increase. Again, we assume (for the moment) that no concen-

tration other than c0 and c2 exists in the suspension.As a result,

the concentration changes abruptly from c0 to c2 at somedepth.

With these assumptions, we can write a mass balance for the

solids in a thin section that contains the boundary between the

two layers and a small distance on either side of that boundary,

as depicted by the shaded region in Figure 13-46. The dotted

line represents the boundary between the two concentrations,

with c0 above this line and c2 below it. This entire control

volume is below the solid=liquid interface so that the concen-
tration c0 extends above the top boundary of this section.

The mass balance for solids in this control volume is

Rate of change

of mass of solids

in the control volume

2
4

3
5 ¼

Rate of input

of mass of solids

by settling from

above the control volume

2
664

3
775

�
Rate of output

of mass of solids

by settling to

below the control volume

2
664

3
775

dðc0z0 þ c2z2ÞA
dt

¼ c0n0A� c2n2A (13-53)

where A is the horizontal cross-sectional area of the column.

Dividing by A and expressing the cv terms on the right side

as solids fluxes leads to

d c0z0 þ c2z2ð Þ
dt

¼ G0 � G2 (13-54)

Since G0 is greater than G2, the mass of solids will

increase in the control volume, and the boundary between

the two layers will rise; that is, z0 will decrease and z2 will

increase at the same rate. The rate of this upward propaga-

tion of the boundary is � dz0=dtð Þ ¼ dz2=dtð Þ ¼ u2.

The assumption that c0 and c2 are the only concentrations

present means that they are constant, so the left side of

Equation 13-54 becomes

d c0z0 þ c2z2ð Þ
dt

¼ c0
dz0

dt
þ c2

dz2

dt
¼ ðc0 � c2Þu2 (13-55)

Substituting into Equation 13-54 yields

c2 � c0ð Þu2 ¼ G0 � G2 (13-56)

Rearranging, the velocity of upward propagation of the layer

with concentration c2 is

u2 ¼ G0 � G2

c2 � c0
¼ �G2 � G0

c2 � c0
(13-57)

This velocity of upward propagation is the negative of the

slope of the line connecting the two points on the flux curve

associated with co and c2; this line is shown in Figure 13-45.
16

If we then consider the possibility of another layer at slightly

higher concentration (say c3), we can see that the upward

propagation of a layer with concentration c3 would be faster

than that of c2. This result means that the layer of concentra-

tion c2 would not really exist, because it would be overtaken

by layers of higher concentration. The result also confirms

that no concentration between c0 and c2 would exist, as

assumed. The layer at c3 would also not exist, because it

too would be overtaken by a layer with yet higher concentra-

tion with a higher rate of propagation.

Extension of this reasoning leads to the conclusion that

the lowest concentration layer that could exist and

propagate upward from the bottom is the one designated c4
onFigure 13-45, corresponding to the tangent to the flux curve

 
 
 
 c0 

c0 

c2 

c2 

z0 

z2 

c0v0 

c2v2

u2 

FIGURE 13-46. Schematic of a control volume containing the

boundary between layers at concentrations c0 and c2.

16 Note that the same analysis could be carried out for the concentration c1
considered earlier. In that case, the velocity of propagation would be

u1 ¼ � G1 � G0Þ=ðc1 � c0ð Þ. Since both the numerator and denominator

in this case are positive, the interface between these two layers is propagated

downward, meaning (as stated earlier) that the layer at concentration c1
could not be sustained. The layer at c0 would propagate downward and

would eventually extend to the bottom of the reactor, restoring the initial

condition.

648 GRAVITY SEPARATIONS



from co. This concentration gives the maximum velocity of

propagation, namely u4 ¼ G4 � G0Þ=ðc4 � c0ð Þ; hence, if it
forms at the bottom of the reactor immediately after initiation

of the settling test, its upper boundary will propagate upward

at this rate. This layer overtakes the initial concentration, co,

when it breaks the surface of the solid=liquid interface, and at
that time, the interface velocity slows down. This situation is

depicted in Figure 13-47 on a batch settling curve; for all

t< t4, the concentration at (i.e., just below) the solid=liquid
interface is the initial concentration, c0, but at t4, the concen-

tration suddenly jumps to the concentration c4 that has

propagated upward from the bottom at the velocity, u4.

Layers with higher concentrations than c4 will also form

and propagate upward at slower rates. Kynch (1952) hypoth-

esized that all possible concentrations up to the highest that

is ultimately achieved would form immediately at the

bottom of the reactor and propagate upward at the rates

reflective of their concentrations. The concentration profiles

that would develop after various times for the suspension

considered in Figures 13-45 and 13-47 are shown in

Figure 13-48, based on the Kynch assumption. At time

zero, the concentration is uniform throughout the reactor

at c0. As time progresses (t1 through t3), the depth (from the

top) of the interface increases and the concentration just

below the interface is still c0; the thickness of the layer with

concentration c0 decreases, as the height measured from the

bottom to the layer at concentration c4 increases. At greater

depths, the ultimate concentration (c1) forms at the bottom

immediately after t0, and the concentration decreases grad-

ually from that concentration at the bottom to c4 for all times

less than t4. At times greater than t4, the concentration is

greater than c4 at all depths below the interface. At time

infinity (not shown), the concentration would be uniform at

c1 throughout the depth. These profiles stem directly from

the flux characteristics detailed earlier.

If the Kynch assumption were valid, one could determine

the complete flux curve from a single batch test by measur-

ing the concentration at the interface over time. However,

the assumption is not valid for the suspensions normally

encountered in environmental engineering applications,

because the suspensions are compressible. In such cases,

the weight of the solids in the upper portion of the sludge can

compress (squeeze more water from) the layers below. Over

time, this weight increases, so the solids concentration at the

bottom increases steadily as settling proceeds, and the

maximum concentration does not form at the bottom of

the suspension until all settling ceases.

Most of the earlier analysis is valid for compressible

suspensions. However, the achievement of the final interface

height in a single batch experiment is likely to be a long,

slow process. And, when that height is achieved, the
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FIGURE 13-48. Concentration profiles during batch thickening

for an incompressible suspension.
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concentration from the interface to the bottom of the reactor

will not be uniform, but rather will increase gradually with

depth from the interface to the bottom of the reactor.

For compressible suspensions at high concentrations, the

settling velocity depends not only on the solids concentra-

tion, but also on the compressibility. Hence, the flux curve is

influenced by the depth of the suspension during the batch

settling test. Karl and Wells (1999) developed an elegant

mathematical model of thickening that includes the com-

pressibility of the sludges, and many of the references within

that paper also contain theoretical analyses of sludge com-

pression. However, most investigators have taken a less

theoretical approach to obtain the flux curve that is relevant

for design and operation. Dick and Ewing (1967), using

activated sludge, showed the effect of the initial height of the

suspension on the settling velocity and flux curves for

compressible suspensions. Because knowledge of the batch

flux curve is essential for proper design of continuous flow

thickeners (as shown earlier), those authors recommended

determining the settling characteristics of the suspension

using batch reactors at the full expected depth of the sludge

layer in continuous flow reactors. Vesilind (1968) considered

various factors that would influence the batch settling char-

acteristics of real suspensions. He also used activated sludge

and found that the diameter of the batch test vessel could

have a dramatic influence on the settling velocity, with wall

effects causing a slowing of the settling in most cases. The

effects were obvious even in settling vessels with diameters

greater than 20 cm. Importantly, though, he found that the

wall effects could be essentially eliminated if very slow

stirring (e.g., 1 rpm) with narrow bars was incorporated into

the test apparatus.

Continuous Flow Thickening

Continuous flow gravity thickeners, as indicated in the

introduction of this chapter, have one influent flow and

two effluent flows—one effluent (at the top) has a low solids

concentration and the other (at the bottom) has a much

higher concentration. In fact, the purpose of the thickener is

to make that bottom concentration high and the flow that

contains those solids quite low in comparison with the

influent conditions. A schematic of a continuous flow gravity

thickener is shown in Figure 13-49. Continuous flow thick-

ening can also be accomplished in other types of devices,

including flotation thickeners (considered in Section

“Sludge Thickening by Dissolved Air Flotation”) and belt

thickeners in which the water drains through a porous belt

while the solids are retained (and which are not considered

in this book). The analysis presented in this section is largely

based on the work of Dick (1972, 1989) and Vesilind (1979);

an analysis that extends the work of Kynch to consider

simultaneous clarification (Types I and II settling) and

thickening in continuous flow thickeners under a variety

of loading conditions was presented by Lev et al. (1986). A

more extensive treatise on the treatment of wastewater

sludges, an update of the Vesilind (1979) work, is in Sanin

et al. (2011).

In continuous flow thickening, solids move toward the

bottom of the reactor not only by settling but also by the net

downward flow of suspension induced by the sludge with-

drawal at the bottom. In the main part of the reactor where

the cross-sectional area is A, this withdrawal adds an average

downward velocity, u ¼ Qu=Að Þ, where Qu is the underflow

rate. The solids handling capacity (i.e., flux through a

horizontal plane) at any concentration in a continuous

flow thickener is therefore increased, relative to that in a

batch reactor, by this net downward velocity. The settling of

solids relative to the fluid is the same as in the batch case, so

that the flux in a continuous flow reactor is the sum of the

batch flux (Gi) and the underflow flux (the product of the

underflow velocity, u, and the solids concentration).

Thickeners have slanted bottoms with sludge rakes to

carry the suspension toward the underflow outlet, which

has a small area. This slanted bottom area is included in

Figure 13-49. In the bottom portion of the thickener, the

cross-sectional area varies with height; we designate the area

at depth z as Az.

In the analysis that follows, we consider mass balances for

three different control volumes, all at steady state. These

three control volumes are (i) the entire reactor, (ii) just the

top portion of the reactor (with the bottom of the control

volume below the solid=liquid interface,17 assuming there

is one, but above the slanted bottom portion), and (iii) the

top portion of the reactor and some of the slanted portion.

c in

Qin Qout

cout

Qu

cu

czQuAz

A 

Control 
volume 

FIGURE 13-49. Schematic diagram of a continuous flow gravity

thickener.

17 The term “solid/liquid interface” is a shorthand way of referring to the

well-defined interface between the settling solids and water, and should not

be confused with the same term as used in adsorption and other surface

reactions. For surface reactions, the term is precise in referring to a

boundary between two phases; in thickening, the boundary is between

two solids concentrations—one nearly zero and the other quite high.
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This last control volume is indicated in Figure 13-49; the

other two are similar but have lower and higher positions for

the bottom of the control volume, respectively.

A mass balance on the solids in the entire continuous flow

thickener at steady state (assuming no reaction that creates

or destroys solids) yields

Qincin ¼ Qoutcout þ Qucu (13-58)

In a thickener, cout is expected to be quite low (since the

concentration is very low above the well-defined solid=
liquid interface), and so it is common, though not necessary

to assume that all of the solids go out in the underflow; that is,

Qincin ¼ Qucu (13-59)

Dividing by the cross-sectional area of the main part of

the reactor expresses this mass balance in terms of solids

flux:

Qincin

A
¼ Qucu

A
(13-60a)

or, after substitutions

Gapplied ¼ ucu (13-60b)

For the second mass balance, we consider the top portion

of the thickener only; that is, we choose the bottom of the

control volume to be above the slanted portion but below the

(assumed) solid=liquid interface. If the concentration at this

height is ci, the downward flux of solids through that bottom

boundary of the control volume is vici þ uci (the sum of the

batch flux and net downward flux caused by the underflow).

The mass balance (after dividing by the area, A, and again

assuming the effluent solids that escape out the top are

negligible) is as follows:

Qincin

A
¼ Gapplied ¼ vici þ uci (13-61)

The two mass balances (Equations 13-60b and 13-61) are

considered in relation to a batch flux curve in Figure 13-50.

(We show subsequently why the conditions depicted

are considered an underloaded thickener.) According to

Equation 13-60b, a line that connectsGapplied on the ordinate

to cu on the abscissa has the slope of�u as indicated; that is,

all points on that line, for concentrations ci between zero

and cu, are described by the expression, G ¼ Gapplied � uci.

We call this line the operating line. According to Equation

13-61, however, Gapplied � uci ¼ vici. Only one point on the

operating line satisfies that equation—where that line

crosses the batch flux curve. Therefore, only one concentra-

tion can exist in the top portion of the reactor under the

assumed circumstances of applied flux, underflow concen-

tration, and steady state; that concentration is indicated as

ctop in Figure 13-50.

Finally, a third steady-state mass balance is carried out on

the portion of the thickener above some height z within the

slanted portion at the bottom and yields the following:

Qincin ¼ Qoutcout þ Qucz þ Gb;czAz (13-62)

where cz is the concentration at depth z, andGb;cz is the batch

flux at the concentration cz. As before, we assume that

Qoutcout is negligible, divide by the (full) area of the thick-

ener, and use the same definitions for Gapplied and u.

With those substitutions, we can rewrite Equation 13-62

as follows:

Gapplied ¼ ucz þ Gb;cz

Az

A


 �
(13-63)

It is useful to multiply this equation by A=Az to obtain the

following:

Gapplied

A

Az


 �
¼ u

A

Az


 �
cz þ Gb;cz (13-64)

In words, the left side of Equation 13-64 describes the flux

of solids that arrive at the depth z from the top; because

A>Az, this applied solids flux is greater in the bottom

portion of the thickener than in the upper portion. As before,

the applied flux is processed downward by a combination of

the downward suspension flow and the flux of solids relative

to the suspension, and this combination is expressed by the

right side of the equation. The first term on the right

describes the increasing velocity of the suspension with

decreasing area in the bottom of the thickener, and the

second expresses the flux relative to the suspension flow

(i.e., the batch flux). The situation is depicted graphically in

FIGURE 13-50. Analysis of an underloaded continuous flow

thickener.

THICKENING 651



Figure 13-51; as in the upper portion of the thickener, only a

single point on the graph satisfies Equation 13-64; this point

is at the intersection of the batch flux curve and the nega-

tively sloped line from the intercept on the ordinate at

Gapplied A=Azð Þ to the intercept on the abscissa at cu. The

concentration at this point is cz. Because Az diminishes

continuously to nearly zero at the withdrawal point at the

bottom of the thickener, the intercept on the ordinate con-

tinuously increases, the (negative) slope of the line to cu
continuously increases (becoming vertical in the limit as Az

goes to zero), and cz continuously increases to cu in the

bottom of the reactor.

It is useful to recall at this point the analysis of

batch thickening. As indicated in Figure 13-45 and Equa-

tion 13-57, a layer with a concentration higher than the

initial concentration could be propagated upward in the batch

thickener at a velocity equal to that of the (negative) slope of a

line connecting the two points on the batch flux curve for the

two concentrations. Transferring that idea to the analysis of

the (underloaded) continuous flow thickener, the imposed

underflowvelocity (u) is greater than the slopeof any such line

connecting the batch fluxes associated with ctop and a con-

centration less than or equal to cu. Therefore, no layers at any

concentration can be propagated upward (and expanded to

any thickness) in the continuous flow reactor under the

conditions we have considered, and the concentration rises

continuously in the bottom slanted portion of the reactor. At

any value of z and correspondingAz, the applied flux ismet by

a combination of the underflow flux and the batch (or suspen-

sion) flux, but the batch flux never limits the ability to pass the

solids fast enough to the layer (and concentration) below. In

fact, the applied flux could be increased and the systemwould

still be able to transport all the solids to the bottom and remove

them in theunderflow (hence, thedesignation of this operating

state as “underloaded”).

The operation of the thickener represented in

Figure 13-50 could be changed by reducing the underflow

rate, Qu (and correspondingly, u). This change reduces the

magnitude of the (negative) slope of the operating line and

increases the value of cu. Such a change represents an

improvement in the operation, because a high value of cu
is a primary objective in thickening. The limit of such

improvement is represented by the line in Figure 13-52;

this operating line is drawn from the value of Gapplied on the

ordinate as a tangent to the batch flux curve. The slope of this

limiting operating line is designated uL (L for limiting). The

point of tangency represents a second condition (besides

ctop) at which the two mass balances (Equations 13-60b and

13-61) are satisfied; the concentration at this point on the

curve is designated as cL. This concentration is stable in the

operation of a thickener; that is, a layer (of any thickness) at

this concentration would be self-sustaining in the upper part

of the thickener, because the velocity at which the suspen-

sion could propagate the concentration cL upward in a batch

reactor (in a suspension with cinit equal to ctop) is exactly

matched by the velocity at which the underflow is pulling the

suspension down (i.e., the underflow velocity). In the upper

part of the thickener, layers at both concentrations, ctop and

cL, could exist; whether both existed and at what height the

concentration changed from one to the other would depend

on the history of the solids loading before the (current)

steady-state condition. We call this condition “critically

loaded”, because, as shown subsequently, this condition

represents the maximum Gapplied for which all of the solids

can be captured and the desired cu can be obtained.

For the bottom, slanted section of the thickener, the

analysis is identical to that given earlier for the underloaded

thickener. The concentration decreases from cu at the bottom

to cL at the top of the slanted portion. The location of the

solid=liquid interface (and, if it exists, the transition from cL
to ctop) occurs in the full (cylindrical) section of the

thickener.

Finally, it is useful to consider what would happen if an

operator tried to achieve an underflow concentration higher

FIGURE 13-52. Analysis of a critically loaded continuous flow

thickener.

FIGURE 13-51. Analysis in the bottom, slanted portion of an

underloaded thickener.
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than that described earlier as the limiting condition. This

situation is depicted in Figure 13-53 by the (attempted)

operating line with Gapplied on the ordinate and cu,attempted on

the abscissa. In this case, the operating line crosses the batch

flux curve not only at ctop but also at the concentration

labeled ccrit (for critical). According to our previous analysis

for the top portion of the thickener, both of these concentra-

tions could exist at steady state. Further, our analysis for the

bottom portion would suggest that the concentration labeled

cslant would exist at the top of the bottom portion of the

reactor (if cu,attempted were achieved at the bottom). There-

fore, all three of these concentrations could conceivably

exist at steady state in the upper part of the thickener.

We consider next what would happen if a concentration

between ccrit and cslant existed in the upper part of the reactor;

such a case is indicated on Figure 13-53 with the concen-

tration ci. As shown in the figure, the sum of the underflow

flux (uci) and the batch flux (vici) for that concentration is

less than the applied flux (by the amount labeled “gap”); that

is, in a layer at this concentration, solids could not pass

downward at sufficient speed to match the applied flux. A

layer at this concentration could, therefore, increase in

thickness. The same idea can be seen by considering that

the slope of a line on the batch flux curve between ccrit and ci
is greater than u; that means that, in a batch reactor, a

concentration layer at ci would propagate upward from the

bottom of the reactor at a velocity greater than u. Because, in

the continuous flow reactor under consideration, the under-

flow velocity is less than that propagation velocity, the layer

at ci would propagate upward. In that case, the mass balance

(Equation 13-61) is not met; more solids are being applied to

the thickener than can be successfully thickened to the

desired underflow concentration. Note that, in both the

underloaded and critically loaded conditions discussed ear-

lier, the operating line is always below the batch flux curve

for all concentrations greater than ctop. That means that,

if one posits any concentration (ci) greater than ctop in

the upper part of the thickener, the sum vici þ uci is

always greater than Gapplied, so that that concentration

cannot be sustained.

Returning to the overloaded case, the slope of the operating

line is determined by the underflow rate, and the maximum

solids loading that can be thickened successfully at that

underflow rate is a tangent to the under side of the flux curve.

Therefore, as shown in Figure 13-54, the actual underflow

concentration achieved (cu,achieved) is less than cu,attempted, and

the areal loading of solids successfully processed (GL) to that

concentration is less than Gapplied. The excess solids loading

is the difference between the applied and limiting fluxes;

this amount is equivalent to the maximum gap depicted in

Figure 13-53. These excess solids will eventually go out the

top of the tank. A mass balance (i.e., Equation 13-58)

combined with the water balance Qin ¼ Qout þ Quð Þ yields

cout ¼ Qincin � Qucu

Qout

¼ Gapplied � GL

� �
A

Qin � Qu

(13-65)

The overload can be handled operationally without caus-

ing this effluent concentration to rise by increasing the

underflow rate (steepening the operating line) and being

satisfied with the consequent lower underflow concentration.

In all of the figures shown in this section, specific values

of the solids concentration are not given, because the values

that can be achieved vary considerably for the different types

of suspensions encountered in environmental engineering.

Suspensions of activated sludge from secondary wastewater

treatment and alum sludges from water treatment might

achieve underflow concentrations in the range of 20 kg=m3.

These suspensions incorporate a substantial amount of water

into the flocs and the particles are barely denser than water.

On the other hand, thickening a calcium carbonate suspen-

sion from water softening might achieve an underflow

concentration of 80 kg=m3; calcium carbonate particles

FIGURE 13-54. Analysis of the achievable solids handling in an

overloaded thickener.
FIGURE 13-53. Analysis of an overloaded continuous flow

thickener.
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are relatively dense (2.4 g=cm3) and do not incorporate

much water in the flocs. Often, sludge concentrations are

reported not in mass=volume units but as percent solids;

this occurs because it is simpler to measure a mass of the

thickened suspension than a volume, so the percent solids

represents ameasure ofmass of solids permass of suspension.

Nevertheless, the figures are shown here in mass=volume

units as it is more fundamental to thickening theory.

& EXAMPLE 13-16. The data shown in the first two

columns in Table 13-7 were obtained in a series of batch

thickening tests on activated sludge.

(a) A continuous flow thickener is to be designed to treat

this sludge. The influent flow rate is 30m3=h and the
sludge is to be thickened from 6.5 g=L to 17.5 g=L.
What diameter circular thickener is required?

(b) Identify the limiting concentration.

(c) If the solids loading increases by 50% after the thick-

ener designed in part (a) exists, what is the maximum

underflowconcentration that canbeachievedat steady

state without losing excessive solids in the effluent

flow?

Solution. We begin by calculating the batch solids flux,

and converting units as appropriate for the full-scale situa-

tion. The results are shown in the third column of the table.

To illustrate, the first row value is calculated as follows:

Gi ¼ civi ¼ 1:8 g=Lð Þ 5:0 cm=minð Þ 1000 L=m3
� �

m=100 cmð Þ
� 60min=hð Þ kg=1000 gð Þ ¼ 5:4 kg=m2 h

Note that concentrations in g=L are the same value in

kg=m3.

(a) The batch solids flux data are plotted as a function of

the solids concentration in Figure 13-55. The data

are somewhat scattered, but a reasonable curve is

drawn through the points. A tangent is drawn from

the target underflow solids concentration of 17.5 g=L
(or 17.5 kg=m3) on the axis to the underneath side of

the solids flux curve, and extended to the intercept

on the ordinate, as shown by the solid line in Fig-

ure 13-55. That intercept is found to be 2.4 kg=m2 h.

The influent solids loading rate is Qincin, or

30m3=hð Þ 6:5 kg=m3ð Þ ¼ 195 kg=h. The required

area can thenbe foundas the ratioof the limitingapplied

flux and this solids loading rate:

A ¼ Loading rate

Limiting flux
¼ 195 kg=h

2:4 kg=m2 h
¼ 81:3m2

The required diameter is found from this area:

d ¼
ffiffiffiffiffiffi
4A

p

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð Þ 81:3m2ð Þ

p

r
¼ 10:2m

(b) The limiting solids concentration is the value of the

concentration at the point of tangency on the flux

curve. This value is read directly as 14 kg=m3.

(c) When the solids loading increases by 50%, the

applied flux will increase by 50%:

Gapplied;new ¼ 1:5Gapplied;original ¼ 1:5ð Þ 2:4 kg=m2 h
� �

¼ 3:6 kg=m2 h

Using this value on the ordinate of the graph, a

new tangent line (dashed line in the figure) is drawn

to the flux curve, and the value of the concentration

where that line meets the abscissa is the maximum

TABLE 13-7. Activated Sludge Thickening Characteristics

Initial

Concentration

(g=L)

Settling

Velocity

(cm=min)

Batch

Solids Flux

(kg=m2 h)

1.8 5.0 5.40

2.0 4.5 5.40

2.7 3.6 5.83

3.5 2.9 6.09

4.0 1.6 3.84

5.3 0.93 2.96

6.5 1.02 3.98

7.8 0.43 2.01

9.5 0.21 1.20

10.3 0.22 1.36

12.5 0.14 1.05

14.0 0.058 0.487

17.0 0.032 0.326

18.0 0.033 0.356

FIGURE 13-55. Batch solids flux curve for activated sludge in

Example 13-16.
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achievable steady-state underflow concentration.

That value is read from the figure as 15.2 kg=m3

or 15.2 g=L. &

Design of Continuous Flow Gravity Thickeners

The design process for continuous flow thickeners can also

be illustrated with a figure similar to those used for the

operational analysis, assuming the flux curve for the sus-

pension is known (or can be estimated). On Figure 13-56,

several tangent lines to the batch flux curve are drawn from

different values of cu on the abscissa, and each line yields a

different intercept on the ordinate. These intercepts repre-

sent the maximum (or limiting) values of the applied flux

(i.e., GL) for each corresponding value of the underflow

concentration; we designate this limiting flux as GL. The

family of lines indicates that a higher desired underflow

concentration yields a lower value of the limiting applied

flux. At the time of design, one is likely to know the

maximum solids loading that might be applied to the

thickener; that is, (Qincin)max. For each value of the desired

underflow concentration, one can find the required area from

the corresponding value of GL, as follows:

A
Qincinð Þmax

GL

(13-66)

As the desired cu increases for a given suspension, GL

decreases, and therefore the required area increases. Hence,

the critical design variable for thickeners is the cross-sec-

tional area, with higher values of area being able to achieve

higher values of cu (and consequently lower values of Qu).

Hence, design represents an economic trade-off between the

costs of increased area of a thickener or increased costs of

further processing of a greater underflow in downstream

sludge handling processes.

13.9 FLOTATION

Like sedimentation, flotation of particles suspended in water

is driven by density differences, with flotation occurring

when the density of a particle is less than that of the solution.

Few particles encountered in environmental engineering

have such low densities, but particles with a density just

greater than that of water can be induced to float if air

bubbles (one or more) become attached to them. Therefore,

in environmental engineering systems, flotation almost

always involves the creation of air bubbles in a suspension

of particles, the attachment of the bubbles to the particles,

and the subsequent rise of the particles to the top of the

system, where they are removed. Although the bubbles

are sometimes injected into the system by blowing air

into the water through diffusers with very small pores, a

much more common approach for generating bubbles is to

cause the solution to become so supersaturated with air that

gas bubbles form spontaneously as the system approaches

gas=liquid equilibrium. Such processes are referred to as

dissolved air flotation (DAF). In such a process, a portion of

the flow is saturated with air at a high pressure, causing large

amounts of air (i.e., its constituents) to dissolve. This flow is

then mixed with the remaining flow under normal atmo-

spheric conditions (i.e., Ptot� 1 atm). The reduction in

pressure in the former portion reduces the solubility of

the air, and bubbles form directly in the suspension as the

new equilibrium condition is approached. Some of the

bubbles form on the particle surfaces, and others form in

solution and subsequently attach to the particles. If the

density of the resulting particle–bubble floc is less than

that of the solution, the floc will rise.

& EXAMPLE13-17. Determine (a) the settling velocity

of a 15-mm diameter particle with a density of 1.1 g=cm3

suspended in water at 15�C and (b) the rise velocity of that

particle after a 30-mm diameter bubble has attached to it.

At 15�C, water has a density of 1.0 g=cm3 and a viscosity

of 1.139� 10�2 g=cm s, and moist air has a density of

1.226� 10�3 g=cm3 (Giacomo, 1982).

Solution.

(a) The settling velocity is determined from Stokes’ law

(Equation 13-8).

vs ¼
rp � r
� �

gd2
p

18m

¼ ð1:1� 1:0Þg=cm3
� �

981 cm=s2
� �

15� 10�4 cm
� �

2

18 1:139� 10�2 g=cm s
� �

¼ 1:08� 10�3 cm=s

¼ 1:08� 10�3 cm=s
� �

3600 s=hð Þ 1m=100 cmð Þ
¼ 0:0388m=h

FIGURE 13-56. Analysis for design of continuous flow

thickeners.
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(b) When a bubble (subscript bb) is attached to a particle

(subscript p), the total volume of the particle–bubble

floc (subscript pbb) is conserved, as follows:

Vpbb ¼ Vp þ Vbb ¼ p

6
d3
p þ d3

bb

� �

¼ p

6
153 þ 303
� �

mm3
� � ¼ 1:59� 104 mm3

¼ 1:59� 10�8 cm3

The equivalent spherical diameter of the particle–

bubble floc is

dpbb ¼ 6Vpbb

p


 �1=3

¼ 153 þ 303
� �

mm3
� �1=3 ¼ 31:2m

The particle diameter is half that of the bubble, but

its volume is only 1=8 that of the bubble, so the

equivalent spherical diameter of the particle–bubble

floc is only 9=8ð Þ1=3 times the bubble diameter.

The density of the particle–bubble floc is its mass

divided by its volume, or

rpbb ¼ massp þmassbb

Vpbb

¼ rpVp þ rbbVbb

Vpbb

¼ 1:1 g=cm3ð Þ p=6ð Þ 15mmð Þ3 þ 1:226� 10�3 g=cm3
� �

p=6ð Þ 30mmð Þ3
1:59� 104 mm3

¼ 0:123 g=cm3

With the density of the floc being less than that of

water, it will move upward. The rise velocity of the

particle–bubble floc can be determined using

Stokes’ law, under the assumption that the floc

can be treated as a spherical particle. Recognizing

that the rise velocity is the opposite of the settling

velocity, we find

vrise ¼ �vsettle ¼
r� rpbb
� �

gd2
pbb

18m

¼ 1:0� 0:123ð Þ g=cm3ð Þ½ 
 981 cm=s2Þð 31:2� 10�4 cm
� �2

18 1:139� 10�2 g=cm s
� �

¼ 4:08� 10�2 cm=s ¼ 4:08� 10�2 cm=s
� �

3600 s=hð Þ

� 1m

100 cm


 �
¼ 1:47m=h

Note that this rise velocity is considerably greater

than the settling velocity of the original particle, so

that, in this case, flotation can achieve solid=liquid
separation more rapidly than settling. Interestingly,

this result is obtained even though the particle chosen

has a higher density than those usually considered for

flotation. &

The formation of bubbles in a supersaturated solution is a

familiar phenomenon. For example, the pressure in an

unopened bottle of a carbonated beverage is considerably

greater than atmospheric, and therefore much more gas (in

this case, carbon dioxide) dissolves in the drink than would

dissolve at atmospheric pressure. This fact is a direct

consequence of Henry’s law, as discussed in Chapter 5.

After the bottle is opened, the solution is at atmospheric

pressure, and some of the dissolved gas must be released to

reach equilibrium with the new, lower pressure. This gas is

released by a combination of passive diffusion across the

gas=liquid interface and formation of bubbles within the

liquid, which then rise and enter the overlying gas phase.

The criterion for bubble formation within a bulk liquid is

that the sum of the equilibrium partial pressures of all the

dissolved gases exceed the static pressure at the location

where the bubble forms. For example, if a solution is in

equilibriumwith air at a pressure of 3 atm, then the dissolved

oxygen and nitrogen in the solution will have equilibrium

partial pressures of approximately 0.63 and 2.37 atmo-

spheres, respectively (corresponding to 0.21�3 atm and

0.79�3 atm, respectively); the sum of the partial pressures

is therefore 3 atm. When such a solution is exposed to

atmospheric pressure, bubbles will be able to form in the

bulk liquid, and both oxygen and nitrogen will evolve from

the solution until a new equilibrium state is achieved. The

bubbles that form will have a composition that is in equi-

librium with the solution and the ambient pressure at that

location. Thus, if this solution were at a depth of greater than

20m of water, the total pressure on the water would exceed

3 atm, and no bubbles would form.

Similarly, if the dissolved oxygen and nitrogen in a

solution had equilibrium partial pressures of 0.3 atm and

0.6 atm, respectively, and if the solution were in contact with

the normal atmosphere, then the solution would be super-

saturated with oxygen and undersaturated with nitrogen. In

this case, oxygen would exit the solution, and nitrogen

would enter it. However, the oxygen would escape from

the solution strictly by passive diffusion across the air=water
interface; no bubbles would form, because the total partial

pressure of all the gases in the solution (0.9 atm) would be

insufficient to overcome the local hydrostatic pressure

opposing the formation of such bubbles.

In general, it is easier for bubbles to form at solid=water
interfaces than in bulk solution. (This is why bubbles in

carbonated beverages appear to form preferentially on the

walls of the container, rather than in the middle of the

liquid.) Therefore, in a flotation system, many bubbles

form on particles that are suspended in the water; others

might form in the bulk solution and intercept suspended

particles as the bubbles rise. If the density of the particle–

bubble combination is less than that of the solution, the

particle will be carried toward the water surface.

Particles with a high density can be floated by the attach-

ment of a sufficient volume of bubbles, but such particles

(unless quite small) settle well and hence are not good
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candidates for flotation. On the other hand, particles (or flocs)

with a density just slightly greater than water do not settle

well, and, once attached to bubbles, often rise at amuchhigher

velocity than they settle. Therefore, flotation is considered as

an attractive particle separation process only when the parti-

cles of interest have a density not much greater than that of

water. A second criterion is that the particles need to be

floatablewith a reasonable input of dissolved air. Two types of

suspensions that are commonly encountered in environmental

engineering meet these criteria and therefore are often sub-

jected to dissolved air flotation for solid=liquid separation:

	 Low concentration suspensions (Types I and II) in

drinking water, when the natural particles (or flocs

after coagulation) are relatively low in density and

relatively few in number. The most common applica-

tion of flotation for this type of suspension has been for

water sources with consistently low turbidity and with

algae as the major particle type. Typically, these con-

ditions apply to lake water but not to river water, which

often contains denser particles and is more susceptible

to turbidity spikes after rain storms. Nevertheless,

flotation has been used extensively (particularly in

Scandinavia, England, Japan, and South Africa) for

typical alum- or iron-coagulated river or lake sources.

	 High concentration suspensions (Types III and IV) for

thickening of low density particles. The most common

application in environmental engineering is for biolog-

ical sludges—especially the thickening of activated

sludge, sometimes after sedimentation. This applica-

tion is also useful for metal hydroxide sludges and food

processing wastes. High concentration suspensions are

susceptible to flotation, because they do not require a

bubble for every particle; since they settle or rise en

masse, the well-defined solid=liquid interface that is

characteristic of thickening will form and allow the

particles to rise when the density of the sludge-bubble

mixture is less than that of water.

Details of how flotation is done for these two types of

applications are described later. Many aspects of the two

applications are essentially identical, and those common

elements are explained first.

Flotation Sytems Overview

A schematic diagram of a typical flotation system for a dilute

suspension is shown in Figure 13-57; systems designed for

concentrated suspensions differ in ways described subse-

quently, but also have the following components.

	 Saturator, a high pressure (3.5–6 atm) tank to which

both air and water are supplied, and in which, at steady

state, virtually all of the injected air dissolves into the

water. The water supply to the saturator is typically

recycled clean water, either from the flotation tank

effluent or a cleaner water source from elsewhere in the

water or wastewater plant. This water source must

have a relatively low particle concentration to avoid

clogging either the packing (if a packed bed saturator

is used) or the nozzles at the entrance to the air=
suspension contact chamber.

	 Air=suspension contact chamber, in which a flow of

water that has been saturated with air at a high pressure

is introduced to the suspension to be treated at atmo-

spheric pressure. As already noted, the reduced pres-

sure causes bubbles to form in the water, and these

bubbles attach to the particles of the suspension.

	 Separation zone, in which the particle–bubble flocs

float to the top of the liquid.

	 Particle removal system, including a skimmer that

moves the particles on the top (typically called the float)

into a collection area. In high concentration systems (and

occasionally in low concentration systems), a bottom

skimmer (sludge scraper) is also provided to remove

particles that settle to the bottom. In drinking water

applications in which discharge to a sewer is allowable,

the float can be withdrawn hydraulically by raising the

water level and discharging the sludge over a weir; this

system is used in lieu of a skimmer.

Since the saturator and the physical–chemical process

leading to the creation of bubbles are essentially identical for

both the low concentration and the high concentration

systems, they are considered first in what follows. The
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FIGURE 13-57. Schematic of a flotation system. (This diagram

reflects a rectangular unit designed for low concentration suspen-

sions. Details of the contact and separation zones are somewhat

different in flotation units built with different geometries or for high

concentration suspensions.)
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contact and separation zones are somewhat different in the

two applications, and they are considered subsequently.

Saturator

Saturators are gas absorption devices that run at relatively

high pressure (3.5–6 atm, or approximately 350–600 kPa) to

allow large amounts of air to dissolve into the water. Several

types of saturators are available, with differences in how the

air is introduced and contacted with water, but the basic

principles are the same for all. In large plants, the most

common type of saturator is a packed bed, similar to those

described for stripping and absorption in Chapter 6, except

for the pressure and the absence of an exiting gas stream. In

smaller plants, unpacked towers are often used. Packed beds

are generally more efficient but can require more careful

operation (and perhaps more maintenance) due to the poten-

tial buildup of particles.

Air consists primarily of nitrogen and oxygen; in the

design and operation of saturators, it is common to ignore

the other, minor constituents. Further, because air is taken in

from the atmosphere (i.e., at atmospheric pressure) and

ultimately released in the flotation unit at atmospheric

pressure, it is often acceptable and convenient to consider

air as a single species. Nevertheless, it is useful to begin by

considering the behavior of nitrogen and oxygen separately.

Figure 13-58a shows the equilibrium relationship

between the gas and liquid phases for both nitrogen and

oxygen according to Henry’s law, with the gas-phase con-

centrations given in atmospheres and the liquid-phase con-

centrations in mg=L. In these units, the Henry’s constants

(Hpc) at 25
�C for nitrogen and oxygen are 5.57� 10�2 and

2.47� 10�2 atmL=mg, respectively. At a total pressure of

1 atm (consisting of 0.79 atm N2 and 0.21 atm O2), the

equilibrium liquid-phase concentrations are 14.2 and

8.5mg=L, respectively. The correspondence between the

gas and liquid concentrations for this condition is indicated

by the dotted lines in the figure. Adding the liquid-phase

concentrations for the two species, the result is a total

dissolved air concentration of 22.7mg=L.
Considering air as a single component thus leads to a

Henry’s constant (at 25�C and for the particular makeup

of air stated earlier) of 1 atm=22:7mg=Lð Þ ¼ 4:41�
10�2 atm L=mgð Þ, as illustrated by the heavy line for normal

air in Figure 13-58b. More generally (for other temperatures

and air compositions), the Henry’s constant for air can be

found as

Hair ¼ HN2
HO2

yO2
HN2

þ yN2
HO2

¼ HN2
HO2

yO2
HN2

þ 1� yO2

� �
HO2

(13-67)

whereHO2
andHN2

are the Henry’s constants for oxygen and

nitrogen, respectively, and yi is the mole fraction of

constituent i in the air. The expression on the far right

emphasizes that air is considered to consist of only nitrogen

and oxygen.

Figure 13-58b also illustrates that the elevated pressure of a

saturator allows the dissolution of far more air into the water

than can happen at normal atmospheric pressure. Since

Henry’s law is linear, a pressure in the saturator of 5 atm leads

to an equilibrium value in the liquid that is five times the

equilibrium value at 1 atm. The actual concentrations in both

the gas and liquid phases in a saturator, however, are not

necessarily those shown at equilibrium for normal air in

Figure 13-58b, for two reasons. First, saturators aregas transfer

devices and are not typically designed to achieve equilibrium;

like the packed towers for gas transfer discussed in Chapter 6,

equilibrium between the two phases is approached, but not

necessarily achieved, as the liquid travels through the packing.

The efficiency of a saturator is defined as the fractional

elimination of the extent of disequilibrium; that is,

hs ¼
cL;s;out � cL;s;in

c�L;s � cL;s;in
(13-68)

where the subscript s refers to the saturator (to differentiate it

from other parts of a flotation system, subsequently), in and

FIGURE 13-58. Henry’s law relationship for air.
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out refer to the saturator influent and effluent, respectively, cL
is the liquid–phase concentration of dissolved air, and c�L;s is
the liquid-phase concentration of air that would exist at

equilibriumwith the gas phase in the reactor. The equilibrium

value, c�L;s, would be that associated with the inlet gas phase
to the saturator.

The second reason that the liquid effluent from the

saturator is not equilibrated with a hypothetical, pressur-

ized air phase with the same composition as normal air is

that oxygen is more soluble in water that nitrogen (i.e., its

Henry’s constant is lower). As a result, in the saturator,

oxygen is preferentially dissolved (and thereby preferen-

tially removed from the gas) compared to nitrogen. The

liquid in the saturator approaches equilibrium with this

N-enriched gas, not pure air. Therefore, even if gas=liquid
equilibrium were attained, the equilibrium condition

would not be the one indicated for normal air in Figure

13-58b. The fact that saturators are operated with the

minimum possible air injection rate (so that there is no

gaseous exit stream, and the cost associated with pressur-

izing the air is minimized) maximizes the difference

between the composition of the gas inside the saturator

and normal air. The lighter line in Figure 13-58b is the

equilibrium line assuming that the air in the saturator is

90% N2 and 10% O2; the two lines shown represent the

extremes that might be found in real systems.

We can analyze the gas transfer processes occurring at

steady state in the saturator and the flotation tank by writing a

set ofmass balances on nitrogen andoxygen invarious control

volumes.18 Throughout the analysis, we assume that the

saturator is operated with no gaseous effluent stream. The

first mass balance is written for a control volume (CV) that

includes the air compressor, the saturator, and the liquid phase

in the flotation tank.ThisCVhas liquid entering in the influent

suspension and exiting via the clean water and float with-

drawal streams, and it has gas entering via the compressor and

exiting by the formation of bubbles in the flotation tank.

(Because the CV is defined to exclude the bubbles, bubble

formation takesmass out of theCV.) Themass balances onN2

and O2 in this CV have the following form:

QLcL;in;i þ QG;incG;in;i ¼ QLcL;out;i þ QG;outcG;out;i (13-69)

where i is either N2 or O2, andG,out is understood to refer to

the bubbles. The two liquid effluent streams (float and clean

effluent in Figure 13-57) are assumed to have the same

composition, so they are combined and treated as a single

stream with flow rate (QL) equal to the liquid influent flow

rate. On the other hand, the gas flow rates in and out of the CV

might differ, so QG,out is not constrained to equal QG,in.

Assuming that gas=liquid equilibrium is achieved in the

flotation tank, we can apply Henry’s law to each species in

that tank; that is,

cL;out;i ¼ Hcc;icG;out;i (13-70)

We also know that the total pressure inside an average

bubble equals the hydrostatic at mid-depth in the flotation

tank. Assuming that the depth of the tank is small enough

that its effect on pressure can be ignored, and applying

Equation 5-19 to convert from partial pressures to mass-

based concentrations in the gas phase, the total pressure can

be related to the gas-phase concentrations by19

Ptot ¼
X
i

Pi ¼ RT
X
i

cG;out;i

MWi

(13-71)

Presuming that the compositions and flow rates of the two

influent streams are known, the five equations identified

earlier (two with the form of Equation 13-69 [one each for

N2 and O2], two with the form of Equation 13-70 and

Equation 13-71) contain five unknowns (cL;out;N2
, cL;out;O2

,

cG;out;N2
, cG;out;O2

, and QG,out). They can therefore be solved

to find the compositions and flow rates of the effluent

streams.

These five equations rely on two assumptions: gas=liquid
equilibrium is attained in the flotation tank, and the system is

at steady state. Note, however, that no assumption is made

about the conditions in the saturator. As a result, the results

are independent of how the saturator is operated (e.g., its

pressure or efficiency) and of the composition of the pres-

surized solution exiting it.

In general, the solution to the five equations is not obvious

and must be determined by calculation. However, one limit-

ing case has an interesting and simple outcome that is worth

noting. If the influent solution is in equilibrium with the

atmosphere (both atmospheric N2 and O2), then the equa-

tions are satisfied if neither the gas nor the liquid undergoes

any net change in composition or flow rate as it moves

through the system. That is, in this limiting case, no net gas

transfer occurs in the system, and the effect of pressurizing

and then depressurizing thewater and air is simply to convert

18 In the literature, the mass balances are often written on air (i.e., on the

combination of nitrogen and oxygen, considered as a single entity).

However, in that case, different Henry’s constants for air must be computed

for the (initially) unknown compositions of the gas phases in the saturator

and in the bubbles in the flotation tank. Under the circumstances, consider-

ing the two species independently, each with a known, constant Henry’s

constant, seems more straightforward.

19 Considering i to include only N2 and O2 ignores the contribution of water

vapor to the total pressure. At 25�C, the vapor pressure of water is 0.03 atm.

This vapor pressure contributes to the total pressure, so, in an air bubble that

has equilibrated with an aqueous solution at 25�C, the sum of the partial

pressures of N2 and O2 is not Ptot, but onlyPtot� 0.03 atm. This correction is

minor for the current discussion and is therefore ignored.
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the injected air from a separate bulk stream into small

bubbles dispersed in the solution.

& EXAMPLE13-18. Flotation is to be used to thicken

the sludge from a biological treatment process operating

at 25�C. At this temperature, Hcc values are 63.8 LG=LL for

N2 and 32.3 LG=LL for O2. Thanks to the intense aeration

in the aeration tank, the liquid phase of the sludge is

equilibrated with atmospheric N2. However, because bio-

logical activity consumes O2 so rapidly, the sludge con-

tains only 1mg=L dissolved O2. Air is supplied to the

saturator at a rate corresponding to 0.04 L per liter of water

fed to the flotation system.

Assuming that gas=liquid equilibrium is achieved in the

flotation tank, that no oxygen is consumed in that tank,

and that the system is at steady state, what volume of

bubbles is generated per liter of water fed to the system,

and what are the compositions of the liquid and bubbles in

the tank?

Solution. Dividing through Equation 13-69 by QL, we

can apply it to N2 and O2 to write

cL;in;N2
þ QG;in

QL

cG;in;N2
¼ cL;out;N2

þ QG;out

QL

cG;out;N2

cL;in;O2
þ QG;in

QL

cG;in;O2
¼ cL;out;O2

þ QG;out

QL

cG;out;O2

Because the solution in the flotation tank is equilibrated

with the bubbles, the following Henry’s law relationships

apply in the tank:

cL;out;N2
¼ cG;out;N2

Hcc;N2

cL;out;O2
¼ cG;out;O2

Hcc;O2

Also, ignoring the effect of depth on the pressure inside

the bubbles, we can write Equation 13-71 as

Ptot ¼ 1:0 atm ¼ RT
cG;out;N2

MWN2

þ cG;out;O2

MWO2


 �

The gas-phase concentrations of N2 and O2 in the atmo-

sphere can be written in mass-based units based on their

partial pressures, as follows:

cG;in;N2
¼ PN2

MWN2

RT
¼ 0:79 atmð Þ 28 g=mol

0:082 atmLG=mol Kð Þ 298Kð Þ 1000mg=gð Þ ¼ 905mg=LG

cG;in;O2
¼ PO2

MWO2

RT
¼ 0:21 atmð Þ 32 g=mol

0:082 atmLG=mol Kð Þ 298Kð Þ 1000mg=gð Þ ¼ 275mg=LG

The dissolved N2 concentration in the influent can then be

computed based on the fact (assumption) that the solution is

in equilibrium with atmospheric N2:

cL;in;N2
¼ cG;in;N2

Hcc;N2

¼ 905mg=LG

63:8LG=LL

¼ 14:19mg=LL

Values of cL;in;O2
, QG;in=QL

� �
, Hcc;N2

, Hcc;O2
, and T are

given in the problem statement, and MWN2
and MWO2

are

known. With this information, the five equations character-

izing the system can be solved, yielding the following

results:

QG;out

QL

¼ 0:0354 LG=LLð Þ

cL;out;N2
¼ 15:48mg=L cG;out;N2

¼ 988mg=L

cL;out;O2
¼ 5:60mg=L cG;out;O2

¼ 181mg=L

Converting the N2 and O2 concentrations in the bubbles to

partial pressures, we find that PG;out;N2
¼ 0:862 atm, and

PG;out;O2
¼ 0:138 atm; that is, the gas in the saturator (and

bubbles formed in the contact zone) are enriched in N2

and depleted in O2 compared to the atmosphere (i.e., com-

pared to the gas that was injected into the saturator). Also,

by comparing QG;out=QL

� �
with QG;in=QL

� �
, we see that gas

flow rate exiting the system as bubbles is approximately 12%

less than the air flow injected into the system. The decrease

in gas flow rate and the change in gas-phase composition are

closely related. Most of the decrease in gas flow is due to the

fact that the influent solution was undersaturated with O2, so

that a net transfer of O2 from the gas phase into solution

occurred as the two phases equilibrated. In addition, when

oxygen exited the gas bubbles, the partial pressure of N2 in

the bubbles increased slightly (because its mole fraction

increased, while the total pressure in the flotation tank

remained the same as in the feed). As a result, a driving

force was developed for transfer of N2 out of the bubbles.

The loss of both N2 and O2 from the gas phase accounts for

the overall reduction in QG from the compressor to the

flotation tank. Furthermore, a larger fraction of O2 in the air

had to transfer into solution to reach equilibrium than was

the case for N2, so the net change in composition of the

bubble represented an enrichment in N2. &
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Bubble Formation

The preceding analysis yields the information about the gas

flow rate (i.e., the volumetric bubble formation rate) in the

flotation tank. However, more important parameters are

likely to be the number concentration of bubbles and their

volume fraction in the contact zone, where they are gener-

ated. The number concentration of bubbles formed in the

flotation unit is of critical importance, especially in dilute

suspension applications where efficient operation generally

requires that the bubble concentration greatly exceed the

particle concentration. For the thickening of concentrated

suspensions, where the suspension tends to behave en masse

in forming a solid=liquid interface, the bubble concentration
need not greatly exceed the particle concentration, but the

concentration of bubbles required is still much greater than

for dilute suspensions.

Two equivalent approaches can be taken to determine

the volumetric bubble formation rate in the contact zone of

the flotation unit, one of which focuses on the gas phase

and the other on the liquid phase. For both approaches, we

consider only the limiting case where gas=liquid equili-

brium is achieved within this zone. In both cases, we seek

the volume of bubbles per volume of liquid and the number

concentration of bubbles in that zone. We define the

volume of bubbles per volume of liquid as a volumetric

fraction:

fG;CZ ¼ VG;CZ

VL;CZ

The maximum number concentration and volume fraction

of bubbles in the contact zone of the tank can be evaluated

based on a mass balance around the zone where the water

from the saturator mixes with the influent. In the limiting

case where gas=liquid equilibrium is achieved within this

zone, the generation of gas proceeds at the same rate as gas

eventually exits the flotation tank, QG,out. Recognizing that

each volume can be expressed as the product of the flow rate

and detention time in a flowing system, the volume fraction

of bubbles in the contact zone would be

fG;CZ ¼ VG;CZ

VL;CZ
¼ QG;outtbb

VL;CZ
¼ QG;outtbb

QL;int
(13-72)

where tbb and t are the detention times in the contact zone

of bubbles and water,20 respectively. In flotation systems,

tbb is necessarily less than t, since both the liquid (with

particles) and the bubbles are traveling upward and the

bubbles have a rise velocity relative to water; correlations

of the rise velocity with bubble diameter are given in

Chapter 5.

The number of bubbles formed per unit time is found as

the volumetric flow rate of the exiting gas divided by the

volume of an (average) bubble:

Number of bubbles

formed per unit time

� �
¼ _Nbb ¼

QG;out

Vbb

¼ QG;out

pd3
bb=6

¼ 6QG;out

pd3
bb

(13-73)

As shown subsequently, the number concentration of

bubbles in the contact zone is of interest in the modeling of

particle removal. As with the volumetric fraction, this

value depends on the detention time of bubbles in that

zone:

nbb ¼
_Nbbtbb

VL;cz
¼

_Nbbtbb

QL;int
(13-74)

As a practical matter, both fbb and nbb are difficult to

evaluate with much precision in real systems, for several

reasons. First, the volume of the contact zone is not entirely

distinct from the volume of the separation zone and,

therefore, is not known well. Second, the detention time

of the bubbles can be estimated from the depth and rise

velocity, but the size of the bubbles (and therefore the rise

velocity of a free bubble) is not known precisely. Third,

many bubbles attach to particles (the whole point of

flotation systems!) and, therefore, do not rise with nearly

as high a velocity as a free, or unattached, bubble; esti-

mates of tbb based on rise velocities of bubbles will be low.

And lastly, the volumetric gas flow rate, the starting point

of all the calculations, is based on an equilibrium calcula-

tion that represents an ideal. Despite these difficulties, the

equations provide a useful guide for estimating fbb and nbb,

and are particularly valuable in investigating the changes

that might be brought about by different designs or oper-

ating strategies.

The second approach to determining the amount of bubble

formation is to consider the changes in the dissolved air in the

liquid phase.When thewater stream from the saturator enters

the flotation unit, the pressure suddenly drops from that of the

saturator to atmospheric pressure (again ignoring the depth

effects on the pressure). As a result, the driving force for gas

transfer favors driving the dissolved air out of solution and

into the gaseous phase. Themaximum possible rate of bubble

formation, expressed as mass of air per unit time, is the

product of the saturator flow and the difference in the saturator

effluent concentration (which is the same thing as the contact

20 t is defined here as the ratio of the volume of the contact zone and the flow

rate of the influent suspension (i.e., the water to be treated). As shown in

Figure 13-56, the contact zone also receives water from the saturator, so a

different definition of detention time that included that second flow rate

would be possible. However, it is conventional in recycle systems to define t

as done here, and the mathematics of mass balances is carried out to account

for the additional flow in terms of this definition.
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zone inlet concentration) and the equilibrium concentration in

the flotation unit (typically at 1 atm); that is,

Mass=time of

bubbles created

� �
max

¼ _Mbb ¼ QL;s cL;s;out � cL;cz
� �

(13-75)

The liquid flow to the saturator is often (though not

always) recycled clean water from the flotation tank, in

which case QL,s can be expressed as rQL,in, where r is the

recycle ratio. With equilibrium assumed at both the saturator

effluent and in the contact zone, the liquid-phase concentra-

tions can be written in terms of the pressure cL ¼ PG=Hairð Þ,
where the appropriate Hair reflects the nitrogen and oxygen

composition of the air in the saturator (and bubbles).

Making these substitutions and assuming again that the

pressure in the contact zone is 1 atm, Equation 13-75 can

be written as

_Mbb ¼
rQL;in

Hair

Ps � Pczð Þ ¼ rQL;in

Hair

Ps � 1ð Þ (13-76)

The volumetric formation rate of bubbles is the mass rate

divided by the density of air. On a molar basis, the density of

gas is calculated from the ideal gas law:

nmol

VG

¼ P

RT
(13-77)

Converting to a mass basis (g=L) requires multiplying by

the molecular weight; for any composition of air, we find

rair ¼
MWairPCZ

RT
¼ yO2

MWO2
þ yN2

MWN2

� �
PCZ

RT
(13-78)

Substituting known quantities, the calculation becomes

rair ¼
yO2

32 g=molð Þ þ yN2
28 g=molð Þ� �

1 atmð Þ
0:082 atmLG=mol Kð ÞT (13-79)

Finally, we can find the volumetric rate of formation of

bubbles:

QG;bb ¼ QG;out ¼
_Mbb

rair
(13-80)

Substituting from Equations 13-76 and 13-79 results in

QG;out ¼
_Mbb

rair
¼ rQL;in Ps � 1ð Þ 0:082 atm-LG=mol-Kð ÞT

Hair yO2
32p g=molð Þ þ yN2

28 g=molð Þ� �
1 atmð Þ
(13-81)

This analysis based on the liquid phase has assumed

that equilibrium is achieved in the saturator. If the effi-

ciency of the saturator is accounted for, and if the

efficiency is the same for both nitrogen and oxygen (as

suggested by Haarhoff and Steinbach, 1996), the equation

is modified by multiplying the saturator pressure (Ps) by

the efficiency (hs).
With this alternative means of calculating QG;out, Equa-

tions 13-73 and 13-74 can be used to find the rate of bubble

formation and the bubble concentration.

Typically, the water stream from the saturator is released

through a nozzle against an impinger, and the design of the

nozzle and impinger affects both the rate of formation and

size of the bubbles (Rykaart and Haarhoff, 1995). The

bubbles formed in DAF typically have diameters ranging

between 10 and 100mm, with the vast majority<50mm and

the average in the range 30–40mm (Han et al., 2002a; Rees

et al.,1980; Fukushi et al., 1995). Han et al. (2002b) showed

that the bubble size was independent of the saturator pres-

sure above 3.5 atm, but was dramatically larger at lower

pressures.

To complete the analysis, we assess the conditions in the

saturator and in the water exiting that unit and entering the

contact zone of the flotation tank. To do so, we write one

more mass balance, this time choosing the saturator as the

control volume. The analysis is closely analogous to the one

conducted on the whole system and expressed mathemati-

cally in Equations 13-69 through 13-71. Once again, we

have one liquid and one gaseous influent stream of known

composition, and one effluent liquid stream. However, in

this case, there is no effluent gas stream, and the liquid and

gas do not necessarily reach equilibrium. The absence of an

effluent gas stream is handled simply by setting QG,out to

zero in Equation 13-69, and the absence of gas=liquid
equilibrium is accounted for by using Equation 13-68,

with an assumed value of hs in place of Equation 13-70.

Using this approach, the total pressure required in the

saturator (to achieve the goal of complete dissolution of

the influent gas for a given QL,s) or the required QL,s

(to achieve the goal for a given Ptot in the saturator) can

be determined.

& EXAMPLE13-19. The system described in Example

13-18 is operated with an influent flow rate, QL, of 50 L=s
and a recycle ratio, r, of 70%. The saturator operates without

any gaseous effluent and with an efficiency (hs) of 85% for

both N2 and O2. The nozzle and impinger used in the system

generate bubbles with an average diameter of 30mm.

Assume that the ratio of bubble detention time to the liquid

detention time in the contact zone is 0.3.

(a) Determine the compositions of the gas phase in the

saturator and the liquid exiting the saturator. What is

the total pressure in the saturator?

(b) What is the rateofbubble formation in thecontactzone?

(c) What are the volume fraction of gas and the number

concentration of bubbles in the contact zone?

662 GRAVITY SEPARATIONS



Solution.

(a) We know the composition and flow rate of each

stream entering the saturator, and we know the flow

rate of the only exiting stream, so we can find its

composition via mass balances on N2 and O2. Noting

that the composition of the liquid entering the

saturator is the same as that exiting the flotation

tank (designated cL,f,out in the equations), the calcu-

lations for N2 are

rQLcL;f;out;N2
þ QG;s;incG;s;in;N2

¼ rQLcL;s;out;N2

0:70ð Þ 50LL=sð Þ 15:48mg=LLð Þ
þ 0:04 LG=LLð Þ 50LL=sð Þ 905mg=LLð Þ

¼ 0:70ð Þ 50 LL=sð ÞcL;s;out;N2

cL;s;out;N2
¼ 67:2mg=LL

The analogous calculation for O2 indicates that

cL;s;out;O2
¼ 21:3mg=LL. Knowing the composition

of the liquid exiting the saturator, we can use a

rearranged version of Equation 13-68 to find the

concentration that would be in equilibrium with the

gas in the saturator, and then the composition of the

gas. For instance, again carrying out the calculations

for N2 (and again noting that the concentration

entering the saturator is the concentration exiting

the flotation tank):

c�L;s;out;N2
¼ cL;s;out;N2

� cL;f;out;N2

hs;N2

þ cL;f;out;N2

¼ 67:2mg=LL � 15:48mg=LL

0:85
þ 15:48mg=LL

¼ 76:3mg=LL

cG;s;N2
¼ HN2

c�L;s;out;N2
¼ 63:8LL=LGð Þ 76:3mg=LLð Þ

¼ 4870mg=LG

Ps;N2
¼ RTcG;s;N2

MWN2

¼ 0:082 atmLG=mol Kð Þ 298Kð Þ 4870mg=LGð Þ
28; 000mg=mol

¼ 4:25 atm

The analogous calculations for O2 yield

c�L;s;out;O2
¼ 24:1mg=LL and Ps;O2

¼ 0:59 atm. The

total pressure in the saturator is therefore 4.25 atm

þ 0.59 atm, or 4.84 atm. The gas is 87.7% N2, due to

the preferential dissolution of O2.

(b) The rate of bubble formation can be determined

from Equation 13-73:

_Nbb ¼
6QG;out

pd3
bb

¼ 6 QG;out=QL;in

� �
QL;in

pd3
bb

¼ 6 0:0354LG=LLð Þ 50LL=sð Þð1000 cm3=LLÞ
p 30mmð Þ3 cm3=1012 mm3

� �
¼ 1:25� 1011=s

(c) The volume fraction of gas in the water is found

from Equation 13-72:

fG;CZ ¼ QG;outtbb

QL;int
¼ 0:0354LG=LLð Þ 0:3ð Þ

¼ 0:011LG=LL; or approximately 1%:

The number concentration of bubbles is calcu-

lated from Equation 13-74:

nbb ¼
_Nbbtbb

QL;int
¼ 1:25� 1011=s
� �

0:3ð Þ
50LL=s

¼ 7:5� 108=LL

&

Flotation for Low Concentration Suspensions

We next turn our attention to the two common applications

of flotation, and focus first on the low concentration suspen-

sions. The primary objectives in designing and operating

flotation units for dilute suspensions are (1) to ensure a high

frequency of encounters (i.e., potential collisions) between

the bubbles and the particles in suspension; (2) to ensure that

those encounters actually do lead to attachment of the

bubbles to the particles; and (3) to allow sufficient time

and induce an appropriate flow pattern so that the bubble–

particle flocs rise to the surface and are efficiently separated

from the clean water below. The first two of these objectives

relate to the performance of the contact zone, while the last

objective relates to the performance of the separation zone.

Two models of bubble–particle collisions have been pro-

posed and are presented briefly here; modeling of the

separation zone is presented subsequently.

Contact Zone Modeling

Calculations like those in Example 13-17 for the rise velocity

of bubble–particle flocs show that, if a bubble with diameter

dbb attaches to a particlewith diameter dp, the rise velocity for

the particle–bubble floc is almost independent of dp if dp=dbb
< 0.5. That is, for particles in that size range, the volume,

density, and rise velocity are dominated by the properties of

the bubble. When flotation is used under such conditions, a

single bubble might collect several particles or small flocs as
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it rises toward the surface. On the other hand, for initial

particle sizes that are significantly larger than the bubbles, the

reverse is true: several bubblesmust attach to a single particle

(floc) to accomplish flotation.

The twomodels thathavebeenproposedfor the interactions

betweenbubbles andparticles in the contact zone of a flotation

unit are referred to as the flocculationmodel and the filtration

model. Both models assume that particles attach only to

bubbles, not to other particles. A key difference between

these models is in their assumptions about the dp=dbb ratio.
The flocculation model assumes that this ratio is relatively

large and that the particle–bubble composites consist of

one particle and from one to many bubbles; in contrast, the

filtration model assumes that this ratio is small, and that the

composites consist of one bubble and from one to many

particles. Thus, rather than representing opposing views of

the processes occurring in the contact zone, these two

models are complementary; both situations can arise in

water and wastewater treatment processes, depending on

the prior history (treatment) of the particles.

Flocculation Model Several Japanese coworkers (Tambo

and Fukushi, 1985; Fukushi et al., 1995, 1998; Matsui et al.,

1998) havemodeled bubble–particle interactions based on a

heterogeneous flocculation model; that is, flocculation

between bubbles and particles. They assumed that colli-

sions are caused (only) by turbulent fluid motion, and hence

they use the collision frequency function for turbulent

motion according to Levich (Equation 12-48); that is,

bbb;i ¼
3p

2


 �
1

15


 �1=2 e
y

� �1=2
dbb þ dið Þ3 (12-48)

where the subscript i refers to a particle size class, y is the

kinematic viscosity (cm2=s) (equivalent to the absolute

viscosity divided by the water density), and e is the energy

dissipation per unit time per unit mass (cm2=s3). All bubbles
are assumed to be the same size, and no short-range forces are

considered. Because this model is designed for systems in

which the particles are substantially larger than the bubbles,

the collision frequency function is essentially a function of

the particle size only (i.e., dbb þ dið Þ3 � d3
i ).bbb;i is assumed

to remain constant for a given size particle regardless of how

many bubbles area attached to it.

The assumption that particle–particle flocculation does

not occur means that the total number of size-i particles

remains constant while a particle is in the contact zone.

However, size-i particles can successively accumulate bub-

bles in that zone, from zero up to some maximum number

(jmax;i) of attached bubbles. The rate of this change can be

characterized by a kinetic expression for the number con-

centration of size-i particles with any particular number (j)

of bubbles attached. The concentration of size-i particles

with j bubbles attached (ni,j) can increase (by the attachment

of another bubble to an i-sized particle with j� 1 bubbles) or

decrease (by the attachment of another bubble to form a unit

with jþ 1 bubbles). The corresponding kinetic expression is

ri;j ¼ ai;j�1bbb;inbbni;j�1 � ai;jbbb;inbbni;j (13-82)

where it is understood that only the second term is applicable

for the bare particle (j¼ 0).

The maximum number of bubbles that can attach to a

particle is related to the cross-sectional areas of both the

particle and the bubbles, and the collision efficiency of the

first bubble (ai;0) with a bare particle:

jmax;i ¼ ai;0
di

dbb


 �2

(13-83)

The idea that the maximum number of bubbles that can

attach to a particle depends on the collision efficiency of the

first bubble might seem counterintuitive, but a plausible

argument is as follows. Like solid particles, bubbles in a

solution acquire a surface charge. Since all bubbles in the

contact zone have the same composition, they acquire the

same surface charge and repel one another. Therefore, to

achieve good particle–bubble flocculation, the particles must

have a surface charge of the opposite sign, or at least near

neutral. As more bubbles attach to a particle, the charge on

the particle–bubble composite approaches that of the bub-

bles alone, and it becomes increasingly difficult to add yet

another bubble. The larger the repulsion, the smaller the

value of ai,0, and therefore the smaller the value of jmax;i.

This concept is accounted for in the model through the

collision efficiency term, as follows:

ai;j ¼ ai;0 1� j

jmax;i

 !
(13-84)

Finally, the rate of change of the number concentration of

free bubbles remaining in solution can be equated to the rate

at which bubbles are lost in all of the particle–bubble

collisions, considering all particle sizes; that is,

rbb ¼ �
X
all i

bbb;inbb
Xmi

j¼1

ai;jni;j

" #
(13-85)

Because the total number of particles with a certain

(original) size stays constant, the equations are quite tracta-

ble and can be solved analytically by Laplace transform to

yield ni,j at any time; that is, the number concentration of

each size particle with each possible number of attached

bubbles. In a continuous flow system, the time over which

these rate equations are integrated is the rise time of a

bubble through the contact zone, and the resulting distribu-

tion can then be used as input to a model for the performance

of the separation zone.
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Fukushi et al. (1995) used this model to simulate inter-

actions in the contact zone of a flotation system receiving an

input suspension that waswell flocculatedwith alum, forming

aluminum hydroxide flocs with sizes ranging from 100mm to

approximately 600mm. Such particles or flocs can assimilate

large number of bubbles and be made to float with a substan-

tial rise velocity. The model results suggested that, during the

residence time of a typical bubble, several bubbles can attach

to each particle (floc). These results emphasize the need to

supply sufficient bubbles to attach several bubbles to each

particle and the value of flocculation pretreatment to reduce

the number and increase the size of influent particles.

Filtration Model Edzwald and coworkers (Malley and

Edzwald, 1991; Edzwald, 1995; Haarhoff and Edzwald,

2004) have evolved a model for collisions between particles

and bubbles that is conceptually related to a filtration model.

The model for filtration, known as the single spherical

collector model, is explained more fully in Chapter 14;

only the broad concepts are outlined here.

The basic idea of the model, as it applies to flotation, is

that bubbles serve as “collectors” of small particles as the

bubbles rise through the water. The model treats the inter-

action between particles of size i and bubbles as an elemen-

tary second-order reaction:

ri ¼ �k2ninbb (13-86)

The rate constant k2 is envisioned to be the product of

three terms:

	 The volume of suspension swept out by a single bubble

per unit time.

	 The efficiency with which individual bubbles collect

particles that are initially in the path that the bubbles

take as they rise. This efficiency, referred to as the

single bubble removal efficiency and symbolized as h,

is defined as the ratio of the rate at which particles are

predicted to collide with a bubble to the rate at which

particles and bubbles approach one another.

	 A collision efficiency factor, defined as the fraction of

predicted collisions between bubbles and particles that

results in attachment.

The first of these terms, the volume of suspension swept

out by a single bubble per unit time, is the rise rate of a

bubble, vbb, multiplied by the cross-sectional area of a

bubble, Abb ¼ pd2
bb=4

� �
. The last term is given the symbol

apbb and is defined just as in flocculation. In this model, it is

generally taken to be an empirical factor that accounts for all

otherwise unaccounted for phenomena as particles and

bubbles approach one another. In the hydrodynamic model-

ing incorporated into bubble–particle interactions, the

streamlines of flow around a rising bubble are accounted

for, but the short-range forces of van der Waals attraction

and electrostatic attraction are not. Han et al. (2001) have

used trajectory analysis to calculate theoretical values of

apbb that account for the effects of particle and bubble size.

The middle term in the calculation—the single bubble

removal efficiency—is in many ways the heart of this model.

Much as in flocculation, trajectory analyses can be carried

out to determine the rate at which particles are expected to

collide with a bubble as both move in suspension, normal-

ized by the concentrations of bubbles and particles. Each

bubble is assumed to rise vertically at its (Stokes) rise

velocity, whereas the particles can move by Brownian

motion, fluid motion, and settling. Particle–bubble collisions

can occur through each of these types of particle motion, and

the resulting single bubble removal efficiencies can then be

found. The results are shown below.

For collisions caused by Brownian motion of the particle,

hBM ¼ 0:9
kT

mdpdbbvbb


 �2=3

¼ 6:18
kT

grLdp


 �2=3
1

d2
bb

 !

(13-87)

where the latter term incorporates the bubble rise velocity as

calculated from Stokes’ law (Equation 13-8) and the approx-

imation that rL � rbbð Þ � rL. According to this equation,

the rate of collisions by Brownian motion decreases as either

the particle size or bubble size decreases.

For collisions caused by particle motion due to fluid

motion (called interception of a particle by a collector in

the filtration model, and hence the subscript I),

hI ¼
dp

dbb

þ1


 �2

� 3

2

dp

dbb

þ 1


 �
þ 1

2

dp

dbb

þ1


 ��1

(13-88)

For collisions caused by sedimentation, accounting for

both the rising bubble and the falling particle,

hS ¼ rp � rL
� �

gd2
p

18mvbb
¼ rp � rL

rL � rbb

dp

dbb


 �2

(13-89)

Finally, as in flocculation modeling, the different mecha-

nisms are assumed to act independently, so that the total

single bubble removal efficiency is found as the sum of the

efficiencies associated with the three mechanisms:

hT ¼ hBM þ hI þ hS (13-90)

A fourth mechanism leading to collisions, accounting for

the inertia of particles and bubbles, has also been proposed,

but it is generally much less significant than the mechanisms

described earlier, and hence is ignored here. The single

bubble removal efficiency for sedimentation is also gener-

ally considerably less than that of interception and probably

could be ignored as well. The results of calculations using
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Equations 13-88–13-90 are shown in Figure 13-59 for

reasonable values of all of the variables. The results in

this figure make it clear that particles with a diameter

around 1mm (log dp¼ 0) are the most difficult to collect,

with smaller particles being captured more efficiently by

Brownian motion and larger particles by interception.

Putting all these terms together results in the following

equation for the rate constant of Equation 13-86:

k2 ¼ apbbhTvbb
pd2

bb

4
(13-91)

In using this model, it is common to use the volume

concentration of bubbles instead of the number concentra-

tion; with the bubbles considered uniform spheres, the

volume concentration is the product of the number concen-

tration and p d3
bb=6

� �
. This quantity is considered a constant

in the model. Also, bubbles are envisioned to be able to

collide with and collect multiple particles. Incorporating the

idea of a constant bubble volume concentration turns the rate

equation into a pseudo-first-order equation. Furthermore, if

the flow is considered plug flow in the contact zone (so that

dni=dtð Þ ¼ ri in a differential control volume along a

vertical pathway in that zone), the rate equation can be

integrated directly to yield the ratio of the effluent to the

influent concentration of particles of size i as follows:

ni;out

ni;in
¼ exp � 3

2

apbbhTfbbvbbtcz

dbb


 �
(13-92)

The total concentration of particles that remain

unattached to a bubble can then be found by summing

over all the particle sizes:

nT;out ¼
X
all i

ni;inexp � 3

2

apbbhT;ifbbvbbtcz

dbb


 �
(13-93)

Example results from calculations using this model of

particle–bubble interactions in the contact zone are presented

in Figure 13-59. The comparison of the three mechanisms of

contact in Figure 13-59a suggests that, for all sizes greater

than approximately 1mm (log dp¼ 0.0), interception is the

dominant mechanism; particles of smaller sizes are most

likely to collide with bubbles by Brownian motion, but the

collision frequency is low. The fractional removal of particles

(i.e., the fraction that collides with and attaches to bubbles in

the contact zone) is shown in Figure 13-59b and reflects the

same idea: virtually all particles greater than 10mm (log dp
¼ 1.0) collide with bubbles, and very few particles smaller

than 1mm (log dp¼ 0.0) are collected by bubbles. The col-

lection efficiency dramatically rises in the narrow particle size

range in between. While the results depend on the specific

conditions indicated on the figure, the model is relatively

insensitive over normal ranges of most of the parameters, so

these results can be taken as reasonably general.

The interpretation of these results is clear—the effective

use offlotation for dilute suspensions requires pretreatment by

flocculation to dramatically reduce the number concentration

of very small particles, but flocculation need not produce very

large flocs. For this reason, Edzwald and coworkers (Edzwald

et al., 1992, 1999; Valade et al., 1996) have argued that

flocculation with metal coagulants (alum or iron using the

sweep flocmechanism) can be donewith quite short detention

times (5–10min) when preceding flotation units rather than

the 20–60min normally provided before sedimentation.

Both models for the contact zone—the flocculation model

proposed by Tambo and coworkers and the filtration model

proposed by Edzwald and coworkers—depend on favorable

short-range interactions between particles and bubbles. Both

models use the apbb term to describe these interactions. Han

and coworkers have focused on this aspect of flotation

through both mathematical modeling (Han et al., 2001;

Han, 2001) and experimental investigations of the surface

charge characteristics of bubbles (Han and Dockko, 1999).

Their results indicate that particle–bubble interactions can

be very favorable, as one might expect, if the pretreatment

results in the particles having a positive charge and the

FIGURE 13-59. Results of the filtration model of the contact

zone. (Conditions: fbb¼ 3� 10�3 LG=LL, dbb¼ 30mm, T¼ 293K,

tCZ¼ 4min, rp¼ 1.06 g=cm3, apbb¼ 1.)
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bubbles a negative charge. Their measurements suggest that

bubbles have a z-potential of approximately�25mVat near-

neutral pH. Fukushi et al. (1995) suggested that apbb has a

maximum value in the range of 0.3–0.4.

Comparison of the Contact Zone Models The two models

for the collisions of bubbles and particles in the contact zone

have both been reported by their originators to be successful

in modeling flotation behavior. Despite apparent conceptual

differences, the two models share many important character-

istics. Both models take a second-order reaction approach,

and both focus entirely on particle–bubble collisions and

ignore any further particle–particle flocculation that could

occur in the contact zone.

Both models also essentially agree that the bubble–particle

interactions are primarily caused by the relative motion

brought about by the fluid motion; however, the fluid motion

envisioned in the flocculation model is turbulence induced by

the bubbles, and that in the filtration model is considered

laminar around the risingbubble.Theflocculationmodel could

easily be modified to account for the other mechanisms of

contact (Brownianmotion, sedimentation); thefiltrationmodel

ostensibly includes these mechanisms but, in most cases, they

are computed to be negligible in comparison to interception.

As noted earlier, a substantial difference that underlies the

bases of the twomodels is the relative sizes of the bubbles and

the particles. In theflocculationmodel, it is generally assumed

that the particles (flocs, really) are large in comparison to the

bubbles; hence, several bubbles are envisioned to be able to

collidewith a single particle. This view leads to an accounting

based primarily on the number of (unattached) bubbles. In the

filtration model, it is generally assumed that the particles are

small in relation to bubbles; hence, several particles can be

attached to a single bubble, and the primary accounting is of

unattached particles. These different views lead to different

expectations for pretreatment: the flocculation model sug-

gests that extensive flocculation of particles to create large

flocs is valuable, whereas the filtration model suggests that

more moderate flocculation (to reduce the number concentra-

tion of very small particles but not create very large flocs) is

sufficient. In drinking water applications where flotation is

used after sweep flocculation (precipitation of aluminum or

ferric hydroxide), recent designs use a short flocculation

period tomake relatively small flocs. In that case, the filtration

model is most relevant. In wastewater applications where

flotation is used in lieu of sedimentation for the separation of

biological flocs after activated sludge treatment, the flocs are

quite large, and so the flocculation model is most relevant.

Separation Zone Modeling

As in sedimentation, the most common approach to design-

ing the solid=liquid separators used in flotation has been

based on hydraulic loading (the equivalent of overflow rate,

as the flow rate divided by the surface area of the separation

zone of the tank). In flotation, the effluent flow exits at or

near the bottom of the separation zone, either at the end of

that zone (in horizontal tanks) or around the perimeter (in

circular tanks). An increasingly common design for dilute

suspensions is to build a false floor with many holes to use

the available area uniformly and avoid areas of high velocity

that could impede the solid=liquid separation. An extension

of that idea is to stack a flotation unit above a deep bed filter;

this design is also becoming more common because of the

reduced footprint requirements and its intrinsic simplicity.

The hydraulic loading rates (flow rate per area) in these units

are generally set by the filtration rate, since it is usually

lower than the common values for flotation units.

Theoretically, particles with a rise rate (calculated as in

Example 13-17) greater than the hydraulic loading will all be

caught. In practice, it has been found that excellent separation

is achieved at even higher hydraulic loading rates. Odegaard

(2001) reported using flotation with hydraulic loading rates in

the range of 5–15m=h in lieu of primary sedimentation in

wastewater treatment plants, after adding alum for phosphate

precipitation. With proper pretreatment (to achieve particle

flocs in the range of 10mm or larger and favorable bubble–

particle interactions), hydraulic loading rates of 15m=h are

now common for algal-laden lake waters (Haarhoff and

Edzwald, 2004), and rates in the range of 20–40m=h are

used occasionally. Calculations of rise velocities indicate that

bubbles must be in the range of 80–100mm to achieve such

high risevelocities.While bubbles in that size rangehavebeen

reported, many bubbles are smaller than that size range, and

therefore have smaller rise velocities. Thus, it appears that the

design hydraulic loading rates can be higher than the rise rates

of many of the individual bubbles in the system and still

achieve excellent removal. Reported hydraulic loading rates

are usually based on the entire area of the flotation unit, and

not just the separation zone area; using the smaller area of the

separation zone would result in still higher values.

The success of flotation even when the hydraulic loading

rate is higher than the bubble rise rate apparently occurs

because of a density effect that aids the solid=liquid separa-

tion. Lundh et al. (2001)made simultaneousmeasurements of

the air (bubble) content (using a turbidimeter, since bubbles

deflect light) and fluid velocities (using an acoustic Doppler

velocimeter). They found evidence of flow segregation—the

bubble laden part of the water contained most of the particles

and separated from the denser bubble-free water. The less

dense part of the water floated on top of the denser water,

effectively reducing the overflow rate, since only a fraction of

the flow (containing most of the particles) participated in the

effective zone for flotation. In addition, the portion with the

high bubble concentrations exhibited nearly perfect horizon-

tal flow near the top surface of the water, minimizing the

distance that particles had to move upward to be collected.

Thus, they found that, in addition to being essential for
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forming particle–bubble flocs, the bubbles helped establish

and maintain a flow pattern that enhanced particle removal.

With increasing hydraulic loading rates, bubble concentra-

tions had to be increased to maintain this effect.

Sludge Thickening by Dissolved Air Flotation

The second major application of DAF is for the thickening of

sludge. The most common use of this application is to thicken

biosolids from the activated sludge process, but it has also been

used for metal hydroxide precipitates, combined primary and

secondary sludge at wastewater treatment plants, and other

concentrated suspensions. This application grew out of the

mining industry, where it has been used extensively to concen-

trate and, in some cases, separate ores. The fundamental princi-

ples are the same in this application as in the flotation of dilute

suspensions, but the differences of particle concentration bring

differences in operation aswell. Themajor differences from the

flotation of dilute suspension can be summarized as follows:

	 Contact between bubbles and particles, a major issue in

dilute suspensions, is not an issue in thickening, because

the particle concentration is so high. As a result, com-

pressed air is introduced directly into the suspension

influent in the entry pipe or in the central distribution

core in a circular flotation unit, and no separate contact

zone is required.

	 A major design and operational variable for flotation

thickeners is the air-to-solids (A=S) ratio: themass of air

supplied per unit time divided by the mass of solids

(particles) supplied per unit time. This same parameter

could be used for dilute suspensions, where the require-

ment is to supply sufficient bubbles to meet the particle

demand, but only in thickening is it considered a major

operational variable. The rise rate of the solid–liquid

interface in batch tests, the concentration of thickened

sludge achieved in continuous flow thickeners, and the

capture efficiency of the solids all increase dramatically

with increasingA=S ratio at low levels of this parameter,

but these effects are asymptotic at some higherA=S ratio
(Wood and Dick, 1973; Gulas et al., 1978).

	 The top of the float rises above the water level, and the

distance above the water level can be controlled by the

designer. Water, therefore, drains out of the portion of

the float that is above the water level. This drainage

leads to substantially higher solids concentrations than

can be achieved in conventional gravity thickeners.

The air-to-solids (mass) ratio used in flotation thickeners

for biosolids from activated sludge plants typically varies in

the range of 0.002–0.05. As noted earlier, increasing this

ratio over some range increases the float solids concentra-

tion, but this improvement levels off at higher A=S values.

The value of the A=S ratio at which the leveling off occurs

depends on sludge characteristics such as particle size,

density, and surface charge, but these relationships have

not been delineated. Gehr and Henry (1978) defined a

thickening parameter for batch flotation tests that accounted

for both the A=S ratio and the volume of particles in the test.

They claimed that it was a more robust parameter to describe

flotation thickening, but it has not been generally adopted.

In designing flotation thickeners, one can perform batch

tests using a laboratory-scale apparatus that allowsvariationof

the pressure of the saturator. Wood and Dick (1973) described

an apparatus that allowed for the simultaneous introduction of

the suspension and the pressurized saturated stream, as in a

full-scale unit. They found that this approach reduced some of

the drawbacks of previous-batch testing devices in which the

saturated air stream entered at the bottom of a stationary batch

of the suspension. Nevertheless, they concluded that, as in

gravity thickening, batch tests should be carried out at depths

that are as close to full-scale as possible, and with column

diameters that are greater than approximately 20 cm to avoid

wall effects. The relatively large scale of the testing apparatus

required to obtain useful design data (meaning that a large

volume of sludge is required) has resulted in few reports of

laboratory-scale data. Rather, design of flotation units is

typically based either on pilot-scale units or, when the appli-

cation is similar to existing situations, experience.

Based on the dissertationofWood (1970), bothDick (1972)

andVesilind (1979) suggested that the design and operation of

flotation thickeners be based on flux theory, identically as

gravity thickeners, except that flux curves should be devel-

oped at various A=S ratios. In this way, one could determine

the area required to achieve a desired float concentration (not

considering drainage) for a given mass application rate as a

function of the A=S ratio. Drainage would then be accounted

for separately, and would increase the float concentration that

could be achieved. As in gravity thickening, the required area

would be set by the capacity of the sludge to transmit solids.

Theoretically, this approach appears to be correct, but no

reports in the literature of a design carried out this way are

available. Wood (1970) included a batch flux plot obtained in

a laboratory flotation unit but noted the difficulty of obtaining

data at solids concentrations that exceed the limiting solids

concentration. This difficulty stems in part from the high

saturation pressures required to maintain a constant A=S ratio
without excessive dilution of the suspension.

As in gravity thickening, polymers are oftenused to increase

the solidsflux that canbeachieved in flotation.Gehr andHenry

(1978) and Sugahara and Oku (1993) reported that cationic

polymer addition enhanced the flotation performance by

increasing the float solids concentration achieved at otherwise

identical conditions. Themechanismofdestabilization that led

to larger particle sizes and better flotation performance were

apparently adsorption and interparticle bridging.

Despite the apparent lack of a coherent theory for the

design and operation of flotation thickeners, they are built
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and operated successfully in practice. This success can be

attributed to a combination of conservative designs based on

prior experience, an inherent robustness of the process, and

the availability of several operating variables and strategies

(control of the A=S ratio, addition of polymers, control of

float depth above the water, speed of sludge withdrawal

mechanisms) that can improve the ability of a flotation

thickener to handle a given solids loading rate.

13.10 SUMMARY

Gravity separations by sedimentation and, to a much lesser

extent, flotation are responsible for the vast majority of the

ultimate separation of contaminants from water and waste-

water. In many cases, contaminants that are not in particulate

form in the influent to a treatment system are converted to

particles (chemically or biologically) before the gravity sep-

aration system. Hence, most water and wastewater treatment

systems contain one ormore gravity separation tanks. Gravity

separation is not universal, however; when a water or waste-

water has a low particle concentration, gravity separation is

relatively ineffective and unnecessary. In such situations,

solid=liquid separation is accomplished by deep bed filtration

or membrane filtration, as explained in subsequent chapters.

Gravity separation is primarily driven by Stokes’ law;

more than 150 years ago, Stokes found that, for a single

particle in laminar conditions, the settling velocity (or rise

velocity in flotation) was proportional to the difference in

density between the particle and surrounding fluid and to the

square of the size of the particle, and inversely proportional

to the viscosity of the fluid. For the particles of primary

interest in most water and wastewater applications, laminar

conditions do apply. However, virtually, all systems of

interest have sufficient particle concentration that particle

interactions add complexity to Stokes’ findings.

Most particles in gravity separation systems in water and

wastewater treatment have a tendency to flocculate; that is,

they form flocs as particle collisions occur during sedimenta-

tion or flotation. This fact aids solid=liquid separation, as the

resulting flocs have higher settling velocities than the original

particles. In general, sedimentation would be far less success-

fulwere it not for theflocculation that occurs before and during

the process, and flotation would be completely unsuccessful

were it not for the flocculation of air bubbles with particles.

Flocculation complicates the mathematical analysis of gravity

separation systems, however, so it is not uncommon for

quantitative analysis to focus on nonflocculent systems,

with the benefits of flocculation being considered qualitatively

or semiquantitatively. Nevertheless, progress is continually

made on the quantitative analysis of flocculent suspensions.

For sedimentation of dilute suspensions in continuous

flow systems, the mathematical analysis presented in this

chapter considered the interaction of the cumulative settling

velocity distribution (f(v)) and the reactor settling potential

function (F(v), a characteristic of the reactor design). Theo-

retical expressions for F(v) for all of the common ideal

reactors were presented, and some characteristics of non-

ideal flow systems were also investigated. Common reactors

include horizontal flow reactors (both rectangular and cir-

cular), vertical flow reactors, and mixed horizontal and

vertical flow reactors (including tube settlers); the reactor

settling potential functions for these reactors were presented,

and they explain the major characteristics of sedimentation

in continuous flow systems. In all cases, two velocities

proved important: the overflow rate (vOR, the effluent

flow rate divided by the horizontal surface area of the

reactor) and the critical settling velocity (v�, the minimum

settling velocity for which the removal efficiency is 100%).

For the simplest ideal cases, these two characteristics are the

same, but more complex (and more efficient) reactors like

tube settlers are characterized by v� values less than vOR.

The cumulative settling velocity, f(v); that is used in the

analysis is defined as the fraction of the influent suspension

that has an average settling velocity �v while in the reactor.

For nonflocculent (Type I) suspensions, the settling velocity

of particles is unchanged while the particles are in the

reactor, and so the average settling velocity for any particle

is the same as its settling velocity in the influent. For such

suspensions, f(v) can be determined experimentally from

batch settling tests, or calculated from the influent particle

size distribution. Therefore, the removal efficiency can be

predicted for Type I suspensions in many types of reactors,

because both f(v) and F(v) can be determined or are known.

For Type II suspensions, the average settling velocity of

particles changes while particles are in a reactor because flocs

are formed, and the rate of formation of flocs depends on the

concentration, size distribution, and surface chemistry of the

particles and the flow pattern within the reactor. The concen-

tration and size distribution are influenced by the water flow

and reactor itself, and so f(v) is influenced by the reactor size

and flow pattern. For such suspensions, f(v) can be easily

determined in a batch test only in the case of ideal horizontal

plug flow, since time in a batch test is equivalent to location in

a plug flow system operating at steady state. The ability to

predict behavior of flocculent suspensions in gravity separa-

tion tanks is, therefore, not as great as for nonflocculent

suspensions. Theoretically, a thorough analysis is possible,

based on a combination of Smoluchowski’s equation for

flocculation, Stokes’ equation for sedimentation, and a com-

putational fluid dynamics solution for the fluid flow.

Suspensions with high particle concentrations undergo

thickening under the influence of gravity. In thickening, the

flow of water through the solids is hindered by the large

number of particles in close proximity, and so the macro-

scopic behavior of suspensions undergoing thickening is

considerably different from that of dilute suspensions.

Specifically, particles appear to settle en masse with little
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or no movement of one particle past another. The analysis of

thickening, both for batch and continuous flow systems, is

based on the solids flux through any horizontal plane.

While sedimentation is far more common, flotation is also

used frequently to separate particles from water and can be

far more effective than sedimentation when the particle

densities are close to that of water. Flotation is used both

for relatively dilute suspensions and for concentrated sus-

pensions. For both applications, some water (usually a recir-

culation stream) is saturated with air at relatively high

pressure so that, when that water is released into the lower

pressure zone of a reactor, bubbles form as the solution

approaches equilibrium between the liquid and gas phases.

For dilute suspensions, achieving excellent contact between

bubbles and particles has been the subject of substantial

mathematical modeling. Once a bubble is attached to the

particle, the rise rate is generally quite high, so that removal is

not difficult. For concentrated suspensions, contact between

particles and bubbles is essentially unavoidable, and the issue

is simply to provide sufficient bubble volume to float the

particles and to remove the subsequent sludge layer (the

“float”). In drinking water treatment, the most common

application of flotation is when the source water has a

relatively low particle concentration at all times and when

many of those particles (at least during some period of the

year) are algae. In wastewater treatment, flotation has been

used primarily for thickening of biological sludges or chemi-

cal sludges from the precipitation of metals as hydroxides.
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PROBLEMS

13-1. In Example 13-2, the Reynolds number for the set-

tling of the two largest particles violated the criterion

for the applicability of Stokes’ law. Find the correct

settling velocities for these two particles, and com-

ment on the extent of error if the criterion were that

Re had to be less than 0.3 (as some researchers have

suggested).

13-2. Several different types of particles can be encoun-

tered in a wastewater treatment plant. The influent

can contain pieces of glass, sand, and small inorganic

and organic particles; the aeration basin might con-

tain large activated sludge flocs. These five types

of particles could have the characteristics noted in

Table 13-Pr2. Determine the settling velocity of each

of these types of particles, and note where each of

these particles is likely to be removed in a standard

secondary wastewater treatment plant.
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13-3. (a) The derivation of the Stokes settling velocity

given in the chapter incorporates the assumption

that the sum of the forces is zero; that is, it

assumes that the terminal settling velocity has

been reached. For a particle that begins at rest,

the velocity increases until it reaches the termi-

nal velocity. Derive the expression for the veloc-

ity as a function of time for a spherical particle

that begins at rest and for which the Reynolds

number is sufficiently low that the drag force is

described by the Stokes expression.

(b) For a 10mm spherical particle with a density of

1.5 g=cm3 (i.e., the particle described in Exam-

ple 13-1), calculate the time taken to reach 95%

of the terminal velocity.

13-4. A histogram describing the settling velocities of

nonflocculating (Type I) particles in a water supply

is shown in Figure 13-Pr4. The number under each bar

indicates the value of vs at the end of the range; for

example, the first bar represents particles with settling

velocities between 0 and 0.2 cm=min. The distribution

is bimodal; that is, it has two distinct peaks. If a smooth

curve is drawn through the data, the areas under the

curve are such that approximately 50% of the sus-

pended solids concentration is included in each group.

(a) Sketch a plot of the cumulative settling velocity

distribution (fraction of particles with settling

velocity (vs) less than v vs. v) for this system.

Determine the expected removal in a continuous

flow ideal horizontal sedimentation tank if the

overflow rate is 2.2 cm=min.

(b) If the water passes through an ideal horizontal

flow sedimentation basin with an overflow rate

of 2.2 cm=min, sketch a curve, with the same

axes as in the plot shown, that describes the

settling velocity distribution of the particles in

the effluent. Confirm the result from (a).

(c) For the settling tankdescribed in (a) and (b),would

overall removal efficiency be improved if it turned

out that only particleswith settlingvelocity greater

than 2.2 cm=min could flocculate? Explain.

13-5. An industry treats its wastewater in a sedimentation

basin with dimensions 25m (L)� 10m (W)� 3m (H);

this basin can be considered to have ideal, horizontal

plug flow. The particles in the water are primarily

nonflocculating, with a settling velocity distribution

as shown in Figure 13-Pr5. The industry operates at
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TABLE 13-Pr2. Typical Particles in a Wastewater

Treatment Plant

Designation Description Diameter

Density

(g=cm3)

A Glass 10mm 2.65

B Sand 0.6mm 2.65

C Inorganic 40mm 1.8

D Organic 20mm 1.2

E Activated

sludge

250mm 1.03

672 GRAVITY SEPARATIONS



half-strength during the night, leading to a two-step

wastewater production cycle. Every day, they produce

wastewater at a rate of 18m3=min between 6 AM and

10 PM, and only half that rate from 10 PM until 6 AM.

Except for the flow rate, the wastewater characteristics

are the same during the two parts of the day.

(a) At the current time, wastewater is treated at the

same rate it is produced; that is, at two different

rates in each 24-h period. Find the removal

efficiency at each flow rate and the overall

removal efficiency, on a mass basis, for each

day. Ignore any nonsteady behavior at the tran-

sition between the flow rates.

(b) The industry is considering installing an equal-

ization basin that will allow it to treat the same

flow rate at all times during the day. What will

be the expected removal efficiency in the sed-

imentation basin if it treats this equalized flow

each day? Will the total daily mass of solids in

the effluent from the settling basin be less

under this operating strategy than the current

situation?

13-6. A batch settling test on a Type II suspension has

yielded the following data for removal of particulate

mass as a function of time and depth.

Depth (m)

0.6 1.2 1.8 2.4

Time (min)

Percentage Removal of Particles

(Based on Mass)

0 0 0 0 0

10 21 18 13 12

20 31 24 22 19

30 50 34 30 28

45 60 51 44 41

60 78 58 54 52

90 85 82 78 69

(a) Determine the expected removal in a continuous

flow sedimentation tank that has ideal horizontal

plug flow, if the depth of the settling zone is

1.8m and the detention time is 45min.

(b) Determine the expected removal in a continuous

flow sedimentation tank that has ideal horizontal

plug flow, if the depth of the settling zone is

2.4m and the detention time is 60min. (Note

that the systems described in (a) and (b) have

identical overflow rates.)

(c) If neither of the reactors described in (a) and (b)

yielded sufficient removal efficiency, which of

the following ways of increasing the detention

time in the reactor would more likely lead to

better removal: (i) increasing the surface area, or

(ii) increasing the depth.

13-7. For the same suspension as described in Example 13-2

and utilized in Example 13-4, find the expected profile

of the solids concentration as a function of depth after

4 h in a batch settling test, assuming the suspensionwas

uniformly mixed at time zero and quiescent thereafter.

Assume the total depth of the reactor is 3m. Express

the results also as the fractional removal as a function

of fractional depth of the reactor.

13-8. Example 13-2 gives a particle size distribution that is

utilized in Example 13-10 as the influent to a contin-

uous flow horizontal sedimentation basin. For each of

the reactors described below, use the same influent

distribution, consider the particles to be nonfloccu-

lent, and calculate and plot the expected effluent

particle size distribution, expressed both as the vol-

ume distribution and the particle size distribution

function. In addition, find the overall percent removal

on both the number and volume basis.

(a) An upflow clarifier, with the same overflow rate

as given in Example 13-10.

(b) A tube settler with N¼ 4 and an overflow rate

three times that given in Example 13-10.

(c) A nonideal flow reactor that has 30% of the flow

going through one side (half) of the reactor, and

the other 70% going through the other half of the

reactor, assume each side has ideal horizontal

plug flow.

(d) A nonideal horizontal flow reactor with a value

of l¼ 0.30.

13-9. The cumulative settling velocity distributions of three

different suspensions are characterized as follows.

f 1ðvÞ ¼

v

vþ 1
for v � 2m=h

ð1=3Þv for 1 < v < 3m=h

1 for v � 3m=h

8>>><
>>>:

f 2ðvÞ ¼
ð1=3Þv for v < 3m=h

1 for v � 3m=h

(

f 3ðvÞ ¼
ð1=6Þv2 for v � 2m=h

ð1=3Þv for 2 < v < 3m=h

1 for v � 3m=h

8><
>:

These three suspensions exhibit the identical settling

characteristics for particles with v> 2m=h, but they
have different distributions for particles with lower
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settling velocities. The distribution of the second sus-

pension (i.e., f2(v)) was used in several examples in this

chapter to find the expected removal efficiency in

different types of reactors. For the ideal upflow reactor

and the ideal, horizontal flow reactor, the removal

efficiency was found for an overflow rate of 1.2m=h.

(a) Plot these three distributions on a single graph,

and briefly comment on the differences among

these distributions.

(b) Find the expected removal efficiency for sus-

pension 1 in an ideal upflow reactor with an

overflow rate of 1.2m=h.

(c) Find the expected removal efficiency for sus-

pension 3 in an ideal upflow reactor with an

overflow rate of 1.2m=h.

(d) Find the expected removal efficiency for sus-

pension 1 in an ideal, horizontal flow reactor

with an overflow rate of 1.2m=h.

(e) Find the expected removal efficiency for sus-

pension 3 in an ideal, horizontal flow reactor

with an overflow rate of 1.2m=h.

(f) Show, in a well-designed table, the expected

removal efficiencies for all three suspensions in

both types of ideal reactors, when the overflow

rate is 1.2m=h. Comment on how the shapes

of the settling velocity distributions affect the

removals achieved in each type of reactor.

13-10. For the same three suspensions described in Problem

13–9, investigate the effects of the overflow rate on the

expected removal efficiency in both an upflow reactor

and an ideal, horizontal flow reactor. That is, find and

plot the expected removal efficiencies as a function of

the overflow rate in the range of 0–2m=h. Comment

briefly on the effects of the shapes of the distribution

on the results for the two different reactor types.

13-11. Figure 13-Pr11 shows the settling velocity distribu-

tion of noninteracting particles in a water supply

source. The water is currently being treated in

a horizontal flow sedimentation basin, which is

assumed to behave ideally.

(a) In a test of the basin’s performance, uniform

“tracer” particles that are known to have a

terminal settling velocity of 0.025 cm=s are

injected into the influent. Analysis of the efflu-

ent shows that it contains only approximately

20% of the tracer particles that were injected,

and the rest have been removed by settling.

Estimate the overflow rate of the basin.

(b) The flow rate of the sedimentation basin is

0.5m3=s, and it is 4m deep. Estimate its

surface area and the hydraulic residence time.

(c) The surface area estimated based on the tracer

test turns out to be 25% less than the geometric

surface area. Suggest possible reasons for the

discrepancy, other than bad data.

(d) Imagine that you could take a snapshot of an

aliquot of raw water that entered the basin right

in the middle of the water column (i.e., half-

way between the top and bottom), and that you

could then keep track of all the particles that

were in that snapshot as the water flowed

through the basin.What fraction of the particles

that were in the snapshot would hit the bottom

of the basin and be removed as thewater passed

through the system?

13-12. Consider a few different suspensions, each con-

taining (spherical) particles with diameters of 2,

6, 20, 60, and 200mm. In suspension A, the particles

have a density of 2.5 g=cm3 and the water tempera-

ture is 25�C. In suspension B, the particles have a

density of 1.05 g=cm3 and the water temperature is

again 25�C. In suspension C, the particles have a

density of 2.5 g=cm3 and the water temperature is

5�C. (At 25�C, water has a density of 0.997 g=cm3

and a viscosity of 0.0089 g=cm s; at 5�C, the density
is 1.000 g=cm3 and the viscosity is 0.01518 g=cm s.)

(a) Calculate the settling velocities of all of the

particles in each suspension, accounting for

inertial effects if necessary.

(b) If an ideal horizontal flow sedimentation tank

at a water treatment plant is operated to

remove 20mm particles of density 2.5 g=cm3

completely, what overflow rates can be used in

the summer (25�C) and winter (5�C)?

13-13. The following data are from a laboratory settling

analysis performed on a dilute suspension of
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FIGURE 13-Pr11. Cumulative settling velocity distribution on a

mass basis.
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discrete particles. The sampling port was located at

a depth of 1m in a 2m deep column.

Settling

time (min)

6 12 24 48 96 192

Weight

fraction

remaining

0.56 0.48 0.37 0.19 0.05 0.02

What overflow rate is required to remove 85% of

the suspended solids in a continuous flow ideal

horizontal sedimentation tank?

13-14. (a) Calculate the settling velocity of 12mm spheri-

cal floc particles with a density of 1.15 g=cm3

in summer (20�C) and winter (4�C).
(b) Calculate the rise velocity of the same floc

particles after the attachment of a single air

bubble of 40mm diameter for the same two

temperatures. The density of air is 1.27 kg=m3

at 4�C and 1.19 kg=m3 at 20�C.
(c) Comment on the results of the calculations in

(a) and (b) with respect to sedimentation and

DAF tank designs.

13-15. Determine the number of bubbles that must attach to

the following particles to reduce the density to less

than water so they will float. Perform all calcula-

tions for 20�C and use a mean bubble diameter of

40mm.

	 dp¼8mm with rp¼ 1050 kg=m3 (algae)

	 dp¼ 8mm with rp¼ 2650 kg=m3 (clay mineral)

	 dp¼ 80mm with rp¼ 1050 kg=m3 (large, light

floc)

	 dp¼ 80mm with rp¼ 2650 kg=m3 (large, dense

floc)
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14
GRANULARMEDIA FILTRATION

14.1 Introduction

14.2 A typical filter run

14.3 General mathematical description of particle removal:

Iwasaki’s model

14.4 Clean bed removal

14.5 Predicted clean bed removal in standard water and

wastewater treatment filters

14.6 Head loss in a clean filter bed

14.7 Filtration dynamics: Experimental findings of

changes with time

14.8 Models of filtration dynamics

14.9 Filter cleaning

14.10 Summary

Problems

It is within the realm of possibilities that in due time

a team of highly trained and properly equipped

scientific men may be able to analyze the water

characteristics, the filtering media characteristics

and determine with mathematical exactness the

results which may be obtained under a given set of

conditions or for any number of different sets of

conditions. It is not so easy for the practical minded

engineer to anticipate with confidence that these

scientific developments can be applied on a practical

scale so that the many complications due to the

fickleness of mother nature may be neutralized or

provided for and a filtered water produced with

greater comparative economy than with less refined

methods.
Stanley (1937)

14.1 INTRODUCTION

With only minor modifications (e.g., to recognize the sub-

stantial entry of women into the profession), Stanley’s

remark in 1937 describing the status of filtration knowledge

could well have been written today. The ability to model the

behavior of granular media filters has grown tremendously

in the intervening years, but our understanding of the process

is still far from complete, and the use of mathematical

models in design and operation is still limited. In this

chapter, a mathematical framework for granular media

filtration is presented and insights garnered from this frame-

work are explained. Much of the understanding of filtration

has come from a myriad of experimental studies and from

the operation of full-scale filters, and insights from these

sources are included and integrated with the mathematical

perspective.

At first glance, granular media filtration appears simple: a

suspension is passed through a layer of sand (or other

media), particles are caught on the media, and water that

is much cleaner than the influent appears in the effluent.

Occasionally, the media need to be cleaned, either because

the water coming out is no longer sufficiently clean or

because the media are so clogged with the captured particles

that water is not flowing through easily enough. Although

the presentation below introduces a good deal of complexity,

it is useful to remember this simple picture.

Filtration is used almost universally in drinking water

treatment if the source is surface water. In this application,

filtration is (virtually always) the final particle removal

process, so that superb removal efficiency is desired, for

both aesthetic and public health reasons. Granular media

filtration is also used increasingly as a tertiary treatment for

wastewater, to remove particles and reduce the biochemical
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oxygen demand (since most particles at this point in a

treatment plant are microorganisms or fragments of micro-

organisms from secondary treatment).

The focus of this chapter is on rapid rate,1 depth (or

granular media) filtration for the removal of particles. Such

filtration is the most common type encountered in drinking

water and wastewater treatment, although other types of

filtration also play some role. “Slow” filtration, the historic

predecessor of the current “rapid” filtration, is still used in

developing countries as well as in rural areas in the devel-

oped world, because it requires less maintenance and fewer

operational decisions to produce acceptable water quality.

Slow filtration is quite similar in many ways to rapid

filtration, but most of the removal occurs in a biologically

active layer that grows up above the media. Straining (the

capture of particles because they do not fit through the pore

spaces) and biological activity are important removal pro-

cesses in slow depth filtration, whereas these phenomena are

much less important in rapid rate filters. The terms “slow”

and “rapid” are arbitrarily defined and have a fuzzy border

between them.

On the other hand, membrane filtration, in which water

passes through a thin membrane while particles do not,

differs from granular media filtration in several ways. In

membrane filtration, the pore sizes of the membranes are

usually smaller than the particles to be collected, and

therefore, most removal occurs by straining at the surface.

In contrast, straining is usually unimportant in rapid,

granular media filtration. Membrane filtration has been

used often in the production of ultraclean water for industrial

purposes and food preparation, and its application in drink-

ing water and wastewater treatment is expanding rapidly.

Membrane filtration is covered in Chapter 15.

Filtration can also be used for highly concentrated slur-

ries; that is, as a sludge treatment process. In such cases, the

particles themselves form a tightly packed matrix or “cake,”

and this cake becomes more important than the supporting

mesh as a filter medium. Sludge filtration is not considered

in this book.

The term filtration is also used for some processes in

water and wastewater treatment that are not used primarily

for particle removal. For example, trickling filters in waste-

water treatment remove soluble organic compounds by

sorption into a biofilm (a biological slime layer) where

they are oxidized. In addition, filters whose primary purpose

is to remove particles are increasingly used to accomplish

additional treatment objectives. For example, the chemical

oxidation of reduced inorganic species, such as Feþ2 and

Mnþ2, is sometimes accomplished through adsorption and

surface reaction in deep bed filters that also remove particles

(Hargette and Knocke, 2001). Similarly, iron-oxide-coated

sand has been used to adsorb natural organic matter (Chang

et al., 1997) or arsenic (Petrusevski et al., 2002). Granular

activated carbon is now frequently used as a filter media,

allowing adsorption of various soluble contaminants to

occur in the same treatment unit as particle removal. Bio-

logical filtration, in which a biofilm is builtup on the filter

media, can be used in drinking water treatment to further

oxidize natural organic matter after partial oxidation by

ozone. These processes are characterized as filtration,

because they comprise granular media packed in a bed

through which water flows; the surface area of the media

provides sites for desired reactions to occur. While such

applications are important, they are not considered in this

chapter; our focus is only on the primary use of filtration:

particle removal.

The insignificance of straining as a particle removal

mechanism in rapid, granular media filtration might seem

surprising since straining is the primary, if not the only,

meaning of filtration as the term is used colloquially. The

fact that straining cannot be important in this context

becomes clear if we consider the three length scales of

interest in granular media filters: the particle size range

(generally 0.1–100mm), the media size range (0.4–2.0mm),

and the bed depth range (0.4–2.0m). Except for a combina-

tion of the largest particles in a suspension and the smallest

media grains (a combination that is rarely encountered, as it

would constitute poor design), these scales are quite differ-

ent from one another. To express these differences in a more

familiar scale, the ratios of particle diameter to media grain

to depth of bed in a typical filter are similar to the size

ratios of a marble (or smaller ball bearing) to a basketball to

an 80-story building. As a result, a media grain appears

almost as a flat surface to a particle, and the pores between

grains are huge openings through which most particles

could easily pass, based on the size alone; thus, the removal

of the particles must be attributed predominantly to some

process(es) other than straining. Similarly, these ratios indicate

that the diameter of a grain can be considered as a differential

length in comparison to the bed depth. Remembering these

length scales provides a useful perspective throughout this

chapter.

As Stanley articulated in the quotation opening this

chapter, granular media filtration is a complex subject.

This complexity stems from four sources, as summarized

in Table 14-1. First, two (rather than the usual one) depen-

dent variables are of primary interest: the effluent quality

and the head loss2 through the filter. Second, the process is

1 The rate of filtration, or the filtration velocity, refers to the flow rate per

unit cross-sectional area. The distinction between “rapid” and “slow”

filtration is based on this velocity, with rapid filters usually having values

of 3–30m/h, and slow filters having values <2m/h.

2 Head loss is a measure of the (potential) energy lost as water flows through

the filter and is explained in detail subsequently. As particles accumulate in

the filter, they make it more difficult for water to flow through. This

increasing “difficulty” is measured by the rise in head loss.
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never at steady state: effluent quality changes with time

(often improving for a while at the beginning of a treatment

cycle and later deteriorating), and the head loss rises

continuously. Third, several independent variables affect

the process, including characteristics of the filter opera-

tion, the media, the particles in suspension, and the solu-

tion. Finally, the need to clean the media relatively

frequently indicates that the filter operates in two modes:

filtration and cleaning. The cleaning, or backwashing,

means that filtration has some aspects that are similar to

a batch system (the water treated during a filter “run”—the

time from one backwash to another—forms a batch) and

other aspects that are indicative of a continuous flow

system.

A Typical Filter

A schematic diagram of a granular media filter for a

drinking water application is shown in Figure 14-1; waste-

water filters are identical except they do not have valve E

(explained subsequently). The need for two modes of

operation—filtration and backwashing—means that the

physical system is somewhat more complex than many

other treatment processes. The sand (or other media) is

supported by gravel that rests on the perforated filter floor

above the underdrain system. This figure is drawn for a

typical gravity-driven filter, but pressure filters are some-

times used, especially in small plants. In such filters, the

filter media is in an enclosed pressurized vessel, with the

pressure supplied by a pump. The details of how water

enters and leaves the vessel are slightly different than

those shown.

During the filtration cycle, water flows in through valve

A, down through the sand, and out through valve B. In this

period, the water level is below the top of the backwash
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FIGURE 14-1. Schematic diagram of a gravity-driven granular media filter.

TABLE 14-1. Variables and Modes of Operation in

Granular Media Filtration

Category

Property

of Interest Parameter

Dependent

variables

Effluent quality Turbidity

Particle size distribution

Suspended solids

concentration

Loss of energy Head loss

Independent

variables

Time or

cumulative

volume

processed

(since

previous

backwash)

Time, volume

per unit area

Characteristics

of operation

Filtration velocity (flow rate

per cross-sectional area)

Characteristics

of media

Size and size distribution

Density

Shape

Porosity

Depth

Surface chemistry

Characteristics

of particles in

suspension

Size distribution

Concentration

Density

Shape

Surface charge/surface

chemistry

Characteristics

of solution

Temperature

Density

Viscosity

Chemical composition

Operational

modes

Filtration

Backwash
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water trough, and valves C, D, and E are closed. As

explained subsequently, most modern filters are operated

at a constant filtration velocity, which is accomplished by

including a rate controller at valve B.

During the backwash period, water flows in through

valve C, up through the sand, over the edge into the trough

(see section z–z in the figure), out of the end of the trough,

and through valve D to waste. In this period, the water level

is just over the top of the trough, and valves A, B, and E are

closed. The water used for backwashing (that enters

through valve C) is previously saved filter effluent (i.e.,

the cleanest water available in the plant). The (upward)

water flow during backwashing is substantially higher

than the (downward) flow during filtration; the high

water flow leads to fluidization of the sand media, so

that the bed is expanded (the top of the sand is higher

during backwashing).

After backwash, the water that exits the filter in the first

few minutes of the next filter run often contains a substantial

(and unacceptable) particle concentration; in a drinking

water plant, valve E is open (and B is closed) during this

short period so that this water does not enter the water

supply. In a wastewater plant, this brief period of poorer

filtration is not a significant problem, and valve E does not

exist. The water that is labeled as going “to waste” (from

valve D during backwash and valve E in the first fewminutes

of filtration) is usually saved, treated to some extent (typi-

cally by sedimentation), and then recycled to the head of the

treatment plant for retreatment. In this way, only the water in

the sludge from the sedimentation of the backwash water is

actually lost. With this recycling, the recovery of water (i.e.,

the fraction of influent water that becomes product water) is

quite high (>99%) in granular media filtration, even though

the fraction of the filtered water that is used for backwashing

(2–4%) can be substantial.

Brief transition periods are needed between the two

modes of operation. At the end of a filter run, valve A

is closed a few minutes before valve B, so that the water

drains from the filter to (approximately) the top of the

media. Then, valve D is opened before the backwashing

begins (by opening valve C) to ensure that the filter does

not overflow. Similarly, at the end of the backwashing,

valve C is closed to shut off the backwash supply before

valve D is shut to allow water to drain from the gullet

above valve D. Only after valve D is closed are valves B

and then A opened.

The schematic in Figure 14-1 does not include a few

aspects of backwashing equipment that are common in

granular media filters. Many filters include a surface

wash system to break up accumulations of particles at the

very top of the sand (or other) media. Surface wash is

accomplished by rotating arms that send jets of water

down toward the top of the media to break up small cakes

that might have builtup. Also, many modern filters include

air scour systems that inject air at the same time as the

backwash water to create greater turbulence and thereby

facilitate release of collected particles from the media

grains. Details about backwashing are explained in a section

near the end of this chapter.

Although Figure 14-1 indicates the granular media as

sand (only), many filters have two different types of media.

In this case, media with the larger size is on top and media

with the smaller size is on bottom (and supported by the

gravel). To achieve this distribution, the top media must have

a lower settling velocity than the bottom media, and there-

fore must have a much lower density (since it is of larger

size) than the media on the bottom. The most common

combination for such dual media filters consists of anthra-

cite coal on top and sand below.

When a filter is being backwashed, the water that would

otherwise be directed to this filter must be directed to others.

Hence, a few (or several) filters are always built in parallel so

that the total plant flow can be processed even when a filter is

unavailable due to backwashing. If, for example, five filters

are installed and one is taken out of service for backwashing,

the flow rate to each of the other four increases by 25%; this

hydraulic surge can cause a loss of particles that were

previously captured in the other filters.

14.2 A TYPICAL FILTER RUN

The patterns followed by the two dependent variables—

effluent quality and head loss (or pressure development)—

during a typical filter run are shown as conceptual graphs in

Figure 14-2. For effluent quality, the results are shown

generically as effluent concentration; in a specific applica-

tion, effluent quality is measured as turbidity, suspended

solid concentration or total particle number concentration

larger than some minimum size.

The abscissa in Figure 14-2 is labeled as either time or

cumulative volume of water put through the filter since the

previous backwash. Filters are often designed and operated

to achieve a (nearly) constant flow rate, in which case the

cumulative volume throughput is linearly related to time.

The results depicted in Figure 14-2 assume such a constant

rate of filtration. Filters can also be designed as declining

rate filters in which the flow rate declines as the friction in

the filter increases due to the accumulation of particles

removed from the suspension. In such filters, the head

loss through the filter is nearly constant with time (contrary

to what is shown in this figure), and the cumulative through-

put must be calculated incrementally to account for the

changes in flow rate.

This figure depicts a time period that would typically last

for 1–3 days for drinking water applications and approxi-

mately half these values for wastewater filters. This figure

also ignores the very rapid changes in effluent quality that
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often occur in the first few minutes of a run, as backwash

water is replaced in the filter by fresh influent. The filter

performance during these few minutes has been studied in

some detail and is described subsequently. At the beginning

of a filter run, the bed of media is clean, a certain effluent

concentration (or removal efficiency) is achieved, and the

head loss is at some specific, nonzero value. Well-tested

mathematical models exist to describe both removal effi-

ciency and head loss under these initial clean bed conditions,

at least for idealized systems.

As time proceeds, the effluent concentration first

decreases (i.e., the water quality improves) for a while

(10 minutes to a few hours), then is nearly steady for a

considerable period, and finally begins to increase steadily.

The improvement in effluent quality in the early period is

known as ripening. The intermediate period is often referred

to and thought of as a steady-state period. During this period,

events at the microscopic level (improved removal of some

sizes or types of particles, less removal of other particles,

breakoff of previously captured particles, recapture of par-

ticles that are broken off) tend to balance each other so that

the effluent quality, at least as measured by composite

parameters such as turbidity or suspended solid concentra-

tion, remains reasonably constant. However, as suggested in

this figure, some fluctuations in effluent quality are apparent.

As noted above, this period typically lasts for many hours.

At still longer times, the effluent quality clearly deteriorates

and breakthrough occurs. At such a point, the desired

effluent quality is not achieved and the filter must be cleaned

(backwashed) again. During backwashing, the filter is out of

service and clean water (i.e., previously filtered water) is

being used for the backwashing. Long filter runs are desir-

able, because they reduce the fraction of time that a filter is

out of service and the fraction of product water that must be

sacrificed for backwashing.

Particles accumulate in the filter throughout the entire run.

This accumulation causes the water to flow through more

circuitous and constricted pathways and the particles

encounter more surface area as time proceeds. The increased

path length and resistance to flow lead to the monotonic

increase in head loss indicated in this figure. It is common in

filtration (and other water applications) to express differ-

ences in the available energy per unit volume of fluid (DEV)

between two points as the head loss (hL, with dimensions of

length) between these two points

hL ¼ DEV

rLg
(14-1)

where rL is the density of water, and g is the gravitational

constant. The head loss represents the energy expended per

unit volumeofwater to pass thewater through the filter.3Head

loss often rises nearly linearly with time, but sometimes

exhibits a stronger rise, especially later in a run, as indicated

in this figure. The available head is limited either by physical

constraints (in gravity flow applications) or by economic

considerations (in pressurized filters), so backwashing

becomesnecessarywhen thehead loss exceedsa certainvalue.

The preceding discussion indicates that backwashing is

necessitated by either of two events: deterioration of effluent

quality to unacceptable levels or excessive head loss. Which

condition is met first (and therefore dictates that backwash-

ing should occur) depends on several design and operational

variables. Traditional designs in drinking water treatment

cause the head loss criterion for backwashing to be met

considerably earlier than the effluent concentration criterion,

as suggested in this figure. Experience with a particular filter

treating a particular water often results in an operating rule

to backwash filters after a certain operational time before

either one of the critical conditions is met.

An alternative abscissa for Figure 14-2 is the volume

throughput per unit area of the filter. This normalization

simplifies comparison among filters of different dimensions.

Normalizing the cumulative volume throughput by area
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FIGURE 14-2. Typical filter performance in a single run. (The

points Bc and Bh represent the times or throughput volumes at

which backwashing is necessary because the maximum allowable

effluent concentration or maximum allowable head loss is

exceeded, respectively. A normal filter run would be terminated

when the first of these points was reached, but the graph is extended

here for illustrative purposes.)

3 Any change in energy, DE, of water, can be expressed as an equivalent

change in the elevation of the water (hL) by DE¼mghL. If this equation is

normalized to a unit volume of water, the left side has units of energy per

unit volume, which is the same as force per unit area or pressure; the right

side becomes rLghL. Thus, a change in available energy can be expressed as

an equivalent change in elevation, or head, as shown in Equation 14-1.

According to the Bernoulli equation, applicable to a steady flow of an

incompressible fluid (as in a filter), the available energy is the sum of three

terms, representing pressure above a chosen datum (usually atmospheric),

kinetic energy, and potential energy above a defined datum.
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leads to a net dimension of length (e.g., m3/m2 or just m);

this length can be thought of as the (imaginary) height of a

water column that started above the filter and that has passed

through the filter in the time since the last backwash. The

value of the cumulative volume throughput per unit area at

the time of backwash is called the (gross) normalized filter

run production (“gross” because it ignores thewater used for

backwashing that would be subtracted from this value to find

the net production). This value has also been called the

unit filter run volume; this term is not used herein because of

the potential confusion in using the term “volume” for a

parameter that actually has dimensions of length. Traditional

(older) drinking water filters achieve run times of �40–50 h

at a filtration velocity (flow rate divided by area) of 5m/h, or

a normalized filter run production of 200–250m (i.e.,

m3/m2). Modern designs often set a minimum normalized

production of 400m per run as a design goal (Kawamura,

1999).

This description of a typical filter run demonstrates that

the design and operation of filters constitute a balance

among several competing requirements and desires:

(1) Effluent should be of sufficient quality in the early

part of a run that little or no water needs to be wasted

or recycled before meeting the effluent guidelines.

(2) Effluent should meet water quality guidelines over a

long time period (or, more precisely, until a high

normalized production is achieved).

(3) Head loss should increase slowly enough that the

filter can operate until a high normalized production

is achieved.

(4) Requirements for backwashing flow and volume

must be reasonable.

Unfortunately, many changes in design and operation that

help achieve one of these goals make it more difficult to

achieve another. For example, increasing the size of the

media grains in a filter reduces the rate at which head loss

increases, but also leads to higher effluent particle concen-

tration and greater backwash flow requirements. The prob-

lem of higher effluent concentration might be overcomewith

a deeper bed of media, at some cost in head loss. Such

tradeoffs must be considered in the context of the applica-

tion. In drinking water filtration, protection of the public

health is of paramount importance. In this case, choices for

design and operation that would lead to extended filter runs

but increase the risk of poor effluent quality for some period

are usually considered unacceptable. It is for this reason that,

as noted above, drinking water filters are almost always

designed so that the maximum head loss criterion for back-

washing is met before the effluent quality criterion.

On the other hand, the choice might be different for

wastewater filters. Although such filters are designed to

improve effluent quality, the consequences of slightly worse

quality are not as great in most wastewater applications, and

designers are more willing to sacrifice effluent quality for

longer runs or less head loss. Therefore, designs of waste-

water filters often reflect a closer balance between the times

elapsed before the two backwashing criteria are reached. In

both drinking water and wastewater filtration, a long-term

trend in design and operation has been to increase the media

size, increase the velocity, and, to a lesser extent, increase

the bed depth.

Faced with the complexity of filtration, one temptation is

to treat the filter as a “black box,” assuming that under-

standing the details of what occurs in this black box is

beyond reason. In this case, design and operation involve,

primarily, emulating what has worked in similar situations

before. This approach has some merits; the wealth of

experience in filtration has great value and must be

accounted for in any new design. Nevertheless, an under-

standing based on fundamental concepts, even if incomplete,

can aid the interpretation of this experience and more

efficiently lead to improvements in design and operation.

Such an approach is taken in this chapter.

In the following sections, models for the removal of

particles in a clean filter are considered first; the similari-

ties between the removal mechanisms in filtration and

particle growth mechanisms in flocculation are empha-

sized. Two commonly used and relatively simple models

are presented in some detail, followed by some complica-

tions that have been considered by various investigators.

Second, some analysis of the ramifications of these models

for design is given. Third, a view of the head loss in a

clean filter bed caused by the flow of water through the

porous media is presented. Fourth, the dynamics of filtra-

tion is considered, with a discussion of the effects of the

design and operational variables on the filter behavior,

followed by presentation of a few models for the ripening

of filters. The associated models for the increase in head

loss are also presented. Finally, an explanation of filter

backwashing is presented. The viewpoint throughout this

chapter is primarily microscopic; that is, at the scale of

particles; macroscopic models and experimental results of

various investigators are interpreted from this particle

viewpoint.

The emphasis within this chapter is on the physical

aspects of filtration; however, it is essential to recognize

that the chemical aspects (i.e., particle destabilization) are

equally important. Indeed, if a conventionally designed

filter is not removing particles adequately, the cause is far

more likely to be chemical than physical. The omission of

these considerations here stems from the belief that the

chemical aspects of filtration must be addressed upstream

of the point where particles enter a filter. Destabilization of

particles; that is, the chemical aspects of filtration, is

considered in Chapter 11.
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14.3 GENERAL MATHEMATICAL DESCRIPTION

OF PARTICLE REMOVAL: IWASAKI’S MODEL

Consider a small increment of filter bed length (Dz) as

depicted in Figure 14-3. The suspension passes through

the randomly packed media with a net reduction in particle

concentration, as particles are caught on the media. If

interactions between suspended particles are negligible

and the bed is considered as uniform (i.e., with a fixed

number of media grains per unit length), a probabilistic

argument is useful for deriving one of the fundamental

equations describing filtration. Define l as the probability

of particle capture per unit length; this indicates that, in a

short increment of length (Dz), the probability of capture is

lDz and the probability of passage is (1� lDz). If Nz and

NzþDz represent the number concentrations of particles at

locations z and zþDz, respectively, then

NzþDz ¼ ð1� lDzÞNz (14-2)

Rearranging and defining DN

NzþDz � Nz

Dz
¼ DN

Dz
¼ �lNz (14-3)

Taking the limits as Dz approaches 0 yields

@N

@z
¼ �lN (14-4)

where the partial derivative is used to reflect the fact that, in

real filters, the conditions change over both depth and time.

This equation, which might be considered as the fundamen-

tal equation describing filtration, was first formulated based

on empirical observations by Iwasaki (1937). A more

sophisticated probabilistic approach was published by

Hsiung and Cleasby (1968). The parameter of the equation,

l, is known as the filter coefficient, with dimensions of

inverse length (i.e., probability per unit length).

Unfortunately, Equation 14-4, in the form shown, does not

accomplish the central goal of filtration modeling, namely,

to relate the probability of capture to the characteristics of

the filter media, operation, or suspension. The approaches

to this problem are explained below. A second problem is

that the bed is not really homogeneous down to infinitesi-

mal dimensions. At a length (in both horizontal and

vertical dimensions) on the order of the size of a single

filter grain or less, the specific geometry must be accounted

for in some way, and the probability of capture is different

at different points in this geometry. As a result, to model

filtration from first principles, we must describe the behav-

ior of the fluid and the particles at a length scale compara-

ble to the size of a single grain and then expand to the scale

of the whole filter.

Following the approach used by Iwasaki, we next write a

number balance (i.e., identical in concept to a mass balance,

but using the number of particles as the variable of interest)

on the unit element. Because particles that are removed from

suspension must be captured on the media, this balance can

be expressed as follows:

Rate of loss

of particles

from suspension

2
4

3
5 ¼

Rate of gain

of particles

deposited

on media

2
664

3
775 (14-5)

We consider an aliquot of water as it travels the incre-

mental distance, Dz, in time increment, Dt. The left side

of Equation 14-5 is the difference between the rates at

which particles enter and leave the differential element4;

that is,

Rate of loss

of particles

from suspension

2
4

3
5 ¼ Av0Nz � Av0 Nz þ DNð Þ ¼ Av0DN

(14-6)

where A is the cross-sectional area of the volume element

under consideration, and v0 is the superficial velocity (the

velocity if no media were in the bed, equal to the flow

rate divided by the cross-sectional area), as illustrated in

Figure 14-3.

To quantify the right side of Equation 14-5, we define

the specific deposit, s, as the number of particles deposited

per unit volume of media. The right side is then the product

of Ds=Dt and the volume of media in the differential

element. And, the volume of media in the small increment

v0

A

Nz

Nz+Δz = Nz+ ΔN

v0

Δz

FIGURE 14-3. Differential element of a filter.

4 The terms in Equation 14-6 are the product of the area and the flux (itself

the product of velocity and number concentration). In truth, the area

available for flow is eA, where e is the porosity (defined in the subsequent

paragraph), and the average velocity through the pore space is v0=e. The
porosity terms cancel, leading to the equation shown.
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of the bed is ADz 1� eð Þ, where e is the bed porosity.

Hence,

Rate of gain

of particles

deposited on media

2
4

3
5 ¼ Ds

Dt
ADz 1� eð Þ (14-7)

Combining Equations 14-5–14-7 and rearranging yields

� v0

1� e
DN

Dz
¼ Ds

Dt
(14-8)

Iwasaki (1937) also realized that the capture of particles

altered the probability of further capture, and found that

removal was improved (i.e., ripening occurred) by the

buildup of captured solids. To express this phenomenon

mathematically, he proposed that the filter coefficient

increased linearly with the specific deposit

l ¼ l0 þ as (14-9)

where l0 is the initial filter coefficient and a is a ripening

coefficient, with dimensions of length squared. Many other

models for the time-dependent behavior of filters have been

proposed since Iwasaki’s original model, but this is still

often considered adequate if a filter run is terminated before

particle breakthrough becomes important. Although

Iwasaki’s original work was expressed in particle number,

many investigators have expressed his equations in other

dimensions; for example, the particle concentration is

expressed in units of mass per volume or volume (of

particles) per volume (of suspension), with consequent

changes in the units of the specific deposit.

14.4 CLEAN BED REMOVAL

Consider again a thin layer of a filter bed, as shown in

Figure 14-3. A number balance around a small volume

element for the number of particles in suspension can be

expressed as follows:

Rate of change

of number of

particles in

suspension in the

volume element

2
66664

3
77775 ¼

Rate at which

particles enter

the volume

element

2
664

3
775

�
Rate at which

particles leave

the volume

element

2
664

3
775�

Rate of removal

of particles from

suspension by

attachment of

filter grains

2
66664

3
77775

The above equation can be expressed in symbols as

D NAeDzð Þ
Dt

¼ v0ANz � v0A Nz þ DNð Þ � AeDzrp

¼ �v0ADN � AeDzrp (14-10)

The term, �rp, is the rate at which particles are removed

from suspension by the pseudo-reaction of attachment to filter

grains in the control volume, and the rest of thevariables are as

described previously. The dimensions of rp are number per

volume per time or simply 1/(volume�time) since particle

number is dimensionless.

As a first approximation, it is reasonable to consider that

the filter is at quasi-steady state; that is, that two successive

aliquots of water (representing a small Dt) approaching the

same layer of the filter experience virtually the same condi-

tions in this layer, even though the change in N over the

depth of this layer can be substantial. Over longer periods of

time, the layer might change substantially, but this is not of

interest here. In other words, the two terms on the right side

of Equation 14-10 are approximately equal (and opposite) to

one another, but the magnitude of each is (or can be) much

larger than the left side. With such an assumption, the left

side of Equation 14-10 is considered 0, and the equation can

be rearranged to yield

rpDVL ¼ �v0ADN (14-11)

where DVL is the volume of liquid in the differential control

volume, equivalent to AeDz. To proceed further in develop-

ing an equation for particle removal in a filter, we must

choose a conceptual model for the geometry of the media

grains and the spaces between them and the relationship

between the differential size and the whole filter bed. When

combined with an analysis that predicts the motion of

suspended particles in the differential element, the geomet-

ric model can be used to calculate the removal efficiency.

Several geometric models and various levels of complexity

for the forces considered in the analysis of particle motion

have been considered by different investigators. Two of the

most common (and closely related) models are presented

below.

The Single Spherical Isolated Collector Model

The simplest geometric model for filtration is that of the

single media grain (referred to as a collector) unaffected by

its neighbors. This model was originally developed to

describe air filtration and was first applied to water filtration

by Yao (1968) and Yao et al. (1971). In the model, the flow of

particles toward the collector is considered; the specific flow

pattern is chosen subsequently but is not important at this

stage. The removal in a differential layer of the filter (i.e., in

the control volume described above) is considered to be the
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product of the removal by one collector and the number of

collectors in the layer; that is

rpDVL ¼ Rate of removal of particles

due to one collector

� �
Number of

collectors in layer

� �

(14-12)

To find the removal by one collector, the same approach

as used for flocculation and sedimentation is followed; that

is, we consider long-range transport separately from other

factors (acting at very close separation distances) that

affect particle removal. Also as in flocculation and sedi-

mentation, long-range transport is assumed to occur via

advection (i.e., transport with the flowing water), sedimen-

tation, and Brownian motion. In modeling long-range

transport, particles are considered to be approaching the

collector if they pass through the top of an imaginary

cylinder that extends above the single grain for a distance

that is long relative to the grain diameter, dc, as shown in

Figure 14-4. The distance is chosen far enough above the

grain that the streamlines are parallel.

The rate of approach of particles to a single collector

(number/time) is the product of the number concentration,

the approach or superficial velocity, and the projected area of

the collector; that is,

Rate at which

particles approach

collector

2
4

3
5 ¼ Nv0

pd2
c

4
(14-13)

Based on an analysis that considers the three modes of

long-range transport noted above, some of the approaching

particles are predicted to be transported to (collide with) the

surface of the filter grain. The ratio of the predicted rates of

collision and approach is considered as the single collector

transport efficiency, h; that is,

h �
Rate at which particles are predicted to collide

with collector;considering only long-range transport

Rate at which particles approach collector

(14-14)

The details of the analysis of h for each mode of transport

are provided below; as of now, the conceptual definition (the

ratio in Equation 14-14) is sufficient.

As in flocculation, the fraction of the approaching parti-

cles that actually collides with and attaches to the media

grain is less than h, due to short-range forces that (mostly)

interfere with collisions (O’Melia and Stumm, 1967). We

account for these forces by introducing an attachment

efficiency factor, a, defined (again, as in flocculation) as

the ratio of the actual to predicted rate of collisions. Thus, a

“corrects” the predictions so that they match experimental

observations, implicitly accounting both for known short-

range forces (hydrodynamic forces, van der Waals attrac-

tion, and interactions between the electrical double layers)

and for any other, as yet unidentified, interactions between

the particle and the collector grain

a � Rate at which particles collide with and attach to the collector

Rate at which particles are predicted to collide

with collector;considering only long-range transport

(14-15)

Because particles that attach to the collector are removed

from the suspension, the removal due to one collector can be

expressed as the product of a, h, and the rate at which

particles approach a single collector from afar as given in

Equation 14-13. Thus,

Removal

due to one

collector

2
4

3
5 ¼ ah

Nv0pd
2
c

4
(14-16)

Finally,we can consider the differential layer inFigure 14-3

to be made of an assemblage of collectors, and the number of

these collectors can be determined as follows:

Number of

collectors

in layer of

depthDz

2
664

3
775 ¼ Total volume of collector media

Volume of one collector

¼ ADz 1� eð Þ
pd3

c=6
(14-17)

v0

dc

A = πd c
2
/4 

FIGURE 14-4. Conceptual diagram for approach of particles

toward collector. (The dotted lines representing the distance above

the filter grain should be much greater than dc.)
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Combining Equations 14-11, 14-12, 14-16, and 14-17

yields

�v0ADN ¼ ah
Nv0pd

2
c

4

� �
6ADz 1� eð Þ

pd3
c

" #
(14-18)

Shrinking the differential element to infinitesimal dimen-

sions and simplifying Equation 14-18 gives

dN

N
¼ � 3

2

1� eð Þah
dc

dz (14-19)

Integrating across the total length of the bed (Z), with an

influent concentration of Nin and an effluent concentration of

Nout yields

ZNout

Nin

dN

N
¼ � 3

2

ZZ

0

1� eð Þah
dc

dz (14-20)

Assuming that all characteristics of the bed and suspended

particles are the same throughout the filter, all the terms on

the right side except dz can be taken out of the integral, and

the following results are obtained:

ln
Nout

N in

¼ � 3

2

1� eð Þah
dc

Z (14-21)

Nout ¼ N in exp � 3

2

1� eð Þah
dc

Z

� �
(14-22)

Either the differential (Equation 14-19) or integral (Equa-

tions 14-21 or 14-22) form can be considered as the funda-

mental equation describing particle removal in filters

according to the single spherical collectormodel. To use either

of these equations for predictions of filter performance, how-

ever, we need to determine how the single collector transport

efficiency, h, is related to the filter design and operational

characteristics, and this is shown in the next section.

Throughout this book, we have defined the removal effi-

ciency of various processes as ð1� ðeffluent concentration=
influent concentrationÞÞ. Here, we represent this term by,

hfilter, so that

hfilter ¼ 1� Nout

N in

(14-23)

Note that hfilter refers to the removal in an entire filter bed,

whereas h refers to the removal by a single collector in this

filter.

Removal Mechanisms and Transport Efficiencies
for a Single Isolated Collector

A conceptual view of the three mechanisms of long-range

transport of particles to a media grain (collector) that are

included in the calculation of h is shown in Figure 14-5. As

described above, these mechanisms are interception, sedi-

mentation, and Brownian motion.

Because this model originally considered the collector to

exist in an infinite medium, the flow pattern used in the

analysis was that around a single sphere with no neighbors.

Assuming that the velocity is sufficiently slow that inertial

terms can be ignored, the Navier–Stokes equations can be

applied to describe such flow. In the following paragraphs,

the expressions derived for h for each attachment mecha-

nism are presented, based on these assumptions. Subsequent

analyses have considered more complex (and more realistic)

flow patterns, but the simpler analysis is adequate for the

current purposes.

Particle–Collector Collisions by Interception For parti-

cles moving with the fluid, the center of the particle is

considered to flow along a streamline. The contact between

the particle and the collector occurs if the center of the

particle comes within one particle radius of the surface of the

collector; that is, the collector “intercepts” the particle. As a

result, this mechanism of removal is known as interception.

A critical trajectory can be defined as the one in which the

particle is just captured at the equator of the collector; this

condition is depicted in Figure 14-6. Thus, if we ignore the

Interception

Brownian
motion 

Sedimentation

Media grain 

Streamlines 

Flow 

FIGURE 14-5. Particle removal mechanisms in the single iso-

lated collector model. (The ratio of particle sizes tomedia grain size

is shown much larger than in real systems for the sake of clarity in

this figure.)
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short-range forces in the force balance, the critical trajectory

for interception is the one for which the streamline is at a

horizontal distance dp/2 from the equator of the media grain.

Since the particle is assumed to move with the fluid, the

critical trajectory can be identified by solving the equations

of motion for the fluid, going backwards in time and using

the particle capture at the equator as the initial condition. In

this analysis, the flow is restricted to laminar conditions.

At a distance far above the collector, the streamlines are

parallel (and vertical) and unaffected by the collector. The

distance from thevertical centerline of the collector (projected

up) to the critical trajectory at such a location above the

collector is the radius of a circle that defines the capture cross-

section; that is, particleswhose centers pass through this circle

are intercepted. This circle, with diameter Xc, is depicted in

Figure 14-6. The single collector transport efficiency is the

ratio of the flux of particles through the capture cross-section

to the flux that enters the full cylinder shown in Figure 14-4.

Assuming that both the flow and the particles in the flow are

uniformly distributed at this location above the collector, the

single collector transport efficiency is calculated as the ratio of

the area of this critical circle to the projected area of the

collector; that is, nI ¼ p
4
X2
c=

p
4
d2
c

� � ¼ Xc=dcð Þ2. The diame-

ter of this critical circle,Xc, is proportional to the particle size,

so that this single collector transport efficiency can be shown

to be as follows5 (Yao, 1968; Tien, 1989):

hI ¼
3

2

dp

dc

� �2

(14-24)

& EXAMPLE 14-1. Find the single collector transport

efficiency by interception of 2-mm particles in a filter with a

media size of 0.6mm.

Solution. The problem is a direct application of Equation

14-24. Converting both diameters into centimeters, we find

hI ¼
3

2

2� 10�4 cm

6� 10�2 cm

� �2

¼ 1:67� 10�5

This result indicates that only approximately one of every

60,000 2-mm particles that approach a single collector is

captured by interception. While this probability is quite

small, remember that an aliquot of water (and the particles

in it) will pass approximately a thousand collectors as it

moves through the depth of a full-scale filter. Even then, this

result suggests that collection of 2-mm particles by inter-

ception is not very efficient. &

Particle–Collector Collisions by Sedimentation Because

of the force of gravity, particles can bend away from the

streamlines and contact the collector by sedimentation. The

critical trajectory for this mechanism is found by integration

of the equations of motion for the particle including the force

of gravity on the particles. Hence, moving along the stream-

line (and capture by interception) is a limiting case for these

equations of motion that occurs when the particle density is

the same as that of water. When the critical trajectory is

found (the one that captures the particle at the collector

equator), the single collector removal efficiency is found in

the same way as for interception alone; this situation is

essentially identical to that depicted in Figure 14-6, except

that the particle trajectory bends away from the fluid stream-

line so that the value of Xc is larger and therefore the single

collector removal efficiency is larger. This single collector

removal efficiency includes the combined effects of inter-

ception and sedimentation; we represent this quantity as

hIþg, the single collector removal efficiency for the two

phenomena together.

When the effects of gravity are included, the equations

of motion cannot be solved analytically, but they can be

solved by numerical integration. Yao (1968) calculated

values of hIþg for several conditions and also had calcu-

lated results for interception alone (hI) under the same

conditions. Assuming that the effects of sedimentation

were additive to interception, he calculated the single

collector transport efficiency for sedimentation (gravity)

alone (hg) by subtracting the two

hg ¼ hIþg � hI (14-25)

He found that these results for hg over a wide range of

conditions were well approximated as the ratio of the Stokes

Critical trajectory 
for a given 

diameter particle 

Flow 

dp
dc

Xc

FIGURE 14-6. Conceptual diagram of the critical trajectory for

capture by interception.

5 The equation shown is an approximation for the case that dp� dc. Yao

(1968) indicated that the full equation should be hI ¼
1
2
dp=dc

� �2
3� dp= dc þ dp

� �� �� �
but that the approximation is virtually

always valid.
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settling velocity and the approach velocity; that is,

hg ¼
vs

v0
¼ ðrp � rLÞgd2

p

18mv0
(14-26)

where vs is the Stokes velocity of the particle, rp and rL
are the densities of the particle and fluid, respectively, g is

the gravitational constant, and m is the absolute viscosity

of the fluid.

Historically, filtration research and practice have empha-

sized the removal of particles >�1mm, in part because of

the greater ability to measure them and in part because of

interest in bacteria and protozoa. Sedimentation is the

dominant mechanism for removal of these particles in a

filter.

& EXAMPLE 14-2. Find the single collector transport

efficiencybysedimentationof2-mmparticleswithadensityof

1.08 g/cm3 in a filter at 25�C with a superficial filtration

velocity of 5m/h (¼ 0.14 cm/s).

Solution. At 25�C, the viscosity of water is 8.91� 10�3

g/cm s and the density is 0.997 g/cm3. The problem is a

direct application of Equation 14-26, as follows:

hg ¼
ðrp � rLÞgd2

p

18mv0

¼ ð1:08� 0:997Þ g=cm3½ � 981 cm=s2ð Þð2� 10�4 cmÞ2
18 8:91� 10�3 g=cm s
� �ð0:14 cm=sÞ

¼ 1:45� 10�4

Note that the transport efficiency by sedimentation (for

these specific conditions) is approximately an order of

magnitude higher than that by interception found in Exam-

ple 14-1. For a given filter and given suspension, the ratio

hg=NI is the same for all particle sizes since the expressions

for both mechanisms have a dependence on d2
p. &

Particle–Collector Collisions by Brownian Motion A

trajectory analysis cannot be performed to model transport

by Brownian motion because the particle motion is not

deterministic but probabilistic. Brownian motion is caused

by the unequal distribution around the particle surface of

collisions between the particle and molecules in solution at

any given instant. The approach to finding the single col-

lector transport efficiency for this mechanism is taken from

Levich (1962), who solved the convective/diffusion mass

balance equation for the particle concentration in the flow

field surrounding a single collector

@N

@t
¼ �v 	 rN þ Dpr2N (14-27)

where t is time, v is the local velocity vector (variant with

location and different from v0), and Dp is the diffusion

coefficient describing the Brownian motion of particles.

The form of the equation is identical to that for a nonreactive

substance in a reactor with advection and dispersion (Equa-

tion 1-80 in Chapter 1). The collector is treated as an infinite

sink, so that the concentration vanishes at the surface. This

sink creates a concentration gradient from higher values in

solution to lower values next to the surface, leading to the

diffusive particle flux toward the surface. Just as was done in

Chapter 2 for a reactor whose flow pattern is plug flow with

dispersion, the problem is nondimensionalized in terms of

the Peclet number (Pe), expressing the ratio of the advective

transport to the diffusive transport, with the characteristic

length taken as the diameter of the collector

Pe ¼ v0dc

Dp

(14-28)

The diffusion coefficient for the particle is estimated from

the Stokes–Einstein equation (Equation 12-20), as was done

for the Brownian motion of particles in flocculation

Dp ¼ kBT

3pmdp

(14-29)

where kB is Boltzmann’s constant and T is the absolute

temperature. The solution, when expressed in terms of the

single collector transport efficiency, was found by Yao

(1968) to be as follows:

hBr ¼ 4:04 Pe�2=3 ¼ 0:905
kBT

mdcdpv0

� �2=3

(14-30)

& EXAMPLE 14-3. Find the single collector transport

efficiency by Brownian motion for a 2-mm diameter particle

at 25�C in a filter with a filtration velocity of 5m/h and a

media size of 0.6mm.

Solution. The solution is a direct application of Equation
14-30. The conversions of several parameters into CGS units

are shown in the previous examples.

hBr ¼ 0:905
kBT

mdcdpv0

� �2=3

¼ 0:905
1:38 � 10�16 g cm2=s2 K
� �

298K

8:91� 10�3 g=cm s
� �

0:06 cmð Þ 2� 10�4 cm
� �

0:14 cm=sð Þ

 !2=3

¼ 1:78� 10�4

This value is quite similar to that for sedimentation; recall,

however, that with increasing size, the single collector

transport efficiency by Brownian motion decreases, whereas

it increases for sedimentation. &
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Overall Particle–Collector Collision Efficiency The par-

ticle transport by the three transport mechanisms is assumed

to be additive, so that the total single collector transport

efficiency is found as

h ¼ hI þ hg þ hBr (14-31)

This equation assumes that a particle that is predicted to

be removed by interception or sedimentation will not be

simultaneously predicted to be removed by Brownian

motion. Yao (1968) performed a numerical analysis consid-

ering the three mechanisms individually and simultaneously

and concluded that this summation of the three separate

collision efficiencies was reasonable.

The use of the model to predict removal in a filter involves

finding values for the three single collector removal efficien-

cies (Equations 14-24, 14-26, and 14-30) for the specified

operating conditions for each type of particle (size, density) to

be considered. Equation 14-31 can be used to find the overall

single collector removal efficiency for each particle type, and

Equation 14-22 can then be used to determine the behavior

within the full filter. Since a accounts for all phenomena that

are not accounted for explicitly in the derivation of the single

collector removal efficiencies, its value cannot be predicted or

determined analytically. It is taken as an empirical fitting

parameter for this model. Yao et al. (1971) published exper-

imental results that were in reasonably good agreement with

the model; of particular importance was the agreement of the

trends of removal with respect to particle size, as explained

subsequently.

& EXAMPLE 14-4. Find the expected removal effi-

ciency for the particle and filter characteristics specified in

Examples 14-1 to 14-3. Additional specifications are that the

media depth is 60 cm, the porosity is 0.40, the particles are

perfectly destabilized, and all other short-range forces can be

ignored; that is, a¼ 1.

Solution. Using Equation 14-31 and the answers from

the previous examples, we find

h ¼ hI þ hg þ hBr ¼ 1:67� 10�5 þ 1:45� 10�4

þ 1:78� 10�4 ¼ 3:40� 10�4

We can then find the expected fraction remaining from

Equation 14-22, slightly rearranged as

Nout

N in

¼ exp � 3

2

1� eð Þah
dc

Z

� �

¼ exp � 3

2

1� 0:40ð Þ 1ð Þ 3:40� 10�4
� �

0:06 cm
60 cm

� �
¼ 0:74

Finally, the fraction removed is 1� Nout=N inð Þ ¼ 0:26 or

26% removal. Such a removal level is not sufficient for most

applications. However, the removal improves with ripening,

and this size particle happens to be one with nearly the mini-

mum collection efficiency. Therefore, the expected removal

efficiency during the majority of the filter run and for most

particle sizes is expected to be substantially >26%. &

Some aspects of the model (or similar models discussed

below) are particularly useful for explaining the effects of the

many variables that influence the removal of particles in filtra-

tion. The single collector transport efficiency for each mecha-

nism and the total for all mechanisms are shown in Figure 14-7

for specified conditions that are in the range typically used in

water treatment practice. One important result shown is that

some critical size has a minimum transport efficiency. As the

particle size decreases below this critical size, removal effi-

ciency increases because of increased Brownian motion; as

particle size increases above this critical size, removal effi-

ciency increases by interception and sedimentation.

The critical size depends on the characteristics of collectors,

particles, and operation, butwithin the range of these variables

found in water and wastewater treatment, the critical size does

not vary greatly. The lines for interception and sedimentation

on this log–log graph have a slope of 2, reflecting the exponent

in Equations 14-24 and 14-26; the line for Brownian motion

has a slopeof�2/3, reflecting the exponent inEquation14-30.

Recall that the sedimentation collision efficiency function

represents the increment of removal over that expected from

interception alone. As noted above, for almost all conditions

encountered in water and wastewater treatment in standard

high-rate filtration, sedimentation adds appreciably to inter-

ception as a removal mechanism. This fact is illustrated in

Figure 14-5, which shows that sedimentation enhances parti-

cle transport toward the collector (relative to a particle that

follows the streamlines).

FIGURE 14-7. Single collector transport efficiencies according

to the isolated spherical collector model. (Conditions: dc¼ 0.6mm;

v0¼ 0.14 cm/s (�5m/h); rp¼ 1.08 g/cm3; T¼ 25�C at which rL
¼ 0.997 g/cm3 and m¼ 8.91� 10�3 g/cm s.)
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& EXAMPLE 14-5. Determine the effluent particle size

distributionfromthefilterdescribed in thepreviousexamples,

if the influent distribution to thefilter is as described in thefirst

three columns of Table 14-2. The characteristics of the parti-

cles, water, and filter have been given in the above examples.

Solution. The calculation of h for each size follows the

methods shown in Examples 14-1 to 14-4. The calculations

are summarized in Table 14-2. Note that the value of h for the

2-mm particle agrees with the value shown in Example 14-4.

All others are calculated in an identical manner. The effluent

particle size distribution functionvalue can be calculated from

the influent value as follows:

log
DN

Ddp

� �
i;out

¼ log
DN

Ddp

� �
i;in

Ni;out

Ni;in

" #

¼ log 10
log DN=Ddpð Þ

i;in

� 	Ni;out

Ni;in

� �

The influent and effluent particle size distribution func-

tions are plotted in Figure 14-8. The removal of the larger

particles is essentially complete, whereas the removal of the

smaller particles is not as great. The overall removal effi-

ciency on a number basis is 40%, whereas it is 97% on a

volume basis. (These results for the removal efficiency can

be calculated by converting the particle size distribution

functions into the number and volume distributions for the

influent and effluent.) &

Single Spherical Collector in Packed Medium Model

Rajagopalan and Tien (1976), Rajagopalan et al. (1982),

and Tien (1989) have presented a closely related but more

sophisticated model than that of Yao et al. (1971), one

which accounts for van der Waals attraction, the influence

TABLE 14-2. Changes in Particle Size Distributions in Filtration

Log of Particle

Diameter

log (dp)

Particle

Diameter dp

(mm)

Influent Log of Particle Size

Distribution Function

log DN=Ddp

� �
in

Total Single

Collector Removal

Efficiency h

Fraction

Remaining

Ni;out=Ni;in

Effluent Log of Particle Size

Distribution Function

log DN=Ddp

� �
out

�0.3 0.50 5.60 4.57E–04 0.663 5.42

�0.2 0.63 5.57 3.99E–04 0.698 5.41

�0.1 0.79 5.51 3.54E–04 0.727 5.37

0.0 1.00 5.44 3.22E–04 0.748 5.31

0.1 1.26 5.35 3.06E–04 0.759 5.23

0.2 1.58 5.24 3.09E–04 0.757 5.12

0.3 2.00 5.13 3.39E–04 0.737 4.99

0.4 2.51 4.99 4.08E–04 0.693 4.83

0.5 3.16 4.85 5.35E–04 0.618 4.64

0.6 3.98 4.68 7.53E–04 0.508 4.39

0.7 5.01 4.51 1.11E–03 0.368 4.07

0.8 6.31 4.31 1.69E–03 0.218 3.65

0.9 7.94 4.10 2.62E–03 0.094 3.07

1.0 10.00 3.86 4.10E–03 0.025 2.26

1.1 12.59 3.60 6.46E–03 0.003 1.08

1.2 15.85 3.32 1.02E–02 0.0 0.0

1.3 19.95 3.01 1.61E–02 0.0

1.4 25.12 2.66 2.55E–02 0.0

1.5 31.62 2.27 4.05E–02 0.0

1.6 39.81 1.75 6.41E–02 0.0

1.7 50.12 1.13

1.8 63.10 0.29

FIGURE 14-8. Effect of filtration on the particle size distribution

function. (All filtration conditions given in previous examples;

isolated collector model used for calculations.)
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of neighboring collectors on the flow pattern, and hydro-

dynamic retardation. The influence of neighboring collec-

tors was assessed with the use of Happel’s sphere-in-cell

model, originally developed as a means of describing the

head loss as fluid passed through a packed medium. In this

model, each spherical grain is considered to be surrounded

by an imaginary spherical envelope, with the size of the

cell (sphere and the surrounding envelope) determined to

match the porosity of the overall medium (Happel, 1958).

That is, if the radius of the particle (media grain, in the case

of filtration) is a (equivalent to dc/2), the radius of the cell,

b, is chosen so that (a3/b3)¼ 1� e. The boundary condition
on the cell, in applying the Navier–Stokes equation of

motion, is that there is no shear at the outer cell boundary.

In using this model for filtration modeling, the starting

point of the trajectory analysis is at the edge of the fluid

envelope rather than at an infinite distance above the

collector.

Hydrodynamic retardation results from the fact that the

approaching particle influences the flow pattern around the

collector, especially when the separation distance is small.

The forces and torques imposed on the particle were first

described quantitatively by Goren and O’Neil (1971); the

concepts are identical to those described in Chapter 12 for

two approaching particles in flocculation.

The model of Rajagopalan and Tien cannot be solved

analytically, so numerous trajectory analyses were per-

formed numerically. In these trajectory analyses, particles

were considered non-Brownian; that is, Brownian motion

was ignored because the random motion could not be

accounted for directly. The effects of Brownian motion

are considered separately, as shown below. The trajectory

results were correlated in terms of three dimensionless

terms: a gravity number (NG), a London van der Waals

attraction (NLo) term, and the particle–collector size ratio

(NR). Sedimentation and interception were not separated in

this model. Although Rajagopalan and Tien reported their

results in terms of the unit bed element approach6 (see Tien,

1989), the results are translated here and presented in terms

of the single collector transport efficiency, for ease of

comparison with the equations presented above. The results

are as follows.

For combined interception and sedimentation

hIþg ¼ AsN
0:125
Lo N1:875

R þ 0:00338AsN
1:2
G N�0:4

R (14-32)

where

As ¼ 2ð1� p5Þ
2� 3pþ 3p5 � 2p6

(14-33)

p ¼ a

b
¼ ð1� eÞ1=3 (14-34)

NLo ¼ 4AH

9pmd2
pv0

(14-35)

NR ¼ dp

dc

(14-36)

NG ¼ ðrp � rLÞgd2
p

18mv0
; and (14-37)

AH is Hamaker’s constant.

The As term is a parameter of the Happel sphere-in-cell

model, so the influence of this choice of the flow description

is explicit in this filtration model.

& EXAMPLE14-6. Find the single collector transport

efficiency by the combination of interception and

sedimentation according to the packed medium model

of Rajagopalan and Tien for the 2-mm particle in the

filter described in the earlier examples. Consider the

Hamaker constant for this particle in water to be

3� 10�13 g cm2/s2.

Solution. We note that the expression for NG in Equation

14-37 is the same as the expression for hg in the single

collector model, and its value under these conditions was

found in Example 14-2. From that example, NG¼
1.45� 10�4.

From Equation 14-36,

NR ¼ dp

dc

¼ 2� 10�4 cm

6� 10�2 cm
¼ 0:0033

6 In the unit bed element approach, the entire filter is assumed to consist of a

stack of horizontal unit bed elements in series, each with a thickness on the

order of a grain diameter (although the exact thickness depends on the

porosity). The removal efficiency of a single unit bed element is calculated

for a chosen porous media model and chosen geometry for the pores or

collectors within the element. The overall removal efficiency of the entire

bed is then calculated as: E ¼ 1�PM
i¼1 1� eið Þ, where ei is the efficiency

of a single unit bed element and M is the number of bed elements in the

entire filter. This efficiency, ei, can be related to the filter coefficient and the

length of a unit bed element. With various coworkers, Tien has developed a

number of models in this framework, with different choices for the porous

media flowmodel and for the geometry. Reported here are the results for the

single spherical collector model (for which ei is related to h) and the Happel

flow model. Fundamentally, the unit bed element approach assumes that the

Iwasaki formulation (Equation 14-4) is valid at lengths less than that of

the unit bed element and not above; the Yao et al. model essentially assumes

the opposite.
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From Equation 14-35,

NLo ¼ 4AH

9pmd2
pv0

¼ 4 3� 10�13 g cm2=s2
� �

9p 8:91�10�3 g cm2=s2
� �ð2�10�4 cmÞ2 0:14 cm=sð Þ

¼ 8:51� 10�4

From Equation 14-34,

p ¼ ð1� eÞ1=3 ¼ ð0:6Þ1=3 ¼ 0:843:

From Equation 14-33,

As ¼ 2ð1� p5Þ
2� 3pþ 3p5 � 2p6

¼ 2ð1� 0:8435Þ
2� 3ð0:843Þ þ 3ð0:843Þ5 � 2ð0:843Þ6 ¼ 38:0

Finally, from Equation 14-32, we find

hIþg ¼ AsN
0:125
Lo N1:875

R þ 0:00338AsN
1:2
G N�0:4

R

¼ ð38Þð8:51� 10�4Þ0:125ð0:0033Þ1:875

þ 0:00338ð38Þð1:45� 10�4Þ1:2ð0:0033Þ�0:4

¼ 3:81� 10�4 &

The single collector efficiency due to Brownian motion in

the Rajagopalan and Tien model is identical to that in the

simple, isolated collector model, except for a modification to

account for the different assumptions about the velocity

distribution around the collectors.7 The resulting expression

for hBr (Cookson, 1970) is

hBr ¼ 4A1=3
s Pe�2=3 ¼ 0:9A1=3

s

kBT

mdcdpv0

� �2=3

(14-38)

As in the Yao model, the single collector removal efficien-

cies for different mechanisms are considered as additive

(h¼ hIþgþ hBr), and the overall filter performance can be

predicted by applying Equation 14-22. Again, a cannot

be predicted and is used as an empirical fitting parameter

(0<a< 1), but the value in this model should be higher than

that in the Yao model because more of the short-range

phenomena that interferewith collisions have been accounted

for explicitly in the formulation of the model.

& EXAMPLE 14-7. Find the expected overall removal

efficiency, according to the packedmediamodel, of the 2-mm
particle in the filter described in the previous examples.

Solution. We begin by finding the single collector

removal efficiency by Brownian motion. As noted above,

the expression in Equation 14-38 is similar to that in the

single collector model except for the flow model correction.

hBr ¼ 0:9A1=3
s

kBT

mdcdpv0

� �2=3

¼ 0:9ð38Þ1=3 1:38 � 10�16 g cm2=s2 K
� �

298K

8:91� 10�3 g=cm s
� �ð0:06 cmÞð2� 10�4 cmÞ 0:14 cm=sð Þ

 !2=3

¼ 5:94� 10�4

Summing the different individual removal efficiencies

leads to

h ¼ hBr þ hIþg ¼ ð5:94� 10�4Þ þ ð3:81� 10�4Þ ¼ 9:75� 10�4

Finally, the overall fraction remaining is found from

Equation 14-22

Nout

Nin

¼ exp � 3

2

1� eð Þah
dc

Z

� �

¼ exp � 3

2

1� 0:40ð Þ 1ð Þ 9:75� 10�4
� �

0:06 cm
60 cm

� �
¼ 0:416

and the removal, hfilter, is 1� Nout=N inð Þ ¼ 1� 0:416
¼ 0:584.

The predicted removal efficiency is somewhat higher in

the packed medium model than in the original single col-

lector model; much of this difference stems from the more

sophisticated flow model used. &

Updated Packed Medium Model

As indicated above, the trajectory analysis that underlies the

Rajagopalan and Tien model considered interception and

sedimentation but not Brownian motion; transport by

Brownian motion was considered separately (and identically

to how it was treated by earlier investigators). Tufenkji and

Elimelech (2004) included particle diffusion (Brownian

motion) within the context of the flow regime, so that all

three long-range transport mechanisms were considered

simultaneously. They also considered the role of van der

Waals attraction and hydrodynamic retardation on the single

collector removal by Brownian motion; these phenomena

had been ignored by Cookson (1970) and therefore by

7 Yao et al. (1971) also reported this Cookson–Happel modification to hBr
and recommended its use. It is reported in this chapter as associated with the

packedmediummodel of Rajagopalan and Tien rather than with the isolated

collector model of Yao et al. primarily because the separation is more

consistent with other aspects of the two models, but also to demonstrate in

the examples and figures the effect of this Happel flow parameter.
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Rajagopalan and Tien. Using an approach similar to that of

Rajagopalan and Tien (i.e., solving the equations of motion

including Brownian diffusion over various conditions, and

then expressing the results by a regression equation), they

found the following equation for hBr:

hBr ¼ 2:4A1=3
s Pe�0:715N�0:081

R N0:052
vdW (14-39)

where NvdW ¼ AH

kBT
(14-40)

NvdW is the van der Waals number, and all other variables are

as defined earlier. This equation yields a lower collection

efficiency by Brownian motion than that found from

Equation 14-38, but substantially higher efficiency than

without the flow correction (Equation 14-30); these differ-

ences also indicate that the equation proposed by Tufenkji

and Elimelech fits the experimental results reported by Yao

et al. (1971) better than either of the other equations.

Tufenkji and Elimelech (2004) also presented revised

equations for collection by interception and sedimentation.

The results are quite similar, but not identical, to those

reported by Rajagopalan and Tien, because these recent

investigators were more explicit in accounting for the tem-

perature effects on van der Waals attraction and hydro-

dynamic retardation. Just as earlier investigators (in both

filtration and flocculation), they assumed that the surface

charge on the particles was zero, so that electrostatic inter-

actions could be ignored. Their definitions of variables were

identical to those of Rajagopalan and Tien, except for the

addition of the van der Waals number and a difference in

the numerical constant included in their attraction number

in comparison to Rajagopalan and Tien’s London number

NA ¼ AH

3pmd2
pv0

(14-41)

The results of their numerical solutions could be well

described by the following regression equations for the

single collector removal efficiencies by interception and

sedimentation:

hI ¼ 0:55AsN
1:675
R N0:125

A (14-42)

hg ¼ 0:22N�0:24
R N1:11

G N0:053
vdW (14-43)

Tufenkji and Elimelech (2004) compared the experimen-

tal results from several investigators to the three models

explained above (Yao et al., including the Cookson correc-

tion for hBr; Rajagopalan and Tien; and their ownmodel) and

showed that their model gave the overall best fit to these data.

Other Advanced Models

The Yao model presented above is highly simplified; it can

be considered analogous to the rectilinear model for

collisions in flocculation. Since the development of the

model by Yao (1968), several investigators have improved

the mathematical formulation by reducing the number of

simplifications incorporated into the model. The Rajagopa-

lan and Tien model is representative of a class of more

complex models that account more realistically for the flow

field, the geometry of the bed and forces acting on the

particles. Some other proposed modifications to Yao’s

model are described briefly below.

First, modifications to the equation for the flow field that

account for neighboring collectors have been considered.

The Yao model considered the Stokes flow equation, which

was developed for the single particle (collector) in an infinite

medium. Besides the Happel model used by Rajagopalan

and Tien, the model of flow in porous media by Brinkman

(1949) has often been used. Even these models represent

simplifications of the true flow field; designed to account for

the head loss through the porous media but not the exact flow

pattern, they average some characteristics of the filter. For

example, they are two-dimensional representations that

ignore contact points between media grains.

Second, the geometry of a real filter bed is obviously

considerably more complicated than that of a single sphere.

Several geometries have been considered by different inves-

tigators, including constricted tube models (Payatakes et al.,

1973a,b) and assemblages of spheres in known geometries.

After choosing a geometry, the flow equations and forces on

particles can be assimilated into the trajectory analysis, and

various mechanisms for collection can be studied. Tien, with

various coworkers, has investigated this area of filtration

modeling extensively; this work is discussed in detail in Tien

(1989). Cushing and Lawler (1998) considered a densely

packed cubic array of spheres as the geometry so as to

determine the effects of contact points between filter grains

on the flow pattern and particle trajectories; after correcting

for the porosity of a real filter (much greater than in dense

packing), they expressed the results for non-Brownian

transport efficiency in a form similar to that of Rajagopalan

and Tien but with different coefficients and exponents, as

follows:

hIþg ¼ 0:029N0:012
Lo N0:023

R þ 0:48N1:8
G N�0:38

R (14-44)

When used instead of Equation 14-32, this model exhibits

greater removal of small particles and a less dramatic effect

of particle size on removal efficiency with trends that are

consistent with some reported experimental results.

Third, additional forces have been considered in the

analysis of particle motion in the vicinity of collectors.

Identically to the short-range model of particle collisions

in flocculation, these forces include van derWaals attraction,

electrostatic repulsion, and the hydrodynamic interactions as

a particle approaches the collector. The hydrodynamic

effects (often referred to as hydrodynamic retardation, since
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they act to hinder collisions) account for the increased

viscous forces as the water between the approaching particle

and the collector moves out of the way. All these effects are

accounted for in the trajectory analysis in the same manner

as in flocculation. Including these effects in the transport

equations increases the degree to which the model incorpo-

rates the true motion of particles in a filter and decreases the

effect of the empirical factor a. The Rajagopalan and Tien

model does account for these forces to some degree, but

other methods are possible.

All the models presented above implicitly assume that, for

particles to be collected, they must fall into the primary

minimum of the energy curve describing the electrostatic

interactions between the particle and collector.8 However, by

using a Monte Carlo simulation approach in combination

with the equations of motion and the interaction energies at

every location, Hahn and O’Melia (2004) provided convinc-

ing evidence that particles in the Brownian size range could

also be collected by coming to rest at the location of the

secondary minimum of this curve. They indicated that these

results could be well modeled by calculating a theoretical

collision efficiency factor. They proposed that small parti-

cles, similar to molecules, have a distribution of velocities

that can be adequately described by the Maxwell distribu-

tion, fM (developed for molecules)

fMðvpÞ ¼ 4p
mp

2pkBT

� �3=2

v2p exp �
1
2
mpv

2
p

kBT

 !
(14-45)

where mp and vp are the mass and velocity of particles,

respectively, and fM is the probability that a given particle

will have a velocity between vp and vpþ dvp, divided by dvp.

In Equation 14-45, the argument of the exponential is the

ratio of kinetic energy to thermal energy. If a particle has an

amount of kinetic energy that exceeds the depth of the

secondary minimum, it will not be captured; similarly, if

a particle is captured in the secondary minimum and, by

collisions with other particles, it acquires more kinetic

energy than the depth of the secondary minimum, it will

escape. Therefore, this energy is considered as the activation

energy for escape from the secondary minimum. Because

fM(vp) is a probability distribution function, the integral of

fM(vp)dvp over any interval in vp equals the fraction of

particles that have velocities falling in this interval, and

its integral over all values of vp is one. Therefore, Hahn and

O’Melia could define a theoretical collision efficiency factor

for capture in the secondary minimum (a) as follows:

a ¼ 1�
Fraction of particles with

kinetic energy greater than

activation energy

0
@

1
A

¼ 1� Fraction of particles

with vp > vp;act

� �
¼ 1�

Z1

vp;act

fM vp
� �

(14-46)

where vp,act is the velocity required for a particle to have

kinetic energy equal to the activation energy for escape from

the secondary minimum.

As explained in Chapter 11, the depth of the secondary

minimum (here considered as the activation energy) is

determined by the characteristics of the solution, surface

potential on the particle, and Hamaker constant. Under

carefully controlled conditions, these values are all known.

Hahn and O’Melia showed excellent agreement of this

model with the previously reported experimental results.

14.5 PREDICTED CLEAN BED REMOVAL IN
STANDARDWATER ANDWASTEWATER

TREATMENT FILTERS

It is instructive to explore the predictions of the models for

clean bed particle removal in what might be considered a

standard design and the effects of various design and

operating variables on these predictions. Consider first a

deep bed filter for drinking water, and also that earlier

treatment includes alum flocculation and sedimentation.

The particles remaining will have a low density (assuming

sweep floc conditions) and a broad size distribution; here, we

assume that the density is 1.08 g/cm3 and that particles might

range from 0.1 to 100mm. The removal efficiency for a clean

filter can be predicted from the Yao et al. model using

Equations 14-22, 14-24, 14-26, 14-30, and 14-31; the pre-

dicted removal efficiency is shown in Figure 14-9 for

conditions specified in this figure.

The results for conditions such that the attachment effi-

ciency (a) is 1 are shown by the solid line in Figure 14-9. The

strong effect of particle size is apparent, with essentially

complete removal of all particles greater than 10mm
(log dp> 1.0), minimum removal (�25%) of particles

1.3mm in diameter (log dp¼ 0.1), and good but not excellent

removal of the smallest particles. Such removal would be

considered inadequate for drinking water purposes: many

particles would pass through the filter and the resulting

particle number concentration or turbidity would be too

high. Because the results shown characterize the filter

performance right at the beginning of the filter run, the

filter could still operate successfully, but only after it ripens;

8 Recall from Chapter 11 that, when two like-charged particles approach

one another, the combination of van der Waals attraction, electrical repul-

sion, and Born repulsion leads to two local maxima in the net attractive

force: one at a shorter separation distance, where the net attraction is very

strong (the primary minimum in interaction energy) and one at a greater

separation where the interaction is weaker, but still attractive (the secondary

minimum).
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that is, after removal increases during the early part of the

run. Without ripening, filters for drinking water applications

would need to be designed and operated more stringently;

that is, with greater media depth, smaller media, lower

velocity, or some combination of these three. Fortunately,

substantial ripening does occur and removal is quickly

improved over that predicted in this example.

As noted previously, control of the surface chemistry to

destabilize the particles is an essential part of filtration. The

attachment efficiency factor, a, must account for all short-

range phenomena and various factors not accounted for

explicitly in the formulation of the model; these factors

include van der Waals attraction (in some of the modeling),

electrostatic interactions, effects of interparticle bridging or

enmeshment in a floc, deviations from random packing,

nonspherical media, incomplete description of the flow field,

and perhaps other imperfections in the model assumptions.

Of these factors, the destabilization effects (charge neutrali-

zation, enmeshment in a precipitate, or interparticle bridg-

ing) are the most variable among suspensions and the most

controllable by the operator. It is not uncommon, therefore,

for a to be referred to as a measure of the destabilization

achieved.

The dramatic effect of the attachment efficiency is dem-

onstrated in Figure 14-9 by comparison of predicted results

for complete destabilization (a¼ 1) and poor destabilization

(a¼ 0.1). (a values can be orders of magnitude <0.1 so this

latter condition represents a case where the destabilization,

although not perfect, is within the range that might be

achieved in operating treatment plants.) Except for the

very largest particles (of which one would expect very

few at this stage of treatment), removal is dramatically

less with a¼ 0.1 than with a¼ 1. For example, 10mm
(log dp¼ 1.0) particles, which are almost completely

removed (98%) in the perfect destabilization case, have

only a 31% removal efficiency under the less than ideal

destabilization conditions considered.

A primary conclusion in the original Yao, et al. (1971)

paper was that, in filters of standard design treating typical

suspensions, opportunities for collisions between particles in

suspension and media grains (i.e., for long-range transport to

bring particles into the proximity of media grains) are

plentiful, so that excellent removal should be achieved as

long as the proper chemical (destabilization) conditions

are maintained.9 As suggested by the model results in

Figure 14-9, poor removal is expected when destabilization

is poor. Several laboratory studies have confirmed these

effects of destabilization (e.g., Habibian and O’Melia, 1975)

and thereby confirm both the importance of proper surface

chemistry and the unimportance of straining in deep bed

filtration (because removal by straining would be insensitive

to surface chemistry). A study of operating full-scale water

treatment facilities (Cleasby et al., 1992) also concluded that

improper destabilization chemistry was the primary cause of

poor particle removal (or detachment of captured particles)

in deep bed filters. If a filter is achieving less than satisfac-

tory removal, the first factor to investigate is the destabili-

zation chemistry.

A comparison of the three models presented above for the

typical conditions is shown in Figure 14-10. The predictions

for small particles (i.e., those in the range for which

Brownian motion dominates) are quite different. The differ-

ence in this range between the models of Yao and Rajago-

palan and Tien stems entirely from the use of the Happel

flow model in Rajagopalan and Tien’s work and the isolated

FIGURE 14-9. Effects of attachment efficiency on overall filter

removal efficiency. (Same conditions as in Figure 14-7; also Z

¼ 60 cm; e¼ 0.40.)

FIGURE 14-10. Comparison of the three most common filtration

models. (All conditions same as in Figure 14-9; a¼ 1.)

9 This conclusion is not so obvious from Figure 14-9, Yao et al. drew this

conclusion based in part on their recommendation to use the Cookson–

Happel equation for hBr. As shown subsequently, this equation predicts

greater removal efficiency for small particles than that calculated by

Equation 14-30 and shown in Figure 14-9.
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collector flow model in Yao’s work; as noted above, both

models used the same expression for the capture by Brow-

nian motion except for the flowmodel. The Rajagopalan and

Tien model predicts the best removal for small particle sizes

and the Tufenkji and Elimelech model predicts the best

removal for the larger sizes, but the basic conclusions given

above for the Yao et al. model still hold true; that is, ripening

is necessary to achieve excellent removal, both large and

small particles are captured better than some intermediate

size in the range of 1mm, and excellent destabilization is

necessary for good particle removal.

Design Tradeoffs

Because designers have many variables under their control,

it is valuable to consider what these models suggest about

the tradeoffs among the principal design variables: the size

of the media (dc), the depth of the media (Z), and the

filtration velocity (v0). In considering these tradeoffs, the

Yao et al. model is easiest to work with because of its

mathematical simplicity and the complete separation of the

different mechanisms; in the discussion below, the algebraic

result is shown from the Yao et al. model, but corresponding

numerical results from all three models are shown.

The predicted effects from tradeoffs among filtration

velocity, filter depth, and media size are illustrated in

Figure 14-11 for the three models. The baseline or standard

condition is the same as shown in Figure 14-10. As noted

above, the primary interest in filtration has traditionally been

the removal of particles >�1mm, and these particles (at

least according to the Yao et al. model) are primarily

removed by the sedimentation mechanism within rapid

rate filters. The alternative designs shown in Figure 14-11

were chosen in such a way that the removal by sedimentation

according to this model would be the same for all four

conditions. If the removal were accomplished by sedimen-

tation alone (i.e., h¼ hg), the removal in the full depth of the

filter would be computed by inserting the single collector

removal efficiency for sedimentation, hg (Equation 14-26),

into Equation 14-22, yielding

ln
Nout

N in

¼ � 3

2

1� eð Þa rp � rL
� �

gd2
p

18mv0

Z

dc

(14-47)

In such a case, two filters (A and B) with the same porosity

would have the same predicted removal efficiency for the

same suspension if the following condition was met:

ZA

voAdcA

¼ ZB

voBdcB

(14-48)

According to this equation, if a designer wants to change

from one media size to a larger size (from dcA to dcB) and

maintain the same removal efficiency for large particles, the

depth of media should be increased proportionally (such that

ZB/ZA¼ dcB/dcA). Similarly, an increase in velocity should

be offset with a proportional increase in media depth or a

proportional decrease in media size.

The three conditions shown in Figure 14-11 besides the

standard condition (Case I) all satisfy the criterion of

Equation 14-48 relative to the standard condition; that is,

if Case I is considered as filter A, the three other cases are

different options for filter B that satisfy Equation 14-48.

Consider first the results in Figure 14-11a (the Yao et al.

FIGURE 14-11. Effects of design tradeoffs among the major

variables: depth, velocity, and media size according to several

models. (Standard case as in Figure 14-10.)
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model). For particles larger than the size corresponding to

the minimum removal efficiency, the predicted perform-

ance of the filter is quite similar for all four cases. This

result is expected, because sedimentation is the dominant

mechanism for these particles, and the conditions have

been chosen to make removal by this mechanism identical

in all four cases. Even so, the results are not identical in

this range because collisions induced by interception and

Brownian motion, while relatively unimportant, are not

negligible.

We consider next what would be required for removal of

particles by interception to be identical in two filters. A

combination of Equations 14-24 and 14-22 suggests that the

following equation must be satisfied to meet this condition

according to the Yao et al. model

ZA

d3
cA

¼ ZB

d3
cB

(14-49)

Since interception relies on strictly geometric factors, the

velocity of water flow through the column is predicted to

have no effect on particle removal efficiency by this mech-

anism. Equation 14-49 indicates that the diameter of the

collector grains is very important in determining the fre-

quency of particle–collector collisions by interception. For

instance, if we were to double the media size, the equation

predicts that the filter column would have to lengthened by a

factor of eight in order to maintain equivalent interception-

induced collision rates.

In practice, the media size used in filters has gradually

increased over the past 50 years, but designers have included

minimal changes in the depth of the bed (certainly not more

than a proportional increase); the fact that these filters have

operated satisfactorily (i.e., with little change in effluent

quality) suggests that interception (at least as described in

this model) is not the dominant mechanism of removal.

For smaller particles (i.e., for sizes below the diameter of

minimum removal efficiency), Brownian motion is the

dominant transport mechanism, and the removal efficiencies

under the four conditions shown in Figure 14-11a are

substantially different. For removal by Brownian motion

to be identical for different designs (A and B), the following

condition (found from Equations 14-22 and either 14-30 or

14-38) must be met according to the Yao et al. model

ZA

v
2=3
0A d

5=3
cA

¼ ZB

v
2=3
0B d

5=3
cB

(14-50)

This condition is very nearly met in the comparison of the

baseline case with Case IV; the difference in the ratio

expressed in Equation 14-50 between these two cases is

<5%. As a consequence, the predictions for the removal of

small particles are almost identical in the two cases. The

other conditions (Cases II and III), however, yield different

results. For Case II, changing the length proportionally to the

change in media size is less than what is required to keep the

removal of small particles the same, and so the removal

efficiency is less than in the standard case for these particles.

For Case III, changing the length proportionally to the

change in filtration velocity is more than what is required

to keep the removal of small particles the same, and so the

removal efficiency is greater than in the standard case for

these particles.

The predicted removal efficiencies according to the other

two models are shown in Figure 14-11b,c for the same four

cases. The differences among these models for the standard

conditions are explained along with Figure 14-10. The

tradeoffs among depth, velocity, and media size according

to the Tufenkji and Elimelech model are nearly identical to

those of the Rajagopalan and Tien model, in terms of

changes from their respective standard conditions, but

both of these models predict a greater change in removal

efficiency among the different conditions than the Yao et al.

model. Nevertheless, the predictions of all three models

suggest that condition III (triple the standard velocity and

filter depth) leads to better removal, whereas condition II

(double the media size and depth) leads to worse removal

than the standard condition. These results suggest that, in

terms of the resulting water quality, increasing the media

size is a more risky alternative than increasing the velocity.

For small particles, the Tufenkji and Elimelech model is

intermediate between the other models for all conditions;

recall that the only difference between the Rajagopalan and

Tien model and the Yao et al. model for the small particles is

the inclusion of the Happel flow parameter.

Another difference among the models is the effect of

various design changes on the diameter associated with the

least removal efficiency; for all the models, this point reflects

the size below which removal by Brownian motion becomes

the most significant. In this regard, the Yao et al. model is

quite insensitive to the changes shown, although this value

decreases relative to the standard condition for the increased

media size and increases for the increased velocity. The

other two models have a more sensitive response to these

design and operational changes, and suggest the opposite

effect: the condition that leads to the smallest diameter

associated with the lowest removal efficiency is the one

with increased velocity, and that diameter is increased for

the condition with increased diameter. Across all the results

shown for all three models, this diameter associated with the

least removal efficiency varies from �0.8 to 2.2mm (log

diameters of �0.1 and 0.35, respectively).

These conclusions about the differences among the three

models depend to some extent on the specific conditions being

considered. For instance, if a much higher particle density is

chosen (e.g., > 2.0 g/cm3), the right portions of the curves in

the Rajagopalan and Tien and the Tufenkji and Elimelech
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models fall much closer to one another and, in that way,

becomemuchmore similar to the predictions of the Yao et al.

model. Additional investigation of the tradeoffs among vari-

ous design and operating parameters is instructive and can be

carried out by developing spreadsheets to compute various

transport efficiencies under different conditions.

14.6 HEAD LOSS IN A CLEAN FILTER BED

Several models have been developed to describe the loss of

energy as water passes through the porous media of a filter.

For laminar flow (low Reynolds number) conditions, the

most commonly used is the Carman–Kozeny equation,

named after the original investigators responsible for its

development (Kozeny, 1927; Carman, 1937).

The driving force for water flow through a length Dz of

the media equals the product of the difference in available

energy per unit volume (DEV) over this length and the cross-

sectional area of water. For the system under consideration

(illustrated in Figure 14-12), the cross-sectional area of the

water is assumed to be the product of the porosity and the

total area; that is, the area porosity is assumed to be

equivalent to the volume porosity, a reasonable assumption

for random packing. Equation 14-1 indicates that DEV is

rLghL, so

Fwater flow ¼ DEVð ÞAe ¼ rLghLAe (14-51)

The media grains exert a frictional resisting force on the

water at the grain/water interface, which generates fluid

shear throughout the aqueous phase. The magnitude of this

force is the product of the stress on the media (t) and the

total surface area of the grains in the section of interest.

Expressing the surface area over the full length of the bed (Z)

as the product of the surface area per unit volume of bed (S)

and the volume of the bed in this length, we obtain

Fresisting flow ¼ tSAZ (14-52)

A number of substitutions can be made into Equation

14-52 to make it more useful in this situation. First, a

dimensional analysis10 is carried out, assuming that the

stress is a function of the fluid viscosity (m), fluid density

(rL), hydraulic radius (rH), and average interstitial velocity

in the pores (vpore). The hydraulic radius is a characteristic

length that is related to the geometry of the flow path and that

serves as an indicator of the geometric contribution to the

resistance to flow. For well-defined flow paths (e.g., pipes or

open channels), rH is normally defined as the ratio of the

wetted area to the wetted perimeter. Unfortunately, a wetted

perimeter cannot be easily defined for the complex flow path

in the system of interest here. Under the circumstances, one

reasonable definition of rH might be the ratio of the wetted

volume to the wetted area. However, this definition implic-

itly assumes that, as water moves through the bed, its flow is

resisted by the average surface area per unit volume. This

assumption would be valid if the water followed a linear path

from the entrance to the exit. In truth, though, thewater takes

a tortuous path, and its sideways motion causes it to encoun-

ter additional surface area without encountering additional

volume. To account for this fact, we define rH as the ratio

of the wetted volume to the product of the wetted area and

the tortuosity, where the tortuosity is the ratio of the true

distance traveled by the water (Ze) to the length of the

bed (Z); that is

rH ¼ e
S Ze=Zð Þ ¼

e
S

Z

Ze

(14-53)

The dimensional analysis yields the following relation-

ship:

t

rLv
2
pore

¼ ka
m

rLvporerH
(14-54)

where ka is a constant of proportionality. The average

interstitial velocity, vpore, is related to the superficial veloc-

ity, v0, as follows:

vpore ¼ v0

e
Ze

Z
(14-55)

The first fraction on the right side of Equation 14-55

equals the average fluid velocity in the z direction inside the

bed, and the second fraction accounts for the fact that the

actual path is not just in this direction, but is tortuous.

A 

P1

P2

Δz v0

FIGURE 14-12. Definition sketch for pressure drop in flow

through porous media.

10 In a dimensional analysis, a dependent variable of interest (z) is assumed

to be related to several independent variables (s, t, u, . . . ) by an equation

of the form: z¼ satbuc . . . In many cases, the need for dimensional

consistency in this relationship establishes what the values of the exponents

(a, b, and c, in this example) must be. It is common to then combine the

variables into dimensionless groups and express the final relationship in

terms of these groups, as is done in Equation 14-54.
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Finally, the surface area per unit volume of bed, S, can be

related to the porosity and the surface area per unit volume

of media (S0) as follows:

S ¼ S0ð1� eÞ (14-56)

Substituting Equations 14-53 to 14-56 into Equation

14-52 yields

Fresisting flow ¼ kamv0S
2
0A

Z2
e

Z

1� eð Þ2
e2

(14-57)

If the water flow is steady, then the driving force for flow

must equal the force resisting flow, so Equation 14-57 can be

equated with Equation 14-51 to yield an expression for the

superficial velocity v0 as a function of the physical properties

of the system and the pressure differential across the bed

v0 ¼ 1

ka

e3

1� eð Þ2
1

S20

rLghL

m

Z

Z2
e

¼ 1

ka Ze=Zð Þ2
e3

1� eð Þ2
1

S20

rLghL

m

1

Z

¼ 1

k

e3

1� eð Þ2
1

S20

rLghL

m

1

Z
(14-58)

where k � ka Ze=Zð Þ2.
The tortuosity, Ze/Z, and the constant of proportionality,

ka, are both functions of the geometry. They can be derived

from fundamental principles for well-defined geometries,

but they can only be estimated for random packing (as is

common in filters and other environmental systems).

Typically, these two terms are lumped into a single empirical

constant, k, as shown in Equation 14-58. Solving this

equation for the head loss per unit length of the filter yields

the Carman–Kozeny equation

hL

Z
¼ k

m

rLg

1� eð Þ2
e3

S20v0 (14-59)

k is usually found to be between 4.5 and 6 (and most

commonly assumed to be 5) for random packed media.

The Carman–Kozeny equation is considered to be a

fundamental equation describing the head loss in a clean

filter bed as a function of properties of the fluid, properties of

the media, and design and operating variables. The head loss

is directly proportional to the length (or depth) of the filter

and also directly proportional to the superficial velocity (not

the velocity squared, as is typically the case for turbulent

flow. For spherical media, the specific surface area, S0, is the

ratio of the surface area of a sphere (pd2
c) to the volume of a

sphere (pd3
c=6), yielding S0¼ 6/dc. For nonspherical media,

the constant 6 is replaced by a shape factor, f, with a value

greater than 6 (because a sphere has the minimum surface

area per unit volume of any shape). For common media in

use in filters (sand, charcoal, and activated carbon), a value

of f of 7.5 is common.11

& EXAMPLE 14-8. Find the head loss according to the

Carman–Kozeny equation for the filter described in earlier

examples.Assumethat thevalueof theconstant,k, is5andthat

the sand grains have a shape factor of 7.5.

Solution. The characteristics of the filter are: media

depth¼ 60 cm, media size¼ 0.6mm, porosity¼ 0.40, tem-

perature of water¼ 25�C at which the density¼ 0.997 g/cm3

and the viscosity¼ 8.91� 10�3 g/cm s. The solution is a

direct application of Equation 14-59.

hL ¼ k
m

rLg

1� eð Þ2
e3

S20v0Z

¼ 5
8:91� 10�3 g=cm s

0:997 g=cm3ð Þ 981 cm=s2ð Þ

� 1� 0:40ð Þ2
0:403

 !
7:5

0:06 cm

� �2

0:14 cm=sð Þ 60 cmð Þ

¼ 33:6 cm &

Several other equations to describe the head loss in filters

have also been used. These equations are similar but not

identical to the Carman–Kozeny equation with respect to the

functionality of certain variables and the numerical results

under certain conditions. Tien (1989) tabulated many of

these equations, and Trussell and Chang (1999) summarized

how the more common equations were derived. The

Carman–Kozeny equation assumes creeping flow around

the media grains (i.e., the inertial terms in the Navier–Stokes

equation are ignored); while this assumption has been

reasonable for traditional filter designs, modern filters often

have much higher velocity and the assumption can be

questionable. Ergun (1952) proposed an equation that com-

bined two terms—the first with the same functionality as the

Carman–Kozeny equation and the second to account for

inertial effects, as follows:

hL ¼ k1
m

rLg

1� eð Þ2
e3

S20v0Z þ k2
1

g

1� eð Þ
e3

S0v
2
0Z (14-60)

11 Some authors write this equation slightly differently, by taking the factor

of 62 out of the S0 term and introducing the sphericity (C) into this term.

Sphericity is the ratio of the surface area of a sphere to the surface area of the

grain, when both have the same volume-equivalent diameter, and therefore

is less than one. It is equivalent to 6/f. Multiplying the common value of 5

for k by 62 leads to a leading coefficient value of 180.
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Thevalues ofk1 andk2, based onErgun’s originalwork, are

considered to be 4.17 and 0.29, respectively. For spheres

(where S0¼ 6/dc), the factors of 6 can be incorporated into the

coefficients, yielding values of 150 and 1.75, respectively, and

S0 is replaced by 1/dc, as Ergun originally reported. The

second term contributes a significant fraction of the overall

head loss only for filters with quite high velocities and large

media. Thefirst term inEquation14-60has a lower coefficient

but otherwise identical functionality as the Carman–Kozeny

equation, and therefore this equation yields a lower predicted

head loss when the second term is negligible. Later investi-

gators have generally reported values that make the Carman–

Kozeny and Ergun equations agree at low velocities; for

example, MacDonald et al. (1979) reported k1 and k2 to be

5 and 0.3 (when the equation is written as in Equation 14-60).

Trussell andChang (1999) proposed that different coefficients

are required for different types of media and suggested a

range of values for some commonly used media. Given that

not all media grains are identical in size and shape, they also

noted the difficulty in choosing a single equivalent diameter

to use in any of these equations; the usual choice is the

“effective size.”12

14.7 FILTRATION DYNAMICS: EXPERIMENTAL

FINDINGS OF CHANGES WITH TIME

The behavior of filters throughout a run is quite dynamic, as

indicated above. Some of the experimental studies that

elucidate this behavior are indicated here, but a complete

compilation of the literature is not included. In the subse-

quent section, the mathematical modeling of filtration

dynamics is given. Periodically, reviews of the filtration

literature have been written; examples include those by Ives

(1971, 1980), Herzig et al. (1970), O’Melia (1985), and

Amirtharajah (1988). Tien (1989) provided a comprehensive

view of theoretical work on filtration, and many experimen-

tal studies are also cited throughout that book. The chapters

in other books (Cleasby, 1972; Cleasby and Logsdon, 1999;

MWH, 2005; and Tobiason et al., 2011) also summarize a

large body of literature on filtration.

Filters exhibit several different phenomena over the

course of a filter run. Immediately after backwashing, the

effluent quality can undergo dramatic short-term changes as

the residual backwash water is replaced with fresh influent.

Ripening (improved removal with time), breakoff (deterio-

rating removal associated with the detachment of previously

retained particles), and breakthrough (deteriorating removal

with time caused either by breakoff or lack of capture) can

all follow. Different parts of a filter bed might well be at

different stages of this process at the same time; for example,

the top of a bed might be experiencing breakthrough while

the bottom is still ripening. Similarly, different particle sizes

within a suspension might be at different stages of this

process at the same time and location within the bed. These

phenomena are influenced by all the major independent

variables as well. Meanwhile, the head loss inexorably rises

and is influenced by all the major variables and the phe-

nomena influencing the capture of particles.

Immediately After Backwashing

Amirtharajah and Wetstein (1980) presented a comprehen-

sive study of filter behavior in the brief period immediately

after backwashing. They showed experimental evidence that

the effluent concentration of particles is low for some short

period, rises for another short period, begins to fall, rises a

second time, and then falls continuously for an extended

period. They envisioned three remnants of backwash water

(water in the underdrain system, in the media itself, and

above the media) to be responsible for this complicated

behavior. The lag period before the first rise was caused by

clean backwash water in the underdrain system below the

filter. The first rise and peak was caused by backwash water

that was within the media when backwashing was ended.

They found that this water could be dirtier than the backwash

water above the media and attributed this observation to

collisions among the media grains as the bed contracted

from its fluidized state during backwashing, allowing parti-

cles still attached to the media to become dislodged. The

second rise and peak were caused by the mixing of new

influent with the remnant of backwash water above the

media at the end of backwashing, combined with the rela-

tively poor removal of particles by clean media. A long

period of improving quality followed the second peak; this

period is the ripening period that has been noted throughout

this chapter. In laboratory experiments in which the bed is

completely clean and filled with clean water prior to initia-

tion, only one of these peaks (the equivalent of the second)

is noticeable.

Amburgey et al. (2003, 2004) proposed that several steps

in the above sequence could be eliminated, or at least greatly

reduced in severity, by extending the backwash period at a

slower flow rate than the full backwash rate so as to replace

all the water in the filter with clean backwash water before

ending the backwash. These investigators also found that, in

some cases, the effluent quality immediately after the restart

of the filter could be improved if this start were delayed by a

period of time—even up to 1 h. The benefits of such a change

in operating procedure would have to be weighed against

potential disadvantages brought on by the increased hydrau-

lic load on the other filters in service. Other investigators

12 Filter media are generally subjected to a sieving test, in which the percent

by weight that passes through each sieve opening size is recorded. The

effective size, de, is the value of d10, the sieve opening throughwhich 10% of

the media (by weight) passes. A second characteristic, the uniformity

coefficient, is also defined from this test as the ratio d60/d10; values in

the range of 1.3–1.5 are common.
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(e.g., Colton et al., 1996) have studied the effects of a “slow

start” to a filter run (running the filter at a lower filtration

velocity until ripening is complete).

The fact that relatively poor effluent quality is often

obtained at the beginning of a filter run was recognized early

in the twentieth century. To deal with this phenomenon, most

filters in drinkingwater treatment plants are equippedwith the

ability to waste (send back to the head of the plant) the water

that initially comes through; this ability is reflected in Fig-

ure 14-1 by valve E. As noted earlier, wastewater filters

generally do not have this capability. Even in drinking water

systems, some filters have been designed without the possi-

bility of wasting, with the thought that the small amount of

breakthrough at that stage of a filter run was insignificant

when averaged over an entire filter run. The better use of

destabilizing chemicals in water treatment, sometimes added

to the backwash water near the end of the backwash period

(Harris, 1970),minimizes the period of poor removal, and this

practice contributed to the idea that filters could be designed

without the capability of wasting. However, with the current

concern in drinking water applications about Giardia and

Cryptosporidium (pathogenic organisms which, because of

their rather impenetrable cysts, are very poorly disinfected

by conventional means and therefore must be physically

removed for protection of the public health), interest in the

possibility of breakthrough in this early stage is quite high.

Some evidence suggests that a substantial fraction of all the

particles that are not captured during a filter run can break

through in the initial few minutes.

Ripening

After the initial flushing of water and particles in the bed

prior to beginning a new filter run, particle removal gener-

ally improves for a significant time period, because collected

particles act as additional media in helping to capture

particles in suspension. The reasons are both physical and

chemical. Physically, retained particles protrude into the

void space; the flow pattern, and therefore the trajectory of

suspended particles, is determined more by the media grains

than by the already-captured particle. The protrusion of a

captured particle into the flow field considerably increases

the opportunity for capture, so that ripening occurs. Chemi-

cally, proper destabilization ensures that the particle–particle

interactionswill be favorable for attachment, perhapsmore so

than the particle–media interactions. Numerous studies have

shown the effects of favorable particle–particle surface

chemistry on ripening, perhaps none more directly than those

from Habibian and O’Melia (1975) shown in Figure 14-13.

The results of jar tests, which characterize particle–particle

interactions only, indicated that the optimum dose of polymer

for the particular suspension and polymer investigated

was 0.07mg/L (Figure 14-13a), and that both higher and

lower doses resulted in a very stable suspension. When this

optimum dose was used during filtration, the filter ripened

quickly and gave excellent effluent quality (Figure 14-13b,

Filter 4), whereas all other doses gave poor results.

Because the filter receiving the optimally destabilized sus-

pensionwas the only onewith substantial removal, it was also

the only one that had a substantial increase in head loss

(Figure 14-13c).

In a creative study allowing independent variation of the

particle–media and particle–particle chemical interactions,

Elimelech and O’Melia (1990) showed that effective ripen-

ing required both particle–media and particle–particle inter-

actions to be favorable. As noted above, good ripening is

essential for excellent removal in most common filter

designs. Ripening can have dramatic effects on filtration

efficiency over the first 10–40min of a typical filter run (e.g.,

Cleasby and Baumann, 1962; Tobiason et al., 1993), but can

also continue for extended periods of several hours (e.g.,

Iwasaki, 1937; Clark et al., 1992).

Breakthrough

The concept that filters have a finite capacity for removal is

probably obvious and certainly well documented. As the

deposit grows, the interstitial velocity rises, with the result

that it is both more difficult for additional particles to attach

and more likely that a previously retained particle will expe-

rience shear forces that exceed the attachment force. Either a

lessening of attachment or some degree of detachment will

lead to a reduction in particle capture; that is, to breakthrough.

Evidence of breakthrough has been reported for many

years (e.g., Eliassen, 1941; Adin and Rebhun, 1987; Ginn

et al., 1992; Lewis and Manz, 1991; Moran et al., 1993a;

Hahn et al., 2004). As noted subsequently, macroscopic

models of filtration have included terms to describe break-

through in a few different ways, reflecting different ideas of

why breakthrough occurs.

One of the more perplexing questions associated with

breakthrough has been whether it is caused primarily by the

lack of capture (i.e., particles passing directly through the

filter without being caught) or by detachment of previously

retained particles. The question has been perplexing because

effluent measurements alone, in a normal filter run, cannot

differentiate between the different causes of breakthrough.

Increasing evidence from experiments designed to overcome

this problem suggests that detachment is the primary cause

of breakthrough. The early evidence of the importance of

detachment came from experiments using radio-labeled

particles for part of a filter run and monitoring the possible

migration of captured particles after switching the influent to

nonlabeled particles (Stanley, 1955); overall, these experi-

ments were somewhat inconclusive, but some clearly dem-

onstrated detachment. Logsdon et al. (1981) used a similar

concept, spiking the influent with Giardia cysts for a period

and then terminating the spiking and monitoring the effluent
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to see if cysts were detected after the spiking was stopped;

Giardia cysts were found well after the spiking, providing

unambiguous evidence of detachment.

Payatakes et al. (1981) used a two-dimensional appara-

tus equivalent to using rods (of very short length) as the

filter media to simulate the grains of a real filter; observa-

tions made through a video camera provided direct evi-

dence of the re-entrainment of captured particles and flocs.

Ives (1989) observed grains and pores in three-dimensional

filter beds through a fiber optic endoscope. He found that

when a considerable amount of deposit had builtup on the

top of a media grain, some particle detachment took place,

apparently the result of instabilities caused by arriving

particles. An analogy was made to snow deposition on

mountainsides, with occasional occurrences of small ava-

lanches. Moran et al. (1993b) performed experiments in

which a long period of the buildup of deposit from an

influent at one particle concentration was followed by a

brief period with an influent at much lower particle con-

centration; after the switch to the low concentration, the

suspension concentration at various depths in the bed was

higher than the (reduced) influent concentration, again

providing incontrovertible evidence of detachment of par-

ticles and/or flocs.

An example of both ripening and breakthrough, and

how they occur throughout the size range, is shown in

Figure 14-14. The results are from laboratory experiments

using the effluent from sedimentation at a drinking water

softening plant at the conditions specified in this figure. In

Figure 14-14, the (log) removal is indicated for each size by

the vertical separation between the influent curve and the

curves at Port G at the two times shown. In Figure 14–14a,

ripening is indicated by the greater removal at 66min than at

17min for particles throughout the size range investigated.

Note the general increase in removal with increasing size

throughout the measured size range at both times; this effect

is conceptually consistent with, but much less dramatic than,

that predicted by the models for clean bed removal discussed

above. In Figure 14-14b, the results at 2682min (�46 h)

indicate breakthrough for most of the size range—the

removal efficiency has decreased in comparison to that at

66min for all but the smallest sizes. For the very smallest

sizes shown, better removal was still apparent at the long

time period in comparison to that at 66min.
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media. Source: From Habibian and O’Melia (1975).
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A major cause of detachment of previously captured

particles in water and wastewater treatment plants is an

increase in the filtrationvelocity. Such changes in the filtration

velocity occur regularly when one filter in a bank of filters

operating in parallel is taken out of service for backwashing.

To keep a constant overall flow rate in the plant, the other

filters take the flow from the missing one and thereby expe-

rience a hydraulic surge; especially if this change occurs

rapidly, this surge causes detachment of previously retained

particles (Kawamura, 2000).

Head Loss

The total head in a gravity filter is the sumof the elevation head

(hel) and the pressure head (hp); the elevation head, by defini-

tion, decreases linearly (at a slope of 1) with depth throughout

the filter at all times. In a filter with no flow, the pressure head

increases linearly with depth (also at a slope of 1), so the total

head is constant through the filter, as shown in Figure 14-15a.

This figure includes only themedia andwater above themedia;

that is, the gravel support and underdrain system below the

media are ignored.

In a clean bed with flow (Figure 14-15b), the pressure

head increases at a slope of 1 from the water level to the top

of the media, as in the no-flow case. If the media bed has

uniform characteristics, the change in pressure head through

the bed is also linear, but the slope is less than that above the

bed, because energy is expended to overcome the friction

between the water and the grains. (The slope of the pressure

head line in Figure 14-15b is visually steeper than in

Figure 14-15a, but since the dependent variable of head is

plotted on the horizontal axis, the derivative of pressure head

with respect to depth is less than 1.) If the Carman–Kozeny

expression holds, the slope of this portion of the line for

pressure head can be determined from Equation 14-59. The

total head (htot) is, therefore, constant from the water level to

FIGURE 14-14. Filter ripening (a) and breakthrough (b) throughout a size distribution. (Filter

conditions: Port G at a depth of 746mm, filtration velocity¼ 6.5m/h; sandmedia¼ 1.85mm; influent

suspension was effluent from a sedimentation tank at a water softening plant, so most particles

were CaCO3.)
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the top of the media, and then decreases linearly with depth

to the bottom of the filter. The head loss at any depth is the

difference between the total head at the top of the filter and

the total head at that depth. Since the elevation head is

independent of the flow and the total head is a constant at

static (no-flow) conditions, the head loss at any depth is also

equal to the difference between the pressure heads under

static and flow conditions at this depth; this fact is indicated

in Figure 14-15b by equal lengths of lines (with double-

headed arrows) at the same depth.

Figure 14-16 represents a conceptual picture of the head

loss development throughout a filter run. Because the loss

of total head from the top of the media to a given location

equals the loss of pressure head at this location relative to

the no-flow condition, only the pressure head is shown in

Figure 14-16a. The static (no-flow) head is again repre-

sented by a line with 1:1 slope in this figure, and the

pressure head with flow through the clean media (time zero

of the filter run, indicated as t0 in this figure) is again

indicated by a straight line with lesser increase in head with

increasing depth.

As particles are captured and the deposit grows during a

filter run, the pressure head is no longer a linear function

of depth; for example, conditions that might be found

early in a filter run are represented by the line labeled t1
in Figure 14-16a. More particles are captured near the top of

the media than at lower depths, both because the concentra-

tion is higher (and removal with length is proportional to the

concentration for any size, as shown by Equations 14-4 or

14-19), and because, after a short time, the already-captured

particles help to capture the later ones. As a result, the

friction losses are much higher per unit depth near the top of

the media than at lower depths, and the pressure head

increases much less than in the static case, and can even

decrease. Early in a filter run, few particles reach the bottom

part of the filter, and so the rate of rise of the pressure head is

nearly the same as in the clean bed (t0) case. That is, most of

the additional head loss caused by the captured particles

(i.e., the difference between the head loss at time zero and

the head loss at t1) occurs in the top portion of the bed.

As time proceeds, ripening tends to exacerbate

this situation, so even more head loss occurs at the top
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(times t2 and t3 in Figure 14-16a). At still later times (not

shown), breakoff (detachment) of some particles or flocs

occurs near the top of the filter, and these particles are

recaptured lower in the filter, so the head loss begins to be

spread out more over the filter depth. Figure 14-16b illus-

trates these ideas on a fractional basis.

Although not shown, we can imagine a fourth time after

the start of the filter run in Figure 14-16a, at which the head

would penetrate the vertical axis—that is, a negative pres-

sure head could occur. In such a situation, the pressure would

be less than atmospheric pressure. It is essential to avoid this

situation in real filters because, as explained in Chapter 13, it

would allow dissolved gases (oxygen, nitrogen) that had

equilibrated with the water at atmospheric pressure to come

out of solution. These gases could form bubbles that would

interfere with the operation of the filter.

Captured particles increase the head loss both because

they provide additional surface and therefore increase the

frictional resistance to water flow and because they reduce

the available pore volume for the flow. These phenomena

have somewhat independent effects on the increase in head

loss. Many experiments have indicated that the capture of

the same volume of particles of different sizes causes

different amounts of incremental head loss: smaller particles

generate greater head loss, presumably because of their

greater surface area. Also, capturing the same mass (and

same surface area) of particles on media of different sizes

results in less additional head loss for the larger media. As in

many areas of filtration, the effects are often difficult to

separate because the pattern of removal with filter depth (or

the morphology of the deposit) is also changed with the

change in any design variable. A few of the models that

account for these changes in head loss are described subse-

quently. First, however, we consider the effects of design and

operational variables on filter behavior in a conceptual way.

Filtration Dynamics: Effects of Design
and Operational Variables

Earlier, we investigated the effects of design and operational

variables on clean bed removal using the clean bed models.

Now, we consider the effects of these variables on filter

behavior throughout a filtration run; prior to investigating

mathematical models that have been proposed to describe

these effects, we use a conceptual approach. Of interest are

both the primary design and operational variables (media

size, bed depth, and filtration velocity) and the influent

particle concentration. We investigate how the progression

of effluent quality and head loss through a filter run is

changed by an increase in one or more of these variables.

Typical values for these variables are shown in Table 14-3. In

the past 30 years, designers have extended the range of each

of these variables beyond those that had been used for many

years prior, although many filters are still designed and

operated within the range labeled as traditional. As noted

previously, designers have tended to increase the depth of

the filter as they have increased either the media size or

filtration velocity, although often less than the proportion-

ately. The analysis below helps explain the effects of these

design variables and provides some justification for the

newer design approaches.

Bed Depth In Figure 14-17, conceptual graphs for the

effluent concentration and head loss are shown for a standard

filter and for a second filter with a bed deeper than the

standard. All other conditions are identical between the two

filters. No specific values are given on either axis, but the

standard filter can be considered as a traditional drinking

water filter. Such filters are on the conservative end of

modern designs, with a bed depth on the order of 40 cm

of 0.5mm sand, and a filtration velocity of 5m/h. In such a

standard filter, the head loss criterion for backwashing would

be met well before the effluent concentration criterion,

assuming adequate particle destabilization, and this trend

is indicated in this figure.

TABLE 14-3. Typical Range of Major Design Variables

for Rapid Rate Filtration

Design Variable Traditional Range Modern Range

Media sizea (mm) 0.4–0.9 0.45–2.0

Depth of media (m) 0.3–1.0 0.5–2.5

Filtration velocity (m/h) 5–10 5–30

aEffective size.
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Consider first the effect of the bed depth on effluent

quality. Under clean bed conditions, the effluent concentra-

tion would be lower for the deeper filter than for the standard

case, as indicated by Equations 14-4, 14-21, or 14-22. Note

that a heterodisperse suspension will change dramatically

through a filter, so it is too simplistic to think that the change

in overall concentration (e.g., turbidity, suspended solids, or

total particle number) can be calculated directly from Equa-

tion 14-22, but it is certainly true that the concentration

would be reduced. As the run proceeds, the greater depth of

the new filter will continue to produce cleaner water, and

hence the effluent concentration is always below that of the

standard filter. It is reasonable to think that the capacity of a

filter to hold particles is roughly proportional to its depth, so

the time or cumulative throughput when substantial break-

through occurs can be expected to increase approximately

proportionally to the increase in depth.

According to the Carman–Kozeny equation (Equation

14-59), the initial head loss is directly proportional to the

depth, so the initial head loss is greater for the deeper filter.

Thedeeperfilter also capturesmore particles than the standard

filter at every instant so the head loss can be expected to rise

more rapidly. However, because the standard filter achieves

excellent removal, the extra depth of the deeper filter receives

water with very few particles to capture, and the increase in

the slope of the head loss curve is quite slight.

If the head loss criterion to backwash is the same value for

the two filters, then the time to backwash or the gross

production of the deeper filter would be reduced compared

with the standard filter. Since the primary difference in the

two head loss curves is the difference at the start of the run,

the amount of the reduction in time or production depends

on the fraction of the overall head loss that is accounted for

by the initial head loss. The advantage of extra depth

(assuming that the head loss criterion dictates the end of

the run in both cases) is the better removal achieved, but it

comes at the expense of a shorter run.

Media Size A modern trend in filter design in water

treatment plants is to increase the media size. Consider

again the changes in effluent quality and head loss between

the same standard filter described above and one with larger

media, but all other characteristics are the same. A concep-

tual graph describing reasonable expectations is shown in

Figure 14-18.

At the start of the filter run, according to Equation 14-22,

an increase in the media size results in an increase in the

effluent concentration; depending on the model used and the

dominant mechanism of collection, the effects can vary in

the range from d�1
c to d�3

c . Since interception (which leads to

the �3 exponent) is rarely dominant, the expected effect

corresponds to �1 exponent for the particles that can be

easily detected and that contribute most of the volume and

mass in most filters. In the early stages of the run, ripening

can be expected to occur somewhat more slowly with the

larger media, given that fewer particles are captured to act as

additional collectors. The reduced removal efficiency can be

expected to continue through the central part of the run, as

less surface and fewer unit bed elements (to use Rajagapolan

and Tien’s term) are available for collection. It is perhaps not

intuitively obvious that breakthrough will happen earlier in

the filter with the larger media, but experimental results

demonstrate this effect. Although the pores are larger, so that

the velocity gradient surrounding the media grains is less

severe (and this effect does mitigate the breakthrough), the

dominant effect is the reduced collector surface area, leading

to reduced capacity to capture and hold particles in the filter.

Increasing media size provides a benefit in terms of head

loss. The initial head loss is less in the filter with larger

grains, since head loss is inversely proportional to the square

of the media size according to Equation 14-59. The head loss

also rises more slowly, in small part because of the reduced

collection of particles, but mostly because the larger pores

mean less restriction of the flow; in other words, the same

reasons that the head loss is less at the start of the run are

maintained throughout the run.

Considered in light of the criteria for backwashing, these

results are quite useful. Increasing the media size reduces the

time or cumulative volume throughput when the effluent

concentration criterion will be met but increases the time for

the head loss criterion to be met. If the standard filter meets

the head loss criterion first, then an increase in media size

will bring the times to meet the two criteria closer together.

These ideas were confirmed experimentally by O’Melia

(1974); a conceptual graph demonstrating this idea is shown

in Figure 14-19. The locations of the two lines are dependent

on the filter conditions, the suspension being filtered, and the
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chosen values for the maximum allowable effluent concen-

tration and maximum head loss allowed before backwashing

is considered necessary.

The most efficient design (i.e., the one that maximizes

the production of each filter run) results when the two

criteria are met simultaneously. Most filters, however, meet

one of the criteria to trigger backwashing sooner than the

other. As noted above, conventional filters in drinking

water plants have been designed to meet the head loss

criterion substantially sooner than the water quality crite-

rion, but recent trends have been to increase the media size

and the depth. The result is a filter system that is closer to

the water quality criterion (but still meets it) when the head

loss criterion is exceeded. The simultaneous trend to

monitor the effluent quality of every filter in a bank of

filters also helps ensure that the effluent guidelines are not

exceeded. Wastewater filters have been designed with

larger media for many years, and tend to operate closer

to the optimum condition.

Many filters are dual media filters or even trimedia filters.

Such filters have a coarser layer of media on top and a finer

layer on bottom. These filters combine the advantages of

slower head loss development of the large media and the

higher removal efficiency of the small media, and spread out

the development of the head loss over a larger portion of the

bed. Hence, if the total media depth were the same as for

the two filters whose behavior is described in Figure 14-18,

the trends for effluent concentration and head loss for the dual

media filter would be intermediary between the two lines

shown. For the media to remain properly aligned after back-

washing, the settling velocity of the larger media must be less

than the settling velocity of the fine media; this goal is

accomplished by using anthracite coal (density
 1.5 g/cm3)

or activated carbon (density
 1.2 g/cm3) for the coarse

media, and sand (density
 2.65 g/cm3) for the fine media.

Filtration Velocity The final of the primary design and

operational variables that we explore is the filtration velocity.

We again consider the changes in trends for the effluent

concentration and head loss between a standard filter and a

modified one, this time one with an increased flow rate.

Conceptual graphs comparing the performance of these filters

are shown in Figure 14-20, with separate graphs showing the

performance as a function of time and cumulative throughput.

The separation is necessary because the relationship between

the two variables is different for the two filters.

At the start of the filter run, the effluent concentration is

higher for the filter with the higher superficial velocity,

consistent with predictions from the single collector removal

efficiencies by sedimentation (Equation 14-26) and

Brownian motion (Equation 14-30) (or similar effects in

the packed mediummodel, Equations 14-32 and 14-38). The

higher velocity makes it less likely that a particle will settle
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onto any particular collector or will move by Brownian

motion to the collector surface as it flows by a media grain,

because the time in the vicinity of each grain is shorter.

These effects continue through the ripening period and the

long (nearly) steady-state period of a filter run, so the

effluent concentration is always higher in the filter with

the higher v0 at comparable times (Figure 14-20a). In terms

of the cumulative throughput, the number of particles that

enter the filter per unit time is proportional to the filtration

velocity, but the capture is slightly less than proportional. On

average, particles penetrate the bed deeper before being

captured, so the development of the deposit over time and

depth is different in the two filters. In the filter with the

higher velocity, higher shear forces lead to breakoff of

captured particles (the primary cause of breakthrough) after

fewer particles have been captured (although this effect is

mitigated somewhat by the differences in deposit morphol-

ogy); generally, the capacity of the filter to hold particles is

likely to decrease some. These ideas indicate that both

the time (Figure 14-20a) and, to a much lesser extent, the

cumulative volume throughput (Figure 14-20b) are reduced

before the effluent concentration criterion for backwashing

is reached.

The head loss is initially higher in the filter with the larger

v0, as it is directly proportional to velocity according to the

Carman–Kozeny equation (Equation 14-59) and nearly so in

the other equations for head loss in the clean bed. As time

proceeds (Figure 14-20c), more particles are captured per

unit time in the new filter than the standard one, so the head

loss rises more rapidly. However, on the basis of cumulative

throughput, the results appear different (Figure 14-20d). The

slightly lower removal per unit volume treated would reduce

the slope of the head loss versus cumulative throughput

slightly. But a more important effect that also reduces the

slope in this figure is the spreading out of the capture through

the filter bed. The deposit in the top of the filter would

contain fewer particles and also likely be more compact

(since greater shear would prevent loose particle accumula-

tion), and these effects lead to less head loss per unit of

deposit per increment of velocity, and therefore a slower rise

in head loss on the basis of volume throughput. This trend is

illustrated in Figure 14-20d and indicates that the lines for

the rise in head loss could eventually cross. Whether the

lines cross before or after the head loss backwash criterion is

met depends on details of the two designs and the suspension

involved. In this figure, the two lines are shown to cross just

when the head loss criterion for backwashing is met, as a

means of emphasizing that the value of Bh, expressed as

cumulative volume throughput, could increase or decrease

with an increase in filtration velocity.

For the case in which the standard filter is the conven-

tional one described at the start of this section, it is likely that

the effect of increasing the filtration velocity would be to

increase the filter throughput. This analysis again assumes

that the cause of ending the filter run for the standard filter is

the head loss criterion. Such a change also brings the

throughput required to meet both criteria more closely

together—that is, it increases the throughput to meet the

head loss criterion and decreases the throughput to meet the

effluent concentration criterion. Relative to traditional

designs, therefore, an increased filtration velocity is likely

a more efficient design. If such were the case, the capacity of

an existing plant could be increased without capital expen-

diture; for a new plant, the flow could be treated using fewer

filters because the volume of water treated per unit area

could be increased.

Depth, Media Size, and Velocity In the discussion of

design tradeoffs for clean bed removal efficiency earlier

in the chapter, it was suggested that approximately equal

removal, at least for larger particles, would be achieved in

two filters that had the same value for the ratio Z=v0dc. It is

useful now to consider the behavior of two such filters in

which one has the traditional design and the other has greater

values of all three variables. As the run progresses, it is

reasonable to think that the effluent concentration of the

modified filter will progress similarly to the standard filter,

when the comparison is based on cumulative throughput.

Ripening, the long central portion of the filter run, and

breakthrough are all expected to be reasonably similar for

the two conditions, as the increased filter depth makes up for

the reduced removal per unit length caused by the increased

media size and velocity. Moran et al. (1993a) demonstrated

these effects.

The comparison is more complex for the initial (clean

bed) head loss in the two filters. According to the Carman–

Kozeny equation (Equation 14-59), the relative head loss

between two filters can be calculated as follows:

hL;2

hL;1
¼ v2

v1

� �
Z2

Z1

� �
d1

d2

� �2

(14-61)

If we then add the constraint that the two filters are

designed to achieve nearly the same removal by having

the same ratio of Z=v0dc (i.e., that Z2=Z1ð Þ ¼ v2d2=v1d1ð Þ),
we find that Equation 14-61 simplifies as follows:

hL;2

hL;1
¼ v2

v1

� �2
d1

d2

� �
(14-62)

This equation indicates that the initial head loss could go

up or down relative to the standard condition, depending on

the relative increases of velocity and media size (and the

associated increase in depth); if both are increased by

the same amount (say, 50%), then the initial head loss

will rise by that same amount. As the run progresses,

both the increase in velocity and the increase in media

size are expected to reduce the rate of buildup of head

loss as a function of cumulative throughput, and the effect of
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added length on the slope of the head loss curve would be

negligible; these effects are shown individually in Figures

14-17, 14-18, and 14-20. Altogether, the head loss is

expected to rise much less dramatically in the modified

filter than in the standard one. Therefore, if head loss is the

controlling criterion for backwashing, the cumulative

throughput per unit area should increase with these changes

in design. These expectations are consistent with modern

design practice. In recent years, filters have been designed

with increases in all three variables relative to traditional

practice, and the throughput has been increased as a result.

Generally, designers have not increased the depth of the

media as much as Equation 14-48 would suggest, but the

overall effects have still been to increase the throughput

before backwashing is necessitated.

Influent Concentration The effects of influent concentra-

tion on the effluent concentration and head loss development

are relatively straightforward to ascertain. It is clear from

Equation 14-22 that the effluent concentration at the start of

a filter run is proportional to the influent concentration. Deep

bed filters are not absolute barriers, and some particles are

likely to pass through at all times. If the relative particle size

distributions of two suspensions are the same, the suspension

with lower concentration will have a lower effluent concen-

tration at the start of a filter run. As the run progresses,

ripening will be slower for the suspension with the lower

concentration, but it is likely that the effluent concentration

for the suspension will always remain lower, and break-

through will occur later. Head loss will initially be the same

for the two suspensions, but the rise in head loss will be

slower for the suspension with lower concentration since

fewer particles are captured per unit volume of throughput

(or per time). Hence, the filter run will be longer.

This analysis points out the value of a solid/liquid separa-

tion process preceding filtration—typically sedimentation or

flotation. Any improvement in these processes that reduces

their effluent concentration translates directly to an improved

filter effluent quality and also increases the production of each

filter run. These processes are only unnecessary if the raw

water is of quite high quality; in this case, these solid/liquid

separation processes are relatively ineffective and it becomes

more cost effective to filter thewater directly, with or without

flocculation. Flocculation is generally helpful in improving

filter performance even in the absence of a sedimentation step;

the increased particle size leads to a more gradual rise in the

head loss during the run.

Summary of Effects of Independent Variables The pre-

ceding discussion of the effects of several design and

operational variables on filtration performance, and espe-

cially on the time or cumulative volume until one or the other

of the criteria for initiating the backwash cycle, is summa-

rized in Table 14-4. The table emphasizes the effects of

increases in each of the independent variables on the two

backwash criteria because modern designers have tended to

increase these variables in comparison to earlier values.

Each of these effects was discussed individually above.

Except in the case of changes in the filtration velocity,

the effects on either time or cumulative volume throughput

are identical since they are proportional to one another.

In the earlier discussion, the fact that increases in media

size had opposite effects on reaching the two backwashing

criteria was noted. The table makes clear that depth has the

same type of tradeoff (but opposite in direction). These

effects of depth have led to two consequences as designs

have changed in the last 30 years. First, as noted above,

designers have often not increased the depth proportionately

to increases in media size or velocity; apparently, they have

thought that the effluent quality with lesser increases in

depth would still be adequate and that the water quality

benefits associated with greater depth would not justify the

increased cost of more frequent backwashing.

Second, the opposite effects of depth and media size show

the advantages of dual media filters. These filters, with the

larger media on top and smaller media on bottom, have the

advantage of large media in slowing head loss development

and the advantage of small media in ensuring high-quality

effluent. By providing designers with multiple variables

(depth and size of two different media), dual media filters

can be more finely tuned than monomedia filters to achieve

acceptable combinations of effluent quality and normalized

production for each filter run.

14.8 MODELS OF FILTRATION DYNAMICS

The ability to predict or model mathematically the dynamic

behavior of filters is imperfect, but some models have been

proposed that make reasonable predictions under some

circumstances and, in any case, give valuable insight into

TABLE 14-4. Summary of Effects of Independent Variables

on Length of Filter Run

Independent

Variable Head Loss Effluent Quality

Time

Cumulative

Volume Time

Cumulative

Volume

Depth " #a # " "
Media size " " " # #
Velocity " # $ ## #
Influent "
concentration

# # # #

aA down arrow in the head loss or effluent quality columns indicates that an

increase in the independent variable (left column) leads to a decrease in the

time (or cumulative volume) when the criterion for backwashing because of

excessive head loss or poor effluent quality is met.
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filter behavior. The focus below is on the microscopic

models; that is, those that attempt to describe the changes

in removal efficiency and head loss over time on the basis of

changes on the microscopic (media grain and particle) level.

Nevertheless, a few of the macroscopic models; that is, those

that describe changes on the bed level, are noted first.

Macroscopic Models

Numerous macroscopic filtration models for both particle

removal and head loss development have been proposed

over the years. The key equations from a few of these models

are summarized in Table 14-5, adapted from Tien (1989);

only the models for effluent quality that show the possibility

of both ripening and breakthrough are shown. The concepts

behind each model are not discussed in detail here. For

removal, the models express the change in the filter

coefficient primarily as a function of the specific deposit

(s); in the Ives (1969) formulation, the model assumes that

there is a maximum or ultimate value of the specific deposit

(sult). For head loss development, the models are somewhat

simpler, but reflect a variety of thoughts on how the increas-

ing deposit (or reduction in porosity) changes the head loss.

Ripening Model of O’Melia and Ali

O’Melia and Ali (1978) extended the work of Yao et al.

(1971) for clean bed removal to include filter ripening,

and also extended the Carman–Kozeny equation (Equa-

tion 14-59) for head loss in a ripening filter. They considered

only the possibility of improved removal caused by the

captured particles acting as additional collectors; breakoff

or detachment of particles or flocs was not considered. The

geometry considered was the same single spherical collector

used by Yao et al., and no change was considered in either

the porosity of the bed or the diameter of the collector as

particles were captured. The conceptual underpinnings are

summarized as follows:

(1) At any instant, the “collector” is considered to be the

original collector (media grain) and the associated

retained particles,

(2) Only a fraction (b) of retained particles can collect

additional particles, and each captured particle can

collect at most one additional particle,

(3) Only a fraction (ap) of predicted collisions between

particles in suspension and a retained particle is

successful; this fraction is not necessarily the same

as the corresponding ratio (a) for collisions between

particles and a clean collector (media grain),

(4) Only a fraction (b0) of particles that are captured

creates additional head loss, and

(5) Additional head loss occurs because of the change in

the ratio of media surface area to media volume; this

ratio is in the Carman–Kozeny equation (with the

media in this model considered as the original media

and the already-captured particles).

The single collector removal efficiency of a filter grain

and its associated retained particles is then described as

gr ¼

Rate at which particles

collide with

and are collected by

a filter grain

0
BB@

1
CCAþ Nr

Rate at which particles

collide with

and are collected by

a single retained particle

0
BB@

1
CCA

Rate at which particles approach the filter grain

whereNr is the number of particles that are retained on a filter

grain and that can act as collectors. Translating this conceptual

definition into an equation gives:

gr ¼ ahþ Nraphp
dp

dc

� �2

(14-63)

where hp is the transport or collision efficiency between a

particle in suspension and a retained particle. gr is nor-

malized to the filter grain whereas hp is normalized to a

retained particle, so the factor (dp/dc)
2 accounts for this

difference.

O’Melia and Ali also did not directly account for the

changes in particle trajectories (and therefore particle cap-

ture). Rather, an accounting of the retained particles that act

TABLE 14-5. Selected Macroscopic Models for Effluent Quality and Head Loss Developmenta

Effluent Quality Head Loss

Expression for l=l0 References Expression for ð@hL=@zÞ=ð@hL=@zÞ0 References

1þ bs

e

� �n1

1� s

e

� 	n2 Mackrle et al. (1965)
1þ ds

e

� �
Mints (1966)

1þ bs � as2

e� s
Ives (1960); Ives and Sholji (1965) 1þ ds Mehter et al. (1970)

1þ bs

e

� �n1

1� s

e

� 	n2
1� s

sult

� �n3

Ives (1969) 1þ ds

e

� �m1

1� s

e

� 	m2

Ives (1969)

aIn these expressions, the specific deposit is expressed as volume of deposit per volume of bed. Adjustable parameters are a, b, d, ni, mi, and sult.
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as additional collectors was made as follows:

Rate

of change

of Nr

2
4

3
5 ¼

Fraction of

retained particles

that act as

additional

collectors

2
66664

3
77775

�
Rate at which particles

attach to original collector

Rate at which particles
approach original collector

2
664

3
775

Rate at which

particles approach

original collector

2
4

3
5

or

@Nr

@t
¼ b ha½ � v0N p

4
d2
c

h i
(14-64)

A number balance on the particles in suspension in a thin

layer (Dz) of the filter is identical to that shown above in

Equation 14-10, and the resulting equation is

@

@t
AeDzN ¼ v0AN � v0A N þ @N

@z
Dz

� �

� ð3=2ÞgrAv0N 1� eð ÞDz
dc

(14-65)

The form of the last term stems from Equation 14-18, but

it is revised to account for the definition of the single

collector removal efficiency during ripening. Dividing by

the common term ADz, assuming that the porosity is con-

stant, and rearranging yields

e
@N

@t
þ v0

@N

@z
þ ð3=2Þgrv0N 1� eð Þ

dc

¼ 0 (14-66)

The change in filtration efficiency with time and depth is

then found by solving Equations 14-63, 14-64, and 14-66

simultaneously using a numerical approach. The approach

involves some simplifying assumptions to develop a recur-

sive equation that allows calculation of gr at one time step

based on its value in the previous time step and the capture

that occurs during this time step. The original paper describ-

ing this model (O’Melia and Ali, 1978) did not include the

factor of e in the first term of Equation 14-66, an error

apparently carried through by several investigators.

To model the development of head loss during filtration,

O’Melia and Ali began with the Carman–Kozeny equation

(Equation 14-59) but expanded the terms for the specific

surface area to include captured particles that contribute to

head loss. In this view, the increase in head loss is entirely due

to the increased surface area that thewater contacts as it flows

through the filter. In this model, the S0 term in the Carman–

Kozeny equation is defined as the ratio of the surface area of

collectors and these particles that contribute to head loss to the

volume of collectors and particles; assuming both collectors

and particles are spherical, we can write

S20 ¼
Ac þ b0Ap

Vc þ Vp

� �2

¼ Ncpd
2
c þ b0Nppd

2
p

Ncpd
3
c=6

� �þ Nppd
3
p=6

� 	
0
@

1
A

2

¼ 36

d2
c

1þ b0� Np

Nc

�
dp=dcð Þ2

1þ � Np

Nc

�
dp=dcð Þ3

 !2

(14-67)

Here, subscripts c and p refer to original collectors and

retained particles, respectively, and N, A, and V refer to the

total number, surface area, and volume, respectively.

This model has a number of simplifying assumptions that

can be questioned, but it has provided a framework for

considering the improved removal during ripening and the

increase in head loss throughout the run. It contains a strong

empirical component, with five empirical parameters (a, ap,

hp, b, and b
0). However, as explained by Darby et al. (1992),

the three parameters ap, hp, and b always appear as a product

in the solution of the model, and this product can be

considered as the fraction of particles approaching a retained

particle that act to collect additional particles when captured.

In this view, the model has three parameters that must be fit

to experimental data.

As an example of the use of the model, a figure presented

by Darby et al. (1992) is shown in Figure 14-21. The

sensitivity of the model to various parameters (as well as

the process of calibrating the model to the experimental

results, represented as circles) is indicated by showing both

the results for the best-fit parameter values (solid lines) and

values that are 50% higher and lower than the best values for

the three parameters. The experiments were performed with

2-mm latex spheres at their zero point of charge (optimal

destabilization), consistent with the fact that an a value of

1.0 gave the best fit of the model to the experimental data.

Using values for either the attachment efficiency factor (a)

or the ripening factor (aphpb) that are lower than the best-fit

values decreases the predicted removal (higher fraction

remaining, Figure 14-21a) throughout the time period, as

expected. The head loss (Figure 14-21b) is plotted as the

increase in the hydraulic gradient (obtained by subtracting

the initial head loss from each value and then dividing by the

filter depth).

The two central problems of the model are suggested by

careful inspection of these results. First, as strictly a ripening

model, the model shows the effluent quality to improve

always, and does not include either the possibility of an

apparent steady state or reduced removal (breakthrough)

after some period. Second, the form of the head loss model

always causes a concave upward head loss increase, whereas

the experimental results shown suggest an approximately
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linear increase in head loss. Generally, experimental results

indicate a (nearly) linear increase in head loss for an

extended period, followed by a period of a concave upward

increase.

Numerous efforts to improve the O’Melia and Ali model

have been undertaken. While largely successful in improv-

ing the fit to a given set of experimental results, these efforts

also involve the generation of a greater number of (empiri-

cal) fitting parameters, leaving the model less likely to be

useful for predictive purposes; that is, for predicting filter

performance under different circumstances than used for the

calibration. Nevertheless, these efforts are valuable in under-

standing the shortcomings of the original model and repre-

sent progress toward the development of better models. One

line of suggested improvements has been to limit the amount

of removal that can occur. Tare and Venkobachar (1985)

assumed that the amount of surface area of retained particles

was limited and that removal efficiency would decrease as

this limit was approached. Vigneswaran and Chang (1986),

based on earlier work by Adin and Rebhun (1977), assumed

the removal rate would decrease as the hydraulic gradient

increased. They also accounted for the change in the poros-

ity within the filter caused by the retained particles, and

included the concept that the deposit itself would be porous.

Subsequently, Vigneswaran and Tulachan (1988) proposed

that both the direct deposition on media and the amount of

total deposit were limited. They suggested that the rate of

direct deposition decreased as the available surface area

decreased. The rate of deposition onto previously retained

particles was thought to decrease as a minimum allowable

bed porosity (or, alternatively, a maximum deposit) was

approached. This model allows a complete filter cycle (initial

removal, ripening, a period of nearly steady-state good

removal, and breakthrough) to be modeled, at the expense

of additional fitting parameters beyond those in the original

model.

Tobiason and Vigneswaran (1994) used this same

approach to model the particle removal in their experiments.

To model the head loss, they considered a few different

approaches. First, they modified the original O’Melia and

Ali head loss equation (Equation 14-67 substituted into

Equation 14-59) to include both the change in porosity

within the filter and the porosity of the deposit, consistent

with the changes made in the particle removal side of the

model. This change, however, still led to a concave upward

plot for the increase in head loss under all circumstances.

They found that a model in which the increase in head loss is

assumed to be directly proportional to the increase in surface

area of the deposited particles was most satisfactory in

describing their results. Several investigators (e.g., Moran,

et al., 1993a; Veerapeneni and Wiesner, 1993) have found a

similar dependence on surface area.

To summarize, efforts to model changes in both the

removal efficiency and head loss over the course of a filter

run, beginning with the work of O’Melia and Ali (1978) and

continuing through several iterations and improvements to

this original model, suggest a primary dependence on the

surface area of captured particles. However, these models do

not account for breakthrough or detachment; as a result, their

value for design and operation is limited in situations where

filter run time is limited by breakthrough.

Ripening Models of Tien and Coworkers

As noted above, Tien and various coworkers have developed

a series of clean bed filtration models involving different

choices for the geometry of the unit bed element, including

an isolated sphere model and constricted tube models.

Within these frameworks, they have also investigated the

improvement in removal efficiency and the increase in head

loss caused by deposited particles. Payatakes et al. (1974)

assumed a smooth deposit morphology and investigated

both the capillary and Brinkman flow models to predict

the increase in head loss, but found that both seriously
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FIGURE 14-21. Modeling filter dynamics for (a) ripening and

(b) head loss. Source: From Darby et al. (1992).
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underestimated the head loss development. Tien et al. (1979)

predicted both the removal efficiency and head loss during

ripening by considering a spherical cell model and a smooth

deposit for the early stages of ripening and a constricted tube

model with deposition for later stages. The fit to experi-

mental data was fair, although a lack of sufficient data from

carefully controlled experiments prevented a full test of the

model. Tien (1989) summarized several attempts to describe

mathematically the development of head loss with various

deposit morphologies; he concluded that the complexities of

deposit morphology and the stochastic nature of deposition

would make complete, simultaneous modeling of both head

loss increases and ripening very difficult.

Mackie et al. Ripening Model

Mackie et al. (1987) developed another model to describe

the dynamics of deep bed filtration that accounts for both the

improvement and subsequent deterioration of removal effi-

ciency. As in all models that account for ripening, they

accepted the idea that retained particles act as additional

collectors for subsequent particles. They adopted both the

Happel sphere-in-cell model to characterize the geometry

and flow and the Tien unit bed element approach, noting that

others had sometimes made an erroneous translation from

the efficiency of a unit bed element to the filter coefficient.

The two key differentiating elements of the model are as

follows. First, they considered both microscopic and mac-

roscopic effects of deposits on the flow field. In this context,

macroscopic means on the order of the media grain size, and

microscopic means on the order of the size of particles in

suspension. On the macroscopic level, they suggested that,

after a significant amount of deposit accumulated on the

originally spherical collector, the shape would be changed to

have a “snow-cap” or dome shape on top of the sphere; the

Happel flow equations for this deformed shape were calcu-

lated, with some simplifying assumptions. In the numerical

modeling, the shape (and porosity) was updated at reason-

able intervals but not after every new particle was deposited.

On the microscopic level, they calculated the effect that an

individual collected particle would have on the average

probability of capturing an additional particle. Because

effects of every single deposited particle are not accounted

for explicitly, an empirical fitting parameter (a fraction of

predicted collisions that result in attachment) is included.

The second distinguishing element of the model is the

idea that reductions in removal efficiency result primarily

from increases in interstitial velocities as the deposit grows.

The authors suggest that particles cannot be collected if the

tangential velocity exceeds a critical value at a certain

location, namely, where the center of a particle in suspension

would have to be if the particle’s edge was just touching the

grain or deposit. This critical velocity is also taken as a

fitting parameter, although physically reasonable values less

than the average interstitial velocity should be chosen. An

important ramification of this approach was that the effects of

particle size could be explicitly accounted for; the center of

large particleswould be at a greater distance from thedeposit or

grain surface at their critical trajectory, so they would exceed

the critical tangential velocity at lower amounts of deposit than

small particles. The result is that the model predicts that the

breakthroughof large particles occursmuch earlier than that for

small particles, a result that is consistent with experimental

results. A major benefit of the Mackie approach is this explicit

accounting for different particle sizes, which was not incorpo-

rated into the original O’Melia andAlimodel (although several

of the investigators noted above did include a technique for

accounting for different sizes) nor into the ripening models of

Tien and coworkers.

Mackie et al. (1987) also showed how the model fit the

results from a few experiments. The model parameters were

fit to one set of results and these values were then used to

predict the results of other experiments. While the predic-

tions were imperfect, they were quite reasonable for describ-

ing the effects of particle size, filter depth, grain size, and

velocity. Unfortunately, the model has not been applied to

other suspensions or experiments by other investigators, so

its general utility is uncertain. Themodel focuses on removal

only and not on head loss, although an extension to predict

the head loss would be reasonably straightforward within the

context of the calculations already performed in the model.

Use and Value of Dynamic Models

The various models for the dynamic behavior of filters

presented above reflect an effort to understand and predict

this behavior; the quest described by Stanley in the quote at

the start of this chapter is ongoing. If one believes that the

purpose of modeling is to be able to predict a priori the full

behavior of filters, then the modeling efforts to date have

been a failure. However, if the purpose of modeling is

viewed as providing insight into filter behavior that might

be useful for design and operation, then the modeling has

been quite successful, even if incomplete.

The dynamic models give the designer further insight into

the tradeoffs among the design variables than the clean bed

models described above. The O’Melia and Ali model, for

example, suggests that ripening is primarily a function of the

surface area of the captured particles; that is, a function of

Ncd
2
p, as shown in Equation 14-67. Combining this idea with

the normalizations for different velocity and media size

suggested in Equation 14-48 gives a basis for comparing

experiments with different conditions over the entire filter

runs. For example, Moran et al. (1993a) and Kau and Lawler

(1995) compared removals in experiments with different

media sizes as a function of the cumulative surface area

captured at different depths. When compared at the same

depth and time, removals appeared very different between
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two experiments with two different media sizes, as shown in

Figure 14-22a. However, when compared at a nearly con-

stant ratio of depth to media diameter, the results were far

more similar, as shown in Figure 14-22b. For the ratio of

depth to diameter to be identical in these two experiments,

the samples from the experiment with dc¼ 1.85mm should

have been taken at a depth of 457mm; if such a port had been

available, the results in (b) would have been closer together.

Also, recall from Figure 14-11 that the Rajagopalan and Tien

model predicts that the removal at the lower depth and larger

media would be not quite as extensive as that for the smaller

media and shorter bed depth. These results not only confirm

some of the concepts incorporated into the models, but also

allow designers to make rational decisions about the trade-

offs of different filter designs. While the models are insuffi-

cient to design filters without pilot testing, they might reduce

the amount of pilot testing necessary by allowing translation

of results from one condition to another. Nevertheless, Kau

and Lawler (1995) also showed that, when breakthrough was

significant, the normalizations were not as effective.

The dynamic modeling of head loss also provides

insight that can be useful in design and operation. Several

investigators (e.g., Veerapeneni and Wiesner, 1993;

Tobiason et al., 1993; Darby and Lawler, 1990) have com-

pared experiments at the same surface area captured, a

normalization suggested by Equation 14-67. This normal-

ization accounts well for the effects of different particle sizes

at the same filtration conditions. When comparing experi-

ments performed under different conditions, the same

removal (at least for large particles) is expected at depths

that are scaled proportionally to changes in media size or

velocity (Equation 14-48); using the surface area captured to

predict the associated rise in head loss at these different

depths, different experiments can give dramatically different

head losses. For example, experiments with different media

sizes show far less rise in the head loss in experiments with

large media, because the change in porosity caused by the

same surface area of captured particles is far less for

the larger media. Such effects are more understandable

with the aid of the models.

14.9 FILTER CLEANING

Throughout this chapter, we have referred to the backwash-

ing of the filter—the operation of cleaning the filter when

either the head loss or effluent concentration has exceeded

set criteria. The principles of backwashing are outlined here.

Extensive work by Amirtharajah (e.g., Amirtharajah, 1978,

1984; Hewitt and Amirtharajah, 1984) and Cleasby (e.g.,

Cleasby et al., 1977; Cleasby and Fan, 1981) forms the basis

for this understanding of backwashing. Many of the design

and operational details of backwashing, as for all aspects of

filtration, are described by Cleasby and Logsdon (1999) and

by Tobiason et al. (2011).

Backwashing refers to the passing of water upwards

through a filter to obtain adequate removal of the captured

particles; however, backwashing alone is not sufficient

unless the particles are only loosely attached to the filter

media. In most water and wastewater applications, the

particles are attached reasonably strongly and backwashing

is supplemented by a surface wash system and/or air scour;

each of these is described below.

Backwashing (without air scour) generally requires that the

packed media be fluidized; that is, that the filter grains no

longer be supported by each other but by the force of the rising

fluid. At an upflow superficial velocity lower than that

required for fluidization, the bed does not move, and the

head loss through the filter media can be calculated using

either the Carman–Kozeny (Equation 14-59) or Ergun (Equa-

tion 14-60) equation as appropriate. As the velocity increases

from zero to the point where fluidization occurs, the head loss

increases linearly at low values and then more steeply (as the

second term of the Ergun equation becomes significant).

At velocities above the minimum required for fluidiza-

tion, the bed expands; that is, the media grains separate from

FIGURE 14-22. Filtration results with different media sizes: (a)

compared over time at the same depth and (b) normalized for the

captured particles and compared at different depths. Source:

Adapted from Kau and Lawler (1995).
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one another, so the porosity of the bed increases. Under these

conditions, the net downward force (gravity minus

buoyancy) on the media is balanced by the upward drag

force exerted by the moving fluid, so the bed remains

stationary. (Individual grains do move upward or downward

transiently, as the drag force temporarily exceeds the net

gravitational force, or vice versa, in the turbulent flow.) If the

upward velocity is then increased, the bed expands further,

reaching a new steady-state condition in which the increased

drag due to the higher velocity is compensated by the

decreased drag due to the increased porosity; in this case,

the net drag is the same as before (exactly balancing the net

gravitational force). This process is limited, however; at

some velocity, the porosity of the bed is large enough that

increasing it still further has only a small effect on the drag.

Further increase in the velocity leads to a net upward force

on the grains, and they are washed out of the filter. For

obvious reasons, backwashing velocities are never allowed

to approach this value, and the bed expansion is usually

small. A conceptual curve describing the relationships

between the head loss and upflow superficial velocity in

the normal operating range (i.e., at velocities below those

leading to washout) is shown in Figure 14-23.

Of interest is the minimum superficial velocity required

for fluidization (vmf); that is, the point of intersection of the

increasing head loss below fluidization and the constant head

loss under fluidized conditions. To determine this value, we

find the head loss at the point where fluidization would just

begin; at this point, the depth and porosity of the media are

the same as during filtration, but the weight of the media is

(just barely) supported by the upflowing liquid. As in the

case of particles settling through a quiescent water column

(see the derivation of Stokes’ law for settling in Chapter 13),

the buoyancy force partially counterbalances the gravita-

tional force of the particles. The net weight of the media

(gravity minus buoyancy) is, therefore, the product of the

difference in media and water densities, the volume of

media, and the gravitational constant; that is,

Net weight of media

ðgravity minus buoyancyÞ
� �

¼ rp � rL
� �

AZ 1� eð Þg
(14-68)

This force must be counterbalanced by the upflow of the

water to achieve fluidization. The force of the upflowing

water can be found as the product of the area and the head

loss through the media; that is,

Force on the media

from upflow

� �
¼ ArLghL (14-69)

where hL is the head loss through the media. Equating the

two expressions above and canceling common terms yields

the head loss needed to accomplish fluidization, hL,f

hL;f ¼
rp � rL

rL
Z 1� eð Þ (14-70)

This head loss is shown by the horizontal line in Figure

14-23. When this head loss is equated with that described by

the Ergun equation (Equation 14-60), a quadratic equation is

found for vmf, the minimum superficial velocity required to

begin fluidization during backwashing.

k2
1

g

1� eð Þ
e3

S0v
2
infZ þ k1

m

rLg

1� eð Þ2
e3

S20vinfZ

� rp � rL
� �

rL
Z 1� eð Þ ¼ 0 (14-71)

After canceling the common terms, the equation simpli-

fies to yield

k2
1

g

1

e3
Sov

2
mf þ k1

m

rLg

ð1� eÞ
e3

S20vmf �
rp � rL

rL
¼ 0

(14-72)

The resulting expression for vmf is a complex function of

the porosity of the bed, the diameter (or specific surface

area) and density of the grains, and the temperature (as it

influences the viscosity and density of water), but it is easily

evaluated numerically for a specific situation. The media

size is generally not uniform, so the size recommended for

use in calculation is the 90th percentile size (d90, for which

90% of the particles by weight are smaller) to ensure

fluidization of the entire bed (Tobiason et al., 2011). Because

of the uncertainty in the coefficients for the Ergun equation,

experiments are likely to be required to determine exact

values for a given filter.

During backwash, it is usually desirable to use a velocity

greater than the minimum to achieve fluidization. Doing so

Ergun
equation 

vmf Backwash velocity 

H
ea

d 
lo

ss

Head loss 
during 

fluidization 

FIGURE 14-23. Effects of backwash velocity on head loss:

determination of superficial backwash velocity required to cause

fluidization.
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expands the bed; that is, the porosity increases as the velocity

rises. Because the filterwalls contain themedia, the expansion

occurs only vertically. Equating the mass of the media under

normal filtration (unexpanded) conditions to that when the

bed is expanded leads to the following relationship between

the depth of media and the porosity under unexpanded (no

subscripts) and expanded (subscript ex) conditions

Zex

Z
¼ 1� e

1� eex
(14-73)

The relationships between porosity and velocity have been

determined empirically, and several such relationships have

been proposed. One common approach has been to use the

same relationships found to describe the declining settling

velocity of solids under increasingly concentrated condi-

tions; that is, zone (or Type III) settling. Most of these

relationships use the settling velocity of an individual particle

in an infinite medium (Stokes velocity, if the Reynolds

number is sufficiently low) as the basis. The Richardson

and Zaki (1954) equation is perhaps the most common and

can be written as follows:

vex ¼ vse4:65ex (14-74)

where vex is the required superficial backwash velocity and vs
is the settling velocity of the media grains. Despite some

disagreement on the degree of expansion (if any) that

should be achieved for excellent backwashing, most filters

that do not have air scour systems (explained subsequently)

are backwashed with an expansion of 10–20% (i.e.,

Zex=Z ¼ 1:1�1:2). In any case, it appears that the degree

of expansion does not play a substantial role in backwashing.

Surface Wash

By itself, backwashing is often insufficient to clean the

media. A particular problem is the top few centimeters of

the filter bed, which are often so clogged with collected

particles that the filter grains are held together by the

collected particles. That is, a cake has formed in the top

part of the filter and can sometimes rise en masse with

backwashing alone. To break up this mat of filter grains and

collected particles, a high-velocity downward water flow is

often injected before the start of the vertically upward flow

of the backwash. In such a surface wash system, a set of

nozzles just above the top of the filter bed directs a high-

velocity flow stream at an angle into the top of the filter bed

before (for 1–3min) and during backwashing. The nozzles

can be fixed in a set of pipes that run across the surface of

the filter or can rotate to cover the entire bed (except the

corners). They are generally located about 10 cm above the

bed during normal operation and might become submerged

below the top of the media during the expansion caused by

backwashing. The surface wash is stopped at least a few

minutes before the end of backwashing. The overall flow

rate is only a small fraction of the backwash flow, but the

small nozzles impart a high velocity that causes the media

clumps to collide with one another, thereby loosening the

captured particles. Since surface wash systems necessarily

only affect the top several centimeters of the bed, they are

most effective for monomedia filters with relatively small

media size—systems that capture most of the particles in this

top portion of the bed.

Air Scour

A second way to induce rapid movement of the media grains

relative to one another during backwashing, and therefore

induce the collisions and abrasion thought essential for

effective cleaning of the filter, is by providing air bubbles

that travel up through the filter media. Air is supplied in a

separate system from the backwash flow, but is introduced

through nozzles at the bottom of the media. The goal in air

scour is to have the bubbles form, collapse, and reform a

number of times as they rise; this condition has been called

collapse-pulsing. Amirtharajah showed both experimentally

(Hewitt and Amirtharajah, 1984) and theoretically

(Amirtharajah, 1984) that backwashing is most effective

in systems with air scour if the water velocity is considerably

below that required for fluidization of the bed. The smaller

pores in an unfluidized bed increase the difficulty of the air

travel, and this condition helps to form large bubbles from

the coalescence of smaller ones; in turn, the weight of the

media in the unfluidized bed helps to cause rapid deforma-

tion (which Amirtharajah called “collapse”) of the bubbles.

Amirtharajah recommended that the water velocity be in the

range from 20 to 40% of vmf. The theoretical development

consisted of three components: (i) an analysis based on

principles of soil mechanics for the conditions of soil

collapse, (ii) a relationship between air pressure and the

rate of bubble formation, accounting for the surface tension

of bubbles and frictional losses as they are formed, and

(iii) the effects of water flow on the stress required to create

the collapse condition. The resulting equation is complex,

but ultimately relates the properties of the media, the bed

(depth of media and depth of overlying water), superficial air

velocity, and backwash superficial velocity (as a fraction of

the fluidization velocity) for optimal backwashing (i.e., to

accomplish the collapse-pulsing condition). The final

equation is

Pa � 4g

k1d60

� k2v
2
a ¼ rLgZ



1þ H

Z
þ rp � rL

rL

� �
1� e0ð Þ

� tan2 45� f

2

� �
þ 1� tan2 45� f

2

� �� �
vb

vinf

� ��

(14-75)
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where Pa is the air pressure (pascals¼ kg/s2m), g the surface

tension of water (kg/s2) (7.28� 10�2 kg/s2 for water at

20�C), k1 the empirical dimensionless constant, the fraction

of the effective size that characterizes the pore size (�), d60
the effective diameter of the media grains, the size that 60%

of the mass of media is less than (m), k2 an empirical

constant, a friction coefficient relating pressure drop to

air velocity (kg/m3), va the superficial air velocity, air

flow rate per unit (horizontal) area (m/s), rp, rL the density

of media grains and water, respectively (kg/m3), g the

gravitational constant (9.81m/s2), Z the depth of media

(m),H the depth of water abovemedia (during backwashing)

(m), f the angle of repose of media when submerged

(degrees) (i.e., the maximum angle from the horizontal

that the media can sit without slumping), e0 the porosity

of media (with no fluidization) (�), and vb the superficial

water velocity during backwashing (m/s).

Only three of the parameters are empirical, and

Amirtharajah gave values for all three for sand. The first,

k1, is narrowly constrained between 7 and 10% (the range of

the average pore size as a percentage of the effective size in a

packed bed), and Amirtharajah used one set of data to find

the value 0.082 (i.e., 8.2%, nearly in the middle of the

expected range). This value is not likely to change dramati-

cally for any media, although the porosity for anthracite is

greater than for sand, so the value could be slightly greater.

The second, k2, was found to have the value of 6.32� 105

kg/m3 for sand, and this value might well change considera-

bly for other media. The third empirical parameter is f, the

angle of repose for the material, and this was found exper-

imentally to be 33.2� for sand. On the right side of the

equation, every term inside the brackets is written in dimen-

sionless terms, so that any consistent units can be used for

each of these terms, but overall, the equation has dimensions

of pressure.

The important result of this equation is that, for a given

filter, the backwash water velocity (and therefore the frac-

tional fluidization, vb=vmf) is inversely related to the square

of the superficial air velocity (v2a). Within the range of

fractional fluidization values where collapse-pulsing can

occur (� 0:2 < vb=vmfð Þ < 0:4), the required air velocity

can be determined. This relationship is demonstrated in the

example below, adapted from the Amirtharajah (1984)

article. Subsequently, Amirtharajah (1993) reported

empirical results for other media (anthracite, granular

activated carbon, dual media) in the form of the inverse

square relationship of backwash velocity to the air velocity,

but they did not evaluate the theoretical constants. These

empirical results are at least qualitatively consistent with

the ideas expressed in Equation 14-75, in that the coef-

ficients of the equation change in the expected direction,

relative to sand, for the lower density and higher porosity

associated with anthracite and activated carbon beds.

& EXAMPLE 14-9. A sand filter has the following

characteristics: media size (d60)¼ 0.62mm; media depth

¼ 0.76m;media porosity¼ 0.40; depth ofwater abovemedia

during backwashing¼ 0.963m; sand density¼ 2.52 g/cm3

¼ 2520 kg/m3. At an air pressure of 26.8 kPa (¼ 2.68� 104

kg/m s2), determine the required superficial air velocities to

accomplish the “collapse-pulsing” condition at several values

of backwash water velocity (expressed as a fraction of the

minimum fluidization velocity). Use the values of empirical

constants reported by Amirtharajah.

Solution. The equation to describe collapse-pulsing

(Equation 14-75) is

Pa � 4g

k1d60

� k2v
2
a ¼ rLgZ



1þ H

Z
þ rp � rL

rL

� �
1� e0ð Þ

� tan2 45� f

2

� �
þ 1� tan2 45� f

2

� �� �
vb

vinf

� ��

Substituting the values in metric (SI) units for the

described filter, with each term having units of kg/m s2

2:68� 104 � 4 7:28� 10�2
� �

0:082 6:2� 10�4
� �� 6:32� 105

� �
v2a

¼ 1000ð Þ 9:81ð Þ 0:76ð Þ


1þ 0:963

0:76
þ 2520� 1000

1000

� �
1�0:40ð Þ

� tan2 45� 33:2

2

� �
þ 1� tan2 45� 33:2

2

� �� �
vb

vmf

� ��

2:107� 104 � 6:32� 105
� �

v2a ¼ 7456

�


2:267þ 0:912 0:2924þ 1� 0:2924ð Þ vb

vmf

� ��

v2a ¼ 3:407� 10�3 � 7:633� 10�3 vb

vmf

The following values are then found by substitution

Fractional Fluidization

vb=vmf

(Air Velocity)2

(m/s)2
Air Velocity

(m/h)

0.20 1.89E–03 156

0.25 1.50E–03 139

0.30 1.11E–03 120

0.35 7.35E–04 98

0.40 3.54E–04 68

&

14.10 SUMMARY

Deep bed filtration is very commonly used as a means to

remove particles from water and to achieve very low con-

centrations of particles in the treated water. With common
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designs for drinking water and wastewater (postsecondary

treatment) applications, excellent filtrate quality can be

attained for long times and high values of volume through-

put per unit area, as long as the particles have been ade-

quately destabilized. If inadequate effluent quality is found,

the most likely cause is poor destabilization.

Filter performance is described by two dependent

variables—the effluent concentration and the head loss

through the filter. Either of these performance characteristics

can limit the filter run and require that the filter media be

cleaned (backwashed). Traditional designs for filters have

generally been conservative, in the sense that they have

caused filters to require backwashing because of excessive

head loss at a time much earlier than the effluent quality

would demand. Current designs use some combination of

higher velocity and larger media, combined with deeper

beds, to increase the production of each filter run, and to

bring the times when backwashing would be required by the

two criteria closer together. These changes have been made

possible by better understanding and utilization of particle

destabilization, and the increasingly common practice of

monitoring the effluent quality of every filter in a bank of

filters in parallel, among other factors.

Filter effluent quality is very difficult to predict, although

many mathematical models have been proposed. These

models yield important insights into the behavior of particles

in filters and are quite useful in understanding filtration

behavior, but experimental results are still required for

quantitative work with filters. The models are far better at

predicting the changes that will ensue if some design and

operational variables are changed from a known condition

than predicting results without calibration. In this sense, the

models are quite useful to limit the amount of pilot-scale

testing required if a new filter is to be built or if changes to an

existing filter are contemplated, but they do not eliminate the

need for such pilot testing. Useful starting points for using

experimental results from one condition to predict what will

happen in another are Equations 14-48 for effluent quality

and 14-61 or 14-62 for head loss development.

Cleaning the filter media at the end of every filter run is

accomplished by backwashing; that is, pumping water up

through the filter bed; to be effective for most waters, the

backwashing is accompanied by either a surface wash or air

scour (or sometimes both). During backwashing of any one

filter, the other filters in a bank of filters in parallel generally

take on additional flow; this increase in the flow (or filtration

velocity) can cause detachment of particles in these filters,

especially if done abruptly.

Our understanding of granular media filtration, both in

theoretical and practical terms, has increased continually

over its long history, but this trend needs to continue, so

that someday the pessimism of Stanley in the quote at the

start of this chapter will have been ultimately proven

unfounded.

REFERENCES

Adin, A., and Rebhun, M. (1977) A model to predict concentration

and head-loss profiles in filtration. JAWWA, 69 (8), 444–453.

Adin, A., and Rebhun, M. (1987) Deep-bed filtration: accumula-

tion-detachment model parameters. Chem. Eng. Sci., 42, 1213–

1219.

Amburgey, J. E., Amirtharajah, A., Brouckaert, B. M., and Spivey,

N. C. (2003) An enhanced backwashing technique for improved

filter ripening. JAWWA, 95 (12), 81–94.

Amburgey, J. E., Amirtharajah, A., Brouckaert, B. M., and Spivey,

N. C. (2004) Effect of washwater chemistry and delayed start on

filter ripening. JAWWA, 96 (1), 97–110.

Amirtharajah, A. (1978) Optimum backwashing of sand filters.

J. Environ. Eng. Div. (ASCE), 104 (EE5), 917–932.

Amirtharajah, A. (1984) Fundamentals and theory of air scour.

J. Environ. Eng. Div. (ASCE), 110 (3), 573–590.

Amirtharajah, A. (1988) Some theoretical and conceptual views of

filtration. JAWWA, 80 (12), 36–46.

Amirtharajah, A. (1993) Optimum backwashing of filters with air

scour: a review. Water Sci. Technol., 27 (10), 195–211.

Amirtharajah, A., and Wetstein, D. P. (1980) Initial degradation of

effluent quality during filtration. JAWWA, 72 (9), 518–524.

Brinkman, H. C. (1949) Calculations on the flow of heterogeneous

mixtures through porous media. Appl. Sci. Res., A1, 333–346.

Carman, P. (1937) Fluid flow through granular beds. Trans., Inst.

Chem. Eng., 15, 150–166.

Chang, Y., Li, C. H., and Benjamin, M.M. (1997) Iron oxide-coated

media for NOM sorption and particulate filtration. JAWWA, 89

(5), 100–113.

Clark, S. C., Lawler, D. F., and Cushing, R. S. (1992) Contact

filtration: particle size and ripening. JAWWA, 84 (12), 61–71.

Cleasby, J. L. (1972) Filtration, Chapter 4 In Weber, W. W. (ed.),

Physicochemical Processes for Water and Wastewater, John

Wiley & Sons, New York.

Cleasby, J. L., Arboleda, A., Burns, D. E., Prendiville, P. W., and

Savage, E. S. (1977) Backwashing of granular filters. JAWWA,

69 (2), 115–126.

Cleasby, J. L., and Baumann, E. R. (1962) Selection of sand

filtration rates. JAWWA, 54 (5), 579–602.

Cleasby, J. L., and Fan, K. S. (1981) Predicting fluidization and

expansion of filter media. J. Environ. Eng. Div. (ASCE), 107

(EE3), 455–471.

Cleasby, J. L., and Logsdon, G. S. (1999) Granular bed and precoat

filtration, Chapter 8 In Water Quality and Treatment, 5th ed.,

American Water Works Association, McGraw Hill, New York.

Cleasby, J. L., Sindt, G. L., Watson, D. A., and Baumann, E. R.

(1992) Design and Operation Guidelines for Optimization of

the High-Rate Filtration Process: Plant Demonstration Stud-

ies, AWWA Research Foundation Report, Denver, CO.

Colton, J. F., Hillis, P., and Fitzpatrick, S. B. (1996) Filter backwash

and start-up strategies for enhanced particulate removal. Water

Res., 30, 2502–2507.

Cookson, J. T. (1970) Removal of submicron particles in packed

beds. Environ. Sci. Technol., 4, 124–134.

718 GRANULARMEDIA FILTRATION



Cushing, R. S., and Lawler, D. F. (1998) Depth filtration: funda-

mental investigation through three-dimensional trajectory anal-

ysis. Environ. Sci. Technol., 32, 3793–3801.

Darby, J. L., and Lawler, D. F. (1990) Ripening in depth filtration:

effect of particle size on removal and head loss. Environ. Sci.

Technol., 24 (7), 1069–1079.

Darby, J. L., Attanasio, R. E., and Lawler, D. F. (1992) Filtration of

heterodisperse suspensions: modeling of particle removal and

head loss. Water Res., 26, 711–726.

Eliassen, R. (1941) Clogging of rapid sand filters. JAWWA, 33 (5),

926–942.

Elimelech, M., and O’Melia, C. R. (1990) Kinetics of deposition of

colloidal particles in porous media. Environ. Sci. Technol., 24,

1528–1536.

Ergun, S. (1952) Fluid flow through packed columns. Chem. Eng.

Prog., 48, 89–94.

Ginn, T. M., Jr., Amirtharajah, A., and Karr, P. R. (1992) Effects

of particle detachment in granular media filtration. JAWWA, 84

(2), 66–76.

Goren, S. L., and O’Neil, M. E. (1971) Hydrodynamic resistance to

a particle of a dilute suspension when in the neighborhood of a

large obstacle. Chem. Eng. Sci., 26 (3), 325–338.

Habibian, M. T., and O’Melia, C. R. (1975) Particles, polymers, and

performance in filtration. J. Environ. Eng. Div. (ASCE), 101,

EE4, 567–583.

Hahn, M. W., and O’Melia, C. R. (2004) Deposition and reentrain-

ment of Brownian particles in porous media under unfavorable

chemical conditions: some concepts and applications. Environ.

Sci. Technol., 38, 210–220.

Hahn, M., Abadzic, D., and O’Melia. C. R. (2004) Aquasols: on the

role of secondaryminima.Environ. Sci. Technol., 38, 5915–5924.

Happel, J. (1958) Viscous flow in multiparticle systems: slow

motion of fluids relative to beds of spherical particles. AIChE

J., 4 (2), 197–201.

Hargette, A. C., and Knocke, W. R. (2001) Assessment of fate of

manganese in oxide-coated filtration systems. J. Environ. Eng.

(ASCE), 127 (12), 1132–1138.

Harris, W. L. (1970) High rate filter efficiency. JAWWA, 62 (8),

515.

Herzig, J. P., Leclerc, D. M., and LeGoff, P. (1970) Flow of

suspensions through porous media—application to deep bed

filtration. Indust. Eng. Chem., 62 (5), 8–35.

Hewitt, S. R., and Amirtharajah, A. (1984) Air dynamics through

filter media during air scour. J. Environ. Eng. (ASCE), 110 (3),

591–606.

Hsiung, K. Y., and Cleasby, J. L. (1968) Prediction of filter

performance. J. San. Eng. Div. (ASCE), 94 (SA6), 1043–1069.

Ives, K. J. (1960) Rational design of filters. Proceedings, Institution

of Civil Engineers, London, England, 16, 189–193.

Ives, K. J. (1969) Theory of filtration, Special Subject No. 7,

International Water Supply Congress and Exhibition, Vienna.

Ives, K. J. (1980) Deep bed filtration: theory and practice. Filtra-

tion Separation, 17, 157–166.

Ives, K. J. (1971) Filtration of water and waste water. CRC Crit.

Rev. Environ. Control, 2 (2), 293–335.

Ives, K. J. (1989) Filtration studied with endoscopes. Water Res.,

23 (7), 861–866.

Ives, K. J., and Sholji, I. (1965) Research on variables affecting

filtration. J. San. Eng. Div. (ASCE), 91 (SA4), 1–18.

Iwasaki, T. (1937) Some notes on filtration. JAWWA, 29 (10),

1591–1602.

Kau, S. M., and Lawler, D. F. (1995) Dynamics of deep-bed

filtration: velocity, depth, and media. J. Environ. Eng.,

ASCE, 121 (12), 850–859.

Kawamura, S. (1999) Design and operation of high-rate filters.

JAWWA, 91 (12), 77–90.

Kawamura, S. (2000) Integrated Design and Operation of Water

Treatment Facilities. 2nd ed. John Wiley & Sons, New York.

Kozeny, J. (1927) €Uber kapillare Leitung des Wasser im Boden.

Sitzungsber. Akad. Wiss. Wien, 136, 271–306.

Levich, V. G. (1962) Physicochemical Hydrodynamics. Prentice-

Hall, Englewood Cliffs, NJ.

Lewis, C. M., and Manz, D. H. (1991) Light scatter particle

counting: improving filtered water quality. J. Environ. Eng.,

ASCE, 117 (2), 209–223.

Logsdon, G. S., Symons, J. M., Hoye, R. L.Jr., and Arozarena, M.

M. (1981) Alternative filtration methods for removal of Giardia

cysts and cyst models. JAWWA, 73 (2), 111–118.

MacDonald, I. F., El-Sayed, M. S., Mow, K., and Dullien, F. A. L.

(1979) Flow through porous media—the Ergun equation revis-

ited. Ind. Eng. Chem. Fundamen. 18 (3), 199–208.

Mackie, R. I., Horner, R. M. W., and Jarvis, R. J. (1987) Dynamic

modeling of deep-bed filtration. AIChE J., 33 (11), 1761–

1775.

Mackrle, V., Draka, O., and Svec, J., (1965) Hydrodynamics of the

Disposal of Low Level Liquid Radioactive Wastes in Soil,

International Atomic Energy Agency, Report No. 98, Vienna.

Mehter, A. A., Turina, R.M., and Tien, C. (1970) Filtration in Deep

Beds of Granular Activated Carbon, Research Report No. 70-3,

FWPCA Grant No. 17020 OZO, Syracuse University.

Mints, D. M. (1966) Modern Theory of Filtration, Special Report

No. 10, International Water Supply Congress, Barcelona.

Moran, D. C., Moran, M. C., Cushing, R. S., and Lawler, D. F.

(1993a) Particle behavior in deep-bed filtration: part 1-ripening

and breakthrough. JAWWA, 85 (12), 69–81.

Moran, M. C., Moran, D. C., Cushing, R. S., and Lawler, D. F.

(1993b) Particle behavior in deep-bed filtration: part 2-particle

detachment. JAWWA, 85 (12), 82–93.

MWH (Montgomery Watson Harza) (2005) Granular filtration.

Chapter 11 In Water Treatment Principles and Design, 2nd

ed., John Wiley and Sons, New York.

O’Melia, C. R. (1974) The Role of Polyelectrolytes in Filtration

Processes, Report No. EPA-670/2-74-032, U.S. Environmental

Protection Agency, Cincinnati, OH.

O’Melia, C. R., and Stumm, W. (1967) Theory of water filtration.

JAWWA, 59 (11), 1393–1412.

O’Melia, C. R., and Ali, W. (1978) The role of retained particles in

deep bed filtration. Progr. Water Technol., 10 (5/6), 167–182.

O’Melia, C. R. (1985) Particles, pretreatment, and performance in

water filtration J. Environ. Eng. Div., ASCE, 111 (6), 874–890.

REFERENCES 719



Payatakes, A. C., Park, H. Y., and Petrie, J. (1981) A visual study of

particle deposition and reentrainment during depth filtration of

hydrosols with a polyelectrolyte. Chem. Eng. Sci., 36, 1319–1335.

Payatakes, A. C., Rajagopalan, R., and Tien, C. (1974) Application

of porous media models to the study of deep bed filtration. Can.

J. Chem. Eng., 52, 722–731.

Payatakes, A. C., Tien, C., and Turian, R. M. (1973a) A new model

for granular porous media: Part I. Model formulation. AIChE J.,

19, 58–67.

Payatakes, A. C., Tien, C., and Turian, R. M. (1973b) A new model

for granular porous media: Part II. Numerical solution of steady

state incompressible Newtonian flow through periodically con-

stricted tubes. AIChE J., 19, 58–67.

Petrusevski, B., Sharma, S. K., Kruis, F., Omeruglu, P., and

Schippers, J. C. (2002) Family filter with iron-coated sand:

solution for arsenic removal in rural areas. Water Sci. Technol-

ogy: Water Supply, 2 (5–6), 127–133.

Rajagopalan, R., and Tien, C. (1976) Trajectory analysis of deep-

bed filtration with the sphere-in-cell porous media model.

AIChE J., 22 (3), 523–533.

Rajagopalan, R., Tien, C., Pfeffer, R., and Tardos, G. (1982) Letter

to the editor. AIChE J., 28 (5), 871.

Richardson, J. F., and Zaki, W. N. (1954) Sedimentation and

fluidisation: part I. Trans. Inst. Chem. Eng., 32, 35–53.

Stanley, D. R. (1955) Sand filtration studied with radiotracers.

J. San. Eng. Div., ASCE, 81 (1), 592–596.

Stanley, W. E. (1937) Discussion of T. Iwasaki’s Some notes on

filtration. JAWWA, 29 (10), 1591–1602.

Tare, V., and Venkobachar, C. (1985) New conceptual formulation for

predicting filter performance. Env. Sci. Technol., 19, 497–499.

Tien, C. (1989) Granular Filtration of Aerosols and Hydrosols.

Butterworth Publishers, Stoneham, MA.

Tien, C., Turian, R. M., and Pendse, H. (1979) Simulation of the

dynamic behavior of deep bed filters. AIChE J., 25 (3), 385–395.

Tobiason, J. E., Cleasby, J. L., Logsdon, G. S., and O’Melia, C. R.

(2011) Granular media filtration, Chapter 10 In Water Quality

and Treatment, 6th ed., American Water Works Association,

McGraw Hill, New York.

Tobiason, J. E., Johnson, G. S., Westerhoff, P. K., and Vigneswaran,

B. (1993) Particle size and chemical effects on contact filtration

performance. J. Environ. Eng., ASCE, 119, 520–539.

Tobiason, J. E., andVigneswaran,B. (1994) Evaluation of amodified

model for deep bed filtration. Water Res., 28 (2), 335–342.

Trussell, R. R., and Chang, M. (1999) Review of flow through

porous media as applied to head loss in water filters. J. Environ.

Eng., ASCE, 125 (11), 998–1006.

Tufenkji, N., and Elimelech, M. (2004) Correlation equation for

predicting single-collector efficiency in physicochemical filtration

in saturated porous media. Env. Sci. Technol., 38 (2), 529–536.

Veerapeneni, S., and Wiesner, M. R. (1993) Role of suspension

polydispersivity in granular media filtration. J. Environ. Eng.,

ASCE, 119 (1), 172–190.

Vigneswaran, S., and Chang, J. S. (1986) Mathematical modelling

of the entire cycle of deep bed filtration.Water Air Soil Pollut.,

29, 155–164.

Vigneswaran, S., and Tulachan, R. K. (1988) Mathematical

modeling of transient behavior of deep bed filtration. Water

Res., 22 (9), 1093–1100.

Yao, K. M., Habibian, M. T., and O’Melia, C. R. (1971) Water and

wastewater filtration: concepts and applications. Env. Sci. Tech-

nol., 5 (11), 1105–1112.

Yao, K. M. (1968) Influence of Suspended Particle Size on the

Transport Aspect of Water Filtration, PhD Dissertation,

Department of Environmental Sciences and Engineering, Uni-

versity of North Carolina, Chapel Hill, N.C.

PROBLEMS

14-1. If a picture is worth 1,000 words, an experience might

be worth 10,000. Go to an operating wastewater or

drinking water treatment plant and investigate a filter

under the guidance of a knowledgeable person (oper-

ator or engineer associated with the plant). Witness

the operation of a backwash. Go down below the filter

to see the piping and valving. Some things to look and

ask for include:

(a) The number of valves and their function to allow

for normal operation, backwashing (including,

perhaps, surface wash or air scour), and, in some

cases in drinking water plants, the possibility of

wasting filtered water rather than accepting it.

(b) The channels for influent water flow during

normal operation and effluent backwash flow,

including troughs that set the height of water

above the filter during backwashing.

(c) Monitoring and recording equipment for head

loss and effluent quality, and monitoring records

(if any) for the head loss and effluent concen-

tration during a single filter run. Determine what

measure(s) the plant uses for effluent quality.

(d) The operating rule for the decision when to

backwash and the usual amount of time between

successive backwashes.

(e) Determine some details about backwashing

methodology; for example, how the flow is

(gradually) reduced to the filter when beginning

a backwash cycle and the timing of air scour or

surfacewash relative to the initiation of the main

backwash flow.

(f) Values for the primary design and operating

characteristics: media size(s) and depth(s), fil-

tration velocity under average and peak condi-

tions, (surface) area of the filter, and backwash

flow or velocity.

(g) The rate controller (assuming the filter you see

is a constant flow rate filter).
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14-2. The influent to a particular filter is a monodisperse

suspension of 2-mm particles with a density of

1.05 g/cm3. Assume that the Hamaker constant for

the particles is 10�20 J. The filter has the following

characteristics: depth of media¼ 75 cm, grain diam-

eter¼ 0.6mm, porosity¼ 0.4, filter plan area¼
25m2, influent flow¼ 150m3/h, temperature¼ 25�C.
(a) Assuming a¼ 1, what is the expected removal

efficiency in this filter according to the Tufenkji

and Elimelech model?

(b) Plot N/Ninfluent as a function of depth in this

filter.

(c) Calculate the head loss across this filter bed

using the Carman–Kozeny equation.

14-3. If the suspended solid concentration of the particles

that enter the filter described in Problem 2 is

1.5mg/L, and if we assume that all particles are

captured in the filter, what fraction of the original

pore space is occupied by the removed particles after

a 24-h period?

14-4. Perform the mass balance described above Equation

14-73 to derive that equation, which describes the

relationship between porosity and media depth under

normal and expanded conditions.

14-5. All the details required to generate the values shown

in Figures 14-7, 14-9, 14-10, and 14-11 are given in

those figures.

(a) Use a spreadsheet to determine these values.

(b) Systematically change various parameters asso-

ciated with the filter design and operation to see

how the single collector removal efficiencies

and overall filter removals are changed by the

changes in the parameters you choose. Make

appropriate graphs to document these changes

and comment briefly.

(c) Add a line to Figure 14-10 for the array-of-

spheres model expressed in Equation 14-44; use

the same equation for Brownian motion as the

Rajagopalan and Tien model (Equation 14-38).

14-6. Make a photocopy of Figure 14-7, and indicate how

the lines for each mechanism would shift with

increases in all the filtration variables: filtration

velocity, media depth, media size, water temperature,

and particle density. Also indicate how each increase

would affect the point of minimum collection effi-

ciency (both horizontally and vertically).

14-7. Two filters, one labeled “traditional” and the other

“modern,” are described below. These values are not

necessarily realistic; some parameters have been

varied between the two in a rather arbitrary manner

just to demonstrate the effect of this parameter (e.g.,

media density). For simplicity, both filters are given

as monomedia filters, although many filters (both

traditional and modern) are constructed as dual media

filters. Assume that the media grains are all identical

in size.

The particle size distribution function for the influ-

ent to these two filters is given in the following table.

Assume that the particle density of this suspension is

1.1 g/cm3 and that the Hamaker constant for these

particles is 10�13 erg.

The temperature of the water is 25�C, at which the

water density is 0.997 g/cm3 and the viscosity is

8.91� 10�3 g/cm s. The value of the Boltzmann con-

stant is 1.38� 10�16 g cm2/s2 K.

Filter Characteristics

Parameter Symbol Units

Traditional

Filter

Modern

Filter

Media size

(diameter)

dc mm 0.5 1.8

Media depth Z cm 35 160

Filtration

velocity

v m/h 5 18

Shape factor f — 6 7.5

Media

density

rc g/cm3 2.65 (sand) 1.5

(anthracite)

Bed porosity e — 0.40 0.48

Particle Size Distributiona

log dp log (DN/Ddp) log dp log (DN/Ddp)

�0.3 4.90 0.8 3.12

�0.2 4.88 0.9 2.82

�0.1 4.82 1.0 2.49

0.0 4.73 1.1 2.15

0.1 4.61 1.2 1.79

0.2 4.47 1.3 1.40

0.3 4.30 1.4 1.00

0.4 4.11 1.5 0.58

0.5 3.90 1.6 0.14

0.6 3.66 1.7 �0.32

0.7 3.40

a dp in mm, DN in cm�3.

(a) For all the sizes given in the size distribution

(i.e., for every log dp value between �0.3 and

þ1.7 at 0.1 increments), find the total single

collector removal efficiency and the removal

efficiency in the whole filter according to the

Yao et al. model, assuming a¼ 1.0. Use this

information to find the log of the particle size
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distribution function log(DN/Ddp), the number

distribution (DN/Dlog dp), and the volume dis-

tribution (DV/Dlog dp) of the filter effluent.

Also determine the overall removal efficiency

(% removal) on the basis of (i) particle number

concentration and (ii) particle volume (sus-

pended solid) concentration.

(b) Repeat (a) using the Rajagapolan and Tienmodel.

(c) Repeat (a) using the Tufenkji and Elimelech

model.

(d) Determine the head loss expected at the start of a

filter run, according to the Carman–Kozeny and

Ergun equations. For the Ergun equation, use

the values k1¼ 5 and k2¼ 0.3 (i.e., so that the

first term of the Ergun equation is identical to

the Carman–Kozeny equation).

(e) Using the Ergun equation for the head loss,

determine the following values associated

with backwashing: (i) the minimum velocity

required to accomplish fluidization (vmf), (ii)

the velocity required to accomplish 10% expan-

sion of the bed (i.e., Ze/Z¼ 1.10), and (iii) the

water velocity required if air scouring is used

and 30% of vmf is to be the design criterion.

14-8. Awastewater treatment plant has an average flow of

50,000m3/d, but the peak flow entering the plant is

considerably higher. The plant has had only secondary

treatment until now, but filters are to be installed to

achieve a higher effluent quality. Assume that the peak

flow that reaches the end of the plant is 100,000m3/d.

The designer wants the filtration velocity never to

exceed 18m/h. The maximum velocity can occur if

one filter is out of service for backwashing at the same

time that the peak flow is experienced.

(a) What is the minimum filter area that must be in

service during the critical period?

(b) If filters are to be built square and to have a

maximum size of 8.0m on a side, how many

filters have to be built?

(c) Determine the percent increase in the flow (or

filtration velocity) to the remaining filters when

one is taken out of service for backwashing.

(d) When one filter is taken out of service for

backwashing, the flow to the other filters that

remain in service increases. Show the relation-

ship between the percent of this increase and the

number of filters in a plant, and discuss the

tradeoffs in design that must be considered in

light of this relationship.

14-9. Figure 14-19 is a conceptual diagram showing how

the filter run time (or volume throughput) varies

with the media size, based on the time to reach the two

termination criteria—excessive head loss or excessive

effluent concentration. The locations of the two lines

on such a figure depend on all the other design and

operational variables aswell as on thevalues set for the

two criteria. On separate graphs for the variation in

each parameter described below, show how the two

lines would move on such a figure; that is, each figure

will have four lines, two for each criteria with one line

for the “standard” condition and the other for the

changed condition specified. In some cases, it is pos-

sible that one of the lines will not move. If possible,

show not only whether you expect the shift to be to the

left or right but also whether it would change the slope

or shape of the curve. If both lines shift, indicate

whether you expect the optimum media size (i.e.,

the one that gives maximum production) to shift to

larger or smaller sizes.

(a) Reduce the maximum allowable head loss.

(b) Reduce the maximum allowable effluent

concentration.

(c) Reduce the depth of the media.

(d) Reduce the filtration velocity (choose volume

throughput as the ordinate).

(e) Reduce the influent concentration.

(f) Change the influent size distribution so that it had

more small particles but fewer large particles.

This could occur, for example, by eliminating

flocculation and switching from“direct filtration”

(filtration after particle destabilization and floc-

culation, but no gravity separation) to “contact

filtration” (filtration after particle destabilization

only). Assume that the effluent concentration is

measured in suspended solid concentration,

which is dominated by large particles.

(g) Same as (f) but assume that the effluent concen-

tration is measured by turbidity or total particle

number concentration, which are dominated by

small particles.

14-10. A laboratory-scale granular media filter was run

with a constant flow rate of a clay suspension. A

separate feed pump for alum was used to control the

alum dose; which was varied as indicated in the

following table.

Time Period

(min)

Alum Dose

(mg/L as alum)

0–90 2.5

90–121 0

121–180 2.5

180–300 1.0

300–320 3.0
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The turbidity of the filter effluent was monitored

frequently, and the results shown in Table 14-Pr10

were obtained. Plot the data appropriately, and

explain these results.

14-11. To achieve removal of some soluble contaminants,

many water utilities now use more coagulant (metal

salts) than they did when their plants were designed.

In some cases, these plants were designed as “direct

filtration” plants; that is, the rapid mix basin, where

coagulant is added, was followed by a flocculation

basin, but the water was then applied directly to a

granular media filter. However, when they increase

the coagulant dose, they might find it necessary to

add sedimentation or flotation before filtration.

Why would the increase in coagulant dose cause

them to make such a decision?

14-12. (a) For an aqueous suspensionat 15�Candparticles of

density rp¼ 1.15 g/cm3, develop curves of logh

versusdp and identify theparticle size ofminimum

filtration efficiency according to the Yao et al.

model for granular media filtration. Consider

four possible operating conditions: v0¼ 0.2 or

0.5 cm/s; grain diameters d¼ 0.4 or 1.5mm.

(b) What is the removal efficiency of the particles

identified as having the minimum removal effi-

ciency for the v0¼ 0.2 cm/s, dc¼ 0.4mm case in

an ideal horizontal flow sedimentation basin with

an overflow rate of 40m3/m2 d?

(c) Compare the result in (b) with the removal

efficiency of the same particles in a clean filter

of the same dimensions and with a filtration

velocity equal to the overflow rate of the sedi-

mentation basin; that is, the removal that would

be obtained if the sedimentation basin were

filled with sand and converted into a downflow

filter. Assume that the packed depth of the filter

is 1.5m, that its porosity is 0.38, and that the

incoming particles are fully destabilized. Com-

ment on the comparison.

14-13. A pilot-scale filter with a cross-sectional area of

0.25m2, a depth of 1.5m, and a porosity of 0.38 is

being operated at a flow rate of 60 L/min. The water

temperature is 25�C at which the viscosity is

0.9� 10�2 g/(cm s) and the density is 1.00 g/cm3.

Although the influent particle distribution is heter-

odisperse, the filter was designed so that the single

collector removal efficiencies according to the Yao

model for 0.1-mm-diameter particles by sedimenta-

tion and interception are hg ¼ 1:0� 10�6 and

hI ¼ 6:0� 10�8.

The volume distribution of the influent particles

is shown in Figure 14-Pr13. In the graph, V is in

mm3/cm3 and dp is in mm. There are no particles

in the influent with log dp> 2.5 or log dp<�3.

The function can be represented by three line

segments:

� For the size region �3< log dp<�2:

dV/d(log dp)¼ 3� 106þ106 log dp

� �
mm3=cm3.

� For the size region �2< log dp< 1:

dV/d(log dp)¼ 106 mm3=cm3.

� For the size region 1< log dp< 2.5:

dV/d(log dp)¼ 1:667� 106 � 0:667
�
�106 log dpÞmm3=cm3.

(a) Compute the diameter of the collector grains

and the density of the incoming particles.

(b) Plot log h versus log dp.

(c) Calculate and plot the volume distribution

(dV/dlog dp) for the effluent particles. Show

the influent distribution on the same graph.

(d) Compute the total mass concentration (mg/L) of

particles in the influent and the effluent.

14-14. The analysis of the particle size distribution in the

influent and effluent of a sand filter suggests that a

significant fraction of the incoming particles with

diameters around 1mm pass through and appear in

the effluent, yet most of the incoming particles with

diameters around 0.1mm are removed.

TABLE 14-Pr10. Effluent Quality as a Function of Time

Time

(min)

Turbidity

(NTU)

Time

(min)

Turbidity

(NTU)

Time

(min)

Turbidity

(NTU)

Time

(min)

Turbidity

(NTU)

1 43 70 2.0 124 2.5 210 38

9 7 80 2.0 130 5.0 220 39

20 5 90 2.0 140 5.0 260 45

30 4.5 95 32 160 4.5 300 46

40 3.5 100 36 180 4.0 305 4.0

50 4.0 110 39 200 21 310 3.0

60 2.0 120 38 205 30 320 2.5
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(a) How is it possible for a filter to remove small

particles and yet not remove larger ones?

(b) How does density affect particle removal in the

system described? Specifically, would denser

particles be removed more or less efficiently

than less dense particles, if both particles were

0.1mm in diameter? Answer the same question

for particles that are 10mm in diameter.

14-15. Figure 14-Pr15 shows several curves describing the

hydrodynamic head at various depths in a filter as a

function of time.

(a) Why do most of the curves have two distinct

portions?

(b) The filter run must be terminated and the back-

washing cycle begun when one of three criteria

is met: the head loss across the bed is greater

than 3.5m, significant turbidity breakthrough

occurs, or air bubbles start forming in the filter

bed. Assuming that the influent water has

equilibrated with air at 1.0 atm, estimate when

each of these criteria would be violated.

14-16. A sand filter being used in a water treatment facility

consistently reaches its water quality criterion for

backwashing before the criterion for head loss is

exceeded. Why is this mode of operating

undesirable? What are some remedies that could

be investigated to improve this situation without a

major redesign of the facilities?

14-17. A graduate student is performing a series of tests on

a laboratory-scale filter under various destabiliza-

tion conditions for the particles in the influent; all

experiments are run with identical hydraulic condi-

tions in the same filter. The runs are short and only

designed to emulate the early period in a full-scale

filter at a water plant. Under most conditions, the

results are what might be considered typical of a

filter run during the ripening period: mediocre

removal at first, with better effluent quality as

time proceeds. However, in some experiments,

FIGURE 14-Pr13. Volume distribution of the filter influent.
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FIGURE 14-Pr15. Pressure head profiles at various times.
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the results are nearly the opposite: excellent (virtually

100%) removal for several minutes followed by an

increasingeffluentparticleconcentrationuntilvirtually

no removal occurs. Explain these results.

14-18. The head loss and effluent during a typical filter run

at a drinking water treatment plant are shown in

Figure 14-Pr18. The maximum head loss at which

the filter can be operated efficiently is 2.5m, and the

turbidity criterion is 0.2 NTU.

(a) Approximately how long should the operator

run the filter before backwashing it?

(b) Explain briefly why the head loss increases at an

approximately steady rate over time.

(c) Describe the likely effects of the following

changes on the amount of water that can be

processed in a filter run. Assume in all cases that

the changes are fairly small, so that whatever

limits the run length in the baseline (initial)

condition still limits it after the change has

been implemented.

(i) Adding a small amount of polymeric coag-

ulant (and thereby improving the destabi-

lization) as the water enters the filter bed.

(ii) Adding a small amount of sand to the bed

to make the column deeper.

(iii) Replacing the sand in the bed with slightly

larger grainedmaterial with the same depth.

(Assume the porosity remains the same, but

recognize that the pore size will increase.).

(d) On a copy of the plot, sketch new curves show-

ing the expected head loss and turbidity if option

(i) (coagulant addition) is implemented.

(e) On another copy of the plot, sketch new curves

showing the expected head loss and turbidity

if option (ii) (sand addition) is implemented.

Assume that the additional sand increases the

bed depth by 15%.

14-19. Assuming that the fluid velocity through a filter is

slow, so that there is no wake downstream of a sand

grain, how is it possible for a small particle sus-

pended in the influent to become attached to the

bottom of a sand grain?

14-20. When sand filters are used to treat drinking water,

they are almost always designed and operated so

that the head loss criterion for backwashing is

reached before turbidity breakthrough. On the other

hand, when filters are used to remove particles from

treated sewage, operating with either the turbidity

breakthrough or head loss limitation occurring first

is considered acceptable. Why the difference?

14-21. It has been suggested that all the mechanisms that

cause particles to be removed in filter columns

(interception, Brownian motion, and sedimentation)

are also applicable in coagulation basins. Yet, filters

are much more efficient at removing particles than

coagulation/flocculation/settling basins.

(a) If the movements of particles in filter beds are so

similar to those in coagulation basins, why are

filters generally much more efficient at remov-

ing particles?

(b) Sweep coagulation is used to alter the particle

size distribution in coagulation processes

upstream of sedimentation basins, but generally

not upstream of filtration processes. Explain this

difference in the pretreatment processes.

14-22. Figure 14-Pr22 shows the changes in the profile of

the pressure head in a granular media filter that is

operated with a constant total head (and therefore

declining flow as the run proceeds). Sketch the total

head versus depth in the filter at the five times

shown. (Time t¼ 0 is just before the filter run
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starts.) Define the datum for total head as the bottom

of the filter media.

14-23. Several curves of pressure versus depth through a

sand filter are shown in Figure 14-Pr23, each corre-

sponding to a different time during the filter run. The

hydraulic (pressure) head at the top of the sand

(indicated in the figure as depth¼ 0m) is 4.0m at all

times. The filter bed is 2.0m deep and must be

backwashed when particles start breaking through

into the effluent in significant amounts, or when the

head loss exceeds 2.2m. The filter is operated in

constant flow mode.

(a) Why are the curves near the bottom of the filter

approximately parallel to one another regardless

of how long the run has lasted?

(b) What is the pressure head at the bottom of the

filter under no-flow conditions?

(c) Estimate the time when you think each of the

criteria for backwashing the media is first met,

and explain how you made this determination.

(d) One option available to the system operator is to

add 0.5mof sand to the column. If thiswere done,

what do you think the head loss through the bed

would be 2 h after the beginning of a filter cycle?

(e) If the criteria for head loss and turbidity break-

through remain the same, do you think that

adding the sand would increase, decrease, or

not affect the length of a filter cycle?

14-24. A plot characterizing head loss in a filter run is

shown in Figure 14-Pr24. The total depth of sand in

the filter is 3m.

(a) A plot of head loss versus time for this filter is

approximately linear, even though the head loss

versus depth curve is highly nonlinear. Explain

briefly why the head loss increases at an approx-

imately steady rate over time.

(b) Explain inasentenceor twowhythe topportionof

the head loss versus depth curve is approximately

linear at any given time, with approximately the

same slope from one time to the next.
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(c) For the data at t¼ 8 h, at what depth in the

column is the total head largest? At what depth

is the pressure largest? At what depth is the head

loss largest?

(d) Still considering the data at t¼ 8 h, what frac-

tion of the head loss can be attributed to particles

trapped in the sand, as opposed to the sand

grains themselves?

(e) What is the local gradient of head loss versus

depth (in units of m/m) at the point indicated by

the dashed line in the figure; that is, at a point

where a tangent to the curve is vertical. (Hint:

keep in mind that the figure shows pressure

versus depth, and head loss is a measure of

the decrease in total head, not just the pressure

head.)

14-25. If we could obtain images of a very small particle in

the vicinity of a sand grain in the middle of a filter,

we might see the following. As the particle moves

downward with the water, it first moves away from

the sand grain, then abruptly changes directions and

moves toward the grain. It then continues moving

toward the grain, but at a progressively slower

velocity. Then, rather suddenly, it accelerates

toward the grain and attaches to it. Describe the

factors that you think cause these various motions.

14-26. The profile of hydrodynamic pressure in a rapid

sand filter 6 h after backwashing is shown in

Figure 14-Pr26. The head loss through the filter

at the beginning of the filter run was 0.3 m. Based

on this information, sketch curves of head loss

across the whole filter and turbidity of the effluent

from the beginning of the run until t¼ 36 h.
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15.1 INTRODUCTION

Amembrane is a thin layer of semipermeable material that is

capable of separating substances based on their physical or

chemical properties. The variety of membrane systems in

use and the range of materials that they can separate from

aqueous solutions are broad. In fact, one membrane process

or another has been proposed as a replacement for most of

the separation processes encountered in water and waste-

water engineering. Such processes generate at least two

outlet streams—one that is cleaner than the feed and another

containing the constituents that have been separated from it.

The efficiency of the overall process is typically evaluated in

the context of two issues: how well the membrane separates

the constituents from one another and how rapidly the

influent can be processed per unit of membrane used.

The ideal situation is to achieve very efficient separation

at a high rate of treatment; but in practice, one goal is usually

compromised to achieve the desired performance with

respect to the other.

The applications of membranes in environmental engi-

neering have not been limited to treatment of aqueous

streams. For instance, membranes have been used to purify

organic solvents, separate constituents of gases from each

other, introduce gases to liquid streams, dewater sludges,

and strip volatile compounds from solutions. Membranes are

also of growing importance in environmental analytical

procedures (e.g., molecular weight fractionations, determi-

nation of contaminant partitioning between phases, and as

components of species-selective probes). However, in this

chapter, we focus on the use of membranes to purify aqueous

streams. An excellent, more comprehensive treatise on

membrane systems has been provided by Strathmann

et al. (2006), and the one focusing strictly on microfiltration

(MF) and ultrafiltration (UF) has been prepared by Zeman

and Zydney (1996).

This chapter begins with a description of the hardware of

membrane systems—the membranes themselves and the

modules in which they are utilized—along with a broad

overview of how such systems are operated and the termi-

nology used to describe the systems. Following these

sections, an overview is presented of the most common

membrane systems used in environmental engineering

applications—those driven by an imposed transmembrane

pressure (TMP) differential. We then turn our attention to the

quantitative modeling of transport in membrane systems,
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beginning with consider ation of the forc es responsi ble for

transport throug h the membr anes and then applying these

ideas to pressure -driven systems, with separ ate sect ions

dealing with transpor t up to and through the membrane.

The fin al sections consider membr ane proce sses driven by a

differ ential in electri cal po tential (rathe r than pres sure), and

a more advanced theoretic al anal ysis of transport in pres -

sure-dr iven systems. Th rougho ut, an effort is made to relate

the theo retical anal ysis of membr ane processe s based on

mathemati cal models with the practical aspec ts of mem-

brane processe s as they are used in environm ental engi neer-

ing applica tions.

15.2 OVE RVIEW OF ME MBRAN E SYSTE M
OPERATI ON

The key features of a membr ane system for treat ing an

aqueou s solutio n are highli ghted in Figure 15-1. At the

beginning of a treatme nt cycle, the feed ente rs the system

and contact s one side of the membr ane. At this point, a

driving forc e for migra tion of various constituen ts acro ss the

membrane either exists already (if the solutions on opposi te

sides of the membrane have different com positions) or is

impose d (e.g., by appl ying a pressure differential acro ss the

membrane) . The overall driving forc e might be p hysical,

chemical , ele ctrical , or som e com bination of these. The

differ ent types of driving force are disc ussed in detail later

in this chapt er; for now, the critica l points are simply that a

driving force for change in the system exists, and in respo nse

to this force, some constit uents begin to migrate through the

membrane.

The membr ane impede s the transpor t of all the constit u-

ents that reach it, but it does so sel ectively, interfer ing with

the transpor t of som e const ituents more than others. Several

mechanism s can cont ribute to this select ivity. Perha ps, the

simplest is mec hanical sieving— particles and molecu les

that are larger than the openi ngs in the membr ane are

comple tely reject ed, wherea s thos e that are smaller have

the p otential to enter and pass through the membr ane.

However, several other physical and chemic al factor s also

play a role in determin ing the extent to which a particula r

materia l passes through the membr ane. Dep ending on the

membr ane structure and operating condi tions, a system

might be used prima rily to remove suspe nded particle s,

colloid s, macrom olecules, or sma ll molecu les from the

feed. Through out this chapt er, we refer to specifi c subgr oups

of these constituen ts whe n appropri ate, and we refer to the

comple te collec tion of nonaque ous constituen ts in the feed

generic ally as “contamin ants.”

Most full- scale membr ane processe s opera te with contin-

uous or semic ontinuous flow. The membr ane and the prin-

cipal flow str eams into and out of such a system are oft en

represe nted b y a simple schemat ic, such as the one shown in

Figure 15-2. Th e flow streams are referred to as the influen t

or feed, the reten tate , and the permeate . 1 In mos t syst ems of

interest , water p asses through the membrane, and othe r

constituen ts in the feed are selectively rej ected. As a result,

the cont aminan ts on the feed side of the membr ane are mor e

conce ntrated than in the inflow, and the retent ate is referr ed

to as the concent rate . In syst ems where salt becom es

conce ntrated on o ne side of the membr ane (eithe r by selec-

tive rejectio n or selective passa ge), the solu tion cont aining

the conce ntrated salt is often referred to as the brine .

Physical, chemical, and/or 
electrical driving force

Permeate

Solute or particle 
rejection

Feed or concentrate

Semipermeable (selective) membrane

Accumulated, rejected material,  
migrating back to bulk solution

FIGURE 15-1. Schematic representation of the key processes

occurring in a membrane treatment system.

cc(x) 

cp(x) 

Feed Permeate 

Retentate 
Qc, cc,out 

x 

Q
f 
, c

f 
Qp, cp,out 

FIGURE 15-2. Flows into and out of a contaminant-rejecting

membrane system. The subscript c on the retentate refers to its

common designation as the concentrate. Both cc and cp might vary

with x. cc,out is the concentration of the exiting rejectate stream.

Permeate is generated all along the membrane, so cp,out represents a

blend of the fluid permeating at all values of x.

1 An extensive list of definitions for terms related to membrane systems has

been adopted by the International Union of Pure and Applied Chemistry

(IUPAC). Unless otherwise noted, the terminology in this chapter is

consistent with these conventions. The complete list has been published

by Koros et al. (1996). An updated list is maintained on the website of the

North American Membrane Society, at http://www.che.utexas.edu/nams/

NAMSHP.html.
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The species that are rejected by a membrane accumulate

near the membrane surface and can either aid or impede

separation of the contaminants that approach the membrane

subsequently. If this layer of accumulated material

increases the resistance to transport of contaminants

more than that of water, it tends to improve the rejection

efficiency. On the other hand, the increased concentration of

rejected species increases the driving force for migration of

those species through the membrane, so any increase in

rejection is selflimiting. The accumulation of rejected spe-

cies on or inside the membrane also invariably increases the

resistance to transport of constituents that are intended to

pass through the membrane, and in particular to transport of

water; this process is referred to as membrane fouling. In

membrane systems used for water and wastewater treat-

ment, common foulants include colloidal organic detritus

(e.g., fragments of cells and/or other biological structures);

macromolecules such as natural organic matter (NOM);

inorganic colloids such as clays, CaCO3(s), and Fe or Al

oxides; solutes that might adsorb to the membrane such as

silica; and microorganisms and their secretions. In many

cases, the contaminants originally attach to the membrane

individually, but subsequently coagulate or precipitate to

form a composite that is a more severe foulant than the

individual constituents.

The accumulation of rejected species near the membrane

surface, and therefore fouling, can sometimes be reduced by

providing a steady flow of water parallel to the surface with

a sufficient velocity to scour the surface (Figure 15-3a and

15-3b). This flow is referred to both as crossflow (because it

is perpendicular to the flow through the membrane) and as

tangential flow (because it is parallel to the membrane). In

other cases, motion is induced in the membranes themselves,

either by vibration or rotation or by bubbling air through the

adjacent solution. In addition, in some systems, water is

intermittently pulsed from the permeate to the feed side in an

attempt to dislodge any contaminants that accumulate in the

pores or next to the membrane (Figure 15-3c); this process is

referred to as back-flushing or backwashing. Fast-flushing,

in which a burst of high velocity water is passed over the

membrane surface (as an alternative or in addition to con-

tinuous crossflow), was commonly applied in the past, but is

used rarely at present.

Fluid cleaning typically restores some, but not all, of the

membrane permeability that is lost due to fouling. Any

deterioration in membrane performance that is not reversed

by flushing is referred to as (hydraulically) irreversible

fouling. Hydraulically irreversible fouling can often be largely

overcome by contacting the membrane with chemical

reagents, such as acids, bases, detergents, or oxidants. In

some systems, a mild chemical cleaning is carried out once to

several times per week by adding chemicals to the solution

used to backwash the membrane, and perhaps altering the

backwashing protocol. At longer intervals, all systems require

more aggressive chemical cleanings; such cleanings are

sometimes referred to as cleaning-in-place (CIP). In most

cases, for a system to be economical, the need for a CIP must

arise notmore frequently than approximately once permonth,

and preferably only once every several months.

Membrane fouling is extremely complex, for several

reasons. First, different species have different effects on

the passage of water, and these effects are not necessarily a

simple function of the concentration or mass buildup of the

rejected species. Second, rejected species do not simply

accumulate near the membrane—they are also transported

back into the bulk solution by various processes that

depend on the species’ properties and the local hydro-

dynamic regime. Finally, rejected constituentsmay undergo

physical/chemical transformations near the surface, such

as precipitation or coagulation. Understanding, modeling,

and interfering with the fouling process constitute a major

thrust of research in membrane technology. A few

approaches for minimizing fouling in practice, as well as

for modeling it theoretically, are presented in greater detail

later in this chapter.

Membrane

Permeate

Concentrate

(a)

Feed

Feed

Permeate

Concentrate

(b)

Membrane

Permeate used 
for backwashing

To back-flush 
treatment step

(c)

Membrane

FIGURE 15-3. Approaches for minimizing buildup of contami-

nants on membranes. Crossflow in a system with (a) a clean

membrane and (b) a membrane on which contaminants have

deposited. (c) Back-flushing.
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15.3 MEMBRANES, MODULES, AND THE

MECHANICS OF MEMBRANE TREATMENT

Membrane Structure, Composition, and Interactions
with Water

Membranes are fabricated from a variety of starting materi-

als, and they are implemented in various physical forms. In

this section, we describe a few physical/chemical features

of the membranes used most commonly in water-focused

environmental engineering applications and relate those

features to membrane performance.

Transport throughmembranes occurs through small open-

ings in the membrane material. Although the sizes of these

openings range widely (sometimes even within a single

membrane), two extreme cases can be considered. At one

extreme are membranes in which fluid moves predominantly

by advection through distinct pores. Most of the contaminant

rejection achieved by these porous membranes occurs at the

membrane surface, although some contaminants might enter

the pores and get trapped before they exit. Porous mem-

branes typically remove particles and most colloids, and

those with the smallest pores can remove large molecules as

well. At the other extreme are so-called dense or nonporous

membranes, in which distinct pores are not discernible even

when the membranes are scrutinized at high magnification.2

These membranes are used to achieve efficient removal of

small molecules from solution. Dense membranes are com-

monly modeled as a homogeneous, nonaqueous phase into

which molecules dissolve on the feed side and from which

they elute on the permeate side. In such models, selectivity is

attributed to different solubilities and rates of diffusion of

different molecules in the membrane phase: more soluble

molecules and those with higher diffusivities selectively

permeate, while those that are less soluble or have lower

diffusivities are selectively rejected.

Important distinctions also exist among macroscopic

features of membranes. For example, symmetric membranes

have an approximately uniform composition throughout

their entire thickness, so that slices through different layers

of the membrane parallel to its surface appear essentially

identical. Images of a symmetric membrane are shown in

Figure 15-4a. In contrast, asymmetric membranes combine

a thin membrane skin that is responsible for contaminant

rejection with a much thicker layer of material that provides

mechanical support (Figure 15-4b); the support layer plays

almost no role in the separation of the constituents and has

negligible hydraulic resistance. Because the rejecting skin of

an asymmetric membrane is thin (typically �1mm), the

energy required to force water through it is relatively small.

The support layer is relatively thick (tens to hundreds of

micrometers), but it has only a small hydraulic resistance. As

a result, asymmetric membranes combine high rejection of

contaminants (imparted by the characteristics of the skin)

2 One interpretation of this observation is that the spaces through which the

permeating species move are generated transiently to accommodate these

species, and that the spaces do not exist in the absence of the permeate,

much as the open space occupied by a gas bubble is continuously generated

(and the space that the bubble formerly occupied disappears) as the bubble

rises through a column of water (Wijmans and Baker, 1995).

FIGURE 15-4. Scanning electron micrographs of membrane

surfaces. (a) (i) Top and (ii) cross-sectional views of a symmetric

membrane. (b) An asymmetric membrane. The skin near the top of

the photograph is responsible for contaminant rejection; the thicker

portion of the membrane below the skin is the more porous support

structure. Source: (a) Z. Hendren, (b) M. Wiesner.

734 MEMBRANE PROCESSES



with good mechanical strength (imparted by the support)

and low resistance to permeate flow (due to the minimum

thickness of the skin). Most dense membranes are

asymmetric, whereas porous membranes might be either

symmetric or asymmetric.

The chemical characteristics of membranes—both their

bulk composition and their surface chemistry—also play an

important role in determining their performance. Although

membranes are fabricated from various materials, organic

polymers are by far the most common starting materials for

the membranes used in water and wastewater treatment

systems. Ceramic membranes are used in specialized appli-

cations, where their excellent mechanical strength and their

tolerance to oxidants and extremes of pH and temperature

might be required. Historically, ceramic membranes have

tended to be substantially more expensive than polymeric

membranes, due to the relatively low membrane area that can

be packed into a given volume as well as the costs of

production. However, their cost has declined in recent years,

and they are now competitive with polymeric membranes in

some water and wastewater applications.

Membranes made of materials that have relatively

unfavorable interactions with water molecules (e.g., poly-

tetrafluoroethylene (Teflon1)) are referred to as hydropho-

bic membranes. Dissolving water into a phase of such

materials is difficult, so they are rarely used to prepare

dense membranes; however, they are used fairly frequently

for producing porous membranes or as support materials in

asymmetric membranes. Hydrophobic solutes (such as many

organic solutes) tend to accumulate on or in hydrophobic

membranes, leading to membrane fouling.

Hydrophilic membranes, on the other hand, have highly

polar or ionized functional groups on their surfaces and

therefore interact favorably with water molecules, thereby

facilitating water transport. However, these same func-

tional groups make the membranes more vulnerable than

their hydrophobic counterparts to attack by oxidants and

to biodegradation. Hydrophilic membranes are, in most

cases, less likely than hydrophobic membranes to become

fouled via adsorption of organic matter. Unfortunately,

fouling by NOM can be severe on both hydrophobic and

hydrophilic membranes, since molecules of NOM often

have both hydrophobic and hydrophilic components. Some

characteristics of membranes made of various organic

polymers are summarized in Table 15-1.

Many hydrophilic membranes acquire a pH-dependent

surface charge via ionization of weakly acidic or basic

functional groups in the membrane structure (primarily car-

boxyl and amino groups, in the case of polymeric mem-

branes). The pH at which the positive and negative charges

exactly balance, so that the membrane is uncharged, is called

the isoelectric point; at pHs below the isoelectric point, the net

charge is positive, and at pHs above it, the net charge is

negative (Figure 15-5). In general, greater surface charge

correlates with greater hydrophilicity. For membranes used to

treat aqueous solutions, the isoelectric point is invariably at

TABLE 15-1. Characteristics of Various Organic Membranes

Membrane

Material

Hydrophobicity/

Hydrophilicity

Chlorine

Tolerance

pH

Tolerance

Temperature

Range (�C)
Typical

Applicationsa

Cellulosic (cellulose acetate, cellulose

triacetate, cellulose nitrate,

cellulose esters)

Hydrophilic High 4–8.5 50 UF/NF/RO

Polysulfones/polyethersulfones Hydrophobic/moderately

hydrophilic

Moderate 1–12 0–80 UF, substrate for RO

thin film composites

Polyvinylidene fluoride (PVDF) Hydrophobic High 2–10 130–150 MF/UF

Polypropylene Moderately hydrophobic Low 0.5–14 50 MF

Polyacrylonitriles (PAN) Hydrophobic Moderate 2–10 60 UF

Polytetrafluoroethylene (PTFE) Hydrophobic High 1–12 260 MF

Polyamides Hydrophilic Low 2–8 45 NF/RO

aMF,UF,NF,andROrefer tomicrofiltration,ultrafiltration,nanofiltration, and reverseosmosis, respectively,whichare themajorcategoriesofpressure-drivenmembrane

processes. The size of the contaminants removed by these processes decreases in the order listed. These processes are discussed in subsequent sections of the chapter.

FIGURE 15-5. Effect of pH on surface charge (expressed in

terms of zeta potential) of two RO membranes. Source: Adapted

from Childress and Deshmukh (1998).
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pH< 4, so the surface charge is negative at the pH of natural

waters. The magnitude of this charge can be reduced by

adsorption of Ca2þ or other divalent cations to the membrane

or increased by adsorption ofNOM(Elimelech andChildress,

1996). In general, because membranes and NOM molecules

both carry a negative charge, higher calcium concentration

and lower pH values tend to exacerbate fouling by NOM (by

reducing the electrical repulsion between theNOMmolecules

and the membrane).

The hydrophobicity or hydrophilicity of a membrane can

be quantified through measurements of the contact angle, u,

defined as the angle, measured in the liquid, that is formed at

the intersection of vapor, solid, and liquid phases. The contact

angle can be measured by trapping a bubble of gas beneath a

submerged membrane (Figure 15-6). The bubble tends to

flatten out beneath the membrane, but this tendency is

opposed by the attraction of the membrane for water. The

greater the membrane/water affinity (i.e., the greater the

hydrophilicity of the membrane), the smaller is the contact

angle. Geens et al. (2004) characterized membranes with

contact angles near to 35�, 75�, and 115� as very hydrophilic,
moderately hydrophobic, and hydrophobic, respectively.

Driving Forces for Membrane Processes

Although several different forces might help drive the trans-

port ofwater and contaminants inmembrane systems, a single

driving force frequently dominates over the others. The

identity of this dominant driving force is often used to group

and/or namemembrane processes, as indicated in Table 15-2.

To date, environmental engineering applications of mem-

branes have been dominated by the first four pressure-driven

processes listed in this table, along with dialysis and electro-

dialysis; piezodialysis, electro€osmosis, and thermo€osmosis

have been applied only for occasional laboratory separations.

Pressure-Driven Processes Pressure-driven membrane

processes are generally classified as microfiltration (MF),

ultrafiltration (UF), nanofiltration (NF), or reverse osmosis

(RO), based on the types of materials they reject and the

mechanisms by which transport and rejection occur. RO is

sometimes referred to as hyperfiltration. The progression

from MF to UF, NF, and finally RO corresponds to a steady

decrease in the maximum size of material that can permeate

the membranes. The pressure differential between the bulk

concentrate and permeate (the TMP) increases, and the

fraction of the feed that can be economically recovered

decreases, in the same sequence (Table 15-3).

& EXAMPLE 15-1. What height would a column of

water have to be to exert a pressure equal to 15 or 4500 kPa

(typical TMPs for MF and RO, respectively)?

Solution. From fluid mechanics, we know that the

relationship between the height of a column of water

and the pressure at its base is P ¼ rLgh. Therefore, the

heights of columns of water that would have the specified

pressures are

hMF ¼ P

rLg
¼ 15; 000 Pað Þ 1:0ðkg=ms2Þ=Pað Þ

1000 kg=m3ð Þ 9:81m=s2ð Þ ¼ 1:53m

hRO ¼ P

rLg
¼ 4:5� 106 Pa
� �

1:0ðkg=ms2Þ=Pað Þ
1000 kg=m3ð Þ 9:81m=s2ð Þ ¼ 459m

&

MF membranes are porous, with characteristic pore

diameters on the order of 0.01–2mm. These membranes

are capable of removing particles and some colloidal matter

from the feed, but virtually no solutes. They are usually rated

based on the nominal diameter of the pores and thus the size

of contaminants that themembrane can be expected to reject.

FIGURE 15-6. Measurement of contact angle. The membrane

pictured in (a) is more hydrophilic membrane than that in (b).

TABLE 15-3. Typical Transmembrane Pressures and

Recoveries for Pressure Driven Membrane Process

Membrane Process

Transmembrane

Pressure, TMP (kPa)

System

Recovery (%)a

Microfiltration 10–100 90–99þ
Ultrafiltration 50–300 85–95þ
Nanofiltration 200–1500 75–90þ
Reverse osmosis 500–8000 60–90

aDefined as the ratio of permeate flow rate to feed flow rate.

TABLE 15-2. Important Driving Forces in Various

Membrane Processes

Main Driving Force Examples of Membrane Processes

Pressure gradient Microfiltration, ultrafiltration,

nanofiltration, reverse osmosis,

piezodialysis

Concentration gradient Dialysis

Gradient in electrical

potential

Electrodialysis, electro€osmosis

Temperature gradient Thermo€osmosis
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However, many MF membranes are manufactured in a way

that generates a wide range of effective pore sizes, so some

particles larger than the nominal pore size might appear in

the permeate, and some particles smaller than that size might

be removed.

At the other extreme, RO membranes are dense mem-

branes that reject colloidal and particulate matter com-

pletely, so all the permeating species can be considered to

be of molecular dimensions. The membranes are usually

rated based on the rejection of a standard salt such as NaCl or

the fractional reduction in conductivity from the feed to the

permeate when a standard ionic solution is treated. Typical

values for solute rejection by RO membranes range from

90% to over 99%.

Similar to MF membranes, UF membranes are porous,

and they do not reject salt ions or other small molecules.

However, UF membranes typically do reject some macro-

molecules. NF membranes have been modeled using both

the porous and dense membrane paradigms. They are usu-

ally considered to reject particles and colloids completely,

and many can efficiently (>90%) reject large organic mol-

ecules that generate color and serve as precursors for

disinfection by-products (DBPs) in natural waters. Some

can also reject inorganic molecules as small as the divalent

ions that cause hardness and, to a lesser extent, monovalent

ions (usually with an efficiency of <70%).

While it is easy to distinguish between RO and MF

membranes, the distinctions between RO and NF, NF and

UF, and UF and MF membranes are less clear. The IUPAC

has attempted to clarify the matter by defining MF as a

process that rejects particles and macromolecules larger than

0.1mm, UF as a process that rejects species that are larger

than “about 2 nm,” and NF as a process that rejects particles

and solutes that are smaller than about 2 nm; other workers

have placed the cutoff between UF and NF at slightly larger

sizes, but always <10 nm. The IUPAC definition of RO

refers to the selective transport of water against an osmotic

gradient (defined subsequently in this chapter); however, this

criterion is also met by many NF and some UF systems,

although the osmotic gradient in those systems is generally

much smaller than in RO systems. In general, these pro-

cesses are probably best viewed as operationally defined

segments along a continuum.

Figure 15-7 provides a comparison of the size of materials

often encountered in aqueous streams with the characteristic

sizes of contaminants removed by various membrane pro-

cesses. This figure suggests that most conventional separa-

tions in environmental engineering could be achieved by

pressure-driven membrane processes. Many such applica-

tions have been explored. For example, MF and UF have

been used for solid–liquid separation instead of conventional

packed bed filters, sedimentation basins, and dissolved air

flotation systems. MF is also now widely used to separate

biosolids from solution in biological waste treatment pro-

cesses, in which case the reactor is referred to as amembrane

bioreactor (MBR). MF and UF membranes are effective

barriers to passage of protozoa, bacteria, and, in the case of

UF, viruses, so they can be useful for disinfecting potable
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FIGURE 15-7. Typical sizes of contaminants that might be present in water, and of the materials

that various treatment process can effectively remove from water.
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water or wastewater. These processes have also been widely

used for separating metal precipitates and removing emul-

sified oils, paints, and dyes from industrial wastewaters.

Both RO and NF have been used to recover dissolved metals

in industrial processes and as alternatives to activated carbon

adsorption for the removal of pesticides from drinking water.

Processes Driven Primarily by Concentration Differences
or Electrical Forces In some (usually small-scale) mem-

brane systems for water purification, the main species that

migrate through the membrane are solutes rather than water;

in such processes, the separation of solutes from water is

referred to as dialysis. Dialysis is driven by a difference

across the membrane in the electrochemical activity of the

solute. The dominant factor controlling this activity is often

the solute’s concentration; hence, the process is commonly

described as being driven by a concentration difference.

If the solute is ionic, a difference in electrical potential

across the membrane can enhance the transport caused by a

concentration gradient or even drive ions against an

unfavorable concentration gradient. When an electrical field

is used to drive ionic transport through a membrane, the

process is called electrodialysis (ED). The membranes used

for ED are essentially sheets of ion exchange resin and are

called ion exchange membranes. ED is sometimes applied

to desalt waters of low to moderate salinity and also for

recovery of metals from industrial processes. ED systems

are described in greater detail later in this chapter.

It is also possible to create a concentration gradient and a

driving force for contaminant transport by temporarily

converting the contaminant into another species within

the membrane in a process known as facilitated transport.

In this process, the component of interest reacts within the

membrane to form a new species (e.g., a metal might

combine with a ligand to form a complex), which then

diffuses across the membrane and decomposes to reform

the original species at the other side. The process relies on

the use of materials and operating conditions that cause the

complex to be soluble and stable in the membrane environ-

ment, but much less so in solution. For example, a difference

in the pH of the bulk solutions might cause the complex to

form on the feed side of the membrane and dissociate on the

product side. The release of the species of interest on the

product side maintains the concentration gradient across

the membrane and induces more transport. This process has

been proposed to recover metals from dilute solutions such

as metal finishing wastes.

Configuration and Hydraulics of Membrane Systems

For economic reasons, it is desirable to pack large quantities

of membrane area into a limited volume. To accomplish this,

numerous discrete subunits of membrane material, called

membrane elements, are often packaged together in units

referred to asmembranemodules. In RO andNF systems, the

modules are commonly called pressure vessels. Multiple

modules that are connected by piping to form an independent

processing unit are referred to as arrays, one or more of

which are combined to form the full-scale system. A mem-

brane array is shown in Figure 15-8.

Configuration of Membrane Elements In some cases,

membrane modules contain stacks of flat membrane sheets,

with alternating sheets facing opposite directions. Thus, the

permeate side of each membrane faces the permeate side of

another membrane, and the feed side of one faces the feed

side of another (Figure 15-9). This arrangement is called a

plate-and-frame system. Such systems are operated by

injecting feed into the spaces between the feed sides of

adjacent membrane sheets. Water then permeates through

both sheets and into the space between two permeate sides

from where it is collected. Thin sheets of screening known

as spacers are placed between each pair of membranes, so

that influent can flow easily into the feed side of each

membrane, and permeate can flow easily out to the collec-

tion pipe. Dialysis systems often use plate-and-frame

modules.

Spiral-wound membranes represent a variation of the

plate-and-frame idea. In this arrangement, pairs of mem-

brane sheets are glued together along three edges, with the

permeate sides facing one another. A spacer is placed inside

the sack formed by the two membranes, and the open ends of

several sacks are attached to slits running along the length of

a collection tube. Spacers are also attached to the outside

each sack, and the ensemble is wound around the central

collection tube, as shown in Figure 15-10. Feed enters the

unit axially between adjacent sacks, flows along a path that

is kept open by the feed-side spacers, and can pass through

FIGURE 15-8. A membrane array. Each module could contain

from a few to several thousand membrane elements. Source:

Yujung Chang.
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the membrane on either side of the feed-side flow path. After

crossing the membrane, the permeate follows a spiral path

inside a sack until it reaches the collection tube. Multiple

tubes are sometimes contained within a single pressure

vessel, with the concentrate from one tube serving as the

feed for the next.

Membranes are also produced in cylindrical shapes at

various scales. In these instances, flow may be introduced

under pressure to the inside of the cylinder, so that perme-

ation occurs outward through the membrane walls (inside-

out), or the feed may be introduced outside the membrane,

with permeation occurring inward (outside-in). Outside-in

flow has the advantage that relatively large particles can be

present in the feed and yet not clog the flow path. If the

diameter of the cylinder is greater than approximately

1mm, the element is called a tubular membrane. Tubular

membranes typically utilize inside-out flow. If the diameter

of the cylinder is <1mm, the cylinder is referred to as a

hollow fiber. Hollow fiber membranes may have either

inside-out or outside-in flow, but outside-in is more com-

mon. Finally, if the cylinder diameter is extremely small

(�0.1mm, close to the diameter of a strand of hair), it is

referred to as a capillary fiber membrane. Capillary fibers

are always outside-in membranes. In all of these cases, tens

(tubular) to thousands (hollow fiber or capillary) of indi-

vidual membrane elements are assembled in parallel to

form a membrane module.

In many hollow fiber or capillary membrane systems, the

fibers are “potted” into a resin that seals off each end of the

module. The fibers penetrate through the resin, and a sepa-

rate port in the side of the module allows water to enter or

leave (Figure 15-11). In crossflow filtration, both ends of

each fiber are open, whereas in dead-end filtration, the

downstream end is plugged by the resin. In units with

inside-out flow, pressurized feed enters the module through

the open ends of the fibers, and permeate passes through the

fiber walls into the “shell side” of the module, from where it

exits through the side port; in units with outside-in flow, the

flow directions are reversed.

In other systems, outside-in hollow fiber membranes are

immersed into the feed solution in an unpressurized basin,

and a permeate-side vacuum is applied to induce transport

across the membrane (Figure 15-12). These systems are

limited to low-pressure (MF, UF) applications because the

maximum available pressure difference is the sum of atmo-

spheric pressure and the hydrostatic pressure associated with

the water depth.

The surface area of membrane available in a module

divided by the volume of the module is referred to as the

packing density. Typical ranges for the packing densities

of different membrane geometries are shown in

Table 15-4.

As the packing density increases, less space is available

within the module to allow rejected materials, such as

particles, to circulate freely without obstructing the flow.

If flow through the module is obstructed, large pressure

drops can occur, resulting in increased operational costs and

potential damage to the module. To avoid such situations,

greater degrees of pretreatment for particle removal are

required for membrane modules with higher packing

Permeate

Feed spacer

Retentate

Feed

Feed

Retentate

Permeate

Membrane

Membrane

(a)

FIGURE 15-9. Schematic representation of one layer of a plate-

and-frame membrane system: (a) the arrangement of membrane

and spacers; (b) changes in contaminant concentrations as water

flows through the element.
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densities . Typically, membr ane system s that are designed to

remove dissolved materia ls (NF, RO) utilize modu les with

higher packi ng densities (spi ral-wound or capi llary fiber)

and stricter pretreatmen t requireme nts. Membranes

designed primari ly for particle removal (MF, UF) use mod-

ules with lower packing densities (hollow fiber or tubular), in

which the flow path betwee n membr ane surface s is suffic ient

to avoid clog ging of the modu le on the feed side.

FIGURE 15-10. Spiral-wou nd membrane modu les. (a) Schemat ic representation ( http:// ww w

.netl.doe.gov/ technologies/coa lpower/ewr /co2/pubs/5312-43085%20MTR%20spiral-wound%

20polymeric%20membrane.pdf; a ccessed May 1, 2012); ( b) a full-scale m odule, cut open a fter

testing, to show themembrane leaves, the spacers, and the central post where the permeate collects.

Source: Yujung Chang.
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Small system s, often designed to be mobile and therefore

useful as test rigs or for emergency applicati ons, som etimes

use h ollow fiber or tubular NF or RO membr anes, thereby

minimizi ng the need for pretre atment. Such system s are

typicall y operate d with a lower fraction of the feed water

recovered as clean perm eate than larger syst ems. Adequate

crossflow is require d in thes e systems to reduce foul ing

associa ted with accumu lation of reject ed species near the

membrane surface .

Config uration of Membrane Arrays The most common

flow patterns in membrane modules are referred to as dead-

end, feed-and-bleed, and cascade (or staged) filtration. In

dead-end filtration, all the fluid entering the unit is filtered

through the membrane and exits as permeate. In such systems,

it is common to arrange several membrane arrays in parallel

to treat the feed flow. Periodically, an array is taken out of

service, and the accumulated materials are removed by a

FIGURE 15-12. An immersible membrane system. Units like

the one shown, with thousands of hollow fiber membranes, are

submerged in a tank, and a vacuum is applied to the fiber interiors to

draw water from the tank through the membranes. Source: From

w w w. gewater.com/products/equipment/mf_uf_mbr/zeeweed_500.jsp,

Accessed April 23, 2012.

FIGURE 15-11. Hollow fiber membrane modules. (a) End views

of a full-scale module, showing the fibers potted in an epoxy resin;

(i) cross-section of the whole module; (ii) closeup showing indi-

vidual hollow fibers. (b) Side view of a laboratory-scale module,

showing the outside of the fibers and the opening on the shell side

where feed enters for outside-in flow, and permeate exits for inside-

out flow. Source: (a) Pierre Kwan, (b) Joel Migdal.

TABLE 15-4. Approximate Packing Densities for a Number

of Membrane Geometries

Membrane Geometry Approximate Packing Density (m2/m3)

Capillary 5000–8000

Spiral-wound 700–2000

Hollow fiber 1000–2000

Flat (plate-and-frame) 200–500

Tubular 100–300
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hydraulic flush, chemical cleaning, or both. One array in such

a system is shown schematically in Figure 15-13.

In a feed-and-bleed configuration, most of the water

entering the membrane modules exits as permeate, but a

continuous stream of concentrate is also removed (“bled”)

from the system (Figure 15-14). This latter stream is either

discharged to waste or processed to separate the concen-

trated contaminants from the water, so that the water can be

sent back to the membrane unit for recovery. Both dead-end

and feed-and-bleed systems can be operated with or without

crossflow. If crossflow is used in these types of systems, then

only a small portion of the flow entering a membrane

element is removed as permeate during any single pass

through the module. However, the concentrate is recycled

through the element several times, so that ultimately the

majority (or, in the case of dead-end systems, all) of the feed

exits as permeate.

Dead-end and feed-and-bleed configurations are most

typically encountered in applications where porous mem-

branes are used and the target contaminants are particles. In

such systems, pretreatment is usually limited, and periodic

back-flushing is applied to remove materials that have been

rejected by the membranes and accumulated in the module.

Typical times between back-flushing events are on the order

of several minutes to 1–2 h.

In high-pressure (RO and NF) systems, arrays of mem-

branes are usually arranged in a cascade or staged configu-

ration in which the concentrate from one stage serves as the

feed for a subsequent stage (Figure 15-15). This configura-

tion is used to increase the overall production of clean water,

while exposing fewer membranes to the worst quality of

water. Arrays are periodically removed from service for

chemical cleaning. The number of stages feasible for an

operating plant is rarely greater than three.

15.4 PARAMETERS USED TO DESCRIBE

MEMBRANE SYSTEMS

Location, Concentration, and Pressure

Concentrations, pressures, and other parameters are of inter-

est at several different locations in membrane systems,

including the bulk concentrate and permeate solutions,

the interior of the membrane, and immediately adjacent

to each side of the two membrane/solution interfaces.

Differences in the parameters between various locations

are also of interest. In this chapter, the subscripts c, p,

and m are used to describe locations in the concentrate,

permeate, and the membrane, respectively; in the absence of

an additional identifier, these subscripts refer to locations

away from the interface (i.e., in the bulk solution or the

interior of the membrane). Locations at the concentra-

te/membrane and membrane/permeate interfaces are desig-

nated by c/m and m/p, respectively. Thus, for example,

ci;mm=p
refers to the concentration of species i in the mem-

brane at the membrane/permeate interface.

Parameter differences between two locations are desig-

nated by an upper-case delta (D) in combinationwith the same

indicators of location. For example,Dmm
P is used to designate

the pressure difference across the membrane, with both

pressures measured inside the membrane; Dmc=p
P also refers

Product water 
(permeate) 

Concentrate

Feed

FIGURE 15-15. Staged (or cascade) configuration of membrane

arrays.

Periodic 
flushing

Waste

(b)

PermeateFeed

(a)

FIGURE 15-13. A single array of four modules, configured for

dead-end filtration. (a) Normal operation and (b) back-flushing.

Permeate
Feed

Concentrate

Recycle

FIGURE 15-14. A feed-and-bleed membrane system with

crossflow.
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to the pressure difference across the membrane, but with

values measured immediately adjacent to the membrane, in

the concentrate and permeate solutions. In addition, int is used

to designate a difference across an interface (e.g., Dintc=mP

refers to the pressure difference across the concentra-

te/membrane interface). Although they are not necessarily

equal, Dmm
P, Dmc=p

P, and Dc=pP are all referred to in the

literature as the transmembrane pressure (TMP); the latter

definition (TMP¼Dc=pP) ismost common, and this definition

is adopted here. To be consistent with the convention used

most often in the membrane literature, the difference, DX, in
any parameter X between two locations is computed as the

value of X at the location closer to the concentrate minus its

value at the location closer to the permeate.

Transport of Fluid and Solutes

Recovery If a membrane system is used to produce a clean

permeate stream from a feed of lower quality, the recovery

(or relative recovery), r, of the system is defined as the fraction

of the feed water ( f ) that becomes product water; that is3

r ¼ Qp

Qf

¼ 1� Qc

Qf

(15-1)

Flux The rates at which water and contaminants are trans-

ported to and/or through a membrane are typically normal-

ized to the surface area of the membrane (Am) and expressed

as fluxes. In general, fluxes are reported on a mass or molar

basis (mass or moles of constituent per unit membrane area

per unit time). However, the transport of water or bulk

solution is also commonly reported as a volumetric flux

(volume of water or solution per unit membrane area per

time). As in other systems, fluxes in membrane systems are

usually designated by the letter J (Jw for flux of water, Ji for

flux of a contaminant i, and JV for flux of the total solution).

In this chapter, the designation Ji always refers to the molar

flux of i; Ji values can be converted into mass fluxes by

multiplication with the molar mass of i.

The volumetric flux is the ratio of a volumetric flow rate

toward a surface to the area of that surface; it can therefore

be interpreted as the fluid velocity perpendicular to the

specified surface. In this chapter, volumetric fluxes are

identified by adding a caret (^) over the J. For all practical

purposes, the volumetric flux of the overall solution (ĴV)

equals the volumetric flux of water alone (Ĵw) in all

membrane systems used to treat aqueous streams; however,

when deriving theoretical relationships, it is sometimes

important to distinguish between these quantities. ĴV is

commonly referred to as the permeation rate or perme-

ation velocity, vw:

ĴV � Ĵw ¼ Qp

Am

¼ vw (15-2)

Note that, although vw is referred to as the permeation

velocity, it actually refers to the nominal velocity approach-

ing (i.e., outside) the membrane; the velocity in the pores

of a porous membrane would be vw/em, where em is the

membrane porosity.

A nominal velocity can also be computed to describe the

movement of a contaminant i up to or through a membrane.

Specifically, we can interpret the ratio of the molar flux of

i to its molar concentration (ci) as its nominal velocity;

that is,

vi ¼ Ji

ci
(15-3)

When Equation 15-3 is applied to contaminants as they

approach the membrane, vi corresponds to the average, net

velocity of the contaminants perpendicular to the mem-

brane. Thus, vi accounts both for the movement of contami-

nants with the bulk water approaching the membrane and

also for any transport that they undergo independent of the

water (e.g., by diffusion). The same statement applies to the

contaminants in the pores of porous membranes, once a

correction is made for the membrane porosity. The nominal

velocity of contaminants (or water) through dense mem-

branes can also be computed using Equation 15-3, but only

in conjunction with an estimate for the concentration of the

constituent in the membrane phase.

& EXAMPLE 15-2. A test system containing a single

spiral-wound element with 30m2 of membrane area

receives a constant feed flow of 5m3/h and is operated

at a permeate flux of 25 L/m2 h. Calculate: (a) the recovery

for this module; (b) the average velocity of the water

toward the membrane; and (c) the recovery for a pressure

vessel with three such elements in series, assuming that the

recovery is identical in each element.

Solution.

(a) The permeate flow from the module and the

recovery for the element (rel) can be computed as

follows:

Qp ¼ ĴVAm ¼ 25L=m2 hð Þ30m2 ¼ 750L=h

rel ¼ Qp

Qf

¼ 750L=h

ð5m3=hÞ 1000 L=m3ð Þ ¼ 0:15 ¼ 15%

3 The IUPAC convention defines this quantity as the relative recovery of

water and assigns it the symbol hh,w. In the environmental engineering

literature, the parameter is conventionally given the symbol r, and we adopt

that convention in this chapter.

PARAMETERS USED TO DESCRIBE MEMBRANE SYSTEMS 743



(b) The velocity of water toward the membrane equals

the volumetric flux. Converting the given flux into

more conventional units of velocity, we find

ĴV ¼ 25 L=m2 h
1m3

1000 L

� �
100

cm

m

� �

¼ 2:5 cm=h

The velocity is very small, making it clear why

large amounts of surface area are required to produce

a substantial overall flow.

(c) The second and third elements following in series

will each also recover 15% of the flow entering

them, so

Qp;2 ¼ 0:15Qin;2 ¼ 0:15 1:0� 0:15ð ÞQin;1

� 	
¼ 0:13Qin;1

Qp;3 ¼ 0:15Qin;3 ¼ 0:15 1:0� 0:15ð ÞQin;2

� 	
¼ 0:15 1:0� 0:15ð Þ2Qin;1

h i
¼ 0:11Qin;1

or, in general, for n elements:

Qp;n ¼ rel 1:0� relð Þn�1
Qin;1

For the three-element pressure vessel in this exam-

ple, the overall recovery is 0.15þ 0.13þ 0.11, or

0.39; that is, 39%. &

Specific Flux and Permeance In pressure-driven mem-

brane processes, the flux per unit pressure differential

between the two solutions adjacent to the membrane is

referred to as the specific flux or permeance and is com-

monly given the symbol kw. As we will see shortly, the

“effective” pressure differential that provides the net driving

force for permeation is often different from the hydrostatic

pressure differential. Anticipating that distinction, we rep-

resent the net driving force here asDPeff, so the permeance is

computed as

kw ¼ ĴV

Dmc=p
Peff

(15-4)

If a membrane is clean and clean water is the feed, the

effective pressure differential across the membrane equals

the hydrostatic pressure differential. In addition, since the

membrane imposes the only resistance to permeation in such

a system, that pressure differential equals the differential

across any region that includes the membrane, so

Dc=pPeff ¼ Dc=pP ¼ Dmm
P ¼ Dmc=p

P. The permeance under

these limiting conditions is of special significance in

membrane modeling and is designated here as k�w:

k�w ¼ ĴV

Dc=pPeff

¼ ĴV

Dc=pP
¼ ĴV

Dmm
P
¼ ĴV

Dmc=p
P

 !
clean membrane;
clean water feed

(15-5)

Under most circumstances of interest, the permeance of

membranes for solutions of interest is very close to that

for pure water, f
spiral
wound

¼ 6:23Re�0:3. We will make this

approximation throughout the chapter and refer to k�w simply

as the permeance of the solution.

If we model flow through a porous membrane as fully

developed flow through isolated capillaries, we can interpret

k�w in terms of fundamental parameters without any empirical

terms. For example, applying the Hagen–Poiseuille equa-

tion4 to this situation, the permeate flux through a membrane

with pores having a radius of rpore is expected to be

ĴV ¼ em
r2poreDmc=p

Peff

8mjdm
¼ Apore

Am

r2poreDmc=p
Peff

8mjdm

¼ Npores

Am

pr4poreDmc=p
Peff

8mjdm
(15-6)

where em is the membrane porosity, equal to the ratio of the

open pore area (Apore) to the gross area of the membrane

surface (Am); j is the pore tortuosity factor; dm is

the membrane thickness; and Npores/Am is the number of

pores per unit area of membrane. The final equality in

Equation 15-6 is based on expressing the open pore area

as the product of the number of pores and the area per pore

(pr2pore). Comparing Equations 15-4 and 15-6, we obtain

k�w ¼ Npores

Am

pr4pore

8mjdm
(15-7)

Resistance The resistance that a membrane system

imposes on the transport of a species can be quantified as

the ratio of the driving force required to generate the flux to

the flux itself.

Resistance ¼ Driving force for flux

Flux
(15-8)

This calculation is analogous to that for resistance in

electrical systems, in which the voltage (V) is the driving

force for the current (I), and the resistance (R) can be

computed as R ¼ V=I. Although this idea can be applied

4 The Hagen–Poiseuille equation is a classic equation in fluid mechanics

describing the relationship between flow rate and frictional head loss under

laminar flow conditions. Its derivation can be found in any introductory fluid

mechanics text. Flow that conforms to this equation is often referred to as

“Poiseuille flow.”
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to any species and any membrane system, it is most often

applied to characterize transport of water or the bulk solution

in systems in which the driving force is a pressure differen-

tial. For such an application, the generic relationship shown

in Equation 15-8 can be written as follows:

R 	 DPeff

ĴV
(15-9)

where R is the resistance of any specified region across

which the effective pressure drop is DPeff.

The resistance to permeation, as defined in Equation 15-9,

is a composite parameter that depends on the properties

of membrane, fluid, and any accumulated foulants. For

example, the resistance to permeation through the mem-

brane increases in proportion to the viscosity (m) of the fluid

and the thickness of the membrane (dm). Frequently,

the dependence on viscosity is separated from the other

factors, so that the computed resistance reflects only the

properties of the membrane and foulants. Here, we represent

the resistance based on this alternative definition as R:

R 	 DPeff

mĴV
(15-10)

When defined as in Equation 15-9, membrane resistance has

dimensions ofML�2T�1 (e.g., kg/m2 s), whereaswhen defined

as in Equation 15-10, the dimensions are inverse length, L�1

(e.g., m�1). In this chapter, the term “resistance” refers to the

expression in Equation 15-10 unless otherwise indicated.

Based on Equation 15-10, the total resistance to transport

of solution between the bulk concentrate and permeate (Rtot,

including the contributions of both the membrane and the

foulants) can be written as

Rtot ¼
Dc=pPeff

mĴV
(15-11)

However, if a system is tested with a clean membrane and

with clean water as the feed, then all the resistance can be

attributed to the membrane itself, and Rtot indicates the

resistance of the membrane alone, Rm:

Rm ¼ Dmc=p
Peff

mĴV





 clean membrane
and clean water feed

¼ Dc=pPeff

mĴV





 clean membrane
and clean water feed

(15-12)

Comparison of Equations 15-5 and 15-12 shows that

Rm ¼ 1=mk�w. Typical values for membrane resistance in

MF, UF, NF, and RO systems are listed in Table 15-5.

Approaches for quantifying the contributions of foulants

and other factors to the overall resistance are described

subsequently.

Permeability Two parameters that are closely related to

resistance and that are sometimes also used to characterize

pressure-driven membranes are the permeability coefficient,

kV, and the intrinsic permeability, kV,intr. The intrinsic perme-

ability (with dimensions of L2) can be defined as the inverse of

the ratio of membrane resistance to membrane thickness:

kV;intr 	 Rm

dm

� ��1

¼ mĴV

Dmc=p
P=dm

(15-13)

The pressure difference in Equation 15-13 is between the

solutions adjacent to the membrane, so that any resistance

associated with transport across the membrane/solution

interfaces is included for the calculation, along with that

in the interior of the membrane.

The permeability coefficient is defined as the correspond-

ing ratio when Equation 15-9 (rather than Equation 15-10) is

used to define the resistance. This coefficient equals the

volumetric flux divided by the TMP gradient and has

dimensions of L3T/M. It can also be computed as the ratio

of the intrinsic permeability to the viscosity5:

kV 	 ĴV

Dmc=p
P=dm

¼ kV;intr

m
(15-14)

By rearranging Equation 15-14, we can obtain the fol-

lowing expressions for the volumetric flux:

ĴV ¼ kV;intr
Dmc=p

P=dm

m
¼ kV

Dmc=p
P

dm
(15-15)

Equation 15-15 is a close analog to Darcy’s law for flow

of a solution through porous media (such as granular-media

filters), emphasizing the fundamental similarity of

membrane filtration to this process, even though the two

processes operate at very different length scales.

TABLE 15-5. Approximate Values of Membrane Resistance

and Transmembrane Pressures (TMPs) for Pressure-Driven

Membrane Processes

Process

Typical

Volumetric Flux,

ĴV (L/m2 h)

Typical Membrane

Resistance,

Rm (m�1)

Microfiltration 50–300 1� 1011 – 1� 1012

Ultrafiltration 30–150 1� 1012 – 1� 1013

Nanofiltration 20–50 1� 1013 – 1� 1014

Reverse osmosis 5–40 5� 1013 – 1� 1015

5 The permeability of a membrane is frequently represented in the literature

as km. Here, we use the subscript V to emphasize that the permeability

describes the volumetric flow of solution through the membrane.
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Permeabilities are also sometimes reported for individual

species basedonan equation analogous toEquation 15-14, but

using the molar or mass flux instead of the volumetric flux:

ki 	 Ji

Dmc=p
P=dm

(15-16)

Note that, by comparing Equations 15-12 and 15-13 with

Equation 15-6, we see that the Hagen–Poiseuille equation

provides a theoretical approach for predicting kV,intr andRm

of a porous membrane from purely geometric considera-

tions, as long as the flow through the pores is fully developed

and laminar.

kV;intr 	
Aporer

2
pore

8Amj
(15-17)

Rm ¼ 8Amjdm

Aporer2pore
(15-18)

& EXAMPLE15-3. Asymmetricmembranehasa thick-

ness of 75mm, pores with a nominal size of 0.04mm and a

tortuosity of 1.5, and a ratio of pore area to membrane area

of 0.60. Assuming that the flow can be treated as Poiseuille

flow, predict:

(a) Intrinsic permeability of the membrane

(b) Membrane resistance

(c) Flux through the membrane, in L/m2 h, if it is used

in a system that is fed pure water at 25�C
(m¼ 1.002� 10�3 kg/m s), and the TMP is 20 kPa.

(Note that, because the test fluid is pure water, all the

pressure drop between the concentrate and permeate

occurs inside the membrane.)

(d) Flow rate through the membrane, if it is used in a

laboratory-scale apparatus that holds circular

membrane discs with a diameter of 6.5 cm, and

the system is operated as described in part (c).

Solution.

(a) The intrinsic permeability can be found from Equa-

tion 15-17

kV;intr ¼ Apore

Am

r2pore

8j
¼ 0:60

4� 10�8 m
� �2

8 1:5ð Þ
¼ 8:0� 10�17 m2

(b) The membrane resistance is computed using Equa-

tion 15-18.

Rm ¼ 8
Am

Apore

jdm

r2pore
¼ 8

1

0:60

1:5ð Þ 7:50� 10�5 m
� �
4� 10�8 m
� �2

¼ 9:38� 1011 m�1

(c) Because we are assuming that Dmc=p
P ¼ Dc=pP ¼

TMP, the flux can be found from Equation 15-6.

Noting that 20 kPa¼ 20; 000N=m2 ¼ 2:0�
104 kg=ms2:

ĴV ¼ Apore

Am

r2pore

8mjdm
Dmc=p

P

¼ 2:13� 10�5m3=m2 s
� �

3600 s=hð Þ 1000 L=m3ð Þ
¼ 76:6 L=m2 h

¼ 0:60
4� 10�8 m
� �2

8 1:002� 10�3 kg=m s
� �

1:5ð Þ 7:5� 10�5 m
� �

� 2:0� 104 kg=ms2
� � ¼ 2:13� 10�5 m3=m2 s

(d) The expected flow rate is the product of the flux and

membrane area.

Q ¼ ĴVAm ¼ ĴV p
d2
m

4

� �

¼ 76:6L=m2 hð Þ p
6:5� 10�2 m
� �2

4

 !
¼ 0:254L=h

¼ 0:254L=hð Þ 1000mL=Lð Þ 1 h=60minð Þ
¼ 4:24mL=min &

Effect of Temperature on Water Permeation According

to Equation 15-10, permeate flux increases with decreasing

viscosity (m) of the permeating water, so increased perme-

ation rates can be achieved at higher temperatures. It is often

useful to specify the permeation rate at a reference tempera-

ture (e.g., 20�C) for purposes of comparison. If data for

permeate flux are available at one temperature, a first approx-

imation for the flux at a different temperature can be obtained

bymultiplying the flux at the baseline temperature by the ratio

of the viscosities at the two temperatures; that is,

ĴV;T2
¼ ĴV;T1

mT1

mT2

(15-19)

However, a change in temperature can generate various

effects that go beyond that of viscosity. Therefore, the

overall effect of temperature on permeate flux is sometimes

described using an approach that is more flexible than

Equation 15-19, such as with an Arrhenius-type equation

similar to the following equation:

ĴV;T ¼ ĴV;T ref
exp s

1

T ref

� 1

T

� �� �
(15-20)

where ĴV;T is the permeate flux at (absolute) temperature T,

ĴV;T ref
is the flux at the reference temperature, and s is an

empirical constant that must be evaluated for each membrane.
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& EXAMPLE 15-4. Sharma et al. (2003) reported that

the following equation describes the temperature dependence

of flux through an NF membrane at a given Dmc=p
P, using a

reference temperature of 298K (25�C)

ĴV;T ¼ ĴV;298 exp 2617
1

298
� 1

T

� �� �

Water temperatures at a facility using this type of mem-

brane for potable water treatment range from 3�C in the

winter to 21�C in the summer; the corresponding viscosities

are 1.62� 10�3 and 9.8� 10�4 Pa s, respectively. Estimate

the ratio of wintertime to summertime flux, if Dmc=p
P

remains constant. Also, determine the same ratio if the

only effect of temperature were on viscosity.

Solution. The ratio of wintertime to summertime flow can

be calculated directly using the given equation. The result is

ĴV;3�C

ĴV;21�C
¼ ĴV;25�C exp 2617 ð1=298Þ � 1=ð273þ 3ð ÞÞ½ 


ĴV;25�C exp 2617ð 1=298Þ � 1=ð273þ 21ð ÞÞ½ 

¼ 0:56

Thus, the permeate flux when the water is coldest is

slightlymore than half of its valuewhen thewater is warmest.

If the change in flux were strictly a response to the

increase in viscosity, the ratio of winter to summer fluxes

would conform to Equation 15-19. Rearranging that equa-

tion and inserting the given values gives

ĴV;3�C

ĴV;21�C
¼ m21�C

m3�C
¼ 9:8� 10�4 Pa s

1:62� 10�3 Pa s
¼ 0:60

The predicted decline in the flux considering only the

effect of viscosity (40%) is thus within 10% of the observed

decline (44%). &

Membrane Selectivity: Rejection and Separation

The parameters defined in the preceding section are used

primarily to characterize the permeation of bulk solution

through membranes. We next define the parameters that are

used to characterize the efficiency with which membranes

separate water from other constituents of the feed. Many of

these parameters involve ratios of concentrations at various

points in membrane systems. To provide a context for the

definitions, some of the expected trends in the contaminant

concentration as a function of location in a system with

crossflow are shown in Figure 15-16.

In this figure, distance from the inlet is designated byx, and

distance away from the membrane is designated by y. The

figure shows typical contaminant concentration profiles at

three x values, corresponding to the inlet, the middle, and the

exit of a membrane element. At the inlet, the concentration is

uniform in the y direction and is equal to the feed concentra-

tion. As the feed moves downstream, its bulk concentration

(cc) increases, due to the selective loss of clean water from the

feed flow channel to the permeate. In addition, a nonuniform

concentration profile develops in the y direction, with the

highest concentration near the membrane, where the contam-

inants are rejected. Both because cc is increasing as the water

flows and because water is being removed from the suspen-

sion that is migrating downstream near the membrane, ccc=m
increases with increasing x, but not necessarily at the same

rate that cc increases. The average concentration at a given

value of x is designated as cc,avg. All the fluid at that value of x

has a concentration between ccc=m and cc, so cc< cc,avg< ccc=m .

The concentration in the permeate (cp) is not represented

in the figure. In theory, the profile of cp should be qualita-

tively similar to that of cc, albeit with much lower values for

the concentrations. However, because the concentrations

on the permeate side are all small, variations in cp with

both x and y are generally ignored.

Polarization The ratio of the concentration at the m/c

interface to that in the adjacent bulk solution (cc) is some-

times called the polarization factor (PF) or the polarization

modulus (PM) of i:

PFi 	
ci;cc=m

ci;c
(15-21)

Membrane
x

y

Permeate

Concentration

Qf

Concentration

Permeate

Concentration

Qp

0 0 0

cin=cc=ccc/m

Qp Qp

Qc

c
in

c
in

cc c
c

ccc/m
c

cc/m

FIGURE 15-16. Concentration profiles near the membrane wall at various locations in a system

with crossflow. The left-most profile applies at the inlet, while those in the center and on the right

apply at locations progressively downstream.
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Note that PFi is a local variable whose value is likely to

change from the system entrance to the exit.

Rejection The rejection of a species i is given the symbol

R̂i and is defined as 1.0 minus the ratio of the concentrations

of i on the permeate and feed sides of the membrane. Like

PFi, R̂i is a local parameter, whose value must be computed

based on the conditions at a particular location (x) in a

membrane system. Values of R̂i can be computed using the

bulk, interfacial, or average concentration on the feed side.

The IUPAC recommends referring to the value computed

using cc as the apparent rejection factor, and that computed

using ccc=m as the intrinsic rejection factor:

R̂i;app 	 1� ci;p

ci;c
(15-22)

R̂i;intr 	 1� ci;p

ci;cc=m
(15-23)

The bulk concentration at a specific location in a membrane

system is rarely measurable, and measurement of the

concentration right at the membrane surface is even more

problematic. As a result, characterization of R̂i;app or R̂i;intr is

always based on a combination of empirical data, assump-

tions, and model calculations.

Although the local rejection factor is important for fun-

damental modeling of membrane performance, the primary

interest in design calculations is more often the overall

rejection factor, Ri, which characterizes the rejection based

on the feed and permeate of the whole system6:

Ri 	 1� ci;p;out

ci;f
(15-24)

The overall rejection Ri can be related to the concentration

in the concentrate solution at the system outlet (cc,out) by

writing a mass balance around the whole membrane system

and assuming that the system is at steady state, as follows:

Rate of change of

mass of contaminant

stored in system

0
@

1
A ¼

Rate at which

contaminant enters

in feed

0
@

1
A

�
Rate at which

contaminant leaves

in permeate

0
@

1
A�

Rate at which

contaminant leaves

in concentrate

0
@

1
A

0 ¼ Qfcf � Qpcp;out � Qccc;out (15-25)

cc;out ¼
Qfcf � Qpcp;out

Qc

(15-26)

Substituting for Qp and Qc from Equation 15-1 and for cp,out
from Equation 15-24 (and dropping the designation i), we

obtain

cc;out ¼ Qfcf � rQf 1� Rð Þcf
1� rð ÞQf

¼ cf
1� r 1� Rð Þ

1� r
(15-27)

The value of R computed using Equation 15-24 character-

izes the overall contaminant rejection efficiency in terms of

concentrations. However, because the flow rates of the feed

and permeate streams are not equal, R does not indicate

the rejection efficiency with respect to contaminant mass.

To characterize that efficiency, we define the overall mass

rejection coefficient, Rmass, as the fraction of the contami-

nant mass in the influent that is rejected by the membrane.

Rmass can be computed as

Rmass ¼QcCc;out

QfCf

¼ 1�QpCp;out

QfCf

¼ 1� r
Cp;out

Cf

¼ 1� r 1�RÞð
(15-28)

& EXAMPLE15-5. AnRO systemoperatesat anoverall

recovery, r, of80%.Theoverall rejectionefficiency forNaþ in
this system is 98%. If the Naþ concentration in the feed is

150mg/L, what is its concentration in the concentrate exiting

the system, andwhat is the overallmass rejection coefficient?

Solution. Substitutingthegivenvalues intoEquation15-27,
we calculate

cc;out ¼ cf
1� r 1� Rð Þ

1� r

¼ 150mg=Lð Þ 1� 0:80 1� 0:98ð Þ
1� 0:80

¼ 738mg=L

The overall mass rejection coefficient is found by directly

applying Equation 15-28 as

Rmass ¼ 1� r 1� Rð Þ ¼ 1� 0:80 1� 0:98ð Þ ¼ 0:984

Thus, 80% of the water but only 1.6% of the Naþ exits in

the product, whereas 20% of the water and 98.4% of the Naþ

are in the concentrate or waste stream. &

Challenge Tests and MWCO Tests evaluating the rejec-

tion of a specific target contaminant that has been added to

the feed of a membrane system are commonly referred to as

challenge tests. If contaminants with a range of sizes are

6R is essentially the same parameter that we have referred to throughout this

book (when considering contaminant removal by other processes) as the

removal efficiency, h. We use R instead of hi for consistency with most

published work in environmental engineering. The IUPAC does not define a

term comparable to R.
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added in a challenge test, the results can, in theory, be

interpreted in terms of the membrane’s pore size distribu-

tion. However, this interpretation is severely limited by the

rapid formation of a layer of rejected material that may itself

remove contaminants, regardless of whether they would be

removed by the clean membrane. Contaminant removal

inside membrane pores (as opposed to on the membrane

surface) also confounds the interpretation of the results of

such tests (Sharma et al., 2003).

Themolecular weight cutoff (MWCO) for a membrane is

the smallest size of molecule for which a specified percent-

age (typically 90%) is rejected (ASTM, 2001). Rejection as

a function of molecular weight for UF and NF membranes is

sometimes determined by filtering a range of compounds

with similar structures but with different molecular weights,

such as a series of dextrans or proteins. The shape, charge,

and flexibility of the molecules used in the challenge test

affect their ability to pass through the membrane and

therefore can play an important role in determining the

measured MWCO. The operating conditions used in the

test can also affect passage of the molecules, so the evalua-

tion must be performed using a well-defined protocol, which

usually includes the use of low contaminant concentrations,

low fluxes, and low TMPs. Once MWCOs are determined

for a series of membranes, the membranes can be used to

estimate the molecular weight distribution of an unknown

population of molecules, such as NOM, in a water sample.

To eliminate the effects of molecular charge on the test,

evaluations of the MWCO are usually carried out using

neutral species. However, RO and NF membranes are often

employed primarily to remove salt ions from solution, in

which case MWCOs are determined based on the ability of

the membrane to reject ions of different valences and/or

sizes. Salt passage is typically evaluated using single salts

to avoid interactions that occur in mixtures. Most fre-

quently, MgSO4 or some other divalent salt is used to

test nanofilters, and either MgSO4 or NaCl is used to test

RO membranes.

Separation The separation coefficient, SC,A/B, of a mem-

brane for solute A over solute B refers to the relative ability

of the two species to pass through the membrane. The

separation coefficient is defined in terms of the concentra-

tion-based rejection efficiency, as follows:

SC;A=B ¼ 1� RA

1� RB

¼ cA=cBð Þp
cA=cBð Þc

(15-29)

The larger the separation coefficient, the more easily

species A passes through the membrane relative to species

B, or, equivalently, the more efficiently the membrane rejects

species B compared to species A. SC,A/B is a local parameter;

the value of this parameter evaluated at the exit from the

system is referred to as the separation factor, SF,A/B

SF;A=B ¼ SC;A=B



exit

¼ cA=cBð Þp;out
cA=cBð Þc;out

(15-30)

15.5 OVERVIEW OF PRESSURE-DRIVEN

MEMBRANE SYSTEMS

Similarities and Differences Among MF, UF, NF,
and RO

Pressure-driven membrane systems (i.e., MF, UF, NF, and

RO) account for the vast majority of membrane systems used

in environmental engineering. In all these systems, a gradi-

ent in the hydrostatic pressure drives the transport of both

water and contaminants from the bulk concentrate to the

bulk permeate. Contaminants that are rejected by the mem-

brane accumulate near the membrane on the feed side, from

where they can migrate back to the bulk concentrate. The

accumulation of contaminants opposes fluid transport, and

the resistance that the water encounters as it passes by the

contaminants and through the membrane is overcome by

dissipation of the TMP. At least in principle, in systems with

continuous flows of feed, concentrate, and permeate, this

scenario can lead a steady state in which contaminants are

transported toward and away from the membrane at equal

rates. Models for the performance of all pressure-based

membrane processes must account for these phenomena

and therefore have a great deal in common.

By the same token, significant distinctions exist amongMF,

UF, NF, and RO processes, and these differences must also be

reflected in the model concepts or assumptions. One impor-

tant distinction is based on the size of the rejected contami-

nants, and in particular, whether they are considered to be

solutes or particles. This distinction is manifested in the

mechanism by which the contaminants affect the hydraulic

resistance: rejected particles affect resistance via the drag

force that they exert on the water passing around them,

whereas rejected solutes do so by their effect on the osmotic

pressure of the solution (discussed shortly). A second impor-

tant distinction is based on whether the membranes are

considered porous or dense: transport through porous mem-

branes is modeled as advection, whereas that through dense

membranes is modeled as diffusion. As has been noted, MF

andUFmembranes are porous, andROmembranes are dense,

but NFmembranes are intermediate between the two limiting

cases and have been modeled in both ways.

The two distinctions noted above overlap, in that the

contaminants rejected by porous membranes are generally

viewed as particles, whereas those rejected by dense mem-

branes are viewed as solutes (because most particles in the

feed to such systems are removed in pretreatment steps).

However, the overlap is not perfect, at least in part because the
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distinctions between porous and dense membranes, and also

between large solutes and small particles, are ambiguous.

Operation and Trends in the Performance
of Pressure-Based Membrane Systems

If a pressure differential is applied between the solutions on

the two sides of a clean membrane, water and some (ideally,

small) portion of the contaminants in the feed solution begin

to permeate through the membrane. At least for a short while

thereafter, the dominant resistance to permeation is provided

by the membrane itself. As a result, for a given feed

composition, we expect the permeation rate to be propor-

tional to the net driving force, equal to the TMP less any

countervailing force generated by the difference in the

solution compositions on the two sides of the membrane.

However, if the membrane is accomplishing the intended

objective, this situation cannot last: rejected contaminants

accumulate near the surface, increasing the overall resist-

ance to permeation, and causing the specific flux (ĴV=TMP)

to decline; that is, the membrane begins to foul. The decline

in specific flux might be manifested as either a decrease in

flux (if the TMP is held constant) or an increase in the

required TMP (if the TMP is adjusted to maintain a constant

flux); both constant-flux and constant-TMP (usually referred

to as constant-pressure) systems are used commercially, but

constant-flux operation is more common.

Typically, the specific flux declines for a while and then

reaches one of two limiting conditions: either the operation

stabilizes at a near-steady-state condition (stable flux and

TMP), or the fouling becomes so severe that the operation

must be halted to clean the membrane. These possibilities are

illustrated schematically in Figure 15-17. In systems that

reach steady state, the rate at which foulants are carried to

themembrane by advection is balanced by the sumof the rates

at which they pass through the membrane and at which they

return to the bulk concentrate by diffusion and other processes

that are explained subsequently; as a result, the environment

near the membrane is unchanging. Severe fouling, on the

other hand, occurs when conditions favor continuous accu-

mulation of foulants near the membrane. In systems operated

with constant TMP, this latter situation ultimately causes the

flux to become too small for continued operation to be

economical; in constant-flux systems, severe fouling leads

to a condition in which the target flux cannot be achieved at

any reasonable (and perhaps not at any) TMP. The transition

from acceptable performance to severe fouling can be gradual

or rapid; an example of the latter situation is shown in

Figure 15-18 for fouling of an MF membrane by NOM.

Most commercial systems are operated under conditions

where severe foulingwould occur if operationwere continued

indefinitely, but that scenario is avoided by back-flushing

while the extent of fouling is still acceptably small.

Although the preceding discussion focuses on TMP and

flux as the primary parameters affecting fouling, a similar

fouling pattern has been observed in response to several other

parameters, including recovery, filtration cycle time, and

various characteristics of the feed. That is, fouling is relatively

mild over a certain range of values of the parameter of interest,

but then can increase dramatically when some critical value is

exceeded. The transition is usually attributed to a change in

the physicochemical nature of the deposited foulants, such as

conversion of dissolved or adsorbed macromolecules into a

three-dimensional gel near the membrane surface (Chang and

Benjamin, 1996), collapse of a “loose” cake of rejected

particles to a more compact one (Harmant and Aimar,
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FIGURE 15-18. The effect of fouling by natural organic matter

on TMP during constant-flux filtration. Fouling can increase dra-

matically over a short period. Data are for filtration of Lake

Washington water (2.4mg/L DOC) through a polyethersulfone

MF membrane with nominal pore size of 0.1mm.

ĴV ¼ 97 L=m2 h, no back-flushing.
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FIGURE 15-17. Membrane fouling as indicated by either an

increase in TMP or a decrease in permeate flux. Solid lines charac-

terize a system that eventually reaches steady state, and broken lines

characterize a system that fails, either by the flux becoming unac-

ceptably small or the TMP becoming unacceptably large.
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1996; Tarabara et al., 2004), or increased penetration of

foulants into the cake layer adjacent to the membrane or

into themembrane itself (Zhang andSong, 2000;Chellamand

Jacangelo, 1998). The exact value of the critical parameter is

feed- and system-specific and therefore must be determined

based on laboratory and pilot studies.

If a givenmembrane system and feed are tested in constant-

pressure mode over a range of TMPs, the system response

might be similar to that shown in Figure 15-19a. The per-

formance characteristics at each TMP are similar to those

shown for the constant-pressure systems in Figure 15-17. In

addition, however, while the initial flux increases with

increasing TMP, the steady-state flux does so only up to

some limiting value (ĴV;lim); steady-state fluxes larger than

ĴV;lim cannot be achieved no matter how large a TMP is

applied. The fact that the flux remains constant when the

driving force increases under these conditions indicates

that the overall hydraulic resistance must be increasing in

proportion to the driving force. The increase in resistance

might be caused by accumulation of foulant near the mem-

brane, compression of the membrane, and/or changes in the

structure of the accumulated material.

The steady-state fluxes from Figure 15-19a are plotted as

a function of TMP in Figure 15-19b. At low pressures, the

steady-state flux is proportional to the TMP, so the specific

flux is constant; in this range, the flux is said to be pressure-

limited. At higher TMPs, the increase in steady-state flux is

less than proportional to the increase in TMP, and at still

higher values, the limiting flux is reached. In this range, the

specific flux declines with increasing TMP, and the flux is

said to be mass-transfer-limited.

The preceding discussion focuses on fouling during a

single filtration cycle. Such cycles typically last from several

minutes to a few hours in systems with porous membranes,

after which the membranes are back-flushed. Figure 15-20

illustrates the performance of an MF membrane that was

back-flushed with water every 20min in laboratory testing.

Each back-flush event, lasting for a period of several sec-

onds, reversed the majority of the fouling that occurred

during the preceding cycle, but not all of it. As a result, the

cumulative amount of hydraulically irreversible fouling

steadily increased. Such a trend is commonly observed in

full-scale systems, though at quite different time frames:

significant reversible fouling can occur over a period of

minutes to hours, but irreversible fouling typically builds up

much more slowly than shown in the figure, over days to
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branes. The steep increases in specific flux correspond to times

when the membrane was back-flushed. The arrows indicate the
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FIGURE 15-19. A typical response of permeate flux through a

porous membrane to changes in the transmembrane pressure. (a)

Changes in flux over time at five different TMPs. The steady-state

flux has an upper limit that cannot be exceeded, regardless of how

large the TMP becomes. (b) Dependence of the steady-state flux

and specific flux on TMP.
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weeks. The trends shown in the figure occur whether the

membrane is operated at constant pressure or constant flux.

The decreased effectiveness of back-flushing over time is

usually attributed to incomplete removal of foulants and a

shift in the nature of the foulants remaining on the mem-

brane. For example, fouling of MF and UF membranes by

organic matter adsorbed inside the membrane pores may

steadily increase, so that after several cycles, it dominates

over fouling by particulate materials (which are relatively

easily dislodged by back-flushing). Also, particulate fou-

lants may consolidate, interact with other foulants, or

migrate into membrane pores. As noted previously, at

some point (typically after a few weeks to a few months),

it becomes necessary to remove the membranes from service

for more extensive chemical cleaning.

Back-flushing is usually impractical in NF and RO sys-

tems, due to the very low performance of the membranes.

Therefore, in NF and RO systems, operational conditions are

chosen such that fouling occurs muchmore gradually than in

MF or UF. Nevertheless, fouling does develop over time, and

eventually the permeate flux or TMP reaches a critical value

at which it is necessary to take the membranes out of service

for chemical cleaning.

The reagents used for chemical cleaning of membranes

depend on both the nature of the foulant and the composition

of the membranes. Precipitated inorganic foulants can often

be dissolved with acids and/or reducing agents (e.g., citric

acid can be used as a chemical reductant to dissolve iron

oxide precipitates). Alkaline solutions, sometimes amended

with enzymes, surfactants, or oxidants, are preferred when

the foulants are organic. Heating the cleaning solution

usually improves both the kinetics and the overall efficiency

of the cleaning. The specific reagents used are often propri-

etary mixtures; the composition of those mixtures and the

details of the cleaning sequences are usually recommended

by membrane manufacturers and tend to be determined by

experience and trial-and-error rather than by theory.

15.6 QUANTIFYING DRIVING FORCES

IN MEMBRANE SYSTEMS

Energy and Driving Force in Membrane Systems

Any force, F, can be interpreted as a spatial gradient in

“available” or “free” energy, E. The force is in the direction

of decreasing energy so, for example, for a gradient in the x

direction:

F
inþx
direction

¼ � dE

dx
(15-31)

Applying this idea to a chemical species in a membrane

system, if the species moves a short distance, the decrease in

the total available energy in the system per unit distance

moved canbe interpreted as the force favoring thismovement;

that is, as the driving force for the movement. If we designate

the distance perpendicular to the membrane by y, with y

assigned a value of zero at the concentrate/membrane inter-

face and increasing into the membrane, the force on the fluid

in the direction of permeation is

F
concentrate
to permeate

¼ F
inþy
direction

¼ � dE

dy
(15-32)

In membrane systems, the overall energy gradient driving

transport might be associated with gradients in static pres-

sure, electrical potential, and/or the system composition.

However, in many systems, the gradient in one type of

energy dominates all others and is the only one that needs

to be considered. For instance, in MF and UF systems,

solutes are usually not rejected by the membranes to an

appreciable extent (so the gradients in solute concentration

are negligible throughout the system), and no electrical

gradient is applied. Therefore, the transmembrane gradient

in pressure is the only significant factor affecting the decline

in available energy of water and solutes as they move from

the concentrate to the permeate.

In other cases, two or more types of energy contribute

significantly to the gradient. In NF and RO systems, for

example, the only externally imposed driving force is the

pressure differential across the membrane. However, the

selective rejection of solutes can lead to a significant differ-

ence in the composition of the solutions on opposite sides of

themembrane, causing a concentration-based driving force to

develop as well; both the imposed and induced driving forces

must be accounted for to understand the system performance.

The second law of thermodynamics indicates whether, and

inwhatdirection, a systemwill undergoa spontaneous change.

Although the law is usually expressed in terms of total

universal entropy, under certain circumstances it can be

formulated in more intuitive terms related to the available

energy in the system. In particular, if the temperature and

pressure of a system are constant and equal to the temperature

and pressure in the local surroundings, the second law indi-

cates that spontaneous change will always occur in the direc-

tion that causes a decline in a function known as the Gibbs

(free) energy (G) of the system. Furthermore, if the material in

the system is an incompressiblefluid, the constraint of constant

pressure can be relaxed, and spontaneous changewill occur in

the direction that leads to a decline in the Gibbs energy even if

the pressure changes. This latter situation characterizes virtu-

ally all membrane systems used for water treatment.

The Gibbs energy includes contributions from many

sources (chemical bonds within and among molecules in

the system, the pressure applied to the system, gravitational

potential energy, electrical potential energy, etc.). However,
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our only interest is in changes in the Gibbs energy, and the

only contributors to G that are likely to change when water

and other constituents pass through a membrane are related

to the chemical composition of the solution, the pressure,

and (in some cases) the electrical potential.

The Gibbs energy per mole of a species i (either water or a

solute, in systems of interest here) is called either the molar

Gibbs energy of i (Gi) or the chemical potential of i (mi). Gi

can be interpreted conceptually as the increment in total

Gibbs energy of the system per mole of i added, when a

differential number of moles of i (dni) is added and the

temperature, pressure, electrical potential, and the number

of moles of all species other than i are constant, that is

mi ¼ Gi 	 @G

@ni






P;T ;c;nj 6¼i

(15-33)

Gi can be evaluated for any combination ofP,T, andc, and

for any system composition. When evaluated under standard

conditions (typically P¼ 1.0 atm, T¼ 25�C, c¼ 0V, and a

system composition such that the chemical activity of i, ai, is

1.0), it is referred to as the standard molar Gibbs energy of i,

designated as G
o

i . Values of G
o

i are tabulated for water and

most common solutes of interest. Designating standard con-

ditions forP, T, andc by a superscript o, the value ofGi under

any other (i.e., nonstandard) conditions is given by

Gi ¼ G
o

i þ
ZP

Po

VidPþ
ZT

To

SidT þ ziF

Zc

co

dcþ RT ln ai

(15-34)

whereVi is themolar volume of i; Si is themolar entropy of i;

zi is the charge on i (including sign); F is the Faraday

constant; and R and T are the universal gas constant and

the absolute temperature, respectively.

For species in a liquid phase, Vi is essentially independent

of P and so can be taken out of the first integral on the right

side of Equation 15-34. In addition, wewill focus on systems

at constant temperature, in which the second integral equals

zero. Then, making the conventional choices of 1.0 atm and

0V for Po and co, respectively, the equation can be rear-

ranged and rewritten as

Gi ¼ G
o

i þ RT ln ai þ Vi P� 1:0 atmð Þ þ ziFc (15-35)

In the remainder of this chapter, we refer to the sum of the

first two terms on the right side of Equation 15-35 as Gchem;i,

the third term on the right side as Gmech;i, and the final term

on the right as Gelec;i. These definitions are summarized in

Table 15-6.

Finally, we can use Equation 15-35 to compute the differ-

ence in Gi between two locations that differ with respect to

composition, pressure, and/or electrical potential as

D1�2Gi ¼ RT ln
ai;2

ai;1
þ Vi P2 � P1ð Þ þ ziF c2 � c1ð Þ

(15-40)

& EXAMPLE 15-6. The activity of water is 0.99 on

the concentrate side of an RO membrane and 1.0 on the

permeate side, and the absolute pressures on the two sides

are 1600 and 100 kPa, respectively. These values apply

throughout the bulk solutions and up to the membrane

surface. The system is at 25�C.

(a) Compute the transmembrane differences in

(i) mechanical, (ii) chemical, and (iii) total molar

Gibbs energy of water.

(b) If the membrane is 1.5mm thick, what is the average

driving force for transport of water through the

membrane, expressed as newtons per mole of water

transferred.

Solution.

(a) Following the sign convention established previously,

we define Dmc=p
Gw as the difference Gw;c � Gw;p,

where w represents water.

(i) The transmembrane difference inGmech;w can be

computed by applying Equation 15-37 to the

two sides of the membrane. To use that equa-

tion, we need to know the molar volume of

water, which can be calculated from the density

of water, as follows:

Vw ¼ MWw

rw
¼ 18 g=mol

106 g=m3
¼ 1:80� 10�5 m3=mol

TABLE 15-6. Important Types of Molar Gibbs Energy in

Membrane Systems

Type of Energy Expression for Gi

Chemical

(concentration-

based)

Gchem;i ¼ G
o

chem;i þ RT ln ai (15-36)

Mechanical

(pressure-based) Gmech;i ¼ Vi P� 1:0 atmð Þ (15-37)

Electrical Gelec;i ¼ ziFc (15-38)

Total available

energya Gtot;i ¼ Gchem:i þ Gmech;i þ Gelec;i (15-39)

aIn a typical membrane system; in some systems, other types of energy

would have to be included.

QUANTIFYING DRIVING FORCES IN MEMBRANE SYSTEMS 753



Then, noting that 1 kPa ¼ 1000 Pa ¼ 1000N=m2 ¼
1000 J=m3, we compute

Dmc=p
Gmech;w ¼ VwDmc=p

P ¼ Vw Pc � Pp

� �
¼ 1:80� 10�5 m3=mol
� �

1600 kPa�100 kPað Þ
� 103 J=m3 kPa
� � ¼ þ27:0 J=mol

(ii) The transmembrane difference in chemical

energy per mole of water can be computed by

a similar process, except that Equation 15-36 is

used instead of Equation 15-37. Noting that

the standard molar free energy of water, G
o

w, is

the same in the two solutions, the transmembrane

difference in chemical energy is

Dmc=p
Gchem;w ¼ G

o

w;c þ RT ln aw;c

� �
� G

o

w;p þ RT ln aw;p

� �

¼ RT ln
aw;c

aw;p

¼ 8:314 J=mol Kð Þ 298Kð Þ ln 0:99
1:0

¼ �24:9 J=mol

(iii) The transmembrane difference in the total avail-

able energy, Dmc=p
Gtot;w, is the sum of the differ-

ences in mechanical and chemical energy, or

þ2.1 J/mol. The sign of this value indicates

that the available energy is greater on the con-

centrate side than the permeate side of the mem-

brane, as it must be for permeation to occur.

(b) Normalizing the force and energy terms in Equation

15-32 to one mole of water yields:

Fw ¼ � dGw

dy

The average value of Fw across the membrane can

be determined by replacing the differentials in this

equation with finite differences across the membrane

(Dmc=p
). However, because of the convention we have

adopted for the meaning of Dmc=p
, an increase in Gw

or y across the membrane corresponds to a negative

value of Dmc=p
Gw or Dmc=p

y, respectively. Also,

because we are assuming that the concentrations

adjacent to the membrane are the same as those

in the bulk, Dmc=p
Gw ¼ Dc=pGw. We can therefore

rewrite the equation for Fw across the membrane as

Fw;avg ¼ ��Dmc=p
Gw

�Dmc=p
y

¼ � �Dc=pGw

ypm=p
� ycc=m

¼ þDc=pGw

dm � 0

¼ 2:1 J=mol

1:5� 10�6 m
¼ 1:4� 106 J=mol m

¼ 1:4� 106 N=mol

The net force is positive (i.e., favorable) for

movement of water from the concentrate to the

permeate side of the membrane. &

The Osmotic Pressure

When solutes enter an aqueous solution, they decrease the

activity of the water (aw) and therefore decrease Gchem;w.

Equation 15-36 indicates that the change in Gchem;w relative

to pure water is given by

G
chem;w
actual solution

� G
chem;w
pure water

¼ G
o

w þ RT ln aw
� �

� G
o

w þ RT ln aw
� �

pure
water

¼ RT ln aw
(15-41)

where the ln aw term for pure water in the second expression

is zero, because the activity of pure water is 1.0.

It is common to express the change in Gchem;w caused by

the entry of solutes into the solution in terms of an equivalent

change in pressure; that is, as the change in pressure which,

if applied to the solution, would have an equivalent effect

on Gtot;w. Assuming that the solution has the same molar

volume as pure water, this pressure change can be deter-

mined by equating the expression in Equation 15-41 with

that for the change in Gmech;w induced by a pressure change,

DP, according to Equation 15-37

Actual effect of

solutes onGchem;w

� �
¼ RT ln aw

¼ Hypothetical effect of a

pressure change onGmech;w

� �
¼ VwDPequiv

DPequiv ¼ RT

Vw

ln aw (15-42)

�DPequiv ¼ �RT

Vw

ln aw 	 P (15-43)

where �DPequiv is positive and equals the reduction in

pressure that would have the same effect on Gtot;w as the

solutes do. This quantity is known as the osmotic pressure

and, as indicated in Equation 15-43, is designated as P;

the idea of the osmotic pressure is shown schematically in

Figure 15-21.

The solutions of interest when treating water in mem-

brane systems are almost invariably dilute (e.g., even in

seawater, the mole fraction of H2O is�0.98). As a result, aw
is close to 1.0 in both the concentrate and permeate solu-

tions, and ln aw � aw � 1. Furthermore, assuming that the

activity coefficient of water is 1.0, we can equate aw with
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the mole fraction of water. That is, aw ¼ cw=ðcw þPi ciÞ,
where the summation is over all solutes in the solution.

Substituting these approximations into Equation 15-43,

we obtain

P ¼ �RT

Vw

cw

cw þPi ci
� 1

� �
¼ RT

Vw

P
i ci

cw þPi ci
(15-44)

Finally, we note that the sum cw;1 þ
P

i ci;1 is the total

molar concentration of all species (water and solutes) in

solution. Since molar concentration (mol/L) is the inverse of

molar volume (L/mol), this sum equals V
�1
, and, since

we have already assumed that V � Vw, Equation 15-44

simplifies to

P ¼ RT

Vw

P
i ci

Vw

� ��1
¼ RT

X
i

ci (15-45)

Equation 15-45 is an approximate version of Equation

15-43, and both equations are known as the van’t Hoff

equation. Equation 15-45 yields an acceptably close value

forP in the vast majority of systems of interest. If a solution

is sufficiently concentrated that Equation 15-45 does not

apply, P can be estimated by the following equation

(Carnahan and Starling, 1969):

P ¼ kBTn
1þ fþ f2 � f3

1� fð Þ3 ¼ RTc
1þ fþ f2 � f3

1� fð Þ3
¼ P van’t

Hoff

F (15-46)

where kB is the Boltzmann constant; n, c, and f are,

respectively, the number concentration, the molar concen-

tration, and the volume fraction of all solute molecules in

the solution, andF equals the fraction shown in the middle

equalities. The equality between the second and third

expressions is based on the fact that the Boltzmann con-

stant (kB) equals the universal gas constant (R) divided by

Avogadro’s number. The correction factor for nonideality

is such that, in highly concentrated solutions, the actual

osmotic pressure is greater than would be predicted by

Equation 15-45. However, the correction is small for

volume fractions less than several percent.

When membranes reject solutes from a feed solution, the

permeate has a lower solute content, and therefore a lower

osmotic pressure, than the concentrate. The transmembrane

difference in osmotic pressures (Dmc=p
P) establishes a

driving force (i.e., a gradient in Gchem;w) for clean water

to migrate from the permeate back into the concentrate,

which is opposite to the direction that we want. This driving

force leads to a classical manifestation of osmotic

pressure—the migration of water across a salt-rejecting

membrane from the less salty to the more salty side, if

the mechanical pressure difference across the membrane is

less than the difference in osmotic pressure.

This phenomenon is illustrated in Figure 15-22, in which

an ideal membrane that rejects all solutes separates a column

of a solution containing solutes (on Side A) from a column of

pure water (on Side B). Initially, the heights of the columns

are equal, so, assuming the solutions have approximately

equal densities, the mechanical pressure at any height h is

uniform across the membrane. However, the presence of the

solutes causes the activity, and therefore the molar Gibbs

energy, of the water on Side A to be lower than on Side B, so

a driving force exists for water to migrate into Side A. Water

moves in this direction, increasing the mechanical pressure

MembraneSolution
 (side B)

Pure 
water

(side A)

(a)

Impermeable 
barrier

Diluted 
solution

Pure 
water

(b)

ΔP = ρg Δh≠ ΔP = 0Δ∏ Δ∏

Δh

FIGURE 15-22. Water transport across a membrane driven by a

difference in the osmotic pressure. The initial solutions are

assumed to have nearly identical densities. (a) The initial condition,

in which the mechanical pressure is equal on the two sides of the

membrane. (b) The equilibrium condition, in which the difference

in mechanical pressure across the membrane equals the difference

in osmotic pressures of the two solutions.

ΔGchem,w  = ΔGtot,w ΔGmech,w  = ΔGtot,w

Add solutes, maintain 
pressure at P1

Lower pressure 
to P2

P1 − P2

Gchem,pure water,P1 

Π

FIGURE 15-21. The underlying concept defining the osmotic

pressure. The change indicated on the left is the actual change of

interest in the solution; the one on the right is the imagined change

that has the same effect on Gtot;w.

QUANTIFYING DRIVING FORCES IN MEMBRANE SYSTEMS 755



on side A, and decreasing it on side B until the mechanical

pressure difference driving water toward side B exactly

balances the osmotic pressure difference driving it toward

side A; that is, until Gtot;w is identical on the two sides.

Applying this result to RO systems, we infer that a mechan-

ical pressure at least equal to Dmc=p
P must be applied across

the membrane to counteract this composition-driven trans-

port of water. That is, a mechanical pressure equal to Dmc=p
P

must be applied to the concentrate just to avoid reverse

permeation, and an even greater pressure must be applied if

clean water is to be produced.

The pressure exerted on an object can be interpreted as the

object’s mechanical potential energy per unit volume.

Therefore, the osmotic pressure of a solution can be inter-

preted as the amount by which the presence of solutes lowers

the potential energy per unit volume of water, compared

with pure water. Correspondingly, at least this amount of

energy per unit volume must be expended to convert the

solution into pure water (i.e., to remove all the solutes from

the solution) by any process, including RO. Thus, even if

an RO process were 100% efficient (which, of course, no

process is), an energy input per unit volume equal to Dc=pP
would be required to operate the system.

& EXAMPLE 15-7. The major ion composition of sea-

water is shown below in both mass- and mole-based concen-

tration units.

Concentration

Ion MW g/L mol/L

Naþ 23 10.77 0.47

Mg2þ 24 1.29 0.05

Ca2þ 40 0.41 0.01

Kþ 39 0.40 0.01

Cl� 35.5 19.35 0.55

SO4
2� 96 2.71 0.03

Total 34.93 1.12

(a) What is the osmotic pressure of seawater at 25�C?
(b) What is the osmotic pressure on the concentrate side

of a reverse osmosis system that is fed seawater and

that is operating at steady state with 40% recovery

and 99.5% rejection of salts? The permeate is

recirculated at a rate sufficient that the concentrate

can be treated as well mixed (i.e., no gradient from

inlet to outlet).

(c) What is the minimum theoretical power requirement

to operate the system in part b to produce 1m3/h of

water? (Note: To increase the pressure by DP in a

fluid with flow rate Q, the power received by the

fluid [Pfluid] must be QDP.)

(d) How much power would be required to operate the

system in part (c) if the feed pump is 75% efficient at

converting electrical power into mechanical power,

and if the operating TMP is twice the value of P
computed in part (b)?

Solution.

(a) The osmotic pressure of seawater can be computed

to within a few percent using Equation 15-45:

P � RT
P

ci

¼ 0:0821 L atm=mol Kð Þ 298Kð Þ 1:12mol=Lð Þ

¼ 27:4 atm ¼ 27:4 atm
101:3 kPa

atm

� �
¼ 2776 kPa

(b) The system is operating with 40% recovery and

99.5% rejection, so the ion concentration in the

concentrate solution exiting the system can be cal-

culated using Equation 15-27:

cc;out ¼ cf
1� r 1� Rð Þ

1� r

¼ 1:12mol=Lð Þ 1� 0:4 1� 0:995ð Þ
1� 0:40

¼ 1:86mol=L

Because the solution on the concentrate side of the

membrane is well mixed, cc is the concentration

throughout the system on that side of the membrane.

The osmotic pressure of this solution is

P ¼ 0:0821 L atm=mol Kð Þ 298Kð Þ 1:86mol=Lð Þ

� 101:3 kPa

atm

� �
¼ 4617 kPa

(c) The power requirement is Q � TMP, and the

minimumTMP isDP. Since the permeate is assumed

to contain negligible salt, DP is just the osmotic

pressure of the concentrate, as computed in part

(b). The minimum power requirement is therefore

P ¼ Q DPð Þ ¼ 1m3=h
� �

4617 kPað Þ 1000N=m2

1 kPa

� �

� 1 h

3600 s

� �
1 kW

1000N m=s

� �
¼ 1:28 kW

(d) Based on the problem statement, the TMP is twice

the value of P from (b), so TMP¼ 9234 kPa. The

power required to pressurize seawater to 9234 kPa

756 MEMBRANE PROCESSES



and treat it by RO at a rate of 1m3/h, using a pump

with 75% efficiency, is

Ppump ¼ Q TMPð Þ
hpump

¼ ð1m3=hÞ 9234 kPað Þ
0:75

1000N=m2

1 kPa

� �

� 1 h

3600 s

� �
1 kW

1000N m=s

� �
¼ 3:42 kW &

Historically, the osmotic pressure has been used exclu-

sively to characterize the effect of solutes on the molar

Gibbs energy of water. However, the idea of an equivalent

pressure can also be instructive when applied directly to

solutes, and in particular to differences in solute activities

between two solutions. For instance, in membrane systems,

it is useful to compute the pressure that would have to be

applied across the membrane to generate the same difference

in Gtot,i as is actually present due to a difference in

the activity of i between the two bulk solutions. Based on

Equations 15-36 and 15-37, we can compute this equivalent

pressure differential (Dc=pPi;equiv) as

ViDc=pPi;equiv ¼ Go
i þ RT ln ai

� �
c
� Go

i þ RT ln ai
� �

p

Dc=pPi;equiv ¼ RT

Vi

ln
ai;c

ai;p
(15-47)

If a solute is selectively rejected, ai,c is greater than ai,p,

so Dc=pPi;equiv is positive. However, if i is water (which is

selectively permitted to permeate, causing aw,c to be less

than aw,p), Dc=pPi;equiv is negative (and equals �P).

& EXAMPLE15-8. Compute the TMP differential that

would generate a gradient in Gmech; Naþ that is equivalent to

the actual gradient generated by the transmembrane differ-

ence inNaþ concentrations in the preceding example system.

Compare the result with the actual TMP gradient in part (d)

of that example.

Solution. The equivalent pressure differential can be

computed using Equation 15-47. Since the Naþ rejection

is 99.5%, the ratio cp/cf is 100/0.5 or 200. However, the

concentrate solution is more concentrated than the feed;

we saw in Example 15-7b that cc/cf was 1.86/1.12, so the

ratio cc/cf is

cc

cp
¼ cc

cf

cf

cp
¼ 1:86

1:12

1

0:005
¼ 332

Assuming (unrealistically) that the activity coefficient

for Naþ is the same in the concentrate and permeate

solutions, the activity ratio is the same as the concentration

ratio, so

Dc=pPi;equiv ¼ RT

Vi

ln
ai;c

ai;p

¼ 8:314 J=mol Kð Þ 298Kð Þ 1 kPa L=Jð Þ
1 L=55:6mol

ln 332ð Þ

¼ 800; 000 kPa ¼ 800; 000 kPað Þ 1 atm

101:3 kPa

� �

¼ 7894 atm

The equivalent pressure far exceeds the applied hydro-

static pressure, confirming that the chemical driving force

for Naþ transport dominates over the mechanical driving

force. &

Relative Magnitudes of Different Driving Forces
for Transport in Membrane Systems

To gain an appreciation for the magnitudes of the various

terms contributing to the driving force for transport of water

and solutes in different membrane systems, consider two

hypothetical, but reasonable scenarios: 2% rejection of

a macromolecule such as NOM in a UF system with

Dc=pP ¼ 15 kPa, and 99.5% rejection of a small molecule,

such as Naþ, in an RO system with Dc=pP ¼ 5000 kPa.

To calculate Gi of the different species, we make the

following assumptions:

� The NOM molecules are all identical, with a molar

volume five times that of water

� The molar volume of Naþ is the same as that of water,

� The solutions are ideal and at 25�C
� The electrical potential is constant throughout the

system (Dc=pc ¼ 0)

� The total solute concentration (used to compute the

osmotic pressure) is 10�2mol/L in the bulk concentrate

solution in both systems. (Note that this concentration

accounts for all solutes in each solution, not just the

target species.)

Using the equations in Table 15-6, we can calculate the

various contributions to Dc=pGtot;i (the change in Gtot;i

between the bulk concentrate and bulk permeate solutions)

for each species in each system; the results are shown in

Table 15-7. Dc=pGtot;i is defined as the value of Gtot;i on the

concentrate side of the membrane minus that on the perme-

ate side, so a positive value of Dc=pGtot;i indicates that the

Gtot;i declines in the direction of permeation and therefore

favors transport from the concentrate to the permeate.

The value of Dc=pGmech;i is the product of the molar

volume of the species being considered and the pressure
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difference between the two solutions. It is therefore larger

for the NOMmolecules than for water in the UF system, and

identical for water and Naþ in the RO system; it is also larger

for all species in the RO than the UF system, because of

the larger Dc=pP. More importantly, the absolute value of

Dc=pGchem;i is much larger than that of Dc=pGmech;i for the

solute in both systems, whereas the reverse is true for water.

As a result, in both systems, the mechanical energy differ-

ence is the primary driving force for transport of water,

whereas the chemical energy difference is the primary

driving force for the solute.

Note also that the absolute values of Dc=pGchem;i and

Dc=pGtot;i are much larger for both solutes than for water.

This difference arises because Dc=pGchem;i depends on the

ratio of the chemical activities of the species of interest on

the two sides of the membrane:

Dc=pGchem;i ¼ RT ln
ai;c

ai;p
(15-48)

This ratio typically ranges from 1.0 to a minimum of

approximately 0.97 for water, but can range from 1.0 to 104

or more for solutes. Therefore, not only does Dc=pGchem;i

have opposite signs for solutes and water (it favors transport

of solutes into the permeate, but of water back into the

concentrate), but its magnitude is invariably far greater for

solutes than for water.

TABLE 15-7. Contributions to the Transmembrane Energy

Difference in Typical UF and RO Systems

UF System RO System

NOM H2O Naþ H2O

Dc=p Gmech;i
a 1.35 0.27 90.0 90.0

Dc=p Gchem;i 50.1 0.0 13,127 �0.44

Dc=p Gelec;i 0.0 0.0 0.0 0.0

Dc=p Gtot;i 51.4 0.27 13,217 88.2

aAll values in J/mol. Assumed conditions described in the text.
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FIGURE 15-23. Schematic illustrating the relative magnitudes of the mechanical and chemical

driving forces for water and a solute in typical (a) porous and (b) dense membrane systems. The

driving forces can be thought of as applying to the whole solution in porous membranes (as a

weighted average of the forces on the molecules in solution), but such a representation has no

meaning in dense membranes, because no aqueous phase exists inside dense membranes. Note that

these driving forces are for overall transport from the concentrate to the permeate; as wewill see, they

do not necessarily apply at every point along that path.
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The observations for this example system can be gener-

alized to most real systems. In particular, in pressure-driven

membrane systems that reject solutes to any extent at all, the

overall driving force for transport of solutes is dominated by

the chemical energy term (Dc=pGchem;i), but the overall

driving force for transport of water is dominated by the

mechanical energy term (Dc=pGmech;w). In MF and UF

systems, Dc=pGchem;w is negligible compared with

Dc=pGmech;w; in RO and, to a lesser extent, NF systems,

Dc=pGchem;w can be significant, but it is nevertheless always

smaller in magnitude than Dc=pGmech;w, since that is the only

way that water permeation in the desired direction can occur.

These results are illustrated in Figure 15-23.

The above generalizations characterize the overall change

in molar Gibbs energy between the bulk concentrate and the

bulk permeate; they therefore allow us to identify the relative

magnitudes of different components of the driving force for

transport of water and solutes between those two reservoirs.

Note, however, that molar Gibbs energy of a species can be

interconverted among its various forms under certain circum-

stances. As we will see, such inter-conversions do occur in

some membrane systems so that, for instance, the major

driving force for water transport is converted from a gradient

inDGmech;w into a gradient inDGchem;w overmost of the region

of interest in systems with dense membranes. Nevertheless,

the preceding discussion is useful both for identifying the

major driving forces at the gross system level, and also to

provide a general understanding of the relationship between

energy changes and driving forces in membrane systems.

15.7 QUANTITATIVE MODELING OF

PRESSURE-DRIVENMEMBRANE SYSTEMS

The modeling of pressure-driven membrane systems shares

several general characteristics with the modeling of gas

transfer and adsorption systems. All these processes involve

the transfer of species from an aqueous solution into either a

different phase or a second aqueous solution with a different

composition. And, in each case, we need to model transport

from a bulk aqueous phase into and across one or more

boundaries and through one or more interfacial regions. In

addition, in each process, the bulk liquid phase (or, in the case

ofmembranes, the concentrate)might be spatially uniform, or

it might vary from the inlet to the outlet of the system.

In modeling of pressure-driven membrane systems, as in

the other processes, we typically assume that transport

through the bulk solutions and equilibration across phase

boundaries are both rapid; we also assume that the permeate

is uniform from the membrane surface to the bulk solution,

so no transport modeling is applied to that region. The

potential rate-limiting steps are therefore transport through

the concentrate-side liquid boundary layer and through the

membrane itself. The analysis consists of developing sepa-

rate models for transport through each of these regions and

then linking these models by the constraints that (i) at

steady-state, the net flux of each species must be identical

through both regions; (ii) if the membrane is modeled as

a nonaqueous phase, equilibrium obtains at both membra-

ne/solution interfaces; and (iii) if the bulk concentrate

composition changes as a function of location, the solution

entering any segment of the system is identical to the

solution leaving the segment immediately upstream. Each

of these steps has analogs in the approaches used in earlier

chapters to model gas transfer and adsorption systems.

The similarities noted above notwithstanding,

membrane systems are more complex than gas transfer

or adsorption systems, primarily because transport through

the liquid boundary layer in membrane systems occurs by

both advection and diffusion, whereas in gas transfer and

adsorption systems, transport is exclusively diffusive. As a

result, membrane modeling must take into account not

only concentration gradients, but also the pressure gradi-

ent, as potential driving forces. In addition, water and

contaminants are transported at different rates through

the boundary layer adjacent to membranes, and the trans-

port of each can affect the other. For example, if the

contaminants are particles, the resistance they impose

on the water migrating past them increases as their con-

centration increases.

In the following sections, we first present two widely used

models for transport through the membrane interior, and

then relate the analysis to models for transport through the

concentrate-side boundary layer for systems in which the

bulk concentrate composition is uniform. Finally, we con-

sider how the models can be modified to accommodate

possible changes in the bulk concentrate composition

from the inlet to the outlet of the system.

Conceptual Models for Transport in Pressure-Driven
Membranes

As has been noted, transport through membranes is widely

modeled according to one of two paradigms. In the pore-flow

model, well-defined pores are assumed to penetrate through

the membrane, so that the aqueous phase is continuous from

the concentrate to the permeate. In this model, transport of

water through the pores is modeled as strictly advective.

Often, contaminants that enter a pore in an aliquot of

solution are assumed to move at the same velocity as the

water, so the contaminant concentration remains constant as

the aliquot moves through the pore. In this scenario, referred

to as strongly coupled transport of the water and contami-

nants, the only location where the constituents behave

independently is at the mouth of the pores, where some

species are selectively rejected due to steric, chemical,

and/or electrical factors.
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At least two factors can help decouple the movement of

contaminants from that of the water and invalidate the

assumption of strongly coupled transport: diffusion and

hindered transport. The contaminant concentration in the

permeate is, of course, lower than that in the concentrate,

and this difference generates a diffusive driving force for

contaminant transport from the concentrate to the permeate

that adds to the advective driving force. If diffusive transport

is significant, the flux of contaminants into the permeate is

higher, and rejection is lower, than would otherwise be the

case. This trend is at least partially mitigated by hindered

transport, which refers to the effect of the nonuniform

velocity profile in the pores on particle motion. Because

the flow inside membrane pores is laminar, the fluid velocity

varies with the distance from the pore centerline. Corre-

spondingly, because the contaminants are of finite size, each

contaminant is exposed to a range of fluid velocities.

Detailed analyses of the effects of this nonuniform velocity

field indicate that it impedes contaminant transport com-

pared with the case of uniform flow at the average velocity.

In contrast to the pore-flow model, the solution-diffusion

model envisions the membrane as a continuous, nonporous

phase that completely separates the concentrate and permeate

solutions; that is, the aqueous phase is not continuous from the

concentrate to the permeate. Transport between the two

solutions is assumed to occur via dissolution of constituents

into the membrane, migration of those species across the

membrane as discrete molecules (not as a bulk fluid), and

transfer out of the membrane phase and into the permeate

solution. Correspondingly, in the solution-diffusion model,

selective rejection is attributed to differences in the solubility

and/or diffusivity of different constituents in the membrane

phase. In contrast to the pore-flow model, the dissolution of

each constituent into the membrane and its migration across

the membrane is assumed to be minimally affected by the

movement of other constituents; that is, the model is based on

uncoupled transport. Therefore, in this case, analysis of

transport through the membrane focuses on the behavior of

individual species, not on an aliquot of solution.

The conceptual bases for both the pore-flow and solution-

diffusion models were first suggested in the mid-1800s, but

virtually all quantitative modeling of membrane processes

was based on the pore-flow model through the middle of the

last century (Wijmans and Baker, 1995). However, the

paradigm began to shift in the 1960s, when the mathematics

of the solution-diffusion model was developed and refined

by Kraus et al. (1964), Lonsdale et al. (1965), and Thau et al.

(1966). Since that time, the pore-flow model has been used

primarily to characterize microfiltration (MF) and ultra-

filtration (UF), and the solution-diffusion model has been

used to model reverse osmosis (RO); both approaches have

been used to model nanofiltration (NF).

These two models for transport across the concentra-

te/membrane interface and through the membrane itself

are developed next. The objective is to derive equations

that relate the fluxes of the various constituents, and there-

fore the rejection of contaminants, to the relevant driving

forces. In addition, the analyses lead to predictions for the

profiles of various parameters (e.g., concentrations, pres-

sure, and molar Gibbs energy) throughout the system.

The Pore-Flow Model

Changes in Solution Composition at the Concentrate/
Membrane Interface According to the limiting case of

the pore-flow model, in which transport of contaminants is

tightly coupled to that of water within the pore, contaminant

rejection is determined entirely by processes at the concen-

trate/membrane interface. The mechanism(s) responsible

for the rejection might be steric (the water enters the pores,

but the contaminants are too large to do so), electrical (the

contaminants are charged and therefore repelled from

the membrane, whereas the water is not), or chemical (the

chemical properties of the contaminants and membrane are

such that they repel one another).We consider first the simple

case of uncharged, spherical contaminants that are rejected

strictly due to steric constraints.

Clearly, if the spheres are larger than the membrane pores,

they will be rejected completely and will not appear in the

permeate. Contaminants that are smaller than the pores can

also be rejected, if they are not appropriately aligned with

the pore opening when they approach the membrane. For

example, a sphere of radius ri will be rejected if its center is

within a distance ri of the edge of the pore (Figure 15-24). As

a result, inside the pore, the particle concentration will be

rpore − ri

r
i

A

B

C

rpore

FIGURE 15-24. Rejection of spherical contaminants by cylin-

drical pores. Particle A can enter the pore, but particle B cannot.

Particle C is as close to the wall as a particle of this size can be and

still enter the pore. By convention, a particle’s location is defined

by its center, so the annular space is considered to have a particle

concentration of zero.
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finite within a core zone defined by a cylinder that is

concentric with the pore and has radius rpore� ri, and will

be zero in an annulus between this core zone and the

perimeter of the pore. Assuming that the particle concentra-

tion in the solution that enters the core zone is the same as in

the bulk feed, the fraction of the contaminants that enters and

passes through the pore (the sieve coefficient for i-sized

contaminants) will equal the fraction of the total flow that

enters the core zone. This idea can be expressed mathemati-

cally for particles with ri< rpore as follows:

fi ¼ 1� R̂i ¼
Rate at which

particles enter pore

Rate at which
particles approach pore

¼
Rate at which

particles enter core

Rate at which
particles approach pore

¼ Qcore/cf

Qpore/cf
¼

Z rpore�ri

0

v rð Þ2pr dr
Z rpore

0

v rð Þ2pr dr
¼

Z rpore�ri

0

v rð Þr dr
Z rpore

0

v rð Þr dr

(15-49)

where fi is the sieve coefficient for i-sized contaminants, R̂i

is the intrinsic rejection efficiency of i-sized contaminants,7

and v rð Þ is the velocity of water entering the pore at a

distance r from the center of the pore.

If water entered the pore at a uniform velocity across the

pore’s cross-section, then v(r) would be constant (indepen-

dent of r), and the expected rejection efficiency would equal

the fraction of the cross-sectional area from which the

particles are excluded (the annulus). However, it is more

common to assume that water enters the pore with a fully

developed laminar velocity profile, in which case the veloc-

ity is greater near the center than near the perimeter, causing

the rejection efficiency to be lower than for uniform flow.

The predicted particle rejection efficiency for either of

these velocity profiles can be derived by integrating Equa-

tion 15-49, yielding the following results for contaminants

smaller than the pore diameter (Ferry, 1936):

R̂i;f l ¼ 1� 1� lið Þ2 (15-50a)

R̂i;pa ¼ 1� 2 1� lið Þ2 � 1� lið Þ4
h i

(15-50b)

In these equations, li is the nondimensionalized contam-

inant diameter, equal to di/dpore, or, equivalently, ri/rpore, and

fl and pa refer to the assumed velocity profiles: fl for a flat

(uniform) profile, and pa for a parabolic profile, character-

istic of Poiseuille flow. As has been noted, Ri is 1.0 for all

contaminants larger than the pore diameter (i.e., for lI� 1).

In more sophisticated analyses, some decoupling of

water and contaminant transport inside the pore is

included by accounting for diffusion and hindered trans-

port, and possibly for adsorption as well (Figure 15-25).

In that case, contaminant rejection is estimated by solving

a modified form of the convective-diffusion equation

(Deen, 1987)

Ji;m
 � ¼ kDDi

d cih i
dz

þ kC vw;m
 �

cih i (15-51)

where Ji,m, Di, and ci are the flux, diffusivity, and concen-

tration of the contaminant, respectively, vw,m is the fluid

velocity inside the pore, z is the distance from the pore

entrance, and the angle brackets signify that the parameter

values are averaged across the pore’s cross-section. kD and

kC are factors that account for the hindrance generated by

the nonuniform velocity profile inside the pore, which

causes the contaminant to move more slowly in the direc-

tion of water flow than it would in a uniform velocity field.

Numerical expressions for kD and kC have been developed

for several particle and pore geometries (Dechadilok and

7 Recall that the intrinsic rejection, R̂i , is the ratio of the contaminant

concentration in the permeate to that in the concentrate immediately

adjacent to the membrane. The rejection, Ri, is the corresponding ratio

based on the concentration in the bulk permeate.

 

(a) (b) (c)

FIGURE 15-25. Phenomena that can decouple transport of

contaminants from that of water as they pass through pores.

(a) Contaminants are carried by the water through the center

(core) portion of the pore, but they are excluded from the area

near the perimeter. Clean water flows through the perimeter area,

so when the two portions of the flow mix in the permeate, the

contaminant concentration is less than in the core, setting up a

concentration gradient that induces diffusion from the concen-

trate to the permeate; (b) a contaminant is exposed to a range of

far-field fluid velocities, the net effect of which is to cause it to be

transported less rapidly than if it were exposed only to the

velocity through its center; (c) contaminants might adsorb to

pore walls.
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Deen, 2006).8 Note that Ji,m and vw,m refer to values inside

the pores, not in the fluid approaching the membrane; these

parameters can be converted into those that apply just

outside the membrane by multiplying by the membrane

porosity.

Equation 15-51 can be solved once boundary conditions

are specified, with the most common boundary conditions

reflecting an assumption that the particle concentration just

inside the pore is in equilibrium with that in the bulk solution

just outside. This equilibrium is quantified by a partition

coefficient, F, that accounts for the rejection of particles at

both ends of the pore by steric, electrical, and/or chemical

interactions:

F ¼
cmc=m

D E
cc

¼
cmm=p

D E
cp

(15-52)

For a spherical contaminant that is rejected solely by

steric interactions, F ¼ 1� lð Þ2. If the bulk permeate con-

sists solely of water and contaminants that have passed

through the pores, the solution to Equation 15-51 using

the boundary conditions shown in Equation 15-52 is

(Dechadilok and Deen, 2006):

Jmh i ¼ FkC vw;m
 �

cc

1� 1�FkC
� �

exp �Peð Þ (15-53)

where Pe is the pore Peclet number, equal to

kC vw;m
 �

Lpore=kDD, and Lpore is the length of the pore.

The Peclet number is an indication of the ratio of convective

to diffusive flux inside the pore.

The concentration of contaminant entering the permeate

can be computed as the ratio of the mass flux of contaminant

to the volumetric flux of solution:

cp ¼
Mass rate at which contaminant
enters permeate ðe:g:; mol=minÞ
Volumetric rate at which solution
enters permeate ðe:g:; L=minÞ

¼ Jmh iAm

ĴV;m
 �

Am

¼ Jmh i
vw;m
 � (15-54)

The rejection efficiency for spheres according to the

convective-diffusion-hindered (C-D-H) transport model

can therefore be computed as follows:

R̂i;C-D-H ¼ 1� cp

cc
¼ 1� Jmh i= vw;m

 �
cc

¼ 1� FkC

1� 1�FkC
� �

exp �Peð Þ (15-55)

The relationships in Equations 15-50 and 15-55 are plotted

in Figure 15-26 for volumetric fluxes (inside the pore) of 20

and 100L/m2 h. The predicted rejection efficiency using

Equation 15-50 depends only on l and so is the same at the

two fluxes. Adding diffusion as a potential transport mecha-

nism decreases rejection,whereas adding hindrance increases

it. Diffusion tends to have a larger effect at small l and low

volumetric flux, so under these conditions, the convection-

diffusion-hindrance (C-D-H) model predicts less rejection

than the convection-only model, whereas at higher l and

volumetric flux, the opposite is true. Both these trends are

apparent in the figure. When combined with a contaminant

size distribution in the influent, the relationships shown in the

figure can be used to predict the corresponding size distribu-

tion in the permeate, as is demonstrated for a simple system

with only advective transport in the following example.

& EXAMPLE 15-9. Predict the overall percentage

removal of particle number and mass (volume) if the effluent

of theidealhorizontalsettlingtankanalyzedinExample13-10

is fed to an MF system with uniform pores that are 1.0mm in

diameter.Assumeaparabolicvelocityprofileat theentranceto

the pores, and that unhindered convection is the only signifi-

cant contaminant transport mechanism inside the pores.

8 kD and kC also account for the fact that Equation 15-51 is written in terms

of average parameter values across the whole pore cross-section, rather than

across the core zone, which is the only region where the contaminants can

actually reside. This choice can cause kD and kC to have values >1, which,

at first glance, seems to imply that the flux is enhanced rather than hindered.

However, if the equation were written to consider only the conditions in the

core zone, those parameters would always have values <1, confirming the

idea that the non-uniform velocity profile always impedes contaminant

transport.
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FIGURE 15-26. Predicted rejection of spherical contaminants by

cylindrical pores in the absence of electrical or chemical inter-

actions between the contaminants and the membrane. The advec-

tion-only model corresponds to Equations 15-50b and yields the

same predicted rejection for any flux. The C-D-H model corre-

sponds to Equation 15-55, using D¼ 6.7� 10�11m2/s.
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Solution. The calculations in Example 13-10 yielded

values for the particle size distribution (PSD) function of

the effluent from the settling tank, expressed as discrete

values applicable to various increments of log d. Thus, for

example, the value of the PSD function listed for log d¼
�0.3 actually characterizes all the particles with nominal

diameters in the range �0.35< log d<�0.25. To compute

the number and volume concentrations of particles in that

size increment, we carry out the following calculations:

log
DN

Dd

� �
f

¼ 5:60;
DNf

Dd
¼ 105:60 ¼ 3:98� 105 cm�3 mm�1

Range of d : 10�0:35 < d < 10�0:25;

Dd ¼ 10�0:25 � 10�0:35
� �

mm ¼ 0:116mm

DNf ¼ DNf

Dd

� �
Dd ¼ 3:98� 105 cm�3 mm�1

� �
0:116mmð Þ

¼ 4:60� 104 cm�3

DV f ¼ DNf

pd3

6

� �
¼ 4:60� 104 cm�3
� �p 10�0:3 mm

� �3
6

¼ 3040mm3=cm3

Similar calculations can be carried out for each size range.

However, the membrane being used to treat the effluent has

1.0-mm pores (log d¼ 0.0), so it rejects all particles larger

than that size. Since that size falls in the middle of a size

range in the reported PSD function (�0.05< log d< 0.05),

we can estimate the number concentration of particles in

the range �0.05< log d< 0.0 by assuming that the value of

the PSDF for the full range (�0.05< log d< 0.05) also

applies to the lower half of the range (�0.05< log d< 0.0).

The results are shown in Table 15-8.

For each particle size range i, li is calculated as

li ¼ di

dpore

¼ 10 log dið Þmean

� �
mm

1mm

where (log di)mean is the mean value of log d in the range. The

removal efficiency for each group of particles with d< 1mm
can then be calculated with Equation 15-50b, and the

particle concentrations in the permeate on both a number

and volume basis can be calculated for each particle size as

the product of 1� Rið Þ and either DNf or DV f, respectively.

Particles larger than 1mm are all rejected by the membrane,

so for those particles, the rejection efficiency is 1. The results

of these calculations are shown in Table 15-9.

R̂Tot Num ¼ 1� DNp

DNf

¼ 1� 38; 900

686; 000
¼ 0:943 ¼ 94:3%

R̂Tot Vol ¼ 1� DVp

DV f

¼ 1� 4500

6:94� 107
¼ 0:99994 ¼ 99:994%

These results indicate that essentially all the particle mass

is removed but, on a number basis, more than 5% of the

TABLE 15-8. PSD of Feed to MF System (Particles with d� 1mm only)

Range of log di
(di in mm)

Mean log di
(di in mm)

PSDF log DN=Ddið Þf
ðDN=Ddi in cm

�3 mm�1Þ

Number

Concentration DNf

(cm�3)

Volume

Concentration DV f

(mm3 cm�3)

�0.35 to �0.25 �0.30 5.60 46,000 3,040

�0.25 to �0.15 �0.20 5.57 54,100 7,120

�0.15 to �0.05 �0.10 5.51 59,300 15,600

�0.05 to 0.0 �0.025 5.44 30,000 13,200

>0.0 N/A N/A 497,000 6.93� 107

SUM 686,000 6.94� 107

TABLE 15-9. Removal of Particles of Various Sizes by the Membrane

Range of

log di
(di in mm)

Mean log di
(di in mm)

Sieve

Coefficient l

Removal

Efficiency

(%)

Number Concentration

Remaining, DNp

(cm�3)

Volume Concentration

Remaining, DVp

(mm3 cm�3)

�0.35 to �0.25 �0.30 0.501 56.4 20,062 1,322

�0.25 to �0.15 �0.20 0.631 74.6 13,732 1,806

�0.15 to �0.05 �0.10 0.794 91.7 4,912 1,289

�0.05 to 0.0 �0.025 0.944 99.7 187 82

>0.0 N/A N/A 100.0 0 0

Sum 38,900 4,500
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particles remain. In reality, membranes with a nominal pore

diameter of 1mm have a pore size distribution that would

include some pores greater than that value (and some less),

and the removal would not be as great as indicated by these

calculations. &

Permeation of Solution As noted previously, in porous

membranes, the driving force for transport of water

through the membrane is almost entirely associated with

the pressure gradient. We reached this conclusion based

on the idea that the activity of water changes negligibly

across the membrane, along with the assumption that the

solution was not exposed to an external electrical field.

Therefore, normalizing Equation 15-32 to one mole of

water and expanding the expression for total molar Gibbs

energy, we can write the molar driving force for perme-

ation of water through a porous membrane as

Fperm;w;m ¼ � dGtot;w;m

dy
¼ �Vw

dPm

dy
� RT

d ln aw;m

dy
� zwF

dcm

dy

(15-56)

where y is defined as before, with a value of 0 at the

concentrate/membrane interface and increasing into the

membrane. Assuming tight coupling between the water

and the contaminants inside the pore, the same equation

applies to transport of the whole solution (s), an assumption

that we incorporate by rewriting the expression as

Fperm;s;m ¼ �Vs

dPm

dy
(15-57)

The solution velocity inside the pore is constant, so the

driving force for permeation must be balanced by an equal

and opposite force resisting the flow, attributable to friction

between the solution and the membrane. Based on classical

fluid dynamics (if the pores are envisioned to be isolated

channels) or on flow through porous media (if they are

envisioned to be an interconnected network, similar to the

pores in packed beds), we postulate that the resisting force

per mole, Fresist;s;m, is proportional to the solution velocity

in the pore. We define Fresist;s;m to be positive in the �y

direction and therefore opposite to the direction of perme-

ation. Noting that the fluid velocity in the pore equals the

fluid velocity approaching the membrane divided by the

membrane surface porosity (em), we can write

Fresist;s;m ¼ k̂s;mvs;m ¼ k̂s;m

em
ĴV (15-58)

where k̂s;m is the proportionality factor between the velocity

in the pore and the resisting force.

Equating the force resisting flow with the permeation

force, rearranging to separate the differential terms, and

integrating, we obtain an equation for ĴV:

k̂s;m

em
ĴV ¼ �V s

dPm

dy
(15-59)

ĴV

Zdm
0

dy ¼ � emV s

k̂s;m

ZPm@dm

Pm@y¼0

dPm (15-60)

ĴV ¼ � emV s

k̂s;m

�Dmm
Pð Þ

dm
¼ KVDmm

P (15-61)

where KV ¼ emV s=k̂s;mdm. In a steady-state system, ĴV, em,
V s, and k̂s;m are all constant. Equation 15-59 indicates that, in

such a system, the pressure gradient through the membrane

must be constant, As a result, Equation 15-61 indicates that

the volumetric flux through the membrane is proportional

to the TMP difference, measured inside the membrane.

Relating Permeation to Contaminant Rejection In most

situations where the pore-flow model is applied, the con-

taminants are particles. In such cases, the pressure is

assumed to remain almost constant as water moves from

just outside to just inside the pore. Furthermore, inside the

pore, the effect of the particles on the flow is generally

ignored. Therefore, for a given (porous) membrane that

rejects only particles, the permeation rate can be related

to the pressure drop between the two solutions immediately

adjacent to the membrane (Dmc=p
P), independent of the

nature or concentration of particles in the feed and of

the rejection efficiency.

While the preceding statements apply when the contami-

nants are particles, the pore-flow model is also sometimes

applied to rejection of macromolecules by porous mem-

branes, in which case the contaminants can be considered

soluble. In such a case, rejection of the solutes at the pore

mouth leads to an abrupt decrease in the osmotic pressure,

which in turn generates a driving force for water to move

from inside the pore back to the concentrate solution. For net

water transport toward the permeate to occur, this osmotic

driving force must be counteracted by a pressure-based

driving force of at least the same magnitude. Thus, the

pressure just inside the pore, the driving force for solution

permeation through the pore, and the permeation rate

all decrease with increasing contaminant rejection (i.e.,

increasingDintc=mP). Depending on the details of the velocity

profile inside the pore, either no change or a similar small

decline in the osmotic pressure might occur as the permeate

exits the pore.

Based on the preceding discussion, the pressure drop

between the solutions adjacent to the membrane (Dmc=p
P)

can be related to the pressure difference across the interior of
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the membrane (Dmm
P) as follows:

Dmc=p
P ¼ Dintc=mPþ Dmm

Pþ Dintm=p
P

¼ Dintc=mPþ Dmm
Pþ Dintm=p

P

¼ Dmc=p
Pþ Dmm

P (15-62)

where Dmc=p
P can be substituted for Dintc=mPþ Dintm=p

P

because the solution does not change composition while

inside the pore (at least for the limiting-case model of

perfectly coupled transport). Equation 15-62 can be substi-

tuted into Equation 15-61 to yield

ĴV ¼ KV Dmc=p
P� Dmc=p

P
� �

¼ KVDmc=p
Peff (15-63)

where the effective pressure differential, DPeff, is defined as

the difference between the hydrostatic pressure differential

(DP) and the osmotic pressure differential (DP). Equa-

tion 15-64 indicates that the flux of solution through the

membrane is directly proportional to the effective pressure

difference between the two solutions adjacent to the

membrane.

KV is the proportionality factor relating the volumetric flux

to the effective pressure difference across themembrane. This

proportionality factor was defined earlier (Equation 15-4) as

the permeance of the membrane, kw, for passage of the

solution of interest; we also made the assumption that

the permeance for the solution could be approximated as

that for purewater (k�w), soEquation 15-63 can be rewritten as

ĴV ¼ kwDmc=p
Peff � k�wDmc=p

Peff (15-64)

A semiempirical modification is sometimes applied to

the osmotic pressure term in Equation 15-64, so that the

equation is written as follows:

ĴV ¼ kw Dmc=p
P� sDmc=p

P
� �

(15-65)

where s has a value between 0 and 1 and is known as the

reflection coefficient. By inspection, Equation 15-65

becomes identical to Equation 15-64 if s¼ 1. A mecha-

nistic interpretation can be ascribed to the reflection

coefficient within the context of models that account for

incomplete coupling between transport of water and sol-

utes, but for current purposes, s can be considered as an

empirical factor used to fit the model predictions to exper-

imental data.

The most important practical implication of the pore-flow

model with tight coupling is that, for a given membrane and

a given feed solution, the rejection efficiency by clean

membranes is predicted to be independent of the water

permeation rate or the TMP. If the TMP is altered, the

fluxes of the contaminant and water are predicted to increase

by equal percentages (though not necessarily the same

percentage as the TMP increase), so that the rejection

remains the same. As noted previously, if the constraint

of tight coupling is relaxed and contaminant diffusion and/or

hindered transport inside the pore is significant, then rejec-

tion will depend on the water permeation rate and TMP;

however, these dependences are generally weak for the

membrane operating conditions typically used in water

and wastewater treatment.

& EXAMPLE 15-10. An industrial wastewater at

15�C contains 2.8mmol/L of dissolved organic molecules

and is being treated by a “tight UF” membrane. When the

concentrate solution is well mixed and the TMP is 75 kPa,

the volumetric flux is 40 L/m2 h, the recovery (r) is 90%,

and the rejection (R) is 60%. What rejection and volumet-

ric flux are expected according to the limiting-case (i.e.,

tightly coupled transport) pore-flow model if the TMP is

increased to 100 kPa and the bleed rate is adjusted to

maintain the same recovery?

Solution. For tightly coupled transport, the pore-flow

model indicates that rejection is independent of the TMP

or the solution flux. Rejection will therefore remain at 60%

when the TMP is increased.

The flux at the higher TMP will be related to the new

conditions in the system by Equation 15-64. Assuming that

the permeance of the membrane does not change signifi-

cantly when the TMP is increased, we can write

kw;100 kPa � kw;75 kPa ¼ ĴV

Dmm
Peff

� �
75 kPa

To find DPeff under the baseline (75 kPa) operating con-

ditions, we need to know cc in that system, which we can

compute from Equation 15-27

cc ¼ cf
1� r 1� Rð Þ

1� r

¼ 2:8� 10�3 mol=L
� � 1� 0:9 1� 0:60½ 


1� 0:9
¼ 0:0179mol=L

The rejection is 60%, so the concentration in the permeate

is (1� r)cf. The concentration change between the concen-

trate and permeate and the corresponding difference in

osmotic pressure are therefore

Dc=mc ¼ cc � 1� rð Þcf ¼ 0:0179� 0:40½ 
0:0028ð Þmol=L

¼ 0:0168mol=L

Dc=mP ¼ RTDc=mc

¼ 0:0821 L atm=mol Kð Þ 288Kð Þ 0:0168mol=Lð Þ
� 101:3 kPa=atmð Þ ¼ 40:2 kPa
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We can now calculate kw as

kw ¼ ĴV

Dmc=p
P� Dmc=p

P
¼ 40L=m2 h

75� 40:2ð Þ kPa
¼ 1:15ðL=m2 hÞ=kPa

As noted above, the rejection does not change when the

TMPis increased.Asa result, if the systemisoperatedwith the

same recovery, cc will still be 0.0179mol/L, and the osmotic

pressure change across the membrane will remain the same

as well. The expected flux can therefore be computed as

ĴV ¼ kw Dmc=p
P� Dmc=p

P
� �

¼ 1:15
�ðL=m2 hÞ=kPa� 100� 40:2ð Þ kPa½ 


¼ 68:8L=m2 h

The result indicates that a 33% increase in TMP leads to

an increase of �72% in the flux, with no effect on the

contaminant rejection efficiency. Remember, however, that

this calculation is based on the (unrealistic) assumption that

the increase in TMP will have no effect on the osmotic

pressure and the hydrodynamic pressure at the concentrate/

membrane interface; the changes in those parameters in

response to a change in TMP are considered shortly. &

The Solution–Diffusion Model

In the solution-diffusion model, contrary to the pore-flow

model, different species are assumed to move through the

membrane independently; that is, the model is one of

uncoupled transport. Mathematically, the implication of

this assumption is that the driving force for each species

depends on thegradient in the totalmolarGibbs energy of that

species alone, not on thegradients in themolarGibbs energies

of other species. Thus, contrary to the pore-flow model, the

transport of each species must be analyzed individually. The

analysis requires that we characterize the key parameters—

pressure and concentration—that determine Gtot;i of each

species at each location inside the membrane.

The Transmembrane Pressure Profile According to the
Solution–Diffusion Model The pressure inside a mem-

brane cannot be measured directly, so in the solution–

diffusion model, as in the pore-flow model, it is evaluated

based on a theoretical analysis. The pressure at a point in any

phase equals one-third of the sum of the three normal

(orthogonal) stresses on a differential control volume cen-

tered at that point; that is, P 	 sxx þ syy þ szz

� �
=3. If the

phase is a liquid, then all the nonorthogonal stresses on

the control volume (sxy, sxz, syz, etc.) are zero, and if it is

stagnant, a force balance leads to the conclusion that the

pressure must be constant throughout the phase. In the

solution-diffusion model, the membrane is treated as though

it were such a (nonaqueous) stagnant liquid, and this uniform

pressure profile is assumed to apply.9

In the case of a flat-sheet membrane, pressure is applied

from the concentrate side, and an equal resisting force is

supplied by the underlying support layer to hold the mem-

brane in place. In this case, the constant pressure throughout

the membrane is equated with the applied, high pressure, and

an abrupt decrease in pressure is assumed to occur at

the membrane/support layer interface (i.e., the membra-

ne/permeate interface) (Paul and Ebra-Lima, 1970). The

migration of permeating species through the membrane is

assumed to have no effect on this pressure profile. The

pressure inside a hollow fiber or tubular membrane is also

assumed to be uniform, although its value is not necessarily

either Pintc=m or Pp (Paul, 1972).

Concentration Changes at the Membrane/Solution
Interfaces The solution-diffusion model assumes that

equilibrium is reached rapidly at the membrane/solution

interfaces, so that Gtot;i of each species i is identical on

the two sides of each interface. Applying this assumption

across the concentrate/membrane interface (where no pres-

sure change occurs), and assuming that the molar volume of

i is the same in the membrane and aqueous phases yields

G
o

i;mc=m
þ RT ln ai;mc=m

þ ViPmc=m
¼ G

o

i;cc=m
þ RT ln ai;cc=m þ ViPcc=m

(15-66)

ln
ai;mc=m

ai;cc=m
¼

G
o

i;cc=m
� G

o

i;mc=m

RT
¼ Dintc=mG

o

i

RT
¼ lnKeq;i;aq=m

(15-67)

ai;mc=m

ai;cc=m
¼ Keq;i;aq=m (15-68)

where Keq;i;aq=m is the equilibrium constant for the dis-

solution of i from the aqueous solution into the membrane

phase, and the final equality in Equation 15-67 follows

directly from the thermodynamic definition of the equili-

brium constant.10

The activity of i in any phase is g ici=ci;std:state, so

Keq;i;aq=m ¼ ai;mc=m

ai;cc=m
¼ g i;mci;intm=ci;m;std:state

g i;aqci;intaq=ci;aq;std:state
(15-69)

9 Clearly, the analogy between the membrane and a liquid is imperfect—if

the membrane were truly a liquid, it would be unable to resist the pressure

differential and would flow into the porous support layer. Nevertheless, the

analogy is often invoked.
10 In general, for a chemical transformation,�DG

o

r =RT ¼ lnKeq, whereG
o

r

is defined as �DG
o
of the products minus that of the reactants. In this case,

the “product” is i in the membrane, and the “reactant” is i in the aqueous

solution, so �DG
o

r corresponds to þDintc=mG
o

i .
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The conventional standard state concentration of water in an

aqueous solution is 55.6mol/L (i.e., a mole fraction of 1.0),

and that for solutes is 1.0mol/L, but conventions for stan-

dard state concentrations in the membrane phase are less

well established. One convenient option is to use the same

standard state concentrations as are used for the aqueous

solution; that is, ci;m;std:state ¼ ci;aq;std:state. (Note, however,

that in the membrane, the concentrations are in units of

moles per liter of membrane, not moles per liter of water). If,

in addition, we assume that all species behave ideally in both

phases (i.e., all g i values are 1.0), the right side of Equation

15-69 simplifies to the ratio of concentrations on the mem-

brane and solution sides of the interface. As in other systems,

this equilibrium ratio of concentrations in two phases at

equal pressure is referred to as a distribution or partition

coefficient. Designating this coefficient as KD,i,aq/m, we can

write, for the concentrate/ membrane interface11

KD;i;aq=m 	 ci;mc=m

ci;cc=m
(15-70)

In principle, KD,i,aq/m can be determined experimentally

by equilibrating the membrane with a bulk solution of

known composition and analyzing the amount of i that

enters the membrane phase. In practice, however, such

experiments are difficult to carry out with the extremely

thin membranes that are in common use. Since water is a

nearly pure phase in the aqueous solution but relatively

dilute in the membrane phase, KD,w,aq/m is bound to be <1.

And, since contaminants are selectively rejected by the

membranes, their distribution coefficients are expected to

be less than that of water and therefore also <1.

A similar analysis can be applied across the membrane/

permeate interface. However, at that location, the pressure

change is nonzero, so

G
o

i;mm=p
þ RT ln ai;mm=p

þ ViPmm=p
¼ G

o

i;pm=p
þ RT ln ai;pm=p

þ ViPpm=p

(15-71)

ln
ai;mm=p

ai;pm=p

¼
G

o

i;pm=p
� G

o

i;mm=p

RT
þ
Vi Ppm=p

� Pmm=p

� �
RT

¼ �Dintm=p
G

o

i

RT
þ
Vi �Dintm=p

P
� �

RT

¼ lnKeq;i;aq=m � ViDintm=p
P

RT
(15-72)

ai;mm=p

ai;pm=p

¼ Keq;i;aq=m exp �ViDintm=p
P

RT

 !
(15-73)

Making the same choices as before for the standard state

concentrations, and again assuming that g i¼ 1.0, we can

rewrite the activity ratio as a concentration ratio

ci;mm=p

ci;pm=p

¼ KD;i;aq=m exp �ViDintm=p
P

RT

 !
(15-74)

Equations 15-73 and 15-74 indicate that, even though

equilibrium applies across the membrane/permeate inter-

face, the ratio of chemical activities across that interface

does not correspond to the equilibrium constant, nor does the

ratio of concentrations correspond to the distribution

coefficient. Rather, the ratios are less than the corresponding

K values by an amount that depends on the pressure drop

across the interface (which, according to the model, is also

the pressure drop between the solutions adjacent to the

membrane).

Permeation Through the Membrane and the Concentra-
tion Profile Across the Membrane As has been noted, in

the solution-diffusion model, the pressure inside the mem-

brane is assumed to be constant. Therefore, assuming that

the electrical potential (c) is also constant, any gradient in

Gtot;i inside the membrane must be associated with a gradi-

ent in chemical activity. Equating the gradient in Gtot;i with

the driving force for permeation per mole of i, we obtain

Fperm;i;m ¼ � dGtot;i;m

dy
¼ �Vi

dPm

dy
� RT

d ln ai;m

dy
(15-75)

Assuming that g i¼ 1.0

Fperm;i;m ¼ �RT
d ln ci;m=ci;m;std:state

� �
dy

(15-76)

We next assume that the only force resisting transport of i

is a friction-like interaction between molecules of i and the

membrane, and that the magnitude of the resisting force is

proportional to the average, nominal velocity of the mole-

cules in the direction of permeation, that is

Fresist;i;m ¼ k̂i;mvi;m ¼ k̂i;m
Ji

ci;m
(15-77)

where ci,m is the molar concentration of i in the membrane

phase, and the second equality is based on Equation 15-3.

Solving for Ji and substituting the expression for Fperm;i;m

from Equation 15-75 for Fresist;i;m, we obtain

Ji ¼ ci;m

k̂i;m
Fresist;i;m ¼ � ci;m

k̂i;m
RT

d ln ci;m=ci;m;std:state

� �
dy

� �

(15-78)

11 For the conventions used here, KD;i;aq=m equals Keq,m/aq. Note, however,

that this equality is based on the choice of standard states. If different standard

state conditions are chosen, the same value would apply for KD,i,aq/m, but not

for Keq,i,aq/m.
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Because d ln x equals ð1=xÞdx, the logarithmic differential

in Equation 15-78 can be written as

d ln
ci;m

ci;m;std:state
¼ ci;m;std:state

ci;m
d

ci;m

ci;m;std:state
¼ 1

ci;m
dci;m

(15-79)

Substituting this expression into Equation 15-78 yields

Ji ¼ � ci;m

k̂i;m
RT

ð1=ci;mÞdci;m
dy

� �
¼ � RT

k̂i;m

dci;m

dy

¼ �Di;m
dci;m

dy
(15-80)

whereDi,m, equal to RT=k̂i;m, is the diffusion coefficient for i
in the membrane phase. Because the flux of a given species

through the membrane, Ji, must be the same at all locations

in the membrane at steady state, Equation 15-80 indicates

that dci,m/dy is constant; that is, that the concentration profile

through the membrane is linear and equal to �Dmm
ci=dm.

Rearranging and integrating Equation 15-80, we obtain

Jidm ¼ Di;mDmm
ci (15-81)

Ji ¼ Di;m

dm
Dmm

ci ¼ kmt;i;mDmm
ci (15-82)

where kmt,i,m is the mass transfer coefficient for transport of i

through the membrane (analogous to the ratio D/d that

appears in the equations for transport of volatile species

in the stagnant-film model for gas transfer (Equations 5-36

and 5-41)). As in Chapter 5, the mass transfer coefficient has

dimensions of length per time and can be thought of as a

characteristic velocity for diffusive transport, in this case

diffusive transport of i through the membrane.

& EXAMPLE 15-11. AnRO system is operated at 25�C
with a TMP of 3000 kPa. The concentrate solution is well

mixed and contains 0.2mol/L CaCl2, and the permeate con-

tains 0.01mol/L CaCl2; no other solutes are present. The

distribution coefficients for water and the salt ions are 0.03

and 0.02, respectively. Assuming that all g i¼ 1.0 and that the

molar volumes of the salt ions are identical to that of water,

describe the profiles of concentration and pressure for all

species in the system.

Solution. According to the solution-diffusion model, the

pressure remains at 3000 kPa from the concentrate side of

the membrane to the membrane/permeate interface, where it

undergoes a step decline to atmospheric pressure. The total

concentration of salt ions in the concentrate solution is

0.6mol/L (0.2mol/L Ca2þ and 0.4mol/L Cl�), so the water

concentration is 55.56� 0.6 or 54.96mol/L. A similar cal-

culation indicates that the permeate contains 0.01mol/L

Ca2þ, 0.02mol/L Cl�, and 55.53mol/L H2O. The Ca2þ

concentrations in the membrane at the two interfaces can

then be computed using Equations 15-70 and 15-74

cCa2þ;mc=m
¼ cCa2þ;cc=mKD;Ca2þ;aq=m ¼ 0:2mol=Lð Þ0:02 ¼ 0:004mol=L

cCa2þ;mm=p
¼ cCa2þ;pm=p

KD;Ca2þ;aq=m exp �VCa2þDintm=p
P

RT

 !

¼ 0:01mol=Lð Þ 0:02ð Þ
� exp � 0:018L=molð Þ 3000 kPað Þ

0:0821 L atm=mol Kð Þ 298Kð Þ 101:3 kPa=atmð Þ
� �

¼ 1:96� 10�4 mol=L

The corresponding calculations indicate that the Cl�

concentration inside the membrane declines from

0.008mol/L on the concentrate side to 3.91� 10�4mol/L

on the permeate side, while the H2O concentration decreases

from 1.649 to 1.630mol/L. The concentration profiles within

the membrane are linear in all cases, and the concentrations

then undergo a step increase to the values in the permeate

solution. (Remember that, inside the membrane, the concen-

trations are in moles per liter of the membrane phase.) &

In Equation 15-82, the term Dmm
ci represents the change in

the concentration of i across the membrane, with both concen-

trations measured in the membrane phase. To express the flux

as a function of more accessible parameters, we can substitute

for Dmm
ci from Equations 15-70 and 15-74, as follows:

Ji ¼ kmt;i;m ci;mc=m
� ci;mm=p

� �

¼ kmt;i;m KD;i;aq=mci;cc=m � KD;i;aq=mci;pm=p
exp �ViDintm=p

P

RT

 ! !

(15-83)

For realistic operating conditions, the argument of the

exponential in Equation 15-83 is always close to zero; for

example, at 20�C and for the molar volume of water, the

argument equals �0.007, �0.022, and �0.037 for Dintm=p
P

values of 10, 30, and 50 atm, respectively. Under the

circumstances, exp �ViDintm=p
P=RT

� �
can be approximated

as 1� ViDintm=p
P=RT , so we can write

Ji ¼ kmt;i;m KD;i;aq=mci;cc=m� KD;i;aq=mci;pm=p
1� ViDintm=p

P

RT

 ! !

¼ KD;i;aq=mkmt;i;m ci;cc=m � ci;pm=p
þ ci;pm=p

ViDintm=p
P

RT

 ! !

(15-84)

¼ KD;i;aq=mkmt;i;m Dmc=p
ci þ ci;pm=p

ViDintm=p
P

RT

 ! !

(15-85)
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The first term inside the brackets in Equation 15-85 is the

concentration difference between the solutions adjacent to

the two sides of the membrane, and the second term is

typically a few percent of the concentration on the permeate

side. For contaminants, represented here as a species A,

the first term is typically far greater than the second, so the

second can be ignored. In this case,

JA ¼ KD;A;aq=mkmt;A;mDmc=p
cA

¼ kmt;A;aq=mDmc=p
cA (15-86)

where kmt;A;aq=m equals KD;A;aq=mkmt;A;m and is a mass

transfer coefficient for transport of A through the membrane,

based on the aqueous-phase concentrations adjacent to the

membrane.

For water, the second term in the summation in

Equation 15-85 is often comparable in magnitude to the

first, so it cannot be ignored. Nevertheless, the equation can

be simplified by noting that the concentration of water in

the permeate solution is close to that of pure water,

so cw;p;intm=p
Vw � 1:0. The equation can therefore be manip-

ulated as follows:

Jw ¼ KD;w;aq=mkmt;w;m Dcw þ Dintm=p
P

RT

� �

¼ KD;w;aq=mkmt;w;m

RT
RTDmc=p

cw þ Dintm=p
P

� �
(15-87)

¼ KD;w;aq=mkmt;w;m

RT
�Dmc=p

Pþ Dintm=p
P

� �
(15-88)

Because the pressure is constant from the solution at the

concentrate/membrane interface to the membrane side of

the membrane/permeate interface, Dmc=p
P ¼ Dmc=p

P, and we

can write

Jw ¼ KD;w;aq=mkmt;w;m

RT
Dmc=p

P� Dmc=p
P

� �
(15-89)

Finally, converting the molar flux of water into a volumetric

flux, and assuming that the volumetric flux of solution is

essentially identical to that of the water alone, we find

ĴV � JwVw ¼ VwKD;w;aq=mkmt;w;m

RT
Dmc=p

P� Dmc=p
P

� �

¼ kw Dmc=p
P� Dmc=p

P
� �

(15-90)

where kw equals ðVwKD;w;aq=mkmt;A;mÞ=RT and, by compar-

ison with Equation 15-4, is seen to be the permeance of the

membrane for passage of the given solution. Again assuming

that this permeance equals k�w, the permeance of the

membrane for pure water, we can write

ĴV ¼ k�w Dmc=p
P� Dmc=p

P
� �

(15-91)

As we did in Equation 15-54, we can equate the concen-

tration of contaminant in the permeate with the ratio of the

mass flux of contaminant to the volumetric flux of solution.

In this case, the equality yields

cA;pm=p
¼

Mass rate at which contaminant

enters permeate ðe:g:; mol=minÞ
Volumetric rate at which solution

enters permeate ðe:g:; L=minÞ
¼ JAAm

ĴVAm

¼ JA

ĴV

(15-92)

Substituting for JA and ĴV from Equations 15-86 and 15-91,

respectively, and solving for cA;pm=p
, we find

cA;pm=p
¼ kmt;A;aq=mDmc=p

cA

k�w Dmc=p
P� Dmc=p

P
� � ¼

kmt;A;aq=m cA;cc=m � cA;pm=p

� �

k�w Dmc=p
P� Dmc=p

P
� �

cA;pm=p
1þ kmt;A;aq=m

k�w Dmc=p
P� Dmc=p

P
� �

0
@

1
A ¼ kmt;A;aq=mcA;cc=m

k�w Dmc=p
P� Dmc=p

P
� �

(15-93)

cA;pm=p
¼ kmt;A;aq=mcA;cc=m

k�w Dmc=p
P� Dmc=p

P
� �

þ kmt;A;aq=m

(15-94)

Equations 15-91 and 15-94 represent a comprehensive

solution to the equations describing transport of water and

contaminants across the membrane according to the solu-

tion-diffusion model. To utilize the equations, values are

required for the clean-water permeance, k�w, and the mass

transfer coefficient for transport through the membrane for

each contaminant in the system (i.e., kmt;A;aq=m for each

contaminant), both of which can be evaluated experimen-

tally. The other parameters in the equations relate to condi-

tions at the membrane/solution interfaces. The pressure and

solution composition at the m/p interface are typically

assumed to equal those in the bulk permeate, but those at

the c/m interface can only be determined by relating the

equations derived in this section to a model for transport

through, and the pressure in, the liquid boundary layer on the

concentrate side of the membrane. However, if transport

through the membrane is the rate-limiting step for transport

of all the species, then the concentrations and pressure at the

c/m interface can be approximated as those in the bulk

concentrate, and Equation 15-94 becomes

cA;p ¼
kmt;A;aq=mcA;c

k�w Dc=pP� Dc=pP
� �þ kmt;A;aq=m

(15-95)
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In a typical application, Dc=pP and the concentration of

each contaminant in the concentrate (ci;c) would be known.

One equation similar to Equation 15-95 could be written for

each of the n contaminants, yielding a set of n equations in

nþ 1 unknowns (the n unknown ci;p values and Dc=pP).

The van’t Hoff equation provides an additional relationship

among these unknowns, so the equations can be solved to

determine all the ci;p. Once Dc=pP has been determined, the

water flux can be computed using Equation 15-91.

Finally, we can solve for the intrinsic rejection effi-

ciency, R̂A;int (as defined in Equation 15-23), by substitut-

ing ĴV for the denominator in Equation 15-93 (based on

Equation 15-91) and rearranging the equation, as follows:

cA;pm=p

cA;cc=m
¼ kmt;A;aq=m

ĴV
1� cA;pm=p

cA;cc=m

 !
(15-96)

1� R̂A ¼ kmt;A;aq=m

ĴV
R̂A (15-97)

R̂A ¼ 1þ kmt;A;aq=m

ĴV

� ��1

¼ ĴV

ĴV þ kmt;A;aq=m

(15-98)

The first equality in Equation 15-98 indicates that the

intrinsic rejection depends on the ratio of the characteristic

velocity for diffusive transport of the contaminant through

the membrane (kmt;A;aq=m) to the characteristic velocity for

transport of bulk solution (ĴV). It also indicates that increas-

ing the TMP, and therefore the volumetric flux, increases the

rejection of any contaminant. This result is obtained because

the increased pressure has a far greater effect on the flux of

water than on the flux of contaminants.

& EXAMPLE 15-12. The system described in Example

15-11 has a volumetric flux of 30 L=m2 h.

(a) What is the mass transfer coefficient for transport of

CaCl2 through the membrane? (In a complex solu-

tion containing multiple salts, Ca2þ and Cl� might

have different mass transfer coefficients, but in a

solution with a single salt, the anions and cations

must have equal coefficients to maintain electrical

neutrality.)

(b) Estimate the clean-water permeance of themembrane.

(c) What volumetric flux and salt rejection efficiency

would be expected if the TMP were increased to

4000 kPa, assuming the CaCl2 concentration in the

concentrate remained at 0.2mol/L?

Solution.

(a) The mass transfer coefficient can be computed by

rearranging Equation 15-98 and substituting the

given values. The salt rejection is 95% (from 0.2

to 0.01mol/L), so

kmt;Ca2þ;aq=m ¼ ĴV
1

R̂Ca2þ
� 1

� �
¼ 30 L=m2 hð Þ 1

0:95
� 1

� �

¼ 1:58 L=m2 h

¼ 1:58L=m2 hð Þ 1m3

1000 L

� �
100 cm=mð Þ 1 h

3600 s

� �

¼ 4:39� 10�5 cm=s

(b) The clean-water permeance can be computed from

Equation 15-95, once the osmotic pressure differ-

ence across the membrane is determined. The total

contaminant concentration on the concentrate side

of the membrane is 0.6mol/L (0.2mol/L Ca2þþ
0.4mol/L Cl�), and that on the permeate side is

0.03mol/L. The osmotic pressure difference across

the membrane is therefore

Dc=pP ¼ RTDc=p

X
i

ci

 !
¼ 0:0821 L atm=mol Kð Þ 298Kð Þ

� 0:57mol=Lð Þ 101:3 kPa=atmð Þ ¼ 1413 kPa

Then, solving Equation 15-95 for k�w and substi-

tuting the known values, we find

k�w ¼ kmt;Ca2þ;aq=m ðcCa2þ;c=cCa2þ;pÞ � 1
� �

Dc=pP� Dc=pP

¼ 1:58 L=m2 hð Þ ð0:2mol=L=0:01mol=LÞ � 1ð Þ
3000 kPa� 1413 kPa

¼ 1:89� 10�2 L=m2 h kPa

(c) When the applied pressure is increased, both the flux

and the rejection change, but the mass transfer

coefficient and the permeance remain the same

(assuming that the permeance for the concentrate

equals that for clean water). Therefore, Equation

15-95 contains cCa2þ;p and Dc=pP as the only

unknowns. The van’t Hoff equation (i.e., the relation-

ship between Dc=pP and Dc=p

P
i ci

� �
shown in (b))

provides a second independent equation relating these

parameters, so we can solve for the unknowns. These

values can then be substituted into Equation 15-91 to

determine the volumetric flux. The results are

cCa2þ;p ¼ 6:33� 10�3 mol=L R̂Ca2þ ¼ 0:968

ĴV ¼ 48:4L=m2 h Dc=pP ¼ 1440 kPa

The concentration and flux of Cl� would be twice

the corresponding values for Ca2þ, and the rejection
would be the same for the two ions. Consistent with

the prior discussion, the flux increases and the
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concentrations of Ca2þ and Cl� in the permeate

decrease when the TMP increases, so the rejection

increases. &

Comparison of Predicted Fluxes and Transmembrane
Parameter Profiles in the Pore-Flow and Solution–
Diffusion Models

As is clear from a comparison between Equations 15-91 and

15-64, the pore-flow and solution-diffusion models make

essentially identical predictions for the flux of liquid through

amembrane—both predict that theflux is directly proportional

to the effective pressure differential (hydrostatic pressure

minus osmotic pressure) between the solutions immediately

adjacent to themembrane.Ontheotherhand, themodels lead to

different predictions for the flux and rejection of contaminants.

The solution-diffusionmodel predicts that, for a givenDmc=p
cA,

contaminant flux is independent of Dmc=p
P (Equation 15-86).

When this result is combined with the strong dependence of

water flux on Dmc=p
P, contaminant rejection is predicted to

increasewith increasingDmc=p
P. Incontrast, in the limitingcase

of thepore-flowmodel, contaminant rejection is predicted tobe

independent of Dmc=p
P; increasing Dmc=p

P increases the fluxes

of both contaminants and water by equal percentages, so that

rejection remains constant. While more sophisticated versions

of the pore-flowmodel do predict a dependence of rejection on

Dmc=p
P, the predicted effect of an increase in this parameter is

generally smaller than (and in some cases, in the opposite

direction from) the effect predicted by the solution-diffusion

model. The different predictions regarding the effect of the

applied pressure on rejection represent the key practical dis-

tinctionbetween the twomodels,and thesensitivityof rejection

by dense membranes to Dmc=p
P provides some of the strongest

evidence supporting the conceptual basis of the solution-

diffusion model for these membranes.

The derivations in the preceding sections also lead to pre-

dictions for the transmembrane profiles of several important

parameters according to the two models. Consider first the

profiles inside porous membranes for the limiting case of

perfectly coupled transport. The tight coupling in such systems

causes the contaminants to move through the membrane at the

same velocity as the water, so that the solution composition is

identical at all locations inside the pores (except that the

contaminant concentration is zero in the region right next to

the membrane, from which it is sterically excluded). Corre-

spondingly, the contaminant concentration and activity, the

water concentration and activity, and the osmotic pressure

are all constant throughout this region, although they might

undergo discontinuous changes from just outside to just inside

theporesat the two interfaces.On theother hand, thehydrostatic

pressure declines linearly inside the membrane from the con-

centrate to the permeate side. The linear profile ofP, alongwith

an unchanging solution composition, leads to linear profiles for

Gtot;w and Gtot;i. All these profiles are shown in Figure 15-27a

(a) Porous membrane
i = particles

P

cw
cw

cw

ci

P
P

Π
Π

Π

(b) Porous membrane
i = solutes

(c) Dense membrane
i = solutes

Gtot,w

Gtot,i

Gtot,w

Gtot,i

Gtot,w

ci

ci

FIGURE 15-27. Profiles of several parameters across membranes. (a) Porous membranes and particu-

late contaminants; (b) porousmembranes and dissolved contaminants; (c) densemembranes and dissolved

contaminants. For porous membranes, the values of ci, Gtot;i, Gtot;w, and P vary across the pore cross-

section, because contaminants are excluded from the zone immediately adjacent to themembrane surface;

for these parameters, the profiles characterize the average value across the pore cross-section. Although

the trend shown for each parameter is correct, the profiles are not drawn to scale.
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for particulate contaminants and in Figure 15-27b for soluble

contaminants. (If the contaminants are particles, they are not

part of the aqueousphase, andneither their chemical activity nor

their molar energy is related to their concentration. Therefore,

no profiles are shown in Figure 15-27a for ai or Gtot;i.)

In contrast to the situation inside the pores, water and

contaminants are not tightly coupled at the pore mouth,

where the contaminant concentration decreases abruptly. If

the contaminants being rejected are particles, then the

composition of the solution phase, the osmotic pressure,

and the hydrostatic pressure are all continuous across the

mouth, as shown in Figure 15-27a. On the other hand, if the

rejected contaminants are solutes, the solution becomes

depleted in these species and correspondingly enriched in

water across the interface, leading to the discontinuities in

cw, ci, andP shown in Figure 15-27b. As has been noted, the

hydrostatic pressure must decrease by an amount at least

equal to the decrease in osmotic pressure to maintain net

permeation of water. If the osmotic pressure change is the

only significant factor causing the pressure change across

the c/m interface, thenGchem;w increases by the same amount

asGmech;w decreases, soGtot;w remains constant. Solutes also

loose pressure-based Gibbs energy at the pore mouth; but,

contrary to water, their concentration decreases, so they

loose chemical Gibbs energy as well, and Gtot;i decreases.

Taking all these considerations into account, the pore-flow

model suggests that the concentrations of all rejected con-

taminants undergo a discontinuous change at the interface

and do not change thereafter, and the driving force for

migration of both water and contaminants once they enter

the membrane is a linear gradient in the hydrostatic pressure.

The corresponding predictions of the solution-diffusion

model, in which transport of contaminants (all of which are

assumed to be present as solutes in the concentrate) is

uncoupled from that of water, are shown in Figure 15-27c.

In this model, the hydrostatic pressure is constant between the

concentrate solution at the concentrate/membrane interface

and the membrane side of the membrane/permeate interface,

and the driving force for transport of any species inside the

membrane is associated with its concentration gradient. The

concentration gradient is predicted to be linear for both water

and contaminants, but the fractional change in the concentra-

tion of water from the concentrate to the permeate side of the

membrane is small (virtually always <5%), whereas that of

contaminants is typically much larger.

In this model, the concentrations of all permeating species

undergo step changes at both aqueous solution/membrane

interfaces, in such a way that equilibrium is maintained

across the interfaces for each species. The osmotic pressure

inside a dense membrane is undefined, since the concept is

based on the bulk phase being water. Nevertheless, the

osmotic pressures of the bulk concentrate and permeate

solutions are well defined, and since the concentration of

water in the membrane is approximately constant while that

of contaminant declines linearly, it seems reasonable to

represent a pseudo-osmotic pressure as declining linearly

from the concentrate to the permeate side of the membrane.

All these considerations are reflected in Figure 15-27c.

Summary of Transport Through Membranes

In the preceding sections, the transport of water and con-

taminants through pressure-driven membranes has been

described and modeled for various scenarios. The key

conclusions of the analysis include the following:

� The transport of contaminants might be uncoupled,

weakly coupled, or strongly coupled to that of water.

Strong coupling applies to most contaminants in

porous membrane systems and is accounted for in

the limiting-case scenario of the pore-flow model;

uncoupled transport applies in most dense membrane

systems and is modeled using the solution-diffusion

model. Weak coupling is an intermediate case that

requires more complex modeling.

� In any pressure-based membrane system, the primary

driving force for transport of water from the concen-

trate solution to the permeate solution is the hydrostatic

pressure applied to the concentrate. In porous mem-

branes, this driving force is steadily expended as

solution flows through the pores and the pressure

steadily declines. In dense membranes, the pressure-

based driving force between the two bulk aqueous

solutions is converted into a concentration-based driv-

ing force inside the membrane. This conversion occurs

because of the step change in pressure at the mem-

brane/permeate interface along with the assumed rapid

achievement of equilibrium at both membrane/solution

interfaces. As in porous membranes, the driving force

for transport is steadily expended as species migrate

through the membrane, but in this case, the decrease in

Gtot;i is caused by the steady decline in concentration

while the hydrostatic pressure remains constant.

� In the pore-flowmodelwith strong coupling, rejection of

contaminants occurs only at the pore mouth. If the

constraint of strong coupling is relaxed, diffusive trans-

port tends to decrease rejection, while hindrance to

transport caused by the nonuniform velocity profile in

the pore tends to increase rejection. In the solution-

diffusion model, rejection reflects the different tenden-

cies of contaminants and water to dissolve into the

membrane and diffuse through it.

� In the limiting case of the pore-flow model with tight

coupling, the primary driving force for contaminant

transport through the pore is the gradient in hydrostatic

pressure, and the contaminant concentration is constant

772 MEMBRANE PROCESSES



throughout the core zone of the pore (and zero in the

annulus just inside the pore perimeter). Even though

the overall difference in Gtot;i for contaminants

between the concentrate and permeate is dominated

by Gchem;i, all the decline in Gchem;i occurs at the pore

mouth, so it does not contribute to the driving force for

transport after the contaminant enters the pore. If

diffusive transport through the pore is considered,

then both Gchem;i and Gmech;i decline as contaminants

move through the pore. According to the solution-

diffusion model, the dominant driving force for trans-

port of solutes through the membrane is the gradient in

their concentration, as it is for transport of water.

� The limiting case of the pore-flow model with tight

coupling predicts that an increase in the TMP differ-

ential will lead to identical fractional increases in the

fluxes of water and all contaminants, so the rejection

efficiency for contaminants remains the same. If

diffusion and hindered transport are included in this

analysis, some dependence of rejection on the TMP

difference is expected, with diffusion decreasing rejec-

tion and hindrance increasing it. The solution-diffusion

model predicts that an increase in the TMP differential

will lead to a much larger fractional increase in flux of

water than flux of contaminants, and hence will lead to

an increase in contaminant rejection efficiency.

15.8 MODELING TRANSPORT OFWATER

AND CONTAMINANTS FROM BULK SOLUTION

TO THE SURFACE OF PRESSURE-DRIVEN

MEMBRANES

Overview

In the region between the bulk concentrate and the membrane

surface, water and contaminants are somewhat coupled (they

are advected toward the membrane together), but they also

behave independently, in that contaminants are selectively

rejected and diffuse back toward the bulk concentrate. Models

for transport through this region are developed next; these

models are then related to the models for transport through

membranes, yielding composite models that allow overall

permeation and rejection to be calculated as a function of the

known conditions in the bulk concentrate, the system hydrody-

namics, and the properties of the membrane. The limiting case

of frontal filtration; that is, filtration in which the solution

velocity near the membrane is strictly perpendicular to the

membrane, is analyzed first. Although true frontal filtration

is rarely encountered outside the laboratory, it is a reasonable

approximation for dead-end membrane systems, in which the

water usually has only a small component of flowparallel to the

membrane. In addition, the analysis establishes a baseline to

which systems with crossflow can subsequently be compared.

Transport through the boundary layer adjacent to mem-

branes is independent of the nature of the membrane (porous

vs dense) and also, to a large extent, the nature of the

contaminant (particulate vs soluble). For both types of

contaminants, net transport represents a balance between

advection toward the membrane and diffusion away from

it.12 Therefore, a model for contaminant transport in this

region is developed first, irrespective of the contaminant

identity. The effect of the contaminant on water transport

does depend on whether the contaminant is particulate or

soluble, and this effect is explored subsequently.

Physicochemical State of Contaminants Near
the Membrane

The rejected contaminants that accumulate near a membrane

are commonly envisioned as residing in one or two layers.

One layer, which is presumed to be present in any membrane

system, contains relatively dispersed contaminants that

are capable of diffusing back into the bulk solution. The

concentration in this layer increases as the membrane is

approached. Formation of this layer is referred to as con-

centration polarization (CP), and the layer itself is referred

to as either a concentration boundary layer or a concentra-

tion polarization layer. The increased contaminant concen-

tration adjacent to the membrane increases the osmotic

pressure if the contaminant is dissolved, and increases the

frictional resistance to water flow if the contaminant is

particulate. It also increases the tendency for adsorption

onto the membrane and the likelihood that a compact layer

will form (as described shortly). All these processes can

interfere with water flux. In addition, the increased concen-

trations increase the driving force for solute transport

through the membrane, decreasing the rejection efficiency.

If the contaminant concentration in the CP layer reaches

some critical value, a second layer can form between the CP

layer and the membrane. This layer is usually envisioned to

have a fixed concentration throughout and is referred to here

as a compact layer. Three kinds of compact layers are often

distinguished, based on their constituents:

� If the layer comprises discrete particles that were

present in the influent, it is called a cake layer

� If the layer comprises colloids (such as macromole-

cules) that have coagulated near the membrane surface,

it is called a gel layer

� If the layer comprises molecules that entered the

system in solution and have precipitated as a well-

defined solid, it is called a scale.

12 In some literature, the random movement of molecules induced by their

bombardment on all sides by water molecules is referred to as diffusion, and

the analogous movement of particles is referred to as Brownian motion. The

equations governing these processes are identical, and no distinction is

made between them here.
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Compact layers are usually presumed to remain immobile

during a treatment cycle (i.e., until the membrane is back-

flushed or chemically cleaned). When present, they can

contribute substantially to the resistance of the system.

A schematic showing the two layers of rejected contami-

nants and also the possible accumulation of contaminants

inside membrane pores is provided in Figure 15-28. Both

layers are considered relevant in both frontal and crossflow

filtration systems, but the relative importance of the layers

can differ in the two types of systems. In frontal filtration, the

likelihood that a compact layer (especially a cake or gel

layer) will form is high, and the contaminant concentration

in that layer is likely to be far greater than in the CP layer; the

compact layer is also likely to account for most of the

fouling. In crossflow systems, compact layers are somewhat

less likely to form, so the CP layer can play a larger role in

membrane fouling; however, even in these systems, the

contribution of the CP layer to fouling is often small. In

porous membrane systems, partial or complete blockage of

pore openings can also contribute significantly to fouling.

Transport Through the Boundary Layer and
Concentration Polarization in Frontal Filtration

We begin the analysis by considering a system similar to that

shown schematically in Figure 15-29a, in which influent

flows steadily into a mixed reservoir in contact with a

membrane. Although the bulk liquid in the reservoir is

mixed, the mixing does not extend all the way to the

membrane surface, where a CP layer forms. Water contain-

ing a contaminant concentration less than that in the feed

permeates through the membrane at a volumetric flux ĴV,

corresponding to a permeation velocity vw, and concentrate

with a contaminant concentration larger than that in the feed

is withdrawn from the reservoir. For simplicity, we assume

that the system is at steady state and that it contains only

water and a group of identical contaminants (molecules or

monodisperse particles) which the membrane rejects with

some efficiency that is known as a function of volumetric

flux, ĴV.

By definition, the CP layer spans the solution region in

which a concentration gradient exists, from either the sur-

face of the membrane or the surface of the compact layer to

the location where the concentration is essentially that in the

bulk concentrate (cc). We assume, for now, that no compact

layer forms; that is, the CP layer extends all the way to the

membrane surface. A mass balance on contaminant in a

control volume of width dy between two planes in the CP

layer can be expressed as

CP layer 
(no mixing)

Membrane

Qc, ccQ f, c f

Qp, cp

Cc

dy

(a)

y

0

c c

PermeateBulk 
solution

CP layer

C
on

ce
nt

ra
tio

n

(b)

cp (dense)

cp (porous)

dy

δ CP

JVJV

ccc/m

cpm/p

cmc/m

cmm/p

Membrane

FIGURE 15-29. (a) Schematic of a frontal filtration system that

could be operated at steady state. (b) Concentration profiles in the

system in part (a). The predicted contaminant profile varies slightly

among different models. Note: the thickness of the CP layer is

greatly exaggerated compared with the size of the bulk solution, for

typical applications.

Membrane

Permeate

Concentrate

Compact layer

Adsorbed/deposited
within pore

Concentration
polarization layer

FIGURE 15-28. Fouling mechanisms in pressure-driven mem-

brane processes.

774 MEMBRANE PROCESSES



Rate of change of mass

of contaminant stored

in the control volume

2
64

3
75 ¼

Net rate at which

contaminant enters

control volume at yþ dy

2
64

3
75

�
Net rate at which

contaminant leaves

control volume at y

2
64

3
75

Since we are assuming steady-state, the storage term is

zero, so the two terms on the right side equal one another.

Dividing each of these terms by the membrane area, we

conclude that the contaminant flux at y must equal the flux

at yþ dy, or, more generally, the fluxmust be the same across

a plane at any value of y. Writing this flux as the sum of

advective and diffusive components, we have:

vwcþ D
dc

dy
¼ JCP ¼ constant (15-99)

where the plus sign preceding the diffusive term reflects the

fact that flux in theþy direction is�D dc/dy, and we wish to

quantify the flux in the�y direction (toward the membrane).

A second mass balance can be written around a control

volume spanning the region from a plane at any value of y

in the CP layer to a parallel plane on the permeate side of the

membrane. Again applying the steady-state constraint, it is

clear that the flux of contaminant across the plane in the

permeate solution must equal JCP. However, because

the permeate is assumed to have a uniform composition,

the contaminant flux on the permeate side of membrane is

strictly advective and is given by vwcp. Thus, combining the

result of this mass balance with Equation 15-99, we obtain:

vwcþ D
dc

dy
¼ JCP ¼ Jp ¼ vwcp (15-100)

vw c� cp
� �þ D

dc

dy
¼ 0 (15-101)

� vw

D
dy ¼ dc

c� cp
(15-102)

Equation 15-102 can be integrated in conjunction with the

boundary condition that the concentration is cc at the outer

edge of the CP layer:

c ¼ cc at y ¼ dCP (15-103)

The result of the integration is as follows:

c yð Þ � cp ¼ cc � cp
� �

exp
vw

D
dCP � yð Þ

� �
(15-104)

The quantity c� cp is the difference between the concentra-

tion at some location y and the concentration in the

permeate. This difference is sometimes referred to as the

‘reduced concentration’ of the contaminant, ĉ. Using this

notation, Equation 15-104 and the corresponding expression

for the contaminant concentration at the concentrate/

membrane boundary are

ĉ yð Þ ¼ ĉc exp
vw

D
dCP � yð Þ

� �
(15-105)

ĉ 0ð Þ ¼ ĉcc=m ¼ ĉc exp
vw

D
dCP

� �
(15-106)

Equation 15-105 indicates that the reduced contaminant

concentration changes exponentially between its boundary

values of ĉcc=m at y¼ 0 and ĉc at y¼ dCP. In many cases, the

contaminant rejection is very efficient, so cp is much less

than cc, and therefore necessarily much less than ĉcc=m . In

that case, the absolute concentration is essentially identical

to the reduced concentration, and Equations 15-105 and

15-106 simplify to

c yð Þ ¼ cc exp
vw

D
dCP � yð Þ

� �
(15-107)

ccc=m ¼ cc exp
vw

D
dCP

� �
¼ cc exp

vw

D=dCP

� �
(15-108)

For mathematical simplicity, we make the assumption that

cp  cc in the remainder of the analysis.

To use any of the preceding equations in a practical

calculation, the thickness of the concentration boundary

layer (dCP) must be known. Logically, we might expect dCP
to depend primarily on the intensity of mixing of the bulk

solution, which has a direct effect on the fluid dynamics

near the membrane. Approaches for estimating dCP based

on this idea are available in the literature for specific

system geometries (Clark, 1996). Alternatively, estimates

are sometimes made for the composite parameter D/dCP,

which appears in the denominator of the exponential

argument in Equation 15-108. This parameter combination

has units of velocity and can be interpreted as the mass

transfer coefficient, kmt,CP, for transport of contaminant

through the CP layer from the membrane to the bulk

solution:

kmt;CP ¼ D

dCP
(15-109)

The diffusion coefficient depends on the identity of the

contaminant, and, for a given physical system (geometry,

mechanical mixing), the thickness of the CP layer tends to

increase as the diffusion coefficient increases. However, the

change in dCP is generally less dramatic than the change in

D, so kmt,CP values tend to increase with increasing D. As a

result, kmt,CP values are larger for molecules than for col-

loids or particles in the same system.
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Substituting Equation 15-109 into Equations 15-107 and

15-108 yields

c yð Þ ¼ cc exp
1� y=dCPð Þ

kmt;CP
vw

� �
(15-110)

ccc=m ¼ cc exp
vw

kmt;CP

� �
(15-111)

Taking logarithms of both sides of Equation 15-111, solving

for vw, and substituting ĴV for vw, we obtain the following,

frequently cited form of the equation:

ĴV ¼ kmt;CP ln
ccc=m

cc
(15-112)

Also, recalling the definition of the polarization factor, PF, as

ccc=m=cc, we can write:

PF ¼ ccc=m

cc
¼ exp

ĴV

kmt;CP

� �
(15-113)

The conceptual model presented above and the resulting

equations (Equations 15-110 to 15-113) are known as the

film model for transport to the membrane.

The replacement of D/dCP with kmt,CP in the governing

equations of the film model makes those expressions more

generic. In essence, it suggests that the flux of contaminant

away from the membrane can be described by a character-

istic velocity (kmt,CP), without specifying the mechanism

generating that velocity. In systems where transport is solely

by diffusion and the film is stagnant, that characteristic

velocity equals D/dCP; in other cases (such as systems

with crossflow, which are discussed subsequently), transport

away from the membrane might be caused primarily by

other mechanisms, in which case kmt,CP would be a charac-

teristic velocity associated with those mechanisms, rather

than diffusion. The assumption that is implicit in writing

Equations 15-110 through 15-113 in terms of kmt,CP is that,

even though a real system might differ substantially from

the model scenario in which back-transport is by diffusion

only, the shape of the concentration profile in the CP layer

is the same as in that scenario.

A discussion of specific correlations that are used to

estimate kmt,CP in different systems is postponed until the

section that addresses crossflow filtration. For now, the

critical point is simply that approaches do exist for estimat-

ing kmt,CP based on known system parameters. Once a

value of kmt,CP is estimated from such correlations, a

characteristic thickness of the CP layer can be computed

using Equation 15-109, and the concentration profile in that

layer (including the value of ccc=m) can be computed using

Equation 15-110.

Returning to our model system, the concentration in the

bulk concentrate at steady state can be related to that in the

feed by Equation 15-27. Substituting this expression (with

the assumption that R � 1) and the equality vw ¼ ĴV into

Equation 15-111, we obtain

ccc=m ¼ cf

1� r
exp

ĴV

kmt;CP

� �
(15-114)

The recovery, r, can be expressed as r ¼ Qp=Qf ¼ ĴVAm=Qf ,

so:

ccc=m ¼ cf

1� ĴVAm=Qf

� � exp ĴV

kmt;CP

� �
(15-115)

In a hypothetical application of Equation 15-115, we

might be interested in a system in which an influent with

a known flow rate and composition is being fed to a

membrane with a known area and which rejects the

contaminant(s) of interest almost completely. If we esti-

mated kmt,CP for any incoming contaminant, we could use

Equation 15-115 to solve for ccc=m of that constituent as a

function of the permeate flux, ĴV, and then determine the

concentration profile for the contaminant through the CP

layer via Equation 15-110. The same process could then be

repeated to estimate the profiles of other contaminants, so

that the complete contaminant profile in the CP layer would

be known for any selected permeation rate.

The derivation for systems in which R is substantially

<1.0 is very similar and leads to the following final result:

ccc=m ¼ cf
1� r 1� Rð Þ

1� r
exp

ĴV

kmt;CP

� �
� cp exp

ĴV

kmt;CP

� �
� 1

� �

(15-116a)

¼ cp þ cf
1� r 1� Rð Þ

1� r
� cp

� �
exp

ĴV

kmt;CP

� �
(15-116b)

& EXAMPLE 15-13. Water containing 8mg/L of sus-

pended solids is being treated by frontal filtration through

an MF membrane at a flux of 80 L/m2 h, at a recovery of

85% and with virtually complete particle rejection. The

mass transfer coefficient for a particular type of particle

that accounts for 10% of the total solid load is estimated to

be 4.8� 10�6 m/s, and the diffusion coefficient of that type

of particle is estimated to be 3� 10�7 cm2/s, based on the

Stokes–Einstein equation.

(a) Compute the concentration of this type of particle in

the bulk concentrate.

(b) Estimate the thickness of the CP layer for the

particles of interest.
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(c) Compute the concentration profile of the particles

through the CP layer; what is ccc=m?

(d) What is the polarization factor for the particles?

Solution.

(a) Noting that the feed concentration of the particles of

interest is 10% of 8mg/L, or 0.8mg/L, we can use

Equation 15-27 to find their concentration in the

bulk concentrate:

cc ¼ cf
1� r 1� Rð Þ

1� r
¼ 0:8mg=Lð Þ 1� 0:85 1� 1ð Þ

1� 0:85

¼ 5:3mg=L

(b) The thickness of the CP layer can be computed by

direct substitution into Equation 15-109:

dCP ¼ D

kmt;CP
¼ 3:0� 10�7 cm2=s

4:8� 10�6 m=s
� �

100 cm=mð Þ
¼ 6:25� 10�4 cm ¼ 6:25mm

(c) The concentration of the particles throughout the CP

layer can be found using Equation 15-110, yielding

the profile shown in Figure 15-30. The concentration

at the concentrate/membrane interface is then found

from Equation 15-114 as

ccc=m ¼ cf

1� r
exp

ĴV

kmt;CP

� �

¼ 0:8mg=L

1� 0:85
exp

80 L=m2 h½ 
 1m3=1000 L½ 

4:8� 10�6 m=s
� 	

3600 s=h½ 


 !

¼ 547mg=L

(d) Finally, based on the definition of the polar-

ization factor, we find

PF ¼ ccc=m

cc
¼ 547mg=L

5:3mg=L
¼ 102

Thus, the concentration of this type of particle is

predicted to increase from 0.8mg/L in the feed to

5.3mg/L in the bulk concentrate simply due to selec-

tive removal of water via the permeate flow, and then

to increase exponentially from 5.3 to 547mg/L over

the 6.25-mm thickness of the CP layer. The concen-

tration at any point in the CP layer can be calculated

from Equation 15-110; the resulting concentration

profile is shown inFigure 15-30.Note that the analysis

does not impose a condition of a smooth transition

from the bulk concentration to that at the edge of the

CP layer, so the slope of the c versus y plot is

discontinuous at this location (according to the

model), even though the concentration itself is con-

tinuous.Note also that the analysis implicitly assumes

that D is unaffected by concentration and therefore is

the same throughout the CP layer. &

& EXAMPLE 15-14. Compute the PF for a molecular

solute with D¼ 10�5 cm2/s in a system operated with the

same flux as in Example 15-13, if kmt,CP for the solute is

9.6� 10�5m/s (i.e., 20 times as large as that for the particles

analyzed in that example).

Solution. The PF can again be computed as in Example

15-13, yielding:

PF ¼ exp
ĴV

kmt;CP

� �

¼ exp
80 L=m2 h½ 
 1m3=1000 L½ 

9:6� 10�5 m=s
� 	

3600 s=h½ 


 !
¼ 1:26

The increase in contaminant concentration from the bulk to

the membrane is only 26%, compared with>10,000% for the

particles in the preceding example. This difference,which can

be attributed to the much greater ease with which the mol-

ecules can migrate back to the bulk solution, has important

implications for system operation, as will be shown. &

Relating Permeation to TMP in Systems
with Frontal Filtration

The film model is useful for relating the permeate flux to

contaminant concentrations in the CP layer. However, the

relationship of most interest is likely to be between the flux

and the applied pressure, since the pressure is the primary

controllable variable in most systems. Assuming that the

pressure on the permeate side of the membrane is

0 
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FIGURE 15-30. Concentration profile through the CP layer for

the example system.
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atmospheric, the applied pressure can be equated with the

TMP or Dc=pP. We have already developed an equation

relating the steady-state flux to the changes in hydrostatic

and osmotic pressure across the membrane, and have noted

that the same equation is obtained regardless of whether the

membrane is viewed as porous or dense (Equations 15-64 and

15-89, respectively). That equation is linked to the conditions

in the CP layer in two ways: first, the osmotic pressure

in solution at the concentrate/membrane interface (in Equa-

tion 15-89) must be consistent with the concentration profile

in the CP layer (computed using Equation 15-111 or 15-112),

and second, the flux of water through the membrane must be

the same as that through the CP layer. In addition, the sum

of the pressure changes through the CP layer and the

membrane must yield the TMP; that is, TMP ¼ Dc=pP ¼
DCP Pþ Dmc=p

P. In this section, we derive a relationship

between the flux and the contaminant concentration profile

in theCP layer andshowhow that expressioncanbecombined

with other available information to determine the volumetric

flux, ĴV, that is generated by any given, applied TMP.

The Coupling Force Exerted by Rejected Contaminants on
the Permeate Flow At steady state, the CP layer is charac-

terizedbynetmovementofwater fromthebulk solution toward

the membrane, but slower movement of the contaminants (or,

in the case of complete rejection and steady state, no net

movement). As a result, in aggregate, the water and contami-

nants must move past one another. In doing so, the species

interact in away that impedes themigrationofbothwater to the

membrane and contaminants back to the bulk concentrate. If

the contaminants are particles, the resistance to water flow is

the drag force exerted on thewater, whereas if they are solutes,

the resistance can be attributed to electrostatic interactions of

the different molecules as they slide past one another.

Flow of water through the CP layer can be analyzed using

essentially the same arguments as for flow through mem-

branes, with the only change being that the resistance is

exerted by the rejected contaminants rather than the

membrane material. The force per mole driving the water

through the CP layer (Fperm;w, defined as positive toward the

membrane (i.e., in the �y direction)) can be equated with

the negative gradient of its total molar Gibbs energy (i.e.,

�dGtot;w=d �yð Þ, or þdGtot;w=dy)
13

Fw;perm ¼ dGw;tot

dy
¼ Vw

dP

dy
þ RT

d lnaw

dy
(15-117)

¼ Vw

dP

dy
� Vw

dP

dy
¼ Vw

dP

dy
� dP

dy

� �
(15-118)

Note that P decreases and P increases as the membrane is

approached, so both terms in parentheses in Equation 15-118

contribute positively to the force driving water toward the

membrane.

The fact that the water moves at a constant velocity

indicates that it experiences no net force,14 so the force

resisting the flow must be equal and opposite to Fw;perm.

Designating this force as Fw;resist, defined as positive toward

the bulk concentrate, we obtain

Fw;resist ¼ Fw;perm ¼ Vw

dP

dy
� dP

dy

� �
(15-119)

Effect of Rejected Particles on Flux If the contaminants

are particles, the solution has a constant composition

throughout the CP layer. In this case, dP/dy is zero, Equa-

tion 15-119 simplifies to

Fw;resist ¼ Vw

dP

dy
(15-120)

The Reynolds number for flow in the CP layer is

invariably very small, so if the particle concentration is

small enough that the flow around each particle is unaffected

by the presence of the other particles, the drag force exerted

by a single particle (represented here as F
�
w;resist) is given by

Stokes’ law (Equation 13-6). In terms of the parameter and

sign conventions being used in this derivation, Stokes’ law is

F
�
w;resist ¼ 3pmdpvw (15-121)

Because F
�
w;resist is the drag force exerted by a single

particle, the drag force experienced by water as it passes

through a layer where the number concentration of particles

(#/L) is n can be expressed as either nF
�
w;resist (force per liter

of water) or nVwF
�
w;resist (force per mole of water). Substi-

tuting this latter expression for F
�
w;resist into Equation 15-120,

and then substituting for F
�
w;resist based on Equation 15-121,

we obtain:

F
�
w;resistnVw ¼ Vw

dP

dy
(15-122)

dP

dy
¼ 3pmdpvwn (15-123)

According to the film model, the variation in n through

the CP layer is as shown in Equation 15-107. Substituting

13 As in the analysis of flow through membranes, the constituent being

modeled is the whole solution (s) if the contaminants are particles, and just

water (w) if the contaminants are solutes. Assuming that ĴV � Ĵw, the

distinction between these two scenarios has no effect on the equation for

transport, and the derivation here applies to both.

14 If the contaminants are particles and their concentration in the CP layer

increases to the point where they occupy a significant fraction of the volume,

the water must accelerate as it passes through the layer, and a force would be

required to induce that acceleration. However, the velocities of interest are

so small that the required force would in all cases be negligible compared to

the drag force associated with flow past the particles’ surfaces.
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that expression for n, replacing vw by ĴV, and integrating,

we find

dP

dy
¼ 3pmdpĴVnc exp

ĴV

D
dCP � yð Þ

� �
(15-124)

ZP dCPð Þ

P 0ð Þ

dP ¼ 3pmdpĴVnc

ZdCP
0

exp
ĴV

D
dCP � yð Þ

� �
dy

DCPP ¼ �3pmdpĴVnc
D

ĴV
exp

ĴV

D
dCP � yð Þ

� �� �y¼dCP

y¼0

(15-125)

¼ 3pmdpncD exp
ĴV

D
dCP

� �
� 1

� �
(15-126a)

¼ 3pmdpncD exp
ĴV

kmt;CP

� �
� 1

� �
(15-126b)

Earlier, we derived an expression for the pressure change

across the membrane (Equation 15-64). Noting that, if the

contaminants are particles, the osmotic pressure remains

constant across the membrane (Dmc=p
P ¼ 0), we can

rearrange that expression as follows:

ĴV ¼ k�wDmc=p
Peff ¼ k�w Dmc=p

P�Dmc=p
P

� �
¼ k�wDmc=p

P

Dmc=p
P ¼ ĴV

k�w
(15-127)

By combining Equations 15-126b and 15-127, we obtain a

relationship relating the pressure loss between the bulk

concentrate and permeate to the permeate flux as follows:

Dc=pP ¼ TMP ¼ DCPPþ Dmc=p
P

¼ 3pmLdpDnc exp
ĴV

kmt;CP

� �
� 1

� �
þ ĴV

k�w
(15-128)

For a given membrane, feed composition, and mixing

intensity, all the terms on the right side of Equation 15-128

other than ĴV are known or can be estimated from indepen-

dent measurements or correlations. Therefore, the TMP

required to achieve a given permeate flux can be computed

directly by inserting the flux into the right side of the

equation. Alternatively, for a given TMP, the equation can

be solved numerically to determine the flux that will be

achieved, or, if experimental data are available for flux at

various TMPs, the equation can be used to identify the best-fit

value of one of the model parameters, such as kmt,CP or dCP.

Equation 15-128 relates the permeate flux directly to the

pressure loss across the CP layer and the membrane itself. In

essence, the result acknowledges that the TMP is the driving

force for transport between the bulk concentrate and the

permeate, and that any loss of pressure as the solution

migrates through the CP layer diminishes the driving force

available to push the solution through the membrane; there-

fore, the greater the loss of pressure in the CP layer, the

lower the permeation rate is. The equation was derived based

on the assumption that the particles behave independently. If

the particle concentration in the CP layer becomes suffi-

ciently large that this assumption fails, a more complex

relationship between concentration and the pressure gradient

(e.g., the Happel (1958) cell model) can be utilized. In

addition, at contaminant concentrations corresponding to

volume fractions of a few percent or more, the effective

diffusivity might be lower and the effective viscosity higher

than the values calculated or observed in dilute solutions.

Nevertheless, in each of these cases, the general approach to

the analysis remains as shown above.

& EXAMPLE15-15. Amembrane has a flux of 80 L/m2

h when fed clean water in a frontal filtration system when

theTMP is 20 kPaand the temperature is 20�C.Determine the

TMP required to generate fluxes of 0–100 L/m2 h, and

the corresponding polarization factors, if the feed to the

membranecontains20-nmparticles that themembranerejects

with96%efficiency.Theparticleshaveadensityof1.1 g/cm3,

and their concentration in the feed is 3mg/L, corresponding to

anumber concentration of 1.63� 1013/mL.Themass transfer

coefficient intheCPlayer,kmt, isestimated tobe2� 10�6m/s,

and the Brownian diffusion coefficient is estimated as

2.15� 10�7 cm2/s based on the Stokes–Einstein equation.

How much does the presence of the particles increase the

TMP required to maintain a flux of 80 L/m2 h?

Solution. The relationship between TMP and flux is

given by Equation 15-128. In that equation, the first term

on the right side is the pressure loss through the CP layer and

the second term is the pressure loss through the membrane.

The permeance of the membrane is assumed to be the same

for a feed containing contaminant as it is for a feed of clean

water, so we can find k�w from the results of the test with

clean water:

k�w ¼ ĴV

Dmc=p
P
¼ 80L=m2 h

20 kPa
¼ 4:0 L=m2 h

� �
=kPa

Values of m, dp, DBr, and nc are all known; converted into

SI units, these values are 10�3 kg/m s, 2� 10�8m,

2.15� 10�11m2/s, and 1.63� 1019/m3, respectively. The

TMP required to maintain the flux at 80 L/m2 h can therefore

be computed as follows:
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TMP ¼ 3pmdpDBrnc exp
ĴV

kmt;CP

� �
� 1

� �
þ ĴV

k�w

¼ 3p 10�3kg=m s
� �

2� 10�8 m
� �

2:15� 10�11 m2=s
� � 1:63� 1019

m3

� �

� exp
80 L=m2 hð Þ ð1m3=1000 LÞ=ð3600 s=hÞð Þ

2:0� 10�6 m=s

� �
� 1

� �
1 kPa

1000N=m2

� �
1N

kg m=s2

� �
þ 80L=m2 h

4:0ðL=m2 hÞ=kPa
¼ 24:4 kPa

For the given flux, the CP layer has only a small effect on

the TMP. The results obtained using the same approach for

other fluxes (i.e., using the same equation and changing only

the value of ĴV) are shown in Figure 15-31. The polarization

is modest and the effect of the CP layer on the TMP is

minimal until the flux reaches a critical range (�70L/m2 h),

after which both the PF and the required TMP increase

dramatically. As we will see shortly, other factors come

into play that can prevent the flux and PF from reaching

the highest values shown in the graph. &

Effect of Rejected Solutes on Flux As is true when the

contaminants are particles, the equations derived previously

for transport through the membrane still apply when the

contaminants are solutes, but the presence of the CP layer

changes the flux, because the conditions in the concentrate

solution adjacent to the membrane change. If the contami-

nants are all solutes, the water experiences no drag force as it

moves through the CP layer, so the pressure loss in that layer

is negligible, and the pressure loss across the membrane,

Dmc=p
P, can be equated with the entire pressure loss from

the bulk concentrate to the bulk permeate (i.e., the TMP).15

Note that, in such a case, water is transported from the bulk

concentrate to the membrane solely by the increase in

osmotic pressure induced by the rejection of the solutes

at the membrane surface. Substituting TMP for in Dmc=p
P

into Equation 15-64 yields

ĴV ¼ k�w TMP� Dmc=p
P

� �

¼ k�w TMP�Pcc=m þPp

� �
(15-129a)

� k�w TMP�Pcc=m

� �
(15-129b)

where the approximation in Equation 15-129b applies if

rejection is efficient, so the osmotic pressure of the permeate

is much less than that of the concentrate solution adjacent to

the membrane. Concentration polarization increases Pcc=m ,

and Equation 15-129 indicates that such a change decreases

the flux, even though the water experiences no loss in

hydrostatic pressure as it travels through the CP layer.

This result reflects the fact that the molar Gibbs energy

of the water declines as it passes through that layer, and the

energy available to drive water across the membrane is

therefore less than in the absence of polarization.

According to the filmmodel, the flux through the CP layer

for nearly complete rejection is given by:

ĴV ¼ kmt;CP ln
ccc=m

cc
(15-112)

Equating the flux through the CP layer with that through the

membrane and applying the approximate form of the van’t

Hoff equation, we obtain

k�w TMP�Pcc=m

� �
¼ kmt;CP ln

ccc=m

cc
(15-130a)

k�w TMP� RTccc=m

� �
¼ kmt;CP ln

ccc=m

cc
(15-130b)

TMP ¼ kmt;CP

k�w
ln
ccc=m

cc
þ RTccc=m (15-131)

For a typical scenario, the feed concentration is known, so

cc for any desired recovery can be computed from a mass

balance (Equation 15-27). k�w and kmt;CP can be determined

15 Note that, because the hydrostatic pressure is constant from the bulk

concentrate to the membrane surface, the only driving force transporting

water toward the membrane in these systems is the increase in osmotic

pressure generated by concentration polarization of the solutes.
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from independent experiments or estimated from hydro-

dynamic correlations. Then, a desired flux can be chosen,

Equation 15-112 can be solved to determine the correspond-

ing concentration adjacent to the membrane (ccc=m), and

Equation 15-131 can be solved to find the TMP required to

generate that flux. Alternatively, if the TMP is known,

Equation 15-131 can be solved to determine ccc=m , and that

value can be inserted into Equation 15-109 to find the flux.

If the rejection is substantially<1.0, then Equation 15-106

must be used instead of Equation 15-112 to relate flux to the

concentration profile in the CP layer, and the subsequent

algebra is more complicated than shown here. However, the

general analysis is the same and again leads to expressions

that can be solved to determine the overall system perform-

ance as a function of known or controllable parameters.

& EXAMPLE15-16. The first stage of a one-pass, spiral-

woundROsystem is to be operatedwith 25�C seawater as feed,

20% recovery, and a TMP of 4000 kPa. When the system is

operated with this TMP but with pure water as feed, the flux is

50L/m2 h.For the anticipated systemgeometry andoperational

conditions, the mass transfer coefficient in the CP layer is

anticipated to be 0.005 cm/s. Estimate the volumetric flux,

based on the bulk concentration in the middle of the module.

Assume that the salts in the feed are completely rejected.

Solution. The total solute concentration in seawater was

computed in Example 15-7 as 1.12mol/L. Assuming that

the flux is approximately uniform along the length of the

membrane, 10% of the water in the feed will permeate

through the membrane by the time the feed reaches

the middle of the module, so the concentration in the bulk

solution at that location will be (1.12mol/L)/0.9 or

1.24mol/L. The permeance of the membrane (k�w) can be

computed based on the clean-water flux

k�w ¼ ĴV

TMP






clean water
feed

¼ 50L=m2 h

4000 kPa

¼ 1:25� 10�2 L= m2 h kPað Þ
¼ 1:25� 10�2 L= m2 h kPað Þ� �

1000 cm3=Lð Þ

� 1m2

104 cm2

� �
1 h

3600 s

� �

¼ 3:47� 10�7 cm=s kPa

Then, substituting known values into Equation 15-131,

we find

TMP ¼ kmt;CP

k�w
ln
ccc=m

cc
þ RTccc=m

4000 kPa ¼ 5:0� 10�3 cm=s

3:47� 10�7 cm=s kPa

� �
ln

ccc=m

1:24mol=L

þ 0:082L atm=mol Kð Þ 298Kð Þ 101:3 kPa=atmð Þccc=m

A numerical solution indicates that this equation is satis-

fied when ccc=m ¼ 1:31mol=L. Inserting that result into

Equation 15-131, we can find the flux

ĴV ¼ kmt;CPln
ccc=m

cc
¼ 0:005 cm=sð Þln 1:31mol=L

1:24mol=L

¼ 2:75� 10�4 cm=s

¼ 2:75� 10�4 cm=s
� � L

1000 cm3

� �
104 cm2=m2
� �

3600 s=hð Þ
¼ 9:88L=m2 h

The salts decrease the flux bymore than 80%comparedwith

that for clean water. The decline can be attributed to the

presence of a high osmotic pressure at the concentra-

te/membrane interface and the corresponding decrease in the

effective driving force forwater transport across themembrane.

Most of the increase in osmotic pressure is due to the salt

concentration in the bulk concentrate; concentration polariza-

tion contributes a small amount, increasing the concentration

adjacent to the membrane by 5.6% over cc. &

Expressing the Effects of the CP Layer on Permeation in
Terms of Resistance The effect of the CP layer on

permeation of water is sometimes expressed in terms of

the hydraulic resistance imparted by the layer. This resist-

ance can be computed based on Equation 15-9, with the

recognition that DPeff is DP�DP; that is,

RCP ¼ DCPP� DCPP

mĴV
(15-132)

Calculations of the hydraulic resistance imposed by different

sublayers of the CP layer (by applying Equation 15-132 over

short distances dy within the layer) suggest that the majority

of the resistance is contributed by a small region that resides

nearest the membrane surface and contains the highest

contaminant concentration.

According to the resistances-in-series model, the overall

resistance to permeation can be computed as the sum of

the resistance of the CP layer and the resistance across the

membrane. Noting that ĴV is the same throughout, this

summation yields

Rtot ¼ RCP þRmc=p
¼ DCPP� DCPP

mĴV
þ Dmc=p

P� Dmc=p
P

mĴV

(15-133a)

¼ Dc=pP� Dc=pP

mĴV
¼ TMP� Dc=pP

mĴV
(15-133b)

The resistance attributable to the membrane (the final term in

Equation 15-133a) is, to a good approximation, independent

of the composition of the solution and the operational condi-

tions and is therefore frequently equated to the resistance for
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permeation of pure water under standard conditions. In

contrast, the resistance due to the CP layer is strongly

dependent on both the solution composition (through its effect

on the osmotic pressure) and the operational conditions

(through their effect on the extent of concentration polariza-

tion). The resistance of the CP layer is usually, but not always,

substantially less than that of the membrane.

Comparing the Effects of Particles and Solutes on Flux
Through the CP Layer Comparing the ĴV-TMP relation-

ships applicable for rejection of solutes and particles, it is

clear that osmotic pressure plays the same role in solute-

rejecting systems that hydrostatic pressure does in particle-

rejecting systems. For example, if a membrane rejects only

particles, P declines through the CP layer, while P remains

constant, whereas if it rejects only solutes (because the feed

contains no particles),P increases while P remains constant.

(Recall that, because P is effectively a negative pressure

(vacuum) applied to the water, an increase in P has the

same effect on the water as a decrease in P.) Both types of

change cause the molar Gibbs energy of water to decrease as

the membrane is approached. The driving force for water

movement through the layer is the gradient in Gw, which is

proportional to the gradient in P if the contaminants are

particles and the gradient in P if they are solutes.

Inmost systems, the rejected contaminants can be identified

unambiguously as particles or solutes, so the appropriate

equations for modeling the ĴV � TMP relationship are clear.

However, some rejected materials fall in the middle of the

particle–solute spectrumand cangenerate significant gradients

in both hydrostatic and osmotic pressure across the CP layer;

that is, they can affect themovement ofwater via both physical

(frictional) and chemical (osmotic) interactions. Furthermore,

a given membrane might reject some contaminants that are

best represented as solutes and others that are best represented

as particles. In such cases, according to Equation 15-119, the

net force on thewater is the summation of the forces associated

with the two typesofgradients; that is, the effects of solutes and

particles on the overall resisting force are additive.

Despite the understanding that both rejected particles and

rejected solutes affect water movement through the CP layer,

the current state-of-the-art is such that only a single type of

contaminant is considered in any single analysis. In addition,

that contaminant is almost invariably treated strictly as a

particle or a solute (generating, respectively, either a decline

in hydrostatic pressure or an increase in osmotic pressure

across the CP layer, but not both). If the particle/solute

nature of the contaminant is ambiguous, researchers typi-

cally make an arbitrary decision to treat it as one of the

limiting cases and compute the corresponding DCPP or

DCPP. After crossing the CP layer, the water proceeds

through the membrane, losing more energy in the process.

Normally, we can quantify the amounts and types of

available energy that the water contains in the two bulk

solutions unambiguously, and the relationship of the overall

energy loss to the flux is the key practical outcome of the

preceding analyses. For such an assessment, the question of

whether the energy loss experienced by the water as it passes

through the CP layer is entirely physical, entirely chemical,

or some combination of the two, is unimportant. Never-

theless, this issue remains a topic of some theoretical inter-

est, both to facilitate a more fundamental understanding of

the process and to develop more accurate predictive models

of membrane performance.

The Formation of Cakes, Gels, or Scales, and the
Limiting Flux

Formation of a Compact Layer and the Definition of
clim In the film model, the concentration of contaminants

in the CP layer is unconstrained; that is, the concentration at

the membrane surface could grow indefinitely without vio-

lating any of the model equations. Practically, however, an

upper limit must exist for cc=m, imposed by the maximum

packing density if the contaminants are particles, by the

possibility that the contaminants will coagulate to form a

gel-like phase if they are macromolecules, and by the

possibility of precipitation of a well-defined solid if they

are smaller solutes. In any of these cases, the key feature of

the system is that the CP layer extends from the bulk solution

to some location near the membrane, but that a compact

layer with an approximately constant contaminant concen-

tration exists between this location and the membrane itself.

In this section, we consider the behavior of steady-state

systems in which such a layer exists.

Equation 15-112 expresses the predicted relationship

between permeation flux and the concentrations at the edges

of the CP layer, based on the film model (and assuming that

cp cc). Although the highest concentration in the CP layer

is identified in that equation as cc=m, the samegeneral analysis

applies to the CP layer if it terminates at a boundary with a

compact layer slightly away from the membrane. The only

substantive difference is that the concentration at the interior

boundary of the CP layer depends on the system operating

parameters in the absence of a compact layer, whereas it

equals whatever concentration induces the formation of a

compact layer when such a layer is present. Referring to this

concentration (the maximum contaminant concentration

that can exist in the CP layer) as clim, we can rewrite

Equations 15-112 and 15-115 for a steady-state frontal

filtration system containing a compact layer as follows:

ĴV ¼ kmt;CP ln
clim

cc
(15-134)

clim ¼ cf

1� ĴVAm=Qf

� � exp ĴV

kmt;CP

� �
(15-135)
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The Limiting Flux and the Film-Gel Model Consider

how Equation 15-135 applies to a system receiving a given

feed flow and in which a compact layer is present, but with

adjustable TMP. In such a system, cf, Am, andQf would all be

known, and the mass transfer coefficient, kmt,CP (or, equiv-

alently, dCP) could be estimated based on the system hydro-

dynamics. In addition, although clim might not be known, it

is a fixed value for the given system. As a result, only one

value of ĴV would satisfy the equation. That is, if a compact

layer forms in a frontal filtration system with a given influent

flow rate, composition, and hydrodynamic regime, the

steady-state volumetric flux is fully determined. Perhaps

surprisingly, since none of the parameters noted above is

likely to change when the TMP is changed, this result

indicates that the flux in such systems is independent of

the TMP.16 Combining this result with the preceding analy-

sis for systems in which compact layers do not form, we

conclude that, in a frontal filtration system with a given feed

composition and geometry, the flux will increase with

increasing TMP until a compact layer forms and will remain

essentially constant no matter how much the TMP is

increased thereafter. Equations 15-115 and 15-135 are

therefore consistent with the qualitative observations noted

previously (Figure 15-19). The value of the maximum flux is

referred to as the limiting flux, ĴV;lim. When the film model

for conditions in the CP layer is combined with the idea of a

limiting concentration and flux in the presence of a compact

layer, it is referred to as the film-gel model.

The constancy of ĴV in the presence of a compact layer,

regardless of the TMP, implies that cc must also be indepen-

dent of TMP in such systems (based on Equation 15-134).

This fact, combined with a constant clim, leads to the

conclusion that the contaminant concentration profile and

the pressure loss across the CP layer are also independent of

TMP. It is logical to ask, then: if essentially everything about

the CP layer remains constant when the TMP is increased,

where is the additional applied pressure being dissipated?

We can answer this question by considering how a system

that is initially at steady state and that contains a compact

layer might respond to a step increase in TMP. At least in the

short term, such a step change would undoubtedly cause the

flux of both water and contaminant toward the membrane to

increase. During this transient, the permeate flux would

increase (i.e., the additional water approaching the mem-

brane would pass through it), but the additional contami-

nants that approach the membrane would be rejected (recall

that we are assuming R¼ 1). The preceding analysis indi-

cates that the rejected contaminants do not accumulate in the

CP layer; therefore, they must accumulate in the compact

layer, causing this layer to thicken. As the layer thickens, it

imposes a greater resistance on flow, so the pressure loss

across it increases, and the flux through it declines. Even-

tually, the increased pressure loss through the compact layer

exactly compensates the increase in the applied TMP, so the

flux returns to its original value. Thus, once the compact

layer achieves its new steady-state thickness, the pressure

loss through both the CP layer and the membrane are exactly

what they were before the increase in TMP, the pressure loss

through the compact layer has increased by exactly the same

amount as the TMP increased, and the flux through all three

layers is exactly what it was previously.

The Hydraulic Resistance of the Compact Layer Accord-

ing to the resistances-in-series model, the resistance of the

compact layer can be added to that of the CP layer and the

membrane to obtain the overall resistance to permeation.

Since, in the presence of a compact layer, the flux is the

limiting flux, we can write

Rtot ¼ RCP þRcompact þRmc=m

¼ DCPP� DCPP

mĴV;lim
þ DcompactP

mĴV;lim
þ Dmc=m

P� Dmc=m
P

mĴV;lim

(15-136a)

¼ Dc=pP� Dc=pP

mĴV;lim
¼ TMP� Dc=pP

mĴV;lim
(15-136b)

Note that, because the solution composition is constant

throughout the compact layer, DcompactP is zero. Other than

the replacement of ĴV by ĴV;lim, Equation 15-136 has the same

form as Equation 15-133, which applies in the absence of a

compact layer. If no compact layer is present, an increase in

TMP leads to a less-than proportionate increase in ĴV, soRtot

increases (and the specific flux decreases); if a compact layer

is present, an increase in TMP leads to no increase in ĴV, and

Rtot increases (and specific flux decreases) even more rap-

idly. As noted previously, in most frontal filtrationmembrane

systems where compact layers form, the resistance contrib-

uted by the compact layer overwhelms that contributed by the

CP layer and the membrane.

The resistance Rcompact is sometimes represented as the

product of the specific resistance (resistance per unit thick-

ness), R̂compact, and the layer’s thickness, dcompact. If the

layer is incompressible and is composed of uniform parti-

cles, an expression for flow through porous media, such as

the Carman–Kozeny equation (Equation 14-59), might be

used to predict the specific resistance

R̂compact ¼
180 1� ecompact

� �2
d2
pe

3
compact

(15-137)

where ecompact is the porosity of the compact layer, and dp is

the diameter of the particles that form it. The value of

16 This statement assumes that the cake is incompressible. The effect of

compressibility is discussed subsequently.
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ecompact in such systems would typically be in the range

0.3–0.4.

If, on the other hand, the compact layer is a gel composed

of coagulated macromolecules, it is likely to be compress-

ible, and in the compressed state it might have porosities as

low as 0.1 or even smaller. In that case, a limiting flux is still

predicted to exist, but the increase in R̂compact when the TMP

is increased is attributable to the combined effects of

increases in the thickness and specific resistance of the

compact layer. Finally, if the compact layer is a precipitated

scale, its porosity could be anywhere in a wide range, but

might be close to zero.

Based on these considerations, formation of cake layers

from particles present in the feed stream (as might occur in

MF and UF processes) is undesirable but is usually tolerated.

Formation of gel layers (in UF and NF processes) is con-

sidered more problematic, so pretreatment and operational

procedures are often designed to minimize this possibility.

Theworst-case scenario is formation of tight scales (in NF or

RO processes), which can cause such severe fouling that it is

considered absolutely unacceptable, and all necessary mea-

sures are taken to prevent such an occurrence.

Estimating clim and kmt in Systems with Compact Layers
and the Flux Paradox The fact that c must be clim at the

inner edge of the CP layer when a compact layer is present

allows kmt,CP and clim to be evaluated experimentally, as

follows. Assume that experiments are conducted in a setup

similar to that shown in Figure 15-29, using a range of feed

concentrations but at the same mixing intensity (so that

kmt,CP remains approximately constant). For each feed con-

centration, the system can be operated at a large enough TMP

that a compact layer forms, and the limiting flux can then be

determined. According to Equation 15-134, the behavior of

such systems is characterized by the following relationship:

ĴV;lim ¼ kmt;CP ln
clim

cc
¼ kmt;CP ln clim � kmt;CP ln cc

(15-138)

Equation 15-138 indicates that kmt,CP and clim can be

estimated from the slope and x-intercept of a plot of ĴV;lim
versus ln cc, as shown by the straight line in Figure 15-32. Test

systems used for such experiments utilize large enough feed

concentrations and feed reservoirs that cc can generally be

approximated as cf, so Equation 15-138 and Figure 15-32 are

usually shownwith cf replacing cc as the independent variable.

Note that, as cf and cc decrease, higher fluxes and TMPs are

required to reach clim; therefore, the TMP increases from right

to left in the figure. In the limit where cc equals clim, the flux is

predicted to be zero, because any finite flux would cause the

compact layer to grow indefinitely.

If the compact layer is compressible, then clim is larger

and ĴV;lim is smaller at high TMP than they would be if it

were incompressible. The effect of compressibility is to

cause the experimental curve to fall below the expected

straight line at higher TMPs (lower cc) and to deviate

increasingly from linearity as cc decreases, as shown by

the curved line in the figure.

When experiments needed to prepare a plot like that in

Figure 15-32 are carried out with model contaminants, the

limiting concentration is often found to be in the expected

range for close packing (volume fractions on the order of 0.6

for rigid particles, and up to 0.9 for deformable particles). In

contrast, the fluxes in such experiments and the correspond-

ing, inferred values of kmt,CP are often orders of magnitude

larger than those expected based on an independent estimate

of dCP and the value of D computed using the Stokes–

Einstein equation. The discrepancy is particularly severe

for particles in the size range from one to several micro-

meters and has been referred to as “the flux paradox” (Green

and Belfort, 1980).

Attempts to explain the flux paradox have focused on the

possibility that fluid motion in the CP layer increases the

transport of particles from that layer back to the bulk

solution, causing the particles to have an effective diffusivity

much larger than their Brownian diffusivity. Because fluid

motion near the membrane is a central feature of crossflow

filtration, we defer further discussion of the flux paradox to

the section on crossflow.

Concentration Polarization and Precipitative Fouling
As has been noted, precipitation of an inorganic scale

next to the membrane can cause severe fouling of RO

and NF membranes. Scale-forming species that are com-

monly found in the feed to such systems include calcium,

magnesium, aluminum, and iron (primarily ferrous), any of

which might precipitate as a hydroxide, carbonate, or sulfate

solid, and also silica, which can form a solid directly or as a

metal silicate. As described in Chapter 9, the condition

J v
,li

m

ln cc

kmt,CP

1

ln clim

Incompressible

Compressible

FIGURE 15-32. A plot that can be used to estimate kmt,CP

and clim.
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necessary for a cation, Ctxþ, and an anion, Any�, to precipi-
tate as a solid CtyAnx(s) is that the solubility quotient, Qs0,

exceeds the solubility product, Ks0

Qs0 ¼ a
y
Cta

x
An ¼ gCt

cCt

cCt;std:state

� �y

gAn

cAn

cAn;std:state

� �x

> Ks0

(15-139)

where ai is the activity of species i, and ci,std.state is the

concentration of i in the standard state. The approximation

that activity coefficients are close to 1.0 is generally not

reasonable for the conditions in the CP layer when precipi-

tation is imminent, so values of g i must be estimated using

correlations such as the Davies equation.17

Applying Equation 15-27 to compute the concentration of

each rejected species in the bulk solution in a frontal

filtration system (and dropping the subscript out), we have

cc ¼ cf
1� r 1� Rð Þ

1� r
(15-27)

In addition, for each ion, the concentration at the mem-

brane surface equals the product of the concentration in the

bulk concentrate and the polarization factor, PF:

ccc=m ¼ cc PFð Þ (15-140)

By combining the preceding equations with an expression

for the PF (e.g., Equation 15-113), we can compute the ion

activity product at the membrane surface in the absence of

precipitation. If, for the given combination of feed concen-

trations, rejection, and recovery, Qs0;cc=m
> Ks0, then scale

formation is thermodynamically possible, and the system

operation might have to be modified to prevent precipitation.

Strategies for avoiding precipitative scaling can focus on

reducing the concentration of either the free anion or the free

cation. For example, acid might be added to reduce the

concentrations of bases such as hydroxide and carbonate;

feed water might be pretreated by lime softening, precipita-

tion, or ion exchange to remove scale-forming cations; or

anti-scaling agents such as hexametaphosphate might be

added to form complexes with metals and thereby impede

precipitation or to poison crystal growth. Alternatively, the

system can be operated at lower recovery, thereby concen-

trating the solutes less in the concentrate solution.

& EXAMPLE 15-17. Spiral-wound NF membranes are

being used to soften a groundwater that contains 4.8� 10�3M

Ca2þ, 9.0� 10�4M SO4
2�, and 7.8� 10�3MCl� as its major

constituents. The system achieves 93% overall rejection of all

these ions in a process that approximates frontal filtration.

Recirculationof concentrate to the inlet is sufficiently rapid that

the concentrate can be considered to have uniform concentra-

tion along the entire length of the element. Neglecting the

effects of other electrolytes, estimate themaximum recovery at

which a system can operate without pretreatment and without

any risk of scaling, if the polarization factor for all three ions is

1.4. Assume that gypsum (CaSO4�2H2O) (Ks0¼ 2.5� 10�5)

controls calcium sulfate solubility and that activity coefficients

can be estimated using the Davies equation.

Solution. The highest concentrations of Ca2þ and SO4
2�

in the system will be those at the membrane surface. At this

location, the concentrations of all three ions can be

expressed as (PF)cc. In addition, the concentrations in the

bulk concentrate can be expressed in terms of the feed

concentration, the recovery, and the rejection via Equa-

tion 15-27. The concentrations at the surface can therefore

be related to those in the feed by

ccc=m ¼ PFð Þ 1� r 1� Rð Þ
1� r

� �
cf ¼ 1:4ð Þ 1� r 1� 0:93ð Þ

1� r

� �
cf

¼ 1:4� 0:098r

1� r
cf

When the concentrations of Ca2þ and SO4
2� are just

sufficient to precipitate gypsum, the solubility quotient will

equal the solubility product for gypsum. Therefore, we want

to ensure that Qs0 does not exceed the solubility product:

aCa2þ;c=maSO4
2�;c=m ¼ gCa2þ

cCa2þ

cCa2þ;std:

� �
gSO4

2�
cSO4

2�

cSO4
2�;std:

 !
< 2:5� 10�5

By convention, cCa2þ;std: ¼ cSO4
2�;std: ¼ 1:0mol=L. Accor-

ding to the Davies equation, the activity coefficient of an ion

depends only on the ionic strength of the solution and the

absolute value of the valence of the ion of interest, so

gCa2þ ¼ gSO4
2� . Therefore, representing the activity co-

efficient of both these species as gdi, we canwrite the criterion

for preventing precipitation at the surface as follows:

gdi
1:4� 0:098r

1� r

� �
cCa2þ;f

1:0mol=L

� �� �

� gdi

1:4� 0:098r

1� r

� �
cSO4

2�;f

1:0mol=L

� �� �
< 2:5� 10�5

Grouping the terms and substituting the given values for

the feed concentrations, we find

1:4� 0:098r

1� r

� �2

g2
di 4:8� 10�3
� �

9:0� 10�4
� �

< 2:5� 10�5

1:4� 0:098r

1� r

� �2

g2
di � 5:79

17 The Davies equation and other approaches for estimating activity

coefficients are discussed briefly in Chapter 9 and extensively in most

water chemistry textbooks.

MODELING TRANSPORT OF WATER AND CONTAMINANTS FROM BULK SOLUTION 785



The Davies equation, which relates gdi to the ionic

strength (I), is

log g i ¼ �0:51z2i
I1=2

1þ I1=2
� 0:3I

� �

Utilizing the expression derived earlier for ccc=m, the ionic

strength at the concentrate/membrane interface can be

computed as

I ¼ 0:5
X

ciz
2
i

¼ 0:5 cCa2þ;c=m 2ð Þ2 þ cSO4
2�;c=m �2ð Þ2 þ cCl�;c=m �1ð Þ2

h i

¼ 1:4� 0:098r

1� r
2cCa2þ;f þ 2cSO4

2�;f þ 0:5cCl�;f

� �

¼ 1:4� 0:098r

1� r
0:0153ð Þ

The preceding equation for I, the Davies equation relating

I to gdi, and the equation expressing the criterion for

preventing precipitation provide three equations in three

unknowns (r, gdi, and I). These equations can be solved

simultaneously to determine the minimum value of r at

which precipitation might occur; the result is r¼ 0.81.At this

recovery, the concentrations ofCa2þ andSO4
2� at thewall are

3.37� 10�2M and 6.32� 10�3M, respectively, or approxi-

mately seven times the feed concentration. &

Relating Parameter Profiles in the CP Layer
with Those in the Membrane

The preceding sections establish several characteristics of

the physical/chemical environment in the CP layer. By

combining information about the CP layer with that derived

previously about the conditions at the membrane/solution

interfaces and inside the membrane, we can develop the

profiles of key parameters from the bulk concentrate to the

bulk permeate, as shown in Figure 15-33. The profile in part

(a) is based on an assumption that a compact layer is present;

if no such layer is present, the conditions shown in the CP

layer would apply up to the membrane surface.

Consistent with the preceding discussion, the concentra-

tion of contaminant increases steadily from the bulk con-

centrate to either the limiting concentration at the edge of the

compact layer (as in Figure 15-33a) or to some value less

than clim at the membrane surface (as in Figures 15-33b,c). In

systemswhere the contaminant is a solute (Figures 15-33b,c),

the osmotic pressure increases in parallel with the contami-

nant concentration, and the hydrostatic pressure is constant

from the bulk concentrate to the membrane surface. The

combination of a uniform hydrostatic pressure and an

increasing osmotic pressure causesGtot;w to decrease steadily

from the bulk concentrate toward the membrane, drawing

water in that direction.

In contrast to the case for water, the solute concentration

gradient in the CP layer favors transport from the membrane

(a) Porous membrane
i = Particles

(b) Porous membrane
i = Solutes

(c) Dense membrane
i = Solutes

Gtot,w

P

Π
Π Π

cw

ci Gtot,i

Gtot,w

ci

P

cw

G
tot,w

c
i

P

G
tot,i

cw

FIGURE 15-33. Profiles of various parameters of interest from the bulk concentrate to the bulk

permeate,with aCP layer present. (a) Rejectionof particles by a porousmembrane, assuming a compact

layer is present; (b) rejection of solutes by a porous membrane, assuming a compact layer is absent;

(c) rejection of solutes by a densemembrane, in the absence of a compact layer. The broken lines on the

concentrate side of the membrane indicate the edges of the CP layer and the compact layers.
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toward the bulk concentrate. Since there is no pressure

gradient to counteract this driving force, the gradient that

develops in Gtot;i suggests that net transport of solute should

be toward the bulk solution, yet we know that the solute

actually moves in the opposite direction. This apparent

anomaly can be resolved by recognizing that Gtot;i accounts

for the available energy of i in isolation, but does not account

for any coupling with other components of the system. In

any functioning system, solute transport is partially coupled

to transport of water, so that transport of i responds not only

to the gradient in Gtot;i, but also to the gradient in Gtot;w. The

fact that the net transport of i is toward the membrane

indicates that the latter factor is dominant.

Nonsteady-State Fouling During Frontal
or Dead-End Filtration

Essentially all the discussion and analysis to this point has

focused on steady-state systems. However, in reality, mem-

brane systems are rarely operated under steady-state condi-

tions. In this section, we consider some of the models that

have been developed to describe the changes in the relation-

ship between flux and TMP that occur as contaminants

accumulate in frontal filtration membrane systems. Such

a situation would arise in a system like that shown in

Figure 15-29 if the rate at which contaminants exited in

the permeate and concentrate streams (QpcpþQccc) was less

than the rate at which they entered in the feed (Qfcf). In that

scenario, the contaminants might accumulate in the reservoir

overlying the membrane, in the CP and compact layers

adjacent to the membrane, and/or in the membrane pores;

presumably, the resistance to permeation would steadily

increase as well. The nonsteady-state scenario that has

been most commonly analyzed is for the limiting case of

constant-pressure, dead-end filtration with particulate con-

taminants, porous membranes, and complete capture of the

incoming solids in a cake layer or within the membrane

pores (i.e., negligible accumulation of particles in the CP

layer, and negligible contribution of that layer to the total

resistance to flow).

The starting point for most efforts to characterize the

gradual development of fouling is work by Hermia (1982),

who derived equations that he referred to as “blocking laws”

to predict the decline in permeate flow during constant-

pressure, dead-end filtration for four scenarios. In the sim-

plest scenario, the resistance to flow is envisioned to reside

entirely at the surface of the membrane. Rejected particles

are envisioned to block access to some of the open (“active”)

membrane area, so that the reduction in the permeate flow

rate is proportional to the area that is covered by the

particles. Also, the amount of open membrane area that is

blocked is assumed to be directly proportional to the volume

of water filtered, implying that a given mass of foulants

blocks the same amount of open area regardless of how

much area has already been blocked.18 This scenario is

referred to as complete blocking.

In the second scenario, the resistance imparted by the

foulants is again assumed to reside entirely at the surface of

the membrane, and permeate flux is again envisioned to

decline in proportion to the decline in the total openmembrane

area. However, in this case, some of the particles that reach the

membrane are assumed to cover area that has already been

covered by previously rejected particles. The flow pattern

approaching the membrane is assumed to remain constant

throughout the process. In such a case, if, say, 10% of the

original pore area has been blocked, newly arriving particles

are expected to cover only 90% as much active area as they

would if they were approaching a clean membrane. Hermia

referred to this scenario as intermediate blocking.

The third scenario attributes most of the resistance

imparted by the foulants not to accumulation of particles

on the surface of the membrane, but to attachment of the

particles to the interior surfaces of the pores. The particles

are envisioned to coat the pores and interfere with flux by

steadily narrowing the effective pore diameter. This scenario

is referred to as standard blocking of the pores.

Finally, Hermia considered that the particles might form a

steadily growing cake layer on the membrane surface,

thereby increasing the resistance to permeation without

any specific interactions with the membrane pores. This

scenario was referred to as cake filtration.

Hermia analyzed each of these scenarios to obtain expres-

sions for the expected decline of the permeation flow rate

over time during constant-pressure filtration; that is, he

developed expressions for dQp/dt. For example, for the

complete blocking model, the derivation begins by defining

a term that we refer to as the “active flux,” ĴV;active. This

quantity is defined as the ratio of the permeate flow rate to

the area of the membrane that is actually open (as opposed

to the conventional definition of flux, in which the flow is

normalized to the surface area of the whole membrane.

According to the complete blocking model, ĴV;active remains

constant as a filtration run proceeds, because the flow

through the area that is still active (i.e., open) is unaffected

by the rejected particles; all that changes during the run is

that the total amount of active area declines. Thus, we can

write, at any time during the run

ĴV;active ¼
Qp

Aactive

(15-141)

Based on the underlying concept of the complete blocking

model, the active area remaining declines steadily with the

18 Hermia suggested that every rejected particle blocked an area equal to its

projected cross-section. However, that constraint is overly restrictive; the

analysis applies as long as a given amount of rejected solids blocks a fixed

amount of area, regardless of the relationship to the cross-sectional area of

the rejected particles.
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cumulative volume filtered (Vcum), that is

Aactive;t ¼ Aactive;0 � sVcum (15-142)

where s is the active area blocked per unit volume of

permeate. Multiplying by ĴV;active, noting that, at any time,

ĴV;activeAactive ¼ Qp, and differentiating with respect to time,

we obtain

Qp ¼ Qp;0 � ĴV;activesVcum (15-143)

dQp

dt
¼ 0� ĴV;actives

dVcum

dt
¼ �ĴV;activesQp (15-144)

Rearranging and integrating:

ZQp;t

Qp;0

dQp

Qp

¼ �ĴV;actives

Z t

0

dt (15-145)

ln
Qp;t

Qp;0

¼ �ĴV;activest (15-146)

Qp;t ¼ Qp;0 exp �ĴV;activest
� �

(15-147)

Hermia chose to report the same result in a slightly

different format by defining the product ĴV;actives in Equa-

tion 15-143 as Kb, and then inverting the equation to obtain

1

Qp

¼ 1

Qp;0 � KbVcum

(15-148)

He then differentiated Equation 15-148 with respect to Vcum

to obtain

d

dVcum

1

dVcum=dt
¼ d

dVcum

1

Qp;0 � KbVcum

(15-149)

d2t

dV2
cum

¼ Kb

1

Qp;0 � KbVcum

� �2

¼ Kb

Q2
p

(15-150)

d2t

dV2
cum

¼ Kb

dt

dVcum

� �2

(15-151)

The advantage of expressing the result as in Equation

15-151 is that the other fouling mechanisms modeled by

Hermia lead to expressions with similar forms. The deriva-

tion of the cake filtration model is presented next, because it

is widely used and has relevance for one of the standard tests

for characterizing membranes. The final results from the

analyses of the intermediate blocking and standard blocking

models are presented as well, but the derivations are not

shown; those derivations were presented by Hermia (1982).

The derivation of the cake filtration model begins with a

rearrangement of Equation 15-136 for a system that rejects

particles only (so that Dc=pP ¼ 0)

ĴV ¼ Dc=pP

m Rmc=p
þRCP þRcake

� � (15-152)

Writing the flux as ðdVcum=dtÞ=ðAmÞ, assuming that RCP is

negligible compared with Rmc=p
and Rcake, multiplying by

Am, and inverting both sides yields

dt

dVcum

¼ mRmc=p

AmDc=pP
þ mRcake

AmDc=pP
¼ mRmc=p

AmDc=pP
þ mR̂cakedcake

AmDc=pP

(15-153)

Assuming that all the particles fed to the membrane are

captured, we can write the following mass balance:

Mass of particles fed up to time t ¼ Mass of particles
deposited in the cake

The mass concentration of particles, in both the feed and

the cake, can be expressed as the product of their volume

fraction (ff and fcake, respectively) and the particle density

(rp), so the mass balance can be written as

Vcumffrp ¼ Amdcakefcakerp (15-154)

dcake ¼ Vcumff

Amfcake

(15-155)

Substitution of Equation 15-155 into Equation 15-153 yields

dt

dVcum

¼ mRmc=p

AmDc=pP
þ mR̂cakeVcumff

A2
mDc=pPfcake

(15-156)

dt ¼ mRmc=p

AmDc=pP
þ mR̂cakeVcumff

A2
mDc=pPfcake

 !
dVcum (15-157)

Assuming that the properties of the cake (R̂cake and fcake)

are constant, we can integrate Equation 15-157 from time

zero to time t, and then divide by Vcum to obtain

t

Vcum

¼ mRmc=p

AmDc=pP
þ mR̂cakeff

2A2
mDc=pPfcake

Vcum (15-158)

Equation 15-158 suggests that a plot of t=Vcum versus

Vcum should yield a straight line, from which bothRmc=p
and

R̂cake can be determined (from the intercept and slope,

respectively), assuming that the other parameters are known.

Finally, differentiating Equation 15-156 with respect to Vcum

d2t

dV2
cum

¼ mR̂cakeff

2A2
mDc=pPfcake

¼ Kc (15-159)
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Like the result for the complete blocking model (Equation

15-151), Equation 15-159 can be considered to have the

following form, albeit with the trivial result that n¼ 0:

d2t

dV2
cum

¼ Kc

dt

dVcum

� �n

(15-160)

As shown in Table 15-10, the results for the intermediate

blocking and standard blocking models can be expressed in

the same form, with each fouling scenario having a different

value of n. Thus, if one can evaluate n from experimental

data, one can determine if the system behavior is consistent

with any of the model scenarios.

To evaluate n for a given system, the cumulative filtrate

volume, Vcum, is measured over time. The reciprocals of the

first and second derivatives of this function are then approx-

imated numerically, and their logarithms are plotted against

one another. The slope that best approximates a fit to the data

provides the value of n.

& EXAMPLE 15-18. A laboratory UF test on a suspen-

sion is performed in a cellwith amembrane area of 15 cm2 at a

TMP of 20 kPa, and the permeate volume is measured every

10 s;a subsetof thedata is shownin thefirst twocolumnsof the

following table. The high frequencyof the rawdata collection

allows good estimates to be made of the instantaneous flow

rate Qp ¼ ðdVÞ=ðdtÞ� �
, and from these data, of the instanta-

neousvaluesofðdVÞ=ðdtÞ,ðdtÞ=ðdVÞ,andðd2tÞ=ðdV2Þ.These
estimates are shown in thefinal three columnsof the following

table. (Note that thevalues in these final columns are approxi-

mate, instantaneous values that apply at the time indicated,

based on data collected at 10-s intervals around the time

indicated in the first column; they are not derived directly

from the data in the second column, which shows cumulative

values since the beginning of the test.)

(a) Convert the data into values of flux (in L=m2 h) and

plot the results as a function of time.

(b) Determine whether the data fit one of the Hermia

models for fouling.

Experimental Data For Flux Decline in

Ultrafiltration

Time

(min)

Vcum

(cm3)

dV/dt

(cm3/min)

dt/dV

(min/cm3)

d2t/dV2

(min/cm6)

0 0 1.60 0.63 0.012

5 7.5 1.40 0.71 0.016

10 13.9 1.20 0.83 0.020

15 19.5 1.04 0.96 0.025

20 24.4 0.90 1.11 0.033

25 28.7 0.79 1.27 0.046

30 32.2 0.70 1.43 0.060

35 35.5 0.60 1.67 0.077

40 38.4 0.52 1.92 0.101

45 40.8 0.45 2.22 0.140

50 42.8 0.39 2.56 0.185

55 44.6 0.34 2.94 0.241

60 46.1 0.30 3.33 0.320

Solution. Relevant calculations for both parts of the

problem are summarized in the following table.

Time

(min)

Flow

(mL/min)

Flux

(L/(m2 h))

ln

(dt/dV)

ln

(d2t/dV2)

0 1.60 64.0 �0.47 �4.42

5 1.40 56.0 �0.34 �4.14

10 1.20 48.0 �0.18 �3.91

15 1.04 41.6 �0.04 �3.69

20 0.90 36.0 0.11 �3.41

25 0.79 31.6 0.24 �3.08

30 0.70 28.0 0.36 �2.81

35 0.60 24.0 0.51 �2.56

40 0.52 20.8 0.65 �2.29

45 0.45 18.0 0.80 �1.97

50 0.39 15.6 0.94 �1.69

55 0.34 13.6 1.08 �1.42

60 0.30 12.0 1.20 �1.14

(a) The permeate flux is the flow rate (given in the third

column in the data table) divided by the membrane

area. For example, the first value is

ĴV ¼ Qp

A
¼ 1:60 cm3=min

15 cm2

� �
1L

1000 cm3

� �
104 cm2=m2
� �

� 60min

1 h

� �
¼ 64 L=m2 h

The flux throughout the test is given in the third

column of the table and is plotted in Figure 15-34.

TABLE 15-10. Hermia’s Models for Nonsteady-State

Fouling in Frontal Filtration

Model d2t=dV2
cum

Qp

Complete

blocking
Kb

dt

dVcum

� �2
Qp;t ¼ Qp;0 exp �Kbtð Þ

Intermediate

blocking Ki

dt

dVcum

� �1
Qp;t ¼ Qp;0 exp �KiVcumð Þ

Standard

blocking
Ks

dt

dVcum

� �3=2
Qp;t ¼

Qp;0

1þ 0:5KsQp;0t
� �2

Cake filtration
Kc

dt

dVcum

� �0
¼ Kc Qp;t ¼

Qp;0

1þ 2KcQ
2
p;0t

� �1=2
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(b) The fit of the data to the Hermia models can be tested

by plotting values of ln ðd2tÞ=ðdV2Þ� �
versus

ln ðdtÞ=ðdVÞð Þ (or, identically, log10 values of

each). The values are shown in the previous table

and are plotted in Figure 15-35. The data fall on a

straight line with a slope of approximately 2.0

(regression analysis yields a value of 1.97). This

result indicates that the complete blocking model is

appropriate for these data. Another indication of the

appropriateness of that model (not shown) is that

the flow (or flux) data exhibit an exponential decline

(i.e., a plot of ln Q versus t is a straight line). &

Hermia’s model equations are based on the assumption

that a single foulingmechanism dominates in a given system.

Ho and Zydney (2000) argued that a more like scenario, at

least for the systems they studied involving MF of proteins,

consists of a gradual transition from pore blockage by the

contaminants that reach the bare membrane surface to cake

formation as the surface becomes covered andmultiple layers

of foulants accumulate; they presented a model that fit their

data reasonably well for that entire process.

Hermia’s equations apply exclusively to constant-

pressure filtration, but a similar analysis can be carried

out for constant-flux filtration. The analysis for

incompressible cakes was presented by Hlavacek and

Bouchet (1993) and Suarez and Veza (2000); Chellam

and Xu (2006) later extended that analysis to compressible

cakes. In an effort to emphasize the parallelism between

these systems and the constant-pressure systems considered

by Hermia, the equations have been expressed as relation-

ships with the following general form:

d2 Dc=pP
� �
dV2

cum

¼ K
dDc=pP

dVcum

� �n

(15-161)

However, not all the cases of interest can be fit to such an

equation. The key results of the analysis are summarized

in Table 15-11; the derivations and some experimental

verification are provided by Chellam and Xu (2006) and

the references cited therein.

Empirical Measures of Fouling: The MFI and SDI
Tests A commonly reported empirical measure of the

contribution of cake or gel layers to the overall hydraulic

resistance in membrane systems is based on Hermia’s cake

filtration equation. This measure, known as the modified

fouling index (MFI), is computed by measuring the volu-

metric flux at the beginning and end (and, in some cases, at

intermediate times) of a period of constant-pressure, dead-

end filtration. Filtrate volume is recorded every 30 s over a

15-min period. The data are then fitted to Equation 15-158,

and the MFI is defined as the fraction (assumed to be

FIGURE 15-34. Flux decline in the example system.

FIGURE 15-35. Hermia analysis of the data from the example

system.

TABLE 15-11. Predicted Nonsteady-State TMP Buildup in

Constant-Flux Filtrationa

Compressibility

of Deposited

Foulant

Deposit

Compressibility

Equation

Nonsteady-State

Expression for

Dc=p P (i.e., TMP)

Incompressible acake ¼ k0
d2 Dc=pP
� �
dV2

cum

¼ 0
dDc=pP

dVcum

� �n

¼ 0

Linear

compressibility

acake ¼ ao
cake

� 1þ k1 Dc=p P
� � d2 Dc=p P

� �
dV2

cum

¼ K1

dDc=p P

dVcum

� �3=2

Power law

compressibility

acake ¼ kn1 Dc=p P
� �n2

aacake and a
o
cakeare the specific resistance of the cake at any TMP and at the

limit of zero TMP, respectively; ko is a composite of various measurable

parameters; and k1, kn, n1, n2, and Kn are empirical fitting parameters (K1 is

a specific combination of k1 and various measurable parameters).

Source: After Chellam and Xu (2006).
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constant) in the second term on the right side of the equation.

The left side of the equation (i.e., the ratio t/Vcum) is the

inverse of the average permeate flow rate, Qp, since the

beginning of the test, and the first term on the right is

the inverse of the initial flow rate (i.e., the flow rate when

Vcum is negligible). Therefore, since the MFI is specifically

for a test duration of 15min, Equation 15-158 can be

rewritten in terms of the MFI as follows:

1

Qp;15 min

¼ 1

Qp;0

þ MFIð ÞVcum;15 min (15-162)

A similar parameter, known as the silt density index (SDI),

is also commonly used to evaluate the potential for a given

feed stream to foul membranes (especially RO membranes).

The experimental setup for determining the SDI is the same

as that for the MFI test. The fractional decline in the flux

from the initial value is expressed as a percentage and divided

by the time interval (Dt) to obtain the SDI, as follows:

SDI ¼ 1� ðĴV;t=ĴV;0Þ
� �

100%

Dt
(15-163)

The SDI can thus be thought of as a standardized way to

express the rate of flux decline for the particular feed solution

of interest.

The ASTM standard for this test (ASTM, 2007) specifies

use of a membrane with 0.45-mm-diameter pores in an

unstirred, dead-end, batch filtration cell under a constant

pressure of 207 kPa.19 The standard conditions for the test

include a 47-mm diameter filter and a fixed volume of

500mL for each measurement; if a membrane of different

size is used, the volume is adjusted proportionally to the

membrane area. With the volume of water and the area of

the membrane specified, the only variation when measuring

the flux is the time required for filtration of the given volume

of water at the beginning of the test (tfilt,0) and after time Dt
has elapsed (tfilt,t). Hence, the SDI is usually calculated as

follows:

SDI ¼ 1� ðtfilt;0=tfilt;tÞ
� �

100%

Dt
(15-164)

whereDt is inminutes and tfilt,0 and tfilt,t are in identical units,

usually seconds. According to Equation 15-164, SDI has

formal units of min�1; by convention, however, it is always

reported as a dimensionless number.

In the standard test, Dt is set at 15min. If no fouling of the

membrane occurred during this period, the time to filter

500mL would not change during the test (i.e., tfilt,t would

equal tfilt,0) and the value of the SDI would be zero.

Generally, some fouling does occur, so that tfilt,t> tfilt,0
and the SDI is greater than zero. If the membrane became

completely clogged during the test, tfilt,t would be infinite,

and the SDI would be ð100=15Þ ¼ 6:67; however, such a test
is not considered valid. Rather, in such a case, a shorter Dt is
used (10min, or, if necessary, 5min), and higher values of

SDI can, therefore, be obtained. In performing the test,

analysts typically obtain the data for tfilt,t after each of these

periods (values of Dt equal to 5, 10, and 15min), and then

use the data for the longest Dt that gives a value of

1� ðtfilt;0Þ=ðtfilt;tÞ
� �

< 0:75 (i.e., the longest t for which

the flux after Dt is at least 25% of the flux through the

clean membrane). The SDI should be reported with Dt
indicated (e.g., SDI10), but that is rarely done.

Because the test membrane is specified to have 0.45-mm
pores, the SDI test evaluates (roughly) the likelihood that

particles or relatively large colloids in the feed will foul a

membrane, but it does not address the possibility that

smaller colloids or solutes will do so. Nevertheless, histori-

cally, the SDI test has been used to investigate the potential

for a given feed to foul all types of pressure-driven mem-

brane systems, including RO systems. In general, SDI values

in excess of �3.5 are considered indicative of a high

potential for fouling of outside-in hollow fiber MF and

UF membranes and spiral-wound NF or RO membranes.

While the SDI can be a useful qualitative indicator of the

need for pretreatment, it is an inadequate indicator of

membrane performance for design or control purposes,

because the conditions used in the test do not resemble

those during membrane operation. SDI values less than �2

do not correlate well with membrane fouling observed in

practice.

& EXAMPLE 15-19. In a standard SDI test, the time to

filter 500mL at time 0 was 31 s. After 5, 10, and 15min, the

times to filter this volumewere 40, 53, and 70 s, respectively.

Find the value of the SDI.

Solution. The SDI should be calculated using the longest
time for which the flux is at least 25% of the initial flux; that

is, the longest time for which 1� ðtfilt;0=tfilt;tÞ
� � � 0:75.

Therefore, we begin by testing the value at 15min against

this criterion:

1� ðtfilt;0=tfilt;15Þ
� � ¼ 1� ð31 s=70 sÞð Þ ¼ 0:56

Since the criterion is met, we can use the data from the

15-min time, and the data from the earlier times can be

ignored. The SDI is found as follows:

SDI15 ¼
1� ðtfilt;0=tfilt;tÞ
� �

100%

Dt
¼ 1� ð31 s=70 sÞð Þ100%

15min
¼ 3:8

&

19 Membranes with nominal pore size of 0.45mm are widely available.

Depending on the manufacturer, all the pore openings might actually be

close to that diameter, or theymight be widely distributed around that value.
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Summary: Modeling Membrane Performance
in Frontal Filtration

Our analysis of frontal filtration is now complete. Although

the analysis was restricted to idealized scenarios (e.g., a feed

containing either a single solute or a monodisperse particle

population, and uniform pores if themembrane is porous), the

results provide a useful, quantitative framework for predicting

the effects of several parameters on system performance and

for understanding the behavior of more realistic systems.

The key steps were to derive separate expressions for

transport of water and contaminants through the membrane

and through the CP layer (and the compact layer, if it is

present), and then to link those expressions via various

physical/chemical constraints or assumptions (e.g., equal

flux of solution throughout the system, TMP equal to the

sum of the pressure losses through different regions, conti-

nuity of concentrations in the aqueous phase, and equili-

brium across phase boundaries). For transport across the

solution/membrane boundaries and through the membrane,

we considered two models—the pore-flow and solution-

diffusion models—that correspond to limiting cases of

strong and negligible coupling, respectively, between water

and the contaminants. The key practical difference between

these models is that, at least for the limiting case of perfect

coupling between contaminants and water, the pore-flow

model predicts that rejection efficiency is independent of

the TMP differential (Dmc=p
P) and water flux, whereas the

solution-diffusion model predicts that rejection increases

when those parameters increase.

The analysis of transport across the CP layer showed that

the relationship between flux and the concentration profile

has the same form for particles and solutes, but the different

types of contaminants exert their effects on water flux via

two different mechanisms. Particles exert a drag force on

water passing around them and cause a loss of pressure that

reduces the driving force for solution transport across the

membrane. Accumulation of solutes in the CP layer, on the

other hand, causes the chemical activity of water to decline

as it approaches the membrane, thereby reducing the driving

force for water transport via the effect on Gchem;w. Regard-

less of the mechanism, increasing polarization leads to

increasing resistance and decreased water flux.

The maximum contaminant concentration achievable in

the CP layer is limited by the physical/chemical properties

of the contaminant (e.g., the shape, surface charge, and

compressibility of particles, the tendency for macromole-

cules to coagulate into a gel, and the tendency for molecular

solutes to precipitate as solids). When the resistances of the

CP layer, the compact layer (if present), and the membrane

are all taken into account, the permeate flux at low TMP is

predicted to be small, and the CP layer is predicted to extend

to the membrane surface. At the low end of this range of

TMPs, the CP layer contributes negligibly to the overall

resistance, so the total resistance to permeation is approxi-

mately equal to the (constant) resistance imposed by the

membrane alone, and ĴV increases in direct proportion to the

TMP. As the TMP and flux increase, the CP layer becomes

thicker and the concentration of rejected species near the

wall increases. At some point, the resistance of this layer

becomes significant compared with that of the membrane,

and the overall resistance increases significantly with

increasing TMP. As a result, an increase in TMP still leads

to an increase in flux, but the increase is less than propor-

tionate (i.e., the specific flux, ĴV=TMP, decreases). The

exact TMP at which this transition occurs and the relation-

ship between ĴV and TMP in this transitional region depend

on the properties of the rejected species and on the opera-

tional details of the system. The system is said to be mass

transport-limited under these conditions.

If the TMP is increased further, the limiting concentration

of rejected species is reached near the membrane surface,

and a compact layer of uniform composition is assumed to

form. From this point onwards, increasing the TMP leads to

an increase in the thickness of the compact layer (and, if the

layer is compressible, its density), and a corresponding

increase in the hydraulic resistance. Under these conditions,

the CP layer has a fixed thickness and concentration profile,

so its contribution to the overall resistance is fixed, indepen-

dent of the TMP. When the TMP is increased further, the

thickness (and, possibly, the density) of the compact layer

increases just enough to balance the increased driving force

for permeation, so the permeation flux remains constant,

independent of TMP; this maximum flux is known as the

limiting flux.

Nonsteady-state models have been developed to predict

the performance of frontal filtration systems, and these

models can, in principle, be used to distinguish among

different mechanisms of fouling, based on the pattern of

flux decline over time. They also form the basis for com-

monly used tests to characterize the fouling tendency of a

given influent to membrane systems.

15.9 EFFECTS OF CROSSFLOW

ON PERMEATION AND FOULING

General Considerations in Modeling Fluid Flow
and Particle Transport in Crossflow Filtration

In crossflow filtration systems, the fluid has significant veloc-

ity components in both the axial and transverse directions

(parallel and perpendicular to the membrane, respectively),

and both velocity components vary as a function of location

within the system. Based on the conventions used in fluid

dynamics, the axial coordinate is designated as x and

increases from the inlet to the outlet of themembrane element,

and the axial velocity is designated as u. If the feed channel

792 MEMBRANE PROCESSES



can be modeled as a thin slit (e.g., the region between two flat

sheets in a plate-and-frame system, or between adjacent

layers of a spiral-wound membrane), the distance in the

transverse direction is represented by y or h and might be

measured either from the membrane surface or the centerline

of the channel; if the channel is cylindrical (hollow fiber or

tubularmembraneswith inside-out flow), transverse distances

are almost always measured from the centerline and

represented by r. In either case, transverse velocities are

represented by v. These coordinate definitions are shown

for a cylindrical channel in Figure 15-36.

In virtually all membrane systems with crossflow, the

axial velocity (u) declines steadily from the entrance to the

exit (increasing x) as water is lost from the feed channel by

permeation. The axial velocity also decreases as the mem-

brane surface is approached, due to the shear force that the

membrane exerts on the fluid; this factor is important only in

the laminar boundary layer if the bulk flow is turbulent, but

throughout the whole channel if the flow is laminar. The

velocity toward the membrane (i.e., the transverse velocity, v)

varies as a function of the axial location because the TMP

declines with increasing x, due to friction-induced pressure

loss in the feed channel (from P0 to PL in the figure); in

systems with cylindrical feed channels, v also varies in the

radial direction due to the increasing flow cross-section as the

membrane is approached.

The equations describing flow of pure water in such

systems, though complicated, can be solved. However,

including the interactions of colloids and particles with

the fluid and with one another in such an analysis is

extremely difficult, largely because of our incomplete

understanding of the physical/chemical state of concen-

trated suspensions, in which the particles and water mole-

cules experience significant short-range forces due to

electrostatic and van der Waals interactions. As a result,

several simplifications are frequently applied in modeling

the fluid dynamics in crossflow systems. First, the axial

velocity is modeled without considering the contaminants at

all; that is, the axial velocity profile is modeled as that for

flow of pure water. The axial pressure loss, which depends

primarily on the axial velocity profile, is typically also

computed based on flow of pure water. In addition, the

effects of permeation on the axial velocity profile and of

the abrupt transition in flow conditions at the entrance to the

membrane element are frequently ignored.

Whereas the presence of contaminants is generally

ignored in modeling axial flow in systems with crossflow,

the accumulation of contaminants in both a CP layer and

(possibly) a compact layer must be taken into account when

modeling flow in the transverse direction. Typically, the

transverse velocity at a given location and time is assumed to

correspond to the steady-state velocity that would be found

for frontal filtration at that location, considering the instan-

taneous, local values of the bulk concentration, the TMP, the

contaminant concentration profile through the CP layer, and

the compact layer thickness. Depending on the sophistica-

tion of the model, variations in any of these parameters as a

function of axial location and/or time might be included.

Both axial and transverse fluid flow are central to the

modeling of contaminant transport in crossflow filtration

systems. The transverse fluid flow is important for the obvi-

ous reason that that flow carries the contaminants toward the

membrane. The role of the axial flow profile, especially very

close to themembrane, ismore subtle. Although the flownear

the membrane (or near the compact layer, if such a layer is

present) accounts for only a small portion of the total axial

flow rate, water at that location has the highest concentration

of contaminants, so it might account for a significant fraction

of the contaminant transport from the inlet to the exit of the

element. In addition, the fluid shear rate in this region (du/dy

or du/dr, commonly represented as gSh) often controls the

transport rate of colloids and particles away from the mem-

brane, via mechanisms that are described shortly.

In this section, models that have been proposed to

describe both fluid flow and contaminant transport in cross-

flow filtration are presented, utilizing the prior analysis of

frontal filtration as the foundation. The analysis emphasizes

steady-state operation, even though steady state is almost

never achieved in practice; such models have dominated the

literature, because steady-state systems are easier to study

experimentally and to model mathematically.

Fluid Flow in Crossflow Filtration

Typically, in systemswith crossflow, anywhere from<10% to

�30% of the fluid entering a membrane element passes

through themembrane and exits as permeate, and the remain-

der exits as concentrate. The concentratemay thenbe recycled

to themodule entrance for additional passes at themembrane.

In such systems, expressions for flow within impervious

channels are often reasonably accurate for describing the

axial flow.

The flow inside hollow fiber membranes is almost always

laminar (indicated by Reynolds number <2100, for flow

with a circular cross-section), and the velocity profile within

each fiber can be approximated as parabolic, as shown in

Figure 15-37. In such cases, the axial velocity of the fluid, u,

x = 0 x = L

P0 PLx
h, y, or r

u
v

FIGURE 15-36. System definition diagram for flow through a

channel bounded by membranes (either above and below the

channel or forming a cylindrical channel).
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is a function of the radial distance, r, from the center of the

tube is

u rð Þ ¼ umax 1� r

ro

� �2
" #

¼ 2u 1� r

ro

� �2
" #

(15-165)

where ro is the radius of the tube, umax is the maximum

velocity (which occurs at the center of the tube [r¼ 0]), and

u is the average velocity, defined as Q/A; as indicated,

u ¼ umax=2. umax can be expressed as a function of other

system parameters as follows:

umax ¼ P0 � PLð Þr2o
4mLL

(15-166)

where P0 and PL are the pressures at the inlet (x¼ 0) and exit

(x¼ L) of the element, respectively.

If the flow channel can be represented as the space

between two parallel sheets, the flow is again laminar in

most circumstances of interest. Defining the height of the

opening as 2ho, the axial velocity is

uðhÞ ¼ umax 1� h

ho

� �2
" #

¼ 3

2
u 1� h

ho

� �2
" #

(15-167)

where h is the distance in the transverse direction measured

from the centerline, u is 2
3
umax, and umax can be found as

umax ¼ Po � PLð Þh2o
2mLL

(15-168)

The fact that the axial distance, x, does not appear in

Equation 15-165 (for cylindrical membranes) or Equa-

tion 15-167 (for spiral-wound membranes) implies that

the axial velocity, u, at a given distance from the centerline

is constant throughout the membrane length. We know,

however, that fluid is permeating through the membrane,

so the average velocity of the fluid must decrease with

distance x. If we assume that the permeation velocity, vw,

does not change with distance along the membrane, then the

concentrate flow rate decreases linearly with x. In that case,

designating the cross-sectional area available for flow as

Across and the membrane surface area between the inlet and

location x as Am,x, the average crossflow velocity at any

axial distance from the inlet can be computed as follows:

Qx ¼ Qin � ĴVAm;x (15-169)

Substituting an expression for Am,x for cylindrical mem-

branes with diameter do, we can develop an expression for

the average velocity at location x (ux), as follows:

Qx ¼ Qin � ĴV pdoxð Þ (15-170)

ux ¼ Qx

Across

¼ Qin � ĴV pdoxð Þ
Across

¼ uin � ĴV pdoxð Þ
p
�
d2
o=4
�

¼ uin � 4ĴVx

do

(15-171)

The corresponding expressions for flow rate and average

velocity in membrane systems with rectangular channels

and permeate flow through two membranes (one on each

side of the channel) are

Qx ¼ Qin � ĴVAm;x ¼ Qin � ĴV 2Wxð Þ (15-172)

ux ¼ Qx

Across

¼ Qin � 2ĴVWx

2Wh
¼ uin � ĴVx

h
(15-173)

where W is the width of the channel (assumed sufficiently

large that it does not affect the flow distribution). Even when

the reduction in axial flow rate due to permeation is taken

into account, the axial flow profile is usually assumed to be

the one that would apply for the given, local axial flow rate in

an impermeable channel. A review of the hydrodynamics of

flow through porous channels has been provided by Chellam

et al. (1995).

The shear rate at any point in a system with crossflow can

be found by differentiating the axial velocity at that point

with respect to distance in the transverse direction. When

this differentiation is carried out for an impermeable channel

with laminar flow, the resulting expressions for the shear rate

at the channel wall are

Rectangular cross-section

gSh;wall ¼
3Q

2Wh2o
¼ 3u

ho
(15-174)

Circular cross-section

gSh;wall ¼
4Q

pr3o
¼ 4u

ro
¼ 8u

do

(15-175)

The shear rate decreases with distance from the wall.

Furthermore, permeation flow induces some slip at the

P0
PL

ro

x

r
u(r)

umax

Lx = 0

FIGURE 15-37. The velocity profile in an impervious, cylindri-

cal tube with laminar flow (Poiseuille flow).
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wall, which reduces the shear rate compared with that in an

impermeable channel. As a result, the actual shear rate in the

CP layer of a system with crossflow varies with location and

is always less than that given by Equations 15-174 and

15-175. Nevertheless, because the CP layer is very thin, the

shear rate is almost universally assumed to be constant

and equal to the value calculated with Equations 15-174

or 15-175 throughout the layer.

& EXAMPLE 15-20. Compute the average axial fluid

velocities at the midpoint and outlet of a hollow fiber

membrane system with inside-out flow. Also, estimate the

shear rate at the membrane surface at the axial midpoint of

the fibers. The fibers have an internal diameter of 0.06 cm

andalengthof1.2m.Thecrossflowvelocityat thesysteminlet

is 90 cm/s, the permeate flux is 80 L/m2 h, and T¼ 20�C.

Solution. The desired velocities can be computed by

direct substitution into Equation 15-171:

umid ¼ uin � 4ĴVxmid

do

¼ 90 cm=s

� 4 80 L=m2 hð Þ 0:6mð Þ 1m=100 cmð Þ 1000 cm3=1Lð Þ 1 h=3600 sð Þ
0:06 cm

¼ 81:1 cm=s

The crossflow velocity decreases by approximately 10%

from the inlet to the midpoint. Because the permeation rate

is assumed to be constant along the membrane length, the

crossflow velocity would decline by the same amount

(8.9 cm/s) between the midpoint and the outlet, so uL at

the outlet would be 81.1� 8.9 or 72.2, cm/s. Note that the

axial velocities are at least three orders of magnitude larger

than typical transverse (permeation) velocities.

The shear rate at the membrane surface at the midpoint

of the fiber can be estimated using Equation 15-175, if the

flow is laminar. The Reynolds number for flow through

the fiber is

Re ¼ rLdou

mL

¼ 1 g=cm3ð Þ 0:06 cmð Þ 81:1 cm=sð Þ
0:01 g=cm s

¼ 487

Since Re< 2100, the flow is laminar, and Equation 15-175

applies:

gSh;wall ¼
8u

do

¼ 8 81:1 cm=sð Þ
0:06 cm

¼ 10; 800 s�1

&

The Pressure Profile on the Concentrate Side
of Crossflow Membrane Systems

The axial pressure drop and power requirements are critical

operational parameters affecting the economics of mem-

brane systems. In fact, the cost associated with pumping

water at relatively high velocities through small fibers has

been the major impetus for a trend to decrease or eliminate

crossflow in many membrane systems in recent years. To a

good approximation, the headloss across the element (i.e.,

from the entry to the exit), DhL, can be calculated from the

Darcy–Weisbach equation using the average velocity at

the axial midpoint of the membrane (umid)

hL ¼ f
L

do

u2mid

2g
(15-176)

where f is the friction factor, and the other parameters are as

defined previously. The value of f depends on the Reynolds

number, Re, and can be approximated from the following

correlations for flow through smooth pipes:

f cylindrical ¼
64

Re
Re < 2100 laminar flowð Þ

0:316

Re0:25
3000 < Re < 105

8>><
>>:

(15-177)

For Reynolds numbers between 2100 and 3000, the flow

is transitional between laminar and turbulent, and the value

of f does not conform to a simple mathematical representa-

tion. Flow in hollow fiber membranes is typically laminar,

and that in tubular membranes is typically in the transitional

or turbulent regimes.

The spacers separating the membrane sheets in spiral-

wound membrane modules force concentrate to accelerate

and pass through narrow gaps between the spacer and the

membrane repeatedly as it moves through the module. As a

result, frictional pressure losses through such modules are

much larger than those through hollow fiber membranes,

even if the nominal spacing between the membrane sheets in

the spiral-wound module is similar to the diameter of the

fibers. Schock and Miquel (1987) suggested the following

empirical expression for the friction factor for flow through

spiral-wound modules with spacers:

f spiral
wound

¼ 6:23Re�0:3 (15-178)

The frictional pressure loss across the element is

given by20

DPL;fric ¼ rLghL ¼ f
L

do

1

2
rLu

2
mid

� �
(15-179)

20 The subscript fric is shown on DP in Equation 15-179, because the

expression accounts only for pressure losses due to friction. If the module is

not horizontal, the overall pressure change across the element will also

reflect changes in elevation.
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As an approximation, Equations 15-176–15-179 can be

extended to cylindrical membranes with outside-in flow by

assuming that the water flows through spaces in the module

that can be represented by equivalent tubes. The hydraulic

diameter of the hypothetical tubes, dh, can be calculated as

four times the hydraulic radius (rh), which is defined as the

ratio of the void volume in the module to the wetted

(membrane) surface area21:

dh ¼ 4rh ¼ 4 Void volumeð Þ
Membrane surface area

(15-180)

The hydraulic diameter is proportional to the reciprocal

of the packing density of the membrane module. Thus,

membranes with high packing densities are characterized

by small hydraulic diameters for flow within the module.

When applied to outside-in flow through cylindrical

(hollow fiber or tubular) membranes packed in a cylindrical

module, Equation 15-180 becomes

dh ¼ 4 Module volume�Membrane volumeð Þ
Membrane surface area

¼ 4 pd2
mod=4ÞL� N pd2

out=4ÞL
� 	� �

NpdoutL

¼ d2
mod � Nd2

out

Ndout

(15-181)

where dmod is the diameter of a module, dout is the outside

diameter of a membrane element, and N is the number of

elements in a module.

& EXAMPLE 15-21. Calculate the frictional pressure

loss and the headloss across the membrane elements in three

systems with crossflow that all have the following properties

and operating parameters:

� Module (and element) length: 100 cm

� Module diameter: 7.5 cm

� Average velocity at inlet: 50 cm/s

� Permeate flux: 80 L/m2 h

The feed solution is at 20�C, at which the viscosity and

density are 0.01 g/cm s and 1.0 g/cm3, respectively. Consider

the following membrane modules.

(a) A module packed with hollow fibers with 0.05-cm

inner diameters, at a packing density of

2� 103m2/m3, operated with inside-out flow;

(b) A module containing tubular membranes with

1.6-cm inside diameters, at a packing density of

102m2/m3, operated with inside-out flow;

(c) The same packing density as in part (a), but operated

with outside-in flow usingmembranes with 0.075-cm

outside diameters.

Solution. The headloss and frictional pressure loss

across any of the elements can be calculated using Equa-

tions 15-176 and 15-179, respectively. To carry out these

calculations, it is convenient to first express the flux in

different units, as follows:

ĴV ¼ vw ¼ 80L=m2 h 1000 cm3=L
� � 1m2

104 cm2

� �
1 h

3600 s

� �

¼ 2:22� 10�3 cm=s

To use Equation 15-176, we need to know value of the

friction factor, f. This value depends on the Reynolds

number, which differs in the different systems.

(a) In system a, the average crossflow velocity at the

midpoint of the membrane, umid, can be calculated

from Equation 15-171:

umid ¼ uin � 2ĴVL

do

¼ 50 cm=s� 2 2:22� 10�3 cm=s
� �

100 cmð Þ
0:05 cm

¼ 41:1 cm=s

For a cylindrical channel, the hydraulic diameter

equals the geometric diameter, so the Reynolds

number can be found as

Re ¼ rLdhumid

mL

¼ 1 g=cm3ð Þ 0:05 cmð Þ 41:1 cm=sð Þ
0:01 g=cm s

¼ 206

Since the flow path is cylindrical and the Reynolds

number is <2100, the flow is laminar. The friction

factor is therefore given by

f ¼ 64

Re
¼ 64

206
¼ 0:311

Inserting values into Equations 15-176 and 15-179,

we find:

hL ¼ f
L

do

u2mid

2g
¼ 0:311ð Þ 100 cm

0:05 cm

� �
41:1 cm=sð Þ2

2 981 cm=s2ð Þ ¼ 536 cm

DPL;fric ¼ DhLrLg ¼ 536 cmð Þ 1 g=cm3ð Þ 981 cm=s2ð Þ
¼ 5:26� 105 dyne=cm2

¼ 5:26� 105dyne=cm2 1 kPa

104 dyne=cm2

� �
¼ 52:6 kPa

21 The hydraulic radius of a channel, rh, is defined as the ratio of the void

volume to the wetted surface area, so dh¼ 4rh. By these definitions, the

hydraulic diameter of a filled cylinder is the same as its geometric diameter,

but the hydraulic radius is one-half the geometric radius.
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(b) The procedure is essentially the same for the module

with tubular membranes, except that in this case, the

flow is turbulent, so the expression for f is different.

The calculations are as follows:

umid ¼ uin � 2ĴV;avgL

do

¼ 50 cm=s� 2 2:22� 10�3 cm=s
� �

100 cmð Þ
1:6 cm

¼ 49:7 cm=s

Re ¼ rLdhumid

mL

¼ 1 g=cm3ð Þ 1:6 cmð Þ 49:7 cm=sð Þ
0:01 g=cm s

¼ 7956

f ¼ 0:316

Re0:25
¼ 0:316

7956ð Þ0:25 ¼ 0:0334

hL ¼ f
L

do

u2mid

2g
¼ 0:0334ð Þ 100 cm

1:6 cm

� �
49:7 cm=sð Þ2

2 981 cm=s2ð Þ
¼ 2:63 cm

DPL;fric ¼ DhLrLg ¼ 2:63 cmð Þ 1 g=cm3ð Þ 981 cm=s2ð Þ
¼ 2:58� 103 dyne=cm2

¼ 2:58� 103dyne=cm2 1 kPa

104 dyne=cm2

� �

¼ 0:26 kPa

The headloss is only �0.5% of that in the hollow

fiber system in part (a), while the system produces

5% as much permeate (based on the ratio of the

packing densities).

(c) In this case, the flow is outside-in, so the hydraulic

diameter, dh, differs from the geometric diameter of

the fibers (do). We can calculate dh using Equation

15-181, if we first determine the number of fibers in

a module, N, as follows:

Vmod ¼ p
dmod

2

� �2

Lmod ¼ p
7:5 cm

2

� �2

100 cmð Þ

¼ 4418 cm3 ¼ 4:42� 10�3 m3

Am;tot ¼ Vmodð Þ Packing densityð Þ
¼ 4:42� 10�3 m3
� �

2� 103 m2=m3
� � ¼ 8:84m2

Am; one
fiber

¼ pdoutL ¼ p 0:075 cmð Þ 100 cmð Þ
¼ 23:6 cm2 ¼ 2:36� 10�3 m2

N ¼ Am;tot

Am; one
fiber

¼ 8:84m2=module

2:36� 10�3 m2=fiber
¼ 3750 fibers=module

Then, substituting values into Equation 15-181:

dh ¼ d2
mod � Nd2

out

Ndout

¼ 7:5 cmð Þ2 � 3750 0:075 cmð Þ2
3750 0:075 cmð Þ ¼ 0:125 cm

The calculation of the average velocity inside the

module follows the derivation of Equation 15-171,

but differs because of the different flow geometries.

The flow rate entering the feed (“shell”) side of the

module is the product of the fluid velocity (given as

50 cm/s) and the area available to the flow. This area

equals the difference between the cross-sectional

area of the module and the area occupied by the

fibers. Thus,

Aavailable;mod ¼ Axs;mod � Axs;fibers ¼ Axs;mod � NAxs;one fiber

¼ p 7:5 cmð Þ2
4

� 3750
p 0:075 cmð Þ2

4
¼ 27:6 cm2

Qin ¼ uinAavailable ¼ 50 cm=sð Þ 27:6 cm2ð Þ ¼ 1381 cm3=s

Qout ¼ Qin � ĴVAm;tot

¼ 1381 cm3=s� 2:22� 10�3 cm=s
� �

8:84� 104 cm2
� �

¼ 1184 cm3=s

uout ¼ Qout

Aavailable

¼ 1184 cm3=s

27:6 cm2
¼ 42:9 cm=s

umid ¼ uin þ uout

2
¼ 50þ 42:9ð Þ cm=s

2
¼ 46:4 cm=s

Now, following the same procedure as in parts (a)

and (b), we find

Re ¼ rLdhumid

mL

¼ 1 g=cm3ð Þ 0:125 cmð Þ 46:4 cm=sð Þ
0:01 g=cm s

¼ 581 ðlaminarÞ
f ¼ 64

Re
¼ 64

581
¼ 0:110

hL ¼ f
L

dh

u2mid

2g
¼ 0:110ð Þ 100 cm

0:125 cm

� �
46:4 cm=sð Þ2

2 981 cm=s2ð Þ
¼ 97:0 cm

DPL;fric ¼ DhLrLg ¼ 97:0 cmð Þ 1 g=cm3ð Þ 981 cm=s2ð Þ
¼ 9:51� 104 dyne=cm2

¼ 9:51� 104 dyne=cm2 1 kPa

104 dyne=cm2

� �

¼ 9:51 kPa

The pressure loss across the module in this case is

intermediate between that in the systems analyzed in

parts (a) and (b). The key physical differences

among the three systems that lead to this result

are their hydraulic diameters (0.05, 1.20, and

0.125 cm in parts (a)–(c), respectively). The hydrau-

lic diameter appears directly in the equation for

pressure loss (Equation 15-179), with a decrease

in dh leading to an increase in DPL;fric. The hydraulic

diameter also has an indirect effect on frictional
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pressure loss, since it enters into the calculation of

the Reynolds number and thereby helps determine

the flow regime and friction factor, f. Specifically, f

increases with decreasing Re, and is much more

sensitive to Re in laminar than turbulent flow. The

fact that the systems in parts (a) and (c) had laminar

flow, and that Re was greater in part (c) than part

(a) also contributes to the significant difference in

pressure loss across the three systems. &

Contaminant Transport Mechanisms
in Crossflow Filtration

As in frontal filtration, the extent to which rejected contami-

nants accumulate near the surface of membranes in systems

with crossflow reflects a balance between processes that

carry the contaminants toward the membrane and those that

carry them away, either back to the bulk solution or parallel

to the membrane and out of the system. Therefore, the

analysis of contaminant transport in crossflow systems

follows essentially the same steps as in a frontal filtration

system, but the presence of crossflow introduces some new

terms into the mass balance equation and alters the values of

others. Davis (1992) has reviewed these issues for both

colloidal and particulate contaminants.

In frontal filtration, contaminant transport is dominated

by advective transport toward the membrane and diffusion

away from it. As a result, the mass balance on contami-

nants (Equation 15-99) is essentially identical to the

one-dimensional advective-diffusion equation derived in

Chapter 1 (Equation 1-34) for a nonreactive constituent.

Equation 15-99 is repeated in a rearranged form here, with

the subscript on the diffusivity modified to emphasize the

fact that it is typically understood to account only for

Brownian motion.

0 ¼ v
dc

dy
þ DBr

d2c

dy2
(15-182)

The control volume used to derive Equation 15-99 was a

differential layer of thickness dy; the boundaries of the

control volume in the plane parallel to the membrane

were not specified, because the system composition and

pressure were assumed to be uniform in that plane. In

contrast, in a system with crossflow, variations are expected

in the system conditions in the axial (x) direction, leading to

both advective and diffusive transport in that direction. In

almost all analyses, the net axial transport due to diffusion is

assumed to be negligible compared with that induced by the

crossflow, so the mass balance equation includes only one

term (the advective term) to account for axial transport.

Adding this term, and anticipating that other factors might

contribute to diffusivity and that other transport terms might

be relevant, we can write a generic mass balance equation

for contaminants in steady-state, crossflow filtration as

follows:

0 ¼ @uc

@x
þ @vc

@y
þ @

@y
Dtot

@c

@y

� �
þ other transport terms

(15-183)

The equation is written with partial differentials, because

c can vary in both the x and y directions. In addition, the

velocities and diffusivity are placed inside the differential

operators in recognition of the fact that they, like concen-

tration, might vary with location in the system.

Concentrations of particles and colloids in crossflow

systems are often expressed in terms of the volume fraction

(f) of the suspension that they occupy, in which case

Equation 15-183 becomes:

0 ¼ @uf

@x
þ @vf

@y
þ @

@y
Dtot

@f

@y

� �
þ other transport terms

(15-184)

Brownian and Shear-Induced Diffusion Brownian motion

of contaminant species is generated primarily by interactions

of those species with molecules in the solution phase. If

the contaminants are sufficiently concentrated, collisions

among those species might also contribute significantly to

their motion; by the same token, at large contaminant con-

centrations, steric interferences might reduce the Brownian

motion. These phenomena—both induced motion and inter-

ferencewith suchmotion—can affect contaminant species in

any solution or suspension, whether it is mixed or stagnant.

However, if the fluid is mixed mechanically, the motion

induced by the mixing invariably overwhelms diffusive

transport, so diffusion is important only in fluids that are

nearly stagnant.

In a system with crossflow, a shear flow exists near the

membrane, meaning that adjacent layers of water flow past

one another parallel to the membrane. If particles are being

rejected by the membrane, a concentration gradient exists

due to concentration polarization. This situation is shown in

Figure 15-38. The shear flow causes particles in each layer to

collide with those in adjacent layers as the layers slide by

one another. Each collision causes both particles to change

direction slightly, with the particle closer to the membrane

Membraney

u(y)

FIGURE 15-38. Schematic demonstration of shear-induced dif-

fusion. Because of the concentration gradient, the particles are

knocked upward more often than they are knocked downward,

leading to net transport away from the membrane.
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being pushed still closer, and the particle farther from the

membrane being pushed even farther away. Because of the

concentration gradient, any particle is more likely to collide

with one closer to the membrane than with one farther away,

so the net transport arising from all the collisions is away

from the membrane (i.e., from higher to lower particle

concentration). Furthermore, given the mechanism inducing

this transport, the net rate of transport is expected to be

proportional to both the particle concentration gradient and

the shear rate. The direction of net motion and the depen-

dence on the concentration gradient make this phenome-

non similar to Brownian diffusion, and it has therefore

been named shear-induced diffusion (Zydney and Colton,

1986; Davis and Leighton, 1987).22 Note, however,

Brownian and shear-induced diffusion differ in important

ways: shear-induced diffusion increases with increasing

shear rate and increasing particle size, whereas Brownian

motion is insensitive to shear rate and decreases with

increasing particle size.

Shear-induced diffusion is usually treated as additive with

Brownian diffusion:

Dtot ¼ DBr þ DSh (15-185)

The Brownian diffusion coefficient,DBr, for contaminants

of (equivalent) diameter dp can be calculated from the

Stokes–Einstein equation23:

DBr ¼ kBT

3pmdp

(15-186)

where kB is the Boltzmann constant and T is the absolute

temperature.

A number of expressions have been proposed for estimat-

ing DSh. For example, Zydney and Colton (1986) recom-

mended using the following equations to compute DSh for

rigid, spherical particles, based on data reported by Eckstein

et al. (1977) from studies of concentrated suspensions

subjected to uniform shear:

DSh ¼
0:0375d2

pgShf f < 0:2

0:0075d2
pgSh f � 0:2

(
(15-187)

The two parts of Equation 15-187 imply that DSh

increases with increasing particle concentration up to

f¼ 0.2, above which it remains constant.24 Leighton and

Acrivos (1987) reported that the following modification to

the equation improved the fit to experimental data, for f

up to 0.5:

DSh ¼
~DSh fð Þ

4
d2
pgSh (15-188)

where ~DSh fð Þ is a dimensionless function that can be

computed as

~DSh fð Þ ¼ 0:33f2 1þ 0:5 exp 8:8fð Þð Þ (15-189)

Wiesner et al. (1989) pointed out that, because DBr

decreases with increasing particle size, whereas DSh follows

the opposite trend, Dtot passes through a minimum at a

specific particle size, as shown in Figure 15-39. The lower

value of f (0.05) shown in Figure 15-39 is in the range that

might be expected in concentrated suspensions of highly

hydrated solids, such as microorganisms, precipitated coag-

ulants such as Al(OH)3(s) or Fe(OH)3(s), and many other

solids that are likely to be found in water and wastewater

treatment applications. Thus, for the conditions that apply

near the membrane in typical UF and MF systems with

crossflow, the minimum in Dtot is expected to occur for

particles with diameters of a few tenths of a micrometer.

This result suggests that shear-induced diffusion is the

dominant back-transport mechanism for inorganic solids22 Shear-induced diffusion is also sometimes referred to as lateral migra-

tion, because the particle motion is “lateral” (i.e., sideways) compared with

the fluid motion that induces the motion. Note, however, that whereas the

phrase “shear-induced diffusion” refers to a specific transport mechanism,

“lateral migration” is used generically to refer to any (or all) of several

transport mechanisms that cause particles to migrate away from the

membrane.
23 This expression was also used to describe Brownianmotion of particles in

Chapter 12.

24 The applicability of the Eckstein et al. study to membrane filtration of

colloids is open to question, since the particles used in that study were two to

three orders of magnitude larger, and the shear rates two to three orders of

magnitude smaller, than those typically encountered in membrane systems.

Also, Zydney and Colton’s equation appears to overestimate the values

reported by Eckstein et al. by 20–50%. Nevertheless, this equation has been

widely cited and used by subsequent modelers.
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FIGURE 15-39. Contributions of Brownian motion and shear to

Dtot for hard spheres. gSh,wall¼ 3750 s�1 and T¼ 20�Cwere used in

all calculations. DSh computed using Equation 15-188.
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and bacteria (i.e., particle with dp larger than �1mm),

whereas Brownian diffusion dominates for macromolecules

and viruses (dp<�0.04mm).

Advective contaminant flux toward the membrane equals

vwci and is insensitive to contaminant size. Therefore, if

back-transport is dominated by diffusive processes, the only

factor that is expected to differentiate the behavior of small

and large contaminants is their different values of Dtot. As a

result, contaminants in the size range corresponding to the

lowest values of Dtot are expected to accumulate preferen-

tially in the thick suspensions and/or compact layers adja-

cent to the membrane surface and to have a disproportionate

effect on fouling.

The preceding discussion implicitly assumes that the

behavior of individual particles in a polydisperse suspension

can be modeled based on their behavior in monodisperse

suspensions. This assumption is unrealistic, but,

unfortunately, more realistic theories for particle transport

and membrane performance in polydisperse suspensions are

very complex and are largely undeveloped. Qualitatively, it

has been suggested that the presence of larger particles in the

layers of rejected material near a membrane surface might be

beneficial, because they can help produce a more porous

cakewith less hydraulic resistance. Larger particles may also

enhance the transport of smaller particles out of the cake

layer by sweeping or scouring them from the membrane

surface. Based on these observations and modeling results

such as those shown in Figure 15-39, Wiesner et al. (1989)

noted that increasing the crossflow velocity with the inten-

tion of scouring materials from the membrane surface might

sometimes have the counter-intuitive and counter-intended

effect of decreasing permeate flux. Such an outcome could

arise if the higher crossflow velocity decreased the fraction

of larger particles in the cake due to the larger effect of shear-

induced diffusion on those particles than on smaller ones.

Because of these and similar complexities, selection of the

crossflow velocity for a particular application remains

largely empirical.

& EXAMPLE 15-22. Estimate the total diffusion

coefficient (Dtot) at 20
�C of particles that are 0.05, 0.5, and

5mm in diameter, in the system described in Example 15-20,

in a region of a concentration polarization layer where

the particle volume fraction is 0.05.

Solution. The total diffusion coefficient is the sum of the

coefficients for Brownian and shear-induced diffusion, as

per Equation 15-185. We can estimate DSh using Equa-

tion 15-188 as

DSh ¼
~DSh fð Þ

4
d2
pg

The dimensionless diffusivity function for use in Equa-

tion 15-188 can be computed from Equation 15-189:

~DSh ¼ 0:33f2 1þ 0:5 exp 8:8fð Þð Þ
¼ 0:33 0:05ð Þ2 1þ 0:5 exp 8:8 0:05ð Þ½ 
ð Þ ¼ 1:47� 10�3

We approximate gSh throughout the CP layer as gSh,wall,

which was computed to be 10,800/s in Example 15-20. We

can then calculate the shear-induced diffusivity for 0.5-mm
particles as

DSh ¼
~DSh fð Þ

4
d2
pgSh ¼

1:47� 10�3

4
0:5� 10�4 cm
� �2

10; 800=sð Þ
¼ 9:92� 10�9 cm2=s

The Brownian diffusion coefficient of these 0.5-mm
particles can be obtained from the Stokes–Einstein equation

(Equation 15-186):

DBr ¼ kBT

3pmdp

¼ 1:38� 10�16 g cm2=s2 K
� �

293K

3p 0:01 g=cm sð Þ 0:5� 10�4 cm
� �

¼ 8:58� 10�9 cm2=s

Dtot for these particles is then

Dtot ¼ DSh þ DBr

¼ 9:92� 10�9 cm2=sþ 8:58� 10�9 cm2=s

¼ 1:85� 10�8 cm2=s

The values for the 0.05- and 5-mm particles can be

calculated similarly, and the results are summarized in the

following table.

Diameter

(mm)

DSh

(cm2/s)

DBr

(cm2/s)

Dtot

(cm2/s)

0.05 9.92� 10�11 8.58� 10�8 8.59� 10�8

0.5 9.92� 10�9 8.58� 10�9 1.85� 10�8

5.0 9.92� 10�7 8.58� 10�10 9.93� 10�7

Dtot is dominated by DSh for the largest particles and by

DBr for the smallest, and both terms make comparable

contributions to Dtot for the 0.5-mm particles. For all these

particles, Dtot is approximately 1.5–3 orders of magnitude

smaller than the diffusivity of solutes (typically, on the order

of 10�5 cm2/s). &

Deterministic Transport Mechanisms in Crossflow Filtra-
tion In addition to diffusion, the motion of an isolated

particle in a membrane system is likely to be affected by

several deterministic forces, including a drag force, Fdrag,

due to fluid flow; the gravitational force, Fgrav; an inertial lift

force, Flift, due to differential fluid velocities across different

portions of the particle’s surface; London-van der Waals

attractive forces between the particle and other particles or

the membrane, FVdW; and electrical forces, Felec, due to the

interaction of the particle’s surface charge with that of other

particles, with the membrane, or with an externally imposed
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electrical field. Some of these forces are illustrated sche-

matically in Figure 15-40.

With the exception of the inertial lift force, all the forces

shown in the schematic are potentially relevant both in

systems with and without crossflow, and all of them have

been discussed in advanced analyses of membrane systems

(Cohen and Probstein, 1986; Wiesner et al., 1989). However,

the gravitational force is often small for particles in mem-

brane systems,25 and the London-van der Waals and elec-

trical forces are highly system-specific. Therefore, the only

deterministic particle transport mechanism that is consid-

ered quantitatively in this section is inertial lift.

In crossflow filtration, inertial lift occurs in the laminar

boundary layer adjacent to the membrane as a consequence

of the transverse gradient in the axial fluid velocity (i.e., the

same characteristic that causes shear-induced diffusion); this

velocity gradient causes the pressure in the higher velocity

region (farther from the membrane) to be lower than that in

the lower velocity region, which in turn causes particles to

experience a lift force perpendicular to and away from the

membrane (Porter, 1972). Inertial lift does not occur in

turbulent flow. Because of the complex hydrodynamics in

the region near the membrane, the lift velocity for a given

particle varies significantly as a function of distance from the

membrane, even if the shear rate is constant. Belfort and co-

workers (Altena and Belfort, 1984; Drew et al., 1991) have

proposed the following approximation for the lift velocity:

vlift ¼
brLd

3
pg

2
Sh;wall

128m
(15-190)

where b is a value that varies with distance from the

membrane and depends on the Reynolds number character-

izing flow through the membrane channel. The maximum

lift velocity occurs a small distance from the membrane

surface, where b has its maximum value. This value, bmax,

has been estimated as follows (Drew et al., 1991):

bmax ¼
1:3 for Re  1; cylindrical membrane

1:6 for Re  1; slit membrane

0:577 for 1 < Re < 2100; all membranes

8>><
>>:

Equation 15-190 indicates that the lift velocity increases

with the cube of the particle size and the square of the shear

rate. Thus, similar to shear-induced diffusion, vertical lift is

most significant for large particles in systems with high flow

rates and/or narrow channels.

It was noted previously that the more rapidly contami-

nants diffuse, the less likely they are to accumulate near the

membrane surface. A similar statement applies to contami-

nants that are subject to inertial lift. However, since the

inertial lift velocity is deterministic, we can state with

certainty that particle deposition will not occur if the maxi-

mum inertial lift velocity, vlift,max, is greater than the per-

meation velocity, vw, because particles that experience such

a lift velocity will not be transported toward the membrane

past the location of bmax. Thus, in a system with a given

crossflow velocity, a critical particle size exists above which

particles are not expected to reach the membrane surface (or

the surface of the cake or gel layer, if such a layer forms).

Particles larger than this critical size are therefore not

expected to contribute significantly to fouling. Particles

that are smaller than this size experience an inertial lift

velocity less than the permeation velocity and can reach the

inner boundary of the CP layer and become part of the

surface deposit, but their net velocity toward that boundary

will decrease as their size (and their lift velocity) increases.

& EXAMPLE 15-23. Estimate the size of the largest

particle that will be able to overcome inertial lift and deposit

on the membrane in the system described in Example 15-20.

Solution. The size of the largest particle that will be able
to overcome inertial lift and deposit on the membrane can be

25 The gravitational force depends on the density of the particle and

approaches zero as the particle approaches neutral buoyancy. Even for

particles that are not neutrally buoyant, the gravitational force is zero if the

membranes are oriented vertically (e.g., as hollow fibers arrayed in vertical

modules). For other designs (e.g., hollow fibers in horizontal modules), the

net gravitational force is positive in half of the flow (the flowmoving toward

a lower membrane surface) and negative in the other half (the flow moving

toward an upper surface). Therefore, the gravitational force tends to be

significant only in plate-and-frame membrane systems with horizontal

membranes. Such systems are often used in laboratory experiments, but

are much less common in full-scale applications.

Flift

vw

Felec

Fdrag
Fgrav

FLon-vdW

u(y)

MembranePore

FIGURE 15-40. Some deterministic forces on particles in a

membrane system with crossflow and downward permeation.

The electrical and gravitational forces might be in other directions,

depending on the charge on the particle and membrane and the

orientation of the module, respectively.
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calculated by equating the permeation velocity with the

maximum lift velocity; that is, vw ¼ vlift. The permeation

velocity is the same as the volumetric flux, and the maxi-

mum lift velocity is given by Equation 15-190, so this

equality can be written as

ĴV ¼ bmaxrLd
3
pg

2
Sh;wall

128m

The value of bmax depends on the channel Reynolds

number, which we computed in Example 15-20 to be

487. Because the Reynolds number is >1, the appropriate

value of bmax is 0.577. The shear rate at the membrane wall

was also determined in Example 15-20, as 10,800/s. Substi-

tuting these values into the equality between the flux and the

lift velocity, we find:

80 L=m2 h
1m3

1000 L

� �
100 cm=mð Þ 1 h

3600 s

� �

¼ 0:577 1:0 g=cm3ð Þd3
p 10; 800=sð Þ2

128 0:01 g=cm sð Þ 2:22� 10�3 cm=s

¼ 5:26� 107
1

cm2 s

� �
d3
p

dp ¼ 3:48� 10�4 cm ¼ 3:48mm

Thus, particles larger than 3.48mm in diameter are not

expected to enter the CP layer and hence will not contribute

to fouling. &

Relative Importance of Different Back-Transport Mech-
anisms The relative importance of Brownian diffusion,

shear-induced diffusion, and inertial lift as back-transport

processes in systems with crossflow depends strongly on the

contaminant size, as shown for typical operating conditions

in Figure 15-41. In this figure, the contributions of the

different transport mechanisms are shown as mass transfer

coefficients, which can be thought of as characteristic

velocities for transport from the membrane back to the

bulk concentrate. Remember that, at least in the case of

Brownian and shear-induced diffusion, these velocities are

useful indicators of the magnitudes of the individual terms,

but they do not represent real or uniform velocities that apply

throughout the CP layer. A range of typical permeation

velocities (i.e., fluxes) in environmental engineering mem-

brane applications is also shown in the figure. If the char-

acteristic velocity for back-transport exceeds the permeation

flux, the chance that the particles will be transported to and

deposited on the membrane surface is small. Contaminants

in the size range from a few tens of nanometers to a few

micrometers have back-transport velocities that are compa-

rable to or smaller than typical permeation velocities, so

those contaminants are likely to reach the membrane. On the

other hand, particles that are larger than 10mm (i.e., in the

size range where inertial lift is an important back-transport

mechanism) are not expected to reach the membrane in

most environmental engineering membrane systems with

crossflow.

Modeling Contaminant Transport and Flux
in Crossflow Filtration Systems

Overview If shear-induced diffusion and inertial lift are

included explicitly in the steady-state mass balance on

contaminant in a crossflow system, and if the other transport

terms (e.g., those due to electrical or gravitational forces) are

unimportant, Equation 15-183 becomes

0 ¼ � @uc

@x
þ @vc

@y
þ @

@y

DBr þ DShð Þ@c
@y

� @vliftc

@y
(15-191)

where the signs are based on u being positive from the inlet

to the exit of the element, v being positive in the direction of

permeation, y being positive away from the membrane, and

vlift being positive in the direction of lift (away from the

membrane).

In theory, we could solve Equation 15-191 if we could

quantify the three parameters related to back-transport (DBr,

DSh, vlift), write complete expressions to characterize u and v,

and specify appropriate boundary conditions (one in x and

two in y). As has been noted in the preceding sections, our

understanding of the physical/chemical conditions in cross-

flow systems (especially those that develop very near the

membrane) is incomplete. Therefore, simplified and

approximate expressions are used in conjunction with

Log

Lo
g

μp

FIGURE 15-41. Particle mass transport away from a membrane

surface in a crossflow system, calculated for a hypothetical inside-

out hollow fiber. Conditions: gSh,wall¼ 2500 s�1, Lel¼ 100 cm,

cb¼ 60mg/L, cwall¼ 20,000mg/L, DBr from Stokes–Einstein

equation. Flux range indicated spans the entire spectrum normally

encountered in environmental engineering membrane systems.
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Equation 15-191 to derive predictions for the concentration

profiles and to relate those profiles to the applied pressure. In

the following sections, some of the keymodel simplifications

and the resulting predictions for flux as a function of TMP,

feed composition, and membrane characteristics are pre-

sented. While many of the model results have been tested in

laboratory-scale experiments, they have rarely been used to

design or describe full-scale systems. Nevertheless, in the

discussion, an effort is made to relate the models to full-

scale membrane systems. As with several other processes

described in this text, the models can provide insights for

design and operation of such systems, even though a direct

quantitative application of the models to design is not yet

possible. The development and application of a state-of-the-

art model for an RO system have been well described by

Hoek et al. (2008).

Assumptions Commonly Used in Modeling Crossflow Fil-
tration Several features that are common to most models

of crossflow filtration are shown in Figure 15-42. The

curved lines in the figure represent the edges of the CP

layers and correspond to concentration isopleths along

which c� cc. The size of the CP layer is greatly exagger-

ated in the figure; typically, the maximum thickness of this

layer would be no more than a few percent (and often

<1%) of the channel cross-section. The growth of the CP

layer from negligible thickness at the entrance to a limiting

thickness downstream represents a key difference between

crossflow and frontal filtration. For typical crossflow

velocities and system geometries, the CP layer is much

thinner than the velocity boundary layer, and it develops

over a longer distance. Therefore, whereas the velocity

boundary layer is usually assumed to be fully established

near the entrance to the membrane element, the CP layer

can expand for a significant distance downstream and

might still be expanding when the concentrate exits the

element (Kruelen et al. 1993).

The horizontal arrows at the inlet and outlet of the element

represent the axial velocity vectors (u). Because the CP layer

is thin compared with the velocity boundary layer, the shear

rate is assumed to be constant throughout the CP layer

(i.e., the axial velocity is assumed to increase linearly

with distance from the membrane surface, which we now

designate y¼ 0 (the same location identified as the “wall”

previously)):

u ¼ gSh;y¼0y for y < dCP (15-192)

In addition, it is usually assumed that the permeation flow

through the membrane segment being analyzed is small

compared with the axial flow; that is, that the recovery in

the segment is small (say, less than a few percent). If this

assumption is unreasonable to apply over the full length of

the membrane element, the segment length considered in

any single analysis can be reduced until the assumption is

valid; the segments can then be linked mathematically to

model the whole element. The assumption that the recovery

is small allows us to treat the bulk concentration, cc, as

constant throughout the segment. Combining this assump-

tion with an assumption that the flow is fully developed

within a short distance of the entrance to the segment allows

us to approximate the axial velocity profile throughout the

segment as fully developed flow through a channel with

impermeable walls.

In most modeling, the hydrostatic pressure in the bulk

concentrate is also assumed to be constant in the segment

being analyzed; such an assumption is justified if the

pressure loss from the inlet to the outlet of the segment is

small compared with the TMP. This condition is met over the

full length of the element in many practical applications of

MF and UF membranes, but often not for NF or RO

membranes. In cases where the condition is not met, the

length of the segment being analyzed can be reduced until

the assumption is acceptable.

The Mechanics of Crossflow Filtration Modeling To

predict the performance of a particular crossflow filtration

system, the preceding assumptions are combined with

other assumptions and with operational information about

the system to model the behavior in a segment at the

entrance to a membrane element. The conditions at the

terminus of that segment are then computed and used as

the inlet conditions for the next segment. The process can

be visualized as shown in Figure 15-43, in which a

membrane element is represented as a sequence of three

segments. Water flows through the element from left to

right, and permeate is removed through the membrane in

each segment. The crossflow is treated as constant within a

x

c>cc

c>cc

c = cc

c = cc

x2 x3 x4

cf

cf cc

cc

cf

cf

y = ho

y = 0x1 = 0

FIGURE 15-42. Variations in several parameters in crossflow

filtration. Axial and transverse velocities are indicated by the thin

and thick arrows, respectively, with the length of the arrows

indicating the relative magnitude within each type. The edge of

the concentration boundary layer is represented by the curved lines.

The figure characterizes a rectangular flow channel bounded by

permeable membranes, but essentially the same figure would apply

for a cylindrical channel.
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segment, and then to undergo a step decrease when the

water exits, so that the flow to downstream segments is

adjusted for the water lost to permeation upstream. Corres-

pondingly, cc is assumed to be constant within a segment,

but to undergo a step increase between segments. The

thickness of the CP layer also increases in the downstream

direction, as does the concentration at the membrane wall

(ccc=m) until it reaches clim, at which point a compact layer

forms; from that point downstream, ccc=m and the concen-

tration throughout the compact layer remain at clim. (In the

figure, a compact layer is envisioned to form in the third

segment.)

The schematics for the first two segments and the third

segment in Figure 15-43 are essentially identical to those

presented earlier for frontal filtration systems in the

absence and presence of a compact layer, respectively.

Much of the prior analysis of frontal filtration therefore

applies to each of these segments independently. However,

the changing thickness of the CP layer along the membrane

length and the possible movement of material in the CP

layer from one segment to the next distinguish the overall

behavior of a system with crossflow from a single, frontal

filtration system.

Modeling the Thickness of the CP Layer and kmt,CP

in Crossflow Filtration In modeling crossflow systems,

the key consequence of the growth of the CP layer with

increasing axial distance from the entrance to the element is

that it decreases the mass transfer coefficient in the CP layer

(recall that, if the CP layer is stagnant, kmt,CP can be

interpreted as Dtot/dCP). Therefore, a good deal of effort

has been devoted to estimating kmt,CP as a function of x. The

relationship is commonly presented as a correlation among

three dimensionless numbers—the Sherwood number (Sh),

the Reynolds number (Re), and the Schmidt number (Sc)—

in the following form:

Sh xð Þ ¼ AReaScb
dh

x

� �c

(15-193)

where A is a constant that depends on the channel geometry,

and

Sh ¼ kmtdh

Dtot

(15-194)

Re ¼ dhurL
m

(15-195)

Sc ¼ m

DtotrL
(15-196)

The preceding equations apply regardless of whether Dtot

is dominated by Brownian or shear-induced diffusion, or

whether both mechanisms contribute significantly to it.

However, DSh depends on the particle concentration (as

per Equations 15-187 and 15-189), so if DSh contributes

significantly to Dtot, Dtot must be evaluated for a specific

concentration. Because a large value of DSh is usually

required to fit the experimental data, DSh is almost always

assigned the value corresponding to ccc=m; that is, the largest

value expected anywhere in the CP layer.

The form of Equation 15-193 used most often to model

crossflow filtration systems is based on an analogy with

an equation derived originally by L�evêque for heat

transfer from solid surfaces to fluids flowing past them,

and subsequently applied to mass transfer in analogous

systems (Probstein, 1994). This approach was first pro-

posed by Blatt et al. (1970), who suggested that, for most

membrane systems of interest, the exponents in Equa-

tion 15-193 are a¼ b¼ c¼ 1/3, and the value of A is

1.24 for a rectangular slit and 1.09 for a circular cross-

section. Substituting these values and the definitions of

Sh, Re, and Sc into Equation 15-193 and rearranging

yields explicit expressions for kmt,CP(x). A few such

expressions for systems with various geometries are given

in Table 15-12.

Frequently, rather than applying a different value of kmt,CP

at each axial location being modeled, a single, average value

of that parameter is assumed to be valid over the whole

FIGURE 15-43. A schematic representation of a model for crossflow filtration. The stippled band in the final segment represents a compact

layer of constant composition.
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length of the membrane element. This average value can be

computed from the local values as follows:26

kmt;CP ¼

Z Lel

0

kmt;CPdx

Z L

0

dx

(15-197)

Expressions for both kmt,CP versus x and kmt;CP are shown

in Table 15-12.

Systems with a Ubiquitous Compact Layer: Applying the
Film-Gel Model in Systems with Crossflow Filtra-
tion The Leveque equation for heat transfer assumes

that the temperature of the solid surface is uniform, and

the analogous assumption underlying the equations in

Table 15-12 is that the concentration at y¼ 0 is constant

over the axial span being modeled, This constraint is most

closely approximated in systems in which a compact layer

forms close to the entrance to the element and is present

along virtually its entire length, in which case cy¼0¼ clim at

all x. The analysis of such systems usually assumes that

back-transport is dominated by diffusive processes. In that

case, the term in Equation 15-191 involving vlift is negligi-

ble, and the equation becomes:27

0 ¼ � @uc

@x
þ @vc

@y
þ Dtot

@2c

@y2
(15-204)

Approaches for estimating Dtot have been described,

and, as noted previously, the axial velocity field (u as a

function of y) is modeled using the equations for fully

developed, impermeable flow. Thus, Equation 15-204 can

be solved by identifying a relationship between v and other

system parameters and by writing appropriate boundary

conditions. The boundary conditions establish that the

contaminant concentration is uniform at the entrance to

the membrane element and characterize the conditions at

the inner and outer edges of the CP layer. If we assume that

the change in cc along the element is small, these boundary

conditions are

c ¼ cf at x ¼ 0 (15-205)

c ¼ clim at y ¼ 0 (15-206)

c ¼ cc at y ¼ dCP (15-207)

An equation relating v to other system parameters can be

written bymaking an assumption about how a pseudo-steady-

state concentration of contaminant is maintained in the seg-

ment. The simplest such assumption is that the net advective

transport of contaminant toward themembrane by the perme-

atingflow is balanced completely bydiffusionback to the bulk

concentrate, not by downstream transport within the CP layer.

This assumption, which applies exactly in the case of frontal

filtration and was quantified by Equation 15-101 in our

analysis of those systems, can be expressed mathematically

26 This computation involves taking the ratio of the first (spatial) moment of

the flux to the zeroth moment, consistent with the general approach for

computing average values presented in Chapter 2.
27 In addition to the assumption that back-transport occurs primarily by

diffusion, the conversion of Equation 15-191 to Equation 15-204 assumes

that Dtot is independent of c. Some models take into account the decrease in

the diffusion coefficient with increasing contaminant concentration due to

interactions among the contaminants in concentrated suspensions, but that

effect (which is different from shear-induced diffusion and occurs even in

the absence of shear) is ignored here.

TABLE 15-12. Various Forms of the L�evêque-Based Correlation for kmt in Crossflow Membrane Systems

kmt;CP kmt;CP

General ARe1=3Sc1=3
dh

x

� �1=3
Dtot

dh

¼ A
D2

totu

dhx

� �1=3

kmt;CP (15-198)
3

2
ARe1=3Sc1=3

dh

Lel

� �1=3
Dtot

dh

¼ 3

2
A

D2
totu

dhLel

� �1=3

(15-199)

Slit (A¼ 1.24) 0:78
D2

totu

hox

� �1=3

¼ 0:544
D2

totgSh;y¼0

x

 !1=3

(15-200) 1:18
D2

totu

hoLel

� �1=3

¼ 0:816
D2

totgSh;y¼0

Lel

 !1=3

(15-201)

Circular (A¼ 1.09) 1:09
D2

totu

dox

� �1=3

¼ 0:544
D2

totgSh;y¼0

x

 !1=3

(15-202) 1:63
D2

totu

doLel

� �1=3

¼ 0:816
D2

totgSh;y¼0

Lel

 !1=3

(15-203)

Source: After Blatt et al. (1970).
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as follows.

v c� cp
� � ¼ �Dtot

dc

dy
(15-208)

When this equation is utilized in conjunction with the

others developed previously, the model for the contaminant

profile in a crossflow system becomes identical to the film-

gel model for frontal filtration, except that dCP, kmt,CP, and

ĴV;lim vary with axial location. The resulting equations for

the contaminant concentration profile and flux as a function

of x, and for the average flux over the whole element, are as

follows (Blatt et al., 1970; Porter, 1972):

c x; yð Þ ¼ cc exp
vw xð Þ
Dtot

dCP xð Þ � y½ 

� �

(15-209)

ĴV;lim xð Þ ¼ Dtot

dCP xð Þ ln
clim

cc
¼ kmt;CP xð Þln clim

cc
(15-210)

ĴV;lim;avg ¼

Z Lel

0

ĴV;lim xð Þdx
Z Lel

0

dx

¼ kmt;CPln
clim

cc
(15-211)

Note that ĴV;lim;avg is a length-averaged value of limiting

fluxes. That is, because a compact layer is assumed to be

present throughout, the flux at each location is a limiting flux,

but the value of that limiting flux nevertheless varies along the

element length, due to the gradual thickening of the CP layer.

As noted previously, if the change in cc is large enough

from the entrance to the exit of the element that assigning

it a constant, average value seems inappropriate, Equation

15-211 can be applied to sequential, short segments of the

element, and the value of cc applied can be different in each

segment (as indicated in Figure 15-43). In this case, the

value of kmt;CP in a segment between x1 and x2 should not

be computed as though a new CP layer started to form at the

beginning of each segment; rather, it can be computed based

on the expressions for kmt,CP(x) in Table 15-12 and the

following, more general version of Equation 15-197:

kmt;CP;x1-x2 ¼

Z x2

x1

kmt;CPdxZ x2

x1

dx

(15-212)

& EXAMPLE 15-24. For a system with the following

properties and operating parameters, compute the expected

profilesofkmtand ĴV asa functionofx in theelement, andalso

the average values of those parameters across the whole

element, according to the film-gel model. Assume that a

compact layer is present throughout the whole element. The

systemuses crossflowwith recycle, and thevaluegivenas cf is

the concentration entering the element, after the raw feed has

mixed with the recycled concentrate. The recovery during a

single pass is small enough that cc canbeapproximatedby this

value of cf throughout the element. Note that y¼ 0 is defined

to be the inner boundary of the CP layer (i.e., the location

where the concentration first reaches clim), and therefore is a

distance dcompact away from the membrane surface).

cf ¼ 60mg=L; clim ¼ 20; 000mg=L; gy¼0 ¼ 2500=s;

Dtot ¼ 1� 10�6 cm2=s; Lel ¼ 75 cm

Solution. We can use the final expressions in Equations

15-202 and 15-210, respectively, to estimate the local mass

transfer coefficient and limiting permeation flux at various

locations in the element. For example, at x¼ 1 cm, the

calculations are

kmtj1 cm ¼ 0:544
D2

totgSh;y¼0

x

 !1=3

¼ 0:544
1:0� 10�6 cm2=s
� 	2

2500=s½ 

1 cm

 !1=3

¼ 7:38� 10�4 cm=s

ĴV;lim 1 cmð Þ ¼ kmt;CPj1 cmln
clim

cc
¼ 7:38� 10�4cm=s
� �

� ln
20; 000mg=L

60mg=L
¼ 4:29� 10�3 cm=s

¼ 4:29� 10�3 cm=s
1 L

1000 cm3

� �
104 cm2=m2
� �

3600 s=hð Þ

¼ 154:4 L=m2 h

Similar calculations can be carried out for different values

of x, yielding the results shown in Figure 15-44. Both the

local flux and the local mass transfer coefficient decrease by

more than 75% along the membrane length.
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FIGURE 15-44. Changes in the permeate flux and mass transfer

coefficient through the CP layer as water moves through the

membrane fiber in the example system.
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Equations 15-203 and 15-211 can be used to compute the

average values, yielding

kmt;CP ¼ 0:816
D2

totgSh;y¼0

Lel

 !1=3

¼ 0:816
1:0�10�6 cm2=s
� 	2

2500=s½ 

75cm

 !1=3

¼ 2:63�10�4 cm=s

ĴV;lim;avg ¼ kmt;CP ln
clim

cc
¼ 2:63�10�4 cm=s
� �

ln
20;000mg=L

60mg=L

¼ 1:53�10�3 cm=s

¼ 1:53�10�3 cm=s
1L

1000cm3

� �
104 cm2=m2
� �

3600s=hð Þ
¼ 54:9L=m2h &

Effect of Crossflow Velocity on Flux. If contaminant back-

transport is dominated by Brownian diffusion, Dtot is

insensitive to the crossflow velocity. In that case, the combi-

nation of Equation 15-211 with the equations in Table 15-12

leads to theprediction that fluxvarieswith the one-third power

of gy¼0 or u. On the other hand, if contaminant back-transport

is dominated by shear-induced diffusion, the limiting flux is

directly proportional togSh,y¼0 oru. Thus, not surprisingly, the

advantages of crossflow are considerably greater if shear-

induced diffusion is significant than if back-transport is

dominated by Brownian motion alone.

Modified Versions of the File and Film-Gel Models for
Systems with Crossflow Two alternatives to the film and

film-gel models have been used fairly widely to describe

crossflow systems, based on different choices for one of the

boundary conditions and for the equation establishing a

pseudo-steady state in the CP layer. Although these modifi-

cations can be applied regardless of whether a compact layer

is present, the mathematics are simpler for cases where such

a layer is present throughout the system, and the models

have been used primarily to describe such systems.

In the film and film-gelmodels, the CP layer is envisioned to

have an identifiable, abrupt edge at y¼ dCP, where c¼ cc and

the slope of the concentration profile is discontinuous. Because

of this feature, the thickness of the CP layer and the mass

transfer coefficient in the layer are importantmodel parameters

that must be determined independently, such as by analogy to

the L�evêque analysis of heat transfer. The abrupt transition

from the CP layer to the bulk concentrate is unrealistic, and a

number of researchers (e.g., Probstein et al., 1978; Trettin and

Doshi, 1980) have argued that it might be preferable to repre-

sent the CP layer as extending indefinitely in the y direction,

with the contaminant concentration approaching cc asymptoti-

cally. In that case, the boundary condition becomes

c ¼ cc at y ¼ 1 (15-213)

The different concentration profiles expected using Equa-

tion 15-207 versus Equation 15-213 as a boundary condition

for systems with compact layers throughout are shown in

Figure 15-45. At each value of x, the concentration decays

from clim at y¼ 0 to cc at some distance from the edge of the

compact layer. Because the contaminant profile in the CP

layer is affected by the crossflow in addition to the permeation

flow and diffusion, the profile is not necessarily exponential

δCP

y

δCP

yy

cc clim cc clim cc clim

y

cc

c(0,y)

(a) (b) (c) (d)

c(x2,y) c(x3,y) c(x4,y)

0

δ
CP

FIGURE 15-45. Particle concentration profiles in crossflow filtration in systems where a

compact layer is present at all axial locations. The four figures represent axial locations

progressively farther downstream. Solid curves and broken curves correspond (qualitatively)

to Equations 15-207 and 15-213, respectively.
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(as it is in frontal filtration), but it is usually determined to

be only slightly different from exponential. When Equation

15-207 is used, the decline in c ceases abruptly at y¼ dCP, and

c¼ cc at all y> dCP, whereas when Equation 15-213 is used,

the decline is steady and cc is approached asymptotically at

large values of y. In either case, the thickness of the CP layer

increases with increasing x.

Trettin and Doshi (1980) reported that, for systems in

which a compact layer is present throughout, predictions of

ĴV;lim;avg using Equation 15-213 as the boundary condition

approached those based on the film-gel model when the feed

concentration (which was assumed to equal cc) was >0.25

clim and the permeation rate was small. However, if the feed

concentration was substantially less than clim (as is typically

the case), the model predictions differed substantially, with

the predictions that used Equation 15-213 fitting experimen-

tal data better than those based on the film-gel model

(Equation 15-211). If cc/clim was less than approximately

0.1, the limiting flux was fit much better by the following

equation than by Equation 15-211:28

ĴV;lim;avg ¼ 3

2

� �2=3 D2
totgSh;y¼0

Lel

 !1=3
clim

cc

� �1=3

¼ 1:31
D2

totgSh;y¼0

Lel

 !1=3
clim

cc

� �1=3

(15-214)

& EXAMPLE 15-25. For the same system and assump-

tionsas inExample15-24,computetheaveragefluxaccording

to the Trettin–Doshi model.

Solution. Substituting the given values into Equa-

tion 15-214, assuming cc¼ cf, we find:

ĴV;lim;avg ¼ 3

2

� �2=3 D2
totgy¼0

Lel

 !1=3
clim

cc

� �1=3

¼ 3

2

� �2=3 1:0� 10�6 cm2=s
� 	2

2500=s½ 

75 cm

 !1=3

� 20; 000mg=L

60mg=L

� �1=3

¼ 2:92� 10�3 cm=s

¼ 2:92� 10�3 cm=s
� � 1 L

1000 cm3

� �
104 cm2=m2
� �

3600 s=hð Þ

¼ 105:2L=m2 h

For this example system, in which cf / clim< 0.01, the

predicted average flux is almost twice that computed using

the film-gel model. &

An alternative modification to the film and film-gel

models is based on the idea that material in the CP layer

can migrate downstream and exit the membrane element,

and that this movement might be a significant factor in

maintaining steady-state conditions in the element. This

possibility can be incorporated into the analysis by writing

a mass balance on contaminant in a control volume that

includes the entire CP layer between the entrance to the

element and some arbitrary location downstream (x1). Such

a control volume for a membrane with a rectangular flow

channel is shown schematically in Figure 15-46. The volume

has a length x1, a width Wel (into the page), and a height y�

such that, at the exit of the element, y� is between the edges

of the CP and the velocity boundary layers; as a result, at

x¼ x1, c(y
�)� cc and u(y�)¼ gSh,y¼0 y

�.
At steady state, a mass balance on contaminant in this

control volume can be written as follows:

0 ¼
Zy�

0

c 0; yð Þu yð ÞWeldy�
Zy�

0

c x1; yð Þu yð ÞWeldy

þ
Zx1
0

cfv xð ÞWeldx�
Zx1
0

cpv xð ÞWeldx (15-215)

where the first term on the right side accounts for conta-

minant entering the control volume via axial advection at the

inlet (mass/time); the second term accounts for contaminant

exiting with the axial flow at x1; the third term accounts for

contaminant entering via advection from the bulk solution (i.

e., across the y¼ y� boundary) between the inlet and x1; and
the final term accounts for contaminant exiting by perme-

ation through the membrane. Diffusive transport out of the

28 Trettin and Doshi (1980) derived Equation 15-214 using a mathematical

technique known as the integral method, which requires an assumption for

the functional form of the c versus y profile. The equation is exact for the

assumed form of the profile, but since that form has not been confirmed, the

equation should be viewed as approximate. In addition to Equation 15-214,

Trettin and Doshi presented a more complex equation for computing

ĴV;lim;avg over the full range of clim/cf ratios, but Equation 15-214 (which

applies if cf/clim 1) is much more widely cited.

cc = cf cc = cf cc = cf

cf

y = 0

y = y*

cp = 0 cp = 0 cp = 0

c(Lel,y)

x1

c > cc

FIGURE 15-46. The control volume (stippled area) for a mass

balance equating contaminant transport into and out of the CP layer

from x¼ 0 to x1. The height of the control volume is such that it

contains the CP layer but is still within the velocity boundary layer.
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CP layer is not included in the mass balance because the

boundary of the control volume at y� is specified to be

outside the CP layer, at a location where the concentration

gradient is negligible.

The first and second terms in Equation 15-215 can be

combined based on the assumption that the velocity profiles

are identical at the entrance and x1, and the third and fourth

terms can be combined as well. Then, dividing by Wel,

noting that c(0, y)¼ cf¼ cc, and rearranging, we can write

Zx1
0

cc � cp
� �

v xð Þdx ¼
Zy�

0

c x1; yð Þ � cc½ 
u yð Þdy (15-216)

Because c x1; yð Þ � cc at all y> y�, the term in brackets on

the right side of Equation 15-216 is zero when y> y�, so
the upper limit of integration can be changed to 1 without

changing the value of the integral. Making this change,

assuming that cp is approximately constant axially, and

dropping the nonessential arguments of v, c, and u, we obtain

cc � cp
� � Z x1

0

vdx ¼
Z 1

0

u c x1ð Þ � cc½ 
dy (15-217)

Equation 15-217, sometimes referred to as the flux con-

servation equation, is a mathematical statement of the

requirement that, at steady state, all the contaminant that

enters the specified control volume must ultimately be

carried out of the element, either in the downstream flow

(either as part of the concentrate or the more slowly flowing

CP layer) or the permeate.

Using Equation 15-217 as the basis for steady state and the

boundary condition that c¼ cc at y¼1 (Equation 15-213),

Song (1998) obtained the following equations for the

concentration profile and the local and average permeate

fluxes in a system with a compact layer throughout:

c yð Þ � cc ¼ clim � ccð Þexp � ĴV;lim xð Þ
Dtot

y

� �
(15-218)

ĴV;lim xð Þ ¼ 2

3

� �1=3 D2
totgSh;wall

x

� �1=3
clim

cc
� 1

� �1=3

(15-219)

ĴV;lim;avg ¼

Z Lel

0

ĴV;lim xð Þdx
Z Lel

0

dx

¼ 3

2

� �2=3 D2
totgSh;y¼0

Lel

 !1=3
clim

cc
� 1

� �1=3

¼ 1:31
D2

totgSh;y¼0

Lel

 !1=3
clim

cc
� 1

� �1=3

(15-220)

This equation is identical to the result obtained by Trettin

and Doshi for systems in which cc clim (Equation 15-214),

except for the subtraction of 1 from clim/cc in Equation

15-220. If cc clim, this subtraction has a negligible effect

on the calculation, so the two models are essentially identi-

cal if the feed concentration is much less than the limiting

concentration. If the feed concentration is close to the

limiting concentration, the Trettin–Doshi model approxi-

mates the film-gel model (Equation 15-211), and the sub-

traction of 1 from clim/cc has a significant effect on the

calculation of ĴV;lim;avg using the Song model, so the results

of Song’s model diverge from those of the other models.

& EXAMPLE 15-26. For the same system and assump-

tionsas inExample15-24,computetheaveragefluxaccording

to the Song model.

Solution. The calculations involve direct substitution

into Equation 15-220

ĴV;lim;avg ¼ 3

2

� �2=3 D2
totgSh;y¼0

Lel

 !1=3
lim

cc
� 1

� �1=3

¼ 3

2

� �2=3 1:0� 10�6 cm2=s
� 	2

2500=s½ 

75 cm

 !1=3

� 20; 000mg=L

60mg=L
� 1

� �1=3

¼ 2:92� 10�3 lim cm=s

¼ 2:92� 10�3 cm=s
1 L

1000 cm3

� �
104 cm2=m2
� �

3600 s=hð Þ

¼ 105:2 L=m2 h

The result is virtually identical to that for the Trettin–

Doshi model, consistent with the fact that cf clim. &

Relating Flux to TMP in Crossflow Systems with Ubiqui-

tous Compact Layers. In frontal filtration systems contain-

ing a compact layer, ĴV is independent of the TMP. For the

same reason, in systems with crossflow, the flux at any

location in the element (and therefore the average flux) is

insensitive to the TMP if a compact layer is present through-

out the axial length. That is, the same (limiting) average flux

will be achieved at any TMP, as long as the TMP is large

enough to induce formation of a compact layer. Under these

conditions, the TMP is dissipated almost entirely in the

compact layer and the membrane, and the only effect of

increasing the TMP is predicted to be an increase the

thickness of the compact layer everywhere in the element.

Systems with no Compact Layer Adapting the FilmModel

to Systems with Crossflow. The analysis of a membrane

system with crossflow and with no compact layer is more

complex than that presented above because, in the absence of
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a compact layer, the contaminant concentration at the inner

boundary of the CP layer (ccc=m) is both unknown and

changing as a function of x. In addition to increasing the

mathematical complexity, the variation in ccc=m makes the

correlations in Table 15-12 less appropriate for estimating

kmt,CP. Therefore, the simplifying assumption is frequently

made that ccc=m is constant (i.e., independent of x) at some

average, initially unspecified value, so that the equations in

Table 15-12 can still be used to calculate kmt,CP(x) and kmt;CP.

When the simplification of a constant ccc=m is combined

with appropriate boundary conditions and an equation estab-

lishing how steady state is maintained, the mass balance on

contaminant (Equation 15-204) can be solved to determine

the concentration profile in the CP layer and the flux at any

value of x. In fact, if Equation 15-207 (c¼ cc at y¼ dCP) is

used as the boundary condition at the outer edge of the CP

layer and kmt;CP is used as the value of kmt,CP at all x, the

system of equations becomes identical to those for a frontal

filtration system in the absence of a compact layer. If the

rejection is complete, the solution to those equations is

essentially identical to that shown in Equation 15-112,

with kmt;CP replacing kmt;CP

ĴV;avg ¼ kmt;CP ln
ccc=m

cc
(15-221)

Relating Flux to TMP in Systems with Crossflow and no

Compact Layer. In the absence of a compact layer, the flux

depends on the TMP. If we make the same assumptions

and apply the same boundary conditions that led to Equation

15-221, the predicted ĴV;avg versus TMP relationship for a

system with crossflow is identical to that for a frontal

filtration system, with average values over the element

length in the crossflow system replacing the corresponding

uniform values in frontal filtration. For frontal filtration

systems, we derived different relationships between TMP

and ĴV depending on whether the contaminants were parti-

cles or solutes (Equations 15-128 and 15-131, respectively).

A similar situation applies in crossflow filtration, yielding

Particles:

TMP ¼ 3pmLdpDBrnc exp
ĴV;avg

kmt;CP

 !
� 1

 !
þ ĴV;avg

k�w
(15-222)

Solutes:

k�w TMP�Pcc=m

� �
¼ kmt;CPln

ccc=m

cc
(15-223)

The TMP-ĴV;avg relationship shown in Equation 15-222 is

based on the idealization that the headloss for flow past the

particles can be computed based on Stokes flow past an

isolated particle; as in frontal filtration systems, if idealization

does not apply, amore complex relationship canbepostulated.

If the contaminants are particles, all the parameters in

Equation 15-222 other than ĴV;avg and TMP are likely to be

known or calculable, so that the TMP required to achieve a

given average flux can be computed directly. If the contami-

nants are solutes, Equation 15-118 can be combined with

Equation 15-221 to yield

ĴV;avg ¼ k�w TMP�Pcc=m

� �
¼ kmt;CP ln

ccc=m

cc
(15-224)

For a given TMP, the equality between the middle and

final expressions in Equation 15-224 can be solved itera-

tively with an equation relatingPcc=m to ccc=m to determine the

unique values of those parameters that satisfy the equations;

the average flux can then be determined using either of the

expressions in Equation 15-224.

Because Pcc=m increases and kmt;CP decreases with

increasing element length, ĴV;avg decreases as the element

length increases, regardless of whether the contaminants are

particles or solutes. Thus, as we would expect intuitively, the

highest fluxes achievable with a given TMP occur for very

short elements (because the CP layer remains relatively thin

throughout the element). In the design process, the advan-

tages of increasing average flux with decreasing element

length must be traded off against the accompanying decrease

in membrane area per module.

While the use of Equations 15-222–15-224 is attractive

because of their relative simplicity and similarity to the

equations for the flux in frontal filtration systems, they suffer

from the very assumptions that make them so simple.

Elimelech and co-workers (Song and Elimelech, 1995; Eli-

melech and Bhattacharjee, 1998) were particularly critical of

the useof correlations fromnonpermeable systems to estimate

kmt;CP (the equations in Table 15-12) and also of the assumed

constancy of ccc=m (or, equivalently, the use of an averagevalue

of ccc=m to characterize the whole membrane element). They

pointed out that, by using the boundary condition that c

approached cc at y¼1 (Equation 15-213), the need to

estimate dCP xð Þ and kmt;CP could be eliminated. Using this

boundary condition, alongwith theflux conservation equation

(Equation 15-217) to define how steady state is maintained

and the assumption that the contaminant is completely

rejected, they derived the following relationship between

axial location and other parameters in the system, applicable

to dissolved contaminants in the absence of a compact layer:29

x ¼ a
DCPPideal

DCPP

TMPeff � 3DCPP

TMPeff þ DCPPð Þ3 �
1

TMPeffð Þ2
( )

(15-225)

29 Equation 15-225 appears substantially different from any equation

presented by Elimelech and Bhattacharjee (1998), but it is equivalent to

their result.
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where

a ¼ ðgSh;y¼0D
2
Br mLRmð Þ3Þ=ð6Pc;idealÞ, a parameter

defined for convenience that can be evaluated based

on the known information about the system inputs and

properties.

DCPPideal ¼ RT cc � ccc=m

� �
, the osmotic pressure differ-

ence across the CP layer based on ideal solution behav-

ior (i.e., the van’t Hoff equation (Equation 15-131)).

TMPeff ¼ TMP� Dc=pP, the effective pressure differ-

ence (i.e., the net driving force) between the bulk

concentrate and the permeate.

In Equation 15-225, DCPP is the actual osmotic pressure

differential across the CP layer and differs from DCPPideal if

the contaminant becomes sufficiently concentrated near the

membrane that the osmotic pressure at that location cannot

be approximated by the van’t Hoff expression. As noted in

the discussion of Equation 15-46, this situation is likely to

arise only if fcc=m
is larger than several percent, a scenario

that rarely occurs except in systems where macromolecules

are the target contaminants. Although Equation 15-225 was

derived for dissolved contaminants, Elimelech and Bhatta-

charjee (1998) suggested that it could also be used to model

systems with particulate contaminants whose back-transport

was dominated by Brownian motion. In essence, their

approach characterizes the molar Gibbs energy lost by water

passing through a concentrated suspension of small particles

as an equivalent change in the osmotic pressure of the water,

and then uses this value of DCPP in the equation.

Typically, all the terms on the right side of Equa-

tion 15-225 other thanDCPP and ECP Pideal would be known,

and those unknown values can be determined for any given

value of ccc=m . Therefore, one can choose any value of ccc=m
and evaluate the right side of Equation 15-225 to determine

the value of x at which this value of ccc=m would be found.

By repeating this procedure for several values of ccc=m , the

complete ccc=m versus x profile can be established. This

profile can then be used to determine the Dmc=p
P versus x

profile. Finally, if the contaminants are solutes and no

compact layer forms, the pressure at the membrane surface

is the same as that in the bulk, soDmc=p
P ¼ TMP, and the flux

at any x can be expressed as

ĴV xð Þ ¼ TMP� Dmc=p
P xð Þ

mLRmc=p

(15-226)

Equation 15-226 can be used to determine the permeation

flux at the axial location, x, where that value of ccc=m xð Þ is
found. The average flux over the whole membrane can

then be determined by an integration analogous to that in

Equation 15-197.

Elimelech and Bhattacharjee (1998) presented a graphical

approach for carrying out these calculations, and an analyti-

cal approach that yielded explicit expressions for ĴV xð Þ and
ĴV;avg for systems in which ccc=m does not change signifi-

cantly over the axial distance being analyzed. The predicted

effects of TMP, cf, the shear rate, and the size of the

contaminant species on the permeation flux as a function

of axial distance according to this model are shown in

Figure 15-47. As with the models presented previously,

the local permeate flux declines dramatically as water moves

from the inlet to the outlet of the element.

Systems in which a Compact Layer is Present along only a
Portion of the Membrane Element If a compact layer

forms in the system, it will first appear at the value of x

where ccc=m first equals clim. This value of x, which we will
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FIGURE 15-47. Predicted axial variation in permeate flux in

systems with no compact layer. In both figures, Lel¼ 0.5m, ff
¼ 10�3; mLRmc=p

¼ 2� 1010 Pa s=m. In both figures, Lel¼ 0.5m,

ff¼ 10�3;mLRmc=p
¼ 2� 1010 Pa s=m. In(a),dp¼ 8 nm,andvalues

shown in parentheses are TMP in kPa and shear rate in s�1; in (b), gSh,

wall¼ 400 s�1, and values shown are the particle diameter. In both

parts, solid curves are exact numerical solutions to the governing

equations, and broken curves are approximations that are easier to

calculate. Source: After Elimelech and Bhattacharjee (1998).
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refer to as xcrit, can be computed by using clim to calculate

DCPP and DCPPideal in Equation 15-225. If xcrit> Lel, then a

compact layer does not form anywhere in the system. At the

other extreme, if xcrit Lel, then a compact layer will be

present along almost the entire axial length, and the flux can

be computed using one of the equations derived previously

for such a system (e.g., Equation 15-220).

In the intermediate case where xcrit is less than Lel, but is

still a significant fraction of Lel, a compact layer is expected

to be present between xcrit and Lel, but not between the inlet

and xcrit. In that case, the average flux from the inlet to xcrit
can be determined using the procedure for a system with no

compact layer, replacing Lel by xcrit. The flux in the portion

of the membrane where the compact layer is present can then

be computed based on a modification of one of the equations

developed for situations in which the compact layer is

present over the whole membrane length, such as Equa-

tion 15-220. That equation cannot be applied directly,

because it assumes that the CP layer has zero thickness at

the location where the compact layer first appears, whereas

in the current scenario, the CP layer is already partially

developed at xcrit. Assuming that the growth of the CP layer

is unaffected by the formation of the compact layer (other

than by the location of y¼ 0 moving away from the mem-

brane surface), the average flux in the region from xcrit to Lel
can be computed by determining ĴV;lim;avg from 0 to Lel
according to Equation 15-220, and then subtracting the value

from 0 to xcrit; that is,

ĴV;lim;avg



Lel
xcrit

¼ ĴV;lim;avg



Lel
0
�ĴV;lim;avg



xcrit
0

(15-227)

where each term on the right side is computed using

Equation 15-220.

& EXAMPLE 15-27.

(a) In several previous examples, the flux through a

membrane element was calculated assuming that a

compact layer was present along the entire element

length. For the same system conditions, determine if

and where in the system a compact layer first forms,

using the Elimelech and Bhattacharjee model for

the system in which the TMP is 700 kPa, Rmc=p
is

2� 1013/m, and the water temperature is 25�C.
The contaminant has an MWof 1000 and is rejected

virtually completely by the membrane. The osmotic

pressure throughout the system is generated primar-

ily by the target contaminant and can be calculated

using the correlation of Carnahan and Starling

(Equation 15-46). Assume that the volume fraction

of the contaminant is 4.5� 10�4 in the feed and 0.15

in a solution with the limiting concentration.

(b) What is the flux at the location computed in (a)?

Solution.

(a) The location at which ccc=m first equals clim can be

computed using Equation 15-225. However, to use

that equation, we need to compute the osmotic

pressure at various locations in the system. The

osmotic pressure in the permeate is zero, since we

are assuming that the contaminant is completely

rejected by the membrane. Given the MW of

1000, we find:

cf ¼ cc ¼ 60mg=L

106 mg=mol
¼ 6� 10�5 mol=L;

clim ¼ 20; 000mg=L

106 mg=mol
¼ 2� 10�2 mol=L

The correction factor (F) that accounts for non-

ideality in the Carnahan–Starling equation can be

evaluated in the concentrate (i.e., feed) solution and

at the location where the compact layer forms as

Fc ¼ 1þ fc þ f2
c � f3

c

1� fcð Þ3 ¼1:002;

Flim ¼ 1þ flim þ f2
lim � f3

lim

1� flimð Þ3 ¼1:904

Accordingly, the osmotic pressures in the bulk

concentrate and in the solution containing the con-

taminant at clim are

Pc ¼ RTccFc ¼ 8:314 kPa L=mol Kð Þ 298Kð Þ
� 6� 10�5 mol=L
� �

1:002ð Þ ¼ 0:15 kPa

Plim ¼ RTclimFlim ¼ 8:314 kPa L=mol Kð Þ 298Kð Þ
� 2� 10�2 mol=L
� �

1:904ð Þ ¼ 94:33 kPa

The corresponding values of P in ideal solutions

(i.e., according to the van’t Hoff equation) are

computed as in the preceding calculations, except

without the final term (F) in the product. The

resulting values for Pideal, DCPP, and DCPPideal are

Pc;ideal ¼ RTcc ¼ 0:15 kPa

Plim;ideal ¼ RTclim ¼ 49:55 kPa

DCPP ¼ Pc �Plim ¼ 0:15� 94:33ð Þ kPa ¼ �94:18 kPa

DCPPideal ¼ Pc;ideal �Plim;ideal ¼ 0:15� 49:55ð Þ kPa
¼ �49:40 kPa

The other values needed to use Equation 15-225

can be computed as follows:
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a ¼
gSh;wallD

2
Br mLRmc=p

� �3
6Pc;ideal

¼ 2500=sð Þ 1:0� 10�6 cm2=s
� 	

10�4 m2=cm2
� 	� �2

1:00� 10�6 kPa s
� 	

2� 1013=m
� 	� �3

6 0:15 kPað Þ
¼ 2:24� 105 m kPa2

TMPeff ¼ TMP� DtotP ¼ TMP� Pc �Pp

� � ¼ 700� 0:15� 0ð Þ½ 
 kPa ¼ 699:85 kPa

Because DCPP, and DCPPideal have been calcu-

lated based on ccc=m ¼ clim, the value of x determined

by inserting these values into Equation 15-225 will

be xcrit. This value is

xcrit ¼ a
DCPPideal

DCPP

TMPeff � 3DCPP

TMPeff þ DCPPð Þ3 �
1

TMPeffð Þ2
( )

¼ 2:24� 105 m kPa2
� � �49:40 kPa

�94:18 kPa

� �

¼ 699:85 kPa� 3 �94:18 kPað Þ
699:85 kPa� 94:18 kPað Þ3 � 1

699:85 kPað Þ2
( )

¼ 0:28m ¼ 28 cm

(b) The flux at x¼ 0.28m is given by Equation 15-226 as

ĴV xð Þ ¼ TMP� Dmc=p
P xð Þ

mLRm

¼ TMP� Plim �Pp

� �
mLRm

¼ 700 kPa� 94:34� 0ð Þ kPa
1:00� 10�6 kPa s
� �

2� 1013=m
� � 100 cm=mð Þ

¼ 3:02� 10�3 cm=s

¼ 3:02� 10�3 cm=s
1 L

1000 cm3

� �
104 cm2=m2
� �

3600 s=hð Þ

¼ 109:0 L=m2 h &

Modeling Crossflow Filtration of Particles Subject to
Significant Inertial Lift For particles with nominal diam-

eters of several micrometers or more, inertial lift can become

the dominant back-transport mechanism, so diffusive trans-

port term in Equation 15-191 can be ignored. If we also

assume that the concentration in the bulk concentrate is

constant and evaluate the equation at y¼ 0, we obtain

0 ¼ @vc

@y
� @vliftc

@y
at y ¼ 0 (15-228)

By inspection, this equation is satisfied when v¼ vlift.

Thus, steady state is achieved when the advective flux of

particles toward the membrane at the surface of the cake

layer exactly balances their flux away from the membrane at

that location due to inertial lift.

Davis (1992) quantified the relative hydraulic resistances

associated with the cake layer and the membrane in such

systems in terms of a dimensionless parameter b, equal to

the ratio of the resistance of a cake filling the entire channel

to that of the membrane alone. Thus, for a rectangular

channel with membranes on both sides and a half-height

ho, Davis defined b by

b ¼ hoR̂cake

Rm

(15-229)

where R̂cake is the specific resistance of the cake (i.e., the

resistance per unit thickness). Making this substitution, the

combined resistance of the cake andmembrane can bewritten

as follows:

Rcake ¼ bRmdcake

ho
(15-230)

Rtot ¼ Rm þRcake ¼ Rm 1þ bdcake

ho

� �
(15-231)

Davis distinguished two limiting cases of Equation 15-231,

corresponding to systems in which the resistance associated

with the cake layer was either much greater or much less than

that of the membrane. If the cake resistance dominates

(b� 1), a thin cake layer develops and the shear rate at

y¼ 0 is almost the same as in the absence of a cake. However,

the permeation velocity is significantly less than through the

bare membrane due to the resistance imposed by the cake. In

this case, as when Brownian or shear-induced diffusion is the

dominant back-transport mechanism, a limiting flux is

reached that cannot be increased by increasing the TMP;

increasing the TMP simply increases the thickness of the

high-resistance cake layer proportionately.

In contrast, if the membrane resistance dominates (b 1), a

thick cake layer develops that significantly reduces the cross-

section available for crossflow, increases the axial velocity, and

therefore increases the shear rate at y¼ 0. However, in contrast
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to the case where b� 1, the cake layer imposes negligible

resistance on the permeate flow. In this case, the permeation rate

is proportional to the TMP, as would be the case in the absence

of a cake layer. Regardless of the location of the dominant

resistance, the flux in systems where inertial lift dominates

back-transport is approximately independent of axial location,

because the resistance to permeation arises from a mechanism

that is unrelated to the development of the CP layer.

Equations for the predicted flux and cake layer thickness

for the two limiting cases are shown in Table 15-13. Other

values of b represent intermediate conditions, in which the

cake contributes different proportions of the overall

hydraulic resistance. Davis quantified both the limiting

cases and intermediate cases in terms of the two dimen-

sionless ratios that are used as the axes in Figure 15-48. The

abscissa is the ratio of the flux through the bare membrane

at the given TMP (Ĵ
o

V, given by Equation 15-12) to the

inertial lift at the membrane surface for the given particle

size and crossflow velocity in the absence of a cake (volift,

given by Equation 15-190). The ordinate is the ratio of the

actual flux (ĴV) to the flux through the bare membrane at the

same TMP (Ĵ
o

V). The impact of many plausible changes in

system configuration or operational conditions can be

explored using Figure 15-48. For instance, increasing the

TMP while maintaining a fixed crossflow velocity shifts

the system from right to left along a single curve, and

increasing the crossflow velocity while holding TMP fixed

shifts it horizontally from left to right.

Summary of Equations for Modeling Crossflow Filtra-
tion The key assumptions and equations presented in

the preceding sections for crossflow filtration systems oper-

ating at steady state are summarized in Table 15-14.

Nonsteady-State Fouling Patterns in Crossflow Filtra-
tion The expressions derived by Hermia (Table 15-10)

for the nonsteady-state trend in flux as contaminants accumu-

late on amembrane cannot be used for systemswith crossflow,

because with crossflow, the quantity of material deposited is

not necessarily directly related to the volume of permeate

produced. A few researchers have attempted to develop

analogous expressions for systems with crossflow by adjust-

ing the net particle deposition rate to account for the effect of

the crossflow. The approaches that have been used have

assumed that particles could be lost from a deposited cake

layer at a rate that was proportional to the cake thickness

(Wiesner et al., 1992) or that the effective permeationvelocity

for particle transport to the membrane could be expressed as

the difference between the actual permeation velocity and a

characteristic velocity for particle back-transport (Kilduff

et al., 2002). This characteristic back-transport velocity is

conceptually related to the back-transport mechanisms

TABLE 15-13. Expressions for Flux and Cake Layer Thickness Under Various Limiting Conditions,

for Systems with Back-Transport Dominated by Inertial Lift

ĴV dcake

b � 1 volift (15-232)
Rm

R̂cake

Ĵ
o

V

volift
� 1

 !
(15-233)

b  1 Ĵ
o

V ¼ TMP

mLRm

� �
(15-234) ho 1� volift

Ĵ
o

V

 !1=4
2
4

3
5 ðrectangularÞ (15-235)

ro 1� volift

Ĵ
o

V

 !1=5
2
4

3
5 ðcircularÞ (15-236)
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FIGURE 15-48. Predictedpermeateflux incylindricalmembranes

where back-transport is dominated by inertial lift. Ĵ
o

V is the flux

through the cleanmembrane for thegivenTMP (computed according

to Equation 15-12), and volift is the lift velocity for the given particle

size and the shear rate at thewall in the absence of a cake (computed

according to Equation 15-190). Source: After Davis (1992)
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discussed in the preceding sections, but it is presumed to

account for all back-transport mechanisms collectively and is

evaluated purely empirically.

In at least one study (Hong et al., 1997), the results

suggested that loss of material from the compact layer was

negligible during the approach to steady state. That is, while

the compact layerwas growing (a period that lasted up to a few

hours), essentially all the contaminant transported to the

membrane entered the compact layer and remained there.

Thegrowth of the layer could therefore bemodeled based on a

mass balancewith no term for particle loss from the cake, and

the corresponding pressure loss could be modeled based on

equations for flow through porous media.

These models for the transient stage of membrane opera-

tion are all based on idealized assumptions about the transport

of contaminant to and (in some cases) away from the mem-

brane, and also about the effect of the contaminant on flux and

pressure loss once it arrives at the surface. None of these

models is in widespread use. Many systems are back-flushed

sufficiently frequently that they operate at nonsteady state

much of the time, so improved understanding andmodeling of

this stage represents a pressing need and challenge for future

research. In the absence of modeling that is sufficiently

accurate to influence operational strategies, those strategies

(e.g., the frequency of backwashing) are largely empirical.

Summary of Modeling Approaches and Results for Cross-
flow Filtration Crossflow is applied in membrane systems

to reduce the accumulation of rejected material near the

membrane and thereby achieve higher permeation fluxes at a

given TMP. The relevant tradeoff is the energy requirement

to induce the crossflow versus the improvement in flux. In

recent years, the use of high-velocity crossflow in MF and

UF systems for treatment of water and wastewater has

declined, due to the energy costs and the development of

effective systems with outside-in flow. Crossflow is still used

extensively in NF and RO systems.

The approach used to analyze systems with crossflow is

similar to that for frontal filtration systems: a mass balance

TABLE 15-14. Key Equations and Assumptions Used to

Model Steady-State Crossflow Filtration

Mass balance on contaminant in CP layer

0 ¼ � @uc

@x
þ @vc

@y
þ @

@y

DBr þ DShð Þ@c
@y

� @vliftc

@y
(15-191)

Coefficients and other parameter values appearing in

Equation 15-191

u ¼ gSh;y¼0y (15-192)

v evaluated based on system geometry and simplifying

assumptions

DBr ¼ kBT

3pmLdp

(15-186)

DSh ¼ ~DSh fð Þa2pgSh;y¼0 ¼
~DSh fð Þ

4
d2
pgSh;y¼0 (15-188)

vlift ¼
brLd

3
pg

2
Sh;y¼0

128mL

(15-190)

Assumed dimensions of the CP layer

CP layer is much thinner than velocity boundary layer

(dCP  dvel)

dCP¼ 0 at x¼ 0, and grows steadily with x thereafter; details of

the dCP(x) profile are model-dependent

Boundary conditionsa,b

At x ¼ 0 : c ¼ cf (15-205)

At y ¼ 0 : c ¼
c ¼ ccexpðn=kmt;CPÞ

ðno compact layerÞ
clim ðcompact layer presentÞ

8<
: (15-211)

(15-206)

At y ¼ dCP : c ¼ cc

or

At y ¼ 1 : c ¼ cc

(15-207)

(15-213)

Assumption regarding how steady state is maintained in CP layer

Back-transport dominated by diffusion:

At y ¼ 0 : v c� cp
� � ¼ �Dtot

dc

dy
(15-208)

or

At anyx1: cc� cp
� �Zx1

0

vdx¼
Z1

0

u c x1ð Þ� cc½ 
dy

(15-217)
Back-transport dominated by inertial lift:

At y ¼ 0 : 0 ¼ @vc

@ dy
� @vliftc

@ dy
(15-228)

(continued )

Link between v and TMP in the absence of a compact layer

Particles : TMP ¼ 3pmLdpDBrnc exp
ĴV;avg

kmt;CP

 !
� 1

 !
þ ĴV;avg

k�w

(15-222)

Solutes : k�w TMP�Pcc=m

� �
¼ kmt;CP ln

ccc=m

cc
(15-224)

aThe boundary condition at y¼ 0 is Equation 15-111 in the absence of the

compact layer and Equation 15-206 if a compact layer is present.
bThe condition at y¼ 0 can be either Equation 15-207 or 15-213, depending

on the assumed thickness of the CP layer.

TABLE 15-14. (Continued)
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on the species targeted for rejection is combinedwith amodel

for fluid flow, and the two are solved simultaneously with

appropriate boundary conditions to predict the contaminant

profile in the CP layer. That profile is then related to the

volumetric flux,with thepressure profile in the systemplaying

a central role if no compact layer forms.As in frontal filtration,

the extent of polarization is much greater for macromolecules

andparticles (inMFandUFsystems) than for small solutes (in

RO systems).However, the equations aremore complexwhen

crossflow is included, because the axial component of fluid

velocity complicates the flow pattern and causes the CP layer

to be nonuniform, growing in the direction of bulk flow.

Although mathematical models for crossflow filtration have

grown more sophisticated over time, several simplifying

assumptions are still required in all the models to make

them tractable.

As in frontal filtration, concentration polarization in

systems with crossflow can lead to a steep concentration

gradient across the CP layer, from cc at its outer edge to

either ccc=m or clim at its inner edge (y¼ 0). Because both the

thickness of the CP layer and the value of cc grow with

distance from the inlet, cy¼0 increases rapidly with distance

downstream of the inlet. Since the CP layer is negligibly

thick at the inlet, no compact layer can be present at that

location, but such a layer might form at any point down-

stream, or not at all, depending on the operating conditions.

Within the portion of the membrane element lacking a

compact layer, the concentration profiles and flux are sensi-

tive to the TMP, but in the portion where a compact layer is

present, the dependence of flux on TMP disappears. Increas-

ing either the feed concentration or the TMP, or decreasing

the crossflow velocity, increases the likelihood that a com-

pact layer will form and, if one does form, causes the

location where it first forms to move upstream (closer to

the inlet). Regardless of whether a compact layer forms, the

flux is predicted to decline, often by a significant fraction,

with axial distance (x) because of the steady growth of the

CP layer. Because the flux varies with axial location, the

average flux across thewhole membrane must be determined

by an integration along the entire membrane length.

The details of the predicted concentration profile through

the CP layer and adjacent to the membrane depend on

several model assumptions, in addition to the known features

of the system. Among these assumptions are the nature of

the boundary conditions (e.g., whether the CP layer is

treated as having an abrupt versus an indistinct boundary

with the bulk solution), how steady state is achieved in the

compact layer, and which back-transport mechanism domi-

nates. Many of the modeling assumptions are linked to the

size of the targeted species, because different mechanisms of

back-transport dominate for different sizes of contaminants.

Back-transport of molecular and macromolecular contami-

nants is dominated by diffusion, whereas shear-induced

diffusion dominates back-transport for colloids and small

particles (�0.1 to a few micrometers), and inertial lift

dominates for larger particles.

Regardless of the size of the contaminant or the dominant

back-transport mechanism, the overall, effective pressure

differential that drives transport of water (TMP� Dc=pP)

must be dissipated between the bulk concentrate and the

bulk permeate. Portions of the available energy associated

with this differential are utilized to drive the permeation flow

from the bulk concentrate to the surface of the compact layer

(if one exists), through the compact layer, and then through

the membrane. Once water reaches the compact layer or the

membrane surface, the presence or absence of crossflow

becomes irrelevant, and the transport and energy loss phe-

nomena are identical to those in frontal filtration systems.

For species whose back-transport is dominated by shear-

induced diffusion or inertial lift, typical operating conditions

cause a compact layer (usually considered to be a cake) to

form over almost the entire membrane. When back-transport

is dominated by shear-induced diffusion, the cake is usually

considered to be thin and therefore to have negligible effect

on the crossflow velocity profile, but if inertial lift is

important, the possibility that the cake will significantly

reduce the flow cross-section must be considered.

In most systems, the majority of the TMP is thought to be

dissipated as water passes through the compact layer; the

resistance of the membrane is usually substantially less than

that of the compact layer, and the resistance of the CP layer

is almost always negligible by comparison.

Although crossflow systems operate under nonsteady-

state conditions most of the time, available models that

account for such conditions are in their infancy by compari-

son with steady-state models, and new research is required to

address this situation.

15.10 ELECTRODIALYSIS

Electrodialysis (ED) is a membrane process with two essen-

tial differences from the systems described in the earlier

parts of the chapter: it uses a gradient in electrical potential,

rather than a pressure gradient, as the driving force for

separation, and it generates clean water by selective perme-

ation of ionic contaminants, rather than water, through the

membrane. These systems use ion exchange membranes,

which are essentially sheets of ion exchange resin that have

fixed (immobile) charges of one sign incorporated into

their structure. For example, cation exchange membranes

contain a high concentration of fixed anionic groups. The

principle of electroneutrality requires that these fixed nega-

tive charges be balanced (at some reasonable length scale)

by positive ions (cations), but these cations are in solution in

the interstices of the membrane and are free to move under

the influence of an applied electrical field. In ED, cations

enter and pass through the membrane in a continuous stream
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under the influence of such a field, whereas the anions

remain fixed in place.

The ED process has several potential uses. In some cases,

the primary product is not the relatively clean water from

which ions have been separated, but the relatively concen-

trated stream; examples include the production of sea salt

from sea water, the conversion of neutral salts into separate

solutions of acids and bases, and the recovery of acids from

industrial wastewaters. Nevertheless, the primary use of ED

that is discussed here is the generation of a clean-water stream

from one with a much higher ionic content. Although ED has

been used for the production of drinking water from seawater,

this degree of desalination is now generally accomplished

more economically by RO. ED is more useful for treating

brackish water—water with an ionic content (mostly Naþ and

Cl�) too high for direct use as potable water, but much lower

than sea water. It has also been used for softening (removal of

Ca2þ and Mg2þ) or for removal of specific ions (e.g., nitrate,

sulfate, or arsenate) from relatively low ionic strength waters.

An interesting possibility is to use ED to increase the recovery

in RO treatment; the influent to the ED process would be the

concentrate from RO, and the clean-water effluent from ED

would be recycled to the RO input or mixed directly with RO

effluent for drinking water. ED might also be useful for the

treatment of wastewaters with high ionic content that are not

good candidates for treatment by precipitation or other,

simpler methodologies. In some cases, both the production

of a relatively clean stream and the recovery and reuse of a

concentrated stream (e.g., containing acids or bases for

cleaning operations) might be possible. Many of the appli-

cations of ED in water and wastewater treatment have been

reviewed by Schoeman and Thompson (1996), Strathmann

(2004), and Tanaka (2007).

ED is accomplished in units with tens or even hundreds of

pairs of alternating cation and anion exchangemembranes that

all lie between a cathode and an anode; a schematic diagramof

an ED unit is shown in Figure 15-49. The space between two

adjacent membranes is called a cell, and the complete collec-

tionofmembranes is referred toas a stack. The thicknessof the

membranes is in the range of 0.1–0.6mm, and the spacing

between them is in the range of 0.3–2mm. In this figure, the

membranes are labeledwith the sign of their fixed charge; that
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FIGURE 15-49. Schematic of electrodialysis system. Real systems have tens to hundreds of cell-

pairs in a stack; CEM and AEM refer to cation and anion exchange membranes, respectively; positive

and negative symbols within membranes refer to the fixed charge; positive and negative symbols that

are circled refer to cations and anions in solution, respectively; D and C refer to diluate and

concentrate, respectively. Source: Adapted from Strathmann (2004).
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is, cation exchangemembranes are shownwith negative signs,

and anion exchange membranes with positive signs.

Thefeedenters thecellsatoneedgeof thestack(thebottomin

the figure) and, as the water travels the pathways between the

membranes,cationsareattractedtothecathodeandanionstothe

anode. Cations can pass through cation exchange membranes

easily but, at least in the ideal case, cannot pass through anion

exchange membranes, and the opposite is true for anions. As a

result of both the movement and blockage of ions, some cells

lose ions of both types of chargewhile the adjacent cells collect

ionsofbothsigns.Thewaterwith the increasedconcentrationof

ions is called the concentrate, and thewater with the decreased

ion concentration is called the (or, sometimes, dialysate). The

repeating unit in a stack is a cell-pair, consisting of one of each

type ofmembrane and one of each type of cell (concentrate and

diluate). The solutions in the outer compartments that contain

the electrodes are isolated from the feed, clean water, and

concentrate, for reasons that are explained below. Typically,

the potential drop between the electrodes is controlled at a pre-

selected value intended to achieve the desired water quality in

the exiting diluate (i.e., product) stream. The potential drop is

commonly in the range of 0.5–1.5V/cell-pair and, since the

numberofcell-pairs inastackisoftenin therangeof50–100,the

total voltage across the whole ED unit can be quite high.

If the system shown in Figure 15-49 were completely

successful, each concentrate cell would contain all the

cations that entered that cell in the feed as well as those

that started in the adjacent cell to the left and passed through

the cation exchange membrane. The same cell would also

contain all the anions that entered it in the feed, along with

those that started in the adjacent cell to the right and passed

through the anion exchange membrane. Assuming that all

the cells received the same feed flow rate, the maximum

recovery of clean water would be 50% (the water in all of the

diluate cells), and the concentration of all of the ions in the

concentrate would be twice that in the rawwater. To increase

the recovery and the ionic concentration of the concentrate,

successive units in series could be fed the concentrate from

the previous unit or some of the concentrate effluent could be

recycled to the concentrate influent.

Electrodialysis reversal (EDR) is essentially the same

process; the difference is that the polarization of the anode

and cathode is reversed a few times per hour, so that the

concentrate cells under one condition become the diluate cells

in the opposite condition. This reversal prevents charged

macromolecules and charged particles (thatwould be attracted

to the membrane surface but be unable to pass through) from

accumulating and fouling the membrane. For a short period

after each reversal, all water from both types of cells is either

wasted or recycled to the influent to prevent contamination of

the product water; the idea is that the reduced recovery in the

short term is more than compensated by the long-term reduc-

tion in fouling. In the followinganalysis, nodistinction ismade

between ED and EDR, since the two processes differ only in

their piping, valving, and electrical controls.

A simplified diagram that shows a one-cell ED system and

that emphasizes the reactions at the cathode and anode is

shown in Figure 15-50. For typical operating conditions,

reduction of water generates hydrogen gas and hydroxyl ions

at the cathode, thereby raising the pH. At the anode, water is

oxidized, generating oxygen gas and protons, and lowering

the pH. In some applications, other products can be formed

at the electrodes; for example, chlorine gas can form at the

anode when ED is used for desalination of brackish or
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seawater (where Cl� concentrations are high). The products

of these reactions are undesirable in the final product water

or even in the concentrate. For this reason, the water in those

cells is usually isolated and replenished continuously, as

shown in Figure 15-49.

Transport in Systems with a Gradient
in Electrical Potential

We begin the analysis of ED systems by considering the

transport of mass and charge in solutions that are subject to a

gradient in electrical potential, c. The electrical current

through such solutions is carried by migrating ions, so trans-

port of mass and charge is linked. Specifically, the current

density carried by a particular ion (the current carried by the

ion per unit area, Î i) is related to the mass flux of that ion

(moles transported per unit area per unit time, Ji) as follows:

Î i ¼ ziFJi (15-237)

where zi is the ionic charge and F is Faraday’s constant.

Faraday’s constant is the absolute value of the charge per

mole of electrons; that is, it isNA ej j, whereNA is Avogadro’s

number and e is the charge on an electron (given in coulombs,

C, as� 1.602� 10�19 C). One mole of charge is commonly

referred to as one equivalent (equiv), so Faraday’s constant is

F¼ 96,485 C/equiv. Using this expression for F, considering
zi to have units of equivalents of charge per mole of i, and

expressing Ji in mol/m2 s, Equation 15-237 yields the current

density in A/m2.

The overall current density in the solution, Î, is the sum of

the current densities associated with the different ions:

Î ¼
X
all i

Îi ¼ F
X
all i

ziJi (15-238)

Both current density and flux have directionality as well as

magnitude; that is, they are vectors. For an ED system, we

define the x and y directions, respectively, as perpendicular to

and parallel to the membranes, with positive x pointing from

the anode to the cathode and positive y pointing from the fluid

inlet to the outlet.With these definitions, the electrical gradient

drives cations in the positive x direction and anions in the

negative x direction. As a result, zi and Ji are both positive for

cations and both negative for anions, so both cations and

anions make positive contributions to the current density.

As is true in other systems we have considered previously,

mass transport can occur in ED systems by either advection

or diffusion. However, if an electrical gradient is present,

charged species also move in response to this gradient by

electromigration. Thus, the total molar flux of species i at

any location in an ED system is

Ji ¼ Ji;adv þ Ji;D þ Ji;c (15-239)

where the terms on the right side are the fluxes due to

advection, diffusion, and electromigration, respectively. In

the following sections, the equations used to model advec-

tion and diffusion are reviewed briefly and are related to

the corresponding current densities via Equation 15-237.

The electromigration flux is then explored in greater detail,

since it is what distinguishes ED systems from those that we

have considered previously.

Transport due to Advection As explained in Chapter 2,

the advective flux of species i in the x direction is given by

the product of its concentration and the x component of the

fluid velocity as

Ji;adv ¼ civx (15-240)

The corresponding current density carried by species i and

by all species in solution are

Î i;adv ¼ ziFcivx (15-241)

Îadv ¼
X
all i

Îi;adv ¼ Fvx
X
all i

zici (15-242)

In an ED system, the current is strictly in the x direction,

but the advective flow is either zero (inside ideal mem-

branes) or in the y direction (in the concentrate and diluate

cells); that is, vx¼ 0 everywhere. As a result, in such

systems, advection is important for transporting ions from

the inlet to the outlet, but it makes no contribution to

carrying the current. More fundamentally, with rare

(microscopic) exceptions, the summation shown in Equa-

tion 15-242 is zero according to the principle of electro-

neutrality.30 Hence, while advection can be important for

mass flux, it rarely contributes to the electrical current.

Transport due to Diffusion The diffusive flux of species i

in the x direction and the corresponding current density are

given by31

Ji;D ¼ �Di

dci

dx
(15-243)

Îi;D ¼ ziFJi;D ¼ �ziFDi

dci

dx
(15-244)

30 As explained by Newman and Thomas-Alyea (2004), electroneutrality is

not really a fundamental law of nature, but occurs as a consequence of the

Poisson relationship, which suggests that it would take a large electrical

force to maintain a charge separation. In the absence of such a force,

electroneutrality occurs. Although it is possible to operate ED systems with

such charge separation (and this is sometimes done), we limit our discussion

to systems where electroneutrality occurs everywhere.
31 Formally, one would write this equation in terms of the activity rather

than concentration. However, it is common practice in the ED field to

incorporate the correction for nonideal solute behavior into the diffusivity.
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The overall current density associated with diffusion of all

species is therefore

ÎD ¼ F
X
all i

ziJi;D ¼ �F
X
all i

ziDi

dci

dx
(15-245)

Equation 15-245 applies to diffusion in amembrane aswell

as in bulk solution. However, diffusion coefficient values are

typically much lower in ion exchange membranes than in

aqueous solutions, so to generate the same diffusive flux in a

membrane as in solution, a much larger gradient in concen-

tration (or activity) would be needed in the membrane.

Transport in Solution due to an Electric Field Ohm’s law

states that current and potential are proportional to each

another. One expression of Ohm’s law is that the current

equals the product of the electrical conductance and the

voltage; that is, the constant of proportionality is the con-

ductance (which is the reciprocal of the electrical resist-

ance). The SI unit for conductance is Siemens (S).32

The conductance of a solution depends on both its ionic

content and the system geometry. By normalizing the con-

ductance to eliminate its dependence on the system geo-

metry, we can obtain a parameter that isolates the role of the

ionic composition in determining the ability of the solution

to carry current. This normalization, which is accomplished

by multiplying the conductance by the distance the current

travels and dividing by the cross-sectional area through

which the current travels, yields a parameter referred to

as the conductivity (k), with units such as S/m or mS/cm.

This normalization also allows writing Ohm’s law in terms

of the current density and the potential gradient, with k as the

constant of proportionality, as follows:

Îc ¼ �k
dc

dx
(15-246)

The negative sign in Equation 15-246 is required because

positive current is defined as flowing from the positive

electrode (anode) to the negative electrode (cathode), which

is the direction of decreasing electrical potential.

The solution conductivity can be expressed in several

ways, thereby leading to several ways of expressing the total

current density carried by all ions in solution (̂Ic) and the

current density carried by an individual ion (̂Ii;c) as follows:

k ¼ F
X
all i

uizici ¼
X
all i

lizici ¼ F2

RT

X
all i

Diz
2
i ci (15-247)

Îc ¼ �k
dc

dx
¼ �F

dc

dx

X
all i

uizici ¼ � dc

dx

X
all i

lizici

¼ � F2

RT

dc

dx

X
all i

Diz
2
i ci (15-248)

Î i;c ¼ �Fuizici
dc

dx
¼ �lizici

dc

dx
¼ � F2

RT
Diz

2
i ci

dc

dx

(15-249)

Equation 15-247 indicates that the solution conductivity

is a conservative property; that is, the conductivity is found

as the sum of contributions from all the ions, and (ideally)

each ion’s contribution is proportional to its concentration,

The three terms ui (ionic mobility), li (specific equivalent

ionic conductance), and Di (diffusion coefficient) are related

parameters that all describe how easily molecules of an ionic

species i move through an aqueous solution under the

influence of various driving forces; these parameters and

the relationships among them are described next.

The ionic mobility (ui) is the electrically induced velocity

of an ion through an aqueous solution normalized (divided)

by the field strength, with resulting units such as m2 s�1 V�1;

this parameter expresses the same concept for ions as the

electrophoretic mobility does for particles (as explained in

Chapter 11). The current density associated with ion i, Îi;c,

can be thought of as the flux of charge attributable to

movement of those ions, and, like all fluxes, can be inter-

preted as the product of a velocity and a concentration. In

that context (and recalling that F ¼ eNA), the expression

�FuiziciðdcÞ=ðdxÞ can be thought of as the product of the

ion velocity (itself the product of the ion velocity per unit

field strength [ui] and the field strength ðdcÞ=ðdxÞ½ 
) and the
concentration of charges (found as the product of the number

concentration of ions [NAci] and the charge per ion [ezi]).

The most direct measure of the contribution of each ionic

species to the solution conductivity is the specific equivalent

ionic conductance, li. Values of li have been found for all

common ions and are tabulated in the Handbook of Chem-

istry and Physics (CRC, 2009) and many textbooks. After

the value of l for any single ion is established, l for a second

ion can be determined by measuring the conductance of a

solution containing those two ions as the only solutes and

applying Equation 15-250. That process can then be repeated

for various solutions, each containing only one ion with an

unknown l, to determine l, of all ions of interest.

kj ¼
X
all i

li;jzici;j (15-250)

The product of the molar concentration (ci) and the (abso-

lute value of) ionic charge zij jð Þ yields concentration units

of equiv/L, and the units of l are conventionally reported in

S cm2/equiv. To determine the first value, a second indepen-

dent measure is needed; that measure is the fraction of the

overall current carried by each ion in a binary system.

32 Siemens were formerly called mhos, where mho is the reverse spelling of

ohm, consistent with the notion that conductance is the reciprocal of

resistance. For solutions, one Siemen (1 S¼ 1A/V) represents a very large

conductance, so values of solution conductance are commonly reported in

micro Siemens (mS).
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Experimental techniques have been developed to determine

that value (Robinson and Stokes, 1959); but nowadays, the

tabulated values for li are used virtually universally.

Both the specific equivalent ionic conductance and the

ionic mobility (ui) provide ways to quantify the ability of a

particular type of ion to carry current. These two parameters

are related by

li ¼ uiF (15-251)

Formally, both li and ui have the same sign as the charge

on the ion, zi; hence, the products uizi and lizi in Equa-

tions 15-248 and 15-249 are always positive. The same

result can be obtained if the negative signs are omitted

when reporting values of li and ui for anions, and if the

products uizi and lizi are written as uijzij and lijzij, respec-
tively. This convention is often used in the literature.

Themovement of an ion in response to an electrical potential

gradient is closely related to its movement in response to a

gradient in concentration or chemical activity (i.e., its diffusiv-

ity). In both cases, the driving force is a gradient in electro-

chemical activity, and the resisting force is primarily provided

by the water molecules past which the solute moves. This

relationship can be expressed quantitatively as follows:

Di ¼ RT

ziF
ui ¼ RT

ziF
2
li (15-252)

Substitution of these relationships for either ui or li into

Equations 15-248 and 15-249 yields the final expressions in

those equations. These final expressions are the ones used

most commonly in the analysis of ED systems because, as

shown below, both diffusion and electromigration are impor-

tant in some regions of interest, and the same ion character-

istic (Di) is used in the description of both processes.

The values of li and Di for a few ions are shown in

Table 15-15. These values make it clear that, in an aqueous

solution, protons (Hþ) and hydroxide (OH�) ions migrate

through solution much more readily than other ions33 and

hence have the ability to carry much more current. Because

the interest in ED is usually to remove other cations and

anions, the solutions to be treated are maintained at near-

neutral pH, where the concentrations of both Hþ and OH�

are low and their contributions to the overall current density

are low. The data in Table 15-15 indicate that cations

generally have a lower specific conductance than anions;

as a result, cation transport usually limits the overall trans-

port rate in ED systems. As noted, the data are given for

“infinite dilution” or zero concentration. In solutions con-

taining a single salt, the conductance (or diffusivity)

decreases somewhat with increased concentration, because

the increased concentration leads to an increase in the ionic

strength and a decrease in the ion activity coefficients;

values of k for various salt concentrations in single-salt

solutions are tabulated in the Handbook for Chemistry and

Physics (CRC, 2009). Semiempirical, semitheoretical equa-

tions to describe this effect have been formulated and are

reviewed in several textbooks (Bockris and Reddy, 1998;

Horvath, 1985; Kortum, 1965; Wright, 2007; Walker, 2010).

Invoking Equation 15-237 again, the molar flux of a

species due to electromigration can be computed as follows:

Ji;c ¼ Î i;c

ziF
(15-253)

¼ �uici
dc

dx
¼ � li

F
ci
dc

dx
¼ � F

RT
Dizici

dc

dx
(15-254)

Overall Transport and Current Densities in Systems with a
Gradient in Electrical Potential Using the final expres-

sion in Equation 15-254 to express the electrically induced

flux, we can now rewrite Equation 15-239 for transport in the

x direction as follows:

Ji;x ¼ vxci � Di

dci

dx
� F

RT
Dizici

dc

dx
(15-255)

This expression (or the equivalent using any of the expres-

sions for in Equation 15-254) is known as the extended

Nernst–Planck equation; when the advective term is omitted,

the equation is known simply as the Nernst–Planck equation.

The corresponding equation for current density (assuming

that the current is only in the x direction, but ignoring the

subscript x on these terms) is

Îi ¼ Î i;adv þ Îi;D þ Î i;c ¼ ziFvxci � DiziF
dci

dx
� F2

RT
Diz

2
i ci

dc

dx

(15-256)

As noted previously, advection does not carry any current

in ED systems. Therefore, in ED systems, the advective

TABLE 15-15. Specific Equivalent Ionic Conductance

and Diffusivity of Selected Ions8

Cation
þl0

(S cm2/equiv) D0 (cm
2/s) Anion

�l0
(S cm2/equiv) D0 (cm

2/s)

Hþ 349.8 9.312� 10�5 OH� 198.0 5.260� 10�5

Naþ 50.11 1.334� 10�5 Cl� 76.34 2.032� 10�5

Kþ 73.52 1.957� 10�5 Br� 78.3 2.084� 10�5

Ca2þ 59.50 0.7920� 10�5 HCO3
� 41.5 1.105� 10�5

Mg2þ 53.06 0.7063� 10�5 NO3
� 71.44 1.902� 10�5

SO4
2� 80 1.065� 10�5

aNewman and Thomas-Alyea (2004); the subscript “0” on l andD indicates that
the values shown for the specific equivalent ionic conductance and diffusivity are
based on extrapolation to an infinitely dilute (i.e., ideal) solution, in which the
activity coefficients of all ions are 1.0.

33 The higher mobility of Hþ (or, more correctly, H3O
þ) and OH� reflects

the fact that, in addition to migration of intact ions, these species can, in

effect, move through solution by the transfer of protons from one water

molecule to the next. This mode of transport is not available to any other

solute.
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terms in Equation 15-256 can be ignored, and the equation

simplifies to the Nernst–Planck equation

If Îadv ¼ 0 : Îi ¼ �DiziF
dci

dx
� F2

RT
Diz

2
i ci

dc

dx
(15-257)

In addition, as is explained below, the ion concentration is

uniform in some regions in ED systems. In these regions,

diffusion is negligible, so Equation 15-256 can be simplified

even more as

If ÎD ¼ Îadv ¼ 0 : Î i ¼ � F2

RT
Diz

2
i ci

dc

dx
(15-258)

Applying Equation 15-258 to the collection of all ions in

solution yields

If ÎD ¼ Îadv ¼ 0 : Î ¼ �F
X
all i

ziJi ¼ � F2

RT

dc

dx

X
all i

Diz
2
i ci

(15-259)

Equation 15-259 indicates that, in regions where transport

occurs only by electromigration, the current density is directly

proportional to the potential gradient. The potential drop from

one point to another (from x1 to x2) in such a region can be

computed by integration of Equation 15-259, yielding

Dcx1�x2
¼ RT

F2 P
all i Diz

2
i ci

� � Î x1 � x2ð Þ (15-260)

The usefulness of these simplified forms of Equa-

tion 15-257 is demonstrated in the following section.

Modeling Electrodialysis Systems

Overview ED systems are, of course, three dimensional.

Most often, the flow is vertical (and upward) so that particles

or bubbles are likely to be carried through the system rather

than accumulate on the membranes. As water travels from

the influent to the effluent (the y direction), ions move in the

x direction due to both electromigration and diffusion

(which is induced near the membranes by the combination

of electromigration and ion rejection). As a result of these

transport mechanisms and selective transport of particular

ions across the membranes, the concentration of ions in the

diluate cells decreases steadily in the direction of water flow,

whereas that in the concentrate cells increases.

In this section, we build a mathematical model of ED

systems, using the equations derived previously to evaluate

ion transport in the x and y directions. The analysis considers

an idealized ED system at steady state. The idealizations

include plug flow of the bulk solutions in both the diluate and

concentrate cells, stagnant boundary layers next to the mem-

branes, and 100% perm-selective membranes (i.e., the cation

exchange membrane rejects anions completely and the anion

exchange membrane rejects cations completely). In addition,

we assume that the solution contains only a single salt (NaCl

in the example) that behaves ideally, and that the salt concen-

tration and solution pH are such that the contributions of Hþ

and OH� to the current density are negligible.

We begin by considering transport in the x direction in a

single cell-pair, and then combine the result with an analysis of

advection in the ydirection to develop a two-dimensionalmodel

for that cell-pair. We then extend the analysis to consider an

arbitrary number of cell-pairs in parallel, as in a real ED system.

At any given (x, y) value, we expect the concentration to be the

same throughout the depth of the system (i.e., for all z values);

therefore, the two-dimensional, multiple-cell-pair model is

sufficient to describe the true three-dimensional system.

Transport in the x Direction in a Single Cell-Pair To

model salt separation in a single cell-pair, wemust understand

the transport of both cations and anions through eight regions:

� Anion exchange membrane

� Boundary layer on the diluate side of the anion

exchange membrane

� Bulk diluate solution

� Boundary layer on the diluate side of the cation

exchange membrane

� Cation exchange membrane

� Boundary layer on the concentrate side of the cation

exchange membrane

� Bulk concentrate solution

� Boundary layer on the concentrate side of the anion

exchange membrane.

At any specific value of y, the ion gradients and potential

drop in each region of the system adjust to satisfy two

requirements: that the overall potential drop (per cell-pair)

equals the imposed value and that the electrical current is the

same in all these regions. In each region, electroneutrality

must be maintained (at some macromolecular length scale),

so cations and anions do not act independently of one another.

The presentation is based in part on a general description of

electrochemical systems by Bard and Faulkner (2001).

To aid in the analysis, it is useful to introduce the concept

of the transport number, ti, defined as the fraction of the

total current carried by species i:

ti ¼ Îi
�
Î (15-261)

Because the membranes are assumed to completely reject

the co-ion (Naþ in the anion exchange membrane and Cl� in

the cation exchange membrane), all of the current within

each membrane is carried by the counter-ions. The transport

number of the mobile ion in each membrane is therefore

unity, whereas that of the rejected ion is zero. Using an

overbar to denote a quantity in the membrane, the membrane

transport numbers for the NaCl system are

tNaþ;CEM ¼ 1 tCl�;CEM ¼ 0 tCl�;AEM ¼ 1 tNaþ;AEM ¼ 0
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In both the bulk concentrate and bulk diluate, the

solutions are uniform in the x direction and hence have

no concentration gradient. Therefore, the current is carried

entirely by electromigration. Writing Îi;c in terms of

specific equivalent ionic conductance, and adopting the

convention in which li is written as a positive value for

both cations and anions, the transport number for Naþ in

either the bulk diluate or bulk concentrate can be evaluated

as follows:

tNa ¼ ÎNa

Îtot
¼ ÎNa

ÎNaþ ÎCl
¼

¼ lNaþ zNaþj jcNaþ dc=dxð Þbulk
lNaþ zNaþj jcNaþ dc=dxð ÞbulkþlCl� zCl�j jcCl� dc=dxð Þbulk

¼ lNa

lNaþlCl
¼ 50:11

50:11þ 76:34
¼ 0:396 (15-262)

The corresponding calculation for Cl� (or the knowledge

that tNaþ þ tCl� ¼ 1 in this single-salt solution) yields the

result tCl� ¼ 0:604. The simplification of the full equation

takes advantage of the principle of electroneutrality for this

binary salt zNaþj jcNaþ ¼ zCl�j jcCl�ð Þ; this fact applies for any
binary salt, so generally

tcat;bulk ¼ lcat

lcat þ lan
and tan;bulk ¼ lan

lcat þ lan
(15-263)

As indicated, the same calculation applies to both the bulk

diluate and bulk concentrate, despite the fact that the

concentrations, ci, and potential gradients, ðdcÞ=ðdxÞ, are
different in those two solutions. For simplicity in the fol-

lowing example, we round these values to tNaþ ¼ 0:4 and

tCl� ¼ 0:6.
Consider a horizontal plane in the idealized ED system

containing a single cell-pair, and assume that, at the

particular y location, the current density is 100 A/m2. A

schematic diagram indicating the contributions to this

current density due to transport of Naþ and Cl� in the

various regions of the system is shown in Figure 15-51;

all cell-pairs in a full system would be the same as the one
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FIGURE 15-51. Current density carried by specific ions on a particular plane in a single-cell-

pair ED system with sodium chloride as the only solute. The upper pairs of arrows and numbers

indicate the current density (in A/m2) caused by electromigration for each ion, while the lower

pairs indicate the current density caused by diffusion. The concentration profiles in the concentrate

and diluate are sketched in the top part of the diagram. Source: Adapted from Bard and Faulkner

(2001).
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shown.34 For this solution, the transport numbers for both

membranes and for the bulk solutions have already been

calculated, and so the current densities for those regions

are simply the product of the transport numbers and total

current density. In each membrane, these values are

100 A/m2 for the selected ion (i.e., the one that passes

through the membrane) and zero for the rejected (or

excluded) ion. In both the diluate and concentrate bulk

solutions, the values are 40 and 60 A/m2 for sodium and

chloride, respectively.

In the boundary layers adjacent to each membrane,

current is carried by both electromigration and diffusion.

For the selected ion (sel) in any boundary layer, electro-

migration and diffusion transport ions in the same direction

and both contribute to the total current density. For the

rejected ion (rej), electromigration in one direction exactly

offsets diffusion in the other, because no net transport of that

ion occurs (at steady state) in the boundary layer. We can

apply Equation 15-257 to the rejected ion to obtain

Îrej ¼ 0 ¼ �DrejzrejF
dcrej

dx
� F2

RT
Drejz

2
rejcrej

dc

dx
(15-264a)

or after rearrangement:

dcrej

dx
¼ � F

RT
zrejcrej

dc

dx
(15-264b)

Electroneutrality holds within the boundary layer and, for

the binary salt, is expressed as

zrejcrej ¼ �zselcsel (15-265)

Taking the derivative yields

zrej
dcrej

dx
¼ �zsel

dcsel

dx
(15-266)

Equation 15-266 indicates that the concentration gradient

of the cation and anion will be identical for a symmetric

electrolyte, but not for asymmetric electrolytes. Substituting

both Equations 15-265 and 15-266 into Equation 15-264b

yields the following equation in terms of the selected ion

concentration:

dcsel

dx
¼ � F

RT
zrejcsel

dc

dx
(15-267)

The selected ion carries the entire current in the boundary

layer, and so applying Equation 15-257 to that ion yields

Îsel ¼ Î ¼ �DselzselF
dcsel

dx
� F2

RT
Dselz

2
selcsel

dc

dx
(15-268)

Substituting ðdcselÞ=ðdxÞfrom Equation 15-267 yields

Î ¼ Dsel

F2

RT
zselzrejcsel

dc

dx
� F2

RT
Dselz

2
selcsel

dc

dx
(15-269a)

Î ¼ Dsel

F2

RT
zselcsel

dc

dx

� �
zrej � zsel
� �

(15-269b)

The first term on the right side in Equation 15-269a is the

current density in the boundary layer attributable to diffusion

of the selected ion, and the second is the current density

attributable to its electromigration. The fraction of the total

current carried by the selected ion and attributable to each of

these mechanisms is therefore

ÎD;sel=Î ¼ zrej

zrej � zsel
(15-270a)

Îc;sel=Î ¼ � zsel

zrej � zsel
¼ zsel

zsel � zrej
(15-270b)

Thus, for example, for a symmetric electrolyte (such as

NaCl), diffusion and electromigration of the selected ion

each carries one-half of the total current through each

boundary layer. For CaCl2, diffusion carries one-third of

the current near the cation exchange membrane and electro-

migration two-thirds, but these ratios are reversed near the

anion exchange membrane.

Furthermore, by comparing the first term on the right side

in Equation 15-264 with that in Equation 15-268, we see that

the current densities attributable to diffusion for the two ions

in all of the boundary layers are in the ratio of their diffusion

coefficients; that is,

ÎD;rej

ÎD;sel

 !
Boundary layer

¼ �DrejzrejFðdcrej=dxÞ
�DselzselFðdcsel=dxÞ

¼ DrejzselFðdcsel=dxÞ
�DselzselFðdcsel=dxÞ ¼ �Drej

Dsel

(15-271)

The negative sign stems from the fact that the diffusive con-

tributions to the current from the two ions oppose one another.

For systems with only one cation and one anion, all the

boundary layersarecharacterizedby the followingrelationship:

� ÎD;an

ÎD;cat

 !
Boundary layer

¼ Dan

Dcat

¼ lan

lcat
(15-272)

where the subscripts refer to the anion and cation. For NaCl,

as depicted in Figure 15-51, diffusion of Cl� contributes

1.5 times as much current density as does diffusion of Naþ

through each boundary layer:

� ÎD;Cl

ÎD;Na

 !
Boundary layer

¼ DCl

DNa

¼ lCl

lNa
¼ 0:6

0:4
¼ 1:5

(15-273)

34 The conditions in the vicinity of the electrodes (i.e., those experienced by

the anolyte and catholyte) are more complex than indicated here because of

the production of protons and hydroxyl ions, but the concern here is only

with the example cell-pair in the middle of the figure.
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Applying Equations 15-270a, 15-270b, and 15-273 to the

situation depicted in Figure 15-51 results in the apportioning

of the current densities to the two ions and the two mecha-

nisms in every boundary layer as shown.

The concentration profiles in the boundary layers are also

shown schematically in Figure 15-51. Note that, in each cell,

the concentration gradients are greater in the boundary layers

adjacent to the cation exchangemembrane than those adjacent

to the anion exchange membrane. This situation also arises

from the combinations of Equations 15-270a and 15-207b and

15-273. For the 1:1 electrolyte depicted in the figure, diffusion

of the selected ion must carry half the current (50A/m2) in

every boundary layer, and that takes a lesser gradient for

chloride (with itshigherdiffusioncoefficient) than for sodium.

The interest in ED, of course, is not to pass current through

a solution for its own sake, but to transport ions from the

diluate to the concentrate. The current densities shown in

Figure 15-51 can all be translated into molar fluxes via

Equation 15-237. Since zj j ¼ 1 for both Naþ and Cl� (the

only ions in this solution), these translations are the same for

both ions. For example, for the current density Î ¼ 100A/m2

in Figure 15-51 (and recalling that 1A¼ 1C/s)

Ji ¼ 100C=m2 s

1 eq=molð Þ 96; 485C=eqð Þ ¼ 1:04� 10�3 mol=m2 s

¼ 1:04mmol=m2 s

Both ions are transported out of the diluate (sodium to the

right and chloride to the left in the figure) and into

the concentrate (sodium from the left and chloride from

the right) at this flux.

Relating Ion Fluxes, Electrical Current Density, and the
Electrical Potential Difference The preceding section

identifies the contributions of different ions to a fixed total

current density at various points in a horizontal plane of anED

system at steady state. We next consider how large the

electrical potential difference across a cellmust be to establish

andmaintain such a current density, and how the potential and

concentrations change across different portions of the cell.

In each of the bulk solutions and within each of the mem-

branes of an ED system, the concentrations are uniform at a

particular y value, and the current is associated strictly with

electromigration. As a result, the potential drop across each of

these regions can be computed using Equation 15-260 (with

different diffusion coefficients and concentrations in the mem-

brane fromthose in solution).Asnotedpreviously, this equation

indicates that the potential gradient is linear across the regionof

interest, with a slope that is directly proportional to the current.

The concentration–current–potential relationships in the

boundary layers are more complicated, because both elec-

tromigration and diffusion are operative. We develop this

relationship next, for an idealized, binary-salt, steady-state

system with known current density and known solution

composition in the bulk solutions of both the diluate and

concentrate. It is convenient to define the length dimension x

to be zero at the membrane surface and to increase away

from the membrane, regardless of the direction of current

flow. The maximum value of x is the boundary layer

thickness, d; that is, the interface between the boundary

layer and the bulk solution is at x¼ d.

As noted previously, the current density of the selected

ion equals the full current density in each boundary layer

(Equation 15-268), and the fraction of that current

density attributable to diffusion is ðzrejÞ=ðzrej � zselÞ (Equa-
tion 15-270a). Combining these ideas, we can express the

current density of the selected ion attributable to diffusion as

zrej

zrej � zsel
Î ¼ �DselzselF

dcsel

dx
(15-274)

Rearranging and integrating yields an expression for the

concentration profile of that ion

Zc x2ð Þ

c x1ð Þ

dcsel¼ � zrej

zsel zrej � zsel
� � Î

DselF

Zx2
x1

dx

csel x2ð Þ¼ csel x1ð Þ � zrej

zsel zrej � zsel
� � Î

DselF
x2 � x1ð Þ

(15-275)

Equation 15-275 describes the difference in concentration

of the selected ion between any two points in any of the

boundary layers in the system (i.e., on either side of

either type of ion exchange membrane). Equations 15-274

and 15-275 indicate that the selected ion concentration

profile is linear through the boundary layer. The profile of

the rejected ion can be calculated by combining the electro-

neutrality equation (Equation 15-265) with Equation 15-275,

and is therefore also linear. Our primary interest is in the

change in concentrations between the bulk solution and the

membrane. However, Equation 15-275 is awkward to use

directly for that calculation because so many of the terms in

the equation have signs that depend on whether we are

analyzing the boundary layer adjacent to the cation or anion

exchange membrane, and whether this layer is in the concen-

trate or diluate cell. This complication can be largely over-

come by eliminating some of the signs and separating the

analysis of cations from that of anions. The results are shown

in Table 15-16. In the equations, d is the thickness of the

boundary layer (without directionality),x is the distance from

the membrane to the location of interest, Î is always taken as

positive, and the � and þ signs apply to the diluate and

concentrate solutions, respectively.

Once the concentration profiles of both ions are estab-

lished, the profile of electrical potential can be derived by
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any of the relationships between c and csel or crej. For

example, multiplying both sides of Equation 15-264b by

dx, rearranging and integrating, we find

Zc xð Þ

c dð Þ

dcrej

crej
¼ � F

RT
zrej

Zc xð Þ

c dð Þ

dc

c xð Þ ¼ c dð Þ � RT

zrejF
ln
crej xð Þ
crej dð Þ

(15-276)

The result indicates that c is a logarithmic function of crej
(and therefore csel) in the boundary layers. Again converting

this expression to put it in terms of the cations and anions,

the potential profile across each boundary layer can be

calculated, as also shown in Table 15-16.

& EXAMPLE 15-28. An ED system has the following

characteristics:

� The influent is a neutral pH solution of NaCl at a

concentration of 0.1M and a temperature of 25�C, and
the same influent is applied at the same flow rate to both

the diluate and concentrate cells;

� The distance between adjacent membranes is 1mm, the

boundary layers adjacent to both membranes are 50mm
thick, and both membranes are 250mm thick;

� The cation exchangemembrane has a fixed charge density

of 3900 eq/m3 and the diffusivity of Naþ in themembrane

is 1.75� 10�10m2/s;

� The anion exchange membrane has a fixed charge

density of 1100 eq/m3 and the diffusivity of Cl� in

the membrane is 9.68� 10�11m2/s.35

The system is operated at a potential drop that yields a

current density at the entrance layer of 200A/m2. Determine

the concentration and potential drop profiles across a cell-

pair at the entrance where the concentrations in the bulk

solutions of the diluate and the concentrate are the same.

Solution. Since the pH is neutral, the current densities

carried by protons and hydroxide ions are assumed to be

negligible and are, therefore, ignored. In the cation exchange

35 Characteristics of the membranes are adapted from Pourcelly et al.

(1996) and from Amang et al. (2003).

TABLE 15-16. Model of Idealized System: Boundary Layer Concentrations, Potentials, and Fluxes

Near Anion Exchange Membranea,b,c Near Cation Exchange Membranea,b,c

ccat xð Þ ¼ ccat;bulk 1� Îd 1� x=dð Þ
z0FDanccat;bulk

� �
(15-277) ccat xð Þ ¼ ccat;bulk 1� Îd 1� x=dð Þ

z00FDcatccat;bulk

� �
(15-279)

ccat;M ¼ ccat;bulk 1� Îd

z0FDanccat;bulk

� �
(15-278) ccat;M ¼ ccat;bulk 1� Îd

z00FDcatccat;bulk

� �
(15-280)

can ¼ zcat

zanj j ccat (15-281) can ¼ zcat

zanj j ccat (15-281)

cðxÞ � cM ¼ � RT

zcatF
ln

1� Îd 1� x=dð Þ
z0FDanccat;bulk

1� Îd

z0FDanccat;bulk

2
6664

3
7775 (15-282) cðxÞ � cM ¼ RT

zanj jF ln

1� Îd 1� x=dð Þ
z00FDcatccat;bulk

1� Îd

z00FDcatccat;bulk

2
6664

3
7775 (15-283)

DcBL ¼ � RT

zcatF
ln 1� Îd

z0FDanccat;bulk

� �
(15-284) DcBL ¼ RT

zanj jF ln 1� Îd

z00FDcatccat;bulk

� �
(15-285)

Jcat ¼ 0 (15-286) Jcat ¼ Î

zcatF
(15-288)

Jan ¼ � Î

zanj jF (15-287) Jan ¼ 0 (15-289)

aIn all the equations with the� symbol, the negative sign is for the diluate and the positive for the concentrate. Î is always taken as positive; absolute value signs

are omitted to avoid clutter.
b
z0 	 zcat þ zanj j; z00 	 zcat þ z2cat

zan
; DCBL 	 CM � C dð Þ .

cThe absolute value signs could be omitted in the expressions for z0 and z00, with consequent sign changes from þ to � in each of those equations. The form

shown makes it easier to see what terms are additive, but in numerical modeling, it is likely to be simpler to use the true value and opposite signs in the

appropriate terms.
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membrane (cation exchange membrane), the potential gradi-

ent is constant throughout the membrane thickness (because

the concentration is constant) and can be found from a

rearrangement of Equation 15-249, recognizing that only

the Naþ ions are involved in the current flow

dc

dx

� �
CEM

¼ � RT

F2zNaþ2DCEM;NaþcCEM
Î

¼ � 8:314 J=mol Kð Þ 298Kð Þ 200A=m2ð Þ 1C=A sð Þ
96; 485C=eqð Þ2 1 eq=molð Þ2 1:75� 10�10 m2=s

� �
3900 eq=m3ð Þ

¼ �78:0V=m

DcCEM ¼ dc

dx

� �
CEM

dCEM ¼ �78:0V=mð Þ 250mmð Þ ð10�6 mÞ=ðmmÞ� �

¼ �0:0195V ¼ �19:5mV

The calculation of the potential drop through the anion

exchange membrane (AEM) is similar, with chloride being

the moving ion; the results are that ðdcÞ=ðdxÞð ÞAEM ¼
�500:3V=m and DcAEM ¼ �0:1250V ¼ �125:0 mV.

The much higher potential drop in this anion exchange

membrane is caused by the lower charge density and lower

diffusivity in comparison to the cation exchange membrane.

The concentrations of both bulk solutions (i.e., the diluate

and concentrate) are the same at the entrance to theEDsystem,

and therefore the potential gradients are also the same. This

potential gradient can be calculated from Equation 15-259,

and the potential drops can then be calculated as the product of

the gradient with the width of the bulk solutions, dbulk. This

width is the distance between membranes (1mm or 1000mm)

minus twice the boundary layer thickness, or 900mm.

In the boundary layer on the concentrate side of the cation

exchange membrane, we can find the concentration at the

membrane surface (x¼ 0) from Equation 15-280.

The chloride concentration at the membrane surface is the

same, since both ions carry a single charge and electro-

neutrality prevails.

The diffusion of sodium also controls the concentration

gradient on the diluate side of the cation exchange mem-

brane, but here electromigration and diffusion are in the

same direction. Because the bulk concentration in the

diluate is the same as in the concentrate in this case (at

the entrance to the system), the calculation is identical

except for a negative sign before the fraction term;

therefore

cNaþ;CEM;dil ¼ 0:1mol=Lð Þð1� 0:388Þ ¼ 0:0612mol=L

Again, electroneutrality requires that cCl�;CEM;dil ¼
0:0612mol=L.

The calculations at the surface of the anion membrane

are similar, except that it is the diffusion of chloride that

controls the process and enters into the equation. The

results are

cCl�;AEM;con ¼ cNaþ;AEM;con ¼ 0:1255mol=L

and cCl�;AEM;dil ¼ cNaþ;AEM;dil ¼ 0:0745mol=L.
The potential drop is a nonlinear function of distance

through each boundary layer, so a complete profile would

require a calculation at several points. However, our

interest here is only in determining the overall

potential drop in each boundary layer. As an example,

we use Equation 15-285 for the concentrate side of

dc

dx

� �
bulk

¼ � RT

F2P
all i zi

2Dici
Î ¼ � RT

F2z2cbulk
P

all i Di

Î

¼ � 8:314 J=mol Kð Þ 298Kð Þ 200A=m2ð Þ 1C=A sð Þ
96; 485C=molð Þ2 0:1mol=Lð Þ 1000 L=m3ð Þ 1:334� 10�9

� �þ 2:032� 10�9m2=s
� � ¼ �158:2

V

m

Dcbulk ¼ dc

dx

� �
bulk

dbulk ¼ �158:2V=mð Þ 900mmð Þ 10�6 m=mm
� � ¼ �0:1424V ¼ �142:4mV

cNaþ;CEM;conc ¼ cNaþ;bulk 1þ Îd

zNaþ þ ðzNaþ2= zCl�j jÞð ÞFDNaþcNaþ;bulk

� �

¼ 0:1mol=L 1þ 200A=m2ð Þ 50� 10�6 m
� �

1C=A sð Þ
2 equiv=molð Þ 96; 485C=equivð Þ 1:334� 10�9 m2=s

� �
0:1mol=Lð Þ 1000 L=m3ð Þ

" #

¼ 0:1mol=Lð Þ 1þ 0:388ð Þ ¼ 0:1388mol=L
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the CEM membrane.36

DcBL;CEM;conc ¼
RT

zanj jF ln 1þ Îd

zcat þ ðz2catÞ=ð zanj jÞ� �
FDcatccat;bulk

" #

¼ 8:314 J=mol Kð Þ298K
1 eq=molð Þ 96; 485C=eqð Þ ln 1þ 200ðA=m2Þð Þ 5� 10�5 m

� �
2 eq=molð Þ 96; 485C=eqð Þ 1:334� 10�9 m2=s

� �
100mol=m3ð Þ

" #

¼ 0:0256Vð Þln 1:388½ 
 ¼ 0:0084V ¼ 8:4mV

The loss of potential through each part of the cell-pair is

summarized in the following table. The total potential drop

is the sum of all of the values in this table, or 463.8mV (i.e.,

almost one-half volt per cell-pair). The potential drop

through the entire system would be this value multiplied

by the number of cell-pairs, plus whatever potential drop

occurs in the electrode cells at both ends of the system. The

concentration and potential profiles through the cell-pair are

shown in Figure 15-52.

Diluate Concentrate

AEM BLAEM Bulk BLCEM CEM BLCEM Bulk BLAEM

Dc (mV) �125.1 �7.6 �142.4 �12.6 �19.5 �8.4 �142.4 �5.8

&

Analysis of the Two-Dimensional ED System

In ED systems, the solution to be treated travels at a constant

flow rate (in the y direction) and (ideally) by plug flow

through the diluate channels, while ions are continuously

subjected to a driving force (in the x direction) that trans-

ports them to the boundary of this solution and into another

phase (the ion exchange membrane). The contaminants then

pass through the membrane before entering the concentrate

solution, which transports them out of the system.

Although the primary driving force for contaminant

transport and the geometry of the system are unique to

ED, the general process bears many similarities to other

multiphase, contaminant removal systems with plug flow of

solution that we have considered previously, including gas

transfer columns, fixed- or moving-bed adsorptive contac-

tors, and granular-media filtration. To model all these sys-

tems at steady state, we wrote mass balances at two scales:

one at the macroscopic scale of the reactor (to characterize

gross contaminant removal between the inlet and a point

downstream in the reactor or at its exit), and the other over a

differentially thin layer in the reactor (to characterize

transport out of the feed solution at that location). We follow

a similar procedure here to model two-dimensional steady-

state ED systems.

Macroscopic Mass Balance on ED Reactor The macro-

scopic mass balance for any particular ion with a control

volume from the entrance to a particular value of y in the ED

system is

Qconcci;conc;in þ Qdilci;dil;in ¼ Qconcci;conc yð Þ þ Qdilci;dil yð Þ
(15-290)

36 To reduce clutter, the identities of 1V¼ 1 J/C and 1C¼ 1A s are not

shown in the calculation.

μ

FIGURE 15-52. Concentration and potential profiles through

one cell-pair for Example 15-28.
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Assuming that no water flows through the membrane,

Equation 15-290 can be rearranged to find:

ci;concðyÞ ¼ Qconcci;conc;in þ Qdilci;dil;in � Qdilci;dilðyÞ
Qconc

(15-291)

If, as is commonly true, both the concentrations and the

flow rates entering the diluate and concentrate cells are

equal, Equation 15-291 can be rewritten as follows:

ci;concðyÞ ¼ 2ci;in � ci;dilðyÞ (15-292)

Using Equation 15-291 or (15-292) as appropriate, we can

compute the concentration of each ion in the concentrate

solution at any given value of y, if the concentration in the

diluate solution is known.

Microscopic Mass Balance on a Differential Element in an
ED Reactor We next evaluate the conditions in a control

volume that is differentially thick in the direction of bulk

flow (y direction), considering various parts of the system

(the bulk solutions, the boundary layers, and the membranes)

separately. We begin by writing a mass balance on the cation

in a control volume that comprises the fluid in a dy-thick

layer of the bulk diluate, as shown schematically in

Figure 15-53.

Cations enter and leave this control volume by advection,

and they also leave by transport into the boundary layer

adjacent to the cation exchange membrane. At steady state,

the flux of cations into the boundary layer (in the x direction)

equals its flux into and through the membrane, so we can

equate the flux into the membrane with the net flux (in� out)

of the bulk solution. Taking these factors into account, along

with the assumption of steady state, we find

@ccat
@t

dV ¼ Q ccat yð Þ � ccat yð Þ þ dccat yð Þ
dy

dy

� �� �
� Jcat;CEMdA

(15-293)

0 ¼ �Qdccat � Jcat;CEMdA (15-294)

where dV and dA are, respectively, the volume of the control

volume and the area of the cation exchange membrane

bordering it. Writing Q and dA in terms of the fluid velocity

(vy), the width of the membrane in the z direction (Wm, into

the page in Figure 15-53), and thewidth of the plug flow (i.e.,

bulk) portion of the cell (Wbulk ¼ s� 2d, the distance

between the membranes minus the portion of the cell occu-

pied by the boundary layers) yields

0 ¼ �vWmWbulkdccat ¼ �Jcat;CEMWmdy (15-295)

In the differential element, the gradient of concentration

in the direction of flow (the y direction) is found by

rearranging Equation 15-295 to find

dccat

dy
¼ � Jcat;CEM

vWbulk

(15-296)

Theoretically, we could separate the variables and inte-

grate from the inlet (y¼ 0) to the outlet (y¼ Lcell) to obtain

the concentration at the outlet end. However, the mass flux is

related to the current (which varies along the cell length) and

the current is related to the (uniform) potential drop through

a cell, so such an integration is not possible analytically.

Rather, a numerical integration of the differential through

the cell is necessary. To perform this integration, the rela-

tionships among potential, current, and flux in the various

parts of a cell-pair must be known.

The preceding example exploring the conditions at the

entrance (y¼ 0) illustrates most of the calculations nec-

essary in the analysis of full (two-dimensional) systems,

but that example was simplified by the specification of the

current. In real systems, the potential drop per cell-pair is

known (and is constant with y) and the current density at a

given y (or Dy increment) must be determined; this

situation is the opposite of that considered in the example.

Since the potential drop in the boundary layers is a

nonlinear function of the distance in the boundary layer

and the adjacent bulk concentration, the current density

for the particular bulk concentrations and voltage drop per

cell-pair must be found by trial-and-error. As y increases

along the length of an ED cell, the concentration of the

diluate decreases (increasing the fraction of the cell-pair

potential drop through that portion of the cell) and the

concentration of the concentrate increases (reducing the

relative potential drop through that layer). In response to

the diminishing concentration in the diluate, the current

density decreases with increasing y. Nevertheless, all the

necessary equations to solve for the removal achieved in

an ED system (or the required size of an ED system for a

desired removal) have been presented, as illustrated in the

following example.

CEM Boundary 
layer 

Boundary 
layer 

Q 
c (y) 

Q 
c (y + dy)   

dy 
Jan

Jcat

s 

δ 

AEM 

Ian

Icat 

δ 

FIGURE 15-53. Control volume for a mass balance on ion i in

the bulk diluate. The layer is assumed to be well-mixed, so the

concentrations exiting the layer are the same as those inside it.
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& EXAMPLE 15-29. An ED system is operated at a

liquid loading rate (flow per unit area) that leads to a

velocity in both bulk solutions of 0.1m/s, generating

30-mm-thick boundary layers adjacent to each membrane;

the membranes are 0.5mm thick and are separated by

1mm. The length of the membranes is 2m and the poten-

tial drop is set at 0.8 V/cell-pair. The influent solution and

membrane characteristics (diffusivities and ion capacities)

are identical to those in Example 15-28. Determine the

current density and the concentrations of the diluate and

concentrate along the cell length.

Solution. At the influent, the concentration in both the

bulk and diluate are known (and equal). A trial-and-error

solution to find the current density that yields the specified

potential drop for those bulk concentrations is performed

first, using all the equations illustrated in Example 15-28.

An initial guess for the current density at y ¼ 0 is made

and the associated potential drop across one cell is calcu-

lated as in Example 15-28. The (guessed) current density

is then adjusted up or down repeatedly until the value that

yields the stated potential drop is reached; for this first

case of the influent concentration in both bulk solutions,

the current density is found to be 263.6 A/m2. The flux

through the (ideal) cationic membrane Jcat;CEM
� �

is calcu-

lated from this current density using Equation 15-237

(with the result being 2.732� 10�3 mol/m2 s), and the

concentration gradient ðdccatÞ=ðdyÞ is then calculated

from Equation 15-297:

dccat;dil

dy
¼ � Jp;CEM

vWPF

¼ � 2:732� 10�3 mol=m2 s

0:1m=sð Þ 1000� 2 30ð Þð Þ � 10�6 m
� �

¼ �29:06mol=m4 ¼ �29:06mmol=L m

For numerical integration, we can write

ccat;dilðyþ DyÞ ¼ ccat;dilðyÞ þ dccat;dil

dy

� �
y

Dy (15-297)

The results for the concentrations of both the concentrate

and diluate, obtained by numerical integration of Equation

15-297 and the use of Equation 15-292, are shown in

Figure 15-54a, with a nearly linear drop in the diluate

concentration throughout the cell length (and identical rise

in the concentrate). In truth, the values of ðdccat;dilÞ=ðdyÞ
diminish continuously (albeit slightly) throughout the length;

the plot of the current density as a function of length shown in

Figure 15-54b has considerably more curvature. &

Ramifications for Design of Electrodialysis Systems
Although the mathematical model that has been presented

incorporates many simplifications, several ramifications

for the design and operation of ED systems can be seen.

The influence of hydraulic characteristics of an ED system

is most obvious in the thickness of the boundary layers,

which is determined by the turbulence in the cells. Design-

ers generally include spacers in the system expressly to

promote turbulence within the cells to reduce this bound-

ary layer thickness. ED systems are also generally operated

with relatively high superficial velocities in the cells (in the

range of 3–15 cm/s), which also promotes turbulence.

Diminishing the boundary layer thickness reduces the

distance through which diffusion controls the process,

and therefore reduces the potential drop in the diluate

boundary layers; in turn, the reduced potential drop

increases the current density (and separation rate) for a

given applied voltage. Increasing the velocity also

decreases the detention time in a cell (or requires longer

cells) and increases the headloss. The issue of superficial

velocity therefore ultimately represents a tradeoff between

capital and operating costs (for a given desired effluent

quality).

FIGURE 15-54. Electrodialysis performance along the cell

length: (a) concentration; (b) current density.
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The model also suggests that a larger boundary layer in

the concentrate could be helpful, because the concentration

in the boundary layers is greater than that in the bulk, and

therefore the potential drop would be decreased with a larger

boundary layer. A larger boundary layer in the concentrate

cell could be accomplished by using a lower velocity in the

concentrate; theoretically, that could be accomplished either

with a larger cross-sectional area or a lower flow rate in the

concentrate cell in comparison to the diluate cell. However,

some ED systems are EDR systems, in which case it would

not be possible to make the geometry of the concentrate cells

different from the diluate cells. Further, using different flow

rates to create different velocities in adjacent cells could

result in pressure differences between adjacent cells, and

since the ion exchange membranes are not impermeable, an

advective flow from the diluate into the concentrate would

be created. Therefore, the apparent advantage of a larger

boundary layer in the concentrate cells is illusory.

However, a separate means of increasing the concentra-

tion in the concentrate (and thereby reducing the voltage

drop in that cell) is available and is often used. Some of the

concentrate is recycled from the effluent back to the influent

of the concentrate cells, as shown in Figure 15-55. In this

way, the influent concentration of the concentrate is greater

than that of the diluate, and the potential drop through the

concentrate is less than in the nonrecycle case throughout

the unit. The flow rates in both cells are the same (to avoid

the pressure difference noted above), so greater than 50% of

the influent goes through the diluate cells, thereby increasing

the recovery (r) in comparison to the no recycle case. For

example, if a recovery of 80% is desired, 80% of the influent

goes to the diluate cells, while the remaining 20% is joined

by three times that amount 2r� 1ð Þ ¼ 2 0:8ð Þ � 1 ¼ 0:6ð Þ
that has been recycled from the concentrate effluent to yield

equal overall flow rates in both cell types.

The Limiting Current. The only electrical control in an ED

system is the value of the applied voltage. As noted previ-

ously, ED systems generally operate with potential drops in

the range of 0.5–1.5V/cell-pair. Increasing the voltage per

cell-pair directly increases the current density, and therefore

increases the ion separation rate and the removal efficiency

in a given unit. However, the voltage cannot be increased

indefinitely without difficulty. As indicated in Equations

15-277 and 15-279, the concentration in the diluate bound-

ary layer diminishes linearly from the bulk concentration to

both membrane surfaces. The steepness of the concentration

gradient increases with increasing applied voltage (or, more

precisely, with increasing current density) until, at some

current density, the calculated concentration is zero at one of

the membrane surfaces; this current density is known as the

limiting current. In most cases, the limiting current density

calculated based on conditions adjacent to the cation

exchange membrane is lower than that based on conditions

adjacent to the anion exchange membrane, because the

diffusivity of cations is generally less that that of anions.

Assuming that that is true, the limiting current can be

calculated from Equation 15-280 as

Îlim ¼ ccat;dil;bulk zcat þ ðz2cat= zanj jÞ� �
FDcat

d
(15-298)

For the membrane system and influent described in

Example 15-29, the maximum voltage that can be applied

without exceeding the limiting current at the system outlet

(i.e., y¼ 2m) can be obtained by trial-and-error and is

approximately 1.16 V/cell-pair.

In the physical system, the concentration at the membrane

surface cannot really reach zero; rather, the fact that such a

concentration is predicted reflects a failure of one or more of

the assumptions used in the model development. In this case,

two assumptions of the model as presented above might not

be met. First, as explained in the following section (see

Equation 15-300 and associated discussion), another source

of potential drop than those considered is the junction

potential between the solutions on either side of each

membrane. Under most circumstances, this potential drop

is negligible; however, when the concentration near the

surface of the membrane in the diluate gets quite low,

this potential drop becomes significant. Since the total

available potential is fixed in any system, an increased

loss of potential near the surface of the membrane leaves

less potential drop available to drive electromigration, and

so the concentration at the membrane surface does not

decrease as much as the model predicts.

The second assumption that might fail as the limiting

current is approached is that essentially all of the current is

carried by the target ions (Naþ and Cl� in the example

system) and a negligible portion is carried by Hþ, OH�, or
other ions in the solution. In reality, as the concentration of

the target ions in the boundary layer approaches zero, the

diffusive and electromigration currents both become

small—the former because the concentration gradient is

limited and the latter because the concentration itself is

limited. Under these conditions, the electrical resistance of

the solution is high, so a large driving force is required to

maintain even a small current; mathematically, this result is

shown in Equations 15-284 and 15-285, which indicate that

Diluate cell

Concentrate cell

Q rQ

(1−r)Q

(2r−1)Q

rQ

rQ

(1−r)Q

FIGURE 15-55. Recycling of concentrate effluent to increase

recovery and reduce the voltage drop in a cell-pair.
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Dc approaches infinity as cbulk approaches zero. At some

point, the current carried by the target ions becomes suffi-

ciently small that a non-negligible fraction of the current is

carried by other ions. If the pH of the solution is near neutral,

however, the concentration of the target ions near the surface

would need to be quite low for the transport number of either

hydroxide or hydronium to rise above 0.05. As with the first

case, an increased expenditure of potential near the mem-

brane surface means that less is available in other parts of the

system, so the overall transport is limited. In addition, any

current carried by nontarget ions provides no benefit in terms

of the removal of target ions from the diluate solution.

According to Equation 15-298, when the diluate concen-

tration is high, the limiting current is large, so the actual

current density can be high without approaching the limiting

value. A high current is desirable, since the ion separation

rate is directly proportional to the current, and a greater

separation will occur per unit length (in the y direction) of

the system. On the contrary, when the diluate concentration

is low, the current must be low to remain below Îlim. To take

advantage of the high-concentration region near the inlet of

the system while avoiding problems near the outlet, ED

systems are often designed to have several units in series,

with sequentially lower applied voltages per cell-pair.

The effect of the bulk concentration of the diluate indicated

in Equation 15-298 helps explain the limitation of ED as a

treatment process. Excellent removal efficiency means that

cbulk becomes very low, but a low concentration limits the

current that can be carried, and the current dictates the

separation that can be achieved. Thus, very low diluate

(i.e., effluent) concentrations cannot be achieved in ED

systems with reasonable residence times and applied volt-

ages; hence, ED is best used when the desired effluent quality

can contain an ionic concentration of a few millimolar.

Drinking water regulations in the United States require that

the total dissolved solids be <500mg/L, and reducing salt

concentrations to below this limit with ED is certainly possi-

ble. However, certain industrial applications (pharmaceutical

and semi-conductor manufacturing, for example) require

ultrapure water with far lower ion concentrations, so ED is

inappropriate for those applications. A related technology

called electrodeionization (EDI, which is essentially a hybrid

between ED and ion exchange technologies) can be used to

achieve productwaterswithmuch lower ionic concentrations.

Complications of Real Systems

The preceding presentation illustrates the essential princi-

ples of ED and suggests the critical design and operational

features of ED systems. Real systems are, of course, more

complicated. Here, we consider briefly some complexities of

real systems that were ignored in the preceding presentation.

Water Flow Through Ion Exchange Membranes Several

mechanisms can carry water through the ion exchange

membranes. Ion exchange membranes are not impermeable,

and so a pressure difference between adjacent cells can

cause water to move from the higher to the lower pressure

cell, carrying both cations and anions with it. In real systems,

a small excess pressure is often imposed on the diluate side,

so that any such movement is from the diluate to the

concentrate, rather than vice versa. This choice reflects

the decision that a small loss of water from the diluate

has less serious consequences than contamination of the

diluate by leakage from the concentrate.

Many ions, especially cations, are strongly hydrated, and

the waters of hydration are carried along with the ion

through the membrane; this phenomenon leads to a loss

of water from the diluate and a gain of water in the

concentrate. This flux of water also carries other water

molecules with it by the friction (viscosity) of water, a

phenomenon known as electroosmosis. Also, the activity

of water is higher in a diluate cell than in an adjacent

concentrate cell, leading to an osmotic driving force for

water to pass from the diluate to the concentrate.

Nonideal Behavior of Membranes Membranes are never

ideal; that is, they are not able to accomplish a complete

separation of cations and anions. Ion exchange membranes

are semiporous, so a low concentration of ions of the same

charge as the fixed charge (i.e., those that theoretically

should be rejected) can migrate through the small pores.

The diffusive and electromigration driving forces for such

ions are both from the concentrate to the diluate. This

transport is enhanced by the high concentration at the

boundary between the membrane and the concentrate. A

second source of nonideality is the passage of protons or

hydroxyl ions through the membrane. Because the specific

equivalent ionic conductance of these ions is much higher

than that of other ions, they can contribute to the current

even at relatively low concentrations, and thereby reduce the

current carried by the target ions.

Multicomponent Systems The preceding analysis has

been limited to single-salt systems. Real waters subjected

to ED treatment contain several different anions (e.g.,

chloride, sulfate, bicarbonate, carbonate, and others) and

cations (e.g., sodium, potassium, calcium, magnesium, and

others) at significant concentrations. For such complex

systems, the transport equations for ED systems cannot

be solved analytically. Nevertheless, the principles eluci-

dated for the single-salt case can be generalized to more

complicated solutions. For example, the transport numbers

in the bulk solution can be calculated from the diffusivity

values and concentrations of the ions. Ion exchange mem-

branes (like ion exchange resins, as explained in Chapter 7)

exhibit selectivity factors (a measure of the preference for

one ion over another) and this selectivity determines

the transport numbers in the membrane. Ultimately, the
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principles of diffusion, electromigration, and electroneutral-

ity that dictate the behavior of all of the ions are the same as

in the simple systems.

Overlimiting Current According to Ohm’s law, the current

density achieved in anED system is proportional to the applied

potential, and this relationship is followed until the current

approaches the limiting value. If the applied potential is

increased a small amount beyond this value, the current

remains (essentially) at the same limiting current value.

However, at somehigher value of applied potential, the current

density increases dramatically. In this region, the membranes

still generally perform well in separating salts. Considerable

attention has been devoted to understanding this phenomenon;

although a few theories have been elucidated, none is univer-

sally accepted. Some early explanations, such as leakage of

co-ions through the membrane and high amounts of electro-

osmosis, have been found lacking, but other theories such as

electro-convection induced by the electrical double layer

immediately adjacent to the membrane (where electroneu-

trality does not occur) and hydrodynamic convection in the

boundary layer have merit; these ideas are explored in more

advanced textbooks onED (Strathmann, 2004; Tanaka, 2007).

Additional Sources of Potential Drop The potential drop

associated with the transport of ions through all eight regions

of a cell-pair was delineated above. Two other sources of

potential drop also are present in ED systems, though both are

generally small in full-scale operating systems. The first is the

potential drop at the electrodes themselves and in the elec-

trode rinse cells. To maintain the disequilibrium in the system

that drives ions through the boundary layers and the mem-

branes throughout the system, the potential associated with

the electrode reactions (see Figure 15-50), an overpotential

that causes the disequilibrium and the potential associated

with transport in the electrode rinse cellsmust be continuously

invested. Typically, the total of these three requirements is in

the range of 1.5–5V, increasing with the applied potential.

The disparity in charge density near the surface of the

membranes (high charge density on the membrane surface

and much lower in the adjacent solutions) leads to a potential

drop across the membrane that can be reasonably estimated

by the junction potential between two solutions, using the

conditions in the solution phase at the borders with the

membrane on the concentrate and diluate side. The junction

potential between two adjacent solutions is calculated as

(Bard and Faulkner, 2001)

cj ¼ csol 1 � csol 2 �
RT

F

X
i

Zsol 2

sol 1

ti

zi
d ln ai (15-299)

The direction from solution 1 (sol 1) to solution 2 (sol 2) is

in the direction of the current; for the cation exchange

membrane, sol 1 is the diluate and sol 2 is the concentrate,

whereas the reverse is true for the anion exchange mem-

brane. If the membrane is ideal, only the selected ion is

relevant, as its transport number is unity. If we further

assume an ideal solution of a binary salt, the junction

potential between the concentrate and diluate on opposite

sides of the membrane can be calculated as

cj;mem ¼ �RT

F

1

zselj j ln
cconc;m

cdil;m
(15-300)

where the subscript “sel” designates the selected ion that

travels through the membrane, the subscripts on the solution

concentrations designate the locations as the concentrate and

diluate sides of the membrane, and the absolute value for the

charge of the selected ion allows always writing the loga-

rithm term as the ratio of concentrate to diluate.

& EXAMPLE 15-30 Find the junction potentials across

thecation andanionexchangemembranes associatedwith the

conditions of Example 15-28.

Solution. The solution is a simple plug-in to Equation 15-

300 using values for the ion concentrations at the membrane

surfaces. Adjacent to the cation exchange membrane, the

concentrations (of both sodium and chloride) were found to

be 0.1388mol/L and 0.0612mol/L on the concentrate and

diluate sides, respectively. The selected ion is sodium, so

zselj j ¼ zNa ¼ 1, and the potential drop is

cj;CEM ¼ � RT

zNaF
ln
cconc;m

cdil;m
¼ � 8:314 J=mol Kð Þ298K

1 eq=molð Þ 96; 485C=eqð Þ
� ln

0:1388mol=L

0:0612mol=L
¼ �0:0210V ¼ �21:0mV

Similarly, the concentrations adjacent to the anion

exchange membrane were found to be 0.1255mol/L and

0.0745mol/L, and the associated potential drop across the

anion exchange membrane is

cj;AEM ¼ � RT

zClj jF ln
cconc;m

cdil;m
¼ � 8:314 J=mol Kð Þ298K

1 eq=molð Þ 96; 485C=eqð Þ

� ln
0:1255mol=L

0:0745mol=L
¼ �0:0134V ¼ �13:4mV

The net potential drop caused by the two junction poten-

tials is the sum of the two calculated values or�34.4mV per

cell-pair. This example is for the entrance conditions where

the bulk diluate and concentrate solutions are at the same

concentration; as removal occurs through the ED system,

the ratio of the concentrations would increase, and so the

potential drops (and the net) would increase. &
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Summary

ED is a proven technology for removing ions from water.

Although some of its earlier uses are now more often

accomplished by RO, ED is a viable, and perhaps the best

available, technology in some niches. Currently, its most

common use for the production of drinking water is in the

treatment of mildly brackish waters—those, for example

with TDS values <2500mg/L—to produce drinking water

with <500mg/L TDS. In addition, the treatment of RO

concentrate by ED and subsequent RO treatment of the

diluate offers the possibility to increasewater recovery, while

reducing the tendency of the solution to foul the RO mem-

branes. ED also can be used to treat a variety of industrial

wastes with high ionic content, either alone or as a pretreat-

ment for waters with other problematic constituents. Although

the principles of ED have been presented above primarily in

terms of simple salt systems, ED can be applied to complex

waterswith a variety of ionic compounds. Further development

of highly selective membranes could lead to targeted uses such

as the removal of fluoride or arsenic ions, although such

membranes are not available now.

15.11 MODELING DENSEMEMBRANE SYSTEMS

USING IRREVERSIBLE THERMODYNAMICS

In the homogeneous solution-diffusion model developed in

preceding sections for transport through dense membranes,

transport of water and all solutes through the membrane was

assumed to be uncoupled; that is, each constituent that could

permeate the membrane was assumed to respond only to the

diffusional driving force associated with its concentration

gradient, regardless of the driving force on the other con-

stituents. This model is sometimes referred to as a two-

parameter model, because in a prototype system containing

only water and a single solute, two parameters are needed to

characterize transport through the membrane: one each

describing the response of water and the solute to the driving

forces on them (Dmc=p
P and Dmc=p

P). However, in some

situations, it has been found necessary to account for

interactions among the migrating species. These interactions

are often attributed to a resistive force that the faster moving

species encounter as they pass molecules of the slower

moving species, slowing down the former and accelerating

the latter. If only one solute can permeate the membrane (in

addition to water), then one additional parameter is needed

to characterize the solute–water interactions, and the

corresponding models are sometimes referred to as three-

parameter models. (In either model, more parameters would

be required if more solutes were considered.)

The most widely used mathematical model for simulating

these interactions is based on a generalized theory for the rates

of physical/chemical processes known as irreversible

thermodynamics (or, more formally, the thermodynamics

of irreversible processes).Whereas classical thermodynamics

focuses on the ultimate, equilibrium state that a closed system

is expected to attain and the energy changes that occur

between the initial state and that final state, irreversible

thermodynamics focuses on the rates at which processes

occur when systems are not at equilibrium. It is particularly

useful for characterizing systems that are poised at nonequi-

librium, but steady-state, conditions (Denbigh, 1981).

The underlying premise of irreversible thermodynamics is

that the rate of any physical/chemical process can be related to

the extent of disequilibrium of all the processes that can occur

in the system. Applied to membranes, the implication is that

the fluxof each species across themembrane depends not only

on the extent of disequilibrium of that species considered in

isolation,Dmi;tot (as is assumed in the two-parametermodels),

but also on the extent of disequilibrium of all the species that

can cross the membrane. Correspondingly, the rate at which

the overall process approaches equilibrium is indicated by the

rate of dissipation of available energy in the whole system,

considering all the species present. The rate of energy dissi-

pation associated with transport of species i across a mem-

brane can be expressed as JiDmc=p
mi;totAm. It is common to

normalize this rate of energy dissipation to the membrane

area, as JiDmc=p
mi;tot, with dimensions corresponding to

energy per unit area per unit time. The rate of dissipation

of available energy when all permeating species are consid-

ered can therefore be computed as

F ¼
X
all i

JiDmc=p
mi;tot (15-301)

where F is known as the energy dissipation function, with

dimensions corresponding to energy per unit membrane area

per time.37

Although Equation 15-301 is written as the sum of

JiDmc=p
mi;tot terms, it is possible to obtain the value of the

energy dissipation function in a wide variety of ways, each

of which conforms to the following, generic equation:

F ¼
X
all i

Flow of ið Þ Driving force for the flow of ið Þ

(15-302)

The terms “flow” and “force” are used in Equation 15-302

in a colloquial, rather than a formal, sense, consistent with

their usage in the general irreversible thermodynamics litera-

ture (e.g., the driving force is not restricted to be an energy

37 In the fundamental development of irreversible thermodynamics, rates of

irreversible processes are characterized in terms of the rate of entropy

production, dS/dt. However, in an isothermal process, like a membrane

system, dS/dt¼ (�dEtot/dt)/T, where T is the absolute temperature, so the

rate of entropy production is directly proportional to the rate of dissipation

of available energy.
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gradient). For instance, in the formulation shown in Equa-

tion 15-301, the “flow” is a flux and the “driving force” is

Dmc=p
mi;tot. Regardless of the parameters chosen for the flow

and force terms, their product must have the dimensions of

energy per unit area per time to yield the dissipation function

as the result. Therefore, once a certain parameter is chosen as

the force, the parameter that must be chosen for the flow is

determined, and vice versa. Forces and flows that meet this

criterion are referred to as conjugates of one another.

To explore some of the implications of Equation 15-301,

consider a three-component system containing water and

solutes A and B. We can write Equation 15-301 for the

system as follows:

F ¼ JwDmc=p
mw;tot þ JADmc=p

mA;tot þ JBDmc=p
mB;tot

(15-303)

According to irreversible thermodynamics theory, if a

process is not too far from equilibrium, not only does its

rate depend on the driving forces for all the nonequilibrated

processes in the system, but the dependence is linear. Based on

this principle, in a membrane system that contains m perme-

ating species and that is not too far from equilibrium, we can

express the fluxof species i across themembrane as follows:38

Ji ¼ Li1F1 þ Li2F2 þ � � � þ LimFm ¼
Xm
k¼1

LikFk (15-304)

where Fk is the force driving the transport of species k across

the membrane, and Lik is the coefficient describing the effect

ofFk on the flux of i. The driving forceFkmight be quantified

as Dmc=p
mk;tot, as suggested above, or in other ways that are

described shortly. Equations like to (15-304), which

describes the rate of a process in terms of a weighted, linear

summation of forces, are referred to as phenomenological

equations, and the Lik values are called phenomenological

coefficients. Phenomenological coefficients that relate the

transport of one species to the driving force for another (i.e.,

all Lik other than those for which i¼ k) are called coupling

coefficients. If all these coupling coefficients are zero, the

model reduces to the uncoupled model presented earlier in

this chapter. It is common to separate the terms in the

summation in Equation 15-304 into those that refer to a

single species and those that couple different species, as

follows:

Ji ¼ LiiFi þ
X
all k 6¼i

LikFk (15-305)

Three important relationships applicable to the phenom-

enological coefficients are worth noting. First, all Lii must

be greater than zero; this requirement establishes that, in

the absence of coupling (i.e., if all Lik¼ 0 for i 6¼ k), the

flux of i will be in the direction of Fi. Second, the

phenomenological coefficients are symmetric, indicating

that, in all cases, Lik¼ Lki. This equality, known as the

Onsager reciprocal relationship, derives from an assump-

tion that the processes occurring in the system are revers-

ible at the microscopic scale, even though when summed,

they lead to a macroscopically irreversible change. This

relationship is central to the theory of irreversible thermo-

dynamics and is discussed in more detailed descriptions of

this topic. Finally, the requirement that macroscopic

change in the system always be in the direction that

increases entropy (decreases available energy) leads to

the conclusion that, in all cases, LiiLkk � LikLki ¼ L2ik.

One implication of this relationship is that, if Lii is zero,

then Lik must be zero for all k; that is, if a species does not

pass through a membrane in response to a gradient in its

own available energy, then it cannot be transported through

the membrane via coupled transport.

The starting point for the analysis of coupled transport

through the membrane is Equation 15-40 applied across the

membrane, as follows:

Dmc=p
Gi ¼ ViDmc=p

Pþ RTDmc=p
ln ai þ ziFDmc=p

c (15-40)

It is convenient to eliminate the logarithmic function from

this equation, which can be accomplished by noting that, for

a differential change in a variable x, d ln x equals dx/x. Thus,

for a finite change in x,Dln x can be approximated byDx/x�,
where x� is a value somewhere in the interval covered byDx.
For the equality to be exact, x� must be defined by

x� 	 Dx

D ln x
(15-306)

If Dx is small compared with the absolute values of x in

the interval, then x� is almost half-way between the two end

values; if not, x� is closer to the lower of the two values. The
value of x� is therefore a kind of weighted mean value

(weighted toward the lower end of the interval) and is known

as the logarithmic mean of x, xlm. Utilizing this definition,

Equation 15-56 can be rewritten as follows:

Dmc=p
Gi ¼ ViDmc=p

Pþ RT
Dmc=p

ai

ai;lm
þ ziFDmc=p

c (15-307)

Assuming that the solutes behave ideally (ai¼ ci) and that

electrically driven transport is negligible, and applying

the approximation that RT ci¼Pi (Equation 15-131), we

can write for the two solutes in our hypothetical three-

38 Although the constraint that the system be “not too far from equilibrium”

is not quantified, available data suggests that all practical applications of

membrane technology in water treatment meet this constraint.
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component system:

Dmc=p
GA ¼ VADmc=p

Pþ Dmc=p
PA

cA;lm
(15-308a)

Dmc=p
mB;tot ¼ VBDmc=p

Pþ Dmc=p
PB

cB;lm
(15-308b)

Equation 15-307 also applies to the water, but in this case,

it is more useful to apply the van’t Hoff equation (in the form

DP ¼ �RTD ln aw) to Equation 15-56, yielding

Dmc=p
Gw ¼ VwDmc=p

P� VwDmc=p
P ¼ Vw Dmc=p

P� Dmc=p
P

� �
(15-309)

Substituting Equations 15-308 and 15-309 into Equation

15-303 and rearranging, we find

F ¼ JwVw Dmc=p
P� Dmc=p

P
� �

þ JA VADmc=p
Pþ Dmc=p

PA

cA;lm

� �

þ JB VBDmc=p
Pþ Dmc=p

PB

cB;lm

� �
(15-310a)

¼ JwVw þ JAVA þ JBVB

� �
Dmc=p

P

þ JA

cA;lm
Dmc=p

PA þ JB

cB;lm
Dmc=p

PB � JwVwDmc=p
P

� �

(15-310b)

Noting that P¼PAþPB, we can rewrite this equation as

F ¼ JwVw þ JAVA þ JBVB

� �
Dmc=p

P

þ JA

cA;lm
� JwVw

� �
Dmc=p

PA

þ JB

cB;lm
� JwVw

� �
Dmc=p

PB (15-311a)

¼ ĴVDmc=p
Pþ ĴA=wDmc=p

PA þ ĴB=wDmc=p
PB (15-311b)

where ĴV, ĴA=w, and ĴB=w are volumetric fluxes represent-

ing, respectively, the three quantities in parentheses in

Equation 15-311a.

Equations 15-303 and 15-311 provide two expressions for

the dissipation function in the same system. In the former

equation, the driving forces are transmembrane differences

in available energy of individual species (Dmc=p
mi;tot), and the

flows are fluxes of those species, whereas in the latter, the

driving forces are transmembrane differences in mechanical

and osmotic pressure (Dmc=p
P and Dmc=p

P), and the flows are

more complicated expressions whose meaning is explained

shortly. The terms on the right side of these two equations

can be manipulated in other ways to yield yet other

formulations, with each resulting equation having a unique

set of driving forces and conjugate flows. No matter what

formulation is used, however, the number of forces and flows

is always the same, and always equal to the number of

species that can permeate the membrane.

Next, consider the meaning of the various fluxes in

Equation 15-311b. The flux in the first term, ĴV, is the

summation of three other terms, each of which is the product

of the molar flux and the molar volume of one of the species

in the system. Thus, each term in the summation represents

the volumetric flux of one species, and the sum of the three

terms equals the total volumetric flux across the membrane.

Because a volumetric flux can also be interpreted as a

velocity, ĴV also represents the average velocity of the

solution up to and through the membrane.

Deciphering the solution up to and through of ĴA=w and

ĴB=w is not quite as straightforward. Like ĴV, these quantities

have the dimensions of a volumetric flux or velocity.

Consider ĴA=w, which is defined as the difference

ðJAÞ=ðcA;lmÞ � JwVw. Recalling that, for any substance i,

Ji¼ civi, we can interpret JA=cA;lm as the net or apparent

velocity of molecules of A through the membrane at the

location where the concentration of A is cA,lm. The mole-

cules closer to the concentrate side of the membrane have a

lower velocity, and those closer to the permeate have a

higher velocity; given that clm,A is a weighted mean concen-

tration in the membrane, JA=cA;lm can be thought of as an

overall characteristic velocity of A during its transport

through the membrane.

The second term in the expression that defines ĴA=w is the

product JwVw, which, as noted previously, can be interpreted

as either the volumetric flux or the velocity of water through

the membrane. (Formally, the velocity of water changes

with location in the membrane, just as the velocity of the

solutes does. However, because the concentration of water is

almost constant throughout the membrane, the change in

its velocity is insignificant.) Therefore, the difference

ðJAÞ=ðcA;lmÞ � JwVw, or JA/w,V, equals the velocity of A

relative to that of water; a similar statement applies to JB/w,V.

The overall energy dissipation function, as expressed in

Equation 15-311, is thus seen to be a summation of three

terms, each of which is a product of a flow and a conjugate

force. One term accounts for energy dissipation associated

with the flow of the overall solution, which is driven by a

pressure difference; this conjugate linkage makes sense,

since the applied pressure affects all the constituents of

the solution indiscriminately. The other terms account for

energy dissipation associated with the flow of the constitu-

ents relative to one another. The dissipation equation

includes one term for the relative velocities of A and water

and another for the relative velocities of B and water; the

relative velocities of A and B are accounted for implicitly

by the difference between these latter two terms. These
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(relative) flows are driven by the concentration gradients of

the solutes and can be quantified in terms of the osmotic

pressures contributed by those solutes. Again, these conju-

gate linkages make sense, since the concentration gradients

affect the movement of solutes relative to water.

While the absolute value of the dissipation function under

various operating conditions is of interest for some applica-

tions, the main value of Equation 15-311 for our purposes is to

identify an acceptable combination of conjugate pairs of forces

and flows for insertion into Equation 15-305.39 Using the

conjugate pairs identified in Equation 15-311, we can write

a version of Equation 15-305 for each constituent, as follows:

ĴV ¼ LVVDmc=p
Pþ LVADmc=p

PA þ LVBDmc=p
PB (15-312)

ĴA=w ¼ LAVDmc=p
Pþ LAADmc=p

PA þ LABDmc=p
PB (15-313)

ĴB=w ¼ LBVDmc=p
Pþ LBADmc=p

PA þ LBBDmc=p
PB (15-314)

Equations 15-312–15-314 comprise amathematical model

for describing and/or predicting fluxes in a three-component

membrane system.The equations have nine coefficients, three

of which can be eliminated by applying the Onsager recipro-

cal relationship (Lik¼ Lki); the remaining six can be evaluated

experimentally, and the significance of several of these can

be interpreted by inspection. For instance, according to

Equation 15-312, in a system with no osmotic gradient

(Dmc=p
PA ¼ Dmc=p

PB ¼ 0), the volumetric flux of solution

is given by LVVDmc=p
P. Thus, we can evaluate the phenome-

nological coefficient LVV bymeasuring the volumetric flux in

an experiment in which a TMP is applied to a system with

identical solutions on the two sides of the membrane. Note

that, by comparison of this result with Equation 15-15,we can

relate LVV to the permeability or intrinsic permeability of the

membrane to the given solution as

LVV ¼ kV;intr

dmm
¼ kV

dm
(15-315)

The other phenomenological coefficients can be eval-

uated in similar experiments, but using different solutions

on the two sides of the membrane, and measuring the fluxes

of all the constituents.

The volumetric flux of solution is usually a parameter of

interest, so Equation 15-312 is useful as presented. On the

other hand, Equations 15-313 and 15-314 describe the

volumetric fluxes of species A and B relative to the flux

of water, which is not the most useful way of characterizing

the movement of those solutes; a better way would be as

absolute fluxes (i.e., not relative to water) and on a mass or

molar (not volumetric) basis. The equations can be trans-

formed to yield approximate expressions that are more

directly useful as follows. Based on the definitions of ĴV

and ĴA=w, we can write

ĴV þ ĴA=w
� �

cA;lm ¼ JwVw þ JAVA þ JBVB

� ��

þ JA

cA;lm
� JwVw

� ��
cA;lm

¼ JA VAcA;lm þ JB

JA
VBcA;lm þ 1

� �

(15-316)

The product VAcA;lm is the volume fraction of solute A in

a solution that contains A at a molar concentration of cA,lm; it

is therefore much less than 1.0. The second term in parenthe-

ses is complicated to describe in words, but if we assume that

VB is close to VA, we see that this term equals the ratio of the

fluxes of B and A times the volume fraction of A, and

therefore is also likely to be much less than 1.0. As a result,

we can write an expression for the molar flux of A, and by

extension, a similar one for the molar flux of B, as follows:

ĴV þ ĴA=w
� �

cA;lm � JA (15-317)

ĴV þ ĴB=w
� �

cB;lm � JB (15-318)

Substitution of the expressions for ĴV, ĴA=w, and ĴB=w
from Equations 15-312 to 15-314 into Equations 15-317 and

15-318 yields the desired (approximate) expressions for the

mass or molar fluxes of A and B.

Although the phenomenological coefficients that appear in

Equations 15-312 to 15-314 can be evaluated experimentally

using the procedures described, the fact that those coefficients

can depend strongly on the composition of the feed solution

makes that approach problematic. It has been suggested that

certain combinations of the coefficients are likely to vary

much less than the individual coefficients, so it is helpful to

recast the equations in terms of the combined coefficients.

The most useful of these coefficients are referred to as

the reflection coefficient, si, and the solute permeability

coefficient, vij . The definitions of these parameters and the

phenomenological equations they lead to are as follows:

si 	 � LiV

LVV
(15-319)

vij 	 Lij � sisjLVV
� �

ci;lm (15-320)

ĴV ¼ LVV Dmc=p
P�

Xm
i¼1

siDmc=p
Pi

 !
(15-321)

Ji ¼ ci;lm 1� sið ÞĴV þ
Xm
j¼1

vijDmc=p
Pj (15-322)

39 Note that, like the dissipation function, the phenomenological equations

can be written using a wide variety of forces and flows. In all cases, the

number of independent phenomenological equations equals the number of

species that can permeate through the membrane.
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To understand the conceptual meaning of si and vij, it is

convenient to consider a system containing only a single

solute, A. In that case, Equations 15-321 and 15-322 become

ĴV ¼ LVV Dmc=p
P� sADmc=p

P
� �

(15-323)

JA ¼ cA;lm 1� sAð ÞĴV þ vAADmc=p
P (15-324)

where the subscript has been dropped from Dmc=p
PA, since

PA¼Ptot¼P. Two limiting values of sA are of interest. If

sA¼ 0 then, according to Equation 15-319, LAV must be

zero. This condition implies that, when the system is sub-

jected to a pressure-based driving force, the permeating

species exert no force on one another; that is, neither species

holds back nor pulls forward the other. For this to occur,

the two species must travel through the membrane at the

same speed, implying that the membrane is absolutely

nonselective. In such a situation, according to Equation

15-323, the flux of solution through the membrane is directly

proportional to the TMP. Note that, if si¼ 0, viV must be

zero as well.

On the other hand, sA¼ 1.0 implies that the membrane is

perfectly selective; that is, it completely rejects the solute. In

this case, the solute exerts maximum effect on the water

(holding it back by lowering the activity of water to the

maximum extent possible on the concentrate side of

the membrane), and the flux of solution is proportional to

the difference between the mechanical and osmotic pres-

sures. At intermediate values of sA, the resistance that the

solute imposes on the flux of solution is intermediate

between these extremes. Thus, we can conclude that sA
is a direct indicator of the efficiency with which the mem-

brane rejects solute i.

The easiest way to interpret vAA is to consider a hypo-

thetical system in which Dmc=p
P and Dmc=p

P are nonzero, but

the net volume flux across the membrane (ĴV) is zero,

because the volumetric fluxes of water and solute balance

one another. Note that, in this case, thewater must be flowing

from the permeate to the concentrate side of the membrane;

that is, in the direction of normal osmosis, not RO. In such a

system, according to Equation 15-324, vAA is the molar flux

of solute per unit osmotic pressure difference. Under these

conditions, Equation 15-323 indicates that sA can be com-

puted as the ratio Dmc=p
P=Dmc=p

P. Thus, experiments con-

ducted under conditions of no net permeation can yield

values for both sA and vAA.

The preceding analysis has some important ramifications

regarding the effect of Dmc=p
P on the rejection of A. First, at

low TMPs, Dmc=p
P will be less than sADmP, so the flux of

water computed using Equation 15-323 will be negative; that

is, water will migrate from the permeate to the concentrate.

The flux of solute computed using Equation 15-324 is

always positive, so the computed rejection under these

conditions will be negative. Even if a TMP equal to

sADmc=p
P is applied, migration of water will cease, but

migration of solute will continue (in response to the com-

bined driving forces of the mechanical pressure and the

concentration gradient). As a result, the solute concentration

in the permeate will gradually increase. Only when a

pressure greater than sADmc=p
P is applied will water begin

to migrate toward the permeate, and only at some greater

TMP will net rejection of solute occur. The minimum TMP

required to achieve net rejection depends on sA. If the

membrane is perfectly selective (sA¼ 1), then any pressure

greater than the osmotic pressure will generate clean per-

meate. As sA decreases, greater pressures are required to

produce a permeate that is cleaner than the feed or concen-

trate; in the limit of sA equal to zero, no amount of pressure

will achieve that goal, since a reflection coefficient of zero

implies that the membrane is completely nonselective for

water over the solute.

Equations 15-323 and 15-324 indicate that, as long as

si< 1, ĴV and Ji both increase with increasing TMP. How-

ever, ĴV increases more rapidly than Ji, causing rejection to

increase with increasing TMP or solution flux. The quanti-

tative expression describing this relationship is

RA ¼ sA � sA exp �aĴV
� �

1� sA exp �aĴV
� � (15-325)

where a ¼ ð1� sAÞ=ðkA;mÞ ¼ ð1� sAÞðDA;m=dmÞ.
Based on Equation 15-325, RA approaches a limiting

value equal to sA at very large values of ĴV; that is, sA
represents the maximum possible rejection of A that can be

achieved by the membrane.

15.12 SUMMARY

This chapter has provided an introduction to the numerous

applications of membranes in water and wastewater treat-

ment processes and to the conceptual and mathematical

approaches that have been developed for understanding

those processes. Interim summaries have been provided at

several points in this chapter, to which the reader is referred

for more details of specific aspects of membrane operation

and modeling; only an abbreviated restatement of some of

the salient points from those summaries is provided here.

Membrane processes have developed rapidly in the past

few decades, and the field continues to evolve rapidly. In

environmental engineering, the vast majority of membrane

systems utilize an applied pressure to drive solution through

the membrane from the feed (concentrate) side to the

permeate side, as the membrane selectively rejects dissolved

and/or particulate contaminants. The applied pressure

increases and the size of the contaminants that can be
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rejected decr eases in the seque nce from micro filtratio n (MF)

to ultrafilt ration (UF) to nanofil tration (NF) to reverse

osmosis (RO). In some appl ications, the primary driving

force is a gradient in chemic al act ivity (dialy sis) or elect rical

potential (ED or EDR), and solu tes (rathe r than water ) are

the d ominant species transpor ted across the membrane.

In pres sure-driven system s, membr anes are com monly

represente d as either being porous (MF and UF) and char-

acterize d b y coupl ed transport of water and contam inants, or

dense (RO) and char acterize d by uncoupled tran sport; NF

membranes have been modele d usin g both paradigms. Both

water and cont aminan ts are envisioned to enter and be

transporte d through porous membranes pri marily by advec-

tion, with cont aminan t rejecti on occur ring primari ly at the

entrances to the pores. In contras t, entry into and transport

through dense membr anes is envisione d to occur via disso-

lution and diffusion, resp ectively, so rej ection o ccurs both at

the interface and in the membr ane interior. In the limit ing-

case scenarios of perfectly coupled transpor t in porous

membranes , contam inant rejecti on is predicted to be inde-

pendent of the transmem brane pres sure (TMP) and perme-

ation flux, wherea s it is predicted to increas e with increases

in those parameters in dense membr anes.

Overall transpor t in and p erformanc e of membranes

depends not only on proce sses occurri ng at the surface of

and inside the membr ane itself, but also in the liquid layer

adjacent to it on the conce ntrate side (the conce ntration

polarization (CP) laye r). Rejecte d contamina nts accumul ate

in this layer and migra te by diffusion back toward the bulk

concentrat e; in addition, if they becom e suffic iently concen-

trated, they can form a compact layer (a gel, cake, or scal e)

immediate ly adja cent to the membrane. Regardless of

whether or not a com pact layer forms, the accumul ated

contamina nt impose s a hydra ulic resist ance opposi ng solu-

tion flow. The deteri oration in membrane performanc e

associated with this resistanc e and any resist ance gener ated

by cont aminan t that has accumulat ed inside the membrane is

referred to as membrane fouling . Such fouling can be

mitigated by crossfl ow and can be partiall y reversed by

intermittent back- flushing ; over time , however, hy drauli-

cally irreversible foul ing increas es to the po int whe re chem-

ical cleani ng is requi red. Cleaning agents used in such cases

might include acids, bases , oxidants , reductants , and/or

detergents.

Mathem atical mode ling of membr ane performanc e

requires simul taneous solution of equat ions for transport

both para llel and perpendi cular to the membr ane in the

solution phase s, rejection of cont aminant at the membra-

ne/solution interf aces, and transpor t through the membranes

themselves. Th ese equatio ns have been solved with various

levels of sophi sticati on and employing various assumpt ions

about the nature o f the contam inants (in partic ular, solu ble

vs partic ulate), the membr anes (porous vs dense), and the

system geom etry. Int eractions amo ng the cont aminan ts in

the CP layer, and the correspo nding fouling they induc e, are

complex and have proven partic ularly difficul t to mode l.

Th e future of membr anes in environment al engineer ing

applicati ons is very promis ing. Becaus e of their abili ty to

provide a vir tually absolut e barrie r to contam inants, and

because they can be designed to exclude cont aminan ts of

almost any specified size, membranes provide the mos t

reliable and versat ile appro ach for contam inant removal

that has ever been developed. Produc tion of membr anes

from new mater ials and/or via new tec hniques and develop-

ment of new appro aches for preventing or overcoming

fouling wi ll lik ely expand the use of this technol ogy to

the point where it is the domin ant tool for water quality

modifica tion in the coming gener ation.
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PROBLEMS

15-1. Calculate the feed flow and the total number of

modules (pressure vessels) required to produce a

treated flow of 150m3/h in the system described

in Example 15-2.

15-2. RO membranes are to be operated at an average

permeate flux of 30 L/m2 h, using spiral-wound

membrane elements with a packing density of

1500m2/m3. Each element is 10 cm in diameter

and 95 cm long. How many membrane elements

would be required to produce a continuous flow of

20,000m3/d?

15-3. What fraction of the fluid entering the fiber

permeates through the membrane in a single pass

in the system described in Example 15-20?

15-4. A typical municipal water usage rate in the US is

350 L/person d. A dead-end MF membrane system

is being designed for a city with a population of

1 million inhabitants. The proposed system will have

a recovery of 92% and is designed to have a flux of

75 L/m2 h when meeting 120% of the average

demand rate with 10% of the system is out of service

for cleaning.

(a) Determine the required membrane area.

(b) What is the velocity of water toward the mem-

brane, in cm/min, under baseline operating

conditions (average demand, and all membrane

modules active)?

(c) Compare your answers to parts (a) and (b) to the

corresponding values for treating the baseline

feed flow rate in a conventional granular-media

filter with an overflow rate of 300 L/m2min.

(d) What volume of concentrate is generated daily

under baseline operating conditions?

15-5. Why is it common to backwash MF and UF mem-

branes, but not RO membranes?

15-6. A two-stage membrane array contains four modules

in the first stage and two in the second, with the

concentrate from the first stage serving as the feed

to the second. The feed has a conductivity of

1800mS/cm, and each stage is operated with 35%

recovery. The salt rejection, as indicated by the
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reduction in conductivity between the feed and the

permeate, is 90% and 82% in the two stages, respec-

tively. The permeates from the two stages are

blended before distribution to the community.

(a) What is the overall recovery of the system?

(b) What is the conductivity of the concentrate

from the second stage?

(c) What is the overall salt rejection, based on the

concentrations in the feed and the blended

permeate? Assume that conductivity is a con-

servative parameter.

15-7. A tubular MF system treating an industrial wastewater

is operated with an influent flow rate of 120L/min, a

flux of 45L/m2 h, and a recovery of 95%. Each mem-

brane module contains 3.0m2 of membrane. The feed

contains 6.2mg/L of suspended solids, and the overall

solid rejection efficiency is 99.5%.

(a) How many modules are required?

(b) What are the concentrations of suspended

solids in the permeate and concentrate?

(c) What mass of solids is sent to the solid settling

pond daily?

15-8. Speculate as to why are MF and UF membrane

elements typically cylindrical, as opposed to the

more common spiral-wound geometry of NF and

RO elements.

15-9. A nanofilter being used to soften a water supply is

operated at 20�C, with a pressure differential between
the bulk solutions of 900 kPa and a recovery of 60%.

The concentration of major ions in the feed solution

and the rejection efficiency of each ion are shown

below. The concentrations of all species are shown in

mg/L, except HCO3
� is in mg/L as CaCO3, meaning

that the true concentration of HCO3
� in meq/L is the

same as the number ofmeq/L thatwould be associated

with the given number of mg/L of CaCO3.

cf R cf R

Naþ 65 0.71 Cl� 176 0.79

Ca2þ 110 0.970 HCO3
� 145 0.980

Mg2þ 21 0.975 SO4
2� 110 0.985

(a) What are the concentrations of the ions in the

concentrate and permeate solutions? Report

all concentrations in the same units as in the

influent table.

(b) What are the osmotic pressure difference and

the effective TMP across the membrane?

(c) Determine Dmc=p
Gchem, Dmc=p

Gmech, and

Dmc=p
Gtot for Ca

2þ and for water. Include signs.

Assume that the molar volume of Ca2þ is the

same as that of water, and use the Davies

equation to correct for activity coefficients.

15-10. Viruses and bacteria with nominal diameters of

60 nm and 0.70mm, respectively, are present in a

solution at 15�C that is being fed to a microfilter. The

membrane has cylindrical pores that are 1.0mm in

diameter and 25mm long. The porosity of the mem-

brane is estimated to be 80%. The system is being

operated with a permeate flux of 100 L/m2 h.

(a) What is the Reynolds number for flow through

the pores?

(b) What fraction of each group of organisms is

expected to be rejected by the microfilter at the

beginning of a filter run, if the flow regime is

assumed to be fully developed at the pore

entrance and transport is strictly by convection?

What about if the filter had 0.2-mm pores?

(c) The diffusive and convective hindrance factors

for particles with radii that are 30% of the pore

radius have been estimated as 0.415 and 1.32,

respectively. Considering these factors and the

possibility that particles can move through the

pores by diffusion as well as convection, make a

new estimate for the initial rejection efficiency

of the viruses in the membrane with 0.2-mm
pores. Estimate the virus’s diffusivity from the

Stokes–Einstein equation. Do you think advec-

tion or diffusion is more responsible for con-

taminant transport?

(d) Assume that a 10-mm-thick layer of the bacteria

has accumulated on the filter with 1.0-mmpores.

Treating the bacteria and virus particles as

spheres and assuming that the viruses are per-

fectly destabilized, what fractional removal of

the viruses is expected in the bacterial layer

according to the Yao et al. granular-media filtra-

tion model developed in Chapter 14? Assume

that the bacterial layer has a porosity of 0.38.

15-11. Explain why, according to the solution-diffusion

model, the ratio of contaminant concentrations in the

dissolved and membrane phases equals Kd at the c/m

interface, but not at the m/p interface, even though

equilibrium is assumed to apply at both locations.

15-12. Surface water containing NOM at a concentration of

4.5mg/LTOC is treated by ultrafiltration, at a flux of

75 L/m2 h. The filter rejects only 3% of the TOC,

which forms a gel on the membrane surface. During

each backwashing cycle, 80% of the organic matter

that has accumulated since the last backwashing is

removed; the remaining 20% remains on the mem-

brane until a chemical cleaning is carried out.
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If the organics are 45% C by mass and the gel 20%

organics by mass (most of the mass of the gel is

water) and has a density of �1.0 g/cm3, how thick

would the gel be after 1 month (30 days) of opera-

tion? (Note: gels become harder to remove that

longer the time between backwashing steps. The

answer to this question should give you some under-

standing of why backwashing is carried out so

frequently.)

15-13. Dc=pGtot;i for a solute such as a protein is dominated

by the difference in concentrations between the

concentrate and permeate solutions. Yet, in a sepa-

ration process using a porous membrane, transport of

the protein through the membrane is thought to be

mostly advective, not diffusive. Explain this appar-

ent anomaly.

15-14. A membrane has a pore size distribution that can be

described as three distinct groups. One group of

pores has diameters clustered around 0.20mm,

another has diameters clustered around 0.10mm,

and the third has diameters around 0.05mm. Each

group accounts for approximately one-third of the

total open area on the membrane. What fraction of

the volumetric flow passes through each group of

pores? Estimate the overall rejection efficiency for

particles that are 0.04mm in diameter, if Ferry’s

model applies and the flow is fully developed as

the water enters the pores.

15-15. The mass transfer coefficient for contaminants in the

CP layer has dimensions of velocity and can be

thought of as a characteristic velocity for transport

away from the membrane. For a frontal filtration

membrane system (i.e., one with no crossflow),

would you expect kmt,CP for a 1-mm particle to be

bigger, smaller, or about the same as for a Naþ ion?

Explain your reasoning.

15-16. What is the main driving force causing water to

move from the bulk concentrate to the c/m interface

in a steady-state system with a porous membrane and

particulate contaminants? What about in a system

with a dense membrane and soluble contaminants?

What are the main forces resisting transport of water

between those two locations in each type of system?

15-17. Thedata shown inFigure 15-Pr17were collected from

a batch test in which seawater was filtered through an

ROmembrane in a stirred cellwith dead-endflow.The

TMP was constant at 7000 kPa, and the feed was at

20�C. The plot shows the volumetric flux as a function

of the “concentration factor” defined as the apparent

concentration of salts in the feed reservoir normalized

to that at the beginning of the test. (The concentration

is referred to as “apparent” because it is possible that

some salts precipitated in the cell and therefore were

not dissolved in the concentrated feed solution.)

When deionized (DI) water was filtered through the

clean membrane, the flux was stable at 140L/m2 h.

The decline in flux when seawater was filtered can be

attributed to a combination of membrane fouling and

the increased osmotic pressure as clean water is

removed in the permeate flow and the solution in the

feedreservoirbecomesprogressivelymoreconcentrated.

(a) Compare the initial flux with seawater as feed to

the expected flux, based on an assumption that

the difference between the fluxes of seawater

and DI water is entirely due to the difference in

osmotic pressures.

(b) What is the resistance of the membrane to

permeation of seawater?

(c) What is the resistance attributable to fouling

when 40% of the original solution in the feed

reservoir has permeated through the membrane,

assuming nearly complete rejection of all solutes

and noprecipitation of salts in the feed reservoir?

15-18. The only solute in the feed to an RO system has an

MW of 95 and is present at a concentration of

20,000mg/L. The system operates at 20�C with

60% recovery and 90% rejection.

(a) What is the minimum TMP required to gen-

erate water flow from the concentrate to the

permeate?

(b) What is the activity of water in the permeate?

(c) If the actual TMP is 50% greater than the mini-

mum computed in part (a), and the solution/

membrane distribution coefficient for water is
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FIGURE 15-Pr17. Flux decline during a batch test of a reverse

osmosis system operated at fixed TMP.
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0.03, what is the concentration of water inside the

membrane at the m/p interface?

15-19. The flux of water across an RO membrane at 25�C is

35 litars per square meter per hour (LMH) when the

TMP is 7000 kPa, and the solute concentrations in

the concentrate and permeate are 0.28M and

4� 10�3M, respectively.

(a) What is the flux of solute under these conditions?

(b) What would the instantaneous fluxes of water

and solute be if the pressure were suddenly

reduced to 5000 kPa, while all other system

parameters remained the same? Your answers

can be approximate if you state and explain any

simplifying assumptions that you make.

15-20. A brackish water is to be treated by RO using a

membrane that has a permeance, determined from

tests with clean water, of 0.040 L/m2 h kPa. The feed

flow rate is 2.2m3/min, its temperature is 15�C, and
its major ion composition is as shown below.

Constituent Concentrationa

pH 8.0

Conductivity 1253

Calcium (Ca) 28

Chloride (Cl) 260

Magnesium (Mg) 11.9

Nitrate (NO3) 11.8

Silicon (Si) 8.0

Sodium (Na) 245

Sulfate (SO4) 145

Total inorganic carbon 27

aValues in mg/L, except for pH (pH units) and conduc-

tivity (mS/cm)

(a) The system is operated with a recovery of 75%

and an average rejection of 94%, which can be

assumed to apply to all solutes. If the polarization

factor is 1.08, what pressure must be applied to

the solution to achieve a flux of 30L/m2 h, if the

membrane permeance under these conditions is

90%of thatwhen it is fed cleanwater? (Note that

this calculation only accounts for the pressure

required to force water through a clean mem-

brane. The actual required TMP could be con-

siderably greater due to membrane fouling.)

(b) Because of fouling, the actual average TMP is

four times the value computed in part (a). If the

headloss between the feed and the exiting con-

centrate is 2350 kPa, what is the power required

to pressurize the influent, if the pump is 72%

efficient?

(c) What fraction of the energy applied to the feed

remains in the concentrate as it exits the RO

pressure vessels?

15-21. Xu and Chellam (2005) carried out batch filtration

tests at constant pressure to determine the fouling

properties of bacterial suspensions and reported the

following results for one test. Their experimental

system used a laboratory-scale filter with 4.2 cm2 of

accessible membrane area. Determine whether the

results are consistent with any of the “blocking”

models proposed by Hermia.

Time (s) Flux (L/m2 s) Time (s) Flux (L/m2 s)

0 2.20E–01 1650 5.28E–02

150 1.69E–01 1800 4.84E–02

300 1.41E–01 1950 4.62E–02

450 1.19E–01 2100 4.40E–02

600 1.03E–01 2250 4.18E–02

750 9.02E–02 2400 3.96E–02

900 7.70E–02 2550 3.74E–02

1050 7.04E–02 2700 3.52E–02

1200 6.60E–02 2850 3.41E–02

1350 5.94E–02 3000 3.30E–02

1500 5.72E–02

15-22. Estimate the headloss for crossflow through 0.8- and

1.2-mm diameter hollow fibers. The hollow fibers are

1.8m long, and the average crossflow velocity is

0.9m/s. Water temperature is 10�C.

15-23. (a) Compute the headloss, in m, when water at

20�C passes through a 25-nm pore that is 3mm
long, at a flux of 100 L/m2 h. The membrane

porosity is 0.9. Assume that the flow is fully

developed and laminar throughout the pore.

What would the pressure loss be across such

a pore, in kPa?

(b) Compare the result in part (a) with the headloss

for the same flux through a cake layer compris-

ing 1-mm particles, if the layer is 30mm thick,

and headloss is characterized by the Carmen–

Kozeny equation. Assume that k¼ 5 in the

Carmen–Kozeny equation and that the layer

porosity is 0.4.

15-24. Theconditions at the locationwhere a compact layer is

first expected to form in a particular crossflow mem-

brane system were determined in Example 15-27.

Determine and plot the profiles of ccc=m versus x and

ĴV versus x from the inlet to this location. The volume

fraction of the contaminant equals 7.5� 10�6c, where

c is in mg/L.
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15-25. Describe some key similarities and key differences

between Brownian diffusion and shear-induced dif-

fusion. Why is Brownian diffusion independent of

the shear rate?

15-26. Describe some key similarities and differences

between transport across a gas/liquid interface, trans-

port across the poremouth in the pore-flowmodel, and

transport across the concentrate/membrane interface

in the solution-diffusion model.

15-27. Hoek et al. (2008) describe performance of a pilot-

scale, spiral-wound RO array that consisted of six

modules (pressure vessels) in a 3:2:1 cascade array.

That is, the influent was split and distributed into

three modules; the concentrate exiting these modules

served as the feed to the next stage, which consisted

of two modules in parallel; and the concentrate from

the second stage was the feed to the third stage,

which consisted of a single module.

Each module contained sevenmembrane elements

in series, and each element comprised 31 membrane

sheets (leaves), separated by spacers and wrapped

such that the gap between leaves was approximately

0.65mm. Feed could enter each element between

any two membrane sheets or between the outside

sheet and the wall, so the element can be envisioned

to have 31 separate influent channels. The leaves

were 0.91m long (in the axial direction) and 0.71m

wide (in the direction of the spiral). The spacers

occupied 20% of the volume between the leaves (i.e.,

the spacer porosity was 0.8). The hydraulic diameter

was estimated to be 1.0mm, based on geometry and

fitting to experimental data. Tests were conducted

using a constant feed flow rate of 11.4 L/s at 20�C.
(a) Determine the flow rates entering and leaving

each module in the various stages, for average

recoveries in the three stages of 65%, 45%, and

25%, respectively.

(b) Find the average axial velocity in the modules

in each stage. Ignore the curvature of the spiral-

wound module, so that the cross-section of the

concentrate flow channel can be treated as a

single, long, thin rectangle.

(c) Estimate the axial pressure loss through each

module, and through the whole array, at the

beginning of the test. (As the test proceeded,

foulant accumulated in the channels and

reduced the effective cross-section, causing

an increase in pressure loss.) Compare your

result with the pressure losses through typical

hollow fiber modules for MF or UF.

15-28. In some membrane-based treatment processes, par-

ticles are added to adsorb potential foulants and

thereby prevent the foulants from reaching the mem-

brane surface. In some cases, the adsorbents appear

to be most effective when they form a cake layer

directly on the membrane, whereas in others it is

preferable to keep the particles in the bulk suspen-

sion. The particles of interest fall in the size range

from a few nanometers to a few micrometers.

For a hollow fiber membrane with a 0.8-mm diam-

eter, operated at a constant flux of 60L/m2 h and a

temperature of 25�C, determine the crossflow veloc-

ities, if any, that would cause the adsorbent particles

to be deposited and to remain in place, for particles

with nominal diameters of 20 nm, 1mm, and 10mm.

Consider the range of crossflow velocities from 2 to

300 cm/s. The density of the particles is 1.7 g/cm3.

Assume that the solids volume fraction adjacent to the

membrane is 11%.What back-transport mechanism is

dominant for each type of particle?)
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Acid/base reactions:

metal hydroxide precipitation, 404–409

particle treatment systems, charge and potential

measurements, 531–532

volatile compounds, gas transfer, 199–202

Acrylamide polymers, particle destabilization chemicals,

534–535

Activated carbon:

adsorption process:

basic principles, 257

competitive adsorption, ideal adsorption model, 305–306

fixed bed adsorption systems, chemical reactions, 357

slow adsorption equilibrium systems, 343

Activated complex, molecular collisions, 85–87

Activity coefficient:

effect on metal solubility 398-401

gas/liquid equilibrium:

Henry’s law and, 163–164

reference states, 198–199

Raoult’s law and, 164, 168

Additives, particle destabilization, soluble materials interactions,

543–544

Adsorbate:

defined, 259

ion adsorption, electrical potential, interfacial region, 315–318

Adsorbent:

defined, 259

regeneration, 365–366

minimum rates, 366–369

Adsorbent particles, slow adsorption equilibrium systems:

pore vs. surface diffusion, 341–343

transport-limited adsorption rates, batch reactors, 345–350

Adsorption. See also Competitive adsorption

defined, 259

fixed bed reactors:

chemical reactions in, 356–357

design options and strategies, 366–369

mass transfer zone movement, 354–356

minimum rate of adsorbent regeneration/replacement,

366–367

performance evaluation, 357–359

rapidly equilibrating systems, 333–340

equation summary, 340

mass balance on, 335–336

plug flow reactors, 336–340

qualitative analysis, 333–335

packed adsorption beds in series, 368–369

slow equilibrium systems, transport-limited adsorption

rates, 350–354

isotherms, adsorption equilibrium, 269–296

bidentate adsorption, 281–282

competitive adsorption:

Freundlich isotherms, 294–296

ion exchange equilibrium, 284–294

site-binding paradigm, 283–284

ideal adsorbed solution model, 302–306

distribution or partition coefficient, 282–283

site-binding paradigm, 270–281

molecular-scale models, 266–268

electrically induced partitioning, ion

adsorption, 268

phase transfer reaction, 267–268

surface complexation reactions, 267

particle destabilization:

charge neutralization, 536–537

interparticle bridging, 541–542

particle stability, 522

particle surface charge, 523–524
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Adsorption (Continued)

Polanyi adsorption model and isotherm, 306–314

basic principles, 306–313

linear, Langmuir and Freundlich isotherms, 313–314

rapidly equilibrating systems, 328–340

batch systems, 328–331

competitive adsorption, 359–364

continuous flow reactors, 331–332

fixed bed reactors, 333–340

equation summary, 340

mass balance on, 335–336

plug flow reactors, 336–340

qualitative analysis, 333–335

sequential batch reactors, 332–333

rate processes overview, 327–328

slowly equilibrating systems, 340–354

competitive adsorption, 364–365

pore vs. surface diffusion, porous adsorbent particles,

341–343

transport-limited adsorption rates:

batch reactors, 343–350

fixed-bed systems, 350–354

solid dissolution reactions, 422–426

surface charge interactions, 314–320

surface interactions and reactions, modeling of, 314

charged interfaces and electrostatic ion sorption, 314–319

pore condensation and surface precipitation, 319–320

surface pressure modeling, 297–306

basic principles, 296–297

competitive adsorption and, 302–306

surface tension/isotherm data, computation using, 297–302

terminology and mechanisms, 259–262

water and wastewater treatment, 262–266

activated carbon applications, 262–264

cationic metal sorption, iron and aluminum oxides, 265–266

metal hydroxide solids, 266

natural organic matter sorption, drinking water coagulation,

264–265

Adsorption density, defined, 259

Adsorption equilibrium, isotherms, 269–296

bidentate adsorption, 281–282

competitive adsorption:

Freundlich isotherms, 294–296

ion exchange equilibrium, 284–294

site-binding paradigm, 283–284

distribution or partition coefficient, 282–283

site-binding paradigm, 270–281

Adsorption isotherms, defined, 260

Advanced oxidation processes (AOPs):

free radicals, ozone generation, 462

hydroxyl radicals:

Fenton-based systems, 483–486

anodic processes, 486

electrochemical processes, 486

full-scale applications, 486

heterogeneous processes, 485–486

light-mediated processes, 485

inorganic compound reactions, 470

organic compound reactions, 470–476

ozonation, 476–483

ozone, 477–480

peroxone, 481

singlet oxygen radicals, 480–481

sonolysis, 483

ultraviolet radiation/hydrogen peroxide, 476–477

ultraviolet radiation/semiconductor, 481–482

wet air oxidation, 482–483

synthetic organic compound degradation, 437

taste and odor reduction, 436

Advection:

counter-current gas transfer, operating line mass balance,

227–229

crossflow filtration systems, contaminant transport, 800

defined, 4

electrodialysis transport, 819

mass balance equations:

arbitrary flow systems, 20–21

unidirectional flow systems, 10–11

one-dimensional advective diffusion equation, 19–20

Advective flux:

gas transfer rate, well-mixed liquid phase systems,

217–218

mass balance equations, unidirectional flow systems, 10–11

Aeration rate:

gas transfer, batch reactors, 214–216

mass balance equations, 18

Air flow rate, gas transfer, steady state continuous flow reactors,

222–225

Air-in-water reactors, gas transfer systems, 159–162

Air scour, granular-media filtration:

filter cleaning, 716–717

Air/suspension contact chamber, gravity separations,

flotation, 657

Alcohols, redox reactions, ozone, 465–466

Alkanes, redox reactions, ozone, 465–466

Alum, particle destabilization, sweep flocculation, 537–541

Aluminum hydroxides:

adsorption:

cationic sorption process, 265–266

surface charge interactions, 314–320

adsorption process and, basic principles, 257

particle destabilization, 532–533

precipitate-sweep flocculation, 538–541

precipitation, 408–409

Amines, redox reactions, ozone, 466

Ammonia, redox reactions:

chloramine formation, 455–456

ozone interaction, 465

Amorphous solids, precipitation and, 382

Anodic electrochemical processes, 488

Anodic Fenton process, hydroxyl radical oxidation, 486

Apparent rejection factor, membrane system selectivity, 748

Arbitrary flow system, concentration gradient, mass balance

equations, 20–23

advection term, 20–21

diffusion/dispersion terms, 21–23
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overall mass balance, 23

storage and reaction terms, 23

Arrays, membrane systems, 738

configuration, 741–742

Arrhenius equation:

gas transfer rate constants, temperature effects, 195

precipitation, particle growth and formation thermodynamics,

388–389

Asymmetric membranes, structure and composition, 734–736

Atrazine:

advanced oxidation process, hydroxyl radicals, 472–476

redox reactions, ozone, 466

Attraction number, granular-media filtration, packed medium

model, 693

Autocatalytic reactions, molecular collisions, 86–87

Autoretardants, molecular collisions, 87

Axial velocity, crossflow filtration systems, 793–795

Back-flushing:

membrane systems, 733

pressure-driven membrane systems, performance

evaluation, 74

Back-transport mechanisms, crossflow filtration systems:

contaminant transport, 802

contaminant transport modeling, inertial lift and,

813–816

Backwashing:

granular-media filtration:

filter cleaning, 714–717

filtration run process, 681–682

time-related effects, 700–701

membrane systems, overview, 733

Ballasted flocculation, 571–572

Batch reactors:

gravity separations, ideal horizontal flow, 633–634

irreversible reaction mass balance, 89–90

rapid adsorption equilibrium, 328–331

sequential batch reactors, 332–333

slow adsorption equilibrium systems, transported-limited

adsorption rates, 343–350

well-mixed liquid phase systems, gas transfer in, 213–216

Batch sedimentation, gravity separations:

type I batch sedimentation, 612–618

bimodal suspension, 614

heterodisperse suspension, 614–618

monodisperse suspension, 612–614

type II batch sedimentation, 618–621

experimental analysis, 620–621

mathematical analysis, 619–620

Batch thickening, gravity separations, 645–647

Bed depth, granular-media filtration design, 705–706

Bed volume (BV), defined 332

Benzene, redox reactions, ozone, 466

Bidentate adsorption, isotherms, 281–283

Bimolecular reactions:

kinetics, 83

redox reactions, ozone, 466

Biochemical oxygen demand, advective inflow/outflow, 18

Biological treatment,gas-in-liquid systems, overall gas transfer

rate coefficient, 243–246

Boltzmann constant:

membrane systems, osmotic pressure, 755–757

particle stability, 524–525

Boltzmann distribution, molecular collisions, 86–87

Booster chlorination, chlorine disinfectant performance, 494–495

Born repulsion, particle stability:

flat plate-charged particle interaction, 530–531

Van der Waals attractions, 527–530

Boundary layer:

bulk water/contaminant transport modeling, pressure-driven

membrane systems, 774–777

electrodialysis transport kinetics, 825–828

Breakpoint chlorination, redox reactions, chloramine formation,

456–459

Breakthrough curve:

granular-media filtration, time-related effects, 701–703

rapid adsorption equilibrium systems, fixed bed reactors,

334–340

transport-limited adsorption rates, fixed bed reactors, 350–354

Breakup, flocculation modeling, 592–594

Bridging mechanism, particle destabilization, adsorption and,

541–542

Brine solution, membrane systems, overview, 732–733

Bromide, redox reactions, 448

organic compound interactions, 452–455

ozone interaction, 465

Brownian motion:

crossflow filtration systems, contaminant transport, 798–800

flocculation collision mechanisms, 577–578

collision efficiency equations, 597–598

short-range force model, 584–589

particle-collector collisions, granular-media filtration, 688

particle collisions, gravity separations, 665–667

Bubble formation:

gas-in-liquid systems:

gas transfer rate coefficients and, 188–192

well-mixed liquid phase systems, 208–213

gravity separations, flotation effects, 656–657, 661–663

Bulk density, 336

Bulk water/contaminant transport modeling, pressure-driven

membrane systems, 773–792

boundary layer and concentration polarization, 774–777

compact layer:

flux paradox, 784

formation, 782

hydraulic resistance, 783–784

concentration polarization and precipitative fouling, 784–786

CP layer:

parameter profiles, 786–787

permeation effects and resistance, 781–782

flux effects:

CP layer, particle/solute comparisons, 782

rejected particles, 778–780

rejected solutes, 780–781

frontal filtration systems:

nonsteady-state fouling, 787–791
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Bulk water/contaminant transport modeling (Continued)

performance evaluation, 792

permeation/TMP relationship, 777–782

limiting flux, film-gel model, 783

nonsteady-state fouling, frontal and dead-end filtration,

787–791

modified fouling and silt density indices, 790–791

rejected contaminant, coupling force on permeate flow, 778

Cadmium, precipitation, pH-dependent metal-ligand speciation,

420–421

Cake filtration:

crossflow filtration systems, contaminant transport modeling,

layer thickness and inertial lift, 813–816

nonsteady-state fouling, frontal and dead-end filtration

systems, 787–791

Calcium-carbonate water softeners:

mass balance equations, 5–7

particle destabilization chemicals, 533

preciptate-sweep flocculation, 540–541

precipitative softening, 409–418

Capillary fiber membrane systems, 739, 741

Capture cross-section, flocculation collision efficiency, short-

range force model, 583–589

Carbohydrates, redox reactions, ozone, 466

Carbonate ions, advanced oxidation process, hydrogen peroxide

addition, 479–480

Carbonate solids:

metal hydroxide precipitation, speciation, 405–409

precipitation, 409–419

equilibrium model, 414–419

lime softening, stoichiometric/equilibrium model

comparison, 416–419

metal carbonates and hydroxycarbonates, 418–419

pH requirements, 414

precipitative softening, 409–410

recarbonation, softened water, 417–419

stoichiometric model, 410–413

Carbon dioxide hydration, reaction kinetics, 83

Carman–Kozeny equation, granular-media filtration:

bed depth assessment, 706

clean bed removal, 699–700

ripening models, 710–714

velocity parameters, 707–708

Cascade air stripping systems, 241

Catalysts, molecular collisions, 86–87

Cathodic electrochemical processes, 488

Cathodic Fenton processes, hydroxyl radical oxidation, 486

Cation-exchange membranes:

electrodialysis:

single-cell transport, 822–825

two-dimensional electrodialysis system, 829–832

water flow, 832

electrodialysis and, 816–818

Cationic sorption, iron and aluminum oxides, 265–266

Cell-pair unit, electrodialysis, 818

transport kinetics, 822–825

Cerussite, lead precipitation, 418–419

Challenge tests, membrane system selectivity, 748–749

Channeled flow effects, nonideal flow reactors, gravity

separations, 640–642

Characteristic flow time:

non-steady state reactor performance, continuous flow stirred

tank reactors, 143–144

steady state performance evaluation, continuous flow stirred

tank reactors, 123

Characteristic reaction times, reversible reaction kinetics,

103–104

Characteristics reaction times, irreversible reaction analysis,

97–99

Charged interfacial structure, ion adsorption, electrostatic

contribution, 314–319

Charge neutralization, particle destabilization, adsorption and,

536–537

Charge-potential relationships, ion adsorption, adsorbate profile

and electrical potential, 317–318

Chelating solids, precipitation, speciation, 395–396

Chemical adsorption (chemisorption), defined, 259

Chemical disinfection, 488–500

series-based continuous flow stirred tank reactors, steady state

performance evaluation, 133–134

Chemical potential, membrane systems, driving force and,

753–754

Chemical reactions:

fixed bed adsorption systems, 356–357

gas/liquid equilibrium, Henry’s law and, 162

mass balance equations, unidirectional flow systems,

15–16

molecular collisions, 84–87

particle charge, 522–523

sequential reaction kinetics, steady state equilibrium and,

112–114

Chemical structure, gas/liquid equilibrium and, 167–168

Chick’s law, disinfection processes, 489–490

Chick–Watson law:

disinfection processes, 490–492

continuous flow stirred tank reactors in series, steady state

performance evaluation, 133–134

Chloramines:

disinfectant performance, 495–497

redox reactions, 455–459

formation, 455–456

inorganic compounds, 458

organic compounds, 458

ozone interaction, 465

water distribution systems, chlorine/lead release and,

458–459

Chlorine:

disinfectant performance, 494–495

natural organic matter reactions, 25

reaction kinetics, 87–88

redox reactions, 444–455

bromide reactions, 448

chloramine formation, 458–459

inorganic compounds, free chlorine reactions, 446–455

iron and manganese reactions, 446–447

850 INDEX



organic compound reactions, 448–455

sulfur compound reduction, 447–448

Chlorine dioxide:

disinfectant performance, 497–498

redox reactions, 459–461

generation, 460

inorganic compounds, 460–461

organic compounds, 461

potassium permanganate, 468–469

Chlorine-nitrogen molar ratio:

chloramine disinfectants, 496

redox reactions, chloramine formation, 456

Chlorine-to-ammonia ratio:

chloramine disinfectants, 496

redox reactions, chloramine formation, 455–456

Chloroalkanes, redox reactions, ozone, 465–466

Chlorophenol intermediates, redox reactions, chlorine-organic

compound interactions, 449–451

Chromatographic effect, competitive adsorption, column

reactors, 359–365

Chromium compounds:

precipitation, redox reactions, 422

reductive processes, iron-based systems, 487–488

Circular reactors, gravity separations, 629–631

Clean bed removal, granular-media filtration, 683–694

head loss, 698–699

packed medium single spherical collector, 690–692

removal mechanisms and transport efficiencies, 686–690

single spherical isolated collector model, 683–686

water/wastewater treatment systems, 694–698

Yao model, 693–694

Cleaning-in-place (CIP), membrane systems, 733

Closed boundary reactors:

dispersion modeling, 54–55

residence time distributions, mean hydraulic retention time,

37–42

Coagulation. See Flocculation; Destabilization

Coefficient of dilution, disinfection processes, 489–490

Coefficient of specific lethality, disinfection

processes, 490

Coefficient of variation, residence time distributions, probability

statistics, 41–42

Co-ions, ion adsorption, adsorbate profile and electrical potential,

316–318

Collision efficiency factor:

flocculation modeling, 567–568

short-range force model equations, 597–598

Collision efficiency function, flocculation modeling, 567

Collision mechanisms:

flocculation:

fractal dimensions, 595–596

long-range force model, 572–581

Brownian motion, 577–578

design implications, 580–581

differential sedimentation, 575–577

fluid shear collisions, 572–575

total collision frequency, 578–580

short-range force model, 581–589

calculation equations, 597–598

design implications, 589

flocculation modeling, basic parameters, 565–566

Color removal, oxidation, 436

Column contactors, gas transfer:

operating line mass balance, 226–229

pressure loss and liquid holdup, 233–235

tower mass balance design equation, 229–233

Column height, gas transfer column contactors, design

constraints, 236–241

Column size, gas transfer column contactors design and, 240

Combined chlorine, redox reactions, formation, 455

Compact layer:

bulk water/contaminant transport modeling:

flux paradox, 784

formation, 782

hydraulic resistance, 783–784

crossflow filtration systems, contaminant transport modeling,

805–816

TMP-flux relations, 809–816

ion adsorption, adsorbate profile and electrical potential,

317–318

pressure-driven membrane systems, bulk water/contaminant

transport modeling, physicochemical properties,

773–774

Competitive adsorption:

column reactors, chromatographic effect, 359–365

ion adsorption, equilibrium constants, electrostatic

contribution, 318–319

isotherms, adsorption equilibrium:

Freundlich isotherms, 294–296

ion exchange equilibrium, 284–294

site-binding paradigm, 283–284

Freundlich isotherms, 294–296

Langmuir isotherm, 283–284

rapid adsorption equilibrium attainment, 359–364

slow adsorption equilibrium, 364–365

surface pressure models, 297–306

ideal adsorbed solution theory, 302–306

Complete blocking scenario, nonsteady-state fouling, frontal and

dead-end filtration systems, 787–791

Complexing ligands, precipitation, metal solubility

effects, 421

Complex structure formation, precipitation, 381

solid speciation, 395–396

Computational fluid dynamics (CFD), continuous flow reactors,

basic principles, 30

Concentrate:

crossflow filtration systems, pressure profile, 795–798

electrodialysis, 818

membrane systems, overview, 732–733

pressure-driven membrane systems, pore-flow model,

concentrate/membrane interface, 760–764

Concentration equalization, continuous flow reactors, 66–69

Concentration gradient:

irreversible reactions, CFSTR/PFR comparisons, 126–129

mass balance:

arbitrary flow directions, 20–23
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Concentration gradient (Continued)

advection term, 20–21

diffusion/dispersion terms, 21–23

overall mass balance, 23

storage and reaction terms, 23

unidirectional flow system and, 7–20

advection term, 10–11

chemical reaction term, 15–16

differential one-dimensional mass balance, 18–20

diffusion/dispersion terms, 11–15

overall mass balance terms, 16–18

storage term, 8–9

Concentration polarization (CP) layer:

crossflow filtration systems, contaminant transport layer,

803–816

frontal filtration systems:

particle/solute effects, flux comparisons, 782

permeation and TMP, 777–782

resistance, permeation effects, 781–782

pressure-driven membrane systems:

bulk water/contaminant transport modeling:

boundary layer transport, 774–777

defined, 773–774

membrane/parameter profile comparisons, 786–787

precipitative fouling, 784–786

Concurrent flow/concentration equalization, continuous flow

reactors, 69–70

Conductivity, electrodialysis transport, 820–821

Consecutive reactions. See Sequential reactions

Constant capacitance model, ion adsorption, adsorbate profile and

electrical potential, 317–318

Constant diffusivity, slow adsorption equilibrium systems, 343

Contact angles, hydrophilic membrane systems, 736

Contact zone modeling, gravity separations, flotation,

663–667

Continuity equation, three-dimensional mass balance, 24–25

Continuous flow reactors:

differential equations, Laplace transforms, 71–73

equalization, 62–70

concentration equalization, 66–69

concurrent flow and concentration equalization, 69–70

flow equalization, 63–66

gravity separations, 622–639

horizontal flow reactors, 626–634

batch and continuous flow reactors, 633–634

circular reactors, 629–631

rectangular reactors, 626–629

sedimentation, 638–639

type I vs. type II suspension, 631–633

ideal horizontal flow, 633–634

reactor settling potential function, 623–624

suspension/reactor separation, 622–623

thickening effects, 650–655

tube settlers, 634–639

upflow reactor, 624–626

hydraulic characteristics overview, 29–30

ideal reactors, 42–48

continuous flow stirred tank reactors, 42

pulse input, 45–47

step input, 47–48

nonideal reactors, 48–62

hydraulic behavior indices, 62

residence time distributions, 50–62

continuous flow stirred tank reactors in series,

55–57

nonequivalent continuous flow stirred tank reactors

in series, 62

plug flow reactors in parallel and series, 58–61

plug flow reactors with dispersion, 50–55

short-circuiting and dead space modeling, 57–58

tracer output, 48–50

convolution integral, 48–50

performance evaluation:

nonideal flow reactors, 135–141

remaining fraction:

dispersion model, 140–141

exit age distribution, 136–140

steady state performance, 141

non-steady-state conditions, 141–146

continuous flow stirred tank reactors, 142–144

conversion extent, 144–146

plug flow reactor conversion, 141–142

steady state reaction:

continuous flow stirred tank reactor, 121–123

continuous flow stirred tank reactor in series,

130–134

irreversible reactions, 126–129

multiple ideal reactors, 130–135

parallel CFSTRS and PFRs, 135

plug flow reactor, 123–126

in series, 130

rate expressions, 135

reversible reactions, 129–130

single ideal reactor, 121–130

plug flow reactors, 42–45

fixed frame pulse input, 43–44

moving frame pulse input, 44–45

rapid adsorption equilibrium, water and adsorbent flow

mechanics, 331–332

residence time distributions, 30–42

mean hydraulic detention time, 37–42

probability distribution statistics, 37–42

pulse input response, 33–35

step input response, 35–37

tracers, 30–33

steady state, gas transfer, 220–225

continuous flow stirred tank reactors, 220–225

plug flow reactors, 220

Continuous flow stirred tank reactors (CFSTRs). See also

Series-based continuous flow stirred tank reactors

concentration equalization, 66–69

disinfection processes, 493–494

equalization, 63–70

gas transfer, steady state systems, 220–225

overall gas transfer rate coefficient, 244–246

hydraulic characteristics, 42
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non-steady-state conditions:

nonideal flow reactor performance, 144–146

performance evaluation, 142–144

particle destabilization chemicals, water stream mixing,

544–546

particle size distribution and precipitation in, 389–394

precipitation reactions, 426–427

pulse input, 45–47

Laplace transform, 71–73

rapid adsorption equilibrium, batch reactors, 330–331

in series:

nonequivalent CFSTRs, 62

residence time distributions, 55–57

short circuit and dead space modeling, 57–58

slow adsorption equilibrium systems, transported-limited

adsorption rates, 349–350

steady state performance, 121–123

irreversible reactions, 126–129

nth order reactions, 126

plug flow reactor comparisons, 126–129

reversible reactions, 129–130

step input, 47–49

Control volume (CV):

mass balance equations, 3–4, 6–7

arbitrary flow systems:

advection, 20–21

overall mass balance, 23

storage and reaction terms, 23

three-dimensional mass balance, 24–25

unidirectional flow systems, 7–20

advection, 10–11

chemical reactions, 15–16

diffusion and dispersion, 11–15

one-dimensional mass balance, unidirectional flow systems,

18–20

Convective-diffusion equation, pressure-driven membrane

systems, pore-flow model, concentrate/membrane

interface, 761–764

Convective-diffusion-hindered (C-D-H) transport model, pressure-

driven membrane systems, 762–764

Convolution integral, nonideal reactors, tracer input and output,

48–50

Copper, redox reactions, ozone interaction, 465

Corrosion inhibitors, lead precipitation, 419

Counter-current gas transfer. See also Column contactors

design summary, 241–243

operating line mass balance, 226–229

Counter-ions, ion adsorption, adsorbate profile and electrical

potential, 316–318

Coupled transport and reaction, gas transfer, 183–187
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nonsteady-state fouling patterns, 814–816
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steady state performance evaluation, 124–125
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limiting-case scenarios, 174–175

pore diffusion, slow adsorption equilibrium systems, 341–343
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Flocculation:
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collision mechanisms:
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multisite isotherms, 281

partition coefficient, 282–283

Polanyi isotherm, 313–314

surface pressure adsorption model, 298–302

competitive adsorption:

column reactors, chromatographic effect, 361–364

ideal adsorption model, 302–306
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operating line mass balance, 226–229

pressure loss and liquid holdup, 233–235

tower design equations, 229–233

volatile species acid/base reactions, transfer rate, 199–202

well-mixed liquid phase systems case study, 207–226
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macroscopic (advective) limitation, 217–218

microscopic (interfacial) limitation, 218–219

overall gas transfer rate, 219–220

overall gas transfer rate expression, 207–213
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(advective) limitation, 217–218

Gas transfer:

adsorption comparison with, 258

Gibbs adsorption isotherm, 298–302

engineered transfer systems, 159–162

environmental engineering applications, 155

gas and liquid phase changes, 170

gas/liquid equilibrium, 155–157

Henry’s law, 162–169
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gas-in-liquid systems, 188–192

Gas transfer rate constants, temperature effects, 195

Gas volume, gas/liquid equilibrium, 164–167

Geometric volume, continuous flow reactors, residence time

distributions, mean hydraulic retention time, 37–42
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Granular-media filtration:

backwashing, 699–700

breakthrough, 701–703

clean bed removal, 683–694

head loss, 698–699

packed medium model update, 692–693

packed medium single spherical collector, 690–692
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time-related dynamics, 700–709
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sedimentation, 638–639
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reactor settling potential function, 623–624
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upflow reactor, 624–626

engineered systems, 605–607
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bubble formation, 661–663

contact zone modeling, 663–667
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flocculation model, 664–665

model comparisons, 667

low concentration suspensions, 663

saturator, 658–660

sludge thickening, dissolved air flotation, 668–669

systems overview, 657–658

particle sedimentation, 607–612

inertial effects, 610–612

Stokes’ law, 607–610
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channel flow, 640–642

mixed flow, 642–644
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thickening, 644–655
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design constraints, 655
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type II batch sedimentation, 618–621
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mathematical analysis, 619–620

Haber–Weiss reaction, hydrogen peroxide oxidation,

483–486

Hagen–Poiseuille equation, membrane systems, permeate

flux, 744

Half-reactions, redox thermodynamics, 437–441

Half-times, irreversible reaction rate analysis, 91–93

Haloacetic acid (HAA), redox reactions, 448

chloramine reaction, 458

chlorine-organic compound interactions, 450–455
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453–455
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527–530

Hardness ions, precipitative carbonate softening, 409–410
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macroscopic models, 710

time-related effects, 703–705
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gas/liquid equilibrium:
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parameters effecting, 168–169
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precipitation and, 381

Heterovalent ion exchange, competitive adsorption, Langmuir

isotherm, 286, 288–294
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and, 738–742

Hydrocerussite, lead precipitation, 418–419
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ozone interaction, 476–480
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interaction, 464
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membrane systems, 735–736
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449–455
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449–455
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Hydroxyl radicals:
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singlet oxygen radicals, 480–481
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476–477
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Hyperfiltration. See Reverse osmosis (RO) membranes
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organic compound interactions, 452–455
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organic compounds, 448–455
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bromide, 448
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Ideal continuous flow reactors (Continued)
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steady state reaction performance:

continuous flow stirred tank reactor, 121–123

first-order irreversible reactions, 122–123
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Eulerian view, 124–125

irreversible nth-order reaction, 125–126
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Inorganic compounds:

particle charge, surface interactions, 522–523

particle destabilization, 532–533

charge neutralization, 537

redox reactions:

chloramine reaction, 458

chlorine dioxide, 460–461

free chlorine, 446–455

ozone interaction, 464–465

potassium permanganate, 467–469

Instantaneous demand, defined, 441

Integral method, irreversible reaction rate analysis, 89–90
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filtration, 686–687

Interfacial transport:

adsorption equilibrium and, 267–268

surface charge interactions, 314–319

column contactor gas tower design, 230–233

counter-current gas transfer, mass balance, 229

ion adsorption, adsorbate profile and electrical potential,

315–318

mechanistic gas transfer models:

fluid dynamics and mass transport, 170–171

fluid packets, gas/solution interface, 171–174

limiting-case scenarios, 174–175

volatile species, gas/solution interface, 171–179

surface pressure adsorption models, surface tension and,

297–306

well-mixed liquid phase systems, gas transfer, microscopic

(interfacial) limitation, 218–219

Intermediate blocking scenario, nonsteady-state fouling, frontal

and dead-end filtration systems, 787–791

Intermittent treatment procedures, activated carbon preparation,

adsorption, water and wastewater treatment,

262–264

Interparticle bridging:

flocculation collision efficiency, short-range force model,

581–589

particle destabilization, adsorption and, 541–542

Intrinsic binding constant, ion adsorption, surface binding

effects, 315

Intrinsic permeability, membrane systems, fluid/solute transport,

745–746
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membrane system selectivity, 748

pressure-driven membrane systems, pore-flow model,

concentrate/membrane interface, 761–764

Iodide, redox reactions, ozone interaction, 465

Ion activity coefficients, precipitation, stoichiometric and

equilibrium models, 400

Ion exchange adsorption:

adsorbent regeneration, 365–366

basic properties, 258

competitive adsorption:

Donnan equilibrium, 292–294

Langmuir isotherm, 284–289

nomenclature and conventions, 289–294

electrically induced partitioning, 268

electrodialysis, water flow and, 832

surface charge interactions, 314–319

adsorbate profile, interfacial region electrical potential,

315–318

electrical potential effects, 314–315

electrostatic contribution, equilibrium constants, 318–319

surface complexation, site-binding models, 267

Ion exchange membranes, electrodialysis and, 738
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Ion fluxes, electrodialysis, 825–828

Ionic mobility, electrodialysis transport, 820–821

Iron compounds:

ion adsorption, adsorbate profile and electrical potential, 315–318

oxidation, dark Fenton process, 483–486

particle destabilization, 532–533

precipitation, redox reactions, 421–422

redox reactions:

chlorine, 446–447

oxidation, 436

oxygen species, 442–444

ozone interaction, 465

potassium permanganate, 467–469

reductive processes, 486–488

Iron hydroxides:

adsorption:

cationic sorption process, 265–266

surface charge interactions, 314–320

particle destabilization, precipitate-sweep flocculation,

537–541

solid dissolution, 425–426

Irreversible fouling, defined, 733

Irreversible reaction kinetics, 88–99

assumption of irreversibility, 105–107

batch reactor mass balance, 89

comparative CFSTR/PFR analysis, 126–129

differential reaction rate analysis, 96–97
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integral reaction rate analysis, 89–91

multiple reactive species concentrations, 93–96

nonpower-law rates, 97
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steady state performance evaluation:
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continuous flow stirred tank reactors, 122–123

Irreversible thermodynamics, dense membrane systems

modeling, 834–838

Isoelectric point,

membrane systems, 735–736

particle charge, 522-524

Isomorphic substitution, particle charge, 522

Isotherms. See also specific isotherms, e.g., Freundlich isotherm

adsorption equilibrium, 269–296

bidentate adsorption, 281–282

competitive adsorption:

Freundlich isotherms, 294–296

ion exchange equilibrium, 284–294

site-binding paradigm, 283–284

distribution or partition coefficient, 282–283

site-binding models, 270–281

Freundlich isotherm, 276–281

multisite Langmuir isotherms, 274–276

non-Langmuir behavior, 273–274

single-site Langmuir isotherm, 271–273

surface site distribution, 270–271

surface pressure computation, 297–302

defined, 260

Gibbs adsorption isotherm, 298–302

linear isotherm, 260

Polanyi adsorption model, 306–314

Polanyi isotherm, 313–314

rapid adsorption equilibrium, batch reactors, 328–331

slow adsorption equilibrium systems, pore/surface diffusion,

342–343

Iwasaki model, granular-media filtration, 682–683

Jar test:

granular-media filtration, breakthrough effects,

702–703

particle destabilization, charge neutralization, 537

Kolmogorov’s universal equilibrium theory:

flocculation mechanisms, turbulence, 589

particle destabilization chemicals, water stream mixing,

544–546

Lagrangian view, plug flow reactors:

cumulative and exit age distribution, 43–45

residence time distribution, dispersion, 50–55

steady state performance evaluation, 125

Langmuir isotherm:

adsorption equilibrium:

bidentate adsorption, 282–283

competitive adsorption, 283–294

heterovalent absorption, 288–294

homovalent adsorption, 286–288

multisite isotherms, 274–276, 281

non-Langmuir behavior, 273–274

partition coefficient, 282–283

Polanyi isotherm, 313–314

single-site isotherm, 271–273

surface pressure adsorption model, 298–302

competitive adsorption, column reactors, chromatographic

effect, 360–364

mathematical properties, 260–261

rapid adsorption equilibrium, batch reactors,

328–331

Laplace transforms:

concentration equalization, 67–69

differential equation solutions, 70–73

nonideal reactors, tracer input and output, 49–50

non-steady state reactor performance, continuous flow stirred

tank reactors, 142–144

three-dimensional mass balance, 24–25

Lead:

precipitation of, 418–419

redox reactions, chloramine interaction, 458–459

solid dissolution, 425–426

L�evêque correlation, crossflow filtration systems, contaminant

transport modeling, 805–816

Ligand-metal interactions. SeeMetal-ligand interactions

light-mediated Fenton processes, hydroxyl radical

oxidation, 485

Ligand-promoted dissolution, 423–426
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Light blockage instruments, particle size distribution, particle

treatment process, 551

Light-mediated Fenton processes, hydrogen peroxide

oxidation, 485

Lime-soda ash process:

particle destabilization chemicals, 533

precipitate-sweep flocculation, 540–541

precipitative carbonate softening, 409–410

equilibrium model, 416–417

stoichiometric model, 410–413

Limiting cases:

crossflow filtration systems, contaminant transport modeling,

813–816

mechanistic gas transfer models, 174–175

reversible reaction kinetics, 103–107

nearly complete reactions, 106–107

very rapid/very slow equilibrium approaches,

104–105

well-mixed liquid phase systems, gas transfer:

kinetic expression, 216–220

macroscopic (advective) limitation, 217–218

microscopic (interfacial) limitation, 218–219

rate limitations summary, 219–220

steady state continuous flow reactors, 222–225

Limiting current, two-dimensional electrodialysis system,

831–832

Limiting flux, bulk water/contaminant transport modeling,

compact layer modeling, 783

Liquid flow rate, gas transfer, steady state continuous flow

reactors, 222–225

Liquid holdup, column contactor gas towers, 233–235

Liquid-in-gas systems:

gas transfer:

rate coefficient estimation, 192–195

system-specific parameters, 187–196

overview of, 159–162

Liquid-phase gas transfer coefficient, mechanistic gas transfer

models, 176–179

Liquid phase mass balance:

counter-current gas transfer, 227–229

gas transfer, volatile compounds, acid/base reactions,

200–202

well-mixed liquid phase systems, gas and water transfer,

210–213

Liquid-phase mass transfer coefficient, mechanistic gas transfer

models, 176–179

Liquid phase resistance, gas transfer rate coefficient:

gas phase combined with, 179–181

gas phase compared with, 179–181

Loading rates, gas transfer column contactors, design constraints,

236–241

Logarithmic mean, dense membrane systems modeling,

835–838

Logs of inactivation, disinfection processes, 490–492

London forces:

crossflow filtration systems, deterministic contaminant

transport, 800–801

granular-media filtration, packed medium model, 693

particle stability, 527–530

Long-range force model, flocculation collision mechanisms,

572–581

Brownian motion, 577–578

design implications, 580–581

differential sedimentation, 575–577

fluid shear collisions, 572–575

short-range force model vs., 587–588

total collision frequency, 578–580

Macropore properties, activated carbon, 262–264

Macroscopic (advective) limitation:

counter-current gas transfer, mass balance, 229

gas transfer rate, well-mixed liquid phase systems,

217–218

Macroscopic mass balance, two-dimensional electrodialysis

system, 828–829

Macroscopic models, granular-media filtration design

criteria, 710

Macroscopic timescales, particle destabilization chemicals, water

stream mixing, 544–546

Magnesium, precipitative softening:

equilibrium model, 415–417

ion concentrations and charges, 413–414

Manganese compounds:

precipitation, 421–422

redox reactions:

chlorine, 446–447

oxidation, 436

oxygen species, 444

ozone, 465

potassium permanganate, 466–469

solid dissolution, 425–426

Mass balance:

adsorption/regeneration cycles, 366–369

arbitrary flow directions, 20–23

advection term, 20–21

diffusion/dispersion terms, 21–23

overall mass balance, 23

storage and reaction terms, 23

basic principles, 3–6

defined, 3

flow equalization, 63–66

gas transfer processes, 157–158

batch reactors, 213–216

operating line, 226–229

steady state continuous flow reactors, 221–225

tower design equations, 229–233

volatile species, gas/solution interface, 171–179

well-mixed liquid phase systems, 211–213

gas transfer systems, 207

irreversible reactions, batch reactors, 89–90

non-steady state performance evaluation, continuous flow

reactors, 141–146

plug flow reactors:

Eulerian view, 43–44

Lagrangian view, 44–45

steady state performance evaluation, 124–125

rapid adsorption equilibrium:

batch reactors, 328–331
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continuous flow water/adsorbent systems, 331–332

fixed bed reactors, 335–336

slow adsorption equilibrium systems, transported-limited

adsorption rates, batch reactors, 345–350

steady state performance evaluation:

continuous flow stirred tank reactors, 121–123

reversible reactions, 129–130

summary of equations, 25–26

three-dimensional mass balance, differential form,

24–25

unidirectional flow, 7–20

advection term, 10–11

chemical reaction term, 15–16

differential one-dimensional mass balance, 18–20

diffusion/dispersion terms, 11–15

overall mass balance terms, 16–18

simplified balances, 17–18

storage term, 8–9

Mass transfer-limited flux, pressure-driven membrane systems,

performance evaluation, 751–752

Mass transfer zone (MTZ):

competitive adsorption:

column reactors, chromatographic effect, 359–364

slow adsorption equilibrium, 365

fixed bed adsorbers, 354–356

performance evaluation, 357–359

single-bed design, 367–369
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334–340
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Mass transport:
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gas transfer models, 170–171
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fluid dynamics and interfacial mass transport, 170–171
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mass balance, volatile gas/solution interface, 171–179

packet age and residence time distribution, 175

transfer coefficient, 175–179

Media size, granular-media filtration design, 706–707

Membrane elements, configuration and hydraulics, 738–742

Membrane fouling:
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814–816

defined, 733
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contaminant transport modeling, 802–816
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fluid flow:

modeling parameters, 792–793
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flux modeling, 802–816
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modeling assumptions, 803

modeling equations, 814–816
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787–791

modified fouling and silt density indices,

790–791

rejected contaminant, coupling force on permeate

flow, 778

performance evaluation, 750–752

quantitative modeling, 759–773
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solution-diffusion model, 766–771
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transport conceptual models, 759–760

transport summary, 772–773
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selectivity parameters, 747–749

challenge tests and molecular weight cutoff,
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separation coefficient, 749

structure, composition and water interactions,
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Metal hydroxides:
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particle destabilization, precipitate-sweep flocculation,
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404–409

Metal-ligand interactions, precipitation:

carbonate solids precipitation, 409–419

complexing ligands, metal solubility, 421

hydroxide solids precipitation, 404–409

ionic strength and activity coefficients, 400
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pH-dependent metal and ligand speciation,

420–421

precipitative softening, 409–417

redox reactions, 421–422

soft water recarbonization, 417–418
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natural organic matter, drinking water coagulation,
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Microscopic (interfacial) limitation:

counter-current gas transfer, mass balance, 229

well-mixed liquid phase systems, gas transfer, 218–219
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Mixing patterns:

particle destabilization, chemicals in water stream, 544–546

plug flow reactors, early vs. late mixing, 58–61

reactor performance evaluation, CFSTR/PFR comparisons,

128–129

Modified fouling index (MFI), nonsteady-state fouling, frontal and

dead-end filtration systems, 790–791

Molar adsorption potential, Polanyi adsorption model,

306–314

Molar Gibbs energy:

membrane systems:

driving force and, 753–757

transmembrane energy difference, 758–759

pressure-driven membrane systems:

pore-flow model, solution permeation, 764

solution-diffusion model, 766–771

Molecular collisions:

energetics, 84–87

frequency, 84

Molecular-scale adsorption models, 266–268

electrically induced partitioning, ion adsorption, 268

interface-adsorption equilibrium, 267–268

phase transfer reaction, 267–268

surface complexation reaction, 267

Molecular weight cutoff (MWCO), membrane system

selectivity, 749

Monochloramine:

disinfectant performance, 495–497

irreversible reaction rate analysis, 90–91

Monodisperse suspension, type I batch sedimentation,

612–614

Morrill index, hydraulic behavior, 62

Moving frame of reference. See Lagrangian view

Multicomponent electrodialysis systems, 832–833

Multiple ideal reactors, steady state performance evaluation,

130–135

Multiple reactive species, reaction rate analysis, 93–96

Multisite isotherms, adsorption equilibrium, Langmuir/Freundlich

comparisons, 281

Nanofiltration (NF) membranes:

cascade/staged configuration, 742

characteristics, 737

classification, 736

conceptual models, 760

driving force and energy, 752–754

molecular weight cutoff, 749

packing density, 740–742

pressure-driven systems, overview, 749–752

pressure vessels, 738

transmembrane energy difference, 758–759

Natural organic matter (NOM):

adsorption process:

basic principles, 257

competitive adsorption, ideal adsorption

model, 306

drinking water coagulation, 264–265

particle charge, 523–524

water and wastewater treatment systems, activated carbon,

263–264

advanced oxidation process, hydrogen peroxide addition,

479–480

competitive adsorption, site-binding models, Freundlich

isotherm, 295–296

disinfection byproducts, 489

membrane systems:

structure and composition, 735–736

transmembrane energy difference, 758–759

particle destabilization:

charge neutralization, 537

chemicals used for, 532–535

soluble materials interactions, 542–544

pressure-driven membrane systems, performance evaluation,

750–752

reaction kinetics, 87–88

redox reactions:

chlorine-organic compound interactions, 449–455

oxidation, 436

ozone, 466

slow adsorption equilibrium systems, 343

competitive adsorption, 365

Nernst equation, redox processes, thermodynamics, 439–441

Nernst–Planck equation, electrodialysis transport kinetics,

821–822

Nitrites, redox reactions, ozone interaction, 465

N-nitrosodimethylamine (NDMA), redox reactions, chloramine

reaction, 458

Nonelementary reactions:

kinetics of, 87–88

temperature dependence, 114–115

Nonequivalent series-based continuous flow stirred tank

reactors, 62

Non-first-order irreversible reactions, continuous flow stirred tank

reactors, 123

Nonhumic fractions, redox reactions, chlorine-organic compound

interactions, 449–455

Nonideal flow reactors:

defined, 29–30

gravity separations, sedimentation effects, 639–644

channel flow, 640–642

mixed flow, 642–644

tiered flow, 639–640

non-steady state conditions, performance under,

144–146

performance evaluation, 135–141
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Nonideal flow reactors (Continued)

Nonideal membrane behavior, electrodialysis, 832

Nonideal reactors, hydraulic characteristics, 48–62

hydraulic behavior indices, 62

residence time distributions, 50–62

continuous flow stirred tank reactors in series, 55–57

nonequivalent continuous flow stirred tank reactors in

series, 62

plug flow reactors in parallel and series, 58–61

plug flow reactors with dispersion, 50–55

short-circuiting and dead space modeling, 57–58

Nonporous membranes, structure and composition, 734–736

Nonpower-law rates, irreversible reaction analysis, 97

Nonspecific adsorption, defined, 259

Non-steady-state conditions:

continuous flow reactor performance, 141–146

continuous flow stirred tank reactors, 142–144

conversion extent, 144–146

plug flow reactor conversion, 141–142

membrane fouling:

crossflow filtration systems, 814–816

frontal and dead-end filtration systems, 787–791

nonideal flow reactor performance, 144–146

slow adsorption equilibrium systems, transported-limited

adsorption rates, batch reactors, 346–350

Normalized filter run production, granular-media filtration, 682

nth-order reactions:

continuous flow stirred tank reactors, steady state performance,

123–124

plug flow reactors, steady state performance evaluation,

125–126

Nucleation, particle growth and formation, precipitation and, 381,

384–394

thermodynamics, 385–389

Number distribution, particle size distribution, particle treatment

process, 548–551

Number of (gas) transfer units (NTU), column contactor gas tower

design, 232–233

constraints in, 242–243

Odor reduction, oxidation, 436

Off-gas sampling, gas transfer, steady state systems, overall gas

transfer rate coefficient, 245–246

Ohm’s law, electrodialysis transport, 820–821

Olefinic compounds, redox reactions, ozone, 465–466

Onda correlations:

gas transfer column contactors:

design constraints, 236–241

design feasibility criteria, 236–240

liquid-in-gas systems, mass transfer coefficients, 193–195

One-dimensional mass balance, differential form, unidirectional

flow systems, 18–20

Open-boundary reactors, residence time distributions, mean

hydraulic retention time, 38–42

Operating lines:

counter-current gas transfer, mass balance, 226–229

gravity separations, continuous flow thickening,

651–655

Organic compounds. See also Synthetic organic compounds

(SOCs)

advanced oxidation process, hydroxyl radicals, 470–476

particle destabilization chemicals, 533–535

redox reactions:

chloramine, 458

chlorine, 448–455

chlorine dioxide, 461

ozone, 465–466

potassium permanganate, 469

Orthokinetic flocculation, collision mechanisms, 572–575

Orthophosphate inhibitors, lead precipitation, 419

Osmotic pressure, membrane systems, 754–757

Ostwald ripening, precipitation, particle growth and formation

thermodynamics, 388–389

Outer sphere complexes, ion adsorption, adsorbate profile and

electrical potential, 316–318

Outwardly directed unit normal, mass balance equations, arbitrary

flow systems, 21

Overall gas transfer rate coefficient (KL):

gas and liquid phase resistance:

combined resistance, 179–181

comparisons of, 181–183

gas-in-liquid systems, biological treatment applications,

243–246

well-mixed liquid phase systems, gas transfer, 211–213

batch reactors, 214–216

limiting cases, kinetic expression, 217–220

macroscopic (advective) limitation, 217–218

microscopic (interfacial) limitation, 218–219

rate limitation summary, 219–220

Overall mass balance equation, arbitrary flow systems, 23

Overall mass rejection coefficient, membrane system

selectivity, 748

Overall rejection factor, membrane system selectivity, 748

Overflow rate,

horizontal flow reactor, gravity separations, 626-631

nonideal flow reactors, gravity separations, 638-644

tube settlers, gravity separations, 634-638

upflow reactor, gravity separations, 624–626

Overlimiting current, electrodialysis systems, 833

Oxidant concentrations. See also specific oxidants, e.g., Oxygen

redox processes, terminology, 441

Oxidation, redox processes, 436–437

Oxygen, redox processes, 441–444

Oxygen values, gas-in-liquid systems, mass transfer coefficients,

189–192

Ozone:

advanced oxidation processes, hydroxyl radicals, 476–483

ozone, 477–480

peroxone, 481

singlet oxygen radicals, 480–481

sonolysis, 483

ultraviolet radiation/hydrogen peroxide, 476–477

ultraviolet radiation/semiconductor, 481–482

wet air oxidation, 482–483

contactor types, generator systems, 463

disinfectant performance, 498–500
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redox reactions, 461–466

generation, 462–464

inorganic compounds, 465–466

organic compounds, 464–465

taste and odor reduction, 436

Ozonide radicals, advanced oxidation process:

hydrogen peroxide addition, 478–480

ultraviolet radiation and, 480–481

Packed bed systems. See also Column contactors; Counter-current

gas transfer

adsorption:

activated carbon preparation, 263–264

series-based “merry-go-round” systems, 368–369

Packed medium model, granular-media filtration, 690–694

Packet age, mechanistic gas transfer, residence time distributions

and, 175

Packing density:

membrane system configuration, 739–742

rapid adsorption equilibrium, fixed bed reactors, 336

Packing media, gas transfer column contactors, design feasibility

and, 237–240

Palladium catalysts, reductive processes, iron-based systems, 488

Parallel-based continuous stirred-tank reactors, steady state

reaction performance, 135

Parallel packed bed adsorption systems, design options,

369

Parallel plug flow reactors:

segregated flow and early vs. late mixing, 58–61

steady state performance, 135

Partial surface pressure, competitive adsorption, ideal adsorption

model, 302–306

Particle-collector collisions, granular-media filtration, 686–690

Brownian motion, 688

efficiency, 689–690

interception, 686–687

sedimentation, 687–688

Particle density, particle treatment process, 552

Particle formation and growth, precipitation, 380–381

dynamics, 384–394

nucleation mechanics, 384–394

size distribution, 389–394

thermodynamics, 383–389

Particle sedimentation

crossflow membrane filtration systems, inertial lift and,

813–816

gravity separation, 607–612

inertial effects, 610–612

Stokes’ law, 607–610

particle-collector collisions, granular-media filtration,

687–688

Particle shape, particle treatment process, 551–552

Particle size distribution:

flocculation, 564–565

granular-media filtration, 689–690

gravity separation, batch setting, 609, 614-616

gravity separation, continuous flow settling, 630-632

particle stability, Van der Waals attractions, 529–530

particle treatment process, 546–551

precipitation reactors, 389–394

pressure-driven membrane systems, pore-flow models,

763–764

Particle stability. See also Destabilization

particle treatment process, 521–532

charge and potential measurements, 531–532

charged particle interaction, 525–526

diffuse layer characteristics, 524–525

particle charge, 522–524

isomorphic substitution, 522

surface adsorption, 523–524

surface chemical reactions, 522–523

particle-flat plate interactions, 530–531

Van der Waals attraction, 526–530

Particle transport, crossflow filtration systems,

792–795

Particle treatment process:

applications, 519–521

destabilization chemicals, 532–535

inorganic compounds, 532–533

organic polymers, 533–535

soluble materials interaction, 542–544

additive combinations, 543–544

water stream mixing, 544–546

destabilization process, 535–542

adsorption:

charge neutralization, 536–537

interparticle bridging, 541–542

diffuse layer compression, 535–536

precipitate-sweep flocculation enmeshment,

537–541

flocs fractal characteristics, 552–553

gravity separations, flotation, 657–658

particle density, 552

particle shape, 551–552

particle size distributions, 546–551

measurements, 550–551

particle stability, 521–532

charge and potential measurements, 531–532

charged particle interaction, 525–526

diffuse layer characteristics, 524–525

particle charge, 522–524

isomorphic substitution, 522

surface adsorption, 523–524

surface chemical reactions, 522–523

particle-flat plate interactions, 530–531

Van der Waals attraction, 526–530

Partition coefficients:

adsorption equilibrium, 269–270

isotherm properties, 282–283

gas/liquid equilibrium, Henry’s law and, 162–164

Peclet number:

plug flow reactors, residence time distribution, 51–55

pressure-driven membrane systems, pore-flow model,

concentrate/membrane interface, 762–764

Penetration gas transfer model, residence time distribution,

171–174
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Perikinetic flocculation, collision mechanisms, 577–578

Permeability, membrane systems, fluid/solute transport, 745–746

Permeability coefficient, membrane systems, fluid/solute

transport, 745–746

Permeance, membrane systems, fluid/solute transport, 744

Permeation rate/velocity:

frontal filtration, CP layer resistance, permeation effects,

781–782

membrane systems:

fluid/solute transport, 743–744

temperature effects, water permeation, 746–747

pressure-driven membrane systems:

pore-flow models, solution permeation, 764

solution-diffusion model, 767–771

TMP and, frontal filtration systems, 777–782

pH-adsorption edge, iron and aluminum oxides, 265–266

Phase transfer adsorption:

equilibrium constants, 269

ionic adsorbates, 319–320

solid/solution interface, 267–268

Phenolic compounds, redox reactions:

chlorine dioxide interaction, 461

chlorine-organic compound interactions, 449–451

ozone, 466

Phenomenological equations and coefficients, dense membrane

systems modeling, 835–838

pH levels:

chloramine disinfectants, 496

particle charge, surface interactions, 522–523

particle destabilization, precipitate-sweep flocculation,

538–541

precipitation:

metal hydroxides, 404–409

metal-ligand speciation, 420–421

redox reactions, chloramine formation, 456

Photocatalysis, advanced oxidation process, ultraviolet

radiation, 482

Photolysis, advanced oxidation process, hydrogen peroxide

addition, 476–480

Physical adsorption, defined, 259

Physicochemical environment:

Henry’s constants, standard state conditions, 198

real gas transfer conditions, 198–199

Plate-and-frame membrane systems, 738–739

Platinum catalysts, reductive processes, iron-based systems, 488

Plug flow reactors. See also Parallel plug flow reactors; Series plug

flow reactors

aqueous phase concentration, limiting cases, 219–220

gas transfer, steady state systems, 220

aqueous-phase reactions, 222–223

gravity separations, horizontal flow, 626–634

hydraulic characteristics, 42–45

mass balance equations, diffusion and dispersion, 15, 19

non-steady state performance:

conversion extent, 141–142

nonideal reactors, 145–146

one-dimensional mass balance equations, 19–20

parallel and series models, 58–61

pulse input:

Eulerian view, 43–44

Lagrangian view, 44–45

rapid adsorption equilibrium, 336–340

residence time distribution, dispersion, 50–55

slow adsorption equilibrium systems:

fixed bed systems, 350–354

transport-limited adsorption rates, 349–350

steady state performance:

irreversible reactions, 126–129

CFSTR comparisons, 126–129

reversible reactions, 129–130

steady state performance evaluation, 123–126

Eulerian view, 124–125

irreversible nth-order reactions, 125–126

Lagrangian view, 125

Poiseuille flow, pressure-driven membrane systems, pore-flow

model, concentrate/membrane interface, 761–764

Polanyi adsorption model, phase transfer, 267–268

Polanyi adsorption model and isotherm, 306–314

basic principles, 306–313

linear, Langmuir and Freundlich isotherms, 313–314

Polarizability, particle stability, Van der Waals attractions,

527–530

Polarization factor/modulus (PF/PM), membrane system

selectivity, 747–748

Polyaluminum chloride (PACl), particle destabilization

chemicals, 533

Polycyclic aromatic hydrocarbons, redox reactions, ozone, 466

Polydiallyldimethyl ammonium chloride, particle destabilization

chemicals, 533–535

Polymer compounds, particle destabilization chemicals, 533–535

adsorption and interparticle bridging, 542

Population balance, flocculation modeling, Smoluchowski

equation, 568–570

Pore condensation, phase transfer adsorption, ionic adsorbates,

319–320

Pore diffusion:

adsorption rate, 328

slow adsorption equilibrium systems, adsorbent particles,

341–343

Pore-flow model, pressure-driven membrane systems,

760–766

contaminant rejection, solution permeation, 764–766

flux predictions, 771–772

predicted flux/transmembrane parameter comparisons,

771–773

solution composition, concentration/membrane interface,

760–764

solution permeation, 764

transport parameters, 759–760

Pore/surface diffusion model (PSDM), slow adsorption

equilibrium systems, 343

Porous membranes:

pressure-driven membrane systems, performance evaluation,

751–752

structure and composition, 734–736

Postchlorination, chlorine disinfectant performance, 494–495
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Potential drop profiles:

electrodialysis systems, 833

electrodialysis transport kinetics, 825–828

Potential energy:

charged particle interaction, 526

flat plate, 530–531

Polanyi adsorption model, 306–314

Powdered activated carbon (PAC):

activated carbon preparation, adsorption, water and wastewater

treatment, 262–264

slow adsorption equilibrium systems, transport-limited

adsorption rates, batch reactors, 343, 349–350

Power law, nonelementary reactions, 88

Prechlorination, chlorine disinfectant performance,

494–495

Precipitate-sweep flocculation, particle destabilization,

537–541

Precipitation:

basic principles, 380–384

particle formation and growth, 380–381

dynamics, 384–394

size distribution, 389–394

thermodynamics, 383–389

reactor design criteria, 426–427

solid constituents, soluble speciation, 395–396

solid/liquid equilibrium, 382–384

solubility product quantitation, 395

solute transport, surface reactions and reversibility,

381–382

solution composition modeling, 394–397

stoichiometric and equilibrium models, 397–422

carbonate solids precipitation, 409–419

complexing ligands, metal solubility, 421

hydroxide solids precipitation, 404–409

ionic strength and activity coefficients, 400

metal and hydroxy carbonates, 418–419

pH-dependent metal and ligand speciation, 420–421

precipitative softening, 409–417

redox reactions, 421–422

soft water recarbonization, 417–418

Precipitative fouling, pressure-driven membrane systems,

concentration polarization and, 784–786

Precipitative softening, carbonate solid precipitation, 409–410

Precursors, disinfection byproducts, redox reactions, chlorine-

organic compound interactions, 449–455

Predominance area diagrams, redox reactions, chlorine species,

443–455

Pressure differentials, pressure-driven membrane systems, pore-

flow model, permeation and contaminant

rejection, 765

Pressure-driven membranes, classification, 736

Pressure-driven membrane systems:

bulk solutions, water/contaminant transport modeling, 773–792

boundary layer and concentration polarization, 774–777

compact layer:

flux paradox, 784

formation, 782

hydraulic resistance, 783–784

concentration polarization and precipitative fouling,

784–786

CP layer:

parameter profiles, 786–787

permeation effects and resistance, 781–782

flux effects:

CP layer, particle/solute comparisons, 782

rejected particles, 778–780

rejected solutes, 780–781

frontal filtration systems:

nonsteady-state fouling, 787–791

performance evaluation, 792

permeation/TMP relationship, 777–782

limiting flux, film-gel model, 783

nonsteady-state fouling, frontal and dead-end filtration,

787–791

modified fouling and silt density indices, 790–791

rejected contaminant, coupling force on permeate

flow, 778

overview, 749–752

performance evaluation, 750–752

quantitative modeling, 759–773

pore-flow model, 760–766

contaminant rejection, solution permeation, 764–766

predicted flux/transmembrane parameter comparisons,

771–773

solution composition, concentrate/membrane interface,

760–764

solution permeation, 764

predicted flux/transmembrane parameter comparisons,

771–773

solution-diffusion model, 766–771

membrane permeation and concentration

profile, 767–771

predicted flux/transmembrane parameter comparisons,

771–773

transmembrane pressure profile, 766–767

transport conceptual models, 759–760

transport summary, 772–773

Pressure filters, granular-media filtration, 679–680

Pressure gradient:

column contactor gas towers:

design criteria and, 239–240

measurements, 233–235

crossflow filtration systems, concentrate profile, 795–798

gas transfer, well-mixed liquid phase systems, 208–213

membrane systems, parameters, 742–743

Pressure-limited flux, pressure-driven membrane systems,

performance evaluation, 751–752

Pressure vessels, membrane systems, 738

Primary minimum (energy curve), particle stability, Van der Waals

attractions, 528–530

Primary nucleation, particle growth and formation, precipitation

and, 381

Probability density function (PDF), residence time distribution,

continuous flow reactors, 31

Probability distribution statistics, continuous flow reactors,

residence time distributions, 37–42
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Proportional diffusivity, slow adsorption equilibrium systems, 343

Proton-promoted dissolution, 423–426

Proton-promoted reductive dissolution, solid dissolution,

425–426

Pseudo-first-order rate constant:

disinfection processes, 488–489

well-mixed liquid phase systems, gas transfer, 217–220

Pseudo-Henry’s constant, gas transfer, acid/base reactions,

200–202

Pulse input:

continuous flow reactors, residence time distributions:

response analysis, 33–35

tracer studies, 32–33, 36–37

continuous flow stirred tank reactors, 45–47

Laplace transform, 71–73

plug flow reactors:

Eulerian view, 43–44

Lagrangian view, 44–45

Pyrene, redox reactions, ozone, 466

Pyridines, redox reactions, ozone, 466

Pyrolysis, activated carbon preparation, adsorption, water and

wastewater treatment, 262–264

Quantitative structure-activity relationships (QSARs), gas/liquid

equilibrium, 168–169

Raoult’s law:

gas/liquid equilibrium, 156–157, 164

volatility parameters, 168–169

reference states, activity coefficient and, 198–199

Rapid adsorption equilibrium systems, 328–340

batch reactors, 328–331

competitive adsorption, 359–364

continuous flow reactors, 331–332

fixed bed reactors, 333–340

equation summary, 340

mass balance on, 335–336

plug flow reactors, 336–340

qualitative analysis, 333–335

sequential batch reactors, 332–333

Rapid small-scale column tests (RSSCTs), fixed bed reactor

performance, 357–359, 370–371

Rate constants. See also Reaction kinetics

advanced oxidation process, hydroxyl radical/ozone

oxidation, 480

floc formulation, 567

redox reactions, oxygen-iron species, 443–444

Rate-controlling process, sequential reaction kinetics, 108–111

Rate equation, floc formation, 567

Rate expressions, ideal continuous-flow reactors, steady state

reaction performance, 135

Rate of encounters, molecular collisions, 84

Reaction kinetics:

elementary reactions, 84–87

molecular collisions:

energetics, 84–87

frequency, 84

flocculation modeling, 570–571

gas transfer processes, 157

irreversible reactions, 88–99

batch reactor mass balance, 89

differential reaction rate analysis, 96–97

half-time, 91–93

integral reaction rate analysis, 89–91

nonpower-law rates, 97

reaction times, 97–99

mass balance equation, 81–82

nonelementary reactions, 87–88, 114–115

reversible reactions, 99–107

disequilibrium, 102–103

limiting case rate expressions, 104–107

nearly complete reactions, 106–107

reaction quotients, irreversibility assumption, 105–106

times and limiting cases characteristics, 103–104

unidirectional/bidirectional reactions, 102–103

very slow/very rapid equilibrium, 104–105

sequential reactions, 107–114

rate-controlling step, 108–111

steady state and chemical equilibrium, 112–114

thermodynamics, 111–112

temperature dependence, nonelementary reactions, 114–115

terminology, 82–83

Reaction mechanism/pathway, defined, 82

Reaction quotients, reversible reaction kinetics, 105–107

Reaction rate constants, defined, 83

Reaction term, mass balance equations, arbitrary flow systems, 23

Reactor systems, precipitation reactions, 426–427

Reagent dose estimation:

carbonate solid precipitation, stoichiometric model, 410–413

precipitation, stoichiometric and equilibrium models, 402

Recarbonation, softened water, carbonate precipitation,

417–418

Rechlorination, chlorine disinfectant performance, 494–495

Recovery, membrane systems, fluid/solute transport, 743

Rectangular reactors, gravity separations, 626–628

Redox reactions. See also Advanced oxidation processes

basic principles and overview, 435–441

chloramines, 455–459

formation, 455–456

inorganic compounds, 458

organic compounds, 458

water distribution systems, chlorine/lead release and,

458–459

chlorine dioxide, 459–461

generation, 460

inorganic compounds, 460–461

organic compounds, 461

chlorine species, 444–455

bromide reactions, 448

inorganic compounds, free chlorine reactions, 446–455

iron and manganese reactions, 446–447

organic compound reactions, 448–455

kinetics, 441

oxidant concentration terminology, 441

oxygen species, 441–444

ozone, 461–466
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generation, 462–464

inorganic compounds, 465–466

organic compounds, 464–465

potassium permanganate, 466–469

ferrous/manganous species reactions, 467–469

generation, 467

organic compounds, 469

precipitation, 421–422

reduction, 437

reductive processes:

iron-based systems, 487–488

sulfur-based systems, 486–487

thermodynamics, 437–441

water/wastewater treatment, 435

Reductive dissolution, 423–426

Reductive processes, redox reactions, 437

iron-based systems, 487–488

sulfur-based systems, 486–487

Reference states, gas transfer, activity coefficient and,

198–199

Reflection coefficient:

dense membrane systems modeling, 837–838

pressure-driven membrane systems, pore-flow model,

permeation and contaminant rejection, 765

Regeneration analysis, adsorbent regeneration, 365–366

Rejection:

membrane system selectivity, 748

pressure-driven membrane systems, pore-flow model,

concentrate/membrane interface, 761–764

permeation and contaminant rejection, 764–765

Repulsion

charged particle interaction, 525–526

particle stability, Van der Waals attractions, 527–530

Residence time distributions (RTDs):

continuous flow reactors, 30–42

mean hydraulic detention time, 37–42

plug flow reactors, 42–45

probability distribution statistics, 37–42

pulse input response, 33–35

step input response, 35–37

tracer studies, 31–33

defined, 29–30

disinfection processes, 493–494

gas transfer, steady state systems, overall gas transfer rate

coefficient, 244–246

mechanistic gas transfer:

fluid packets, gas/solution interface, 171–174

packet age and, 175

nonideal reactors, 50–62

continuous flow stirred tank reactors in series, 55–57

nonequivalent continuous flow stirred tank reactors in

series, 62

short-circuiting and dead space modeling, 57–58

plug flow reactors:

with dispersion, 50–55

in parallel and series, 58–61

series-based continuous flow stirred tank reactors, steady state

performance evaluation, 132–134

slow adsorption equilibrium systems, transport-limited

adsorption rates, batch reactors, 349–350

Residuals concentration, chloramine disinfectant performance,

496–497

Resistance, membrane systems:

compact layer modeling, 783–784

fluid/solute transport, 744–745

frontal filtration, CP layer resistance, permeation effects, 781–782

Resistances-in-series model, CP layer resistance, permeation

effects, 781–782

Restabilization, particle destabilization, charge

neutralization, 537

Retentate, membrane systems, 732–733

Reverse osmosis (RO) membranes:

cascade/staged configuration, 742

characteristics, 737

classification, 736

driving force and energy, 752–754

molecular weight cutoff, 749

packing density, 740–742

pH levels and, 735–736

pressure-driven systems, overview, 749–752

pressure vessels, 738

solution-diffusion model, 760

transmembrane energy difference, 757–759

Reverse rate constant, reversible reactions, reactor performance

evaluation, 129–130

Reversible reaction kinetics, 99–107

disequilibrium, 102–103

limiting case rate expressions, 104–107

nearly complete reactions, 106–107

reaction quotients, irreversibility assumption,

105–106

steady state performance evaluation, 129–130

times and limiting cases characteristics, 103–104

unidirectional/bidirectional reactions, 102–103

very slow/very rapid equilibrium, 104–105

Reynolds number:

crossflow filtration systems:

contaminant transport layer modeling, 804–816

pressure profile, 795–798

gravity separation, inertial effects, 610–612

liquid-in-gas systems, mass transfer coefficients,

193–195

Ripening, granular-media filtration:

filtration run process, 681

Mackie model, 713

O’Melia–Ali model, 710–712

Tien model, 712–713

time-related effects, 701

Rise velocity, gas-in-liquid systems, 188–192

Salt effects, gas/liquid equilibrium, 169

Saturators, gravity separations, flotation, 657–660

Scavenger compounds, advanced oxidation process, hydrogen

peroxide addition, 479–480

Schmidt number, crossflow filtration systems, contaminant

transport modeling, 804–816
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Schulze–Hardy rule, particle destabilization process, diffuse layer

compression, 535–536

Secondary minimum (energy curve), particle stability, Van der

Waals attractions, 528–530

Secondary nucleation, particle growth and formation, precipitation

and, 381

Second-order decay reaction:

CFSTR/PFR comparisons, 126–129

series continuous flow stirred tank reactors, steady state

performance evaluation, 132–134

Second-order reaction rate constants, redox reactions:

chlorine dioxide, 460–461

ozone, 466

Segregated flow systems, plug flow reactors in parallel and series,

58–61

Selectivity parameters, membrane systems, 747–749

challenge tests and molecular weight cutoff, 748–749

polarization, 747–748

rejection, 748

separation coefficient, 749

Semicontinous site surfaces, Freundlich isotherm, 276–281

Sensing zone measurements, particle size distribution, particle

treatment process, 550–551

Separation coefficient, membrane systems, 749

Separation factor:

competitive adsorption, ion exchange reactions, 289–294

membrane systems, 749

Separation zone, gravity separations:

flotation, 657

modeling, 667–668

Sequential reaction kinetics, 107–114

rapid adsorption equilibrium, sequential batch reactors,

332–333

rate-controlling step, 108–111

steady state and chemical equilibrium, 112–114

thermodynamics, 111–112

Sequential reactions, defined, 87–88

Series-based continuous flow stirred tank reactors:

gas transfer reactions, 225

nonequivalent CFSTRs, 62

steady state performance evaluation, 130–134

Series-based packed bed adsorption systems, design options,

368–369

Series-based plug flow reactors:

segregated flow and early vs. late mixing, 58–61

steady state performance evaluation, 130

Series reactions. See Sequential reactions

Settling potential functions, gravity separations, ideal continuous

flow reactors, 623–624

Shape factor, particle shape, particle treatment process, 551–552

Shear-induced diffusion, crossflow filtration systems, contaminant

transport, 798–800

Sherwood number, crossflow filtration systems, contaminant

transport layer modeling, 804–816

Short-circuiting models, nonideal reactors, residence time

distributions, 57–58

Short-range force model, flocculation collision efficiency,

581–589

calculation equations, 597–598

design implications, 589

Sieve coefficient, pressure-driven membrane systems, pore-flow

model, concentrate/membrane interface, 761–764

Silt density index (SDI), nonsteady-state fouling, frontal and dead-

end filtration systems, 791

Similitude, fixed bed adsorbers, performance evaluation,

357–359

Simulated distribution system (SDS) test, redox reactions, organic

compound interactions, 453–455

Single bubble removal efficiency, gravity separations,

flotation, 665

Single-site adsorption equilibrium:

Langmuir isotherm, 271–273

rapid adsorption, batch reactors vs., 330–331

Single sphere model, granular-media filtration:

isolated collector model, 683–686

particle-collector collisions, 686–691

Brownian motion, 688

efficiency, 689–690

interception, 686–687

sedimentation, 687–688

packed medium model, 690–694

Site-binding models, adsorption equilibrium:

competitive adsorption, Freundlich isotherms, 294–296

electrically induced partitioning, 268

equilibrium constants, 268–269

Freundlich isotherms, 294–296

ion exchange equilibrium, 284–294

isotherms, 270–281

Freundlich isotherm, 276–281

multisite Langmuir isotherm, 274–276

single-site Langmuir isotherm, 271–273

surface site distribution functions, 270–271

site-binding paradigm, 283–284

surface complexation, 267

Slaking, precipitative carbonate softening, 409–410

Slow adsorption equilibrium systems, 340–354

competitive adsorption, 364–365

pore vs. surface diffusion, porous adsorbent particles,

341–343

transport-limited adsorption rates:

batch reactors, 343–350

fixed-bed systems, 350–354

Sludge thickening

dissolved air flotation, 668–669

gravity separations, 645-655

Smoluchowski equation, flocculation modeling, 568–570

design issues, 571–572

Solid/liquid equilibrium, precipitation and, 382–383

Solid phase activity, precipitation, 383–384

Solids:

dissolution reactions, 422–426

precipitation, 383–384

speciation, 395–396

Solids flux, gravity separations, 647–654

Solute permeability coefficient, dense membrane systems

modeling, 837–838
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Solute transport:

membrane systems, 743–747

flux velocity, 743–744

frontal filtration systems, rejected solutes, flux effects,

780–782

permeability, 745–746

recovery, 743

resistance, 744–745

specific flux and permeance, 744

temperature effects, water permeation, 746–747

precipitation and, 381–382

Solution composition modeling, precipitation, 394–397

Solution-diffusion model, pressure-driven membrane systems,

766–771

flux predictions, 771–772

membrane permeation and concentration profile, 767–771

predicted flux/transmembrane parameter comparisons,

771–773

transmembrane pressure profile, 766–767

transport parameters, 760

Sonolysis, advanced oxidation process, 483

Sorbate, defined, 259

Sorbent, defined, 259

Sorption, defined, 259

Spatial flow patterns, particle destabilization chemicals,

544–546

Spatially uniform composition, batch reactors, aqueous phase

concentration, 219–220

Spatial variations, solution and gas concentrations, gas transfer

systems, 226–241

design equation applications, 236

column size sensitivity and parameter value uncertainty, 240

influent stream, treatment objectives and, 236–240

non-packed column systems, 240–241

operating line mass balance, 226–229

pressure loss and liquid holdup, 233–235

tower design equations, 229–233

Specific adsorption, defined, 259

Specific equivalent ionic conductance, electrodialysis transport,

820–821

Specific flux, membrane systems, fluid/solute transport, 744

Specific power input, gas-in-liquid systems, hydrodynamic

effects, 191–192

Specific resistance, membrane systems, compact layer modeling,

783–784

Specific surface area (SSA):

adsorption equilibrium constants, 269

surface pressure adsorption model, 298–302

competitive adsorption, ideal adsorption model, 302–306

defined, 259

Spiral-wound membrane system, 738–740

Split-stream softening, carbonate precipitation, 417

Stagnant-film gas transfer model, fluid packets, gas/solution

interface, 171–174

Standard blocking, nonsteady-state fouling, frontal and dead-end

filtration systems, 787–791

Standard cubic meters per hour (SCM/h), gas transfer, well-mixed

liquid phase systems, 208–213

Standard deviation, residence time distributions, probability

statistics, 41–42

Standard electron activity, redox thermodynamics, 438–441

Standard state conditions, Henry’s constants and, 198–199

Steady state conditions:

gas transfer, continuous liquid flow reactors, 220–225

continuous flow stirred tank reactors, 220–225

plug flow reactors, 220

ideal continuous flow reactor performance:

continuous flow stirred tank reactor, 121–123

first-order irreversible reactions, 122–123

non-first-order irreversible reactions, 123

irreversible reactions, CSFSTRs vs. PFRs, 126–129

multiple ideal reactors, 130–135

parallel CFSTRS and PFRs, 135

plug flow reactor, 123–126

Eulerian view, 124–125

irreversible nth-order reaction, 125–126

Lagrangian view, 125

rate expression derivation, 135

reversible reactions, 129–130

series continuous flow stirred tank reactors,

126–129

series plug flow reactors, 126

single ideal reactor, 121–130

nonideal continuous flow reactor performance, 135–141

fraction remaining measurements:

dispersion model, 140–141

exit age distribution, 136–140

residence time distribution, 141

sequential reaction kinetics, 112–114

unidirectional flow systems, storage term, mass balance

equations, 8–9

Step input:

continuous flow reactors, tracer studies, residence time

distributions, 32–33, 35–37

continuous flow stirred tank reactors, 47–49

non-steady state reactor performance, 141–142

Stern layer ion adsorption, adsorbate profile and electrical

potential, 317–318

Stoichiometric reaction:

advanced oxidation process, hydroxyl radicals, organic

compounds, 474–476

particle destabilization, charge neutralization, 537

precipitation, 397–422

carbonate solids precipitation, 409–419

complexing ligands, metal solubility, 421

hydroxide solids precipitation, 404–409

ionic strength and activity coefficients, 400

metal and hydroxy carbonates, 418–419

pH-dependent metal and ligand speciation, 420–421

precipitative softening, 409–417

redox reactions, 421–422

soft water recarbonation, 417–418

precipitative softening, 410–413

Stokes–Einstein equation:

flocculation collision, Brownian motion, 577–578

molecular collision frequency, 84
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Stokes flow, granular-media filtration, 693–694

Stokes’ law, gravity separation, particle sedimentation,

607–610

Stokes velocity, gravity separations, batch thickening, 646–647

Storage term, mass balance equations:

arbitrary flow systems, 23

unidirectional flow systems, 7–10

Streaming current, particle surface charge, measurements,

531–532

Strongly-coupled transport, pressure-driven membrane systems,

conceptual model, 759–760

Substrate-limited reactions, sequential reaction kinetics,

113–114

Sulfides, precipitation, pH-dependent metal-ligand speciation,

420–421

Sulfites, redox reactions, ozone interaction, 464

Sulfur compounds, redox reactions:

chlorine, 447–448

reductive processes, 486–487

Superficial velocity, rapid adsorption equilibrium, fixed bed

reactors, 336

Supersaturation:

precipitation, stoichiometric and equilibrium models, 402–422

precipitation and, 382

Surface aerators, gas transfer systems, 159–162

Surface area distribution, particle size distribution, particle

treatment process, 548–551

Surface charge interactions:

adsorption models, 314–320

adsorbate profile, interfacial region electrical potential,

315–318

electrical potential effects, 314–315

electrostatic contribution, equilibrium constants, 318–319

particle treatment systems:

adsorption, 523–524

basic principles, 520–521

charge and potential measurements, 531–532

chemical reactions, 522–523

diffuse layer structures, 524–525

isomorphic substitution, 522

particle stability, 521–524

solid dissolution reactions, 423–426

Surface complexation:

adsorption equilibrium, 267

ion adsorption, adsorbate profile and electrical potential,

316–318

Surface diffusion:

adsorption rate, 328

precipitation and, 381–382

slow adsorption equilibrium systems, adsorbent particles,

341–343

Surface ligands, adsorption equilibrium, 267

Surface precipitation, ionic adsorbates, 319–320

Surface pressure adsorption models, 297–306

basic principles, 296–297

competitive adsorption and, 302–306

surface tension/isotherm data, computation using, 297–302

Surface renewal model, residence time distribution, 171–174

Surface site distribution functions, adsorption equilibrium

isotherms, 270–271

Surface tension, surface pressure adsorption models, 297–306

pressure computation, 297–302

Surface wash systems, granular-media filtration, 680

filter cleaning, 716

Surface Water Treatment Rule, series continuous flow

stirred tank reactors, steady state performance

evaluation, 134

Sweep flocculation, particle destabilization, 538–541

Symmetric membranes, structure and composition, 734–736

Synthetic organic compounds (SOCs):

competitive adsorption, site-binding models, Freundlich

isotherm, 295–296

oxidation, 436–437

particle destabilization chemicals, 533–535

Tangential flow, defined, 733

Taste destruction, oxidation, 436

Temperature dependence:

gas/liquid equilibrium, 167–168

gas transfer, well-mixed liquid phase systems, 208–213

gas transfer rate constants, 195

membrane systems, water permeation, 746–747

nonelementary reaction kinetics, 114–115

Thermodynamics:

dense membrane systems modeling, 834–838

membrane systems, driving force and energy, 752–754

precipitation, 383–384

particle growth and formation, 385–389

redox reactions, 437–441

sequential reaction kinetics, 111–112

Thickening, gravity separations, 644–655

batch thickening, 645–647

continuous flow thickening, 650–655

design constraints, 655

flotation thickening, 668-669

solids flux, 647–650

Three-dimensional mass balance, differential form, 24–25

Tiered flow effects, nonideal flow reactors, gravity separations,

639–640

Titanium dioxide, advanced oxidation process, ultraviolet

radiation, 481–482

Total chlorine, redox reactions, formation, 455

Total collision frequency, flocculation collision, 578–580

Total dissolved and solid-phase concentrations (TOTM(aq)/

TOTM(s)), precipitation:

hydroxide solids, 404–409

speciation, 396

stoichiometric and equilibrium models, 398–422

Total organic carbon (TOC), redox reactions, chlorine-organic

compound interactions, 449–455

Total organic chlorine (TOCl), redox reactions, organic compound

interactions, 452–455

Total organic halogen (TOX), redox reactions, organic compound

interactions, 452–455

Total organic halogen formation potential (TOXFP), redox

reactions, 453–455
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Tracer studies:

continuous flow reactors:

hydraulics analysis, 29–30

residence time distributions, 31–33

pulse input response, 33–35

continuous flow stirred tank reactors, 49–50

nonideal reactors, 48–50

plug flow reactors, residence time distribution, 51–55

reactor characterization, 40–42

Trajectory analysis, flocculation collision efficiency, short-range

force model, 581–589

Transient response:

non-steady state reactor performance, 141–146

reactor performance evaluation, CFSTR/PFR comparisons,

128–129

Transition state theory, molecular collisions, 85–87

Transmembrane energy difference, driving force magnitude,

757–759

Transmembrane gradient, membrane systems, driving force and

energy, 752–754

Transmembrane pressure (TMP):

crossflow filtration systems:

contaminant transport modeling, 809–816

fluid flow and, 793–795

frontal filtration systems, permeation and, 777–782

overview of membrane systems, 731–732

pressure-driven membrane systems:

compact layer modeling, limiting flux and film-gel

model, 783

flux predictions, 771–772

performance evaluation, 750–752

pore-flow model, permeation and contaminant rejection,

765–766

recovery and, 736

solution-diffusion model, 766

Transphilic fractions, redox reactions, chlorine-organic compound

interactions, 449–455

Transport kinetics:

electrodialysis, electrical potential gradient, 819–822

advective transport, 819

current densities, 820–828

diffusive transport, 819–820

solution in electric field, 820

gas transfer processes, 157

membrane systems, driving force magnitude, 757–759

pressure-driven membrane systems:

conceptual models, 759–760

summary of, 772–773

solid dissolution reactions, 422–426

transport-limited adsorption rates:

batch reactors, 343–350

fixed bed reactors, 350–354

Transport number, electrodialysis, single cell-pair,

822–825

Trichloroethylene (TCE), gas transfer column contactors, design

criteria and, 236–240

Trihalomethane (THM), redox reactions, 448

chloramine reaction, 458

chlorine-organic compound interactions, 449–455

Trihalomethane formation potential (THMFP), redox reactions,

453–455

Triple-layer model (TLM), ion adsorption, adsorbate profile and

electrical potential, 315–318

Tube settlers, gravity separations, 634–639

Tubular membrane systems, 739

Turbulence, flocculation mechanisms, 589

Turbulent flocculation, basic principles, 589–591

Two-dimensional electrodialysis system, 828–832

design issues, 830–831

limiting current, 831–832

macroscopic mass balance, 828–829

microscopic mass balance, 829–830

Two-film gas transfer model, fluid packets, gas/solution interface,

171–174

Ultrafiltration (UF) membranes:

characteristics, 737

classification, 736

driving force and energy in, 752–754

molecular weight cutoff, 749

packing density, 740–742

pore-flow model, 760

pressure-driven systems, overview, 749–752

research and applications, 731–732

transmembrane energy difference, 757–759

Ultraviolet radiation:

advanced oxidation process:

hydrogen peroxide addition, 476–480

ozonation, hydroxyl radicals, 476–480

ozonide radical/hydrogen peroxide, 480–481

disinfectant performance, 500–502

efficacy evaluation, 501–502

generation and implementation, 500–501

Uncoupled transport, pressure-driven membrane systems:

modeling of, 760

solution-diffusion model, 766–771

Unidirectional flow system, mass balance, concentration gradient

and, 7–20

advection term, 10–11

chemical reaction term, 15–16

differential one-dimensional mass balance, 18–20

diffusion/dispersion terms, 11–15

overall mass balance terms, 16–18

storage term, 8–9

Unit filter run, granular-media filtration, 682

Upflow reactor, gravity separations, 624–626

Uranium/transuranic elements, solid dissolution, 425–426

Van der Waals attraction:

crossflow filtration systems, deterministic contaminant

transport, 800–801

flocculation collision efficiency, short-range force model,

581–589

granular-media filtration, packed medium model, 693

particle stability, 526–530

flat plate-charged particle interaction, 530–531
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Van’t Hoff equation:

dense membrane systems modeling, 836–838

membrane systems, osmotic pressure, 755–757

Vapor pressure, gas/liquid equilibrium, 168–169

Variance, residence time distributions, mean hydraulic retention

time, 41–42

Velocity parameters:

granular-media filtration design, 707–708

air scour, 716–717

membrane systems, fluid/solute transport, 743–744

Velocity vector, arbitrary flow systems, advection, 20–21

Viscosity measurements, particle destabilization chemicals, water

stream mixing, 544–546

Volatile organic compounds (VOCs):

gas transfer:

acid/base reactions, 199–202

activity coefficient, 199

batch reactors, 214–216

diffusivities, 177–179

gas/liquid equilibrium, 155–157

macroscopic (advective) limitation, 217–218

mass balance, gas/solution interface, 171–179

Henry’s constants, 165–167

removal systems, mass balance equations, 6–7

Volatilization, gas/liquid equilibrium, Henry’s law and, 162

Volume distribution, particle size distribution, particle treatment

process, 548–551

Volume-normalized mass balances, defined, 6

Volumetric adsorption potential, Polanyi adsorption model,

307–314

Volumetric flux ratio:

membrane systems:

fluid/solute transport, 743–744

permeability, 745–746

pressure-driven membrane systems, pore-flow model,

concentrate/membrane interface, 762–764

permeation and contaminant rejection, 765

Water distribution systems:

chloramine disinfectant performance, 496–497

redox reactions, chloramine interaction, 458–459

Water softening:

carbonate solid precipitation, 409–410

recarbonation, 418

stoichiometric model, 410–413

mass balance equations, 5–7

Weber number, liquid-in-gas systems, mass transfer coefficients,

193–195

Well-mixed liquid phase systems:

adsorption process, activated carbon preparation, 262–264

gas transfer, 207–226

batch liquid reactors, 213–216

flow design constraints and choices, 226

limiting cases, general kinetic expression, 216–220

macroscopic (advective) limitation, 217–218

microscopic (interfacial) limitation, 218–219

overall gas transfer rate, 219–220

overall gas transfer rate expression, 207–213

series continuous liquid flow stirred tank

reactors, 225

steady state continuous liquid flow reactors,

220–225

continuous flow stirred tank reactors, 220–225

plug flow reactors, 220

particle destabilization chemicals, 533

rapid adsorption equilibrium, 330–331

slow adsorption equilibrium systems, transport-limited

adsorption rates, batch reactors, 346–350

Wet air oxidation, advanced oxidation process,

482–483

Yao model, granular-media filtration, 693–694

Zero-valent iron (ZVI), redox reactions, reductive processes,

487–488

Zeta potential, particle surface charge, measurements, 531–532

Zinc orthophosphate inhibitors:

lead precipitation, 419

precipitation, complexing ligands, 421

Zone settling, gravity separations, 644–655
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SI Units

Physical Quantity Unit Symbol

Length meter m

Mass kilogram kg

Time second s

Electric current ampere A

Temperature kelvin K

Amount of material mole mol

Derived Units

Physical Quantity Unit Symbol

Force newton N¼ kg-m/s2

Energy, work, heat joule J¼N-m

Pressure pascal Pa¼N/m2

Power watt W¼ J/s

Electric charge coulomb C¼A-s

Electric potential volt V¼W/A¼ J/C

Electric capacitance farad F¼A-s/V

Electric resistance ohm V¼V/A

Frequency hertz Hz¼ s�1

Conductance siemens S¼A/V

Physical and Chemical Constants

Entity Symbol and Value

Atomic mass unit amu ¼ 1:6605� 10�27 kg

Avogadro’s number NA ¼ 6:0221415� 1023=mol

Boltzmann’s constant kB ¼ 1:3805� 10�23 J=K
Elementary charge e0 ¼ 1:60219� 10�19 C

Faraday constant F ¼ e0NAð Þ F ¼ 96; 485 C=equiv
Gas constant R ¼ kBNAð Þ R ¼ 8:314 J=mol-K ¼ 0:08206 L-atm=mol-K
Ice point 273.15K

Planck constant h ¼ 6:626� 10�34 J s

Standard (earth) gravity g ¼ 9:80665m=s2

Physical Properties of Water

Temperature Density, rL Viscositya, mL

(�C) (kg/m3) (g/cm3) (N-s/m2) (g/cm-s)

0 999.8 0.9998 1792 1.792� 10�2

5 1000.0 1.000 1519 1.519� 10�2

10 999.7 0.9997 1307 1.307� 10�2

15 999.1 0.9991 1138 1.138� 10�2

20 998.2 0.9982 1002 1.002� 10�2

25 997.0 0.9970 890.2 8.902� 10�3

30 995.7 0.9957 797.3 7.973� 10�3

35 994.0 0.9940 719.1 7.191� 10�3

40 992.2 0.9922 652.7 6.527� 10�3

aAlso known as the absolute viscosity or dynamic viscosity.
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